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ϕ(x0,t0),σ
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Hn(Mt ∩ BR/C(x0)) ≤ C(n, κΣ)Rn.
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©]ª.«XªA¬x¬®B«k¯�°0±³²®°J²®°J²´hµc¶ M = (Mt)t∈[0,T ) · µg¸y¹�ºT»4»7¶½¼R¾.¿ÁÀ2»9¿.µcÀ�Â�ÃGµOº · µtÄ,ÄVµtÄ>¹O»7ÂÆÅB¶®Çx»7È{»NÉFºTµt¸XÈwÊcÅBÀ�ËX¸X¶ÌÅBÀ2µhÍ�»7ÎvÎSÇ½¶e¼]Ï]µcÅBºT¸XÈJÈÉtÀ2µtµOÐ · »7ÅBÈAÄV¸XÀ�Ã�Êt»XÈÁÄXÇ½¶ÌÇx»XÈ0¹p¸7ÈAÄ U ¸7È�»9¿.µOÈ�¹�Å · ¹OµO¶Q»NÉ Rn+1 Êt»7È.¶a¸XÇ½È.Ç½ÈRÑ M Ò%Ó ¼.µcÈ.¾�Éc»7Àp¸XÈJÃoÉtÅBÈAÊO¶®Çx»7È
φ : U × [0, T ) → R

Îh¼BÇxÊ9¼u¹O¸X¶ÌÇ6¹eÔ@µc¹
φ ∈ C2

0 (U)
¸7ÈAÄ ∂φ

∂t ∈ C0
0 (U)

ÎCµg¼0¸XËXµ
d

dt

∫

Mt

φdµt =

∫

Mt

((
d

dt
−4Mt

)
φ− |H |2φ

)
dµt +

∫

∂Mt

< Dφ, νΣ > dσt.

ÕdÅBÀ�¶½¼.µcÀ�ºT»XÀ2µc¾WÇ É
φ
¹O¸X¶ÌÇ6¹eÔ@µc¹

( ddt −4Mt)φ ≤ 0
¶e¼0µOÈ

d

dt

∫

Mt

φdµt ≤ −
∫

Mt

|H |2φdµt +

∫

∂Mt

< Dφ, νΣ > dσt.

Ö «XªdªA×2Ø~0/9),E�Ù
11.5 Ú YZ1gD.-k[,1(Y#8;:2D f = φ

-,L.P
g = 1

d

dt

∫

Mt

φdµt = −
∫

Mt

φ| ~H |2dµt +

∫

Mt

(
d

dt
−4Mt

)
φdµt

ÛHÜ7Ý



+

∫

∂Mt

< Dφ, νΣ > σt,

Y#D086btDÞ3,8*[,1H?G:2D01p�./t?=:n\J-7/2:o)7Ig:2D01�/21H?N5.'�:H^ß_aL�:2D01pb4-,?21 ( d
dt −4Mt

)
φ ≤ 0

:2D01s?N1Hbc),LJP�\J-7/2:oIe),'*';)XYF?:2/98*[q86-7'*'*<,^ ♦
z�D01]3,1OL.1O/t-7'dIe)V/2E%)7I

φ
8*LpY#D.8*btDuYZ1M-,/21>\./21H?N14LV:9';<{8*Lq:21O/914?N:21HP{8;Ls-,?9?N)BbO8*-7:28*),L{Y#8�:9Du:9D01]-,+J)X[V1Mbc)V/2)V';'6-7/9<86?#-G3,1OL.1O/t-7'*8*?214Pjbc'6-,?9?@),IhIe5.L.b�:98;)VL.?#+.-V?N1HPn)VLn:9D01y';)Bb4-7'*8*?9-X:98;)VLoIe50L.bc:28*),L

ϕ(x0,t0),σà	áVâ`ã�äeå4ä ª ã °0±³²®°J²®°J²´hµc¶
Σ · µ]¸QÏMµOÅBºG¸7È.ÈMÉtÀ9µ9µ · »XÅBÈÁÄ,¸XÀ�Ão¹tÅH¿V¿0»7À�¶C¹�ÅBÀeÉc¸VÊ9µc¾@Â*µc¶ c, c2 ∈ R

¸7ÈAÄ
R > 0 Ò	æ µQÄ,µ®ÔWÈÁµ>¶e¼0µQÊOÂ;¸k¹t¹]»=ÉçCªAè ã�é B«k¯�¬xªfê,0¬ äxë  å4ä ª ã ×ìè ã ê åHä ª ãhë

φR,c,c2 : Rn+1 ×R→ R · Ã

φR,c,c2(x, t) =

(
1 − rx0 + c(t− c2)

R2

)4

+

.

ínáRî 0«HïSØ � 1>?N5.\0\0/914?9?#EG1OLq:28*),L{)7I
Σ
8;L	:9D01MPB1O�.L08;:28*),L{)7I

φR,c,c2
?N8*L.bc1y8;:9?�5.?21yY#8;'*'f-7'*Y�-k<R?�+A1y8*Lubc),L0ð¨=50L.bc:28*),L{Y#8;:2Dw-7L	50L.PB14/9?N:2)R)BP	\0/91O[R8;)V5.?2';<G�0�B1HPj?250\0\A),/2:�?N5./NIx-Vbc1,^

� 1�L01414P�:2)�?ND0)XYñ?2),EG1s?N8*EG\0';1s\0/9),\A1O/2:28*14?j)7Iy:9D01}+J)V50L.P0-,/2<�'*)Rb4-7'*8*?9-X:98;)VL�Ie50L.bc:28*),L.?	+A1cIe),/91s\0/2)X[R8*L03:2D.1g�./9?N:F-7/914-]+J)V50L.P³^@zf)TPB)Q:2D.8*?#YZ1y?=:t-X:91K:9D01gIe),'*'*)XY#8;L03G3V1OL014/9-,'A/914?250';:�Ie),/#EG14-,L{bO50/9[k-7:250/91Kò.)XYF?O^
Ö «Xª.ó@ª ëHäeåHä ª ã °0±³²®°J²®°J²´hµc¶

Mt ≡ F (Mn, t) · µ>¸FÉc¸XºQÇ½ÂÆÃn»=É�¼BÃ9¿0µOÀt¹�ÅBÀeÉc¸,Êtµ�¹>µOËk»7ÂÆË4Ç½ÈRÑ · ÃGºGµt¸7ÈpÊcÅBÀ�ËX¸X¶ÌÅBÀ2µSÍ#»XÎ�¸7ÈAÄGÂ;µO¶ f = f(x, t)Éc»XÀ
x = F (p, t)

¾
p ∈Mn ÒTÓ ¼0µOÈ

(
d

dt
−4Mt

)
f =

(
∂

∂t
− divMtD

)
f.

Ö «Xª.ó@ª ëHäeåHä ª ã °0±³²®°J²½ô³²´hµc¶
Σ · µy¸yÏ]µcÅBºT¸XÈJÈ(ÉtÀ2µtµ · »XÅBÈÁÄ,¸7À�ÃM¹�ÅH¿,¿.»XÀ�¶`¹�ÅBÀeÉc¸VÊ9µ ÒGÓ ¼.µcÈ.¾0Éc»XÀ φR,c,c2 ¸k¹gÄ,µ®ÔWÈAµtÄ]Ç½Èoõ]µ®ÔWÈJÇ½¶®Çx»7È 15.1.1Éc»XÀQ¸XÈ.Ã

c ∈ R
ÎCµ(¼.¸XËXµ

(
d

dt
−4Mt

)
φR,c,c2 ≤ φ′R,c,c2

(
∂

∂t
− divMtD

)
z,

Îh¼0µOÀ2µ
z(x, t) = rx0 + c(t− c2)

¸XÈÁÄ
< DφR,c,c2 , νΣ >≡ 0

»XÈ
Σ Ò

Ö «XªdªA×2ØöR8*L.bc1
φR,c,c2(x, t) = φR,c,c2(z(x, t))

-7LJP
φ′′R,c,c2(z(x, t)) = 12R−4(1 − ZR−2)2+

8;:(Ie)V';'*)XYF?4�³5.?N8*L03	:2D.1btD.-,8;L	/25.';1V�R:2D.-7:
(
d

dt
−4Mt

)
φR,c,c2 =

d

dt
φR,c,c2 −4MtφR,c,c2

= φ′R,c,c2
d

dt
z − φ′R,c,c24Mtz − φ′′R,c,c2 |∇Mtz|2

≤ φ′R,c,c2

(
d

dt
−4Mt

)
z,

Y#D014/21
φ′R,c,c2

86?Q:2D.1{�./9?N:oPB1O/98*[k-7:28*[,1	)7I
φR,c,c2

Y#8;:2D�/914?2\J1Hb�:G:2)
z
^�÷�\0\0'*<q8*L03}§W/9),\A)V?28�:98;)VL

15.1.1
:2)

(
d
dt −4Mt

)
z
3,8*[,1H?

