
Chapter 4

Calculation of Protonation and Redox
Equilibria in Proteins

It is well-known thata proteincanexist in multiple conformationalstates(Frauenfelderet al.,
1988). Besidethesedifferent conformationalstates,the proteinscan also exist in different
protonationstates.If theproteinis redoxactive,alsodifferentredoxstatescanoccur. Thusto
identify a proteinstate,thespecificationof theproteinconformation,theprotonationstate,and
theredoxstateis required.

If a single titratablegroup hastwo possibleprotonationforms, the total numberof pro-
tonationstatesof a proteinwith N titratablegroupsis 2N. In general,however, eachtitratable
groupcanhavemultipletautomericformsandaproteincanhavemultipleconformationalstates.
Sometimesalsomultiple redoxstatesof prostheticgroupsmayoccur. A protein,which hasN
titratablegroupseachwith ni possibleprotonationforms(protonationandtautomericforms),K
redox-activegroupseachwith k j possibleredoxformsandL conformationalstates,possessesa
totalnumberof P states(eq4.1).

P � L
N

∏
i � 1

ni

K

∏
j � 1

k j (4.1)

If eachtitratable(redox)groupwould have only two protonation(redox)forms, thenthe
stateof theproteincouldbedescribedby a numberspecifyingtheconformationalstateanda
(N+K)-dimensionalvectorspecifyingtheprotonationandredoxstateof theprotein.Thecom-
ponentsxµ of thatvectoradopteitherthevalue1 or 0 dependingonwhetherthegroupµ is proto-
nated(reduced)or deprotonated(oxidized).If eachgrouphasmorethantwo forms,theprotein
canbedescribedbyanintegeridentifyingtheconformationalstate,a(N+K)-dimensionalvector
specifyingtheprotonationandredoxstateof theprotein(elementsrangingfrom 1 to ni or ki),
anda (N+K)-dimensionalvectorspecifyingwhetherform ni of groupµ is protonated(reduced)
or not (the elementsspecifyeither the numberof boundprotonsor electrons). Although, a
treatmentallowing morethantwo protonation(redox)formsfor eachgroupwould in principle
bepossible,it is not commonlyused.Therefore,I referin thefollowing to thecommonlyused
treatmentconsideringtwo possibleprotonation(redox)forms for eachgroup. Furthermore,I
assume,thateachconformationalstatecanberepresentedby asingleproteinstructure.

Theprotonationprobability
�
xµ � of thesiteµ is givenby a thermodynamicaverageoverall
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possibleprotonation,redox,andconformationalstatesgivenby eq4.2,

�
xµ � � P

∑
i � 1

xµexp ��� Gi � RT�
P
∑

i � 1
exp ��� Gi � RT� (4.2)

wherexµ is oneor zerodependingwhetherthe site µ is protonatedor not, Gi is the free en-
ergy of thestatei �
	 p � l � (p �
	 n � k � specifiestheprotonationandredoxstate,l specifiesthe
conformationalstate),R is theuniversalgasconstantandT is the temperature.Analogousto
eq4.2, theprobabilityof a particularredoxstateor a particularconformationcanbeobtained.
From this probability

�
xµ � , it is possibleto calculatethe energetic parameters,suchasredox

potentialsasa functionof environmentalparameters,asfor instancethepH value.

4.1 Protonation Equilibrium of a SingleTitratable Group

Theprotonationequilibriumof asingletitratablegroupcanbedescribedby eq4.3.

HA � A ��� H � (4.3)

Theequilibriumconstantis givenby eq4.4.

Ka
��� A ��� � H ���� HA � (4.4)

ThepHof thesolutionandthepKa of anacidaredefinedasthenegativeof thedecadiclogarithm
of thehydrogenion concentration(eq4.5)andtheKa value(eq4.6),respectively.

pH � � lg � H � � (4.5)

pKa
� � lgKa (4.6)

By taking the logarithmof eq 4.4, multiplying the so obtainedequationby � 1 andreplacing� lg � H ��� and � lgKa by pH andpKa, respectively, weobtainaftersomeadditionaltransforma-
tions

pH � pKa � lg � A ���� HA � (4.7)

Eq 4.7 is the so-calledHenderson-Hasselbalchequation. The relation betweenpKa and the
standardreactionfreeenergy Go

a is givenby eq4.8.

pKa
� � Go

a

RT ln10
(4.8)

ThepH dependenceof theprotonationprobabilityof anacidcanbedescribedasfollows.
Theprobability

�
x� thattheacidAH is protonated,is givenby

�
x� � � HA � � � � HA � � � A � � � . With

thesedefinitionsandeq4.4oneobtainseq4.9andeq4.10.

� HA � � �
x� � A ���
1 � �

x� (4.9)
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Figure 4.1: pH dependenceof the protonationprobability � x� of a titratablegroup. This curve was
calculatedwith eq4.12usingapKa of 7.0.

Ka
� � 1 � �

x� � � H ����
x� (4.10)

With eqs4.5and4.6,eq4.10becomes

pH � pKa
� � lg

�
x�� 1 � �

x� � (4.11)

andfinally aftersometransformations�
x� � 10� pKa � pH�

1 � 10� pKa � pH� (4.12)

Thefunctiongivenby eq4.12is depictedin Figure4.1. Fromeq4.11onecanseethatthepKa

of anacidis equalto thepH atwhichfifty percentof theacidmoleculesareprotonated.
Becauseof eq4.11andbecauseof thefundamentalthermodynamicrelationin eq4.13,

G � � RT ln

�
x�� 1 � �

x� � (4.13)

that thedifferencebetweenthepH andthepKa relatesto thefreeenergy requiredto protonate
anacidicgroupatagivenpH by eq4.14.

G � RT ln10� pH � pKa � (4.14)

4.2 RedoxEquilibrium of a SingleRedox-ActiveGroup

The descriptionof redoxequilibria is in principle very similar to the descriptionof protona-
tion equilibriapresentedin Section4.1. Theequilibriumbetweenthe redoxcoupleAox � A �red
(eq4.15)

Aox � e� � A �red (4.15)
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is definedin eq4.16.

KET
� � Ared�� A �ox � � e� � (4.16)

By takingthenaturallogarithm,eq4.16transformsto eq4.17.

� ln � e� � � lnKET � ln � Ared�� A �ox � (4.17)

Analogouslyto the derivation of the Henderson-Hasselbalchequation(eq 4.7), two variables
aredefined(eqs4.18and4.19).

E � � RT
F

ln � e� � (4.18)

Eo � RT
F

lnKET (4.19)

Here,however, thenaturallogarithmratherthanthedecadiclogarithmisused.A factor � RT � F,
whereF theFaradayconstant,R thegasconstant,andT is thethermodynamictemperature,is
neededto obtainE andEo in Volt. Eo is the standardredoxpotential,E is the eletromotive
forceor theredoxpotential.Multiplying eq4.17by RT� F andusingeqs4.18and4.19,eq4.17
is transformedto theNernstequation(eq4.20).

E � Eo � RT
F

ln � Aox �� A �red� (4.20)

TherelationbetweenEo andthestandardreactionfreeenergy Go
et is givenby eq4.21.

