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θAn,i
n(��AvSaUD@xGoYIJV@uCIb

Aε
Sji�k�@qJV@HSaJ�E"@fGRYIA�@H�DYIGHSV_\i�GRY[SV@R�{CIQaL\JV@TSVUD@qJV@HSgJ�E�L~SaU�QV@]JMk�@oGHSSVC	SaUD@ZY[��CFyI@B��^D@]JjSaL`C{AWJos�bdCIQrSVUW@meTCPGgUhSjilkK@ZJV@HSgJrL~SfLOJrADC[SrkKC�JVJVL\�D_`@{nBp�UD@ZNPL`��@RQa@RAWGR@���@RL\AD�	SVUKYFSfL`A9SVUW@GRY{JM@vC[bTeTCPGgU�SjilkK@�JM@RSaJ�Ew@vGHC{^D_ON���@v�{@RAD@oQaY[SVL\AD��Xm@oY{JM^DQa@�bdQaCIX�Y9kDQa@H��L`XZY[�{@�JV@HSmC[b�Xm@oY{JM^DQa@��o@RQaC�L\AY[A�CISVUD@oQVE�LOJM@mEw@R_\_���@RUWYzy{@oN�JM@RSon	p�UD@���^D@oJMSVL\CIA�C[b�E�UD@RSVUD@oQqCIQqAWC[SqXm@oY{JM^DQa@ZGRYIA*L\AWNP@o@oN���@Z�I@oAD@RQgYFSa@oNQa@RXZY[L\AWJ�kDQa@oJV@RA�SV_\iZ^DAWYIAWJVE"@oQV@]Ntn�p�UD@fL`Xmk�CIQVSaYIA{S�k�CIL\A�SwbdC{Q�^WJosPL\J�SVUWY[S�L`ScGRYIADADCIS���@fQa^D_`@]N	CI^PS]n

�DC{QxSaUDLOJxQa@oY{JMC{A�JMC{X�@�C[b�SVUW@vQa@oJV^D_`SaJBE�L`_\_wGRCIA�SVL\Al^D@�SaC���@vJMSaY[SV@oN�JM@okWY[QgYFSa@R_\iIn���A�SVUD@v�I@RAW@RQgY[_"GoYIJV@�Ew@| AWN�sDE�L~SaU�QV@]JMk�@oGHSwSaCZQV@]G�SaL | YI�DL\_`L`SjiIslSaUWYFS
A ∈ K L\J�GRCI^DA�SgY[�D_\i� H��Qa@oG�SaL | Y[�D_\@ ⇔ H1({x : Π̃A(x) = ∞}) = 0.?�L`SVU�QV@]JMk�@oGHS�SVCmXm@oY{JM^DQa@IsPEw@ | AWNvSVUKYFS�bdCIQ�@]YIGgU

A ∈ K

H1(A) =

∫

A0∼Λ−1
∞

Π̃AdH1 + H1(Λ∞).

Y[AKNfSVUKYFS H1(Λ−1
∞ ) > 0 ⇒ H1(Λ∞) = ∞ sF��AB�I@oAD@RQgY[_{E"@wE"C{^D_ONqY[_OJMCT@H�Pk�@oG�S H1(Λ−1

∞ ) = 0 ⇒ H1(Λ∞) =
0 ¡ SaUWYFS�LOJ�SVUW@fADCIAP���I@oAD@RQgYFSaL`C{A�C[b�Xm@oY{JM^DQa@rGHCIAKNPL~SaL`C{AK¢�JVCBSaUWYFS�Ew@fE"C{^D_ON�SaUD@RA�UWYzy{@

H1(A) =

∫

A0

Π̃AdH1.

?�UDL\_`@vL`A�GR@RQVSaYIL`A£GRY{JM@]J ¡ @{n �Kn Λ−1
∞
L\JBGHC{^DA�SaY[�W_`@z¢uL~S�L\JBGH@RQVSaYIL`AW_`i�SVQa^D@Is�L~S�XZYzi�ADCISx�K@�SVQa^D@�L\A£�I@RAW@RQgY[_¤n¥�CISV@fSaUWYFSTSVUDLOJTQV@]JM^D_`ScUDC{_\NWJcY[_OJVCmbdCIQ
A ∈ K E�L`SVU dimA > 1

sWL\A�E�UDLOGgU�GRY{JM@xE"@q�{@HS�SaUD@x^WADL`ADbdCIQaXmY[SVL\yI@Qa@oJV^D_~S H1(A) = ∞ n
��L`AKY[_\_`i{sDE�L~SaU�QV@]JMk�@oGHSwSaCZNPL`Xm@oAWJML\CIA�Ew@fNP@ | AW@

γA1 := sup{a : H1({x : θ̃Ax ≥ a}) > 0},
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γA2 := sup
x∈A0

θ̃AxY[AKN | AKN
dimΓf(γA1 ) = f1(γ

A
1 ) ≤ dimA ≤ f1(γ

A
2 ) = dimΓf(γA2 )E�UD@oQV@

f(γ) := (1/2)(tanγ)Y[AKN�SaUD@RQa@HbdC{QV@
f1(γ) = − ln2

ln((1/2)(1 + (tanγ)2)1/2)
.

����Y[L\A�s{SVUDLOJ"JVL\X�kW_`L | @oJ"^DAWND@RQ"SVUD@TU�ilk�C[SaUD@oJVL\J�SVUWY[S"bdC{Q
B ⊂ A0 H1(B) = 0 ⇒ H1(F(B)) = 0

L\AZSVUKYFS"Ew@GRYIA�SaUD@RAhJMSaY[SV@
dimA ≡ f1(γ

A
1 ).��S�L\JwL\A�SaUD@

Aε
Sjilk�@rJV@HS�GRY{JM@cSVUWY[SwEw@rGRY[AvL`�{ADCIQa@�SaUD@ukKC�JVJVL`�WL`_\L~SjiZCIb¨�I@oAD@RQgY[_\LOJVY[SVL\CIAZC[b�X�@]YIJV^DQa@TY[AKNZSVUl^WJSVUW@�©�ADLOGH@oQz©cQV@]JM^W_~SgJ�GRY[A	��@qJjSgYFSV@]NvbdCIQ�SVUW@oJV@rJV@HSgJRn

ª�«o¬ ­�®�¯	°�±�²v®g³�´�µ·¶�¯	¸�¶�°�¶�¹B³�ºr³�®H»x¹¼ºq¹	½;µ3¶�±�³�®H¾	ºf¿�®HÀH®�³KÁ
?*@TJMSaY[QVS(�limJMUDCFE�L\AD�fSaUWYFSwL`AvJMC{X�@TGRYIJV@oJ(Y[A

Aε
Sji�k�@TJV@HSwL\J"YIGHSV^WYI_`_\i�YxÂ�L\kWJVGgUWL~Sa�c�IQgY[kWU�sIE�UD@oQV@ F EwCI^D_ONkWY{JVJ�Y{J�Y�Â¨L`kKJVGgUDL`SV�ubd^DAKG�SVL\CIA¨n

Ã(ÄlÅ�Å�Æ�Ç�ÈÊÉKÈÊÉKÈËKÌ]Í{ÍDÎFÏRÐ
A ∈ A0 Ñ ÏRÐgÐrÒBÐÊÓ�ÔKÕ×ÖÊÕØÎ[Ô 8.3.4 Ù�Ú Ô�Û ∑∞

n=0 θ
A
n < ∞ Ü	Ý�Þ ÐRÔZßHÎFàmÐ Ú{áaÞ l > 0

Ö Þ ÐRàVÐ�ÕOÏ Ú Ô n0 ∈ NÏ�Ì áaÞ Ö ÞDÚ Ö A∩ TAn0,i ágÚ Ô�âgÐqÐaã�Í�àVÐHÏaÏRÐgÛ Ú ÏrÖ Þ Ð�äIà Ú Í Þ Îjß Úqå Õ ÍKÏ áaÞ Õ×Ö×æ"ßgÌPÔ á Ö¤ÕØÎFÔhç�Õ×Ö ÞZå Õ Í�Ï ágÞ Õ×Ödæ á ÎFÔDÏ�Ö Ú ÔKÖ�è`Ð�ÏgÏÖ ÞDÚ Ô�ÎFàxÐgéRÌ Ú è�Ö�Î l Î[êzÐRà AAn0,i

ßHÎFàBÐ ÚIágÞ i ∈ {1, ..., 2n0} ÜërìFí�í�îVïÂ�@RS
n0
�K@qJV^WGgU	SVUWY[S

∞∑

n=n0

θAn <
tan−1(l)

5
.

p�UD@oA*_\@HS
x, y ∈ A ∩ TAn0,i

bdC{QqJMC{Xm@
i ∈ {1, ..., 2n0} E�L~SaU x 6= y

n�?*@mSVUW@RA�}lADCFEðSaUWYFSfSaUD@RQa@m@H�PL\JMSaJfY
n1 > n0

JV^WGgU	SVUWY[ScbdCIQc@oYIGgU
n0 ≤ n < n1 x, y ∈ TAn,k

bdC{QcJVCIXm@
k
Y[AKN	SVUWY[S

x ∈ TAn1,j

Y[AKN
y ∈ TAn1,j±1bdCIQ�JVCIXm@rL\A{Sa@R�{@RQ

j
n�?�L~SaUDCI^PST_`C�JVJ�CIb��I@oAD@RQgY[_\L`SjiZ_`@RS

x ∈ TAn1,j

YIAWN
y ∈ TAn1,j+1

n
ñwi�GgUDC{L\GR@uCIb

n0
Ew@r}�AWCFEòSVUKYFS

ψ
AAn1,j

AAn0,i

<
tan−1(l)

5Y[AKN��livÂ¨@RXmXZY
6.2.1

ψ
TAn1,j

TAn1,j+1

< 2θAn1,j < 2
tan−1(l)

5JVCBSaUWYFS�E�UW@RA	E�QVL`SVL\AD�
X = {z ∈ R2 : z = x+ ty, t ∈ R}

ψXAAn1,j
< 2ψ

TAn1,j

TAn1,j+1

< 4
tan−1(l)

5
.

p�Ul^WJ
ψXAAn0,i

<
tan−1(l)

5
+ 4

tan−1(l)

5
= tan−1(l)
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Y[AKN�UD@oAWGH@
|π(AAn0,i

)⊥(x) − π(AAn0,i
)⊥(y)|

|πAAn0,i
(x) − πAAn0,i

(y)| < tan(tan−1(l)) = l.