(
d

dt
−4Mt

)
φR,c,c2 = φ′R,c,c2

(
∂

∂t
− divMtD

)
z

Û4ø,ù
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11.3.4
�

< DφR,c,c2 , νΣ >= −
φ

3/4
R,c,c2

R2
< Drx0 , νΣ >= 0.

♦
÷ú\J-7/2:286bc50'6-7/KL.-X:950/9-,';'*<j?21O';IC?21O'*14b�:98;L.3nEG1OE]+J14/�)7IS:9D01]bO'*-V?2?�)7IW+A),50LJP0-7/9<j'*)BbO-,';86?2-7:28*),L{Ie50LJb�:28*),LJ?�Y#8*';'�+A15.?214Pj:2)G\0/9)X[,1(),5./�Ie50L.P0-,EQ14Lq:9-7'd-,/21H-M+A),5.L.P³^
û>ü á ª.« áRî °0±³²®°J²®°J²´hµc¶ M = (Mt)t∈[0,T ) · µg¸y¹�ºT»4»7¶½¼R¾.¿ÁÀ2»9¿.µcÀ�Â�ÃGµOº · µtÄ,ÄVµtÄ>¹O»7ÂÆÅB¶®Çx»7È{»NÉFºTµt¸XÈwÊcÅBÀ�ËX¸X¶ÌÅBÀ2µhÍ�»7ÎvÎSÇ½¶e¼]Ï]µcÅBºT¸XÈJÈÉtÀ2µtµ · »XÅBÈAÄV¸XÀ�Ã�Êt»7ÈAÄXÇ½¶ÌÇx»XÈ.¹o¹�ÅH¿,¿.»XÀ�¶aµtÄ�»7È�¶e¼0µn¹�ÅH¿,¿.»XÀ�¶K¹�ÅBÀeÉc¸,Êtµ Σ

Ç½È
Bd0(x0)

Éc»7ÀT¹O»XºTµ
x0 ∈ Σ

¾�Éc»7À	¸XÂ½Â
t ∈ [0, T ) ⊃ [T − d2

0, T )
Îh¼0µOÀ2µ

d0 ≤ R/(3
√

128n)
¸7ÈAÄ

R ≤ 3/(2κΣ) Ò{Ó ¼.µcÈTÉc»7ÀQ¸XÈJÃ t0 ∈ [t1 + d2
0, T ]

¾
ρ ∈ (0, d0]

ÎCµ(¼.¸XËXµ@Éc»7À]¸XÂ½Â
t ∈ [t0 − ρ2, t0)

¸XÈAÄ
i, j, k ∈ {1, 2}

Hn(Mt ∩Bρ/3√40,j) +

∫ t0

t0−ρ2

∫

Ms∩Bρ/3√40,i

|H |2dµsds

≤ Hn(Mt ∩ (Bρ/3
√

40,1 ∪Bρ/3√40,2))

+

∫ t0

t0−ρ2

∫

Ms∩(Bρ/3
√

40,1∪Bρ/3√40,2)

|H |2dµsds

≤ 16Hn(Mt0−ρ2 ∩ (Bρ/3,1 ∪ Bρ/3,2))
≤ 16Hn(Mt0−ρ2 ∩ Bρ,k)

Îh¼0µOÀ2µ
BR,1 := {x ∈ Rn+1 : |x− x0| ≤ R} ¸7ÈAÄ BR,2 := {x ∈ Rn+1 : |x̃− x0| ≤ R}.

Ö «XªdªA×2Øý 1O:
φρ/3,c,c2

+J1@:2D.1C:914?N:fIe50L.bc:28*),LG-,?hPB1c�.L.14PM-,+J)X[V1CY#8;:2D
c2 = t0

-7L.P
c
<,1O:h:9)�+A1ZbtD.)V?21OLd^�þ@<g§W/9),\A)V?28;:28*),L

11.3.4
-7L.Pj§W/9),\A)V?28�:98;)VL

15.1.1
Y@1y?21O1TÙeY#8;:2D

z(x, t) := rx0 + c(t− t0) Ú :2D.-7:
d

dt

∫

Mt

φρ/3,c,c2dµt =

∫

Mt

(
d

dt
−4Mt

)
φρ/3,c,c2dµt +

∫

∂Mt

< Dφρ/3,c,c2 , νΣ > dσt

=

∫

Mt

φ′ρ/3,c,c2

(
d

dt
z − divMtDz

)
− φ′′ρ/3,c,c2 |∇

Mtz|2 − |H |2φρ/3,c,c2dµt.

≤
∫

Mt

φ′ρ/3,c,c2

(
d

dt
z − divMtDz

)
− |H |2φρ/3,c,c2dµt.

z�D014Ld�q?28*L.bc1
φ′ρ/3,c,c2 = −(4/(ρ/3)2)(1− z/(ρ/3)4)3+

�
∂z/∂t = c

-,L.PG5.?28;L.3>§W/9),\A)V?28�:98;)VL
11.3.4

YZ1FD.-k[V1

φ′ρ/3,c,c2

(
∂z

∂t
− divMtDz

)
=

4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(divMtDz − c)

≤ 4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(|divMtDr − 4n| + 4n− c)

≤ 4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(
4n+

20nκ|x− x0|
1 − dκ

+
4nκ2|x− x0|2

(1 − dκ)2
− c

)

Û4ø0Û



ÿ )V/214)X[,1O/H�R?N8*L.bc1(Ie)V/F-7LR<
t ≥ t0 − ρ2

spt

(
1 − z

(ρ/3)2

)3

+

= {x ∈ Rn+1 : rx0 + ct ≤ (ρ/3)2} ⊂ {x ∈ Rn+1 : |x− x0| ≤ ρ/3}

Y#8;:2D
ρ < R ≤ 3/2κ

-7L.P
x0 ∈ Σ

Ù½Ie)V/oY#D086btD
d(x) ≤ |x − x0| Ú YZ1ubO-,L�:9D01O/91cIe)V/21	�./t?N:2'*<�14?N:28*ET-X:91

dκ ≤ |x − x0|κ ≤ (ρ/3)κ ≤ (R/3)κ ≤ (3/6κ)κ = 1/2
?N)v:2D.-7:

1 − dκ ≥ 1 − 1/2 = 1/2
:2DR5.?

(1 − dκ)−1 ≤ 2
-,L.Pn:2DR5.?2';<n-,'*?2)

φ′ρ/3,c,c2

(
∂z

∂t
− divMtDz

)
≤ 4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(
4n+

20nκ|x− x0|
1 − dκ

+
4nκ2|x− x0|2

(1 − dκ)2
− c

)

≤ 4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(4n+ 40nκ|x− x0| + 32nκ2|x− x0|2 − c)

≤ 4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(4n+ 40n(2R/3)−1ρ+ 32n(2ρ/3)−2(ρ/3)2 − c)

=
4

(ρ/3)2

(
1 − z

(ρ/3)2

)3

+

(32n− c).

z�D014/21OIe),/91,�B?N1O:N:98;L03
c = 32n

8*L
φρ/3,c,c2

3,8*[,1H?Z5.?
d

dt

∫

Mt

φdµt ≤
∫

Mt

φ′
(
∂z

∂t
− divMtDz

)
− φ|H |2dµt ≤ −

∫

Mt

φ|H |2dµt
Y#D014/21

φ := φρ/3,c,c2 =

(
1 − rx0 + 32n(t− t0)

(ρ/3)2

)4

+

.

