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Abstract

This dissertation is devoted to the investigation of some boundary value problems for complex partial
differential equations in a quarter ring and a half hexagon. The method of reflection is used among
the main tools to obtain the Schwarz-Poisson representation formula and the harmonic Green function
for both domains. For the quarter ring the related Schwarz, Dirichlet and Neumann problems for the
Cauchy-Riemann equation are solved explicitly. From the harmonic Green function for this domain the
Neumann function is derived satisfying certain prescribed properties. By use of the Green and Neumann
functions the corresponding Dirichlet and Neumann problems for the Poisson equation are solved.

Similarly, using the reflection points the Schwarz-Poisson representation formula is found for the half
hexagon and the solution of the Schwarz problem for the Cauchy-Riemann equation is provided. The
harmonic Green function obtained for this domain allows to solve the related harmonic Dirichlet problem.

Due to the fact that both domains are non-regular, special attention is paid to the boundary behavior
in the corner points.
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Introduction

A method of solution is perfect if we can foresee
from the start, and even prove, that following
that method we shall attain our aim

Gotfried Wilhelm von Leibniz

The theory of complex boundary value problems originating from the work of B.Riemann [35] and
D.Hilbert [31] and developed by F.D.Gakhov [28], I.N.Muskhelishvili [33], I.N.Vekua [42], W.Haack and
W.Wendland [30] and others is still investigated. On one hand a theory for complex model equations of
arbitrary order is explored after the basic fundamental solutions were approached [15]. On the other hand
explicit solutions are found in many different particular domains. The explicit solutions are important
not only for applications in engineering, mathematical physics, fluid dynamics etc., but also influence
the general theory for arbitrary domains. Complex model equations are simple inhomogeneous equations
with a differential operator being the product of powers of the Cauchy-Riemann 05 and anti-Cauchy-
Riemann operator 9,, i.e. 0¥0tw = f, k,l € N. There are three different basic model operators of this
kind, the Cauchy-Riemann operator dz, the Laplace operator 9,9z and the Bitsadze operator 92.

The basic boundary value problems for complex partial differential equations have been considered
for different particular domains, see [2, 3, 4, 5, 6, 7, 8, 12, 13, 14, 17, 18, 19, 20, 21, 22, 25, 26, 27, 29,
32, 34, 41, 43, 44].

They are explicitly solved as well for the inhomogeneous Cauchy-Riemann equation as for the Poisson
equation. Among these particular domains the case of the unit disc is mostly considered and explained in
classical textbooks on complex analysis and partial differential equations. In particular, the Schwarz and
Poisson kernels for the unit disc are used to generalize the concept of the kernel functions and integral
representations for solutions. The Green and Neumann functions for the unit disc, see e.g [5, 6], are given
explicitly and their general concepts have been developed. The conformal invariance of these functions
allows to calculate the harmonic Green and Neumann functions for other domains, which are conformal
equivalent to the unit disc. The method of conformal invariance is mainly of theoretical value. In order to
find the Green and Neumann functions in explicit form the conformal mapping has to be expressed. Its
existence is assured by the Riemann mapping theorem, but a general method for its computation is not
available. For certain polygonal domains the Schwarz-Christoffel formula provides a method to compute
the conformal mapping to the unit disc. However, this formula is not proper for practical problems since
it involves elliptic functions.

Polygonal domains which include corner points are irregular. Boundary value problems in such do-
mains are always delicate and the studying of the behavior of solutions in the neighborhood of the corner
points is in general difficult. Among the irregular domains studied recently are those the boundaries of
which consist of pieces of circles and the straight lines. They are related to polygonal domains, where
some of the boundary sides are replaced by circular arcs e.g. half discs, quarter discs, half rings, disc
sectors, lenses and lunes, see [18, 22, 26, 43]. Some polygonal domains are studied in [1, 2, 14, 19, 29, 44]
etc. Multiply connected domains are also considered, e.g. ring domains, in particular a concentric ring
domain [20, 41].

For certain of the domains mentioned above a method for constructing the Schwarz kernel and the
Green and Neumann functions exists. It is well explained e.g. in [20, 21, 22]. The method uses re-
flection of the domain at all parts of the boundary. It can be applied if the whole complex plane can



be covered by continuously repeated reflections, see e.g. [1, 18, 19, 20, 22, 41, 43, 44]. This method is
applicable for a quarter ring and a half hexagon and they are subjects of investigation of the present thesis.

The main tools for treating the boundary value problems for the Cauchy-Riemann equation is the
Cauchy-Pompeiu representation formula. This formula is to be adjusted to the boundary value condi-
tions. For the boundary value problems for the Poisson equation the Green and Neumann representation
formulas are exploited. The method is based on the explicit form of the Green and Neumann functions.
The solutions of boundary value problems are considered in the distributional sense. The reason for
this fact is that a particular solution of the inhomogeneous Cauchy-Riemann equation is given by the
Pompeiu operator which has weak derivatives with respect to z and Z in proper functions spaces, see
[42] for the extensive explanation of the operator. This Pompeiu operator is a kind of potential operator
of the Cauchy-Riemann operator. The particular solutions of the Poisson equation are given by area
integral operators with the Green and Neumann functions as kernels. These are also potential operators.
Other potential operators of this kind for higher order model operators are developed for certain simple
domains and the boundary value problems are solved, see [10, 11, 23, 24].

In the present thesis the Cauchy-Riemann equation dzw = f and the Poisson equation 0,0zw = f
in two particular domains are studied, namely a quarter ring and a half hexagon. The boundary of the
quarter ring consists of two straight segments and two circular arcs. Reflections at the segments gives
the covering of a ring domain and continued reflections at the boundary circles of the ring produces a
covering of the punctured complex plane. Similarly, the half hexagon is reflected to the whole hexagon
which provides a parqueting of the whole plane as well. In this way for both domains the required
kernel functions are obtained and thus the Schwarz, Dirichlet and Neumann problems are explicitly
solved. Particular attention is paid to the behavior of the solutions in the corner points. While the
area integral, the Pompeiu operator, under suitable assumptions is continuous in the entire plane, the
boundary behavior of the boundary integral has to be investigated, especially in the corner points. Thus
the Poisson kernel is needed. It turns out to have different forms on the different parts of the boundary
of these domains. It is shown that continuity of the boundary function produces solutions which behave
continuously in these points.

In the first part of the thesis the boundary value problems for the quarter ring are considered. At first
the Schwarz-Pompeiu representation formula and the Schwarz kernel are obtained. For the inhomogeneous
Cauchy-Riemann equation the Schwarz and Dirichlet problems and also the Neumann problem for the
homogeneous Cauchy-Riemann equation are solved. Further, the harmonic Green function is found
and the solution of the related Dirichlet problem for the Poisson equation is presented. The harmonic
Neumann function is constructed by multiplying all the terms from the Green function adding some factor
in order to get convergence. By the Neumann representation formula the related Neumann problem for
the quarter ring is explicitly solved and the solubility condition is explicitly given.

The second part of the thesis is devoted to boundary value problems for the half hexagon. By use
of the reflection points the Schwarz-Pompeiu representation formula is reached and due to the different
behavior on the boundary parts, three equivalent forms of the representation are presented and used
to solve the Schwarz problem for the inhomogeneous Cauchy-Riemann equation. Similarly, the Green
function is constructed with respect to the different boundary parts and the equality of the three forms
obtained is shown. The related Dirichlet problem for the Poisson equation is solved and the solution is
given in explicit form.



Chapter 1

Preliminaries

Let C be the complex plane of the variable z = z 4 iy. The real number z is called the real part of z
and is written £ = Rez. The real number y is called the imaginary part of z and is written y = Im z.
The complex number Z = x — iy is by definition the complex conjugate of z.

A function of the complex variable z is a rule that assigns a complex number to each z within some
specified set D, D is called the domain of definition of the function. The collection of all possible values
of the function is called the range of the function. A curve v is a continuous complex-valued function ()
defined for ¢ in some interval [a, b] in the real axis. The curve 7 is simple if y(¢1) # Y(t2), a <t1 <t2 <b
and it is closed if v(a) = ~v(b). A curve is smooth if for v(t) exists 7/(¢) and it is continuous on [a,b]. A
curve is piecewise smooth if it consists of a finite number of smooth curves and the end of one coincides
with the beginning of the next. A domain D in C is called regular if it is bounded and its boundary 9D
is being a smooth curve.

Let the complex-valued function w be defined in D € C and let u and v denote its real and imaginary
parts: w = u + iv, where u(z,y) and v(z,y) are real-valued functions. The two partial differential
equations

u_ov ou_ o "
oxr Oy Oy ox
are called the Cauchy-Riemann equations for the pair of functions u, v.

The function w is called differentiable at each point where the partial derivatives of u, v are continuous
and satisfy the Cauchy-Riemann equations. A complex-valued function defined in D C C differentiable
at every point of D is said to be analytic (or holomorphic) in D.

The partial differential operators % and a% are applied to the function w as

ow_ou _ov ow_ou v
dr oz 'Oz’ oy Oy Z@y'

Defining the complex partial differential operators % and % by

o _1fo o) o _1(o 0 )
0z 2\0x oy) oz 2\ox Oy’ '

9_90_ 90 0 _(0_20
or 0z 0z oy \a: oz )

The Cauchy-Riemann equation can be written as % = 0. As this is the condition for w to be analytic,

then

then w is independent of Z in D € C.
The complex-valued function w, defined in D € C, is said to be harmonic if it is of the class C? and
satisfies the Laplace equation
Pw 0w
— + == =0.
0x2 = Oy?
An analytic (holomorphic) function is harmonic. As it is from C? this follows from

u_ 000 _ 0o o
0x2  Ox 0y’ Oy ox’  Oy?’



which proves that u is harmonic. Similarly can be proved for v to be harmonic and thus w is harmonic.

As
o 1( 9 o
5z0: 1 (ax ’ ay> (9

8w
0z0z 0.

The following formulas are used to solve the boundary value problems.

the Laplace equation can be written as

Definition 1.0.1. /28]

Let vy be a smooth closed contour in C and denote the domain within the contour as DT, the interior
domain; the exterior domain denoted as D~. If w(z) is an analytic function in DT and continuous in
D+t U, then

1 d w(z), z€ DT,
= w0 % = ) (14)
2mi C—2 0, z€eD™.
b
And if w(z) is analytic in D~ and continuous in D~ Uy, then
1 d w(00), z€ DT,
= [w(o2 = ) (15)
27”7 C—z —w(z) +w(o0), z€D.

The integral presented in the left-hand side of (1.4) and (1.5) is the Cauchy integral.

Theorem 1.0.1. (Cauchy’s Theorem) [36]
Let D be an open subset of C, and let I' be a contour contained with its interior in D. Then

/w(z)dz =0

r

for every function w that is holomorphic in D.

This equality is valid as well for simply connected domains.
The definitions of some classes of functions are needed [42].

Let a function f(z) and its partial derivatives up to the mth order be continuous in a domain D. The
set of these functions is denoted by C™(D) and C™ (D), where D is the closure of the domain D. By

C, (D) denote the set of all bounded functions f(z) satisfying the inequality

|f(21) = f(z2)| S H(f)|]z1 — 22]%, 0 < <1, (1.6)
f(z1) —f(22)|’ (1.7)

H(f) = Supzl,zQGG |Z1 — 22|a

where « is called the Holder index of the function f.
Let a function f(z) given in the domain D satisfy the inequality

/ F@Pdedy < Mpr, p > 1,
D/

where D’ is an arbitrary closed (bounded) subset of the domain D and Mp: is a constant depending on
D’. The set of such functions is denoted by L,(D). The set of functions satisfying

1/p
Ly(f) = Lp(f. D) = (/ |f(2)|pdxdy> <00
D

is denoted by L,(D) and is being the Banach type space.
Let f € C™(G), and let there exist a closed subset G of the set G, such that f = 0 outside G . The set
of such functions is denoted by DY (G).



Definition 1.0.2. [/2] Let f,g € L1(G). If f and g satisfy the relation

/ga—fd:cdy—i—/fgodxdyzo
0z
G

G

G

(1.8)
(/ggfdxder/fgodxdy = 0),
G

where o is an arbitrary function of the class DY(G), f is said to be the generalized (weak) derivative of
g with respect to Z (to z).

This definition is a particular case of the general one, which can be found in e.g. [38]. We take the
definition of the Sobolev space as

Definition 1.0.3. [38] The linear manifold of all summable functions p(x1,x2, ..., Tn) having on a finite
domain D all generalized derivatives of order | summable to power p > 1, are called WP :

o'y

eL N i = l.
925 025> .05 P 2@
Theorem 1.0.2. (Gauss Theorem (real form)) [5]

Let (f,g) € CY(D;R?) N C(D;R2) be a differentiable real vector field in a regular domain D C R? then

/UM%M+ﬂd%ywm@=*1/ﬁwwﬂy—d%yW@~
D

oD
Theorem 1.0.3. (Gauss theorem (complex form)) [5], [6]

Let w € CY(D;C) N C(D;C) in a regular domain D of the complex plane C then

[Jusidndy =5 [ wiz)az,

D

(1.9)
oD
/wz(z)dxdy: —% /w(z)d?.
D oD

(1.10)
Theorem 1.0.4. (Cauchy-Pompeiu representation formula)
Let D C C be a regular domain and w € C*(D;C) N C(D;C). Then using { = & +in for z € D
1 d¢ 1 dédn
= — - = = 1.11
we) = g [ w05~ - [0 F (111)
aD
1 d¢ 1 dédn
_ 1 _ 1 1.12
we) =g [0 - 1 [ EL (112)
oD D
hold.

The Cauchy-Pompeiu representation formula for any function w € C'(D;C) N C(D;C) in a bounded
domain D of the entire complex plane C with piecewise smooth boundary is complemented with the
relation 1

d¢ 1 dédn —
= — - = — D.
0= 5 [ w072 — 1 [wd F2 s ey
oD D
Let D be the unit disc defined as D = {z € C: |z| < 1}. The kernel [5]

(1.13)

C+z

, z€D, (€dD
(—=z
is called the Schwarz kernel and its real part

e
Y

'
|
w
+
N

I
I\

ot



is the Poisson kernel for the unit disc with a property proved by H.A.Schwarz [37]

. 1 ¢ ¢ ¢ _
IZ‘41$|<1 %l | 7(¢) (C — + =" 1) ra 7(¢), ¢ € OD (1.14)
¢l=1

for v € C(0D;R).
The Poisson kernel for the upper half plane H = {z : Im z > 0} studied in [29] and it is

1 1

- H OH 1.15
e A (1.15)
with the property
“+oo
li : / ©f— L )ac=~(t), zeH, tcom (1.16)
im — _ — .
z—t,z€H 271 v t— =z t—2 N, 2 ’
for proper v € C(OH; R).
ow

For the non-homogeneous Cauchy-Riemann equation gz = f, w = u+7v the solution is presented in
[42]. If f € CY(D) then w(z) = ®(2) + Tf, where

o) = 5 [0

T omi C—z"~
T
_ 1 [ f(Q)d&dn
Tf— W/ié—z . (1.17)
D

The integral T'f, which is called the Pompeiu operator, exists for all points z in C and is holomorphic
outside G with respect to z and vanishes at infinity.

Theorem 1.0.5. [42] Let D be a bounded domain. If f € L1(D), then Tf, regarded as a function of a
point z of the domain D, exists almost everywhere and belongs to an arbitrary class Lp(ﬁ) where p is
an arbitrary number satisfying the condition 1 < p < 2 and D* is an arbitrary bounded domain of the
complex plane.

Theorem 1.0.6. [42] If f € L1(D), then
Iy
ngdxdy + [ fopdzdy =0, (1.18)
D D

where ¢ is an arbitrary function of the class DY(G).

By Theorem 1.0.6 the operator T'f € D=(G) if f € Li(G) and

8Tf_
9z

f (1.19)

in the weak sense.

The method of reflection used in the present thesis allows to attain the Schwarz-Pompeiu represen-
tation formula and construct the harmonic Green function for a given domain D. As an example, let
us consider the upper half plane HT, Imz > 0 with a fixed point ¢, Im¢ > 0. Reflection of ¢ at the
boundary, i.e. real axis, gives a point ¢. The function ¢ — z is analytic in z € C and has a zero at z = C.
The difference log | — 2| —log |¢ — z| is a harmonic function in z € H* for any ¢, except for the case z = (,
and it vanishes on the boundary. Then, this difference log | — z| —log | — 2|, satisfying the properties of
the Green function, is the harmonic Green function for the upper half plane. The method is applicable
to certain regular and non regular domains if the reflection provides a parqueting of the complex plane.
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Boundary Value Problems in a
Quarter Ring Domain






Chapter 2

Boundary Value Problems for the Inhomogeneous
Cauchy-Riemann Equation

In this Chapter, the Schwarz-Poisson representation formula is obtained in a quarter ring domain and
the Schwarz and Dirichlet problems as well for the inhomogeneous as the Neumann problem for the
homogeneous Cauchy-Riemann equation are solved explicitly.

2.1 Schwarz problem

Let R* be the upper right quarter ring domain (see Fig.1) in the complex plane C defined by
R*={ze€C:r<z<1,Rez>0,Imz > 0}.

The boundary OR* is piecewise smooth and oriented counter-clockwise. It is non-regular and contains
four corner points 7, 1, ¢, ir. Thus the Cauchy-Pompeiu formula holds for proper functions. For attaining
the Poisson kernel the quarter ring is reflected across its boundary parts on the real and the imaginary
axes to the entire ring. The ring itself is repeatedly reflected across its two boundary circles such that the
entire punctured plane is reached. Applying the Cauchy-Pompeiu representation formula in the points
where z from the quarter ring is mapped to, leads to the adjusted Schwarz-Poisson formula obtained by
some modifications. The latter enables to solve the related Schwarz problem.

2.1.1 Schwarz-Poisson representation formula

To get the Cauchy-Pompeiu representation due to the boundary conditions a meromorphic kernel
function is constructed as follows. A point z € R* chosen to be a simple pole is reflected across the parts
of the boundary:

{|]z] =1,Rez>0,Imz > 0}; {]z] =r,Rez > 0,Imz > 0};
{0 <Rez<1,Imz=0}; {0 <Imz < 1, Rez = 0}.

The direct reflection of the pole gives zeros. The reflected points are

These zeros in turn are also reflected at the parts of the boundaries |z| = 1,[z| = r,|z| = L, |2| = 7% and

these reflection points

1 r? 1 5 =z
Ty T TR T TR,
z z z

Fig.1: Quarter ring



in general form as

= 2n 2n
— z z T T
+2r?" 47t £

as the direct reflection of the zeros become poles. Continuing this process, the new points can be expressed

where 42127, +£-% 4T - are poles and +zr
[18] the Cauchy-Pompeiu formula is to be modified

Theorem 2.1.1. Any w € C*(R*;C)N C(R*

1 1
7'1277’7 :I: ~ a:t E 7:|:7r2n7 ZT’2n, (21)
2n —
?,:tz% 2”,:&%, iz 5= are Zzeros.

As it was done in

) for the domain R* C C can be represented as
= 1 2n C z | dC
w(z) 271 w<€){< +Z’f‘ [T2n€2+<r2nz } C
" ' (2.2)
1 1 o0 ) 1 . -
I T " ded
’n’R[U)((O{C_Z +T;7“ lrzng_z + C(C—?"an)_ } £dn
and
—2
1 422 (422
w(z) =— / Rew(g){ -2
e (2 — 22 2
=1, ¢ —z
0<Im,
0<Re(
> —2
2y | 2 G dg
-1 rin(2 — 22 ring2 — (2 ranz2 — ¢ 1“4"22 _ 2 1§
2
1 / C+22 (422
- Rew((){ 5 5 — 23
" iz, CoF -
0<Im¢
0<Re(
= —2
CQ 22 22 C dC
2 4n . B d¢
: ;T LMCQ - et ’ ping2 70 pangt 2| f
1
2 t t22
— [ R _
+7”/ ew(){tQ—zz 1 — 1222
¢ 4 tz 1
4n
B - dt
+;T |f"4nt2 — 22 t(r4nz2 _ t2) + rin,242 _ t(,r4n _ Zztz)l }
2 f . t tz2
+ Rew(zt){t2 ot T e (2.3)
1
— t 22 tZ2 1
4n
B - dt
+nz::17" [r471t2 + 22 t(r4"2’2 + t2) + rin 5242 +1 t(?“‘m + 22t2)‘| }
2 ac 2 22¢ ¢
+; / Imw(C)? T /{wq(g) [22@ — + oo
=1, R*
OISImC,
0<Re(

o0 C
4an
r
+; <r4nC2 —

22 (22 1
+ C(C2 = rinz2) + rin2,2 — | + C(C22% = rin)
——| 2% ¢
_’UFC(C) [222 1 —2 _ 22
2 F.2
n in + z (z
Z " <r4n< T —rang2)  panCln2 1

S
C(¢C 2% —rin)

10



Proof. From the Cauchy-Pompeiu representation formulas (1.11), (1.13) and the relation

_ 1 — on| ¢ z |d¢
0 _%{m w(C);r [TQ”CZJFCTZ"Z i
) ] (2.4)
1 = 2n 1 z ] %
_WR[UJC(C);T [TQ"C — + = 7’2"2)_ dédn, z € R
the equality
— i < - 2n < z ] %
w(z) 2 / w(C){C_z+T;r [ﬂng_z C—r2ny } ¢
- (2.5)
1 - 1 = o 1 » .
7TR[w(;(C){C_Z+T;r [r%(j—z C(g_r%z)_}dgdn, Z€R
follows. Substituting the reflection points
1 1_ _1 1
_Zagv ;,Z,—Z,%,—%
in (1.13) and (2.4) gives the following equalities
_ i C - 2n C o z ] %
0 727riaR* w(C){C-i-ZJF;T r?nl+z (4712 }C 0
' 2.6
1 - 1 SN 1 2 | )
_Wé[wC(C){C_FZ'FET 7"2”’C+Z C(C"”/‘QW/Z)_ }dﬁdﬂa z € R*.
_ L ZC — 2n ZC 1 ] %
0 _2maR w(O{ZC—l_'_;T lrQ”Cz—l—i_zC—rQ” } ¢
* i (2.7)
1 z > on z 1 | .
_W/wg(c){zg_ﬁz_jlr l?“Q”ZC—l MEaTD }dfdn, Z€R
R* n= |
1 X . 1 ]\
0 27”63/ ’LU(C){Z<+1+;T [7‘2”{2—1—1 2( + r2n } ¢
i (2.8)
1 z = on z 1 1 i}
T /%(C){ 2¢+1 N z;lr [7“2”2'( +1  C(zC+7r2) }d{dn, z€R
R* n= i
— L C - 2n C z ] %
0 _Qm'm{ w(C){g_z+;r [r%g_z T }C
i i (2.9)
1 1 > o 1 PR .
_W/wg(g“){g_zjuz_:lr lr%c_z e }dgdn, :€R
R n= _
_ i C - 2n C . z ] %
0 *2m'/ w(O{CJerF,;T 2 +z  (+r¥z }g
- B : (2.10)
1 - 1 SN 1 2 | )
_Wé/wC(C){C‘FZ +nz::17' 7,2n,<‘+§ C(C""/‘an)_ }dfdﬂa z € R*.

11



_ 1 2n EC 1 %
0 = Tﬂ'l w(g){ C « [TQHCZ -1 ZC r2n } C
o " (2.11)
1 z S 1] .
ﬂ/“’C(C){zc —1 Z_:f [Tznzc— 1 C@E = }dgd”’ 2eH
R n= 1
1 oo~ oa| %1 ]lde
0 = Tﬂ'l U}(g){zc T + er [TQnCz+ 1 EC + r2n } C
o " ’ (2.12)
1 B z > on z 7 1 1 .
7; /wC(C){ZC + 1 + rzlr lr2712< + 1 C(ZC ¥ 7“2”) }dgd,)% z € R .
R n= 1

To simplify the following calculations the evaluations above are composed, namely (2.5) and (2.6)

(2.7) and (2.8), (2.9) and (2.10), (2.11) and (2.12).

Then

1 n 2 d¢
w(z) =— w(¢ {CQ 22 + Z ! r4n<2 22 (2 zr4n22] }C
o (2.13)
[ 2
-2 wz(€) 2_ 2+Zr47: in ZC_ 5+ 2_Z4n2 dédn, z € R*.
i G-z e =22 (¢ = rinz?)
_1 PG N | B 1 dc
0 = w(C){22C21+217“ rinc2z2 — 1 22C2T4”1}C
o A (2.14)
2 n| 2% 1 .
= /wg(C {2242 + Z 4 [r‘lnz?@ —+ R 4n)1 }dfdn, z € R*.
R*
— L CQ = 4n C2 Fid dC
0 =— w(C){<2_22+ner [T4n<2_z2+<2_r4n22 "3
o B (2.15)
2 nl ¢ 2 ] .
- /wC(C){CQ = +nzl r4 lr‘ln& — + C(CE = ping?) }dfdm 2€R
R* |
1 722 N 1 ] )de
0 —E w(C){Z2<2_1+nZlT [T4n<222_1 2C2_7’4n }C
o B : (2.16)
2 " 1 .
2 /w(c {2@ + Z 4 l’"4”z2<2 e _T4n)1 }dgdn, se R
R =

Taking the complex conjugation of (2.15) and
boundary parts give their new forms

(2.16) and considering the integrals over the different

1 _— 1 > dn 1 Z2<2 dc
O ——E / w(g){<222_1+2_:17‘ [C222—T4 C27,.4n2:2_1 ?
=1, n=
OE‘Im ¢,
0<Re(
1 - 7“4 s in 7“4 ZQCQ dC
e / w(O{szzﬂ +nZ::17“ Lzzz_r4(n+1) C2pinz2 _ gt ?
OE‘IZ&,
0<Re(

12



1
R 4 t2 22 dt
= E n — 2.17
i / w ){ — 22 + |jf%“4n — 2 + 12 — pin 2 t ( )

n=1

r
1 t2 = t2 2 dt
S ] e S . dt
e 12+ 22 — t2pdn 4 22 2 4 opdng2 t
/ —
2

2 [—— . ¢ z
_ + n + dédn.
T { Zr [c - 22 <<¢2—r4nz2>H§"

1 — | 22 — n 2 ¢ &
0 :_E / w(C){CQ_Z?+Z:T4 [42_22T4n+<2r4n_z2]}c

‘C‘—l, n=1
0<Im,
0<Re(
1 T42’2 0 in 7“422 CQ dC
i / w((){ (2 — 22p4 + Z:lr 2 — 52p4(n+1) + C2pin — 294 ?
OISIZ&,
0<Re(
1
= ¢ " — 2.18
™ w( ){t2Z2_1+ZT t27"4”22—1+t2z2—7‘4” t ( )

T
1 [ ——| 222 = . 1222 1
= i) — 2 E n —
T / w(i ){t222 +1 + — N P Ty R E e

dt
t
1
2 [—— 4 2 1
S " dédn.
T e

Then, subtracting (2.18) from (2.13), (2.17) from(2.14) and adding (2.18) and (2.13), (2.17) and (2.14)
lead to

w(z) = by + by + bz + by + bs + bs,

where
—2
1 CQ +Z2 C +Z2
by, =— R -
1 i / e'LU(C){ CQ — 52 ZQ 2
[¢]=1,
0<Im¢,
0<Re(
e’} =2
¢? 22 22 ¢ ¢
2 4TL _ — —_
+ nz::lr [r‘l”@ — 22 ping2 _ (2 + pn 2 ZQ T4n22 .2 ¢’

2 2 2 2
b2 :_% / RGW(C){EQ+22_C2+Z

_ .2
i¢l=r, ¢ =z
0<Im¢,
0<Re(
2 2 2 =2 d
+22T4n 4ng 2 4nz 5 T ‘ —= —<2 é;
— rinQ? =22 rinz2 — (2 pang2 T pangT 2| f €
! 2
2 t tz
bs =— [ Rew(t
3 i ew(){t2_22 1222 — 1




1
2

2 t tz
by =-—— it
4 ﬂi/Rew(Z){t2+z2+t2z2+1
> t 22 t2? 1
4n
+n§1r 7"4"t2 + 22 t(?"4n22 + t2) + T4n22t2 + 1 t(r4n + t222)] } )
1 4-2 22<2 e in CQ 22
bs :ﬂ'i{ / w(g)lCQ_Z2+22<2_1+1;r pin¢2 — 52 T (2 _pAny2
Olglr:nlé,
0<Re(
(222 1 ¢ S [ 1
rin222 — 1 + (222 — pin ?7 w((C) 2—22 22C2—1
=1,
OEllm ¢,
0<Re(
] pAnC2 — 22 T2 _pdng2 U pdng2,2 1 T (2,2 _pdn || ¢
1 ¢? 22 222 1 a¢ 2
<=1, <=1,
0<Im ¢ 0<Im ¢
0<Re ¢ 0<Re ¢
2 ¢ 2%
b6 77{ g(<) [Cg_zg 22C2—1
R)«
o0 2 2
an ¢ z (z 1
+;7" <C2r4n _ 22 C(CQ r4n22) T4n22<2 -1 + C(C222 _ r4n)>‘|
¢ 2°¢
_wZ(C) 2 2
¢ —22 224 -1
1 - 2
T s e et ddn.
n=1 r4n22< C(C 22 - 7~4n) T4n€ - 22 C(C - T4n22)

Hence, adding all of these formulas for by, ..., bs the representation formula (2.3) is obtained.

Theorem 2.1.1 enables to solve the related Schwarz problem.

2.1.2 Schwarz problem

In order to solve the Schwarz problem on the basis of Theorem 2.1.1, the boundary behavior of the
boundary integral is studied. Let the parts of the boundary be denoted by
B R* ={|¢| =7, Re¢ >0, Im( > 0};

R ={C=it:r<t<1}

IR*={|¢|=1,Re( >0, Im( >0}
BR* ={(=t:r<t<1};

and new functions be expressed by

K1(27<)

¢? 4 ¢ ¢2
e=ra=) (wm e
—2
4n ¢ 22 =2
+ ZT [7’4”@ — 2 + r4”22 ~ 2 T An,2 2 - g2 ZQ (2.19)
n Z2 22 - ZQ - CQ 1
pdn 2 _ ZQ ,,147152 _ C? T4n22 _ .2 T4n<2 — 22 E?

14



— 2
¢ ¢ ¢?2* ¢z
K Zag = [ - —
2(2,¢) {CQ_ZQ <2 2 1-222 1—(22
0 2 =2 2 =2
4n C C < z
— 2.2
+n2::1 " [r‘l”@ — 22 1"4"22 B C2 ranz2 _ ZQ (2.20)
2 TP . 1
rinz2¢2 — 1 T4n32z2 _q rin—(222 an _ 2252 ¢
Theorem 2.1.2. If v € C(OR*;C), then for (o # r,1,1i,ir
ZeRl}gl_,Co i / (O K1 (z,()dC = v(Co), Co € O1R" UDR", (2.21)
01 R*Uds R*
A [ S OKa(a0d = (@) G € B uaR (222)

03 R*U04 R*

where K1(z,¢) and K5(C,z) are given in (2.19), (2.20) respectively.

