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Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ£ÍÎÌÏaÐkÑMÑAÒFÓNÔmÕ/ÔLÖ_×FØ;Ö_ÒZØAÓ�ÙÊÚ�ÐJÖNÙf×[Ó~ÔNÙ
B
×�Ó}Û~ÒZÜÝÜTÒFÕ�ÓNÞ

ß Ô~Ù
A0,1 à Ô�× à ×�ÓNÔuáe×�ÜãâÝØÎÔLÓNÔ�äRåjÔNØJÙ�âÝØ R2 æ ×FØÎç T0,1 à Ô[×�ÙèÚ�â£×FØ�äZÐbÜT×ZÚjÖ_×_ÑºÒFØ A0,1

ÕoâÝÙÝéCêFÔNÚ�ÙÊâ£Ö_×FÜ�éJÔ~â�ä�é�Ù
εH1(A0,1)

ÕoâÝÙ{é
ε < 1/100 ë ß ÔNÙ ψ(0, ε) à ÔjÙ{éAÔ à ×FÓ~Ôz×FØtäRÜTÔ~Ó[Ò\Û T0,1

×FØ�çuÙ{éAÔ[ÙèÕ/Ò�ÓHéAÒZÚ�Ù�ÔNÚLÓ_â£çMÔ�Ó�ÒeÛ
T0,1à Ô`Ø�×Få[Ô?ç A1,1

×FØÎç
A1,2 ëzì ÔcÙ{éAÔNØCÖ_ÒFØJÓ�ÙÊÚ�ÐJÖNÙoÙÊÕ/Ò[ØÎÔNÕ�ÙèÚ�â£×FØ�äZÐbÜT×ZÚmÖ?×_ÑaÓ T1,1

×ZØÎç
T1,2
ÒFØ

A1,1
×FØÎç

A1,2ÕoâÝÙ{é à ×�ÓNÔL×FØtäRÜTÔ~Ó ψ(1, ε) ≤ ψ(0, ε) ë�ì Ô�çMÔ£í/ØÎÔ

A0 = T0,1
×ZØÎç

A1 =

2⋃

i=1

T1,i.

î éAÔNØ�Ó�ÐkÑMÑAÒFÓ~Ô�Õ/Ô[éA×Zê�Ô
An = ∪2n

i=1Tn,i
×wÐbØaâ£ÒFØ�ÒeÛ

2n
ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö_×_ÑaÓ�ÕoâÝÙ{é à ×�ÓNÔu×FØ�äZÜWÔ�Ó ψ(n, ε)

×ZØÎç
2n+1
ÓHéAÒFÚ�Ù¢ÔNÚjÓ_â£çMÔ�ÓjÜT× à ÔNÜÝÜTÔ_ç An,i ï i ∈ {1, ..., 2n+1} ë î éAÔNØºÖ_ÒZØAÓ�ÙÊÚ�ÐJÖNÙx×uÙèÚ�â£×FØ�äZÐbÜT×ZÚ�Ö?×_Ñ Tn+1,i

ÒFØºÔ?×MÖ?é
An+1,i

Ó�ÐJÖ?é	Ù{éA×ZÙ/Ù{éAÔ à ×�ÓNÔ�×ZØtäRÜTÔ�Ó ψ(n+ 1, ε)
ÓN×FÙèâVÓ{Û_ð

ψ(n+ 1, ε) ≤ ψ(n, ε) ë6ñ ÔÊí}Ø�Ô An+1 = ∪2n+1

i=1 Tn,i ëò âÝØÎ×ZÜÝÜãð�çRÔÊí}Ø�Ô
B =

∞⋂

n=0

An.

ì ÔmÙÝéJÔ~Ø�Ö_×FÜÝÜl×[ÓNÔ~Ù A ×FØ Aε ó È_ôöõ/Ä Ó~ÔNÙ/Õ�éJÔ~Ø�Ô~êFÔNÚ A ∈ {B,B ∼ E(B)} ë
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Γε ψ(n, ε)
E6PRUn^NDRBJU\<?PRBM<nSWB

n � PZBJ]uSWB Aε ψ(n, ε)
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Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ���ÌÏaÐkÑMÑAÒFÓNÔmÕ/ÔLÖ_×FØ;Ö_ÒZØAÓ�ÙÊÚ�ÐJÖNÙf×[Ó~ÔNÙ

B
×�Ó}Û~ÒZÜÝÜTÒFÕ�ÓNÞ

ß Ô~Ù
A0,1 à Ô�× à ×FÓNÔ�áe×XÜ�âÝØÎÔwÒ\Û`ÑJÒ�Ó�âÝÙèâÝê�Ô`í/ØJâÝÙ¢Ô	ÜTÔNØtäRÙÝé�âÝØ R2 æ á�ÕoâÝÙ{éAÒZÐbÙ`ÜTÒ�Ó_ÓuÒ\ÛLätÔNØÎÔNÚH×FÜãâÝÙèð;Õ/Ô	ÕoâÝÜÝÜoätÔNØ��ÔNÚH×FÜÝÜãðº×�Ó_Ó�ÐbåjÔXÙÝéJ×FÙ

A0,1 = [0, 1] ⊂ R æ ×ZØÎç T0,1 à ÔC×�ÙÊÚ�â£×ZØtäRÐbÜT×FÚXÖ_×_Ñ ÒZØ A0,1
ÕoâÝÙÝé�ê�ÔNÚ�Ùèâ£Ö?×ZÜ6éJÔ~â�ä�é�Ù

εH1(A0,1)
ÕoâÝÙ{é

ε < 1/100 ë ß Ô~Ù θ0 à Ô	Ù{éAÔ à ×FÓNÔ�×FØtäRÜTÔwÒ\Û T0,1
×FØÎç;Ù{éAÔ	ÙèÕ/ÒXÓHéAÒFÚ�Ù¢ÔNÚzÓ�â£çRÔ~ÓuÒ\Û

T0,1 à ÔçRÔNØÎÒZÙ�Ô_ç
A1,1
×FØ�ç

A1,2 ë�ì Ô�Ù{éAÔNØúÖ_ÒFØAÓ�ÙèÚ�ÐJÖ~Ù6ÙèÕ/Ò�ØÎÔNÕ3ÙèÚ�â£×FØtäRÐbÜT×ZÚLÖ_×?ÑÎÓ T1,1
×FØ�ç

T1,2
ÒFØ

A1,1
×FØ�ç

A1,2ÕoâÝÙ{é à ×�ÓNÔL×FØtäRÜTÔ~Ó θ1,1, θ1,2 ≤ θ0 ëzì ÔLçRÔÊí}Ø�Ô

A0 = T0,1
×ZØÎç

A1 =

2⋃

i=1

T1,i.

î éAÔNØ;Ó_ÐkÑMÑAÒFÓNÔ�Õ/Ô`éJ×FêFÔ
An = ∪2n

i=1Tn,i
×�ÐbØJâ£ÒZØ;Ò\Û

2n
ÙÊÚ�â£×ZØtäRÐbÜT×FÚ=Ö_×_ÑaÓ�ÕoâÝÙ{é à ×FÓ~Ô[×ZØtäRÜTÔ~Ó θn,i ×ZØÎç 2n+1��ÓHéJÒFÚ�Ù¢Ô~ÚfÓ�â£çRÔ~Ó	��á�ÙèÕ/Ò�ÑJÔNÚ/ÙèÚ�â£×FØtäRÐbÜT×ZÚ�Ö_×?Ñ æ ÜT× à ÔNÜÝÜTÔ_ç An+1,i ï i ∈ {1, ..., 2n+1} ë î éJÔ~Ø�Ö_ÒFØJÓ�ÙÊÚ�ÐJÖNÙ�×|ÙèÚ�â£×FØ�äZÐbÜW×FÚÖ_×?Ñ

Tn+1,i
ÒFØ�Ô?×MÖ?é

An+1,i
Ó�ÐJÖ?é�ÙÝéJ×FÙ/Ù{éAÔ à ×�ÓNÔj×FØ�äZÜTÔ~Ó {θn+1,i}2n+1

i=1

ÓN×ZÙÊâVÓ{Û_ðxÛ~ÒZÚ�Ô?×MÖ?é
i ∈ {1, ..., 2n}

θn,i ≥
{
θn+1,2i−1

θn+1,2i

á�â ë Ô ë ÙÝéJÔmØ�Ô~Õ à ×FÓNÔL×ZØtäRÜTÔ~Ó/Û~ÒFÚ=Ô_×RÖ_éwÙÊÚ�â£×ZØtäRÐbÜT×FÚ=Ö_×_Ñ�×ZÚHÔ à ÒZÐbØÎçMÔ?ç à ð�ÙÝéJÔ à ×FÓNÔL×ZØtäRÜTÔjÒeÛ`Ù{éAÔ=ØaÙÝé�ÜTÔ~êFÔNÜ�Ù{éA×FÙÙ{éAÔ�ØÎÔNÕ5ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö_×?Ñ�âVÓ�Ö?ÒZØJÙ¢×FâÝØ�Ô?çzâÝØ æ ë

Á�




ñ Ô£í/ØÎÔ An+1 = ∪2n+1

i=1 Tn+1,i ë ò âÝØ�×FÜÝÜãð	çRÔÊí}ØÎÔ

B =

∞⋂

n=0

An.

ì Ô�ÙÝéJÔ~ØºÖ?×ZÜÝÜ�×�Ó~ÔNÙ A ×� É���� È?ôöõfÄ��kÄMÈ Õ�éAÔNØÎÔNê�ÔNÚ A ∈ {B,B ∼ E(B)} ë3ì Ô�çRÔNØÎÒFÙ¢ÔzÙÝéAÔ�ÓNÔ~ÙcÒeÛ�×ZÜÝÜÓ�ÐJÖ?éuÓNÔ~ÙÊÓ à ð K ë÷zÄ�øúùAûküoý� 
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p�qxUrBADZ<?:O]�SWBu<HIA:=@H:Oh[PZ@?��Y{DRQWQWDFE�STBAK�vx:NyJBAST<HSWDRB

8.1.1
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A ∈ K � Y{DR@j:~gAPZhjiAQW: θn,j � Tn,j � :~<_^Zp � <HIJ:UH>Aia:O@?U?^~@?SWib<
A
E�STQWQJ]b:OBADZ<?:xPRU?UHD�^NSWPZ<HSWDRB=E�S�<?Ij<HIA:nUH:~<

A
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TAn,j
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Tn,j
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Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ���Ìß Ô~Ù
A ∈ K ë î éAÔNØ

ÃAn :=

2n⋃

i=1

AAn,i,
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Tn,j
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Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ���ÌÏaÐkÑMÑAÒFÓNÔmÕ/ÔLÖ_×FØ;Ö_ÒZØAÓ�ÙÊÚ�ÐJÖNÙf×[Ó~ÔNÙ
B
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ß Ô~Ù
A0,1 à Ô�× à ×�ÓNÔ�áe×úÜãâÝØ�Ô;âÝØ R2

ÒeÛ[ÑAÒFÓ�âÝÙÊâÝêFÔ[í}ØaâÝÙ�ÔXÜTÔNØtäRÙÝé æ ×FØ�ç T0,1 à Ô�×�ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö?×_Ñ ÒFØ A0,1ÕoâÝÙ{é�êFÔ~Ú�Ùèâ£Ö_×FÜoéAÔNâ�äkébÙ
εH1(A0,1)

ÕoâÝÙ{é
ε < 1/100 ë ß ÔNÙ ψ(0, ε) à Ô�Ù{éAÔ à ×FÓNÔ	×ZØtäRÜTÔ~Ó�ÒeÛ T0,1

×FØ�ç�Ù{éAÔ�ÙèÕ/ÒÓHéAÒZÚ�Ù�ÔNÚmÓ�â£çRÔ~ÓjÒ\Û
T0,1 à ÔLØ�×Få[Ô?ç A1,1

×FØ�ç
A1,2 ë;ì ÔLÙ{éAÔNØ�Ö?ÒZØAÓ�ÙèÚ�ÐJÖ~Ù6ÙèÕ/ÒzØ�Ô~Õ3ÙÊÚ�â£×ZØtäRÐbÜT×FÚ[Ö_×?ÑaÓ T1,1

×FØÎç
T1,2
ÒFØ

A1,1
×FØ�ç

A1,2
ÕoâÝÙ{é à ×FÓNÔ=×ZØtäRÜTÔ�Ó ψ(1, ε) ≤ ψ(0, ε) ëzì Ô=çRÔÊí}Ø�Ô

A0 = T0,1
×ZØÎç

A1 =
2⋃

i=1

T1,i.

î éAÔNØ�Ó�ÐkÑMÑAÒFÓ~Ô�Õ/Ô[éA×Zê�Ô
An = ∪2n

i=1Tn,i
×wÐbØaâ£ÒFØ�ÒeÛ

2n
ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö_×_ÑaÓ�ÕoâÝÙ{é à ×�ÓNÔu×FØ�äZÜWÔ�Ó ψ(n, ε)

×ZØÎç
2n+1 ÓHéAÒFÚ�Ù¢ÔNÚjÓ_â£çMÔ�ÓjÜT× à ÔNÜÝÜTÔ_ç An,i ï i ∈ {1, ..., 2n+1} ë î éAÔNØºÖ_ÒZØAÓ�ÙÊÚ�ÐJÖNÙx×uÙèÚ�â£×FØ�äZÐbÜT×ZÚ�Ö?×_Ñ Tn+1,i

ÒFØºÔ?×MÖ?é
An+1,i

Ó_ÐJÖ_é	Ù{éA×ZÙ}ÙÝéJÔ à ×�ÓNÔ�×ZØtäRÜTÔ~Ó ψ(n+ 1, ε)
ÓN×ZÙÊâVÓ{Û_ð

ψ(n+ 1, ε) ≤ ψ(n, ε) ë6ñ Ô£í/ØÎÔ Ãn+1 = ∪2n+1

i=1 An,i ëò âÝØÎ×ZÜÝÜãð�çRÔÊí}Ø�Ô
B =

∞⋃

n=0

Ãn ∼
∞⋃

n=0

Ãn.

ì ÔmÙÝéJÔ~Ø�Ö_×FÜÝÜl×[ÓNÔ~Ù A ×FØ Aε ó È_ôöõ/Ä Ó~ÔNÙ/Õ�éJÔ~Ø�Ô~êFÔNÚ A ∈ {B,B ∼ E(B)} ë
�6IA:OB	SWhjhj:O]bSVPF<?:NQWs�Ef:m]A:~yJBA:|<?IA:mU\:k^~DMBJ]z�FPR@HSVPF<?STDMB�p
Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ���ÌÏaÐkÑMÑAÒFÓNÔmÕ/ÔLÖ_×FØ;Ö_ÒZØAÓ�ÙÊÚ�ÐJÖNÙf×[Ó~ÔNÙ

B
×�Ó}Û~ÒZÜÝÜTÒFÕ�ÓNÞ

ß Ô~Ù
A0,1 à Ô�× à ×FÓNÔ�áe×XÜ�âÝØÎÔwÒ\Û`ÑJÒ�Ó�âÝÙèâÝê�Ô`í/ØJâÝÙ¢Ô	ÜTÔNØtäRÙÝé�âÝØ R2 æ á�ÕoâÝÙ{éAÒZÐbÙ`ÜTÒ�Ó_ÓuÒ\ÛLätÔNØÎÔNÚH×FÜãâÝÙèð;Õ/Ô	ÕoâÝÜÝÜoätÔNØ��ÔNÚH×FÜÝÜãðº×�Ó_Ó�ÐbåjÔXÙÝéJ×FÙ

A0,1 = [0, 1] ⊂ R æ ×ZØÎç T0,1 à ÔC×�ÙÊÚ�â£×ZØtäRÐbÜT×FÚXÖ_×_Ñ ÒZØ A0,1
ÕoâÝÙÝé�ê�ÔNÚ�Ùèâ£Ö?×ZÜ6éJÔ~â�ä�é�Ù

Á��



εH1(A0,1)
ÕoâÝÙ{é

ε < 1/100 ë ß Ô~Ù θ0 à Ô	Ù{éAÔ à ×FÓNÔ�×FØtäRÜTÔwÒ\Û T0,1
×FØÎç;Ù{éAÔ	ÙèÕ/ÒXÓHéAÒFÚ�Ù¢ÔNÚzÓ�â£çRÔ~ÓuÒ\Û

T0,1 à ÔçRÔNØÎÒZÙ�Ô_ç
A1,1
×FØ�ç

A1,2 ë�ì Ô�Ù{éAÔNØúÖ_ÒFØAÓ�ÙèÚ�ÐJÖ~Ù6ÙèÕ/Ò�ØÎÔNÕ3ÙèÚ�â£×FØtäRÐbÜT×ZÚLÖ_×?ÑÎÓ T1,1
×FØ�ç

T1,2
ÒFØ

A1,1
×FØ�ç

A1,2ÕoâÝÙ{é à ×�ÓNÔL×FØtäRÜTÔ~Ó θ1,1, θ1,2 ≤ θ0 ëzì ÔLçRÔÊí}Ø�Ô

A0 = T0,1
×ZØÎç

A1 =

2⋃

i=1

T1,i.

î éAÔNØ;Ó_ÐkÑMÑAÒFÓNÔ�Õ/Ô`éJ×FêFÔ
An = ∪2n

i=1Tn,i
×�ÐbØJâ£ÒZØ;Ò\Û

2n
ÙÊÚ�â£×ZØtäRÐbÜT×FÚ=Ö_×_ÑaÓ�ÕoâÝÙ{é à ×FÓ~Ô[×ZØtäRÜTÔ~Ó θn,i ×ZØÎç 2n+1��ÓHéJÒFÚ�Ù¢Ô~ÚfÓ�â£çRÔ~Ó	��á�ÙèÕ/Ò�ÑJÔNÚ/ÙèÚ�â£×FØtäRÐbÜT×ZÚ�Ö_×?Ñ æ ÜT× à ÔNÜÝÜTÔ_ç An+1,i ï i ∈ {1, ..., 2n+1} ë î éJÔ~Ø�Ö_ÒFØJÓ�ÙÊÚ�ÐJÖNÙ�×|ÙèÚ�â£×FØ�äZÐbÜW×FÚÖ_×?Ñ

Tn+1,i
ÒFØ�Ô?×MÖ?é

An+1,i
Ó�ÐJÖ?é�ÙÝéJ×FÙ/Ù{éAÔ à ×�ÓNÔj×FØ�äZÜTÔ~Ó {θn+1,i}2n+1

i=1

ÓN×ZÙÊâVÓ{Û_ðxÛ~ÒZÚ�Ô?×MÖ?é
i ∈ {1, ..., 2n}

θn,i ≥
{
θn+1,2i−1

θn+1,2i

á�â ë Ô ë ÙÝéJÔmØ�Ô~Õ à ×FÓNÔL×ZØtäRÜTÔ~Ó/Û~ÒFÚ=Ô_×RÖ_éwÙÊÚ�â£×ZØtäRÐbÜT×FÚ=Ö_×_Ñ�×ZÚHÔ à ÒZÐbØÎçMÔ?ç à ð�ÙÝéJÔ à ×FÓNÔL×ZØtäRÜTÔjÒeÛ`Ù{éAÔ=ØaÙÝé�ÜTÔ~êFÔNÜ�Ù{éA×FÙÙ{éAÔ�ØÎÔNÕ5ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö_×?Ñ�âVÓ�Ö?ÒZØJÙ¢×FâÝØ�Ô?çzâÝØ æ ë
ñ Ô£í/ØÎÔ Ãn+1 = ∪2n+1

i=1 An+1,i ë ò âÝØ�×FÜÝÜãð�çMÔ£í/ØÎÔ

B =

∞⋃

n=0

Ãn ∼
∞⋃

n=0

Ãn.

ì Ô�ÙÝéJÔ~ØºÖ?×ZÜÝÜ�×�Ó~ÔNÙ A ×� É���� È?ôöõfÄ��kÄMÈ Õ�éAÔNØÎÔNê�ÔNÚ A ∈ {B,B ∼ E(B)} ë3ì Ô�çRÔNØÎÒFÙ¢ÔzÙÝéAÔ�ÓNÔ~ÙcÒeÛ�×ZÜÝÜÓ�ÐJÖ?éuÓNÔ~ÙÊÓ à ð K ë
Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì£ÍÎÌ���Ìß Ô~Ù

A ∈ K Õ/Ô�ÙÝéJÔ~Ø�çRÔÊí}ØÎÔ�Ù{éAÔ�Ô_çOäMÔnÑJÒFâÝØJÙÊÓ�ÒeÛ A ï E(A) à ð

E(A) :=
∞⋃

n=1

2n⋃

i=1

E(TAn,i)

Õ�éAÔNÚHÔ
E(TAn,i)

âVÓ�×FÓmçMÔ£í/ØÎÔ_ç[âÝØ ñ ÔÊí}ØaâÝÙÊâ£ÒZØ 4.1.2 ëÿ�:~Y{DM@H:�KMDRSWBAKúDRB�<?D�UHIADFE·<?IJPF<�<HIA:kU\:;]b:~yaBAS�<?STDMBJUzPR@H:�:k�t>AST�FPRQT:OBM<�Ef:wBJ:N:O]5<HIA:XY{DRQWQTDFE�SWBAKúUHSThjiAQW: d >b<SWhLiÎDR@H<?PRBt<�Y£PM^�<kp
�/Ä�øúø�ùwË�ÌÊÍaÌÊÍaÌß Ô~Ù

A ∈ K ë î éAÔNØ=Û~ÒFÚL×FØJðjÓNÔ��NÐJÔ~Ø�Ö?Ô {n, i(n)}n∈N

Ó�ÐJÖ?é�ÙÝéJ×FÙ
Tn,i(n) ⊂ Tn−1,i(n−1)

Û~ÒFÚ=Ô_×RÖ_é
n ∈ N

lim
n→∞

H1(An,i(n)) = 0.

�cûFÉ�É! Hý��SWBJ^~: � d szPRU?UH>Ahjib<HSWDRB θ0,1 < π/32
PZBJ] d sz^~DMBJU\<H@?>J^�<?STDMB

θn,i(n)

SVUn]b:O^N@H:kPRUHSTBJK�SWB
n
po��<6Y{DMQTQWDFEnU�Y{@HDMh)<HIJ:SWBJ]b>J^~<HSW�R:m]b:NyJBAST<HSWDRBuDZY�<HIA:

An,i(n) " U�<HIJPZ<
H1(An,i(n)) = (cosθn−1,i(n−1))

−1H1(An−1,i(n−1)) ≤ (cosθ0,1)
−1H1(An−1,i(n−1)) = CH1(An−1,i(n−1))

E�IA:O@H:
C = (cosθ0,1)

−1 < 1
pl��<oY{DRQWQTDFEnUlSWBJ]b>J^~<HSW�R:NQWsm<?IJPF< H1(An,i(n)) ≤ CnH1(A0,1).

��SWBJ^N: H1(A0,1) <
∞ d sz^NDRBJU\<H@?>J^�<?STDMB � <HIJ:`@H:kU\>AQT<6Y{DRQWQTDFEnUOp ♦
9;:`BADFE*UHIADFE�<?IJPF<6<?IA:OUH:m]b:~yaBAS�<?STDMBJUnPR@H:|:O�t>ASW�FPZQW:NBt<Op

Á$#



�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì£ÍÎÌ£ÍÎÌ
ñ Ô£í/ØJâÝÙèâ£ÒFØ 8.1.1

âVÓ�Ô��~ÐbâÝêF×FÜWÔ~ØaÙfÙ¢Ò ñ Ô£í/ØJâÝÙèâ£ÒFØ 8.1.4 ëfñ ÔÊí}ØaâÝÙÊâ£ÒZØ 8.1.2
âVÓ�Ô��~ÐbâÝêF×FÜTÔNØJÙ�Ù¢Ò ñ Ô£í/ØJâÝÙèâ£ÒFØ 8.1.5 ë

�cûFÉ�É! Hý9;:mU\IADFE3<HIA:kU\:`:k�t>AST�FPRQT:OBJ^~:kU d s	U\IADFE�SWBAK=<HIJPZ<xU\IJDR>AQV] A2
d :m]A:~yJBA:k]uPRU6SWBuvr:~yaBAS�<?STDMB

8.1.2
PRBJ] A1

d :]b:NyJBA:O]uPMU6STB�vr:~yJBAST<HSWDRB
8.1.5
E�S�<?I�<?IA:mU?PZhj:

Tn,i � An,i � θn,i :~<?^Rp�<HIA:OB

A2 ∼ E(A2) ⊂ A1 =

∞⋃

n=0

Ãn ∼
∞⋃

n=0

Ãn ⊂
( ∞⋂

n=0

2n⋃

i=1

Tn,i

)
= A2.

�6IJPZ<
E(A1) = E(A2)

Y{DMQTQWDFEnUxY{@HDMh�vr:~yaBAS�<?STDMB
8.1.6
PRBJ]u<?IA:LY£PR^�<|<HIaPF<|<HIA:

Tn,i
>JUH:O]�Y{DM@ A1

PRBJ] A2PZ@?:n<?IA:`UHPRhj:Rp�9C:r<HI�>JU�]A:NBADR<H:
E(A) := E(A1) = E(A2)

p}�6IASWU�E�SWQTQ�^NDRhjiAQW:~<?:x<?IA:riJ@HD�DZYlU\SWBJ^~:
E(A)
SWU^~DM>ABt<?P d QT:`PRBJ]�<?I�>JU H1(E(A)) = 0

p
qxU	SWB'&�:Nhjh[P

4.2.1
E�:�U\:O:X<?IJPF< A1 ∪ E(A)

SVU�^~QWDMUH:O]�p(&�:~<
x ∈ (A2 ∼ E) ∼ A1.

<HIA:OB
dx :=

d(x,A1 ∪ E) > 0
p

)nDFE � Y{DM@=:kPR^_I n ∈ N � x ∈ Tn,i
Y{DM@LUHDRhj:

i
UHD�<HIaPF<

d(x,A1 ∪ E) < diam(Tn,i) = H1(An,i).
�A@?DRh

&�:OhjhjP
8.1.1
E�:�IJP��M:

limn→∞ H1(An,i) = 0.
�n:NBa^~:[<?IA:N@?:zSVU�PRB

n0 ∈ N
U\>a^_I�<HIJPZ<

diam(Tn0,j) =
H1(An0,j) < dx

E�IJSW^_I;SThjiAQWSW:OU
d(x,A1 + E) < H1(An0,i) < dx = d(x,A1 + E).

�6IASWU`^NDRBt<H@_PR]ASW^~<HSWDRBSWhLiJQTSW:OU
∞⋂

n=0

2n⋃

i=1

Tn,i ⊂ A1 ∪ E
PZBJ]�<?It>aU ( ∞⋂

n=0

2n⋃

i=1

Tn,i

)
∼ E(A) = A2 ∼ E(A2) ⊂ A1.

)n:Ng�< � E�:cBADZ<?:c<HIJPZ<�Y{DM@�:OPM^_I m ∈ N ∪ {0}

∞⋃

n=0

Ãn =

∞⋃

n=m+1

Ãn ∪
m⋃

n=0

Ãn.