_aLq:2143,/t-X:28*L03M:2D086?�14rq5.-7:28*),Ln8*Lj:28*EQ1>-,L.Pn-VP0PB8*L03
limt↗t0

∫
Mt

φdµt
ÙxY#D01O/91gY@1K:9-,U,1K:2D01g'*8;EG8;:#Ie),/Z:2D.1gb4-,?21

t0 = T
?28;L.bO1g8�:F86?�L0)7:FL.14bc1H?2?9-7/98*';<obO';1H-7/�Y#D.-X: ∫

MT
ρdµT

86? Ú <R8*1O'6P0?
∫ t0

t0−ρ2

∫

Mt

φ|H |2dµtdt+ lim
t→t0

∫

Mt

φdµt ≤ −
∫ t0

t0−ρ2

d

ds

∫

Mt

φdµt + lim
t→t0

∫

Mt

φdµt

= −
[

lim
t→t0

∫

Mt

φdµt −
∫

Mt0−ρ2

φdµt0−ρ2

]
+ lim
t→t0

∫

Mt

φdµt

=

∫

Mt0−ρ2

φdµt0−ρ2

Y#D014/21y?28;L.bO1
φ ≤ 1

-,L.P
sptφ(·, 0) = {x ∈ Rn+1 : rx0 ≤ (ρ/3)2} ⊂ (Bρ/3,1 ∪Bρ/3,2) ⊂ Bρ,iIe),/

i ∈ {1, 2} YZ1gD.-k[,1
∫

Mt0−ρ2

φdµt0−ρ2 ≤
∫

Mt0−ρ2∩sptφ
1dµt0−ρ2 ≤ Hn(Mt0−ρ2 ∩ (Bρ/3,1 ∪ Bρ/3,2)) ≤ Hn(Mt0−ρ2 ∩Bρ,i)

Ie),/
i ∈ {1, 2} ^`~0),/#1H-,btD rx0 ≤ ρ2/36

-7L.P
t ∈ [t0 − ρ2, t0]

YZ1(DJ-k[,1

φ(x, t) =

(
1 − rx0 + 32n(t− (t0 − ρ2))

(ρ/3)2

)4

+

≥
(

1 − rx0

(ρ/3)2

)4

+

≥
(

1 − ρ2/4

ρ2

)4

+

=
1

16
.

Û4ø��



öR)Q:2DJ-X:�?28;L.bO1,�.-,\0\0'*<R8;L03Q§W/9),\A)V?28�:98;)VL
11.3.5

:2)T3V8;[V1K5J? |x̃− x0| ≤ 3|x− x0|
� |x− x0| ≤ 3|x̃− x0|

-,L.P
{x : rx0 ≤ ρ2/36} = {x : |x− x0|2 + |x̃− x0|2 ≤ ρ2/36}

⊃ {x : 10 min{|x− x0|2, |x̃− x0|2} ≤ ρ2/36}
= {x : |x− x0|2 ≤ ρ2/9 · 40} ∪ {x : |x̃− x0|2 ≤ ρ2/9 · 40}
= Bρ/3

√
40,1 ∪ Bρ/3√40,2

⊃ Bρ/3
√

40,iIe),/#1H-,btD
i ∈ {1, 2} �RYZ1gD.-k[,1
∫

Mt

φdµt ≥
1

16
Hn(Mt ∩ (Bρ/3

√
40,1 ∪ Bρ/3√40,2)) ≥

1

16
Hn(Mt ∩ Bρ/3√40,i)

Ie),/#1H-,btD
i ∈ {1, 2} -,L.P

∫ t0

t0−ρ2

∫

Mt

φ|H |2dµtdt ≥ 1

16

∫ t0

t0−ρ2

∫

Mt∩(Bρ/3
√

40,1∪Bρ/3√40,2)

|H |2dµtdt

≥ 1

16

∫ t0

t0−ρ2

∫

Mt∩Bρ/3√40,i

|H |2dµtdt

Ie),/@14-VbtD
i ∈ {1, 2} -,L.PT-7'*' t ≤ ρ2/128n

^ ÿ 50';:28*\0';<R8*L03y:9D0/2)V503,DT+R<
16
YZ1FL0)XY�D.-k[,1�Ie)V/C14-VbtD

i, j ∈ {1, 2}-7LJPn1H-,btD
t ∈ [t0 − ρ2, t0]

Hn(Mt ∩ Bρ/3√40,j) +

∫ t0

t0−ρ2

∫

Mt∩Bρ/3√40,i

φρ/3,c|H |2dµtdt

≤ Hn(Mt ∩ (Bρ/3
√

40,1 ∪ Bρ/3√40,2))

+

∫ t0

t0−ρ2

∫

Mt∩(Bρ/3
√

40,1∪Bρ/3√40,2)

φρ/3,c|H |2dµtdt

≤ 16Hn(Mt0−ρ2 ∩ (Bρ/3,1 ∪Bρ/3,2))
≤ 16Hn(Mt0−ρ2 ∩Bρ,j).

♦_aLy:9D01@\./2)R)7IB),IJ&(';)V+.-7'q/2143,50'6-7/98;:=<�YZ1CY#8*';'qL01O1HPy:9)K-7\.\0';<gz�D014),/91OE
15.1.1

�.L08;:214';<yET-7LR<K:28*EG14?�/214\J1H-X:914PB'*<,^_aLw:9D01MIe)V';'*)XY#8*L03	¦@),/9),'*'6-7/9<nYZ1MET-7UV1y:2D01G-7\.\0/2)V\0/98*-7:21yEM5.'�:98;\0'*1G-7\0\0'*86bO-X:98;)VL.?�:2)n3V8;[V1M-o+A),5.L.Pu)VLu+.-7'*'6?:2DJ-X:KL.)XYßDJ-k[,1>-T/91O'6-X:98;)VL.?ND.8;\{+A1c:=YZ1O1OLu:2D0148;/K/9-VPB8;5J?�-7LJP	:2D01M:2)7:t-7'f:28*EQ1
T
^Fz�D086?F/91O'6-X:98;)VL.?ND.8;\w86?FET-,P011c�B\0'*86bO-7+.';1(:2D./2)V503,Dj:2D01gIe5.L.b�:98;)VL{P01c�.L01HP	+J14';)XYy^

à	áVâ`ã�äeå4ä ª ã °0±³²®°J²½ô³²´hµc¶ M = (Mt)t∈[0,T ) · µ(¸y¹�ºT»4»7¶½¼R¾B¿AÀ9»9¿.µcÀ�ÂÆÃQµcº · µ9ÄVÄ,µtÄMºGµt¸XÈ{ÊcÅBÀ�ËX¸X¶ÌÅBÀ2µfÍ�»7ÎmÎSÇ½¶½¼MÏMµOÅBºG¸7È.È�ÉtÀ9µ9µ · »XÅBÈÁÄXÐ¸XÀ�ÃnÊt»7ÈAÄXÇ½¶ÌÇx»XÈ.¹ Ò	æ µMÄVµxÔCÈAµ CT : R+ → R · Ã
CT (R) :=

2T

R
.

� 1yL0)XY�?2D0)XY�:9D01y-7/914-Q+A),50L.PnIe),'*'*)XY#8;L03QIe/9),E E]50';:28*\0';1>-,\0\0'*8*b4-X:98;)VL.?�)7I`z�D01O)V/214E
15.1.1

^
©]ª.«XªA¬x¬®B«k¯�°0±³²®°J²½ô³²´hµc¶

(Mt)t∈[0,T ) · µQ¸G¹�ºT»4»7¶½¼R¾³¿AÀ9»9¿.µcÀ�ÂÆÃ{µcº · µtÄ,Ä,µtÄo¹O»XÂÆÅB¶ÌÇx»XÈ}»=ÉyºTµt¸XÈsÊOÅBÀ�ËX¸X¶ÌÅBÀ2µCÍ#»7ÎÞÎSÇ½¶½¼jÏMµOÅBºG¸7È.ÈMÉtÀ9µ9µ
· »XÅBÈÁÄ,¸XÀ�ÃnÊt»7ÈAÄXÇ½¶ÌÇx»XÈ.¹>Ç½È BR(x0)

¾AÉc»XÀM¸XÂ½Â
t ∈ [0, T )

ÎSÇ½¶½¼
R ≤ (3κΣ

√
128n)−1 ÒGÓ ¼0µOÈQÉc»7ÀM¸XÂ½Â t ∈ [0, T )

Hn(BR/(20CT (R))(x0) ∩Mt) ≤ 16CT (R)Hn(BR(x0) ∩M0).

