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¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®«¬?®«¬?®¯{°K±
(Mt) ² °<³g´Aµr°E¶U·8³A¸Q³c¹S°E±º°E¸v»K³c¹b¼¾½À¿M´e»"ÁE°K±«Á�¼¾µ Rn+1 ÂSÃ °�ÁE³A¿�±¾ÄX³c±�±¾ÄX°|ÁE°E±xÁ�Å�´c¸kÆ�´cÇ�¼¾µh±lÄ8°<È6³cÁE° (Mt)

¼:Á³"Æ�´cÇÊÉb¸Q°=³WÈ=Ä8°KÁ
x0 ∈ Rn+1 ³c±p±Ë¼¾¹I° t0 ¼ »<±lÄ8°E¸Q°�°6ÌW¼:Á�±«Á<³MÁE°=ÍKÎX°EµrÈ=° (xj , tj)

Ç~¼¾±lÄ
tj ↗ t0

ÁE´b±¾ÄX³c±
xj ∈Mtj³cµÊÏ

xj → x0
Â[Ã °MÏO°KµÊ´c±2° M = (Mt)

¸Q°=³WÈ=Ä�¼¾µ�Ð
x0
³A±G±Ë¼¾¹S°

t0 ² ¿ M →t0 x0
Â

Ñh¥�ÒÔÓ8Õ^Ö~×GØTN8CP3QLg3Q58CP@?Li9Q9Q7Ua8\YCPRI7U9QN81XHBCdD69e36>W1XHB7U18Z�365X>c3 M →t0 x0
7YRI@8\U7UCd9�3Q5X>A3 M HBCdZWCE1XCED=>c3QC^9~36L�3Q5XC@rLW7U1O3

x0
FyC�@?LO7Y1i3�LWN83G365X>c3�36587U9"7:9y18LA3|>A3�>W\Y\Ê7URI@8\Y7UCdHk_ M →t0 x0

9Q7YRI@8\UshHBCd18LA36Cd9G3Q5X>A3
x0
7:9"LW18C<LAj��B7U1ZWCd18CED=>A\Ë��RS>A1�s�@rLW7U1O3=9"3Q5?>c3|>AD6C�DQC^>W;=58C^H�a�s�3658C<�XLcF�_

ÙT9Q7U18ZÚ3Q587:9hH8CKJX187Y3Q7ULW1,LWj�@?LO7Y1i369�DQC^>W;=58C^HÛa�s�3Q58Ct�?LcF��yFyC4;E>W1�RI>WÜWC4>ÝHBCEJX187Y3Q7ULW1,LWj�F�5?>c3S3Q5XC4\Y7URI7]39QN8Dejx>O;KCO�
MT
>O;�36NX>A\U\YsM7U9d_~�"587:9p18CdCdH89p3QL�arCPHBLO18C|>W9G>�HBCEJX187Y3Q7ULW1SLAj

MT
7U9�18LA3�7U1X;E\YNXH8CdHS7U1I3Q58C<HBCKJ?187]367YLO1LAjy3Q5XC�RICd>A1Ý;EN8DQfc>A3QN8D6CI�XLcFÞF�7]365Ôß|CENXRI>W181njlDQCdC�arLWN81XHX>AD6s�;KLO1XHB7Y3Q7ULW1X9d� M _[`VC�3Q58CdDQCEjlLWD6CbRS>WÜWCI3Q5XCjlLW\U\ULcF�7Y18ZIHBCEJX187Y3Q7ULW1k_

¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®«¬?®¾à�®¯{°K± M = (Mt)t∈[0,T ) ² °I³�¹I°=³cµÚÈKÎB¸�ác³c±ËÎB¸Q°�Æ"´AÇ�Á�Î^·W·X´c¸�±2°6Ï	´cµ�±¾ÄX°�Á�Î^·O·8´A¸�±�Á�ÎB¸l»K³WÈ=° Σ ÂSâ ÄX°KµnÇ�°bÏW°«ãpµr°±lÄ8°g½À¼¾¹M¼¾±GÁ�ÎB¸l»K³WÈ=°
MT ⊂ Rn+1 ² ¿

MT := {x ∈ Rn+1 : M →T x}.ä{´c¸�±lÄ8° ² ´AÎBµrÏO³c¸�¿SÇ�°Gãp¸=Á�±yÏO°xã�µr°
∂M := (∂Mt)t∈[0,T )
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ÁE´S±lÄ8³A±GÇ�°bÈ=³cµVÏO°xã�µr°g±¾ÄX°�½À¼¾¹b¼¾± ² ´AÎBµrÏO³c¸�¿ ∂MT ⊂ Σ ² ¿
∂MT = {x ∈ Σ : ∂M →T x0}.Ñh¥�ÒÔÓ8Õ^Ö~×M`VCSRS>WÜWCM3Q587:9�HBCEJX187Y3Q7ULW1nLAjy3Q58CI\U7YRI7Y3�a?LON81XH8>WDQs�>W1XHnHBLW1ku 3�3QD6st3QL4H8CKJX18C

∂MT
a�s�>[3QCdDQR9Q7YRI7U\U>WD�36L

frontier(MT )
>W9GF�7Y3Q5

∂MT
FyCTF�7:9e5h3QLbCK}8>ARI7U18C|3658CParCE5?>�fi7ULWNXDGLWj�3Q58C<�XLcF,LO1S3Q58C�9QN8@8@rLWDQ39QN8Dejx>O;KC

Σ
_~0º3|7U9�;ELW1X;ECE7Ufc>Aa8\UCT365X>c3|CE}�3QD=>�jlD6LW1i3Q7UCED"7:9|HBCdfWCE\ULW@rCdH[>c3"3Q5XC�JXD69e3|9e7U18ZON8\U>WDy3Q7URbC�>�F">�sbjlDQLOR�3Q5XC9QN8@8@rLWDQ3<9QN8Dejx>O;KChw«9e@rCd;E7]Jr;E>A\U\Us	7U143658CI9e7U18ZWNX\U>WDP9QCK3PLWj M >c3P3Q7URbC

T
zK_P�"587:9TCE}�3QD=>�arLWN81XHX>AD6s[7:9T1XLA3�@X>ADQ3LAj�3Q5XC�9QCK3�365X>c3|FyC�F�7U9Q5	3QLS;KLO1X9Q7UHBCdD�N81XHBCdD"3Q58C�36CED6R

∂MT
_

`nCM18LW3QCg3Q5X>A3PFyCg5X>�fOCg>A\UDQC^>WHBsO�?7U1t3658CgjlLODQR$LWj�ØTCEJX187Y3Q7ULW1
11.4.3
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í�ÕcªXîGª?ï^¨l©^¨xªr§ ¬Bk®«¬?®«¬?®¯{°K± M = (Mt)t∈[0,T ) ² °�³I¹S°=³cµ�ÈEÎB¸�á�³A±«ÎB¸Q°pÆ"´AÇ�Ç~¼¾±¾ÄSðM°KÎB¹S³cµ?µ�»=¸Q°=° ² ´cÎBµÊÏW³c¸�¿�È=´cµÊÏc¼¾±Ë¼x´cµXÁ�±lÄ8³A±p¸Q°=³WÈ=Ä8°KÁ
x0
³c±y±«¼¾¹S°

T
³cµrÏSÁE³c±Ë¼:Á¾ãy°�Á�±lÄ8° â ¿6·X°<ñg³�Á=Á�ÎB¹T·r±Ë¼x´cµ ÂIâ Ä8°Eµb»K´A¸ t < T

|F (p, t) − x0| ≤ 2CH
√
n(T − t).í�ÕcªkªròQ×`nC�;E>A\:;KNX\U>A3QC

|F (p, t) − x0| =

∣∣∣∣∣

∫ T

t

dF

dγ
(p, γ)dγ

∣∣∣∣∣ ≤
∫ T

t

|H(p, q)|dγ ≤
∫ T

t

CH
√
n√

T − γ
dγ = 2CH

√
n(T − T ).

♦ T9P>�;KLODQLO\Y\:>AD6sI3QL�3Q587:9T@XDQLO@?Li9e7Y3Q7ULW1k�XFGCg;d>A149e36>A3QC�>SD6Cd9QN8\Y3TLW1t58LcF�;K\ULO9QC�>�9QN8DQjx>W;KC�7:9�36LS3Q5XCg@rLW7U1O3T3Q5X>A37Y3yF�7U\Y\ÊD6Cd>O;=5k_��"5X7U9GDQC^9eNX\]3�HBL�Cd9G18LA3y18CEC^HS3658CT3�s�@rCP0p>O9Q9QN8RI@B367YLO1�wx9QCEC<ó�;=ÜWCdDPôÀõdö{÷GLWD6LW\U\:>AD6s ç _ ø�F�5XCED6C|3Q5XC9Q@858CED6C�;KLORb@?>AD67U9QLW1	@8D67Y1X;E7Y@X\YC�7:9"NX9QCdHXzK�X58LcFyCEfOCED^�O3658C�@8D6L�LAjm7U9|ëiN87:;=ÜWCdD"NX9e7U18ZI3658C�3�s�@?C�0">W969QN8RI@B3Q7ULW1k�8>W1>W969QN8RI@B3Q7ULW1I365X>c3�FyC|F�7U\Y\r>A\UFy>�sB9m5X>�fOC�F�58CE1S1XCECdH87Y18Z�3Q587:9�D6Cd9QN8\Y3d_�`VCT3Q58CdDQCEjlLWD6C�@8D6Cd9QCE1i3~3Q58CP@8D6LiLWjrNX1XHBCED3Q5XC�3�si@rC�0G>O9Q9QN8RI@B367YLO1k_
ù ªXÕcªrúxú«ÓBÕ�û£¬Bk®«¬?®«¬?®¯{°K±T³	¹S°=³cµ�ÈEÎB¸�á�³A±«ÎB¸Q°yÆ�´cÇ�Ç~¼¾±lÄtðg°EÎB¹I³AµXµI»=¸Q°=° ² ´cÎBµÊÏW³c¸�¿tÈ=´cµÊÏc¼¾±Ë¼x´cµ8Á M ¸6°6³OÈ6Ä

x0
³c±|±Ë¼¾¹S°

T
³AµrÏ MÁE³c±Ë¼:Ál»=¿�±¾ÄX° â ¿6·X°PñM³�Á=Á�ÎB¹|·Ê±«¼x´Aµ ÂSâ Ä8°EµM»K´c¸ t < T

d(x0,Mt) ≤ 2CH
√
n(T − t)í�ÕcªkªròQ×�8D6LWRü�pDQLO@?Li9e7Y3Q7ULW1

13.1.1 |F (p, t) − x0| ≤ 2CH
√
n(T − t)

_~0º3�jlLO\Y\ULcF|9G3Q5X>A3
d(x0,Mt) ≤ |F (p, t) − x0| ≤ 2CH

√
n(T − t).

