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�x�.�,�q�L�=���=�T�\���a���E�����L� ?¡d¢

x0 6∈ Σ £c¤\¥ ¡d¦_¢ ¥ ¡d§;¡m¡;¨A©Eª]¢Tª�«x§;«3¬F©®­Xª lx0 > 0
«F§;¯.­a¦�¬^° ¥ ©T± ¥i² ° ¥ ¡d¦~«p³3³�´µ©T±p«3¶C´4¡ ² ¢ ¥ ¡�©®¦L¢{¡C§]©T¯.§*·j¡C§pª]©T¯.¦,ª�¯R¸¢ ¥ ¡~¹9³A³9¡C§�ºf§B¡B«x»f«.¢¼©T¯^½*§B¯B³,¯jª]©®¢�©T¯F¦u¾T½*§;¯p³9¯.ªp©®¢¼©T¯.¦ 15.2.1 ¿ «.¦\¬c¢ ¥ ¡`ÀO´4¡p«.§]©®¦XÁk¯.­a¢Â ?¡dÃ`Ãg«_¾T ?¡dÃ`Ãg« 16.2.1 ¿¥ ¯F´4¬f¸d¯.§c«F´®´Â§;«A¬.©®©Vª]Ãg«.´®´4¡C§7¢ ¥ «.¦&¯.§M¡pÄd­,«F´�¢Å¯ lx0 £

Æ	ÇAÈO�����Z���L�h�a���E�����L� ?¡d¢
x0 ∈ Rn+1 £kÉ ¡7¢ ¥ ¡C¦�¬A¡TÊ$¦\¡q¸d¯.§ x0 ∈ Σ

dx0 := min

{
1

2κΣ
,
(τ0

2

)2
}

«.¦�¬|¸d¯F§
x0 6∈ Σ

dx0 :=
1

2
min{lx0 , dΣ(x0)},° ¥ ¡C§;¡ lx0

©Eªx¢ ¥ «F¢qÃg¡C¦,¢¼©T¯.¦\¡p¬k©®¦�½*§;¯p³9¯.ª]©®¢�©T¯F¦ 18.0.1 £
ËZÌFÍ



Î_ÇXÏuÐ9�=ÑVÒ*Óm<�PQ(C)iHBG4+A)9(Z8_G4)bÔqN,1F[9H;(C: ËjÕ �iH;N9(x:B(Z<;D924HB<qS�+3:�PQ(Z13)~UdD,:;W.1.HBD9:B(ml,+.-�-�GIHBN9+3DaH�@\+3D9),8,1F:B5gN9+32E8+3)	@,13242E<�Ud(Z)AHB(C:B(Z8	1.H�[\+3G6)AHp<�)9+FH|+A)_HBN9(K@\+3D9),8,1F:B5g[9:;+.WXGE8a(Z8kH;N,1FH�H;N9(K:p1389G4D,<*GE<|<;PQ13242w(Z)9+3D,>3NkHB+g(C),<;D9:B(H;NL1.H�H;N,(K@,1F262�8a+X(Z<�)9+3H�G4)iH;(Z:B<;(ZUdH�H;N9(7<;D9[9[\+3:;H|<RD9:;ST13UC(3eOy{H�S�+32626+.-|<$HBN,1.H�HBN9(K@\+3D9),8,1F:B5i26(Z<B<*:;(=<RD,2IHp<�UC1F)	@\(HB13}3(Z)_HB+`N,+32E8~+A)
Bdx0 (x0)

S�+3:�(=13UpN
x0 6∈ Σ

e
Ö|×kØZÖ Ù�ÚgÚgÛÝÜnÚ7Þdßcà?á
'&(K@L(Z>3G6)~@X5_UC+3),<;G689(C:BG4)9>cH;N,(71F:B(Z1c:B1FH;G6+c@\(CN,1jWXG6+3D9:�+3S?+3D,:�24G6PQGIHm<;(dHp<C�a-�N9GEUpN	-�G4262�26(Z138_H;+`HBN9(78a(d/L)9GIHBG4+A)1F)L8_[9:B+3[\(C:;H;G6(Z<�+3SÂHBN9(Qt >A+X+X8~[\+3G6)AHp<Cv6e
â$ÇXÏuÏ�Ð��X�Â�T�\�T�\�cãJä����?�T�ZÇrå*�,�=Ð9æ�çf��Çi�.è,é?ê,ë~���Tì{�L�.Ïîí`�Lï��?ð��\��ñk�.ÇXÐ�Î~Ða�Z����ò ?¡d¢ M = (Mt)t∈[0,T )

¶p¡x«Kª]Ãg¯Z¯F¢ ¥X² ³�§;¯B³,¡d§]´IóQ¡CÃQ¶p¡p¬3¬A¡p¬7ªC¯F´µ­a¢�©T¯F¦�¯R¸|Ãg¡p«.¦r±d­a§]·.«.¢¼­a§;¡?ô�¯F°u°V©®¢ ¥cõ ¡d­aÃg«.¦L¦¸p§;¡p¡b¶p¯.­a¦�¬3«F§]ó�±p¯.¦�¬.©®¢¼©T¯.¦,ª~ª]­=³3³,¯.§]¢Å¡p¬0¯.¦�¢ ¥ ¡	ª]­=³3³,¯.§]¢7ªp­a§�¸d«A±p¡ Σ
ª]­,± ¥ ¢ ¥ «.¢$¸d¯F§_ªC¯.Ãg¡ x0 ∈ Σ M ©Eª�«ªC¯.´µ­a¢¼©T¯.¦�©®¦

Bdx0 (x0) × (t0 − d2
x0
, t0)¸d¯.§qªC¯.Ãg¡

t0 ∈ [0, T )
° ¥ ©T± ¥ ªC«.¢¼©Eª®Ê*¡]ªq¢ ¥ ¡�«.§;¡p«K±p¯.¦L¢�©®¦L­a©®¢�óx«.¦\¬f­a¦L©®¢Â¬3¡C¦9ª]©®¢�ó ¥ óB³,¯.¢ ¥ ¡dª]©Eª�«F¢w¢�©®Ãg¡ t0 £*ö ­=³A³9¯.ªd¡«.´µªd¯_¢ ¥ «.¢\¸d¯.§KªC¯FÃQ¡`±p¯.¦9ª]¢Å«.¦L¢ A0 <∞ ¢ ¥ ¡M­a¦,© ¸d¯F§]Ã÷«F§;¡p«_¶p¯.­a¦�¬

Hn(Mt ∩ Bdx0 (x0)) ≤ A0

¥ ¯F´4¬jª$¸d¯F§c«.´®´ t ∈ [t0 − d2
x0
, t0] £g¤�¥ ¡C¦ ² ¢ ¥ ¡C§;¡`¡;¨A©Eª]¢�ª c0 = c0(n) > 1

ªp­,± ¥ ¢ ¥ «F¢

(i)

∫ t0

t0−ρ2

∫

Mt∩Bd(x0)

| ~H |2 <∞

° ¥ ¡C§;¡ d = dx0/c0 £�ø ­a§]¢ ¥ ¡C§]Ãg¯.§;¡ ² ¢ ¥ ¡d§B¡c¡B¨A©Eªp¢�ª A = A(n, dx0 , κΣ, A0) > 0
ª]­,± ¥ ¢ ¥ «.¢

(ii)
Hn(Mt ∩ Bρ(x))

ρn
≤ A

¸d¯.§`«.´®´
x ∈ Bd(x0) ∩ Σ ² ρ ∈ (0, d]

«F¦\¬
t ∈ [t0 − ρ2, t0] £�x�.���\ì;Ò'�G4H;N9+ADaH_26+A<B<g+FSK>3(Z)9(C:p1F26G4HJ5u-q(b1A<;<;D9PQ(�H;NL1.H

x0 = 0
e"o�N,(C)�@X5uHp1F}XG4),>

c0 = 3
√

128n
-*(Y<;(C(�HBN,1.H

d = dx0/c0 ≤ d0/3
√

40
1F),8

d2 ≤ d2
x0
/(9(128n))

e�'�(7UZ1F)	H;N9(Z:;(CS�+3:B(^13[9[9265_ù�(ZPQPQ1
15.1.1

H;+Q>A(dH
∫ t0

t0−d2

∫

Mt∩Bd
| ~H |2dHndt =

∫ t0

t0−d2

∫

Mt∩Bdx0/3
√

40

| ~H |2dHndt+ Hn(Mt ∩ Bdx0/3
√

40)

≤ 16Hn(Mt0−d2 ∩Bdx0 )

≤ 16A0

< ∞,

S�+3:|13)X5
t ∈ [t0 − d2, t0]

G6)	H;N9(7<;(ZUC+3),8_H;(Z:;P��9[,:;+.WXG6)9>c[L1F:;HKúTGEûde
ü9+A:�[,1F:;H7ú�G6GEû*-*(KD,<;(x�z:;+A[L+i<RG4H;G6+3)

15.2.1
13<*S�+32626+.-|<CeOü9+A:

x ∈ Bd ∩ Σ
-*(^NL1jW3(fS�+3:|1F)X5

ρ ∈ (0, d]

sup
[t0−ρ2,t0)

Hn(Mt ∩ Bρ(x))
ρn

≤ C(n, κΣ)
Hn(Mt0−d2 ∩B√

2+0.4nd(x0))

(
√

2 + 0.4nd)n
,

ËZÌAý



-�N9(Z:;(|-*(�N,1jWA(�D,<R(=8
ρ0 ≡ dx0 =

√
2 + 0.4nd

eV�m+.-K�AG4S
d ≤ d0(1+

√
2 + 0.4n)−1 H;N,(C) B√

2+0.4nd(x0) ⊂
Bdx0

S�+3:|13242
x0 ∈ Bd

�,<;+cHBN,1.H

sup
[t0−ρ2,t0)

Hn(Mt ∩ Bρ(x))
ρn

≤ C(n, κΣ)
Hn(Mt0−d2 ∩ Bdx0 (x0))

(
√

2 + 0.4nd)n

= C(n, κΣ, d)Hn(Mt0−ρ2 ∩ Bdx0 (x0))

≤ C(n, κΣ, d)A0.

o�NXD,<�<;(dHRHBG4),>
c0 = 1 +

√
2 + 0.4n

>3G6W3(Z<�DL<
Hn(Mt ∩ Bρ(x))

ρn
≤ A = A(n, d, κΣ, A0)

S�+3:|13242
x ∈ Bd ∩ Σ

�
ρ ∈ (0, d]

1F),8
t ∈ [t0 − ρ2, t0)

e
o�N9GE<_8a+X(=<k)9+3H_53(CH_>3G6W3(�HBN9(b(Z<RH;G6Pg1.HB(rS�+3:

t = t0
eÿþ|+.-*(CWA(C:=�$S�+A:_1F)X5

x0 ∈ Bd
1F),8

ρ ∈ (0, d]
H;N9(Ó|:B(Z1QUC+3)iH;G6)XD9GIHJ5_Ni5X[\+FHBN9(Z<;G6<�[,:;+.WXGE8a(Z<

Hn(Mt0 ∩ Bρ(x)) = lim
t↗t0

Hn(Mt ∩ Bρ(x)) ≤ Aρn

<;+cHBN,1.H�HBN9(K(Z<RH;G6Pg1.HB(^N,+32E89<*S�+3:
t ∈ [t0 − ρ2, t0].

