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¶	·K¸º¹¡»\¼E»¾½P¹À¿BÁ�Â¾¿PÂ¾¿PÂÃ�ÄQÅ M = (Mt)t∈[0,T ) ⊂ U × [0, T ) Æ Ä�Ç<È�ÉGÊ_ÊaÅ\Ë{Ì�ÍlÎ6Ê=Í8ÄRÎ�Ï�Ð	ÄRÉ Æ Ä=ÑKÑAÄ=Ñ^ÈRÊUÏ�ÒBÅ¾ÓvÊUÔ�ÊXÕ�É^ÄLÇUÔ�ÖRÒBÎ�×�ÇUÅ¾ÒBÎLÄ�Ø�ÊaÙ�ÚÃ�ÄQÅ

x0 ∈ U
ÇaÔqÑ

t0 ∈ (0, T ]
ÕQÊaÎ

U ⊂ Rn+1 Ú�ÛqË8ÄRÔ�ÅÜË?Ä�ÒsÈ�Ò?ÇaÏ�Ý�ÇUÒsÈLÈ�ÓvÇUÔ�ÑAÄRÔ8È�ÓÜÅ¾ÐIÇaÅ (x0, t0)
Ì�ÑKÄQÔqÊaÅ2ÄLÑ Æ Ð

Θu(M, x0, t0)
Ó:È�ÑKÄvÞ�ÔlÄ=Ñ Æ Ð

Θu(M, x0, t0) := lim
t→t0

∫

Mt

ρdHn
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âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�Â¾¿PÂ¾¿PÂÃ�ÄQÅ M = (Mt)t∈[t1,T ) ⊂ U × [0, T ) Æ Ä�Ç<È�ÉGÊ_ÊaÅ\ËGÍlÎ6Ê=Í8ÄRÎ�Ï�ÐcÄRÉ Æ Ä=ÑAÑKÄ=Ñ<ÈRÊUÏ�ÒBÅ¾ÓvÊUÔ�ÊXÕ�É^ÄLÇUÔ�ÖRÒBÎ�×�ÇUÅ¾ÒBÎLÄ�Ø�ÊaÙ�ÚÛqË8ÄRÔ~ÕQÊUÎ~ÇaÏÜÏ

x0 ∈ Rn+1 ÇaÔlÑ t0 ∈ (0, T ]
Å\Ë8ÄkÒsÈ=Ò?ÇUÏ�Ý�ÇaÒsÈ=È�ÓvÇaÔ[ÑAÄRÔ8È�ÓÜÅ¾ÐoÄLæKÓ:È�ÅvÈRÚ

ç�ÊaÎ6Ä=ÊU×�ÄRÎ=Ì�È6Ë8ÊUÒBÏYÑ
x0 ∈Mt0

ÕQÊaÎ�ÈQÊUÉGÄkÅ´ÓÜÉGÄ
t0 ∈ (t1, T )

Å\Ë8ÄRÔ
Θu(M, x0, t0) = 1.

021�>U1?>A�YMKnAS�36M�3L58C�O?96O?>U�gVW>AO?96967:>U1�N8CR1?967e3ZS�FHC�NBCR�?18C�>[VW>UO?9L9X7:>U14NBCR1P9X7Y3ZSèT\MKD�]GC_>U1�;QO8DL`a>a36O?D6C	b?MaFF�7Y365 fgCRO8]^>A181iT\DLCRC�jPMKO81?N8>AD6S�;RMA1?NB7Y367JMA1P9�3L5?>a3WFHC~F�7Y�J��;R>A�Y�º9X7J]G@8�JSI3658C^VW>UO?9L967J>A1�NBCR1P9X7Y3ZSAm�é�O8Ck3LMc7Y3L918C_;QCE9L967e3ZSi7J1 3658C^�JMB;R>U��DLCRnKO8�:>UDL7e3ZSIDLCE96O8�e3=9WFHC^NBCR�?18CG3L58C<VW>UO?9L9X7:>U1�é�CR1?967e3ZS�7Y1�365?7J9�;E>A96C~jsSiF'>�S�MUT�365?C>U@?@8D6M��B7J]^>a367J18n^VW>UO?9L967J>A1cNBCE1?9X7Y3ZS<D=>a3L7YMPm
¶	·K¸º¹¡»\¼E»¾½P¹À¿BÁ�Â¾¿PÂÜê ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð�Ö=ÊaÔqÑaÓÜÅ´ÓvÊaÔ8È<ÊaÔ[Å\Ë8ÄGÈ=Ò_ÍKÍ8ÊUÎ�Å�È�ÒBÎ\ÕQÇAÖ=Ä

Σ
Ú�ÛlË?ÄQÔcÕQÊaÎ^ÇaÔ?Ð

x0 ∈ Rn+1 Ì t0 ∈ (0, T ]
ÇUÔlÑ

σ ∈ (0, τ
1/2
0 /2)Å\Ë8ÄoÝ�ÇUÒsÈ=È=ÓvÇUÔ�ÑKÄQÔ?È=ÓÜÅ´Ð^Î6ÇUÅ¾ÓvÊ	ÇaÅHÅ¾ÓÜÉ^Ä

t ∈ (x0, t0)
Ó:ÈkÑKÄvÞ�ÔlÄ=Ñ Æ Ð

Θ(M, x0, t0, t) := eCκ
2δ
Σ τδt0

∫

Mt

ϕ(x0,t0)ση(x0,t0)ρκΣ,x0,t0dµt.

ÛqË8ÄcÝ�ÇaÒsÈ=È�ÓvÇaÔ�ÑAÄRÔ8È�ÓÜÅ¾ÐoÇUÅ
(x0, t0)

Ó:È�ÅÜË?ÄQÔ�ÑAÄ¾Þ�ÔqÄLÑ Æ Ð
Θ(M, x0, t0) := lim

t↗t0
Θ(M, x0, t0, t).

ío·sîèï8ã_ð�ñrt�C~18MA36C~365?>U3�3L58CG>U@8@lCE>ADL>A1?;QC�MAT�3658C
δ(∈ (1/3, 2/5]

NBMsCE9�18MU3WCQpqCE;Q3�3L58C^VW>UO?9L9X7:>U1iN8CR1?967e3ZSD=>a367JM�MAD�VW>UO?9L967J>A1cNBCE1?9X7Y3ZS^7Y3L96CR�YTZm�0µ3�7J9�MA1?�YS<@?D6C_9XCE1K3�967Y1?;RCW7e3�7:9'18CE;RCE9L96>AD6SG7J1o3L58CW]�MK18MU3LMA187:;Q7Y3ZSGT\MADL]kO?�J>K9MA1^F�5?7J;=5^3L58CgCR�B7J9X36CE1?;QC�MUTq3658CWVW>UO?9L967J>A1<NBCR1?967Y3ZS�7:9�N8CR@lCR1?NBCE1{3Em�t�Cg]^>�Sk3=>U�KC�7e3H365?>U3�T\MKD�365?CgDLCR]^>U7J1?NBCEDMUT¡365?C�3L58CE967:9
δ
7:9�>U1I>UDLj87Y36D=>UDLS^j8OB3��8�BC_NcCE�YCE]GCR1{3�MUT

(1/3, 2/5]
m

�g9	7J1�365?C�;E>A96C�MUTk3658C O?9XOP>U��VW>UO?9L967J>A1�NBCR1?967Y3ZSAw�3L58C�CQ�B7J9X36CE1?;QC MUT�3L58C�VW>AO?9L9X7:>U1#N8CR1?967e3ZS�7:9	CR1?96O8DLCENjsS^365?C�]�MK18MU3LMA187:;Q7Y3ZS^T\MKD6]~O8�J>�>A9L96Ms;R7J>U36C_N<3LM~3L58C�7J1K3LCRnKDL>A�qN8CQ�?187J18nG3L58C�NBCR1P9X7Y3ZSAm
âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�Â¾¿PÂÜê ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð	ÖLÊUÔlÑUÓÜÅ¾ÓvÊUÔ8È~ÊaÔ ÅÜË?Ä�È�Ò_ÍKÍ8ÊUÎ�Å�È�ÒBÎ\ÕQÇAÖ=Ä