♦`nC�>AD6C<1XLcF >Aa8\UC�3QLI@8D6LcfWCP3Q5XC�CdëiN87Uf�>W\YCd1X;KC�LWj�LON8D�HBCKJX1X7]367YLO1X9�LAjm>b�XLcF£>W@8@8D6LO>O;=587Y1XZM>b@?LO7Y1i3^_
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í�ÕcªXîGª?ï^¨l©^¨xªr§ ¬Bk®«¬?®¾à�®¯{°K± M = (Mt)t∈[0,T ) ² °�³�Á�¹S´d´A±¾Ä�ý8·r¸6´6·X°K¸�½À¿S°E¹ ² °=ÏWÏO°6ÏgÁE´c½]ÎB±«¼x´Aµ[±2´�¹S°=³cµtÈKÎB¸�ác³c±ËÎB¸Q°{Æ"´AÇ�Ç~¼¾±lÄgðM°KÎB¹S³cµ?µ»=¸Q°=° ² ´cÎBµrÏO³c¸�¿[È=´AµrÏc¼¾±Ë¼x´cµXÁ�Á�Î^·W·X´c¸�±2°6Ï	´cµV±¾ÄX°�Á�Î^·O·8´A¸�±GÁ�ÎB¸l»K³OÈ6° Σ Â ¯{°K± (Mt) ² °g¸6°º·Ê¸Q°�ÁE°EµX±2°=Ï ² ¿�±¾ÄX°�»K³A¹M¼¾½]¿´�»b±Ë¸Q³cµXÁl»K´c¸�¹S³c±Ë¼x´cµ8Á
F (p, t)

»K´c¸
p ∈ Mn Å�³[Á�¹I´^´c±lÄÝ´A¸�¼x°Kµ?±º³ ² ½Y° n ¶2¹I³AµX¼ »K´A½YÏ=É�³cµÊÏ t ∈ [0, T )

³cµÊÏ	½Y°E± MÁE³c±Ë¼:Ál»=¿h±lÄ8° â ¿6·X°�ñg³cÁ=Á=ÎB¹T·r±Ë¼x´cµ Â M ±lÄ8°Eµn¸Q°=³WÈ=Ä8°KÁb³�·X´c¼¾µ?±
x0 ∈ Rn+1 ¼ »M³AµrÏ	´cµX½]¿�¼ »�±lÄ8°E¸Q°M¼:ÁM³ p ∈ MnÁ�ÎXÈ6Ät±¾ÄX³c±

x0
¼:Á�±lÄ8°g½À¼¾¹b¼¾±k·X´c¼¾µ?±"´e»

p Âí�ÕcªkªròQ×0ºj
x0
7:9|>I\U7YRI7Y3T@rLW7U1O3|LWjm9QLWRIC

p ∈ Mn >c3�367YRIC T 3Q5XCE1	jlLWDT>W1�sh9eC^ëiN8CE1X;EC�LAj�3Q7URICd9 tj ↗ T
FyC�;KLO1X9e7:HBCdD3Q5XC�9eC^ëONXCE1X;EC

xj := F (p, tj)
jlLWD�C^>W;=5

j ∈ N
_~`nC�18LW3QC

F (p, tj) ∈Mtj

>A1XH
lim
j→∞

xj = lim
j→∞

F (p, tj) = lim
t↗∞

F (p, t) = x0,

3Q5�NX9 M D6Cd>W;=5XCd9
x0
>A3�3Q7URbC

T
_

ß|LcF$9QN8@8@rLO9QC¡3Q5X>A3 M DQC^>W;=58C^9
x0
>A3�3Q7URIC

T
_o÷GLW1X9Q7UH8CEDI3Q5XCt3Q7URICV9QCdëiN8CE1?;KC

tj
9eNX;=5�365X>c3hjlLWD�C^>W;=5

j ∈ N
�
2nCH

√
T − tj < 2−(j+1) >W1XH	HBCKJX1XC Fj := F−1(B1/2j (x0) ∩Mtj ) ⊂Mn.

��7U1X;KC M DQC^>W;=58C^9
x0
>c3[3Q7URIC

T
�
Fj 6= ∅ jlLOD	>W\Y\ j ∈ N

_þ�XN8DQ3Q58CdD	9Q7Y1?;KCW�|jlDQLORÿ��DQLO@?Li9e7Y3Q7ULW1
13.1.1

|F (p, tj) − limt→T F (p, t)| ≤ 2nCH
√
T − tj <

1
2j+1

FGC�9QCEC<3Q5?>c3�jlLWD|>W\Y\
p ∈ Fj

�
lim
t→T

F (p, t) ∈ B3/2j+1(x0)
>A1XH[3Q5?>c3�7]j

p 6∈ Fj , lim
t→T

F (p, t) 6∈ B1/2j+1 (x0)

9QLt3Q5X>A3[wla�sV3Q58C	>AarLcfWC�>W1XHÚ7Y1?HBNX;�367YLO1?z<jlLODM>A\U\
p 6∈ Fj

�
p 6∈ Fj+n

jlLWDb>A\U\
n ∈ N

_4�"5X>c3g7:9d� {Fj} 7U9M>HBC^;KD6Cd>W9Q7U18Z�9eC^ëONXCE1X;EC�LAjk9eCE369d_�ßTLcF��O9Q7Y1?;KC M 7U9�@8D6LW@rCED6\Ys�CdRgarCdH8H8CdH�>W1XHI9eRIL�LA365�>A1XH
B1/2j (x0)∩Mtj

7U9;KLORI@X>W;K3�jlLWD|9QN���;K7UCE1i3Q\Ush\:>AD6ZWC
j
7Y3|jlLO\Y\ULcF|9y3Q5X>A3

Fj
7:9|;KLORI@X>W;K3�jlLWD|C^>W;=5¡9eN���;E7YCd1O36\Ys[\U>WDQZOC

j ∈ N
_��"5�NX9

∩j∈NFj
7:9�>b;K\ULO9QCdH�1XLW1BìºCERI@B3�s�9QCK3^_m��>AÜOC

p0 ∈ ∩j∈NFj ,
3658CE1 |F (p0, tj)− x0| < 3/2j+1 jlLWD"C^>W;=5 j ∈ N

_�"5�NX9
lim
t→T

F (p0, t) = lim
j→∞

F (p, tj) = x0;>A1?H�3658CED6CKjlLODQC
x0
7:9|>b\U7YRI7Y3|@?LO7Y1i3|LAj

p0
>A3�3Q7URbC

T
_ ♦Ñh¥�ÒÔÓ8Õ^Ö~×y�"58C

p0
jlLWN81?HS3QLID6Cd>O;=5

x0
>c3y3Q7URIC

T
jlLW\U\ULcF�7Y18ZgjlDQLOR M D6Cd>W;=5X7Y18Z

x0
>c3y3Q7URIC

T
RS>�sI18LA3�arCN8187:ëiN8CW_

�T>�f�7U18Z¡18LcFoCE}�@X\YLODQC^H43658C�;KLO1X;KCd@B3�LAj"DQC^>W;=587U18ZhFyC�>AD6Cb18LcF�7U1Ý>[@rLO9Q7Y3Q7ULW1V3QL4HBCEJX18CILWN8D�9Q7U18ZWN8\:>AD�>W1XHD6CEZWNX\U>WD"9QCK3=9E_
¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®«¬?®:k®¯{°K± M = (Mt) ² °<³<Á�¹I´^´c±lÄiýB·Ê¸Q´6·X°E¸�½À¿M°E¹ ² °=ÏWÏO°6Ï�ÁE´c½ÀÎB±Ë¼x´cµ[´e»"¹I°=³Aµ[ÈKÎB¸�ác³c±ËÎB¸Q°vÆ"´AÇ�Å2´A¸T³<Á�¹I´^´c±lÄP·Ê¸Q´6·X°E¸�½À¿°E¹ ² °=ÏWÏO°6Ï4ÁE´c½ÀÎB±Ë¼x´cµ�´�»I¹S°=³cµÛÈEÎB¸�á�³A±«ÎB¸6°|Æ�´cÇ Ç~¼¾±lÄ4ðM°KÎB¹S³cµ?µh»=¸Q°=° ² ´AÎBµrÏW³A¸�¿�È=´cµrÏA¼¾±«¼x´Aµ8ÁºÉ4¼¾µ U × [0, T ) ÂÃ °�ÁK³A¿I±¾ÄX³c± x0 ∈ U

¼:Á�³bÁ�¼¾µiÐWÎB½Y³c¸G·X´c¼¾µX±y´�»�±lÄ8°<ÁE´c½]ÎB±«¼x´AµV³c±p±Ë¼¾¹S°
T
¼ » M ¸Q°=³WÈ=Ä8°KÁ

x0
³A±�±Ë¼¾¹I°

T
³AµrÏgÄX³�Áµr´tÁ�¹I´^´c±lÄÔ°6ÌO±º°Eµ8Á�¼x´cµ ² °E¿W´cµÊÏt±Ë¼¾¹I° T ¼¾µê³AµX¿tµr°E¼]Ð�Ä ² ´cÎB¸QÄX´d´^ÏV´e» x0

Â�� ½¾½�´c±lÄ8°E¸�·8´A¼¾µX±«Á	ÅºÇ{ÄB¼xÈ6ÄÔ¼¾µrÈE½ÀÎXÏW°KÁ±lÄ8´�ÁE°�µÊ´c±~¸Q°=³OÈ6ÄX°6Ï ² ¿b±¾ÄX°<ÁE´c½ÀÎB±Ë¼x´cµWÉb³c¸6°�È=³c½¾½Y°=ÏI¸Q°ºÐWÎB½Y³c¸�·X´c¼¾µX±«Á Âbâ ÄX°<Á�¼¾µiÐWÎB½Y³c¸PÁE°K±G³A±~±«¼¾¹S° T ¼:Á�ÏW°Eµr´A±º°=Ï ² ¿
singTM

³cµÊÏS±lÄ8°g¸Q°ºÐAÎB½Y³A¸<ÁK°E± ² ¿ regTM Â
�|����� �$�	���&����
��$�{�v����h�{�	���[�
021¡3Q5X7U9P9eC^;�3Q7ULW1tFyC�ZO7YfOC�>IRbLODQC�H8CK36>W7Y\UCdHt9e36>A3QCdRbCd1i3TLAjm3Q5XLO9QC�DQC^9eNX\]3=9"jlLWDPF�587U;=5tFyC�>AD6C�>A7URI7Y1XZX_��T>�f�7U18Z18LcFo7U1i3QD6LBHBNX;KC^HV9Q7U18ZWN8\:>AD67Y3Q7UCd9<FGCS>WDQCI>Aa8\UCM3QLtHBCE\U7U18Cd>A3QCILWN8D�>W7YRS9�RILWD6CgjlLODQRS>W\Y\UsW_I �j¾36CED�LWN83Q\U7Y187U18Z¡LWNXD