'&(xH;N9(Z:;(CS�+3:B(xUpN,+i+i<R(
c0 = max{1 +

√
2 + 0.4n, 3

√
128n} = 3

√
128n<;+cHBN,1.H|@\+FHBN

(i)
1F),8

(ii)
N9+32E8�<RG6PMD924HB13)9(C+AD,<;245QS�+A:�H;N9(7<B1FPQ(

c0
e ♦

y{H7GE<xH;N9(k/,:B<RHK[,1F:;H7+FS*H;N,(g[9:;(=Ud(Z(Z8aG6)9>�24(ZPQPQ1	HBN,1.H7>AG4WA(Z<^HBN9(gG4)L<R[9G6:p1.H;G6+3)�S�+3:7H;N9(k8a(C/,)9G4H;G6+3)�+FS�1�>3+X+a8[\+3G6)AH=emo�N9(`<RPg1F2626(C:|HBN9(M@\+3D,),8aG6)9>~UC+3),<RHB13)AHf24(=<;<|H;N,13)bG4)9/,)9G4HJ53�LH;N9(`@L(CHRHB(C:fH;N9(c(Z<RH;G6PQ1FH;(Ae|'�(MH;N9(Z:;(CS�+3:B(Pg1F}A(fHBN9(xS�+32626+.-�G4)9>Q8a(C/,)9G4H;G6+3)�+FSO>3+X+a8k[\+3G6)iHB<Ze
Æ	ÇAÈO�����Z���L�h�a�����L���L� ?¡d¢ M = (Mt)t∈[t1,T )

¶p¡m«xªpÃg¯=¯.¢ ¥i² ³�§;¯B³,¡d§]´Ióc¡dÃg¶p¡p¬3¬3¡p¬Kªd¯F´µ­a¢¼©T¯.¦~¯R¸�ÃQ¡p«.¦	±d­a§]·.«.¢¼­a§;¡�ô�¯F°&°V©®¢ ¥7õ ¡d­aÃg«.¦L¦¸p§;¡p¡`¶B¯F­a¦\¬A«.§]ó_±p¯.¦�¬.©®¢¼©T¯.¦9ªc«F¦\¬k´4¡d¢
x0 ∈ Rn+1 £�ø ¯F§ α ≥ 0

°$¡c¬A¡TÊ$¦\¡

Gαt0 =

{
x ∈ Bdx0/c0(x0) : lim sup

ρ↘0

1

ρn

∫ T

T−ρ2

∫

Mt∩Bρ(x0)

| ~H |2dHn ≤ α2

}
.

�]¦�¢ ¥ ¡k±p«.ªd¡~¯J¸c§;¡{ÁF­a´6«.§]©®¢¼ór«.ªpªp­aÃm³\¢¼©T¯.¦,ª��c°$¡k¬A¡TÊ$¦\¡f³,¯.©®¦L¢Tª x ∈ Σ ∩ Gαt0
¢Å¯r¶B¡MÁA¯=¯Z¬M³,¯.©®¦L¢Tªg¯.¦L´µó�© ¸c¢ ¥ ¡Có«.´µªd¯kªC«.¢¼©Eª�¸pó

Θn(Hn,Mt0 , x) ∈ {0, 1/2} £ �]¦�¢ ¥ ©EªM±B«.ªC¡7°$¡`±p¯.¦,¢¼©®¦,­,¡7¢{¯~¬3¡C¦\¯F¢{¡M¢ ¥ ¡7° ¥ ¯.´4¡MªC¡C¢*«jª Gαt0 £Óm<fPQ(C)iH;G6+3),(Z8r1F@\+.W3(A�9-*(M-�GE<RN�HB+_Ud+A),<RGE8a(Z:m+3),245~H;N9(M@L(ZN,1jWXG4+AD9:m+3SO>A+X+X8�[\+3G6)iHB<Ze|ü9+A:|H;N,G6<mH;+kN,(C26[b-�GIHBN:B(C>3D,2613:;G4HJ5QH;N9(Z+3:B5k-*(f/L:B<RH�)9(C(=8_HB+k<RN,+.-�H;N,1FH|-q+A:;}XG6)9>`+3)9265_-�G4H;N�>3+X+a8~[L+AG4)iHB<�GE<��JD,<RH;G4/,(=8~-�N,G6UpN�-*(x89+@X5`<;N9+.-�G6)9>xH;NL1.Hq1324PQ+A<RH$1F262,[\+3G6)iHB<q1F:B(�>3+X+a8c[\+3G6)iHB<ZeVoÂ+M89+xH;N9GE<C�i-*(|PQ(C)iH;G6+3)QHBN9(mG6)iH;(C:BG6+3:VW3(Z:B<;G6+3)Q+FS�H;N,(ü�G4),GIHB(co?+FHB132��z),(C:B>35��	�m)9GIS�+A:;P�
*+3D9)L8�+3)YÓm:;(=1
�|1.HBG4+L�\ùÂ(CPQPg1
18.1.1

1F@\+.W3(A�,-�N9GEUpNb@X5_HBN9(c89G6<BUdD,<B<;G4+A)G6)bÔqNL1F[aHB(C: Ë=Õ 1326<;+cN,+32E89<�G4)�+AD9:|<R(CHRHBG4)9>Le
â$ÇXÏuÏ�Ð��X�Â�T�\�����Àz¯.¦,ªp©T¬A¡d§Q«_ªpÃg¯=¯.¢ ¥i² ³�§;¯B³,¡C§]´µó	¡CÃQ¶p¡p¬3¬A¡p¬kªC¯F´µ­a¢�©T¯F¦ M = (Mt)t∈[0,T )

¯R¸7Ãg¡B«F¦�±C­a§]·.«.¢¼­a§;¡$ô�¯F°n°V©®¢ ¥	õ ¡d­��Ãg«.¦,¦`¸p§;¡p¡Q¶B¯F­a¦\¬A«.§]ó	±p¯F¦\¬.©®¢¼©T¯.¦,ªKª]­=³3³,¯.§]¢Å¡B¬	¯.¦&¢ ¥ ¡Mª]­=³3³,¯.§]¢qªp­a§�¸d«A±p¡ Σ
©®¦�«F¦&¯B³,¡C¦YªC¡C¢

U ⊂ Rn+1 ° ¥ ©T± ¥ªC«.¢¼©Eª�Êq¡dª$¢ ¥ ¡�«.§;¡p«	�R±p¯F¦,¢¼©®¦,­a©®­a¢¼óf«.¦�¬m­a¦L©®¢�¬A¡d¦,ª]©®¢�ó ¥ óB³,¯.¢ ¥ ¡dªp©Eª|«.¢�¢¼©®ÃQ¡ T «jª$°$¡C´®´X«.ª$¢ ¥ ¡�¶p¯.­a¦�¬3«.§]óx«B³A³\§;¯=«3± ¥ ¡dª¶p¯.­a¦�¬3«.§]ó_«.ªpªp­aÃm³\¢¼©T¯.¦�«.¢*¢�©®Ãg¡
T £  ?¡C¢ x0 6∈ Σ

«.¦�¬
dx0

¶p¡7¢ ¥ ¡M§;«3¬F©®­XªM«.§;¯F­a¦\¬ x0
ª]­,± ¥ ¢ ¥ «.¢

ËZÌ��



� £ Bdx0 (x0) × (T − d2
x0
, T ) ⊂ U × [0, T ) ² «.¦�¬

� £ «.´®´?¯R¸K¢ ¥ ¡�� ³�§;¡C·Z©T¯F­Xª��9¦\¯.¦��R¶p¯.­a¦\¬A«.§]ó_±p«jªC¡M§;¡dªp­a´I¢Tª ¥ ¯F´4¬k©®¦,ª]©T¬3¡Q¯J¸ Bdx0 (x0) × (T − d2
x0
, T ) £

ö ­=³A³9¯.ªC¡c«F´ ªC¯k¢ ¥ «F¢L¸d¯.§7ªd¯FÃQ¡`±p¯.¦,ªp¢Å«.¦L¢ A0 <∞ ¢ ¥ ¡7­a¦L© ¸d¯.§]Ã�«.§;¡p«_¶p¯F­a¦\¬
Hn(Mt ∩ Bdx0 (x0)) ≤ A0

¥ ¯F´4¬jª$¸d¯F§c«.´®´ t ∈ [T − d2
x0
, T ] £`¤�¥ ¡C¦Y¢ ¥ ¡C§;¡`¡;¨A©Eª]¢�ªK« c0 = c0(n)

ªp­,± ¥ ¢ ¥ «F¢
∫ T

T−d2

∫

Mt∩Bd(x0)

| ~H |2dHn <∞

¸d¯.§
d = dx0/c0 £~ø ­a§]¢ ¥ ¡C§]ÃQ¯F§;¡ ² ¢ ¥ ¡d§;¡~¡;¨A©Eª]¢�ªQ«b±p¯.¦,ª]¢{«F¦,¢ A > 0

° ¥ ©T± ¥ ¬3¡Å³,¡d¦�¬jª_¯.¦L´µóY¯.¦ n, dx0

«.¦�¬
A0ª]­,± ¥ ¢ ¥ «.¢

Hn(Mt ∩ Bρ(x0))

ρn
≤ A

¥ ¯F´4¬jª$¸d¯F§c«.´®´ x ∈ Bd(x0) ² ρ ∈ (0, d]
«.¦\¬

t ∈ [T − ρ2, T ] £
Î_ÇXÏuÐ9�=ÑVÒ�
*50+3@,<;(C:BWXG4),>rH;N9(	[9:B+X+FS�S�:B+3P��$Up}3(Z:����! |ù�(ZPQPQ1 ý e Ë#" -*(�<R(Z(kH;NL1.HQG4)�H;N9(~G4)iH;(Z:;G6+3:QUC1A<R(~1<;D�$kUdG6(C)iH

c0
G6<
c0 = (8(1 + 2n))−1/2 e

ü9+A:�H;N9(7<B1F}A(f+3S�D,)9GIS�+A:;PQG4HJ5k-*(^),+.-"UpN9+X+A<;(
c0
<R+`HBN,1.H|@\+FHBN~HBN9(K@\+3D9),8,1F:B5_1F),8~G6)AHB(C:BG4+A:�:;(=<RD924HB<�N,+32E8we

Æ	ÇAÈO�����Z���L�h�a�����L�%�w�
É ¡c¬3¡�Êz¦�¡

c0 := min{3(128n)−1/2, (8(1 + 2n))−1/2} = 3(128n)−1/2.

yÅ)&+3:p8a(C:fH;+	[9:B+.W3(7HBN,1.H71324PQ+A<RHK1F262�[\+3G6)iHB<x1F:B(`>3+X+a8r-q(Q-�G6242V1326<;+~DL<R(cH;N9('&fGIHp1F26GqÔq+.W3(C:BG6)9>_o�N9(Z+3:B(CP��w1<RHB1F)L891F:p8_PQ(=13<;D9:;(fH;N,(C+3:B(dHBG6U^:B(Z<;D924H�-�N,G6UpNrUC13)~@\(7<RHB1.HB(Z8	13<*S�+A2426+.-|<Ce
å)(�ÇX�,�.ÇXÏ �a�����L���L�cã+*~�T�ZÐ9æ��+,4�.-c�0/LÇi�.�T��è�å)(�Çi�L�.ÇXÏ�ò ?¡d¢ F ¶p¡`«.¦,ó_±p¯F´®´4¡p±d¢¼©T¯.¦0¯J¸x¦�¯.¦��R¬A¡{ÁA¡C¦\¡C§;«.¢Å¡`±d´4¯.ªC¡B¬	¶p«.´®´ ªK©®¦

Rn
°V©®¢ ¥

sup{diam(B) : B ∈ F} <∞.