)nDR<HSWBAKL<HIJPZ<�Y{DR@�:kPR^_I
m ∈ N � ∪2m+1

i=1 Tm+1,i
SVUn^~QWDMUH:O]	PZBa]�<?IJPF<

∞⋃

n=m+1

Ãn ⊂
2m+1⋃

i=1

Tm+1,i

E�:|IaP��R:
∞⋃

n=m+1

Ãn ⊂
2m+1⋃

i=1

Tm+1,i.

qnQVUHD � E�:|BJDZ<H:c<?IJPF<�Y{DM@�:OPM^_I n ∈ N ∪ {0} � Ãn = Ãn
U\D=<HIJPZ<�Y{DR@�:kPR^_I

m ∈ N ∪ {0}
m⋃

n=0

Ãn =

m⋃

n=0

Ãn.

��<�Y{DRQWQWDFEnU/<?IJPF<�Y{DM@�:OPM^_I
m ∈ N ∪ {0}

∞⋃

n=0

Ãn ∼
m⋃

n=0

Ãn =

( ∞⋃

n=m+1

Ãn ∪
m⋃

n=0

Ãn

)
∼

m⋃

n=0

Ãn =
∞⋃

n=m+1

Ãn ∼
m⋃

n=0

Ãn ⊂
2m+1⋃

i=1

Tm+1,i.

Á+*



�6I�>JU

A2 ∼ E(A2) ⊂ A1 =
∞⋃

n=0

Ãn ∼
∞⋃

n=0

=
∞⋂

m=0

( ∞⋃

n=0

Ãn ∼ ∪mn=0Ãn

)
⊂

∞⋂

m=0

2m+1⋃

i=1

Tm+1,i = A2.

♦

¥�¦�, -G«/.�¯�¶}±�«~¬m¯�²G»	`µl�¶}±�¯6µ�«~´�c±�«~³m° ³m¸º¹�³[¶l»�¼5¾j¿;¯ À[¯�±�´
9;:`BADFE3UHIADFE5<HIaPF<xUH:~<?U6SWB K ^NPRB d :`^_IJPZ@_PR^~<H:O@HSVU\:k] d szP d S ¤e:O^�<?STDMBzY{@?DRh R

STBt<?D
R2 p/��SWBJ^~:`UHDRhj:`U\:N<?U6SWB

K ]ADLBJDZ<�IJP��R:c]bSWhj:NBJUHSTDMB 1
ST<nhjP�s�UH:N:Oh�Db]A]uPF<6yJ@_Ue<�KMQWPRBJ^~:r<HIJPZ<xU\>a^_I	P d S ¤e:O^~<HSWDRB	:~gbSWU\<?UOp}ÿ�sz�t>ADZ<?STBJK<HIJ:rY£PM^�<6<HIaPF<6<HIA:O@H:cSVU6P d S ¤e:O^~<HSWDRB d :~<eE�:N:NB

R
PRBJ]�<?IA:0��PZBt<HDM@�UH:~< � IADFE�:N�R:O@ � E�:|UH:N:|<HIaPF<6<HIA:`^NDRBJ^N:Nib<6SWUBA:OS�<?IA:N@nBJ:NE3BJDR@6Y{DR@?:NSWKRB	SWB�h[PF<?IA:Nh[PZ<HSV^NUOp

9;:CUHIADFE�PZQVU\D�SWhjhL:k]bSVPF<H:OQTsº<?IJPF<uPú^~:O@\<_PZSWB5QT:O�R:NQrDZYm^~DMBt<H@?DRQnDRY`<HIA:CiA@H:OSTh[PRKR:w^NPRB d :C@H:N<?PRSTBA:k]öp ��D<HIJSWU�:OBJ]	Ef:cBA:O:O]�<HIJ:rY{DMQTQWDFE�SWBAKL<eEfD[]b:NyJBAST<HSWDRBJUOp
Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì£ÍÎÌß Ô~Ù

A à Ôw×21jÒkÖ?é�Ùèð?ÑAÔ�ÓNÔNÙ ë�ì ÔwçMÔ~Ø�ÒFÙ¢ÔuÙ{éAÔ	êFÔ~Ú�Ùèâ£Ö_Ô�Ó�ÒeÛ	ÙÝéJÔ	ÙÊÚ�â£×ZØtäRÐbÜT×FÚ�Ö_×?Ñ Tm,i am,i, lm,i ï ×ZØÎç rm,iÖ_éAÒ�ÓNÔNØXÓ�ÐJÖ_é	Ù{éA×FÙ
πx ◦OAm,i(am,i) = 0, πx ◦OAm,i(lm,i) < 0,

×ZØÎç
πx ◦OAm,i(rm,i) > 0.

î éA×ZÙxâVÓ
a
çRÔNØÎÒZÙ�Ô~Ó=Ù{éAÔ3�eÙ�Ò_Ñ4�`êFÔNÚ�Ù�Ô65w×�ÓjÕ/Ô�éJ×FêFÔ|ÑÎÚ?Ô~êkâ£ÒFÐ�Ó�ÜãðXçMÔ£í/ØÎÔ_ç ï ×FØ�ç l ×FØ�ç r çMÔ~Ø�ÒFÙ¢Ô[Ù{éAÔjâ£çMÔ~ØaÙÊâ£Ö_×FÜ�¢ÜWÔ£Û_Ù$�r×ZØÎç7�¢Ú�â�ä�é�Ù$� à ×�ÓNÔj×FØ�äZÜWÔ�Ó ë

Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ìß Ô~Ù
A ∈ K ×FØÎç n ∈ N ï ÙÝéJÔ~Ø�×CçFðR×RçZâ£Ö�âÝØaÙ�ÔNÚ�êF×FÜfÒ\ÛjÒZÚHçRÔNÚ n âÝØ A0,0

áeÒZÚ=Ó�âÝåxÑÎÜãð ï ×wçFðR×MçFâ£Ö�âÝØJÙ¢ÔNÚ�ê�×ZÜ Ó[Ò\ÛÒFÚ?çRÔNÚ
n æ âVÓ�çMÔ£í/ØÎÔ_çz×FÓm×ZØXâÝØaÙ�ÔNÚ�ê�×ZÜ Dn

ÒeÛcÙ{éAÔfÛ~ÒFÚ�å
Dn = [l0,0 + i2−n(r0,0 − l0,0), l0,0 + (i+ 1)2−n(r0,0 − l0,0)]

Û~ÒFÚzÓNÒFå[Ô
i ∈ {0, ..., 2n − 1} ë ò ÒFÚzÓNÒFå[Ô�Ö?éJÒ�ÓNÔ~Ø j ∈ {0, ..., 2n − 1} ï Ù{éAÔmÑJ×FÚ�Ùèâ£Ö~ÐbÜW×FÚ	âÝØJÙ¢Ô~Ú�êF×FÜ DA

n,j

âVÓçRÔÊí}Ø�Ô_ç à ð
DA
n,j = [l0,0 + j2−n(r0,0 − l0,0), l0,0 + (j + 1)2−n(r0,0 − l0,0)].8 ÓfÑJÔ~Ú`Ð�Ó�ÐJ×FÜ�ÙÝéJÔ`Ó�ÐkÑJÔ~Ú_ÓNÖNÚ�â ÑÎÙ

A
âVÓ�çFÚHÒ_ÑRÑJÔ_ç�Õ�éJÔ~ØCÙÝéJÔ`ÓNÔNÙ/âVÓmÐbØÎçMÔ~Ú_Ó�Ù¢ÒOÒkç ë

÷zÄ�øúùAûküoý9)xDZ<?:z<?IJPF<�UHIADR>AQV]
A0,0
d :

[0, 1]
DRB�<HIA:u@?:OPZQ�QWSTBA: � <?IA:NB�<HIA:�]bstPR]bSV^�SWBt<H:O@H�FPZQVULSTB A0,0

PZ@?:UHSThjiAQWs�<?IA:`>JUH>JPZQ�]bstPR]bSV^|STBt<?:N@?��PRQWUOp
�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì£ÍÎÌß Ô~Ù

A ∈ K ë î éAÔNØ�ÙÝéJÔ~Ú?Ô[Ô:5MâVÓ�Ù£Ó=×zÓNÔ��~ÐJÔNØÎÖ_Ô[Ò\Û ß â ÑÎÓNÖ?ébâÝÙ<;xÛ_ÐbØÎÖNÙÊâ£ÒZØAÓ Fn : R 7→ R2
á�ÙÝéJÔ�ÓNÔ6Û_ÐbØÎÖNÙèâ£ÒFØAÓmÕoâÝÜÝÜ ïâÝØ	ätÔNØÎÔNÚH×FÜ ï à Ô=çRÔNØÎÒZÙ�Ô_ç à ð FAn ï Õ�éAÔNØXÙ{éAÔmÓNÔ~Ù A ∈ K à ÔNâÝØtäzÚHÔ£Û~ÔNÚHÔ_çzÙ�ÒjâVÓmØ�ÒFÙ6Ö~ÜTÔ_×ZÚ æ Ó�ÐJÖ_éuÙ{éA×ZÙ

FAn (A0,1) = Ãn−1.

ò ÐbÚ�ÙÝéJÔ~ÚjÙ{éAÔNÚHÔ�Ô65MâVÓ�Ù£Ó�× à â =NÔ_Ö~Ùèâ£ÒFØ F á�Õ�é�â£Ö_éúÕoâÝÜÝÜ ï âÝØ�äMÔNØÎÔNÚH×FÜ ï à ÔzçMÔ~Ø�ÒFÙ¢Ô?ç à ð FA ï Õ�éJÔ~Ø�ÙÝéJÔjÓNÔ~Ù A ∈ K
à Ô~âÝØ�ä�Ú?Ô£Û~ÔNÚHÔ_ç�Ù¢ÒjâVÓ`ØÎÒZÙ6ÖNÜTÔ_×FÚ æ Ó�ÐJÖ_éuÙ{éA×FÙ

F(A0,1) = A.

Á�>



8 çRçFâÝÙèâ£ÒFØ�×FÜÝÜãð ï çRÔNØÎÒZÙÊâÝØ�äzÙ{éAÔ�ÚHÔNÜT×FÙèâÝêFÔ~Üãð	çFðR×RçZâ£ÖxÑAÒZâÝØJÙÊÓ�ÒeÛ A0,1 à ð D ?Ù{éA×FÙ�âVÓ ï Û~ÒFÚ {x1, x2} = E(A0,1) ï x1 < x2 ï
D := {y : y = x1 + (x2 − x1)j2

−n, n ∈ N, j ∈ {0, ..., 2n}};
Õ/ÔcéA×FêFÔ F(D) = E(A).

ò âÝØÎ×ZÜÝÜãðxÛ~ÒZÚ=Ô_×RÖ_éwçFðR×MçFâ£ÖLâÝØaÙ�ÔNÚ�ê�×ZÜ
Dn,i
âÝØ
A0,0 ï

Fn(Dn,i) = An,i
×FØ�ç F(Dn,i) ⊂ Tn,i.

�cûFÉ�É! Hý��SWBJ^~:L<?IA:[iA@?DtDRY/SVU|<HIA:[U?PZhj:LY{DR@`PZB�s
A0,1 � Ef:[PMUHUH>Ahj:�Y{DM@`BADZ<_PF<?STDMBJPZQo^~DMB��R:NBJST:OBJ^~:=<HIJPZ< A0,1 = [0, 1]

p�¢Bw<?IASVU`^NPRUH:
D
SWUcPRQWUHDz:NgbPM^�<?QTs	<HIJ:jUH:~<cDZY�]bsMPM]bSW^�@?PZ<HSWDRBJPRQWUxSTB

[0, 1]
p`�6IJPZ<|SVU

D = {j2−n : n ∈ N, j ∈
{0, ..., 2n}}.
9;:`E�STQWQ�]b:~yaBA: F PRU�<?IA:`QTSWhjS�<nDRY�<?IA: Fn Y{>ABJ^~<HSWDRBJU � PRBJ]�<?IA:NB�UHIADFE5<?IJPF<nST<nSWU6E�:NQWQ�]b:NyJBA:O]uPRBJ]zIaPRU�<HIJ:@?:O�t>ASW@H:k]ziA@?DRiÎ:N@H<HSW:OUOp���SW@_Ue<?QTs � Ef:`]b:NyJBA: f0 : A0 → R2 PMU

f0(y) =

{
(y, tanθ0,1y) y ∈ [0, 1/2)
(y, tanθ0,1(1 − y)) y ∈ [1/2, 1]

.

9;:=UH:N:=^NQT:kPZ@?QTsz<HIJPZ<
f0
SWU|P@&�STiaUH^_IAST<Hþ d S ¤e:k^�<?STDMB d :N<eEf:O:NB

A0
PRBJ]

A1
�£UHSWBJ^~:�<HIA:=KR@_PZiAI�DRYl<?IA:=Y{>ABJ^�<?STDMB]b@_P�EnUnDM>b<r<?IA:=<H@?SWPRBAKR>AQVPZ@|^NPRi

TA0,1
 nE�ST<HIA&�SWiJUH^_IJS�<?þL^NDRBJU\<?PRBM<L�£PZBa]�BtPR^~D d SVPZBa 

Lipf0 = Jf0 ≡ cosθ−1
0,1

p
9;:c<HIA:OBuUHSWhLSWQVPZ@?QTsz]A:~yJBA:|Y{DM@�:OPR^_I

n ∈ N fn,i : An,i → R2 d s

fn,i(y) =

{
O−1
An,i

(πx(OAn,i(y)), tanθn,i(πx(OAn,i(y)) + H1(An,i)/2)) y ∈ I1

O−1
An,i

(πx(OAn,i(y)), tanθn,i(H1(An,i)/2− πx(OAn,i(y)))) y ∈ I2
,

E�IA:O@H:
I1 = O−1

An,i
([−H1(An,i)/2, 0))

PZBJ]
I2 = O−1

An,i
([0,H1(An,i)/2])

pm�C)xDZ<H:�<HIJPZ<x<?IA:
(1 − y)

Y£PM^�<?DR@
SWBw<HIJ:j]A:~yJBAST<HSWDRBCDZY

f0
E�DR>AQV]w^_IJPRBAKR:�<HDuU\DMhj:�DZ<?IA:N@`PRiAiA@?DRiA@?SWPZ<H:�^NDRBJU\<?PRBt<|UHIADR>AQV]

A0,1 6= [0, 1]
p  C9C:BADR<H:mSWB�iJPZ@H<HSV^~>JQWPR@�<HIJPZ<

fn,i(An,i) ⊂ Tn,i
pD)xDZ<?STBAK�PZQVU\Dj<?IJPF<r<HIA:`<eE�D�:OBJ]uiaDMSTBt<_UnDZY

An,i
U\<?P�szyAgb:O]uE�:^NPRB	]A:~yJBA:

fn : An → R2 d s
fn(y) = fn,i(y) y ∈ An,i.9;:|UH:N:x<HIA:OB�<HIaPF<�UHSWhLSWQVPZ@?QTsL<HD�<HIA:

f0
U\ST<H>JPZ<HSWDRB

fn
SWU�P0&�STiaUH^_IAST<Hþ d S ¤e:O^�<?STDMB d :~<eE�:N:OB

An
PRBJ]

An+1
E�S�<?I

&�SWiJU?^_IAST<Hþf^NDRBJU\<?PRBt<f�£PRBJ]EBtPR^~D d SVPZBcSTB�<HIA:�^NPMU\:
A
SWUlPZB

Aε
<es�iÎ:fUH:~<_ 

Lipfn(= Jfn) = max1≤i≤2n cosθ
−1
n,i

p
ÿ�s�E�@?S�<?STBAKLY{DM@nP[^~DRQWQW:O^�<?STDMBzDRY�Y{>ABa^�<HSWDRBaU {gi}ni=0

◦ni=0gi = gn ◦ gn−1 ◦ ... ◦ g0
E�:c^OPZB�<HIA:OB�]b:~yJBJ:c<HIA:E&�STiJU?^_IAST<Hþ d S ¤e:O^~<HSWDRB d :N<eEf:O:NB

A0
PRBJ]

An+1 � Fn : A0 → R2 d s
Fn = ◦ni=0fiE�IASV^_I�E�SWQWQö<HIA:OBuIJP��R:F&�SWiJU?^_IAST<Hþ`^~DMBJUe<_PZBt<m�£PRBJ]GBtPR^ND d SVPZB�STB	<?IA:

Aε
<es�ia:`UH:~<x^OPRUH:k 

LipFn = JFn =
n∏

i=1

(cos θi)
−1.

�6IASVUn]b:OhLDMBJU\<H@_PF<H:kUf<HIA:cyJ@_U\<�^NQWPRSThup

Á$H



9;:w^NPZBº<?IA:NB�iA@?DRiÎDMUH:�P�]b:~yJBJS�<?STDMB�Y{DM@ F PZBa]�SWBJ]b:O:O]ºE�:�iA@HDMiaDtU\:�<HIJ:X]b:~yaBAS�<?STDMB�DZY F : A0 → R2<HD d :
F(y) = lim

n→∞
Fn(y).

9;:|BJ:N:O]�yJ@_Ue<6DZY�PRQTQÎ<?DLUHIADFE�<HIaPF<�<HIASVU�Y{>ABJ^~<HSWDRB	SWU�E�:NQWQ�]A:~yJBA:k]öpo��Dj]bD=<HIASVU�Ef:cUH>AiAiÎDMUH:xyJ@_U\<�DRY�PZQWQÎ<HIJPZ<
Fn(y) ∈ An+1,i ⊂ Tn+1,i,

Y{DR@nUHDRhj:
i ∈ {1, ..., 2n−1} po�6IA:NB

Fn+1(y) = fn+1,i(y) ⊂ Tn+1,i.

�6I�>JU d szSWBJ]b>J^~<HSWDRB � Y{DR@�:OPM^_I n, k ∈ N

Fn(y) ∈ Tn+1,i ⇒ Fn+k(y) ∈ Tn+1,i.

�6IA:OB � Y{@HDMhI&�:Nhjh[P
8.1.1 � U\SWBJ^N: diam(Tn,i) = H1(An,i) � diam(Tn,i(n)) → 0

PRU
n → ∞ Y{DR@	PZB�sUH:O�t>A:NBa^~: {n, i(n)}n∈N

PZBa]�<HI�>JU d swUH:~<H<HSWBAK	<HIA:[UH:O�t>A:NBa^~: {i(y, n)}n∈N

<HD d :L<?IA:[U\:k�M>J:NBJ^N:LUH>J^_IC<HIJPZ<
y ∈ Tn,i(y,n)

Y{DM@/:OPM^_I
n ∈ N

�£UHD`<?IJPF<6S�<�SWU�PZQWE6P�s�U}Ef:OQTQ�]b:~yaBA:O] � E�:r^_IAD�DtU\:nPR@ d ST<H@_PZ@?SWQTs i(n)
<?D d :r^_IADtU\:OBUH>J^_Iu<HIJPZ<

y = ln,i
Y{DR@r:OPR^_I

n
Y{DM@xE�IASV^_I

y
SVUxPRB�:O]bKM:miÎDRSWBM<� �ST<xY{DMQTQWDFEnU�<?IJPF<nY{DM@rPRBts

ε > 0
<?IA:N@?:mSVUxPZB

n0 > 0
UH>J^_I�<HIJPZ<�Y{DR@nPZQWQ

n,m = n+ k > n0 �
d(Fn(y), Fm(y)) < diam(Tn0+1,i(y,n)) < ε

UHD=<?IJPF< {Fn(y)} SWUnP��PR>J^_I�s�U\:k�M>J:NBJ^N:|SWB R2 PZBa]�<?It>aUn^~DMBt�M:N@?KR:kUNp���<�Y{DRQWQTDFEnU�<?IJPF< F SVU�E�:NQWQ�]b:~yJBJ:O]öp
9;:mUe<?STQWQ�BA:O:O]z<HD�UHIADFE�<?IJPF< F SVU�P d S ¤e:O^�<?ST�M:|Y{>ABJ^�<?STDMB d :N<eEf:O:NB A0

PRBJ]
A
p

9;:`BADZ<?:rya@?U\<HQWs�<?IJPF<6Y{DR@nPRB�s
y ∈ A0 Fn(y) ∈ An

UHD=<?IJPF< F(y) ∈ ∪∞
n=0An

PZBJ]z<HI�>JU

F(A0) =
⋃

y∈A0

F(y) ⊂
∞⋃

n=0

An.

)nDFE � UHSTBa^~:zBJ:NE):O]AKR:ziÎDRSWBt<?U an,i PR@H: d s;<HIJ:	]b:NyJBAST<HSWDRBúDRY�<H@?SWPRBAKR>JQWPR@�^NPRiJU=PRQTE6P�sbUm]bSW@H:k^�<?QTs;DF�R:O@m<HIJ:^~:OBt<H:N@|DZYo<?IA: d PRUH:mDZY/<HIA:�<H@?SWPRBAKR>AQVPZ@|^NPRi � S�<rY{DRQWQTDFEnUx<HIJPZ<xY{DM@|PRQTQ e ∈ E � e = an,i
Y{DR@cUHDRhj:

n ∈ N
PZBa]

i ∈ {1, ..., 2n} PZBa]j<HI�>JU e = Fn((2i− 1)/2n+1)
p/��SWBJ^~:x<HIA:cU\:N< {(2i− 1)/2n+1)}n∈N,i∈{1,...,2n} = D

<HIA:UH:~<nDZY�]bsMPM]bSV^r@_PF<?STDMBJPZQVU � ST<�Y{DRQWQWDFEnU/<?IJPF< F(D) = E
E�IASW^_IuSVU�Pj^~QVPZSWh·SWB	DM>A@DJ}@?DRiÎDMUHS�<?STDMB�p

�A>J@\<?IA:N@ � Y{DR@jPZQWQ y ∈ A0 ∼ D � Fn+k(y) ∩ An ⊂ (An+1+k ∼ E) ∩ An = ∅ Y{DM@=:kPR^_I k ≥ 0
UHDw<?IJPF<

F(y) 6∈ An
Y{DR@nPZQWQ

n ∈ N
po��<�<HI�>JU�Y{DRQWQTDFEnUf<HIaPF<

F(A0 ∼ D) ⊂
∞⋃

n=0

An −
∞⋃

n=0

An ∈ {A,A−E(A)} ⊂ A

PZBa]�<?It>aU6<HIJPZ<
F(A0) = F(A0 ∼ D) ∪ F(D) ⊂ A ∪ E = A.9;:m<HIJ:N@?:~Y{DR@?:`IJP��M: F : A0 → A
p�9;:�BJDFE�BJ:N:O]	<?DzUHIADFE�<HIJPZ<xS�<|SWU d S ¤e:O^�<?ST�M:Rpn9;:`yJ@_U\<rU\IJDFE � IADFE�:N�M:N@ �<HIJ:cyJBJPZQ�<eE�D[^~QVPZSWh[U�<HIJPZ<n@H:NY{:N@6<HDL<?IA:`@H:OQWPZ<HSWDRBJUHIASWi�DRY F <?DL<HIA:m]bstPR]bSV^|STBt<?:N@?��PRQWU6DRY A0,0

p
9;:j�t>ASV^_��QTs�hj:OBM<?STDMB;PuUH�R:N<?^_IXDRY�P�iA@?DtDRYfPZBa]XhjDZ<?ST�FPZ<HSWDRB;DZY/<?IA:jQWPMUe<|<eE�D	^NQWPRSTh[UcE�IASV^_ICE�SWQWQ d :jhjDR@?:@?STKMDR@?DR>JUHQTsjiA@?DF�R:OBzSWB	<HIA:cY{DMQTQWDFE�STBJK=@?:OUH>AQT<Op

ÁRÁ



�A@?DRh�<HIJ:XP d DF�R:w^NDRhjhj:NBt<zDRB�<?IA:XSWh[PZKM:�DZYc<HIA:;]bsMPM]bSV^u@?PZ<HSWDRBJPRQWU�PRBJ]º<HIJ:X]b:~yaBAS�<?STDMB�DZY
Fn
Y{DR@zPRB

n ∈ N
S�<�Y{DMQTQWDFEnUf<HIJPZ<�Y{DR@�:OPM^_I

i ∈ {1, ..., 2n+1}

Fn

([
i− 1

2n−1
,
i

2n

])
= An+1,i.

�6IASVUciA@?DF�R:OUcPRQWUHD�DM>A@mUH:O^~DMBJ]CQWPMUe<m^~QVPZSWhupz��SWBJ^~: � E�:LIaP��R:=Y{@HDMh ]b:~yaBAS�<?STDMB;<HIJPZ<`Y{@HDMh :OPM^_I n ∈ N
PZBa]PZB�s

x ∈ A0,0 � Fn+1(x)
SVU�SWBú<HIJ:�U?PZhj:�<?@HSVPZBAKM>AQVPZ@�^OPZi

Tn,i
PRU
Fn(x)
pC��<LY{DRQWQTDFEnU d s;SWBJ]b>J^~<HSWDRBú<?IJPF<

F(x) ∈ Tn,i
p=�bSTBJ^N:�<?IASVUrSVU|<H@?>A:=Y{DR@|:OPM^_I

x0
UH>J^_Iw<?IJPF<

Fn(x0) ∈ Tn,i
PZBa]�Y{@?DRh�<HIJ:jP d DF�M:`<HIJSWU`UH:~<cSWU:O�t>JPRQ�<HD

Dn,i
po��<�Y{DMQTQWDFEnU�<HIaPF< F(Dn,i) ⊂ Tn,i

E�IASV^_I�SVU�DM>A@�yJBJPZQ�^~QVPZSWh�STB	<?IA:m�6IA:NDM@H:Ohup
�fDRBt<?STB�>ASWBAK;E�S�<?I�<?IA:�iA@?DtDRYxDZYr<HIA: d S ¤e:O^~<HSW�R:uiA@?DRiÎ:N@H<es�Ef:	>JUH:	<HIA:�P d DF�R:�iA@?DF�R:NB�SThjiÎDR@H<?PRBM<LY£PR^~<?U[PMUY{DRQWQWDFEnUNp
�lST@_U\<HQWs � <?IJPF<;U\IADM>AQV] x, z ∈ A0

E�ST<HI
x 6= z

Ef:�<HIA:OB IJP��R:�<?IJPF<C<HIA:O@H:�SWUCPZB
n ∈ N

UH>J^_I�<?IJPF<
21−n ≥ |x − z| > 2−n

PZBJ]�<?I�>JU�<HIA:O@H:C:~gbSWU\<
i, j ∈ {1, ..., 2n+2} E�ST<HI 4 ≥ |i − j| ≥ 2

PRBJ]5<?IA:iA@?DRiÎ:N@H<esj<HIJPZ<
x ∈ [(i− 1)2−n−2, i2n−2]

PZBJ]
z ∈ [(j − 1)2−n−2, j2n−2]

p
��<�<HIJ:NB	Y{DRQWQTDFEnU�<?IJPF<

Fn(x) ∈ Tn+2,i
PRBJ]z<HI�>JU � PRU�P d DF�M: � F(x) ∈ Tn+2,i

p/�bSThjSWQWPR@HQWs F(j) ∈ Tn+2,j
p

��SWBJ^~:mY{@HDMhK&�:Nhjh[P
6.2.1
Ef:m��BADFE*<HIaPF<xY{DM@xPZB�s

n ∈ N Tn+2,i ∩ Tn+2,j = ∅ E�IA:OBA:N�M:N@ 4 ≥ |i− j| ≥ 2ST<�Y{DRQWQTDFEnU�<?IJPF< F(x) 6= F(z)
PRBJ]�<HIA:O@H:NY{DR@?:x<?IJPF< F SVU6STBZ¤e:O^�<?ST�M:Rp

�ADM@[U\>A@Ê¤e:O^~<HSW��S�<es � Ef:u^~DMBJUHSW]b:O@LPRB�PR@ d ST<H@_PZ@?s;:NQW:Nhj:NBt< y ∈ A
p��ADM@jPRQTQ

n ∈ N � y ∈ Tn,i(y,n)
Y{DR@[UHDRhj:

i(y, n) ∈ {1, ..., 2n} p��6IA:NB � PZKtPZSWBúY{@?DRh Fn
([

i−1
2n−1 ,

i
2n

])
= An+1,i

E�:�U\:O:z<?IJPF<[ST<�SWUjSWBJU\<H@?>J^�<?ST�M:z<?D^~DMBJUHSW]b:O@�<HIA:`SWBt<H:N@?�FPZQVU
F−1(An,i(y,n)) = [(i(y, n) − 1)2−n, i(y, n)2−n] =: Dn,i(y,n).