åEæ��



>A7URS9E�{FGCIF�7U\Y\GHBCd96;KD67YarCb3Q58C�>O9Q9QN8RI@B367YLO1X9�FGCSF�7U\U\~RI>WÜWCILW1n3658C�9eNXDejx>O;KCd9<arCE7U18Z4;KLO1X9Q7UHBCdDQC^H�7U1ÚLWD=HBCED<36L@8D6LcfWC<LWN8D�D6Cd9QN8\Y369d_
0º3�5X>O9S>A\UDQC^>WHBsÝarCECd1êRICd1O367YLO18CdH�3Q5?>c3�FyC¡>WDQC	FyLWD6Üi7U18Zn7Y1ê36587U9I@?>ADQ3ILWjP3658C¡3Q5XCd9Q7U9b36LcFy>WD6H89M\UL�;d>A\|>W1XHZW\ULWa?>A\kD6CEZON8\U>WDQ7Y3�sW_|�"5XC�\YLB;d>A\vD6CEZON8\:>AD67]3�s[ZW7UfWCd9T;KLW1?HB7]367YLO1X9�365X>c3<F�7Y\U\�7YRI@8\Us¡DQCdZWN8\:>AD67]3�shjlLWD<>SZW7UfWCd1t@?LO7Y1i3d�F�58CdDQC^>W9pZO\YLOaX>A\XDQCdZWN8\:>AD67]3�sb9Q>�sB9G9eLORbCE3Q587U18Zg>Wa?LONB3�3658CP3QLA3=>A\?RbC^>W9QN8D6CT>A1XH���LWDyHB7URbCd1X9Q7YLO1SLAj�3Q5XC<9Q7Y1XZWN8\:>ADQì7Y3�s[9QCK3d_
�"58CÚëiNX>A1i3Q7Y3�s,FyCVF�7U\Y\�arCV\UL�LWÜ�7U18Zê>A3[jlLOD[\ULB;E>W\<D6CEZON8\:>AD67]3�sê7U9tè�>WNX9Q9Q7:>A1 HBCd1X9Q7]3�sO_&�pD6LW@rCED6\YsêjlLWD6RS>A\U\YsHBCEJX18CdHn7U1ÝØTCEJX187Y3Q7ULW1

16.1.2
FyC�9Q7YRI@8\Us4RICE1i3Q7ULW1Ú58CdDQCb365X>c3�FyCS;E>A1ÚF�D67]36Cb3Q58Chè�>WNX9Q9Q7:>A1ÚHBCE1X9Q7Y3�stjlLWD�>RICd>W1¡;EN8D6f�>A3QN8D6C<�XLcF�F�7]3654ß|CENXRI>W181	jlDQCdC�a?LON81XH8>WDQs	;KLO1XHB7Y3Q7ULW1X9"LO1[3658Cg9QN8@8@rLWDQ3T9eNXDejx>O;KC

Σ
>AD6LWN81XHh3Q5XC@rLW7U1O3

(x0, t0) ∈ Σ × (0, T ]
>O9

Θ(M, x0, t0) = lim
t→t0

eCκ
2δ
Σ (t0−t)δ

∫

Mt

ϕσ,(x0,t0)ηx0,t0ρκΣ,(x0,t0)dµt

jlLWD�>W1�s
σ > 0

F�5XCED6C
ϕσ,(x0,t0)

7:9�>n\YLB;E>W\Y7:96>c3Q7ULW1ÛjlN81X;K3Q7ULW1,9Q7YRI7U\U>WDI3QLn3Q58CtarLWNX1XH8>AD6s�\YC^9Q9b\ULB;E>A\U7:9Q>A3Q7ULW1jlN81X;K3Q7ULW1ÚHBCKJ?18CdH�jlLWD6RS>A\U\Yst7U1nØPCKJ?187]367YLO1
14.1.1

_� T9�FyCS9e5?>A\U\m9QCECO�k7U1�3658CS9eRIL�LA365V;E>O9eC^9E�Ê3658C�è�>ANX969Q7U>W1HBCd1X9e7Y3�s¡ZW7UfWC^9|NX9T3Q58CbCK}B@rCd;K3QCdH4f�>W\YNXCd9T3Q5X>A3<;KLODQD6Cd9Q@rLW1XH¡CE}B>O;�36\Ys[3QL[NX9eN?>A\�RbC^>W9QN8D6CgHBCE1?9e7Y3Q7UCd9d_<�"5X7U9Tjx>W;K3a8D67Y1XZO9�NX9�3QL¡3Q5XCS7Y1i3QCd1i3�3QL49Q58LcFo365X>c3g3Q58CS7URI@8\Y7:;E>A3Q7ULW1Ô>W\U9QL¡58LW\:H89�7U1n3Q58C�LW3Q58CdD�HB7UDQC^;�3Q7ULW1v_[�"5X>A3�7U9d�{7Yj3Q5XCSè�>WNX969e7:>A1nHBCE1X9Q7Y3�s47U9�>W@8@8D6L�}B7YRS>c36CE\Us¡F�5X>c3�LW1XCMFyLWN8\:HVCK}B@?C^;�3�7U1�3658CS9eRIL�LA365n;d>W9QCW�Ê3Q5XCE1n3Q58CI@rLW7U1i37U1V9Q@X>W;ECg367YRICI>AD6LWN81XH�F�587:;=5�FyC�3QL�LOÜ¡3Q58C�è�>AN?9Q9Q7U>W1�HBCd1X9e7Y3�s49Q58LWN8\:H4arCbDQCdZWN8\:>AD^_��"5X>c3�7U9<FyCMCE}B@?C^;�3�>3Q5XCELWD6CER&3QLb3Q58C�C	�rC^;�3|LWj��
��� ¥�ªXÕc¥�Ò,×
� Î^·O·8´cÁE°	±¾ÄX³c± M = (Mt)t∈[0,T )

¼:Á	³V¹I°=³cµ ÈEÎB¸�á�³A±«ÎB¸6°PÆ�´AÇþÇ~¼¾±lÄnðg°EÎB¹I³AµXµ¡»=¸Q°=° ² ´AÎBµrÏO³c¸�¿ÝÈ6´AµrÏA¼¾±«¼x´Aµ8ÁÁ�Î^·W·X´c¸�±2°=Ï£´Aµ�±lÄ8°ÔÁ=Î^·O·8´A¸�±	Á=ÎB¸l»K³OÈ=°
Σ Â â ÄX°KµÞ±¾ÄX°K¸6°Û°6ÌO¼:Á=±«Á�³cµ ε > 0

Á�ÎXÈ6Ä ±¾ÄX³c±	¼ »6ýM»K´c¸Û³AµX¿�ÐW¼¾á�°Eµ
(x0, t0) ∈ Σ × (0, T ]

Θ(M, x0, t0) ≤
1

2
+ ε±lÄ8°Eµ

x0
¼:Á�¸Q°ºÐAÎB½Y³A¸g³c±G±«¼¾¹S°

t0
Â

 |\Y3Q5XLWN8ZO5ÔFGC	F�7U\Y\y18CEC^H�9QLWRIC[9Q\U7YZO5O36\YsÝ9e3QD6LW18ZOCEDg>O9Q9QN8RI@B367YLO1X9E�~7Y3I7U9MCK}8>W;K3Q\Usn3Q587:9IëONXCd9e3Q7ULW1Ý365X>c3b7U9I>WHBìHBD6Cd969eC^Hh7U1[3Q58CM÷G5X>W@B3QCdD�LW1��kLB;d>A\���CdZWN8\:>AD67]3�sO_
�8LODhZO\YLOaX>A\PDQCdZWN8\:>AD67]3�sÛFGCV\YL�LOÜ�36L�ZW7UfWCV>ÝDQC^9eNX\]3	LW1�3Q5XCVRICd>O9eNXDQC4LWj�3Q58CÚ9e7U18ZON8\U>WDQ7Y3�sÛ9QCK3^_�0º3¡7U9hFGCd\Y\Ü�18LcF�1	3Q5X>A3TN81XH8CEDT;ECEDQ36>A7U1t>WH8H87]367YLO1X>A\v>O9Q9QN8RI@B367YLO1X9"3Q5XC �T>WNX9QH8LWD!�

n
ìËRIC^>W9QN8DQC�LWj{3658Cg9Q7Y18ZON8\:>AD67]3�s	9eCE3|LAj>A1

n
ì2HB7URICE1X9Q7YLO1X>A\XRbC^>A1h;EN8D6f�>A3QN8D6C"�XLcF�F�7Y3Q58LONB3GarLWN81?H8>AD6sg7:9#"dCED6LX_{`VCPF�7Y\U\r9Q58LcF�wlN81?HBCED">W969eNXRb@83Q7ULW1X9=z3Q5XC�9Q>WRbC�D6Cd9QN8\Y3"5XCED6CW_p�"5X>A3"7:9"FyC�9e58LcF

��� ¥�ªXÕc¥�Ò,×
� Î^·O·8´cÁE°g±lÄ8³A± M = (Mt)t∈[0,T )

¼:Ág³cµ
n
¶eÏc¼¾¹S°KµXÁ=¼x´Aµr³A½v¹S°6³AµnÈEÎB¸�á�³A±«ÎB¸6°�Æ�´cÇ Ç~¼¾±¾Ähðg°EÎB¹I³AµXµM»=¸6°6° ² ´cÎBµÊÏc¶³c¸�¿hÈ=´AµrÏc¼¾±Ë¼x´cµXÁ�Á=Î^·O·8´A¸�±º°=Ï�´Aµ�±lÄ8°�Á=Î^·O·8´A¸�±pÁ�ÎB¸l»K³WÈ=°

Σ
ÁK³A±«¼:Ál»=¿c¼¾µ�Ð�±lÄ8°�±º°=È=Ä�µX¼xÈ=³A½{³�Á=Á�ÎB¹|·Ê±«¼x´Aµ8Á�¹I³OÏW°g¼¾µ�±lÄ�¼:Á±lÄ8°KÁ=¼:ÁSÅº¿W°E±G±2´ ² °gÏO°�ÁEÈE¸�¼ ² °6Ï�É Â�â ÄX°Kµ

Hn(singTM) = 0.
$ 18Cb7URbRIC^HB7U>A3QCd\Ys4>O9eÜB9|7Yjy>W1�sO36587U18ZharCK3Q3QCED�58LO\UHX9PLO1t3Q5XCbarLWNX1XH8>AD6s¡7]3=9eCd\]j�� Hn−1(singT∂M) = 0

@?CdDeì5X>W@X9&%O_m�"587:9{7:9d�A58LcFyCEfWCdDd�^N81BjlLODe36N81X>A3QCE\Us�18LW3�36LParC"58LW@rCdHgjlLWDm>W9m>W1gCE1i367YD6C'�P>ANX96HBLOD(�
(n−1)

ì2HB7URbCd1X9Q7YLO1X>A\9Q7Y18ZON8\:>AD67]3�sI9eCE3";d>A1[L�;d;KN8DyLW1h3Q58C�9QN8@8@rLWDQ3"9QN8DQjx>W;KCP7Y1	>�fOCED6sb1?>c3QNXD6>W\?CE}B>WRI@8\YC<LAj�>�RICd>W1[;KNXDQfc>c36N8D6C|�XLcF3Q5?>c3|FyC�H8Cd96;KD67YarC�a?Cd\YLcF)�
åEæ ø



ù ª?§�ïd©EÕ+*-,W©d¨«ª?§�¬Bk®¾à�®«¬?®Ã °�È6´Aµ8Á�±Ë¸�ÎXÈK± Σ
³�Á�»K´c½¾½Y´AÇmÁ	.V¯{°K±

B2
2(0) ⊂ Σ

³cµÊÏÚ½Y°E±
Σ ² °�´c±lÄ8°E¸�Ç~¼:ÁK°4Á�¹I´^´c±lÄ�³cµÊÏÔÈ=´c¹T·8³OÈK±M¼¾µ�Á�ÎXÈ6Ä³nÇ�³c¿Ú±lÄ8³A±