¤�¥ ¡C¦Y¢ ¥ ¡C§;¡`¡;¨A©Eª]¢Tª7«	±B¯F­a¦,¢Å«3¶C´4¡z¸d«FÃc©®´Ió G ¯J¸7¬F©Eª�1C¯F©®¦,¢|¶p«.´®´ ª7©®¦ F ª]­,± ¥ ¢ ¥ «.¢
⋃

B∈F
B ⊂

⋃

B∈G
B̂,

° ¥ ¡C§;¡ B̂ ¬A¡d¦�¯.¢Å¡]ªK¢ ¥ ¡`¶B«F´®´Â°V©®¢ ¥ ¢ ¥ ¡7ªC«.Ãg¡c±p¡C¦,¢Å¡d§7«jª B °V©®¢ ¥ Êz·.¡K¢¼©®ÃQ¡dªK¢ ¥ ¡7§;«A¬.©®­Xª £
'&(`13:;(7),+.-�13@926(7H;+	<RN,+.-"HBN,1.HK1F26PQ+A<RHf1F262�[L+AG4)iHB<^1F:B(M>A+X+X8�[\+3G6)iHB<Zef'&(c<;N9+.-hH;N,G6<^G6)rH;N9(cS�+3:BP÷+FSVHJ-*+:B(Z<;D92IHp<|13<�H;N9(7[,:;+X+FSOS�+A:�H;N9(cUC13<;(

α > 0
89+i(=<|)9+3H|-q+A:;}_S�+3:

α = 0
e*'�(7H;N9(Z:;(CS�+3:B(K[9:;+.WA(^H;N9(7:B(Z<;D924H�/,:p<JHS�+3:qH;N,(^UZ13<;(|-�N9(C:B(

α > 0
13),8QHBN9(C)	13<*1MUd+A:;+A242E1F:B5c<;N9+.-�H;NL1.H*H;N9(f:;(=<RD924HqGE<�1F2E<R+7H;:BD9(|S�+A:$HBN9(^UZ13<;(

α = 0
e

â$ÇXÏuÏ�Ð��X�Â�T�\�32Â� ?¡d¢ M = (Mt)t∈[0,T )
¶p¡x«Kª]Ãg¯Z¯F¢ ¥X² ³�§;¯B³,¡d§]´IóQ¡CÃQ¶p¡p¬3¬A¡p¬7ªC¯F´µ­a¢�©T¯F¦�¯R¸|Ãg¡p«.¦r±d­a§]·.«.¢¼­a§;¡?ô�¯F°u°V©®¢ ¥cõ ¡d­aÃg«.¦L¦¸p§;¡p¡k¶p¯.­a¦�¬3«F§]ó�±p¯.¦�¬.©®¢¼©T¯.¦,ªcª]­=³3³,¯.§]¢Å¡p¬r¯.¦0¢ ¥ ¡`ª]­=³A³9¯F§]¢�ªp­a§�¸d«A±p¡ Σ

©®¦
U × [t1, T )

¸d¯.§`ªC¯.Ãg¡k¯p³9¡C¦�ªC¡d¢
U ⊂

Rn+1 £  Â¡C¢ x0 ∈ Rn+1 «F¦\¬ t0 ∈ (0, T ] £Q¤\¥ ¡d¦`¸d¯.§M¡C·j¡C§]ó α > 0

Hn(Bdx0 (x0) ∼ Gαt0) = 0.
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�x�.���\ì;Ò
��(Z>3D92E1F:BGIHJ5b1A<;<;D9PQ[aHBG4+A),<^ycú54f(d/L)9GIHBG4+A)

13.2.6
ûm:;(=�AD,G4:B(MHBN,1.HxHBN9(g[L+AG4)iHp<

x ∈ Σ
-�GIHBN

Θn(Hn,MT , x) 6∈
{0, 1/2} úT-�N9GEUpNb1F:B(71F2E<R+gG6)rH;N,(MUd+AP`[,24G6PQ(C)iHm+FS GαT û�N,1jW3( Hn PQ(Z1A<RD,:;(K�Z(C:B+,e�o�NiDL<�H;N,(C5�8a+k)9+3Hf1.��(ZUdHH;N,(K:;(=<RD924HZe
ü�GI�

δ ∈ (0, dx0 ]
e6
*5�H;N9(�8a(C/,)9G4H;G6+3)h+FS

Gαt0
�|S�+3:�(ZW3(C:B5

x ∈ Bd(x0) ∼ Gαt0
HBN9(C:B(&(d�aG6<RHB<	1�:B1A8aG4DL<

ρx ∈ (0, δ/10)
<RD,UpN	HBN,1.H

Bρx(x) ⊂ Bd(x0)
1F),8

∫ T

T−ρ2x

∫

Mt∩Bρx (x)

| ~H|2dHn > α2ρnx .

o�N9('&mG4HB1324GzUC+.W3(Z:;G6)9>_o�N9(Z+3:B(CP 132426+.-|<^D,<fH;+r<R(Z24(=U]H71	8aG6<5�J+3G6)iHxST1FPQG4265b+3S$@,1F262E< {Bρj (xj)}j∈N

-�GIHBN
xj ∈

Bdx0 ∼ Gαt0
<;D,UpN	H;N,1FH

Ë e
ρj ∈ (0, δ/10)

�
Õ e
Bρj (xj) ⊂ Bdx

�913),8
7 e
Bdx0 (x0) ∼ Gαt0 ⊂ ⋃∞

j=1 B5ρj (xj)
�,13),8

∫ T

T−ρ2j

∫

Mt∩Bρj (xj)
| ~H |2dHn > α2ρnj .


*5m)9+3H;G6)9>�H;NL1.H�HBN9(
Bρj (xj)

v <?1F:B(z8aGE<8�J+AG4)iH�-*(zUC1F)^HBN9(C:B(dS�+A:;(V(=<JHBG4Pg1.HB(OH;N9( Hn
δ

�¼PQ(=13<;D9:;(V+3S
Bdx0 (x0) ∼ Gαt0@X5

Hn
δ (Bdx0 (x0) ∼ Gαt0) = inf





∞∑

j=1

ωn

(
diam(Cj)

2

)n
: Bdx0 (x0) ∼ Gαt0 ⊂

∞⋃

j=1

Cj , diam(Cj) ≤ δ



 ,

≤
∞∑

j=1

ω(5ρj)
n

= c(n)ωn

∞∑

j=1

ρnj

<
c(n)

α2

∞∑

j=1

∫ T

T−ρ2j

∫

Mt∩Bρj (xj)
| ~H |2dHndt

≤ c(n)

α2

∞∑

j=1

∫ T

T−δ2

∫

Mt∩Bρj (xj)
| ~H |2dHndt

=
c(n)

α2

∫ T

T−δ2

∫

Mt∩∪∞
j=1Bρj (xj)

| ~H |2dHndt

≤ c(n)

α2

∫ T

T−δ2

∫

Mt∩Bdx0 (x0)

| ~H |2dHndt.

'&(xH;N9(Z:;(CS�+3:B(^NL1jW3(
Hn(Bdx0 (x0) ∼ Gαt0) = lim

δ→0
Hn
δ (Bdx0 (x0) ∼ Gαt0)

≤ c(n)

α2
lim
δ→0

∫ T

T−δ2

∫

Mt∩Bdx0 (x0)

| ~H |2dHndt

= 0,
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-�N9GEUpN	UC+3PQ[926(dHB(Z<�HBN9(K[9:B+i+3SJe ♦

*5r[9:B+.WiG6)9>gHBN9(gUd+A:;+A242E1F:B5kHBN,1.H^H;N9(g<B1FPQ(M:B(Z<;D924Hx1326<;+_N,+32E89<fS�+3:

α = 0
-*(M(Z),8Y+AD9:x8aG6<BUdDL<;<;G4+A)b+3)�>3+X+a8[\+3G6)AHp<�1F),8~HBNiDL<*H;N9(7<;(ZUdH;G6+3)�eO'&(xH;N9(Z)�UC+3),<;GE8a(C:*H;N,(K[9:;+A[L(Z:RHBG4(=<*+FSO>3+X+a8k[\+3G6)AHp<�H;NL1.H�24(=138_H;+QG6P`[\+3:;HB13)iH:B(Z<;D92IHp<*S�+3:|:B(C>AD92E1F:BGIHJ5QHBN9(C+A:;5;:9:B(Z<;D924HB<�+3)	HBN9(7UpN,1F:p13UdH;(Z:;GE<;1FH;G6+3)k+3S?HBN9(M<RH;:BD,U]HBD9:B(^+3S?HBN9(7@\+3D9)L891F:B5k+FS�H;N,(26G4PQG4HZe

-c�,�.�\æTæ�Ða�jé"�a�����L���L� ?¡d¢ M = (Mt)t∈[t1,T )

¶p¡m«xªpÃg¯=¯.¢ ¥i² ³�§;¯B³,¡d§]´Ióc¡dÃg¶p¡p¬3¬3¡p¬Kªd¯F´µ­a¢¼©T¯.¦~¯R¸�ÃQ¡p«.¦	±d­a§]·.«.¢¼­a§;¡�ô�¯F°&°V©®¢ ¥7õ ¡d­aÃg«.¦L¦¸p§;¡p¡`¶B¯F­a¦\¬A«.§]ó_±p¯.¦�¬.©®¢¼©T¯.¦9ªKª]­=³A³9¯F§]¢{¡p¬_¯F¦Y¢ ¥ ¡7ª]­=³3³,¯.§]¢qªp­a§�¸d«A±p¡ Σ £Q¤�¥ ¡C¦
Hn(Bdx0/c0(x0) ∼ G0

T ) = 0.

�x�.���\ì;Òü9:B+3P ùÂ(CPQPg1
18.1.3

GIHKGE<f}X)9+.-�)YH;N,1FHxS�+3:^(Z13UpN
n ∈ N Hn(Bdx0/c0(x0) ∼ G

1/n
T ) = 0.

'&(Q)9+.-ÿUd2E1FG6P
Bdx0/c0(x0) ∼ G0

T ⊂ ⋃∞
n=1Bdx0/c0(x0) ∼ G

1/n
T .

yÅ),8a(C(=8w�926(dH
x ∈ Bdx0/c0(x0) ∼ G0

T

�XH;N,(C)

lim sup
ρ↘0

ρ−n
∫ T

T−ρ2

∫

Mt∩Bρ(x0)

| ~H|2dHn =: β > 0

ú
β = ∞ G6<�[\+A<B<;G4@926(=ûdezo�N9(C)	HBN9(C:B(x(d�aG6<RHB<

N ∈ N
<;D,UpN	H;N,1FH

1/N < β
e$o�NXD,<

lim sup
ρ↘0

ρ−n
∫ T

T−ρ2

∫

Mt∩Bρ(x0)

| ~H |2dHn > 1/N

-�N9GEUpN~G6PQ[926G4(=<�H;N,1FH
x 6∈ G

1/N
T

13),8	N9(C)LUd(
x ∈ Bdx0/c0(x0) ∼ G

1/N
T

<;+cHBN,1.H

x ∈
∞⋃

n=1

Bdx0/c0(x0) ∼ G
1/n
T

S�:B+3P -�N9GEUpN	H;N9(7UC2613G4P H;N,1FH

Bdx0/c0(x0) ∼ G0
T ⊂

∞⋃

n=1

Bdx0/c0(x0) ∼ G
1/n
T

S�+32626+.-|<Ce
'&(7UC1F)	)9+.-hUC1F26D,UCD9261FH;(

Hn(Bdx0/c0(x0) ∼ G0
T ) ≤ Hn

( ∞⋃

n=1

Bdx0/c0(x0) ∼ G
1/n
T

)
≤

∞∑

n=1

Hn(Bdx0/c0(x0) ∼ G
1/n
T ) = 0.