¥�CISVL\AD��SVUWY[S
(x, y)

EwY{J�Y[A�Y[Qa�DL~SaQaYIQVL\_\i�GgUDC{JV@RAvkWY[L\Q�C[b�NPLOJjSaL`AWGHS�kKC{L`A�SgJ�GHC{X�kW_`@RSV@oJwSaUD@fkDQaClC[bjn ♦ô CIXB�DL\ADL`AW��SVUWL\JuÂ�L\kWJaGgUDL~Sa�xQa@oJV^D_`SuE�L`SVU�Â¨@RXmXZY
8.4.1

Ew@BYIQV@xADCFEðY[�D_\@qSaC�kDQa@oJV@RA�S�SaUD@�QV@]G�SVL | YI�DL`_\L`Sji	Qa@H�JV^D_~SgJRnv?9@ | QaJMSqkDQaCFyI@{s��KCISVU£�li9Â¨L`kKJVGgUDL`SV�Z�{QaYIkDUWJfYIAWN*SVUD@Z@R�PL\JMSV@oAWGH@ZCIb�YIkDkDQaCz�PL`XZYFSa@xSgY[AD�{@RA�SxJVkWYIGR@oJosSVUW@�Qa@oG�SaL | Y[�DL\_`L`Sji*^DAWNP@oQxkWYIQMSaL\GR^D_\YIQxGHC{AWNPL`SVL\CIAWJxC[b
Aε
Sji�k�@�JV@HSgJRnh?*@�kDQa@oJV@RA�Sx��C[SaU�L\A�GHCIAKGH^DQaL`AW��E�L~SaUSVUW@xkDUDL\_\C{JVCIkDUli�SaUWYFSTXx^D_`SVL\kD_\@xkDQaClC[b�X�@RSVUDCPNDJuY[_\_\CFE>bd^DQVSVUW@RQcL\AWJVL`�{U�STY[AWN�^WAWNP@RQgJMSaY[AKNPL`AW�ZC[b�SVUD@BCI�Põj@]G�SgJL\A�y{CI_\yI@]N�Y[AKNvYIQV@rL\A�YIAli�GRY{JM@uL`A�Sa@RQa@oJMSVL\AD�mL`A	SVUW@RL\Q�CFE�AvQaL`�{U�SosDYIJ�Ew@R_\_�YIJwbdC{Q�GHC{X�kKY[QgYFSVL\yI@ukD^DQak�C{JV@oJon

?*@ | QaJMSfkDQaCFyI@qSaUD@ZQa@oG�SaL | Y[�DL\_`L`Sji�^WJVL\AD��SaUD@�Â�L\kWJaGgUDL`SV�m_`@oXmXmY{JuSVChJVUDCFEðSaUWYFSqGH@oQMSgY[L\A
Aε
Sjilk�@ZJM@RSaJfGRYIASVUW@RA��K@f@R�PkDQV@]JVJV@oNvYIJ H1 ��YI_`XmC�JjS�@Ry{@RQailE�UD@RQa@uJV^D�WJV@HSgJ�C[b�YZGHCI^WA{SgY[�D_\@u^DADL\CIA�C[b�Â�L\kWJaGgUDL~Sa�r�IQgY[kDUWJon

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�ÈØÉ�Èù Þ ÐRÔ�ÐRêzÐRà A ∈ A0
Ï Ú ÖÊÕOÏdÓ"ÐHÏ ∑∞

n=0 θ
A
n <∞ ú A ÕOÏ á ÎFÌPÔWÖ Ú âRèüû 1

àVÐ á ÖÊÕ Ó Ú âRè`Ð ÜërìFí�í�îVïý L\AWGH@ ∑∞
n=0 θ

A
n <∞ SaUD@RQa@�LOJRs��li�Â¨@RXmXZY 9.1.1

s�Y[A
n0 ∈ N

JM^KGgUmSVUWY[S�bdCIQ"@oYIGgU
i ∈ {1, ..., 2n0} A∩TAn0,iGRYIAv��@f@H�PkDQa@oJaJV@oN	YIJ"SVUD@f�{QaYIkDU	C[b�YZÂ¨L`kKJVGgUDL`SV�r�{QaYIkDU�CFy{@RQ

AAn0,i

n�p�UKYFS�LOJwSVUD@oQV@fLOJ�YmÂ�L\kWJVGgUWL~Sa�rbd^DAWG�SaL`C{A
fi : R2 → R2 JM^KGgU�SaUWYFS A ∩ TAn0,i

⊂ fi(A
A
n0,i

).
p�UW@RAþE�UD@RA

SAn0,i
: R → R2 LOJZY�SaQaYIAWJMbdCIQaXmY[SVL\CIAJaYFSVLOJMbdi�L\AD�

SAn0,i
([0,H1(AAn0,i

)]) = AAn0,i

E"@fGRYIA	ND@ | AD@
Fi : R → R2 Y{J Fi = fi ◦ SAno,i

SaCmE�QVL`SV@
A =

2n0⋃

i=1

A ∩ TAn0,i ⊆
2n0⋃

i=1

fi(A
A
n0,i) ⊂

2n0⋃

i=1

Fi(R).

ý L\AWGH@TSVUWL\JwLOJ"YBJM^D�KJM@RSwCIb¨YfbdCIQaXÿC[b¨@R�PkDQV@]JVJVL\CIAZC[b¨Y�JV@HS(SaUWYFS�LOJ"NP@ | AD@]N�YIJ"��@RL\AD��GRCI^DA�SgY[�D_\i
1
�¤Qa@oGHSVL | Y[�D_\@IsSVUW@fkDQVClCIb�LOJ�GHCIXmkD_\@HSa@In ♦p�UD@wJM@]GHCIAKNrkDQVClCIbPYIkDkD_\L`@]JtSaCTJV@HSaJ�E�L`SVUxGRCIAlyI@oQV�{L`AD��JV^DXZJ¨CIbP�WYIJV@(Y[AW�I_\@oJon¨��AfSaUDL\J�GRY{JM@c©HkKCISV@oA{SaL\YI_�©�Y[kDkDQaCz�l�L\XmY[SV@wSaYIAD�I@oA�S�JVkWY{GH@oJ�@oyI@oA{Sa^WY[_\_\iqJjSaCIkmQVCISaY[SVL\AD�uYIAWNBE"@�GRYIAxSaUD@RAm^WJV@�SVUW@�Y[kDkDQaCz�PL`XZY[SV@

j
��NPL\X�@oAWJVL`C{AWY[_\L~SjiSVCvJVYzivSVUWY[S�SVUW@BJV@HSTE�L\_\_¨��@BY[Qa�DL`SVQgY[QaL`_\ivGR_`C�JM@rSaC�SaUD@x_\L`XmL`STCIb�SaUD@xQaC[SgYFSaL`AD�Z�KYIJV@oJ�CIb�SVUD@xSVQaL\YIAD�I^D_OY[QTGRY[kKJGHC{A�SaY[L\ADL\AD�mYmkKC{L`A�S�Y[AWN	E�L\_`_�SVUl^WJ�UWYzy{@rYIA	YIkDkDQaCz�PL`XZYFSa@cSgY[AD�{@RA�S�JMkKYIGH@TSVUW@RQa@In

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�È���È
� ÔWû

A ∈ A0
Ï Ú Ö¤ÕOÏdßgûFÕ×Ô�ä ∑∞

n=0 θ
A
n <∞ ÞWÚ Ï Ú Ô Ú Í{Í�àVÎoã{Õ�� Ú Ö�ÐuÖ Ú Ôlä{ÐRÔWÖ�Ï¤Í Ú{á ÐTç�Õ×Ö Þ �BÌPèüÖ¤Õ Í�è~Õ á Õ×Ö¤û�Î[Ô�Ð Ú è��ZÎzÏ�ÖÐRêzÐRà�ûFç Þ ÐRàVÐ Ú Ô�ÛZÕOÏqÖ Þ ÌlÏ á Î[ÌPÔWÖ Ú âRèüû 1 � àaÐ á Ö¤Õ Ó Ú âRè`Ð ÜërìFí�í�îVï?*@ | QgJjSqkWQVCFy{@mSVUWY[S

A − E
LOJxGRCI^DA�SaYI�D_\i

1
��QV@]G�SaL | YI�D_\@In�Â�@HS

y ∈ A − E
s�E�QaL~Sa@

H := H1(A)
Y[AWN�_\@HS

f ∈ C0
C(R2)

n���SwbdCI_\_\CFE�J(L\A�kWYIQMSaL\GR^D_\YIQ(SaUWYFS
f
L\JwÂ�L\kWJaGgUDL`SV�cE�L`SVU	Â�L\kWJaGgUDL~Sa�uGRCIAWJMSaYIA�S

F1
YIAWNmSaUWYFSwSVUD@oQV@TL\JY[A

M
JM^WGgUvSVUKYFS

sptf ⊂ BM (0).Â�@RS
F = max{1, F1}

n ý L\AWGR@TSaUD@fC[SaUD@RQ�GoYIJV@rL\JwSaQVL\ylL\YI_tE"@fYIJaJV^DXm@
M > 0

n
Â�@RS

ε > 0
Y[AKN�NP@ | AD@

δ = ε/(MF )
n ý L`AKGH@

A ∈ A0 E"@	}lADCFE SVUKYFS A − E
JaYFSaL\J | @oJ�kDQaCIk�@RQVSji ¡ L\yD¢�sEw@�SaUD@RQa@HbdC{QV@	}lADCFE SVUKYFSmSVUD@oQV@	LOJZY

ρy > 0
JV^WGgU�SVUWY[S�bdC{QZY[_\_

ρ ∈ (0, ρy]
SaUD@RQa@	L\JZY

Ly,ρ
JV^WGgU�SVUWY[S

A ∩ Bρ(y) ⊂ L
δρ/2
ρ,y
Y[AKNhE"@x}�AWCFE L\AhbØY{G�ScbdQaCIX3SaUD@xkDQaClC[b�SVUKYFS

A − E
JVY[SVLOJ | @oJ ¡ L`yD¢�SVUWY[STEw@xXZYzi�SgY[}{@

Ly,ρ||AAnρ,i(y,nρ)
E�UW@RQa@

AAnρ,i(y,nρ)
LOJ�SgY[}I@oA	JV^WGgUvSVUWY[S H1(AAnρ,i(y,nρ)) ∈ (ρ/2, ρ]

YIAWN
y ∈ TAnρ,i(y,nρ)

n

 o¦��



ý L\AWGH@ ∑∞
n=0 θ

A
n < ∞ E"@f}lADCFE SVUKYFS {ψAAn,i(n,y)

R
} L\JTYZGHC{A�y{@RQa�I@oA{S�JV@o��^D@oAWGH@qYIAWNvSVUl^WJ�SaUD@RQa@fLOJcY[AhY
	mAW@JVkWYIGR@

L
JV^WGgUvSVUWY[S

ψLR = lim
n→∞

ψ
AAn,i(n,y)
R

.?*@TSaUD@RA�GgUDClC{JV@
ρ1
JM^WGgU�SVUWY[S

ρ1 < ρy
sDJVCxSaUWYFSwbdCIQ�YI_`_

ρ < ρ1
SVUW@

AAnρ,i(y,nρ)
SgY[}I@oAvY{J"NP@]JVGRQVL\��@oN�YI�KCFy{@LOJ�JM^WGgU	SaUWYFS

tan−1(ψLAA
nρ,i(y,nρ)

) <
δ

2
¡�� n` z¢E�L`SVU

nρ
_OY[Qa�I@w@RADC{^D�IUxbdCIQ�Â�@oXmXmY

9.1.1
SVCf�{YI^DQgY[A�SV@o@�SVUKYFS

A∩TAnρ,i(y,nρ)
GoY[A��K@�@R�lkWQV@]JVJV@oNBYIJ�SVUW@w�{QaYIkDUC[b�YZÂ�L\kWJaGgUDL`SV�ubd^DAWGHSVL\CIAhE�L`SVUhÂ�L\kWJaGgUDL~Sa�qGHC{AWJjSgY[A�S

δ
sKYIAWNvJVL\AWGH@ ∑∞

n=0 θ
A
n <∞ ⇒ ∏∞

n=0(cosθ
A
n )−1 <∞Ew@TSgY[}{@

ρ1
JV^WGgU�SaUWYFS

nρ1
L\J�JV^WGgUvSVUWY[S ∏∞

n=nρ1
(cosθAn )−1 < 1 + ε

n
¥�CFE _`@RS

λ < ρ1
M

n�p�UW@RA�E"@rUWYzy{@uSVUWY[S
A ∩ BλM (y) ⊂ (AAnλ,i(y,nλ))

δλM/2 JVCBSaUWYFS��li ¡ 9.1 ¢
tan(ψ

AAnλ,i(y,nλ)

L ) <
δ

2JVCBSaUWYFS
A ∩ BMλ(y) ⊂ LMδλ YIAWN�SaUl^WJ ηy,λA ∩ BM (0) ⊂ (L− y)Mδ .