Eo � Go
et

F
(4.21)

Theprobability thata redox-active groupis oxidizedcanbedescribedsimilarly to thede-
pendenceof theprotonationprobabilityof anacidonpH (Section4.1).Theprobability

�
z� that

a redox-active groupis in its oxidizedstateis definedas
�
z� � � Aox � � � � Ared� � � Aox � � . After an

derivationanalogousto theonepresentedin Section4.1,theprobability
�
z� thata redox-active

groupis reducedis finally obtainedas�
z� � exp � F

RT � E � Eo � �
1 � exp � F

RT � E � Eo � � (4.22)

In analogyto eq 4.14,the free energy requiredto oxidizea redox-active groupat a given
redoxpotentialof thesolutionis givenby eq4.23

G � � F � E � Eo � (4.23)

4.3 Titration Curvesfor aProtein in aSingleConformational
State

The formalism to calculatethe protonationprobability of titratablegroupsin proteinsfor a
singleproteinconformationis well established(Bashford& Karplus,1990;Yanget al., 1993;
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Figure 4.2: Thermodynamiccycle to calculatethe protonationenergy from gasphaseproperties.In
thefirst stepthemoleculeis transferredfrom thegasphase(g) to a solution(s) andin a secondstepthe
moleculeis transferredfrom thesolutioninto theprotein(p).

Berozaet al., 1991; You & Bashford,1995; Bashford& Karplus,1991; Antosiewicz et al.,
1994;Beroza& Fredkin,1996;Shamet al., 1997). Thecalculationof proteintitration curves
dissectsin two parts. In the first part, the intrinsic pKa valuesand the interactionenergies
betweentitratablegroupsarecomputed. In the secondpart, theseenergy termsareusedto
calculatetheprotonationprobabilityof titratablegroupsin aprotein.

4.3.1 Expressionsfor the Protonation StateEnergy

ThepKa valueof atitratablegroupwithin aproteincanbeconsiderablyshiftedcomparedto the
pKa valueof thesametitratablegroupin aqueoussolution.Theshift is causedby interactions
betweenthetitratablegroupandotherchargesin theproteinandalsobychangesin thedielectric
environmentof thetitratablegroupwhenthegroupis transferredfrom aqueoussolutioninto the
protein.

If the protonationof only a singletitratablegroupin the proteindependson pH, the pKa

shift is relatedto the differencebetweenprotonationenergy of this groupin the proteinand
the protonationenergy of a propermodelcompound.The pKa shift canbe obtainedvia the
thermodynamiccyclesshown in Figure4.2. ThepKa of modelcompoundsin aqueoussolution
areusuallydeterminedexperimentally(Tanford,1962).Sometimes,however, experimentalpKa

valuesarenot easilymeasurable,becauseno appropriatemodelcompoundsexist outsidepro-
teins. In thesecases,theupper(gasphase)thermodynamiccycle in Figure4.2 canbeusedto
estimatethe solvent pKa of a modelcompoundthat reconstitutesthe propertiesof the group
inside the protein. The energy differencebetweenthe protonatedand unprotonatedform in
vacuum(upperhorizontaltransition)canbe obtainedfrom quantummechanicalcalculations
(Lim et al., 1991; Potteret al., 1994; Li et al., 1996; Richardsonet al., 1997). The energy
changedueto thetransitionfrom vacuumto aqueoussolutionis accessibleeitherfrom molec-
ular dynamicscalculationsor from electrostaticcalculationsusing the numericalsolutionof
thePoisson-Boltzmann-Equation.Theupperthermodynamiccycle of Figure4.2describesthe
calculationof apKa valuein aqueoussolutionusingtheinformationobtainedfrom agasphase



34

= 80

= 4

Ion Exclusion Layer

Titratable groups w ithin

          the Prote in

Model Compound of t he Titratable Group

ε=4

ε=80

Background Charges

Background Charges

−
+

−

−

−

−

−

−

−

− −

+

+

+

+ +

+

+

+

+

Figure4.3: TitratableGroupsandModelCompoundanIonic Solution.Themodelcompoundneedsto
have thesameconformationastheaminoacidin theproteinin orderto maintainthecancellationof the
artificial grid energy by usingthethermodynamiccycle technique.

quantummechanicalcalculation. In the lower thermodynamiccycle of Figure4.2 illustrates
the calculationof the shift of the pKa-valuedueto the transitionof the titratablegroupfrom
aqueoussolutionto theproteinenvironment.

In general,the protonationof morethanonetitratablegroupin a proteindependson pH.
Thusthe interactionbetweenthesetitratablegroupsis alsopH dependent.Dueto theinterac-
tionsbetweenthesegroups,titrationcurvesof aminoacidsin proteinscandeviateconsiderably
from standardHenderson-Hasselbalchcurves(Figure4.1,eq4.2). Becauseof this deviations,
it is sometimesimpossibleto assignpKa valuesto specificgroups.Therefore,thepH value,at
whichtheprotonationprobabilityof thetitratablegroupis 0.5,theso-calledpK1" 2 value,is used
insteadto describethetitrationbehavior. However, only acurveshowing thepH dependenceof
theprotonationprobabilityof aparticulargroupcandescribethetitrationbehavior correctly.

If only electrostaticcontributionscausethedifferencebetweentheprotonationenergiesof a
titratablegroupin a proteinandin aqueoussolution,thePoisson-Boltzmannequationprovides
a reasonableapproximationof thisenergy difference.Oneenergy contribution is thepKa value
of apropermodelcompoundof thetitratablegroupµ in aqueoussolution,pKmodel

a # µ . Transferring
the titratablegroupµ into a protein,in which all othertitratablegroupsarein their uncharged
protonationform, causesanenergy shift. This energy shift canbeseparatedinto two contribu-
tions.Thefirst energy contribution∆∆GBorn is a Born-energy-like term(eq4.24),whicharises
from the interactionof the chargesof the titratablegroupwith its reactionfield. The second
energy contribution ∆∆Gback arisesfrom the interactionof the chargesof the titratablegroup
with non-titratingbackgroundchargesandwith thechargesof theunchargedform of all other
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titratablegroups(eq4.25).

∆∆GBorn# µ � 1
2

NQ $ µ
∑
i � 1

Qh
i # µ � φp � r i;Q

h
µ �%� φm � r i ;Q

h
µ � � � 1

2

NQ $ µ
∑
i � 1

Qd
i # µ � φp � r i ;Q

d
µ �&� φm � r i ;Q

d
µ � � (4.24)

∆∆Gback# µ � Np

∑
i � 1

qi � φp � r i ;Q
h
µ �%� φp � r i ;Q

d
µ � � � Nm

∑
i � 1

qi � φm � r i ;Q
h
µ �%� φm � r i ;Q

d
µ � � (4.25)

Thesummationsin eq4.24run over the NQ # µ atomsof groupµ that have differentchargesin
theprotonated(h) (Qh

i # µ) andin thedeprotonated(d) (Qd
i # µ) form. Thefirst summationin eq4.25

runsovertheNp chargesof theproteinthatbelongto atomsin non-titratablegroupsor to atoms
of titratablegroups(not to µ) in their unchargedprotonationform. Thesecondsummationin
eq4.25runsover theNm chargesof atomsof themodelcompoundthatdo not have different
chargesin the differentprotonationforms. The termsφm � r i � Qh

µ � , φm � r i � Qd
µ � , φp � r i � Qh

µ � , and
φp � r i � Qd

µ � denotethe valuesof the numericalsolutionsof the Poisson-Boltzmannequationat
the positionr of the atom i. The numericalsolutionof the Poisson-Boltzmannequationwas
obtainedusingtheshapeof eithertheprotein(subscriptp) or themodelcompound(subscriptm)
asdielectricboundaryandassigningthechargesof thetitratablegroupµ in eithertheprotonated
(Qh

µ) or thedeprotonated(Qd
µ) form to therespectiveatoms.Thesetwo energy contributionsand

thepKa valueof themodelcompoundarecombinedto theso-calledintrinsicpKa valuepKintr # µ
(eq4.26).

pKintr # µ � pKmodel
a # µ � 1

RT ln10
� ∆∆GBorn# µ � ∆∆Gback# µ � (4.26)

The intrinsic pKa valueis thepKa valuethat this sitewould have, if all othertitratablegroups
arein their referenceprotonationform. I usetheunchargedprotonationform asreferenceform
here. The interactionWµν betweenthe two sitesµ andν in their charged form is definedin
eq4.27.