♦

Ö|×kØ=< > Ú7ß
?�@BAkÞdá�àC@�ßEDB@ ÚGF�H ÚGI~ß	ÛEJ)KCLNMPOQOEKOÚRAkÞTSUJKàC@WVXJ7ßQY)@�ßcà[Z\O�J)DB@�á
yÅ)QH;N,G6<z<;(ZUdH;G6+3)Q-*(�[9:;+.WA(*H;N9(�/,)L1F2,[,:;(Z24G6PQG4),13:;5M24(ZP`Pg1A<OS�+3:z>A24+A@,1F2a:B(C>AD92E1F:BGIHJ5AeÂþm1jWXG6)9>7<RN,+.-�)MHBN,1.H$G6),<;G689(+FSz13[9[9:B+3[9:BG61FH;(x@,13242E<C�\1F26PQ+A<RHf1F262�[\+3G6)AHp<m13:;(K>A+i+a8w�L-q(M)9+.-h<;N9+.-"H;N,1FHmD9),89(C:m(ZGIHBN9(C:^<R(CHm+FSz1A<;<;D9PQ[aH;G6+3)L<1F26PQ+A<RHQ13242�>A+X+X8�[L+AG4)iHp<`13:;(	:B(C>3D,2613:ZeuyÅ)�H;N,(~S�+A2426+.-�G6)9>Y/L),1F2�<;(ZU]HBG4+A)�-*(~H;N9(Z)�13[9[9:B+3[9:BG61FH;265013<B<R(ZPM@926(H;N,(g@,1F2626<K13),8��C(C:B+�<R(CHB<^H;+�[9:B+.WXG689(MHBN9(Q/,),132OS�D9242$>326+3@,132�:B(C>AD92E1F:BGIHJ5r:B(Z<;D924HZegÓm<^HBN9G6<M<R(=U]H;G6+3)&GE<^H;N9(Q+3),(

ËZÌ3Ì



-�N9(Z:;(qH;N9(�HB(C+^S�+3:BPg<�+FSL:B(C>AD92E1F:BGIHJ5K13<B<;D9PQ[aH;G6+3),<O13:;(*PQ+A<RHOWXG4HB132a-q(�:B(ZUC13242iHBN9(CPÿ@X57:B(Z<RHB1FH;G6)9>fH;N9(ZPÿ@L(Z24+.-^]
Æ	ÇAÈO�����Z���L�h��2��%�w��_��QãJÎ~Çiè\ï�æTÐa�.���pé�ñ~�Z�=ï�Ï0�?�=�T�\�?�a`Zò ?¡d¢ M = (Mt)t∈[0,T )

¶B¡	«rÃg¡p«.¦�±C­a§]·.«.¢¼­a§;¡|ô�¯.°�°V©®¢ ¥bõ ¡d­aÃg«.¦L¦_¸p§;¡p¡_¶p¯.­a¦�¬3«F§]óY±B¯F¦\¬F©®¢�©T¯F¦9ªgª]­=³3³,¯.§]¢Å¡p¬¯.¦&« õ ¡C­aÃQ«F¦,¦7¸p§;¡p¡c¶B¯F­a¦\¬A«.§]óQª]­=³3³,¯.§]¢$ªp­a§�¸d«A±p¡ Σ £  Â¡C¢ t0 ∈ (0, T ] £c¤�¥ ¡C¦ M ©Eª^¢ ¥ ¡C¦rªC«.©T¬k¢{¯Qªd«F¢�©Eª�¸póg¢ ¥ ¡�.ÇXèLï�æTÐa�.�T�Bé0Ð9�=�=ï?Ï0���Z���L���b``«F¢V¢�©®Ãg¡
t0
© ¸ M ªC«F¢�©Eª�Êq¡dªm¢ ¥ ¡K«F§;¡p«`±p¯F¦,¢¼©®¦,­a©®¢¼ó`«.¦�¬c­a¦,©®¢z¬3¡C¦9ª]©®¢¼ó ¥ óB³,¯.¢ ¥ ¡dª]©Eª«.¢*¢¼©®ÃQ¡

t0
«jªK°$¡C´®´�«.ªx¢ ¥ ¡`¶p¯.­a¦�¬3«.§]ó_«p³3³�§;¯Z«A± ¥ ¡]ªg¶p¯.­a¦\¬A«.§]ó_«F¦\¬g­a¦L©®¢$Ã`­a´µ¢¼© ³\´µ©T±C©®¢�ó	«jªpª]­aÃ|³�¢�©T¯F¦9ª £

Æ	ÇAÈO�����Z���L�h��2��%�w�E���QãJÎ~Çiè\ï�æTÐa�.���pé�ñ~�Z�=ï�Ï0�?�=�T�\�?�a`c`Zò ?¡d¢ M = (Mt)t∈[0,T )
¶B¡	«rÃg¡p«.¦�±C­a§]·.«.¢¼­a§;¡|ô�¯.°�°V©®¢ ¥bõ ¡d­aÃg«.¦L¦_¸p§;¡p¡_¶p¯.­a¦�¬3«F§]óY±B¯F¦\¬F©®¢�©T¯F¦9ªgª]­=³3³,¯.§]¢Å¡p¬¯.¦�« õ ¡d­aÃg«.¦L¦M¸p§;¡p¡`¶B¯F­a¦\¬A«.§]ógª]­=³3³,¯.§]¢qª]­a§�¸d«3±p¡ Σ £  Â¡C¢ t0 ∈ (0, T ] £ M ©Eª7¢ ¥ ¡C¦rªC«.©T¬~¢{¯gªC«.¢¼©Eª®¸pó_¢ ¥ ¡|�.ÇXèedï�æTÐa�.���pé�Ð,�Z�=ï?Ïu�?�=�T�\�?�.`c`r«.¢m¢�©®Ãg¡

t0
© ¸ M ªC«.¢¼©Eª�Êq¡dªc¢ ¥ ¡k«F§;¡p«r±B¯F¦,¢¼©®¦,­a©®¢¼ó�«F¦\¬	­a¦L©®¢m¬3¡C¦9ª]©®¢�ó ¥ óB³,¯.¢ ¥ ¡dª]©Eª«.¢^¢¼©®ÃQ¡

t0 ² ¢ ¥ ¡~¶p¯.­a¦�¬3«F§]óY«.§;¡p«&±B¯F¦,¢¼©®¦,­a©®¢¼ó ¥ óB³,¯.¢ ¥ ¡dªp©Eª�«.¢^¢�©®Ãg¡ t0 ² ¢ ¥ ¡	¶B¯F­a¦\¬A«.§]ó�«p³3³\§B¯Z«A± ¥ ¡]ª	¶p¯F­a¦\¬3«F§]ó«jªpª]­aÃm³\¢¼©T¯.¦&«F¢q¢¼©®Ãg¡
t0
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∫
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∫

M
x0,λ

T

φdHn =

∫

TxMT

φdHn

¸d¯.§M«.´®´
φ ∈ C0

0 (Rn+1) £
gM¡C§;¡

Mx0,λ
T = λ−1(MT − x0) ² λ > 0 £'&(b<RN9+.-�/,:p<JHB245uH;N,1FHkH;N9(b13@L+.WA(	H;N9(Z+3:B(CP 132426+.-|<QD,<QHB+0[9:;+.WA(_HBN,1.H~D9),8a(Z:k:;(Z>3D92E1F:BG4HJ5u13<B<RD9PQ[aHBG4+A),<Qy

Θn(Hn,MT , x) = 0 Hn �Å1F26PQ+A<RH*(ZW3(C:B5X-�N9(C:B(^+3) Σ
e
Õh"�"



å)(�ÇX�,�.ÇXÏ �a���%�w�%�w� ?¡d¢ M = (Mt)t∈[0,T )

¶p¡u«�ª]ÃQ¯=¯.¢ ¥i² ³\§;¯p³9¡C§]´µón¡CÃQ¶p¡p¬3¬A¡B¬�ÃQ¡p«.¦ ±C­a§]·.«.¢¼­a§;¡Qô�¯.° °V©®¢ ¥�õ ¡d­aÃg«.¦L¦�¸p§B¡B¡¶p¯.­a¦�¬3«.§]ór±p¯.¦�¬.©®¢¼©T¯.¦9ªcªC«.¢¼©Eª®¸pó.©®¦XÁr¢ ¥ ¡`§;¡{Á3­a´4«.§]©®¢¼ór«jªpª]­aÃ|³�¢�©T¯F¦9ªb� ² ¢ ¥ ¡C¦g¸d¯.§ Hn �R«.´µÃg¯jª]¢f«F´®´ x ∈ Σ
°$¡ ¥ «.·.¡

Θn(Hn,MT , x) = 0 £�x�.���\ì;Òü9:B+3PsÔq+3:B+3262613:;5
18.2.1

-*(V)9(C(=8x+3)9265f<;N9+.-�H;N,1FH�S�+3: Hn 1F26PQ+A<RHÂ1F262F[\+3G6)AHp< x ∈ Σ
-�G4H;N
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∫
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φdHn =

∫
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∣∣∣∣
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∣∣∣∣∣ =

∣∣∣∣∣
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∣∣∣∣∣
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
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∫ T

T−ρ2

∫
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ρn sup |Dφ|2ρn
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∣∣∣∣∣
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√
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√
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¶p¡m«xªpÃg¯=¯.¢ ¥i² ³�§;¯B³,¡d§]´Ióc¡dÃg¶p¡p¬3¬3¡p¬Kªd¯F´µ­a¢¼©T¯.¦~¯R¸�ÃQ¡p«.¦	±d­a§]·.«.¢¼­a§;¡�ô�¯F°&°V©®¢ ¥7õ ¡d­aÃg«.¦L¦¸p§;¡p¡K¶p¯.­a¦�¬3«.§]óQ±p¯.¦\¬F©®¢�©T¯F¦9ª|ª]­=³A³9¯F§]¢{¡p¬Q¯.¦�¢ ¥ ¡fª]­=³3³,¯.§]¢�ª]­a§�¸d«3±p¡ Σ
ªC«F¢�©Eª�¸pó.©®¦iÁ`¢ ¥ ¡^§B¡¼Á3­a´4«F§]©®¢�óQ«jªpª]­aÃ|³�¢�©T¯F¦9ªB�k� £¤�¥ ¡C¦r¢ ¥ ¡d§B¡7¡;¨A©Eª]¢�ª^«.¦ α > 0