B3
2(0) ∩ {x ∈ R3 : x3 > 0} ⊆ G. Ã °t±¾ÄX°Kµn·Ê½Y³WÈ=° Mt

´Aµ
Σ ² ¿n½Y°K±Ë±Ë¼¾µiÐ M0 ² °hÄX³c½ »¡±lÄ8°±2´c¸�Î�Á

S1
1 × S1

1/4

Ç~¼¾±lÄ�±¾ÄX°
S1

1

È6´A¸�¸Q°KÁ«·X´cµÊÏc¼¾µ�Ðn±º´
∂B2

1(0) Â�Ã °[ÁE°6°[±lÄ8³A±�±¾ÄX°	±º´A¸�Î�ÁTÆ"´AÇmÁT»K´c¸ t ∈ [0, T )»K´c¸�ÁK´A¹I°
T <

√
(5/4)2 − 2n = 25/32n

³AµrÏ4±¾ÄX³c±
Mt
Æ�´cÇmÁS±2´�³VÈK¼¾¸QÈE½Y°

S1
r ⊂ B2

2(0) Â ñ�±�»K´c½¾½0/AÇmÁh±¾ÄX³c±
singTM ⊇ S1

r

ÁE´I±lÄ8³A±yÏA¼¾¹[Å
singTM) ≥ 1 = n− 1 Â�Ã °�µr´A±º°�±¾ÄX³c±y¼¾µ4±¾ÄB¼:Á�È=³cÁK° singTM ¼:Á�³6·O·r¸Q´^³WÈ=Ä8°=Ï´cµV±¾ÄX° ² ´AÎBµrÏW³A¸�¿ ÂSâ ÄX³c±"¼:Áp»K´c¸g³A½¾½ x ∈ singTM

ý
∂M →T x

Â
`nC�18LcF RILcfWC<LW1	36LM3658C�>W969QN8RI@B3Q7ULW1X9y365X>c3|FyC�F�7Y\U\karC�RI>WÜ�7Y18Z?_
��7YD=9e3Q\UsW��3Q5XC<@XDQL�LAj�LAj�DQCdZWN8\:>AD67]3�sbD6CE\U7YC^9"LW1harCE7U18ZS>AaX\YC<3QLS;ELWRI@X>AD6CT\U7URb7Y369gwl@X>WDe367U;EN8\U>WDQ\UsI\Y7URI7]3T9QN8DQjx>W;ECd9=z~36L>t9QRbL�LW3Q5ÚDQCdZWN8\:>AD�9Q7Y3QNX>A3Q7ULW1k_	�"58C�9eRIL�LA365Ý9e7Y3QNX>A3Q7ULW1ÝLB;E;EN8D=9�F�58CE1ÝFyC�>AD6CILW1Ý>¡RS>A187YjlLW\:HÝ>A1XHn7:9�3Q5�NX9CEfOCED6s�F�58CED6Ch\ULB;E>A\U\UsÛq @8\:>A18C¡\U7YÜOCWuU_Ô`nC¡;E\YC^>AD6\YsÔH8LV18LW3bF">A1i3b3QLÝ9Q7YRI@8\UsÔ>W969eNXRbC[3Q5?>c3I3Q58C¡\U7YRI7Y3�9eN8DQjx>W;EC7:9gCdfWCED6s�F�58CED6CI\YLB;d>A\U\YsÛq @X\U>W18Ch\U7YÜOCWu�>W9�7Y3MFyLWNX\UHÚ3658CE1�a?C	9eRIL�LA365Ý7Y1�9QLWRIC	9eCd1X9eC[>A1XHn365iN?9gCdfWCED6s�F�58CED6CD6CEZWNX\U>WDd_�`VC<3658CED6CKjlLODQC<LW18\Ush>O9Q9QN8RICT3658C�FyCd>AÜOCd9e3�jlLODQR&LWj{arCE7U18ZIRILO9e3Q\Us�@8\:>A18C<\Y7UÜWCO_p�"5X>c3�7:9E�BD6Cd;K3Q7YJ?>AaX\YCO_�"58C<7UH8Cd>�LWjkDQC^;�367]J?>Wa87U\Y7Y3�sIFy>O9�CE}�@X\YLODQC^HI7Y1	HBCK3=>A7U\r7U1�3658C|J?D69e3y@?>ADQ3GLAj�3658CP3Q58C^9e7:9E_1�TCED6CT58LcFyCEfOCED^�WFyCPLO18\Ys18CdCdH	>M@?>W969e7U18ZI>W;EëiNX>W7Y1i36CE1X;ECW_~�vLbRILA367Yfc>c36C<3Q58C�RILO9e3Q\Ustq @8\:>A18C�\U7YÜOCWuBarCE5X>�f�7ULWN8D^��FGC<7Y1?;K\UNXHBC�7U1h36587U9|@X>ADQ3LAj�3Q5XCP3658Cd9Q7:9"3Q58C�jlLO\Y\ULcF�7U18ZbH8CKJX187Y3Q7ULW1v_
¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®«¬?®
� ÁE°E± M ⊂ Rn+k ¼:Á�ÁK³A¼xÏ�±2´ ² °bÈ6´AÎBµX±2³ ² ½À¿ n ¶2¸Q°=ÈE±«¼ ãy³ ² ½Y°�¼ »

M ⊂M0 ∪
∞⋃

j=1

Fj(R
n)

Ç{Ä8°E¸Q°
Fj : Rn → Rn+k ³c¸Q°�¯m¼ ·rÁEÈ6ÄB¼¾±32y»=ÎBµÊÈK±Ë¼x´cµXÁ�³AµrÏ Hn(M0) = 0.021SLWD=HBCdD~3QL�arCP>Wa8\UC�3QLg;ELWRI@X>WDQC�>�\U7YRI7Y3y9QN8DQjx>W;KC"36L�3Q5XCT\U7YRI7Y3GLAjÊ3658C��XLcF�7U1�>�DQC^>W9QLW1X>Wa8\UCyF">�sgFyC|18CdCdHb36LarCg9eNXDQC�365X>c3|3658CED6C�7:9�LW18\UshLO18Cg9QN8DQjx>W;KC�>W1XH¡18LA3�3�FyLSLWD�RILODQC�LWj�3658CER D6Cd9e3Q7U18ZILW1tCd>O;=5[LW3Q58CdDgwlRMN8\Y3Q7U@8\YC9Q58CECE369=z�_m�8LWDp3Q587:9~D6Cd>W9QLW1bFyC">O9Q9QN8RIC"3Q5XC�N8187Y3GHBCE1?9e7Y3�sg5�s�@?LW3Q58C^9e7:9d_� T\]3658LWN8ZO5I7]3p7:9~18LW3�Ü�18LcF�1M7Yj�FGC�;ELWN8\:H�XLcF£3QLh9QNX;=5t>�9Q7]36NX>c367YLO1¡7Y1tRICd>W14;KN8D6fc>c36N8DQC��?LcF£F�7Y3Q54ßTCEN8RS>A1X1¡jlDQCdC�a?LON81XH8>WDQs	;KLO1XHB7Y3Q7ULW1X9d�83658CED6C�>AD6C;KCdDe3=>A7U18\Ush;KLO1X;KCd7Yfc>AaX\YC�\U7YRI7Y3P9eNXDejx>O;KCd9G365X>c3|FyC�Fy>W1i3y36L�>�fWLO7UH�_~  HBCdCE@rCED|HB7:96;KNX969e7ULW1	LAj�3Q5X7U9�@XDQLOa8\YCdRü;E>W1arC�jlLWN81XH¡7U1�4yD6>WÜiÜOCMô � ö{LWD�ó�;=ÜOCED�ôÀõdöË_G021¡LWD=HBCEDy3QLS@X\U>O;KC�>A1t>O9Q9QN8RI@B3Q7ULW1	LW1	3658C�HBCE1?9e7Y3�shLWjm>I9QN8Dejx>O;KC�FyC>A\:9QLM18CdCdH[3QLSÜ�18LcF F�5X>c3�3658C�HBCE1?9e7Y3�s�7:9E_p�{Lb3Q587:9�CE1?H[FyC�RS>AÜWC<3658C�jlLW\U\YLcF�7U18ZIHBCKJ?187]367YLO1k_

¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®¾à�®¯{°K±
µ ² °b³�¹I°=³cÁ=ÎB¸6°M´Aµ Rn+1 Â ¯{°K± M ⊂ Rn+1 ³AµrÏ x ∈ Rn+1 Â�â Ä8°EµV±lÄ8° n ¶eÏc¼¾¹S°Eµ8Á�¼x´cµÊ³c½�ÏO°KµXÁ�¼¾±«¿[´e» MÇ~¼¾±lÄ¡¸Q°KÁË·8°=ÈE±G±2´

µ
³c±
x
¼:ÁgÏO°xã�µr°=Ï ² ¿

Θn(µ,M, x) := lim
r→0

µ(M ∩ Br(x))
ωnrnÇ{Ä8°E¸Q°

ωn
¼:Á�±lÄ8°gá�´A½ÀÎB¹I°b´�»�±¾ÄX°

n
¶ ² ³c½¾½ Â`nCM>A\:9QLS18CEC^H¡3QL[CK}8>ARI7U18C�3Q5XCgRICd>O9eN8D6C�LAjp\U7URb7Y3<9QN8DQjx>W;ECd9d�83Q5X7U9<;K\UCd>WDQ\Us[;d>A1818LW3TarCMHBLO18CgF�58Cd1¡3Q58CM\Y7URI7]3LAj�3658CTRIC^>W9QN8DQC^9p5X>O9p18LW3Q587U18Z�36LMHBLMF�7]365S3Q5XCT\U7YRI7Y3yRICd>O9eNXDQCO_{`nC|3658CED6CKjlLODQCT>O9Q9QN8RICT>WDQC^>�;KLW1i367Y1�N87Y3�sW_m`nC9e36>c36C<3Q58C�>Wa?LcfOCT3658DQCdC�>W969eNXRb@83Q7ULW1X9yjlLODQRS>A\U\UsS7Y1	3Q5XC�jlLW\U\YLcF�7U18ZIHBCKJX1X7]367YLO1k_

¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®:k®
� Á=¹S´^´c±lÄiýk·Ê¸Q´6·X°E¸�½À¿	°E¹ ² °=ÏWÏO°=Ï�ÁE´A½ÀÎB±«¼x´Aµ M = (Mt)t∈[0,T )

´�»�¹S°=³cµÝÈKÎB¸�ác³c±ËÎB¸Q°yÆ�´cÇ Ç~¼¾±lÄ	ðg°EÎB¹I³AµXµM»=¸6°6°
² ´cÎBµÊÏW³c¸�¿SÈ=´cµÊÏc¼¾±Ë¼x´cµ8Á�¼¾µ U × [0, T )

Å »K´c¸PÁK´A¹I°g´6·X°Kµ
U ⊂ Rn+1 ÉM¼:ÁPÁK³A¼xÏI±2´MÁK³A±«¼:Ál»=¿I±lÄ8°�ÓBÕc¥�Ó5,Oª?§Ê©^¨x§6*�¨l©=ûÓ8§879*�§�¨l©:7�¥�§{ï^¨l©=û � û�î�ª?© � ¥�ïd¨«ï|ÓB©T©^¨xÒÔ¥

T
¼ »"±¾ÄX°GÄ�¿6·X°E¸=Á=ÎB¸l»K³OÈ=°�Á

Mt
È=´cµXác°E¸«ÐO°T¼¾µ�±lÄ8°�ÁK°Eµ8ÁE°P´�»y¹I°=³cÁ=ÎB¸6°�Á

åEæ õ



±2´M³Aµ Hn ¶2¹S°=³�Á�ÎB¸Q³ ² ½Y°KýmÈ=´AÎBµX±2³ ² ½À¿ n ¶2¸Q°=ÈE±«¼ ãy³ ² ½Y°TÁ�Î ² ÁE°E± MT ⊂ U
´�»