Wµν
� NQ $ µ

∑
i � 1

� Qh
µ# i � Qd

µ# i � � φp � r i � Qh
ν �%� φp � r i � Qd

ν � � (4.27)

Theenergy of aprotonationstate'xn of theprotein,whichis characterizedby theprotonation
statevector 'xn

� � xn
1 � xn

2 �)()()(*� xn
N � , is givenby eq4.28

Gn
� N

∑
µ� 1

� xn
µRT ln10� pH � pKintr # µ ���+� 1

2

N

∑
µ� 1

N

∑
ν � 1

� Wµν � xn
µ � qo

µ �,� xn
ν � qo

ν � � (4.28)

wherexn
µ is 1 or 0 dependingwhetherthesiteµ is protonatedor not,qo

µ is theformal chargeof
thedeprotonatedform of groupµ, i. e. � 1 for acidsand0 for bases.Thesumsrun over all N
titratablegroups.Hereandin all subsequentequationsit is assumedthatWµµ

� 0.
Theproblemof calculatingtheenergy of 2N protonationstatesis scaleddown to theprob-

lem of calculatingN intrinsic pKa valuesand � N -.� N � 1�)� � 2 interactionenergies. Instead
of solvingthePoisson-Boltzmannequationfor theprotein2N timesnumerically, i. e.,oncefor
eachprotonationstate,only 2 - N numericalcalculationsfor theproteinareneeded.The2 - N
additionalcalculationsto obtaintheelectrostaticenergiesof themodelcompoundsareneeded
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anyway. Thecalculationof theenergy of aprotonationstateof theproteinis givenby thesumin
eq4.28.This energy canin principlebeusedin eq4.2 to obtaintitration curvesasthethermo-
dynamicaverageof theprotonationof groupi. But thiscalculationis oftentoo timeconsuming
for largerproteins.For this reason,approximationmethodshave beendevelopedto reducethe
computationalburden(Tanford& Roxby, 1972;Bashford& Karplus,1991;Yanget al., 1993;
Gilson,1993).

4.3.2 Calculation of the Protonation Probability of Titratable Groups in
a Protein

Severalstrategiesto calculateprotonationprobabilitiesof proteinsor otherbiomoleculesexist
in theliterature.HereI describethosethataremostcommonlyused.

Tanford-Roxby Approximation

Oneof theearliestattemptsto calculatepKa valuesof individual aminoacidsin proteinswas
madeby Tanford& Roxby, 1972.Later, Bashford& Karplus,1991showedthatthis approach
is a meanfield approximationto the exact theory. The Tanford-Roxbyapproximationworks
well for weaklyinteractinggroups,but fails if theprotonationof two groupswith similarpKa is
stronglycoupled.It is computationallymuchlessexpensive thantheexact treatment,because
the full summationover all possiblestatesin eq 4.2 is avoided. As alreadypointedout by
Tanford& Roxby, 1972,thepKa calculatedby thisapproachdependsonpH.

TheTanford-Roxbyapproximationassumesthat the averagecharge of a titratableresidue
dependson the averagecharge of all other titratablegroups. The pKa inside the protein is
calculatedin aniterativemannerby thealgorithmintroducedby Tanford& Roxby, 1972.In the
i-th iteration,thepKa of siteµ is givenby eq4.29.

pKa # µ � i � � pKintr # µ � 1
RT ln10

N

∑
ν � 1

� Wµν � � xµ � i � � � qo
µ �/� � xν � i � � � qo

ν � � (4.29)

whereqo
µ is the formal chargeof thegroupµ of thedeprotonatedform, i. e., � 1 for acidsand

0 for bases.This pKa is usedin eq4.30in orderto obtaintheprotonationprobability for the� i � 1� -th iterationby eq4.30. �
xµ � i � 1� � � 10� pKa $ µ � i � � pH�

1 � 10� pKa $ µ � i � � pH� (4.30)

Theiterationproceedsuntil self-consistency is reached.In theinitial step,thepKa valuesinside
theproteinareassumedto beidenticalwith theintrinsicpKa values(eq4.26).Notethateq4.29
usespKintr # µ ratherthanpKa # µ � i � . Otherwisethe interactionenergy would accumulateduring
iteration.

Hybrid Statistical Mechanical/Tanford-Roxby Algorithm

Yangetal., 1993developedanalgorithmwhichcombinesanexactstatisticalmechanicaltreat-
mentwith the Tanford-Roxbyapproximation.All titratableresidueswithin a certaincut-off
distanceof a titratablegrouparetreatedwith anexact statisticalmechanicalalgorithm,while
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thetitratableresiduesoutsidethiscut-off radiusaretreatedwith theTanford-Roxbyapproxima-
tion. A cut-off distancethatgave reasonableresultswas7 Å (Yangetal., 1993).Alternatively,
alsoanenergy cut-off for theinteractionenergy Wµν canbeused.

In this approach,the titration curve of a proteinwith N titratablegroupsis calculatedas
follows; js titratablegroupsarewithin a certaincut-off distanceof a particulargroups, the
remainingN � js groupsareoutsidethis cut-off distance.Thefull statisticalmechanicaltreat-
mentis only donefor the js groupsinsidethecut-off radius,theothergroupsareconsideredby
a Tanford-Roxbytreatment.Theenergy of theprotonationsubstatens of the js residuesin the
i-th iterationis givenby eq4.31

Gns � i � � js

∑
µ� 1

xns
µ RT ln10� pH � pKintr # µ �0� 1

2

js

∑
µ� 1

js

∑
ν � 1

� Wµν � xns
µ � qo

µ �,� xns
ν � qo

ν � � (4.31)

� js

∑
µ� 1

N

∑
ν � js � 1

� Wµν � xns
µ � qo

µ �,� � xν � i � � � qo
ν � �

The averageprotonation
�
xs � i � 1� � of group s in the � i � 1� -th iteration is calculatedfrom

eq4.32.

�
xs � i � 1� � � 2 js

∑
ns � 1

xsexp ��� Gns � i � � RT�
2 js

∑
ns � 1

exp ��� Gns � i � � RT� (4.32)

The sameprocedureis appliedto all N titratablegroupsanditerateduntil self-consistency is
reached.ThecalculationmustberepeatedateachpH in orderto obtaina titrationcurve. In the
first iterationstep,thepKa areassumedto beidenticalwith theintrinsic pKa values.A cut-off
distanceof 0 Å leadsto theTanford-Roxbyapproximation,while a cut-off distanceof infinity
leadsto the exact statisticalmechanicaltreatment.Note that for eachgroupa differentsetof
titratablesiteswill betreatedexactly.

A similar but not identicaltreatmentwasusedby Gilson,1993(ClusterMethod). In this
approach,theproteinis dividedinto clustersof coupledresidues.Thecriterionfor thecluster-
ing is thecouplingbetweenthetitratablegroups.Theinteractionwithin a clusteris calculated
exactly, while the interactionbetweendifferentclustersis treatedby the Tanford-Roxbyap-
proximation.Also in this approach,thecalculationof theprotonationprobability iteratesuntil
self-consistency is reached.

ReducedSiteApproximation

In orderto avoid unnecessarycalculationsof energiesof protonationstateswhich areunlikely
to occur, Bashford& Karplus,1991developeda methodthatconsidersonly statesthathave a
considerablecontributionto thesummationin eq4.2. If thepH is farawayfrom thepH atwhich
the particularsite titrates,the site will be consideredto have a fixed protonationstate. This
reducesthenumberof protonationstatesfrom 2N to 2N � M if M siteshavefixedprotonations.

Thestandardfreeenergy for addinga protonto siteµ will bemaximal,whenall othersites
areprotonated,thusthemaximumfreeenergy is calculatedwith eq4.33.