 AvSVUDLOJ�JV@HS�Ew@rYI_\JVC�UWYzyI@
|f(x) − f(πL(x))| < Lipf · δM ≤ MFε

MF
= ε

bdCIQ�YI_`_
x ∈ ηy,λ(A−E)

n
ñwi�C[SaUD@RQaE�LOJM@�GHC{AWJMLONP@oQVL\AD�9SVUD@hk�C{JVL~SaL`y{@	YIAWNþAD@R��YFSaL`y{@vkWYIQMSgJ�C[b

f
E"@�XZYzi�Y{JVJV^DXm@�SaUWYFS

f ≥ 0
n4?9@SVUW@RA�ADC[Sa@

∫

ηy,λ(A−E)

f(y)dH1(y) ≤
∫

ηy,λ(A−E)

εdH1 +

∫

ηy,λ(A−E)

f(πL(y))dH1(y).

p�UD@oA��limÂ¨@RXmXZY
9.1.1

YIAWN�Â�@oXmXmY
6.3.1

E"@T}�AWCFE SaUWYFS�Ew@TGRYIA�Y[kWkD_`iBSVUW@uYIQV@]YrbdCIQaXx^D_OYfE�L`SVU��{Y{GHCI�WL\YIAGRYI_\GR^D_OYFSV@]N���ixSaYI}�L\AD�rSaUD@�XZYF�PL\XmYI_PyI@oQMSaL\GoY[_DyFY[QaLOYFSVL\CIA�k�@RQ�^DAWL~S"YI_`C{AD�
L
YIJ
δ
kD_\^WJ

2(2θAnλ)
n�p�UKYFS�LOJRs�E�L~SaUSVUW@��{Y{GHCI�WL\YIA�bØYIGHSVC{Q��KC{^DAWNP@]N	YI�KCFy{@T�li

(1 + 9δ2)1/2
JVCBSaUWYFS�Ew@rUWYzyI@

∫

ηy,λ(A−E)

f(y)dH1(y) ≤
∫

ηy,λ(A−E)

εdH1 + (1 + 9δ2)1/2
∫

L

f(y)dH1(y)

< εH1(ηn,λ(A−E)) + (1 + 9ε)

∫

L

f(y)dH1(y)

E�UDLOGgUvL\XmkD_\L`@]J
∣∣∣∣∣

∫

ηy,λ(A−E)

fdH1 −
∫

L

fdH1

∣∣∣∣∣ ≤ ε(1 + ε)2M + (1 + 9ε− 1)

∣∣∣∣
∫

L

fdH1

∣∣∣∣

= ε(1 + ε)2M + (9ε)

∫

L

fdH1.

ý L\AWGH@rSaUDLOJ�L\JwSaQV^W@TbdC{QcY[_\_
ε > 0

L`S�bdCI_\_\CFE�JwSVUWY[S
lim
λ→0

∣∣∣∣∣

∫

ηy,λ(A−E)

fdH1 −
∫

L

fdH1

∣∣∣∣∣ = 0

 o¦ �



JVCBSaUWYFS
lim
λ→0

∫

ηy,λ(A−E)

fdH1 =

∫

L

fdH1.

p�UWY[S�L\JmSaUD@RQa@hLOJ�Y[A4Y[kDkWQVCz�PL\XmY[SV@	SaYIAD�I@oA�SZJVkWY{GH@	bdCIQ
y
n ý L`AWGR@�SVUDLOJZLOJmSVQa^D@�bdC{Q�Y[_\_

y ∈ A − E
Y[AWN

H1(E) = 0
Ew@rUWYzyI@

lim
λ→0

∫

ηy,λA

fdH1 = lim
λ→0

∫

ηy,λ(A−E)

fdH1

=

∫

L

fdH1

bdCIQfYI_`_
y ∈ A − E

nBp�UKYFSrL\Jos
A
UWYIJrY[A*Y[kDkWQVCz�PL\XmY[SV@xSaY[AW�I@RA�SrJMkWY{GH@BbdCIQfY[_\_

y ∈ A − E
s¨Y[AKNhSVUW@RQa@HbdCIQa@

H1 ��YI_`XmC{JMS�@Ry{@RQai�E�UW@RQa@ y ∈ A
E�UDLOGgU	L\XmkD_\L`@]J�SVUWY[S

A
L\J�GRCI^DA�SgY[�D_\i

1
��QV@]G�SaL | YI�D_\@In ♦��_`SVUWCI^D�{U SaUD@oJV@hQa@oJV^D_~SgJ�Y[Qa@�ADC[SZbdC{QmSVUD@�@RA�SVL\QV@RSji�C[b

Aε
Sjilk�@�JM@RSaJos(SaUD@�GHC{XmkD_`@RSVL\CIA4C[buSVUW@hkDQVClCIbØJmC[bQa@oG�SaL | Y[�DL\_`L`SjiZbØYI_`_�^DAWNP@oQ�SVUD@qkWQVClC[b�bdCIQ��{@RAD@oQaYI_ K JV@HSgJRn�?*@rSVUl^WJ�kDQVCFy{@uSVUD@fXmCIQa@r�I@oAD@RQgY[_tQa@oJV^D_`SosWJMSaY[SVL\AD�SVUW@qGH_\@oY[AW@RQ�QV@]JM^W_~S�bdC{Q

Aε
Sji�k�@qJV@HSaJ�Y{J�YmGHCIQaCI_\_OY[QaiIn

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�È��¨È
å ÐHÖ A ∈ K Ü� ß H1(Λ∞) = 0

Ö Þ ÐHÔ A ÕOÏ á Î[ÌPÔWÖ Ú âRèüû 1 � àaÐ á Ö¤Õ Ó Ú âRè`Ð Ü
��ÄlÅ�ÆDì���ï��S�EwCI^D_ONvGR_`@]Y[Qa_`iZ��@qNP@]JML\QV@]Y[�D_\@uSVCm��@qY[�D_\@uSVC�JVUDCFEòSaUWYFS

H1(Λ−1
∞ ) = 0 ⇒ H1(Λ∞)E�UDLOGgU�EwCI^D_ON���@fY[A	Yx��@HSVSV@RQ�JVL`SV^WY[SVL\CIAvJVL\AWGH@uE"@uUWYzy{@c��@HSMSa@RQ�^DAKNP@RQgJjSgY[AWNDL`AD�KslkK@oQaGR@RkPSaL`C{AvY[AKN�GHC{A�SVQaCI_�C[bJV@HSaJ�L\A

A0
SaUWY[A�JM@RSaJ�L\A

A
n���S�LOJRsPUDCFEw@Ry{@RQ]slADC[S�AD@]GH@oJaJaY[QaL`_\iZL`A	�I@oAD@RQgY[_�SaQV^D@ ¡ SVUDC{^D�IU�L`S�XmYziZ��@]¢Hn�?*@rNDCL\A	JVCIXm@r_`L\XmL~Sa@oN�GRY{JM@]J(UKYzyI@rGHCIA�SaQVC{_KbdQaCIX

A0
n��WCIQ�@H�DYIX�kW_`@rL`b

Λ−1
∞
L\J�GRCI^DA�SgY[�D_\@uSVUD@oA H1(Λ∞) = 0

Y[AKNJVCBSaUD@qY[��CFyI@rp�UD@oCIQa@RX=EwCI^D_ON�SVUD@oA�JMSaY[SV@uSVUKYFS�E�L`SVUhJM^KGgU	Y
Λ−1
∞
s
A
L\J�GRCI^DA�SaYI�D_\i

1
��QV@]G�SVL | YI�D_`@{n

ërìFí�í�îVï?*@fADC[Sa@TSaUWYFS
A = Λ∞ ∪

∞⋃

m=1

Λm = Λ∞ ∪
∞⋃

m=1

F(Λ−1
m ) = Λ∞ ∪

∞⋃

m=1

F|Λ−1
m

(Λ−1
m ).

ý L\AWGH@{s�bdQaCIX&Â¨@RXmXZY
8.4.1

s�E"@�}lADCFE SaUWYFS FΛ−1
m

LOJmÂ�L\kWJVGgUWL~Sa�vbdC{Qm@oYIGgU
m ∈ N

s(L`SmbdCI_\_`CFE�JBSVUKYFS
A
L\JGHC{^DA�SaYI�D_`i

1
��QV@]G�SVL | YI�D_`@rJVUDCI^D_ON H1(Λ∞) = 0

n ♦
ñw@HbdC{QV@�JMSaY[SVL\AD��SaUD@vGRCIQaCI_\_\YIQVi9C[b�Qa@oGHSVL | Y[�DL\_\L~Sji9bdCIQ

Aε
JV@HSgJRs�Ew@�kDQaCFyI@�SVUD@vADCIAP��Qa@oG�SaL | Y[�DL\_`L`Sji*QV@]JM^D_`Son9��ASVUWL\JrE�YzihE"@�E�L\_`_���@ZY[�D_\@�SVC�NP@RXmCIAKJjSaQaY[SV@�AD@oGR@oJaJVYIQVihY[AKN9JV^�	�GHL\@RA�Sos�SaUWYFSfLOJRs�Y[A*@o��^DL\yzYI_`@oAWGH@�C[b�GHC{AWNPL`�SVL\CIAKJwbdCIQ�JV@HSaJ�L`A

Aε
SVCZGRCI^DA�SaYI�D_\@

1
�¤Qa@oGHSVL | Y[�WL`_\L~Sji{n

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�È���È
å ÐHÖ A ∈ K Ú Ô�Û H1(Λ−1

∞ ) > 0 Ü�Ý�Þ ÐHÔ A ÕOÏfÔ�ÎFÖ á ÎFÌPÔWÖ Ú âRèüû 1 � àVÐ á Ö¤Õ Ó Ú âHè`Ð ÜërìFí�í�îVïÂ�@RS
θ
�K@�Y[Ali4kKCISV@oA{SaL\YI_TXB^D_`SVL\kD_`LOGHL`Sji4bd^DAWGHSVL\CIA>bdCIQ

A
n p�UW@RA

θ ∈ L1(H1, A,R)
Y[AKN�SVUl^WJ

θ
LOJ H1 �Xm@oY{JM^DQgY[�W_`@{n�?*@rSVUD@oAhGH_OY[L\X=SVUKYFS�SVUW@RQa@uLOJ�Y[A

r > 0
JM^KGgUvSaUWYFS

H1(F−1({x ∈ A : θ(x) > r}) ∩ Λ−1
∞ ) > 0.

 I o¦



p�UDLOJ�LOJ�SaQV^D@qbdCIQcCISVUD@oQVE�LOJV@ H1({x ∈ A0,0 : θ ◦ F(x) = 0}) > 0
Y[AWN	SaU�^KJ H1({x ∈ A : θ(x) = 0}) > 0GHC{A�SVQgYINPLOG�SaL`AD�

θ
�K@oL`AW��YBk�C{JVL`SVL\yI@ubd^DAWGHSVL\CIA�CIA

A
n ý @RS

B := F−1({x ∈ A : θ(x) > r}).ý L\AWGH@
θ
LOJcXm@oY{JM^WQaYI�D_`@{s {x ∈ A : θ(x) > r} L\JTXm@oYIJV^DQgY[�D_\@qY[AKN�SVUl^WJos�JVL\AWGH@xbdQVC{X��(QVC{kKC�JML`SVL\CIA

8.4.1
Ew@}lADCFE F LOJ�Xm@oY{JM^WQaYI�D_`@{s B LOJ H1 �¤Xm@]YIJV^DQaYI�D_\@TL\A A0,0

n
��SmSVUD@oA�bdC{_`_\CFE�JBbdQVC{X Â�@oX�XZY

8.5.2
SaUWYFSmSVUW@RQa@v@R�lLOJMSaJZY

B1 ⊂ B
E�L~SaU H1(B1) = H1(B) > 0

JM^WGgUSVUKYFS
Θ1(H1,F(B1),F(x)) = ∞ bdCIQ�@]YIGgU x ∈ B1

n
ô CIAKJMLONP@RQ�ADCFE

f ∈ C0
C(R2,R)

JM^KGgU�SVUKYFS
χB1(0) ≤ f ≤ χB2(0)

E�UD@RQa@
χ
LOJBSVUD@�GgUWY[QgYIGHSV@oQVLOJjSaL\GZbd^DAWG��SVL\CIA¨n�p�UW@RA�bdCIQwY[AliqSgY[AD�{@RA�S(JMkKYIGH@{s

P
s{SVC

A
SaUWYFS�XZYzix@R�PL\JMS(E�L`SVUZQa@oJVkK@]G�S�SaC

θ
YFS F(x)

bdCIQ(JVCIXm@
x ∈ B1

sL`S�bdCI_\_`E�JosDYIJ�L\A���QVC{kKC�JML`SVL\CIA
8.4.3

SaUWYFS
∞ > θ(F(x))

∫

P

f(y)dH1(y) = lim
λ↘0

∫

ηx,λ(A)

f(y)θ(x+ λy)dH1(y) = ∞.

p�Ul^WJ
lim
λ↘0

∫

ηx,λA

f(y)θ(x+ λy)dH1(y) 6= θ(F(x))

∫

P

f(y)dH1(y).