��SWBJ^~:
Tn+1,i(y,n) ⊂ Tn,i(y,n)

Y{DR@x:kPR^_I
n
S�<rY{DRQWQTDFEnU�<HIJPZ<

Dn+1,i(y,n+1) ⊂ Dn,i(y,n)
Y{DR@n:kPR^_I

n
p69;:�BADFED d U\:O@H�M:

y0 = ∩∞
n=0Dn,i(y,n)

p}�ADM@�<HIASVU
y0

Fn(y0) ⊂ Fn(Dn,i(y,n)) ⊂ An,i(y,n) ⊂ Tn,i(y,n)

Y{DR@6:kPR^_I
n
p��6I�>JU�Y{DM@6:OPR^_I

n ∈ N � |Fn(y0) − y| ≤ diam(Tn,i(y,n))
p/��SWBJ^~:|<?IASWU�]ASWPRhL:N<H:O@�KRD�:OUf<HDjþO:N@?DLPMU

n
PRiAiA@?DMPM^_IA:O]zSTBbyaBAS�<es�S�<�Y{DMQTQWDFEnU�<HIaPF<

F(y0) = lim
n→∞

Fn(y0) = y.

�A@?DRh"E�:NQWQb]b:~yaBA:O]bBJ:OU?UoPZBJ]m<HIA:�PZ@ d ST<H@_PZ@?STBJ:OU?U�DZY
y
<HIA:�UH>A@Ê¤e:O^�<?ST��ST<esmPZBJ]m<HI�>JU d S ¤e:O^~<HSW��S�<esmDRY F Y{DRQWQTDFEnUOp ♦

9;:�BADFEºUHIADFEºU\DMhL:�@?:OUH>AQT<?U�DMB=<?IA:nU\<H@?>J^�<?>A@H:�DRY F E�IASW^_Ij:Ng�iaPZBJ]LDRB=<HIJ:nQWPMUe<o<eE�DciaDMSTBt<_UoDZYÎ<HIA:�iJ@H:O�tSWDR>aU@?:OUH>AQ�<_U � PMU6Ef:OQTQöPRU�:Oh d :NQWQTSVU\IJSTBAKL<?IA:ciA@HD�DRY�U\DMhj:NE�IJPZ<Op�9C:`UHIADFE5<?IJPF<6<HIJ:rY{>JBJ^�<?STDMBu^OPZB d :cQWDtDM�R:k]zPF<nPMUPzY{>ABJ^�<?STDMBCDMBX:kPR^_IX]bstPR]bSV^=STBt<H:O@H�FPRQÊp
A
SWB;PRBtsuKMST�M:NBw<?@HSVPZBJKR>AQVPZ@|^NPZiCSWU`P d S ¤e:O^~<HSWDRB d :~<eE�:N:OB

A
STBC<HIJSWU^NPRi�PZBJ]zPm]bsMPM]bSV^�STBt<?:N@?��PRQJSWB

A0,0
po�6IA:kU\:r@H:kU\>JQ�<_U}h[PZ�M:nS�<�h�>J^_I[:kPRUHST:O@}<?D`<H@_PR^_�LSTh[PRKR:OU/PZBJ][iJ@H:N�èSWh[PZKR:kUPZBa]�<?It>aUnPZQVU\D=<HDj<?@?PM^_�[IADFE3h=>J^_Iuhj:OPRUH>A@?:rIaPRU�^~DMhj:rY{@?DRh � DM@�KRDRBJ:r<?DjE�IA:N@?:Rp

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì���Ìß Ô~Ù
A ∈ K à ÔLÖ_ÒFØJÓ_ÙèÚ�ÐJÖNÙ�Ô_ç�Û_ÚHÒZå × à ×�ÓNÔ [0, 1] ë ÏaÐkÑMÑAÒFÓ~Ô�Ù{éA×FÙ {Fn}∞n=0

×FÚHÔ�Ù{éAÔ ß â ÑaÓNÖ_é�âÝÙ/;6Û_ÐbØÎÖNÙèâ£ÒFØAÓcÓ�ÐJÖ_éÙ{éA×FÙ
FA := lim

n→∞
Fn

Á$L



ÑJÒFâÝØJÙèÕoâVÓNÔjÒFØ
AA0,0 ï

Fn = ◦ni=0fi×FØ�ç	ÕoÚ�âÝÙÊâÝØ�ä
lAni, a

A
ni

×FØ�ç
rni
×�Ó=Ù{éAÔ[Ô_çOäMÔcÑAÒZâÝØJÙxÒeÛ

AAn,i
×RçM=NÒFâÝØJâÝØ�ä

AAn,i−1

áeÒFÚ�áON ï N æ ÓHéAÒFÐbÜWç i = 1 æ ï Ù{éAÔÖ_Ô~ØaÙ�ÔNÚèÑJÒFâÝØJÙ/Ò\Û
AAn,i
×ZØÎçLÙ{éAÔmÔ_çNätÔ�ÑJÒFâÝØaÙfÒeÛ

AAn,i
×RçO=NÒZâÝØJâÝØ�ä

AAn,i+1

á¢ÒZÚ=áMP ï N æ Ó\éJÒFÐbÜTç i = 2n æ ÚHÔ~ÓèÑAÔ_ÖNÙÊâÝêFÔ~Ü�ð ë
î éAÔNØ=Û~ÒZÚ

n ∈ N
×FØ�ç

i ∈ {1, ..., 2n} Õ/ÔcéA×FêFÔ
AAn,i = Fn−1([(i− 1)2−n, i2−n]), F−1

n−1(A
A
n,i) = [(i− 1)2−n, i2−n],

lni = Fn−1(2
−n(i− 1))

rni = Fn−1(2
−ni)×FØ�ç[Ù{éA×ZÙ

Fn−1
ÑÎÚHÔ~ÓNÔ~Ú�êFÔ~ÓmÚHÔ~ÜW×FÙèâÝê�ÔLçFâVÓ�Ù¢×FØÎÖ_Ô~Ó ë î éJ×FÙ6âVÓ}Û~ÒFÚ=Ô_×RÖ_é x, y ∈ [(i− 1)2−n, i2−n]

|Fn−1(x) − Fn−1(y)| = pn,i|x− y|
Û~ÒFÚmÓ~ÒZåjÔ

pn,i ∈ R.

÷zÄ�øúùAûküoý4QxY�<?IA:m^~QVPZSWh[U�Ue<_PF<?:O]�Ef:mPR@H:|hjDMU\<nSTBt<H:O@H:kUe<?:O]�STB�PRBJ]�<?I�>JU�:NhjiAIaPRUHSWUH:
AAn,i = Fn−1([(i− 1)2−n, i2−n]), F−1

n−1(A
A
n,i) = [(i− 1)2−n, i2−n],

E�IASV^_I�KRSW�R:OUm>JU`SWB�:OU?U\:OBJ^~:[P	<H@_PR^N:[DZY�<HIA:zhLDF�M:Nhj:NBt<mDRY6P�]bstPR]bSV^jSWBM<?:N@?�FPZQ/PMU`S�<�PRiAiA@?DMPM^_IA:OU|<?IA:[QTSWhjS�<UH:~<
A
pw95ST<HIú<?IASVU�E�:z^NPRB�Y{DRQWQWDFE <?IA:�<?@?PM^_�X:OS�<?IA:N@=Y{DR@?E�PR@?];DM@ d PR^_��E6PZ@_]AUc<?DwSW]A:NBt<HSTY{s�E�IASV^_I�iJPZ@H<?U�DZY

A
DR@
A0,0
IaP��R:�iÎDMUHST<HSW�R:LhL:kPRUH>A@?:�KRSW�R:OBwSWBbY{DR@?h[PF<HSWDRBCP d DR>b<c<HIJ:=hj:OPMU\>J@H:=DZY}<?IA:jDZ<HIJ:N@|DZY

A
PZBa]

A0,0
p�6IA:6DZ<?IA:N@o^NQWPRSTh[U�PZ@?:�U\<?PZ<H:k]�IA:O@H:6PRU�PRBLPRSW]m<HDciA@?DF�tSWBAKx<HIA:6SWBJ]b>J^~<HSW�R:�Ue<?:NiLE�IASV^_I=SVUl<HIA:6�M:Nsc<HDr<HIJ:�iA@HD�DRYep

�cûFÉ�É! Hý9;:`iA@HDF�M:x<?IA:mU\<?PF<?:Nhj:NBt< d szSWBJ]b>J^~<HSWDRB	DRB
n
p

�A@?DRh�<HIA:m]b:NyJBAST<HSWDRBuDZY
AA1,1 � AA1,2 PZBJ]z<HIA:m]A:~yJBAST<HSWDRB

f0(y) =

{
(y, tanθ0y) y ∈ [0, 1/2)
(y, tanθ0(1 − y)) y ∈ [1/2, 1]

.

��<	Y{DRQWQTDFEnU�<HIaPF<
AA1,1 = F0([0, 1/2]), AA1,2 = F0([1/2, 1]) � <?IJPF< F−1

0 (AA1,1) = [0, 1/2], F−1
0 (AA1,2) =

[1/2, 1] � <HIJPZ< F0(0) = (0, 0) = l11 � <HIJPZ< F0(1) = (1, 0) = r12 � PZBJ]�IA:OBJ^~:c<?IJPF< F0(1/2) = r11 = l12
p

9;:�U\:O:jPRQWUHD�<HIJPZ<`<HIA:[iA@?:OUH:N@?�FPF<?STDMBwDZY6@H:OQWPZ<HSW�R:j]bSVUe<_PZBJ^N:OUcIADMQW]AUcE�ST<HI
p1,i ≡ tanθA0,1

Y{DR@
i = 1, 2

pj�6IA:^~QVPZSWh)<?It>aU�IADRQV]AU�Y{DM@
n = 1
p

)nDFE�U\>JiAiaDtU\:|<?IJPF<�<?IA:m^~QVPZSWh�SVU6<H@?>A:|Y{DR@�:kPR^_I
n ≤ m

Y{DR@nUHDRhj:
m ∈ N

p
9;:`BADZ<?:r<?IJPF<6Y{DM@nPZB�s�PZ@ d ST<H@_PZ@?s

i ∈ {1, ..., 2m+1} <HIJ:N@?:|SVU�P j ∈ {1, ..., 2m} U\>a^_I�<HIaPF< i ∈ {2j − 1, 2j} p)nDFE�U\SWBJ^N:
AAm,j = Fm−1([(j − 1)2−m, j3−1])

Fm([(j − 1)2−m, j2−m]) = fm ◦ Fm1([(j − 1)2−m, j2−m]) = fm(Am,j).

��SWBJ^~:
Fm−1((j − 1)2−m) = lAlmj � Fm(j2−m) = lArmj

PZBJ]
Fm
iJ@H:kU\:O@H�M:OU}@?:NQVPF<?ST�M:r]bSVU\<?PZBa^~:OUfE�:|PRQWUHD�IJP��M:

Fm−1((j − 1)2−m + 2−m−1) = lAmj ,

Á$R



PZBa]`<HI�>JU
πx(OAAn,j (Fm−1((j−1)2−m+2−m−1))) = 0

pl�6I�>JU � PRKMPRSTB`Y{@?DRh�@?:NQVPF<?ST�M:f]bSVUe<_PZBJ^N:fiJ@H:kU\:O@H�FPF<?STDMB

πx(OAAn,j (Fm−1([(j − 1)2−m, (j − 1)2−m + 2−m−1]))) = [−H1(AAn,j)/2, 0] =: I1

PZBa]
πx(OAAn,j (Fm−1([(j − 1)2−m + 2−m−1, j2−m]))) = [0,H1(AAn,j)/2] =: I2.��<�Y{DRQWQWDFEnU/<?IA:NBuY{@?DRh�<HIA:m]b:NyJBAST<HSWDRBuDZY

fm|[(j−1)2−m,j2−m]

fn,i(y) =

{
O−1
An,i

(πx(OAn,i(y)), tanθn(πx(OAn,i(y)) + H1(An,i)/2)) y ∈ I1

O−1
An,i

(πx(OAn,i(y)), tanθn(H1(An,i)/2 − πx(OAn,i(y)))) y ∈ I2
,

PZBa]�Y{@?DRh·<HIA:m]b:NyJBAST<HSWDRB	DZY
AAm+1,k � k ∈ {1, ..., 2−m−1} <HIJPZ<

AAm+1,2j−1 = Fm([(2j − 2)2−m−1, (2j − 1)2−m−1])

AAm+1,2j = Fm([(2j − 1)2−m−1, 2j2−m−1])PZBa]�UHSTBa^~:`E�:|��BADFE
Fm
SWU�P d S ¤e:O^~<HSWDRB	<HIJPZ<

F−1
m (AAm+1,2j−1) = [(2j − 2)2−m−1, (2j − 1)2−m−1],

PZBa]
F−1
m (AAm+1,2j) = [(2j − 1)2−m−1, 2j2−m−1].�A>J@\<?IA:N@ �

Fm((2j − 1)2−m−1), Fm((2j − 2)2−m−1) ∈ E(AAm+1,2j−1)PZBa]
Fm((2j − 1)2−m−1), Fm(2j2−m−1) ∈ E(AAm+1,2j)Y{@?DRh�E�IASV^_IuS�<nh=>JU\<�<?IA:N@?:~Y{DM@H:|Y{DMQTQWDFE�<?IJPF<
Fm((2j − 1)2−m−1) = rA(m+1)(2j−1) = lAl(m+1)(2j),

Fm((2j − 2)2−m−1) = lA(m+1)(2j−1)

PZBa]�<?IJPF<
Fm(2j2−m−1) = rA(m+1)(2j).�A>J@\<?IA:N@ � UHSWBJ^~: Fm−1|[(2j−1)2−m,2j2−m]

iJ@H:kU\:O@H�M:OUÎ@H:OQWPZ<HSW�R:o]bSVUe<_PZBJ^N:oE�S�<?I |Fm−1(x)−Fm−1(y)| = pm−1,j |x−
y| Y{DM@rPRQTQ x, y ∈ [(2j − 1)2−m, 2j2−m] � Y{@?DRh�<HIJ:=]b:NyJBAST<HSWDRBwDRY fm(y)

PZBJ]
Fm = fm ◦ Fm−1

ST<xY{DRQWQWDFEnU<HIaPF<
Fm
iA@H:kU\:O@H�M:OU�@H:OQWPZ<HSW�R:�]bSWU\<?PRBJ^~:kU�DRB

[(2j−2)2−m−1, (2j−1)2−m−1]
PRBJ]

[(2j−1)2−m−1, 2j2−m−1]E�ST<HI
pm,2j−1 = pm,2j = (tanθAn,j)pm−1,j .ÿ�szUH> d U\<HST<H>b<?STBAK[SWB

i
Y{DR@

2j − 1
DM@

2j
PMU6BA:O^N:OU?UHPR@Hs[ST<�Y{DRQWQTDFEnU�<?IJPF<xPRQTQö@?:O�t>ASW@H:k]�iA@?DRiÎ:N@H<HSW:OU�PR@H:`U?PF<?SWU\yJ:O]Y{DR@

m+ 1
E�S�<?Iz<?IA:`^_IADRSV^~:|DZY

i ∈ {1, ..., 2m+1} p}��SWBJ^~:|<HIJ:c^_IJDRSV^~:xDRY i E6PRU�PZ@ d S�<?@?PR@HsL<?IASWU�^NDRhjiAQW:~<?:OUf<HIA:SWBJ]b>J^~<HSW�R:mU\<H:NiuPZBa]z<?I�>JU�<HIA:`iJ@HD�DZYep ♦

LRÂ



¥�¦:S Tzª�µ�±l»�¯6µ�²G»�mµlm¶/±�¯6µ�«~´�`±�«~³m°	´�m°VUXW�µ�³`¿C¯6µ�±�«~¯�´·³m¸*Àj¯�±�´)«N° K
Y/�t>ASWia:k]�E�ST<HI3<HIA:kU\:C@H:kU\>AQT<?U�E�:CPZ@?:CP d QW:w<HD�KRSW�R:XP�QTSVU\<	DRYmBADRhj:NBa^~QVPF<H>J@HSVPZQ|]b:~yJBJS�<?STDMBJU�<HIJPZ<�E�SWQTQ d :SWBJUe<?@H>JhL:OBt<?PZQöSWB�]b:OU?^~@?S d STBJKLDM>A@6@H:kU\>JQ�<_UNp
Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì£ÍÎÌß Ô~Ù

A ∈ K ë�ì Ô�âÝØJÙèÚHÒkçFÐJÖ_Ô i(n, x) := N ×A0 → N
çMÔ£í/ØÎÔ_ç à ð

i(n, x) := {i ∈ {1, ..., 2n} : x ∈ TAn,i}.

ì ÔmÕoÚ�âÝÙ�Ô
θ̃Ax0

= θ̃Ax = lim
n→∞

θAn,i(n,x)×FØ�çzçMÔ£í/ØÎÔ�ÙÝéJÔ/Û_ÐbØ�Ö~Ùèâ£ÒFØJÓ
Π̃A, Π̃A

n , Π̃
A
n,i : R → R

Û~ÒZÚ�×FØÎç
x ∈ A ∩ TAn,i à ð

Π̃A(x) =
∞∏

i=0

(cosθAn,i(n,x))
−1

Π̃A
n (x) =

n∏

i=0

(cosθAn,i(n,x))
−1,
×FØ�ç

Π̃A
n,i = Π̃A

n (x),Û~ÒFÚ�×FØað
x ∈ A ∩ TAn,i

Õ�ébâ£Ö?éºÕoâÝÜÝÜ à Ô	âÝØÎçMÔ�ÑJÔNØÎçRÔNØJÙLÒeÛ�Õ�é�â£Ö_é x ∈ TAn,i
âVÓzÐ�ÓNÔ?ç ë î éAÔ	Ó�ÐkÑJÔ~Ú_ÓNÖNÚ�â ÑÎÙ A âVÓçFÚ?Ò?ÑRÑJÔ_ç�Õ�éJÔ~ØCÙÝéJÔ`ÓNÔNÙ

A
âVÓ`ÐbØÎçRÔNÚ_Ó�Ù�ÒkÒkç ë

ò ÐbÚ�ÙÝéJÔ~Ú
Λm := {x ∈ A : Π̃(x) ≤ m}

Λ−1
m := F−1(Λm)

Λm+ := {x ∈ A : Π̃(x) ≥ m}
Λ−1
m+ := F−1(Λm+)

Λ∞ := {x ∈ A : Π̃(x) = ∞}
Λ−1
∞ := F−1(Λ∞).8 Ü ÓNÒ ï Û~ÒZÚ=Ô_×RÖ_é a ∈ R

Õ/ÔLçRÔÊí}Ø�Ô
Υ−1
a := {x ∈ A0 : θ̃Ax ≤ a}

Υa := F(Υ−1
a )

Υ−1
a+ := {x ∈ A0 : θ̃Ax ≥ a}, ×ZØÎç

Υa+ := F(Υ−1
a+).8 ÓcÕoâÝÙ{éuÙ{éAÔ�ÒZÙÝéJÔ~Ú`Ø�ÒFÙ¢×FÙèâ£ÒFØJÓ ï Õ�éJÔ~ØCÙÝéJÔ A ∈ K Õ/Ô=×ZÚHÔmÚ?Ô£Û~ÔNÚ�Ú�âÝØtäzÙ�Ò[âVÓcÐbØ�Ö~ÜWÔ?×ZÚcÕ/Ô=×MçRç	×jÓ�ÐkÑAÔNÚ_ÓNÖ~Ú�â Ñ�Ù A ïÛ~ÒFÚLÔ:5�×FåxÑÎÜWÔ

(Λ−1
∞ )A ë��EfD�Y{>A@H<HIA:O@m]b:~yJBJS�<?STDMBJUc@H:OQWPZ<HSWBAK�<HD�U\:N<?U d :NSWBAKu>JUH:O]CE�STQWQ}BADFE d :[iA@?:OUH:NBt<H:k]öp=�lSW@?U\<HQWsXP	�FPZ@?SWPRBt<|DRY/<HIJ:PZBJKRQW: d :~<eE�:N:OB	UH:~<_U � PZBJ]z<HIA:OB�P=KM:NBA:O@?PRQTSVU?PF<HSWDRB�DZY�<HIA: i(n, x) BADR<?PF<?STDMB�pÃ	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ìß Ô~Ù

L1, L2 à ÔC×FØJð�ÙèÕ/Ò�Ó�ÙèÚH×Fâ�ä�é�ÙLÜãâÝØ�Ô�ÓuâÝØ R2 ×FØÎç L1, L2 à ÔXÙÝéJÔCÔ65MÙ�ÔNØAÓ�â£ÒZØAÓuÒ\Û�Ù{éAÔ~Ó~ÔwÜãâÝØÎÔ~Ó�Ù�Ò�Ó�âÝånÑ�ÜãðÖ_ÒFØaØÎÔ_Ö~Ù¢Ô_ç�Ü�âÝØÎÔ~Ó=ÒeÛmâÝØkí}ØaâÝÙ�Ô�ÜTÔNØtäRÙÝéwâÝØ à ÒZÙÝéCçFâÝÚHÔ_ÖNÙÊâ£ÒZØAÓ ëXì Ô=ÙÝéJÔ~Ø�çRÔNØÎÒZÙ�ÔLÙ{éAÔ�Ó�åj×ZÜÝÜTÔNÚ=ÒeÛ�ÙÝéJÔ�ÙèÕ/ÒzÙÊð?ÑJÔ�Ó=Ò\Û×FØ�äZÜWÔ�Ó`Ù{éA×FÙ�ÒkÖ?ÖNÐbÚ�×FÙfÙÝéJÔmâÝØaÙ�ÔNÚ_ÓNÔ_Ö~Ùèâ£ÒFØ�ÒeÛ
L1 ×FØ�ç L2 à ð ψL1

L2
ë

L	




Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ìß Ô~Ù
A ∈ K ×ZØÎç B ⊂ A0,0 ë ÏaÐkÑRÑJÒ�ÓNÔ=Ù{éA×FÙöÛ~ÒZÚmÓNÒFå[Ô n ∈ N ï i(n, x) âVÓmÐbØaâ Û~ÒFÚ�å"Û~ÒFÚj×FÜÝÜ x ∈ B ë î éJÔ~Ø�Õ/ÔÕoâÝÜÝÜ�ÓNÒZåjÔNÙÊâÝå[Ô~ÓoÛ~ÒZÚ=Ö_ÒFØaê�ÔNØJâ£ÔNØÎÖ_ÔLçRÔNØÎÒFÙ¢Ô�ÙÝébâVÓmÖ_ÒZå=å[ÒFØCê�×ZÜãÐJÔ

i(n,B) ë
�A>J@\<?IA:N@oBADR<?PZ<HSWDRBJUlE�SWQTQADb^O^NPRUHSWDRBJPRQTQWs d :�>JUH:O] � d >b<}BADR<o@H:OKR>AQVPZ@?QTs`PRBJ]jU\D|E�STQWQ d :�]b:~yJBJ:O]jPRU�<HIJ:Ns=PR@H:�>JUH:O]öp9;:�^~DMBt<HSWBt>J:zBADFE�E�ST<HIúY{>J@\<?IA:N@j]b:~yaBAS�<?STDMBJULPZBJ]�iJ@HDMia:O@\<?ST:kUm@?:NQVPF<HSWBAK�<?D�<HIJ:�iA@?:N��SWDR>JUm<eEfDC]b:~yJBJS�<?STDMBJUNp�6IA:kU\:miJ@HDMia:O@\<?ST:kUnE�SWQTQ d :LBA:k^~:OU?U?PZ@?szSWBX]b:OPRQTSWBAK�E�ST<HIw<HIA:=hjPRSTBX@H:kU\>AQT<?UxSTBw<HIA:LBA:~g�<c^_IJPZib<?:N@x^NDRBJ^N:N@?BASWBAK<HIJ:mU\:N<?U6SWB K p
Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ì
ì Ô=çRÔÊí}Ø�Ô ï Û~ÒZÚ r ∈ R ï Ù{éAÔ�Ö_ÒZÜÝÜTÔ_Ö~Ùèâ£ÒFØ Ar à ð

Ar := {A : A
âVÓ�×ZØ

Aε
ÙÊð?ÑJÔmÓ~ÔNÙ�×ZØÎç

θ̃A· = r}.
9;:�BADFE�Ue<_PF<?:`Y{DR@?h[PZQWQTs � <HD�^~DRBJBA:O^~<n<HDz<HIA:miJ@H:O�tSWDR>aU�EfDM@H� � <HIA: Ar UH:~<_U�<HDzE�IASW^_I�DM>A@niA@?:N��SWDR>JUrU\:N<?U ΓεPZBa]

Aε
d :NQWDRBJKJp

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì£ÍÎÌ
Γε ∈ Atan

−1(2ε)
×ZØÎç

Aε ∈ A0 ë
�cûFÉ�É! Hý�6IJPZ<

Γε ∈ Atan
−1(2ε) Y{DRQWQWDFEnU6Y{@HDMh)<HIJ:�]b:~yaBAS�<?STDMB�DZY Γε UHSTBJ^N:`Ef:m^OPZB�^NPRQW^N>AQVPF<H:|Y{@?DRh·<HIA:�^NDRBJU\<H@?>J^~<HSWDRB<HIaPF<

θΓεn,· ≡ tan−1(2ε)
pf��SWBJ^~:

θAn,·
SWUx^~DRBaUe<_PZBt<nPZBJ]�Y{@?DRh)<?IA:miA@?D�DZY�DRYZ&�:Nhjh[P

6.4.1 limn→∞ θAn,· = 0
S�<Y{DRQWQWDFEnU�<HIJPZ<

A ∈ A0 p ♦
9;:nBADFE�E�SWUHIL<HDmSWB��R:kUe<?STKtPF<H:nUHDRhj:�DRYÎ<?IA:niA@?DRiÎ:N@H<HSW:OU}iaDtUHUH:OU?U\:k] d s F PRBJ]j@H:kU\>JQ�<_PZBt<oY{@HDMhG<?IA:x]b:NyJBAST<HSWDRBJU<HIaPF<cEf:LIJP��R:x¤e>JU\<ch[PM]b:Rpm9;:=yJ@?U\<cQTD�DR��PZ<|<eE�Dz@?:OUH>AQT<?Uc^~DMBJ^~:O@HBJSTBAK�<HIA:

θn,i
p�9C:[UH:N:=<HIJPZ<r<?IA:[Ue<?@H:N<?^_I

�£PRBJ]�E�IA:OB F IJPRULPZiAiJ@HDMiA@HSVPF<?:[iA@?DRiÎ:N@H<HSW:OU`<?IA:GBtPR^ND d SVPZBÎ |<HIJPZ<=Db^N^N>A@_U`<HDC:OPM^_I Ãn SVU=]b:kUH^N@HS d :O] d s�PiA@?Db]b>J^�<`DRY}<HIA: d PMU\:jPZBJKRQW:OUOp=��:O^NDRBJ]AQTs � Ef:j^~DMBJUHSW]b:O@`P�^NDRB��R:O@HKM:NBJ^N:m:O�t>ASW�FPZQW:NBJ^N:=DRY/<HIJSWU`U\<H@?:~<_^_IwY£PR^~<HDM@<HD�P;^~DRB��M:N@?KR:NBa^~:[DZYx<HIA:�UH>Ah � E�IASV^_I�^NPRB d :	<HIADM>AKRIt<jDZYrPMU=PX<H:kUe<jDZYxE�IJ:~<HIJ:N@[PCUH:~< A ∈ K UHiASW@?PRQWUSWBbyJBAST<H:OQTs	DR@�BADR<Op}9;:mPZQVUHDLE�DR>JQW]�QTSW�R:c<?D[IJP��R:cPj@?:OUH>AQ�<x^NDRBJ^N:N@?BASWBAK�<?IA:�]b:OBJUHS�<es�DRY
A
PZ@?DR>ABJ]z<HIJ:`STh[PZKM:DZY�P=^NDRBJUHSV]b:N@?:O][iÎDRSWBt<�STB

A0,0
p}qxB	PRiAiA@?DRiA@?SWPZ<H:n@?:OUH>AQT<6]ADt:kU6:~gbSVUe<kpl��<�SVU � IJDFEf:O�R:N@ � hjDtUe<n^~DMB��R:NBJST:OBM<?QTsjSWB<HIJ:=BA:Ng�<cUH:O^~<HSWDRBXPMUrP[�fDR@?DRQWQWPR@Hs�DZY}@?:OUH>AQ�<_UxiJ@H:kU\:OBM<?:O]u<?IA:N@?:Rpc95ST<HIX<HIA:kU\:=<eEfDz@H:kU\>AQT<?UrE�:L^NDRBJ^NQT>J]A:m<HIJ:UH:O^�<?STDMB�p

�/Ä�øúø�ùwË�Ì���ÌÊÍaÌò ÒFÚ�×FØað
A ∈ K ï n ∈ N

×ZØÎç
i ∈ {1, ..., 2n}

H1(AAn,i) =
H1(AA0,0)

2n

n∏

j=1

1

cos(θAj,Dj,i)
.