¬3¡Å³9¡C¦\¬F©®¦iÁ_¯F¦,´µóg¯.¦�¢ ¥ ¡x¢¼óB³,¡l�x±d­a§]·.«.¢¼­a§;¡K±p¯.¦,ªp¢Å«.¦L¢ CH ² n ² «.¦�¬`¢ ¥ ¡ A ¸d¯F­a¦\¬©®¦� ?¡CÃcÃg«
18.1.1

ª]­,± ¥ ¢ ¥ «.¢*© ¸ x0 ∈ GαT ∩ Σ
¸d¯F§c«.¦Ló

α ≤ α0 ² ¢ ¥ ¡d¦&¡d©®¢ ¥ ¡C§
� £ x0

©EªK¦�¯.¢$§B¡B«A± ¥ ¡p¬~¶Có M ² ¯.§
� £ Tx0MT

¬3¯=¡]ªK¦\¯F¢�¡B¨A©Eª]¢ £
�x�.���\ì;Òy{S
x0
GE<�)9+FH�:B(Z1AUpN9(Z8~@X5 M HBN9(C)�-*(71F:B(^8a+A)9(3e

�|+.-�<;D9[9[\+A<;( M →T x0
e�'�(�/L:B<RHq<;N9+.-�HBN,1.H*<RN9+AD92E8

Tx0MT
(C�aG6<RHzH;N,(C)g-*(�PMD,<RH$N,1jWA(

Tx0MT = Tx0Σ.

o?+`[,:;+.WA(|H;N,G6<�-*(^UZ1F)~/,:p<JHB245A�a-�GIHBN9+3DaH�26+A<B<*+FS?>A(C)9(Z:B1324G4HJ53�a1A<;<;D9PQ(mHBN,1.H
x0 = 0

1F),8
Tx0Σ(= T0Σ) = Rn

e
i G6),Ud( Σ

G6<	<;P`+X+3H;Nn1F)L8n<;1FH;GE<J/L(Z<gHBN9(Y:B+32626G4)9>�@,1F262^UC+3),89GIHBG4+A)�S�+3:	@,1F2626<_D9[�HB+�10Pg1.�aG6PMD9P�:p138aG6D,<_+FS
1/κΣ

-q(`<R(Z(7H;NL1.H^S�+3:x1_<;D�$kUdG6(C)iH;265r<RPg1F262
ρ < 1/2κΣ

�
Σ
UC13)b@\(c(C�X[,:;(=<;<;(Z8r1A<|HBN9(`<;PQ+X+FH;NY>3:p1F[9Nr+3S$1S�D9),UdH;G6+3)

fΣ
�A+.WA(C:

Rn∩Bnρ (0)
13),8`H;NL1.H

Σ
8aG6WXG68a(=<

Bρ(0)
G4)iH;+7HJ-q+K[,13:RHp<z(C�X[,:;(=<;<;G4@,24(|1A<OH;N9(f[,1F:;H�t 1F@\+.W3(3v

Σ
{x ∈ Rn+1 : xn+1 > fΣ(x1, ..., xn)}

Õh"�7



1F)L8kHBN9(K[,1F:;Hxt @\(C26+.-Kv
Σ

{x ∈ Rn+1 : xn+1 < fΣ(x1, ..., xn)}1F)L8~<;D,UpNkHBN,1.H�+A)9(f+3SÂHBN9(Z<;(x[,1F:;HB<*GE<q(ZPQ[aHJ5_1F)L8
MT ∩Bρ(0)

GE<�1`<;D9@,<;(dH�+FS
Σ
G6)~D,)9G4+A)_-�G4H;N	H;N,(^+3H;N9(Z:Ze'�G4H;N9+ADaH|24+i<;<�+3S�>A(C)9(Z:B1324G4HJ5g-*(^-�G6262�13<B<RD9PQ(^H;NL1.H

MT
GE<�Ud+A)AHp1FG6)9(Z8~G6)~HBN9(K2E1.HRHB(C:=eVo�N,1.H|GE<

MT ∩Bρ(0) ⊂ {x ∈ Rn+1 : xn+1 ≤ fΣ(x1, ..., xn)}.
Ó|2E<;+,��<RG6),Ud(

Σ
G6<^<;P`+X+3H;Nb-�G4H;N

DfΣ(0) = 0
�\S�+3:f(CW3(Z:;5

m ∈ N
HBN9(C:B(7(C�XGE<RHB<^1

λm ≤ ρ
<;D,UpNrH;NL1.HmS�+A:f13242

λ < λm
1F),8

x ∈ Σ ∩ Bλ(0) xn+1 < λ/m
1F),8_H;NXD,<

xn+1 < λ/m,
S�+A:|1F262

x ∈ Mt0 ∩ Bλ(0)
ú Ë#9 e 7 û

'&(K)9+.-"UpN9+X+i<R(x1Q<R(=�AD,(C),UC(^+3S?S�D,),U]HBG4+A),< {φm}m∈N ⊂ C1
C(Rn+1,R)

<RD,UpN~H;NL1.H
φm = 1

+3)
B1/2(0) ∩ {x ∈ Rn+1 : xn+1 ≥ 2/m}

1F)L8
φm = 0

+ADaHB<;GE8a(x+FS
B1(0) ∩ {x ∈ Rn+1 : xn+1 > 1/m}.

P = Tx0MT
G ⊃MT

x0

Rx = Tx0Σ

<;[aH
φm

MT

Σ

ü�G6>3D9:B( Ë#9 e Ë ]
Tx0MT

(d�aGE<JHp< ⇒ Tx0MT = Tx0Σ


*5Yú
18.3

ûq-q(K<;(C(^H;NL1.H�S�+3:�(=13UpN
λ < λm

λ−1MT ∩ <R[9H φm = λ−1(MT ∩ <;[aH φm)

= λ−1(MT ∩ Bλ(0) ∩ {x ∈ Rn+1 : xn+1 > λ/m})
= λ−1(∅)
= ∅.

o�NXD,< ∫
Mλ
T
φmdHn = 0

S�+A:|1F262
λ ≤ λm

ú�-�N9(Z:;(
Mλ
T := λ−1MT

û�1F),8_H;NXD,<

lim
λ→0

∫

Mλ
T

φmdHn = 0
S�+3:|1F262

m ∈ N.
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i G6),Ud(K1326<;+7S�+A:�13)X5gNi5X[\(C:B[92E1F)9( P 6= Rn(= Tx0Σ)
H;N9(Z:;(x(C�XGE<RHB<�1

mP ∈ N
<RD,UpN_H;N,1FH

P ∩B1/2(0)∩ {x ∈
Rn+1 : xn+1 ≥ 2/mP} 6= ∅ �.G4H?S�+A2426+.-|<wHBN,1.H ∫P φmP dHn 6= 0

1F),8KH;NXD,<
limλ→0

∫
Mλ
T
φmP dHn 6=

∫
P φmP .Ôq+3)L<R(=�AD,(C)iH;265

Tx0Σ
GE<OHBN9(|+3),245c[L+i<;<;G4@,24(|13[9[9:B+j�XG6Pg1.HB($Hp1F)9>A(C)iH$<R[L13Ud(Ae?'&(|Ud+APQ[924(CH;(�HBN9(�[9:B+X+FS�@i5`<RN,+.-��G6)9>`H;N,1FH

Tx0Σ
G6<�1326<;+`)9+FH|[\+A<B<RG6@926(3e

i G6),Ud( M →T x0
�z@X5&H;N,(~@\+3D9)L891F:B5&13[9[9:B+A1AUpN9(Z<K@\+3D,),891F:B5013<B<RD,P`[9H;G6+3)

∂M →T x0
13),8�HBNiDL<7S�:B+3P�z:B+3[\+A<;GIHBG4+A)

13.1.2
úT-�N9G6UpNKDL<R(=<�H;N9(OHJ5X[\(zy�13<B<RD9PQ[aHBG4+A)LûLH;N,(C:B(z(d�aGE<JHp<w1

p ∈ ∂Mn <;D,UpN^H;N,1FH limt→T F (p, t) =
x0.

o�NXD,<�@X5_ùÂ(CPQPg1
13.1.1

-*(^NL1jW3(
|F (p, t) − x0| ≤ 2CH

√
T − t

1F)L8kHBNiDL<�D9),8a(Z:�[,1F:p1F@\+326GEUf:B(Z<BUC1324G6)9>
|λ−1F (p, λ2s+ T ) − x0| ≤ λ−12CH

√
T − λ2s− T = λ−1sCH

√
|s|λ = 2CH

√
|s|.

o�NXD,<?S�+3:V1F)X57UpN9+i<R(Z)
s
13),8M<;(Z�iD9(Z),Ud(

λj ↘ 0
�
λ−1
j F (p, λ2

j+T )−x0
GE<O1F)`G4)9/,)9G4H;(�<R(=�iD9(C),UC(qG6)Q1fUC+3PQ[,13UdH<;(dHm1F)L8kHBNiDL<�H;N9(Z:;(x(C�XGE<RHB<�1Q<RD,@,<R(=�iD9(C),UC(

λjk
-�N,G6UpN�-*(^:B(C2E1F@\(C2

λj
<;1FH;GE<JS�5XG6)9>

lim
j→∞

λ−1
j F (p, λ2

js+ T ) − x0 = x1 ∈ B
2CH

√
|s|(0).

ü9D,:RHBN9(C:=�,<;G4),UC( |A|2 ≤ C2
H(T − t)−1 -q(KN,1jWA( |AMλ

s
| ≤ λCH(λ2|s|)−1/2 = CH(|s|)−1/2.

'�(M)9+.-"<;(C26(ZUdH
1Q[,13:RHBG6UCD92613:

s
-�N,G6UpNr-*(K-�G4262?89(C)9+3H;(

ŝ
e*o�N,(7[,1F:;H;GEUdD,2613:

s
-*(7UpN9+X+A<;(KG6<

ŝ := −16C2
H

e*'�(c1F2E<R+k<;(C26(ZUdHf1<;(Z�iD9(C)LUd(
λj ↘ 0

eOo?+3>A(dHBN9(C:*H;N,(Z<;(7<R(Z26UdH;G6+3),<�>AG4WA(^DL< |A
M
λj
ŝ

| ≤ 4
S�+3:|13242

j ∈ N
1F),8

lim
j→∞

λ−1
j (F (p, λ2

js+ T ) − x0) = x1 ∈ B8C2
H

(0) ∩ Σ′ = B8C2
H

(0) ∩ Tx0Σ.

'&(k)9+.- )9(C(=8&H;+Y<;(C26(ZUdHKH;(Z<RH7S�D9)LU]H;G6+3)L<
φj ∈ C1

C(Rn+1,R).
yÅ)0+3:p8a(C:KHB+b8a+Y<;+r-q(g),(C(Z8&HBN9(gS�+A2426+.-�G4),>8a(C/,)9G4H;G6+3),<#]

x̂j := xj − νΣλj (xj)-�N9(Z:;(
νΣλj (xj)

GE<�HBN9(KW3(=U]H;+A:�D9)9G4H|)9+3:BPg1F2�H;+
Σλj = λ−1

j (Σ − x0)
1FH
xj ∈ Σλj

-�G4H;N�@,13<;(x[L+AG4)iH
xj
�

Bj := B1/2(x̂j) ∩ TxjM
λj
ŝ ,

Ij := {x̂j + sνj : s ∈ [−1, 1]
13),8

νj =
D,)9GIHf)9+3:BPg1F2\H;+

TxjM
λj
ŝ

1.H
x̂j}

Sj := Bj × Ij1F)L8kS�+A:
S ⊂ Rn+1 13),8 r > 0

-*(K8a(d/L)9(
Nr(S) := {x ∈ Rn+1 : d(x, S) < r}.