Proof. Studying the boundary behavior of the boundary integral implies computations on the different

parts of the boundary OR*. Taking the boundary relations into account, the following sum is obtainable

easily
! 1
e YO K (2 Qd¢ + — MO K2(z,()d¢ =
&1 R*U8; R* B R U5, R
—2 9
1 §2 C C CQ
il <) B
T 7<<){<<2_Z2 42_22 ) <<2_z2+<2—z2
I¢|=1,
0<Imc,
0<Re(
1 |2|* Els
+ 7,,47: — + — _ __ _
Z <7"4" T - G e L G- UL Ry ee
|Z‘4 |Z‘4 - 1 B 1 %
714n|z|4_@ T4”|Z|4—<222 rin — 2202 ”_XQ c
1 CQ C C C2
i e -1 2.23
i / V(C){<C2Z2+C222 > <C2—z2+C2—22 (2.23)
0@1?5,
0<Re(
B R N -
n=1 pAntl) _ o207 rdntD) —F22 0 pAnfp[d — (222 e T2
21" |2* B r B 4 dac
ot =2 T (222 i) — 222 ) _ a0 :
1
(2* - 22) / t t
S E— t _
+ ) ’Y( ) ‘t2 _ 22|2 |1 _ t22’2‘2

r

4 t t

4
+ Z n<r4nt2 — 222 + |rdn 22 — 752|2 - ‘T4n22t2 —12 - |rdn — tzzz‘z

1

/V(it){ 72 _:22‘2 -

r

(= -7

T

t
1+ 2227

t 4 t

|T4n22t2 + 1‘2 + |r4nt2 _|_22|2 o |r4n _|_t222‘2

EZ: <T4”22+t2|2 B

15
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Let [¢o| =1, Re{p > 0, Im{p > 0, z € R*, then

lim{l. / V(C)Kl(z,C)dCJr% / W(C)KZ(Z‘»C)CZC}:

z=Co | T
81 R*Uds R 83 R*Ud4 R
=2 —2
1 ¢? ¢ ¢ ¢? dg
lim — L — 1]\
5o i / V(O{<C2—z2+cz_z2 22—22+C2—§2 ¢
¢l=1,
0|<|ImC
0<Re(¢
1 o dn 1 1 [ [k
+— / ’Y(C)ZT4 = 5t — ., — =
m il n=1 e e R S (€] e N G e G &
0<Im¢,
0<Re(

Gol* n Gol* B 1 LS

1
rinGolt = %2 Gl = G r4"—<2<02_r4n—<2<02}<

1 ¢? ¢ T e«
i / W(O{CQ—@#@—@? -6’ <2—@2}<

I¢|=mr,
0<Im(
0<Re(¢
1 FAn+1) 4(n+1) 4(n+1)
“im % [ 0
z—Co T — | rtn+1) _ 2t Al — 3202 pdndl) 5202
¢|=r, -
0‘<‘Im§7
0<Re(
T4(n+1) |Z|47‘4n |Z|47‘4n |Z|47‘4n |Z‘47"4" %
pA(ntl) — 2202 [z|4pdn — (232 |2 |trin —2222 |z|4rdn — (222 |z|trin — (222 [ ¢
1
_ (22—,22)/ t t
lim ———=~ t —
R — "N TE— e T e
1 o= 4 t t t t
- 4 — — dt
+2 ;T <|r4nt2 — 222 + [rinz2 — 22 |pdng22 — 2 [pAn t222|2> }
(2-2) |
24 =7 t t
li it —
AL >{ T
1= 4, t t t t
= — — dt.
+2 ;T <|r4n22 F 22 |ping2e2 4 )2 + [ring2 4 2212 |pdn +t222|2>}
Since for |{p] =1, Re (o > 0, Im{y > 0 the relations
2= G2 = [ RG22 £ 0, 14 — G2 = [r PG — 1 #0,
|7’4n<2—t2|2:| 4n_t2 2|27é0 ‘1_~_t2<-0 |2:|t2+C0 |2;é0’ (224)
|’I"4"t C +1|2 ‘T4nt2+<:0 |2 |T4nC +t2‘2 | 4n+t2C02|2
are valid, then one has to calculate
1
lim — K d¢ =
Jim / RI(QLSIENLS
01 R*UOs R*
e ¢ T SR S 4
im — — — — —=
z—Co Tl 7 (2—22 (22 22 e (272 ¢
=1,
OISIm(,
0<Re(
1 / (C){ CQ N ? 62 C2 N i [ ,r4n T4
e v 3T =5 T 3 - — -~ =2
T ¢l C=0" -6 -0 -0 ol -G6*C rt—60%C
0<Im¢,
0<Re(
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4an 4 ,r4n ,,,4 ,r,4n 7,4

T T
+ —~ —~ + — +
N R S s
B r4n B ,,An B 7A4n N T4n 7”4" % -
pin _ (257 pdn 200 pAn G2 rin — 22 rin— 207 | ] ¢
1 ¢ ¢ ¢ ¢ |
b / 7(0{42—z2+<2_zz_42_22_42—,22}c'
0,
0<Re(
Finally, decomposing the integral so that the entire unit disc D is reached,
1 1 ¢
tm = [ @K Od = n o | v<<>{ ( e 1)
01 R* I¢1=1,
0<Imc,
0<Re(
¢ T N (¢ ¢ N (T ¢ N
+<C+Z C+z 1) (g—z+c—z 1) <C—|—z+C+Z 1) ¢
¢ ¢ d¢ ¢ ¢ d¢
P%nm{./ %O&Fw+§—le+ / W‘”@;z+<_zﬂc
s o
0<Re( 0>Re(
NS ¢ d¢ NS ¢ d¢
_ — 1= - — - =
/ v<c><c_z+c_z )C | O(C—z+§—z 1><,
I¢1=1, [¢|=1,
0>Imc, 0<Img,
0<Re( 0>Re(

the property (1.14) of the Poisson kernel for D is used. Thus

z—Co T z—Co 271
ok ¢i=1

o L SEN S
i~ [ (K Odc = i o [ r1<<><<_z+ 1>< W) (229)

where

7(¢), Re¢ > 0,Im¢ >0

v(—¢), Re¢ <0,Im¢ <0

g B 2.26

) v(¢), Re¢ > 0,Im¢ < 0 (2.26)
(

7(=(),Re¢ < 0,Im¢ >0

is a continuous function on [(| = 1.
Similarly, for |{g| =7, Re(p > 0,Im(y > 0, z € R*

nm{1 [ oreoics = f v(g‘)f@(z,c)dc}:

z—Co 7TZ
01 R*UOs R* O3 R*UO4 R*
=2 -2
R (Y R S
z—Co T 4‘2_22 42_22 22_22 62722
I¢I=1,
0<Im¢
0<Re(¢
& =2 2 =2 2
z z z z
+ lim rin — + - — —
z—Co vl ,’,,47152 o |Z|4< rdn 2 |Z|4C2 rdnz2 _ |Z‘4C2 pin 2 _ |Z|4C

n 22 N 2 22 52 dc
B A I SRy (¢

17



. ¢2 I S ¢ dc
- lim W(C){<<2_Zz+42_z21><g222+é2221>}c

[¢|=mr,
0<Imc,
0<Re(
o0 4 4 4 4
r r r r
+Zr4n<4 1 2 T A(nt1) _ T 2r0 o d(ntd *22_ 1)
n=1 rdnt) — G5 D) — (7¢2 D) — (¢ A1) — (o2
.\ A . A A A dc
rAntl) 22 At — (2¢2 it — (%2 pan+) Co CQ ¢

1

2 =2
+hmu/7(t) LA -
e i T T

1 — t t t t
+= ) pin + - - dt
2 Z <|T4nt2 _ <02‘2 |T4n<02 —12]2 ‘T4n<02t2 — 12 |rdn — t2C02|2> }

1

gt (22 —7%) / (it) t t
m ——7- (3 -
i mi TN+ CP T T eep

1 t t t t
4n
+= - + — dt
2 Zr <|r4nC2 t2|2 |r4nc2t2 ]_|2 |r4nt2 C2|2 |r4n .t2<22> } ;

i = [ QK Od = - tm o [ F1<<)(CCZ+CC >df W), (227)

z—Co, 21 Z
81 R*U8s R* ZER” [¢|=r
where I'1(€) is defined as in (2.26) for |¢| = 7.

For Re(y > 0, Im(y = 0, (o = tg, r < tg < 1 after similar computations one gets
1

1 (22 —7?%) t t
lim — K = lim ——= t —
= [ QR0 = i E—E 08 s —

O3 R*UO4 R* T
e 4 t t t t
+§ ZT n<r4nt2 — 222 + |rdn 2 — tz‘z - ‘T4nz2t2 _ 1|2 - |,r4n _ t222|2> }dt'
n=1
Here
P g2 £ 0, [ = 2R £ 0, P 1P £ 0, - 2R £,
then
1

. 1 _ t B
o V(O K2z ¢)d6 = ZIE?D 10) 2= z2|2 T eep (1T

1 1
z2—Z 1 1 -z 1
li —_— t — dt
zgrclo{ 2mi /7( ) [t —z2 |t—|—z|2 2m /7 [ 1—tz2 |1 +4tz)?

| L 1 i@t -1 dt ; 7 1, dt
= “‘“t—zl?] L [ o))

1 _r i 1
z—Z dt dt 1 dt 1 dt
li t)—— — ) — — ) )y
6 2mi {/7()|t—z|2 /V( s /V(t)|t—z|2+/7( t)t—z|2}’
r -1 1 -1
then
—+oo
lim — / (OKa(z,)d¢ = lim — /r ()22t = ~(Co) (2.28)
1im — = 11mm —- —_— = .
z—Co TMH 7 z—+(o 270 =22 700
O3 R*UO4 R* —00
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where

~(t), r<t<l
—(3), 1<t<t
Ty(t) =<0, —r<t<rt|>1
—(=t), -1<t<—r
M=), —r<t<-1
is piecewise continuous on R.
Finally, for Re (o =0, Im(y > 0, o = itg, r <tg <1
lim § = (K12 Q) + = () Ka (= C)dC
im< — z — z =
z—=Co | T K e i K 2
01 R*UOs R* O3 R*UO4R*
1
. (22=7%) / , t t
lim ———= t —
6w W\ T2~ T e
1 o= an t t t t
N - — dt.
+2 ;T <|T4nz2 +22 |22 112 + [ring2 4 222 [pin +t222|2>}
Since
|t2 + t02‘2 7& 0, |1 + t2t02‘2 7& O, |7,4nt2 + t02|2 ?é 07
|7,,4nt02 =+ t2‘2 ?é 0’ |7‘4nt02t2 4 1‘2 ?é 0’ |7,4n 4 t2t02|2 7& O7
(2-%) |
24—z t t
lim — K d¢ = lim ———= it - dt =
58 i / V(O K (z, € = ity i /FY(Z ){ [t2+ 2212 |1+ t2z2|2}
OR*MiR r
1 1
z+7Z ) 1 1 z+7Z . 1
li t — dt t — dt y =
zg?o{ 27 /’Y(Z )[|it—22 it + 2|2 o /7(Z ) |1+ itz|? |1—it22] }
—1 1 -1

z+z

dt +/ (—it) dt
it — z|? 7 it — 2

lim {
z—Co

| 2

1 —r %
z2+z dt dt 1 dt
li it _ i) — oy
S 2 {/W)m—zp /”( D= +/7( R
T —1 1
then
1 e
z+z
lim — K. = lim — Iy (it) ——=dt
ZLHClo ™ / ,Y(C) 2(Z’C) C zinclo 2 / 2(Z )|Zt — 2‘2
OR*NiR —o00
where
y(it), r<t<l1
[o(it) =< 0, —r<t>rt|>1
—y(=it), —1<t<—r
(%), —+<t<-1

—1

Sl

*/v(%

7(Co)

)

/7 t |t+zz|2 _/7(_

1
v

dt

it — 22

is piecewise continuous on iR. Hence, the equalities (2.21), (2.22) are valid for v € C(OR*;C).
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t

)

|t + iz|?

b

(2.29)

dt

(2.30)

(2.31)



The following lemma enables to see the boundary behavior at the corner points of IR*.

According to the representation formula (2.3) the function w(z) =1 can be presented by

L i / CQ 422 ZQ + 22 . 2§: ,r4n<-2 rAn 52 N rin 2 ,,AnCQ %
Comi o (2 — 22 ZQ 2 | ring? =22 2 — (2 g2 ZQ ,r4nz2 2| ¢

_i / C2 4 22 - 22 + 22 +2i T4n<-2 - pAn 52 . pan 2 - r4n<—2 %
: (22 2 pin2 2 pAng2 _ (2 —2 —2 1§

T " C _ 22 oyt 7.4nC2 _ C T4n< _ 22
=r

0<Im¢,

0<Re( (2.32)
9 /1 t tz2 N i 7"4nt ,r4n22 N 4ntZ ,r4n "
i 12 — 22 1 —¢222 — rAng2 — 22 p(rdng2 —42) o pdng22 1 f(rtn — 2212)

J —

1
2 / t tz2 n i ring pAn 22 n ring 22 rin i
12 422 141222 — A2 4 22 p(rnz2 4 42)  ptng22 11 f(rtn + 2282) ’

1

i [0 = 2] Ka(e,0de = (ko) = (1), to € BaB\(1), (23

1

g / [(¢) = (M) Ka (2, C)dC = 0, to € OR™\[r, 1], (2.34)

where Ks(z, () is given in (2.20).

Proof. Taking the real part of (2.32) and multiplying the both sides of the equality by ~(r) give
1

1
~y(r) = i / W(T)Kl(z,g)dg—% / v(r)K1(z,¢)d¢ + %/ (r)Ka(z,t)dt — —/’y VK(z,it)d

e
I¢I=1, I¢l=r, T
0<Im(, 0<Im(,
0<Re( 0<Re(

Let tg # 1 be from the boundary part d3R*. We consider the difference

lim{;i / [W(C)—v(r)]Kl(z,C)dC—i. / [V(€) — v(r)] K1 (2, ¢)dC

z—to ™
[¢|=1, [¢]=r,
0<Im¢, 0<Im¢,
0<Re ¢ 0<Re ¢
1 / 1 /
+— [ Q) = (MK (2, t)dt — — [ V() = 7(r)]K2(z, it)dt.

It is seen that for ¢ty € J3R* we have to calculate only the following boundary integral

tiw = [19(0) = 2(0)Ka(e, O = Tim — [ h(t)—wﬂ{tzfzz - g

z—to T

0 2

P N tz2 +ZT4n t B t B 2
1-— t222 1-— t222 =1 T4”t2 - 252 7‘4"t2 - 52 t(T‘4n22 — t2)

+ Z + tz? tz2 1 n 1 gt —
trinz? —12)  ring22 — 1 pdnzZ2 1 f(rin —222)  t(rdn — 1222) B
17 z
2—7Z .
— / A2(t)|72dt, toe [T,l],ZeR 5

1m
z—to 27'("L t— Z|
—0o0
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where A(t) is defined on the basis of calculations (2.28) and I'y(¢) given in (2.29) and it is

v(t) = (r), r<t<1
—y(§) +a(r), 1<t<y
As(t) =10, —r<t<rft|>1 (2.36)
(=) +(r), —-1<t<-—r
Y=g =), —1<t<-1

Because As(t) defined on R is continuous in (-1;1), the relation (2.33) holds. Thus, in particular

1

lim — / () Kz, Q)¢ = (r) (2.37)

z—r Tl
T

follows. If tg € OR*\[r, 1], then the boundary integral tends to 0 for z — to and then the equality (2.34)
holds.

O
Lemma 2.1.2. If vy € C(i[r,1]; C), then
. 1
- lim *./[V(C) —(ir)| K2 (2, €)d¢ = 7 (ito) — (ir), to € aR™\{1}, (2.38)
zZER*, z—ito 1
. 1
— dim — [ [y(¢) —y(ir)]Ka(z,{)d¢ =0, tg € OR™\O4R". (2.39)
zER*, z— ity T
Proof. Similarly as before, the boundary integral over the interval [r,1] of the imaginary axis remains
1 / 1 /
. . . . . 1t 1t
- tim = [0 ~ 1)Kl 0d = lim ~ [ (it - V(W‘)]{tz o
1z itz? > it 1t 22
+ 5.2 72+Z7“4” Ing2 L 2 22 A2 4 g2
14122 1+122 ring2 4 o ring2 L7 it(rinz2 + ¢2)
n=1 (240)
z> itz? itz? 1 1
+- ) T e ) T (A o 1o =2 dt =
it(rinz? +¢2)  rin22 1 pZR2 41 at(rin +1222) 0 it(rdr + $22°)
1T +7
. N 2+Z )
zli}lﬁo 771_ / AQ(Zt)mdt, t() S [T, 1]7 z€R 5
where A (it) is obtained on the basis of (2.30) and I's(it) given in (2.31) and it is
(i) = ~(ir), r<t<l
Y(=gp) —lir),  1<t<y
A (it) = 4 0, r<t<r|t|>1 (2.41)
—y(=it) + y(ir), —-1<t<-—r
() +atir),  —r<t<-1
Because A (it) defined for ¢ € R is continuous in (-1;1), the relation (2.38) holds. Thus, in particular
. 1
- lim [ (OKa( e = (ir) (2.2
z—=r T
follows. Finally, if ity € OR*\04R*, then K5((, z) tends to 0 for z — ito. O
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Theorem 2.1.3. The Schwarz problem

wr=fin R", f € L,(R";C),p> 2 Rew =~ on OR",

(2.43)
. 2 i
v € C(OR";C),— [ Imw(e*¥)dp =c, c€R
T
0
15 uniquely solvable wn the space of functions with generalized derivatives with respect to z by
2 jquely solvable in th f functi jith lized derivati ith b
=2
CC+22 (422
e = o f wo{Q .
i 2 -z _ 2
c=1, ¢ -z
0<Im¢,
0<Re(
=2
<2 22 22 C dC
+2) i + - =
nzl [r47zc2 ,'n4nz2 _ CQ 7"4”22 . ZQ 7"4'”?2 B 22 C
,i / ©) C2+22722+22
i o v 2—22 Zz _ 2
0<1;1r&
0<Re(¢
o] =2
¢ 2 2 ¢ d¢
+2) pin — + — - — -
nZ::l [ ng2 — 22 pinz2 — (2 any2 CQ ,r4nC2 _ .2 ¢
1
+3 0 t tz?
i 12— 22 1 —1222
> t 22 122 1
4n
— - dt
+7;T [T4nt2 — 22 t(rinz?2 —12) + rnZ22 1 f(rin — z2t2)] }
1
2 _ t tz?
= ’y(zt){tz e + T2 (2.44)
i > + 2" ! dt +1
— - 1
— T4nt2 + 22 t(r4nz2 + t2) T4n22t2 +1 t(,r4n + Z2t2) ¢
2 ¢ 2%¢
W/{f(C)[CQ _22 + ZQCQ_ 1
R*
+ Z T'4n C _ 2'2 422 _ ].
nl rnC2 — 22 ((rinz2 —(2) T pIng222 -1 ((rin — (222)
_ 7
_f(C) —2 C + 724
¢ —22 224 -1
n ¢ 22 (22 1
+Z 4 —— — + — - — dédn
r4n<‘ C(T4n22 _ C ) T4n< 22 _1 C(T4n _ C 22)

Proof. Theorem 2.1.1 provides representation forms for any smooth enough function. Therefore if the
Schwarz problem has a solution, it has to be of the form (2.44) with an analytic function on the right-hand
side up to the Pompeiu-type operator [42], [5]. Let us denote by

. 2 ¢ 22¢
z@ﬂaﬂ/%«4@_£+%@_l
R*
4an C 22 sz 1
+n2:1T (T‘m@ —2 (=) 21 (- C2z2)>] 28
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— -
j«%ﬁﬂ 20 -1

[ee]

+Zr4”< QZ - = SN gzz - : 2 )]}dﬁdn,
R R P TR T R (S )

which can be easily represented by

Tpf(z) = ——/f ) dedn 2/{ﬂ0

R*

4n C 22 <Z2 1
Jrn;r <r4n<2 — 2 C(r4"z2 _ CQ) + rin(222 — 1 B C(T4n _ C2z2)>1

1 1 2%
= +
2¢C+2  22¢2 -1

(2.46)
rrrad BERY #*C
_f(C) |f:2 _ 2 + 222 1

+ Z r4”< S G P G ! )] }dgdn
T4n<‘ — 22 ((rinz2 — 22) 7“4”2222 —1  C(rn— ZQZQ) '

Thus, by the property of the Pompeiu operator 0zTf = f, the operator Tg~ f(z) provides a solution of

the Cauchy-Riemann equation wz = f in a weak sense.
Then the side condition and boundary behavior are to be checked. Consider the proof piece by piece.

Partl. Side condition. At first the boundary integral has to be studied.
For [(|=1,Re(>0,Im( >0
|
z  mi

i / _C2+2’2_Z2+2’2 422 2y
T (2 — 22 62—22

C2722 E2_C2

d: _

lz|=1, = |z|=1,
0<Im z, 0<Im z,
O<Rez 0<Rez
2 22 n z2 41 dz
i (2—22 (232 z
[z|=1,
0<Im z,
0<Rez
1 1 1 1 1 1 2 dz
— — dz — — ———|dz+ — =
i (—2z (+=z i (—z ¢ i z
[z|=1, |z|=1, [z|=1,
0<Im z, 0<Im z, 0<Im z,
0<Rez 0<Rez 0<Rez
1 dz dz dz dz 1 dz
— + + + — 0 +1=1—— =0
i (—z (—z (—z (—z i z—C
|2]=1, |2]=1, |2]=1, [2]=1, |z[=1
0<Im z, 0>Im z, 0>Im z, 0<Im z,
O0<Rez 0>Rez O0<Rez 0>Rez
The sum

o] =2

E 4in CZ 22 + 22 C dz
r — — —
— r4n<2 — 22 pdn 2 _ CZ _ =2 —2 P
lz|=1, "7

0<Im z,

O<Rez

is divided and two integrals are calculated:

g ¢ ¢
1m’{ / lranz+r2”C+z

dz ¢ ¢
z / lr2”§z+ rng 4z

|z|=1, |z|=1,
0<Im z, 0<Im z
0<Rez 0<Rez

o0

[ele] T2n C dz [e'e) 1 1 1 )
i / r2n¢ — 5 2 Zm Ty z Zm( i — 270)

n=1




and

r2n z z dz z Z dz
— g — 3 + = — = Dy + == — =
— i rénz —C  r*mz4(| z renz —( r*z4(| z
"= |2|=1, |2|=1,
0<Im z, 0<Im z,
O0<Rez O0<Rez
o0
r2n z dz
— g — 5 =0.
i rénz —( z
n=1
|z|=1
Calculating the boundary integral on =7, Re( >0, Im{ > 0 gives
y b b
72 . .
2 / CQ C 7,4 2 T422
p— 2 _ .2 =2 _ 2 1=2 _ 2
i ?—z =22 iz riz* — ¢
|z|=r,
0<Im z
O0<Rez
o0 — —
N ,,,477,2,2 7,4nz2 T4n22 T4n22 dZ
) in 2 _ /2 2 anz2 _ 2| (5
iz - ¢ rinz? — ¢ ping2 _ ¢ rinze — ¢ z
—2 —2
2 2
2 / ¢ T ¢
; 2 _ .2 =2 2 _ .2 " =2
i S A B e
|z|=r,
0<Im z,
O<Rez
o —
N 7“4n22 T4n22 T4n22 T4n22 dZ
—2 an 2 2 2 an=2 _ /2 L
iz - ¢ rinz? — ¢ ring2 _ ¢ rinze — ¢ z
o0 o0
4 ZI ran 22 rinz? dz 2 ZI z z dz
= m P m _ hiad
m rinz2 — (2 pAnz? (2| 2z o C—rnz (+rz| 2
n=1 L n=1
|z|=r, |z|=r
0<Im z, 0<Im z,
O0<Rez O0<Rez
oo —_ — oo
Z I Z Z ] dz } 2 dz 0
m — = — =0.
_ n2n 2n = Z 2n ¢
_ n=1 _C ez C +rz) oz n=1 o - - 2n
|z|=r, [z|=1
0<Im z,
O0<Rez
Forr<t<l1, (=t
2 t 22 dz 1 t  dz t dz
e 12— 22 1—1222 ] 2 i 12— 22 2 212z
[z|=1, |z|=1, |z|=1,
0<Im z, 0<Im z, 0<Im z,
O0<Rez 0<Rez O0<Rez
1 1 dz 1 dz 1 dz 1 dz 1 1 dz
T t—z z t—z z z—1 z z—t z T z—t z
|z]=1, |z|=1, [z]=1, |z|=1, |z]=1
0<Im z, 0>Imc, 0>Im z, 0<Im z,
0<Rez 0>Re( 0<Rez 0>Rez
The terms in the sum are rewritten as
o0 —
2 an t 1 dz t 1 dz
- T - - —o S
mi A= rang2 — 22 p(rdn — 22¢2) | 2 ring2 — 72 t(pin —Z%2) | Z
" |2]=1, |z|=1,
0<Im z, 0<Im z,
O0<Rez O0<Rez
o0
Z r2n 1 dz N 1 dz 1 dz 1 dz
i rnt—z z 2t — 2z 2 t(r2m —tz) z t(r?m —tz) z
n=1
|z|=1, [z]=1, [z|=1, [z|=1,
0<Im z, 0>Im z, 0<Im, 0>Im z,
0<Rez O0>Rez 0<Re( O0>Rez
n 1 dz n 1 dz 1 dz 1 dz
2t — 2z 2 rnt+z z t(rn —tz) z t(rn +tz) z
|z|=1, |2|=1, |2|=1, |z|=1,
0>Im z, 0>Im z, 0>Im z, 0>Im z,
0<Rez O0<Rez 0<Rez O0<Rez
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— o 1 / 1 dz

S e = oo,
i r2”t —z (2 —t2)| 2

n=1 =1

For r <t <1, { =it similarly

2 / t n tz? dz 2 / t t(iz)? dz
i 2422 14222 2 mi 2 — (i) 1-—12(iz)?| 2 -
|z]=1, |z]=1,
0<Im z, 0<Im z,
0<Rez 0<Rez
2 / t dz n 2 / t dz 1 / 1 dz 0
i 2 — (iz)? 2z i (i -2z o« z+it z
|z|=1, |z|=1, |z|=1
0<Im z, 0<Im z,
O0<Re =z 0<Rez

dz 1
P / L(r‘ln—(iz)Qt?)

T
radng2 _ (22)2 t(r‘m — (iZ)2t2)

|z|=1, |z|=1,
0<Im z, 0<Im z,
0<Rez 0<Rez
_ t Z 2n / 1 @ =0.
ring2 — (iz)° | Z ) iz — r2"t t(r2n —itz) | z
lz]=1

Treating the side condition for the area integral, we observe

2 [ 2% ¢ dz 2 ¢ ¢ dz _
T / z2C21+C222]z_7r / [C2—22+C2221z_

|z[=1, = |z|=1,
0<Im z, 0<Im z,
0<Rez 0<Rez
1 1 n 1 dz 1 1 1 dz
™ (—z (+=z|z (—z2 (¢+7z|7z
|z|=1, = |z|=1,
0<Im z, 0<Im z,
0<Rez 0<Rez
1 1 1 1 1
m (—zz C—zz C—zz C—zz
|2]=1, |z|=1, =1, |z|=1,
0<Im z, 0>Im z, 0>Im z, 0<Im z,
0<Rez 0>Rez 0<Rez 0>Re z
1 1 dz
—— — =0 forr<]|(]<]1.
T z—C z
|z|=1

Integrating the terms of the first sum under the area integral, it is similarly reduced to the integral on

the whole unit circle

4n ¢ 2 ¢z 1 dz
;T [rzm(z —22 T (2 — () - rAn202 1 ((rin — Z2C2)] P

|z[=1,
0<Im z
O<Rez
o0 —
2§ S 1 dz S 1 az | _
i —~ ran(2 — 22 C(TAn _ ZZCQ) P rdn(2 — 2 C(,r.4n _ §2C2) z
" |z[=1, |z|=1,
0<Im z, 0<Im z,
O<Rez O<Rez
oo
Z r2n 1 dz n dz
— i r2n —z z TQ"C —z z ¢( 1"2" — Cz ¢(r )
= |2]=1, |2]=1, |2=1, =1,
0<Im z, 0>Im z, 0<ImC, O>Im z,
0<Rez 0>Rez 0<Re( 0>Re z
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A= | - | g -
rnd — z z T2nC+Z z ((rn —(2) Cr2”+Cz
|z|=1, |z|=1, |z]=1, =1,
0>Im z, 0>Im z, 0>Im z, 0>Im z,
O0<Rez O<Rez O<Rez O0<Rez
1 i o / 1 1 dz _,
— r — — =0.
i =L ronl—z ((rm—(z2)| 2
2|=
Similarly, for r < |¢| < 1
2 [ ¢ z222 dz 2 ¢ 72(¢ dz
T G2 201 x 0w -7 -1z
=1, - =1
O‘E‘Irn z, Ozllm z,
0<Rez 0>Rez
2 ¢ ¢ dz 1 / 1 1 dz
71' 2-%2 (2-22|z m C—z (+z| =
|z|=1, ~ [2]=1,
0>Im z, 0>Im z,
0>Rez 0>Rez
+ 1 / 1 n dE 1 / 1
7r i (—z C +zZ| z 71'
z|=1, ~ |=1
0>Im z,
0>Rez
And the complex conjugation at sum under the area integral is
i wl C 22 (22 1 ] d=
r — - = ) — -z ;) =
= R E I G B e I o)
0<Im z,
0<Res
2 / i in ¢ z2 ¢z2 1 dz
_Z r _ _ i
T — T47LC2 _ 22 C(r4nz2 _ 4‘2) r4n<‘2§2 -1 C<r4n _ 4'222)
=1, T - -
OE‘Im z,
O0>Rez
[e's) B 00
1 d 2
Z r4n C _ i _“ Z 7"4” C —
T4n<2 _ 22 C(T4n _ CQZZ) z T 7«4n<‘2 -z
z)=1, =1L lz[=1, "=!
0>Im z, 0>Im z,
0>Rez 0>Rez
1 on / 1 dz
_ - = __ — =0.
<(T4n _ CQ =2 1 z Z TZnC C(T2n _ CZ) >

Hence, from Part 1 the following computations

1 dz c dz
— [ et [ 2
Iy z T z
|z|=1, |z|=1,
0<Im z, 0<Im z,
0<Rez 0<Rez
jus
1 dz c 2 i
— / Imw(z)— = =, f/Imw(e”’)dgo—c
T z 2°m
|z|=1, 0
0<Im z,
0<Rez

follow.

