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¹3³A¸ZÃyµ;Ä�Åkµ[´i´3»v³n³A¼e½DÆÈÇ�¼É³%¶�ÆÈÁÂ»>ÁÂ¼¿ÀÁÂ¸kÅTºg¶7»>ÁÂÆKÇ
(M ′

s)
¶A¸QÊ~¼e½.¶7¼ {ρj}j∈N

¶A¸_Ê {fj}j∈N

¶AÄ9µh´;µ3·;±5µg¸Q¹,µg´h³MºX²5³y´[ÁÂ¼�ÁÂÃAµfº3±Y¸Q¹g¼¿Á]³A¸5´iÁÂ¸
C2(Rn+1 ×

(−∞, 0],R)
´[±5¹,½*¼Â½5¶A¼

ρj → ρ
¶7¸_Ê

fj → 1
±Y¸ZÁ ºg³AÄ[»zÆÈÇh³A¸{¹3³A»`².¶O¹g¼l´[±5¾[´;µ;¼]´X³Mº

Rn+1 × (−∞, 0] Ë ½.µ;Ä9µ ρÁJ´b¶y´bÊIµ�Ìq¸Qµ3ÊvÁÂ¸	Ízµ�Ìq¸5ÁÂ¼¿Á]³A¸
11.3.4 Î °_±n²I²5³y´;µz¶AÆÏ´;³i¼Â½5¶A¼l¼Â½5µgÄ9µ>µ9ÐOÁJ´[¼�´X¶h¹3³A¸.´[¼(¶A¸Z¼ C > 0

´[±5¹3½W¼e½.¶A¼

C ≤
∫

Mj
s

fjρjdHn ≤ C +
1

j

ºg³AÄz¶AÆÂÆ
j ∈ N ÎTÑ ½.µ;¸ ∫

M ′
s

ρdHn = C

ºg³AÄz¶AÆÂÆ
s ≤ 0 Î

ÒtÓAÔPÔ_Õ9Ö¢%8f:98n1;47B0BQ)9+Z4A)
(M j

s ) → (M ′
s)
/9RT@k@I)9+.B0Lu-0RT6.BU-08E/

lim
j→∞

∫

Mj
s

ψdHn =

∫

M ′
s

ψdHn
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ψ ∈ C1

C(Rn+1,R)
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δ > 0
4I'5V

k ∈ N
<l8i/?8E8IN¡aDL�1g@I'Z/?-JVY8;:,-0'.G

ψ ∈ C1
C(Rn+1,R)<�-U)9+

χBk ≤ ψ ≤ χBk+1

Np/?@h)9+Z4A)
ψρ ∈ C1

C(Rn+1,R)
47'5V~H5/?-0'.G	)9+Z4A)t)9+.8

fj
47'ZV

ρj
1;@I'DxI8E:9GO8bB0@D1E47B0BULH.'.-Ude@I:,RTBULOND)9+547)

lim sup
j→∞

∫

Mj
s

fjρjdHn ≥ lim sup
j→∞

∫

Mj
s∩Bk+1

fjρjψdHn ≥ (1 − δ) lim sup
j→∞

∫

Mj
s

ρψdµs ≥ (1 − δ)

∫

M ′
s∩Bk

ρdµ′
s
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s ≤ 0
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lim inf
j→∞

∫

Mj
s∩Bk

fjρjdHn ≤ (1 + δ) lim inf
j→∞

∫

Mj
s

ρψdHn = (1 + δ)

∫

M ′
s

ρψdµs.
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k ∈ N

<=8f/98;8
(1 − δ)

∫

M ′
s

ρdHn = (1 − δ)

∫

∪k∈N(M ′
s∩Bk)

ρdµs = lim inf
k→∞

(1 − δ)

∫

M ′
s∩Bk

ρdµs ≤ lim inf
j→∞

∫

Mj
s

fjρjdHn
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s ≤ 0

N.47'5V
lim sup
j→∞

∫

Mj
s∩Bk

fjρjdHn

-J/�47'W-U'Z1g:,8E4I/9-0'.Gz/98EÜkH.8E'51g8t-0'
k
a_@IH.'ZVY8EVW47a_@AxI8caDL

(1 + δ)
∫
M ′
s
ρdHn /?@z),+54A)

lim sup
j→∞

∫

Mj
s∩Bk

fjρjdHn = lim sup
j→∞

∫

∪k∈N(Mj
s∩Bk)

fjρjdHn ≤ (1 + δ)