*(dS�+A:;(^8a(d/,),G4)9>MH;N9(fST1FPQG6245
φj
-*(mPg13}3(|HBN9(fS�+32624+.-�G6)9>7+A@,<R(Z:;W.1FH;G6+3),<Ze?ü�G6:B<RH;2653�iS�+3:�1F262�<RD�$kUCG4(Z)AHB245g2E1F:B>3(

j
�<B1j5

j ≥ j0
�
λjκΣ < 1/5

<R+`HBN,1.H�S�+A:�(Z13UpN
j ≥ j0

N1/4(Sj) ∩ Σλj = ∅.
y{H�H;N,(C)	S�+32624+.-|<*S�:B+3P H;N9(xST1AU]H�H;N,1FH |A

M
λj
ŝ

| ≤ 1/4
S�+A:�(Z1AUpN

j ∈ N
H;N,1FH

M
λj
ŝ ∩ Sj 6= ∅, ∂M

λj
ŝ ∩ Sj = ∅ 13),8

Õh"Aý



0

xj

Sj

Bj

Ij

Σλj

Mλj
s

N1/4(Sj) =
<R[aH

φj

x̂j

νΣλj (xj)

ü�G6>3D9:B( Ë#9 e Õ ] i D9[,[L+A:RH|+3SO1 φj

M
λj
ŝ ∩ ((Bj × (x̂j + νj)) ∪ (Bj × (x̂j − νj))) = ∅

1F)L8�HBNXD,<kG6),8a(Z(Z8�H;NL1.H
M

λj
s ∩ Sj

GE<_1�@\+3D9)L891F:B5X24(=<;<
n
�Å<RD,:RST1AUd(	H;:p1F),<;W3(Z:B<;G6)9>YHBN9(YUC5i26G6),8a(C:

Sj
eho�NXD,<

M
λj
s ∩ Sj

N,1A<�P`(=13<;D9:B(^1FH|24(=13<RH*HBN,1.H|+3S�13)
n
�Å8aGE<;U^+3S?:p138aG6D,<

1/2
eOo�N,1.H|GE<

Hn(M
λj
ŝ ∩ Sj) ≥

(
1

2

)n
ωn =: cn > 0.

ú Ë#9 e Í û
'&(M)9+.-�8a(d/L)9( {φj}∞j=1 ⊂ C1

C(Rn+1,R)
<;D,UpN�HBN,1.H|S�+A:m(=13UpN

j ∈ N
�
φj = 1

+3)
Sj
13),8

φj = 0
+3D9HB<;G68a(

+FS
N1/4(Sj)

eVy{H�S�+32626+.-|<$S�:B+3P ú
18.4

ûzHBN,1.H
∫

M
λj
ŝ

φjdµ
λj
ŝ ≥ cn,

S�+3:�(=13UpN
j ≥ j0

e
i G6),Ud(`S�:B+3P�HBN9(kÓ|:B�C(Z261F�{Óf<;UC+326G�o�N,(C+3:B(CP -q(`}X)9+.-ÿHBN,1.HxH;N,(C:B(`GE<K1�<RD,@,<R(=�iD9(C),UC(Q+FS

λj
-�N,G6UpN�-*(`13>A1FG6)

:B(C2E1F@\(C2
λj
<;D,UpNcH;N,1FH

M
λj
ŝ →M ′

ŝ

<;PQ+i+3H;N92657S�+A:z<R+APQ(�<;PQ+X+FH;NQ26G4PQG4H$<RD,:RST1AUd(
M ′
ŝ

�3-*(|<;(C(*H;N,1FH
νΣλj (xj) →

ν′(x1)
-�G4H;N

ν(x1)
1`D9)9G4H|)9+3:BPg1F2�H;+

Tx1Σ
′ = Tx0Σ

′ em4m(C/,)9( x̂i = x1 − ν′(x1)
e$Óm26<;+

TxjM
λj
s → T ′ �913)

n
�{[92613)9(x-�GIHBN

ν′(x1) ⊂ T ′ em4f(d/,),(
B′ = B1/2(x̂1) ∩ T ′ 1F)L8

I ′ = {x = x̂1 + sνT ′(x̂1) : s ∈ [−1, 1]
1F),8

νT ′
GE<|1`D9)9G4H|)9+3:BPg1F2�H;+

T ′}.'&(K-�:;G4H;(
S′ = B′ × I ′

e
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'&(b<R(Z(~HBN,1.H_<;G6),Ud(
Tx0Σ = Tx1Σ

′ GE<g1�NX5X[L(Z:;[92E1F),(~[,13:B132426(C2�HB+&H;N9(Y1F�aG6< νT ′(x̂1)
+FS^H;N9(r26G4PQG4H_Ud5X26G4)a�8a(Z:

S′ �L1F),8_H;NXD,<
Nα(I ′) ∩ Σ′ = ∅ S�+3:|13242 α ∈ [0, 1/2).

ú Ë!9 e ý û
ü9:B+3P H;N9(7UC+3)XW3(Z:;>A(C),UC(f13<�<;(dHp<�+FS

M
λj
ŝ

-*(K<R(Z(fHBN,1.H�S�+A:|1F262�<RDe$gUCG4(Z)iH;265_2E1F:B>3(
j
�9<B1j5

j ≥ j1 ≥ j0
�

Sj ⊂ N1/4(I ′).
ú Ë#9 e � û

'&(c)9+.-ÿHB1F}A(c13)i5
ψ ∈ C1

C(Rn+1,R)
<B1.HBG6<RS�5XG4),>

sup |ψ| = 1
�
sup |Dψ| ≤ 16

�
ψ = 1

+3)
N1/4(S′)

13),8<;[aH
ψ ⊂ N3/8(S′)

ezü9:B+3P�ú
18.6

ûqG4H�S�+32624+.-|<*HBN,1.H�S�+A:|1F262
j ≥ j2

∫

M
λj
ŝ

ψdHn ≥
∫

M
λj
ŝ |{x∈Rn+1:φj (x)=1}

φjdHn ≥ cn.

Σλj

x0 = 0x0 = 0

xj

xj+1

M
λj
s

M
λj+1
s

B8C2
H

(0) 3 x1

xm

Tx0Σ = Tx0Σ
′ = Σ′ = Tx1Σ

′

<;[aH
ψ

M ′
s

Mλm
s

<;[aH
φm

ü�G6>3D9:B( Ë#9 e 7 ] i D9[9[\+3:;H�+3S?HBN9(K26G4PQG4H;G6)9>QH;(=<JH�S�D9),UdH;G6+3)

i G6),Ud( Tx0MT = Tx0Σ = Tx0Σ
′ = Tx1Σ

′ -*(K<R(Z(^S�:;+AP ú
18.5

û$H;N,1FH
lim
λ→0

∫

Mλ
0

ψdHn =

∫

Tx1Σ′
ψdHn = 0.

y{H�S�+32626+.-|<$HBN,1.H�S�+A:|1F262Â<;D�$kUdG6(C)iH;265k2E1F:B>3(
j
�L<;1j5

j ≥ j3 ≥ j2
∫

M
λj
ŝ

ψdHn ≥ cn
1F)L8 ∫

M
λj
0

ψdHn < cn/2
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<;+cHBN,1.H
∣∣∣∣∣

∫

M
λj
0

ψdHn −
∫

M
λj
ŝ

ψdHn

∣∣∣∣∣ > cn/2.
ú Ë#9 en�3û

'&(K)9+.-�)9+3H;(^H;NL1.Hm<;G4),UC(
x0 ∈ G0

T ⊂ GαT
S�+3:|1F262

α > 0
1F),8~G4)�[,13:RHBG6UCD92E1F:*S�+3:

α ≤ α0 :=
cn

2(2(1 +
√
A192C2

H)(12C2
H)n)

.

ù�(ZPQPQ1
18.2.1

<RN,+.-|<*H;N,1FH*HBN9(C:B(K(d�aGE<JHp<�1
ρα > 0

<RDLUpN_HBN,1.H

sup
t∈[T−ρ2,T ]

∣∣∣∣
∫

Mt

φ−
∫

MT

φ

∣∣∣∣ ≤ 2α(sup |φ| +
√
Aρ sup |Dφ|)ρn

N9+A2689<*S�+A:|1F262
ρ ∈ (0, ρα]

13),8
φ ∈ C1

C(Bρ(x0))
eV'�(K:B(Z<BUC1324(^H;N,G6<*HB+

∣∣∣∣∣

∫

Mλ
ŝ

φ−
∫

Mλ
0

φ

∣∣∣∣∣ ≤ 2α(sup |φ| +
√
AR sup |Dφ|)Rn

S�+3:
R ∈ (0, λ−1ρα]

�
s ∈ [−R2, 0]

1F)L8
φ ∈ C1

C(BR(0))
e$ÔqN9+X+A<;G4)9>

R = 12C2
H

-*(�<;(C(�HBN,1.H
ŝ = −16C2

H ∈
[−R2, 0]

1F),8_H;N,1FHm<RG6),UC(
x1 ∈ B8C2

H
(0)

ψ ∈ C1
C(B8C2

H+4(0)) ⊂ C1
C(BR(0)).

�|+.-�HB13}iG6)9>g1
N 3 j4 ≥ j3

<;D,UpN~H;N,1FH�S�+3:|13242
j ≥ j4 R ∈ (0, λ−1

j ρα]
GIH�S�+A2426+.-|<*H;NL1.H�S�+3:|13242

j ≥ j4
∣∣∣∣∣

∫

M
λj
ŝ

ψ −
∫

M
λj
0

ψ

∣∣∣∣∣ ≤ 2α(sup |ψ| +
√
AR sup |Dψ|)Rn ≤ 2α(1 +

√
A192C2

H)(12C2
H)n ≤ cn

2
.

o�N9GE<|Ud+A)iH;:p138aGEU]HBG4+A)kH;+rú
18.7

û*<;N9+.-|<qH;N,1FH

lim
λ→0

∫

Mλ
0

ψdHn 6=
∫

Tx0Σ

ψdHn.

o�NXD,<
Tx0Σ

UC13)9)9+FHK@\(g1F)�13[9[9:B+j�aG4Pg1.HB(7Hp1F)9>A(C)iH7<R[,1AUd(cS�+3:
MT

1.H
x0
13),8&Ud+3)L<R(=�AD,(C)iH;265�H;N9(Z:;(gUZ1F)9)9+3H(d�aGE<JH|13),8�1F[9[9:B+j�aG4Pg1FH;(fHB1F),>3(C)iH|<;[,13UC(mS�+A:

MT
1.H
x0
e ♦

Óm<x-�13<xPQ(Z)AHBG4+A)9(Z8�[9:B(CWXG6+3D,<;245r-*(Q)9+.- UC+3Pc@9G4),(MHBN9(k1F@\+.W3(`24(ZPQPQ1,�?o�N9(Z+3:B(CP
18.2.2

1F),8YH;N,(`G6)iH;(Z:;G6+3::B(Z<;D92IHp<M+3So�$Up}A(C:Q�n�# �HB+�>AG4WA(~1YUC+3:B+3262613:;5YH;N,1FH`N,+32E89<cS�+3:Q1F262q>A+i+a80[\+3G6)iHB<`-�N9GEUpN�-�G6242�@\(_HBN9(�Ud(C)iHB(C:`+FSH;N,(K/,),132Â>326+3@L1F2w:B(C>3D,2613:;G4HJ5k:B(Z<;D92IH=eqo�N9(cUd+3PQ[926(dHB(7[9:B+X+FSO+FS�H;N9(MUC+3:B+3262613:;5gGE<|@X5~)9+kPQ(Z13),<�H;:BG6WiGE1F2¼�9@9D9HmG6<1F26:B(Z13895g[9:;+.WA(C)~G4)��$Up}A(C:^���# ?1F)L8_-�G6242�H;N9(Z:;(CS�+3:B(^),+FH�@L(K[,:;(=<R(Z)AHB(Z8~N9(C:B(3e
-c�,�.�\æTæ�Ða�jé"�a���%�w�%�w� ?¡d¢ M = (Mt)t∈[t1,T )

¶p¡~«�ª]ÃQ¯=¯.¢ ¥i² ³\§;¯p³9¡C§]´µó�¡CÃQ¶p¡p¬3¬A¡p¬ ² ªC¯F´µ­a¢�©T¯F¦�¯J¸QÃg¡p«.¦�±C­a§]·.«.¢¼­a§;¡|ô�¯.°�°V©®¢ ¥bõ ¡d­��Ãg«.¦,¦	¸p§;¡p¡�¶B¯F­a¦\¬A«.§]ó&±p¯F¦\¬.©®¢¼©T¯.¦,ªkª]­=³3³,¯.§]¢Å¡p¬�¯F¦�¢ ¥ ¡_ª]­=³3³,¯.§]¢^ª]­a§�¸d«3±p¡ Σ
ªC«.¢¼©Eª®¸pó.©®¦XÁ0¡d©®¢ ¥ ¡C§_¢ ¥ ¡~§;¡{Á3­a´4«.§]©®¢¼ó«jªpª]­aÃm³\¢¼©T¯.¦9ªo�c¯.§o�j� £|¤�¥ ¡C¦

¾{© ¿bø ¯.§	ª]­qp�±d©T¡C¦,¢¼´µó�ªpÃg«.´®´ α = α(n,A)
¢ ¥ ¡Q³9¯F©®¦,¢�ª x0 ∈ GαT

ªC«F¢�©Eª�¸pó.©®¦iÁ
1.
©®¦ÿÀz¯.§;¯F´®´4«.§]ó

18.2.1
±p«.¦��¦\¯F¢*¶p¡M§;¡p«3± ¥ ¡p¬~«F¢q¢¼©®Ãg¡ T ¶Cóg¢ ¥ ¡KªC¯.´I­a¢�©T¯F¦ M £Q¤\¥ ¡d§B¡T¸d¯F§;¡`¢ ¥ ¡]ªC¡�³9¯F©®¦,¢�ªM«.§;¡M§;¡{ÁF­a´6«.§ £

¾{©®© ¿ �T¸7°$¡g± ¥ ¯=¯jªC¡ α > 0
°V©®¢ ¥ α = α(n,A, α0, ε0)

ª]­qp�±C©T¡C¦,¢¼´µókª]Ãg«.´®´O¢ ¥ ¡d¦g¸d¯F§�³,¯.©®¦,¢�ªc©®¦ GαT ³,¯jªpªC¡]ªpª]©®¦iÁ«.¦�«p³3³�§;¯C¨A©®Ãg«.¢Å¡Q¢{«F¦iÁi¡d¦L¢�ª¼³9«A±B¡g¢ ¥ ¡k±p¯.¦\¬F©®¢�©T¯F¦9ªg¯J¸`¢ ¥ ¡^�]¦L¢{¡C§]©T¯.§7 Â¯=±p«.´�»m¡{Á3­a´4«.§]©®¢¼ó ¤�¥ ¡B¯F§;¡CÃ «.§B¡`ªC«.¢¼©Eª®Ê*¡p¬«.¦�¬g¢ ¥ ­Xª^ª]­,± ¥ ³9¯F©®¦,¢�ª7«F§;¡`«.´ ªC¯_§;¡{ÁF­a´4«F§ £
Õh"�9



�x�.���\ì;Òo?+7[9:B+.W3(Kú�G®û]�X-*(|)9+FHB(�/,:p<JHB245MH;N,1FH$S�+A:zG4)iHB(C:BG4+A:z[L+AG4)iHp<$1F[,[924GEUC1FH;G6+3)g+3S;�qUp}3(C:=v <|ú+���! �ûVù�(ZPQPQ1 Ë=ý e ý >3G6W3(=<OH;N,([9:B+X+FSJe i (=Ud+A),8a2653�w-*(c)9+3H;(`H;NL1.HxS�+3:x[\+3G6)AHp<^+3) Σ
@X5rD,<RG6)9>�ù�(ZP`Pg1

16.2.1
G6),<RH;(Z1A8Y+3SzH;N,(kÔq26(Z13:;G6)9>~+3DaHù�(ZPQPQ1`+3Sr�$Up}A(C:����! {�aH;N9(K[,:;+X+FS�+FS�ú�G®ûqS�+32624+.-|<�(C�a1AU]HB245_1A<�G4)��$Up}A(C:=v <xúj�n�c ®û�ùÂ(CPQPg1 ý e Ëjý e

yÅ)0UC1A<R(rú�G6G®û]��@i5YHB13}iG6)9>
α ≤ α0

S�+A:
α0

1A<xS�+3D9)L8�G6)0ù�(ZP`Pg1
18.2.2

-q(Q}X)9+.- H;N,1FHKS�+3:K(=13UpN
x0 ∈ GαT

�
x0 6∈ Σ

1A<|S�+A:^13242
x0 ∈ Σ

[L+AG4)iHB<^[\+A<B<R(=<;<f)9+	1F[9[9:B+j�aG4Pg1FH;(KHp1F)9>A(C)iH^<;[,13UC(3eKü9+A:mHBN9(`G4)iH;(Z:;G6+3:^[\+3G6)AHp<C��@X5<;(C26(ZU]HBG4),>
ρ0
<;D�$kUdG6(C)iH;265M<;Pg1F262aH;+71jWA+3GE8KH;N,(�@L+AD9),8913:;5_úT-�N9GEUpN`GE<V[\+A<B<RG6@926(|13<V8aGE<BUdD,<B<R(=8MG6)_ÔqN,1F[9H;(C: Ë=Õ û?G6)H;N,(m[9:B+X+FSw+FSÂùÂ(CPQPg1 ý e Ë=ý +3Sm�n�c ¼�AH;N9(f[9:B+i+3S�S�+32624+.-|<$G4)_13)g+FHBN9(C:B-�G6<;(|GE8a(C)iHBG6UZ1F2,Pg13)9)9(C:$H;+MH;N,1FHq+FS�ùÂ(CPQPg1ý e Ë=ý G6)s���! {e ♦

Ö|×kØkt ÙvudÚ^w�J)uyxP@RY)IEuTJ^K�Þ]à�L
'&(`),+.- 13<B<R(ZPM@926(7HBN9(Q[9:B+i+3S$+FSqH;N9(`>326+3@L1F2O:;(Z>3D92E1F:BG4HJ5_HBN9(C+A:;(ZP	ec'�(Q-�G6242OD,<;(_Ôq+3:B+3262613:;5

18.2.2
1A<f-*(C26213<MH;N,(kST13UdHcHBN,1.HQ1F26PQ+A<RH`1F262*[L+AG4)iHB<`1F:B(k-*(C262q@\(CNL1jW3(Z80H;+�<;N9+.- H;NL1.Hg1F:B+3D9),8�(ZW3(Z:;5&[L+AG4)iHcH;N9(Z:;(~(d�aG6<RHB<1�)9(ZG4>ANi@\+3D,:;N9+X+a8�G4)�-�N,G6UpN�HBN9(C:B(bGE<k1.H_PQ+i<JH~13) Hn �{�C(C:B+�PQ(Z13<;D9:B(b<R(CH_+FSK<;G4)9>AD92E1F:BGIHBG4(=<Ce�o�N9(b[9:B+X+FS+FS$H;N9(M/,),1F2O>A24+A@,1F2?:;(Z>3D92E1F:BGIHJ5~H;N,(C+3:B(CP÷GE<|HBN9(C)&1~�iD9(=<JHBG4+A)b+FS$UC+.W3(Z:;G6)9>gHBN9(C+A:;(ZPQ<|H;+�<RN,+.-"HBN,1.Hx-*(cUC13)1F[,[9:;+A[9:BG61FH;(C265fUC+.W3(Z:�H;N9(q(C)iH;G6:;(q<R[,1AUd(z-�G4H;Nc<RD,UpNM@,1F2626<Z�=+3:?UC+3PQ[,1AU]H?<;(dHp<?UC+.W3(C:B(Z8f@X5K<RD,UpNK@L1F2626<�H;+mUC+3),UC24D,89(H;NL1.HmHBN9(MPQ(=13<;D9:;(M+FSOH;N9(`(C)iHBG4:B(M<;G4)9>AD92E1F:BGIHJ5	<R(CHfN,1A<|�C(Z:;+_P`(=13<;D9:B(3e�yÅ)Y1A<;<;(CPc@924G6)9>QHBN9G6<f[9:B+3[\+A<;(Z8�[9:B+X+FS+FSO>326+3@L1F2�:;(Z>3D92E1F:BG4HJ5QH;N9(^S�+32626+.-�G4)9>`HB(ZUpN9)9GEUC132�Ud+.WA(C:BG4)9>c:;(=<RD,2IH|@\(ZUC+3PQ(Z<�G6PQ[L+A:RHp1F)iHZe

â$ÇXÏuÏ�Ð��X�Â�32Â�T�\� ?¡d¢
U
¶p¡c¯p³9¡C¦Y©®¦

Rn+1 ² ¢ ¥ ¡C¦b¢ ¥ ¡C§;¡`¡;¨A©Eª]¢Tª7«	±B¯F­a¦,¢Å«3¶C´4¡M±p¯F´®´4¡p±d¢¼©T¯.¦0¯J¸M±p¯FÃ|³,«3±C¢$ªC¡C¢Tª {Wj}j∈N

ªp­,± ¥ ¢ ¥ «F¢
∞⋃

j=1

Wj = U.

�x�.���\ì;Òù�(CH
Dj

@\(xH;N9(7<;(dH|+3S
(n+ 1)

�Å8aG6PQ(C),<;G4+A),1F2w8a5i138aGEU^:B1FH;G6+3),1326<*+3S?+3:p8a(C:
j
em4f(d/,),(

DjU := {x ∈ Dj : B1/2j+1(x) ⊂ U}
1F)L8

Wj =
⋃

x∈DjU

B1/2j+1 (x).