Σ
Ú^ÛlË?ÄQÔGÕQÊaÎ�ÇaÔ?Ð

x0 ∈ Σ
ÇaÔlÑ

t0 ∈ (0, T ]
ÅÜË?Ä<Ý�ÇaÒsÈ=È�ÓvÇaÔ�ÑAÄRÔ8È�ÓÜÅ´ÐÇaÅ

(x0, t0)
Ä6æKÓ:È�ÅvÈRÚ

âWãa½�½lò6ñó�S^365?C�]�MK18MU3LMA187:;Q7Y3ZS^T\MKD6]~O8�J>~7J1I�'5?CRMADLCR]
14.2.1

F�C�9XCEC�3L5?>a3

eCκ
2δ
Σ τδt0

∫

Mt

ϕ(x0,t0)ση(x0,t0)ρκΣ,x0,t0dµt

7:9gNBC_;QDLCE>A967J18nG7Y1I3L7Y]GC�T\MKD
t < T

m�0µ3g7J9�>U�:9XM<;R�YC_>UD�3L5?>a3g3658Ck9L>U]GC�CR�B@8D6C_96967JMA1	7J9g18MA1Bhµ18CEnK>a3L7Y`KCAmH0µ3�T\MA�J�YMaF�9365P>a3�365?C��Y7J]G7e3
t↗ t0

CQ�B7:9Z3=9�T\MAD�>A1{S
t0 ∈ (0, T )

m ♦
ó�CQT\MKD6CW@8DLMa`s7Y18n�3L58Ck;=5?>ADL>K;�36CED67:9L>a367JMA1cMUT�VW>UO?9L967J>A1	NBCE1?967e3ZS	FHC�1?CRCENI>^9X3L>A1?N8>UD=N	D6C_9XO?�e3g;RMA1?;RCRDL187Y1?n�j?�YMaFO8@I�J7Y]G7Y3g9XO8D6Tv>A;RCE9Em
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âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�Â¾¿PÂ:ô�ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ Ä�ÇèÈ�É^ÊEÊUÅÜËsÌrÍlÎ6Ê=Í8ÄRÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=Ñ�ÈRÊaÏ�ÒBÅ´ÓvÊaÔ�ÊZÕ�ÉGÄ=ÇaÔ�ÖRÒBÎ�×�ÇUÅ¾ÒBÎ6Ä~Ø�ÊaÙ±õµÙ�ÓÜÅ\ËÀÊaÎÙ�ÓÜÅ\Ë8ÊaÒBÅ Æ ÊaÒBÔlÑKÇaÎ�Ð=öiÇaÔqÑ x0 ∈ Mt0

ÕQÊUÎGÈQÊUÉGÄ
t0 ∈ (0, T )

ÚèÛqË8ÄRÔèÅ\Ë8Ä�Ø�ÊUÙ
(Mt)t∈[0,t0)

Ó:È�È=É^Ê_ÊaÅ\Ë�Ò_Í�Å2ÊÇaÔqÑcÓÜÔlÖRÏ�Ò?ÑaÓÜÔs÷
t0
ÇUÔlÑcÅ\Ë8ÄRÎ6ÄvÕQÊUÎ6ÄkË?Ç�È�ÇcÏ�ÓÜÉ�ÓÜÅ¾ÓÜÔs÷�Ø�ÊaÙ*ÒBÔlÑAÄRÎ'Í?ÇaÎ6Ç Æ ÊaÏ�ÓvÖ<Î6Ä�ÈRÖ=ÇaÏeÓÜÔ{÷ (M ′

s)
Ú�ø�Ô�Å\ËsÓ:È�Ö=Ç�ÈRÄQÌqÕQÊUÎÇaÏÜÏ

s < 0
Ì
M ′
s

ÇUÏ�ÈRÊGÈRÇaÅ´Ó:È\ÞHÄQÈ

M ′
s = lim

λ↘0
M (x0,t0),λ
s =

{
Tx0Mt0 x0 6∈ ∂Mt0

Π ∩ Tx0Mt0 x0 ∈ ∂Mt0Ù�Ë8ÄRÎ6Ä
Tx0Mt0

Ó:È�ÅÜË?Ä�ÅµÇUÔ{÷{ÄQÔPÅKÍlÏYÇUÔlÄ'Å2Ê
Mt0

ÇUÅ
x0
ÇaÔqÑ

Π∩Tx0Mt0

Ó:È�Å\Ë8Ä�Ë?ÇaÏ ÕHÅµÇUÔ{÷{ÄQÔPÅKÍlÏYÇUÔlÄ�Ö=ÊaÎ�ÎLÄ�È´Í?ÊaÔlÑUÓÜÔ{÷Å2Ê�Å\Ë8ÄoÈ�ÉGÊ_ÊaÅ\Ë
Mt0

ÇaÅ
x0 ∈ ∂Mt0

Ú4õRÛqË8ÇUÅrÓ:È=Ì
Π
Ó:È<Å\Ë8Ä

n + 1
ÑaÓÜÉ^ÄQÔ?È�ÓvÊaÔlÇUÏ�Ë?ÇaÏ Õ<È´Í8ÇKÖLÄoÙ�ÓÜÅ\Ë Æ ÊaÒBÔqÑAÇUÎ�Ð

Tx0Σ
ÕQÊUÎ�Ù�ËsÓvÖ=Ë

Mt0 ∩ Π ∩ Br(x0) 6= ∅ ÕQÊUÎ~ÇaÏÜÏ r > 0
Ú ö

ío·sîèï8ã_ð�ñ��'58C'@8DLMsMUT?CR�B@8�YMK7e3=9¡MA18�JSW3658C'O81?7eT\MKD6]G�JS�jPMKO81?NBC_N~96CE;RMA1?N�T\O81?N8>A]�CE1{3L>U�sT\MKD6]�Ma`KCRD�3658C'CE1K3L7YDLCQ3ZSMUT¡365?C�bPMaF
(Mt)t∈[0,t0)

96M�365?>U3�F�58CQ3L58CRD�MKD'18MU3 M 5?>A9�>�jlMAO81?N?>UDLSoNBMsCE9'18MA3g>apqCE;Q3�3658CWDLCE96O8�e3g>U3�>U�J�¾m
t�C 18MaFù@8D6C_9XCE1{3o365?C�;=5P>UD=>A;�3LCRDL7J9L>a3L7YMK1�MUT�VW>AO?96967:>U1#NBCE1?967e3ZS�;RCR1{36D=>U��36M4MAO8D�NB7:9L;QO?9L9X7JMA1#MUT�VW>AO?96967:>U1NBCE1?9X7Y3ZSI7Y1 nACE18CRD=>U�´m�0µ3�9L>�Ss9�365?>U3�3L58C�`�>A�YO?CkMUT�3658C^VW>UO?9L967J>A1iNBCR1?967Y3ZSIT\MAD

t0 ∈ [0, T )
;R>A1ijlC~F�DL7e3636CE1 >A9365?C�7Y1{36CEnAD=>U�qMUT¡365?C�O?9XOP>U� j?>K;=�{F'>UD=N^58C_>a3��KCRDL18CR�qMa`ACED�3658C��J7Y]G7Y367J18n^j8�JMaF�O8@cb?MaF