Rn+1 ´�»T½Y´^È6³A½¾½À¿"ãpµX¼¾±2° Hn−measure Ââ Ä8³A±y¼:Á
lim
t↗T

∫

Mt

φdHn =

∫

MT

φdHn w ådç _ å z
»K´c¸b³c½¾½

φ ∈ C0
0 (U) Âß|LW3QC�365X>c3�w

13.1
zG7YRI@8\U7UCd9�7U1¡@X>ADQ3Q7:;KN8\:>AD�w«9eCdCW�BjlLOD�CW_ ZX_mó�;=ÜWCdD�ô õ^ö¾zG365X>c3�jlLOD�CEfWCdDQs

x0 ∈ U

lim
t↗T

Hn(Mt ∩ Bρ(x0)) = Hn(MT ∩ Bρ(x0))

jlLWD|>W\Y\�aXNB3T;KLON81i36>AaX\Ys�RS>W1is
ρ > 0

F�58Cd18CEfOCED
Bρ(x0) ⊂ U

_
�"58Cn>AD6Cd>Ý;KLO1i3Q7U1iNX7]3�sê>A1XH,NX187]3¡HBCE1?9e7Y3�sÛ5�s�@rLA3Q5XCd9Q7U9h7U9h18LA3¡>Ý18CEF�>O9Q9QN8RI@B3Q7ULW1v��a?Cd7Y18Zê>A\:9eLÝRS>OHBC4jlLOD3Q5XCg9eRIL�LA365	;d>W9QC�7Y1¡ó�;=ÜOCED�ôÀõ^öº_G  9Q7YRI7U\U>WDT>W969QN8RI@B3Q7ULW1	7U9T>A\:9eLIRS>WHBC�7U1¡3Q5XC�FGLODQÜ�LWj;4yD=>AÜ�ÜWCPjlLWD|3Q58C�D6CEZWìN8\:>AD67]3�s�3Q58CdLWD6CER�w«�"58CELODQCdRüø8_ å=< zG7Y1�4yD6>WÜ�ÜWCbô � öË_p`nC�F�7U\Y\{58LcFGCdfWCdDy1XCECdH¡>OH8HB7Y3Q7ULW1X>W\k>W969eN8RI@B367YLO1X9�>AarLWN83F�5X>A3|5X>A@8@rCE1?9�LW1	3Q5XC�a?LON81XH8>WDQsO_��"58C^9eC�>AD6C�18LW3|DQC^9�36DQ7:;K7Y3Q7ULW1X9�9Q7URb@X\Ysh3QLSRS>AÜOCP3658C�@8D6L�LAj�Cd>W9Q7UCED^�BD6>A3Q58CdD3Q5XCIH8Cd9Q7YD6CdHVDQCdZWN8\:>AD67Y3�s	D6Cd9QN8\Y3�7U9�9Q7YRI@8\Us418LW3�3QD6N8CIF�7]3658LWNB3�9QLWRICS;KLO1O36DQLO\{LcfOCED<3Q5XCbarLWNX1XH8>AD6s4>W9�FyCI9eCdCF�7Y3Q5	3Q58C�jlLO\Y\ULcF�7U18ZMCE}8>ARI@8\UC>�
ù ª?§�ïd©EÕ+*-,W©d¨«ª?§�¬Bk®¾à�®¾à�®Ã °MÈ=´cµ8Á�±Ë¸�ÎXÈK±G±¾ÄX° 2

¶eÏc¼¾¹S°KµXÁ�¼x´cµr³A½�Á�Î^·W·X´c¸�±GÁ�ÎB¸l»K³WÈ=°
Σ ⊂ R3 ¼¾µMã�á�°"·r¼x°=È=°�Á Â Σi

ý
i = 1, 2, 3, 4, 5 Â

Σ1 := ∂B1(0) ∩ {x ∈ R3 : x3 > 1/4},³<·Ê¼x°=È6°I´e»�³IÁË·8ÄX°K¸Q°I³ ² ´Aá�°M±lÄ8° 2
·r½U³cµr° Â

Σ2 := B2
31/16(0) ∼ B2

1/2(0),³cµÚ³cµ?µXÎB½ÀÎ�Á<¼¾µ�±lÄ8°
2
¶U·r½U³cµr° Â

Σ3 := ∂B2(0) ∩ {x ∈ R3 : x3 > 1/8},³cµÚ´cÎB±2°K¸y·Ê¼x°=È6°S´e»�ÁË·8ÄX°K¸Q° Â Σ4
¼:Á�±¾ÄX°KµÝ³IÁ�¹S´d´A±¾ÄVÈ=´cµXµÊ°=ÈK±Ë¼x´cµ ² °E±ËÇ�°6°Eµ Σ1

³cµÊÏ
Σ2
Á�ÎXÈ6Ät±¾ÄX³c±

Σ4 ⊂ B1(0)³cµÊÏ
Σ5
¼:Á�³gÁ=¹S´^´c±lÄ[È=´AµXµr°=ÈE±«¼x´Aµ ² °E±ËÇ�°6°Eµ Σ2

³cµrÏ
Σ3
Á�ÎXÈ6Äh±lÄ8³A±

Σ5
¼:Á�³MÁ=Î ² ÁE°K±p´e»T±lÄ8° 1/8

µÊ°K¼]Ð�Ä ² ´cÎB¸QÄX´d´^Ï´�» {x ∈ R2 : |x| = 2} Â

Σ1

Σ2

Σ3

Σ4

Σ5

M0

��7YZON8D6C å^ç _ å ��÷GD6LO969y9QCd;K3Q7ULW1	LAj�÷GLW1X9e3QD6NX;K3Q7ULW1
13.2.2

Ã °4±¾ÄX°Kµ�ÁE°E± M0 := ∂B3/2(0) ∩ {x ∈ R3 : x ≥ 0} Â Ã °tÁK°=°¡±lÄ8³A± Mt
¼:Á4³�Ä8´A¹I´A±¾ÄX°K±Ë¼xÈ=³c½¾½À¿�ÁQÄ�¸�¼¾µ@?A¶¼¾µiÐ¡Ä8³A½ »bÁË·8ÄX°K¸Q°P»K´c¸

t ∈ [0, 5/16) ÂBA ´AÇ�°Kác°E¸=ý M ¸Q°=³WÈ=Ä8°KÁ
Σ1
³A±
t = 5/16

Åº¼¾µÔ±lÄ8°SÁE°KµXÁK°h±lÄ8³c±�»K´c¸h°=³WÈ=Ä
åEæDC



x ∈ Σ1
ý M ¸Q°=³WÈ=Ä8°KÁ

x
³A±G±Ë¼¾¹S°

t = 5/16
É Â � ¼¾µrÈ=°M±¾ÄX°K¸Q°M¼:Á�µÊ´SÁ�¹S´d´A±¾Än°6ÌW±2°Eµ8Á�¼x´cµÚ´�»�±lÄ8°M¹S°=³cµÝÈKÎB¸�ác³c±ËÎB¸Q°Æ�´cÇêÇ~¼¾±¾ÄIðM°KÎB¹S³cµ?µ<»=¸6°6° ² ´AÎBµrÏO³c¸�¿SÈ6´AµrÏA¼¾±«¼x´Aµ8ÁTÁ�Î^·O·8´A¸�±º°=ÏS´cµ Σ

¼¾µ4³cµX¿bµr°E¼]Ð�Ä ² ´cÎB¸QÄX´d´^Ïh´e»<³AµX¿ x ∈ Σ1
ý�¼¾±»K´c½¾½U´cÇmÁg±lÄ8³A±

Σ1 ⊂ sing5/16M
³cµÊÏIÁ�¼¾µrÈ=°bÏc¼¾¹	Å

Σ1) = 2 = n
¼¾±Ê»K´c½¾½Y´AÇmÁg±¾ÄX³c±GÇ�°bÈ=³Aµ¡Ä8³Aá�°

n
¶eÏA¼¾¹I°Eµ8Á�¼x´cµÊ³c½Á�¼¾µiÐWÎB½Y³c¸�¼¾±Ë¼x°KÁM´�»G·X´�Á�¼¾±«¼¾ác° Hn ¹S°6³cÁ�ÎB¸Q°�¼¾µ�±¾ÄX°PðM°KÎB¹S³cµ?µg»=¸Q°=° ² ´AÎBµrÏW³A¸�¿hÈ=³�ÁE° Â`nCy>OH8HBD6Cd969k36587U9�@8D6LWaX\YCdR�JXD69e3Q\Us�3Q5XDQLON8ZW5�3658Cya?LON81XH8>WDQs�>A@X@8DQLi>W;=58C^9karLWN81?H8>AD6s�>W969eN8RI@B367YLO1gF�587:;=5M9e36>A3QC^93Q5?>c3�3Q5XCg9eNXDejx>O;KC�;E>W1	LO18\UshD6Cd>W;=5¡>I@rLW7U1O3|LO1

Σ
7Yj~7]3|7:9�D6Cd>W;=5XCdH[aish3Q58Cga?LON81XH8>WDQsh>W1XH¡9eL�;d>A181XLA3|;KLO\Y\U7UH8CF�7Y3Q543658CI9eN8@X@?LODe3�9eN8DQjx>W;EC�jlD6LWR 3Q5XCM7U1i3QCED67ULWDP>O9T7Y3�HB7UH�7Y1�3Q58CI>AarLcfWCM;KLW1?9�36DQNX;K3Q7ULW1k_��"587:9P>O9Q9QN8RI@B367YLO147U99e36>c36CdHhjlLWD6RS>A\U\Ys�arCE\ULcF�_

¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®FEv®
� Á�¹I´^´c±lÄiý?·r¸Q´=·8°E¸�½À¿�°E¹ ² °=ÏWÏO°6ÏMÁE´A½ÀÎB±«¼x´Aµ8ý M = (Mt)t∈[0,T )

ý~´e»T¹S°=³cµ4ÈKÎB¸�ác³c±ËÎB¸Q°mÆ�´cÇÛÇ~¼¾±¾ÄIðM°KÎB¹S³cµ?µ<»=¸6°6°
² ´cÎBµÊÏW³c¸�¿�È=´cµÊÏc¼¾±Ë¼x´cµXÁ�Á�Î^·W·X´c¸�±2°=Ï�´cµS±lÄ8°yÁ�Î^·O·8´A¸�±�Á�ÎB¸l»K³WÈ=° Σ ¼:Á�ÁE³c¼xÏ�±2´PÁE³c±Ë¼:Ál»=¿<±lÄ8°1G�ªH*�§87{ÓBÕ�ûtÓBî�î{ÕcªrÓI, � ¥�ïG�ª�*{§87�ÓBÕ�ûÛÓ8ï^ïJ*�ÒÝî�©d¨«ª?§,¼ »~»K´A¸M³c½¾½

x0 ∈ Σ M →T x0
¼¾¹T·r½À¼x°KÁ

∂M →T x0
Â

Ñh¥�ÒÔÓ8Õ^Ö~×yß|LW3QC�3Q5?>c3�3Q5XC�a?LON81XH8>WDQs�>W@8@8D6LO>W;=5XCd9ya?LON81XH8>WDQs�>O9Q9QN8RI@B367YLO1[7URI@8\Y7UCd9�3Q5X>A3
∂MT = MT ∩ Σ