∫

M ′
s

ρdHn
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s ≤ 0
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(1 − δ)

∫

M ′
s

ρdµs ≤ lim inf
j→∞

∫

Mj
s

fjρjdHn ≤ lim sup
j→∞

∫

Mj
s

fjρjdHn ≤ (1 + δ)

∫

M ′
s

ρdµs

de@I:S4IBUB
s ≤ 0
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δ > 0
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lim
j→∞

∫

Mj
s

fjρjdHn =

∫

M ′
s

ρdHn
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s ≤ 0

47'ZVi),+DH5/;N./9-0'51g8
C ≤

∫

Mj
s

fjρjdHn ≤ C +
1

j
,

<l8c+Z4yxI8
lim
j→∞

C ≤ lim
j→∞

∫

Mj
s

fjρjdHn ≤ lim
j→∞

C +
1

jde@I:S4IBUB
s ≤ 0

N.47'5Vh)9+DH5/
∫

M ′
s

ρdµs = C

de@I:S4IBUB
s ≤ 0
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d

dt

(∫

Mt

ρdµt

)
= −

∫

Mt

∣∣∣∣ ~H − D⊥ρ

ρ

∣∣∣∣
2

dµt.
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¾3µ�¶`´3»v³n³A¼e½kÿk²_Ä9³3².µ;Ä[ÆÈÇfµg»v¾3µ3ÊIÊIµ3Ê2»vµ,¶7¸T¹;±YÄ[ÃA¶A¼¿±YÄ9µ_ùj³ Ë~Ë ÁÂ¼e½��bµ;±Y»T¶7¸5¸jº3Ä9µ3µl¾3³7±Y¸_ÊI¶7Ä[Ç¹3³A¸QÊAÁÂ¼¿Á]³A¸.´f´[±n²O².³7Ä[¼Éµ3Êi³7¸~¼e½.µf´3±n²O².³7Ä[¼#´[±YÄeºg¶O¹,µ
Σ Ë ÁÂ¼e½ M →T x0 Î ø µg¼ ρ1 ∈ (0, (2κΣ)−1)

ÿ
ρ2 > 0 ÎzÑ ½5µg¸¼e½.µ;Ä9µ>µ,ÐOÁJ´[¼l¹3³A¸5´3¼(¶A¸Z¼]´

1/2 > ε0 > 0
¶7¸_Ê

c0 > 0
´3±5¹3½W¼e½.¶7¼ Ë ½5µg¸QµgÃAµ;Ä

Θ(M, y, τ, t) ≤ Ξ(Θ, y, τ) + ε0

ºg³AÄz¶AÆÂÆ
(y, τ) ∈ Bρ1(x0) × (T − ρ2

1, T ]
¶7¸_Ê

t ∈ [τ − ρ2
2, τ ]

¼e½.µ;¸
|A(x, t)|2 ≤ c0ρ

−2

ºg³AÄX´g³7»Tµ
ρ > 0

¶A¸QÊSºg³AÄb¶7ÆÂÆ
x ∈Mt ∩ Bρ(x0)

¶A¸QÊ
t ∈ (T − ρ2, T ) Î�� µ;Ä9µ

Θ(M, y, τ, t) :=

{
eCκ

2δ
Σ (τ−t)δ ∫

Mt
ϕσ,y,τηy,τρκΣ,y,τdµt y ∈ Σ,∫

Mt
ψσ(y),y,τρ(t,τ)dµt y 6∈ Σ

,

Ë ½.µ;Ä9µ σ ∈ (0, τ
1/2
0 /2)

ÿ
σ(y) := 1

2

√
d(y,Σ)2 + 8n

ÿ
ψσ(y),y,τ

ÁJ´X¶A´bÊIµ�Ìq¸_µ3ÊuÁÂ¸	Ízµ]Ì#¸5ÁÂ¼¿Á]³A¸
12.0.1

¶7¸_Ê

Ξ(Θ, y, τ) :=

{
1 y ∈ Mτ ∼ Σ
1
2 y ∈Mτ ∩ Σ
0
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Θ(M, y, τ, t)
-K)qde@OBUB0@A<S/|),+54A)l/?+.@OH.BJVz)9+.82:98n/?H.BU)#+.@OB0Vde@I:j/9@IRT8