�cûFÉ�É! Hýÿ�sz^~DMBJUHSW]b:O@HSWBAK�<HIA:`@?STKMIt<6PRBAKRQW:O]�<H@?SWPRBAKRQW:|^NDRBJUHSVUe<?STBAKLDZY
AAn,i � IJPRQ�YlDZY�<?IA: d PRUH: AAn−1,j

DZY�<HIA:|<H@?SVPZBAKM>AQWPR@
^NPRi�SWBuE�IASV^_I

AAn,i
PZ@?SVU\:kU�PRBJ]z<HIA:`QWSTBJ:m^~DRBJBA:O^~<HSWBAKL<HIA:`:OBJ]AU6<?IJPF<n]bDMB " <nhj:O:~< � Ef:`UH:N:|<HIJPZ<
H1(AAn−1,j)

2H1(AAn,i)
= cos(θAn,Dn,i)

UHDL<HIJPZ< H1(AAn,i) =
H1(AAn−1,j)

2cos(θAn,Dn,i)
.

�6I�>JU6@?:NiÎ:OPF<?STBJK=<?IASVUnUe<?:NiuSWBJ]b>J^~<HSW�R:NQWs�E�:cKR:~<

H1(AAn,i) =
H1(AAn−1,j)

2cos(θAn,Dn,i)

L\�



= (cos(θAn,Dn,i)
−1)(cos(θAn−1,Dn−1,i

))−1 1

4
H1(AAn−2,·)

= ...

=



n−1∏

j=0

(cos(θAj,Dj,i))
−1


 2−nH1(AA0,1)

PRU6@?:O�t>ASW@?:O]öp ♦

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì���Ìß Ô~Ù
A ∈ A0

×ZØÎç
x ∈ A ë î éAÔNØ

∞∏

n=0

(cos(θAn,i(n,x)))
−1 <∞ ⇐⇒

∞∑

n=0

(θAn,i(n,x))
2 <∞.

�cûFÉ�É! Hý9;:;BJDZ<H:C<HIaPF<
θAn,i(n,x) < π/32

Y{DM@uPRQTQ
A ∈ A0 � n ∈ N � PRBJ] x ∈ A

p·�A>A@H<HIJ:N@uEf:;E�@?S�<?:
M :=∏∞

n=0(cos(θ
A
n,i(n,x)))

−1 PRBJ]u^NPZQV^~>JQWPZ<H:

ln(M) = ln

( ∞∏

n=0

(cos(θAn,i(n,x)))
−1

)
=

∞∑

n=0

ln((cos(θAn,i(n,x)))
−1).

9;:�PZQVU\Du>JUH:j<HIA:[@?:NQVPF<?ST�M:NQWswU\SWhjiAQW:[STBA:k�t>JPZQWS�<es � :kPRUHSTQWsw�R:O@HSTyaP d QT: � <HIaPF<`<HIJ:N@?:[:~gbSWU\<?U`Pu@?:OPRQ ∞ > C > 1UH>J^_Iz<?IJPF<�Y{DM@nPZQWQ
θ ∈ [0, π/32]

1

C
θ2 ≤ ln((cosθ)−1) ≤ Cθ2.

�£�6IJSWU|^NPRB d :=iA@HDF�M:NBu:NST<HIJ:N@ d s	>JUHSTBJK�P��lP�s�QTDM@xU\:O@HSW:OUn:~gbiJPZBaU\SWDRB�DM@ d s	^NDRhjiJPR@HSWBAKj<HIJ:=UH:O^~DMBJ]�PZBa]ú�£PZ<
þN:O@HD	]bSVUHPRiAia:kPZ@?STBJKt nyJ@?U\<`]b:N@?ST�FPZ<HSW�R:OUrDZY

eθ
2 PZBJ]

(cosθ)−1 E�ST<HI;@H:kU\iÎ:O^~<r<?D θ Y{DR@ θ U\>^]�^NST:OBM<?QTsC^~QWDMUH:m<HDþN:O@HDap  �9;:m^NPZB	BADFE�^NPZQV^~>JQWPZ<H:
∞∑

n=0

(θAn,i(n,x))
2 ≥ 1

C

∞∑

n=0

ln((cos(θAn,i(n,x)))
−1)

(
=

1

C
ln(M)

)

≥ 1

C2

∞∑

n=0

(θAn,i(n,x))
2.

��<�Y{DRQWQWDFEnU/<?IJPF<
M <∞ ⇐⇒ ln(M) <∞ ⇐⇒

∞∑

n=0

(θAn,i(n,x))
2 <∞,

E�IASV^_I	^NDRhjiAQW:~<?:OU6<?IA:`iA@?DtDRYep ♦

¥�¦`_ W�µl³m¿C¯6µ�±�«~¯�´�³m¸5¼"»	¯a-G«/.�¯�¶}±�«~¬m¯bTzª	°�¶/±�«~³�°�´
9;:fBADFE�:~gAPZhjSWBA:fUHDRhj:/SWhjiaDM@\<_PZBt<�iA@HDMia:O@\<?ST:kU�DRYA<HIJ:/Y{>ABa^�<HSWDRBaU

Fn
PRBJ]`<?IA:fY{>ABJ^�<?STDMB F p��¢B=DR@_]b:N@�<HD|E�DR@?�E�ST<HI F iA@?DRiÎ:N@?QTs	Ef:�h�>JU\<xyJ@_U\<r^_IA:O^_��<HIaPF<rST<rIaPRU|U\DMhL: d PRUHSW^miA@HDMia:O@\<?ST:kUNp�9;:jU\IADFE*<HIaPF<x<?IA:=Y{>ABJ^�<?STDMB

F SVU�^NDRBt<HSWB�>ADR>aUfPRBJ]zhj:kPRUH>A@?P d QW:Rpl9C:`UHIADFE�<HIJPZ<�STh[PZKM:OUfDZY�^~DRhjiJPM^�<�U\:N<?U6PZ@?:r^NDRhjiJPM^�<Op�9;:`U\IADFE�<HIJPZ<iÎDMUHS�<?ST�M:zhj:OPMU\>A@?:�SVULiA@H:kU\:O@H�M:O]öpCq·QW:OU?U�E�:NQWQ d :OIJP��R:k] � d >b<jBADRBJ:~<HIJ:NQW:OU?U�SWhjiaDM@\<_PZBt< � iA@?DRiÎ:N@H<es;SWU=<HIaPF< �>ABJ]A:N@n^~DMBJ]bST<HSWDRBJU6DMB
Λ−1
∞ � UH:~<?U6DRY�iÎDMUHS�<?ST�M:chL:kPRUH>A@?:rIJP��M:cSTh[PZKM:OU�DZYlSTBAyJBAST<H:`hj:OPMU\>A@?:Rp�9;:mPR]A]AS�<?STDMBJPZQWQTsiA@?DF�R:`<?IA:

A ∈ K �R:O@?UHSTDMB�DZYD�fDM@HDMQTQVPZ@?s 8.4.1
p`��SW@_Ue<cDZYfPRQTQ � IADFE�:N�R:O@ � E�:=iA@?DF�R:m<HIJPZ<ciaPZ@H<?UrDZY}<?IA:=QWSWhLST<

Lc#



Y{>ABJ^~<HSWDRB F ^NPZB d :n:~gbiA@?:OU?UH:O]jPRUd&�STiaUH^_IAST<Hþ6Y{>JBJ^�<?STDMBJUNpfe�:k^NPRQTQWSTBJKc<HIJPZ< Π̃A
(·)
^OPZB d :rU\:O:NB�PRUo<HIA:xU\<H@?:~<_^_IASWBAK

�{DM@4BMPM^~D d SWPRBa �Y£PM^�<HDM@6DZY F ST<�EfDM>AQW]�U\:O:Nh�UH:NBJUHS d QT:r<HIaPF<�E�IA:NBz<HIASVU6SVU d DM>ABJ]b:k] � Ef:cPZ@?:rPM^�<?>JPZQWQTs[QWD�DR��SWBAKPF<mPV&�SWiJU?^_IAS�<?þLY{>ABJ^�<?STDMB�pL9C:�UHIADFE"<?IJPF<c<HIJSWUcSVU|<H@?>A:jPFYÝ<H:O@m]b:~yaBASTBJK	IJDFE"<HD d DR>ABJ]X<HIJ:gBtPR^ND d SVPZB�p�9;:h[PZ�M: d DM>ABJ]AU d s	U\SWhjiAQWs�QWD�DR��STBJK�PF<�<HIJ:m@H:kUe<?@HSV^�<?STDMBuDZY�<HIA:mY{>ABJ^�<?STDMBu<HD[iA@?:~��SWhjPRKR:mUH:~<_U�DRBuE�IASV^_I
Π̃A SWUd DR>ABJ]A:O]öp

Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì£ÍÎÌß Ô~Ù
A ∈ K ï Ù{éAÔNØwÕ/ÔLçRÔÊí}ØÎÔ Fm := F|Λ−1

m
.

�/Ä�øúø�ùwË�Ì���ÌÊÍaÌò ÒFÚ
m ∈ R ï Fm := F|Λ−1

m

âVÓ ß â ÑaÓNÖ_é�âÝÙ/;=ÕoâÝÙÝé
LipFm ≤ Cm2 ë

�cûFÉ�É! Hý
&�:N<

x, y ∈ Λ−1
m � PRBJ]zE�ST<HIJDR>b<nQWDMU?U6DZYlKR:NBJ:N@_PZQWS�<es[QW:~< y < x

p}�6IJ:N@?:cPR@H:|<?IA:NB	<eE�DL^OPRUH:OU�<HD[^NDRBJUHSW]A:N@

 p {ty + (1 − t)x : t ∈ [0, 1]} ⊂ Λ−1

m � PRBJ]
� p�DZ<HIJ:N@?E�SWUH:Rp

��PRUH: 
 SVU�<?IA:=UHSThjiAQW:N@kp6�¢Bu<HIASVU|^NPRUH:`E�:mIJP��R: Fm|[y,x] = F|[y,x]
PZBJ]

Π̃(z) ∈ [y, x]
p���<xY{DMQTQWDFEnU6Y{@?DRh�<HIA:^~DMBJU\<H@?>J^�<?STDMB�DRY�<HIJ:

Fn
Y{@HDMh·E�IASV^_I F SWU�]A:~yJBA:k]uPRU�PLQTSWhjS�<�<?IJPF<

d(Fn(y), Fn(x)) ≤ md(y, x),
Y{DM@nPZQWQ

n ∈ N,

E�IASV^_I�SWhjiAQWST:kU
d(F(y),F(x)) ≤ lim sup

n→∞
d(Fn(y), Fn(x)) ≤ lim sup

n→∞
md(y, x) = md(y, x).

�ADM@n^NPMU\: � Ef:c��BADFE5<?IJPF<6<HIJ:N@?:|h=>JU\<n:~gbSWU\<nP
z ∈ (y, x)

U\>a^_Iz<?IJPF<
Π̃(x) > m

PRBJ]�<?IA:N@?:~Y{DM@H:r<HIJ:N@?:|SVU�PZB
n0 ∈ N

UH>J^_Iz<?IJPF<
y, x 6∈ TAn0,i(n0,z)

PZBJ]�SWBJ]b:N:k]
i(n0, y) < i(n0, z) < i(n0, x).

��<`Y{DRQWQWDFEnUx<?IJPF<mE�:[^NPRBCyaBJ]�P�hjSWBASWh�>Ah¡U\>J^_I
n0
PZBa]w<?IA:N@?:~Y{DM@H:[PZB

n1 ∈ N
UH>J^_IC<HIJPZ<

i(n1, x) − 3 ≤
i(n1, y) ≤ i(n1, x) − 2

PRBJ]�UH>J^_I�<HIJPZ<�Y{DR@nPRQTQ
n < n1 i(n, y) ∈ {i(n, x) − 1, i(n, x).

�A@?DRh-<?IASVU � S�<jY{DMQTQWDFEnU=yJ@?U\<HQWs�<HIaPF<jY{DR@j:OPM^_I n < n1 [y, x] ⊂ TAn,i(n,y) ∪ TAn,i(n,x)
E�IASV^_I�SWhjiAQWST:kUL<HIJPZ<

Fn0 |[y,x]
IaPRU4&�SWiJU?^_IAST<Hþ`^~DMBJUe<_PZBt<

LipFn0 |[y,x] ≤ max{Π̃A
n0

(x), Π̃A
n0

(y)} ≤ m

UHD=<?IJPF<
d(Fn0 (y), Fn0(x)) ≤ md(y, x).��<xPZQVUHD�Y{DMQTQWDFEnU�Y{@HDMh)<HIJ:m^_IADRSV^~:cDZY

n1
<HIJPZ<

d(F(y),F(x)) < 2 max
w∈{x,y}

H1(AAn0−1,i(n0−1,w)).

)nDFE � >aU\SWBAKh&�:OhLh[P 6.2.1
Ef:c��BADFE

πx(OAA
n0,i(n0,y)

(TAn0,i(n0,y)
∩ TAn0,i(n0,x)

)) ∩ OAA
n0,i(n0,y)

(AAn0,i(n0,y)
) = ∅

PZBa]�<?It>aU
d(Fn0 (y), Fn0(x)) ≥ H1(AAn0,i(n0,y)+1) ≥

1

2
min
w∈y,x

H1(AAn0−1,iw(n0−1))

L�*



<HIJ:`QWPZ<\<H:O@6Y{DRQWQTDFE�SWBAK[UHSTBJ^N:
AAn0,i(n0,y)+1

SWU�PjUHIADR@H<H:O@�U\SV]b:`DZYl:NST<HIA:O@
AAn0−1,i(n0−1,y)

DM@
AAn0−1,i(n0−1,x)

p
��SWBJ^~:

y ∈ TAn0,i(n0,y)+1 ⇒ 1 ≤ Π̃A
n0−1(y) ≤ mPZBa]

x ∈ TAn0,i(n0,x)+1 ⇒ 1 ≤ Π̃A
n0−1(x) ≤ mST<�Y{DRQWQTDFEnU�<?IJPF<

max
w∈{x,y}

H1(AAn0−1,i(n0−1,w)) ≤ m min
w∈{x,y}

H1(AAn0−1,i(n0−1,w)).

�6I�>JU
d(Fn0(y), Fn0(x)) ≥

1

2m
max

w∈{x,y}
H1(AAn0−1,i(n0−1,w)).

�n:OBJ^~:
d(F(y),F(x)) ≤ 2 max

w∈{x,y}
H1(AAn0−1,i(n0−1,w)) ≤ 4md(Fn0(y), Fn0(x)) ≤ 4m2d(y, x).

�fDRh d SWBASTBJK=<?IA:c<eE�Dj^OPRUH:OU�KRSW�R:kU�>JU � >JU\SWBAK m ≥ 1

d(F(y),F(x)) ≤ max{m, 4m2}d(x, y) = 4m2d(x, y)

Y{DR@�:kPR^_I
x, y ∈ Λ−1

m

p ♦

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì£ÍÎÌß Ô~Ù
A ∈ K ×FØ�ç[ÜTÔNÙ F à Ô`Ù{éAÔfÛ_ÐbØÎÖNÙèâ£ÒFØXÚ?Ô~ÜT×ZÙ�Ô_ç�Ù�Ò A ë î éJÔ~Ø
P ë F âVÓ�Ö_ÒFØJÙèâÝØJÐJÒZÐ�Ó ï
i ë Ó\éJÒFÐbÜTç B ⊆ A0 à ÔLÖ~ÜTÒFÓNÔ?ç ï Ù{éAÔNØ F(B) ⊆ A

âVÓ�Ö_ÒFåxÑA×MÖ~Ù ï
j ë â Û B ⊂ A0

âVÓcÓ�ÐJÖ?é�ÙÝéJ×FÙ H1(B) > 0
ÙÝéJÔ~Ø H1(F(B)) > H1(B)/6 > 0 ï

k ë â Û H1(Λ−1
∞ ) > 0

ÙÝéJÔ~Ø H1(Λ∞) = ∞ ï
l ë â Û Θ1(H1,Λ−1

∞ , x) > 0
Ù{éAÔNØ

Θ1(H1,Λ∞,F(x)) = ∞ ï ×FØ�ç
m ë F âVÓ H1

�¢å[Ô_×�Ó�ÐbÚH× à ÜTÔ ë
�cûFÉ�É! HýqxUnEf:`PZ@?:c^~DRBaU\SV]b:N@?SWBAKjDRBAQWs�DRBJ:

A
E�:`U\IaPZQWQöDRhjS�<�<?IA:

A
U\>Jia:O@?U?^~@?STiA<?UOp

�ADM@m� 
   � UHSTBa^~:|Y{DR@nPRQTQ�^NDRBJU\<H@?>J^�<?STDMBJU A <HIaPF<nE�:c^NDRBJUHSV]b:N@6E�:|IaP��R: θ0,0 ≤ π/32
Ef:`UH:N:|<HIaPF<

diam(Tn,·) = H1(An,·) ≤
(cos(π/32))−1

2
H1(An−1,·)

E�IASV^_I�SWBJ]b>a^�<HSW�R:OQTs�KRSW�R:kUf>aU

diam(Tn,i) ≤
(

(cos(π/32))−1

2

)n
H1(A0).

��SWBJ^~:
cos(π/32) > 1/2 � (cos(π/32))−1/2 < 1

UHDL<HIJPZ<
lim
n→∞

diam(Tn,·) = 0.

L\>



��<jY{DRQWQTDFEnU�<HIaPF<jY{DR@[PZQWQ
ε > 0 � diam(Tn,·) < ε/2

Y{DR@[PRQTQ
n
KM@H:kPF<H:O@�<?IJPZB�UHDRhj:�UH>^]�^~SW:NBt<HQWsúQVPZ@?KR:

n0
p

�fDRBaU\SV]b:N@
x1, x2 ∈ A0

UH>J^_I	<HIJPZ< |x1 − x2| < 2−n0
p}�6IJ:NB

x1, x2 ∈
[
i− 1

2n0
,
i

2n

]
∪
[
i

2n
,
i+ 1

2n

]

Y{DR@jUHDRhj:
i ∈ {1, ..., 2n − 1} � UHDw<?IJPF<[UHSTBJ^N: F([(i − 1)2−n, i2−n]) ⊂ Tn,i

Y{DM@=:kPR^_I
n ∈ N

PZBa]ú:OPM^_I
i ∈ {1, ..., 2n} F(x1),F(x2) ∈ Tn0,i ∪ Tn0,i+1,

E�IASV^_IuSThjiAQWST:kU
|F(x1) −F(x2)| ≤ diam(Tn0,i−1) + diam(Tn0,i) < ε.

�ADM@=� �   � UHSTBJ^N: A0
SWU d DR>ABJ]A:O] � U\D�<HD�SVUrPRB�s�^~QWDMUH:O]�UH> d UH:~<|DZY A0 � <HI�>JUxUHIADM>AQW] B d :LP�^~QWDMUH:O]�UH> d UH:~<rDZY

A0
ST<`SWUcPZQVUHD�^~DMhjiJPR^~<Op`��<c<HIA:OBXY{DMQTQWDFEnUxY{@HDMh�<HIA:=Y£PR^~<|<?IJPF< F SVU|^NDRBt<HSWB�>ADR>aUn<?IJPF< F(B)

SWUc^NQTDtU\:k]wPZBJ]SWBJ]b:N:k] d DM>ABJ]b:k]	UHSWBJ^~: F(A0) ⊂ [0, 1]× [0, 1]
PRBJ]�<?I�>JUnPZQVUHDL^NDRhjiJPR^~<Op

�ADM@X� #   � QW:~<zDM>A@�U\:N< � Y{DR@�^~DRB��M:NBASW:NBJ^N: d :X]A:NBADR<H:O] K pn&�:N< H1(K) > 0 � UHP�s H1(K) =: β
p*��<[Y{DMQ��QWDFEnU�<HIJPZ<�<?IA:N@?:`SVU�P

δ0 > 0
UH>J^_I	<HIJPZ<�Y{DM@xPZQWQ

0 < δ < δ0 H1
δ(K) > β

2 .

)nDFE � QW:~< δ < δ0
PRBJ] {Bδ}

d :úP
δ
��^NDF�R:O@�DRY F(K)

PRBJ]*^NDRBJUHSV]b:N@�P
B ∈ Bδ

p�ÿfsn&�:Nhjh[P
6.2.1E�:CUH:N:C<HIJPZ<�<?IA:N@?:XSVUuPZB

n(B) ∈ N
UH>J^_I5<?IJPF<uE�IA:N<HIA:O@	DM@�BJDZ<

center(B) ∈ F(K) B ∩ F(B) ⊂
TAn(B),i(B)−1 ∪ TAn(B),i(B) ∪ TAn(B),i(B)+1

Y{DM@nU\DMhL:
ß(B) ∈ {2, ..., 2n(B) − 1} E�ST<HI

diam(TAn(B),·) = length(AAn(B),·) ∈
(
diam(B)

2
, diam(B)

)

UHD=<?IJPF<
diam(B) >

i(B)+1∑

j=i(B)−1

diam(TAn(B),·).

�¢B	<HIASVUn^OPRUH:rE�:`PZQVU\DjIJP��M:

F(B ∩ F(K)) ⊂
i(B)+1⋃

j=i(B)−1

F−1(Tn(b),j) =

i(B)+1⋃

j=1(B)−1

F−1
n(b)(An(B),j)

E�IASV^_I � UHSTBa^~: Fn(B)
SVU�PZBu:~gbiJPRBJU\SWDRB�h[PZi � KMST�M:OUf<HIJ@H:O:|SWBt<H:O@H�FPZQVU IB,j � j = 1, 2, 3

E�S�<?I
diam(IB,j) = length(IB,j) ≤ length(An(B),j) < diam(B) < δ.

��<�Y{DRQWQWDFEnU/<?IJPF<
i(B)+1∑

j=i(B)−1

diam(IB,j) < 3diam(B).

��SWBJ^~:
F(K) ⊂

⋃

B∈Bδ
(B ∩ F(K))

ST<�Y{DRQWQTDFEnU�<?IJPF<
K ⊂

⋃

B∈Bδ

i(B)+1⋃

j=i(B)−1

IB,j

LcH



E�IASV^_I�SWhjiAQWST:kU6<HIJPZ< {{IB,j}B∈Bδ}i(b)+1
j=i(B)−1

SVU�P
δ
^NDF�R:N@6DRY

K
PZBa]�<?It>aU6<HIJPZ<

∑

B∈Bδ

i(B)+1∑

j=i(B)−1

IB,j ≥ H1
δ(K) >

β

2

PZBa]�<?IA:N@?:~Y{DM@H:
∑

B∈Bδ
diam(B) >

1

3

∑

B∈Bδ

i(B)+1∑

j=i(B)−1

IB,j >
1

3

β

2
=
β

6
.

��SWBJ^~:�<HIJSWULSVUm<?@H>A:�Y{DR@jPZB�s�UH>J^_I
δ
�¢^~DF�R:O@mDZY F(K)

E�:�UH:N:z<HIJPZ< H1
δ(F(K)) > β

6

Y{DR@jPZB�s
δ < δ0

PRBJ]<HIJ:N@?:~Y{DR@?:|<HIJPZ<
H1(F(K)) = lim

δ→0
H1
δ(F(K)) ≥ lim

δ→0

β

6
> 0.

�ADM@m� *   � QW:~< M > 0
po�6IA:OB�U\SWBJ^~: H1

A0

SVU4enPM]bDRBuPZBJ]

Λ−1
∞ =

⋃

n∈N

{x ∈ Λ−1
∞ : Π̃n(x) > M}

ST<�Y{DRQWQTDFEnU�<?IJPF<6<HIJ:N@?:`SWU�PRB
n0 ∈ N

E�ST<HI

H1({x ∈ Λ−1
∞ : Π̃n0(x) > M}) > H1(Λ−1

∞ )

2
> 0.

9;:�UH:~<
Λ−1
∞,n0

:= {x ∈ Λ−1
∞ : Π̃n0(x) > M}. ��<=Y{DRQWQTDFEnU`<HIJPZ<=E�ST<HI X := {i ∈ {1, ..., 2n0} : Tn0,i ∩

Fn0(Λ
−1
∞,n0

) 6= ∅}

H1(Fn0(Λ
−1
∞,n0

)) =
∑

i∈X
H1(Fn0(Λ

−1
∞,n0

) ∩ Tn0,i)

> M
∑

i∈X
H1(Λ−1

∞,n0
∩ [2−n0(i− 1), 2n0i])

= MH1(Λ−1
∞,n0

)

> M
H1(Λ−1

∞ )

2
.

9;:m<HIJ:NBwPZiJiAQTs�� #  �<HDz:OPR^_IwUH:~<
An0,i ∈ K ]b:NyJBA:k]�PRU�<?IA:�UH> d ^~DRBaUe<?@H>J^~<HSWDRBú�ÊPZBJ]�UH> d UH:~<� 6DZY A U\<?PR@\<?STBJKE�ST<HI

An0,i
0 = An0,i

<HDLyJBJ]

H1(F ◦ F−1
n0

(Fn0(Λ
−1
∞,n0

) ∩ Tn0,i)) >
H1(Fn0(Λ

−1
∞,n0

) ∩ Tn0,i)

6PZBa]�<?It>aU6<HIJPZ<
H1(F(Λ−1

∞,n0
)) =

∑

i∈X
H1(F ◦ F−1

n0
(Fn0(Λ

−1
∞,n0

) ∩ Tn0,i))

>
1

6

∑

i∈X
H1(Fn0 (Λ

−1
∞,n0

) ∩ Tn0,i)

=
1

6
H1(Fn0(Λ

−1
∞,n0

)).