Û4ø��



Ö «XªdªA×2Ø� 1yL0)7:91g:2D.-7:#Ie),/
t1 = R/2

�
t1 ∈ [0, R/2κΣ

√
128n)

?2)]:9D.-X:�z�D.1O),/91OE
15.1.1

-,\0\0'*8;1H?�Ie),/F-,';'
t ∈ [0, 2t1)-7LJPo:9Dq5J?�Ie),/F-,';'

t ∈ [0, 2t1)

Hn(Mt ∩ BR/20(x0)) ≤ 16Hn(M0 ∩ B 3
√

40
20 R

(x0)) ≤ 16Hn(M0 ∩ BR(x0)).

_aLu\.-,/N:98*bO50'6-7/F:9D086?�D0)V'*P.?FIe)V/
t = t1

^K_ìI
T ≤ t1

YZ1M-,/21y�JL08*?2D01HP³^���:9D01O/9Y#86?N1V�J+R<{/214'*-,+J14';'*8*L03T:2D.1>ò.)XYú-V?
M1
t := Mt−t1

:9D01OL
(M1

t )t∈[0,T−t1)
?2-7:286?=�J14?@:2D01y/914rq508*/91OEG1OLq:9?@:9)G-,\0\0'*<nz�D014),/91OE

15.1.1
?N)]:2D.-7:#Ie),/#-7'*'

t ∈ [0, 2t1)
�0YZ1(DJ-k[,1,�R86PB1OLq:98*b4-7'*';<T:9)G:2D01>-,+J)X[V1,�

Hn(M1
t ∩ BR/202(x0)) ≤ 16Hn(M1

0 ∩ BR/20(x0)).
� 14'*-,+J14';'*8;L.3Q+J-,btUT:9)]:9D01y),/98*3,8*L.-7'Á3,8*[,1H?

Hn(Mt ∩BR/202(x0)) ≤ 16Hn(Mt1 ∩BR/20(x0)) ≤ 162Hn(M0 ∩ BR(x0))Ie),/F-,';'
t ∈ [t1, 3t1).

_aLj\.-,/N:98*bO50'6-7/�:2D.8*?#D.),'6P0?ZIe),/
t = 2t1.

� 14\J1H-X:98;L03Q:9D08*?�?=:91O\{8;LJPB5.b�:98;[V1O'*<o3,8*[,1H?
Hn(Mt ∩ BR/20p(x0)) ≤ 16Hn(M(p−1)t1 ∩ BR/20p−1(x0)) ≤ ... ≤ 16pHn(M0 ∩BR(x0))Y#D014L01O[V1O/

t ∈ [(p− 1)t1, pt1)
�
1 ≤ p ≤ CT (R)

^
� )XYy�dIe),/y-7LR<

t ∈ [0, T )
Y@1G-7/91T-7+0'*1M:9)w?N14';1Hb�:>-

pt ∈ {1, ..., CT (R)} ?25.btDu:9D.-X: t ∈ [(pt − 1)t1, ptt1)
^z�DR5.?4�0?N8*L.bc1

BR/(20CT (R))(x0) ⊂ BR/20pt (x0)
Ie),/F?25.btD{-

pt

Hn(Mt ∩ BR/(20CT (R))(x0)) ≤ Hn(Mt ∩BR/20p(x0))

≤ 16pHn(M0 ∩ BR(x0))

≤ 16CT (R)Hn(M0 ∩ BR(x0)).

♦
� 1	Y#8*'*'®�W8*L�:2D01	L01c�R:o?214b�:98;)VLd�SIe50/2:2D.1O/T-7\0\.';<vz�D014),/91OE

15.1.1
:9)�3V1c:G50\0\A1O/T-7/914-p/9-7:28*)p+A),50LJP0?O^ � 1bc)VLq:28*Lq5.1,�AIe),/gL0)XY +R<{';)R)VUq8*L03	-X:g+J)V50L.P0-,/2<w-7/914-.^K_aL�),/tPB1O/K:2)	1c�0-,EQ8*L01M:2D01Q+J)V50L.P0-,/2<w-,/21H-oYZ1>�.L.P�8;:L01Hbc14?9?9-7/9<G:2)T-7\0\.';<T:9D01yYZ1O'*'dURL0)XY#L	�K8*[,1O/93,14L.bc1gz�D014),/91OE{�BY#D086btDjYZ1y?=:t-X:21y+A1O'*)XYy^

û>ü á ª.« áRî °0±³²®°J²½ô³²´hµc¶
M · µn¸	¹�ºT»4»7¶½¼R¾(»XÀ�ÇxµOÈ.¶a¸ · Â;µG¼RÃ9¿.µcÀt¹�ÅBÀeÉc¸VÊ9µnÎSÇ½¶e¼ · »XÅBÈAÄV¸XÀ�ÃuµOº · µtÄ,ÄVµ9ÄuÇ½È Rn+1 ÒvÓ ¼0µOÈjÉc»XÀo¸7È.Ã X ∈

C1
C(M,Rn+1)

ÎCµg¼0¸7Ëkµ
∫

M

divMXdHn = −
∫

M

< X, ~H > dHn +

∫

∂M

< X, ν∂M > dHn−1,
Ù ÛHÜ ^ Û Ú

Îh¼0µOÀ2µ ~H Ä,µOÈA»7¶ìµc¹y¶½¼.µ>ºTµt¸XÈ�ÊOÅBÀ�ËX¸X¶ÌÅBÀ2µyËXµtÊc¶a»XÀM»NÉ
M

¸XÈAÄ
ν∂M

Ç6¹g¶e¼0µQ»XÅB¶aµOÀ(ÅBÈJÇ½¶ZÊt»XÈÁ»XÀ�ºT¸XÂh¶ì»
∂M Ò� 1n-7\0\.';<p:2D01
�K8;[V1O/93,14L.bc1Tz�D014),/91OEñ:9)w+J)V50L.Ps:9D01T+J)V50L.P0-,/2<�EG14-,?250/91G8;L}:91O/9EG?>)7IZ:2D01n-,/21H-{-7L.P�:2D.18*LV:91O3V/9-,'h),IC:2D.1QEG1H-7L}bc50/9[X-X:25./21Q)X[,14/�:9D01T?N50/2Ix-,bO1]8*L}?N)VEQ1G?2';8*3,Dq:2'*<w'6-7/93,1O/(+.-,';'`:9D.-7L�:2D.-7:y8;LsY#D086btDpYZ1-7/91g14?N:28*ET-X:28*L03Q:2D.1y+J)V50L.P0-,/2<o-,/21H-0^

�CáRîvî }°B±d²x°A²x°A²´hµc¶ M = (Mt)t∈[0,T ) · µ(¸y¹�ºT»4»7¶½¼R¾B¿AÀ9»9¿.µcÀ�ÂÆÃQµcº · µ9ÄVÄ,µtÄMºGµt¸XÈ{ÊcÅBÀ�ËX¸X¶ÌÅBÀ2µfÍ�»7ÎmÎSÇ½¶½¼MÏMµOÅBºG¸7È.È�ÉtÀ9µ9µ · »XÅBÈÁÄXÐ¸XÀ�Ã�Êt»7ÈAÄXÇ½¶ÌÇx»XÈ.¹{¹tÅH¿V¿0»7À�¶ìµtÄv»7È�¶e¼0µ{¹�ÅH¿V¿0»7À�¶>¹�ÅBÀeÉc¸,Êtµ
Σ
¸7ÈAÄ}Â*µc¶

R1 = 1
2κΣ

Ò�Ó ¼0µOÈ�Éc»7Àw¸7È.Ã t ∈ [0, T )
¾

R ∈ [0, R1]
¸XÈÁÄ

x0 ∈ Rn+1

Hn−1(∂Mt ∩ BR/2(x0)) ≤ C(n, κΣ)

[∫

Mt∩BR(x0)

| ~H|dµt + Hn(Mt ∩ BR(x0))

]
.