ý L\AWGH@rSaUDLOJ�LOJ�SVQa^D@rbdCIQTY[Ali
x ∈ F(B1)

YIAWN H1(F(B1)) ≥ H1(B1) > 0
L`S�bdCI_\_\CFE�JwSVUWY[S

A
NPCl@oJ�ADCIS�UWYzyI@Y[A�Y[kWkDQVCz�PL\XZYFSV@TSaYIAD�I@oA�S�JVkWY{GH@rE�L~SaU�QV@]JMk�@oGHSwSaC

θ
YFS
x
CIA�YZJM@RS�C[b

x
CIb�k�C{JVL~SaL`y{@fXm@oYIJV^DQa@In

ý L\AWGH@mSaUDLOJfUDCI_ONDJubdC{QqY[Ali�Y[_\_\CFE"@]N9JV@R_\@oGHSVL\CIA*C[b
θ
L`SfbdCI_\_\CFE�JcbdQaCIX SVUD@�ND@ | ADL`SVL\CIA�CIbwQa@oGHSVL | Y[�D_\@ZJM@RSaJfYIAWNp�UD@oCIQa@RX

A.0.1
SVUWY[S

A
L\J�ADCIScGHC{^DA�SaY[�W_`i

1
�¤Qa@oGHSVL | Y[�D_\@In ♦?*@�GoY[A�AWCFEðJjSgYFSV@BSVUW@�GR_`@]Y[AD@oQTQa@oJV^D_`STbdC{Q
Aε
SjilkK@mJV@HSaJTbdQaCIX�E�UDLOGgU�SaUD@�kWY[QVSVLOGH^D_OY[QuQa@oJV^D_~SgJ�bdC{Q

Aε
YIAWN

Aε
bdCI_\_`CFEfn

� íWìFí����ÊÆPì! 4Ç¨ÈØÉ�ÈØÉ�È
" ÎFà Ú Ô Aε Ö¤ûaÍDÐqÏRÐHÖ A ú A ÕOÏ á Î[ÌPÔWÖ Ú âRèüû 1 � àVÐ á ÖÊÕ Ó Ú âRè`ÐfÕ ß Ú Ô�ÛvÎFÔKèüû�Õ ß

H1((Λ−1
∞ )A) = 0.ërìFí�í�îVï?*@fADC[Sa@rSVUWY[S

A
�K@oL`AD��YIA

Aε
SjilkK@qJV@HS�L\X�kW_`L\@oJ

A ∈ K n"p�Ul^WJwbdQaCIX3p�UD@RC{QV@oX 9.1.4
slL`b H1((Λ−1

∞ )A) > 0SVUW@RA
A
L\J�AWC[ScGHC{^DA�SaYI�D_`i

1
�¤Qa@oGHSVL | Y[�W_`@{n

ô CIAly{@RQgJM@o_`i{s�JVUDCI^W_\N H1((Λ−1
∞ )A) = 0

SaUD@RA	SVUW@RQa@uXB^WJMS�@R�PL\JMS�YFS�_`@]YIJMS�CIAD@rk�CIL\A{S]s
x
sPbdC{Q�E�UDLOGgU

Π̃A
x 6= ∞ ný L\AWGH@

Π̃A
x

LOJ�GHC{AWJMSaY[A�S�bdCIQTY[_\_
x ∈ A

bdCIQ�Y[A
Aε
Sji�k�@qJV@HS�L`S�bdCI_\_`CFE�JwSaUWYFS

Π̃A
y 6= ∞ bdCIQ�@]YIGgU y ∈ A0,0

YIAWNSVUl^WJcbdCIQT@oY{GgU
y ∈ A

nc��SubdCI_\_`CFE�J�SaUWYFS
ΛA∞ = ∅ Y[AWN�SaUD@RQa@HbdC{QV@qSVUWY[S H1(ΛA∞) = 0

nc��STSaU�^KJ�bdC{_`_\CFE�J�bdQaCIXp�UD@oCIQa@RX
9.1.3

SVUWY[S
A
LOJ�GHC{^DA�SaYI�D_`i

1
��QV@]G�SVL | YI�D_`@{n ♦

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�È�#�È
å ÐHÖ 1/100 > ε > 0 Ú Ô�Û A âgÐ á Î[ÔDÏ�Ö¤à�Ì á Ö�ÐgÛ Ú ÏfÕ×Ô%$�Î[ÔDÏ�ÖÊà�Ì á Ö¤ÕØÎFÔ 4.2.1

ç�Õ×Ö Þ Ö Þ ÕOÏ ε ÜmÝ�Þ ÐHÔ
Π̃A
x ≡ ∞

Ú Ô�ÛZÖ Þ ÌlÏ A ÕOÏfÔ�Î[Ö 1 �Má Î[ÌPÔWÖ Ú âRèüû 1 � àVÐ á ÖÊÕ Ó Ú âRè`Ð Ü
 I I 



ërìFí�í�îVï�DQaCIX·Â�@RXmXZY
8.3.1

Ew@r}lADCFEòSaUWYFS�bdCIQTY[Ali
Aε
Sjilk�@rJV@HS

A1
s

H1(Ãn
A1

) = H1(AA1
0,0)

n∏

j=0

(cosθA1

j,· )−1 =
n∏

j=0

(cosθA1

j,· )−1.

ý L\AWGH@rbdQaCIX·Â�@RXmXZY
4.3.1 H1(Ãn

A
) = (1 + n16ε2)1/2

L`S�bdCI_\_`CFE�J"SaUWYFS
Π̃A = lim

n→∞

n∏

j=0

(cosθAj,·)
−1 = lim

n→∞
H1(Ãn

A
) = lim

n→∞
(1 + n16ε2)1/2 = ∞.

p�Ul^WJ
x ∈ (Λ−1

∞ )A
bdC{Q�@oY{GgU

x ∈ A0,0
n�p�UWL\J�GRCIXmkD_\@HSa@oJwSVUW@ | QaJMS�kWY[QVS�C[b�SVUD@fkWQVClC[bjn

��S�SaU�^KJ�bdCI_\_\CFE�J�SVUWY[S H1((Λ−1
∞ )A) > 0

nw�WQVC{X&�(QVC{kKC�JML`SVL\CIA
8.4.1 ¡(' ¢�L`ScSaUD@RA�bdC{_`_\CFE�J�SaUWYFS H1(ΛA∞) > 0

np�UD@oQV@RbdCIQa@Is�bdQVC{X ô C{QVC{_`_OY[Qai
9.1.1

s
A
LOJ�ADCIScGHCI^WA{SgY[�D_\i

1
�¤Qa@oGHSVL | Y[�D_\@In ♦p�UD@"kDQVClCIb�SaUD@RAqSVUWY[S Aε

LOJ�ADC[S�GHCI^WA{SgY[�D_\iuQV@]G�SVL | YI�D_`@�SVUWY[S�Ew@(kDQa@oJV@RA�S¨LOJ�YIAfL`AKNPL`Qa@oGHS�kDQaClC[bjsFYIJaJV^DXmL`AD��SVUWY[S
Aε
LOJ¨GRCI^DA�SaYI�D_\i

1
��Qa@oG�SaL | Y[�D_\@Is]E�UDLOGgUrSVUD@oAqL`XmkD_\L\@oJtSaUWYFS

Aε
LOJ¨GHC{^DA�SaYI�D_`i

1
��Qa@oG�SaL | Y[�D_\@In�p�UDLOJ�GHCIA�SaQaY{NPL\GHSVL\CIAGHC{XmkD_`@RSV@]JwSVUD@fkDQaClC[b�Y[AWN�SVUD@fQa@oGHSVL | Y[�WL`_\L~Sji�QV@]JM^D_`SaJon

öq÷ ÄlíWìFÄlÅøÇ¨ÈØÉ�È�)¨È
Aε
ÕOÏfÔ�ÎFÖ á Î[ÌPÔWÖ Ú âRèüû 1 � àVÐ á ÖÊÕ Ó Ú âRè`Ð ÜërìFí�í�îVï?*@qkDQaCFyI@uSVUD@Bp�UD@RC{QV@oX �li	GRCIA�SVQgYINDL\GHSVL\CIA�n ý CWs�JM^DkWkKC�JM@rSaUWYFS Aε

L\J�GRCI^DA�SgY[�D_\i
1
�¤Qa@oGHSVL | Y[�D_\@qY[AKN	JVC�GRYIA��@fE�QVL`SMSa@RA�L`A	SaUD@ubdCIQaX

Aε ⊂ A0 ∪
∞⋃

n=1

Fn(R)

E�UD@oQV@ H1(A0) = 0
YIAWN

Fn : R → R2 LOJ�YmÂ�L\kWJVGgUWL~Sa�Tbd^WAWG�SaL`C{AvbdC{Q�@oY{GgU n ∈ N
n

?*@�ADCFE GRCIAWJVL\ND@RQZSaUWYFS��li�SaUD@*GRCIAWJMSVQa^WGHSVL\CIA�C[b
Aε
E"@9}lADCFE3SVUWY[S

Aε ∩ Ti,j
L\J
A21−iε

GHC{AWJMSVQa^WG�Sa@oNCIAhYZ�KYIJV@fC[b�_`@oAD�[SaU H1(Ai,·) ¡ E�UDLOGgUhEw@fADC[Sa@qL`Xmk�CIQVSaYIA{Sa_`ivL\Jc�IQa@oY[SV@RQ�SaUWY[A 21−i JVCmSVUWY[STJMUWCI^D_ON Aε ��@Ew@R_\_�NP@ | AW@oNtsPSaUD@RAhJVC�SVClCmL\J�SaUD@fAD@oE
Aε
¢�n

��S�SaUl^WJZbdC{_`_\CFE�JZSaUWYFS��li4GHC{A{SaQaY{G�SaL`AD�
Aε
�li

21−i L\A�SVUD@9yI@oQMSaL\GoY[_cNPL\Qa@oG�SaL`C{AòY[AWN4�li H1(Ai,·)
L\A�SVUW@UDC{QVL\�RC{A{SgY[_�NPL`Qa@oGHSVL\CIA�Ew@xUKYzyI@fSaUWYFSuSVUD@BQV@]JM^W_~S

C(Aε)
LOJuY�GHC{kli	CIb(Y[Ali

Aε ∩ Ti,j ¡ E�UW@RQa@ C LOJ�SaUD@mGHCIAD�SVQgYIGHSVL\CIA	XZY[k�JVY[SVLOJjbdilL\AD��SVUD@qJaY[LONvGRCIAWNDL~SaL`C{AWJa¢Hn
?*@fSVUl^WJ�}lADCFE SVUKYFS�SaUD@RQa@f@H�PLOJjSgJ�GHC{A{SaQaY{G�SaL`C{AvXZY[kKJ�bdCIQ�@]YIGgU

i ∈ N
YIAWN

j ∈ {1, ..., 2i} s Oij : R2 → R2 sJV^WGgU�SaUWYFS
Oij(Aε) = Aε ∩ Ti,jE�UDLOGgUvL\XmkD_\L`@]J

Oij(Aε) ⊂ Aε ∩ Ti,j
YIAWN�Y[_OJMCBSVUKYFS

Oij(E) = E ∩ Ti,j .
*T@ | AD@

MAε := Aε ∩
⋃

i∈N

2i⋃

j=1

Oij(Aε),

Y[AKN
RAε := Aε ∼


Aε ∪

⋃

i∈N

2i⋃

j=1

Oij(Aε)


 = Aε ∼MAε .