_
�"587:9S>W969eNXRb@83Q7ULW1�>A\ULW18C¡7:9I18LA3�9QN���;K7UCE1i3d_ �{LÚRI>WÜWC	3Q5XC¡>O9Q9QN8RI@B367YLO1X9S9eNI�S;E7YCd1i3IFyCt;E>W1�3=>AÜWC¡LO18C¡LAj3�FyL�>WH8HB7Y3Q7ULW1?>A\k>W969QN8RI@B3Q7ULW1X9d_G�"5XC�3�FGLS>W969QN8RI@B3Q7ULW1X9T>AD6C<7U14>IF">�sh>A1X>W\YLOZW7UCd9yLAjmCE7Y3Q5XCED|3658C�N8187Y3PHBCd1X9Q7]3�s5�s�@?LW3Q58C^9e7:9TLODT3658CI>AD6Cd>h;ELW1i3Q7U1�N87Y3�s	5�s�@rLA3Q5XCd9Q7U9d_��"58CgJ?D69e3d��9Q7YRI7U\U>WDT36Lh3658CMNX187]3�HBCd1X9e7Y3�s4>W969QN8RI@B3Q7ULW1k��>O9FyC|9eCdC�7Y1[÷G5X>W@B3QCdD åJC �A\UCd>WHX9~fWCdDQsgëiN87:;=Ü�\Ysg3QL�3658C|ZW\ULWa?>A\BD6CEZWNX\U>WDQ7Y3�s�3Q5XCELWD6CER¡_�0º3p7U9GHBN8C"36L�3Q58C|>W@8@X>WDQCd1O36\Ys3QD67Ufi7:>A\U7:9e7U18Z�9Q7YRI@8\U7U;E7]3�sM3Q5?>c3GFyC|>A\:9QLg>WH8H8DQC^9Q9~>�H87K�ÊCED6CE1i3G>OH8HB7Y3Q7ULW1X>W\?>W969QN8RI@B3Q7ULW1k_m�"587:9�9QCd;ELW1XHS>OH8HB7Y3Q7ULW1X>W\>W969QN8RI@B3Q7ULW1I7:9pFyCd>AÜOCED~7U1I3Q58CP9eCd1X9eC|3Q5X>A3�RILWD6C�FGLODQÜ�7:9pD6CdëiN87UD6CdHM3QL�@XDQLcfOCG3658C|ZO\YLOaX>A\8D6CEZON8\:>AD67]3�s�3658CELODQCdR¡�a8NB3b9�36DQLO18ZWCdD�7Y1Ú3658Ch9QCE1X9QCI3Q5X>A3gFyCS18CEC^H�36L�>W969QN8RICI3�si@rC�0�;KN8D6fc>c36N8DQCSarLWNX1XH89d_[`nChHBC^9Q;EDQ7Ua?CI3658CS3�FyL>W969QN8RI@B3Q7ULW1[jlD6>WRICEFyLWD6Ü�9GarCE\ULcF�_
`nCh18LW3QCSJXD=9e3Q\UsW�m58LcFyCEfWCdDd�{3Q5?>c3M>W\]3658LWN8ZO5Ú3Q58C[a?LON81XH8>WDQsÚ>A@X@8DQLi>W;=58C^9�a?LON81XH8>WDQsÚ>W969QN8RI@B3Q7ULW1ÔHBL�C^9�18LW3>A@X@?C^>AD�36Lta?C[18Cd;ECd969Q>WDQs47U1Ú3Q5XC�ZW\ULWaX>W\~DQCdZWN8\:>AD67Y3�s4@8D6LiLWjyNX1XHBCEDg3Q58ChDQCdZWN8\:>AD67]3�sV>W969eN8RI@B367YLO1X9�0IwxHBCEJX18C^HjlLWD6RS>A\U\Ys�arCE\ULcFTz{7]3~7:9m7Y1i36DQ7U1X9Q7U;d>A\U\Ys�18C^;KCd9696>AD6s<7U1b3Q5X>A3~7]3~7:9mNX9eC^H�7U1b3Q58C"@8D6L�LAjXLWjX3Q5XC|÷G\UCd>WDQ7U18Z $ NB3L�kCERIRS>8�F�587:;=5[7U1	3QN8D61¡7U9"7URI@?LODe3=>A1i3�jlLWD�ZO\YLOaX>A\ÊD6CEZON8\U>WDQ7Y3�sW_
MbªH*�§-7�ÓBÕ�ûONhï^ïJ*�ÒÝî�©d¨xªr§�ï Pc×
�k7UÜWCh3Q58C	N8187Y3�HBCE1?9e7Y3�sÝ>W969eN8RI@B367YLO1ÝjlLWDb3658C[arLWNX1XH8>AD6s�\YC^9Q9M;E>O9eC[F�58CED6C�3658C	>O9Q9QN8RI@B367YLO1�7:9g7U1�@8D67U1X;K7U@8\UC@8D6CEfOCE1i3Q7U18Zt3658C	;ELW18ZODQCdZO>A3Q7ULW1ÚLAjTRMN8\Y3Q7U@8\YC¡9Q58CECE369d�p9�3=>c3Q7U18Z�3Q5X>A3M3658CED6Ch7:9b7Y1ÛCd969eCd1X;KC�LO18\UsnLO18C¡9e58CdCK3bLAj3Q5XC��XLcF D6Cd>O;=587Y1XZI>W1�s�@?LO7Y1i3^_pÙ|1XHBCdD�3Q5XC�9Q>WRbC�@XDQ7U1X;K7U@8\UC�LAj~>W969eN8RI7U18Zb3Q5X>A3|LW18\Us�LO18C�9e5XCECK3|D6Cd>O;=58Cd9">W1isarLWN81XHX>AD6s	@rLW7U1i3d�ÊFyCgFyLWN8\:H¡3Q5XCE1�arCI>W969eN8RI7U18Zh5?>A\Yj�HBCE1X9Q7Y3�sW��LWDPN8187Y3<RMN8\Y3Q7U@8\Y7:;K7Y3�stLW1n>�5X>W\]jp@X\U>W18CW_�`nC9e36>c36C<3Q587:9|>W969QN8RI@B3Q7ULW1[jlLWD6RS>A\U\Ysh>O9yjlLW\U\YLcF|9d_
¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®3Q�®¯{°K± M = (Mt)t∈[0,T ) ² °<³�Á�¹S´d´A±¾Ä�ýB·r¸6´6·X°K¸�½À¿b°K¹ ² °6ÏOÏW°=Ïg¹I°=³cµ¡ÈKÎB¸�ác³c±ËÎB¸Q°vÆ"´AÇÝÇ~¼¾±¾Ägðg°EÎB¹I³AµXµT»=¸6°6° ² ´cÎBµÊÏc¶³c¸�¿�È=´cµÊÏc¼¾±Ë¼x´cµXÁPÁ�Î^·W·X´c¸�±2°=ÏS´cµt±lÄ8°<Á�Î^·O·8´A¸�±pÁ�ÎB¸l»K³WÈ=°

Σ Â M ¼:Á<±¾ÄX°Kµ¡ÁE³c¼xÏS±º´MÁE³c±Ë¼:Ál»=¿I±¾ÄX°R*�§{¨x©gÒ9*�úl©^¨lîmúx¨S,W¨l©=ûÓ8ï^ïJ*�ÒÝî�©d¨«ª?§�¼ »p»K´A¸ Hn ¶e³A½À¹I´cÁ�±"³A½¾½ x ∈ ∂MT

Θn(Hn,MT , x) ∈
{

0,
1

2

}
.

Ñh¥�ÒÔÓ8Õ^Ö~×|ßTLA36C�3Q5X>A3|3Q5XC��XLcF�7Y1V÷GLO1X9e3QD6NX;�367YLO1
13.2.2

H8LiC^9�18LW3P9Q>A3Q7:9�jls[3Q5XC�N8187Y3PRMN8\]367Y@X\Y7:;K7Y3�s	>O9Q9QN8RI@Bì3Q7ULW1t9Q7Y1?;KC Hn(Σ1) > 0
>W1XH�jlLOD�Cd>O;=5

x ∈ Σ1
�
Θn(Hn,MT , x) = 1

_
`nCPa8D67U18ZM>W\Y\rLAjkLON8Dy>O9Q9QN8RI@B367YLO1X9�7U1�3658C<a?LON81XH8>WDQsI>W969eNXRb@83Q7ULW1X9G0mjlD6>WRICEFyLWD6Üg36LWZWCE3Q58CdDG7U1S3658CTjlLO\Y\ULcF�7U18ZHBCEJX187Y3Q7ULW1��

åEæDT



¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®VUk®XW�Ñh¥@Y�*{ú«ÓBÕc¨l©=ûZN[ïdï=*{ÒÔî{©^¨xªr§{ï[PJ\¯{°K± M = (Mt)t∈[0,T ) ² °	³t¹S°=³cµÛÈEÎB¸�ác³c±ËÎB¸Q°|Æ�´cÇ�Ç~¼¾±lÄ4ðM°KÎB¹S³cµ?µh»=¸Q°=° ² ´cÎBµÊÏW³A¸�¿�È6´AµrÏA¼¾±«¼x´Aµ8ÁSÁ�Î^·W·X´c¸�±2°=Ï´cµn³�ðg°EÎB¹I³AµXµ�»=¸Q°=° ² ´AÎBµrÏO³c¸�¿IÁ�Î^·W·X´c¸�±�Á=ÎB¸l»K³OÈ=° Σ Â ¯v°E± t0 ∈ (0, T ] ÂMâ Ä8°Eµ M ¼:Á<±lÄ8°EµtÁE³c¼xÏ�±º´IÁK³A±«¼:Ál»=¿S±lÄ8°Õc¥@YH*�úxÓBÕc¨x©6ûÝÓ8ï^ï=*{ÒÝî�©d¨«ª?§�ï]Pb³A±~±«¼¾¹S°
t0
¼ » M ÁE³A±«¼:ÁlãG°KÁT±lÄ8°�³A¸Q°=³bÈ=´AµX±Ë¼¾µXÎB¼¾±Ë¿b³cµÊÏMÎBµX¼¾±pÏW°Eµ8Á�¼¾±Ë¿�Ä�¿6·X´c±lÄ8°KÁ�¼:Á³c±y±Ë¼¾¹I°

t0
³�Á�Ç�°E½¾½�³cÁ�±lÄ8° ² ´cÎBµÊÏW³c¸�¿h³=·W·Ê¸Q´d³OÈ6ÄX°�Á ² ´cÎBµrÏO³c¸�¿h³AµrÏSÎBµ?¼¾±�¹bÎB½À±Ë¼ ·r½À¼xÈE¼¾±«¿	³�Á=Á�ÎB¹|·Ê±«¼x´Aµ8Á Â