Û4ø�



Ö «XªdªA×2Ø
� ),:21K:2D.-7:#8�I

x 6∈ Σ1/2κΣ

:9D01OL
BR(x0) ∩ ∂Mt ⊂ BR(x0) ∩Σ = ∅ �R-,L.Pn:2DR5.? Hn−1(BR(x0)∩ ∂Mt) = 0

^� 1Qb4-7L{:2D.1O/91cIe),/91M-V?2?250EG1>:9D.-X:
x0 ∈ Σ1/2κΣ

-7LJP{:2DR5.?K:2DJ-X:
BR(x0) ⊂ Σ1/κΣ

)VLuY#D086btD
d(·,Σ)

86?KY@14';'PB1O�.L014Pd^
¦@D0)R)V?21wL0)XY�-7LR<

R ≤ R1
-7L.PÞP01c�.L01

C1 = (RκΣ)−1 � 1pPB1c�JL01w:=YZ)}:214?N:nIe5.L.b�:98;)VL.?T:9D.-X:nYZ1uY#8*';'?250\J14/28*EG\J)q?N1y)VL{),L01y-7L.)7:2D.1O/#8*Lw),50/FbO),EG\J)q?N8;:28*),L{),Ih:9D01y[,1Hb�:2)V/��.1O'6Pj:2D.-7:�YZ1yY#8;'*'fbtD0)R)V?21(:2)o-,\0\0'*<o:2D.1
�K8;[V1O/93,1OLJbc1oz�D014),/91OEñ:9).^p¦@D0)R)V?21G�./t?=:9';<

φ1 ∈ C1
C(Rn+1)

?25.btD}:9D.-X:
χBR/2(x0) ≤ φ1 ≤ χBR(x0)

-,L.P
|Dφ1| ≤ 2

^Sz�D014L{P01c�.L01
φ2 ∈ C1

C(Rn+1)
+R<

φ2(x) = (1 − C1dκΣ)3+.� 1>bc),LJ?N86PB1O/�L0)XY�:2D01y[V14bc:2),/��J1O'6P
X ∈ C1

C(Rn+1,Rn+1)
PB1O�.L01HPj+R<

X := φ1φ2Dd.

� 1yL0)7:91K�J/9?N:2'*<o:9D.-X: |φ1φ2| ≤ 1
-7L.Pn:2DJ-X:4�.),L

BR/2(x0) ⊂ B1/2C1κΣ
(x0)

|X | = |φ1φ2Dd| = |(1 − c1RκΣ)3+| ≥ |(1 − c1|x− x0|κΣ)3| ≥ 2−3.

� 1y),+.?21O/9[,1K:2D.-7: |X | = |φ1||φ2||Dd| ≤ 1
-,L.Po:9D.-X:

< X, ν∂M >= φ1φ2 < Dd, ν∂M >= φ1φ2 = |X |.
z�D014Ld�05.?28;L.3]:9D01>PB8*[,14/23V1OL.bO1(z�D014),/91OE YZ1gD.-k[,1

Hn−1(∂Mt ∩ BR/2(x0)) ≤ 8

∫

∂Mt

< X, ν∂Mt > dHn−1

= 8

∫

Mt

< X, ~H > dHn + 8

∫

Mt∩
?2\B:

X

divMtXdHn.

� 1>),+.?21O/9[,1(:9D.-X:K?2\B:
X ⊂ ?2\B:

φ1 ∩
?2\B:

φ2 ⊂ BR(x0)
-,L.P	:2DJ-X:�)VLu?N\B:

X ⊂ ?2\B:
φ2 1 − C1dκΣ ≥ 0 ⇒

dκΣ ≤ C−1
1 = RκΣ < 1

2

-7L.Pn:2DR5.? 1
1−dκΣ

≤ 2.
_ì:#Ie)V';'*)XYF?O�B5J?N8*L03G§W/9),\A)V?28�:98;)VL

11.3.3
�,:9D.-X:

|divMtDd| ≤
nκΣ

1 − dκΣ
≤ 2nκΣ

Ù ÛHÜ ^ � Ú
),L{?2\B:

X
^ � 1yL.)XY�1c�B\.-,L.P

divMtX
-,?

divMtX = φ1φ2divMtDd+ φ1 < ∇Mtφ2, Dd > +φ2 < ∇Mtφ1, Dd > .

~0/9),EñÙ
15.2 Ú 8;:ZIe)V';'*)XYF?C:2D.-7: |φ1φ2divMtDd| ≤ 2nκΣ

-,L.PoIe/9),E :9D01g\0/9),\A1O/2:28*14?@)7I |Dφ2|, |φ2|
-,L.P |X | 8;:Ie),'*'*)XYF?Z:2D.-7: |φ2 < ∇Mtφ1, Dd > | ≤ 2.

� 1MbO-,L	:2D014LubO-7'6bc5.'*-7:21gIe),/K?N)VEQ1y)V/N:9D0),L.),/9EG-,'Á+.-,?28*?#:2)
TxMt

�
{xi}ni=1

Ie)V/�-7LR<
x
:9D.-X:

φ1 < ∇Mtφ2, Dd >= φ1

n∑

i=1

∂

∂xi
φ2(Dd)

i = −C1κΣφ1(1 − C1dκΣ)2+

n∑

i=1

(
∂d

∂xi

)2

≤ 0.

~�8;LJ-7'*';<oL.)7:28*L03G:9D.-X:�?28;LJbc1 |X | ≤ 1
� | < X, ~H > | ≤ | ~H | -7L.Pj:9Dq5J?�Y@1ybO-,LwbO-7'6bc5.'*-7:21

Hn−1(∂Mt ∩ BR/2(x0)) ≤ 8

(∫

Mt∩
?2\B:

X

< X, ~H > dHn +

∫

Mt∩
?N\0:

X

divMtXdHn

)

Û4øVÜ



= 8

∫

Mt∩
?N\0:

X

< X, ~H > dHn + 8

∫

Mt∩
?N\B:

X

φ1φ2divMtDd dHn

+8

∫

Mt∩
?N\0:

X

φ1 < ∇Mtφ2, Dd > dHn

+8

∫

Mt∩
?N\0:

X

φ2 < ∇Mtφ1, Dd > dHn

≤ 8

∫

Mt∩
?N\0:

X

| < X, ~H > |dHn + 8

∫

Mt∩
?N\B:

X

|φ1φ2divMtDd|dHn

+

∫

Mt∩
?2\B:

X

|φ2 < ∇Mtφ1, Dd > |dHn

≤ 8

[∫

Mt∩BR(x0)

| ~H |dHn +

∫

Mt∩BR(x0)

2nκΣ + 2dHn

]

≤ 16nκΣ

[∫

Mt∩BR(x0)

| ~H |dHn + Hn(Mt ∩ BR(x0))

]
.

♦

�K�G��� ���	�����%���`�#���%�g¢h£c� �|�>�	�j�	¡
_aL}:2D.8*?Q?N1Hb�:98;)VLm8;L.?N:21H-,P}),I#bO),L.?286PB1O/98;L.3u-7+.?2),'*5B:21n+J)V50L.P0?M),LmEG14-V?N50/91TYZ1o';)R)VUs-7:>:2D01nEQ1H-,?250/91T)7I#:2D.1?250/NIx-Vbc1F8*L.?28*P01�)7If->+.-7'*'A-V?CbO),EG\.-7/914P]:9)>:2D.1�5.?25.-7' Hn EG14-V?N5./21F),Id->+.-,';'A)7IÁ:2D.1(?9-7EG1F/t-,PB8*5.?4^�z�D.8*?C:2D014L-7'6?2)]-,bc:9?Z-,?�->EG1H-,?250/21K)7IfD.)XY�bc/950EG\0';1HPo50\j8;LJ?N86PB1K:2D01(+.-7'*'A:2D01g?250/NIx-Vbc1(bc),5.'*Pn+J1V^S_aLn/91O3,5.'*-,/28;:=<M:9D01O)V/2<Ùe\J-7/2:286bc50'6-7/9';<	'*)Rb4-7'�/2143,50'6-7/98;:=< Ú 8�:g8*?�:2D.1OLu:9D01G-78*E�:2)j?2D0)XYß:2DJ-X:(:2D086?(/9-7:28*)n-7\0\./2)q-,btD01H?