Part 2. Boundary behavior. Let s; denote the area integral, then
1

:/

R*

Re s1(2)

{f(om(z, Q) = F(OK(Z,C) }dfdn,
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where K»(z,() is given in (2.20). The real part of the area integral turns on to be zero on the boundary
OR* as can be verified by simple calculations on the boundary parts:

{lz| =1, Rez > 0,Imz > 0} and {|z] =7, Rez > 0,Im z > 0},

{z=%,Rez>0,Imz =0} and {z = -%, Rez =0, Imz > 0}.

Let so denote the sum of the boundary integrals. Then

1 d 1 d
Resas) = = [ 20KCAT -~ [ 0KGHT
o‘illzmlé, olilljé
0<Re ¢ 0<Re ¢
1 1
1 . .

2 [t 2)dt— = / (i) K it, 2) .

T T

To complete the proof one has to study the relations for the Schwarz operator for the unit disc D and
the half plane [5]
ReS¢p = pondD, i.e. lirré Se(z) = ¢((), ¢ € OD.
zZ—r

By the Theorem 2.1.2, this boundary condition holds for the domain R*. The boundary behavior at the
corner points is also studied in Lemmas (2.1.1) - (2.1.2). O

2.2 Dirichlet problem

Using the Cauchy formula for the analytic functions in D and the results of the previous section, the
Dirichlet problem is now solved as well for the homogeneous as for the inhomogeneous Cauchy-Riemann
equations.

2.2.1 Dirichlet problem for analytic functions

Theorem 2.2.1. The Dirichlet problem

wz=01in R*, w="+ on OR",

(2.47)
v € C(OR*;C)
s uniquely solvable if and only if
1 CQ 4222
por V(C){CQ ot Ee
OR* (2.48)
00 222 2 =2
an (°z 1 ¢ Z d¢
— =0
+n§1r <T4n<222 -1 + CQEQ — pén + T4n<2 _52 + <2 _ T4n2’2> } C ’
and the solution can be presented as
B 1 CQ 4-222
w(z) - E FY(C){ <2 — 52 + CQZQ 1
OR* (2.49)

> 2 2 2.2
1 ¢ z ¢z 1 d¢
+Z’I’ n<r4n€'2 _ 22 + <'2 —T4n22 + r4n<222 -1 + C222 _,'n4n> }C’ z € R*

n=1

Proof. At first the condition in (2.48) is shown to be necessary.
Let w defined by (2.49) be a solution to the Dirichlet problem. This formula can be decomposed into the
sum of Cauchy type integrals. Then the equality

lim  w(z) =~(¢)for any ¢ € OR™, (2.50)

z—(,z€R*
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holds. Consider for |z| < 1 the function (2.49) at the reflected point

I

1 2 252
wl) = 7<<>{ T
OR*

= ¢?z? 1 ¢2 z2 dc
+ Z ri < 4dn 252 + 252 4An + An2 _ 52 + 2 dnz2 N
— ran(?zs —1  (?z° —r rin(2 —z (% —rinz ¢

and take the difference

2 2,2 2 252
w(z) —w(d) == 7((){ R < D e i
OR*

i (-2 (222-1 (- (FP-1

oo 2 2 2.2
an ¢ z (“z 1
+;r <T4n<'2_22+<'2_7a4nz2+r4nc222_1+<222_r4n

B CQEQ B 1 B 4-2 B 22 %
T4n<2§2 -1 4'222 _ pédn T4n§2 _ %2 §2 _ pdnz2 C !

Let L((, z) denote the sum of integrands, then

(2.51)

(2.52)

L _i . %:i <2 B CQ 2,2 B z
we e == [a0meaT -1 [ v<<>{<2_z2 at o

maR* ¢ g o z 22— C
0<Imc,
0<Re(
o 2 2 2 =2
+ Z an ¢ ? ?
— ,r.4n<'2 — 2 C2 pdn 52 pAn 2 _ 22 52 _ r4n22

B 22 B C2 B C2 B =2 %
pinz2 g2 et (2 -z 2tz [ ¢

) ¢2 % 2t ¢lzf*
-— / ’Y(C){Cz 22— + Clzt =22 22|t - 22

+ir4n SO B i |
T4n<2 ) 42 T) 7n4nC2‘Z|4 _ %2 42|z|4 _ pdnz2

C2|Z‘4 2,2 <2 22 dc
T4"<2|Z|4 2 <2|Z|4 —piny2 ,r4nc2 _ 52 CQ _ 7“4”52 C

1
N 1 ) t? t2 N t2]2)* t2|z|*
v t2—22 t27§2 t2|2‘47§2 t2|z|4—z2

22

P 22 2]z
+;T rang2 _ 52 + 12 —pdng2 L opdng2|pd 72 1 2| 5|4 — ping?

2]2|* 22 t? z2 dt
_r4nt2|z‘4 2 12[2]% = A2 TopAng2 _ 52 42 _ pdng2 N

1

1 , t? t? t2]z|* t2]2)*
i)Y oz — =T =2 T 20,04 4 2
t“+z 2+7z 2|zt +zZ 2|zt + 2

m
.
o0 —
4 t2 22 t2]z|* Z2
+ZT Napr 2 et =2~ =2
— rint2 422 12 fpdng2 o opdng2zd 470 2|24 + rinz

t2|z|* 22 t? n Z2 dt
rAnE2| 2|4 4 22 T 2|24 4 ping2 pdng2 472 2 4 pinz2 t
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Calculating the boundary integrals separately, letting z — (, z € R*, { € 01 R*, it is seen that solely the
integral on the outer circle is to be studied.

1 1 <2 <2 22 22
li —w(=)]= 1 — — —
Z_><1ﬁ)f21|<1[w(z) w(z)] R / ’Y(C){ i + A F 77
=1
O‘illmc,
0<Rel

=2 =2 2
an C C C
IS _ _
+ Z <7~4n<'2 _ 22 7”47122 . 2'2 + 7”‘4'”?2 . 22 T.4n§2 _ 22>

n=1

N 227‘4n 1 227.471 - §2T.4n 1 227,.471 ) d(
(2 —piny2 Z2 ~ ann2 Zz — anz? (2 — pinz? 1§

and

lim  [w(2) —w(%)] = 1{

2=, lz[<1 2mi
I¢I=1
0<Im,
0<Re(¢
¢ ¢ g = ¢ ¢ d¢
— = -1)= = -1]= 2.53
T <><<_Z+C_Z )<+ / v<<><c_z+<_z )C (2.53)
I<I=1, [<1=1,
0>Im(, 0>Im¢
0>Rel 0<Re(
= (¢ ¢ U C )%
+ 7(—C)<<_Z +<_Z—1>< = lim o~ / 1(()( o - 1) R =7(0),
I¢I=1, I¢l=1
0<Im¢,
0>Re(
where I'1(€) is given in (2.26). Then
lim w(Z) =0
Consider for |z| > r the function
2 1 CQEQ C2T4
w(s) = i 7(0{4222 ! + i
oR (2.54)

+ i Y (o O i S
T4n<‘2§2 —pd 4222 — p4(n+1) ,,14(71-&-1)4'2 _ 32 <27’4 rinz2 ¢ ?

n=1

which can be easily rewritten as

1 C272 <2 4
7((){CQZ2Z_ a + C27“4 r_ 72

™

AR~
=2 =2 2
4 < 4 1 ¢ g

+Z nLAnCz 2 1+C2 rinz2 +n2274nl<2z2_r4n+r4nc2_22]}<_
i (C) CQEQ C2T4 N C2§2 N 22 r4 <2T4
T C2 C2T4 _ 32 <222 -1 C2 32 C2E2 — 4 T4c2 _ 32

dR*

z ¢?z2 1 dz

T Z r4n<‘2 C2 pinzZ T pAnc2z2 ] + (272 — T4n‘| PR

1 ¢%z2 z2

— 1

— 7((){4222_1+C2_22+
OR*

= ¢2 z %72 1 dc
+y i + + + -
;T <T4n<2 _ 22 <2 _ 7/.47122 T4nC2§2 -1 C2§2 _ pdn C
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Thus w(é) =w(L). Then the difference

- 1 C2 42 2 C272 C2 4
w(z) —w(%s) = = V(C){(:Q — 2 + CQZQZ— - 422227 T C2T47;§2

OR*

i‘l( % 22 222 1

D + + +

ing2 _ 2 2 _ dn,2 ing2,2 _ 2,2 _ 4
— ran(? — z (% —rang ran(2z 1 (%22 —rin

<2 2 ,,,4 <2 4 =2 dC
7r4n<‘222 VI (222 — pA(n+1) o pA(nt1) 2 _ 32 o C2pd — panz? ?

is reduced to the difference w(z) — w(2) in (2.52).
If z— ¢, |¢| =7 Im¢ > 0, Re¢ > 0, then, similarly to (2.53)

lim  [w(z) —w(r )J=— lim / F1(<)< ¢ + = ¢ _ 1>d< =7(0), (2.55)

z—(,|z|>r z z—(,|z|>r (—=z (—~=
ICl=r

where I'1(¢) is defined as in (2.26) for |(| = r. Then again

[

T
z—C z

) =0.

Consider next for Rez > 0, Imz > 0, |z| < 1 the function

1 2 252
W) == v<<>{ ot e
" (2.56)
S pan [ Z ¢z 1 dg
+;T (7,4')14'2 2" 2 panz? + rAnc2z2 + 22 g ) (0

which is equal to w(2). Then again

*—wz—wlzi ds
w(z) — (@) = w(z) ~ w(2) ”64 HOLE) T

and taking z — (, r <t < 1, ( =t the equality

1

. _ . z — 72 t
timfu(2) — (=) =l = / & { 1

4n
- - dt 2.57
+nZlT (|’r4nt2 — 22‘2 |2 — ring22  [pdng22 — 12 [¢2.2 — r4”|2> } (2.57)
( ) 1 +oo
z—Z)z+7Z 2 —Z
=l oy oAt =lm o— [ Ta(t) ——mdt = (1
P [/ / 1 — 22|t + 2|2 25 O / 2 )| PE V(1)

follows, where I's(¢) is determined in (2.29). Thus

limw(z) =~(t), r<t<1.

z—t

Consider now for Rez > 0, Im 2z > 0, |z| < 1 the function

- 1 & (232
w(=z) = i ’Y(C){ 23 + 7 1
" (2.58)
= ¢? 72 (232 ] ac )
+nz=:17'4 <r4n<'2 ) + 4-2 _ pdnz2 + 7"4714'222 1 + 4222 — 7r-4n> }C — 'U}(Z)
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then similarly

_ 1 1 d¢
wlz) - w(=3) =) - wE) = = [ WOLET (2.59)
Z gl ¢
OR*
Letting z — ¢, ( =it, r <t < 1, one gets
(2= |
24 =7 t t
i R Gt | . B
ngilt[w(z) w(=2)] S /’Y(Zt){t2+22|2 [t222 + 12
ad t t t t
4n
— - dt = 2.60
+;T <|r4nt2+z2|2 [rint222 4 1|2 + |62 + rdnz2|2 |t222+r4n|2>} (2.60)
/ / (:+2)(:-2) T
1 1 | tz+7Z2)(z—7Z 1 z2+7Z
lim — it) — N 222 T2 g — dim — [ To(it) ——2—dt = ~(it
foar g V”(” /V(t) it — 22lit + 220 2 277/ 2 g =),

I’

where T'y(it) is given in (2.31). Hence,

lim w(=z) = ~y(it), r <t < 1.

z—it
Denote for z € R* the function ¢(z) = w(1) = w(z) = w(-z) = w(g) From the formulas (2.53), (2.55),
(2.57), (2.60) the equality
lim[w(z) — ¢(2)] = 7(C), ¢ € OR” (2.61)

z—C

follows and thus, because of (2.50), the relation lim ¢(z) = 0, € OR* is valid.

Because ¢(z) is an analytic function in R* then from the maximum principle for analytic functions
it follows that w(Z) = 0 in R*, which is given as condition (2.48). On the other hand, if this solubility
condition is valid, then, subtracting (2.48) from (2.49), the relation w = vy on OR* follows from (2.61). O

2.2.2 Dirichlet problem for the inhomogeneous Cauchy-Riemann equation

Theorem 2.2.2. The Dirichlet problem

wr=f,z€R", feL,(R"C),2<p,

(2.62)
w=r, v € C(OR",C)
is solvable if and only if for z € R*
1 42 C2§2
i ’Y(C){CQ — 2 + CQ?Q 1
AR*
> %72 1 ¢? P d¢
+Zr4"<4 o+ o= + — + = | ==
rdn2z2 _ 1 222—7"4" rin 2_Z2 2_T4nz2 C
n=1 ¢ ¢ ¢ ¢ (2.63)

1 ¢ (z2
w/f(o{@—z? +§222—1
R*

= 4n sz 1 C 22
+7;171 <7’4n<222 1 + C(<2§2 _ ,],.4n) + 7"4nc2 =) + C(C2 — 7"4”2’2)> }dfdn

The solution is unique and can be represented as
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1 <2 C2Z2
P V(C){ (2—22 " (222-1
OR*
- 2 2 2.2
+;T <r4n<'2_22+<~2_r4n22 r4n<222_1+c222_7.4n>} 1§

1 ¢ (22
ﬂ/f(C){C2—ZQ+C222—1

in C 22 <Z2
+ ZT T‘4"C2 _ 2'2 + C(CQ _ T4nz2) + 7”4n<22’2 -1 +

n=1

(2.64)

1 *
(2 = 7“47”)) }d&dn, z € R*.

Proof. By the Cauchy-Pompeiu representation formula, if a solution exists, it must have the form of

(2.64). Let

p=w-—TfinR*, ¢o=~—Tf on OR",
wr=[fis(¢+Tf)=z

then
= pz + f and thus gz = 0.

Then consider the homogeneous Dirichlet problem

pz=0InR*, p=~v—TfondR".

By the solvability condition (2.48) the new condition for (2.65) is

1

1 [V(C)—Tf(o]{ ¢ o7

C2_22 + <222_1

™
OR*

>4 (%72 1
+ )y +
7;1 T4n<2§2 -1 CQEQ — pidn

Calculation of the successive integral

reduces (2.66) to the corresponding formula (2.63).

CQ 22
+ T4n<2 _ 22 + C2 _ 7"4"22 s

d¢

(2.65)

(2.66)

—dédi =

= Tﬂo{@@zf+@§*1

e
+ :1 rin <r4n§j§; T 1_ =+ T4n§_ o+ _2724%2) } %
~ro ] ;{CCZ b

A

/f {42—2’ 42522—1

4n Cz 1 C E2
+;T <r4n§222 —1 + C(¢272 — rin) + rin(2 — 52 + = 7‘4"2:2)> }dfdn

solution to (2.62) follows because (2.64) can be written as

w(z) = d§d777

=~ [ oz %——/f

8R*
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where L(C, z) is defined as the term in (2.52). Calculations of the integrals on the different parts of the
boundary in the manner of the problem (2.47) show that

[ 1oLz
4

tends to 0 when z — ¢, ¢ € OR* and w(z) — (z2) if z = (o € OR*, z € R*. The property of the Pompeiu
operator gives the weak solution of the differential equation wz = f, z € R*. O

2.3 Neumann problem for the homogeneous Cauchy-Riemann
equation
The Neumann problem for an analytic function in R* means to find a function with prescribed outward

normal derivatives. In this section this Neumann condition is modified in a proper way in order to adjust
it to the concept of analyticity.

Definition 2.3.1. Let on OR*\{1,i,ir,r} denote

20, + Z0z, |z| =1, Rez > 0, Imz > 0,
—1(20,+%0%), |z|=7r Rez>0, Imz>0,
P bl ) Il (2.67)
—i(0, — 0%), Rez >0, Imz =0,
—(0, + 0%), Rez =0, Imz > 0.

Then the Neumann problem is to find an analytic function w in R*, such that
dyw(z) = v(z) on OR\{1,4,ir,r}

for given v € C(OR*;C), w(1) = 0.

Theorem 2.3.1. The Neumann problem

wz =0, z € R*,

(2.68)
Oy, w=~yondR*, v € C(OR*;C), w(l) =0
where
2w, |z| =1, Rez >0, Imz > 0,
— Lz, =7, Rez>0,Imz >0,
Bw — ~zw', |z| =71, Rez mz (2.60)
—qw’, Rez > 0,Imz =0,
—w’, Rez=0,Imz > 0,

is solvable if and only if for z € R*

1 ¢ (z>
i / 7(O{<2—z2+<2;/,«2—1

I¢I=1,
0<Imc,
0<Re(

o an_ CF 1 ¢ z° d¢
+ Z r <T4n<222 —-1 + C(§2§2 _ 7«4n) + T4n<‘2 _ 52 + C(C2 _ 7”4”,22)) }C

n=1

r ¢ (z?
+— / W(C){CQ_Z2+C222_1

T 1 ¢ z d¢
22 <r4n<2z2 ST g e = (- r4nz2>> }c
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1
1 t 172
- t 2.70
+w/7(){t222+t2221 (2.70)
tz2 1 t Z2
+) pin + dt
—~ <r4"t2z2 —1 (222 —rin)  ping2 32 (12 — 7‘4”z2)> }
1
1 / (it) it itz?
- 1
)7 2 4+72 0 272241
= 72 1 it 72
Z 2 2 + -5 T - —2 dt =
— 7'4"t22 + 1 (1222 + i) g2 4z it(t2 + r4nz?)
1 ¢ (z?
— 0
i (O{CQ Z e
R~
> (z? 1 ¢ z2
+) i - + ds¢ =0,
; T (7‘4"C2z2 —1 (2R —pim) " pang2 — 32 T (2 — pinz?) 8¢
where
v, |zl =1, Rez >0, Imz > 0,
-, |z|=7, Rez>0,Imz >0,
s—d I (2.71)
v, Rez > 0,Imz =0,
—v, Rez=0,Imz>0.
Then the solution is
z—1 on Cr2n+zr2”C—1 1 z§+r2”C—r2”
w(z) = —— / 1) s +*/ ZT [ Ty S R ool KA

OR* OR*

Proof. If w is a solution to the Neumann problem, then ¢ = w’ is a solution to the Dirichlet problem

¢z =0in R*, o = w' on OR*, (2.72)
where from (2.71) w’ is presented by
zy(z), |z| =1, Rez >0, Imz > 0,
-z , =7, Rez>0,Imz >0,
w'(z) = 2v(2), |z| =7 Rez mz (2.73)
v(2), Rez > 0,Imz =0,
—v(z), Rez=0,Imz>0.
Then the solution of the Dirichlet problem is
1 B ¢2 222
/ - =
w'(2) i / V(C)C{Cz — 2 + (222 -1
<=1,
0<Imc,
0<Re(
2 2,2
in z "z 1 d¢
+ZT <r4n<2_22+<2_r4n22 rin(2,2 — 1 4222_,’.411)}4‘
_ CZ 4-222
mir / 7(OC{ (2 — 22 * 222 -1
I¢|=r,
0<Imc,
0<Re(
0 2 2 2,2
an ¢ z "z 1 d¢
+n2::1r <T4n<2 22 + (2 —ping2 T opAn(2;2 + (222 — r4n> }C (2.74)

34



1

L1 ) t? N 1227
)7 12 —22 1222 -1
T
o 2 2 2,2
t z t“z 1 dt
4
+T;Tn<7.4nt2_z2+t2_r4nz2+r4nt2z2_1+t2z2_7«4n>}t
1

1 / (it) t? N 222
—= i
T i 12+ 22 22241

r

+Z in t2 _ 22 4 t222 1 @
,r.4nt2 + 22 t2 + r4n22 r4nt222 +1 t222 + T.4n t )

n=1

Let w(z) = wy(2) + wa(2) + ws(z) + wa(z) + w(1), where w(1) = wy (1) + w2 (1) + w3(1) + w4 (1) = 0, then

z 1 1 1 z z
wy(2) — wi (1) :/% / ’Y(C){C_Z+g+z+gz—1+Cz+1
1

= i 1 1 1 & ¢z 1
+ZT l(r%g—z—i_r%g—&—z)rzn_'—(C—r2”z_c+r2”z>r2”

z z 1 ¢ ¢ Lplde,
rnCz —1 - rniz + 1)7‘2" * (Cz—r2" ; Cz—l—r2">7“2”] }Cdz B

/L/ t ot r 11 2
2 TlF: %) <+ ¢

1 I¢]=1,
0<Im¢,
0<Re(

N ¢ 4 c T 2
g l —z<+r2n+zz_r2n—<z_r2n+<z‘ﬁ+r2nc
L <
2

L ¢ 1 L1 SR =
1 ¢ _ _ —dz
(]— — 'r'QnZC) r2n (1 + TQnZC) r2ng (1 — 7"2nCZ> r2ng (1 + TQnCZ) ¢
and
! (tz¢—-1 1, 1+z1-¢ 22 2
wi(2) = o / 7(0{10gc+1<—z §210g1+§ ¢z "¢ ¢
0,
0<Re(
00 2n +Z’I"2nC*1 1 ,,,2n+2,< T2n7§
2n 1 r C — —1 2.
+,;T (Ogr2"C+1r2"C—z TN =)
1 C+r2nzy ¢ —r2n 1 1+72"2¢ 1—r?¢ d¢
1 =l 3 !
+T2” (Og C + T.Qn C _ 7"27)‘2: C2 Og 1 + 7”2n< 1 - TQTLzC < + wl( )
Similarly

[ o O S SR I

1 <=,

0<Imc,

0<Re(
0 TQnC T2n2 7’2n2
z:: 2nC_Z TQW’C—FZ C—T2nZ_C+T2nZ

Car?n Car?n n r2n r2n dCd
— —dz

(r2nz —1  (r?mz+4+1  (z—1r2"  (z+r2n ¢
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and

SR G (N ECt CE TS B K Y-
27ri|q C+1¢—2 (2 +(¢1-¢2 ¢ ¢
0<Tm¢
0<Re(
S 2n 2n 2n 2n
1 1 _
+Z ™| log 2C+zr2C 720g7“2—|-2<7“2 ¢ (2.76)
= D A R S
+ o C+r?mz ¢ — 1 14+ 7r2mz¢ 1—1r27¢ d¢ +un(1).
— — 1o
C+T2n C—T2nZ C2 g 1+r2n< 1_7n2nz< C
Next
z 1
1 t t tz tz
—ws(l) = [ — [~
ws(2) = ws(1) /2w/7(){tz+t+z+tz1+tz+1
1 r
N i n ,,,2nt T.an ,,,277,2,
— r2ng — 7"2”t +2z t—rny  t4png
n tzr2n n tzr2n n r2n r2n dtd
— —dz
tr2ng —1  tr2nz 41  tz—r2n  {z 420 t
1
1 t+zt—1 1 142t 1—1t
= — 1)< tl | 2z — 2
ws(2) o 7(){ B i it—s 1 Trt1—a
.
oo 2n 2n 2n 2n 2n
om re"t+zrtt—-1 7 tz+r<" t—1r
tl - — 2.77
+”§<T 08 r2ng 41 r2nt — 2 t 8 t+r2n tz —r2n ( )
t t4r2ny ¢ —p2n 1 1472zt 1 — 72 dt
—1 — — 1).
+r2" 08 t+r2n ¢t —p2ny  gp2n o8 14727t 1 —r2ngt t +ws(1)
Similarly for the last integral
z 1
1 it it itz itz
_ 1) = | — it _
wa(2) —wa(l) /2m/7(l){it—z+z‘t+z+z‘tz—1 it + 1
1 T
n i 72t 72t 7y P2y
= gt — 2 r2ngt 4z Gt —r?nz gt r2ng
itzr2n itzr2n r2n r2n dtd
— z
itr2ny — 1 qtr2nz +1 tz —r2n gtz 4 r2n
and finally
1
1 it+zit—1 1 1+ zit 1—it
- it1 - — 2z
wa(2) o / {Z B iit—z it Tral—
2n; 2n; 2n - 2n ; 2n
o - it +zrMit -1 7 wz + 7" it —r
tl — 2.78
+;<T ! gr2”it+1r2”itfz it S it + r2n gty — p2n ( )
n it it + 12"z it — 2" 1 | 1+ 7r2zit 1 —r27t dt +ws(1)
—lo — o — +w .
r2n & it +r2n gt —r2ny gip2n & 1+ r2ngt 1 — r2nzgt t 4

Thus, composing (2.75)-(2.78), the equality

w(z):Z_l/ dc—l—f/ ZTQ"

OR* OR*

[ CTQ” +z 7“2”( -1 1
log

o ZC+T2n<~_r2n
ng r2n<+r2n

dSC

7"2” _ T.2n< + 1 <2
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follows. Obviously, w(z) is an analytic function in R*. The boundary condition in (2.68) is satisfied due

to the fact that the composition of (2.70) and (2.74) gives

w(z) = / A(Q)L(C, 2)dse,

s
OR*

where L((, z) is the kernel in the integral (2.52), and, consequently, v({) can be attained as its boundary

value, i.e. as the boundary value of ¢ = w'.
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Chapter 3

Boundary Value Problems for the Poisson Equation

3.1 Harmonic Dirichlet Problem

In this Chapter, the Green and Neumann functions for the quarter ring are constructed and the solutions
to the Dirichlet and the Neumann problems for the Poisson equation are presented.

3.1.1 Harmonic Green function and the Green Representation formula

Definition 3.1.1. [6] A real-valued function G(z,z) in a domain D of C having the properties:
1. G(z, 7o) is harmonic in z € D\{zo},

2. log |z — 20| + G(z, 20) is harmonic in the neighborhood of zy,

3. limz_@D G(Z, Zo) =0

1s called the Green function of D, more exactly the Green function of D for the Laplace operator.

Theorem 3.1.1. [6]/ The Green function of D has the following additional properties:
1. 0 < G(z, 20), z € D\{20},

2. G(z,z0) = G(20,2), 2 # 20,

3. it is uniquely given by the properties of Definition 3.1.1.

The harmonic Green function for the quarter ring domain can be obtained on the basis of the Green
function G(z,¢) = 3G1(z,¢) for the ring R [41]

2
2k'Z)

_ log|z[?log ¢ (—z 77 (Z=r*QK -
Gir(z,¢) = log r2 ~log 1—2C kl;[l (2C — r2F) (1 — r2kz()

and the upper half ring Rt [18]

_ e _ ,r2n r2n _,2n 2
Grpe (20) = log | & ZC e II (z = r)(=C — r2")(C = r22)(1 - r2=0)

= (= = r22) (2 — 1) (¢ — r2n2)(1 — 1)

by observing the additional reflection points and using the method of reflection. Thus, for the quarter

ring domain R*

N () (R (e (e R = (o i | (S )
Gla 0 =Tr e e b L )
— )G+ F)C— TN ) )6+ ) i
(—F)(+ 7))+ ) — m2)C+ =) |
i.e.
2
(@@= 1) T (62 = rinE?) (Bt — 72)(¢PF2 - i) (PRt - 1)
G1(z,¢) =log (=2 (@2 1) n1;[1 (2 = pinz2) (C2rin — 22)((222 — pin) (22214 — 1) (3.1)
G1(z,¢) in (3.1) can be rewritten as
L |@-a@ S R ) | (R (et (V|8
G1(z,¢) =log (= 22) ngg ) 1;[ <2 — pAnz2) ((2rdn — 22)((222 — rin) ((2224n — 1) (3.2)

The properties of the Green function are investigated in the following Lemmas.
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Lemma 3.1.1. The infinite product

2

o0 n n =2
H 4 2)(C T4 B 22)(C Z B T )(g Z T ) (3 3)
11 C2 rAn22) (C2rin — 22)((222 — ,r-4n)(<222r4n 1) :
converges for z € R*, ( € OR*.
Proof. Let us consider the terms of this product separately.
By the definition of the series convergence, the sum
i l T2 pAny? 11
2 _ pdn 2 -
= (% —ring
must be observed. Since
_ 2 _
C2 —png2 T e - 7,4n<2§2 —pAnC2R2 ]S
(2 —rinz? IC|4 — rAn(232 — pdnC 22 4 [g]drSn
then
_ 2 o _
([ Cormel ] s e =OE =)
et o A G (PR TR
Similarly for the other terms one gets
I 2 _
> Crin—z ] $ e HEFE-A
] | SO oG el — (02 4 T 2)
oo Tl= 2 o _
Z 4222 _ pan - (2 — 42)(22 —3?)
el (S D (Gt - rin (222 4+ T 7))
_ 2 _
i 4222r4n 1 - i rAn (2 (:2)(2'2 —3?)
] | DGR+ 1= (222 4 (25
Thus, the convergence of the particular sums leads to the convergence of the whole product (3.3). O

Lemma 3.1.2. The function G1(z,() has vanishing boundary values on OR*, i.e

Ll Gr( 0 =0
Proof. Consider the function in (3.1) on the different parts of the boundary.
For z € R*
(22" — [2[)(¢®[2* — 22)
G =1
I(Z’C) 0og 24(4-2722)(<22271) X
2
ﬁ (¢222 — 4n‘Z|4)(C2T4nZ2 — (22|t — i) (2|2t — 22)

_ 7"4n22)(c27"4n _ 22)(C222 _ r4n)<<‘222,r4n _ 1) ’

then, taking |z| — 1, yields
lim Gi(z,¢) =0.

|z|—1

For |z| = r, Rez > 0, Imz > 0 after multiplying some terms of the numerator by z? and by z? in the
denominator, the function becomes:

lim Gi(z,¢) = log (G2 =t = 2)

B (2 = =)

ﬁ (C222 o ,,,4(n+1))(<27,4n o 22)“222 o T4n)(c2r4(n+l) o 22) 2

(€227 — ra(n ) (C2rin — 22)((222 — rin) ((Pratntl) — 22)

n=1
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Here for any M € N

M M+1 1 M+1
H(CQZQ _r4(n+1)) — H (C222_r4n) = —— ; H (4-222 _70471)7
n=1 n=2 C T n=1
M M+1 1 M+1
TSI | (oG . S, )
n=1 n=2 ez ) n=1
M M+1 1 M+1
H(<2§2 o 704(n+1)) _ H (C2§2 _ 7,4n) _ (<272 — 4) H (4-222 o 7"4”),
n=1 n=2 z T n=1
M M+1 1 M+1
H(C2T4(n+1) 722) _ H (<2T4n 722) =0 H (C2T4n 722)7
n=1 n=2 (C ez ) n=1

then

‘gr_r)lr G1(z,¢) =0.
Obviously, for the real z = Z and imaginary z = —Z axes it follows that
Gl(za <) =0
since 22 = (—z)% = 2?2 there. O

In the Green representation formula the harmonic Green function and the Poisson kernel are being
used. The latter can be obtained as the outward normal derivative of the Green function on the boundary.