ε0 > 1/2
)9+58;'i-U)�47BJ/?@>+.@IBJV./#de@I:

ε1 := 1/4
-0'u),+.8c6.B04O1g82@7d

ε0
m�&('i)9+.-J/j1;4O/?8ONOaDLT:98nVY8g§Z'.-U'5G

ε0
),@8EÜkH54IB

ε1 = 1/4
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ε0 < 1/2
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t0 − δ
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δ > 0
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Ft
)9+.8E:98t-J/�4

px0 ∈M0
/9H513+h)9+547)

Ft0(px0) = x0
NY<=8c),+.8;'�/98;8c)9+Z4A)

|A(x)|2 ≤ c0ρ
−2

de@I:j/9@IRT8
ρ > 0

4I'5Vvde@O:l4IBUB
x ∈Mt ∩Bρ(Ft0−δ(px0)

4I'5V
t ∈ (t0 − δ− ρ2, t0 − δ)

m Û -U'Z1g8c)9+.-J/l-0/=),:9H.82de@I:8E4O13+
δ > 0

\
c0
N
ρ
'.@I)la_8;-0'.GTVY8;6_8;'ZVY8;'k)j@I'

t
@O:
x0
^=<l82/98;8S),+54A)lde@I:j47B0B

x ∈ Bρ(x0)
47'5V

t ∈ (t0 − ρ2, t0))9+58;:,8c8;wY-0/?),/S4
δ0 > 0

/?HZ13+i),+54A)
(x, t) ∈ Bρ(Ft0−δ(px0)) × (t0 − δ − ρ2, t0 − δ)

de@I:S47B0B
δ < δ0

47'5Vi)9+DH5/
|A(x)|2 ≤ c0ρ

−2 de@O:S47B0B (x, t) ∈ Bρ(x0) × (t0 − ρ2, t0)
m
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(x0, t0) = (0, 0)
m
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�
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ε0
47'5V

c0
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(Mt)
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Σ
<�-K),+

κΣ ≤ 1
:,8E4I13+58E/

0 ∈ Rn+1 ∩ Σ
47)l),-URT8

0
4I'5Vh/,4A),-0/?§58n/

Θ(M, y, τ, t) ≤ Ξ(Θ, y, τ) + ε0

de@I:S4IBUB
(y, τ) ∈ B1 × (−1, 0)

4I'5V
t ∈ [τ − 1, τ ]

),+.8;'
σ2 sup

(−(1−σ2),0)

sup
Mt∩B1−σ

|A|2 ≤ c0

de@I:S/9@IRT8
σ ∈ (0, 1)

m¡¢�8f'5@A<!/9+.@A<Ý),+54A)S<l8f1;47'	Rv47¦O82),+.-J/S4I/,/?8E:?),-U@O'Pm¡Ú.:,@IR¤),+.8f+DLk6_@7),+.8E/98E/j<l8t+54yxI8
Θ(M, y, τ, t) ≤ Ξ(Θ, y, τ) + ε0

de@I:>47B0B
(y, τ) ∈ Bρ1(x0) × (T − ρ2

1, T )
47'ZV

t ∈ [τ − ρ2, τ ]
m	&Éd

ρ1, ρ2 > 1
47'5V

κΣ < 1
<l8i4I:98vVY@O'.8IN@7),+.8;:,<�-J/?8T:,8E/,1;47B0-0'.GWakL�4	d]4I1[),@I:f@Id

λ = min{ρ1, ρ2, κ
−1
Σ } <�-U)9+%)9+.8h13+547'.GO8T@7djxy4I:9-J47a5BU8n/ y = λx + x047'ZV

τ = λ2s+ T
GO-UxO8E/

Σ′ = λ−1Σ
4I'5V

κΣ′ = λκΣ ≤ κΣ
m�
SBJ/9@

κΣ ≤ 1
m��S@I),4A),-U@O'547B0B0LIN.4AdÂ),8;:S:,8E/,1;4IBU-0'.GZN<l8u<�:9-U)98

Mt → Ms
N
dµt = λndµs

N|47'5V
ρ1, ρ2 ≥ 1

m�&('{)9+58h1;4O/?8
y ∈ Σ

<l8i47BJ/?@*+Z4yxI8
ηy,τ → η̃x,s

N
ϕσ,y,τ → ϕ̃(x,s),λ−1σ

N
ρκΣ,y,τ → ρ̃(x,s),λκΣ

47'5V
eCκ

2δ
Σ (−t)δ → eC(λκΣ)2δ(−s)δ 4I/cVY8n/91;:9-0aZ8nV~-0'~65:98Exk-0@IHZ/13+54I6Y)98E:,/Em¡¢�8X/98;8t-0'h),+.-J/�1;4I/98c)9+547)�)9+.8E'