1
Ùx),/g-oD.-,'�IW)VL:2D.1Q+A),5.L.P0-7/9< Ú -V?�:9D01Q/9-VPB8;5J?�+A14bO),EG14?([,14/2<w?2ET-7'*'`-,L.Pw:9D01]:28*EQ1G3V)q1H?F:9)n:9D01T?N8*L03V50'*-,/F:98;EG1wÙe8*Ls-nYZ-k<:2DJ-X:MY#8*';'C+J1o'6-X:91O/yIe)V/2ET-,';86?N1HP Ú ^{öRD0)V50'*P�:9D01o/t-X:28*)u-7\.\0/2)q-,btD 1

Ùe),/]-{D.-7';I#),Ls:2D01n+J)V50L.P0-,/2< Ú :2D.1OL}:2D.1?250/NIx-Vbc1#86?C-,\0\0/9)V-,btD.8;L03g-gòJ-7:KÙeDJ-7';I Ú DR<R\J14/2\.'*-,L01#8;Lo-y?2ET-7'*'.+.-,';'J-7/9),50L.P]:9D01�\A),8*Lq:C+J148;L.3>bc),LJ?N86PB1O/914PG-,L.PYZ),50'6Pj:2DR5.?#+A1y/2143,50'6-7/H^S_ìI`:2D01y/t-X:98;)G86?�?28;3VL08;�JbO-,LV:9';<n'*-,/23V1O/Z:2D.-,L
3/2

:2D.1OL{:2D.1O/91y1c�B8*?N:9?#?28*3,L08;�JbO-,Lq:FL0),LBðòJ-7:2L01H?2?`-7/9+08;:2/t-7/98;'*<gbc'*)V?21C8*L]?2\.-,bO1Z-,L.Pg:28*EG1,�7Y#D.8*btD]Y@)V50'*PM';1H-,P>:2)(L0),LBða?2EQ)R),:2D0L01H?2?h-7L.P>:2DR5.?`?28;L03V50'6-7/98�:=<V^
� 1y�./t?=:F\0/914?21OLq:#:9D01>ET-78*L	:214btD.L08*b4-7'h';14EQET-QIe)V/2EG8*L03G:2D01M+.-,?28*?�),IW-7/914-Q/9-7:28*)G+J)V50L.P0?4^Zz�D.8*?�8*?�Ie)V';'*)XYZ14P+R<	-T�0�B14P	:28*EG1M/t-X:98;)T+A),50LJP{+.-,?214P{)VL{:2D01Q-,?9?N50EG\B:98;)VL	:2D.-7:

(Mt)
8*?(?NEG)R)7:9Du-7L.P{\./2)V\J14/2'*<n14EM+A14P0PB1HPIe),/

t < T
^�z�D.14?21�:=Y@)y/914?250';:9?W-,/21�Ie)V';'*)XY@1HPM+R<G-y?N5.+.?N86PB5.-,/2<]/21H?N5.'�:WET-7UR8*L03g:2D.1F\0/914?21OLq:9-7:28*),LQ)7IÁ:2D01�/9-7:28*)/914?250'�:t?�L014-7:214/4^

Ö «Xª.ó@ª ëHäeåHä ª ã °0±³²½ô³²®°J²´hµc¶ M = (Mt)t∈[0,T ) · µg¸y¹�ºT»4»7¶½¼R¾.¿ÁÀ2»9¿.µcÀ�Â�ÃGµOº · µtÄ,ÄVµtÄ>¹O»7ÂÆÅB¶®Çx»7È{»NÉFºTµt¸XÈwÊcÅBÀ�ËX¸X¶ÌÅBÀ2µhÍ�»7ÎvÎSÇ½¶e¼]Ï]µcÅBºT¸XÈJÈÉtÀ2µtµ · »XÅBÈÁÄ,¸7À�Ã{Êt»XÈÁÄXÇ½¶ÌÇx»XÈ.¹G»XÈm¶e¼0µ]¹�ÅH¿V¿0»7À�¶#¹�ÅBÀeÉc¸,Êtµ Σ Ò ´hµO¶ ρ0 := (τ0/2)1/2 ÒsÓ ¼0µOÈoÉc»XÀT¸XÈ.Ã x0 ∈ Σ
¸7ÈAÄ¸XÈJÃ

ρ ∈ (0, (2 + 0.4n)−1/2ρ0)

sup
t∈(T−ρ2,T )

Hn(Mt ∩Bρ(x0))

ρn
≤ C(n, κΣ)

Hn

(
M
T− ρ20

2+0.4n

∩ Bρ0(x0)

)

ρn0
.

Îh¼0µOÀ2µMÎCµ>À9µ9Êt¸7Â½Âf¶e¼0¸X¶
τ0 = (3/160n)2/δ/κ2

Σ ÒÖ «XªdªA×2Øý 1O:
ρ1 = (2 + 0.4n)−1/2ρ0

^ ý 1c:
ρ ∈ (0, ρ1)

^ßöB1c:
σ = (20 + 4n)ρ2

1

�
t1 = T + ρ2 � t2 = T + ρ2

0

Û4ø,ø



-7LJP
t3 = T − ρ2

1

^ � 1nbO-,L}:2D014Lv-7\0\.';<�:2D01nEQ)VL0)7:9),L086bc8;:=<uIe)V/2E]50'6-0�hz�D.1O),/91OE
14.2.1

�f:2)u3V1c:>Ie)V/>14-VbtD
t ∈ (T − ρ2, T )

eCκ
2δ
Σ (t1−t)δ

∫

Mt

ϕ3η2ρ
1
κΣ
dµt ≤ eCκ

2δ
Σ (t1−t3)δ

∫

Mt3

ϕ3η2ρ
1
κΣ
dµt.

¦@'*14-7/9'*<,�
eCκ

2δ
Σ (t1−t)δ−(t1−t3)δ < C(n, κΣ)

?2)]:9D.-X:FYZ1ybO-,L	Y#/98;:21
∫

Mt

ϕ3η2ρ
1
κΣ
dµt ≤ C(n, κΣ)

∫

Mt3

ϕ3η2ρ
1
κΣ
dµt.

Ù ÛHÜ ^ � Ú
� 1O�R:hYZ1S),+.?21O/9[,1V�OIe/9),Eß§W/9),\A)V?28�:98;)VL

11.3.6
�c:9D.-X:

η2 ≤ 256
^ � 1@-7'6?N)Fb4-7'6bc50'6-X:91CPB8*/21Hb�:2'*<K:2D.-7:

ϕ3(·, t3) ≤ 1,:2DJ-X:
ρ1
κΣ

(·, t3) ≤
1

(4π(T + ρ2 − T + ρ2
1)
n/2

≤ 1

(4π)n/2
ρ−n1 ,

-7LJPo:9D.-X:H�.?N8*L.bO1 |x̃− x0| ≤ 3|x− x0|
-,L.P |x− x0| ≤ 3|x̃− x0|?2\B:

ϕ3(·, t3) = {x : 1 − r2x0
/σ2 ≥ 0} ⊆ {x : 10|x− x0|2 ≤ (20 + 4n)ρ2

1} = B√
2+0.4nρ1

(x0)._ì:#Ie),'*'*)XYF?C:9D.-X:
∫

Mt3

ϕ3η2ρ
1
κΣ
dµt ≤ 256

(4π)n/2
ρ−n1 Hn(Mt3 ∩B√

2+0.4nρ1
(x0))

= C(n)
Hn(Mt3 ∩B√

2+0.4nρ1
(x0))

ρn1
.