20, + Z05, 2] =1, Rez > 0,Imz >0

Dy, —1(20. +20z), |2|=7r,Rez>0,Imz >0 (3.4)
—i(0, — 0z) Rez >0,Imz =0
—(0, + %), Rez=0,Imz >0

So, differentiating G1(z, ) in (3.2), one gets

=2
z z ZC Z<2
0.G1(z, =2 _ 7
1(2,¢) {C2 ) Zz 2 + Z222 . 21
o) Z7’4n Py ZZQ 2227»4”
- N = 3.5
Jr;( O optng2 panll 2 i (222 —rin * Clazpan (3.5)
2rin z ZC2 2427,471
+C2 gz T C2pin _ 52 (2,2 _pAn | (22040 ]
—2
z z z¢? zC
0:G1 (2, =2 - + _
1( C) {C2 . 22 C2 _ 22 6222 1 <2§2 ]
= Er4n z ECQ §<2T4n
+37( - _ n N
n;( 42 _ pdnz2 7"4nC2 _ %2 C2§2 — pdn C2§2T4n 1

—2 -2
N zZrin N z zC 2 rin
-2 -2 T2 T2
" —rinz?2 (Cpin 32 (T2 —pin (Tpin ]

and considering the outward normal derivatives on the different boundary parts, one gets the following:
for 2| =1,Rez > 0,Imz >0

) _
0y.G1(2,Q) ZSRG{ ¢ _—2C

(2 — 22 ¢ =22

e’} 2 =2
4n C o C . 1 1
+"z=:1r <C2T4n — 22 227’4”‘ _ .2 pin _ 2222 + pén _ C2z2 '




For |z| =7,Rez > 0,Imz >0

8 ¢? ¢
6VZG1(27<) :_T‘RG{CQZQ _62_2:2
o =2
¢ ¢ 22 22
+ rin _ + _ .
712::1 <<2r4n -z 627“4” — 22 pAny2 _ 22 rinz2 — (2

For Rez > 0,Imz =0

—2 9
9,.G1(2,¢) = SIm{ 2P =C) _2¢=C)

[1—¢2222 [¢7 — 222
N -¢) 2(¢* = ¢) 2(2=0) 2(¢2— T
+nz:1 (lCZ rn 2P e 2R 2 [T C2z2r4"|2> }

For Rez =0,Imz > 0

C-T) (2-T
9,.G1(2,¢) = 8Re{ 222 - Z2|2) _ |Z1(_ C2z2|)2

72 =2 —2 2
¢) 2 =) 2(¢* =) 2(¢* =)
+Z <|C2 FAnZ22 (222 —pAn2 |2 — 22)2 + = C222T4n|2> }

Theorem 3.1.2. [6] Any w € C?*(D;C) N CY(D;C) can be represented as

w(z) =~ [ w0061 dsc 1 [ wzOG (=, C)dean,

oD D

where s¢ is the arc length parameter on 0D with respect to the variable ¢ and G(z,¢) = 3G1(2,¢) is the
harmonic Green function for D.

3.1.2 Harmonic Dirichlet Problem
The Green representation formula provides a solution to the Dirichlet problem.

Theorem 3.1.3. The harmonic Dirichlet problem

=fin R", w=~ ondR"

(3.6)
for f € Ly(R*;C)NC(R*;C), v € C(OR*;C)
18 uniquely solvable by
1 1 2 h
we) == [ 0KE0K -2 [ OREOdk+Z [0k
I<|=1, [¢|=r, T
0<Im(, 0<Imc,
0<Re( 0<Re( (3.7)

1

=2 [aratia - 1 [ 106 Odean,
J

r

where K1(z,¢) and Ka(z,() are given in (2.19) and (2.20) respectively.

Proof. We consider first the boundary condition. Taking the property of the Green function to vanish
on the boundary [6] into account, for checking the boundary behavior only the boundary integrals need
to be considered.
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Let
w(z) = wr —ws + wg+wi— [ FQG(z, ),
i

then

=2

1 ¢? ¢ ¢ ¢
wi(2) — / V(C){§222+<2 2 2oz 2

¢j=1, o7 ¢ -2
0<Imc,
0<Re(
-2 _9
+iT4n S S S
—~ 7/.4n62 _52  rin(2 - 2 r4”62 2 rin2 72 ping2 _ (2
=2 2 2
z z z d¢ 1
- + + - = Kq(¢,2)d
7*4”52—22 rinz2 _ (2 r4"22—§2>} ¢ / V(O K1 (¢, 2)dC,
¢l=1,
O|<‘Imc,
0<Re(

where K1(C, 2) is given in (2.19).

Letting z — (o, {|¢o| = 1, Re{p > 0, Imy > 0}, from the calculations in Theorem 2.1.2 and formula
(2.25) the equality

. S . ¢ ¢ ¢ _

zﬁgwwwﬁwﬁam/“@Q%+0w1%r“@
I¢l=1

follows, where T'1(C, z) is defined in (2.26).

Similarly,

2 = 2 =2
we) -~ v<<>{ 4ot -

i ¢2— 22 oz (-7 C o2
¢=r,
0<Im,
0<Re(
0 —2 —2
£ i ¢ IS ¢« 2
— rin(2 — 22 7,4n22 _52  rin(2 32 T4nz2 _a2 ring2 (2

z? 72 22 ¢ 1
- + + —- = — K s d .
ranz2 _ ZQ rinz2 _ 2 jang2 _ <2> } ¢ i ICA Y(Q) K1 (¢, 2)d¢
0<Im¢,
0<Re(

Letting z — (o, {|¢o] =7, Re{o > 0, Im {p > 0}, and by Theorem 2.1.2 one gets

. o ¢ ¢ g
wﬁ%ﬂWF%m$%m/n@Qﬁf%_oé_ww’
I¢l=r

where I'1(€) is defined as in (2.26) for |¢| = 7.
Forr <Re( <1, Im(=0

1

2(2% — 2?) t t = 4 t t
e S . t _ "
wz(z) i /’Y( ) |2 — z2|2 |1 — 1222]2 +nz:7" |T4nt2 — 22]2 + |,r4nz2 _ t2|2

r =1

1
t t 2
- - dt = — O Ko (t, z)dt
|rin 2242 — )2 |r4n_t2z22>} m-/’Y() 2(t, 2)dt,

where K5((, z) is defined in (2.20). Taking z — (o, 7 < {p < 1, {y = to on the basis of Theorem 2.1.2

1 +o00o
1 1 z—Z
li — li - K = i — r T at =
iy ZER" ws(2) sty 2R T /W(t) 2(t,2)dt stozeR* 2T / 2(t) [t — Z|2dt V(to),
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where I'y(t) is given in (2.29).
Forr <Im({ <1, Re(=0
1

2(22 — 7?) t t = 4 t t
Wy i /'Y(Z ) 2 + 222 11+ 2222 +nZ:1T [rinz2 4 2|2 rdnz2¢2 4 1]2
] —

LN )}dt = 2 Kt 2)dt,

+|7a47lt2+z2|2 |r4n+t2z2|2
1

taking z—= (o, m <ty <1, (g=rity

1 “+o0
: . . . o1 N 2t+Z .
zl_lggo wy(z) = Zl_l)fgo /V(Zt)fﬁ(“% z)dt = zl_lfgo o / F2(”)mdt = 7(ito),

where T'y(it) is defined in (2.31).
It is seen that the derivative of the Green function 9,G; in (3.5) gives the Pompeiu-type operator

-2
dﬁdn z 14 2(?
Tref = —— -
R /f /f {2C+Z <2_Z2+2222_1 (222 -1
-2 -2
z z( 2( rin
+ - + = + 3.8
Z < — pdny2 T4nz2 — 2 C222 — pén 22227,4n -1 ( )

Zrn n z . ZC2 _ zC27"4”_ 1) }dfdn

+<‘2 _ 7"4"212 <2r4n — 2z C2Z2 _ r4n C2Z2T4"
and 8:Tg-f(2) = f(z) provides the weak solution of the differential equation in (3.1.3). O

Remark 3.1.1. The boundary behavior at the corner points is studied in the Lemmas (2.1.1)-(2.1.2).
The following relations for the boundary behavior are valid

lim / V(O K (2 O)dC = 1(Co) for Go € B R,

z—Co T
o1 R*
1 d
tim = [ ORI OF =0 for o € ORNOLR"
O R*
tim [ AOKE O =(G) for Go € R,
O2 R*
1 d
lim = [ 2OK O =0 for o € OR\OR"
O> R*
lig = [ (O Kalz, e =2(60) for G € BB\ (7}, Go = to
O3 R*
Jim % / [v(€) = (r)K2(z,¢)dC = v(Co) — 7(r) for G € O3R", (o = to,
O3 R*
d
zh—>ntlg E / ’Y(C)KQ(Z C)?C =0 fO’f‘ C() S 6R*\63R*,
O3 R*
Jim [ OKa(e 0 =(G) Jor Go € BR\(r), o = o
04 R*
Ji = [ (0 = A0 Ka (2. = 1(G) (i) for Go € 0T, G = it
04 R*

lim i_/v(()Kg(z,C)% =0 for (o € OR"\O4R".

z—ito T C
04
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3.2 Harmonic Neumann Problem

3.2.1 Harmonic Neumann function and the Neumann representation formula

Definition 3.2.1. [6] A real-valued function N in a domain D is called Neumann function (for the
Laplace operator) if it satisfies:

1. N(z,z29) is harmonic in z € D\{z20}, 20 € D

2. log|z — zo| + N(z, z0) is harmonic in the neighborhood of z,

3. %N(z7 20) = o(z) on 0D, where o is a piecewise constant function on dD, zy € D,

4. [ o(z)N(z,20)ds. = 0.

aD

The examples of the Neumann function N;(z,() = 2N(z, () are found for the circular ring domain in
[41]

o7 (2 — 120 (2 — r2%) (¢ = r?*2) (1 — r?2( ?
(¢ = 2)(1 - =) [[ E=EOE - rC (1 - 1)

Ni(z,() = —log
&0 1 BERE

with the observed boundary behavior

ZNIZ(Z7<) +EN1§(Z7<) = _27 |Z| = 17

9y, N1(z,Q) = z
A {—izvlz<z,<>—izv1z<z7c>=07 el =r

as well as for the upper half ring domain in [18]

|2¢]?

Ni(=,) = 2log

—log|(¢ = 2)(C = 2)(1 = 2O)(1 = 2P + ) _ |4log |2¢[?

n=1

—log|(z = 1#"¢)(z = r*") (2 — r*")(2¢ = r*")(C = r*"2) (¢ — r*"2)(1 = r*"20)(1 = *"2C)

|

with the boundary behavior

ZN1.(2,¢) + ZN1z(2,¢) =0, |z| = 1,
aVle(Z?C) = _%N1Z(Z7<) - %le(’%g) = 47 |Z‘ =,
—i(0, — 95)N1(2,¢) =0, Rez >0, Imz =0.

The Neumann function for the quarter ring domain R* is obtained from the Green function for R*
by multiplying the factors so that the properties are met. Thus

Ni(z¢) =log 0 1og @ - (¢ - @22 - (@2 - P
+3 <log |21 — log | — r4722)(¢2 — r4m22) (i — 22) x (3.9)
n=1
(C2rin — 22)(2222 _ 7“4n)(C222 _ r4n)(z2z2,r4n —1)( 2,2,4n _ 1)|2>
and
2
8 2 2
Milai0) = log e —tog |11~ 51 - S0 - ¢ T
o 4n 2 4n 2 dn (2 47122
> llog (1- 7"4; )1 — TC; )1 — 7"22 )1 — ’"22 ) x (3.10)
i " An 22 an72 2 ’
(1—@7)(1—2272)(1—7" o) (1 —r""C 27| |-
z
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The function presented in (3.10) is seen to be convergent. This can be shown, for example, for the

term in the sum

o 0 1 T4n'22k
B aticeat
n=1k=1
since
o0
1 r
4k\n 4k
Sy = 1= <
n=1
1 z 1
1- 1—r 1 4k—1 7A"?Ql = 2k
ili e log ( 1 )
— kr ’fl—r4_1—r4 k 1—7’4 e\T 2/

The Neumann function Ny (z, () on the boundary parts has the following forms.
For r < |z| <1,Rez > 0,Imz >0

4
—2
Ni(z,Q) = 2log I 21081 — 221 - 20)P
oo 4 Z 4 <2 2
—2 ren e
Z(log =) -2 - L= ) )
on [¢| =1, and
z 4 —2
N0 = 2los 5 10811 - ¢ - 2
o 2
] an 22 dn 272 rin rin
~2 37 {log|(1 - r2 (1 - ) (1= L) - L)
n=1 ZC
on [¢| =,
forr <Re( <1,Im{ =0
ﬁ, VI TN
Ni(,Q) = 2log T —2log|(1 - Z)(1 - 222)]
o0 7AnZZ 7‘4nt2 7An A 2 ) 2
72; log (1= —5—)(1 = —)(1 = 55)(1 — 2%
and for r <Im({ <1, Re(=0
4 22
Nz Q) = 2log b~ 210g|(1+ F)(1 4222
o0 4n22 T4nt2 7,4n i 2.9 2
—2; log (1 + 2 )(1+ e )(1+W)(1+r 29| |-

Taking derivatives of (3.9), we have

z z 2¢? ¢
9.N1(z, () —2{ +C +42—22+1*2’2C2+1—z222

oyt C _ 7’4n22

C - B C2z N 62 ZT‘4n CQ Z?“4n ) }

o2 —pan (22— Foan 1 (22

2
z
oo
n Z 4 n rin n rinz z z
2 T2 C—rinz2 5 ZQT4" 22 — ping2
—2
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(3.13)

(3.14)
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2
2 z z z(C z¢?
O9zN1(2,() =29=+ + —
z -7 Pl 1oz 1-7¢
(4 rinz rinz z z
>+
nz::l (z ¢2 — rinz? <2 _ pdng2 it 52 pang
B CQE B C = CQ* An C ??”4'”
(272 — pin CQEZ r 1 — (2z%pin CF2pin
and since
20, + Z05, |zl =1, Rez > 0,Imz >0
9 - —1(20, 4+ 7202), |2]=r,Rez>0,Imz>0 (3.16)
” —i(0, — 0z) Rez > 0,Imz =0 .
—(0. + 0%), Rez=0,Imz >0
it follows that for any ( € R*
0, |zl =1, Rez > 0,Imz >0
—8 |zl=7,Rez>0,Imz>0
ayle(Z7<) = " | | (317)

0, Rez>0,Imz=0
0, Rez=0,Imz > 0.
Then the third property in Definition 3.2.2 is satisfied.
For || =1,Re( >0,Im¢ >0

2 2 2 2

_ z z z z
(20 +20z)N1(2,¢) = 2{12+ & te_=" & ta_z
72 72 72 z2
+ — + = + = + —
G-z -2 -2 ¢-F
an 2 4An—52 An—52
rinz2 rinz rinz rinz
+ + +
Z <<2 _ pdn 2 CQ —pdnz2 T (2 _ pdnz2 ZQ _ pdnz2
7”4”62 X T4nC2 . ,',,4n<2 ) r4n22 .
2 r4”22 22 — pan(2 Z2 — rin(2 2 _ 7"4”22
¢ & & ¢
_ZQ _ r4n§2 B <2 — 7«4n§2 B C2 — pdng2 B ZQ — piny2
. 7.47162 . pAn (2 pAn (2 ,r4nz2 _
2 _pings 20 —ring? 22 —rinZ g ang?

222 222 272 272 } B

when |z| =1 and

(0 + 20 Ni(2,0) = —>, |¢l =,
—i(0, — 0z)N1(2,() =0, =z=7%,
—(0, + 02)N1(2,() =0, z=-2



For [(| =7, Re¢ > 0, Im{ > 0

—2
1 2 22 22 22
—;(Zaz +282)N1(Z7C):—T{4+C2 5 +<2722 + 1 C2<2
—z —z
2,2 =2 =2 =22 2202
z7C Z Z z°C z2¢
+1_22<2+<2722+Z2722+172242+1_Z2C2
. i - FAn 2 . FAn 2 ZQT‘M . C2pin
— 22 _pdny2 (2 —rinz? o Z2T4n 22 — (2pin
ZQ 52 222 ZQ 5240 222740 FAnz2
_6222 _ pdn (22— pin 1— 22227‘4" 1—(222p4n (2 _ pinz?
FAnz2 C2pin Z2r4n (272
T ping? @i Cpin et
2252 C2z2pAn 22227,471
72252 _pan 1= P2 -
2 . 22 . 52 . 2222 . 222 . 52 . 52
Z2_22 (2= 22 1_2222 1—22¢2 <2_32 22_32
. 72¢2 ZTCQ . i FAn 2 FAn 2 62r4n
1-2%¢2  1-22(2 — 22 _pdng2 (2 —rinz2 o Z2T4n

<2r4n 224 224 227,,4(n+1)

- - +
22 _ <2T4n 227’4 _ 7"4”C2 227‘4 _ 7"4nz2 <2 _ 22’1"4(n+1)

— _ =2
22r4(n+1) rinz2 rinz2 C2r4n C rin

+ +
T2t (B—rinz? P a2z (i 2

2,4 2,4 2,4(n+1) 2,4(n+1) ) }

;e + — + =
2204 _ T4nc2 Z2rd —pin2 (2 - Z2pd(ntl) CQ _ 32p4(n+1)

)

|
=N
—N—
U I N
~
s
)
~
| ]
N
|
~__—
+
~
-+ [
©
+
~
+ ||l
N

when z = |r| and
(20, + Z0z)N1(%,() =0
_i(az - &Z)Nl (Z7 C) = Ov z =2,
(0. + D) Ni(5,) = 0

For Re( > 0,Im¢{ =0

N
o
[\v]
|
|
N
N
[\V]
™
T
(v}

+1_22<2 o 222 _22_22 - 1—72¢2 o 1-22(2
N i 4 4 N T‘4”Z N 7“4"2 7,,4nz2 41 1 T4”C2
—\z oz 22 _pdng2 (2 —ring? 52 _ ,r4nz2 z 22 — rdn(2
an an an 72 an, 2
r 1 r 1 rz( rz(
N (I T [ AT T
<C2Z2 _ pn * ) z (CZZQ —pin + > z + _ T4nz222 + 1 — pinz2(2

1
An—= An—= An -2
r "z r*"z r 1
- -5 N S E
Z

=2
42 — '1"4nZ C _ 7"4’”22



7,,4n 1 r4n 1 7,.4n2<2 7,.4n222
ol | =———+1]|=- — =
((222 —pén z (222 — pin Z o 1-rinZ?(2 | pang2g?

_Qi{f O G| (SR SN Gt (SR IR )

EE ¢z~ 2P 1227

+2Z< (z =2+ (2 =2t Ig]trt" — 2(22° + [2]?)]

‘C — pdnz22 |2|2|22 — r4n (2|2

(Em et - i (222 4 [2f?)] +r4”[<zz><<2+r4n|<|4z|2>]>}:

|2[2[C222 — rin|2 11— ring222)2

4i<z—"‘ (2= 2)(C+ 217 <z—z><<2+|z|2|<4>>7z

P -2R P -
(Zaz —|—§&2)N1(2,<) = Oa |Z‘ = 17
*%(Zaz+za?)Nl(27<):*§a |2 =,
—(0, + 02)N1(2,{) =0, z=-=z.
For Re( =0, Im{ > 0
(20: +202)N1(2,¢) =0, [z =1,
7%(28.2 +Z(%)N1(Za<):7§7 ‘Z|:Ta
—2(82—65)]\71(2,():0, ZZ??
calculating in the same way, if 2 = —Z, one gets
B (2 tE L EHEE ) (22 [P
(0 + 02)N1(2,¢) = 4( 22 + C2 + 222 + 11+ 2222 :

N1 (z,() is obviously harmonic in the domain up to z = (.

The Neumann function also satisfies the normalization conditions

1 dz 8
i U(Z)N1(2a<)7:,r7ﬂ_i / {log

OR* |z|=r,

2
22 Z2

(- )= ?m —23)(1-220)

Theorem 3.2.1. Any w € C?(R*,C) N CY(R*,C) can be represented by

w(z) =~ [ (0O (2,0 = Do ON e, Oldsc = 1 [ wg Oz, e

OR* R*

with Ny = 2N, where N is the harmonic Neumann function for R*.
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Proof. The proof can be done similarly as for Theorem 13 (Green) in [6].
Let 2z be fixed in the domain R*\ K (z), where K () is the open disc with small enough radius € and the
center z
K (z)={CeC:|(—z <¢e}
Let this domain be denoted as R = R*\ K (z) and consider the area integral

1

s

/ W ()N (2, ey = - / (0w Ny (,O)) + O [weNi (2, O)] — we Nyz (2, ) — wzNag (2, €) Ydgdif3.19)

R

Applying the Gauss theorem, one gets

+ [ weom e dgan = / {0 Ny (2, Q)€ — wei (2, C)dT)
R:
- / (0eNig(2.Q) + weNic(e, Ohisdn = 1 [ Na(e, Qe — wedd]
oR>
/ [0(Q)Nyz(2, O] — 20(C) Ny z(2,€) + Bfw(C) Nac (=, )] ey =
P /N1 Nwed¢ — ws dC / Ny (z wcd(fwzda
OR* \C z|=e€
+4im W(ON 2z O~ o / w(Q)Nic(2, ) =
/N1 ¢)0y w(¢ dSC—R / Ni(z deC—deZ]
aR* [¢—z|=€
e [ w2, ~ Ny, )+ / W(ONie(:0) = Niglz, )] =
. [c—zl=c

= [ M0 w(0) ~ w(€), Mz Cldse

OR*
= {Nl(z’o[“‘z)w”“”)wc]—W<<>K<—z>N1<<z,o+<<—z>N1<<z7<>l}<d<z
[(—z]=e

since for the circumference |[( —z| = p =€
o _9
one  Op’
Introducing the polar coordinates ¢ = z + pe'? for the circle |( — z| < ¢, then

1 — d¢
= [ MEOUC- O + € DOl =

IC z|=e

dpe’? _
peie

4m/N1 (2,2 + pe'?){pe'Pwe(z + pe'?) + pe” Pwe(z + pe'?)}

1 , . . . .
- / Ni(z,z + pe'®)ple"we (2 + pe'?) + e”Pwz(z + pe'?) Hdyp,
/I8

letting p = € tend to 0, the integral becomes 0. Consider next

50



.
(—z

/ W(O{C — 2)Nie(,0) + (€= 2)Nyz(2 )

Ic—2l=e

47
1 ) . . ) )
= / w(z + pe'®){pe? Ni(z, 2 + pei®) + pe ¥ Ny (z, 2 + pei) }dp =
0

2
/ w(z + pe'?)p{e¥0: + e~ “"&}Nl(z 2z + pe'?)dep.
0

By the property of the Neumann function, the function h1(z,¢) = log | — z|> + N1(2,(¢) is harmonic in
the neighborhood of ( and can be substituted into the integral as

! / W(O{(C = 2)Nie(0) + = 2) Ny (5 O}

dmi
IC—2l=e

ac
(—z

1 A A . ,
1= [0 o )ole#0, + o0 og o — <P+ I, )l
0

where r = pe'¥ and since

p{eigoa + efigoaL} log |peiga|2 = ely + e~ e _o
v v pelSD pe_ZLP i

then finally

1 — d
= [ Ol N0 + DN b -
[C—2]=e
2
ﬁ /w(z + pe?)p{e"?0; + eii“"ﬁz}m (2,2 + pe'?)dp — % /w(z + pe'?)dep.
0 0
Letting again p = € tend to 0, one gets
2m
1 — d 1
[ O DM + C= AN O} 2 = =5 [ w(elde = —uG).
|(—2|=e 0

Thus, the following equality yields (3. 18)

1
+ [ oM dean = 1 [ N0, 0() = w€)d, Na(z, s — w(a)
R: "o
O
Thus, by formula (3.18), the function w(z) can be represented as
2 / : 1 4 =
we) =2 [utvetapr oo [ o [mg'ii' ~log (1 - 2¢)(1 - 27T)p
0 0@1:171&,
0<Re(
_ An 72 an, -2 d
_ Zlog| T4nz2<2)( _ T4n22C2)(1 _ r z2< )(1 _ r ZQC )|2‘| CC
271'1 / aVCw [log ‘ C| — log |(1 - 22<2)(1 - Z2Z2)|2
OE‘I_mTC,
0<Re(
0 . - 4n 4an dC
=2l L= sa)1- ;CQPL (3.20)
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4 22
1 /ay,w tog 21— tog (1~ )1 - 2242)

an 22 7,4nt2 7,4n

—Zlog|(1—rt2 )1 - )(1t222)(1r4”22t2)|2]dt

1

~ 4
fé Oy, w(it) [log Il log |(1 + )(1 + 2222

T

7,4nt2 7,4n

oo 7,,47122 .
= log(1+ 51+ — )(1+t222)(1+7"4 z2t2)|2]dt
n=1

z

[ Omi e Odean

R*

The Neumann representation formula provides the solution of the Neumann problem, but first the outward
normal derivatives at the corner points are to be interpreted. Let them be introduced as

+ _ . — . .
0, w(r) = thﬁng, Oy, w(t), 0, w(r) = tl;rr}, Oy, w(t),
te(r,1) te{|z|=r,0<Im z,0<Re z}
+ _ . — _ .
o, w(l) = th—>H11, Oy w(t), 0, w(l) = tlLHll, Oy w(t),
te{|z|=1,0<Im z,0<Re z} te(r,1)
Of w(i) = lim 38, w(it), 0, w(i) = lim 0y, w(it),
= t—1, = t—1,
te(r,1) te{|z|=1,0<Im z,0<Re z}
Of w(ir) = flim 0y, w(it), a, w(ir) = tlim Oy w(it). (3.21)
z t—r, z —r,
te{|z|=r,0<Im z,0<Re z} te(r,1)

Definition 3.2.2. If the partial outward derivatives, defined in (3.21), exist, then the normal derivatives
at the corner points of R* can be presented as

Ay, w(t) = A0 w(t) + (1 — N9, w(t),

where t € {r,1,i,ir}, A = 3=, 0 < a < 27 and « is the angle between the respective two normal vectors.

3.2.2 Harmonic Neumann Problem

Theorem 3.2.2. The Neumann problem

w,z = [ in R*, d,w = v on OR", g/w(rei"o)dcp =g,
™
0 (3.22)
feLy(R;C)NnC(R";C), ye C(OR*;C), ce C

s uniquely solvable if and only if

= Q)dse = /f YdEdn. (3.23)

The solution is presented by
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1 4 _
o) =5 | V(C)llog el g1 - 21 - 220
e N - 4n62 4n§2 Cl(:
= Do log|(1 = Y1 TN - ) >2]<
1 4 _
o [ 10 [log =CE g1 - 221 - 2
[¢l=r,
0<Im,
0<Re(
n " o 4n 4n dC
—ZI —pin 202y (1 — z2(2)(1—;c2)(1 ;CQ)FL (3.24)
1
1 4 2
+50 [ <>[log'—log| - )= 2O
4n 2 4dn 42 4n
—Zlog| -1 ><1—;22><1—r4"z2t2>2]dt
1
; 4 2
-5 [0 1og'——1og|< ) 2P
2 4n 42 4n
_Zlogl "z ( +7"22t )(1—}—;72)(14—7"4” 2t2)‘2 dt + ¢
—*/f ¢)N1(z,¢)dedn.

Proof. At first the boundary behavior is to be considered.
For |z9] =1, Rezp > 0, Im 2 > 0

Oyw(z) = lim (20, +z0x)w(z) =

. 1 ¢ ¢ ¢
zlinzlo{m / ”(C)KC Z+Cz_1>+<C+Z+C+z_1>
0 mé,
0<Re(

where ' (¢) is defined in (2.26) for || = 1.
Also on this part of the boundary

oL w(1) = Jim Ov.w(Go) = (1),
o—1,
Co€{I¢|=1,0<Im(,0<Re (} (3.25)
9 w(i) = lim Oy, w(Co) = 7(4)-

Co—r1,
Co€{|¢|=1,0<Im¢,0<Re(}
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For |zo| =7, Rezp >0, Imzy > 0

dyw(zg) = — lim 1(2&3 +z07)w(z) = — lim {2 / 7(()%

Z—zo T z—zo | wir ¢
[¢]=1
0<Im,
0<Re(
1 ¢ ¢ ¢ ¢
" / 7(OKC—ZjLC—z_Q " <C+Z+C+z_1>
olillfnré,
0<Re(¢
¢ ¢ ¢ ¢ d¢
+<C—z+C—z1>+<§+2+C+21>+4<'
1 1
8
i [awae == [y f(C)dfdn} -
r T R*
NE ¢ 5 i 2 8 B
gm{% [ m© << St 1) == [ s+ W/f(C)dﬁdn} -
[¢|=r IOR* R*
2 8
1) = = [ Qs+ = [ ropdean
OR* R*
where I'1(€) is defined as in (2.26) on |{| = r and
onut) = Jm 0uw(@) =0,
Coe{|¢|=r0<Tm ¢,0<Re C} (3.26)
O w(ir) = lim Oy, w(p) = ~y(ir).

Co—>ir,
Go€{l¢|=r,0<Im ¢,0<Re¢}
Forr <ty <1, 2o =19

dw(zg) = —i lim (0, — Ox)w(z) =

z—to

St 2|2 2 — 222 11— 2222
/ (o e-22 -2
1 z2—Z z2—Z ) z—2)t z—2Z)t

li R t dt — — t

ZE?O{ 277/7( )l|t—z|2 AT 27T/W( >[1—tz|2 MRTESZE

1 —r
1 z2—Z 1 z—Z
li — t)——=dt + — —t)——=dt
zg?o{m‘ /7( )|t—z|2 + 2mi /'y( )|t—z|2

- i/’y(t)[z—z_ (z =2+ (z—z)t2(1+t2,z|2)]dt:

dt} -

T —1
1 %1 1. 2-% 1 101 2-%
+%/W(z>*|t_z|zdt+% / Mt)u_zp‘“} =
1 _1
+oo . '
tim oo [ i) Tt = ()

where I'5(¢) is defined as
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(1), r<t<i1
=7(3), 1<t<+
I5(t) =40, —r<t<r|t|>1 (3.27)
v(-1), -1<t<—r
B, i<,

Similarly, on this part of the boundary
O w(r) = I 8,.w(co) =(r),
(3.28)

For r <ty <1, z9 = itg

dw(zg) =— lim (9, + F)w(z) =

z—ito

1

247 E+D)E+ 2P | E+HD)E +P) "
EE 2 4 22]2 1+ 2222
1
z+7z z24+7Z 1
dt + — it
= it |YT 277/7(”
kA

t2(2+2)  t*(2+72)
1 +itz]? " |1 —itz]?

dt} .

—r
1 z+7Z 1 z+7Z
| — it) ———=dt + — —it) ————=dt
zirﬁo{zw WD G —Zpdt+ 27r/7( D —p
T —1
1 _1
1 1 1. 2472 1 1 1, z+72
— o)t — | (o) =
+27r/t27( Wt o / 2o }
1 —1
“+o0
INE o
zlinto 27 / Q(Zt) |Zt — |2 dt = ’Y(ZtO)’
— 00
where I'5(it) is defined as
~(it), r<t<l1
#y(—%), 1<t<i
[5(it) = 0, —r<t<r |t >1 (3.29)
~y(—it), —-1<t< —r
#1(F), —r<t<-1,

and

Bl = I 0,.u(G) =00,
Co€(ir) (3.30)

0, w(ir) = Clim Oy, w(Co) = y(ir).
o—T,

Co€(iyir)
In consideration of (3.25)-(3.30) and Definition 3.2.2 it follows that

al/zw(t) = ’Y(t)v te {T7 1,i,i7’}.