(M ′
s)
m

âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�Â¾¿PÂJú�ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ Ä�Ç~È�ÉGÊ_ÊaÅ\Ë�ÍlÎ6Ê=Í8ÄRÎ�Ï�Ð<ÄRÉ Æ Ä=ÑAÑKÄLÑGÈQÊUÏ�ÒBÅ´ÓvÊaÔiÅ2Ê~ÉGÄ=ÇaÔ�ÖRÒBÎ�×aÇaÅ´ÒBÎ6ÄºØ�ÊaÙ�Ù�ÓÜÅÜËGë~ÄQÒBÉ^ÇaÔPÔÕ=Î6Ä=Ä Æ ÊaÒBÔlÑKÇaÎ�Ð�ÖLÊUÔlÑUÓÜÅ¾ÓvÊUÔ8È	ÊUÔ�Å\Ë8ÄoÈ�Ò_ÍAÍ?ÊaÎ�ÅrÈ�ÒBÎ\ÕQÇAÖ=Ä Σ
Ú Ã�ÄQÅ M Î6Ä=ÇAÖ=Ë

x0 ∈ Σ
ÇaÅrÅÜË?Ä	Å¾ÓÜÉ^Ä

t0 ∈ [0, T )
ÚÛqË8ÄRÔ~ÕQÊUÎ~ÇaÔPÐ

s < 0
ÇaÔlÑcÇaÔPÐ

δ ∈ (1/3, 2/5]

Θ(M, x0, t0) =

∫

M ′
s

ρdµ′
S .

âWãa½�½lò6ñ021[3L58CcNBCR�?187Y367JMA1èMAT�VW>UO?9L967J>A1�N8CR1?967e3ZS�F�C<5?>�`KC^7Y]G@8�J7J;R7e3L�YSè;=5?MK96CR1
σ ∈ (0, τ0/2)

m �sCE�YC_;�3�>A1?N��8�è>U1sS
s < 0

mºt�C�18MU3LC��PDL9X36�JS<3L5?>a3
lim
λ→0

eC(−λ)κ2δ
Σ sδ = 1

96M~3L5?>a3g9658MKO8�JN
lim
λ→0

∫

M
(x0,t0),λ
s

ϕ̂σ η̂ρ̂dµ̂s
u áEû m á }

jlCW�?187Y36CW365?CR1
lim
λ→0

eC(−λ)κ2δ
Σ sδ

∫

M
(x0 ,t0),λ
s

ϕ̂σ η̂ρ̂dµ̂s = lim
λ→0

∫

M
(x0,t0),λ
s

ϕ̂σ η̂ρ̂dµ̂s,

>U1PNo9658MAO8�:Niu
16.1
}�18MU3'jPC��?187Y36CKws3658CE1<3L58C�CE1{367JD6C��Y7J]G7e3�7:9�7J1B�?187Y36C�>A1?NG365?Cr@?D6MsMUT�7:9�;QMA]G@8�JCQ3LCAm�t�Cg3L58CRDLCQhT\MADLC�;QMK1?;QCE1K3LDL>U36C��?D=9Z3L�YS<MK1	36587:9�ü{O?>U1{367Y3ZSo>A1?NI>A9L9XO8]GCr365?CW�?187Y36CR1?CE9L9'MUT�u

16.1
}�m

t�C�18MU3LC�3L5?>a3g967J1?;QC
M

(x0,t0),λ
s →M ′

s

96]�MsMA3658�JSAwBT\MKD�CE>K;=5<T\O81?;Q367JMA1
φ ∈ C1

C(Rn+1,R)

lim
λ→0

∫

M
(x0 ,t0),λ
s

φdµ̃s =

∫

M ′
s

φdµs.

t�C�18MA36C >A�J96M[3L5?>a3cT\MAD
R0 = (τ0/2)1/2 < 1/2κΣ

u¾9X7J1?;RC
δ ∈ (1/3, 2/5]

}~3658C O81?9L;R>A�YC_N�b?MaF M =
(Mt)t∈[0,T )

CR�B7J9X3L9WMK1
BR0(x0)

T\MAD
t ∈ [0, T )

m^t CG3L58CR1�18MA36CG3L5?>a3�T\MKD�>U�J�
t ∈ [t0 − R2

0/4n, t0)
>A1?N

x9L>a367:9XT\S{7J18n |x− x0| > R0
w
rx0 > |x− x0|2 > R2

0

>U1PN<3L5{OP9

ϕ(x0,t0),σ(x, t) =

(
1 − rx0 − 2n(t0 − t)

σ2

)3

+

≤
(

1 − R2
0 − 2nR2

0/4n

R2
0/2

)3

+

= 0,

á �ay



96Mc3L5?>a3k96@B3
ϕ(x0,t0),σ(·, t) ⊂ BR0(x0)

T\MAD�C_>A;=5
t ∈ [t0 − R2

0/4n, t0)
>U1PN�3L5sO?9Rw�jsS�u¾zK}r7Y1�ý�DLMA@lMK967Y367JMA1

14.1.2
9X@B3

ϕ(x0,t0),σ(·, s) ⊂ Bλ−1R(0)
T\MAD�>U�J�

s ∈ [λ−2(R2
0/4n), 0)

m
t�Ck>U�:9XM^1?MU36CW3L5?>a3gT\MAD�>A1sS

λ > 0
w
M

(x0,t0),λ
s

7:9g>G]GC_>U1�;QO8DL`a>a3LO8D6CWbPMaF*F�7Y365ifgCRO8]^>U1?1IT\D6CEC�jPMKO81?N8>AD6S;QMK1?NB7Y367JMA1?9'MK1
Bλ−1R0

(0) × [−T/λ2, 0)
>A1?N<3L5?>a3

κΣλ = λκΣ
9XM�365P>a3

λ−1R0 < λ−1(τ0/2)1/2 =
(3/160n)1/δ√

2λκΣ

.

�s7J1?;QC
(3/160n)1/δ/(

√
2λκΣ)

7J9g365?C<þ
(τ0/2)1/2

àPMATº3658C�D6C_96;E>U�JCENcb?MaF�F�C~;R>A1i>U@8@?�YS�£HMADLMA�J�:>UDLS
15.2.1

36M9658MaF#3L5?>a3g3658CED6C�CR�B7J9X3L9�>^;RMA1?9X3L>A1{3gNBCR@lCR1?N87Y18noMA18�JScMK1
n
w
κΣ
>U1?N

x0
96O?;=5	365?>U3�T\MADr>U�J�

R ∈ [0, λ−1R0)>U1PN
τ ∈ [−λ−2R2

0/4n, 0) ⊂ [−R2, 0)

Hn(M (x0,t0),λ
τ ∩ BR(0)) ≤ C(n, 0, κΣ)Rn.

021�@?>ADX3L7J;RO8�J>ADEwBF�C�;R>A1�;=58MsMK96CW>
λs
9XOP;=5c3L5?>a3

(λ24n)−1R2
0 > |s| T\MAD�>U�J� λ < λs

>U1?N	3L5sO?9'T\MADgCE>A;=5I96O?;=5
λ
F�CW5?>�`AC�96@B3

ϕ̃(x0,t0),σ ⊂ Bλ−1R0
(0)
>A1?N<3L5?>a3�T\MKD�>U�J�

R ∈ (0, λ−1R0)

Hn(M (x0,t0),λ
s ∩ BR(0)) ≤ C(n, 0, κΣ)Rn.

t�C�18MaF�;=58MsMK96C�>U1
R > 1

>U1?Nc3L>A�AC�>A1{S
λ < λ0

F�58CRDLC
λ0 ≤ λs

7J9�;=58MK96CR1�96O?;=5	365?>U3
λ−1

0 R0 > R
m't C18MaFÀNBCQ�?1?C<u\F�5sS<F�Cr]^>A�ACr36587:9�NBCR�?187Y367JMA1IF�7J�Y��jlC�jlCE;QMK]GCW>A@8@?>AD6CE1K3�9658MAD636�JS8}

Q :=
7Y1{36CEnACED�@?>UD63

(ln(λ−1R0 −R)) + 1.