ù�(CH
y ∈ U

euo�N9(C)�13<
U
GE<c+A[L(Z)uHBN9(C:B(_(C�XGE<RHB<`1F)

r > 0
<;D,UpN0HBN,1.H

Br(y) ⊂ U
13),8u13)

j ∈ N
<RD,UpNH;NL1.H

r > (
√
n/4 + 2)2j−1 efÓ|2E<R+gHBN9(C:B(MPcD,<RHm@L(`1F) x ∈ Dj

<;D,UpN�H;N,1FH |y − x| < √
n2−j−1 efü9+3:mH;N9GE< x

B1/2j+1(x) 3 y
1F),8

B1/2j+1 (x) ⊂ Br(y) ⊂ U
<R+cH;N,1FH

B1/2j+1 (x) ⊂Wj
1F),8~HBN9(C:B(dS�+A:;(

y ∈Wj
e

o�NXD,<*S�+3:|13242
y ∈ U y ∈Wj

S�+A:|<R+APQ(
j ∈ N

1F),8~HBN9(C:B(dS�+A:;(
U ⊂

⋃

j∈N

Wj .
ú Ë#9 e 9 û

i G6),Ud(A�9@X5_Ud+A),<RH;:BD,U]HBG4+A)�� Wj ⊂ U
S�+3:�(=13UpN

j ∈ N
�

⋃

j∈N

Wj ⊂ U.

Õh"3Ì



Ôq+3Pc@9G6)9G4),>cHBN9GE<�-�GIHBN0ú
18.8

û$>AG4WA(Z<
U =

⋃

j∈N

Wj

-�N9GEUpN	UC+3PQ[926(dHB(Z<�HBN9(K[9:B+i+3SJe ♦
'&(7)9+.-�<RN9+.-�H;N,1FH|ST1F:m(Z13UpN

x0 ∈ Rn+1 H;N9(Z:;(K(C�XGE<RHB<|1Q)9(ZG4>ANX@L+AD9:;N,+i+a8	-�G4H;Nr+3),245	1 Hn ),(C>326G6@924(c<R(CH|+FS<;G4)9>AD92E1F:BGIHBG4(=<*13),8_H;N9(Z)	1A<*H;N9(^/,),132w>326+3@,132�:;(Z>3D92E1F:BGIHJ5`HBN9(C+A:;(ZP <RN9+.-�H;N,1FH�H;N9GE<�G6<�<;D�$kUdG6(C)iH�H;+Q[9:B+.W3(fH;N,(S�D9262�>326+3@L1F2w:B(C>3D,2613:;G4HJ5`H;N9(Z+3:B(CP�e
å)(�ÇX�,�.ÇXÏ �a����2����L� ?¡d¢ M = (Mt)t∈[t1,T )

¶p¡�«rª]Ãg¯Z¯F¢ ¥X² ³�§;¯B³,¡C§]´µó&¡CÃQ¶p¡p¬3¬A¡p¬bªC¯F´µ­a¢�©T¯F¦�¯R¸kÃg¡p«.¦�±C­a§]·.«.¢¼­a§;¡mô�¯F° °V©®¢ ¥Yõ ¡d­��Ãg«.¦,¦	¸p§;¡p¡�¶B¯F­a¦\¬A«.§]ó&±p¯F¦\¬.©®¢¼©T¯.¦,ªkª]­=³3³,¯.§]¢Å¡p¬�¯F¦�¢ ¥ ¡_ª]­=³3³,¯.§]¢^ª]­a§�¸d«3±p¡ Σ
ªC«.¢¼©Eª®¸pó.©®¦XÁ0¡d©®¢ ¥ ¡C§_¢ ¥ ¡~§;¡{Á3­a´4«.§]©®¢¼ó«jªpª]­aÃm³\¢¼©T¯.¦9ªo�c¯.§o�j� £?ö ­=³A³9¯.ªd¡M¢ ¥ «.¢ x0 ∈ Rn+1 «.¦�¬g¢ ¥ «F¢

Hn(Mt ∩ Bdx1 (x0)) < A0

¥ ¯F´4¬jª$¸d¯F§c«.´®´ [T − d2
x1
, T ]

¸d¯.§7ªd¯FÃQ¡
dx1 ≤ dx0 £g¤�¥ ¡C¦
Hn(singTM∩ Bd(x0)) = 0

° ¥ ¡C§;¡ d = dx1/c0
«.¦�¬

c0 > 1
©EªK¢ ¥ ¡c±p¯F¦9ª]¢{«F¦,¢�¬3¡Å³9¡C¦\¬A¡d¦L¢�¯F¦,´µó~¯F¦ n «.¦�¬ κΣ

¸d¯F­a¦\¬_©®¦	 Â¡CÃ`ÃQ«
18.1.1 £

�x�.���\ì;Ò

*5	ùÂ(CPQPg1

18.1.1
�9H;N9(7:B(Z<;D924HB<m+FSzù�(ZP`Pg1

18.1.1
N9+A268�+A)

Bd(x0)
1F),8	HBN9(C:B(dS�+A:;(7<;+k8a+_ùÂ(CPQPg13<

18.1.31F)L8
18.2.1

1F),8~HBNiDL<�13898aG4H;G6+3)L1F26245_ùÂ(CPQPg1
18.2.2

13),8bÔq+3:B+3262613:;5
18.2.2

e
'&(K)9+.-"UpN9+X+i<R(x1F)

α
<;D,UpN~H;N,1FHmù�(CPQPg1

18.2.2
N,+32E89<Cef4f(d/,),(

D1 := Bd(x0) ∩ {x ∈ Rn+1 : Θn(MT , x,Hn) = 0}
1F)L8

D2 := Bd(x0) ∩ {x ∈ Rn+1 : TxMT
(d�aG6<RHB< }.o�N9(Z)

Bd(x0) = (Bd(x0) ∼ GαT ) ∪ (GαT ∩D1) ∪ (GαT ∩D2) ∪ (GαT ∼ (D1 ∪D2))1F)L8kHBNiDL<
singTM∩ Bd(x0) = (singTM∩Bd(x0) ∼ GαT ) ∪ (singTM∩GαT ∩D1)

∪(singTM∩GαT ∩D2) ∪ (singTM∩GαT ∼ (D1 ∪D2)).

�|+.-K�XS�:B+3P�ù�(CPQPg1
18.1.3

Hn(Bd ∼ GαT ) ≤ Hn(Bdx0 (x1) ∼ GαT ) ≤ Hn(Bdx0 (x0) ∼ GαT ) = 0

1F)L8kHBNiDL<
Hn(singTM∩Bd(x0) ∼ GαT ) = 0.

i G6PQG42E1F:B245_GIH�S�+A2426+.-|<*S�:;+AP Ôq+3:B+3262E1F:B5
18.2.1

H;NL1.H
Hn(GαT ∼ (D1 ∪D2)) = 0

1F)L8kHBNiDL<
Hn(singTM∩GαT ∼ (D1 ∪D2)) = 0.

ÕaË#"



zr+A:;(Z+.W3(C:=�iGIH�S�+A2426+.-|<qS�:;+AP�ù�(ZPQPQ1
18.2.2

H;N,1FH
singTM∩Di = ∅ S�+A:�(Z1AUpN i ∈ {1, 2} 1F)L8kHBNiDL<

Hn(singTM∩GαT ∩Di) = Hn(∅) = 0
S�+A:�(Z13UpN

i ∈ {1, 2}.
Ôq+3Pc@9G6)9G4),>cHBN9(71F@\+.W3(x<;N9+.-|<

Hn(singTM∩ Bd(x0)) = Hn(singTM∩Bd(x0) ∼ GαT ) + Hn(singTM∩GαT ∩D1)

+Hn(singTM∩GαT ∩D2) + Hn(singTM∩GαT ∼ (D1 ∪D2)).

= 0.

♦
'&(	),+.- <RN9+.- H;N,1FH`-*(	UZ1F)�G4),89(C(Z8�<B1.H;GE<RS�5�H;N9( Hn(Mt ∩ Bdx1 (x0)) < A0

:B(Z�iD9G6:;(ZP`(Z)iHQ13:;+AD9),8u13)i5
x ∈ Rn+1 13),8cH;N9(Z)k1F[9[9:B+3[,:;GE1.HB(C2657Ud+.W3(Z:V1F262a+FS Rn+1 G6)Q+3:p8a(C:OHB+KG4)aS�(Z:VH;NL1.HVH;N,( Hn �¼PQ(=13<;D9:;(�+3S singTMGE<c�Z(C:B+,e0o�N9GE<`:;(=<RD924HgUd+3)LUd26D,8a(Z<cHBN9(~Pg13G4)�@L+a8a50+3Sm�V1F:;H`y;y7+FSfH;N9(~H;N9(=<RGE<Z�$1F),8uH;N9(Z:;(CS�+3:B(3�z13[,1F:;HMS�:B+3P1F[,[L(Z),8aGEUd(Z<Z�XH;N,(xH;N9(=<RGE<�G6)	>A(C)9(Z:B132�e
å)(�ÇX�,�.ÇXÏ �a����2��%�w�cãj{ÿÐ9����Î_ÇXèLï�æTÐ9�j�T�pé�å)(�Çi�L�.ÇXÏ�ò ?¡d¢ M = (Mt)t∈[t1,T )

¶p¡m«xªpÃg¯=¯.¢ ¥i² ³�§;¯B³,¡d§]´Ióc¡dÃg¶p¡p¬3¬3¡p¬Kªd¯F´µ­a¢¼©T¯.¦~¯R¸�ÃQ¡p«.¦	±d­a§]·.«.¢¼­a§;¡�ô�¯F°&°V©®¢ ¥7õ ¡d­aÃg«.¦L¦¸p§;¡p¡^¶B¯F­a¦\¬A«.§]óc±p¯.¦�¬.©®¢¼©T¯.¦,ª*ª]­=³A³9¯F§]¢{¡p¬`¯.¦_¢ ¥ ¡|ª]­=³3³,¯.§]¢Âªp­a§�¸d«A±p¡ Σ
©®¦
U× [t1, T ) ² ° ¥ ¡C§;¡ U ©Eªm«.¦	¯p³9¡C¦~ªp­,¶dªC¡d¢¯J¸

Rn+1 ² ° ¥ ©T± ¥ ªC«.¢¼©Eª�Êq¡dª7¡C©®¢ ¥ ¡C§7¢ ¥ ¡K§;¡{Á3­a´4«.§]©®¢¼ó~«.ªBª]­aÃm³\¢¼©T¯.¦,ªR�c¯.§o�j�c«.¢*¢�©®Ãg¡ T £`¤�¥ ¡C¦
Hn(singTM) = 0.

�x�.���\ì;Òù�(CH
x0 ∈ Σ

ezo�N9(C)	S�+A:
ρx1 := ρx1(x0) = min{dx0(20253κΣ

√
128n)−1,

√
T} < dx0

-*(xUZ1F)�1F[9[,245rÔq+3:B+3262613:;5
15.1.2

H;+`/,),8
Hn(Bρx1 (x0) ∩Mt) ≤ Hn(B

dx0 (20253κΣ
√

128n)−1(x0) ∩Mt) ≤ 162T3κΣ

√
128nHn(Bdx0 (x0) ∩M0)

S�+3:|13242
t ∈ [0, T ) ⊃ [T − ρ2

x1
, T )

e

*5_1F[,[9245XG6)9>_Ôq+3:B+3262613:;5

15.2.1
-q(^HBN9(C:B(dS�+A:;(xN,1jWA(

Hn(Bρx1 (x0) ∩Mt) ≤ C(n, κΣ, x0)162T3κΣ

√
128nρnx1

=: Ax0(x0) =: Ax0 <∞
S�+3:|13242

t ∈ [T − ρ2
x1
, T )

e
i G6PQG42E1F:B53��S�+A: x0 6∈ Σ
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