Similarly, as it was done in the proof of the Theorem 3.1.3, the Pompeiu-type operator can be derived
from 0, N1 (z, () given in (3.15) and it provides the solution to the differential equation w.z = f in a weak
sense. 0
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Part 11

Boundary Value Problems for a Half
Hexagon
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Chapter 4

Schwarz Problem for the Inhomogeneous Cauchy-Riemann

Equation

In this Chapter, in order to get the Schwarz-Pompeiu representation formula for a half hexagon the
method of reflection is used similarly as for the quarter ring in the preceding Part I and the related
Schwarz problem for the inhomogeneous Cauchy-Riemann equation is solved explicitly.

4.1 Description of the domain

The half hexagon Pt (see Fig.2) consists of the 4 corner points: 2, 1+ V3, —141iV3, -2.

A point z € P, chosen to be a simple pole of a meromorphic function to be constructed, is reflected
through the real axis. The entire set PT is reflected also so that the hexagon P is reached. The points
z, Z from P are reflected through all the sides of the hexagon, starting with the right upper side and
continuing in positive direction. The successively reflected points, which become zeros of the mentioned
meromorphic function in the entire complex plane C, are

—%(1 +iV3)Z + 3 +14V3,
Z 4 2iV3,
(1—1iv3)z —3+iV3,
%(1 +iV3)z — 3 —iV/3,
Z — 2iV/3,
_%(1 —iV3)Z2+3—-iV3

1
2

Reflecting, in turn, these points through the sides of the new hexagons Py, Ps, Ps, Py, Ps, Ps (see Fig.3),
except for reflecting to the original hexagon P with the single pole z and a simple zero Z, shows that
every of those hexagons includes 6 points: 3 poles are being reflections of zeros and 3 zeros are being
reflections of poles. Continuation of these operations reveals that all the points have the same coefficients
of rotation:

1,—%(1+i\/§),—%(1—i\/§)

and displacement 3m + iv/3n.

—1+iv3 1+iv3

-2 2

Fig.2: Half hexagon
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Fig.3: Hexagons

It should be noted that reflection includes rotation and shifting and the points from P; appear after
two rotations on the left-hand side in Pj, the points from Ps- in P;. The points in the hexagons P, Ps,
which are translations of P in y-axis direction, are obtained by rotation. In each of the reflected hexagons
6 reflection points originating for z and z in P appear. They are:

1 1
inPy 75(1+i\/§)2+3+i\/§, 75(171'\/§)§+3+i\/§,2+3+i\/§

1 1
—5(1+i\/§)z+3+i\/§, —5(1—i\/§)z+3+z’\/§,z+3+z‘\/§. "
4.1

1 1
in P : —5(1+i\/§)§—3+i\/§, —5(1—2'\/5)2—34—2'\/3,2—34-@'\/3

1 1
—5(1+i\/§)z—3+i\/§, —5(1—i\/§)z—3+i\/§, z—3+1V3.

inPs : —%(1+i\/§)§+37i\/§, —%(17i\/§)z+3—i\/§,z+3—ix/§
f%(1+i\/§)z+3—i\/§, —%(17i\/§)z+3—z‘\/§, z+3—1iV3.
inPy f%(1+i\/§)§f3fi\/§, —%(14\/3)273—@'\/&273—@‘\@
—%(1+i\/§)z—3—i\/§, —%(14\/5)2734\/5, z—3—iV3.

It can be seen that the points from these hexagons differ only by displacement 6m. Consider next the
points

inP,:  z+ 23, —%(1 +iv/3)Z + 2iV/3, —%(1 —iV/3)Z + 2iV/3,
—%(1 +iV3)z + 2iV/3, —%(1 —iV/3)z + 2iV/3, z + 2iV/3.
inPs:  z—2iV3, —%(1+z‘\/§)z_2z’\f, —%(1—2\/5)2_2@'\/5,
—%(1 +iv/3)z — 2iV/3, —%(1 —iV3)z — 2iV3, 2 — 2iV/3,

which differ by displacement 2iv/3n in the direction of the imaginary axis. Thus the main period is
P = 6m + 2iv/3n.

Obviously, the repeated reflections of the point z € P are representable in different ways, using either
the points

1 1
21=—§(l+i\/§)3+3+i\/§7 222—5(1+i\/§)2+3+i\/§ (4.2)
or

. :f%(lfi\/g)é—3+i\/§, 52:%(171'\/?:)2*3“\/5’ (4.3)
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which are connected by the relations Zp = 21 — 6 — 2iv/3, 2] = 20 — 6 — 2iV/3.
In general, all reflection points are either given by

Z+ Wmn, 21+ Wmn, 22 + Wmn,

Z+ Wmn, 21+ Wmn, 22 + Wmn
or by

2+ Wimn, 21+ Wmny 22 + Winns

Z 4+ Wmn, 21 + Wmn, ?Q‘f'wmna

where wp,, = 3m + iv/3n with m and n both either even or both odd, i.e. m+n € 2Z.

With these reflections of z an entire meromorphic function is constructed later in Section 5.1, having
a pole at the point z, zeros as direct reflection of poles and poles at direct reflection of zeros. By this
principle the zeros are

Z 4+ Wmn, 21 + Wmn, 22 + Wmn, (4.6)
or

Z 4 Wimnn, 21+ Winn, 22 + Winn, (4.7)
while the poles are

2+ Wimn, 21+ Wmn, 22 + Winn (4.8)
or

2+ Winns 21 + Wimn, 22 + Wi (4.9)

These points will also be needed for constructing the Schwarz kernel for PT.
The half hexagon is located in the complement of four half planes. Denote them:
Hy is the right-hand half plane with the boundary line passing through the points 2 and 1 + i/3,
Hj5 is the upper half plane with the border line through the points 1 + iv3 and —1 +iv/3,
Hj is the left-hand half plane with the line passing through the corner points —1 + iv/3 and -2
and H, is the half plane which is below the real axis.
Let then H;", Hy, Hy , H} be the complementary half planes of those listed above. We consider now the
Green functions of these half planes in order to get their Poisson kernels which will be needed in the sequel.

For H; with the boundary where ( = —3(1+iV3){+3+ivV3or ( —2=—1(1+iV3)(( —2)

1A+iV3)((—2)+2z—2 ’

Gl(Z,C) :lOg sz ,Z7<€Hi‘>,
1 (B z—= + +
_58V<G1(Z’O R R T z € 0H", ¢ € HY,

= —3(1+iV3)z+3+iV3, z € Hy .

For H, with the boundary described by ¢ = ¢ + 2iv/3

2

C—2+2iV3
Gl(z,C)=10g|<C_Z\[ , % Ce Hy,
Lo i =-t2T2 L comt e ny
2 veU1l ) - Z|<*Z|27 2 2
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29 :2—1—2%'\/3, ZEH;.
For Hy with the boundary given by ¢ +2 = —%(1 —iV3)(C+2)

l1-iv3)(C+2)+2+2|

(—=z
_\/§+i2—51
4 ¢~

Gl(Z7 <) = IOg

,Z,CEH;,

1
—§aV<Gl(z,g)= 7zEZ’)H;ﬂCEng,

where 2; = —%(1 — z\/g)é— 3+iV3, z € H3+.

Finally, for H;” with the boundary described by ¢ = ¢

2
aZ7C€H2_7

T—z

(-2

1 1 z2—-%
—531/46'1(2’@) e

G1(2,¢) = log

2 €0H), (€ Hf

for 2 € Hy .

4.2 Schwarz-Poisson representation formula

The Schwarz-Poisson representation formula is derived from the Cauchy-Pompeiu representation formulas
(1.11) and (1.13). By substituting the reflection points described above, different representation formulas
are obtained. The Schwarz kernel is obtained in the same way as for the quarter ring R*.

Theorem 4.2.1. Any w € C*(P+;C) N C(P+;C) for the half hexagon Pt C C can be represented as

1 d 1 déd
we) =g [ WO 3 [ OF T, se P, (1.10)

opP+t Pt

and for k=1,2,3

w(z) = 5= [ Rew(Q)2 Y [¢5,(¢2) — ¢k, (C,0)ld¢

op+ m-+ne2Z

1 [ 2(2¢ — 3) 23

Tam ) | O gy T O gy |t

1 2 2V3

(4.11)

1 2(2¢ +3) 2v/3

T omi Rew(Q)mergrgs T OG5 353

ds
2m ¢

o3Pt -

8, P+ p+ m+ne22Z

—%«)( T @) - a0+ 2) }dﬁdm

m4+ne2Z

where O, PT, k = 1,2,3,4, are the four boundary segments of P+ and
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3(¢ — Wimn — 2)2

Gpn(C,2) =

qmn(C? )

(C Wmn —

2)3 = (z — 2)3’
3(¢ — Wi + 1 —iV/3)

G (¢, 2) =

(C wmn+1*7z\f) (Z+171\/§)3’
3(¢ — Wi + 2)

(C Wmn, + 2) (Z + 2)3'

Proof. Substitute first the reflection points into formula (1.13)

/ df dn
W
Wmn Wmn

dg

+%(1+@\/§)2_3_Z\/§_wmn

dg

“v‘%(1‘|'7z\/§)2_?)_'L\/g_Wmn7

d¢

+3(1—iV3)z = 3+iV3 — wmn

dg

and

1 1 dédn
0 = 27”.’/“}(()4ZWWm_W/U)Z(C)CZ(‘L)mn7

—i—%(l—i\/g)z—?)—&-i\/g—wmn

P+

dg

+%(1+@\/§)2_3_Z\/§_wmn

d&dn

“F%(l‘f'i\/g)z_g_i\/g_wmn’

dg

+%(1_@\/§)§_3+Z\/§_wmn

d&dn

Define

Gy (€, 2) !

+ 31— iV3)Z = 3+iV3 — winn

1

_szfwmn

1

+%(1+Z\/§)2_3_Z\/§_wmn

3(¢ — wmn — 2)?

+%(1—i\/§)z—3+i\/§—wmn - (C_wmn_2>3_

and consider the double series

3(¢ — wmn — 2)?

3(¢ — Wmn — 2)?

Z [q}nn(Ca Z) - Qirm(gv O)] = Z

m—+ne€2Z m+ne€2Z

(C—wmn—22—(2—2)3  (C—wmn —2)3+8]’

63

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)



which is convergent since

(C — Wmn — 2)2 _ (C — Wmn — 2)2 —
meZEQZSl(C_wmn_Q)g_(Z_2)3 (C_wmn_2)3+8 o
Z 3 8+ (2 —2)3

8—(z—2)3 8(z—2)3

m+ne2Z
€ (C — Wmn — 2)4 1+ C—wmn—2)3 (Cwmn2)6‘|

For m=n=0

, L ! 1 1 1
%ol 2) ~ 40(6,0) = == (T I0tivB):-3-iB  Cri(l—iv3): _3+iv3 <
I R S () N (et

¢(-3-iv3 (—-3+iv3 ((—-2°-(2-2° ((-2P3+8

Then by formula (1.11) the function w(z) is also presented as

1 1 1 1
w(z) = i w(C)[qéo(C,Z)*qéo(C,OHE}dCf;/wz(C)[qéo(C,Z)*qéo(C,OHE]dEdn (4.19)
oPt P+
and
0 = o [0 X ahal62) ~ aha(C0C
ap+ m+ne2z,
im0 (4.20)
1 1 1
2 0O laha62) ~ ahun(C 0
P+ m2+n€227§(3
m°+n

Similarly, from the formulas (4.15)-(4.17)

0= 5 [ w(©labo(62) = atol¢.0)+ 71— = [ we(Olado(€.2) — ahlc.0) + Lldedn (421)
op+ A
and
0 = % / ”LU(C) Z [q’!lYLTL(C?E)_Q;’lnn(Cyo)]dC
opP+ m+ne€2Z,
e (4.22)
2 0O S laha67) ~ ahun O
7TP+ m+ne€2Z,
m2+n23£0

Taking the complex conjugation of (4.21) and (4.22), the Cauchy formulas

W) = o ( (04 (C.2) — i o>}+§>d<
op+ m+ne2Z (423)
1 1
— Amn C’ qmn(c O)] >d§d777
ﬂ—/ <m+n€22 C
- [0( F @G+ )
9P+ m+n€22 (424)
- [0 X 0haC2) — ahn (€0 + < e
T m+ne2Z C
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Gm.—n can be rewritten as Y. gmn.

are obtained. It should be noted, that >
m+n€2Z

m+ne2Z
Subtracting next (4.24) from (4.23) gives

wz) = — {w(@( > [qim<<,z>q3nn(<,0>]+é>d<
opP+

21
m4+ne27Z

+w()< D [hn(C2) = 43 (C0)] + é) dC}
(4.25)

m+ne2Z

{%(C)( > [qhn(é,z)—qfnn(éyo)Hé)

m+ne€2Z

—w(c)< > [q3nn<<,z>—qim(<,0>]+2>}d§dn.

m4+ne2Z

1
s

p

Let w(z) be decomposed as
wn (o) + ua(e) +un(x) +unla) - - [ {uao( > hn(62) ~ ahun G0 2)

m+ne2Z

w(z) =
Pt

m—+n€2Z
where wy(2),...,ws(2) are the boundary integrals considered on the different parts of dP™

We compute first wi(z) on 91 P, the side of PT between the points 2 and 1 + i\f, where
¢ =—3(14iv3)( + 3 +iV3 and the relations
(=—= (1—2[)(—#3—2\[ d¢ = —= (1—@\f)dc,

(-2 =—50-VHC-22 (-2 = -2

are considered.
1 3(¢ — wmn —2)? 3(¢ — wmn — 2)? 1
@) = 5 {w(C)( 2 [(Cwmn2)3(22)3_((wmn2)3+8 +g>d<
o, P+ m+n€2Z
— 3(C — Wy — 2)° 3(C — W — 2)° 1) =
— — = = |d
+w(<)<m+§n:€2i(g_w_2)3_(Z_2>3 (¢ — Wmn —2)%+38 +C> C}’
(C — Wim — 2)? :[77(1—1\[)C+3—Z\f7(Smfzfn)—2] 1(1+fz\/§)(<7w,€ln)2,
whereifk:fm;",l:f&’g",k+l€22,thenm:f%,n: 3’“ ,m—+n € 27.

Then the terms with ¢ are representable by

(€~ T — 2°dC = L1+ iVE)(C — wiy — 22(1 — VBN = (€ — wopt — 2)°dC
d¢ dg dg
T ¢(—1(B3—iV3)(1+1iV3) T (-3-iV3
and therefore
1 3(¢ — Wnn — 2)? 3(¢ — W — 2)?
= o Z {Re“’ m+n€22<(< = w(nfn oy (2 —23 (¢ (—Cwmn —2)8 )+ 8)

1

A

—

+ iImw(Q) (i - 4_31_“/3> }d{
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Consider next the terms (% + Cisii\/g)dg. On O, Pt

n=—V3E+2V3, dyp = —V/3d¢, d¢ = (1 —iV/3)d¢ = %(1 —iV/3)dse,

then
L N (1 —iv/3)(26 — 3)d¢ _ A0
¢ (=3-iV3 [(1—iV3)E+2iv3|[(1 - iv3)E =3 +iv3] (26 —=3)*+3" '
11 A +iVB)B+iV3)dsc  2iv3dse
(C C—3—i\/§)dc_ (26 -3)2+3 T (263243 (4.27)
Thus, the boundary integral on the first boundary part is
_ 3(C — wmn —2)° 3(¢ — wWnn — 2)2
wi(z) = 3 {Rew(() [2MMZ€2Z<(CW7M | P Bl r +8>d<
o P+
2(2£ - 3) 2V/3
WdSC] Imw(C)W)dSc}

Consider next the second boundary part 9, P between the points 1 + i1/3 and —1 + iv/3, where
¢ =(+2iV3, d¢ = dC.
1
+ - |d¢
C)

w92 o
e = g {U’(c)( 2 [ 3w =27 S o —2)°
Oy P+

2mi e | (€= wmn =2 = (2 =2)3 (¢~ wmn —2)> +8

Y 3(Z_m_2)2 _ 3(Z_wmn _2)2 1 T~
w0 [t ] 1))
or
ws(z) = 5 {Rew(C) K S @hnlG2) ~ gl 0) + z>d<
8, P+ m-+ne227Z
+< Z [q71“n7n72(67 Z) - (Lln,n72(23 0)] + 2) dC‘|
m+ne27Z
+ilm w(¢) K D 186 2) = @hn(C0)] + 2)01(
m+ne2Z
- ( Z [qvln,n—2(27 Z) - q71n,,n—2(Za 0)] + z.) d<‘| }7
m+n€27Z
1 = _ 3(2 — Wmn-2 — 2)2 _ 3(C - 27,\/§ — Wm,n—-2 — 2)2 1
qm,n—Q(C’Z) - (Z* W2 — 2)3 _ (Z _ 2)3 - (C - 22\/3_ W2 — 2)3 - (Z - 2)3 - an(C7z)
Then
1 1 1 . 1 1
O P+

Substituting the variables 7, &, with n = /3 on 9P gives ( = £ + V3, d( = d¢ = ds¢ and
1 1 2 1 1 2i/3
o d¢ = ———ds¢, - — ——— |d( = ————ds¢. 4.28
(C g—%/ﬁ) C= @3 (C (—22\/3) C= @ gl (4.28)
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Then the boundary integral gets the form

— 1 3(C — Wmn — 2)2 3(C — Wmn — 2)2
’LU2(Z) = - {RG’LU(C) [2 Z ((Cwmn2>3(22)3 - (§Wm712)3+8>d<

9, P+ m+ne€22Z
26 2V/3

On 95 P7, the side of the boundary between the points —1 + iv/3, -2, where
1 _
¢=-501- iV3)C — 3+iV3,
— 1
¢ = -1+ iV/3)d¢

the boundary integral is

ws(z) = % / {Rew(C) l( Z (g2, (C,2) — gk, (C,0)] + é) d¢
85 P+ m4+ne2Z
m+ne22Z C
+ilmw(C) [( D ahn(C2) = Gun(C,0)] + 1) d¢
m+ne22Z C
- ( > am-n(C,2) = @ (C,0)] + 1) dC] }
m+ne22Z (

Rewriting the terms

(Z_wmn - 2) - _%(1 +Z\/§)[C_Wkl - 2]7

where if k = —m+§+4, l= 3m5”+4, k+1¢€2Z, then m = —k*£+4, n = —3k+72”4, m +n € 27, then the

relations
(Z — Wmn — 2)2616 = (C — WKl — 2)2d<7 qgnn(?a Z)dz = qlil((a Z)dC
lead to

dc  d

C , d¢ d¢
c c )-i-zImw(C)(C C)}

n=V36+2V3, (= (1+iV3)E+2iV3, d¢C = (1+iV3)dé = —%(1 +iV/3)ds.

o3Pt

21
m+ne27

On this boundary part

1 1 dc = (14 iv3)(2¢ + 3)d¢ _ —2(26+ 3)ds¢
¢ (+3-iVB (V3 + 2030 +ivBE+3+iv8] - (e3P 437
1 1 ot = —3(1—iV3)(3 —ivB)ds¢ _  2iv/3ds
¢ ¢+3-iV3 (26 +3)? +3 (26 +3)2+3
Then the third boundary integral becomes
_ ! 3(¢ — wmn — 2)? 3(C = Wynn — 2)2
w3(z) = i {Rew(C) lQ Z ((C—wmn—Q)S—(Z—2)3 o (C_wmn_2)3+8>d<
83 P+ m+ne22Z
2(2¢ +3)2

—d84‘| — Imw(()

23
(26+3)2+3 '

S
26+3)7+3" ¢
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Finally, on the boundary part d,P%, the segment between the points -2 and 2, with ¢ = ( the
boundary integral is

1 2
wi2) = o [ Bew(Q) (2 > [ghn(€.2) — gl OC + C) .
9. P+ m4+ne22Z
because the equality qin’n(z, z) = ¢}, (¢, 2) holds. Since ¢ = &, d¢ = d§ = ds¢ on 9, P, then the final
form of the fourth boundary integral is

— 1 S(C_wmn_Q)Q B(C—wmn—Z)Q 2
=5 Rew(C)[Q Z ((C_wmn_2)3_(z_2)3 - (C_wmn_2)3+8> +g

9, P+ m+ne2Z

wy(z) dse.

Thus, composing all the boundary integrals, one gets
1
W) = o [ Rewl@2 X laha(6) - gl (G 0NC

27
9P+ m+ne€27

1 2(2¢ - 3) 2v/3
- Rew(()m +Imw(()m

21
[ 2% 2V3

GaPt = (4.30)

1 2(2¢ + 3) 2V/3

2w Rew(c) (26 +3)2+3 +Imw(C) (26 +3)2+3

dSC

o Pt -

1
211

dSC

8313+ -

+% / Rew(C)zdSC—i/{wC(C)< > [qim(c,z)—q}nn(g,O)Hz)

94 P+ P+ m-+ne2Z
m+ne2Z

With respect to the boundary part 9, P+ another representation formula is appropriate. A variation
of the choice of formulas from (4.12)-(4.14) and (4.15)-(4.17) allows to introduce

1 1 1
_|_

— s 4.31
C — 2 — Wmn (—71 — Wm—1,n+3 C — 22 — Wm—2n ( )

G (€, 2)
where

T:—%(l—i\/g)z—i-?)—i 3, 222—%(1+i\/§)z+3+i\/§.
Multiplying (4.31) by —3(1 + iv/3) and denoting
(= —%(1 +iV3)¢, £ = —%(1 +iV3)z,
Z:—%(l—i\/é)é—&—?)—i 3, z’gz—%(1+i\/§)é+3+i\/§

lead to the following calculations

’

1 . 1

0. —5(1+iV3)(( =2 —wmn) == 2+ S(1+iV3)(Bm +iV3n) = (= £~ w_mn _smen;
1 1

b. _5(1 + z\/g)[g + 5(1 — 2\/5)2 -3+ Z\/g_ w'rrL—l,n+3] =

c 1 1 .,
¢+ 5(1 —iV3)i+34+iV3+ 5(3(m—n—4) +iV3@Bm+n))=( -7 —W_m_n _min;

e (I VBC+ L1+ iVE)z 3 iV — o] =
I %(1 +iV3)% + %(B(mfn* 2) +iV3@Bm+n—2)=(-% TW_mon  min;
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5 =k, —?’m%:l,m—f—nGQZthenm:—%,n:%,k+l€2z, then

1 i 3(¢" — wiy — 2)? _ 3(C — wmn 1 iV3)?
2 Y =2 (7B ot 1 WBP (2 LA

Therefore, formula (4.23) with ¢2,,, rather than with ¢!, holds.

q72nn(<7 Z) =

Similar modifications for the reflection points with z are needed. Define

2nCs) = — o ! TR . (4.32)

C —Z — Wmn C — 21 — Wm—-1,n-3 C — 22 —Wm-2n

Presenting new variables Z = —2(1 +iv/3)z, (" = —1(1 —iv/3)( leads to

a. —1(1—i\/§)<+1(1—z‘x/§)z+5(1—z\/§)wmn: " —Z—w_mpn smon;
b. (1—zf)[<+ (1—uf)z—(3+zf)—wm1n3]

¢"+ = (1+zxf)z—3—zf+ ((m+n)—i\/§(3m—n)):C"—z'l—wfmengfn;
c —5(1—2'\/3 [§+7(1+z\/§)z— (3—iV3) — wp—2] =

"+ = (1—zf)z—3+zf+ ((m+n)—z‘\/§(3m—n)):g”—g—%%m#.

And if —mFn = | 3men — |y € 27 then m = —E5L n = -3 k4] € 27. Thus

Z\/g) 3(4// — Wkl — 2)2 _ 3(( — Wmn + 1 + Z\/§)2

> N T -
qmn(Cvz) - 2(]‘ (C//_wkl_2)3_(y_2)3 (C_Wmn+1+z\/§)3_(z+1+l\/§)3

Obviously, by changing summation, one has

m—+n€2Z m+n€22Z
= [ =\ _ S(wam,—n“i’l 71‘\/3)2
qgnn(<72)— (Z—wm,_n—&—l—z‘\/gﬁ—(z+1_i\/§)3'

Therefore, besides the formula (4.25), the function w(z) can be represented also by

w(z) = % {w(<)< > [qrgm(QZ)—qTan(C,O)]Jré)dC

opP+ m+ne227

<Z [G2,0(C,2) — @2n(C,0)] + c)dc}

(4.33)
fl W= 2 2) — 2 1
ﬂP[ { #(0) <m+§n:€2z[qmn(c, ) — g2, (C,0)] + C)
—w§(4)< > (@€ 2) = @3n(C0)] + 1) }dfdn.
m+ne227Z C

Let w(z) be again the sum of the four boundary integrals and the area integral

w(z) = w1(2) + walz) + wa(z) + dae) — - / {wo( S (2 (C2) — (G 0)] + 1)

™ ¢
p+ m+ne22Z

+w<(<)< D (@ (Cr2) = Gn(C0)] + 2) }dgdn
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Consider first the integral on 9; P, where ¢ = —%(1 +iv3)¢C+ 3 +14V3, dC = % 1 —iv3)d¢

B() = {Rew«)K S @20 2) = @un(C0)

211
O P+ m+ne2Z

J\,\r—l

+< > [qi,n<<7z>—Q3n,n<<,0>]+2>d<]

m+ne27Z

+ilmw(0l< > [qu(C’z)—qﬁm(QO)]Jrz)dC

m+ne2Z

_< Z [Cﬁ@,n(27 Z) - qgn,n(?v O)] + 1>d§] }
m+n€2Z C

Here

(€ — Wmn +1—14V3) = —%(1 —i\/§)[c—w7m7;74,7w +1—iV3).

If —m=n=d = 3mAn — | 4 € 2Z then m = —EE=2 1y = 322122 o ] € 27 and

(z_wmn +1- Z\/g)zdz = (C —wg +1— @\/§)2d(: dC = C_gdfi\/gv
then, using relations in (4.26), (4.27), one gets
. 1 1 1
B(2) = o {Rew<<> (2 T (62 a0 M)
o Pt

. 1 1 _
I A 1L VO
2mi {R (C)<2 2 l(c_wmn+l—iﬁ)3_(2+1_iﬁ)3

o P+ m-+ne22Z
3(¢ — Winn + 1 —iV/3)? (25 3) 2/3

(= wmn +1—iV3)3+8
On the boundary 9, P, where ¢ = ¢ + 2iv/3, d{ = d¢

o) = o {w@)(z ) [qu<c,z>—qzn<<,0>1+i>d<

m-+ne€2Z

+m (2 Z [q?n,n72(23 Z) - qun.,n72(2ﬂ 0)] + 2) dC}

m+ne2Z

Rewriting the term

3(C — w2 +1—iV3)? B 3(¢ — Wi + 1 —iv/3)?

Gm.n—2(C,2) = € —wmmat1—iv3)P? — (41— iv3)? (€ —wmmt1— V3P — (2 +1—iV3)?

and, using the formulas in (4.28), one gets the following boundary integral

wa(z) = zim {Rew(g“)({%j@z[qin(@ 2) = G (G, 0 + 1 T ;M )

8, P+

. 1 1 B
1 3(C — Wmn + 1 - Z\/§)2

9, P+ m-+ne€22Z
2 2
dc — 2 3ds<> +Imw(g)‘/§ds<}.

~ 3((—wmn +1-iV3)?
(C_Wmn+1_1\/§)3+8

&+ £2+3

70



On the part 93P, where ¢ = —%(1 —iv/3)¢ — 3 4 i+/3 similarly as before

Ws(z) =5 {w@)(z > [qf,m(c,a—q?m(c,o>1+§>d<
O3 P+

m+ne2Z

+w<<)<2 > @n(C2) = 32 n(C 0]+ 2>d}

m—+ne€2Z

Since the terms in the second sum are representable as

(Z Wmn +1 — \/g) (1—}-2\/»)[ +2+23 - 72+1—Zf]
where if — M2 = | 3mon=2 — |y 4 € 27 then m = — A5t n = — 3K k4 | € 27 and
— . = , d¢ d¢

— W +1—iV3)2dC = (( —wp +1—iV3)d(, = = —————
@ Y2dC = (C — wn )i, = 5 r
then the boundary integral ws is
() = o= [ {Rew(@2 Y @2) - .0+ .
w3z = P w Ay ) q
’ 27”(3 P+ m+ne27Z " " C <+3_Z\[
3

. 1 1
+ilm w(() << - C+3—Z\/§> }d(.

Taking the formula (4.29) into account, one gets

) ) 3(¢ — wWmn + 1 — iV/3)?
i (2) = {Rew(@ <2 m; Lg — L= iV3)? — (2 + 1= iV3)?

3(¢ — Wi + 1 —iV/3)? dc - 2(2¢ +3)
) (

2v/3
_(C_wmn+1_i\/§)3—(l—i\/§3 2§+3)2+3d‘9<>_1mw(0( }

S SR
2% +3)2+3 ¢

On the boundary part 9, Pt, where ¢ = (, similar calculations give the boundary integral in the form

() =5 {w<c><2 > [qfnn<c,z>—qin<<,0>]+2>d<
04 Pt

m+ne2Z

) (2 T (@) - RGO+ i) dc} _

m+ne2Z

L 3(< — Wmn t+ 1-—- Z\/§)2
i / {Rew(o<2m+§n:€22[(c_wmn+1_i\/§)3_(Z+1_i\/§)3
o4 Pt
ng}dsc.