 I �+



��S�bdCI_\_\CFE�J(SaUWYFS
Lijn := Oij(F (x)) i, n ∈ N, j ∈ {1, ..., 2i}Y[Qa@fÂ�L\kWJaGgUDL~Sa�fbd^DAWGHSVL\CIAWJ

Lijn : R → R2 nw?9@fADCISV@fSaUWYFS {{Lijn}i,n∈N}2i

j=1

LOJ�GRCI^DA�SaYI�D_\@In"�c_\JVCmSVUKYFS
RAεLOY	Y�JV^D�WJV@HSfC[b"SVUD@Z^WADL`C{A9CIb"�WYI_`_OJ ¡ C{QfNP@HbdC{QVXm@oN9�WYI_`_OJa¢uYIQVC{^DAWN�k�CIL\A�SaJrL\A E nZ��_OJMC	SVUKYFSf�lihSaYI}�L\AD�	SVUW@bd^DQVSVUD@oQcYINWNPL~SaL`C{A	SVC Aε

s
Oij(Aε)

sWEw@rL`A | ADL`SV@R_\i	QV@]NP^WGH@uSaUDL\JTY[Qa@oYB�livGHC{A�SVL\A�^KY[_\_`i�Qa@ | ADL`AW�BSaUD@qNP@RbdCIQaX�@]N�WYI_`_�YIQVC{^DAWNv@oYIGgU
en
slSVUWY[S�L\J

RAε ⊂
⋃

n∈N

⋂

{i,j:Oij ((0,0))=en}
Oij(Br1((0, 0))).

?�L`SVU	SVUDLOJ�JV@HS�^Dk�Ew@fGRY[AvSVUW@RAhYFSVSaYIGg}�SVUD@fkDQaClC[bjn
?*@ | QaJMS�ADC[Sa@rSVUWY[S

MAε = Aε ∪
∞⋃

i=1

2i⋃

j=1

Oij(Aε)

⊂ A0 ∪
∞⋃

n=1

Fn(R) ∪
∞⋃

i=1

2i⋃

j=1

Oij

(
A0 ∪

∞⋃

n=1

Fn(R)

)

= A0 ∪
∞⋃

n=1

Fn(R) ∪
∞⋃

i=1

2i⋃

j=1

Oij(A0) ∪
∞⋃

i=1

2i⋃

j=1

∞⋃

n=1

Lijn(R)

= A0 ∪
∞⋃

i=1

2i⋃

j=1

Oij(A0) ∪
∞⋃

n=1

Fn(R) ∪
∞⋃

i=1

2i⋃

j=1

∞⋃

n=1

Lijn(R),

E�UD@oQV@
H1


A0 ∪

∞⋃

i=1

2i⋃

j=1

Oij(A0)


 ≤ H1(A0) +

∞∑

i=1

2i∑

j=1

H1(Oij(A0))

≤ H1(A0) +

∞∑

i=1

2i∑

j=1

H1(A0)

= 0 +
∞∑

i=1

2i∑

j=1

0

= 0Y[AKN ⋃∞
n=1 Fn(R) ∪⋃∞

i=1

⋃2i

j=1

⋃∞
n=1 Lijn(R)

LOJ�YmGHCI^WA{SgY[�D_\@fGHC{_`_\@oGHSVL\CIA	C[b�Â¨L`kKJVGgUDL`SV�fL\XZY[�{@oJon
��S�SVUl^WJ�bdCI_\_`CFE�J"SVUKYFS

MAε

L\JcGHCI^WA{SgY[�D_\i
1
�¤Qa@oGHSVL | Y[�D_\@In�p�UWY[S�LOJ

MAε = M0 ∪
∞⋃

n=1

Mn(R)

E�UD@oQV@
M0 = A0 ∪ ⋃∞

i=1

⋃2i

j=1Oij(A0)
LOJ�Y�JV@HS	C[bfXm@oYIJV^DQa@h�R@oQVC�YIAWN {Mn}∞n=1

L\JvY£QV@oCIQgNP@RQaL\AD��C[b
{Fn}∞n=1 ∪ {{Lijn}∞i,n=1}2i

j=1

n�?*@fADCFE>JVUDCFE>SVUWY[S H1(RAε) = 0
n

 I  '



Â�@RS
η > 0

n��WCIQm@oY{GgU
i, n ∈ N

SVUD@oQV@	@H�PLOJjSgJ
jn = jn(i, n) ∈ {1, ..., 2i} JM^KGgU�SVUKYFS Oij((0, 0)) = en

np�UWY[S�L\Jos
Oij(Br1((0, 0)))

GHCFy{@RQgJ"SVUD@fkWYIQMS�CIb
RAε

GH@oA{Sa@RQa@oNvCIA
en
sWJMC�SaUWYFScJVL`AKGH@

lim
i→∞

H1(Ai,·) = 0

bdCIQ�@]YIGgU
n
Ew@fGRY[AhGgUDClC�JM@rY[A

in ∈ N
JV^WGgUvSVUWY[S

diam(Oij(Br1((0, 0)))) < η2−n.
p�UW@RA�sWJVL\AWGH@

RAε ⊂
∞⋃

n=1

Oinjn(Br1((0, 0)))

Y[AKNuJVL\AWGH@
diam(Oij(Br1((0, 0)))) < η2−n < η

bdC{Q�@oY{GgU
n ∈ N

Ew@�SVUD@oAfUWYzyI@�SVUKYFS {Oinjn(Br1((0, 0)))}∞n=1LOJ�Y[AhY[kDkWQVC{kDQVLOYFSa@TGRCFyI@RQaL\AD��JV@HS�SaCZ@oJMSVL\XmY[SV@ H1
η

Y[AWNvL\AvbØY{G�S�Ew@fUWYzyI@
H1
η(RAε) ≤ H1

η

( ∞⋃

n=1

Oinjn(Br1((0, 0)))

)
≤

∞∑

n=1

diam(Oinjn(Br1((0, 0)))) <

∞∑

n=1

η2−n = η.

p�Ul^WJ
H1(RAε) = lim

η→0
H1
η(RAε) < lim

η→0
η = 0.¥�CFE JML\AWGR@ Aε = MAε ∪ RAε

Ew@rUWYzyI@
Aε = RAε ∪M0 ∪

∞⋃

n=1

Mn(R).

ý L\AWGH@ H1(RAε) = 0
s

H1(RAε ∪M0) = 0Y[AKN£L~SBbdCI_\_`CFE�JfSVUWY[S
Aε
L\JBGHCI^WA{SgY[�D_\i

1
��QV@]G�SVL | YI�D_`@{n�p�UDLOJBGRCIA�SVQgYINPLOG�SgJqp�UD@oCIQa@RX

9.1.5
s¨SaU�^KJ Aε

LOJqADCISGHC{^DA�SaYI�D_`i
1
��QV@]G�SVL | YI�D_`@{n ♦p�UDLOJ�GRCIXmkD_\@HSa@oJ�C{^DQ�JMSV^KNPirC[bPQV@]G�SaL | YI�DL\_`L`SjiIszEw@�XmCFyI@�C{ArSVC�SaUD@(Xm@]YIJV^DQV@(QV@]JM^D_`SaJ¨�K@RbdCIQa@ | AWYI_`_\ifGHC{AWJMLONP@oQVL\AD�SVUW@qNPL`Xm@oAWJML\CIA	C[b�eTClGgU�SjilkK@qJV@HSgJRn

ª�«-, . ¶�ºq°0/v¸�¶21v»f¸435/vÀRºq¶76F»q¸&8�»Z±�²:9òÁ�¯*¶<;m¶w³�°
�DC{Q�CI^WQ�Xm@oYIJV^DQa@fQV@]JM^W_~ScEw@fkDQa@oJV@RA�Sos�YIJ�kWQV@oy�L\CI^KJM_\ivJV@R@oA�sKY�bdC{QVXB^D_\Y�SaUWYFSTQV@]JM@oXx�D_\@oJ�SaUD@x�cQV@]YZ�DCIQaXx^W_\YWn?*@�GHCI^W_\N*Y[_OJMC�UWYzy{@�YIkDkD_\L`@]N9SVUD@��cQV@]Y	�WCIQaXx^D_OY ¡ bdCIQxX�C{QV@mL\APbdCIQaXZYFSaL`C{A9C{A�SaUD@���Qa@oY��DC{QVXB^D_OYvJV@R@mbdC{Q@H�DYIX�kW_`@ ý L\X�C{A>=?+�@!A×¢T�D^PSfADCISfE�L~SaUDCI^PSqJVCIXm@mNPLB	�GR^D_~Sji{nB?*@�SVUD@oQV@RbdCIQa@xkDQa@oJV@RA�SfY�JM@o_~b"GRCIA�SaYIL`AW@oN�NDL`Qa@oGHSkDQaClC[b�CIb¨SaUD@fQV@]JM^W_~S]n
öq÷ ÄlíWìFÄlÅøÇ¨È���ÈØÉ�È
å ÐHÖ A ∈ K ÜZÝ�Þ ÐRÔ ú ßHÎ[à Ú è×è0�ZÐ Ú Ï�ÌPà Ú âHè`Ð B ⊂ A0,0

Ö Þ Ð"ßHÎFè×è`Î[ç�Õ×Ô�ä Þ ÎFè`ÛFÏ
H1(F(B)) =

∫

B∼Λ−1
∞

Π̃dH1 + H1(F(B) ∩ Λ∞).

��ÄlÅ�ÆDì���ï�cJrE�L`SVU9SVUW@�Qa@oGHSVL | Y[�WL`_\L~Sji�SVUD@oCIQa@RX�s�SVUD@ZJMSaY[SV@RXm@oA{SfCIb(SVUWL\JuSaUD@RC{QV@oX�E"C{^D_\N��K@�JVL\X�kW_`L | @oN*JVUDCI^D_ON�L`Sq��@SVQa^D@uSVUKYFS
H1(Λ−1

∞ ) = 0 ⇒ H1(Λ∞) = 0
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L\A	E�UWL\GgU�GRY{JM@rEw@rGRCI^D_ON	E�QVL`SV@
H1(F(B)) =

∫

B

Π̃dH1,

JVL`AWGR@Is�JVUDCI^W_\N H1(Λ−1
∞ ) > 0

s��KCISVUþJMLONP@oJBEwCI^D_ON�SVUW@RA���@ ∞ JVC�SVUKYFSxSaUD@Ri�GRCI^D_ON£L\A£SVUWL\JmGRY{JM@vY[_OJMC9�K@Qa@oGHC{AWGHL\_\@oNvE�L~SaU	C{AD@fY[ADCISVUD@oQon
��SxJV@R@RXZJqY{JuSVUDC{^D�IU£YIA*YIkDkD_\L\GoYFSVL\CIA�CIb(SVUW@���Qa@oY��DC{QVXB^D_OY�bdC{QfQV@]G�SaL | YI�D_\@�JM@RSaJrLOJqY[_\_�SVUKYFSqLOJfAD@oGR@oJaJVYIQVi{sE�UDLOGgU�L\J�_\L\}I@R_\iZSaCZ�K@rSaQV^D@{sDUDCFEw@Ry{@RQ]slJVL\AWGH@uSVUW@xGHC{A�y{@RQa�I@oAWGH@TC[b

Π̃n(x)
L\J�@o��^DL\yzYI_`@oA�S�SVC�SVUD@BGHCIAly{@RQa�I@RAKGH@C[b ∑

n θ
A
n,i(x)