Ξ(Θ, x, s) ≤ eC(λκΣ)2δ(−s)δ
∫

Ms

ϕ̃λ−1σ,x,sη̃x,sρ̃λκΣ,x,sdµs ≤ Ξ(Θ, x, s) + ε0

de@I:q4IBUB
(x, s) ∈ B1× [−1, 0)

4I'5V
t ∈ [s−1, s]

m Û -0RT-UBJ47:,B0LIN7-0'v1;4I/98
y 6∈ Σ

<l8�+54yxI8
ψσ(y),y,τ → ψλ−1σ(y),x,s47'ZVi-0'	)9+.-J/S1;4O/?8

Ξ(Θ, x, s) ≤
∫

Ms

ψλ−1σ(y),x,sρx,sdµs ≤ Ξ(Θ, x, s) + ε0

de@I:�47B0B
(x, s) ∈ B1 × [−1, 0)

47'5V
t ∈ [s − 1, s]

m oj+54A)�-J/ENf-U'}47B0Bb1E4I/98E/*4AdÂ),8;:�:,8E/,1;4IBU-0'.GÞ<=8�+Z4yxI8
Ξ(Θ, x, s) ≤ Θ((Ms), x, s, t) ≤ Ξ(Θ, x, s) + ε0

de@I:S47B0B
(x, s) ∈ B1 × [−1, 0)

4I'5V
t ∈ [s− 1, s]

m
Û +.@OH.BJVi),+.-J/j)9+.8E'W-URT6.B0Lv)9+Z4A)�)9+58;:,8f8gwY-0/?),/�4

σ ∈ (0, 1)
/?H513+h)9+Z4A)

σ2 sup
t∈(−(1−σ)2,0)

sup
Ms∩B1−σ

|A|2 ≤ c0

)9+58;'W-Kd
σ ≥ 1/2

ND)9+58;'
1 − σ ≤ σ

GI-0xD-U'5G
(1 − σ)2 sup

t∈(−(1−σ)2,0)

sup
Ms∩B1−σ

|A|2 ≤ c0

47'ZVu),+kHZ/
σ′2 sup

t∈(−(σ′)2,0)
sup

Ms∩Bσ′
|A|2 ≤ c0,

<�+.8E:98
σ′ := 1 − σ

47'5Vh-Kd
σ ≤ 1/2

),+.8;'
σ ≤ 1− σ

/9@b),+54A)
σ2 sup

t∈(−σ2,0)

sup
Ms∩Bσ

|A|2 ≤ c0.

×EØ��



oj+547)S-0/END)9+.8E:98t8;wD-J/?),/S4
σ ∈ (0, 1)

/9H513+h)9+547)
σ2 sup

t∈(−σ2,0)

sup
Ms∩Bσ

|A|2 ≤ c0.

��8n/91E47B0-U'.GTa54O13¦T)9@T),+.8t�5@A<
(Mt)

/?H56.6Z@O:?),8EVh@I'
Σ
GO-UxO8E/

sup
τ∈(−ρ2,0)

sup
Mt∩Bρ

|A|2 ≤ c0ρ
−2

4I/j:,8EÜkH.-0:,8EV�m
Û H.656Z@k/?8S'5@A<�),+54A) Û ),4A),8;RT8;'k)�
�-0/#'.@7)#1;@I:,:98n1[)nm�oj+.8E'Tde@I:q8ExI8E:9L

j ∈ N
@O'.8S1;4I'T§5'5Vv4X/9RT@k@I)9+PNO6.:,@I6_8;:,BUL8;R>aZ8nV.VY8nVh/9@IB0HY)9-0@I'i)9@zRT8E47'	1gH.:,xA4A),H.:98`�5@A<Ý<�-U)9+��S8EH.Rv47'.'hde:98E82a_@IH5'5V.47:,Lv1g@O'5VY-U)9-0@I'5/j/9H.6.6_@I:9)98EVi@I'	4/9H.6.6_@I:9)c/9H.:?d]4O1g8