Thus, the computations for the second form of the representation formula yield

i /Rew > G (C2) = @2 (C,0)ldC

m+neQZ

(C_wm7L+1_i\/§)3+8

orP+

1 2(2¢ - 3) 24/3

"o ) |RevOre i T OG5

ds
27 ¢

8113+ -

1 26 2V/3

P (4.34)
1 [ 2(2¢ 4 3) 2V3

omi Rew(c) (26 +3)2+3 +Imw(c) (26 +3)2+3 dsc

dSC

(‘93P+ -
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1 2 1 1
Oy P+ P+

—w(()( D 130l 2) = n(C0)] + z> }dfdn-

m-+ne2Z

In the same manner the representation formula for the left-hand side of P can be easily obtained by
use of the other reflection points

1 — 1

51:_5(1_2'@)5—3“\/3, 51:_§<1+¢\/§)z_3_w§,
1 |

22:—5(1—2'\/3)2—34—2'\/5, 52=—§(1+i\/§)2—3—i\/§

by substituting them into (1.13), so for m? +n? > 0

0 = 5 [ w02 =1 [0

Tm — 2 — Wmn ™ C_Z_wmn’
oP+ P+
1 d¢
0 = —
2mi /+w(og+;(1+i¢§)z+3+z\/§—wmn
oP
[ &
P
1 d¢
0 = —
2mi /+w(o(+%(1—i\/§)z+3—i\/§—wmn
oP

1 d<

7TP/+ “’Z(OCJF 1(1—iv3)z+3—iV3 — wmn

and

0 = if/w@—fﬂ—f—l/%mfjgif

271 (—Z—wmn T —Z— Wmn
op+ P+
1 dg¢
O = b w
271 /+ (C><+%(1+i\/§)2+3+i\/§—wmn
opP
— [0 e
m T (I iVE)Z 4 34 1VE — W
1 dg¢
0 = -— w
2mi / (C)C+%(17i\/§)2+37i\/§fwmn
op+
—2 [0 dedn
m ) (1 iV3)Z 43— ivB — wina
P
Define the new function
1 1
73nn 1 Z) = +
1 3(¢ — wmn +2)2

+(+%(1—i\/§)z+3—i\/§—wmn T~ Wmn + 2% — (2 +2)°

and the double series

m§2l[qmn(<7 ) qmn(c, 0)] ; mJ;EQZ (C — Wmp + 2)3 — (z + 2)3 (C — Wmn + 2)3 8l
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1 1 1 1
w(z) = i w(C)[qS’O(C,Z) - qS’O(C,O) + E]dC T /UT(C)[QS’O(QZ) - qgo(Cao) + E]dfd% (4.36)
oP+ P+
0 = o [ 0O X ha6d) ~ (G 0iC
9P+ m;rnEQQZ,
m*4+n“#0 (437)
2[00 laha62) — a0
P+ m+ne€2Z,
m2+n2750
Also
1 1 1 1
0= i / w({)[g00(¢2) — 40(¢, 0) + E]dC T / wZ(C)[QSO(C»E) — 450(¢,0) + E]dfdn, (4.38)
opP+ Pt
0 = g [ 0O X (6D~ a0
op+ 7)7,2—i-7L€22Z.7
™m0 (4.39)
2 O X lal6.) g (€ O
P

The complex conjugation of (4.38) and (4.39) gives the following Cauchy formulas

W) = o w<<>< > [q;n<<,z>—qu<<,o>]+§>dc
+ m+ne2Z
or (4.40)
—i/w<(<)< > [qf’nn(C,Z)—Q%n(C,O)Hé)dfdn,
P+ m+ne2Z
1 A 3 3 7 1\ =
0 = o= [ wO| X Gn(C2) = GG 0]+ = |d
+ m+ne22Z C
or (4.41)
P+ m+ne227 C
Subtracting (4.41) from (4.40) leads to the representation formula
W) = 5 {w@)( > [q;n<<,z>—q§m<<,o>]+§>dc
ap+ m—+nc2Z
+w(§)< Y 16 (C2) — 4 (C,0)] +2>dc}
m+ng27Z (442)

-/ {w<<<>< > [q;n<<,z>—q;n<c7o>}+é>
P+

m+n€27Z

m+ne27Z
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To study the boundary behavior of the function w(z) it is decomposed as

w(z) = wi(z)+wa(z) +ws(z) + wa(z) — % /{WC(C)< Z (G5 (€, 2) = @ (€, 0)] + 2)

P+ m+n€2Z
() = - 1
m+n€22Z C
and the equality

3(C — Wi + 2)2 3 =

an(C7 ) (C O +2) (24_2)3 = Qm,fn(gz)

is used.
Consider first ¢ € 0;PT, where ¢ = —1(1+iv3)( +3 +iV3

() = 5 { ( @06 2) q,‘in(c,onﬁ)dc
0, P+ m+ne27Z

+w(C) (2 > (6 -n(C2) = g (GO + z>d<}.
m+ne2Z
The terms are rewritten as (¢ — Wiy 4+ 2) = —5(1 +iv3)(¢ — wys + 2), where

if f = —m=n=d = _3mind iy 4o € 27, then m = —EEH=4 1y = 32124 p | € 27, Therefore

dg

<<—wm+2)2d<;=(c—wkl+2)2d<,CC Ty

Then

wi (%) :% {Rew(C)K > [qf’nn(C,Z)—QSm(C,O)Hé)dg

8, P+ m—+ne227
+< > (63.(C2) — g5, (C.0)] + 1) dC]
m+ne2Z C
+ilmw(() K > 1G5 (6,2) = @5 (¢ 0)] + 2) d¢
m+n€22Z
—< > [@3n(C2) = 45, (C.0)] + 1)@] }
m—+ne2Z C

) =5 {Rew«) (2 > [q?nn<<7z>—q2m<<,o>1+§+<_31_i¢§>

0, P+ m4+ne27

+ilm w((¢) <é - C—Sl—zx/?:> }dC =

1 3(< — Wmn + 2)2 3(C — Wmn + 2)2
omi {Re“’“)lz 2 <<<—wm+2>ﬁ‘>—<z+2>3‘<<—wmn+2>:”—8>dC
01 Pt

m+ne2Z

2(2¢ — 3)2 24/3
“ 3713 3dSC] - Imw(g)i(25 3T 3d8C}

in view of the formulas (4.26), (4.27).
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On the boundary part 9, Pt for ¢ = ¢ + 2iv/3

wa (%) :% {Rew(C)K > [qgnn(C7Z)q21n(C,0)]+<>dC
oy P+

m+ne2Z

+< Z [q?n,n72(25 Z) - q?n,n72(2a 0)] + 2_) dC]
m—+ne2Z

H'ImW(C)K > [Qfm(C,Z)Q?rm(QO)Hé)dC

m+n€2Z
_< Z [qgm,n72(27 Z) - qf’n,n72(27 0)] + 1>d] }
m+ne27Z C
Here the equality
3 C.2) = 3[¢ — 2iv/3 — (3m +iv3n — 2i
=252 =018 — (3m + in/3n — 2iv/3) +

V3) 4 22
2}3 — (Z i 2)3 = q?nn(CvZ)

holds, then

1 1 1
2 2y P+ ¢ ¢—-2iV/3

m+ne€27Z

+ilm w((¢) (é - C—;z\/§> }d(.

Using again the relations (4.28), one has

. _ 1 3(< — Wmn + 2)2 3(< — Wmn + 2)2
w2(Z) B % {Rew(g)(Q Z [(C_wmn+2)3 - (Z+2)3 B (C_wmn+2)3 _8

9, P+ m+ne22Z

2 23
—&-52 f_3> + Imw(C)\[}dSC.

For ¢ € 03PT, where ( = —1(1 — iv/3)( — 3 +iV/3 the boundary integral is

( > [q%n(C»Z)—qf’nn(C,O)Hz)dC

m+ne€2Z

ws(z) = — {Rew(g)

T o
B3 P+

+< 3 [qzm«,z)q;%m«,mHé)dc]

m+ne27Z

+iImw(C)[< > [q%n(c,Z)—Q%n(C70)]+é)dC

m+n€2Z

—< > [q;”’nn(C,Z)—Q?,m(C,O)]ﬂL2)%”-

m+n€2Z

Consider again the term ({—wp, —n+2) = _%(1+i\/§)(c_wi%73m2+n +2), where if -0 = k| w =

2
l,m—f—nEQZthenm:—%,n:%,k—i—le?Zand

(Z - wm,fn + Q)QdZ = (C — Wkl =+ 2)2dC7 df dé_

¢ (H3-iv3
Then, on the basis of the formulas in (4.29), it follows that

wa(s) = o {Rew(g)l2 3 ( 3(C —wmn +2)2  3(¢ — win +2)? >dc

) 2m63P+ m+ne2Z (€ —wmn +2)* = (242)*  (C~wmnn +2)* -8
2(2¢ + 3)2 2v/3
—WdSC] - Imw(()W)ds<}.
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Similarly for ¢ € 94P%, where ¢ = (

W) = o {w<c><2 3 [q;n<c,z>—q?m<<,o>]+§>d<

m+ne€2Z

+w()<2 > ah n(C2) = dd (. 0)]+i>dc =

m+ne2Z

L Rew<<><2 3 [q?nn<<,z>—qfnn<c,o>1+§>d<

2mi
9, P+ m+ne2Z

and the boundary integral on 94 P becomes

wy(z) = — Rew(() <2 meZezz [(C — Wi +2)% = (2423 (C—Wmn +2)3 -8

2

Thus, the use of qf’,m(c ,z) gives the representation formula for the function w(z) in the form

4Pt

w = 27_” / Rew [qgnl(C7 Z) - q%n((a 0)]d<

opP+ m+n€22

1 2(2¢ - 3) 24/3

“om ) RO gy T Ome gy |®

6113+ -

1 26 2V/3
5 +Imw(§)7€2+3

aP¥ © (4.43)

1 2(2¢ +3) 24/3
-5 Rew(()m—f—lmw(g)m ds¢

dSC

211

03P+ ~

27TZ / Rew ds( /{ (C)( Z [qgnn(ga Z) - q?nn(gao)] + 2)

9, P+ m-+ne€2Z

—wz(<)< D [ann(C2) = (G 0)] + é) }dfdn-

m+ne€2Z

One can see that the form of the representation formula for the function w(z) is taken subject to which
boundary part the point z goes to. For the case z — 94 P, since z = Z there, any of the representations
can be used and treated in the same way. O

4.3 Schwarz problem for the inhomogeneous Cauchy-Riemann

equation

These three representation formulas in the preceding section will be used to prove the boundary behavior
for solution of the Schwarz problem on the respective parts of 9PF. These proofs are based on the Poisson
kernel of half planes, see Section 4.1 and e.g. [19].

The essential part of the boundary integrals in the representation formulas (4.30), (4.34) and (4.43)
are the Schwarz operators for P+

Q) D 20gh, (¢ 2) — gk (¢ 0))dC, k= 1,2,3. (4.44)

9P+ m+ne2Z

Skv(2) =

2mi

For any real-valued function on &P it defines an analytic function in PT, the real part of which coincides
on QP with ~. This fact is shown in the following Lemmas.
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Lemma 4.3.1. For {, € 0, PT, v € C(OPT;R)

lim S17(2) = 7(¢o); (4.45)

Z*)Co

where the Schwarz operator for PT is given in (4.44) for k = 1.

Proof. We consider the representation formula (4.30) for the right-hand boundary part of PT and take
the real part of the boundary integral

— 1 3(C — Wmn — 2)2 . 3(C — Wmn — 2)2
Re 517(2> - %8P+ V(C){m4;€2zl(c — W — 2% — (z — 23 (€ — wmm — 23 +8 d¢
_ 3C—wmn—2? 3 wmn—2?% | =
N l@—wmn—w ~(Z-2P  ((~wmn—2°+8 dg}'

We decompose it into the integrals with respect to the different parts of 9PT, so
Re Sl"}/(z) = b1 + bg + bg + b4.
Let (o be a fixed point on 8; P, where for (;, = —%(1 +iv/3)Co + 3 + i1/3 the relations

(-2 = 51— VB - 2% (-2 =G~ 2)

hold.

Consider now the boundary integral for ¢ on the boundary part 8; PT.

_ 1 3(C — Wmn — 2)2 3(C — Wmn — 2)2
"o %alm 7<C){m4§22[(< —wmnn =2 = (2 =2)°  (C—wmn —2)> +8 %
3(C = Wm,—n — 2)° 3(C = wm,—n — 2)°
- —— L dc b
m%QZ [(( — Wm,—n — 2)3 - (Z - 2)3 (C — Wm,—n — 2)3 +8 C}

Ifh=—m20 | = —3mn then m = —5H =32 iy 4 € 27, k+1 € 2Z and

1

(¢ = wmn = 2)%d = [~ 5(1 = iV3)(¢ — wh — 2)?(—%(1 —iV/3)d() = (¢ — wi — 2)%dC.

As z tends to (p, the term for m = n = 0 becomes singular. Consider this case in detail

| 3¢ 2)? 3¢~ 2)?
T 7“){<<<—2>3—<z—2>3‘(c—2>3+8>d4
1P+

) S (e W O
C-23-(-2?% (C-23+8

1 3(C—2)° 3(¢ -2 =

5 ’Y(C)[(§2)3(22)3_(C2)3(2’2)3]d<_

o0, Pt

Lo l:%(c —2)?(z—2)° — (2 - 2)31] «“

(¢ —2) = (2 —-2)%]?

The term

7



and

(-2 =[5 (1 + V) E - 9P = [-5(1+ VB + 1+ V3 = (21— 2)",
(5 =2 = (=2 = (2 = 21)[(z — 22 + (2 = 2)(z1 — D) + (21 — 2)7.

Then

1 z2—21

by = — W(C)P(Caz)m

T o
o1 P+

dg,

where

(C,2) = 3(C—2)2[(z =22+ (2= 2)(z1 — 2) + (21 — 2)?]
P (C=2)24+(C—2)(z—2) + (z — 2)2]2

If 2 — CO then 21 — Co

: (¢o —2)* 1 :
lim L 2) = = —Z(1—iV3).
Jim (G, 2) o 2 5( )
Then, using the property of the Poisson kernel for the upper half plane with the boundary line passing

through the boundary side 8; P, one gets

hm{;m. | Anen=5 <—§<1—N§>>ds<}=

z2—Co Z|2
0, P+
1 — 1

Zlgrgo{m / v<<>p<<,z>|§_j|g<—2<1+N§>>2ds<}=
01 P+

Zgngo{(ﬁ*” / v(@(—;(l+N§>>p<<,z>|§_j|gds<}=

o, Pt

5 VBN (@)(Cor @) = 1(6o)

This is also true for the corner points 2,1 4 iv/3 if v(¢y) vanishes at these points.
For the other terms of by

. 1 3(¢ — wmn —2)? 3(¢ — wmn — 2)? B
Zli’ngo Tm / ’Y(C) Z [(C — Wmn — 2)3 - (Z - 2)3 - (C — Wmn — 2)3 - (Zl - 2)3‘| dC B

m+n€2Z,
Pt m2+n2;é0
. 1 3(—wmn—22z—23—z1—23
lim — / ’V(C) Z ( - ) 3( ) ( - ) ] - —0.
o i [(C—mn — 2 — (2 = 2PI[(C — wm — 2P — (21 — 2]
o P+ m2+n€222,
m*+n“#0

Thus, for ¢y € &1 P the equality lim,_,¢, by = (o) holds.
On the boundary part 9, Pt with ¢ = ¢ 4 2iv/3

(C=wm,—n—2) = [(—2iV3— Bm+iV3n) =2 = [( —wpnis — 2],
ifn+2=I,n=01-2 m+ne2Z m+1 €27,

then

1 3(¢ — wmn — 2)? 3(¢ — wmn — 2)?
b2 _Tm ’Y(C){ Z [(C_wnLn_Q)g_(z_2)3_(C_wmn_2)3+8
0y P+ m+ne2Z

3C7wm7_n—22 3C—wm7_n722
5 l ( ) ( )

(C—wm-—n—22-Z-23 ((—wm-n—2)3+38

m+ne€27Z
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Letting 2 — (o € 01 PT

. BT i 3(C — Wmn — 2)2 _ 3(( — Wmn — 2)2
A b= e o / 7(0{ 2 [(g o =27 — (=27 (C— wn — 2" — (21 — 2)31 }dc

9o P+ m+ne227Z

the integral becomes 0 for z; tending to (g.

Consider next the boundary part 93 PT, where

(( — Wm,—n — 2)%d¢ = (¢ — wi — 2)2dC,

if k = _m—2n+4’ = m+2n+4’ then m = _%7 n = %’ m-+n€2Z, k-+1¢c 27 Then
1 3(C — Winn — 2)? 3(C — Wy — 2)2
- - d
Lo 7(O{ 2 l“‘“mn*)?’—(z—%:‘ C—wm -2 +8) %
05 P+ m+n€2Z
Loy [ e w2 g
m+4ne2Z (< — Wm,—n — 2)3 - (E - 2)3 (C — Wm,—n — 2)3 + 8

Letting 2 — (o, 21 — (o € 01 P, the sum under the integral tends to 0 for ¢ € 93 P7.
For the boundary part 9, P, where ¢ =

b ! 7(4‘){ 5 [ 3¢~ wmn =22 3(¢ — winn — 2)
04 Pt

B 21 m4neaz (C_wmn_Q)S_(Z_2)3 (C_wmn_2)3+8

g

Thus, from the calculations of the boundary integral on all parts of 9PT the equality (4.45) follows. [

g

_ Z 3(< — Wm,—n — 2)2 3(< — Wm,—n — 2)2
(C - Wm,fn - 2)3 - (Zl - 2)3 (C - Wm,fn - 2)3 + 8

m-+ne€2Z

and it is seen that if z — (p then the integral becomes 0.

Lemma 4.3.2. For {y, € 92P", v € C(OP™;R)

lim Soy(z) = v(¢o), (4.46)

Z*}Co

where the Schwarz operator for PT is given in (4.44) for k = 2.

Proof. Let (o € 0o PT, where ¢y = {p + 2iv/3. Consider now the representation formula (4.34) and take
as before its real part of the boundary integral

1 _
P+ m+ne2Z

Similarly, we decompose the boundary integral into the sum Re Say(z) = b] + b5 + b5 + ) and calculate

it on the part 9, PT.

For ¢ € 91 P

, 7i 3(C_wmn+1_i\/§)2
%= o 7(€){m+§2zl(gwmn+1i\/§)3 (z 41 —1iV3)3
o0 Pt

_ 3(< — Wmn + 1 _i\/§)2
(C_wmn+1_7f\/§)3+8

~ 3(¢—wm,n+1-iV3)?
(( —wm—n +1—iV3)3 +8

3(¢ — wm,—n + 1 —iV/3)?
d _ >
Y [(Cwm,_n+1¢\/§)3(z+1i\/§)3

m+ne22Z
dg}.

(€ — wimn + 141V3)%d( = (¢ —wi + 1 —iV3)?dC,
(€ — Wimn +14+0V3)* = (¢ —ww + 1 —iV3)?,

Again
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where if k = —m=1=2 | = —3min=2 ‘thep ;= — A2 = K22 4 €27, k41 € 22,
And since

(1+iv3) =8, (z4+1—-iV3) =Z+1+iV3 =12 +1—iV3, (4.47)

where 25 = Z + 2iv/3

, 1 3(C — Wimn + 1 —1iv/3)?
by = i W(C){ Z [ « )
o0, Pt

i m+ne27Z (C_wmn+1—i\/§)3_(z+1_i\/§)3

. (¢~ wmn +1-iv3)* ]dc}
(€= Wpm + 1 —iV3)3 — (2 +1 —1i/3)3
: ’Y(C){ > 3(C = wimn +1—iV3)2[(2 +1—iV3)® — (22 + 1 — iv/3)] }dg

%8 P+ m—+ne2Z [(C — Wmn +1 - 7/\/3)3 - (Z +1- Z\/g)?’][(c — W + 1 — Z\/§)3 - (22 +1- Z\/g)S]

Then, letting z and 2z tend to (o € 93 PT, the integral becomes 0.
For ¢ from the boundary part 9, P, where ¢ = ¢ + 2iv/3

(C—wm,—n+1—iV3)2dC = (¢ — 2iV3 — (3m 4+ iV3n) + 1 +iV3)2d¢ = (¢ — winn + 1 — iV/3)%dC,
(€ —wWm,—n +1— Z\/§)3 = (¢ —wmn +1— i\/§)37

then

o1 3(¢ = wWmn +1 —iV3)?
by = zm‘azl+ V(O{m;m[@ —Wmn +1—0V3)? = (2 4+ 1 -iV3)?

3(< — Wmn + 1-—- Z\/§)2
(C—Ldmn+1—l\/§)3+8 m+ne27
o 3(< — Wm,—n +1- Z\/§)2 dC} _
(C — Wm,—n + 1-—- 7/\/5)3 + 8

L 3(< — W +1— z\/g)Q
27Ti8 /. W(C){mggzl(c — Wmn +1— Z\/g)g _ (Z 11— 7,\/3)3

_ 3(C — Wmn +1— @\6)2 }dC
(( = wmn +1—iV3)3 — (241 —iV/3)3

3(C — Wi, —m + 1 —1i/3)2
d¢ — ,
‘ Z [(C—wm,_n+1—i\/§)3—(Z+1_i\/§)3

As z — (o € 2 PT, where ¢ = (, the term of the sum for case m = n = 0 becomes singular and therefore
we observe it carefully.

1 V(O{( 3(C+1—iv/3)? 3(¢+1—iy3)? )3}d<:

211
O P+

CH1—=iVB)P = (2 +1—iV3)3  (C4+1—-iV3)P3—(2+1—iV3

1 ©) BCH+1—iv3)?[(z+1-iv3)° — (2 + 1 —iv3)°] dc
2mi S (C+1—iVB)® — (2 +1—iV3)3? ’

since

(z4+1-0V3)3 — (2 4+1—-iV3)3 = (2 4+1—-iV3)3 — (20 + 1 —iV3)® =
(z—2)[(z4+1—=iV3)2 + (241 —iV3) (22 + 1 —iV3) + (22 + 1 — iV3)?]

then

0 =5 [ HOEZ2) (¢ e

¢ — 2|
02 P+
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where

(¢ 2) = 3C+1—iv3)? (2 +1—iv3)? + (2 4+ 1 —iV3) (22 + 1 — iV3) + (22 + 1 — iV/3)?]
S (CH+1—iv3)2+(C+1—iv3)(z+1—iV3) + (2 4+ 1 —iV/3)2)2 :

Letting z — (o, also zo — (p for ( = (o

(Co+1—iv3)4 4= (Co+1—1iv3)?

' ) = li ! ) = = ]-7
then for ¢y € G P
tm ty = T | [ QG = Jim |~ [ Q€2 T s -
D62 T B om ) TIPS AT | TG e ) TP S e | T
O Pt O P+

' (€0, 60)7(Co) = 7(Co)-

This holds also at the corner points +1 + i4/3 if v vanishes there. For the other terms of

1 (C+1—iv/3)?
e 2mi L " mg;gz,{ (€= wn + 1~ V3 — (2 + 1 i/3)7] |
2 m2+712;£0

R e e SR el AVE LR
(¢ — Wmn + 1 —iv3)3 — (22 + 1 —i/3)3] :

On the boundary part 93P+

(€ = wm,—n +1—iV3)2dC = (¢ — wp + 1 —iV3)2dC,

where if —mTJr” =k, ?””T*” =1, then m = —%, n= —%, m+n € 27, k+1 € 27Z. Then, using (4.47)

/ 7i 3(C_wmn+1_i\/§)2
b3 ©2mi / 7(0{ Z [((wmn+1i\/§)3(z+1i\/§)3

95 P+ m+ne€2Z

3(C — wmn + 1 —iV/3)?
(€= wmn +1—iV3)? — (1 —iV/3)3 m+ne2z
_ 3(C — Wi, —n + 1 —iV/3)? ]dg}
(€ = wm,—n + 1 —iV/3)3 — (1 +iV/3)3
L () Z (( 3(¢ = Winp + 1 —iV/3)

27Tia P+ m+ne€27Z C — Wmn + 1- Z\/§)3 — (z +1-—- Z\/g)?’
3

B 3(C = wynm + 1 — iV/3)? >d<_
(C = wmn +1—iV3)3 — (2 + 1 — iv3)?

3(¢ = wm,—n +1—iV3)?
d¢ — :

Letting z — (o

m (C+1-iV3)?

zl—>C0 27T7;83Z+ ,Y(C){erzn;2Z [(C — Wi + 1— Z\/g)S _ (Z 41— Z\/§)3]
1=V~ (at1-iv3® |,

(¢ — Wmn +1 —iv3)3 — (22 + 1 —iV/3)3] :

X

Finally, for ¢ € 9,PT

(¢ = Wm,—n + 1 —iV3)2dC = [¢ — (3m + iV3n + 2iV3) + 1 +iV3]2d¢ = (€ — wmni2 + 1 —iV3)dC,
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where m + n € 27Z.

Similarly as before

/ _L S(C_Wmn+1_7:\/§)2
" T 7@{ 2 [(C—wmn+1—i\/§>3—(z+1—i¢§)3

9.+ m—+ne2Z

3(< — Wmn +1— Z\/§)2
((—wmn+1- Z\/§)3 +38 m+n€27
. 3(< — Wm,—n—2 T 1-— Z\/§)2 dC} _
(C — Wm,—n-2 +1- Z\/§)3 +8

1 3(¢ — Wmn + 1 —iV3)?
2mi 10 X <(C—wmn+1—i\/§)3—(z+1—i\/§)3

O3 P+
_ 3(<7wmn+171\/§)2 >d<
(C—wmn +1-iV3)P = (z+1—iV3)3 )

Therefore, for z — (g

o (C+1—iV3)?
Jlim o / v(C){ > [(C—wmm +1—ivB) — (24 1—iv/3)3]

9, P+ m—+ne22Z

(z+1—1iV3)% — (20 + 1 —iV/3)3 }dCzO.

3(C — Wm,—n—2 + 1- Z\/§)2
d¢ — ,
‘ Z [(C_wm,n2+1—i\/§)3—(z+1_i\/§)3

m+ne€2Z

[(C — Wmn + 1- 7'\/5)3 - (22 +1- Z\/§)3]
Thus, the boundary condition (4.46) for {y € 92 P is valid. O

Lemma 4.3.3. For (, € 93P", v € C(OPT;R)

lim S37(2) = (o), (4.48)

Z—)CO

where the Schwarz operator for PT is given in (4.44) for k = 3.

Proof. For (o = —1(1 —iv/3)(o — 3 + /3 the relations

(+27 = 2 (1 +VAG +27 (€ +2° = G +2)°

are being used. We consider the third representation formula (4.43) and take its real part

opP+

21
m+ne27

Presenting again this boundary integral as Re Ssy(z) = b + by + b4 + blj, we compute it on the different
parts of OPT.

We consider at first the boundary part 8; P, where

(C — Wmn + 2)2dz = (C — Wy + 2)2dC

if b= —mdn=d ] = _3moncd then g = — KA = _3hold Ly 4 €27, k41 € 2Z. Also
1 1
(z+2)?° = (51— iV3)(Z+2)]° = (-5~ iV3)Z —1+iV3]3 = (5 +2)% (4.49)
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Then

"o 1 3(( — Wmn + 2)2 3(< — Wmn T+ 2)2
" /W(C)[(C—wmn+2)3—(z+2)3(c—wmn+2)3—8 a6
o, P+
> [t - 2 g -
m+ne22Z (C — Wmn + 2) - (Z + 2) (< — Wmn + 2) -8
I IR I e e Ll o e ]
o, P+ man

w z 3 (% 3
1 ’Y(C) Z ([( S(C mn+2) ( +2) ( +2)]

QWialp+ m4ne22Z C — Wmn + 2) (Z + 2)3][(4 — Wmn + 2)3 - (21 + 2>3}> C

and taking z — (g and Z; — (o, (o € 93PT, the sum tends to 0.
Similarly on G P

(( = Wm,—nt2 + 2)%dC = (¢ — wmn + 2)%dC,

3(C — Wmn + 2)2 . 3(< — Wmn + 2)2

"o L
o= 2mi / 7(O{ 222 (C—wWmn +23—(2+2)3  ((—wmn+2)3-38 dc
9, P+ man
Z S(C — Wm,—n+2 + 2)2 _ B(C — Wm,—n+t2 T 2)2 df
m+n€27 (C — Wm,—n+2 + 2)3 - (Z + 2)3 (C — Wm,—n+2 T 2)3 -8 ’

Using (4.49) and letting z — (y € 93P T

3(¢ — wmn +2)%[(z +2)% — (21 +2)?] %
(€ = wimn +2)% = (2 +2)3][(( — wmn +2)3 — (21 +2)?]

1
1/ -
tm = tw o a0 Y

9, P+ m+ne2Z

the integral tends to 0 for ¢ € 9. P .
Consider next the boundary part 93 PF, where ( = —%(1 —iv/3)¢ — 3 +iv/3. Here

(€ — Wi + 2)%d¢ = [—%(1 +iV3)¢ — 3 — V3 — (3m — iV3n) + 2]2dC = (¢ — wy + 2)%dC,

Whereifk:—%,l:w,thenm:—%,n:3k+l m-+n €27, k+1€2Z. So

w1 3(¢ — wmn +2)* 3(C — wmn + 2)2
4 =g [0 B et e
93 P+ m+ne2Z

_ 3(C — Winn +2)? 3wt ] -
Z [(C_wm7z+2)3—(2+2)3 (C_w7an+2)3_8‘|dC}.

m+ne2Z

dg

To take care of the potential singularity, the term of the integral for the case m = n = 0 is to be studied
separately.

Form=n=0

1 3(¢+ 2)2 3¢+ 2)2
omi / () C+28— (24273 (C+2°—(z+2°

93P+

1 3C+2°[(=+2° - (& +2)°%),. 1

¢ =

where

[(z42)* + (2 +2) (51 +2) + (31 +2)]
[(C+2)2+(C+2)(z+2)+ (2 +2)22°

5(G.2) =3(C+2)?
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When z — ¢y € 3P also 21 — (o and then for ¢ = (g

C(G+2t -2 4iV3) (o +2)? 1

p(CosCo) = ZILHCIO p¢,2) = Co+ 2t Gty = —5(1 +iV3).
Then
. [ 1 5 1 . o
dim (o= [ (0250 ﬂ\/g:))é_jl?d%] _
Y
. 1 1 ) § 3
zli)ngo i ’Y(C)(*E(l - zx/g))Zp(C’z)é_deSC] —
Y =
: _\/§+ ' 1 ' § oy
i [ [ 505 B =S| -

L 83P+
5 (L= VB, I (G) = 1(Go).

This is also valid at the corner points —2, —1 + /3 if y(—2) = v(—1 +iv/3) = 0.
For the other terms of b}

. 1 3(C — wmn +2)°[(z +2)° — (21 +2)°] _
31350{2” [ %, ([(c G £ 2P~ (2 4 DI~ + 2P~ T 2>3l>dg} -
95 P 7n2+n2;£6

Finally, for ¢ = ¢ on 9,P*

(< — Wm,—n Tt 2)2dz = (C — Wmn T 2)2d<7

3(¢ — wmn +2)? 3(¢ — wmn +2)?

(C_wmn+2)3_(z+2)3 (C_wmn+2)3_8

dc}.
Then, similarly as before

lim - / A ( Mgt Y (et D it D] pgn 2)3]>dc = 0.

dg

m+ne€27Z

/! ]‘
by = i ’Y(C){ Z
84 P+

(C—wm-—n+23-(2+2)2% ((—wm-n+2)3-8

S(C — Wm,—n T 2)2 3(< — Wm,—n + 2)2
Sy [

m+n€2Z

o | 0 2 \ [T+ 27— G+ 2K e+ 27—

Therefore, the equality (4.48) for {, € 93P and representation formula (4.43) hold. O

Lemma 4.3.4. For {, € 0,PT, v € C(OPT;R)

lim Sxy(2) = 7(Co), (4.50)

Z—><0

where the Schwarz operator for PT is given in (4.44) for any k =1,2,3.