LtÁ



9;:c<HIA:O@H:NY{DR@?:|BJDFE�IJP��R:

H1(F(Λ−1
∞,n0

)) >
1

6
H1(Fn0 (Λ

−1
∞,n0

)) >
MH1(Λ−1

∞ )

12
.

��SWBJ^~:c<?IASVU�SWU�<?@H>J:rY{DM@n:OPM^_I
M > 0

ST<�Y{DRQWQTDFEnUf<HIaPF<
H1(F(Λ−1

∞ )) > H1(F(Λ−1
∞,n0

)) = ∞.

�ADM@m� >   � UH>AiAiÎDMUH: x ∈ Λ−1
∞
SVUnUH>J^_Iz<?IJPF<

Θ1(H1,Λ−1
∞ , x) > 0

p
�fDRBaU\SV]b:N@ F(x)

PZBa]�QT:N<
ρ > 0
p�9;:���BADFE yJ@?U\<HQWswY{@?DRh¡]b:~yaBAS�<?STDMB�<HIJPZ<m<HIJ:N@?:�SWU�PZB

n0 > 0
U\>a^_IC<?IJPF<

Fn(x) ∈ Bρ/2(F(x))
Y{DM@nPZQWQ

n > n0
PZBa]z<?I�>JU � UHSWBJ^~:cY{@?DRh)<?IA:`iA@?D�DZY�DRY�� 
   diam(Tn,i) → 0

PMU
n→ ∞ �<HIJ:N@?:|SVUnPRB

n1 ≥ n0
U\>a^_Iz<?IJPF<

diam(Tn1,·) < ρ/4
PRBJ]z<HI�>JU ∪1

j=−1Tn1,i(x,n1)+j ⊂ Bρ(F(x))
p

�ADM@m<?IA:z@?:Nh[PZSWBJ]b:O@mDZY�� >  mEf:�E�@?ST<H:
i := i(n1, x)

9;:zBADFE � <?:NhjiaDM@?PR@HSWQWsXIJP��M:j<eEfDX^OPRUH:OUm<HDX^NDRBJUHSW]A:N@ �BJPRhL:OQTs[��qr��Y5�/<HIJPZ<
Fn(x) ∈ E(Tn1,i)

PZBJ]2��qr��Y5�H�/<?IJPF<
Fn(x) ∈ Tn1,i −E(Tn1,i)

p
��qr�^Yº�po�¢B;<HIASVU�^OPRUH:

Fn1(x) ∈ Tn1,i ∩ Tn1,i−1
DR@
Fn1(x) ∈ Tn1,i ∩ Tn1,i+1 � E�S�<?IADR>A<�QTDtUHUcDRY�KM:NBA:O@?PRQTST<eswQW:~<m>JUUH>AiAiÎDMUH:r<?IJPF<nST<nSVU�<HIA:`QVPF<H<H:N@r^NPRUH:Rpo�6IA:OB

x = i2−n1 ∈ [(i− 1)2−n1 , (i+ 1)2−n1 ] = F−1
n (An,i ∪ An,i+1).

��SWBJ^~:
Θ1(H1,Λ−1

∞ , x) > 0
ST<�Y{DRQWQTDFEnUÎ<?IJPF< H1(Λ−1

∞ ∩[(j−1)2−n1 , j2−n1 ] > 0
Y{DR@�PZ<�QT:kPRU\<�DRBA:

j ∈ {i, i+1} p95ST<HIADM>b<nQTDtUHU6DRYlKM:NBA:O@?PRQTST<es[QW:~<�>JUnPMUHUH>Ahj:|<HIJPZ<
j = i
p}�6IA:OB

H1(F−1
n1

(Λ−1
∞ ) ∩An1,i) = Π̃n1(x)H1(Λ−1

∞ ∩ [(i− 1)2−n1 , i2−n1 ])

≥ H1(Λ−1
∞ ∩ [(i− 1)2−n1 , i2−n1 ])

> 0.

��qr�^Yº�H�po�¢B	<HIASVUn^OPRUH:
Fn1(x) ∈ Tn1,i −E(Tn1,i)

U\DL<?IJPF<
x ∈ ((i− 1)2−n1 , i2−n1) ⊂ [(i− 1)2−n1 , i2−n1 ] = F−1

n1
(An,i).

�6I�>JU�UHSTBJ^N:
Θ1(H1,Λ−1

∞ , x) > 0
ST<�Y{DRQWQTDFEnU�<?IJPF< H1(Λ−1

∞ ∩ [(i− 1)2−n1 , i2−n1 ]) > 0
PRBJ]z<HIA:O@H:NY{DR@?:

H1(F−1
n1

(Λ−1
∞ ) ∩An1,i) = Π̃n1(x)H1(Λ−1

∞ ∩ [(i− 1)2−n1 , i2−n1 ])

≥ H1(Λ−1
∞ ∩ [(i− 1)2−n1 , i2−n1 ])

> 0.

�6IJPZ<wSWU � STB":OS�<?IA:N@C^NPRUH:;<HIA:O@H:�SVUwP n ∈ N
PRBJ]

i ∈ {1, ..., 2n} U\>a^_I*<?IJPF< Tn,i ⊂ Bρ(F(x))
PZBa]

H1(F−1
n (Λ−1

∞ ) > 0
p)qniJiAQTs�SWBAK*�£ST�A z<HD�<HIA:

A1 ∈ K @?:OUH>AQ�<?STBJKúY{@?DRh4<HIA:�UH> d ^NDRBJU\<H@?>J^~<HSWDRB�DRY A DMB
Tn,i
ST<nY{DRQWQWDFEnU�<HIJPZ< H1(Λ∞ ∩ Tn,i) = ∞ PZBJ]	<?I�>JU6<HIaPF< H1(Bρ(F(x)) ∩ Λ∞) = ∞ p6��SWBJ^N:`<HIASVUnSVU6<?@H>A:Y{DR@nPRQTQ
ρ > 0
S�<�Y{DMQTQWDFEnU�<HIaPF<

Θ1(H1,Λ∞,F(x)) = ∞,^~DMhjiAQT:N<HSWBAKL<HIA:`iJ@HD�DZYlDZY�� >  �p
�ADM@w� H   � E�:uBADZ<?:	<HIJPZ<L<?IA:�DRiÎ:NB�UH:~<?UjDRY A E�ST<HIº@H:kU\iÎ:O^~<j<HD H1 hj:OPMU\>A@?:uPZ@?: U ∩ A

Y{DR@
U
DRiÎ:NBºSWB<HIJ:`>JU\>aPZQ�UH:NBJUH:cSTB

R2 pd)xDFE*^NDRBJUHSW]A:N@nPZB	DRiÎ:NB�UH:~<�SWB A � V := U ∩ A Y{DM@nU\DMhj: U DRiÎ:NBuSWB R2 p
LcL



&�:N< T1 := ∪{T1,i : T1,i ⊂ U} PZBJ]�SWB	KM:NBA:O@?PRQ Tn := ∪{Tn,i : Tn,i ⊂ U}. 9;:m^~QVPZSWh)<HIaPF<

V =
∞⋃

n=1

(Tn ∩ A).

�fQW:OPZ@?QWs Tn ∩ A ⊂ U ∩ A Y{DR@nPRQTQ n ∈ N
PZBa]z<?I�>JU ∪∞

n=1(Tn ∩ A) ⊂ U ∩ A = V.

�fDRB��M:N@_U\:OQTs � QW:~< x ∈ V
p �6IA:NB

x ∈ A
PZBa]º<HIA:O@H:w:NgbSWU\<?U

ρ > 0
UH>J^_I�<HIJPZ<

Bρ(x) ⊂ U
pG��SWBJ^N:wEf:��BADFE�<?IJPF<�Y{DM@nPZB�s

A ∈ K � PZBJ] x ∈ A

lim
n→∞

diam(Tn,i(n,x)) = 0

<HIJ:N@?:;:NgbSWU\<?U
nρ ∈ N

U\>a^_I3<?IJPF<
diam(Tnρ,i(nρ,x)) < ρ/2

p��6IA:OB
Tnρ,i(nρ,x) ⊂ Bρ(x) ⊂ U

<HI�>JU
Tnρ,i(nρ,x) ⊂ Tnρ

PZBJ]z<HI�>JU
x ∈ Tnρ

p
��SWBJ^~:

x ∈ A
Ef:6IJP��M:

x ∈ Tnρ ∩A
PRBJ]=<HI�>JU

x ∈ ⋃∞
n=1(Tnrho ∩A).

��<oY{DRQWQTDFEnU�<HIaPF<
V ⊂ ⋃∞

n=1(Tnrho ∩A).)nDFE � Y{DR@�:OPM^_I n ∈ N Tn ∩A =
⋃
i∈In Tn,i ∩A

Y{DR@�U\DMhL:L�{iÎDMU?U\S d QWsj:Nhjib<esA oSWBJ]b:Ng
In ⊂ {0, 1, ..., 2n− 1} p�6I�>JU F−1(Tn ∩ A) =

⋃
i∈In Dn,i

E�IA:N@?:
Dn,i
SWU�<?IA:

i
�Ê<?I	]bstPR]bSV^|STBt<?:N@?��PRQöDZY�DR@_]b:N@

n
p}�6I�>JU

F−1(V ) = F−1

( ∞⋃

n=1

(Tn ∩ A)

)
=

∞⋃

n=1

F−1(Tn ∩ A) =
∞⋃

n=1

⋃

i∈In
Dn,i

E�IASV^_I=SVU}Pcÿ�DR@?:NQAUH:~<oSWB
A0,0
PRBJ]�<HI�>JU H1 �èhj:kPRUH>A@?P d QW:Rp���<�Y{DMQTQWDFEnUl<HIJPZ<oY{DR@}PRBts=ÿfDM@H:OQbU\:N< B ∈ A F−1(B)SVUxPzÿ�DM@H:OQ�U\:N<rSWB

A0,0
pr�6It>aU � yJBJPZQWQWs � S�Y B SWU|P H1 �èhj:OPMU\>J@?P d QT:mUH:~<rSTB A � F−1(B)

SVUrP H1 ��hj:OPRUH>A@_P d QW:UH:~<cSTB
A0,0
p=�6IA:LY£PR^�<|<HIaPF<c<HIA:jhj:OPMU\>J@?P d STQWST<es	DRY}<HIJ:LSWB��R:O@?UH:�SWh[PZKR:kUxDRYfhj:OPMU\>J@?P d QT:LU\:N<?UrY{DRQWQWDFEnUnY{@?DRh<HIJ:|hj:kPRUH>A@?P d SWQTST<esjDZY�<?IA:cSTB��M:N@_U\:rSTh[PZKM:OU�DZY�DRiÎ:NBuU\:N<?U�SWU�U\<?PRBJ]APR@?][hj:kPRUH>A@H:r<HIJ:NDR@?s�PZBa]�SVU�]bSWU?^~>aUHUH:O]zSTB �Y{DR@�:NgAPZhjiAQW: � e�>J]ASTBrq �$*$s DM@nÿ6PZ@H<HQW:tq *�s p ♦

qxU�P|^~DM@HDMQTQVPZ@?sxE�:�^OPZBmBJDFEúiA@?:OUH:NBt<�<?IA:f@?:OUH>AQT<lhj:OBM<?STDMBA:O]�STB�<HIA:�iA@?:N��SWDR>JUlU\:k^�<?STDMB=PR]J]b@H:kUHUHSWBAK�<HIJ:�]b:OBJUHS�<esDZY6iÎDRSWBM<_UcSTB
Aε
<es�iÎ:[U\:N<?UOp��6IA:�]b:NBaU\ST<eswSVU`SThjiÎDR@H<?PRBM<mPMUcS�<mE�SWQTQ d :j<?IA:[�R:Os�<HDu<?IA:[:~gbSVUe<?:NBJ^N:LDM@`BADRBA�:~gbSVUe<?:NBJ^N:nDZY�PRiAiA@?D�g�SWh[PF<?:6<?PZBJKR:NBt</UHiJPR^N:OU}<HD

A � PRBJ]L<HIA:O@H:NY{DR@?:xPZB[:kUHUH:NBt<?SWPRQASTBJKR@?:O]bSW:NBt</SWB�]bSVUH^N>JUHUHSWBAK`<HIJ:@?:O^�<?S�yÎP d SWQTST<es�DRYlUH:~<?UnSTB K p
u ÉJûFÉ!vCvÊùbû�ô�Ë�Ì���Ì£ÍÎÌß Ô~Ù

A à Ô=×ZØ Aε ÙÊð?ÑJÔ`ÓNÔNÙ ë î éAÔNØ;ÔNâÝÙ{éAÔNÚ A âVÓ`ÙÝéJÔmâÝå[×NätÔjÒeÛ�× ß â ÑÎÓ~Ö_é�âÝÙ/;�Û_ÐbØÎÖNÙèâ£ÒFØ;ÒZÚ}Û~ÒFÚ�Ô_×RÖ_é y ∈ A

Θ1(H1, A, y) = ∞.

�cûFÉ�É! Hý��SWBJ^~:
Π̃A(x)

SWU6^~DMBJU\<?PZBt<�STB
x
:OS�<?IA:N@

Π̃A ≡ ∞ DR@ Π̃A ≡ C <∞ p��¢B�<?IA:xya@?U\<6^OPRUH:wJ}@?DRiÎDMUHST<HSWDRB 8.4.1
� >  KRSW�R:kU�SThjhj:O]bSVPF<?:NQWs[<HIaPF<

Θ1(H1, A, y) = ∞ Y{DM@nPZQWQ y ∈ A
po�¢B�<HIA:cQVPF<\<?:N@n^OPRUH:rE�:`U\:O:x<?IJPF<

Λ−1
C = A0 � UHD<HIaPF< d s@&�:OhjhjP

8.4.1 F = F|A0 = F|Λ−1
C

= FC
SWUnPg&�STiJU?^_IAST<Hþ|Y{>ABJ^~<HSWDRB�p ♦

9;:rPZ@?:nBADFE5SWBzP�iaDtU\ST<HSWDRB[<?D�iA@?:OUH:NBt<}<?IA:xDMhjS�<H<H:O]ziA@?DtDRY£UoY{@?DRhx�fIJPRib<H:O@ H @?:NKtPZ@_]bSWBAKc<HIA:rhj:OPRUH>A@?:nDZY
AεPZBa] Aε

p}�6IA:`@H:kU\>JQ�<6Y{DR@
Aε
^OPZB d :`iJ@H:kU\:OBM<?:O]	]bSW@H:k^�<HQWsRp}�JDR@�^~DMB��R:NBJST:OBJ^~:cE�:|@?:OU\<?PZ<H:r<HIA:E&�:Nhjh[P d :NY{DR@?:iA@?DF��SW]bSWBAKLS�< " UniA@HD�DRYep

�/Ä�øúø�ù9��Ì���ÌÊÍ
Aε
âVÓmØ�ÒFÙfÕ/Ô?×�yFÜ�ð�ÜTÒkÖ?×ZÜÝÜãð H1 �ãí}ØaâÝÙ�Ô ë

LcR



�cûFÉ�É! Hýÿ�sJ}@?DRiÎDMUHS�<?STDMB
6.3.1

(Λ−1
∞ )Aε = {x ∈ AAε0 :

∞∏

n=0

(cosθAεn,i(n,x))
−1 = ∞} = AAε0

PZBa]�<?It>aU
Λ∞ = Aε

po��<�<HIJ:NB	Y{DRQWQTDFEnU�Y{@?DRhxJ}@HDMiaDtU\ST<HSWDRB
8.4.1
� *  f<?IJPF<

H1(Aε) = H1(Λ∞) = ∞.
� L p 
  

)nDFE � Y{DM@f:kPR^_I y ∈ Aε
PRBJ]�:kPR^_I

ρ > 0
<?IA:N@?:rSVU6PZB

n ∈ N
U\>a^_I�<HIaPF<

y ∈ Tn,i(n,y) ⊂ Bρ(y)
p}�6IASVU6^NPZB d ::NBaU\>A@?:O][UHSWBJ^~: � d sg&�:Nhjh[P 4.3.1 � diam(Tn,i(n,y)) → 0

PMU
n→ ∞ po��SWBJ^~: � d s=<HIJ:xU\s�hjhj:~<?@HsLDZY�^~DMBJU\<H@?>J^��<HSWDRB

Aε∩Tn,i
SWU}P H1(An,i(n,y))

U?^NPRQT:�^NDRi�smDZY
Aε
ST<oY{DRQWQTDFEnUl<?IJPF< H1(Bρ(y)∩Aε) ≥ H1(A∩Tn,i(n,y)) =

H(An,i(n,y))H(Aε)
p

ÿ�sX�
8.1
 �S�<�Y{DMQTQWDFEnUf<HIJPZ< H1(Bρ(y) ∩Aε) 6<∞. ♦

ÿ�:~Y{DM@H:�iA@?DF��STBJKC<?IA:XBJ:O^~:kUHU?PZ@?sú@?:OUH>AQT<z^~DRBa^~:N@?BASWBAK Aε
E�:wBA:O:O]º<HDú^NDRhjiAQW:~<?:wS�< " U�^~DMBJUe<?@H>a^�<HSWDRB�SWB5<HIJ:UH:NBJUH:|<HIJPZ<nEf:`BA:O:O] d :�hLDM@H:c:Ng�iJQTSV^~ST<xP d DR>b<6<?IA:mU\:OQT:k^�<?STDMB	DRY�<?IA:mU\:N< BAε po9;:�]bDL<HIJSWU�SWB	<HIA:cY{DMQTQWDFE�SWBAK]b:NyJBAST<HSWDRB�p

Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ìß Ô~Ù FAε à ÔCÙÝéJÔ à â =NÔ_Ö~ÙèâÝêFÔjÛ_ÐbØÎÖNÙÊâ£ÒZØ�×FÓ?ÓNÒkÖ~â£×ZÙ�Ô_ç�ÕoâÝÙ{é Aε ë ß ÔNÙ {di}∞i=1 à Ô�×ZØ�ÒZÚHçRÔNÚ�âÝØtä5Ò\ÛwÙ{éAÔ�çFðR×MçFâ£ÖÑJÒFâÝØJÙÊÓ ï D ï âÝØ [0, 1] = AAε0 ë î ×zyMÔ B̃ := {Bψ(,ε)i(di)}∞i=1

Ù¢Ò à Ôc×ZØ	Ò?ÑJÔNØuÖ_ÒFêFÔNÚ�âÝØtäLâÝØ [0, 1]
ÒeÛ
D
Ó�ÐJÖ?é�ÙÝéJ×FÙ

∑∞
i=1 2pi < 1/2 ëLì ÔdyZØÎÒZÕCÙ{é�âVÓ/âVÓ�ÑAÒFÓ_Ó_â à ÜTÔ�Ó_âÝØ�Ö_Ô6ÙÝéJÔ�çFðR×MçFâ£ÖoÑAÒZâÝØJÙÊÓ6×FÚ?Ô�Ö?ÒZÐbØJÙ¢× à ÜTÔn×ZØÎçnéAÔNØÎÖ_Ô H1(D) = 0 ë
ñ Ô£í/ØÎÔ BAε

1 := AAε0 ∼ ∪B∈B̃B
ÓNÒ[Ù{éA×FÙ H1(BAε

1 ) > 0 ï BAε
1

âVÓmÖNÜTÒFÓ~Ô_ç	×FØ�ç[Ù{é�Ð�Ó
BAε

1

âVÓ�Ö_ÒFåxÑA×MÖ~Ù ë
ñ Ô£í/ØÎÔ�Ù{éAÔNØ BAε

2 := FAε(BAε
1 ) ë ò ÚHÒZå|{�Ú?Ò?ÑJÒ�Ó�âÝÙÊâ£ÒZØ

8.4.1 BAε
2

âVÓ�Ö_ÒFåxÑJ×RÖNÙ ë ÏaâÝØ�Ö?Ô BAε
1 ∩ D = ∅ ï

E(Aε) = FAε(D)
×FØÎç FAε

âVÓ=× à â =NÔ_Ö~Ùèâ£ÒFØ�âÝÙn×FÜãÓ~ÒrÛ~ÒFÜÝÜWÒFÕ�Ó=Ù{éA×ZÙ BAε
2 ∩ E(Aε) = ∅ ë ò ÐbÚ�Ù{éAÔNÚ ï Ó_âÝØ�Ö_Ô BAε

2âVÓcÖ_ÒZånÑJ×RÖNÙ
R2 ∼ BAε

2

âVÓcÒ?ÑJÔNØ ët} ÒFå à âÝØaâÝØtä[Ù{éAÔ~ÓNÔcÙèÕ/Ò6Û~×RÖNÙ}Õ/Ô|ÓNÔ_ÔcÙÝéJ×FÙJÛ~ÒZÚmÔ?×MÖ?é x ∈ E(Aε)
ÙÝéJÔ~ÚHÔ`Ô65MâVÓ�Ù£Ó×

ρx > 0
Ó_ÐJÖ_éuÙ{éA×ZÙ

Bρx(x) ∩ BAε
2 = ∅ ë î ×zyMÔL×FØJðjÓ�ÐJÖ_éwÖ_ÒFÜÝÜWÔ?ÖNÙèâ£ÒFØ�ÒeÛ à ×FÜÝÜãÓ Bρx(x) ëzì ÔmÙ{éAÔNØCçRÔÊí}Ø�Ô

BAε :=
⋃

x∈E(Aε)

Bρx(x).

~ ÒZÙ�Ô�Ù{éA×FÙ
BAε

2 ⊂ Aε ∼ BAε = Aε.÷zÄ�øúùAûküoý��f:O@\<_PZSWBAQWs`<HIA:O@H:nPR@H:6h[PZB�smiÎDMU?UHS d QW:n^_IADMSW^N:OUlY{DR@ BAε PRBJ]LSTBL<?IASWU/U\:OBJU\:6E�:�IJP��R:�U\<HSWQTQJBADZ<}KMST�M:NBPx]A:~yJBAST<H:6]b:NyJBAST<HSWDRBmDRY Aε
pl�ADR@lDR>J@�iA>A@?iÎDMUH:OU � IJDFEf:O�R:N@ � S�<o]bD�:OU�BADZ<lh[PF<\<?:N@lE�IASV^_I�U\:N<lDRYJPR]bhjSVUHUHS d QT:f@?PM]bSWS

ρx
PZ@?:}^_IADMUH:NB�p�qnB�scU\:N<�DZYb@_PR]bSWSM^OPZB|<HI�>JU d :f^_IADMUH:NB`PZBa]|<HIA:OB`yAgb:O] � iA@?DF��SW]ASTBAK�Pn]A:~yJBAST<H:�]b:~yaBAS�<?STDMB`DZY Aε

p
�/Ä�øúø�ù9��Ì���Ì<�
H1(Aε) = ∞ ë
�cûFÉ�É! Hý��SWBJ^~: Aε ⊃ BAε

2

Ef:wUH:N:�<?IJPF<
(FAε)−1(Aε) ⊇ BAε

1

p�)nDFE � d s�]A:~yJBAST<HSWDRB BAε
2 = FAε(BAε

2 )
PRBJ]

H1(BAε
1 ) > 0

px�A>A@H<HIJ:N@ � d sVJ}@HDMiaDtU\ST<HSWDRB 6.3.1 Π̃Aε(x) = ∞ Y{DR@|PZQWQ x ∈ Aε
PZBa]	<HI�>JUxY{DR@rPRQTQ

x ∈ BAε
1

p
�n:OBJ^~:

(Λ−1
∞ )Aε ⊇ BAε

1

PZBJ]�<HI�>JU�>JU\SWBAKúvr:~yJBJS�<?STDMB
8.4.2 H1((Λ−1

∞ )Aε) > 0
p3��<[<HIA:OB�Y{DMQTQWDFEnULY{@?DRh

J}@?DRiÎDMUHS�<?STDMB
8.4.1
� *  f<HIJPZ< H1(Aε) ≥ H1((Λ∞)Aε) = ∞ p ♦

RRÂ



��D�^~DMhLiJQT:N<H:w<?IA:XiJ@H:OQTSWhjSTBJPR@Hsº@?:OUH>AQ�<_U�@?:O�t>ASW@H:k]ºY{DR@�DR>A@	Ue<?>J]bs�DZYmhj:OPMU\>J@H:XPRBJ]�@?:O^�<?S�yÎP d SWQTST<es�DZYmUH:~<?USWB K E�:rIaP��R:xDMBA:|hLDM@H:|QW:Nhjh[P=^NDRBJ^N:N@?BASTBJK=]b:OBJU\ST<esj<HDj^~DMBJUHSW]b:O@Op���<6SWUf<?IASWU�yaBJPZQ�KR:OBA:N@_PZQ�]b:OBJU\ST<es[QW:Nhjh[P<HIaPF<=E�SWQWQ d :�PRiAiAQWST:k]�STBú<HIA:�iA@HD�DRY6DRY�BADRBb��@?:O^�<?S�yÎP d SWQTST<es;DZY6<HIADtU\:V�xDb^_I�UH:~<?U=E�IASV^_IúPZ@?:�BADR<=@?:O^�<?S�yÎP d QW:�{E�IJSW^_IºDRBA:kU=<HIA:Os�PZ@?:�E�SWQWQ d :uh[PR]b:u^~QW:OPR@jQWPZ<H:N@� �p���<�U\IADFEnU=<?IA:uiA@H:kU\:OBJ^~:	DZY|STBAyJBAST<H:�]b:NBaU\ST<es�PZQWhjDMU\<:N�M:N@?s�E�IA:N@?:=SWB�<HIJ:�STh[PRKR:jDZYnPZB�swhj:kPRUH>A@?P d QW:jUH> d UH:~<mDRY
Λ−1
∞
DZY6iaDtU\ST<HSW�R:[hj:OPMU\>J@H:Mp��¢B�DR@_]b:N@c<?D�iA@?DF�R:<HIJSWU�&�:OhLh[P � IJDFEf:O�R:N@ � E�:myJ@_U\<xBA:N:k]wPz^NDR>AiJQT:=DZY}KR:OBA:N@_PZQ�hL:kPRUH>A@?:`<HIA:ODR@?:~<?SW^`@?:OUH>AQT<?U|U\IJDFE�STBAKj<?IJPF<|<HIJ:UH:~<xDRY}iaDMSTBt<?Ur]b:NBaU\ST<es�DMBA:�PR@H:mUH>^]�^~SW:NBt<HQWsuQWPR@HKM:`STBwPzU\:N<xDZY}iÎDMUHS�<?ST�M:mhj:OPMU\>A@?:`SWB

A0,0
pn�6IA:LU\:k^~DMBJ]	SWUrP^~DMBJ]bST<HSWDRB	DZY�BADRBA�è@?:O^~<HSTyaP d SWQWS�<esMp

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì���Ìß Ô~Ù
B ⊂ A0 à Ô H1

�¢å[Ô?×FÓ�ÐbÚH× à ÜTÔ ï ÙÝéJÔ~Ø
H1({x ∈ B : Θ1(H1, B, x) = 1}) = H1(B).