�'58CE1�w8O?967Y1?n�ý�D6MK@PM{9X7Y367JMA1
14.1.2

u á }QwBFHC�;E>U�:;QO8�:>a3LC

I :=

∫

M
(x0,t0),λ
s ∼BR(0)

ϕ̂σ η̂ρ̂κΣdµ̂s

≤ sup ϕ̂σ sup η̂

∫

(M
(x0,t0),λ
s ∩

96@B3
ϕ̂σ)∼BR(0)

ˆρκΣdµ̂s

<

(
1 +

λ24n|s|
σ

)3

256

∫

(M
(x0,t0),λ
s ∩Bλ−1R0

(0))∼BR(0)

ˆρκΣdµ̂s

=
C(n, s, σ)

(−s)n/2
∫

(M
(x0,t0),λ
s ∩Bλ−1R0

(0))∼BR(0)

e
− r2y

8(1+16(−(λκΣ)2s)δs dµ̂s(y)

≤ C(n, s, σ)
∑

j≥1

∫

(M
(x0 ,t0),λ
s ∩Bλ−1R0

(0))∩(B
Rj+1 (0)∼B

Rj
(0))

e−
R2j

8|s| dµ̂s

= C(n, s, σ)

Q∑

j=1

e−
R2j

8|s|

∫

(M
(x0,t0),λ
s ∩Bλ−1R0

(0))∩(B
Rj+1 (0)∼B

Rj
(0))

1dµ̂s

≤ C(n, s, σ)



Q−1∑

j=1

e−
R2j

8|s| Hn(M (x0,t0),λ
s ∩ BRj+1(0))


+ Hn(M (x0,t0),λ

s ∩ Bλ−1R0
(0))

≤ C(n, s, σ)C(n, κΣ, x0)

Q∑

j=1

Rn(j+1)e−
R2j

8|s|

=: f(R)

á ��ÿ



F�58CED6C�uv>K9�MA1?C<;R>U1�NB7JD6C_;�3L�YS�;R>U�:;QO?�J>U36C_}
limR→∞ f(R) = 0

mo���Y365?MAO8nK5 T\MKDk>U1sSinK7Y`KCR1
λ
F�C^;R>U1?18MU3��JCQ3

R → ∞ 36587:9r7J9r18MA3r18C_;QC_969L>UDLS�9X7J1?;QC~T\MADW>U1sS
R ∈ R

3658CG>UjlMa`AC�;R>U�:;QO?�J>U367JMA1i58MK�JN?9Rw 7J1?NBCE@PCE1?NBCR1{3L�YS�MAT
λ@8DLMa`s7JNBC_N

λ
7J9�96]^>U�J� CR18MKO8nA5�m

f�MA36CW3L5?>a3'365?C
Q
nK7Y`KCE9'>U1I>U@?@8D6MK@8DL7J>U36C�1sO8]~jPCED�MUT¡36CED6]^9'7J1c3L58C�96O8]G]G>U367JMA1I9X7J1?;RC�>aTÜ36CED

j = Q

(BRj+1 (0) ∼ BRj (0)) ∩ Bλ−1R0
(0) = ∅,

>U1PNo18CECENBC_NI>A9'F�CW;E>U181?MU3�>U@8@?�YS	£HMKD6MK�Y�:>UDLS
15.2.1

T\MKD
R > λ−1R0

m
t�C~>U�:96M<18CRC_Ni>U1�CE9X367J]G>U36C~MA1I365?Coþ MAOB3LCRD�7Y1{36CEnAD=>U�´à8T\MKD�365?C~�J7Y]G7Y3r96O8D6Tv>A;QCKmg��McNBM^3L587:9�F�Ck>A@8@8�JS	ý�D6MK@PMAh967e3L7YMK1

16.1.3
mo�8DLMA] ý�DLMA@lMK967e3L7YMK1

16.1.3
F�C^�s18MaF 3L5?>a3

M ′
s

7:9k>�96O8j?96CQ3kMAT'>I5sSs@lCRDL@8�J>A18CG365?D6MKO8nA5�365?CMADL7JnA7J1�m�0µ3�3L58CR1cT\MA�J�JMaF�9�T\DLMA] 9X3L>A1?N8>ADLNo7Y1{36CEnAD=>a3L7YMK1^3658CEMADLSiu\MKD�NB7YDLCE;Q3';E>U�:;QO8�:>a3L7YMK1P}�365?>U3�3L58CRDLCWCQ�B7:9Z3=9RwsT\MKDCE>K;=5
ε > 0

>GDL>KNB7JO?9
Rε
96O?;=5c365?>U3�T\MAD�>U�J�

R ≥ Rε

∫

M ′
s∼BR(0)

ρdµ′
s < ε.

t�C�18MaF�3=>U�AC�>A1{S<96]^>U�J�
ε > 0

>A1?NI>U1
Rε ≤ Rε ∈ R

96M�365?>U3kuÜT\MAD�9XOB�<;R7YCE1K3L�YSc9X]^>U�J�
λ
w?96>�S

λ ≤ λRε
}

∫

M
(x0,t0),λ
s ∼BRε (0)

ϕ̂σ η̂ρ̂κΣdµ̂s < ε,

18MA367J18n~>AnK>U7J1^3L5?>a3
ϕ̂σ → 1

w
η̂ → 1

>A1?N
ˆρκΣ → ρ

�YMB;E>U�J�YSGO8187YT\MADL]G�YS^>K9
λ ↘ 0

mºt CW;R>A1^365sO?9�;=58MsMK96C�>
λε96M~3L5?>a3�T\MKD�>U�J�

λ < λε
∫

M
(x0,t0),λ
s ∼BRε (0)

ϕ̂σ η̂ρ̂κΣdµ̂s < ε,

∫

M ′
s∼BRε (0)

ρdµ′
s < ε,

|ϕ̂σ − 1|, |η̂ − 1| < ε
MA1

B2Rε ,
>U1PN | ˆρκΣ − ρ| < min{ε, ερ(y)} MA1

B2RεT\MAD�>A1sS |y| = 2Rε
m

t�Cc18MaF >A�J96M�3=>U�AC	>U1sS�36C_9Z3�T\O81?;Q367JMA1
ψ ∈ C1

C(Rn+1,R)
9XO?;=5è365?>U3

ψ = 1
MK1

BRε
>A1?N

ψ = 0
MKOB3Xh967JNBCWMAT

B2rε

m��'58CR1
∫

M
(x0 ,t0),λ
s ∼BRε (0)

ψρdµ̂s ≤ 2

∫

M
(x0 ,t0),λ
s ∼BRε (0)

ϕ̂σ η̂ ˆρκΣdµ̂s < 2ε
>A1?N

∫

M ′
s∼BRε

ψρdµs ≤
∫

M ′
s∼BRε

ρdµs < ε.