Gmax# µ � Gintr # µ � N

∑
ν � 1

Wµν � qo
µ � 1 ( 0� (4.33)
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Thefreeenergy will beminimal,whenall othertitratablegroupsaredeprotonated,i. e.,

Gmin# µ � Gintr # µ � N

∑
ν � 1

Wµνqo
µ (4.34)

At agivenpH,themaximum(minimum)protonationpossiblefor siteµ isobtainedfromeq4.35.

Θmax� min�1# µ � exp ��� ∆Gmax2 min34$ µ � RT ln10 pH
RT �

1 � exp ��� ∆Gmax2 min35$ µ � RT ln10 pH
RT � (4.35)

A siteµ is fixedin its protonatedform if Θmin# µ 6 1 ( 0 � ε andin itsunprotonatedform if Θmax# µ 6
ε, ε is an adjustable,albeit small parameterandshouldbe set to 0.05 or less. However, the
protonationof thefixedtitratablegroupswill influencethepKintr valueof theunfixedtitratable
groupµ. Thecorrectionis givenby eq4.36.

∆Gintr # µ � Nf ixed

∑
ν � 1

Wµν � qo
ν � fν � (4.36)

i.e.,

pKcorrect
intr # µ � pKintr # µ � 1

RT ln10

Nf ixed

∑
ν � 1

Wµν � qo
µ � fµ � (4.37)

where fi is eitheroneor zeroaccordingto if thesite j is fixedin theunprotonatedor protonated
form.

Monte Carlo Titration

Berozaetal., 1991developedaMonteCarlo(MC) methodto calculatetitrationcurvesof amino
acidswithin proteins.ThisMC methodis describedbelow. With thisMC method,stateswhich
areunlikely to occurarenot considered.Theaverageprotonation

�
xµ � of siteµ is obtainedby

averagingxµ over thesampledstates.TheMC titration methodcanalsobecombinedwith the
reducedsiteapproximation(Bashford& Karplus,1991)describedabove.

Standard Treatment.The initial vector 'x describingthe protonationstateof the proteinis
generatedrandomly. In a MonteCarlomove theprotonationof therandomlychosensiteµ is
changed.Thecorrespondingchangein freeenergy ∆G is obtainedfrom eq4.38,

∆G � ∆xµ

7
ln10RT � pH � pKintr # µ �0� N

∑
ν � 1

Wµν � xµ � qo
µ �,� xν � qo

ν ��8 (4.38)

where∆xµ
�:9 1 is thechangein theprotonationof siteµ. Thenew protonationstateis accepted

accordingto theMetropoliscriterion,if ∆G ; 0, theprotonationof siteµ is alwayschanged,if
∆G 6 0, theprotonationof siteµ is changedwith probabilityexp ��� ∆G� RT�<( A MonteCarlo
scanis finishedafter N moves, i. e., after eachof the N titratablegroupshasbeentried to
changedtheprotonationstateoncein average.After someequilibrationscans,typically a few
hundred,theprotonationstatesof eachscanareusedto evaluatetheaverageprotonation.

Treatmentof Strongly-CoupledSites. If two sitesarestronglycoupled,the intermediate
statebetweentwo protonationstatesmay have a high energy andso the transitionfrom one
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(0,0)

(1,1)

(1,0) (0,1)

Figure 4.4: Treatmentof two strongly-coupledsitesin MonteCarlotitrationcalculation.If theenergy
barrier for the transitionfrom state(1,0) to state(0,1) via the states(1,1) or (0,0) is too large (sold
arrows), a Monte Carlo stepis performedthat simultaneouslyswitchesthe protonationof both sites
(dashedarrow).

stateto anothermightbeunlikely asdepictedin Figure4.4.Theproblemcanbeavoidedwhen
theprotonationof thetwo sitesareswitchedsimultaneously, which cancorrespondto a direct
protonexchangebetweenthesetwo sites. The doubleswitch wasacceptedaccordingto the
Metropoliscriterionsimilar to thesinglesitetitration. At very low dielectricconstants(ε ; 2),
theeventhreegroupscanbecoupledstrongly. Thentheintroductionof triple-movescanhelp
to preventsamplingproblems(Rabensteinetal., 1998a).

Estimationof theStatisticalUncertainty. To estimatethestatisticaluncertaintyof theMC
calculation,it is necessaryto calculatethenumberof independentdatasetsin thesample.The
correlationfunctionfor theprotonationof siteµ determinesthecorrelationtime τcorr

µ between
approximatelyindependentmeasurements.It is givenby eq4.39,

Cµ � τ � � 1
T � τ

T � τ � 1

∑
t � 0

xµ � t � τ � xµ � t �%� �
xµ � 2 (4.39)

wheret is thetimein unitsof MC scans,T is thetotalnumberof scans(or themaximumtime),
andτ is thetime variableof thecorrelationfunction. Thecorrelationtime τcorr

µ is thetime for
whichCµ � τ � becomesnegligible (for instance= Cµ � τ �>=@? Cµ � 0� � 10).Thenumberof independent
measurementsis T � τcorr

µ . Thevarianceof onemeasurementisCµ � 0� . Theuseof theaverageof
T � τcorr

µ independentmeasurementsprovidesthestandarddeviationσµ givenin eq4.40.

σµ
� Cµ � 0�

T � τcorr
µ

(4.40)
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4.4 Titration Curvesfor a Protein with Multiple Conforma-
tional States

4.4.1 Considerationof the Conformational Energy

If the proteincanadoptmultiple conformationalstates,eq4.28needsan additionalterm that
accountsfor thedifferencein theenergy betweentheconformationsin theirrespectivereference
states.As longasthisadditionaltermisadditive,thecalculationof titrationcurveswith multiple
conformationcanbedonein thesameframework asthecalculationof titration curveswith a
singleconformation.Theenergy of theconformationalstatel in theprotonationstaten is given
by eq4.41

Gl
n
� N

∑
µ� 1 A xn # l

µ RT ln10� pH � pK l
intr # µ � B�� 1

2

N

∑
µ� 1

N

∑
ν � 1 A Wl

µν � xn # l
µ � qo

µ �/� xn # l
ν � qo

ν � B�� ∆Gl
conf

(4.41)

where∆Gl
conf is theenergy differencebetweenanarbitrarily chosenreferenceconformationr

andconformationl . Theproteinis in its referenceprotonationstatein bothconformationsr and
l , i. e.,theall titratablegroupsarein theirunchargedprotonationform.

The energy differencebetweentwo conformationsarisesfrom electrostaticandnon-elec-
trostaticinteractions.Electrostaticcontribution canbecalculatedfrom thenumericalsolution
of the Poisson-Boltzmannequation. However, this numericalsolutionrequiresto assignthe
chargesdiscretelyon thegrid. This resultsin anartifact termedgrid energy. This grid energy
precludesdirect calculationof the binding energy by comparingthe differentconformations,
alongthe thick horizontalline in Figure4.5. This artifact canbe avoidedby calculatingthe
otherthreestepsin thethermodynamiccycle (Ullmannet al., 1997b).Theenergiesrequiredto
transferthereferenceconformationr andconformationl of theproteinfrom amediumwith the
dielectricconstantof theproteinto a mediumwith thedielectricconstantof water(thevertical
arrows) is calculatedfrom thenumericalsolutionof thelinearizedPoisson-Boltzmannequation
asgivenin eq4.42.