Σj
<�-K),+

κΣj ≤ 1
N Mj = (M j

t )t∈[−1,0)
N�<�+.-013+~:98n4I13+.8n/

0 ∈ Rn+1 ∩ Σ
4A)`),-URT8

0
N�47'ZV/9H513+i),+54A)�de@O:S/?@ORT8

ρj > 1
47'5V	47B0B

(y, τ) ∈ B1 × [−1, 0)
4I'5V

t ∈ [τ − 1, τ ]

Θ(Mj , y, τ, t) ≤ Ξ(Θ, y, τ) +
1

j

+.@OB0V./ENYa.HY)�),+54A)
lim
j→∞

γ2
j := sup

σ∈(0,1)

(
σ2 sup

(−(1−σ2),0)

sup
Mj
t ∩B1−σ

|A|2
)

= ∞.

\��`@7),8f)9+547)2/9-U'51;8 Mj -0/2/?RT@D@7),+WH.6*)9@u4I'5VW-0'51gB0H5VY-0'.G t = 0
aDLW4I/,/?H.RT6Y),-U@O'W<=8X+Z4yxI8

γ2
j < ∞ de@O:S8E4O13+

j ∈ N
m ^

oj+.8E'�/?-0'51;8
[0, 1]

-J/b1g@ORT654I1g)z47'ZV
γ2
j

-0/z1g@O'k)9-0'kH5@IH5/f-0'
σ
),+.8;:,8u-J/>4

σj ∈ [0, 1]
de@O:b8n4I13+

j ∈ N
/?H513+)9+Z4A)

γ2
j = σ2

j sup
(−(1−σ2

j ),0)

sup
Mj
t ∩B1−σj

|A|2.

Û -0'51g8`de@I:
σj ∈ {0, 1} N γ2

j = 0
47'ZVT-U'uGO8;'.8E:,4IB

γ2
j ≥ 0

NO-U)=de@OBUB0@A<S/¡),+54A)l-U'v),+.-J/l1E4I/98
γ2
j

-J/=1;@I'5/?),4I'O),BUL
0
4I'5V<l8c+58;'51;8f<=8f1;4I'	13+5@k@k/?8

σj ∈ (0, 1)
mqoj+DH5/l),+.8;:,8t8gwY-J/M)3/;NYde@O:�8E4O13+

j ∈ N
N.4

σj ∈ (0, 1)
/9H513+h)9+547)

γ2
j = σ2

j sup
(−(1−σ2

j ),0)

sup
Mj
t ∩B1−σj

|A|2.

Ú.H5:?),+.8;:nN7-U)#/?-0RT-UBJ47:,BULXde@IB0BU@A<S/�),+54A)|de@O:|8E4I13+
j ∈ N

),+.8;:,8j8gwY-J/M)3/
τj ∈ [−(1−σj)2, 0]

4I'5V
yj ∈ M j

τj ∩B1−σj/9@>),+54A)
γ2
j = σ2

j |A(yj)|2.Û -0'51g8
(σj

2

)2

sup
(−(1−(σ2

j /2)),0)

sup
Mj
t ∩B1−(σj/2)

|A|2 ≤ γ2
j ,

sup
(−(1−(σ2

j /2)),0)

sup
Mj
t ∩B1−(σj/2)

|A|2 ≤ 4γ2
jσ

2
j = 4|A(yj)|2.


SBJ/9@5N./9-U'51;8
σj/2 < 1/2

N
1 − (σj/2) ≥ σj/2

4I'5Vu),+DH5/
Bσj/2 ⊂ B1−σj/2

m

`/

τj ≤ 0
N
τj ∈ [−(1− σj)

2, 0]
47'5V

σj < 1
-0RT6.BUL

(1 − (σj/2))2 = −1 + σj − (σj/2)2 < −1 + 2σj − σ2
j − (σj/2)2 = −(1 − σj)

2 − (σj/2)2 ≤ τj − (σj/2)2,

×EØ��



<l8c+Z4yxI8
sup

(τj−(σj/2)2,τj)

sup
Mj
t ∩Bσj/2

|A|2 ≤ 4γ2
j .