�cûFÉ�É! Hý��SWBJ^~:
B
SVU H1 �èhj:OPMU\>J@?P d QT:|E�:|��BADFE3<HIJPZ<�Y{DR@nPRQTQ ρ > 0

1 = (2ρ)−1H1(Bρ(x)) = (2ρ)−1(H1(Bρ(x) ∩ B) + H1(Bρ(x) ∩ Bc))UHD=<?IJPF<
1 = lim

ρ→0
(2ρ)−1(H1(Bρ(x) ∩ B) + H1(Bρ(x) ∩ Bc)) = Θ1(H1, B, x) + Θ1(H1, Bc, x).

�A@?DRh U\<?PRBJ]APR@?]u<?IA:NDM@Hs��ÊU\:O:=Y{DM@r:NgAPZhjiAQW:Gq ��SWhLDMB #$s �6IA:ODR@?:Nh # p >  xE�:=��BADFE
Θ1(H1, C, x) = 0

Y{DM@ H1 �PZQWhjDMU\<=PZQWQ
x ∈ Cc

Y{DM@=PZB�s H1 ��hj:OPMU\>A@_P d QT:[UH:~< C E�ST<HI H1(C) < ∞ p9�n:OBJ^~: Θ1(H1, Bc, x) = 0
Y{DR@

H1 ��PRQThjDMU\<nPZQWQ x ∈ B
PRBJ]z<HI�>JU

Θ1(H1, B, x) = 1 − Θ1(H1, Bc, x) = 1Y{DR@ H1 �¢PZQWhLDtUe<nPRQTQ x ∈ B
p}�6IA:`@?:OUH>AQT<6Y{DRQWQTDFEnUOp ♦

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì���Ìß Ô~Ù
A ⊂ R2 ë ß ÔNÙ θ à Ôj×FØ L1(H1,R2,R)

ÑAÒFÓ�âÝÙÊâÝêFÔ6Û_ÐbØÎÖNÙÊâ£ÒZØúÒFØ
A ë ÏaÐkÑMÑAÒFÓ~Ô=Ù{éA×ZÙ B âVÓL×zÓ�Ð à Ó~ÔNÙ�ÒeÛ A ÒeÛÑJÒ�Ó�âÝÙÊâÝêFÔ=åjÔ_×FÓ_ÐbÚ?Ô`Ù{éA×FÙfÓN×FÙèâVÓ{ífÔ~Ó

θ(x) ≥ r > 0
Û~ÒFÚ�×ZÜÝÜ

x ∈ B ë ß Ô~Ù x ∈ B
ÓN×FÙèâVÓÝÛ_ð

Θ1(H1, A, x) ≥ Θ(H1, B, x) = ∞.î éAÔNØ
A
çRÒkÔ�ÓmØ�ÒFÙ�éJ×FêFÔj×

1
�\çZâÝåjÔNØAÓ�â£ÒFØ�×FÜ�×?ÑRÑ�ÚHÒ�5MâÝå[×FÙ¢Ô=Ù�×ZØtätÔ~ØaÙöÑÎÜW×FØÎÔfÛ~ÒFÚ

A
×FÙ
x
ÕoâÝÙ{éuÚ?Ô�ÓèÑJÔ?ÖNÙ�Ù�Ò

θ ë
�cûFÉ�É! Hý
&�:N<

P
d :�PRBtsCiaDR<H:OBM<?SWPRQ/PZiJiA@HD�gbSWh[PF<H:=<?PRBAKR:OBt<miAQWPRBA:jY{DR@

A
PZ<
x
E�ST<HI�@?:OUHia:k^�<`<HDwPRB�swiaDR<H:OBM<?SWPRQ}h�>JQ��<HSWiAQWSW^NS�<esúY{>ABJ^�<?STDMB

θ
PZBa]úQW:~<

φ ∈ C0
c (R

2; R)
d :	@?PM]bSWPRQTQWsúUHsthjhj:~<?@HSV^�E�S�<?I

χB1(0) ≤ φ ≤ χB2(0)
PRBJ]

θ(x)
∫
P
φdH1 = Cφ

Y{DR@�:OPM^_I
P ∈ G(1, 2)

p}�6IA:OBuEf:cBADR<H:

Cφ = lim
λ→0

λ−1

∫

A

φ(λ−1(z − x))θ(z)dH1(z)

≥ lim
λ→0

λ−1

∫

B∩Bλ(x)

θ(z)dH1

= r lim
λ→0

λ−1H1(B ∩ Bλ(x))
λ

= 2rΘ1(H1, A, x)

= ∞.��<nSVU�<HIA:O@H:NY{DR@?:|SWhjiaDtUHUHS d QT:|<?IJPF<
A
IJP��M:`PZBuPZiAiA@?D�gbSTh[PZ<H:r<?PZBJKR:NBt<�iAQVPZBA:`PZ<

x
E�S�<?I	@?:OUHiÎ:O^�<6<?D

θ
p ♦

R	




�/Ä�øúø�ùwË�Ì���Ì<�öÌß Ô~Ù
A ∈ K ×FØ�ç H1(B ∩ Λ−1

∞ ) > 0
Û~ÒZÚ`ÓNÒFå[Ômå[Ô_×�Ó�ÐbÚH× à ÜTÔmÓ�Ð à ÓNÔNÙ B ⊂ A0,0 ë î éAÔNØXÙ{éAÔNÚHÔLÔ:5MâVÓ�ÙÊÓ

B1 ⊂ B ∩ Λ−1
∞ ,

H1(B1) = H1(B ∩ Λ−1
∞ )Ó�ÐJÖ?é�ÙÝéJ×FÙ

Θ1(H1,F(B1),F(x)) = ∞Û~ÒFÚL×FÜÝÜ
x ∈ B1 ë

� Ø[ÑA×ZÚ�ÙÊâ£ÖNÐbÜT×FÚ ï â Û A ∈ K ×ZØÎç H1(Λ−1
∞ ) > 0 ï ÙÝéJÔ~ØLÛ~ÒFÚ H1

�\× ë Ô ë x ∈ Λ−1
∞

Θ1(H1, A,F(x)) ≥ Θ1(H1,Λ∞,F(x)) = ∞.
�cûFÉ�É! Hý9;:[BADZ<?:jY{@HDMh�J}@?DRiÎDMUHS�<?STDMB

8.4.2
<HIaPF<

Θ1(H1, B ∩ Λ−1
∞ , x) = 1

Y{DR@ H1 �¢PAp :Rp x ∈ B ∩ Λ−1
∞
pz9;:j<HI�>JU^_IAD�DMUH:

B1 := {x ∈ B ∩ Λ−1
∞ : Θ1(H1, B ∩ Λ−1

∞ , x) = 1},BADR<HSWBAKL<HIJPZ< H1(B1) = H1(B ∩ Λ−1
∞ )
PRU6@?:O�t>ASW@H:k]öp

�fIAD�DMUH:
y ∈ B1

PZ@ d S�<?@?PR@HSWQWsRp}9;:`<HIJ:NBwBADR<H:c<?IJPF<nY{@?DRh·<HIA:L]b:~yaBAS�<?STDMB�DZY
Θ1 <HIJ:N@?:`h�>JU\<x:~gbSVUe<|PZB r0 > 0UHD=<?IJPF<�Y{DM@nPZQWQ

r ≤ r0 � (2r)−1H1(Br(y) ∩ B1) > 7/8.

9;:`BADFE*^NQWPRSTh)<?IJPF<�Y{DM@nPZB�sz]bstPR]bSV^|STBt<?:N@?��PRQ
D 3 y

E�ST<HI |D| := H1(D) < r0/2 H1(D ∩ B1) > 3/4|D|.9;:XU\:O:u<HIASVU d sºU\:OQT:k^�<HSWBAK
γ := max{d(y, z) : z ∈ E(D)} �£E�IA:N@?: E(D)

PRU[:OQWUH:NE�IA:O@H:w]A:NBADR<H:OU[<HIA::NBa]biaDMSTBt<_U�DZY
D
 �p}�6IA:OB

γ < |D| < r0
PRBJ]

D ⊂ Bγ(y)
p}�6It>aU

H1(Bc1 ∩Bγ(y))
2γ

=
1 −H1(B1 ∩ Bγ(y))

2γ
<

1

8E�IASV^_I�SWhjiAQWST:kU
H1(Bc1 ∩D)

|D| ≤ 2H1(Bc1 ∩ Bγ(y))
2γ

<
1

4PZBa]�<?It>aU
H1(B1 ∩D)

|D| =
|D| − H1(Bc1 ∩D)

|D| > (|D| − |D|/4)|D|−1 =
3

4
,

iA@?DF��STBAK=<HIJ:m^~QVPZSWh	p
�¢B�iJPR@\<?SW^N>AQWPR@ � <?IA:�^NQWPRSTh2IADRQV]AU6Y{DM@xPZB�s	]bsMPM]bSW^cSWBt<H:O@H�FPZQ Dm 3 y

DRYlDM@?]A:N@
m ≥ m0

E�IA:N@?:
m0
SWUn^_IJDMUH:NBUH>J^_Iz<?IJPF<

2−m0 ≤ r0.
�6IJ:NB � UH:NQW:O^~<HSWBAK � SWBJ]b:Oia:OBJ]b:OBM<?QTszY{@HDMh�DRBJ:mPZBADR<HIA:O@ � 1 > p > 0

PRBJ]
M ∈ R

E�ST<HI
H1(Am0,i(y,m0)) = diam(Tm0,i(y,m0)) > p.9;:ú^_IAD�DMUH:

m ≥ m0
U\>J^_I*<HIaPF<

diam(Tm,i(y,m)) ∈ (p/2, 2p)
PZBa]

Tm,i(y,m) ⊂ Bp(y).
)xDZ<H:�<?IJPF<

F−1
m (Am,i(y,m)) = A ∩ Tm,i(y,m).

�6IJPZ<nSWU � ]b:~yaBASTBJK B1 := F(B1)

H1(Bp(y) ∩ B1) ≥ H1(B1 ∩ Tm,i(y,m)) = H1(F(Dm) ∩ B1).��SWBJ^~: � Y{DM@}PZQWQ x ∈ B1∩Dm � ∏∞
m=0(cosθn,i(x,n))

−1 = ∞ <?IA:N@?:�:~gbSVUe<_UoP q0 ∈ N
UH>J^_IL<HIaPF<oY{DR@o:kPR^_I

q ≥ q0PZBa]�]b:NyJBASWBAK
Bq :=

{
x ∈ B1 ∩Dm :

q∏

n=m+1

(cosθn,i(x,n))
−1 > M

}

R\�



E�:|IaP��R:
H1(Bq) > H1(B1 ∩Dm)/2.��Yl<HIASVU�E�:N@?:rBADR<�<H@?>A:|<HIA:OBwU\SWBJ^N:

Bq ⊂ Bq+1 Y{DM@�:OPM^_I q S�<nE�DR>AQV]�Y{DRQWQTDFE�<HIJPZ<

H1

( ∞⋃

q=m+1

Bq

)
≤ H1(B1 ∩Dm)

2

PZBa][<HI�>JU�<?IA:N@?:|EfDM>AQW]z:~gbSVUe<
x ∈ B1 ∩Dm

U\>J^_Iz<HIJPZ< ∏∞
n=m+1(cosθn,i(x,n))

−1 < M <∞.
�6IASVU�^NDRBt<H@_PF�]bSV^�<?STDMBu^NDRBbya@Hh[Uf<HIA:mP d DF�M:|U\<?PZ<H:OhL:OBt<Op

9;:c<HIA:OB	BJDZ<H:
H1(B1) >

1

2
H1(B1 ∩Dm) >

3

8
|Dm|

PZBa]�<?IJPF<xUHSTBa^~:cY{DR@nPRQTQ
x ∈ Dm � Y{DR@nPZQWQ x ∈ B1

∞∏

n=0

(cosθn,i(x,n))
−1 ≥

m∏

n=0

(cosθn,i(x,n))
−1 >

p

|Dm| .

vr:NBADR<HSWBAK�]bsMPM]bSV^xSWBt<H:N@?�FPZQVU6DZY�DR@_]b:N@
q
d s

Dq � ST<�<HIA:OB�Y{DMQTQWDFEnUf<HIJPZ<�Y{DR@ ỹ := F(y)

H1(B1 ∩ Bp(ỹ)) ≥ H1(B1 ∩ Tm,i(y,m))

≥ H1


B1 ∩

⋃

Dq0∩Bq0 6=∅
Tq0,i(Dq0 ,q0)




=
∑

Dq0∩Bq0 6=∅
H1(B1 ∩ Tq0,i(Dq0 ,q0))

≥
∑

Dq0∩Bq0 6=∅
H1(Fq0 (Dq0 ∩ B1))

=
∑

Dq0∩Bq0 6=∅

q0∏

n=0

(cosθq0,i(Dq0 ,q0))
−1H1(Dq0 ∩ B1)

>
p

|Dm|
∑

Dq0∩Bq0 6=∅

q0∏

n=m+1

(cosθq0 ,i(Dq0 ,q0))
−1H1(Dq0 ∩B1)

>
Mp

|Dm|
∑

Dq0∩Bq0 6=∅
H1(Dq0 ∩ B1)

=
Mp

|Dm|H
1


 ⋃

Dq0∩Bq0 6=∅
Dq0 ∩ B1




=
Mp

|Dm|H
1(Bq0)

>
Mp

2|Dm|
H1(B1 ∩Dm)

>
3Mp

8|Dm|
|Dm|

=
3Mp

8
.

Rc#



��SWBJ^~:c<?IASVU�SWU�<?@H>J:rY{DM@xPZB�s
p < diam(Tm0,i(y,m0))

Θ1(H1,B1, ỹ) = lim
p↘0

H1(B1 ∩ Bp(ỹ))
2p

≥ 3M

16
.

��SWBJ^~:c<?IASVU�SWU�<?@H>J:rY{DM@n:OPM^_I
M ∈ R

Ef:cIJP��M:
Θ1(H1,B1, ỹ) = ∞.qxU�<HIASVU�SVU�<H@?>A:|Y{DR@nPZB�s

y ∈ B1
ST<�Y{DRQWQTDFEnU�<?IJPF<

Θ1(H1,F(B1),Fy) = ∞Y{DR@�:kPR^_I
y ∈ B1

^NDRhjiAQW:~<?STBAKL<?IA:cyJ@_Ue<�iJPR@\<�DZYl<HIJ:`iA@HD�DRYep
�ADM@6<HIA:|yJBaPZQöiJPR@\<�DZY�<HIA:ciA@?D�DZYlEf:cBADR<H:|<HIJPZ<

A0,0
SWU6ST<?UH:NQTYlhj:kPRUH>A@?P d QW:rPZBa]�<?IJPF<

A0,0 ∩ Λ−1
∞ = Λ−1

∞
po��<Y{DRQWQWDFEnU�Y{@HDMh)<HIA:mP d DF�M:x<?IJPF<�<?IA:N@?:cSWU�P[UH:~<

B ⊂ Λ−1
∞
E�S�<?I H1(B) = H1(Λ−1

∞ )
UHD=<?IJPF<

Θ1(H1,F(B),F(x)) = ∞Y{DR@|PZQWQ
x ∈ B
px�bSTBJ^N:

A0,0 ⊃ Λ−1
∞ ⊃ B � F(A0,0) = A � F(Λ−1

∞ ) = Λ∞
PZBJ] H1 �¢PAp :Rp x ∈ Λ−1

∞ � x ∈ B
S�<Y{DRQWQWDFEnU�<HIJPZ<�Y{DM@nPZQWQ

x ∈ B
PRBJ]�<HI�>JU H1 �¢PAp :Rp�SWB Λ−1

∞

Θ1(H1, A,F(x)) ≥ Θ1(H1,Λ∞,F(x)) ≥ Θ1(H1,F(B),F(x)) = ∞,E�IASV^_I	^NDRhjiAQW:~<?:OU6<?IA:`iA@?DtDRYep ♦�6IASVU/^NDRhjiAQW:~<H:kU�<HIJ:xiA@?:NQWSThjSWBJPZ@?sm@?:OUH>AQT<?Uo<?IJPF<fEf:�BA:O:O]LY{DM@}<HIJ:n@H:k^�<?S�yaP d SWQTST<es=PRBJ]jhj:OPRUH>A@?:6@H:kU\>AQT<?U/DRB[UH:~<?USWB K p
¥�¦�� ��¯�®Nc±�«�¬m¯4²G¯�°=±�µ�m®~«~´�c±�«~³�°½³m¸*À[¯��7«6�öÀj¯�®N¸z��À[«��7«~®N`µ À[¯�±�´
9;:rBADFE5QWD�DR�[PF<6U\DMhj:xiA@?:NQWSThjSWBJPZ@?sL@H:kU\>AQT<?U/<HIaPF<6Ef:rE�STQWQ�BA:N:k][Y{DR@�@?:OUH>AQ�<_U/DMBz]bSWhj:NBJUHSTDMB�p�9C:|E�SWQTQ�@?:O]b>J^N:PZQWQöDZY�DR>J@n�M>J:OU\<HSWDRBJU�<?D�PZBuPZiAiAQWSV^NPF<?STDMB�DRY�<?IA:`@?:OUH>AQ�<_U6DZYf�n>b<_^_IASWBJU\DMBrq 
+>�s <HD[KM:~<�DR>J@n]bSThj:OBJU\SWDRBu@?:OUH>AQT<?UOp9;:m]bDL<HIASVU � STB	:OU?U\:OBJ^~: � d szPj^~DRhjiJPR@HSVUHDRB�iA@?SWBJ^~SWiAQW:Rpo9;:mU\IADFE�<HIJPZ<xU\:N<?U6SWB K ]b:NiÎ:NBJ]ASTBAK[DMB�iJ@HDMia:O@\<?ST:kUDZY
θ̃A
^OPZB d :w]bSWhj:NBJUHSWDRBºSTB��FPZ@?SWPRBt<HQWs;@?:OPR@H@_PZBJKR:O]�UHD;<HIJPZ<j<HIA:Os�PZ@?:�U\>AiÎ:N@_UH:~<?ULDRY|UHDRhj:	UH:~<_UL<HD�E�IASV^_I

�n>A<?^_IASWBJUHDRBJUr@H:kU\>JQ�<_UxPZiJiAQTsuPZBa]wU\> d U\:N<?UxDZY}DZ<?IA:N@_UOpxÿ�su^NDRBJUHSV]b:N@?STBJK�U\:k�M>J:NBJ^N:OUnDRY/U\>a^_I�@H:kPZ@?@?PRBAKR:OhL:OBt<?UE�:x^NPRB�]b:O]b>a^~:n<?IA:x]bSWhj:NBJUHSWDRB�DRY�DM>A@fUH:~<_UoY{@?DRh <HIA:|]bSWhL:OBJUHSTDMBJU}DRYÎ<?IA:rUH:~<_Uo<?D�E�IASV^_I[Ef:rPZ@?:x^~DMhLiaPZ@?STBAKap
��<zSVU[SWB�Y£PR^�<z<H@?>A:�<HIaPF<�E�:X^~DM>AQW] � SWB5iA@?STBa^~SWiAQT: � PZiAiAQWs7�x>b<?^_IJSTBJUHDRB " Uz@H:kU\>AQT<?Uz]bST@?:O^~<HQWsRp'�nDFE�:N�R:O@ � <HIJ:iJPR@?PRhL:N<H:O@?UfDZYl<HIA:`UH:~<_U�PZBJ]��~UH:NQTYÝ�¢U\SWhjSTQVPZ@?S�<es���Y{>ABJ^�<?STDMBJU�^NPRBABADR< d :��£PZ<�QT:kPRU\<6BJDZ<�:OPMU\SWQTsA f:~g�<?@?PM^�<H:k][Y{@?DRhUH:~<?U6SWB K p/�6I�>JU�PR^~<H>JPRQTQWs�KRSW��STBJKLPRB	:NgbiAQTSV^~ST<n]bSWhL:OBJUHSTDMBu]AST@?:O^~<HQWs�SWUnBADZ<�iÎDMU?U\S d QW:Rp
Qr>A@�^NDRhjiJPZ@?SVU\DMB�iA@?STBa^~SWiAQT: � DR@[@?:OPZ@?@_PZBAKM:Nhj:NBt<=SWB��RDMQT�M:OUjU\:OiJPZ@_PF<?STBJKC:kPR^_I�<H@?SWPRBAKR>AQVPZ@[^OPZiºSTB�P;iJPR@\<?SW^~�>AQVPZ@/PRiAiA@?D�gbSTh[PF<?STDMBm<?D�U\DMhj:

A ∈ K � Tn PRBJ]LhLDF��SWBAK`:OPM^_ILUH:NiaPZ@_PF<H:OQTs d sLPZB[DM@\<?IADRKMDRBJPRQM<?@?PRBJU\Y{DR@?hjPZ<HSWDRBSWB�UH>J^_I�PwE6P�s;<HIJPZ<=:kPR^_IúDRYn<HIA:	BA:OE�QTs�iÎDMUHS�<?STDMBA:O]ú<H@?SWPRBAKR>AQVPZ@=^NPZiaU�@?:Nh[PZSWB�]bSVU£¤eDRSWBM<kp�9C:u]bDC<HIASVU d siAQVPR^NSTBAKX:OPR^_I�SWBJUHSW]b:�DZYnPu<?@HSVPZBAKM>AQVPZ@�^OPZi�DZYnPRBADZ<?IA:N@ � QVPZ@?KR:O@ � Tn Y{@HDMh¡UHDRhj:[DZ<?IA:N@ A′ ∈ K p;��STBa^~:zPRQTQ�xPR>JU?]bDR@H�Xhj:OPMU\>A@?:OU6PR@H:c<?@?PRBJU\QVPF<?STDMB�SWB��FPZ@?SWPRBM<�ST<nY{DRQWQWDFEnU�<HIJPZ<w�xPZ>aUH]bDM@\�;]bSThj:OBJU\SWDRBuSVUnPZQVUHD=<?@?PRBJUHQWPZ<HSWDRBSWBt�FPR@HSVPZBt<|PRBJ]u<?It>aUx<?IA:L>ABASWDRBXDRY}<HIJ:=@?:NiAQVPR^N:O]u<?@HSVPZBJKR>AQVPZ@|^NPZiaUxSVUr<HIA:jUHPRhj:L]bSWhj:NBJUHSWDRBXPMUn<?IA:jDR@?STKMSTBJPRQ^NPRiJUOpl9;:c^NPZBzSTB�<HIASVU�E�P�sj^~DMhjiJPZ@?:n<?IA:|]ASThj:NBaU\SWDRB�DZY
A
<HD=<HIJPZ<�DRY�:OPM^_I

TA
′

n

PZBJ]�<HI�>JUfDZY
A′ p���<�E�SWQTQ d :d szUH:NQW:O^�<?STBJKjPRiAiA@?DRiA@?SVPF<H:

A′ <HIJPZ<nEf:cE�SWQTQ�iJ@HDF�M:rDM>A@n]bSWhL:OBJUHSTDMB�@?:OUH>AQT<?UOp
9;:	U\<?PR@\< d s�]b:NyJBASWBAKw<?IA:�<H@_PZBJU\Y{DR@?h[PF<HSWDRB�iJ@HDb^~:kUHU � E�IASV^_I � ]b>A:�<HDX<HIA:	iAQVPR^NSTBAKCDZYnDMBA:�UH:~<jSTBt<?DXiJPR@\<_UDZYoPZBJDZ<HIJ:N@ � E�:`^NPRQTQ�^N:NBt<H:O@HSWBAKapl�6IJPZ<nSWU6DMBA:mUH:~<�SWUx^~:NBt<?:N@?:O]�STB�<HIA: d STKMKR:N@�DMBA:Rp

R�*



Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì£ÍÎÌß Ô~Ù
A1, A2 ⊂ R2 ë�ì Ô=ÓN×Fð	ÙÝéJ×FÙ�Õ/Ô�Ö_×FØúÖ_ÔNØJÙ¢Ô~Ú A1

âÝØ
A2
áeÒZÚ=Ù{éA×ZÙ

A1
Ö_×FØ à Ô�Ö_Ô~ØaÙ�ÔNÚHÔ_ç�âÝØ A2

æ ÕoÚ�âÝÙÊÙ¢ÔNØ
A1 ↪→c A2

â Û}Û~ÒZÚ�Ô_×RÖ_é
m ∈ N

ÙÝéJÔ~Ú?Ô=Ô65MâVÓ_ÙÊÓ|Ó~ÔNÙÊÓ
A1m
×FØ�ç

A2m
Ó�ÐJÖ?éuÙÝéJ×FÙ

∞⋂

m=1

A2m ⊂ A2, A2m ⊂ A2(m−1)

Û~ÒFÚ�×ZÜÝÜ
m ∈ N,

A1 ⊂
∞⋂

m=1

A1m, A1m ⊂ A1(m−1)

Û~ÒFÚ�×ZÜÝÜ
m ∈ N;

Ù{éA×FÙ�Û~ÒFÚLÔ?×MÖ?é
m ∈ N

Ù{éAÔNÚHÔLÔ:5MâVÓ�Ù£Ó
n1(m), n2(m) ∈ N ï n1(m) ≤ n2(m) ï çFâVÓ<=NÒFâÝØaÙ6Ó~ÔNÙÊÓ {A1mj}n1(m)

j=1

×FØÎç
çFâVÓ<=NÒZâÝØJÙ�ÓNÔ~ÙÊÓ {A2mj}n2(m)

j=1

Ó_ÐJÖ_éuÙ{éA×ZÙ
n2(m)⋃

j=1

A2mj ⊆ A2m
×FØÎç

A1m ⊆
n1(m)⋃

j=1

A1mj ;

Ù{éA×FÙ�ÙÝéJÔuÓNÔ~ÙÊÓ
Ai ï Aim ×FØ�ç Aimj ×FÚHÔC×FÜÝÜ Ha �¢å[Ô_×�Ó�ÐbÚH× à ÜTÔ�Û~ÒFÚ i = 1, 2

Ô_×RÖ_é
a ∈ R

×ZØÎç�×?ÑMÑÎÚHÒ_ÑÎÚ�â£×ZÙ�Ô
m, j ∈ N

×FØ�ç=ÙÝéJ×FÙ�ÙÝéJÔ~Ú?Ô`Ô:5MâVÓ�Ù}ÒFÚ�Ù{éAÒ?äMÒZØÎ×FÜÎÙèÚH×FØJÓÝÛ~ÒZÚ�åj×ZÙÊâ£ÒZØAÓ T A1,A2

m,j : R2 → R2
Û~ÒZÚ

j = 1, ..., n1(m)
Ó�ÐJÖ?éÙ{éA×FÙ

T A1,A2

mj (A1mj) ⊆ A2mj .� Û
A1 ↪→c A2

Õ/ÔmÕoÚ�âÝÙ¢Ô
CA1,A2
n :=

n1(m)⋃

j=1

T A1,A2

m,j (A1mj).