∆GR
� 1

2

Np

∑
i � 1

qi # p A φinhom
p � r i � qp �&� φhom

p � r i � qp � B (4.42)

Thetermφinhom
p � r i � qp � denotesthevalueof thenumericalsolutionPoissonBoltzmannequation

at positionr i obtainedfor an inhomogeneousmedium. This means,the dielectricconstantis
low andthe ionic strengthis zerowithin the protein,while dielectricconstantis high outside
the proteinandthe ionic strengthmustnot vanishoutsidethe protein. The term φhom

p � r i � qp �
denotesthevalueof thenumericalsolutionPoissonBoltzmannequationatpositionr i obtained
for anhomogeneousmedium.Thismeans,thedielectricconstantis low andtheionic strengthis
zeroeverywhere.Both electrostaticfields,φhom

p � r i � qp � andφinhom
p � r i � qp � , wereobtainedfrom

all chargesqp of the protein in the referenceprotonationstate,in which all titratablegroups
arein their unchargedprotonationform. Thesumrunsover all Np chargesqi # p of theprotein.
The grid energiescancelin ∆GR. The differencein solvation energy betweenthe reference
conformationr andconformationl is obtainedby eq4.43.

∆∆Gl
R
� ∆Gr

R � ∆Gl
R (4.43)
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Figure4.5: Thermodynamiccycleto calculatethedifferencein freeenergy betweentwo conformations
of thesamemolecule.

The energy differencealongthe upperarrow in Figure4.5 betweenthe referenceconfor-
mationr andconformationl in a homogeneousmediumis calculatedanalytically. Sincethe
dielectricconstantsof the soluteandthe mediumareequal,this energy change∆GFF is cal-
culatedwith molecularmechanicsforce field using the dielectric constantof the protein εP

(Brooks& Case,1993;Vásquezetal., 1994).

GFF
� Nb

∑
i � 1

1
2

kb # i � r i � ro # i � 2 � Nθ

∑
i � 1

1
2

kθ # i � θi � θo # i � 2 � Nω

∑
i � 1

1
2

kω # i � ωi � ωo # i � 2
� Nφ

∑
i � 1

kφ # i � 1 � cos� niφi � δi �)�0� 1
2

N

∑
i � 1

N

∑
j � 1 # j C� i

1
4πεoεP

qiq j

r i j
(4.44)

� 1
2

N

∑
i � 1

N

∑
j � 1 # j C� i

4ξi j DFE σi j

r i j G 12 � E σi j

r i j G 6 H
All symbolsin eq4.44haveits usualmeaning,i. e.,r i , θi , ωi , andφi denotethei-th bondlength,
the i-th bondangle,the i-th impropertorsionangle,and the i-th torsionangle,respectively.
Therespective forceconstantsarekb # i , kθ # i, kω # i , andkφ # i; ro # i , θo # i , andωo # i aretheminimaof
theharmonicpotentials;N, Nb, Nθ, Nω, andNφ arethenumberof atoms,bonds,bondangles,
impropertorsionangles,andtorsionangles,respectively; r i # j is thedistancebetweentheatoms
i and j having thechargesqi andqi, ξi j is thedepthof theLennard-Jonespotential,andσi j the
distanceat which theLennard-Jonespotentialbetweentwo atomsis zero. Thesummationin
theCoulombtermrunsoverall atomicchargesin thereferenceprotonationstate.No Coulomb
andLennard-Jonesenergiesarecalculatedfor atomsthatareconnectedby acovalentbondor a
bondangle.It maybeadvantageousto consideronly theelectrostaticenergy andto neglectall
othercontributions(Ullmannetal., 1996).

Thenon-electrostaticsolvationenergy GNE, whicharisesfromnon-electrostaticinteractions
of the moleculewith its surrounding,is believed to be proportionalto the solvent accessible
surfaceasshown in eq4.45,

∆Gl
NE

� γ � Ar � Al � (4.45)

whereAl andAr arethesolventaccessiblesurfacesof thereferenceconformationr andconfor-
mationl respectively; γ is anempiricallyobtainedparameter(Sitkoff etal., 1994).

Thetotalenergy differencebetweenconformationl andthereferenceconformationr is then
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givenby eq4.46.

∆Gl
conf

� ∆∆Gl
R � ∆Gl

FF � ∆Gl
NE (4.46)

Thisenergy is usedto calculatethetotalenergy of theproteinin conformationl andprotonation
staten in eq4.41.

4.4.2 Modified ReducedSiteApproximation to Calculatethe Protonation
Probabilities of Titratable Groups

The numberof possiblestatesof a protein is usually too large to evaluateeq 4.2 explicitly.
In singleconformertitration, the MC titration algorithmscanhelp to overcomethe sampling
problem(Berozaet al., 1991). TheMC movesin multiple conformerMC titration, would be
i) changesin protonationstatesof titratablegroupsand ii) changesin the proteinconforma-
tion. This adaptedMC algorithm,however, cancauseseriousproblems.If themostprobable
protonationof oneconformationalstateis verydifferentfrom themostprobableprotonationof
anotherconformationalstate,a transitionbetweentheseconformationalstateswould bea rare
event in a simulation. Sucha transitionwill most likely be rejected,becausethe energy dif-
ferencebetweenthepresentconformationalstatein its mostprobableprotonationstateandthe
new conformationalstatein thesameprotonationstatewill beratherlarge.Suchaconstellation
causessamplingproblemsanda biastowardsthe initial conformationalstate.Furthermore,it
is notquiteclear, how to definethestatisticalerrorof theadaptedMC procedureandsohow to
determinethequality of thesimulation.Although,theseproblemscansurelybesolvedwithin
theMC framework, I avoidedthesepitfallswith anapproach,which is detailedbelow.

TheapproachI have developedis basedon thereducedsiteapproximationfirst introduced
by Bashford& Karplus,1991. In this approach,all sitesthat have a minimum possiblepro-
tonationof morethan1-ε or a maximumpossibleprotonationlessthan0+ε arefixed in their
respectiveprotonationstates,whereε is anadjustablecut-off parameter. Theintrinsic pKa val-
uesneedcorrectionsbecauseof theinteractionwith thefixedcharges.In contrastto theoriginal
reducedsiteapproximation(Bashford& Karplus,1991),which wereusedfor a singleconfor-
mationonly, moreenergy parametersneedcorrectionsto maintainthevariousconformational
statesproperlyweighted.Thecorrectedconformationalenergy Gcorr # l

conf of conformationalstatel
includesthe energy changedueto the protonationof site µ, if site µ is protonated,andalso
interactionenergy betweenthesiteswith non-variableprotonation.

∆Gcorr # l
conf

� ∆Gl
conf � N

∑
µ� 1 A δl

µxn # l
µ RT ln10� pH � pK l

intr # µ � B (4.47)

� 1
2

N

∑
µ� 1

N

∑
ν � 1 A δl

µδl
νW

l
µν � xn # l

µ � qo
µ �/� xn # l

ν � qo
ν � B

whereδl
µ is 1 if the protonationof site µ in conformationl is variable,otherwiseit is 0. The

interactionbetweenthesiteswith non-variableandwith variableprotonationneedscorrections
in two ways. If thesiteν with variableprotonationis in its protonated(h) state,thecorrection
is given in eq 4.48; if the site ν with variableprotonationis in its deprotonated(d) state,the
correctionis givenin eq4.49.

∆Gh # l
ν

� N

∑
µ� 1 A δl

µW
l
µν � xn # l

µ � qo
µ �/� 1 � qo

ν � B (4.48)
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Figure 4.6: Flow chart for the calculationof titration curveswith multiple conformationsusingthe
modifiedreducedsite approximation.The programMEAD calculatesthe intrinsic pKa valuesandthe
interactionenergies,theprogramMCTI performstheMonteCarlotitration,theprogramSOLV calculates
theconformationalenergy of thereferenceprotonationstate.A moredetailedexplanationis givenin the
text.

∆Gd # l
ν

� N

∑
µ� 1 A δl

µW
l
µν � xn # l

µ � qo
µ �/� 0 � qo

ν � B (4.49)

Thetotalenergy of conformationl in protonationstaten is givenby eq4.50.