�s7J1?;QC
t0 < T

w{3658CWbPMaF
(Mt)t∈[0,t0)

7:9�96]GM{MA365I9XM�3L5?>a3�F�C�;R>U1	O?96C��'58CRMKD6CE]
11.4.2

3LM<;R>A�J;RO8�J>U36C

J := lim
λ→0

∫

M
(x0 ,t0),λ
s

ϕ̂σ η̂ρ̂κΣdµ̂s

= lim
λ→0

(∫

M
(x0 ,t0),λ
s ∼BRε (0)

ϕ̂σ η̂ρ̂κΣdµ̂s +

∫

M
(x0 ,t0),λ
s ∩BRε (0)

ϕ̂σ η̂ρ̂κΣdµ̂s

)

= O(ε) + lim
λ→0

(∫

M
(x0,t0),λ
s ∼BRε (0)

ψρdµ̂s +

∫

M
(x0,t0),λ
s ∩BRε (0)

ϕ̂σ η̂ρ̂κΣdµ̂s

)

= O(ε) + lim
λ→0

(∫

M
(x0,t0),λ
s ∼BRε (0)

ψρdµ̂s + (1 +O(ε))

∫

M
(x0,t0),λ
s ∩BRε (0)

ψρdµ̂s

)

á � �



= O(ε) + (1 +O(ε)) lim
λ→0

∫
ψρdHn|

M
(x0 ,t0),λ
s

= O(ε) + (1 +O(ε))

∫
ψρdµs

= O(ε) + (1 +O(ε))

(∫

M ′
s∩BRε (0)

ρdHn +O(ε) −O(ε) +

∫

M ′
s∼BRε (0)

ρdHn

)

= O(ε) +

∫

M ′
s

ρdHn,

�s7J1?;QCW3L587:9�7J9�3LD6O?C�T\MKDg>U1sS
ε > 0

FHCW5?>�`KC
lim
λ→0

∫

M
(x0 ,t0),λ
s

ϕ̂σ η̂ρ̂κΣdµ̂s =

∫

M ′
s

ρdHn.

�'5sO?9
Θ(M, x0, t0) = lim

t→t0
eCκ

2δ
Σ τδ0

∫

Mt

ϕσηρκΣdµt

= lim
λ→0

eC(−λ)κ2δ
Σ sδ

∫

M
(x0,t0),λ
s

ϕ̂σ η̂ρ̂κΣdµ̂s

= lim
λ→0

eC(−λ)κ2δ
Σ sδ lim

λ→0

∫

M
(x0,t0),λ
s

ϕ̂σ η̂ρ̂κΣdµ̂s

= lim
λ→0

∫

M
(x0,t0),λ
s

ϕ̂σ η̂ρ̂κΣdµ̂s

=

∫

M ′
s

ρdHn.

♦021	@8D6Ma`s7J18n~3658Ck£H�JCE>UDL7J18n^¤�O83�¥�CR]G]^>�FHCWF�7J�Y� 18CECEN	>U1I>Uj?96MA�JOB3LC��JMaFHCED'jPMKO81?NcMA1c3658C�VW>UOP96967J>A1cNBCE1?967e3ZST\MADg@PMK7Y1{3L9�7Y1I3L58C�b?MaF�m��'5?C�T\MA�J�YMaF�7J18n�365?D6CECW36CE;=5?187J;E>U��DLCE96O8�Y3L9�>AD6C��JCE>KNB7J18nGO8@I36M^3L587:9�D6C_9XO?�e3_mH�8MK�Y�JMaF�7J18n365?C��JMaFHCED�jlMAO81PN<MA1	VW>UO?9L9X7:>U1<N8CR1?967e3ZS^F�C�;E>U1^3L58CR1c@8DLMa`AC�3L58CW£H�JCE>AD67J18nkMKOB3�¥�CR]G]^>8m��'58Cg�?DL9X3'MUT 365?CE96C365?D6CECrDLCE96O8�Y3L9�;E>U1IjPC�96CRCE1I>K9�;QMKD6MK�Y�:>UDL7YC_9�MAT�ý�DLMA@lMK967Y367JMA1
16.1.4

m
� ½?ãa½����¾ïBã��*¿BÁ�Â¾¿PÂ¾¿PÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð�Ö=ÊaÔqÑaÓÜÅ´ÓvÊaÔ8È^ÊaÔ�Å\Ë8Ä~È�Ò_ÍAÍ?ÊaÎ�Å'È�ÒBÎ\ÕQÇAÖ=Ä

Σ
ÚiÛqË8ÄRÔ

Θ(M, x0, t0)
ÄLæKÓ:È�ÅvÈ�ÕQÊUÎGÄ=ÇAÖ=Ë

t0 ∈ (0, T ]
ÇUÔlÑ

x0 ∈ ΣÓÜÔlÑKÄµÍ?ÄRÔlÑAÄRÔ?Å´Ï�ÐcÊXÕWÅÜË?Ä
σ ∈ (0, τ

1/2
0 /2)

ÖLË?Ê�ÈRÄRÔ~ÕQÊaÎ
ϕσ
ÇaÔlÑgÕQÊaÎkÄ=ÇAÖ=Ë

t ∈ [0, t0)

Θ(M, x0, t0) ≤ eCκ
2δ
Σ τδt0

∫

Mt

ϕσηρκΣdµt.

âWãa½�½lò6ñ�'58CrCQ�B7:9Z3LCR1?;RCgT\MK�Y�JMaF�9HN87YDLCE;Q36�JSGT\D6MK] ý�D6MK@PM{9X7Y367JMA1
16.1.2

m��'5?C�Tv>K;�3�365?>U3�7Y3�7J9�7J1?NBCE@PCE1?NBCR1{3'MUT�3658CW;=58MA7:;QCMUT
σ
T\MA�J�YMaF�9HT\DLMA] ý�DLMA@lMK967Y367JMA1

16.1.4
mº�8DLMA] �'58CEMADLCR]

14.2.1
F�Cr�s18MaF#365?>U3�3658C�ü{O?>A1{367Y3ZS

eCκ
2δ
Σ τδt0

∫

Mt

ϕσηρκΣdµt

7:9'D6C_NBO?;Q7J18nG7J1
t
96M~3L5?>a3

eCκ
2δ
Σ τδt0

∫

Mt

ϕσηρκΣdµt ≥ lim
t↗t0

eCκ
2δ
Σ τδt0

∫

Mt

ϕσηρκΣdµt = Θ(M, x0, t0).

á � û



♦
� ½?ãa½����¾ïBã��*¿BÁ�Â¾¿PÂÜê ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�ÐoÖ=ÊUÔlÑaÓÜÅ´ÓvÊaÔ?È~ÊaÔ ÅÜË?Ä�È�Ò_ÍAÍ?ÊaÎ�ÅHÈ�ÒBÎ\ÕQÇAÖ=Ä

Σ
Ú�ÛqË8ÄRÔGÕQÊaÎkÇaÔPÐ

t0 ∈ (0, T )
ÇaÔqÑ

x0 ∈ ∂Mt0

Θ(M, x0, t0) =
1

2
.

âWãa½�½lò6ñ�8MKDg>U1sS
t0 < T

wB365?C��Y7J]G7e3L7Y1?noj8�JMaF*O?@Ib?MaF
(M ′

s)
CR�B7J9X3L9Em'�B7Y1?;RCW3658C~9XO8D6Tv>A;RC

Mt0

7:9g>^96]�MsMA365I]^>U187YT\MA�:NF�7Y365�9X]GMsMU3L5cjlMAO?1?N8>UDLS<F�CW5?>�`ACrT\MAD�>A�Y�
s < 0

M ′
s =

{
Rn x0 ∈ Mt0 ∼ ∂Mt0

Rn ∩ Π x0 ∈ ∂Mt0 ,F�58CED6C
Π
7:9G>U1

n
h2NB7Y]GCE1?9X7JMA1P>U��5?>U�YTv9X@P>A;QCcF�7e3L5�jlMAO81PN8>UDLS�7Y1{36CEDL96CE;Q367J18n

0
w�7e3�T\MA�J�JMaF�9�T\DLMA] ý�DLMA@lMK967e3L7YMK1

16.1.4
>U1?N	9Z3=>U1?N?>UD=No7J1{36CRnKDL>U367JMA1cD6C_9XO8�Y3L9�3L5?>a3�7YT

x0 ∈ ∂Mt0

Θ(M, x0, t0) =

∫

M ′
s

ρdµ′
s =

∫

Rn∩Π

ρdHn =
1

2

∫

Rn

ρdHn =
1

2
.