MbªH*�§-7�ÓBÕ�ûONhï^ïJ*�ÒÝî�©d¨xªr§�ï P^Pc×02143658Cba?LON81XH8>WDQst>W969QN8RI@B3Q7ULW1X9P0e0P;E>W9QCgFyCM>O;�36NX>A\U\Ys¡RS>AÜOC�3�FyL[>O9Q9QN8RI@B3Q7ULW1?9E_��"58CMJXD69e3P7:9�>A1�>W1X>A\ULWZhLAj3Q5XC�>AD6Cd>b;KLW1i367Y1�N87Y3�sSjlLWD�arLWNX1XH8>AD6sW_
¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®3_�®
� Á�¹I´^´c±lÄiý?·r¸Q´=·8°E¸�½À¿�°E¹ ² °=ÏWÏO°6ÏMÁE´A½ÀÎB±«¼x´Aµ8ý M = (Mt)t∈[0,T )

ý~´e»T¹S°=³cµ4ÈKÎB¸�ác³c±ËÎB¸Q°mÆ�´cÇÛÇ~¼¾±¾ÄIðM°KÎB¹S³cµ?µ<»=¸6°6°
² ´cÎBµÊÏW³c¸�¿hÈ=´AµrÏc¼¾±Ë¼x´cµXÁ<¼¾µ U × [0, T )

Å »K´A¸<ÁK´A¹I°b´6·X°Eµ
U ⊂ Rn+1 ÉI¼:Á<ÁK³A¼xÏS±2´bÁE³c±Ë¼:Ál»=¿S±¾ÄX°�G�ª�*{§87�ÓBÕ�û�ÓBÕc¥�Ó

,Wªr§Ê©d¨«§6*{¨x©=û � û�î�ª?© � ¥iï^¨xïbÓB©b©d¨«ÒÔ¥
T
¼ »�±lÄ8°

n− 1
¶eÏc¼¾¹S°Eµ8Á�¼x´cµÊ³c½ÊÁ�ÎB¸l»K³WÈ=°KÁ

∂Mt
È=´cµ?á�°E¸«Ði°�¼¾µ4±lÄ8°�ÁK°Eµ8ÁE°�´e»¹S°6³cÁ�ÎB¸Q°�Á�±2´h³cµ Hn ¶2¹S°6³cÁ�ÎB¸Q³ ² ½Y°KýGÈ6´AÎBµX±2³ ² ½À¿ n ¶2¸Q°=ÈE±«¼ ãy³ ² ½Y°�Á�Î ² ÁE°K± ∂MT ⊂ U

´�»
Rn+1 ÂSâ Ä8³A±"¼:Á

lim
t↗T

∫

∂Mt

φdHn−1 =

∫

∂MT

φdHn−1 w ådç _ < z
»K´c¸b³c½¾½

φ ∈ C0
0 (U) ÂÑh¥�ÒÔÓ8Õ^Ö~× å z|ßTLA3QC�3Q5X>A3TFGCMHBL�18LW3P>W969eNXRbC�365X>c3P3Q58Cga?LON81XH8>WDQs	9�3=>�s�9|7Y147Y369TLcF�14HB7URbCd1X9Q7YLO1¡>O9|FyCgHB7:HjlLWD"3658C�9QN8Dejx>O;KC�>W9�>bF�58LO\YCO_m`VC�F">A1i3"3QLI@8D6LcfWCP3Q5X>A3�3Q587:9�F�7U\Y\kjlLW\U\YLcF£7Y1¡>A1�sh;d>W9QCW_

< zmßTLA36C|>A\:9eL<3Q5?>c3~3Q5XC|a?LON81XH8>WDQsM>A@8@8D6LO>O;=58Cd9�arLWN81?H8>AD6sg>W969QN8RI@B3Q7ULW1I7:9~18LA3�>�;ELW1X9QCdëiN8Cd1X;KC"LWj?3658C�a?LON81XH�ì>AD6s�>AD6Cd>Ý;KLO1i3Q7U1iNX7]3�sê5�si@rLA3658Cd9Q7:9E�|9Q7Y1?;KCt3658C�arLWN81?H8>AD6sê>WDQC^>Ú5�si@rLA3658Cd9Q7:9h>A\U\ULcF|9IjlLWD	9eCE369[DQC^>W;=587U18ZÚ3Q5XCarLWN81XHX>AD6sgjlD6LWRþ3Q58CP7Y1i36CED67YLODpF�7]365hHB7URICE1X9Q7YLO1S18L�ZODQC^>c3QCdD~3Q5?>A1
n−2

�iF�58CED6Cd>O9m3Q58CPa?LON81XH8>WDQsb>A@8@XDQLi>W;=58C^9arLWN81XHX>AD6sh>W969eNXRb@83Q7ULW1¡>A\U\YLcF|9GjlLWD�1XLI9QCK3�36LIDQC^>W;=5�3658C�arLWN81XHX>AD6sSjlDQLOR�3Q5XC�7Y1i3QCdDQ7ULWD|>A3|>A\U\«_
�"58C49QCd;ELW1XH�>WHXHB7]367YLO1X>A\P>W969eN8RI@B367YLO1ÛFyCtRS>AÜOCt7U9�9Q7URb@X\Ys�3Q5X>A3�3Q58C4�XLcFüarC�>n3�s�@?Ct0b�XLcF�_£ ¢;KLO1XHB7Yì3Q7ULW1n365X>c3�5X>O9�>A\UDQC^>WHBstarCECd1ÚH8Cd96;KD67YarCdHV7Y1ÝØPCKJX1X7]367YLO1

11.4.2
_M`nCSa8D67Y1XZ¡>W\Y\~LWjyLON8D�>W969eNXRb@83Q7ULW1X9�7U1n3Q58CarLWN81XHX>AD6sh>W969eNXRb@83Q7ULW1X9y0e0GjlD=>ARICEFyLWD6ÜI3QLOZWCK3658CED�7U1[3Q58C�jlLO\Y\ULcF�7Y1XZIH8CKJX187Y3Q7ULW1`�

¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®¾à�®Vak®XW�Ñh¥@Y�*{ú«ÓBÕc¨l©=ûZN[ïdï=*{ÒÔî{©^¨xªr§{ï[P=P=\¯{°K± M = (Mt)t∈[0,T ) ² °�³g¹S°=³cµtÈKÎB¸�ác³c±ËÎB¸Q°�Æ�´cÇÔÇ~¼¾±lÄbðg°EÎB¹I³AµXµ<»=¸Q°=° ² ´AÎBµrÏW³A¸�¿bÈ=´cµÊÏc¼¾±Ë¼x´cµXÁ|Á�Î^·W·X´c¸�±2°6ÏI´Aµ³"ðg°EÎB¹I³AµXµ"»=¸Q°=° ² ´cÎBµrÏO³c¸�¿PÁ�Î^·W·X´c¸�±ÊÁ�ÎB¸l»K³WÈ=° Σ Â ¯{°K± t0 ∈ (0, T ] Â M ¼:Á�±lÄ8°EµbÁK³A¼xÏ<±º´TÁE³c±Ë¼:Ál»=¿P±lÄ8°�Õc¥@Y�*{ú«ÓBÕc¨l©=ûÓ8ï^ïJ*�ÒÝî�©d¨«ª?§�ïbP^PI³c±m±Ë¼¾¹I°
t0
¼ » M ÁK³A±«¼:Álãy°�ÁT±lÄ8°�³A¸Q°=³bÈ=´AµX±Ë¼¾µXÎB¼¾±Ë¿M³cµÊÏgÎBµ?¼¾±pÏW°Eµ8Á�¼¾±«¿�Ä�¿6·X´c±lÄ8°KÁ�¼:Á�³c±~±Ë¼¾¹S°

t0
ý±lÄ8° ² ´AÎBµrÏW³A¸�¿4³c¸Q°=³4È=´cµ?±«¼¾µ?ÎB¼¾±«¿hÄB¿6·8´A±¾ÄX°�Á�¼:Áh³c±P±«¼¾¹S° t0 ý|±¾ÄX° ² ´cÎBµÊÏW³c¸�¿4³=·W·r¸6´d³OÈ6ÄX°�Á ² ´cÎBµÊÏW³A¸�¿�³�Á=Á�ÎB¹|·Ê±«¼x´Aµ³c±y±Ë¼¾¹I°

t0
³cµÊÏ�±lÄ8° â ¿6·X°�ñg³cÁ6Á�ÎB¹T·r±Ë¼x´cµÚ³c±�±Ë¼¾¹S° t0 Â

�|���Q� � c��K���{�d� egfh�g�[��
[���-ij�k�[�;����l;m	���nfo���	�p
	���8i �S�g�9���{� �S�[��q
ec��ly���

 |\Y3Q5XLWN8ZO5[7Y3|7U9yjx>W7YD6\Ush;K\UCd>WDG365X>c3"3658CED6C�>AD6C<>A3�\YC^>W9e3�9QLWRIC�;KLO7Y1X;E7UH8CE1i36>W\�CK}8>ARI@8\UCd9G3Q5?>c3|5X>W@8@?Cd1h36L�9Q>A3Q7:9�jls3Q5XCgarLWN81XHX>AD6s	>W@8@8D6LO>W;=5XCd9�arLWN81?H8>AD6s	>O9Q9QN8RI@B367YLO1k�XFyCgFyLWN8\:H¡\U7YÜOC�3QLhÜi1XLcF£365X>c3P3Q58CdDQCM7U9<>c3P\YC^>W9e3<9QLWRICJ8}BCdHS;E\U>O9Q9pLAj�RICd>A1�;EN8D6f�>A3QN8D6C"�XLcF|9~F�7Y3Q5[ß|CENXRI>W181IjlD6CEC|arLWN81?H8>AD6sM;ELW1XHB7Y3Q7ULW1?9m3Q5X>A3y>W\YF">�sB9~9Q>A3Q7:9�JXC^9m3Q5XCarLWN81XHX>AD6s4>A@8@8D6LO>O;=58Cd9Ta?LON81XH8>WDQs4>O9Q9QN8RI@B367YLO1k_�021436587:9�Fy>�sO��FGCI>AD6C�3658CE1Ú;KCdDe3=>A7U143Q5?>c3�FGCI>AD6Cb@8DQLcf�7U18ZD6Cd9QN8\]3=9�>AarLWNB3|9QLWRIC�HBCKJ?187]36C�CK}B7:9�36CE1i3|9eCE3|LAj{�XLcF|9E_
`nCt@8DQLcfOC r�N?9�3[9QNX;=5�>ÚDQC^9eNX\]3Sa�sÛ9Q58LcF�7U18Z�365X>c3h9Q58LON8\UHÛ3658C49eNX@8@?LODe3h9QN8DQjx>W;EC

Σ
a?CV;KLW1�fOCK}��~3Q5XCE1�3Q5XCarLWN81XHX>AD6s�>A@8@XDQLi>W;=58C^9ParLWNX1XH8>AD6s�>O9Q9QN8RI@B3Q7ULW1n7:9�9Q>A3Q7:9�J?CdH�_S`nC�HBCKJ?18CSF�5X>c3�FyCSRICd>W1Va�s43658C�9QN8@8@rLWDQ39QN8Dejx>O;KC�arCE7U18ZS;KLW1�fOCK}h>W9yjlLO\Y\ULcF|9d_

