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#%$'&)(+*-,.,0/213&)*546$87./:9+;</2,0/=$>&!,046?@/BADC+;0&)(+/E;F*-$6&)/E;)/=,0&<*-$+GIHJ$LK';</=M5/=NOHJ$>&P;</2,0CQMR&S,TAD4UCQ$QK'*-$VHU,),04W1E*-HJ&<*-4U$X7�*R&)('&<(Q/,0&<CQKWYZM-/=H6KW*-$+GV&)4V&)(+/'1[M\HU,),0*5]L1=HO&<*-4U$^&<(QHJ&_7F/`(LHaNU/@9+;</2,0/=$>&</=KcbedQCW&f&<(QHJ&f7F/E;)/g$Q4J&hKW*5;)/=1[&<M-YZ$+/=1E/=,),<HU;<Yi*-$&<(Q/`1[M\HU,),<*R]L1=HO&)*546$cjk#%$Z9QHJ;<&<*\1[C+M\HJ;:7./g,<(+4O7l&<(LHO&:46C+;:9+;)/=,</E$>&m1E4UC+$>&)/E;B/EnWHU?X9+M5/2,B7F4UC+M\Ki$+4U&:dL/@,0C+o'1E*5/=$>&AD4U;FH
δ p ]Q$+/BN6/E;S,0*-4U$X4UAc9+;<469L/=;0&qYirDN+s!HJ$QK@&)(QHO& Aε KW4t/2,P$+4U&F,)HO&<*\,0ADY	ruN>*-*vs3bW,0(Q4O7�*5$+GI&<(QHJ&!&<(Q/E;)/B*-,.$+4gK+*5;)/=1[&,0&<;)/E$+GU&<(Z;SHJ$+wt*-$+G'4JAx&<(Q/`y8KW/E]Q$+*5&<*-4U$Q,:*5${z:/E]Q$+*5&<*-4U$

3.2
,<*5$Q1E/

Λδ
7�(+*\1S(^,<HJ&<*\,q]L/=,IruN>*-*vsBKW4t/=,:$+4J&f,<HJ&<*\,qADYrD*-*-*\s!7�(+*\1S(8*-,.,<HJ&<*\,q]L/=K'dtY

Aε
jT|+CQ;0&)(+/E;2bt*5$'&)(+/:9Q;<4t4JA}&)(QHO&

Aε
KW4t/2,!$+4U&F,)HO&)*-,0ADY	ruNt*5*vsP7F/:,</E/:&<(QHJ&!&<(Q/m,</[&),

Aε
KW4'*-$WAuHU1[&:,09Q*5;SHJM}*-$W]Q$+*5&</=M5YV]Q$+/EM-YV*-$ZHX,0/=$Q,0/_&)(QHO&B7�*-M5M~dL/21[4U?X/h1[M-/=HU;</=;=j

��/�HJM\,04�K+*-,)1[CQ,),8(Q4O7�&)4�/[nt&</=$QK�&<(Q/�9+;)/=,</E$>&</2K�1[4UCQ$6&)/E;8/En+HJ?X9+M-/=,8*-$>&<4�(+*-GU(Q/E;�K+*5?X/E$L,0*-4U$QHUM:1[46C+$>&</=;/[n+HU?@9QM5/2,Ejx��/_,<(+4O7�46$+/m,<CQ1S(V/Ent&</E$L,0*-4U$	,0*-$Q1[/m&<(Q/m9+;)4W1[/2,<,.4JA�/[nt&</=$QKW*-$+Gg&)4`(Q*5G6(+/E;kKW*-?@/=$Q,<*546$Q,F;</=?XHU*5$L,&<(Q/I,<HU?@/_AD46;�/=HU1S(	4JA�&<(+/I,</[&S,Ej
�@�=� ���	�����8�[�������	�F���I���X�i�3�� g¡[¡[�[�	¢
��/:,q&SHJ;<&PdtY`,<(+4O7�*5$QGf&<(QHJ&