¢%8	'5@A<�<l4I'k)z),@�:,8E/,1;4IBU8h)9+5-0/v/98EÜkH.8E'51g8Om���8n/91E47B0-U'.G%8E4O13+«),8;:,R�VY-Ur_8E:98E'O),BUL«)9@{GI-0xI8	47' 476.6.:,@I65:9-J4A),8;B0L1g@O'DxI8;:,GI8E'k)`/?8nÜOH58;'51;8Im2à`@A<}<=8zVY@h/9@5N_+.@A<l8;xO8;:nN5-J/2VY8E6Z8E'5VY8E'O)t@I'�)9+.8z/?8nÜOH58;'51;8X)9+Z4A)t<=8z47B0:98n4IVYLh+54yxI8Om¢%8f'.8;8nVi),@v1g@I'Z/?-JVY8;:j)M<l@T1;4I/98E/��
× mSoj+.8;:,8t8gwY-0/?),/�4T/9H.a5/98EÜkH.8E'51g8 {jk} @Id {j} /?H513+h)9+Z4A)

d(yjk ,Σ
jk )|A(yjk , τjk )| ≤ C

de@I:S/9@IRT8c§.wY8EV
C <∞.

Ù mSoj+.8;:,8t8gwY-0/?),/�4T/9H.a5/98EÜkH.8E'51g8 {jk} @Id {j} /?H513+h)9+Z4A)
lim
j↗∞

d(yjk ,Σ
jk )|A(yjk , τjk )| = ∞.

¢%8|§5:3/M)p1;@I'5/9-0V.8;:P1;4O/?8 × mP¢%8q'.@7),8¡)9+547)P-U't),+.-J/p1;4O/?8ONE/9-U'Z1g8 |A(yjk , τjk )| → ∞ <=8¡RbHZ/M)p+Z4yxI8
d(yjk ,Σ

jk ) →
0
m ¢%8{:98EB04IaZ8EB`),+.8%/9H.a5/98EÜkH.8E'51g8 {jk}

4I/	/?-0RT6.B0L {j} 47'5V�4I/,/?H.RT8�<�-K),+.@IHY)*B0@O/,/i@IdbGI8E'.8;:347B0-U)ML�),+54A)
d(yj ,Σ

j) < 1/2
de@O:>8n4I13+

j ∈ N
m{¢%8u),+.8;' VY8g§Z'.8

λj = |A(yj , τj)|−1 4I'5V{)347¦I8h6547:347a_@IB0-J1va.B0@A<j£¿H.6Z/47:,@IH5'5V
(PΣj (yj), τj)

mc\e¢ +.8E:98f<l8f:98n1;4IBUBQ),+54A)
PΣ

VY8E'.@7),8E/j),+.8f6Z8E:96_8;'ZVY-01;H.BJ47:S6.:,@��M8n1[),-U@O'h@O'O),@T)9+.8X/9H.6Y£6_@I:9)�/9H.:9d]4I1;8
Σ
mÏ^

�S@I)98b)9+547)c/9-U'51;8
yj ∈ B1/2(0) ⊂ Σj1/κΣj

N
PΣj (yj)

-J/2<=8EBUB¡VY8g§Z'.8EV�m2¢�8z/?8E8X),+54A)
PΣj (yj) ∈ B1(0) ∩ Σj47'ZVu),+kHZ/

Θ(M, PΣj (yj), τj , t) ≤
1

2
+

1

j

\ ×�� m × ^
de@I:S4IBUB

t ∈ (τj − 1, τj ]
de@I:�8n4I13+

j ∈ N
m

�S'ZVY8;:z)9+58	6Z47:347a_@IB0-01i:98n/91E47B0-U'.G�aDL«4�d]4O1[)9@O:T@7d
λj
de@O:z8n4I13+

j
<=8	GI8;)T4{/98EÜkH.8;'Z1g8i@Id2RT8E4I'ß1;H.:9xA47)9H.:,8�5@A<!<�-K),+��`8;H.Rv4I'.'	de:98E8ca_@IH5'5V.47:,Li1;@I'5VY-U)9-0@I'Z/;N

M̃ j
s := λ−1

j (M j
λ2
js+τj

− PΣj (yj)),

/9H.6.6_@I:9)98EVh@I'	),+.8��S8EH.Rv47'.'hde:98E8faZ@OH.'5V.4I:9Lu/9H.6.6_@I:9)`/9H.:?d]4O1g8
Σj := λ−1

j (Σj − PΣj (yj))

de@I:
s ∈ [−λ2

jσ
2
j /4, 0]