Proof. For z tending to (o € 94PF, (o = (o + 2i\/3 any of the representation formulas for the function
w(z) can be considered.
Let us take, for example, the form of (4.30) and consider the real part of the boundary integral

_ 1 3(¢ — wmn — 2)* 3(¢ = Wynn — 2)2
ReSi1y(2) = i ’Y(C){ Z l(C—wmn—Q)?’—(Z—?)?’ - (C = wWmn —2)3+8
ap+ m+n€2Z

dg}.

dg

3(( - wm,n - 2)2 3(< - wm,n - 2)2

bt [ (€= wmn—23—(Z-2)% ((—wmn—2)3+8
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Decompose as before into the sum Re Sqy(z) = b + b5’ + by" + b}f’.
On the first boundary part &, P+ with ¢ = —1(1 +14v/3)( + 3 + iv/3 the following relations are valid.

(C — Wmn — 2)2612 = (C — Wkl — 2)2d§7

where isz—m;r",l: —Bm{”, thenmz—%7 n= —%, m+n €27, k+1 € 27.

Also here (2 —2)3 = (2 — 2)% = (24 — 2)3, 24 € 4,PT. Then 24 = % and

"o 1 3(C7wmn*2)2 3(<*wmn*2)2 _
W 7<<>< 2 [(c—wmn—2>3—<z—2>3<<—wmn—2>3—<z4—2>3Dd4‘
(911)+

m+ne2Z
1 3(¢ — wmn —2)?[(z — 2)3 — (21 — 2)7]
i ) 1O méml[(c R P (e ey v 2)311 “
o1 P+
letting z — (o € 4P, 24 — (o, then
Jim b’ = 0.

For ¢ € 8,Pt, where ¢ = ¢ +2iV/3

(m)%f = (C — Wmn — 2)2d<’

then
"o 1 3(C — Wmn — 2)2 S(C — Wmn — 2)2
RS ’Y(O{nw;azl(g T 2P (2P (w29 48|
3(C — Wm,2—n — 2)2 3(< —Wm,2—n — 2)2 =
_ , _ , d¢ =
m§22 [(C - wm,27n - 2)3 - (Z - 2)3 (C - wm,27n - 2)3 + 8 C
1 3(¢ — wmn — 2)?[(z — 2)3 — (24 — 2)?]
omi ) T m;n:e%[[(g = omn =2 — (2 — 2[(C — = 2)° — (21 — 2)3]] d

and letting z and z4 simultaneously tend to (o € 4P, lim,_,¢, by =

On the third boundary part 93P for ¢ = —3(1 —iV3){ — 3 +1iV3
— 1
(€ —wmn —2) = —5(1 + zx/§)(g‘ T W_monid Smintd — 2),

where if k = —m’2”+4, l= —3m+2"+4, then m = —k*y‘l, n= 3’”2”4, m+n €27, k+1 € 2Z and

(C — Wmn — 2)2dz = (C — Wkl — 2)2d§

Thus
1 3(¢ — wmn —2)? 3(¢ — Winn —2)?
by = — - - - d
3 2m'aSP+ V(O{M;Ml(c —Wmn —2)2 = (2—2)%  ((—wmn —2)>+8 ¢
B(C — Wm,2—n — 2)2 3(C — Wm,2—n — 2)2 =
) _ > dé =
m_glégz |f< — Wm2-n — 2)3 - (Z - 2)3 (C —Wm2-n — 2)3 +8 C
1 3(¢ — Wi — 2)%[(2 — 2)° — (21 — 2)°]
i | 1O 2 l[@ o — 2 — (2~ DP[(C — o — 2 — (= 2)3}]“
83 P+ m+ne2Z
letting again z — (g € O4PT, 24 — (o, one gets
Jim b7 = 0.
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Finally, for the boundary part 4P, ¢ = (, the integral b}’ is studied. Since

(C — Wm,—n — Q)de = (C — Wmn — 2)2d47

then
oo 1 3(C — Wmn — 2)2 3(< — Wmn — 2)2
by = Gy / ”Y(C){ Z [(C_wmn_2)3_(z_2)3 - (€ —wmm — 27 1 8 d¢
4 P+ m+n€27Z
. 3 omn=2? 3 wma=2 ]\
R [(cwm,-n?w "G G2 8] } -
1 3(§ — Wmn — 2)2 3(< — Wmn — 2)2
o r - dC.
27m'64p+ 7(©) mg:ezz l(c — W — 23— (2—2)3 (C—wWmn —2)3—(Z— 2)3] ¢
For the case m =n =20
1 3(¢—2)? 3(¢—2)? _
% V(C)[(C_2>3_(Z_2)3 (H)S—(Z—2)3]dc
o4 P+

1 3C- 20z =2 - G- 2],
3 “’[ C-2°— (- 2PF ]dc‘

04 P+

1 3¢—2%(z-2)(z—22+(2-2)(z-2)+ (- 2)%
271'1'6 /. (<)< |<—Z‘2|(C—2)2+(C—2)(2—2)+(Z—2)2|2 )dC

Denote

(z=22+(2-2)(z—2)+(z—2)?

PR =3I G+ 2

then letting z — (g € 04PF, 7 — (o

_ T _ (G —2)*
P(C07C0) - ZILHCIU p(C,Z) - |<0 - 2|4 =1
Therefore
1 -z 1 -z
Jim [Qm | i, D] = Jim | JRGLE z)f_jgdsg] = (G0, )(6o) = 7(¢o)-
04 Pt 04 Pt

This holds as well for (o = £2 if y(£2) = 0. Also for the other terms of b}’

. L 3(¢ — wmn — 2)*[(z — 2)3 -(z- 2)3] _
I o | 7“){ 2 (TP - o= 2 wmn — D~ 2] }dC -

arr R
Thus, the boundary condition (4.50) holds for (y € 9,P* O

Theorem 4.3.1. The Schwarz problem

wg=fin P, fe LP(PJF;(C)7 p>2,

(4.51)
Rew = ondP*, 5 € C(OP*;C), 7(¢) = 0 for¢ € {+2, 41+ iv/3},
1 V3 1 V3
01 P+ 9 Pt (4.52)
1 3
-— Imw(g)M’dSC =cforceR
o3P+
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18 uniquely solvable in the space of functions with generalized derivatives with respect to Z by

_ b k ok 1 26 -3
wE = g [ N0 B A€ GOl 3 Z 1) gg g 3%
1 ¢ 1 2% 43 1 1 .
t— V(C)mdsc - / V(C)md% t / W(C)gd% +ic(4.53)
O Pt O3 P+ 4 P+

_i/{wf(o< Z [qyﬁn(c,z)—q’ﬂfm<go)]+z>

m—+ne227Z

_wC()< Z [an(Z7 Z) - qmn(z, 0)} + 2) }dfdn

m+n€2Z

fork=1,23.

Proof. By Theorem 4.2.1, if the solution of the Schwarz problem exists, it must be of the form (4.53).
For verifying the differential equation in (4.51) for (4.53) we observe that the boundary integral is an
analytic function. Let us study each of the representation forms of w(z).

Consider first the representation formula (4.30) and denote

i) = | {f@)( > [q;n<<,z>—q;n<<,o>1+§)

m+ne22Z
Pt e (4.54)

—f(C)< D> amn(C2) = 43 (C,0)] + 2) }dﬁdn, z€ Pt

m-+ne227Z
The first sum can be written as

3((: - 2)2 3(( - 2)2 + Z [ 3(C — Wmn — 2)2 3(C — Wmn — 2)2

C-2B3—-(2-23 ((—2°+8 C—wmn—23— (=2  ((—wmn —2)3+8]

m—+ne€2Z,

m2?+n?>0
Moreover,
3(¢ - 2)2 _ 3(¢—2)7 _
(€=2P—(2-2)3 ((=2(-22+((—2)(2—2)+ (2 —2)?]
1 N 3(¢ —2)? 1 B
(=2 \(=2C-22+((-2)z-2)+(-2? (—2)
L 20-22-(C-2)(x—2)—(—2*
(-2 ((=2)(C=22+((-2)(x—2)+ (2 —2)?
L, (=22 +2-0) _
(—z ((=2)(C—22+((-2)(x—2)+ (2 —2)7
1 n 2(¢—-3)+=
(—2z ((=2P2+((—-2)(2—2)+(x—2)?
Then
- _ 1 1 2(¢-3)+=
hre = wPZ{f“)(c—z*(<—2)2+<<—2><z—2>+<z—2>2
3(¢—2)2 3(¢ — Wi — 2)? 3(¢ — Wi — 2)? 1
(C_2)3+8+m+n2622’[(C_wmn_2)3_<z_2)3(C_wmn_2)3+8 +C>
m2+n2>0
e 3(¢ — wmn — 2)? B 3(¢ — wmn — 2)? 1
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and this function is analytic in P™ up to the Pompeiu operator with respect to z. Thus
OAT1f(2)] = f(2), z € P*

provides the solution in a weak sense for the differential equation in (4.51).
For the boundary behavior of the area integral we take the real part of T f (2)

ReTif(z) = _21% {f(C) (mém [ — ifn‘_‘”;”)g = (2)_ ot g’ggmt"f 2‘)ff |+ 2)
+f(<)<+2 (M - <2) 2 (%f)j s: * 2)
e —

1 (m; :<< e Ry 8: ’ 2) }dgd”'

By calculations in Lemma 4.3.1, substituting the relation (z — 2)® = (z; — 2)3 and similarly taking the
limit when z — (o, shows that the integral becomes 0.

Similarly we study the representation formula (4.34) and denote

i) = | {f(()( > [qzm<<,z>—qzm<<7o>}+é>

m+ne227
Pt e (4.55)

m—+ne€27Z
Then, rewriting the first term of the sum in the same manner,

3(C+1-1iV3) _
CH+1-iV3pP —(z+1—-iV3)3
1 N 2(¢+1—iv3)?2 = (C+1—iV3)(z+1—iv3) — (2 +1—iV3)?
C—z (C=2)[(C+1=iV3)2+ (C+1—iV3)(z+1—iV3) + (z+1—1iV3)?
1 N (€ —2)[2¢ +3 — 3iV3 + 2]
(=2 (C—2)[(C+1—iV3)2+(C+1—iV3)(z+1—iV3)+ (2 +1—iV3)?

then

. 1 1 3(C+1-iv3)?
Taf(z) = ﬂ/{f@<c—z (C+1—iV3)3+8

p+

20 +3—-3iV3+ 2
(CH+1=iV3)2+ (C+1—iV3) (2 +1—iV3) + (z + 1 —iV3)?
S [ 3(C — Win + 1 — i/3)? 3(C — Wi + 1 — i/3)?

(( = Wmn +1=iV3)3 — (2 +1—iV3)3 (¢ —wmn+1—iV3)3 +38

!
¢

m~+n€2Z,
'rn2+n2>0
O 3(<_wmn+1 _7;\/3)2
—f(¢
( )<m+§:e2z (€ — Wmn +1—iV3)3 — (2 +1—iV/3)3

_ 3(C_Wmn+1_1\/3)2
(€ — wWmn +1—14V3)3 +8

1
+ = dédn.
C)}fn
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which is an analytic function of z € P up to the Pompeiu operator and d[Tf(z)] = f(z) is a weak
solution of the differential equation in (4.51). We take the real part of T5f(z) to check the boundary
behavior

ReTaf() = -5 {f(C)( ) [qan<<,z>—q;n<<,o>}+§)

m+ne€2Z

+f(C)< > [q%n(C,Z)—q?nn(QO)Hz.)—f(C)( > [qfnn(C,Z)—qin(C,O)]sz)

m+ne227Z m—+n€227Z

—f(C)( D 82 (S2) — 62 (G 0)] + é) }dfdn-

m+n€2Z

Calculating in the same way as in Lemma 4.3.2 shows that lim, ¢, Tof () tends to 0.

Finally, for the representation form (4.43) we take

i) =+ | {f(()( S (a8 2) — (G0 + 2)
P+ m+n€2Z
(4.56)
—f(<)< D [5G 2) = g5 (C0)] + 1) }dﬁdn, ze Pt
m4+ne2Z C
After similar calculations one gets
3¢+2)? 1 2C+2)? — ((+2)(2+2) — (2 +2)°
C+2°P=(z+23 ¢—-2 ((=2C+2?+(C+2)(z+2)+(z+2)?2]
1 n (¢ —2)[2¢ + = + 6]
(—z (=29 +2?+([(+2)(z+2)+(2+2)%
and
- _ 1 1 2(+2+6
Bl = wP[{f“)(c—z*(<+2)2+<<+2><z+2>+<z+2>2
3(¢+2)? 3(C — W + 2)? 3(C — Wy + 2)? 1
7(C+2)3 -8 " m+nZEQZ, [(C_wmn+2)3 - <Z+2)3 - (C_wmn+2)3 _8‘| +C>
m*+n®>0
- 3(C — Winn + 2)? _3(C — wmn +2)? 1
TO 3 [ - e 1) e

This function is also analytic with respect to z € PT up to the Pompeiu operator and provides a weak
solution to wy = f in (4.51) because dz[Tsf(z)] = f(z), z € P*. To study the boundary behavior of
Tsf(z) we take its real part

ReTyf(z) =5 {f<<>< > [qin<c,z>q2Ln<<,o>}+1>
P+

m+n€2Z <

+f(€)< > [(J?m(Cyz)—Q%n(QO)Hl)— (C)( > [Q%n(c,Z)—qf’nn(C,O)]Jrl)

m+ne€2Z C m+ne€2Z C

f<<>< S [63n(C2) — 3 (C.0)] + 2) }dfdn-

m+n€2Z

Using computations in Lemma 4.3.3 and formula (4.49), one gets

lim Tsf(z) = 0.

Z—)Cg
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Chapter 5

Harmonic Dirichlet Problem for the Poisson equation

In this Chapter, the harmonic Green function for the half hexagon P* is constructed and the Dirichlet
problem for the Poisson equation is solved explicitly.

5.1 Green representation formula

The method of reflections used to the Schwarz-Poisson representation formula in Chapter 4 can be also
applied in order to find the harmonic Green function. As it was mentioned before, all the reflection points
can be described either by those given in (4.4) or (4.5). Thus the meromorphic function mentioned in
section 4.1 can be presented by

o (C_E_Wmn)(c_zl_wmn)(c_g_wmn) o
Bi(z,() = m+1;[e2Z (C—2—wmn)([( =71 — Wmn)({ — 22 — Wimn) (5.1)
(C — Wmn — 2)3 — (3 — 2)3
mel_[ezz (¢ = wmn = 2)% = (2 = 2%
where 21 = —3(14+iV3)Z2+ 3 +iV3, 22 = —1(1+iV3)z + 3+ iV3, or by
(C —Z— Wmn)(c -z — wmn)(c — 2y — wmn)
B = — =
2(2,() mel_LQZ (C—2—wmn)(C— 721 — Wmn)(C — 22 — Winn) (5.2)

(C_Wmn+2)3_(z+2)3
O L e

m+n€27Z

where 2] = ,%(1 — i\/g)éf 34+iV3, % = f%(l — zx/g)z — 3+ iv/3. Here z is considered as a parameter
and ( is the variable.

Another representation will be needed. To deduce it the variable ¢ and the parameter z in By (z,()
are rotated by the angle %, i.e. they are multiplied by —%(1 +4+/3). This gives

Bi(—5 (1 +iVB)z, — 5 (1+iv3)) =

H (=21 +4iV3)¢ — wmn —2)* = (—3(1 —iV3)z — 2)3
m+n€2z (=31 +4iV3)¢ — Wi — 2)3 — (=3 (1+iv3)z — 2)3"
Here
_%(1 +iV3)( — Wi — 2 = —%(1 +iV3)[( ~ W _min smon +1—iV3),

—%(1 —iV3)z -2 = —%(1 —iV3)[Z+1+iV3],

—%(1 +iV3)z -2 = —%(1 +iV3)[z + 1 —iV3].
Since [—1(1+4V3)]> = [-3(1—iV3)]> =1 and

7m;n:k, Sm;n:l,m:#,n:f¥,m+n€2%k+ZGZZ
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B(—f(l—i-z\f) (1+z\f))

(5.3)
(C — Wmn + 1 - Z\/g)g - (E‘F 1 +Z\/§)3
H .\/*3 .f3:B3(Z7C)7
ez (C—wmn+1—iV3)3 —(24+1—-1iV3)
which becomes 1 on the boundary ds P, where z — ivV3=z+1iV3.
Lemma 5.1.1. The equality
B1(2,¢) = Ba(z,¢) = Bs(2,() (5.4)

holds for (2,¢) € PT x OP™.

Proof. The functions By (z,-) and Ba(z, -) have the same poles and zeros in C. Their quotient is an entire
bounded function, which becomes 1 at infinity. Bs(z,¢) in (5.3) is obtained from Bj(z, ().
Consider in detail the factors of the product By (—2% (1 +iv/3)z, —1(1 4 iv/3)¢). The numerator is

N = (**(1+Z\f)<+ (1—zf)z—wmn) X
(5 (1 VB + 5 (1 +iVB)(—5(1 = V)2 — o + 3+ 1V3) x

(~5 (VA + 51— VB (5 (1~ iVE)Z — o +3— V) =

2
1
(C -z — wim 3m—n—4)(§ + 7(1 + Z\/?:)E — Wm+71,—2’3m,—2n+2 -3 - 2\/3) X
(C-i— (1—7,\/>)Z—UJ m+n 2 3mon-2 n— 2 —3+Zf)
_m+tn _ 3m—n _ — _ k=t — _3k+l
If o=k, 5" =1, m+n¢€2Z, then m= -5 n= 5 k+1 € 2Z. Then

N=((-Z-w2)(C+ 5 1+Z\/E— —ivV3—w_p141)(C+ (171\[)2—3+Z\[ Wht1,0-1)-
For the denominator
D= (—%(1 +iv3)¢ + %(1 —iV3)z — W) X
(—%(1 +iV3)¢ + %(1 —i\/§)(—1(1 +iv3))z — 3 +iV3 — W) X
;(1“\/)(—7( +iv3))z = 3 — V3 — wn) =
(C—z—w,mTﬂﬁmTfn)(C-i-5(1+i\/§)z—3—i\/§—w7m7+n’3m727n+4)><

(—%(1 +iV3)C +

1
(C+ 51— iV3)z =3 +iV3 —W_min-2 sm_ni)
and similarly
D=((—-2z—wu)(+= (1+z\[)27 —iV3 — wkl+2)(C+ 1*2\/2*3””[ Wi+1,1+1)-

Therefore B3(z,() and Bi(z,() have the same zeros and poles. Their quotient is an entire function
tending to 1 at oo. In the same manner the equality Bs(z,() = Bs(z,() can be shown. Thus, (5.4) is
valid. O

The harmonic Green function for the half hexagon P¥ is

Gi(2,¢) =log |Bi(z, Q) = log |Ba(z,O)* = log | Bs(z, (). (5.5)

92



The Green function must satisfy the following conditions [6]
19.G1(2,¢) is harmonic in PT\{ z}
20.G1(z,¢) +log |¢ — 2|? is harmonic in ¢ € PT for any z € P*
3%.lim;_,pp+ G(2,¢) =0 for any 2 € P*
and the additional properties:
49.G1(2,() =G((, 2), zand ¢ in PT, 2z # ¢
59.G1(2,¢() > 0, z and ¢ in P*, z # C.

Lemma 5.1.2. The infinite product

— Wmn — 5 — zZ— 3

m+ne2Z (C — Wmn — 2)3 — (Z — 2)3

converges, where Wy, = 3m + i\/gn, m+n € 27Z.
Proof. By the definition of the product convergence, the sum:

(C-wma -2 -2\ ] _ (-2~ (-2
2 K<<—wmn—2>3—<z—2>3>‘1]‘ 2 l(c“—wmn—z)?)—(z—z)g

m-+n€22Z m-+ne22Z

has to be investigated. Consider the sum

1
2 oG (5.7)

m+ne2Z

where for wy,, = 3m + iv/3n, m?+n? > 0,

(¢ = wimn — 2)% = (2 = 2)3] > (¢ — wmn — 2)°| = [(z — 2)°| >
(Jwmnl = 1¢ =2 = |2 = 2> > (%|wmn\)3 —|z—223> (%|wmn‘)3 for m,n > 3,
wimn|? = |3m +iv/3n|? = (3m +iV3n)(3m — iv3n) = Im? + 3n2 > 3(m? + n?)
m? +n? > 2mn, m* +n* > %(|m| +n])?,

[wimn|® > (Im] + |n])?,

therefore

1

3 <
wmn|* = (jm] + |n])?

3
ol 2 /S0 + 1) > o + I

and by Lemma 1.5. ([39], p.268) the series >
(n,m)#(0,0)
(5.7) is convergent. N

m,r > 2 is convergent, therefore the sum

By the properties 1° — 3% the Green function G1(z,(¢) is uniquely defined. Obviously, G1(z,() is
harmonic in ¢ € PT\{z} as By(z,() is analytic in P* up to a single pole at z. Adding log|¢ — 2|? gives
a harmonic function of ¢ € PT.

Lemma 5.1.3. The function G1(z,¢) has vanishing boundary values on OPT, i.e.

li =0. .
Gcég}wGl(z,C) 0 (5.8)

Proof. By the symmetry property 4° it is sufficient to prove

lim Gi(z,¢) =0.

z—29€0Pt
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Consider the boundary behavior of Bi(z,(¢), B2(2,(), B3(z,¢) on the boundary parts of 9P*. On &, P™

(¢ — Wmn — 2)3 —(z— 2)3
(C — Wmn — 2)3 - (Z - 2)3

Bi(z¢) = ]]

m+ne27Z
2=z = —%(1+i\/§)z+3+i\/§,
so2= (14 VR)(E-2), (-2 = (1 - iVB)(E - 27,
(z -2 =(z-2)°
and Bj(z,¢) = 1 on this boundary. On 9y P™

0= 1I (€= wmn +1—-iV3)* — (Z+14iV3)°
L iear (€ Wi 1= iV3)3 = (2 41— iV/3)3

ond Pt [14iV3,—14iV3], 2 =2 =2+ 2iVz, 2 — iV3 =2 +iV3,

Bg(z

and B3(z,() = 1. On 93P

(g — Wmn + 2)3 - (Z+ 2)3
(¢ — Wmn + 2)3 - (Z+2)3

B2(Z’C) = H

m+n€2Z

1
z=z23=—(1—iV3)z —3+iV3,
5(

242= —%(1 —iV3)(z+2), (242)?%= —%(1 +iV3)(z +2)%,
(z42)% = (z+2)3,

then By(z,() =1 here.

On the boundary 8,P*, where z = Z it is obvious that each of By, By, B3 becomes 1 there. Thus,
G1(z,¢) = 0 on the all parts of the boundary. O

The symmetry property 4° of the Green function is a consequence from the properties 19 — 3°.

Theorem 5.1.1. [6] Any w € C?(PT;C) N C'(P+;C) can be represented as

1

we) =~ [ w©d, G dsc — 3 [ )Gz,

oP+ P+
where s¢ is the arc length parameter on 0P with respect to the variable ¢ and G(z,() = %Gﬁ(z,g) 1s the
harmonic Green function for Pt.

The Poisson kernel for the Green representation formula can be obtained as the outward normal
derivative of the Green function on the boundary.
For the right-hand side 8 P* consider for ¢ € 9P, z € PT,

2 — W — 2)% — (¢ — 2)3
11 ( )’ —((—2)

Gi(z,() = log (2 — Wmn —2)3 = (¢ —2)3

m+ne2Z
Differentiation gives

—9)2 _9)2

m+ne2Z (z—wmn —2)° = (C—2)* (2= wmn —2)> = ((-2)3

0:G1(z,0)= > { -2 - 3(C—2)° }

m+n€e27 (z=wmn —2)3 = ((=2)®  (z—wmn —2)3 - ((-2)

On the boundary 0; P* the outward normal derivative is 0, = (@ + D)0+ (B - %)BZ, so we have:
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) (2 — Winn — 2)% — (2 — Wnn — 2)3
9y G1(2,€) = =3(V3+14)(¢ - 2)? : (5.9)
<1 D D ) (g
taking into account that here ( —2 = —1(1+4v3)(( —2), (( —2)* = ((—2)%.
For the boundary part 04PF the outward normal derivative is Oy = —i(0¢ — &C), ¢ =, then

. 2 — wWmn — 2)% — (2 — wmn — 2)°
31/4(;'1(2,():61@72)2 Z ((z—wmn12)3(—(€“—2)32)

m+ne27Z

(5.10)

For the left-hand side &3 P consider

Gl(za C) = IOg

Differentiation gives

- 3(¢+2)” 3(C+2)°
%= 0= 2 {<z—wmn+2)3—<<+2>3 (= wmn +2) — ((+2) }

- 3(C +2)? B 3(C+2)?
32G1(27C)— Z {(Hw)s_(g+2)3 (z—wmn-l-Q C+2 }

m+n€27Z

On the boundary d3P* the outward normal derivative is 9, = (@ — 1)o: + (§ %)& also here
(=G=-31-iV3){—-3+iV3and ((+2)° = ({+2)° then

(2 — Winn +2)% — (2 — W + 2)3

— _ 2
8y G1(2,¢) = =3(V3 =) (¢ +2) m;@z Ry a1k (5.11)
For the upper boundary part 9, PT we take
(2 = Winn + 1 —iV3)3 — (C+ 1+ iV/3)3
=1 .
C) e m—&-l;léQZ (Z — W +1— Z\/E)S - (C +1- \/§)3 (5 12)
Then
3(¢C+1—1iv3)°
ocG =
¢ 1(«37() m_mzezz{(z—wmn—kl—i\/§)3—(§+l—i\/§)3
B 3(C+1—iv3)? }
(2 = Win + 1= iV/3)3 = ((+1—iV3)3
3(C+1+iVv3)?
0:G1(z,() = -
‘ 1(2 ) m—&%QZ{(z_wmn"_l_l\/g)B_(<+1+Z\/§)3
B 3(C+1+iVv3)?
(2 — Wimn +1—iV3)3 = (C+14iv3)3 [
The outward normal derivative is d,, = i(9¢ — 9z) and ¢ — iv3 = +1iv/3 on 0, PT, then
0, G1(2.¢) = —6i(C +1-iV3)? 3 (2 = W + 1= 1VB3)° — (2 = Wn + 1= iV3)* (5.13)

it Nz =+ 1= V3P = ((+1 - V)P
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5.2 Harmonic Dirichlet problem

The representation formula in Theorem 5.1.1 provides the solution for the related Dirichlet problem.
At first the boundary behavior of the boundary integral

1
o) =3 [ 1006l Odsc, z € PF (514)
oP+
is to be studied.

Lemma 5.2.1. For v € C(OP1;R) the function presented in (5.14) satisfies the relation
lim ¢(z) = (), (5.15)
z2—Co
where o is a fived point on OPT\{£2,+1 + i\/3}.
Proof. 1. Let (o be defined on d; Pt where (o = —3(1 + iv3)Co + 3 + iv/3 and the relations
1 . —
(G0—2)%=—5(1=iV3) (G 2% (L2 = (-2
hold.
l.a. On 9, Pt with ¢ = = —3(1+iv3)(+3+14V3, (( —2)* = ((—2)3.
Here when m=n=0 the term in (5.9) becomes

e g 2= 0P (=28
M3+ -2 1 P

(=22 -zZ-2°3==-2)[(z-22+|z-2>+ (2-2)%
(z=2° = (=2’ =(2-Qlz -2+ (-2 -2 + (¢ - 2)%.
Because z; = —1(1+4v3)Z + 3+ iV/3, then (21 —2)* = (—1(1+4iV3)(z — 2))?,
(21 —2)% = (Z - 2)%, hence (z —2) — (2 —2)3 = (2 — 2)3 — (21 — 2)3
—3(V3+i)(¢ —2)%(2 — 20)[(2 = 2)* + (2 = 2)(21 = 2) + (21 — 2)*]
[z =Olz=22+(z=2)(C(=2) +((—2)%]]

eon [(C-2PU— 2+ (- 2o~ 2) (2~ 2P
‘3(*/3“)|z—<|2{ G-27+ -2 -2+ (2P }

Taking z — (p and ( = (p in

BB DA -2 H =D -2+ (1 =27 ~(VBHDG-2 e
{ =27 +G-2( -2+ (2P } Qoo ~ (V3T a2

lim
z—Co

For the other terms of the sum:

(2 = wimn — 2)* = [-5(1 = iV3)(z — wmn — 2)]> = (21 — o — 2)°,

_1
2
which follows from

1 1
—51- iV3)z + 51— iV3)(3m +iV3n) + 1 - V3 = (7 —w_min smn —2),

where if — ™ =, 3mon — |y 4 € 27, then m = — 5L n = —3EH 4] €27
Therefore
> (owmn =2 eerer
m+n€2Z, ‘(Z — Wmn = 2)3 - (C - 2)3‘2 m+n€2Z, |(Zl — Wmn — 2)3 - (C - 2)3|2
m24n2>0 m24n?>0
Gom =2 _ (5 g =)
i (1= =27 = €= 2P | o (o = wmn — 27— (C— 2P
m24+n?>0 m2+n?>0
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That is why

3 iV —
0 le.0) = D22 o) (5.10
for z — (o on Oy P+.

1.b. On Pt (=( = Z—i— 2i4/3 and ¢— i3 = Z—&— iv/3. For m=n=0 in (5.13) the term becomes

o (z+1—iV3)3 — (2 4+1—1iV3)3
(2 +1—iV/3)2 = (C+1—iV3)3)2

—6i(C +1—iV3)

This term is not singular because

(z4+1—iV3)P —(z+1—iV3) =

(2 —iV3) — Z+iV3)[(z + 1 —iV3)* + [z + 1 — V3> + (2 + 1 —iV3)?],
(z4+1—iV3)3 = (C+1-iV3)3 = (2 = O[(z + 1 —iV3)?

T+ 1—iV3)(CH+1—iV3) + (C+1—iV3)2 #0, 2 £ C.

All terms of the sum can be rewritten as

(z—wmn+1—i\/§)3 = [ (l—i\/g)(z—w,,m—kl—i\/?;)]s,

1
2
1

—5(1 — Z\/g)(z — Wmn + 1 — Z\@) = Z — W_ 7n+;72,3m,72n72 + 1 + Z\/g7

where if —m+2"_2 =k, 3m_2"_2 =1, m+n € 27 then m = —k_é_z, n= —W, k+1e?2Z.
Then (2 — wyn + 1 —iV3)3 = (7T — wp + 1 +iv/3)3.
Thus
3 (2 — W + 1 —iV/3)3 T (21 — Wimnn + 1 —iv/3)3 2.