♦
t�C�18MaF�F�7:9X5�3LM�9658MaF(3658C�O8@8@lCRDI96CR]G7�;RMA1{367J1sO87e3ZS�MAT�3658C�VW>UO?9L9X7:>U1�N8CR1?967e3ZS4T\DLMA]�F�587:;=5�w�36MKnACR3658CEDF�7Y365�£HMADLMA�J�J>AD67JCE9

16.1.1
>A1?N

16.1.2
F�7J�Y��@8D6Ma`s7:NBC�3658C�18C_;QC_969L>UDLS^�YMaF�CRD�jlMAO81?Nc3LM�@?D6Ma`KCg3L58C~£H�YC_>UDL7Y1?n~MKOB3¥�CE]G]G>?m[��M�@8DLMa`AC^3L58CcO?@8@PCED^9XCE]�7�;RMA1{367J1sO87e3ZS�MAT�3658CiVW>UOP96967J>A1èégCE1?967e3ZS[F�CcF�7J�J��1?CRCENè36M�>U@8@8�JS�365?CT\MA�J�JMaF�7Y18nG9X3L>U1PN8>UD=No]GC_>A96O8D6C�365?CRMADLCQ3L7J;WDLCE96O8�Y3Em

�
	 ·s½?ãa·sî ¿BÁ�Â¾¿PÂ¾¿PÂ����·���·så����¡·�¶c½lîè»¾¹�ïB¼_·�� � ½l¹��P·{ã��P·s¹��A· �
	 ·s½?ãa·sî��Ã�ÄQÅ
g Æ Ä^Ç Hn ì2ÓÜÔ?Å2Äµ÷UÎ6Ç Æ ÏJÄ'Õ=ÒBÔlÖRÅ¾ÓvÊUÔ[ÊUÔ Rn+1 ÇaÔqÑ	ÏYÄQÅ f ÇaÔlÑ	Å\Ë8Ä~ÈRÄ��RÒ?ÄQÔqÖLÄGÊXÕHÕ=ÒBÔqÖQÅ´ÓvÊaÔ?È {fk}∞k=1 Æ Ä HnÉ^ÄLÇaÈ�ÒBÎ6Ç Æ ÏYÄ�ÊaÔ Rn+1 Ú! PÒ_ÍKÍ8ÊaÈRÄ |fk| ≤ g

ÇaÔqÑ
fk → f Hn ÇaÏ�É^Ê�È�Å�ÄQ×aÄRÎ�ÐaÙ�Ë8ÄRÎ6ÄGÇ�È k → ∞ ÚGÛqË8ÄRÔ

lim
k→∞

∫
|fk − f |dHn = 0.

t�C�;R>U1	18MaF*@8D6Ma`KCg3L58C�O8@8@lCRD�9XCE]�7�;RMA1{367J1sO87Y3ZS<MUT¡3658CkVW>AO?9L9X7:>U1	NBCR1?967Y3ZSAm
âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�Â¾¿PÂ#" ÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð�Ö=ÊaÔqÑaÓÜÅ´ÓvÊaÔ8È�ÊaÔGÈ�Ò_ÍKÍ8ÊUÎ�Å È�ÒBÎ\ÕQÇAÖ=Ä

Σ
ÇUÔlÑWÏJÄQÅ

(xj , tj) Æ ÄgÇ�ÈQÄ��RÒ?ÄQÔqÖ=Ä�ÓÜÔ Σ×(t0−τ0, t0)
ÈRÇUÅ¾Ó:È\Õ=ÐaÓÜÔ{÷

xj → x0ÇaÔqÑ
tj ↗ t0 ≤ T

Ú�ÛqË8ÄRÔ
lim sup
j→∞

Θ(M, xj , tj) ≤ Θ(M, x0, t0).

âWãa½�½lò6ñt�C�3L>A�ACg>r�8�BC_NGj8OB3�>AD6j?7e3LDL>AD6S
t ∈ (t0 − τ0, t0)

>U1?N�3=>U�KC
j0 ∈ N

9XM�365?>U3�T\MAD�>U�J�
j ≥ j0

w
tj > t

m��'58CR1�wKT\MAD365?CE96C
j
w�F�C�5?>�`AC~T\D6MK]�3658C%$�MK18MU3LMA187:;Q7Y3ZSi�8MKD6]~O8�:>8w��'58CEMADLCR]

14.2.1
>A@8@8�J7YC_N >U3r3L58C^9X@P>A;QCRh¾3L7Y]GC�@PMK7Y1{3

(xj , tj)

eCκ
2δ
Σ τδj

∫

Mt

(ϕσηρκΣ)jdµt ≥ lim
t↗tj

eCκ
2δ
Σ τδj

∫

Mt

(ϕσηρκΣ)jdµt ≡ Θ(M, xj , tj),

F�58CED6C
τj(t) = t− tj

>A1?N
(ϕσηρκΣ)j(x, t) := ϕ(xj ,tj),ση(xj ,tj)(x, t)ρκΣ,xj ,tj (x, t)

m
t�CW3658CE1	F'>U1{3'36M�3=>U�ACr3L58C��Y7J]G7e3L7Y1?n<9XO8@?D6CE]kO8] F�7Y365IDLCE96@PC_;�3�3LM

j
MUT�3658CWTv>AD��YCRTÜ3g>U1?NcTv>UD�DL7JnA5{3'36CRDL]^9Rm

á �A�



¤�1c3658C��JCQTÜ3g5P>U1?N	9X7:NBC�F�CW18MU3LC�3L5?>a3�F�CW5?>�`AC
lim sup
j→∞

eCκ
2δ
Σ τδj = eCκ

2δ
Σ (t−t0) <∞.

�8DLMA]�ý�DLMA@lMK967e3L7YMK1
11.3.6

w�F�C^5?>�`AC
η(xj ,tj)(x, t)ρκΣ,xj ,tj (x, t) ≤ 256(4π(t − tj0))

−n/2χsptη(xj0 ,tj0 )

T\MKD
CE>K;=5

j ≥ j0
m���N8NB7Y367JMA1?>A�Y�JS<F�Cr5P>�`AC

ϕ(xj ,tj),σ ≤ (1 − 2n(t− tj0)σ
−2)3

T\MAD�CE>K;=5
j ≥ j0

96M~3L5?>a3

(ϕσηρκΣ)j(x, t) ≤
256(1− 2n(t− tj0)σ

−2)3

(4π(t− tj0))
n/2

χsptη(xj0 ,tj0 )

T\MAD�C_>A;=5
j ≤ j0

w818MA367J18n^>U�:9XM~365P>a3
∫

Mt

256(1− 2n(t− tj0)σ
−2)3

(4π(t− tj0))
n/2

χsptη(xj0 ,tj0 )
dµt <∞,

>U1PNW365?>U3
(ϕσηρκΣ)j → ϕσ,x0,t0η(x0,t0)ρκΣ,x0,t0 =: (ϕσηρκΣ)t0

7Y3�T\MA�J�JMaF�9 T\DLMA]*3658C'¥�CEjPC_9XnKO8C�é�MA]G7Y1P>a36C_N£HMA1s`KCRDLnACR1P;QC��'5?CRMADLCR] 365?>U3
lim sup
j→∞

∫

Mt

(ϕσηρκΣ)jdµt =

∫

Mt

lim sup
j→∞

(ϕσηρκΣ)jdµt =

∫

Mt

(ϕσηρκΣ)t0dµt <∞.

t�C�;R>U1~365?CRDLCQT\MADLC�9XCE@?>UD=>a3LC�3L58C'3ZF�M�]~O8�e3L7Y@?�YSs7J18nWTv>A;Q36MAD=9¡MUTl3658C��JCQTÜ3��J7J]�7Y367J18n�96O8@8DLCR]~O8] 7J1K3LMr3658C�@8DLMBNBO?;Q3MUT¡3ZF�M~�J7Y]G7Y367J18n<96O8@8DLCR]^>G>A9
lim sup
j→∞

eCκ
2δ
Σ τδj

∫

Mt

(ϕσηρκΣ)jdµt = lim sup
j→∞

eCκ
2δ
Σ τδj lim sup

j→∞

∫

Mt

(ϕσηρκΣ)jdµt

= eCκ
2δ
Σ (t−t0)

∫

Mt

(ϕσηρκΣ)t0dµt.