Ù ÛHÜ ^ � Ú
� 1y:2D014LuL0),:21g:2DJ-X:FIe)V/

ρ < ρ1 < ρ0
-,L.P

t ∈ (T − ρ2, T ) ⊂ (T − τ0/2, T )
�.Y@1yD.-k[V1,�BIe/9),E%§W/9),\A)V?28�:98;)VL

11.3.6
�q:9D.-X:

η2 ≥ 1/256
),L

Bρ0(x0) ⊃ Bρ(x0)
^Wz�D.1OLwbO-,'*bO50'*-7:28*L03GPB8;/914bc:2'*<o:9D.-X:

ϕ3 =

(
1 − rx0 − 2n(t3 − t)

(20 + 4n)ρ2
1

)3

+

≥
(

1 − 10ρ2
1 − 2nρ2

1

(20 + 4n)ρ2
1

)3

+

≥
(

1

12

)3

,

-7LJPo:9D.-X:
ρ1
κΣ

=
1

(4π(T + ρ2 − t))n/2
e
− rx0

8(16(κ2
Σ

(t1−t))δ+1)(t1−t) ≥ 1

(8πρ2)n/2
e
− 10ρ2

8ρ2 =
e−

10
8

(8π)n/2
ρ−n,

?2)]:9D.-X:#Ie)V/F-7'*'
t ∈ (T − ρ2, T )

∫

Mt

ϕ3η2ρ
1
κΣ
dµt ≥

1

1728

1

256

e−
10
8

(8π)n/2
ρ−nHn(Mt ∩ Bρ(x0)) = C(n)

Hn(Mt ∩ Bρ(x0))

ρn
.

Ù ÛHÜ ^ Ü Ú
¦@),E]+08*L08;L.3{Ù

15.3 Ú �dÙ 15.4 Ú �0-7LJP�Ù 15.5 Ú 3,8*[,1H?

sup
t∈(T−ρ2,T )

Hn(Mt ∩ Bρ(x0))

ρn
≤ C(n, κΣ)

Hn(Mt3 ∩ B√
2+0.4nρ1

(x0))

ρn1
.

öR8*L.bc1
ρ1 = (2 + 0.4n)−1/2ρ0

:2D.8*?#3V8;[V14?@:2D.1y/21H?N50';:4^ ♦� 1FL0)XY�?2D0)XY�:2D.-7:WIe),/W-,LR<M3,8*[,14LQ:28*EQ1V�,YZ1FbO-,LQ+A),5.L.PQ:2D01K-7/914-(8;LT-g+.-,';'.8;LG:91O/9EG?W)7IÁ),L0'*<>:9D01F/t-,PB8*5.?`Ie)V/?25��obc8*1OLq:2'*<w?NET-7'*'f/t-,P08;8Ì^ � 1]Y#8;'*'`bc),E]+08*L01M-o\J-7/2:286bc50'6-7/�btD.),86bc1>),I�:98;EG1]Ie),/�:2D086?�'*1OEGET-TY#8;:2Dw:9D01]-,+J)X[V1\0/9),\A)V?28�:98;)VLn:9)G3,8*[,1g5.?#)V50/��.L.-,'³50\0\A1O/�-,/21H-M/t-X:98;)G/914?250'�:H^W÷F';:2D0)V503,D	:9D01gIe),'*';)XY#8*L03G/914?250'�:H�0-X:#�./t?N:4�0PB)R14?L0),:g-,\0\J1H-7/K:2)j8;EG\0/9)X[,1>/914?250';:9?4�ÁY@1QD.-k[,1]?ND0)XY#L�-7+A)X[,1>:9D.-X:gYZ1]bO-,Lu+A),50L.P�-7'*'S-7/914-T/t-X:98;)q?�50\p:2)sÙe+05B:L0),:C<,1O:W8;L.bO';5JPB8;L.3 Ú :9D01#�./t?N:C?N8*L03,5.'*-,/S:28*EG1F+R<M:9D01�-7/914-(/t-X:98;)y),I³?2),EG1#3V8;[V1OLQ:28*EG1F+05B:ZL0)7:W:9D.-X:C:2D086?W3V8;[V1OL:28*EG1F86?W-7\0\./2)V\0/286-X:91O'*<y+J)V50L.PB1HPwÙ½:9D.-X:C86?4�7�.L08;:21 Ú ^ � 1�?ND.)XY�+A1O'*)XY�:9D.-X:W:9D01�-,/21H-K/t-X:98;)(Ie)V/C-7LR<>3V8;[V1OLQ:28*EG1-7LJPj-,Lq<j?NET-7'*'³1OL.),503VDsÙxL0)7:#:98;EG1>PB14\J14L.PB1OLq: Ú /9-VPB8*5.?Z8*?#8*L.PB1414Pj�.L08;:21V^
Û4ø��



Ö «Xª.ó@ª ëHäeåHä ª ã °0±³²½ô³²½ô³²´hµc¶ M = (Mt)t∈[0,T ) · µg¸y¹�ºT»4»7¶½¼R¾.¿ÁÀ2»9¿.µcÀ�Â�ÃGµOº · µtÄ,ÄVµtÄ>¹O»7ÂÆÅB¶®Çx»7È{»NÉFºTµt¸XÈwÊcÅBÀ�ËX¸X¶ÌÅBÀ2µhÍ�»7ÎvÎSÇ½¶e¼]Ï]µcÅBºT¸XÈJÈÉtÀ2µtµ · »7ÅBÈAÄ,¸7À�ÃoÊ9»7ÈAÄ7Ç½¶®Çx»7È0¹(¹tÅH¿V¿0»7À�¶ìµtÄo»7Èw¶½¼.µg¹�ÅH¿,¿.»XÀ�¶W¹tÅBÀeÉc¸VÊtµ Σ
¾
t0 ∈ [0, T )

¸XÈÁÄ
x0 ∈ Rn+1 ÒGÓ ¼.µcÈp¶½¼.µcÀ2µµ��,Ç6¹�¶®¹y¸jÊt»XÈ0¹�¶a¸XÈJ¶ZÄ,µa¿.µcÈÁÄXÇ½ÈqÑ{»7È.ÂÆÃj»7È

x0
¾
C(x0)

¾S¹�Å.Ê9¼w¶½¼.¸X¶AÉc»XÀ]¸7Â½Â
R ∈ [0, 1/2κΣ]

Hn(Mt0 ∩BR(x0))

ωnRn
≤ c(x0).

Ö «XªdªA×2ØöR8*L.bc1 M 86?S-y?NEG)R)7:9DQ?2),'*5B:28*),LQYZ1#UqL.)XY�-X:`:98;EG1
t0
:9D.-X:

Θn(Hn,Mt0 , x0) =: Θn
x0
<∞,

Ùx-7LJP]Y#8*'*'08;L0Ix-,b�:+A1(?2ET-7'*';14/C:9D.-7L	),/Z14rq5.-,'.:9)
1 Ú ^`_ì:@Ie)V';'*)XYF?C:2D.-7:Z:9D01O/91�1O�B8*?N:9?�-7L ε > 0

?N5JbtDT:2D.-7:
ω−1
n R−nHn(BR(x0)∩

Mt0) < 2Θn
x0

Ie),/F-7'*'
R ≤ ε

^
� )XY$?250\0\A)V?21m:2DJ-X:p:9D01�bO'*-,8;E 86?uL0),:p:2/9501V^ z�D01OL Ie)V/�-,';'

m ∈ N
Y#8;:2D

m > 2Θn
x0

:2D014/21�1c�B8*?N:9?
Rm ∈ [ε, 1/2κΣ]

?N5.btD>:2D.-7: Hn(BRm(x0)∩Mt0) > mωnR
n
m.
� )7:91W:9D.-X:

limm→∞ Rm =: R0 ∈ [ε, 1/2κΣ]-7LJPo:9D.-X:#:9D01O/91y1c�B86?=:t?#-Q?250+.?214rq5014L.bc1TÙxY#D08*btD{YZ1ybc),Lq:98;LR501(:2)G'6-7+A1O' {Rm} Ú ?25.btDj:2D.-7:F1O8;:2D014/
Û Ú Rm ↗ R0

�.),/
� Ú Rm ↘ R0

^
_aL{1O8;:2D014/FbO-V?N1g8;:F8*?Z:9/2501g:9D.-X:

lim
m→∞

Hn(BRm(x0) ∩Mt0)

ωnRnm
= ∞,

+05B:>-,'*?2)n:9D.-X:y?28;L.bO1
Mt0

86?(\0/9),\A1O/9';<{1OE]+J1HP0PB1HP Hn(Mt0 ∩K) < ∞ Ie)V/(1H-,btDsbc),EG\.-Vb�:
K ⊂ Rn+1 ?2):2DJ-X:

Hn(BR0(x0) ∩Mt0)

ωnRn0
<∞.