Aε
KW4t/=,!$+4J&!,)HO&)*-,0ADYirDN+s�AD4U;!/=HU1S(

δ > 0
jT£t*-?X*5M\HJ;)M5Y6bUd+C+&.4U9Q9L4>,0*5&</=M5Yg&<4I¤c/=?X?XH

6.5.1
7./I,<(+4O7"&<(QHJ&B&<(+/=;</h*\,:HUM-,<4'H@ADC+$Q1[&<*-4U$

δ1 : R → R
,0CQ1S(	&)(QHO&BAD46;B/=H61S(

ε > 0
bQAD4U;B/2HU1S(

δ < δ1(ε)
b

Aε
K+4>/2,B$+4U&m,)HO&<*\,0ADY�ruNWs�AD4U;

δ
jB¥k(>CL,EbeHJM5&<(+46C+GU(iAD46;B/=H61S(

δ
&)(+/E;)/I*\,mHU$

Aε
&)(QHO&B]Q&),=bQ&)(+/E;)/I*\,B$+4

ε
,<CQ1S(&<(LHO&

Aε
,)HO&)*-,0]Q/2,@ruN+s�AD46;_/=NU/=;<Y

δ
b}&<(tCQ,f,<(+4O7�*-$+G8&)(QHO&

Aε
HJ$QK�*5$LKW/E/2K

Γε
HJ;)/g$+4U&f,<CWo81[*-/E$>&IHU,_1[46C+$>&</=;/[n+HU?@9QM5/2,F&<4'HJ$tY

δ p ]Q$+/hN6/E;S,0*-4U$�4JAFruN+s3j
¦f§O¨Q©.¨Lª2«D¬2«u¨e­�®c¯u°e¯u°e¯±}²+³E´<³`µ\¶g·B¸S¹Wºe»E¼½µu¾Oº

δ1 : R → R+

¿ µv¼D² δ1(x) > 0
¸[¾O´'·OÀvÀ

x > 0
¶3¹Q»S²�¼v²Q·O¼c¸[¾O´'³S·U»S²

ε > 0
·JºeÁi·OÀvÀ

δ < δ(ε) Aε
ÁU¾2³3¶gº}¾O¼k¶E·O¼½µ\¶D¸SÂ{ÃÅÄ<Æ ¿ µv¼v²´<³[¶½Ç+³S»E¼!¼%¾

δ È
¦f§O¨c¨eÉ<Ê|�*5;S,0&=bW7F/f&)HJw6/

y ∈ Aε ∩B ε
32

((
1

2
, 2ε

))

HJ$LK
ρ > 3

8

bQ,<HaY
ρ = ρ0 = 1

2

r
ρ0 = 1

2

H6,
B1/2((1/2, 0)) ⊃ A

jT#Å&B*\,�$+4U&k(LHJ;SK8&)48,0/=/m&)(QHO&B7F/_&<(+/=$i(QHaNU/
∂Bρ(y) ∩ int(T3,1) 6= ∅ HU$QK ∂Bρ(y) ∩ int(T3,4) 6= ∅

Ë6Ì



,<4`&)(QHO&2b+?X4U;)/f9QHJ;<&<*\1[C+M\HJ;)M-Y
Bρ(y) ∩ T3,1 ∩ Aε 6= ∅ HU$QK Bρ(y) ∩ T3,4 ∩ Aε 6= ∅.

��/@$Q4O7�$+4J&)/g&)(QHO&
supx∈T3,i

πy(x) < ε
AD4U;

i = 1, 4
HJ$LKZ&<(LHO&I1[M-/=HU;<M-Y

infx∈B ε
32

(( 1
2 ,2ε))

πy(x) >
63ε
32 .