�'5sO?9
eCκ

2δ
Σ (t−t0)

∫

Mt

(ϕσηρκΣ)t0dµt ≥ lim sup
j→∞

Θ(M, xj , tj).

�s7J1?;QCW3L587:9�7J9�3LD6O?C�T\MKDg>U1sS
t ∈ (t0 − τ0, t0)

F�C�5?>�`AC
Θ(M, x0, t0) = lim

t↗t0
eCκ

2δ
Σ (t−t0)

∫

Mt

(ϕσηρκΣ)t0dµt ≥ lim sup
j→∞

Θ(M, xj , tj).

♦

¦�§<¨�& ')(	°+*-,Q°�ª/.ºQ®1032 «o²54�°7686 ª
�'58C�£H�JCE>AD67J18n	¤�O83�¥�CE]�]^>^7:9�7Y]G@lMAD63L>U1{3g7J1�DLCRnAO?�J>AD67Y3ZS<3L58CRMKD6Sc7Y1�N8CE;Q7:NB7J18n<F�58CE1i@lMA7J1K3=9g>AD6C�1?MU3g7J1�365?C�J7Y]G7Y367J18n	96O8D6Tv>A;RCkF�58CED6C~3658C~�?D=9Z3�967Y18nKO8�:>UDL7e3ZSIMB;R;RO8DL9r>a3W>U�J�¾m�0µ3�nK7Y`KCE9g>c�JMaFHCEDgD=>a367JMojlMAO?1?N�jlCR�JMaF�F�587:;=5F�C��{1?MaF#3L5?>a3�3L58CRDLC�7:9�18MA3�CR18MKO8nA5IMUTº3L58Ck96O8DXTv>K;QCW7J1I3658C�3LCE9X36C_NIj?>U�J� 36MoD6CR3L>U7J1�>G@8DLCE96CR1?;RCW3658CED6CKmH�'5?>U37:9Rw{7eT�3658Cr>UDLCE>�D=>a3L7YM�7:9�36MsM��JMaF�wKF�Cg�s18MaF4365P>a3�>~9X5?MAD63�367J]GC��:>a3LCRD�3L58CRDLCg7:9H18M~96O8D6Tv>A;QC�>a3�>A�Y�P7Y1	>�j?>A�Y�l5?>U�YT365?C�967:9ECAmW�'58C��PDL9X3�`KCRD=9X7JMA1�wq>U@?@8�Y7:;R>Aj8�JC�36Mc]GCE>U1 ;QO8DL`a>a36O?D6Ckb?MaF�9�F�7Y3658MKOB3WjPMKO81?N8>AD6SI7:9�NBO?Ck3LMcó�DL>A�s�ACx � |µm��'58CG@8DLMsMUT�58MaFHCE`ACEDEwq5?>K9�jlCRCE1[9X7J]G@8�Y7Y�?C_N�jsS�3L58CGCR]GCRDLnACE1?;QC�MUT�VW>UO?9L9X7:>U1�NBCR1P9X7Y3ZSAm^� @8DLM{MAT�O?967Y1?nVW>UOP96967J>A1iNBCR1P9X7Y3ZSc7:9�nK7Y`KCR1�7J1i��;=�KCRD�x��_|µmr¤�O8D�@8D6MsMATZwP>AN�;ZO?9Z3LCENIT\MKD�fgCRO8]^>U1?1�T\D6CEC�jlMAO81?N?>UDLS	;RMA1?NB7Y367JMA1P9T\MA�J�JMaF�9�3658CW7:NBCE>K9'MUTº��;=�ACEDEm
t�C��?D=9Z3H;RMA]~j87Y1?C'3658C�DLCE96O8�Y3L9�MUTl3658C�@?D6CE`{7JMAOP9�9XC_;�3L7YMK1G36M�@8DLMa`s7JNBC�>A1^>Uj?96MA�JOB36C��JMaF�CRD�jlMAO81PN�T\MADHVW>AO?96967:>U1NBCE1?9X7Y3ZS^T\MKD�@PMK7Y1{3L9�D6C_>A;=58C_N<jsS^365?CWb?MaF*>U3�367J]�C

t0 ≤ T
m

á ��<



âWãa½?äH½På_»\¼_»v½l¹#¿BÁ�ÂÜê Â¾¿PÂÃ�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð�Ö=ÊUÔlÑaÓÜÅ´ÓvÊaÔ?ÈcÊaÔèÅ\Ë8Ä<È�Ò_ÍAÍ?ÊaÎ�ÅgÈ=ÒBÎ\ÕQÇKÖ=Ä
Σ
ÈRÇaÅ´Ó:È\Õ=ÐaÓÜÔ{÷�ÅÜË?Ä Æ ÊUÒBÔlÑAÇUÎ�Ð�ÇLÍKÍlÎ6Ê_ÇAÖ=Ë8ÄQÈ Æ ÊaÒBÔqÑAÇaÎ�Ð�ÇaÈ=È=ÒBÉgÍlÅ´ÓvÊaÔ?ÌÏYÄRÅ

t0 ∈ (0, T ]
ÇaÔlÑ^È�Ò_ÍAÍ?Ê�ÈRÄ�Å\Ë8ÇUÅ M Î6Ä=ÇKÖLË?Ä�È

x0 ∈ Σ
ÇUÅHÅ´ÓÜÉ^Ä

t0
Ú�ÛqË?ÄQÔ

Θ(M, x0, t0) ≥
1

2
.

âWãa½�½lò6ñ0µT
t0 < T

3658CE1�36587:9rT\MA�J�JMaF�9W7Y]G]GCENB7:>a3LCR�JSiT\DLMA] £HMKD6MK�Y�:>UDLS
16.1.2

m<¤g365?CRDLF�7J96CAw�967J1?;QC M DLCE>K;=58CE9
x0
>U3367J]GC

t0
wq365?CR1 T\D6MK]�3658C�jPMKO81?N8>AD6S�>A@8@8DLMK>A;=5?CE9�jlMAO?1?N8>UDLS�>A9L9XO?]�@8367JMA1

∂M DLCE>K;=58CE9
x0
>a3r367J]GC

t0
>A1?N365sO?9�3L58CRDLCWCQ�B7:9Z3=9�>G96CEü{O8CE1?;QC

(xj , tj)j∈N

F�7Y365
tj ↗ t0

>U1?N
xj ∈ ∂Mtj

T\MAD�C_>A;=5
j ∈ N

m��?D6MK](£HMADLMA�J�:>UDLS
16.1.2

7e3�3L58CR1	T\MA�J�JMaF�9�3L5?>a3
Θ(M, xj , tj) ≥

1

2T\MAD�C_>A;=5
j ∈ N

m��8DLMA] ý�DLMA@lMK967Y367JMA1
16.1.5

F�Cr3658CE1	5P>�`AC

Θ(M, x0, t0) ≥ lim sup
j→∞

Θ(M, xj , tj) ≥
1

2
.