A111

A112

A211

A212

T A1,A2

11

T A1,A2

12

T A1,A2

11 (A111)

T A1,A2

mj (A112)

�lSTKM>A@H: L p 
 o��f:OBM<?@?PRQTSVU?PF<HSWDRB�DZYoU\:OhjS��¢U\:OQ�YÝ�¢UHSThjSWQWPR@6UH:~<_U

R\>



÷zÄ�øúùAûküoý�ADM@/PZB�s
A1, A2 ∈ K Ef:n^OPZB[U\:N< n1(m) = n2(m) = 2m

PZBa]LY{DR@}:kPR^_I
i ∈ {1, 2} Aim := Tm := ∪2m

j=1Tm,jPZBa]
Aimj = Tm,j

p}�¢B	<HIJSWUn^OPRUH: � PMU6Ef:`UHIJPZQWQ�UH:N: � S�Y θA1

n,i ≤ θA2

n,i

Y{DR@x:OPR^_I
n
PZBJ]

i � Ef:`IaP��R: � SWKRBADM@HSWBAKL<HIJ:BA:OKRQWSTKMS d QW:`U\:N<�DZY�:O]bKM:|iÎDRSWBt<?U
E � A1 ↪→c A2

p
��<�E�DR>AQV]ºIJP��R: d :N:NB5P�UHSThjiAQW:N@�U\<?PZ<H:OhL:OBt<�DZY`]b:~yJBJS�<?STDMB�<HD�@H:kUe<?@HSV^�<[<?D�<HIA:w^OPRUH:

A1, A2 ∈ K pn�nDFE6�:N�M:N@ � PMUnE�:=UHIJPZQWQ�UH:N:=Ef:�E�STQWQ�BA:N:k]u<HD	PZiAiAQWs�<HIA:j]b:~yaBAS�<?STDMBwE�IA:O@H: A1
PRBJ]

A2
PR@H:�UH> d UH:~<_UnDRY}:NQW:Nhj:NBt<?UDZY K E�IJ:N@?:m^~:N@H<?PRSTB�<H@?SVPZBAKM>AQWPR@�^NPZiaU6IJP��R: d :N:NB�UHSThjiAQWsz@?:NhjDF�M:O]�STB	<HIJ:m^~DRBaUe<?@H>J^~<HSWDRB	DZY A1

PRBJ]
A2
p}�¢BPZB�s�^OPRUH: � <HDjh[PZ�M:x<?IA:`]b:~yaBAS�<?STDMBuSTBt<H>JS�<?ST�M:NQWs�:OPMU\SW:N@f<HDj>ABJ]A:N@_Ue<_PZBJ]�Ef:ch[P�s�PZQWE6P�s�U/<HIJSTBA�zDZY�:kPR^_I Ai PMUPZBX:NQW:Nhj:NBt<cDZY K E�ST<HIw<?@HSVPZBJKR>AQVPZ@|^NPZiaUn@?:NhjDF�R:k] � :kPR^_I Aim PMUrPz>ABASWDRBwDRYfPzUH> d ^~DRQWQW:O^�<?STDMBwDZYo<?IA: TAim,jPZBa]z:kPR^_I

Aimj
PRU�P

TAim,j
p

�¢B	<HIA:m^OPRUH:x<?IJPF<
A1
PZBJ]

A2
PZ@?:cPM^�<?>JPZQWQTs[SWB K E�:m^NPRB�@?:OU\<?PZ<H:r<HIA:m]b:NyJBAST<HSWDRB�PRU�Y{DMQTQWDFEnUzo

Ã	ÄMÅ�ÆlÇ{ÈOÇÊÉaÆ5Ë�Ì���Ì���Ì K � ÄMû$�kÇ£ÉÎÆß Ô~Ù
A1
×ZØÎç

A2 à Ô Aε ÙÊð?ÑJÔ[ÓNÔNÙ£Ó ë�ì ÔjÓN×Fð�Ù{éA×ZÙxÕ/Ô�Ö?×ZØ�Ö_Ô~ØaÙ�ÔNÚ A1
âÝØ
A2
áeÒZÚLÙ{éA×ZÙ

A1
Ö_×FØ à Ô�Ö?ÔNØJÙ¢ÔNÚHÔ_çâÝØ

A2
æ ÕoÚ�âÝÙÊÙ¢Ô~Ø A1 ↪→c A2

â ÛfÛ~ÒFÚLÔ_×MÖ?é
n ∈ N

×ZØÎç
i ∈ {1, .., 2n} Ù{éAÔNÚHÔ[×FÚ?ÔLÒZÚ�ÙÝéJÒHätÒFØ�×FÜlÙÊÚ?×FØAÓ{Û~ÒZÚ�åj×ZÙÊâ£ÒZØAÓ

T A1,A2

n,i

Ó�ÐJÖ?éuÙÝéJ×FÙ T A1,A2

n,i (TA1

n,i ) ⊂ TA2

n,i ë
� Û
A1 ↪→c A2

ÙÝéJÔ~ØCÕ/ÔmÕoÚ�âÝÙ¢Ô
CA1,A2
n :=

2n⋃

i=1

T A1,A2

n,i (TA1

n,i ).

9;:mBADFE�QTD�DR�uPF<xUHDRhj:`iA@?DRiÎ:N@H<HSW:OUn@H:OQWPZ<HSWBAKj<HDz^N:NBt<H:O@HSWBAKap��6IA:cya@?U\<xSVUnhjDR@?:mPjiA@?DRiÎ:N@H<eszDZY
Aε
<es�iÎ:�UH:~<?U<HIaPF<6KRSW�R:OU�P�^NDRBJ]AS�<?STDMB�PZQWQWDFE�STBAK�DRBA:

Aε
<es�iÎ:|UH:~<�<HD d :`^N:NBt<H:O@H:k][STBt<?D=PZBJDZ<HIJ:N@kp��6IJ:rUH:O^~DMBJ]�SVU�P��M:N@_U\SWDRBDZYo<?IA:LSThjiÎDR@H<?PZBt<�&�:Nhjh[P

6.2.1
Y{DM@xKM:NBA:O@?PRQ�UH:~<?U

A ∈ K pcq ^NDR@?DRQWQWPR@HszhjPR�R:kUn:~gbiAQWSV^~ST<r<?IA:=iJ@HDMia:O@\<es�Y{DR@E�IASV^_Iz<?IASVUnU\:k^~DMBJ]z@?:OUH>AQT<�SWU�BJ:O^~:kUHU?PZ@?sRp��6IASW@?]AQTs�E�:`U\IJDFE�<HIaPF<nPZB�s[yAgb:k]�iÎDR@H<HSWDRB	DZY
Γε � BJD[hjPZ<\<?:N@�IADFEUHhjPRQTQ � SVU�U\>	][^NST:OBt<xPRU�P[^~DMhjiJPZ@?SWUHDRB	U\:N<nE�S�<?I�]bSThj:OBJU\SWDRBu:k�M>aPZQ�<HDL<?IJPF<xDRY Γε p}�lSTBJPRQTQWszE�:mUHIADFE*PLhjDR@?:KR:OBA:N@_PZQ�@?:OUH>AQT<`UHIADFE�SWBAK�<HIJPZ<`<HIA:�]bSWhj:NBJUHSWDRB�^~DRhjiJPR@HSVUHDRBXE�DR@?�bUj�£PF<mQW:OPMUe<`SWB;PuUH:NBJUH:[U\>	][^NST:OBt<`Y{DR@`DR>J@BA:O:O]AU_  � <?I�>JUl¤e>JU\<HSTY{stSWBAKj<?IA:`>JUH:`DZYl^N:NBt<H:O@HSWBAKap

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì£ÍÎÌß Ô~Ù
A1
×FØ�ç

A2 à Ô Aε Ùèð?ÑAÔxÓNÔ~ÙÊÓ ë ß Ô~Ù θA1
n,· à Ô|çMÔ~Ø�ÒFÙ¢Ô_ç à ð θA1

n

×FØ�ç
θA2
n,· à ÔcçRÔNØÎÒZÙ�Ô_ç à ð θA2

n

Û~ÒZÚrÔ_×RÖ_é
n ∈ N ëá î éAÔ

θAn,·
çRÔNØÎÒFÙÊÓ

θA1

n,i

Û~ÒFÚm×FØaðjÖ_éAÒZâ£Ö?ÔLÒeÛ
i ë�ì ÔmÖ_×FØwçFÚ?Ò?ÑCÙ{éAÔ i âÝØ�ÙÝébâVÓcÖ_×�ÓNÔ à Ô_Ö_×FÐ�ÓNÔ�Û~ÒZÚ Aε ÙÊð?ÑJÔ|ÓNÔ~ÙÊÓ θn,·âVÓ`âÝØÎçMÔ�ÑJÔ~Ø�çRÔNØJÙ�ÒeÛ

i ë æ î éJÔ~Ø ï â Û TA1
0,1 ⊆ TA2

0,1

×FØ�ç
θA1
n ≤ θA2

n

Û~ÒZÚ=Ô_×RÖ_é
n ∈ N

Ù{éAÔNØ
A1 ↪→c A2 ë

�cûFÉ�É! Hý9;:`�tBJDFE5<HIJPZ<
TA1

0,1 ⊆ TA2
0,1

U\DL<?IJPF< d s�]b:OBADZ<?STBAKL<?IA:`SW]A:NBt<HST<es[<H@_PZBaUeY{DM@Hh[PF<?STDMB d s
ι
E�:cIJP��R: T A1,A2

0,1 ≡ ιPZBa]�<?It>aU
T A1,A2

0,1 (TA1
0,1 ) ⊂ TA2

0,1 .9;:c<HIA:OBu^NDRBt<HSWB�>A:|<HIA:`iJ@HD�DZY d s�STBa]b>J^�<?STDMBuDRB
n
p}qxU?U\>Ahj:c<?IJPF<

T A1,A2

n,i (TA1

n,i ) ⊂ TA2

n,iY{DR@jUHDRhj:
n ∈ N0

PZBJ]�:OPM^_I
i ∈ {1, ..., 2n} p7�fDMBJUHSW]b:O@LUHDRhj:	PZ@ d S�<?@?PR@HSWQWs;^_IADtU\:OB j ∈ {1, ..., 2n} E�S�<?I

T A1,A2

n,j (TA1

n,j ) ⊂ TA2

n,j

PRBJ]C<HIA:O@H:NY{DR@?:[U\SWBJ^~:
diam(TAn,i) = H1(AAn,i)

Y{DR@�:OPR^_I
Aε
<es�iÎ:zUH:~<

A
ST<mY{DRQWQWDFEnU<HIaPF<

H1(AA1

n,j) ≤ H1(AA2

n,j).

RcH



)nDFE � θA1
n+1 ≤ θA2

n+1

d s�I�s�iÎDZ<HIJ:OUHSWU�PRBJ]�<HI�>JU�PZQVUHD � d s@&�:OhjhjP 8.1.1

H1(AA1

n+1,2j+k) =
1

2
(cos(θA1

n+1))
−1H1(AA1

n,j) ≤
1

2
(cos(θA2

n+1))
−1H1(AA2

n,j) = H1(AA2

n+1,2j+p)

Y{DR@�:kPR^_I
k, p ∈ {−1, 0} p

�fDRh d SWBASTBJK�<HIJ:OUH: � S�<|Y{DRQWQWDFEnUn<?IJPF< TA1

n+1,2j+k

^NPRB d :Lh[PZiAiÎ:O]XSTBt<?D
TA2

n+1,2j+k

d suiAQWPM^~SWBAK
AA1

n+1,2j+k

SWB
<HIJ:m^~:NBt<?:N@6DZY

AA2

n+1,2j+k

Y{DR@
k ∈ {−1, 0} plÿ�sz]A:~yJBASWBAK T A1,A2

n+1,2j+k

<?D d :|<HIA:`DM@\<?IADRKMDRBJPRQJ<?@?PRBJU\Y{DR@?hjPZ<HSWDRB<HIaPF<x]bD�:OU�<?IASVU�S�<�Y{DMQTQWDFEnUf<HIJPZ<
T A1,A2

n+1,2j+k(T
A1

n+1,2j+k) ⊂ TA2

n+1,2j+k

Y{DR@
k ∈ {−1, 0} po��SWBJ^~: j E6PRU�PR@ d S�<?@?PR@HsjE�:|IaP��R: T A1,A2

n+1,i

U\>a^_Iz<?IJPF<
T A1,A2

n+1,i (TA1

n+1,i) ⊂ TA2

n+1,i

Y{DR@nPRQTQ
i ∈ {1, ..., 2n+1} � E�IASV^_I�^~DMhLiJQT:N<H:OU�<?IA:`SWBJ]b>J^~<HSW�R:mU\<H:Ni	SWB n p ♦

�/Ä�øúø�ùwË�Ì<�öÌÊÍaÌÏaÐkÑMÑAÒFÓNÔmÙ{éA×ZÙ
A ∈ K ×FØÎç�ÙÝéJ×FÙ Γε ↪→c A

Û~ÒZÚ`ÓNÒFå[Ô
ε > 0 ë î éJÔ~Ø

P ë Ó\éJÒFÐbÜTçLÙèÕ/ÒLØÎÔNâ�ä�é à ÒFÐbÚ�âÝØ�ä�Ö_×?ÑaÓ TAn,i ×FØ�ç TAn,i+1 à ÔmÖ_ÒFØaÙ�×ZâÝØÎÔ_çLâÝØX×FØ�ÒFÙ{éAÔNÚrØ�Ô_Ö?Ô~Ó_ÓN×FÚ�âÝÜãð[Ô_×FÚ�Üãâ£ÔNÚcÙÊÚ�â£×ZØ��äZÐbÜT×ZÚ�Ö_×?Ñ
TAm,j(i)

á
m < n æ ÙÝéJÔ~Ø

ψT
A
n,iTAn,i+1 ≤ 2θAm,j(i) ≤ 2θA0,1,

i ë 8 ÓcâÝØ ß ×FåLåjÔ 6.2.1 Ó\éJÒFÐbÜTç 2 ≤ |i− j| ≤ 3
Ù{éAÔNØ

πx


OAAn,i


 ⋃

j:|i−j|<2

TAn,j




 ∩ πx(OAAn,i(T

A
n,j) − {zn,i−2, zn,i+1}) = ∅;

Ó_âÝåLâÝÜT×ZÚ�Üãð[ÓHéAÒZÐbÜTç |i− j| = 1
Ù{éAÔNØ

πx

(
OAAn,i

(
TAn,j

))
∩ πx(OAAn,i(T

A
n,j) − {zn,i−1, zn,1}) = ∅,

×FØÎç
j ë Û~ÒFÚ�Ô_×RÖ_é n ∈ N

×ZØÎç
i ∈ {1, ..., 2n}

TAn,j ∩NH1(AΓε
n,i)(TAn,i) = ∅

Û~ÒFÚ�Ô_×RÖ_é
j
Ó�ÐJÖ?é�ÙÝéJ×FÙ |i− j| ≥ 2 ë

�cûFÉ�É! Hý��SWBJ^~: d sm]b:NyJBAST<HSWDRBu�£vr:~yJBAST<HSWDRB
8.1.2
 �E�:�UH:N:�<HIaPF<

θA0,1 < π/32
PZBJ]LUHIADR>AQV]

TAn,i ⊂ TAn,j
<HIA:OB

θAn,i ≤ θAm,j
p��SWBJ^~:�<HIA:kU\:zPR@H:j<?IA:zDMBAQWsXiA@?DRiÎ:N@H<HSW:OU�DZY6<H@?SWPRBAKR>JQWPR@m^NPZiaUmPZBJ];<?IA:NSW@�@?:NQVPF<?:O]�PRBAKRQW:OU`BJ:O^~:kUHU?PZ@?s�<?DwiA@?DF�R:^~QVPZSWh[Uj� 
  |PRBJ]�� �  xY{DR@

Γε
PZBa]

Aε
SWBA&�:Nhjh[P

6.2.1
Ef:jUH:N:L<HIJPZ<c<HIA:jiA@?D�DZY/IADMQW]JUrIJ:N@?:LSWB�PZBXSV]b:OBM<?SW^OPZQh[PZBABJ:N@kp

�ADM@m� #  �Ef:`UH:N:|<HIJPZ<6<HIA:m^NQWPRSTh�SWU�<?@HSW��SWPRQ�Y{DR@
AA0,1
PZBa]

AA1,i
�
i = 1, 2

 �UHSTBa^~:|<HIA:O@H:cSVU�BADR<HIASWBAKL<HD[^_IA:k^_��STB
RtÁ



<HIaPF<�<HIJ:N@?:|SVU�BAD
i, j
iJPZSW@HSWBAKjSWB�:OS�<?IA:N@

AA0
DM@
AA1
UH>J^_I	<HIJPZ< |i− j| ≥ 2

p
9;:�BADFE�iJ@HDF�M:z<?IA:w@?:OUH>AQ�< d s�SWBJ]b>a^�<HSWDRB5DMB

n
p��6IJPF<�SVU � E�:wPRU?U\>JhL:	<?IJPF<[Y{DM@zU\DMhj: p ∈ N

PZBJ]�Y{DR@:OPM^_I
i ∈ {1, ..., 2p}

TAp,j ∩NH1(AΓε
p,i)(TAp,i) = ∅Y{DR@o:kPR^_I

j
U\>a^_I�<?IJPF< |i−j| ≥ 2 � PZBa]=UHIADFE�<?IJPF<�<HIJ:nUHPRhL:�IADMQW]AUlY{DM@ p+1

p���PR�R:6PZB�s
i ∈ {1, ..., 2p+1} PRBJ]BADR<H:r<HIJPZ<

TAp+1,i ⊂ TAp,i1
�{Y{DR@

i1
:k�M>aPZQÎ<HD=<HIA:cSWBt<H:NKM:N@6:NQW:Nhj:OBM<6DZY {i/2, (i+ 1)/2}  ~p��bSTBJ^N: H1(AΓε

p+1,i) <

H1(AΓε
p,i1

)
ST<�Y{DRQWQWDFEnU/<?IJPF<

NH1(AΓε
p+1,i)(TAp+1,i) ⊂ NH1(AΓε

p+1,i1
)(TAp,i1).

��<wY{DMQTQWDFEnUu<HIaPF<
NH1(AΓε

p+1,i)(TAp+1,i) ∩ TAp+1,j = ∅ Y{DR@w:kPR^_I j UH>J^_I�<?IJPF< TAp+1,j 6⊂ TAp,k
Y{DM@CUHDRhj:

k ∈ {i1 − 1, i1, i1 + 1} p
95ST<HIADM>b<[QTDtUHULDZY|KR:OBA:N@_PZQWS�<es�E�:	^OPZBºPRU?U\>Ahj:�<HIJPZ<j<HIA:�PF��:O^~<H:k]

j ∈ N
PR@H:z<HIADtU\:uU?PF<HSVU\Y{stSWBAK

j 6∈ {i −
2, ..., i+ 3} p���<6<HIJ:N@?:~Y{DR@?:cDRBAQWs�@?:Nh[PZSWBJU�<?DjUHIADFE3<HIJPZ<

NH1(AΓε
p+1,i)(TAp+1,i) ⊂ NH1(AΓε

p+1,i1
)(TAp,i1)Y{DR@

j ∈ {i− 2, i+ 2, i+ 3} p
9;:`BADZ<?:|BJDFE�<HIaPF<�Y{DR@�:kPR^_IuU\>a^_I

j � |i− j| ≤ 3
PZBJ]�SWB	iaPZ@H<HSV^~>AQVPZ@

|(i− 1) − (i− 2)| ≤ 3, |(i+ 1) − (i+ 2)| ≤ 3, |(i+ 1) − (i+ 3)| ≤ 3
PRBJ] |(i± 1) − i| ≤ 3.

9;:�PZQVUHD5BADZ<?:�<HIJPZ<CUHSTBJ^N:
Γε ↪→c A

PRBJ]�<HIaPF<CUHSTBa^~: H1(AΓε
p+1,i)

SVUX^NDRBJU\<?PRBM<CSTB
i
S�<CY{DRQWQTDFEnU�<HIJPZ<

H1(AAp+1,i) ≥ H1(AΓε
p+1,j)

Y{DM@�:OPM^_I
i, j ∈ {1, ..., 2p+1} p

��<nBADFE3Y{DRQWQTDFEnUfY{@?DRh�� �  fSWB�<?IA:`I�s�iaDR<HIA:kU\SVU6DZYl<HIASVU6QW:Nhjh[PL<HIJPZ<
OAAp+1,i−1

(TAp+1,i2) ⊂ (−∞,H1(AAp+1,i−1)/2] × R ⊆ (−∞,−H1(AΓε
p+1,i)/2] × R

PZBa]�<?IJPF<
OAAp+1,i−1

(TAp+1,i) ⊂ [H1(AAp+1,i−1)/2,∞) × R ⊆ [H1(AΓε
p+1,i)/2,∞) × R.�6I�>JU

d(TAp+1,i2 , T
A
p+1,i) = d(OAAp+1,i−1

(TAp+1,i−2), OAAp+1,i−1
(TAp+1,i)) ≥ H1(AΓε

p+1,i).��<�Y{DRQWQWDFEnU/<?IJPF<
TAp,i−2 ∩NH1(AΓε

p+1,i)(TAp+1,i) = ∅.�6IA:mU?PZhj:ciA@?STBJ^NSTiJQT:kU�PZiAiAQWs[<?DLKMST�M:c:OU?U\:OBM<?SWPRQTQWs�SV]b:NBt<?SW^OPZQ�PZ@?KR>JhL:OBt<?U6U\IJDFE�STBAK=<HIaPF<
TAp,i+j ∩NH1(AΓε

p+1,i)(TAp+1,i) = ∅
Y{DR@

j ∈ {2, 3} ^NDRhjiAQW:~<HSWBAKL<HIJ:`iA@HD�DRYep ♦
�6IA:;P d DF�R:�QW:Nhjh[P�^NPRB3PZQVUHD d :�U\:O:NB�PMU�P�@?:OU\<H@?SV^�<HSWDRB5DMB�U\iJST@_PZQWQTSWBAK�Y{DM@�UH:~<_UzSWB K p �6IJ:wiJPZ@H<HSV^~>JQWPR@PZiJiAQTSV^NPZ<HSWDRB	DZY�<HIA:mP d DF�M:rQW:Nhjh[PL<HIJPZ<nEf:cE�SWQTQ d :`BA:O:O]bSWBAKjSVU�:~gbiA@?:OU?U\:k]�SWB	<HIA:cY{DMQTQWDFE�STBJKL^NDR@?DRQWQWPR@HsMp
u ÉJûFÉ!vCvÊùbû�ô�Ë�Ì���Ì£ÍÎÌß Ô~Ù

A ∈ K à Ô`Ó�ÐJÖ_é�Ù{éA×ZÙ Γε ↪→c A
Û~ÒFÚmÓNÒZåjÔ

ε > 0 ë î éJÔ~Ø[Û~ÒFÚL×FØJð n ∈ N ∪ {0} ï i ∈ {1, ...2n} ×FØ�ç�×ZØJð
à ×FÜÝÜ Bp(x) ÓN×FÙèâVÓ{Û_ðFâÝØtä

RcL



P ë p ∈ (H1(AΓε
n,i)/2,H1(AΓε

n,i)] ï ×FØÎç
i ë Bp(x) ∩ TAn,i 6= ∅ ïÙ{éAÔNØ
Bp(x) ∩ TAn,j 6= ∅ Û~ÒFÚ�åj×z5RâÝå[×FÜÝÜ�ð j çZâ �xÔ~Ú?Ô~ØaÙ j ∈ {1, ..., 2n} ë

�cûFÉ�É! Hý�A@?DRh � 
  fPZBJ]C� �  }SWB�<?IA:cIts�iÎDZ<?IA:OUHSWUfDZY�<HIASVU�^~DM@HDMQTQVPZ@?s�ST<6Y{DRQWQTDFEnU/<HIJPZ<
Bp(x) ⊂ NH1(AΓε

n,i)(TAn,i)
p}�6I�>JU�P

<H@?SVPZBAKM>AQWPR@�^NPZi � TAn,j � ^NPZB	DRBJQTs�hj:O:~< Bp(x) STYlST<nhj:N:~<_U NH1(AΓε
n,i)(TAn,i)

p
��SWBJ^~: � Y{@?DRh�&�:Nhjh[P

8.5.1 TAn,j ∩ NH1(AΓε
n,i)(TAn,i) = ∅ Y{DR@ |i − j| ≥ 2

ST<LY{DMQTQWDFEnU=<HIJPZ<j<HIA:uDRBJQTs�<?@HST�
PZBJKR>AQVPZ@|^NPZiaU � TAn,j � <HIaPF<`^NPZBXhL:O:~< NH1(AΓε

n,i)(TAn,i)
PZBa]�<HI�>JU

Bp(x)
PZ@?:

TAn,j
Y{DM@

j ∈ {i − 1, i, i + 1} p��SWBJ^~: |{i− 1, i, i+ 1}| = 3
<?IA:`iA@?D�DZY�SVUn^NDRhjiAQW:~<H:Mp ♦

�cûFÉJõfÉ%�kÇ{ÈkÇ£ÉÎÆºË�Ì���Ì���ÌÏaÐkÑMÑAÒFÓNÔ
Γ̃ε =

∞⋂

n=0

⋃

j∈In
TΓε
n,j

Õ�éAÔNÚHÔ
In ⊂ {1, ..., 2n} ×ZØÎç |In| ≥ 2n−2n0

Û~ÒFÚmÓ~ÒZåjÔfí�5�Ô_ç
n0 ∈ N

×FØÎç	Ô_×RÖ_é
n ∈ N ∪ {0} ë î éAÔNØ

dimΓ̃ε = dimΓε.�cûFÉ�É! Hý��SWBJ^~:
Γ̃ε ⊂ Γε

ST<nSWU�^NQT:kPZ@6<HIaPF<x]bSWh
Γ̃ε ≤
]bSWh

Γε
p�9;:`BA:N:k]�<HD�UHIADFE5<HIaPF<x]bSWh

Γε ≤
]bSWh

Γε
p

&�:N<
η ∈ R

d :wU\>a^_I�<?IJPF< Hη(Γε) = ∞ p��6IA:N@?:	<HIA:O@H:�:Ng�SVU\<?U[P δ0 > 0
U\>J^_Iº<?IJPF<[Y{DM@[:OPR^_I

δ < δ0
Hη
δ (Γε) > M > 0

p
&�:N<�BADFE {Bδj }∞j=1

d :wP
δ/5
^~DF�R:O@jDZY

Γ̃ε
p3�bSTBJ^N:

Γ̃ε
SVU[P�^~DR>JBM<_P d QW:uSTBt<?:N@_U\:k^�<HSWDRBºDZY`^~DMhjiJPR^~<[UH:~<_U[ST<

SVU�PL^NDRhjiJPM^�<nU\:N<nPZBJ]z<HI�>JU�Y{DM@nU\DMhL:
Q ∈ N � {Bδj }Qj=1

SVU�P
δ/5
^NDF�R:O@�DRY

Γ̃ε
po95S�<?IADR>A<nQTDtUHU6DRY�KR:OBA:N@_PZQWST<es

E�:c^OPZB�Y{>A@H<HIA:O@xPRU?U\>JhL:|<?IJPF< {diam(Bδj )}Qj=1

SVU�]b:k^~@?:OPRUHSWBAK=SWB
j
p

�ADM@�:OPM^_I
j ∈ {1, .., Q} <?IA:N@?:c:~gbSVUe<_U nj ∈ N ∪ {0} U\>a^_Iz<?IJPF<

diam(Bδj ) ∈ (diam(T Γε
nj ,i

)/2, diam(T Γε
nj ,i

)].ÿ�smU\:OQT:k^�<?STBAK
δ0
UHhjPRQTQ�:OBADR>AKMI � E�:f^NPRB=PMUHUH>Ahj:/<?IJPF< nQ−2n0 > 1

E�IASW^_I=h[PZ�R:kU�<?IA:6@H:Oh[PZSWBASTBJKrPZ@?KR>JhL:OBt<
hjDR@?:��Ue<?IA:~<?SW^OPZQWQTsCiAQW:OPRUHSWBAKJp	9C:�PZQVU\D�BADR<H:[<?IJPF<LU\SWBJ^~: {diam(Bδj )}Qj=1

SVUm]b:O^N@H:kPRUHSTBJK�STB
j {nj}Qj=1

SWUSWBJ^~@?:OPMU\SWBAKLSTB
j
p

)nDR<H:c<?IJPF<nUHSTBJ^N: |InQ | ≥ 2nQ−2n0
S�<�Y{DMQTQWDFEnU�<HIJPZ<

∣∣∣∣∣

{
i : TΓε

nQ,i
∩

Q⋃

i=1

Bδj 6= ∅
}∣∣∣∣∣ ≥ 2nQ−2n0 .