� 1yY#8*?2Dn:9)o?ND.)XY�:2DJ-X:�:2D01H?N1g:=YZ)QIx-,bc:9?�'*14-,Pn:2)o-GbO),Lq:2/t-,PB86b�:98;)VLd^ � )7:91>-7'6?N)G8*Lj\J-7/2:286bc50'6-7/�:9D.-X:
R0 6= 0

^
öR50\.\J)q?N1g�./t?N:Z:9D.-X:

Rm ↘ R0
^Wz�D01OL

∞ = lim
m→∞

Hn(BRm(x0) ∩Mt0)

ωnRnm

= lim
m→∞

[Hn(BR0(x0) ∩Mt0)

ωnRnm
+

Hn((BRm(x0) ∼ BR0(x0)) ∩Mt0)

ωnRnm

]

=
Hn(BR0(x0) ∩Mt0)

ωnRn0
lim
m→∞

Rn0
Rnm

+ lim
m→∞

1

ωnRnm
lim
m→∞

Hn((BRm(x0) ∼ BR0(x0)) ∩Mt0)

=
Hn(BR0(x0) ∩Mt0)

ωnRn0
+

1

ωnRn0
Hn

( ∞⋂

m=1

(BRm(x0) ∼ BR0(x0)) ∩Mt0

)

=
Hn(BR0(x0) ∩Mt0)

ωnRn0
+

Hn(∅)
ωnRn0

=
Hn(BR0(x0) ∩Mt0)

ωnRn0
,

Y#D014/21K:2D01(:9D08;/tPo8*L01HrV5J-7'*8�:=<GIe)V';'*)XYF?�?N8*L.bc1(14-VbtDn\.-,/N:�86?C�JL08�:91,^Wz�D086?�bc)VLV:9/9-VPB86b�:28*),Lj?ND0)XYF?@:9D.-X:
Rm ↘ R086?�8;EG\A)V?9?N8*+0'*1,^

Û4ø��



÷F';:214/2LJ-X:28*[,14';<V�B8�I
Rm ↗ R0

�R:9D01OL
Hn(BR0(x0) ∩Mt0)

ωnRn0
= lim

m→∞
Hn((BR0 (x0) ∼ BRm(x0)) ∩Mt0) + Hn(BRm(x0) ∩Mt0)

ωnRn0

≥ lim
m→∞

Hn(BRm(x0) ∩Mt0)

ωnRn0

= lim
m→∞

Rnm
Rn0

Hn(BRm(x0) ∩Mt0)

ωnRnm

≥
(

1

2

)n
lim
m→∞

Hn(BRm(x0) ∩Mt0)

ωnRnm
= ∞.

z�D086?Fbc)VLq:2/t-,PB86b�:98;)VLj?2D0)XYF?@:2D.-7:
Rm ↘ R0

86?#8*EQ\A)V?9?28;+0'*1,^Sz�DR5.?�:9D01O/91g8*?#-
N ∈ N

?25.btD	:2D.-7:
Hn(BR(x0) ∩Mt0)

ωnRn
≤ N

Ie),/F-,';'
R ∈ [ε, 1/2κΣ].

�K1c�.L08*L03
C(x0) := sup{N, 2Θn

x0
} bc),EG\0'*1c:914?Z:9D01y\0/9)q),I=^ ♦

� 1�bc)VL.bc'*5.PB1#:9D01�btD.-,\B:214/WY#8;:2Dn-(�.LJ-7'.5.\0\J14/@-,/21H-g/9-7:28*).^hz�D.1#�.L.-,'./914?250'�:Zbc),E]+08*L014?S§C/2)V\J)q?N8;:28*),L.?
15.2.1-7LJP

15.2.2
:9)}+J1w-7+.';1j:2)m?N:9-X:91j5.L08�:914P�50\0\A1O/T-,/21H-p/t-X:98;)�/21H?N50';:TY#D086btD�Y#8*';'#'6-X:91O/G\0/9)X[,1n5J?N1OIe50'#8;L�8;:9?\0D0/t-,?28*L03.^h_aLT:2D01FIe),'*';)XY#8*L03>btD.-,\B:214/WY@1�3,)y),LQ:9)y:2D01(bc/95.bc86-7'Jbc),LJbc1O\0:S:2)>)V50/C/914?214-,/9btDd�,&g-,5.?9?N86-7LTPB14L.?N8;:=<,�Y#D086btDjYZ1>-7'6?2)]5.?21y8*EQEG1HPB8*-7:214';<o8*L	:2D01>?9-7EG1ybtD.-,\B:214/�:2)Tbc)VL.?N86PB14/#';)XYZ1O/�PB1OLJ?N8;:=<n/t-X:98;)Q/21H?N5.'�:t?O^

©]ª.«XªA¬x¬®B«k¯�°0±³²½ô³²®°J²´hµc¶ M = (Mt)t∈[0,T ) · µg¸y¹�ºT»4»7¶½¼R¾.¿ÁÀ2»9¿.µcÀ�Â�ÃGµOº · µtÄ,ÄVµtÄ>¹O»7ÂÆÅB¶®Çx»7È{»NÉFºTµt¸XÈwÊcÅBÀ�ËX¸X¶ÌÅBÀ2µhÍ�»7ÎvÎSÇ½¶e¼]Ï]µcÅBºT¸XÈJÈÉtÀ2µtµ · »XÅBÈAÄV¸XÀ�Ã}Ê9»7ÈAÄ7Ç½¶®Çx»7È0¹	»7È�¶e¼0µn¹�ÅH¿,¿.»XÀ�¶(¹�ÅBÀeÉc¸,Êtµ Σ Ò ´fµO¶ ρ0 = (τ0/2)1/2
¸7ÈAÄ

δ ∈ (1/3, 2/5] Ò�Ó ¼0µOÈÉc»XÀn¸7È.Ã
x0 ∈ Σ

¶½¼.µcÀ9µTÇ6¹o¸pÊt»XÈ.¹t¶a¸XÈJ¶
C(n, κΣ, x0)

ÄVµì¿.µOÈAÄXÇ½ÈRÑ�»7È.ÂÆÃp»7È
n
¾
κΣ

¸XÈAÄ
x0
¹�Å.Êt¼s¶e¼0¸X¶�Éc»XÀn¸7Â½Â

R ∈ (0, ρ0]
¸XÈÁÄ

t ∈ (T −R2, T )

Hn(Mt ∩ BR(x0)) ≤ C(n, κΣ, x0)R
n.

Ö «XªdªA×2ØöR8*L.bc1
ρ0 = (τ0)

1/2
Y@1ybO-,L	-,\0\0'*<o§W/9),\A)V?28�:98;)VL

15.2.1
:2)G)V+B:9-,8;Ld�0Ie),/F-7'*'

R ∈ (0, ρ0]

sup
t∈(T−R2,T )

Hn(Mt ∩ Bρ(x0))

ρn
≤ C(n, κΣ)

Hn

(
M
T− ρ20

2+0.4n

∩ Bρ0(x0)

)

ρn0
.

� 1TL0)7:91]:9D01OLs:9D.-X:gIe),/>-,LR<
δ ∈ (1/3, 2/5]

-7LJP�-,Lq<
n ≥ 1 (τ0/2)1/2 < 1/2κΣ

?2)n:9D.-X:>YZ1TbO-7Ls-7\0\.';<
§W/9),\A)V?28�:98;)VL

15.2.2
:2)Q:9D01y/28*3,Dq:#D.-,L.Pj?286PB1yY#8�:9D

t0 = T − ρ20
2+0.4n

:2)G3,1O:

sup
t∈(T−R2,T )

Hn(Mt ∩ Bρ(x0))

ρn
≤ C(n, κΣ)C(x0)ρ

n
0 = C(n, κΣ, x0)
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