Gl
n

� N

∑
µ� 1 A � 1 � δl

µ � xn # l
µ RT ln10� pH � pK l

intr # µ � B
� N

∑
µ� 1 A � 1 � δl

µ � A xn # l
µ ∆Gh # l

µ �:� 1 � xn # l
µ � ∆Gd # l

µ B�B (4.50)
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N

∑
µ� 1

N

∑
ν � 1 A � 1 � δl

µ �/� 1 � δl
ν � Wl

µν � xn # l
µ � qo

µ �/� xn # l
ν � qo

ν � B � ∆Gcorr # l
conf

I determinedthesiteswith fixedprotonationfrom a MC titration of eachconformationalstate,
whichprecedestheactualcalculationof titrationcurves.If theprotonationof asitediffersless
thana given cut-off valueε from fully protonatedor fully deprotonated,their protonationis
fixed. This drasticallyreducesthenumberof variabletitratablegroupsandthetitration curves
even of large proteinscanbe calculatedin this way with only moderatecomputationaleffort
(Rabensteinetal., 1998a;Rabensteinetal., 1998b).

Figure4.6showsaschemerepresentingtherelationbetweenthecalculationscarriedout to
obtaintitrationcurves.TheintrinsicpKa andtheinteractionenergiesof thetitratablegroupsare
calculatedfirst by theprogramMEAD. Theseareusedasinput for a conventionalMC titration
procedureusingtheprogramMCTI. Parallel theenergiesof theconsideredconformationsare
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calculatedby theprogramSOLV. TheintrinsicpKa andtheinteractionenergiesof thetitratable
groups,the protonationprobabilities,and the conformationalenergiesof the conformational
statesareusedasinput for the actualcalculationof titration curves. The entirecomputation
schemeandalsomany singlecomputationstepsarehighly parallelizablein a trivial way.

4.5 pH DependentProcessesInvolving Proteins

4.5.1 Conformational Transitions

ThepH-dependenceof conformationaltransitionscanin principlebecalculatedverysimilar to
thecalculationof protonationprobabilities.Theprobabilityof conformationl i canbeobtained
by thethermodynamicaverageoverall possiblestates(eq4.51),

p � l i � � 2N

∑
n� 1

exp ��� Gl
n � RT�

L
∑

l � 1

2N

∑
n� 1

exp ��� Gl
n � RT � (4.51)

whereGl
n is definedin eq4.41.All symbolshave thesamemeaningasin previoussections.If

therearetwo possibleconformationsA andB, the freeenergy changefor theconformational
transitionis givenby eq4.52

∆G � A I B � � � RT ln
p � lA �� 1 � p � lA �)� (4.52)

4.5.2 RedoxReactions

Becausethe derivation of the pH dependenceof redox processesis basicallysimilar to the
derivationof thepH dependenceof protonationreactionsandconformationaltransitions(Sec-
tions 4.3, 4.6, and4.5.1), I describea morecomplex scenariohere. Given is a systemwith
N titratablegroupsandK redox-active groups. Thereforethe charge of the proteindoesnot
only dependon pH but alsoon the redoxpotentialof the solution. I presentthe description
of the modelonly for a proteinwith a singleconformationalstate. An extensionto multiple
conformationalstatesis, however, straightforward.

For theenergy calculationof a particularprotonation/redoxstateof theprotein,additional
energy termsareneeded.Theenergy termsarethestandardredoxpotentialof a propermodel
compound,thedifferencebetweentheredoxpotentialof themodelcompoundandtheredoxpo-
tentialof theredox-activecenterin thereferencestateof theprotein,theinteractionbetweenthe
redox-activesites,andtheinteractionbetweentheredox-activesitesandthetitratablegroups.

LikethepKa of amodelcompoundneededfor thecalculationof theprotonationstateenergy,
thestandardredoxpotentialof a modelcompoundcanbeobtainedeitherfrom experimentor
from quantumchemicalcalculations.Sometimesonly quantumchemicalcalculationsareable
to obtainthestandardredoxpotentialsof amodelcompoundsfor prostheticgroupsin proteins,
becausenoappropriatemodelcompoundsexist experimentally.

Similar to thedefinitionof anintrinsicpKa valuepKintr in Section4.3.1,I defineanintrinsic
standardredoxpotentialEo

intr # η for theredox-activesiteη. It is thestandardredoxpotentialthe



45

redox-activesitewouldhave,if all othertitratableandredox-activegroupsarein theirrespective
referenceform.

Eo
intr # η � Eo

model # η � 1
F

� ∆∆Gredox
Born# η � ∆∆Gredox

back# η � (4.53)

Theterm∆∆Gredox
Born arisesfrom theinteractionof thechargesof theredox-activegroupη with its

reactionfield. Theterm∆∆Gredox
back# η arisesfrom theinteractionof thechargesof theredox-active

groupη with invariantbackgroundchargesandwith the chargesof the referenceform of all
othertitratableandredox-activegroups.

∆∆Gredox
Born# η � 1

2

NQ $ η
∑
i � 1

Qox
i # η � φp � r i ;Q

ox
η �%� φm � r i ;Q

ox
η � � � 1

2

NQ $ η
∑
i � 1

Qred
i # η � φp � r i ;Q

red
η �&� φm � r i;Q

red
η � �
(4.54)

∆∆Gredox
back# η � Np

∑
i � 1

qi � φp � r i ;Q
ox
η �%� φp � r i ;Q

red
η � � � Nm

∑
i � 1

qi � φm � r i ;Q
ox
η �%� φm � r i ;Q

red
η � � (4.55)

Themeaningof thesymbolsin eqs4.54and4.55is analogousto meaningin eqs4.24and4.25.
TheinteractionUη # χ betweentheredox-activegroupsη andχ is givenby eq4.56.

Uηχ
� NQ $ η

∑
i � 1

� Qox
η # i � Qred

η # i � � φp � r i � Qox
χ �%� φp � r i � Qred

χ � � (4.56)

TheinteractionVηµ betweentheredoxactivegroupsη andtitratablegroupµ is givenby eq4.57.

Vηµ
� NQ $ η

∑
i � 1

� Qox
η # i � Qred

η # i � � φp � r i � Qh
µ �%� φp � r i � Qd

µ � � (4.57)

� NQ $ µ
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i � 1

� Qh
µ# i � Qd

µ# i � � φp � r i � Qox
η �&� φp � r i � Qred

η � �
Theenergy of a particularprotonation/redoxstaten of a proteindependson thepH andthe

redoxpotentialE of thesolution.
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η � qo

η �,� xn
µ � qo

µ � �
The actualoxidation or protonationprobabilitiescan be calculatedfor instanceby the MC
titrationmethod,the(modified)reducedsiteapproximation,or theclustermethod.

If thereareonly two redoxsitesin a proteinor a proteincomplex, thereactionfreeenergy
of the electrontransfertaking placebetweenthemdependson the pH of the solution. It is,
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however, independentof theredoxpotentialof thesolution,sincethesolutionredoxpotential
cancelsin theenergy difference.Only thestandardredoxpotentialdifferencebetweenthetwo
sitesandtheir electrostaticinteractionenergy needsto be consideredandeq 4.58 reducesto
eq4.59,

Gn
� N

∑
µ� 1

� xn
µRT ln10� pH � pKintr # µ � � � 1

2

N

∑
µ� 1

N

∑
ν � 1

� Wµν � xn
µ � qo

µ �/� xn
ν � qo

ν � �
� δetF∆Eo

intr � η � χ �J� 2

∑
η � 1

N

∑
µ� 1

� Vηµ � xn
η � qo

η �/� xn
µ � qo

µ � � (4.59)

where∆Eo
intr � η � χ � is the energy differencebetweenthe redoxstate 	 η � χ � �K	 1 � 0 � and the

redoxstate	 η � χ � �L	 0 � 1 � if theproteinis in its referencestate,i. e.,all titratablegroupsarein
its referenceprotonationform; δet is oneif theelectrontransfertookplace,otherwiseit is 0.