2 Y[AWNBSVUl^WJ(ADC[S"AD@oGR@oJaJVYIQVL\_`ixC[b ∑
n θ

A
n,i(x)

sISaUD@E��YIGHC{�DLOY[AmL\J���i�ADCfXm@oYIAWJ�YrSaQVL\ylL\YI_W��^WY[A�SaL~SjiSVCZGoY[_OGH^D_OYFSa@uC{Q�JMUWCFEòSVUKYFS�L~S�LOJ�@]�{^KY[_�SVC
Π̃
C{A

A0,0 ∼ Λ−1
∞
n

ërìFí�í�îVï?*@fADC[Sa@TSaUWYFS�bdC{Q�Y[Ali�Xm@oY{JM^WQaYI�D_`@
D ⊂ A0,0

F(D) =

∞⋂

n=1

⋃

i∈Xn
TAn,i

E�UD@oQV@
Xn := {i ∈ {1, ..., 2n} : i = i(n, x)

bdCIQ�JVCIXm@
x ∈ D}Y[AKN	JVCZGRYIA	��@qGHC{AWJMSVQa^WG�Sa@oN�bdQVC{X·GHC{^DA�SaYI�D_`@r^DAWL`C{AWJ�Y[AKN�L\A�SV@RQgJV@oG�SaL`C{AWJ�C[b H1 �¤Xm@oY{JM^WQaYI�D_`@rJV^D�WJV@HSaJ�C[b R2Y[AKN�LOJ�SaUD@RQa@HbdC{QV@TX�@]YIJV^DQgY[�D_\@In���_OJMCKs�JVL\AWGH@TbdQVC{X Â�@RXmXZY

8.4.1 Fn
L\J�Â�L\kWJaGgUDL`SV�TbdCIQw@oYIGgU

n ∈ N
SVUD@]JM@uJM@RSaJY[Qa@fY[_OJMC�Xm@oY{JM^DQgY[�W_`@{n

�D^WQMSaUD@RQ]sDJML\AWGR@
Fn
L\J�YZÂ¨L`kKJVGgUDL`SV�rXZY[kvbdCIQ�@]YIGgU

n ∈ N
sPL`b

D ⊂ A0,0
JMC�SaC�LOJ

Fn(D)
bdCIQ�@oY{GgU

n ∈ N
n

��S�bdCI_\_\CFE�J(SaUD@RA�SaUWYFS
H1(F(B)) = H1(F(B) ∩ Λ∞) + H1(F(B) ∼ Λ∞).?*@qGHCIAKJMLONP@RQwSaUD@qJM@]GHC{AWN�Sa@RQaX�n

Â�@RS
q ∈ N

YIAWN	NP@ | AW@
Hnq :=

{
x ∈ A0 :

n− 1

q
< Π̃(x) ≤ n

q

}
.

?*@qJM@o@
B ∼ Λ−1

∞ =

∞⋃

n=1

Hnq .

Ew@TADCFE>@oJMSVL\XmY[SV@ H1(F(B ∩Hnq))
n���L\QgJjSa_`i

Hnq ⊂ Λn/q
JVCxSaUWYFS F(B ∩Hnq) = F|Λn/q (B ∩Hnq)

LOJ�YÂ�L\kWJaGgUDL`SV�r�IQgY[kDU	E�L`SVUhÂ�L\k F|Λn/q ≤ n/q
Y[AWN�JVC�SVUWY[S H1(F(B ∩Hnq)) ≤ n

qH1(Hnq).��S�LOJ�ADCFE>AD@]GH@]JVJaY[QaimSVCm@oJMSaYI�D_\L\JVUhYB_\CFEw@RQ�@oJMSVL\XZYFSV@{n�p¨CZNPC�SaUDL\J�E"@fNP@ | AD@
Hnqj := {x ∈ Hnq : Π̃j(x) > (n− 1)q−1 ≥ Π̃j−1(x)}Y[AKN�ADCISV@rSaUWYFS

Hnqi ∩Hnqj = ∅ E�UD@oAD@Ry{@RQ i 6= j
n�?*@qY[_OJMCZNP@ | AD@

Jnq := {i ∈ {1, ..., 2j} : i = i(n, x)
bdCIQ�JVCIXm@

x ∈ Hnqj}.

 I �@



?*@fADC[Sa@TSaUWYFS F|Λn/q ◦ F−1
j

L\J�YZÂ¨L`kWJaGgUDL`SV�r@H�PkWYIAWJVL`C{AvXZY[k	CIA
Fj(Λn/q)

n(��SwbdC{_`_\CFE�JwSVUKYFS
H1(F(Hnqj)) = H1(F ◦ F−1

j ◦ Fj(Hnqj))

= H1


 ⋃

i∈Jnq
F|Λn/q ◦ F−1

j (Fj(Hnqj) ∩Aj,i)




=
∑

i∈Jnq
H1(F|Λn/q ◦ F−1

j (Fj(Hnqj) ∩ Aj,i))

≥
∑

i∈Jnq
H1(Fj(Hnqj) ∩ Aj,i)

=
∑

i∈Jnq
Π̃j,iH1(Hnqj ∩ [(i− 2)2−j , i2−j ])

>
∑

i∈Jnq

n− 1

q
H1(Hnqj ∩ [(i− 1)2−j , i2−j ])

=
n− 1

q
H1(Hnqj).

ý L\AWGH@
Hnq

LOJ�SVUW@qNPL\JØõjCIL\A�S�^DADL\CIA�C[b {Hnqj}∞j=1

L`S�bdCI_\_`CFE�JwSaUWYFS
H1(F(Hnq)) =

∞∑

j=1

H1(F(Hnqj)) >
n− 1

q

∞∑

j=1

H1(Hnqj) =
n− 1

q
H1(Hnq).

��S�SVUW@RA	bdCI_\_`CFE�JwSaUWYFS
n− 1

q
H1(Hnq) ≤ H1(F(Hnq)) ≤

n

q
H1(Hnq).ô CIQaQa@oJVkKC{AWNPL\AD�I_\imE"@fUWYzy{@uNDL`Qa@oGHSwbdQaCIX SVUD@qND@ | ADL`SVL\CIA	C[b

Hnq
SVUWY[S

n− 1

q
H1(Hnq) <

∫

Hnq

Π̃dH1 ≤ n

q
H1(Hnq)

JVCBSaUWYFS
∣∣∣∣∣

∫

Hnq

Π̃dH1 −H1(F(Hnq))

∣∣∣∣∣ <
1

q
H1(Hnq)

Y[AKN�SaUD@RQa@HbdC{QV@
∣∣∣∣
∫

B∼Λ−1
∞

Π̃dH1 −H1(F(B ∼ Λ−1
∞ ))

∣∣∣∣ =

∣∣∣∣∣
∞∑

n=1

∫

Hnq

Π̃dH1 −H1(F(Hnq))

∣∣∣∣∣

≤
∞∑

n=1

∣∣∣∣∣

∫

Hnq

Π̃dH1 −H1(F(Hnq))

∣∣∣∣∣

<
∞∑

n=1

1

q
H1(Hnq)

=
1

q
H1(B ∼ Λ−1

∞ )

≤ 1

q
.

 I o§



ý L\AWGH@rSaUDLOJ�L\JwSaQV^W@TbdC{QcY[_\_
q ∈ N

L~S�bdC{_`_\CFE�J"SVUWY[S
∣∣∣∣
∫

B∼Λ−1
∞

Π̃dH1 −H1(F(B ∼ Λ−1
∞ ))

∣∣∣∣ = 0

Y[AKN�SaU�^KJ�SVUWY[S
∫

B∼Λ−1
∞

Π̃dH1 = H1(F(B ∼ Λ−1
∞ )).

p�UDLOJ��IL\yI@]Jw^WJ
H1(F(B)) = H1(F(B) ∩ Λ∞) + H1(F(B) ∼ Λ∞)

=

∫

B∼Λ−1
∞

Π̃dH1 + H1(F(B) ∩ Λ∞)

GHC{XmkD_`@RSVL\AD��SVUD@fkWQVClC[bjn ♦ �cJ�Ew@rX�@oA�SVL\CIAD@]NvY[S�SVUD@f��@R�{L`ADAWL`AD�mCIb�SaUDL\JGgUWYIkPSV@oQosPEw@rkDQV@]JM@oA�SwSaUD@qJVL`XmkD_\L | @oNvQV@]JM^D_`S�bdCIQ
Aε
Sjilk�@qJM@RSaJon���AvSaUDLOJ�GRY{JM@{s�UWCFE"@oyI@RQ]s�SVUD@fQa@oJV^D_`S�NPCl@oJ�ADCISJVL`XmkD_\L~bdi{n�p�UDLOJ"LOJw�K@]GRYI^WJM@{sPJMUDC{^D_ON

Π̃A
(·) ≡ ∞ bdC{Q�JMC{X�@ Aε SjilkK@rJV@HS A SaUD@RA	L`S�GRCI^D_ON���@uSVUDLOJwyI@RQai A SaUWYFSY[_\_\CFE�J(bdC{Q�GHQa@oY[SVL\CIA	C[b�Xm@]YIJV^DQV@{n�p�UD@RA	bdCIQ�YIAli�JM@RS

B ⊂ A0,0
E�L`SVU H1(B) > 0

E"@r�I@RS
∫

B

Π̃dH1 = H1(F(B)) = ∞.

F�CFEw@Ry{@RQ]sPbdCIQrYZXm@oY{JM^WQaYI�D_`@BJM@RS
B ⊂ A0,0

E�L`SVU H1(B) = 0
bdQaCIX�E�UDLOGgU�Xm@oY{JM^DQa@fLOJTGRQV@]YFSV@]N�E"@BE"C{^D_ONUWYzy{@ ∫

B Π̃dH1 = 0
�D^PS H1(F(B)) > 0

kDQa@Ry{@RA�SVL\AD��SVUW@qJML\XmkD_`L | @]Nvy{@RQgJML\CIAvC[b�p�UD@RC{QV@oX
9.2.1

∫

B

Π̃dH1 = H1(F(B))

UDC{_\NPL\AD�ZYIJ�ND@oJVL`Qa@oNtn
p�UDLOJRs�SVUD@oQV@RbdCIQa@Is�GHC{AWGH_\^WNP@]JxC{^DQmNPL\JaGH^KJVJVL`C{A�C[bTX�@]YIJV^DQa@ZbdCIQaXx^D_OY[@	Y[AWN�E"@vADCFE=GHC{AWGH_\^WNP@	E�L`SVU�SaUD@	QV@R�JV^D_~SgJ�CIA�NPL\Xm@RAWJVL`C{A�n
ª�«HG I 1J/	ÀHÀK;�¯*¶�±�³�¸L/�3 »�6NM ®D3�¶�¹	°¨®H»q¹
?*@xGHC{X�kW_`@RSV@O��Y[QVS��"E�L`SVU�YZNPLOJaGH^WJaJML\CIA	C[b�SVUW@P*cL\Xm@RAWJVL\CIA�C[b

Aε
Y[AKN	eTCPGgU�Sjilk�@qJM@RSaJon"�TJ�E"@qNDL\JaGH^WJaJV@oN@oYIQV_\L\@RQ�L`A	SaUDL\J ô UWY[kPSa@RQ]sDL\A	C{QaND@RQwSVCm�{Y[SVUD@oQ�QV@]JM^W_~SgJ�Y[��CI^PScNPL\Xm@RAWJVL\CIA	E"@f@]JVJV@RA�SVLOY[_\_\iZEwYIA{S�SaCZkD_\Y{GH@fJV@HSaJ@RL`SVUW@RQmL`AKJMLONP@	C[b�CIQmY[QaCI^WAWN�JV@HSaJBSaUWYFSmE"@v}lADCFEÿSVUD@�NPL\Xm@RAWJVL`C{A�CIbjn��cAPbdCIQVSV^WAWYFSa@R_\iIs(NPL`��@RQa@RA�S