å=�ts



¤	¥O¦m§�¨l©d¨«ª?§�¬Bk®:k®«¬?®¯{°K±
Σ := ∂G ² °V³Vðg°EÎB¹I³AµXµ4»=¸Q°=° ² ´cÎBµrÏO³c¸�¿ÝÁ�Î^·O·8´A¸�±�Á�ÎB¸l»K³WÈ=° Â¢â ÄB¼:Á¡Á=ÎB¸l»K³OÈ=°�¼:Á¡ÁE³c¼xÏ�±2´ ² °hïd©EÕc¨u,W©dúxû,Wªr§wv?¥�x ¼ »�»K´c¸g°Eá�°E¸�¿[Ïc¼:Á�±Ë¼¾µrÈE±k·X³c¼¾¸b´�»G·X´c¼¾µX±«Á

x, y ∈ Σ

{tx+ (1 − t)y : t ∈ (0, 1)} ⊂ Ḡ ∼ ∂G.`nCG3658CE1S9Q58LcFÝ365X>c3pRICd>W1b;EN8D6f�>A3QN8D6CG�XLcF|9�F�7]365IßTCEN8RS>W181gjlD6CEC"arLWN81?H8>AD6s�;KLO1XHB7Y3Q7ULW1X9~9QN8@8@rLWDQ3QC^HgLO1M9QNX;=59QN8@8@rLWDQ3�9QN8DQjx>W;ECd9
Σ
96>c367U9ejls�3658C�a?LON81XH8>WDQs[>A@8@8D6LO>O;=58Cd9GarLWN81XHX>AD6sh>W969eNXRb@83Q7ULW1k_

í�ÕcªXîGª?ï^¨l©^¨xªr§ ¬Bk®:k®«¬?®
� Î^·O·8´cÁE° M = (Mt)t∈[0,T )

¼:Áy³<¹S°=³cµ�ÈEÎB¸�á�³A±«ÎB¸Q°ÊÆ�´AÇVÇ~¼¾±lÄ�ðg°EÎB¹I³AµXµ"»=¸Q°=° ² ´cÎBµÊÏW³c¸�¿�È=´cµÊÏc¼¾±Ë¼x´cµ8ÁyÁ�Î^·W·X´c¸�±2°=Ï´cµn±lÄ8°�Á=Î^·O·8´A¸�±yÁ=ÎB¸l»K³OÈ=°
Σ Â � Î^·O·8´cÁK° Σ

¼:Á�Á�±«¸�¼xÈE±Ë½À¿[È=´cµ?á�°6Ì¡³cµrÏ[±lÄ8³A± M ¸Q°=³OÈ6ÄX°�Á
x0 ∈ Σ

³A±"±«¼¾¹S°
t0 ≤ T Ââ Ä8°Eµ ∂M ¸Q°=³WÈ=Ä8°KÁ

x0
³A±|±Ë¼¾¹I°

t0
ÂÝâ ÄX³c±|¼:Á=ý|Ç�°�È=³AµÛÈ6ÄX´d´cÁE° (xj , tj) → (x0, t0)

ÁE´¡±lÄ8³A±
xj ∈ ∂Mtj

»K´A¸°=³WÈ=Ä
j Âí�ÕcªkªròQ×��N8@X@?Li9eCM3Q5X>A3�7]3�7:9P1XLA3�@?Li9Q9Q7YaX\YCM3QL	DQC^>W;=5

x0
LW1

Σ
�Ê3Q58Cd1V7Y3�;E>A1Va?CbCd>O9e7U\Us4;=58Cd;=ÜOCdH¡365X>c3<3Q58CdDQCICE}�7:9e369<>

ρ > 0
>W1XH

τ > 0
9QNX;=5[3Q5X>A3

Bρ(x0) ∩ ∂Mt = ∅ jlLOD|>A\U\ t ∈ (t0 − τ, t0)
_

`nC�;=58L�LO9QC<>W1XH[J8}[9QNX;=5	>I@?>A7UD
ρ
>A1XH

τ
_

`nCt18LcF&D6CKìºLWD67YCd1O3ILWNXDI9QN8DQjx>W;ECd9¡wlF�587:;=5�FGC¡RS>�sÔHBLÝHBN8C¡36Ln3Q58C¡7U1ifc>WDQ7:>A1X;EC[NX1XHBCEDSLODe3658LWZOLW1X>W\�36D6>W1X9eìjlLWD6RS>c367YLO1X9�LAjy3Q58ChDQCd\YCdf�>W1i3�ëiNX>W1i3Q7Y3Q7UCd9=z�9eL¡365X>c3
x0 = 0

>A1XH
Tx0Σ = Rn

_p4ys43658Ch9e3QD67U;K3g;KLO1ifOCK}B7Y3�stLAj
Σ
FyCgRS>�s¡>A\:9eL	;=58L�LO9QC�LWN8D<LWD67UCE1i36>A3Q7ULW149QL�3Q5?>c3

(x0)n+1 = max{xn+1 : x ∈ Σ} _]4ystLWNXDPHBCEJX187Y3Q7ULW1�LWj9e3QD67U;K3Q\Us[;KLO1�fWCK}[7]3P>W\U9QLIjlLW\U\ULcF|9"3Q5X>A3
xn+1 ≤ 0

jlLWD<>A\U\
x ∈ M >A1?Hh365X>c3T3Q58CdDQC�7:9T>

h0 < 0
9QNX;=5¡3Q5X>A3|jlLWD>A\U\

x ∈ Σ ∼ Bρ(x0) xn+1 < h0
_

��7U1X;KC
(Mt)

7U9<>�@XDQLO@?CdDQ\Us¡CERgarCdHXHBCdHtRS>W187]jlLO\UH47Y1
G
jlLWD<Cd>W;=5

t ∈ [0, T )
FyCgÜ�18LcF

supK∩Mt0−τ xn+1 =

maxK∩Mt0−τ xn+1
jlLWD|>A1�sh;ELWRI@X>O;�3|9eCE3

K ⊂ Rn+1 _
��N8@X@?Li9eC�18LcF 3Q5X>A3

sup
Bρ(x0)∩Mt0−τ

xn+1 = 0,
>W1XH�365�NX9

max
Bρ(x0)∩Mt0−τ

xn+1 = 0.

��7U1X;KC
Mt ⊂ Ḡ

jlLWD�>A\U\
t ∈ [0, T )

>A1XH
Ḡ ∩ Bρ(x0) ∩ {x : xn+1 = 0} = x0

7]3PjlLW\U\YLcF|9|3Q5X>A3
x0 ∈ Mt0−τ

_ T9
x0 ∈ Σ ∩ Bρ(x0)

3Q587:9t7URI@8\Y7UCd9
∂Mt0−τ ∩ Bρ(x0) ⊃ {x0} 6= ∅. �"587:9t;KLO1XHB7Y3Q7ULW1�3QCd\Y\:9¡NX9¡365X>c3

supBρ(x0)∩Mt0−τ
xn+1 < 0

>W1XH�3658CED6CKjlLODQC<3658CED6C�CK}B7U9e369T>
h1 < 0

9QNX;=5[3Q5X>A3
supBρ(x0)∩Mt0−τ

xn+1 < h1. �H8HB7Y3Q7ULW1?>A\U\YsO�89e7U1X;KC
Mt ⊂ Ḡ

jlLWD�C^>W;=5
t
7Y3�jlLW\U\YLcF|9G365X>c3�jlLOD|>A\U\

x ∈Mt0−τ

xn+1 ≤ max{max{xn+1 : x ∈ M∩ Bρ(x0)},max{xn+1 : x ∈ Σ ∼ Bρ(x0)}} ≤ max{h0, h1} =: h < 0.ß|CE}�3d�8FyC�;KLW1?9e7:HBCED
u(x, t) := xn+1

9QLb3Q5X>A3�3Q58Cd1
(
d

dt
−4Mt

)
u = 0 ≤ 0.

 |\:9QL
maxMt0−τ u < h.

4ysh3658CgRS>c}B7URgN8R @8D67Y1X;E7Y@X\YCg>W1�sh18CdF RI>A}B7YRMN8RüRMNX9�3T3Q58Cd14a?CgDQC^>W;=58C^H[LO1¡3Q58CarLWN81XHX>AD6sW_4�"5X>A3g7U9g7]j
maxMt1

u > maxMt u
jlLWDb>A\U\

t ∈ [t0 − τ, t1)
jlLODM9QLWRIC

t1 ∈ (t0 − τ, t0)
�m3Q58Cd1

maxMt1
u = max∂Mt1

u
>A1XHh3Q5XCED6CKjlLWD6C

sup{u(x, t) : t ∈ [t0 − τ, t0), x ∈Mt} ≤ sup{u(x, t) : t ∈ [t0 − τ, t0), x ∈ ∂Mt}
≤ sup{xn+1 : x ∈ Σ ∼ Bρ(x0)}
< h.

å=�Bå



��58LON8\:Ht9eNX;=54>
t1
18LW3TCK}B7:9�3^�X3658CE1

maxMt u ≤ maxMt0−τ u < h
_�0º3TjlLO\Y\ULcF|9"3Q5?>c3|jlLODP>A\U\

t ∈ [t0 − τ, t0)
�

Mt ∩Bh(x0) = ∅ >W1XHS3658CED6CKjlLODQCT3Q5X>A3 Mt
H8LiC^9�1XLA3"DQC^>W;=5

x0
_~�"587:9y;ELW1i3QD=>WH87U;K3Q7ULW1S@8D6LcfWC^9~3Q5XCPD6Cd9QN8\Y3d_ ♦

�|���(y z{���{���
�"58C�HBCEJX187Y3Q7ULW1X9d�?ØPCKJ?187]367YLO1

13.1.1
>A1XH¡ØPCKJX187Y3Q7ULW1

13.1.2
�BLAjm�XLcF|9"D6Cd>O;=587Y1XZb@rLW7U1i369|>W1XH	\Y7URI7]3P�XLcF|9�>AD6CCK}�36CE1X9Q7YLO1X9�LWj{365X>c3|36LSa?C�jlLWN81XH¡7U1tó�;=ÜOCED�ôÀõdöº_ $ jm3Q5XC�DQC^9eN8\Y369T9e58LcF�7U18ZI3658Cg;KLO1X9QCdëiN8CE1?;KCd9"LWj{3�s�@rC�0"F�7]365D6Cd9Q@?C^;�3"3QLI3658C�\Y7URI7]3|@rLW7U1i3�jlN81X;K3Q7ULW1k�8��DQLO@?Li9e7Y3Q7ULW1

13.1.1
7:9�HBN8C�36L|4yNX;=Ü�\U>W1XH�ô ø�övF�5X7Y\UCM÷GLWD6LW\U\U>WDQs

13.1.1>A1?H[��DQLO@?Li9e7Y3Q7ULW1
13.1.2

>WDQC<LWNXD�LcF�1k_p�"58C�HBCEJX187Y3Q7ULW1k�XØPCKJ?187]367YLO1
13.1.3

��LAjm9e7U18ZON8\U>WD|9eCE369yjlLO\Y\ULcF|9"ó�;=ÜWCdDôÀõ^öº_Pè�>ANX969Q7U>W14HBCE1X9Q7Y3�s[F�7U\Y\�arCgjlN8DQ3Q5XCEDPH87U96;KNX969QCdH¡7U1t3Q58CI;=5X>W@B3QCdDT>WH8H8DQC^9Q9Q7Y1XZ[è�>ANX969Q7U>W1¡H8CE1X9Q7]3�s¡7U14RILWD6CHBCE36>A7U\Ë�X>W9"F�7U\Y\k3Q58C��"58CdLWD6CERS9yjlLWD�F�5X7U;=5¡FyC�>WDQC�>W7YRI7U18ZX_G÷GLO1X9�36DQN?;�3Q7ULW1?9
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