#Å&
AD4UM-M-4O7B,x&<(QHJ&FHhN6/E;<&<*\1EHUMQG6HU9XdL/E&q7./=/E$

y
HJ$QKX9e4U*-$>&),.*5$

A∩Bρ(y)
4JA~HO&.M5/2HU,0& 31ε

32

/EnW*-,0&),!dL4U&<({Í3&<4h&)(+/:M-/[Av&OÍ4JA
y
rD&<(QHJ&m*\,:9e4U*-$>&),

z ∈ T3,1
7�(+/E;)/I7F/g?gCL,q&_(QHaNU/

πx(z) < πx(y)
smHJ$LK�ÍS&)4'&<(+/`;<*-GU(>&OÍf4JA

y
ru,<*-?@*-M\HJ;)M5Y&<4'HUdL4ON6/Ubt&<(LHO&B*\,k9L46*5$>&),

z ∈ T3,4
7�(Q/E;)/_7F/h?gCL,q&�(QHaN6/

πx(z) > πx(y)
s3j

£t*-?X*5M\HJ;)M5YÎ1[M-/=HU;<M-YUbx7F/Vwt$+4O7Ï&<(LHO&
πx(z) > 0

AD4U;XHJM-M
x ∈ T3,1

ruHU$QK�HUM-,<4^*-$�AuHU1[&
T3,4

sgHU$QK�1[46$tNU/E;S,</EM-Y7F/B(QHaNU/
πx(z) < 1

AD46;.HJM-M
z ∈ T3,4

ruHU$QKX*-$XAuHU13&2b6dQCW&!C+$+*-?X9L46;0&SHJ$>&<M-Y
T1,4

s[jTÐBM\,04h7F/B(QHaN6/UbU,<*5$L1[/
ε < 1/4

πx(y) ∈
(

1

2
− ε

32
,
1

2
+

ε

32

)
⊂
(

63

128
,

65

128

)

¥k(+*\,�?X/=HU$Q,F&<(QHJ&B*5$	&)(+/hdL/2,q&:1=HU,</hHJ$tYV1[46$+/f(QHU,kM-/=,),F&<(LHJ$ZH@(+4U;)*5Ñ=4U$>&)HUM}M5/=$+GJ&)(	4UA 65
128

&<48,<9+;</2HUK�4UCW&k&)4?X/E/E&:H@,</[&B4UA�N6/E;<&<*\1EHJMcK+*-,0&)HU$Q1[/ 31ε
32

Ha7kHaY`AD;)4U?Ò*R&S,�1[/=$6&)/E;2j
£tC+9Q9L4>,0*-$+GQbP&<4�dL/=GU*-$�7�*5&<(cb!&<(QHJ&

Ly,ρ||Rx
rD&<(QHJ&@*\,

Ly,ρ
*\,@9QHJ;SHJM-M5/=M!&)4�&)(+/i(+4U;)*-ÑE4U$>&SHJM.HJnW*-,Ssh&)(+/E$Ó&<(Q/1[46$+/hHJ$+G6M5/f?`CQ,q&�de/UbW&)481[4ON6/E;F&<(+/VÍ[dL/2,q&B1=HU,</_?X/=$6&)*546$+/=K	HJde4ONU/tÍ:HJ&�M5/2HU,0&

tan−1

((
31ε
32

)
(

65
128

)
)
.

ÔB4O7hbL,0(+46C+M\K
Ly,ρ

$+4U&BdL/h(+46;<*-ÑE46$>&)HJM½bW7F/_(LHaNU/_&<(QHJ&B*R&m*-,k/=*R&)(+/E;B9e46,<*5&<*-NU/EM-YV46;�$+/EG>HO&)*5N6/EM-Y8,0M-4U9e/=K�bQd+CW&:*-$/E*5&<(Q/E;m1=HU,</UbL*R&m1E4U$>&<*-$tC+/=,�&<48G64X&<(+;)4UC+G6(
y
jF#%$i&)(+/hAD46;<?X/E;_1EH6,0/6b+7./g(QHaNU/f&)(QHO&B&)(+/g1E4U$+/gHU$+GUM-/h/=,0&<*-?'HO&)/*\,B*-?@9Q;<4ON6/=KVAD4U;B9e4U*-$>&),�*-$

T3,1
bQ(+4O7F/EN6/E;2b+1[4U$>&)*5$tC+*-$+GX&<4'46dQ,</E;)NU/_&<(+/

y = (63/128, 63ε/32)
1EH6,0/f7�*5&<(^H

z ∈ T3,4
b+*5&:*\,:1EM5/2HJ;k&<(LHO&B&)(+/I;)/=,<C+MR&)*5$QG';</2Õ6CQ*5;)/=K	1[46$+/IHJ$+G6M5/fAD46;�&<(Q*-,

z
1EHU$	de/I$+4'de/[&<&</=;B&<(LHJ$i&<(Q/g1[46$+/HJ$QGUM-/@;)/=Õ>C+*-;)/=K{&<4Z*-$Q1[M-CQKW/

z = (1, ε)
j8��/8?gCL,q&h&)(+/E;)/[AD46;</'(QHaN6/@&<(QHJ&h&<(+/8?X*-$+*-?gC+?Ö1[46$+/8HJ$+G6M5/X*\,h$+4de/[&0&)/E;�&)(QHJ$