Togetherwith Björn RabensteinandErnst-WalterKnapp,I appliedeq4.59to calculatethe
redoxpotentialdifferencebetweenthequinonesin thebacterialphotosyntheticreactioncenter
(bRC) (Rabensteinet al., 1998b;Rabensteinet al., 1998a). In our calculations,we usedthe
crystalstructureof the bRC from Rps.viridis with a resolutionof 2.3 Å (Deisenhoferet al.,
1995; PDB entry 1prc). Sincethe cytochromec subunit is more than 25 Å away from the
quinonebindingsites,weneglectedthissubunit in ourcalculations.

All watermolecules,sulfate ions, anddetergentmoleculeswereremoved. The influence
of waterwasconsideredexclusively by a dielectricconstantof 80 in cavities andoutsideof
theprotein. In somerecentapplications,selectedwatermoleculeswereexplicitly includedin
pKa-calculations(Cometta-Moriniet al., 1993; Sampogna& Honig, 1994; Gibas& Subra-
maniam,1996;Ullmannet al., 1996). Thesecalculationsyieldedsometimesresultsdifferent
from thoseobtainedwithout explicit watermolecules.Differentselectionschemesfor thewa-
ter moleculeswereapplied. Only a few crystalwatermolecules,all crystalwatermolecules,
or evenadditionalsolventmoleculeswereincluded.For henegg lysozyme,theagreementbe-
tweencalculatedandmeasuredpKa-valueswasbetterwithout explicit watermolecules(Gibas
& Subramaniam,1996). Calculationswithout explicit water may agreebetterwith experi-
mentsbecausethe orientationof watermoleculesneededfor thesecalculationsis not known
from X-ray crystallography. Sincetheorientationof watermoleculesis uncertain,we decided
to remove all watermolecules.We usedan extendedatomrepresentationfor mostnon-polar
hydrogenatoms,exceptfor thequinones,thechlorophylls,andthepheophytins,for which all
hydrogensweretreatedexplicitly. Coordinatesof explicitly treatedhydrogenatomsweregener-
atedwith CHARMM (Brooksetal., 1983).Thepositionsof hydrogenatomswereenergetically
optimized,while theheavy atompositionswerefixed.

In theusedcrystalstructure,theQB bindingpocket is occupiedto 30% only (Deisenhoferet
al., 1995).A structurewith improvedoccupancy andresolutionat theQB sitehasbeensolved
but wasnot freelyavailablewhenwedid thecalculations(Lancaster& Michel,1996;Lancaster
et al., 1995). Therefore,we manipulatedthe bRC structure(PDB entry 1prc) at the QB site
accordingto informationsfrom Lancasteretal. (Lancaster& Michel, 1996; Lancasteret al.,
1995). We rotatedQB aroundthe axis throughthe methyl groupat the quinonering that is
perpendicularto thering plane,sothatthemethoxygroupoppositeto themethylgroupshifted
by 0.75Å towardsSerL223. Furthermorethecarboxylgroupof Glu L212 wasrotatedby 90M
aroundthebondbetweenCγ andCδ.

Atomic partialchargesof theaminoacids,includingtheprotonatedanddeprotonatedstate
of titratableaminoacids,wereadoptedfrom theCHARMM 21.3parameterset. Theacidichy-
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drogenatom of protonatedglutamateand aspartatewas not representedexplicitly. Instead,
appropriatecharges at the two carboxyl oxygenatomswere assignedsymmetrically. The
atomicpartialchargesthatarenot includedin theCHARMM 21.3parametersetwerecalculated
quantum-chemicallywith theprogramSpartan4.0.UsingtheCHELPG-like method(Breneman
& Wiberg, 1990)implementedin Spartan,we adjustedtheatomicpartialchargesto represent
theelectrostaticpotentialcalculatedfrom themolecularwave functionfaithfully . Theatomic
partial chargesof chlorophyllsandpheophytinswerecalculatedsemiempiricallyat the PM3
level, thoseof the quinones(in all possibleredoxandprotonationstates)andof the deproto-
natedcysteinewerecalculatedby an ab-initio methodwith a 6-31G** basisset. The atomic
partialchargesof high-spinnon-hemeiron (Karthaetal., 1991)andits ligandswerecalculated
by a densityfunctionalmethod(LSDA/VWN) implementedin SpartanusingtheDN** basis.
Theneurosporenandthe isoprenetails of QA andQB, chlorophyllsandpheophytinswerenot
consideredin the quantumchemicalcalculations.The atomicpartial chargesof theseapolar
groupsweresetto zeroin thecalculationsof theelectrostaticenergy. TheexperimentalpKa-
valuesweretakenfrom Bashfordet al., 1993.For cysteine,which is not presentin theprotein
studiedby Bashfordetal., 1993,weusedapKa-valueof 8.5for themodelcompound.

Weperformedfocusing(Klapperetal., 1986)in threesteps.Initially, weuseda250Å-cube
with a2.5Å latticespacingcenteredat theprotein,followedby a60Å-cubewith a1.0Å lattice
spacingandfinally a 15 Å-cubewith 0.25 Å lattice spacing,both centeredat the considered
titratablegroup. We usedan ionic strengthof 100 mM, an ion exclusion layer of 2 Å, and
a solvent proberadiusof 1.4 Å. The dielectricconstantin the proteinwasset to εp

� 4, the
dielectricconstantof the solvent was set to εs

� 80. Theseparametervaluesare similar to
thoseusedby Bashford,1991andalsoto thoseusedin earliercalculationsinvestigatingthe
protonationof thebRC(Berozaetal., 1995;Lancasteretal., 1996).Weneglectedtheinfluence
of themembrane,sincecalculationsonthemembraneproteinbacteriorhodopsinwith (Bashford
& Gerwert,1992)andwithout(Sampogna& Honig,1994)amembranemodelyieldedbasically
thesameresults.

The thermodynamicaverageover all possibleprotonationstatescannot be calculatedex-
actly sincethe numberof possibleprotonationstatesof the bRC (2n with n N 200) is far too
large. InsteadweusedaMetropolisMC method,implementedin theprogramMCTI (Berozaet
al., 1991).Thestatisticaluncertaintyof this methodcanbeestimatedby evaluatingtheproto-
nationcorrelationfunctionfor eachindividualtitratablegroup.To improvesamplingefficiency,
titratablegroupscoupledstrongerthan1.5 pKa-unitschangedtheir protonationstatesimulta-
neouslyin oneMC move (Berozaet al., 1991). SuchsimultaneousMC movesweredonein
additionto simpleMC moves.In theunprotonatedstateof histidinetwo tautomersarepossible.
Bothwereconsideredin ourcalculations(Bashfordetal., 1993).Hencewecouldcalculatethe
fractionof ε- andδ-tautomersof histidines.