<�+.-013+!-0/	4«:,8E/,1;4IBU-0'.G«<�-U)9+�)9+.8{13+54I'.GI8�@IdbxA47:,-04Ia.B08E/
x = λjy + PΣj (yj)

4I'5V
t = λ2

js+ τj
m

M̃j = (M̃ j
s )
-J/f4W/?RT@D@7),+PNP6.:,@I6_8;:,BUL*8ERba_8EV.V.8EV%/?@OBUHY),-U@O'~@Id=RT8E4I'%1;H.:9xA47)9H.:,8b�Z@A<ñ<�-U)9+��S8;H5RT4I'.'�de:98E8a_@IH.'5V547:,Li1g@O'5VY-U)9-0@I'5/�/,4A),-0/?deLD-U'.G

0 ∈ M̃ j
0 , |A(zj , 0)| = 147'ZV

sup
(−λ2

jσ
2
j /4,0)

sup
(M̃j

s∩Bλ−1
j
σj/2

(zj)

|A|2 ≤ 4
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<�+.8E:98
zj = λ−1

j (yj − PΣj (yj)) ∈ BC(0)
\]/9-U'51;8 × m|+.@OB0V./3^[m

Ú.H5:?),+.8;:
0 ∈ Σj

4I'5V
κΣj = λjκΣj

m�
SBJ/?@ZNDde:9@OR�\
17.1

^#<=8X/98;8

Θ(M̃j , 0, 0, s) ≤ 1

2
+

1

j

de@I:�8n4I13+
j ∈ N

m
Û -0'51g8 {zj}j∈N ⊂ BC(0)

)9+.8E:98c8gwY-J/M)3/=4>1g@I'DxO8;:,GI8;'k)=/9H.a5/98EÜkH.8E'51g82@7d {zj} 1g@O'DxI8;:,GI-0'.Gt),@>/9@IRT8 z ∈ BC(0)<�+.-J13+*<=8f:,8;BJ47a_8;BF4I/S/9-URT6.B0L {zj}
47GO4I-U'pm#¢%8X'.@7),8f)9+Z4A)`/9-U'51;8

λ−2
j σ2

j = γ2
j → ∞ <=8X1E47'�1g@O'51gB0H5VY8t),+54A)de@I:�8ExI8E:9L

R > 0
47'5Vide@I:S4IBUBF/?H!�u1;-U8E'O),BULiB04I:9GO8

j
V.8;6_8;'5VY8E'k)S@I'

R
<l8c+Z4yxI8

sup
(−(R+2C)2,0)

sup
M̃j
s∩BR+2C(zj)

|A|2 ≤ 4

47'ZVu),+kHZ/
sup

(−R2,0)

sup
M̃j
s∩BR(0)

|A|2 ≤ 4.


SBJ/9@
κΣj = λjκΣj ≤ λj → 0

4I/
j → ∞ m#"*@O:98E@AxI8;:laDLu),+.8t-U'k)98E:9-0@I:�8n/M),-URv47)98E/j@Id�oj+.8E@I:,8;R

11.2.2

sup
(−R2,0)

sup
M̃j
s∩BR(0)

|∇kA|2 ≤ Ck

de@I:28E4O13+
k ∈ N

de@I:c47B0B�/9H!�u1g-08;'k),BUL	B04I:9GO8
j ∈ N

VY8E6Z8E'5VY-0'.Gi@O'
R
m�¢%8>1E47'W),+.8;:,8gde@O:98b4I6.6.B0Li),+.8�
`:$�E8;BJ4A£