θ = tan−1

((
31ε
32

)
(

65
128

)
)

+ ||(Ly,ρ − y) − Rx||G(1,2) > tan−1

((
31ε
32

)
(

65
128

)
)

7�(+/=;</ || · ||G(1,2)
K+/E$+4U&</=,.&)(+/f$+4U;)?�4U$�&<(+/_GU;SHU,),<?XHU$8?'HJ$+*5AD4UM\K84UA

1 p 9+M\HJ$Q/=,.*5$ R2 jPÐ�,<*5?X*-M-HU;FHU;<G6C+?X/E$>&7F4U;)wt,!1[4U$L,0*\KW/E;)*-$+GI9e4U*-$6&S,!*-$
T3,1

*-$'&<(+/_1EH6,0/�&)(QHO&
Ly,ρ

*\,!$+/=G6HJ&<*-NU/EM-YX,0M-4U9e/=KX9e46,),0*-d+M-YX*5?X9+;)4ONt*5$+Gf&)(+/_/=, p&<*-?'HO&)/:AD46;!9e4U*-$6&S,F*5$
T3,4

jx��/:&)(+/E;)/[AD46;</B(LHaNU/�&)(QHO&F&<(+/f1[46$+/mHU$+GUM-/
tan−1

(
( 31ε

32 )
( 65

128 )

) 1EHU$+$+4U&.de/:*-?@9Q;<4ON6/=K
4U$~b+,04@&<(LHO&�AD4U;BHU$tY

δ <
( 31ε

32 )
( 65

128 )
Aε

1=HJ$+$Q4J&B,<HJ&<*\,qADY{rDN+sF7�*R&)(i;</2,09e/=1[&�&<4
δ
j

¥k(tCQ,F&<(Q/fADC+$Q13&)*546$
δ1
KW/E]Q$+/=K	dtY

δ1(x) :=

(
31x
32

)
(

65
128

)
,)HO&<*\,0]Q/=,F&)(+/h;</2Õ>C+*5;)/E?X/=$6&S,.AD4U;k&<(Q/h×P;<469L4>,0*5&<*-4U$~j ♦
¥�4m9+;)4ONU/P&<(QHJ&

Aε
rØHJ$QKg*5$QK+/E/=K

Γε
s�1EHU$+$+4U&x,)HO&)*-,0ADY8rDNt*-*\s�*-;<;)/=,<9L/213&)*5N6/!4JA

δ
bO7./F(QHaNU/!&<4f,0(Q4O7Î&<(QHJ&THUMR&)(+4UCQGU($+4g,<9+*-;)HUM5M-*-$+Gf4t1=1[C+;S,T*-$X&<(+/mNt*-1E*5$+*5&qYg4UAcHJ$tYgG6*5N6/E$X9L46*5$>&!*-$

Aε
HJ&.HfGU*-NU/=$'HJ9+9+;)4anW*5?'HJ&<*-4U$@M5/=NU/EM½b6,<9+*-;)HUM5M-*-$+GKW4t/=,k*-$QKW/=/=K	4W1E1EC+;=j

¥k(+*\,I?X/=HU$Q,h&)(QHO&gAD4U;`HU$tY�9e4U*-$6&
x ∈ Aε

bTHU$>Y{;)H6KW*-CQ,
r > 0

HU$QK�HJ$tY{9L4U&</E$>&)*-HUM.HJ9Q9+;<4anW*-?'HO&<*-$+GZHOo'$+/,<9QHU1E/Uba&<(Q/E;)/./Ent*\,0&),xHgrØ,0?'HJM-M-/E;3s�&);<*\HJ$+G6C+M\HJ;x1EHJ9g*5$
Br(x)