The protonationstatesof all titratablegroupsof the bRC were calculatedseparatelyfor
eachof the tenpossibleprotonationandredoxstatesof thequinonepair. Arginine,aspartate,
cysteine,glutamate,histidine,lysine, tyrosine,andthe C- andN-terminus,if not formylated,
wereconsideredastitratablegroups. The histidinescoordinatingthe magnesiumions of the
chlorophyllsandalsotheglutamateandthehistidinescoordinatingthenon-hemeiron werenot
consideredas titratablegroups. Explicit watermoleculeswerenot includedandhencewere
not consideredas titratablegroups. Their pKa-valuesin aqueoussolutionarewith -1.7 and
15.7 ratherextreme. We did not expect that the protein is able to stabilizeH3O� or OH�
ions. Although ionizedwatermoleculesmay participateastransientstatesin proton-transfer
reactions,their presencein equilibriumstates,which we investigated,is unlikely. In total 194
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titratablegroupswereincludedin thecalculations.
TheMC samplingwasdoneatpH 7.5and300K. OneMC scancomprisesasmany random

individualprotonationchanges(MC moves)astherearetitratablegroupsconsidered.Wedid at
first 3000MC scans.Thenwefixedtheprotonationof all groupswhoseprotonationprobability
differedfrom unity or zeroby lessthan10� 6 in their respectiveprotonationstateandexcluded
thesegroupsfrom furtherMC sampling.With thisreducedsetof titratablegroupsweperformed
another7000MC scans.This moreefficient MC methodis alsoimplementedin theprogram
MCTI. Thesamplingwassufficient to reacha standarddeviation of lessthen0.01protonsat
eachindividual titratablegroup.In general,thestandarddeviation of a singlegroupwasmuch
smallerthan0.01. Thesumof thestandarddeviationsof all protonationprobabilitieswasfor
eachstateabout0.02protons.

Continuumelectrostaticmethodsarecapableto yield reliablevaluesmerelyfor energy dif-
ferencesin differentelectrostaticenvironments.For thatreason,our calculationrequiredpKa-
valuesandredoxpotentialsof menaquinone(MQ) andubiquinone(UQ) in aqueoussolution
asreferencefor computingthereactionenergy of electron-transferandprotonationreactionsin
thebRC.MQ andUQ, however, arenot solublein purewater. Swallow (Swallow, 1982)and
Morrisonetal. (Morrisonet al., 1982)extrapolatedthepKa-valuesof thequinonesfrom pKa-
valuesof watersolublequinonederivativestaking into accounttheeffect of differentquinone
ring substituentson thepKa-value.TheresultingpKa-valuesare4.9 for UQ O � /UQO H and11.7
for UQH� /UQH2.

Redoxpotentialsof quinonescan not be measuredin a protic solvent, sincea reduced
quinonewill inevitably take up a proton. Redoxpotentialsin aproticsolvents,however, are
known; MQ/MQ O � in DMF (dimethylformamide):-709 mV, UQ/UQO � in DMF: -602 mV
(Princeetal., 1983),andUQO � /UQ2 � in acetonitrile:-1450mV (Morrisonetal., 1982).

We correctedtheredoxpotentialsof thequinonesobtainedin non-aqueoussolutionsto get
redoxpotentialsin aqueoussolutionsby accountingfor thedifferentsolvationenergiesin the
respective solvents. For that purpose,we calculatedthe energy for dissolvingthe quinones
in their differentredoxstatesin water, acetonitrile,andDMF by the continuumelectrostatic
method(Sitkoff et al., 1994). In thecalculations,thefollowing solventparameterswereused:
Thedielectricconstantsareε � 80 for water, ε � 38 for acetonitrile,andε � 37 for DMF. The
solventradii are1.4Å for water, 2,0Å for acetonitrile,and2.8Å for DMF. Finally weobtained
the following redoxpotentialsof the quinonesin aqueoussolution: -699 mV for MQ/MQ O � ,
-592mV for UQ/UQO � , and-1420mV for UQO � /UQ2 � .

Titratablegroupsthat have a protonationprobability of lessthan0.05 or more than0.95
afterMC titration in all consideredbRCstatesareassumedto contributeto thethermodynamic
averageonly in their totally deprotonatedor protonatedstate,respectively. Therefore,we fixed
thosetitratablegroupsin thetotally deprotonatedor protonatedstateanddid notconsiderthem
astitratablegroupsin subsequentcalculations.Only fivetitratablegroupshadvariableprotona-
tionsatpH 7.5accordingto thiscriterion.TheseresiduesareaspartateM182andtheglutamates
H45,H177,H234,andM76. To testwhetherfixing theprotonationstateof nearlycompletely
protonatedor unprotonatedresiduesis justifiable,we repeatedthe calculationof protonation
patternsstatewith this reducedsetof unfixedtitratablegroups.Thedifferencebetweenthepro-
tonationprobability in this calculationandthecalculationwith thefull setof titratablegroups
waslessthan0.05for eachof thefiveresidueswith variableprotonations.

We calculatedtheenergy of theprotonationreactionsof QB by thecontinuumelectrostatic
methoddescribedin Section4.3. In addition to the five titratablegroupswith variablepro-
tonations,QB wasalsoconsideredastitratablegroup. Sincethe numberof variabletitratable
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groupwassmall in this application.No MC samplingwasnecessaryandthe thermodynamic
averagecouldbecalculatedexactly. Theexactevaluationof the thermodynamicaveragepre-
ventssamplingproblems,which may occurwith MC samplingif the protonationenergy of
QB is too large. Theprotonationenergy wasobtainedfrom theprotonationprobabilityQB by
usingeq4.13. Thereactionenergy of electrontransferfrom QA to QB wasobtainedby using
eqs4.59,4.2,and4.13.Theresultsof thecalculationson thebRCquinonesaresummarizedin
Section5.2.

4.5.3 Protein-Protein AssociationEquilibrium

Measurementson protonuptake or releaseuponassociationor reductionof proteinshave fre-
quentlybeenusedto determinethe pH dependenceof associationconstants(Wyman,1964;
Lebowitz & Laskowski, 1962;Mauketal., 1991;Mauketal., 1994;vanVlijmen etal., 1998),
of redoxpotentials(McPhersonetal., 1988;Berozaetal., 1995),andof unfoldingfreeenergies
(Tanford,1970;Yang& Honig,1993;Schaeferet al., 1997).Themethodusedin thesestudies
is basedontheso-calledproton-linkagemodelthatrelatesthepH dependenceof anequilibrium
constantto theprotonreleaseuponthis reaction(Laskowski & Finkenstadt,1972).Theproton
linkagemodelcanalsobeusedto determinethepH dependenceof the freeenergy changeof
conformationaltransitionsandthepH dependenceof redoxreactions.Thefreeenergy change
upona reactioncanhowevernotbecalculatedby theprotonlinkagemodel.

The associationbetweentwo moleculesis describedby eq 4.60,whereKA representsthe
associationconstant.

A � B � AB; KA
� � AB �� A � � B � (4.60)

ThemoleculesA, B, andAB involvedin thatreactioncanexist in LA, LB, andLAB protonation
states,respectively. The total concentrationof eachspeciesis thengivenby the sumover all
possibleprotonationstates.Therefore,eq4.60wasrewrittenandresultedin eq4.61(Laskowski
& Finkenstadt,1972),

KA
� LAB

∑
i � 0

� ABi �
LA

∑
i � 0

� A i � LB

∑
i � 0

� Bi � (4.61)

where � A i � , � Bi � , and � ABi � denotetheconcentrationof A, B, andAB in therespectiveprotona-
tion statei. Becausetheconcentrations� A i � , � Bi � , and � ABi � dependon pH, KA dependson pH.
Thisapproachleadsfinally to eq4.62,wherea representsthenumberof protonsreleasedupon
association.

lgKA � pH2 � � lgKA � pH1 �0� pH2P
pH1

a dpH (4.62)

This equationstatesthat if theassociationconstantKA � pH1 � at pH1 is known, theassociation
constantKA � pH2 � at pH2 canbe obtainedsimply by integratingover the numberof protons
releaseduponassociation.A detailedderivationof eq4.62is givenin SectionA.
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Alternatively to the protonlinkagemodel,the absolutepH dependentfree energy change
uponassociationcanbe calculatedby an approachsimilar to that outlined in Section4.5.1.
This approachwould howeveralsorequirethecomputationof thefreeenergy of associationin
adefinedreferencestate.Suchacomputationis, however, fairly difficult.