♦
t�7Y365	36587:9�DLCE96O8�Y3�FHC�>UDLCr18MaF*>Aj8�YCr3LM^@8D6Ma`KCg3L58C~£H�JCE>UDL7J18n^¤�O83g¥�CR]G]^>8m
�·sîèî�ï�¿sÁ�Â:ê�Âv¿lÂ�� � �¾·{ï8ã�»¾¹=�?>@��¼A�·sîèî�ï��Ã�ÄQÅ M = (Mt)t∈[0,T ) Æ ÄrÇ�È�É^ÊEÊUÅÜËsÌBÍlÎLÊLÍ?ÄQÎ�Ï�Ð�ÄQÉ Æ ÄLÑKÑAÄ=ÑkÉGÄ=ÇaÔIÖQÒBÎ�×aÇaÅ´ÒBÎ6Ä�Ø'ÊUÙ[Ù�ÓÜÅÜËkëkÄRÒBÉGÇUÔ?ÔgÕ=ÎLÄLÄ Æ ÊaÒBÔqÑaìÇaÎ�Ð	ÖLÊUÔlÑUÓÜÅ¾ÓvÊUÔ8È�È�Ò_ÍAÍ?ÊaÎ�Å2Ä=ÑcÊUÔ Å\Ë8ÄkÈ�Ò_ÍAÍ?ÊaÎ�Å�È�ÒBÎ\ÕQÇAÖ=Ä

Σ
ÈRÇaÅ´Ó:È\Õ=ÐaÓÜÔ{÷	Å\Ë8Ä Æ ÊaÒBÔqÑAÇaÎ�Ð	ÇLÍAÍqÎ6Ê_ÇAÖ=Ë8ÄQÈ Æ ÊaÒBÔqÑAÇaÎ�ÐIÇ�È�ìÈ�ÒBÉ�ÍqÅ¾ÓvÊUÔlÚ�Ã�ÄQÅ

ρ0 ≤ (τ0/2)1/2.
øvÕ M Î6Ä=ÇAÖ=Ë8ÄQÈ

x0 ∈ Σ
ÇUÅ�Å´ÓÜÉGÄ

t0
ÕQÊaÎGÈRÊaÉ^Ä

t0 ∈ (0, T ]
Å\Ë8ÄRÔcÕQÊUÎcÇaÔPÐ

β ∈ (0, 1/2n)
Å\Ë8ÄRÎ6Ä�Ä6æKÓ:È�Å¾È

θ = θ(n, β) ∈ (0, 1/2)
È�Ò?Ö=Ë	Å\Ë8ÇaÅqÕQÊaÎ�ÇaÏÜÏ

ρ ∈ (0, ρ0)

ρ−nHn(Mt0−βρ2 ∩ Bρ(x0)) ≥ θ.

BC�RÒBÓÜ×�ÇUÏYÄRÔ?Å´Ï�Ð�Ì�Ó Õ�ÕQÊUÎ�ÈRÊaÉ^Ä
ρ ∈ (0, ρ0)

ÇaÔlÑ
β ∈ (0, 1/2n)

ρ−nHn(Mt0−βρ2 ∩ Bρ(x0)) < θ

Å\Ë8ÄRÔ�Å\Ë8ÄRÎ6ÄkÄLæKÓ:È=Å¾È
ε > 0

È=Ò?Ö=ËIÅ\Ë8ÇUÅ
Mt ∩ Bε(x0) = ∅ÕQÊaÎ�ÇaÏÜÏ

t ∈ (t0 − ε2, t0).
ÛqË8ÇaÅ�Ó:È M ÑAÊ_Ä�È�ÔlÊUÅHÎLÄLÇKÖLË

x0
ÇaÅ�Å¾ÓÜÉ^Ä

t0
Ú

âWãa½�½lò6ñ�s7J1?;QC
Mt
DLCE>A;=5?CE9

x0 ∈ Σ
>U3�367J]�C

t0
FHC��s18MaF#T\D6MK]�£HMKD6MK�Y�:>UDLS

16.1.1
>A1?N	ý�DLMA@lMK967e3L7YMK1

16.2.1
365P>a3�3L58C7J18CEü{O?>A�Y7Y3ZS

1

2
≤ eCκ

2δ
Σ τδ

∫

Mt

ϕσηρκΣdµt

58MK�JN89�T\MAD�>A�Y�
t ∈ (t0 − τ0, t0)

>A1?N
σ ∈ (0, τ

1/2
0 /2)

m¡t C�;R>U1G3L5sO?9RwKT\MAD
ρ0 ≤ (τ0/2)1/2

w{18MU3LC�365?>U3�365?C�9L>U]GC7J18CEü{O?>A�Y7Y3ZS^58MA�:N89�T\MAD�>U�J�
σ ∈ (0, ρ0/

√
2)
>A1?N

t ∈ (t0 − σ2, t0)
m��¡>U�KC

σ < ρ0(1 + 2n)−1/2 w α ∈ (0, 1)
>U1?N

t = t0 − ασ2 m�021	36587:9�;E>A96CrF�CW18MU3LCr365?>U3�T\D6MK] ý�DLMA@lMK967e3L7YMK1 11.3.6 η ≤ 256,
3L5?>a3�F�C�;R>A1	;E>U�:;QO8�:>a3LC

ϕσ =

(
1 − rx0 + 2n(t0 − ασ2 − t0

σ2

)3

+

≤
(

1 +
2nασ2

σ2

)3

= (1 + 2nα)3

á ��D



>U1PN

ρκΣ =
1

4π(t0 − t0 + ασ2)n/2
e
− rx0

8(16(κ2
Σ
τ)δ+1)τ ≤ 1

(4πα)n/2
σ−n.

t�C�18MaF#18MA36Cr365P>a3�T\MAD |x− x0| >
√

1 − 2nασ
w
rx0 ≥ (1 + 2nα)σ2 96M�365?>U3

1 − rx0 − 2n(t0 − (t0 − ασ2))

σ2
≤ 1 − (1 + 2nα)σ2 − 2nασ2

σ2

= 0,

>U1PN<3L5{OP9'365?>U3
sptϕσ ⊂ B√

1+2nασ

m�t CW3L58CRDLCQT\MKD6CrMAjB3=>U7J1
1

2
≤ eCκ

2δ
Σ αδσ2δ

∫

Mt0−ασ2∩sptϕσ
supϕσ sup η sup ρκΣdµt

≤ eCκ
2δ
Σ αδσ2δ (1 + 2nα)3256

(4πα)n/2
σ−n

∫

Mt0−ασ2∩B√
1+2nασ

1dHn

= eCκ
2δ
Σ αδσ2δ (1 + 2nα)3256

(4πα)n/2
σ−nHn(Mt0−ασ2 ∩B√

1+2nασ).
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Hn(Mt0−ασ2 ∩ B√

1+2nασ) ≥ e−Cκ
2δ
Σ αδσ2δ (4πα)n/2

(1 + 2nα)3512
σn.
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ρ =

√
1 + 2nασ

>U1?N
ασ2 = βρ2 uvF�587:;=5	7J]G@8�J7YC_9 β ∈ (0, 1/2n)
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Hn(Mt0−βρ2 ∩ Bρ(x0) ≥ e−Cκ
2δ
Σ (βρ2)δ (4πβ)n/2ρnσ−n

512(1 + 2nβρ2σ−2)3
σn

≥ e−Cκ
2δ
Σ βδτδ0

(4πβ)n/2ρn

512(1 + 2nβ)3

≥ e−C(3/160n)2 (4πβ)n/2ρn

512(1 + 2nβ)3

=: θ(n, β)ρn.
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θ(n, β) ∈ (0, 1/2)
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θ(n, β) = e−C(3/160n)2 (4πβ)n/2

512(1+2nβ)3
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θ = θ(n, β, δ) := e−Cβ
δ(3/160n)2 (4πβ)n/2

512(1 + 2nβ)3
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