(2 — wmn + 1 —iV/3)3 — (C+1—iv/3)3)2 (2 — wmn + 1 —iv/3) — (C+1—iV3)

m—+ne227Z m—+ne227Z

Letting z — (o, 21 — (o € 91 PT the sum (5.13) tends to 0.

l.c. On 93PF, where ¢ = (3 = —3(1 —iv3){ —3+14V3, ((+2)% = ((+2)°
For m=n=0 in (5.11) the term

(#+2)° - (z+2)°

VS (P

is not singular for ¢ € 3P, 2 — (o € L P, (s # —2 because

(z+2° - (Z+2)P=(z-2)[(z+2)* +]z+ 2 + (+2)],
(242° = (C+2)P=(=-Qz+2°+(z+2)((+2)+ (C+2)?] #0, 2 #(.

The terms of the sum are

(2~ o+ 2)° =[5 (1 = VE)(z — o + DI = (57— i +2)%,

because
1 1
—50- iV3)z + (1= iV3)(3m +iV3n) = 1+iV3 =2 —w_min-s smon-s +2,
where if k = —mA2=t | = 3mond Ly 4 g € 27 then m = —E==2 = 3R ] € 27,
Therefore
Z (Z — Wmn +2)3 . Z (2’1 — Wmn +2)3 .
iy | = wmn 27 = (C+ 2 e (21— winn +2)7 = (C+2)3

Z (Zl — Wmn + 2)3
2 o wn £ 25— (2P
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and if z — (g € 01 P then

(CO — Wmn + 2)3 (CO — Wmn + 2)3
2 (G 2 (G

0 — W +2)3 — (C+2)32 0 — Wmn + 2)3 — (C + 2)3]2

m—+n€2Z m—+n€22Z

and the sum(5.11) tends to 0 when z — (o for ¢ € 93 PF.
1.d. On 9,P7, ¢ = (. For m=n=0 in (5.10) the term of the sum becomes
(z-2°-(z-2)°
(2 = 2)% = (¢ —2)%)

and it is not singular if z tends to (y € &1 PT, (o # 2. The terms of the sum (5.10) can be rewritten as

6i(¢ - 2)*

!

2(1 - z\/g)(z — Wmn — 2)}3a

(Z_wmn_2)3:[

1
—5(1 —iV3) (2 — wn — 2) = 71 — wi — 2,

Whereifk:—%ﬂ,l:W,thenm:—b,n:—%,m+n€22,k+l€2Z. Then

(2 = Wimn — 2)% = (¢ — 2)32 B

[(21 — Wmn — 2)3 — (¢ —2)3? B

Z— Wmn — 2)3 21 — Wmn — 2)3
3 ( ) 3 ( )

m+n€2Z, m4ne2z,
m24n?>0 m?4n2>0
(21 — Winn —2)° 3 (1 = omm = 2)?
m+ne2Z, (21 = winn — 2)% = (C = 2)? m+ne2Z, (21 — Wi — 2)* — (¢ = 2)3]?
m?4n?>0 m2+n2>0

Letting 2 — (o € 91 PT the sum tends to 0 for ¢ € 9, PT.

Therefore, as a result of item 1(a-d) one gets

. 1 . (V3 —1i) z— 2
1 - 0,.G1(z,Q)ds¢| = 1 - ———=ds¢| = 5.17
Jim [ yelll IRT(SLIREENS SC] Jm [ = [ Oi s | = @)
opt 8, P+
on the boundary 0; P, see section 4.1.
Similar calculations are implemented for the other parts of the boundary dP*.
2. Let (o be from 0> Pt, where ¢y = (o + 2iv/3, Co — V3 = (o + V3.
2.a. On O1P (=G = —3(1+iV3){+3+iv3, ((—2)° = ({—2)°
For m=n=0 the term in (5.9) is
(-2 = (z- 2
[(z=2)* = (C—2)%)
and it is not singular for ¢ € 01 Pt if z — (o € 0. Pt, (o # 1 + iV/3 there. For all the terms of the sum
observe

—3(V3+1i)(¢ —2)?

(2 — Winn — 2)% = (72 — Wmn—2 — 23 m+ne2Z

so that
(zmwmn =2 CRr)
b |G = wmn =22 = (=2 L= (20— wmn — 2)* = (C= 23
(22— Wom — 2)°
,,;n:m (22 — Wimn — 2)3 — (€ — 2)3]2’

and if z — (y € &2 P then

(CO — Wmn — 2)3 o (CO — Wmn — 2)3
Z [(Co — wimn —2)3 — (¢ —2)3? B Z (Co — wimn — 2)3 — (€ —2)3

mtne2z 1>0 mtne2z >0
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and the sum(5.11) tends to 0 when z — (o for ¢ € 9, PT, (o # 1 +iV/3.
2.b. On 9, P, ( =(+2iV3, ¢ —ivV3=C_+1iV3.
For m=n=0 the term in (5.13) is
(z+1—iv3)3 — (2 4+1—1iV3)3
(2 +1—iv3)3 = (C+1—iV3)3[?

—6i(C + 1 —iV3)? (5.18)

and
(z+1—iV3)3— (z+1—iV3)3 =
[(z—iV3) — Z+iV3)|[(z +1—iV3)2 + |z + 1 —iV3]® + (2 + 1 — iV3)?],
(z4+1—-iV3)? = ((+1—iV3)? = (z —iV3—C+iV3)[(z + 1 —iV3)?
+(z4+1-iV3)(C+1—iV3) + (C+1—iV3)2 #0, 2 #C.
On this boundary z = 20 = Z + 2iv3and z—ivV3=z+iV3or 2 —ivV3=2+ i\/g, therefore
(z+1—iV3)3 — (2 +1—iV3)3 = (2 +1—iV3)3 — (22 + 1 —iV3)>
Substituting into (5.18) and consider for z — (o € P, (o # 1 +iV3, (= (o
e J 20 HT - iV3)2[(z+1—iv3)2+ (2 + 1 —iV3) (22 + 1 —iv3) + (22 + 1 — iv/3)?]
(z4+1-3v3)2+ (2 +1—iV3)(C+1—4v3) + (¢ + 1 —iV3)2)2
(Co+1—iv3)*
[C+1—iV3[

Since the other terms of the sum (5.13) can be rewritten as (2 — Wy +1—iv3) = (Z3 — Winn +1+iV3),
then

z—Co

—2i = —2i,(o # —1+1V3.

Z (2 — Winn + 1 —iV/3)3 B Z (22 — Wmn +1+1iv/3)3 B
m+ne2z, (2 = Wi + 1= iV/3)3 — ((+1 = V3)|2 mine2z, |(z2 — W + 14+1V3)3 — (C+ 14 iv/3)3)2
m2+n2>0 m2+n2>0

(22 — Wi + 1+ 2\/5)3
(22 — Wimnn + 1 —iV3)3 — (C+ 1 —iv/3)32

m+né€22Z,
m2+n2>0

Letting 2 — (o € O3 P and since z9 — (g, the sum tends to 0. Then
8,.G1(2,¢) = —22’%(1 +o(1)) (5.19)
P
on 82P+.
2.c. On 03PF, (= =—3(1—iV3)(—3+iv3 and ((+2)° = ((+2)°
and, as before, the term for m=n=0 in(5.11) is
(#+2)° - (z+2)°
(2 +2)3 = (¢ +2)3]?
and if z = (y € B PT it has no singularity for ¢ € 93PF, (o # —1+14v/3. Rewriting the terms of the sum
as (2 — Wmn +2)% = (Z3 — Wy + 2)%, where m +n € 2Z, n — 2 =1, m + 1 € 2Z, then

3(—V3+14)(¢+2)?

(2 — Wmn + 2)3 (29 — Wy + 2)3

(2 — wmn +2)3 = (C+2)32

|(22 = wmn +2)% = (C+ 232

m+ne€22Z m+ne22Z

Z (ZQ — Wmn —+ 2)3
o (2 — i 2 — (¢ + 2P

and if z — (y € O P, then

(CO — Wmn + 2)3 (CO — Wmn + 2)3
2 (G

0 — Wmn +2)3 — (C+ 232 [(Co — wrmn + 2)2 — (C + 2)° 2

m—+ne€2Z m—+ne€2Z
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and the sum( 5.11) tends to 0 when z — (o for ¢ € 3 P™.
2.d. On the boundary part 94 P, where ¢ = ¢, for m=n=0 in (5.10) the term of the sum becomes
(2 —2)3 - (z-2)3
(2 =2)> = (¢ —2)%)
and it is not singular since z — (o € Do PF. Also on 9, P 2 = 24 =% and (2 — 2)3 = (z — 2)®. The terms
of the sum (5.10) are rewritten as

6i(¢ - 2)*

(2 = Wmn — 2)% = [2 = 2iV3 — Wi — 24+ 2iV3]2 = (F2 — Wmn_2 — 2)°, m +n € 27

then
(2 = wmn = 2)° (22— W —2)°
erznézz (2 = wmn = 2)* = (= 2)%? - m+n€2zZ (22 — wimn —2)3 — (¢ —2)32 -
(22 — Wi — 2)°
nH;EZZ ‘(22 — Wmn — 2)3 - (C - 2)3|2’

ifz—>§0€82P+,zz—>C0€82P+

3 (Co — Wmn — 2)° - (Co — Wmn — 2)°
N () () I I AP (Cu) L ()
and the sum (5.10) tends to 0 for ¢ € 9,P+.

Therefore, taking the calculations of the item 2(a-d) into account, on the boundary 9, P* one gets
that

zZ — Z9

1 1
Hciié%zm [M / 7(4)8V<G1(z,4)dsg] :Hgyer&m [27” / ’Y(C)|Z_C|2ds¢] =7(¢o).  (5.20)

oP+t O Pt

3. Let (o be defined on 93PF, where (o = —1(1 —iv/3){y — 3 +iV/3 and
(G +2? =5+ iVB G+ 27, (G +2)° = G +2)"

3.a. On 0, PF, where ( = = —3(1 —iv3)( +3+1iV3, (( —2)* = ((—2)3.
For m=n=0 the term in (5.9) becomes
(-2 = (- 2)°
[(z=2)% = (C—2)%)

—3(V3+1i)(¢C —2)?
and

(:-2P°-(Z-2°=(=-2z-2°+]z -2+ (z-2)],
(=27 - (-2 ==z =2+ (z-2)(C-2) +(C-2)]] £0, 2 # .

For the terms of (5.9) we observe
1 _
(z = wmn —2)° = [-5(1+ iV3)(z = wmn = 2)° = (71 —wia — 2)°,
since

1 1 _
—50+ iV3)z + S+ iV/3)(3m +iV3n) +1+iV3 = (7 —w_monts _sminss —2),

if k= —m=ptd | — _3mintd 'y 4 p € 27 then m = —k+é+4,n = 3k_2l+4, k + 1 € 2Z. Therefore

‘(z_wmn_2)3_(c_2)3‘2 B 21_wmn_2)3_(c_2)3‘2 B
(Zvl — Wmn — 2)3
(21 = wmn = 2)* = (C = 2)**

> (2 — W — 2)° Er—

m+ne22Z m+ne22Z |(

m+ne2Z
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and letting z — (o € 93P for ¢ € O P+

(CO — Wmn — 2)3 _ (CO — Wmn — 2)3
2 |(Co = wmn —2)3 = (¢ = 2)3)2 2 (G0 = wmn —2)% = (€= 2)%?

mtne2z >0 mtne2z >0

then the sum (5.9) tends to 0 for ¢ € 9, PT.
3.b. On 0o PT ( = (o = (+2iV3, (+ivV3 = —iV3.

For m=n=0 in (5.13) the term becomes

(z+1—iv3)3 — (2 4+1—1iV3)3
(2 4+1-iV3)* = (C+1—iV3)P?

and it is again not singular for ¢ € 9, PT if z — (o € O3PF. All the terms of the sum are observed as

—6i(C + 1 —iV/3)?

(5.21)

(z —wmn +1— Z\/g)3 = (23 —wp,—1+1— i\/§)3,

because
f%(1+i\/§)(szmn+lfi\/§) =
f%(1+i\/§)z—3fi\/§+%(3(m—n)+i\/§(3m+n))+1+i\/§:
73— W_mon _smin +1+0V3,

ifk=-"5% 1= —37”%, m+n € 27 then m = —%, n = %, k +1 € 2Z. Then, taking a limit for

2z — (o € O3 PT gives

(G0 = Wmn + 1 = iV/3)° — Z (Co — wmn +1 —iV/3)?
(Co—wmn + 1= V3P = (C+ 1= V3PP | oty [(Co— wmn + 1= V3P — (C+ 1= iv/3)7 ]

m—+ne227Z

because z3 — (o € 93P and therefore, the sum (5.13) tends to 0 here.

3.c. On the boundary part d3PT with ¢ = {; = —%(1 —iV/3)C —34+14V3, ((+2)% = (C+2)3.
For m=n=0 in (5.11) the term becomes

, (2423 —(z+2)°

SV )

Because

(2422 - Z+2°3=E=-D[(z+22+ |2+ 2>+ (+2)%,
(z4+2° = ((+2P=(=-Olz+2)+(E+2)(C+2)+(+2)°] #0, 2 #¢
the term is

(z=2)(C+2?[(z+2)+ |2+ 27+ (z+2)
|2 = C12[(z +2)2 + (¢ +2)(C+2) + (¢ +2)?]’

4 = —%(1 —iV3)Z-3+iV3, a1 +2= —%(1 —iV3)(Z+2),
(71 +2)°%=(Z+2)% then (242 - (Z+2)°3=(2+2)>— (51 +2)2

3(—=V3 +1)

so that it becomes

2—21 (C+2)2[(2+2)2+ (2+2)(51 +2) + (51 +2)?

) T G P G+ D+ I+ C+ D7

Letting z — (g, 21 — (o, ¢ = (p for the fraction

lim 3(=V3+)(C+2)%(2 422+ (2 +2) (A +2)+ (A1 +2)4  (—V3+14)((o+2)*

z—+Co |(z+2)24+ (2 +2)(C+2)+ (¢ +2)22 = Co+ 22 = (V3 +1).
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For the other terms of (5.11)

L1 V) (2 — wmn + 20 = (& — o + 2)%,

- Wmn 23:*7
(7~ +2° = [

as

—%(1 +1iv3)z + %(1 +iV3)(3m +iV3n) — 1 —iV3 =

Z —W_m-n _3mi+n + 2,
PR 3

ifh=—m7n | =—3mn 4 ne2Z, thenm=k+1,n=>3"L k+1€2Zand

> (owmnt2? e
iy = wmn +23 = (C+2PR | 2 [(Z1 = wmn +2)2 = (C+2)°
m2+n2>0 77l2+n2>0

3 (F1 — Wmn + 2)?
mine2z, (21 — Wi +2)% — (C+2)312
m2+n?>0

Therefore

8,.G1(2,¢) = (—V/3 1) |j = <| (1+0(1))

for z = (y € O3 PT.
3.d. On 9,P* with ¢ = ( the term of the sum for m=n=0 in (5.10)becomes
(z-27° - (z-2)°
(2 = 2)3 = (€= 2)3)

and it has no singularity for ¢ € 9;P", z — (4P™. Similarly, as for the previous items, the terms of the

6i(¢ —2)?

sum (5.10) can be rewritten as

(2 = = 2)* = [=5 (1 +1VB) = o — 2P

1 1 1
—51+ iV3) (2 — Wiy — 2) = —5 1+ iV3)z + S+ iV3)(3m 4 iV3n) + 14+ iV3 =
= (21 —wu — 2),
where if k = —m=p44 | = _3mintd 4 € 27, then m = — By = 32l 4 | € 27, Therefore
Z (2 — Wn — 2)3 _ (21 — Wi — 2)3 B
2 w2 D 2 [ w2 (2P
(21 — Wmn — 2)3
maneZ (21 = Wmn — 2)3 — (¢ — 2)3]>’

if 2 — (o € 93 PT the sum (5.10) tends to 0 for ¢ € 9, PT.
Thus for case 3(a-d)

) . e
Hcherg . [—M / 7(()8V<G1(Z,C)d841 = chgé . [_(c:’) / V(C)Md&] = 7(¢0)(5.22)

oP+t O3 P+

on the boundary part d3 P

4. Let {y be from 9, P", where (o = {4 = .
4a. On Pt (=G =—-3(1- iv3)C 4+ 3 +iv3, (¢ —2)% = (¢ — 2)3. For m=n=0 the term in (5.9)
becomes

, , (2—2P— (-2
S

and it is not singular for ¢ € 9 PT if z — (o, 2 # 2. All the terms in (5.9) because of

(2 — Wmn —2) = (24 — Wm,—n — 2)
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become

Z (2 — Wmn — 2)3 B (24 — Wom — 2)2 B
e mom =D (=D 2 (G w2 = (2
Z (Z4 — Wmn — 2)3
2 (i —wmn = 2P — (= 2P

and if z — (y € O4 P, 24 — (o the sum

2 — Wn — 2)% — (2 — Wmm — 2)°
> ( )° = ( )

_ _ 3 _ _ 3|2
mane2l (2 — Wmn — 2) (¢ —2)3

tends to 0 for z € 0; PT.
4.b. On 9, P* ¢ = ¢ + 2iv/3. For m=n=0 in (5.13) the term

5 (2+1—iV3)3 — (2 4+1—iV3)3
(2 + 1= iV3) = (C+ 1~ V332

is not singular if z — ( for ¢ € 93 PT. Similarly, the terms of (5.13) can be rewritten as

—6i(¢+1—14V3)

(2 = Won +1—=iV3)3 = (7 — wyn + 1 —iV3)? = (24 — Wi, —n_2 + 1 —iV3)3,
m+ne2Z,—n—2=k m+kec22Z.

Then
i (2= Winn +1—iV3)?
lim ’ . _
o e (2 = Winn + 1 —iv/3)3 — (C 4+ 1 — iV/3)3)2
i (24 — Winn + 1 —iV/3)?
lim . ,
2o o | — Wi +1 = iV3)3 — (C+1—iv/3)3)2

and the sum (5.13) tends to 0 for ¢ € 9P if z — (.

4.c. On §;P*, where ( = (3 = —3(1 —iV3)( —3+iv3 and ((+2)* = ({(+2)%.
The term for m=n=0 in (5.11) becomes
s (2422 —(z2+2)3

—B(VBH D+ e

and it is not singular for ¢ € 93PT if z — (y. All the terms of the sum can be presented using
(z — Wi + 2)3 = (24 — Wm,—n + 2)3, m+n € 27,

then

(71— wmn +2)* = (C+2)3)2

(2 — Wmn + 2)3 (24 — Wom + 2)2
2 (=

— 3 _ 312
Wmn +2) (€ +2)3 mane2Z

Z (Z4 — Wmn + 2>3
_ 3 _ 32"
A2z (24 — Wmn +2) (C+2)3|
If 2 = (o € 04 P, 24 — (y, then the sum (5.11) tends to 0 for ¢ € 3P

4.d. On §4P* with ¢ = { for m=n=0 in (5.10) the term becomes

) (2= — (-2

== 2% —(C 2P (5.23)

6i(¢ —2)

where

(=27~ (z-2°=(-Dz-2° + ]z -2+ (z - 2)*],
(=27 = (€-2°=(-Ollz -2+ (= 2)(C - 2) + (¢~ 2)%].
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Here z = z4 = Z, then the term (5.23) is

o (z—21) (2 =22+ (2 — 2)(24 — 2) + (24 — 2)?

RGP r G2 D) + (- 2PP

and taking the limit in the second fraction for z — {4 € 94PT and since ¢ =

(Go—2)* _ 9

o Gile 92 T2+ (=) =2+ (2 -2 .
e Rl (P Rl P

The other terms of the sum (5.10) are rewritten because of
(2 — Wnn — 2)% = (2 — Wm,—n —2)%, m+nec2Z

as

(2 — Wnn — 2)3 B (24 — Wi — 2)2 B
D I = T D D e o i

m+n€e2z, mAne2Z,
m24+n?>0 m2+n2>0
(24 — Wimn — 2)° 5 ErEr—
mineoz, (74 —wmn —2)% = (C=2)3> 2=, |(24 — wWmn — 2)% — (¢ —2)3?
m?4+n?>0 m24n?>0

If 2 = o, 24 — (o € 04 P this sum (5.10) tends to 0 for ¢ € 9,PF. Thus on this boundary part

Z — Z4

Composing the results of item 4(a-d), we have
lim |- / (0. Gr(2,)dse | = Tim | =2 / (O s | =
2—(o€04 P am K e ¢ z—Co€0s Pt 4 7 |Z - C|2 ¢
1 z—Z
lim — —=ds; =
Jim o / 7(¢) Zope 7(o)
341'—"+

on the boundary 94 PT. Thus, the equality (5.15) for the function ¢(z) is valid. O

In the next lemma the boundary behavior of the function ¢(¢) in the corner points 2, +1 + iv/3 is
studied.

Lemma 5.2.2. Ifv € C(OP*;C), then

z—(o€OPt

lim {_417r / [v(¢) — 7((0)]8,,€G1(Z,C)ds<} =0, (o € {£2,£1 +iV3}, z € PT.

opPt

Proof. Consider first the presentation formula from Theorem 5.1.1 w(z) = 1:

1
1= i v G1(z,Q)dse,
op+
then for (z) from (5.14)
1
p(2) =7(2) = - [ D(©) = 7(2)]0v G1(2,C)ds¢ (5.26)
op+

holds.
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Let v(¢) — v(2) = 71(¢), then consider the integral on 9y P

"1 | OGO =~ (Bi) [ (€)= s =
o1 P+ nr
(3-9) 2-a
- [ o=

ol

where 8H1+ is the line through the points 2 and 1 + iv/3 in direction from 2 to 1 + iv/3 and

0, (e 8H1+\81P+,
r = 5.27
1(C) {71(<)7 C S 81] +- ( )

Similarly for 9,P*

1 1 — 1 S -z
1 [ 100G 0t = 5 [ O s = g [ PO s

2
9, P+ 04 Pt ¢9H;r

where Hj is the line through the points -2 and 2 and

+
MGE {0’ A (529)

71(4-)7 <684P+~

It is seen that I'y(¢), I'1(¢) are both continuous at ¢ = 2 and the integrals tend to 0 if z € Pt tends to
2. From the results of Lemma 5.2.1 the equalities

hm[—i / 71(()8VCG1(z7C)dSC] = O’

z—2
O P+
. 1
l;ﬂ%[_ﬂ / 71 (C)aIJCGl(zv C)dS(] = 07
O3 P+
follow. Thus,
. 1
- [ B0 = 1(2)0,G1 (. s =0

and, consequently,

i~ [ 900Gz Odsc =1 (2)

Consider now the corner point 1+ iv/3 and take the difference:

P =21+ 3VE) =~ [ 1O =21+ V)0, Gz O (529)

oP+

For 0; PT the integral with 72(¢) = v(¢) — v(1 +iv/3)

1 [ 200G Otse =~ (VB =) [ (O s =

7I
o0 P+ 0P+
V3 —i zZ—2
Y2y 0)2—2d
A Q(C)‘C—ZP 8¢y
om;

where
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+
T2(C) = {O’ ¢ € OHARPT, (5.30)

72(4-)7 C€61P+~

For 0, P, the line from 1 +iv/3 to —1 +4v/3

1
47

1 — 1 S
QG (2. Ose = g [ Q= Tdse = g [ Tal) TS

8y P+ 0y P+ oHS
where 8H2+ is the line through the points 1+ iv/3 and 1 —4+/3 in direction from 1+ 3v/3 to —1+4v/3 and

By = {o, ¢ € OHF \, P+,

(5.31)
VQ(C)a C S 82P+~

Similarly, T'2((), fg(() are continuous at ( = 1 + 4v/3 and the integrals tend to 0 when z approaches
1 +4/3. On the other parts of the boundary due to Lemma 5.2.1

. 1

95 P+
1
lim [—— 0,.G1(z,0)ds¢] =0,
lim o [ 000,61z O]
04 P+
and from (5.29)
lim ——/ Q)0 G1(z,¢)dsc = (1 +iV3)
z—1+iV3

oOP+
follows.

For the third corner point —1 + V3 we compute the difference

p(2) (-1 +iV3) = 47r Q) = A(=1+iV3)]0u G (2, dsc. (5-32)

oP+

Consider v3(¢) = v(¢) — v(—1 +iv/3) and the integrals on the boundaries 9, P+ and 93 PT and the part
of the line 8H3+ with the orientation from —1 + iv/3 to -2

1 1 Z— 22 1 Z— 29
_E '}/3(C)ay<G1(Z7C)d5§ = _% / (C) |C Z|2d ¢ = % / FS(C)WdSC,
92 b 82 P+ OHF
where
0, ¢ € OH \Oo P
I's(¢) = 5.33
"« {’73(0, ¢ € 0P+, (5:33)
And
1 V3 +i _
I Y3(¢)0v G1(z,()ds¢ = *% / 72(()%@ =
95 P 95 P+
(fﬂ‘F Z) / FA?,(C:) |§ : Z:|32 dSC,
oHF
where
. 0, ¢ € OH \9s Pt
I's(¢) = 5.34
) {73((), ¢ € 03P+, (5:34)
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It is seen that T'3(¢), I's(¢) are continuous at ¢ = —1+i+/3 and both integrals tend to 0 when z tends
to —1 4 4v/3 and by Lemma 5.2.1

1
hm _— ayG 2, dS :0,
2o—1+iv/3 4T 13(0)u G1(2, ()ds¢]
8, P+
1
hm _— ayG z, dS :O
zﬁfl+i\/§[ 47 / 73(C) 0 G1(z, Q)ds¢]
8, P+
Then, from (5.32)
1
hm —_— ayG Z, dS = _1+Z\/§
so—1+iV/3 AT +’Y(C) (G1(z,Q)dsc = ( )
oP

follows.

The next corner point —2 is an intersection point of 93P" and 9,P*. Consider the difference

1

o(2) —v(-2) = I [V(¢) = v(—2)]0, G1(z,¢)ds¢. (5.35)

oP+

Taking 74(¢) = v(¢) —v(~2)

1 _ (\/g +1i) z— 23 B
s 71(0)0u G1(z,{)ds¢ = T / ’Y4(C)md5< =
O3 P+ O3 P+
V3 +i z— 23
- / F4(O\C—7z|2d8<’
oHy
where
0, € OH\0sPT,
ry(¢) = { ¢ 3+\ ’ (5.36)
74(4)7 C S aSP .
On the boundary part 0, P
1 1 Z— 24 _ i - z2—7Z
“in / 14(0)0v G1(2, C)ds¢ = 5— / 74(C)mdsc =5 / F4(<)7|C P dsc,
94 P+ 04 Pt oHS
where
. 0, € OH, \O,P™,
r4(¢) = { ¢ € OHAD, (5.37)
74(4-)7 C S 84P+‘

The functions I'4(¢), f4(§) are continuous at ( = —2 and both integrals tend to 0 when z tends to -2.
On the other parts of the boundary, due to Lemma 5.2.1

lim [fﬁ / 74(C)Dy, G (2. C)dsc] = 0,

z——2
(’91}3+
) 1
M =o / 74()9rc G1(2, ()dlsc] = 0.
O Pt

Then, from (5.35) the equality

op+

follows. O
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Theorem 5.2.1. The Dirichlet problem
wyz = fin PY, w=r~ on dPT for f € L,(P*;C), 2 <p, v C(OPT;C) (5.38)

is uniquely solvable in the space WP(P+;C) N C(P+;C) by

1

47
oP+

w(z) =

W0 G (2, s — = [ FQ)G (2 e (539)
P+

Proof. We need to prove that (5.39) is a solution to the Poisson equation in problem (5.38). Similarly,
as it was done for the Schwarz problem (4.51), we use the property of the Pompeiu operator T'f(z) to
obtain a weak solution of the differential equation w,z = f.

Let us consider the Green function
2

p —1lo (C_wmn_2)3_(z_2)3
Gi(2,¢) =1 gm};[em C o 25 (- 2P (5.40)
and the derivative
B 3(z — 2)? B 3(z — 2)? _
8ZG1(Z7<) - mézz |f§ — Wnn — 2)3 _ (Z _ 2)3 (C B E— 2)3 o (z o 2)3]
3(2—2)2 B 3(z —2)2
€=2P-(2-2° ((-2P7-(2-2)
3(z — 2)? 3 3(z —2)?
"2 [C o T 2)3]'
m24n?>0
Consider the term
3(z—2)2 B 3(2—2)2 B
€=2P2—(2-2% (-2 -22+(-2)(z-2)+(2—2)?]
1 n 3(z —2)? 1 B
(=2 \(C=2[C-22+(-2)z-2)+ (-2 (—=2)
L 22— (-2(E-D)  _
(—z (=2 =22+{(-2)(z—-2)+ (2 —2)?]
1 N (z—¢)(2z2+¢—6) _
(-2 ((—2)[(C—22+((—2)(z—2)+ (2 —2)?
1 n 283—-2)—¢
(—z ((=2+(-2)(z—2)+ (2 —2)*
Denote the function
3¢, 2) = 23—2)—¢ B 3(z — 2)?
TS T 227 ((— -2+ (27 (2P (=2 (5.41)

3(z—2)2 B 3(z —2)2
N ((c e ) A (G s  p 2)3)
m2+n2>0

which is analytic with respect to z € PT, then
0.zu(z) = azz{—jr / f<<>Gl<z,<>dsdn} = aL{—jr [ 1© le + @(c,z>] dfdn} = f(2)
P+ P+

provides the solution to the differential equation in the problem (5.38) in a weak sense. The boundary
condition w = 7 on the boundary parts of 9PT holds because of the Lemmas (5.2.1) and (5.2.2). O
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Zusammenfassung

Diese Doktorarbeit ist der Untersuchung von einigen Grenzwertproblemen fiir komplexen partielle Dif-
ferenzgleichungen im Viertelkreis und im Halbsechseck gewidmet. Unter den Hauptwerkzeugen wird die
Methode der Reflexion verwendet, um die Schwarz-Poissonsche Darstellungsformel und die harmonische
Green Funktion fiir beide Gebiete zu erhalten. Fiir den Viertelkreis werden die entsprechenden Schwarz,
Dirichlet und Neumann Probleme fiir die Cauchy-Riemannsche Gleichung ausfiihrlich gelést. Von der har-
monischen Green Funktion fiir dieses Gebiet wird die Neumann Funktion, die bestimmte vorgeschriebene
Eigenschaften erfiillt, abgeleitet. Durch den Gebrauch der Green und Neumann Funktionen werden die
ensprechenden Dirichlet und Neumann Probleme fiir die Poissonsche Gleichung gelGst.

Analog, wird durch den Gebrauch der Reflexionpunkte die Schwarz-Poissonsche Darstellungsformel fiir
das Halbsechseck gefunden und die Losung des Schwarz Problems fiir die Cauchy-Riemannsche Gleichung
gestellt. Fir dieses Gebiet wird die harmonische Green Funktion erhaltet. Diese Funktion ermdoglicht,
das entsprechende harmonische Dirichlet Problem zu 16sen.

WEeil beide Gebiete nichtregelmafig sind, wird das Grenzverhalten in den Eckpunkten spezielle Aufmerk-
samkeit geschenkt.
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