`/,1g@OBU-koj+.8;@O:98ERÝ),@�),4I¦I8#4S/9H.a5/98EÜkH.8E'51g8#@7d {M̃ j
s}
Ny<�+.-J13+f<l8q-URTRT8EV.-047)98;B0Lc:98EB04IaZ8EB {M̃ j

s}
Nn<�+5-013+X1;@I'DxI8E:9GO8E/B0@D1E47B0BUL�/9RT@D@7)9+5BULW),@W4	/9Rz@D@I)9+PN�6.:,@I6_8;:,B0L*8;Rba_8EV5VY8EV%/?@OBUH.)9-0@I'~@Id=RT8E4I'�1;H.:9xA47)9H.:,8b�Z@A<�<�-K),+%�`8;H.Rv4I'.'de:,8;8`a_@IH5'5V.47:,LT1g@I'ZVY-K),-U@O'5/EN M′ = (M ′

s)s≤0
NY/?H56.6Z@O:?),8EVv@O'T)9+.8t/9H.6.6_@I:9)=/?H5:?d]4O1g8

Σ′ m#&|4I/,/?-0'.Gt)9@b)9+.82BU-0RT-K)de@I:
j → ∞ <l8cGO8g)

0, z ∈M ′
0, |A(z, 0)| = 1

4I'5V |A(y, s)|2 ≤ 4
de@I:S4IBUB

y ∈ M ′
s, s ≤ 0

47'ZV
κΣ′ = 0

m|Ú.:,@IR
κΣ′ = 0

-K)�de@OBUB0@A<S/=)9+547)
Σ′ -J/S4z+kLD6_8;:,6.BJ47'.8t47'5VW/9-U'Z1g8 0 ∈ Σj

de@I:S4IBUB
j ∈ N

<=8f47BJ/9@+54yxO8
0 ∈ Σ′ m

¢%8f'.@A<�'.@I)98c)9+Z4A) {M̃ j
s}
-J/S4T/?RT@D@7),+.BULh1g@I'DxO8;:,GI8;'k)j/?8nÜOH58;'51;8c@Id¡/9H.a5/98g)3/j@7d|/?6Z4I1g8;£�),-URT8OND)9+547)

eC(λ−1
j κjΣ)2δ(−s)δ ϕ̃λ−1

j ,0,0η̃0,0 → 1
BU@Y1E47B0BUL�H.'.-Ude@I:,RzB0LINp)9+547)

ρ̃λjκΣj ,0,0
→ ρ

B0@Y1;4IBUB0L~H.'5-Kde@O:9RTB0L�47'ZV~),+54A)
de@I:S4I'DL

R > 0

Θ(Mj , 0, 0, s) ≤ 1

2
+

1

jde@I:
s ∈ (−R2, 0]

de@I:S/9H!�u1g-08;'k)9B0LiBJ47:,GI8
j
m|&É)�)9+.8E:98;de@I:,8`de@OBUB0@A<S/lde:9@OR('P8ERTRT4

17.1.1
)9+547)

∫

M ′
s

ρdµ′ ≤ 1

2

de@I:S4IBUB
s ≤ 0

m Û -0'51g8X4IB0/9@ Mj →0 0
-U)�de@IB0B0@A<S/lde:9@OR(&q:,@I6_@O/9-K),-U@O'

16.2.1
47'ZVi),+.8fRT@I'.@I)9@O'.-01;-K)MLude@I:,RbH.BJ4.N/9-U'51;8 Mj -J/�/?RT@D@7),+hH56h),@u47'5Vh-0'51gB0H5VY-0'.GT)9-0RT8 0

47'5V
0 ∈ Σ′ ND),+54A)

1

2
≤ Θ(Mj , 0, 0) =

∫

M ′
s

ρdµ′
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de@I:S4IBUB
s ≤ 0

m�&É)�),+.8;:,8gde@O:98f4IB0/9@bde@OBUB0@A<S/l)9+Z4A)
∫

M ′
s

ρdµ′ =
1

2

de@I:S4IBUB
s ≤ 0

m
¢%8�1;4I' )9+58;:,8gde@I:,8INS/9-0'51g8

Σ′ -J/h4�+DLD6_8;:,6.B04I'.8IN`:98;�58E1g) M ′
s

4I1;:9@k/9/
Σ′ -0' )9+58~H5/9H547Bc<j4yL!\]4O/i@O6.6_@O/98EV)9@{),+.8W)9-0BJVY8*:98;�58E1g)9-0@I'ßdeH.'51g)9-0@I' @7d*)`8;§5'.-U)9-0@I'

11.3.2
^f),@�@IaY)347-0'Þ4{/9@IB0HY)9-0@I' @7dcRT8E47' 1;H.:9xA47)9H.:,8	�5@A<<�-U)9+.@OHY)SaZ@OH.'5V.4I:9L

M ′∗
s

mq¥lLT)9+.8E'h)347¦D-0'.G
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