Aε
Sjilk�@JV@HSaJcNPCZADC[S��{@RAD@oQaYI_`_\i�JMSaYzi�AW@oYFSa_`ivL`AKJMLONP@fC[b�CIAW@qY[ADCISVUD@oQon�?*@fSVUW@RQa@HbdCIQa@rAD@R@]NvSVCZ^WJV@fCI^DQTGH@RA�SaQaYI_`LOJVY[SVL\CIAQa@oJV^D_~SgJ�SaC�QV@]Y[QaQaYIAD�I@u@oY{GgU�JjSgY[�{@fC[b�GHC{AWJjSaQV^KG�SVL\CIA�SaC�@RAKJM^DQa@rSVUKYFSuJMSVQaLOG�STGRCIA�SaYIL`ADXm@oA{STL\JcQV@RSaY[L\AD@]N���ivSVUW@AD@]GH@oJaJaY[Qai�JM@RSaJon

�cJqE�L~SaU9SaUD@ZQa@oG�SaL | Y[�DL\_`L`Sji�Qa@oJV^D_`SaJostSVUD@
Aε
Sji�k�@�JV@HSaJfYI_`_\CFEðbdC{QqY	X�C{QV@ZGR_`@]Y[AD_\i�JMSaYFSa@oN*Qa@oJV^D_~SrSaUWY[A*SVUW@eTClGgUqSji�k�@�JM@RSaJon��cAD_`L\}I@�JVCIXm@(CIbWSaUD@�kDQV@oylL`C{^WJ¨Qa@oJV^D_`SosFEw@wJVUWYI_`_lADCIS�kDQaCFyI@(SVUD@�YI@oJMSVUD@RSVLOGRY[_\_\iuXmC{QV@wkD_\@oYIJVL\AD�Qa@oJV^D_~SgJ"bdCIQ�SVUW@

Aε
Sjilk�@fJM@RSaJ�YIJ�Y�GHC{QVC{_`_OY[QaimC[b�SVUD@rXmCIQa@T�{@RAD@oQaYI_tecCPGgU�Sjilk�@fJM@RSaJ��D^PS�JVUWY[_\_tQgYFSVUW@RQ�kDQaCFyI@SVUW@BQa@oJV^D_`SrNPL\Qa@oG�Sa_`i{nxp�UDLOJuL\JuXZY[L\AD_\ih�K@]GRY[^KJM@xSVUD@mkDQaClC[b(YFSVSaY{GgUD@oN�SVCvSVUD@

Aε
Sji�k�@mJM@RSaJuL\JuXB^WGgU9GR_`@]Y[AD@oQY[_\_\CFE�L`AD�xSVUD@f@]JVJV@RA�SaL\YI_�L\AD�{QV@]NPL`@oA�SaJ"SVC��K@fXmC{QV@rGH_\@oYIQV_\iZJM@o@RA�n�p�UD@rkDQaClC[b�Y{JVJVCPGHLOYFSa@oN�E�L`SVUvSVUW@reTCPGgU�Sjilk�@JV@HSaJ�LOJ�SVUD@oABkWQV@]JM@oA{Sa@oNBYFb×SV@oQVE�Y[QgNDJ�E�UD@RQa@wSVUD@�NPL�	�GH^D_`SVL\@oJ�CIb�YI_`_\CFE�L`AW��bd^D_\_PyFY[QaL\Y[SVL\CIAxCIbW�WY{JM@�Y[AW�I_\@oJ�QV@]�{^WL`Qa@Y�Xx^WGgU�XmCIQa@TSV@oGgUWADL\GoY[_tkDQaClC[bjn

 I zó



�cJvEw@�E�L`_\_TJV@R@�bdQVC{X&SaUD@�Qa@oJV^D_`SaJos�Y�GHC{XmkD_`@RSV@�GR_`C�JM@]N4L`A�Sa@RQayzYI_cL\A
R
QV@okDQa@oJV@RA�SaJmSaUD@�k�C{JaJVL`�D_\@�NPL\Xm@RAP�JVL`C{AWJrC[b�JV@HSaJrL\A K nvp�UDLOJqJVUDCFE�JuSVUW@�QVLOGgU*yzYIQVLOYFSaL`C{A9CIb�SVUD@�JV@HSgJRs�E�UDLOGgU�GRCI^D_ON*C[SaUD@RQaE�L\JV@mkK@oQVUKY[kWJrUWYzy{@��@R@RA�CIb�YmNPL\Xm@RAWJVL`C{A�bdQaCIX·Y | ADL~Sa@xJV@HS�C[b�yFY[_\^D@oJon

�DC{_`_\CFE�L\AD��SVUD@9kDQaC�CIbfC[bfSVUW@�NPL\X�@oAWJVL`C{AòC[brSVUW@
Aε
Sjilk�@9JV@HSgJRs�Ew@�kDQa@oJV@RA�S�Y ô CIQaCI_\_\YIQVi�JVUDCFE�L\AD��UDCFESVUW@�NPL`Xm@oAWJML\CIA*C[b

Aε ¡ E�UWL\GgU�Ew@mNDL`Qa@oGHSV_\i�kDQaCFyI@]NhSVC���@ 1
L`A£p�UD@oCIQa@RX

A.0.1
¢cbdCI_\_\CFE�Jr@oYIJVL\_`i�bdQaCIX SVUD@XmCIQa@r�I@RAW@RQgY[_�QV@]JM^W_~S]n

öq÷ ÄlíWìFÄlÅøÇ¨È��¨ÈØÉ�È
" ÎFà

r ≥ 0 Ú Ô�Û A ∈ Ar Ñ ÏRÐaÐuÒ�ÐØÓ(ÔWÕ×Ö¤ÕØÎFÔ 8.3.4 Ù
dimA = − ln2

ln( 1
2 (1 + (tan(r))2)1/2)

.

ërìFí�í�îVïp�UD@fkDQaClC[b�L\J�NP@okK@oAWNP@oA{S�C{A�SaUD@qNPL\Xm@RAWJVL`C{A�C[b
Γε
n�?*@rSVUD@oQV@oQMbdC{QV@ | QgJjS�ADCISV@rSVUKYFS�bdCIQ�YIA�ivJVGoY[_\L`AD�

λ ∈ R

dimλΓε = dimΓε.?*@qY[_OJMC�ADC[Sa@rSVUWY[S
Γ1/2(tanr) ∈ ArY[AKN | AWY[_\_\iIs�QV@]GRY[_\_\L`AD�

dimΓε = −ln2/(lnl)
E�UW@RQa@

l
LOJ�SVUW@TJVUDQVL\AD}lL\AD�rbØYIGHSVCIQwYIJaJMCPGRL\Y[SV@oN�E�L`SVU�YIkDkDQaCz�lL\XZYF�SVL\CIAhJMSaYI�I@IslEw@fGRY[_OGH^W_\Y[SV@uSVUWY[S

lr
slSaUD@qY[kDkWQVC{QVLOYFSa@

l
bdCIQ

Γε ∈ Ar
L\J

lr = − ln2

ln( 1
2 (1 + (tan(r))2)1/2)

.

¥�CFEfslJVL`AWGR@�bdC{Q
A ∈ Ar θAn ↘ r

Ew@�UWYzy{@
θAn ≥ r

bdC{QwYI_`_
n ∈ N

n�p�U�^KJRslJML\AWGR@
θ
Γ1/2(tanr)
n ≡ r

bdCIQ�Y[_\_
n ∈ NY[AKN�SaU�^KJ�Y[_OJMC H1(AA0,1)T

Γ1/2(tanr)

0,1 ⊂ TA0,1
��QaCIk�C{JVL~SaL`C{A

8.5.1
SVUD@oAh�IL\yI@]J"^KJwSVUWY[S

H1(AA0,1)Γ1/2(tanr) ↪→c A.ý L\AWGH@rSaUD@RA
A =

∞⋂

n=0

2n⋃

j=1

TAn,j , H1(AA0,1)Γ1/2(tanr) =

∞⋂

n=0

2n⋃

j=1

T
H1(AA0,1)Γ1/2(tanr)

n,j

Y[AKN |{1, ..., 2n}| = 2n ≥ 2n−2n0
bdC{QT@]YIGgU

n0 ∈ N ∪ {0} Y[AWNh@]YIGgU n ∈ N ∪ {0} Ew@BGoY[A�YIkDkD_\i�Â¨@RXmXZY
8.5.2

SaCZ�I@RS
dimA ≥ dimH1(AA0,1)Γ1/2(tanr) = dimΓ1/2(tanr). ¡�� n +{¢p�UD@oA�sIbdC{Q"YIA�i

r1 > r
SVUD@oQV@�LOJ(YIA

n0 ∈ N
JV^WGgUmSaUWYFS"bdCIQ(YI_`_

n > n0 θ
A
n ≤ r1

n���S"bdCI_\_`CFE�J�SaUWYFSw�li�GgUDClC�JML\AD�Y[Qa�DL`SVQgY[QaL`_\i�Y[AKN
j ∈ {1, ..., 2n0}

H1(AAn0,j)T
Γ1/2(tanr1)

0,1 ⊃ TAn0,j .¥�CFE SaYI}�L\AD�
Tj ∈ Ar

SaCh�K@mSaUD@ZJM@RSq�I@oAD@RQgYFSa@oN��li�JMSaYIQMSaL`AW�	E�L`SVU
TAn0,j

Y[AKN
θ
Tj
n ≡ θAn+n0

s�E"@mUWYzy{@B�li
��QaCIk�C{JVL~SaL`C{A

8.5.1
SVUWY[S

Tj ↪→c H1(AAn0,j
)Γ1/2(tanr1).��S�SVUW@RA	bdCI_\_`CFE�JwbdQaCIX·Â�@RXmXZY

8.5.2
SaUWYFS

dimTj ≤ dimH1(AAn0,j)Γ1/2(tanr1) = dimΓ1/2(tanr1).

 I Q�



p�Y[}lL`AW�mY | AWL~Sa@f^DADL\CIA�C[b�JM^WGgU�JV@HSaJ�E�L`_\_tADC[ScYI_~Sa@RQ�SaUD@qNPL\X�@oAWJVL`C{A�slSVUl^WJ
dimA = dim

2n0⋃

j=1

Tj = dimTj ≤ dimΓ1/2(tanr1) = − ln2

ln( 1
2 (1 + (tan(r))2)1/2)

.

ý L\AWGH@rSaUDLOJ�L\JwSaQV^W@TbdC{QcY[_\_
r1 > r

L`S�bdCI_\_\CFE�J(SaUWYFS
dimA ≤ − ln2

ln( 1
2 (1 + (tan(r))2)1/2)

= dimΓ1/2(tanr).

ô CIXB�DL\ADL`AW�BSaUDLOJ�E�L~SaU ¡ 9.2 ¢"�IL\yI@]JwSVUD@rQa@oJV^D_`Son ♦

� íWìFí����ÊÆPì! 4Ç¨È��¨ÈØÉ�ÈÛFÕ��
Aε = 1 ÜërìFí�í�îVïý L\AWGH@cbdQVC{XR��QVC{kKC�JML`SVL\CIA

8.3.1
Ew@c}lADCFE

Aε ∈ A0 bdC{Q"Y[Alim�IL\yI@oA ε s{Ew@TGoY[A�NPL\Qa@oG�Sa_`imY[kWkD_`iZp�UD@oCIQa@RX 9.3.1SVCZGoY[_OGH^D_OYFSa@
dimAε = − ln2

ln( 1
2 (1 + (tan(0))2)1/2)

= − ln2

ln(1/2)
= 1.