)n:Ng�< � Y{DM@=:kPR^_I j ∈ {1, ..., Q} <?IA:N@?:z:Ng�SVU\<?UjP T Γε
n,j,ij

U\>a^_I�<HIJPZ<
TΓε
nj ,ij

∩ Bδj 6= ∅. ÿ�s��fDR@?DRQWQWPR@Hs 8.5.1

TΓε
nj ,k

∩Bδj = ∅ Y{DM@ k 6∈ {ij − 1, ijn, ij + 1} PRBJ]�<HI�>JU

|{i : TΓε
nQ,i

∩ Bδj | ≤

∣∣∣∣∣∣



i : TΓε

nQ,i
∩

ij+1⋃

k=ij−1

TΓε
nj ,k





∣∣∣∣∣∣
= 3 · 2nQ−nj .

RcR



��<�Y{DRQWQWDFEnU/<?IJPF<

2nQ−2n0 ≤
∣∣∣∣∣

{
i : TΓε

nq,i
∩

Q⋃

i=1

Bδj 6= ∅
}∣∣∣∣∣ ≤

Q∑

j=1

|{i : TΓε
nQ,i

∩ Bδj 6= ∅}| ≤
Q∑

j=1

3 · 2nQ−nj .
� L p �  

�A>J@\<?IA:N@ � d s�<HIJ:mU\:OQT:k^�<HSWDRB	DZY nj PRBJ]2�fDR@?DRQWQWPR@Hs 8.5.1

ij+1⋃

k=ij−1

TΓε
nj ,k

⊂ N
H1(AΓε

nj,k
)
(TΓε
nj ,ij

) ⊂ Bδ,5j

E�IA:O@H:
Bδ,5j
SWU�<HIA: d PZQWQxDRY

5
<HSWhj:OUz<HIA:C@?PM]bST>aU[DZY

Bδj
DZY�^~DMhjhLDMB�^~:OBM<?@H:�E�ST<HI

Bδj
p"��<�Y{DRQWQTDFEnU[<HIJPZ<

|{i : TΓε
nQ,i

⊂ Bδ,5j }| ≥ 3 · 2nQ−nj p
vr:~yJBA:XBADFE

f i,jn
<HD d :�<HIJ:wDR@H<HIADMKRDMBJPZQ6<?@?PRBJUeY{DM@Hh[PZ<HSWDRBºDRB

R2 U?PF<HSVU\Y{stSWBAK f i,jn (TΓε
n,i) = TΓε

n,j

p"vr:~yJBJ:<HIJ:NB
Bδ,kj := f ij ,m(j,k)

n (Bδ,5j )Y{DR@
k ∈ {1, ..., 22n0} E�IJ:N@?:

m(j, k) := min

{
2nj , 3k − 1 + 3 · 22n0

j−1∑

l=1

2nj−nl

}
.

�6IA:OB �
min{2n1 ,3·22n0}⋃

i=1

TΓε
n1,i

⊂
22n0⋃

k=1

NH1(AΓε
n1,i

)(TΓε
n1,m(j,k)) ⊂

22n0⋃

k=1

Bδ,k1

E�IASV^_I � <H@_PZBJU\Y{:N@?SWBAK�<?D�PZBC:~gbiA@?:OU?U\SWDRB�SWBw<?:N@?h[UxDRY}<H@?SWPRBAKR>JQWPR@r^NPRiJUrSTBX<HIA: nQ <HICQT:O�R:OQ�DRYfPZiAiJ@HD�gbSWhjPZ<HSWDRBKRSW�R:kU � d s�^NDRBJU\<H@?>J^~<HSWDRB � <HIaPF<
min{2nQ ,3·22n02nQ−n1}⋃

i=1

TΓε
nQ,i

⊂ Bδ,k1 .

�¢B	<HIA:mU?PZhj:cE6P�s � Y{DR@�KM:NBA:O@?PRQ j ∈ {1, ..., Q} E�:cIJP��R:
min{2nj ,3·22n0

Pj
l=1 2nj−nl}⋃

i=min{2nj ,1+3·22n02nj−nj−1
Pj−1
l=1 2nj−nl}

TΓε
nj ,i

⊂
22n0⋃

k=1

Bδ,kj

E�IASV^_I�SWhjiAQWST:kU
min{2nQ ,3·22n02nQ−nj Pj

l=1 2nj−nl}⋃

i=min{2nQ ,1+3·22n02nQ−nj−1
Pj−1
l=1 2nj−nl}

TΓε
nQ,i

⊂
22n0⋃

k=1

Bδ,kj .

�6IA:O@H:NY{DR@?:
Q⋃

j=1

22n0⋃

k=1

Bδ,kj ⊃
Q⋃

j=1

min{2nQ ,3·22n02nQ−nj Pj
l=1 2nj−nl}⋃

i=min{2nQ ,1+3·22n02nQ−nj−1
Pj1
l=1

2nj−nl}

TΓε
nQ,i

=

min{2Q,3·22n0
PQ
l=1 2nQ−nl}⋃

i=1

TΓε
nQ,i

.


OÂRÂ



��SWBJ^~:cY{@?DRh��
8.2
 

3 · 22n0

Q∑

l=1

2nQ−nl = 22n0

Q∑

j=1

3 · 2nQ−nj ≥ 2nQ

E�:|IaP��R:
min

{
2nQ , 3 · 22n0

Q∑

l=1

2nQ−nl

}
= 2nQ

PZBa]�<?It>aU
Γε ⊂

2nQ⋃

i=1

TΓε
nQ,i

⊂
Q⋃

j=1

22n0⋃

k=1

Bδ,kj .

{{Bδ,kj }Qj=1}22n0

k=1

SWU�<?It>aUnP
δ
��^NDF�R:N@�DZY

Γε
Y{DR@

δ < δ0
UHD�<?IJPF<nE�:m^NPRB	^OPZQV^~>AQVPF<?:

M <

Q∑

j=1

22n0∑

k=1

α(η)

(
diam(Bδ,kj )

2

)η
= 22n05η

Q∑

j=1

α(η)

(
diam(Bδj )

2

)η
≤ 22n05η

∞∑

j=1

α(η)

(
diam(Bδj )

2

)η
.

��SWBJ^~:c<?IASVU�SWU�<H@?>A:cY{DR@�:kPR^_I
δ
��^NDF�R:N@6DRY

Γ̃ε
ST<�Y{DRQWQTDFEnU�<?IJPF< Hη

δ (Γ̃ε) > M2−2n05−η > 0.
��STBa^~:c<HIJSWU�SVU6<?@H>A:

Y{DR@nPRQTQ�UH>^]�^~SW:NBt<?QTs	U\h[PZQWQ
δ Hη(Γ̃ε) > M2−2n05−η > 0

po�6I�>JU
dimΓ̃ε = sup{η : Hη(Γ̃ε) > 0} ≥ sup{η : Hη(Γε) = ∞} = dimΓε.

♦
9;:[BADFE iA@?DF�R:=<HIA:�^N@H>a^~SVPZQoUe<?:NiCY{DR@c<?IA:[@H:kU\>JQ�<`E�:LBJ:N:O]X<HDuKM:~<`DR>A@m]A:OUHST@?:O];]bSWhL:OBJUHSTDMBC@?:OUH>AQT<?U � UHP�s�SWBAK<HIaPF<xSTY}DRBA:mUH:~<|^NPZB d :�^N:NBt<H:O@H:k]uSTBwPRBADZ<?IA:N@�<?IA:NBu<?IA:�:Ngbia:k^�<H:k]u@H:kU\>JQ�<n<?IJPF<rS�<xIaPRUxP[UHh[PZQWQT:O@x]bSWhj:NBJUHSTDMB<HIaPZB	<HIA:`DR<HIA:O@�IADRQV]AUOp
�/Ä�øúø�ùwË�Ì<�öÌ<�öÌÏaÐkÑMÑAÒFÓNÔ

A =

∞⋂

n=0

⋃

j∈In
TA

′

n,j

Õ�éAÔNÚHÔ
In ⊂ {1, ...2n} Û~ÒFÚ�Ô_×RÖ_é n ∈ N

×FØÎç
A′ ∈ K ë î éAÔNØ

P ë â Û A ↪→c Γε
Û~ÒFÚcÓNÒZåjÔ

ε > 0 dimA ≤ dimΓε ë
i ë â Û |In| ≥ 2n−2n0

Û~ÒZÚ`ÓNÒFå[Ô
n0 ∈ N ∪ {0} ×FØ�çzÔ_×RÖ_é n ∈ N ∪ {0} ×FØÎç

∞⋂

n=0

⋃

j∈In
TΓε
n,j ↪→c A

Û~ÒFÚcÓNÒFå[Ô
ε > 0 ï Ù{éAÔNØ dimΓε ≤ dimA.

�cûFÉ�É! Hý�ADM@�BADZ<_PF<?STDMBJPZQ�^NDRB��R:OBAST:OBJ^~:|E�:|E�SWQWQ�E�@HST<H:
TA

′
n,j

PRU
TAn,j
p

�ADM@�� 
  |Ef:[BADR<H:jyJ@_U\<|<?IJPF<�Y{DR@`:OPM^_I
n ∈ N

PZBJ]
j ∈ In

<HIA:O@H:[PR@H:[PF<mhjDtUe<`<eE�D
TAn+1,i

E�ST<HI
i ∈ In+1U?PF<HSVU\Y{stSWBAK

TAn+1,i ⊂ TAn,j
p/��<nSVUnPZQVU\DL<?@H>A: � d sz^NDRBJU\<H@?>J^�<?STDMB � <?IJPF<�Y{DM@n:O^_I n ∈ N

PZBa]
j ∈ {1, ..., 2n} <HIJPZ<<HIJ:N@?:cPR@H:c:NgbPM^�<?QTs[<eE�D

i ∈ {1, ..., 2n+1} UH>J^_Iz<?IJPF< TΓε
n+1,i ⊂ TΓε

n,j

p


OÂ	




��SWBJ^~:CPZQVU\D�Y{DM@�:OPM^_I
n ∈ N

PZBa]
i, j ∈ {1, ..., 2n} TΓε

n,i

SVU[<?IA:XSWh[PZKM:�DZYmPZB5DM@\<?IADRKMDRBJPRQf<?@?PRBJU\Y{DR@?hjPZ�
<HSWDRB	DZY

TΓε
n,j

S�<n^OPZB�PRQTE6P�sbU d :`PZ@?@?PRBAKR:k]L<HIJPZ<nU\IADM>AQV]
TAn+1,i ⊂ TAn,j

<HIA:OB � E�ST<HI TΓε
n+1,k

PZBJ]
TΓε
n,l

U\:OQT:k^�<H:k]UH>J^_Iz<?IJPF<
T A,Γε
n+1,i(T

A
n+1,i) ⊂ TAn+1,k

PRBJ] T A,Γε
n,j (TAn,j) ⊂ TΓε

n,l

TΓε
n+1,k ⊂ TΓε

n,l .
� L p #  

)nDFE � QW:~< η d :jU\>a^_I�<HIJPZ< Hη(Γε) = 0
pc�6IA:NB Hη

δ (Γε)) = 0
Y{DM@|PRQTQ

δ > 0.
)nDFE�<?PR�R:�PRB�s

δ > 0 � ζ > 0PZBa]�PRBts�^~DRQWQW:O^�<?STDMB�DRY d PZQWQWU {Bδj }∞j=1

E�S�<?I
Γε ⊂ ∪∞

j=1B
δ
j � diam(Bδj ) < δ

Y{DR@nPRQTQ
j ∈ N

PZBJ]
∞∑

j=1

α(η)

(
diam(Bδj )

2

)η
< ζ.

9;:m^NPZBuPRU?UH>Ahj:|E�ST<HIJDR>b<nQWDMU?U6DZYlKR:NBJ:N@_PZQWS�<esj<?IJPF<
Bδj ∩ Γε 6= ∅ Y{DR@�:OPM^_I j p

)nDFE � Y{DM@�:OPM^_I Bδj <?IA:N@?:c:~gbSVUe<_U nj ∈ N
UH>J^_I�<HIJPZ<

diam(Bδj ) ∈ (H1(TΓε
nj ,i

)/2,H1(TΓε
nj ,i

)]

PZBa]5Y{@?DRh�&�:OhLh[P
6.2.1
<HIA:O@H:;:~gbSVUe<_U

ij ∈ {1, 2, ..., 2nj} UH>J^_I3<HIJPZ< Bδj ∩ TΓε
nj ,k

= ∅ Y{DM@u:OPR^_I k 6∈
{ij − 1, ij , ij + 1} p��A>A@H<HIA:O@ � Y{DM@f:kPR^_I TΓε

nj ,k

U\>a^_I�<HIaPF<
Bδj ∩ TΓε

nj ,k
6= ∅ � TΓε

nj ,k
⊂ B̃δj
E�IA:O@H:

B̃δj
SWUf<HIJ: d PRQTQ

DZY�:O�t>JPRQö@?PM]bSW>JUf<HD
Bδj
d >A<nE�S�<?I

4
<?SThj:OU�<HIA:`@_PR]bSW>JUOp

9;:c<HIA:OBu^NDRBJUHSV]b:N@�<HIJ:m^~DRQWQW:O^�<?STDMB {{Bδjk}3
k=1}∞j=1

]b:NyJBA:O] d s

Bδjk := (T A,Γε
nj ,ij−2+k)

−1(B̃δj ).

)nDFE � QW:~< x ∈ A
PZBJ]�<_PZ�R:r<HIJ:mU\:k�M>J:NBJ^N:

i(n, x)
UH>J^_I�<HIJPZ<

x ∈ TAn,i(n,x)
Y{DR@�:OPM^_I

n ∈ N
p}�J>A@H<HIA:O@ � QW:~< knd :c<HIA:mUH:O�t>A:OBJ^~:`U?PF<HSVU\Y{stSWBAK T A,Γε

n,i(n,x)(T
A
n,i(n,x)) ⊂ TΓε

n,kn

p
�6IA:OB � d s�� 8.3   TΓε

n,kn

SWU	P�]A:O^~@?:OPMU\SWBAKúUH:O�t>A:OBJ^~:CDZY`<H@?SVPZBAKM>AQWPR@�^OPZiJUzSTB3<HIA:;^~DRBaUe<?@H>J^~<HSWDRB5DRY
Γε
PRBJ]

<HIJ:N@?:~Y{DR@?:|<HIA:O@H:c:Ng�SVU\<?U�P
y ∈ R2 U\>a^_I�<?IJPF<

∞⋂

n=0

TΓε
n,kn

3 y 6= ∅.

�6IA:OB
y ∈ Γε

PRBJ]
y ∈ Bδj

Y{DR@nUHDRhj:
j ∈ N
p}�A>A@H<HIJ:N@ � U\SWBJ^~: diam(T Γε

n,kn
) → 0

PRU
n→ ∞ PZBJ]

diam(TΓε
n,kn

) > diam(T Γε
n+1,kn+1

> diam(T Γε
n,kn

)/2

Y{DR@�:kPR^_I
n ∈ N ∪ {0} <HIA:O@H:c:~gbSVUe<_U m ∈ N

UH>J^_Iz<?IJPF<
TΓε
m,km

∩ Bδj 6= ∅ PZBJ] diam(Bδj ) ∈ (diam(T Γε
m,km

)/2, diam(T Γε
m,km

)].

�6I�>JU
TΓε
m,km

⊂ B̃δj
PZBJ]�IA:OBJ^~:

x ∈ TAm,i(m,x) ⊂ (T A,Γε
m,i(m,x))

−1(TΓε
m,km

) ⊂ (T A,Γε
m,i(m,x))

−1(B̃δj ) = Bδjk


OÂ\�



Y{DR@nUHDRhj:
k ∈ {1, 2, 3} p

��SWBJ^~:c<?IASVU�SWU�<?@H>J:rY{DM@n:OPM^_I
x ∈ A �

A ⊂
∞⋃

j=1

3⋃

k=1

Bδjk .

�6I�>JU
Hη
δ (A) ≤

∞∑

j=1

3∑

k=1

α(η)

(
diam(Bδjk)

2

)η
= 3 · 2η

∞∑

j=1

α(η)

(
diam(Bδj )

2

)η
< 12ζ.

��SWBJ^~:c<?IASVU�SWU�<H@?>A:|Y{DR@n:kPR^_I
δ, ζ > 0

ST<�Y{DRQWQTDFEnU�<?IJPF< Hη(A) = 0
p/��SWBJ^~:c<?IASWUnSWU�<?@H>A:cY{DM@�:OPM^_I

η
U\>J^_I	<?IJPF<

Hη(Γε) = 0
ST<�Y{DRQWQWDFEnU�<HIJPZ<x]bSTh

A ≤ ]ASTh Γε
p

�ADM@r� �  /Ef:�Y{DMQTQWDFEº<HIA:cU?PZhj:niA@?D�DZY�SV]b:OPJp�9;:rBJ:N:O] � IADFE�:N�M:N@ � <?D�h[PZ�M:xU\DMhj:nSThjiÎDR@H<?PRBM<6^_IJPZBJKR:OUOp��lSW@?U\<HQWs �E�:|BJDZ<H:c<?IJPF<nUHSTBa^~: d DZ<HI
Γ̃ε :=

∞⋂

n=0

⋃

j∈In
TΓε
n,j

PZBa]
A
IJP��M:x<?IA:mUHPRhj:rSWBJ]b:Ng�SWBAK[PZBa]�UHSTBa^~:r<HIA:

TΓε
n,j " U�PZ@?:rDM@\<?IADRKMDRBJPRQJ<?@?PRBJUeY{DM@Hh[PZ<HSWDRBJUfDZYl:OPR^_I�DZ<?IA:N@6E�:^NPRB	PRQTE6P�sbU6PRU?U\>Ahj:|<HIaPF<

T Γ̃ε,A
n,j (T Γ̃ε

n,j) ⊂ TAn,jY{DR@�:kPR^_I
n ∈ N

PRBJ]
j ∈ In

PZBJ]�SWB	iaPZ@H<HSV^~>AQVPZ@6E�:c^OPZB�PRU?UH>Ahj:x<?IJPF<

x ∈
∞⋂

n=0

T Γ̃ε
n,i(n,x)

SWhLiJQTSW:OU6<?IJPF<
TAn,i(n,x) ⊃ TAn+1,i(n+1,x)

Y{DM@n:OPM^_I
n ∈ N ∪ {0} PZBa]�<?It>aU � >aU\SWBAKL<HIA:m^NDRBJU\<H@?>J^~<HSWDRB	DZY A′

∞⋂

n=0

TAn,i(n,x) 3 y 6= ∅ � L p *  
Y{DR@nUHDRhj:

y ∈ R2 p
&�:N<�BADFE

η ∈ R
d :�UH>J^_I�<HIJPZ< Hη(A) = 0

U\Dú<HIJPZ< Hη
δ (A) = 0

Y{DR@	:OPR^_I
δ > 0

p()nDFE2<?PR�R:;PZB�s
δ, ζ > 0

PZBJ]	Pj^~DRQWQW:O^�<?STDMB�DRY d PZQWQWU {Bδj }∞j=1

E�ST<HI
A ⊂ ∪∞

j=1 � diam(Bδj ) < δ
Y{DM@�:OPM^_I

j ∈ N
PZBJ]

∞∑

j=1

α(η)

(
diam(Bδj )

2

)η
< ζ.

qnKtPZSWB � E�ST<HIADM>b<nQTDtUHU6DRY�KM:NBA:O@?PRQTST<es � E�:`hjP�s�PMUHUH>Ahj:|<HIJPZ< Bδj ∩ A 6= ∅ Y{DR@�:kPR^_I j p
)nDFE � Y{DM@�:OPM^_I Bδj <HIJ:N@?:�:~gbSWU\<?U x ∈ A ∩ Bδj

PRBJ]º<HI�>JU
TAn,i(n,x) ∩ Bδj 6= ∅ Y{DR@�:kPR^_I n ∈ N ∪ {0} p��SWBJ^~:

diam(TΓε
n,i(n,x)) → 0

PRU
n→ ∞ PZBa]

diam(TΓε
n,i(n,x)) > diam(T Γε

n+1,i(n+1,x)) ≥
1

2
diam(TΓε

n,i(n,x))

Y{DR@�:kPR^_I
n ∈ N ∪ {0} � <?IA:N@?:c:~gbSWU\<?U�PRB nj ∈ N ∪ {0} U\>J^_I�<HIaPF<
TAnj ,i(nj ,x) ∩Bδj 6= ∅ PZBa] diam(Bδj ) ∈ (diam(T Γε

nj ,i(nj ,x)
)/2, diam(T Γε

nj ,i(nj ,x)
)].

� L p >  

OÂc#



�xUHSWBAKjBADFE��fDM@HDMQTQVPZ@?s
8.5.1
E�:`U\:O:r<?IJPF<

Bδj ∩ TAnj ,k = ∅ Y{DR@ k 6∈ {i(nj , x) − 1, i(nj , x), i(nj , x) + 1}.
�6IA:O@H:NY{DR@?:x<?IA:N@?:`:~gbSVUe<�DR@H<HIJDRKRDMBJPZQa<H@_PZBaUeY{DM@Hh[PF<?STDMBJU

Tj1, Tj2, Tj3
UH>J^_Iz<?IJPF<

Tji(B̃
δ
j ) ⊃ T Γ̃ε,A

nj ,i(nj ,x)−1+i(T
Γ̃ε
nj ,i(nj ,x)−1+i)

Y{DM@
i ∈ {0, 1, 2} � L p H  

E�IA:O@H:
B̃δj
SVU6<HIJ: d PZQWQöDZY�SW]A:NBt<HSV^NPRQ�^~:NBt<?@H:|<HD

Bδj
d >b<nE�ST<HI

4
<HSWhL:kU6<HIJ:`@?PM]bST>aUNp

9;:c<HIA:OBu^NDRBJUHSV]b:N@�<HIJ:m^~DRQWQW:O^�<?STDMB {{Bδjk}2
k=0}∞j=1

]b:NyJBA:O] d s

Bδjk := (T Γ̃ε,A
nj ,i+k

)−1(Tjk(B̃
δ
j ))

E�IA:O@H:
i
SWUr^_IADMUH:NB�UH>J^_Iu<HIaPF<

Bδj ∩ TAnj ,i+k = ∅ Y{DR@ k 6∈ {0, 1, 2} E�IASW^_I�E�:`��BADFE�:~gbSWU\<?UnY{@HDMh��fDM@HDMQTQVPZ@?s
8.5.1
p

)nDFE*QT:N<
y ∈ Γ̃ε

PZBJ]�<_PZ�R:r<HIJ:mU\:k�M>J:NBJ^N:
i(n, y)

U\>J^_I�<HIaPF<
y ∈ T Γ̃ε

n,i(n,y)

p}�6IA:OB d sC�
8.4
 fE�:mU\:O:r<?IJPF<

∅ 6= z ∈
∞⋂

n=0

TAn,i(n,y) =

∞⋂

n=0

T Γ̃ε,A
n,i(n,y)(T

Γ̃ε
n,i(n,y))

Y{DR@�UHDRhj:
z ∈ R2 p}�6IA:NB z ∈ Bδj

Y{DR@nUHDRhj:
j ∈ N
p}�J>A@\<?IA:N@ � PRU6^NPRQW^N>AQVPF<H:k]�SWB�D d <?PRSTBJSTBAKu� 8.5  }E�:`U\:O:x<?IJPF<<HIJ:N@?:|:NgbSWU\<?UnPRB

m ∈ N ∪ {0} U\>a^_Iz<?IJPF<
TAm,i(m,y) ∩Bδj 6= ∅ PZBJ] diam(Bδj ) ∈ (diam(T Γ̃ε

m,i(m,y))/2, diam(T Γ̃ε
m,i(m,y))].

�6I�>JU � d s;� 8.6   T Γ̃ε,A
m,i(m,y)(T

Γ̃ε
m,i(m,y)) ⊂ T δjk.

Y{DM@nU\DMhj:
k ∈ {0, 1, 2} PZBa]�IJ:NBJ^N:

y ∈ T Γ̃ε
m,i(m,y) ⊂ (T Γ̃ε,A

m,i(m,y))
−1(Tjk(B̃

δ
j )) = Bδjk .

��SWBJ^~:c<?IASVU�SWU�<?@H>J:rY{DM@n:OPM^_I
y ∈ Γ̃ε

Γ̃ε ⊂
∞⋃

j=1

3⋃

k=1

Bδjk .

�6I�>JU
Hη
δ (Γ̃ε) ≤

∞∑

j=1

3∑

k=1

α(η)

(
diam(Bδjk)

2

)η
= 3 · 2η

∞∑

j=1

α(η)

(
diam(Bδj )

2

)η
< 12ζ.

��SWBJ^~:|<?IASWUnSWUf<H@?>A:|Y{DR@�:kPR^_I
δ, ζ > 0

ST<�Y{DRQWQTDFEnUf<HIaPF< Hη(Γ̃ε) = 0.
��SWBJ^N:r<?IASVU6SWU�<?@H>A:|Y{DM@�:OPR^_I

η
U\>a^_Iz<?IJPF<

Hη(A) = 0
ST<�Y{DRQWQTDFEnU�<?IJPF<n]bSWh

Γ̃ε ≤
]bSWh

A
p

)nDFE � U\SWBJ^N: |In| ≥ 2n−2n0
Y{DM@/U\DMhj:

n0 ∈ N∪{0} PZBa]�Y{DM@/:kPR^_I n ∈ N∪{0} � ST<}Y{DMQTQWDFEnUlY{@HDMh�J/@HDMiaDtU\ST<HSWDRB
8.5.2
<?IJPF<x]ASTh

Γ̃ε =
]bSWh

Γε
PZBJ]z<HI�>JU6<?IJPF<n]bSWh

Γε ≤
]ASTh

A
p ♦

�6IASVUu^~DRhjiAQW:~<?:OU�<HIJ:CiA@?:OUH:NBt<_PF<HSWDRB3DZYm<?IA:�BA:O^N:OU?UHPR@HsºiA@?:NQWSThjSWBJPZ@?s�@H:kU\>AQT<?UuPRBJ]5<?It>aUz<?IA:�^_IJPZib<?:N@kp)�¢B<HIJ:zY{DMQTQWDFE�STBJKX^_IJPZiA<H:N@LE�:zQWDtDM�;PZ<=<?IA:�<HIA:ODR@?:Nh[UmiA@?DF��STBJKw�FPZ@?STDM>JUm@?:OUH>AQT<?ULP d DR>b<=<HIA:uPR^~<H>JPRQfhj:OPMU\>J@H: �@?:O^�<?S�yÎP d SWQTST<eszPRBJ]�]ASThj:NBaU\SWDRBuDZY
Aε
<es�ia:mUH:~<_U�PZBJ]V�rD�^_I�<es�ia:`UH:~<_UNp
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