♦

 ^DQ | AWYI_�Qa@oJV^D_`SuLOJ�SaUD@RA�SVUD@mGgUWYIQaY{G�SV@oQVLOJaYFSVL\CIA�CIb(NPL`Xm@oAWJML\CIA�bdCIQTSVUD@BXmCIQa@x�I@oAD@RQgY[_�ecCPGgUhSjilk�@BJV@HSgJRnf�cJEw@BJV@R@IsKSVUW@B�WY{JMLOGfkDQaL\AWGHL\kD_\@BLOJ�SaUD@BJaY[Xm@�YIJ�SaUWYFSr^WJV@oN�bdC{Q

Aε
SjilkK@�JM@RSaJos�SVUD@�NPL~��@RQa@RAKGH@x��@RL\AD��SVUD@�AD@R@]NSVC�YINFõj^WJjSmbdC{Q�L\AWNPL\ylL\ND^WY[_\_`i£yFYIQVilL\AD��QgYFSa@oJ�C[bTGgUKY[AD�{@vCIbc�WYIJV@�Y[AD�{_`@vL`A SVUD@�XmCIQa@��{@RAD@oQaYI_wJV@HSZ^Dk¨n�?*@JV_`CFE�_\ix@o_`L\XmL`AWY[SV@�SaUDC{JV@�XmCIQa@�QgY[kDLONP_\iBNP@]GHQa@oYIJVL\AD�Ws[_\@oYzylL\AD�rSVUWC{JV@�E�L~SaU�Yr�WYIJV@�Xm@oY{JM^DQa@�@RAWCI^D�{UmSVCfXZY[}{@�YNPL`��@oQV@oAWGH@rSaUWYFS�Qa@oND^WGH@r�WY{JM@fY[AW�I_\@qJM_\CFE�_`i�YIAWN	E"C{^D_ON�SaUD@RA�sKL`A	SaUD@qJM@oAWJV@fC[b�p�UD@RC{QV@oX

9.3.1
UWYzy{@rUDL`�{UD@RQNPL\Xm@RAWJVL`C{A�n���S�LOJwSVUD@]JM@qJV@HSgJwSVUWY[ScNPL\GHSaY[SV@uSVUD@qNDL`Xm@RAKJML\CIA�C[b�SVUD@f�{@RAD@oQaYI_�E�UDCI_\@qJM@RSon

öq÷ ÄlíWìFÄlÅøÇ¨È��¨È���È
å ÐHÖ A ∈ K Ú Ô�Û

γA1 = sup{a : H1({x ∈ A0 : lim
n→∞

θAn,i(n,x) ≥ a}) > 0}

Ú Ô�Û
γA2 = sup

x∈A0

θ̃Ax .

Ý�Þ ÐRÔ
dimΓf(γA1 ) = f1(γ

A
1 ) ≤ dimA ≤ f1(γ

A
2 ) = dimΓf(γA2 )ç Þ ÐRàVÐ

f(γ) := (1/2)(tanγ)

Ú Ô�ÛZÖ Þ ÐRàVÐÊßHÎFàVÐ
f1(γ) := − ln2

ln((1/2)(1 + (tanγ)2)1/2)
.

Ë Þ ÎFÌPè`Û�Ö Þ Ð Þ ûaÍWÎFÖ Þ ÐHÏ�ÕOÏ�Ö ÞWÚ Ö�ßHÎFà B ⊂ A0 H1(B) = 0 ⇒ H1(F(B)) = 0 Þ ÎFè\Û ú ÎFàZÏ Þ ÎFÌPè`ÛBßHÎFà Ú äIÕ×êzÐRÔ
A ∈ K ç(Ð ÞDÚ êzÐ H1(ΥγA1 +) = 0

Ö Þ ÐRÔ
dimA ≡ f1(γ

A
1 ).

 I  �



ërìFí�í�îVï?*@�JjSgY[QVSx�li9kWQVCFylL\AD�	SVUWY[S
dimA ≤ f1(γ

A
1 )
n�Â¨@HS

ξ < γA1
nhp�UD@oA H1(Υ−1

ξ+) > 0
n�p�UW@RQa@ZL\JqSVUD@oQV@RbdCIQa@Y[A

n0 ∈ N
JV^WGgU�SaUWYFS H1(Υ−1

ξ+) > 2−n0
nm��SrbdCI_\_\CFE�JuSVUWY[S

Υ−1
ξ+ ∩ [(i − 1)2−n0 , i2−n0 ] 6= ∅ bdCIQfY[Sq_`@]YIJMS

2n−n0 i ∈ {1, ..., 2n} n��DQaCIX3E�UDLOGgUhE"@fUWYzy{@ TAn,i ∩ Fn(Υ−1
ξ+) 6= ∅ bdC{QcYFST_`@]YIJMS 2n−n0 i ∈ {1, ..., 2n} n���AkWYIQMSaL\GR^D_\YIQosDSVUDLOJ�LOJ�SaQV^D@qbdCIQcYI_`_

n ≥ n0
n ý L\AWGH@

θAn,i
L\JTNP@oGRQV@]YIJVL`AW��L\AhSaUD@xJV@RAWJV@rSVUWY[S

θAn,i ≥ θAn+1,2i−k
bdC{Q

k ∈ {0, 1}
∪{TAn+1,i : θAn+1,i > ξ} ⊂ ∪{TAn,i : θAn,i > ξ}.�DC{Qc@]YIGgU

TAn0,i

sKL`b�SVUD@oQV@B@H�PLOJjSgJcY[A
n > n0

JV^WGgU�SVUWY[S�SVUW@RQa@BY[Qa@f_\@oJaJ�SVUKY[A
2n−2n0TAn,i ⊂ TAn0,i

JVY[SVLOJjbdilL\AD�
TAn,i ∩ Fn(Υ−1

ξ+) 6= ∅ slSVUD@oAvSaUD@RQa@rL\JcYBXmL\ADL\Xx^DX3JM^WGgU n sWJaYzi n0i

n
¥�CISV@rSaUWYFS�L`b

TAn,i ∩ Fn(Υ−1
ξ+) = ∅ bdC{Q�Y[_\_ TAn+k,j ⊂ TAn,i

n
p�Ul^WJwbdCIQ�YI_`_

n > n0i
SaUD@RQa@qY[Qa@T_\@oJaJwSVUKY[A

2n−2n0 TAn,i ⊂ TAn0,i

JaYFSaL\JMbdilL`AD�
TAn,i ∩ Fn(Υ−1

ξ+) 6= ∅.
ý ^DkWkKC�JM@�SVUKYFSrSVUD@oQV@m@R�lLOJMSaJfJV^WGgU9YIA

n0i

bdC{Qr@oYIGgU
i ∈ {1, ..., 2n0} SVUD@oA*_\@HS n0m := maxi∈{1,...,2n0} n0i

n?*@rSVUD@oA�JV@R@uSaUWYFS�bdC{Q�@oYIGgU
n > n0m

|{TAn,i : TAn,i ∩ Fn(Υ−1
ξ+) 6= ∅} ≤

2n0∑

j=1

|{TAn,i : TAn,i ⊂ TAn0,j

YIAWN
TAn,i ∩ Fn(Υ−1

ξ+) 6= ∅}|

<

2n0∑

j=1

2n−2n0

= 2n−n0 .p�UDLOJ�GHC{A�SVQgYINPLOG�SaL`C{AvJVUDCFE�J"SVUWY[S�SVUD@oQV@r@H�PLOJjSgJ�Y�SVQaL\YIAD�I_\^D_OY[Q�GRYIk
TAn0,i

JM^KGgU�SaUWYFS�bdC{Q�Y[_\_
n ≥ n0

|{TAn,j : TAn,j ⊂ TAn0,i

Y[AWN
TAn,j ∩ Fn(Υ−1

ξ+) 6= ∅}| ≥ 22−2n0 .

*T@ | AD@
Jn := {j ∈ {1, ..., 2n−n0} : TAn,j ⊂ TAn0,i

Y[AWN
TAn,j ∩ Fn(Υ−1

ξ+) 6= ∅},

A′ :=

∞⋂

n=0

⋃

j∈In
TAn+n0,j

YIAWN
Γ̃ε :=

∞⋂

n=0

⋃

j∈In
H1(AAn0,i)T

Γf(ξ)
n,j

E�UD@oQV@
In := Jn+n0

n£?9@�ADCISV@vSVUWY[SmJVL`AKGH@
A′ ⊂ A

NPL\X
A′ ≤ NPL`X A n ¥�C[Sa@	YI_\JVC�SaUWYFS A1 := Γ̃ε

YIAWN
A2 := A′ Y[Qa@�L\A£SaUD@�bdC{QVX CIb A1

Y[AWN
A2
L`A£SaUD@�NP@ | AWL~SaL`C{A�C[bcGR@RA�SVQgY[_\LOJVY[SVL\CIA ¡ *T@ | ADL~SaL`C{A 8.5.1

¢Hn9ñwiCI�KJM@oQVylL\AD�rSVUWY[S |In| > 2n−n0
bdC{Q"@]YIGgU

n ∈ N∪{0} YIAWNmSaUWYFS n0 ∈ N
s�Ew@TJV@R@�SVUWY[SwL\A�CIQgNP@oQ�SVC�JMUWCFE SaUWYFSNPL\X

A ≥ NPL\X Γf(ξ)

L~ScJV^�	�GH@]JRsP�li�Â¨@RXmXZY
8.5.2

slSVCZJVUDCFEòSaUWYFS
Γ̃ε ↪→c A′ n

ô _\@oY[Qa_\iIsHbdC{Q¨Y[Ali
TAn0+m+1,i ⊂ A2(m+1)

s
TAn0+m+1,i∩Fn0+m+1(Υ

−1
ξ+) 6= ∅ s]YI_\JVC TAn0+m+1 ⊂ TAn0+m,int(i/2)+1JVCBSaUWYFS

TAn0+m,int(i/2)+1 ∩ Fn0+m+1(Υ
−1
ξ+) 6= ∅Y[AKN�SaU�^KJ

TAn0+m,int(i/2)+1 ∩ Fn0+m(Υ−1
ξ+) 6= ∅,JVCBSaUWYFS

TA
n0+m,

R

(i/2)+1
⊂ A2m

YIAWN�UW@RAWGR@uEw@fUWYzy{@
A2(m+1) ⊂ A2m

bdC{Q�Y[Ali
m ∈ N

n

 �+[¦



?*@qJM@o@TSaUWYFS�L\A�kD^PSVSVL\AD�
Γ̃
L`A�SVCmSaUD@fQa@o��^DL\QV@]NZbdCIQaX bdC{QE*c@ | ADL`SVL\CIA

8.5.1

Γ̃ = A1, T
Γ̃
n :=

2n⋃

i=1

T Γ̃
n,i = A1n, T

Γ̃
n,i = A1ni,

Y[AWN
n1(m) = 2m.

ý CZSaUWYFS
A1
Y[AWN

A2
L\AWNPL\ylL\ND^WY[_\_`i�JaYFSVLOJMbdivSaUD@xQa@o��^DL\Qa@RXm@RA�SaJ�C[b

A1
Y[AWN

A2
nT��_OJMCKs

n1(m) = n2(m)
nT?9@SVUW@RQa@HbdCIQa@rCIAD_\i�AD@o@oN�SVC�JVUDCFEòSaUD@r@H�PLOJjSa@RAWGR@fC[b¨SaUD@rSVQgY[AKJjbdC{QVXZYFSaL`C{AWJ T A1,A2

n,i

n
?*@fADC[Sa@TSaUWYFS�@]YIGgU

A1mi = T Γ̃
m,i

L\JcYxSaQVLOY[AW�I^D_OY[Q�GRYIk	CIb��WY{JM@r_\@RAD�ISVU
2−m

(
m−1∏

i=0

(cosξ)−1

)
× (
�WY{JM@f_\@RAW�[SVU

T Γ̃
0,1) = 2−m−n0

m+n0−1∏

i=0

(cosξ)−1

Y[AKN�CIb��WY{JM@fYIAD�I_\@
ξ
n

?*@*YI_\JVC�ADCISV@9SVUWY[S�bdCIQ	@oYIGgU
i ∈ {1, ..., n1(m)} s i ∈ {1, ..., n2(m)} JVC�SaUWYFS A2mi

@H�PLOJjSgJ	YIAWNòLOJ	YSVQaLOY[AD�{^D_\YIQ�GRY[k
TAn0+m,k

bdCIQ�JVCIXm@
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