7�(+4>,0/.dQHU,</F*-,xHJ;)d+*5&<;SHJ;)*5M-Yf1[M-46,</P&<4f9e/E;)9L/=$QKW*\1[C+M\HJ;
ËUË



&<4@&)(+/IHJ9+9Q;<4anW*-?XHJ&<*-$+GXHOo'$+/h,09LHU1[/6j
#Å&k&<(+/=$VAD46M5M-4O7B,.&<(QHJ&BHJ$�HU9+9+;)4U9+;)*\HO&</_1S(+4U*\1[/_4JA~&</=,0&<*-$+GX9e4U*-$6&S,�HJ$QK8&</2,q&)*5$+GX;SHUKW*-CQ,F,0?'HUM5M-/E;F&<(LHJ$	4U;k/=Õ>CQHUM&<4
r
*5$�,<CQ1S(�Hi&);<*\HJ$+G6C+M\HJ;g1=HJ9�7�*-M5MkHJM-M54O7ÏCQ,g&<4�,<(+4O7Ù&<(QHJ&gAD46;`HJ$tY

δ < 1 Aε
HU$QKÎ*5$LKW/E/2K

Γε
1=HJ$+$+4U&9e46,),0*-d+M-YV,<HJ&<*\,qADY{rDNt*5*vs3j

¦f§O¨Q©.¨Lª2«D¬2«u¨e­�®c¯u°e¯\Úc¯Û�¾O´g³S·U»S²
0 < δ < 1 Ü Aε ÁU¾2³3¶hº}¾O¼P¶E·J¼Øµ\¶D¸SÂ@ÝF´)¾)ÇQ³[´3¼½Â^ÃÅÄ=µvµ Æ ¿ µv¼D²Z´)³3¶½ÇQ³)»E¼!¼%¾ δ È¦f§O¨c¨eÉ<Ê¤c/E&

δ ∈ (0, 1)
b
ε > 0

HU$QK
y ∈ Aε Þ &<(+/=$�,<(+46C+M-K Aε ,<HJ&<*\,qADY	&<(Q/XK+/[]Q$+*5&<*-4U$�&<(+/=$�AD46;m/2HU1S( ρy > 0

&<(+/=;</7F4UC+M\Kf/[nW*\,q&�HU$gHOo'$+/.,09QH61[/
Ly,ρy

,0CQ1S(f&)(QHO&~AD4U;�HUM5M
x ∈ Aε∩Bρy (y)

HJ$LKIHJM-M
ρ < ρy Bρ(x)∩Aε ⊂ Lδρy,ρ+x

j
ÔB4O7hb+,<*-$Q1[/f7F/IHJ;)/_H6,<,<C+?X*5$QG`&)(QHO&

Aε
,)HO&)*-,0]Q/2,F&<(+/IKW/E]Q$+*5&<*-4U$	&<(Q/E;)/_?`CQ,0&BdL/IH`ADC+$Q1[&<*-4U$cb

φ : (0, 1) → (0, 2π)

KW/=9L/=$QKW/E$>&�4U$QM5YX4U$
δ
7�(+*\1S(�KW/2,<1E;<*-de/=,.&<(+/f1[46$+/_4UCW&S,0*\KW/_4JA~7�(+*\1S(V$Q4gde4UC+$QKQHJ;)Y'9L46*5$>&),F4UA�HIdQHUM5M�HU;<46C+$QKH@9L46*5$>&

x ∈ Bρy (y)
HU;</f*-$

Aε
j!£t9e/=1E*R]e1EHJM-M-YUb+dtYVKW/E]Q$+*-$+G

Eφ,ρ,x :=

{
x ∈ ∂Bρ(x) : tan−1

(
π⊥
Ly,ρy

(x)

πLy,ρy (x)

)
≥ φ(δ)

}

7F/_(LHaNU/
Aε ∩ Eφ(δ),ρ,x = ∅,AD4U;mHJM-M

x ∈ A ∩ Bρ0(y)
HJ$QKiHUM-,<4@&<(QHJ&B&<(+/=;</h*\,BH

η(δ) > 0
,<CQ1S(	&<(QHJ&�AD4U;:HUM5M

x ∈ A ∩ Bρ0(y)
b
ρ ∈ (0, ρ0]HJ$LK�HUM5M

z ∈ Eπ
2 −π−ψ(δ)

2 ,ρ,x

Bρη(δ)(z) ∩ A = ∅. rÅßtj-à2s
¥k(QHJ&f*\,=b�HJ;)4UCQ$QK^9e4U*-$>&),f*-${&)(+/'1[/=$6&);)HUMT9QHJ;<&h4JA

Eφ,ρ,x
7F/'1EHU${9+C+&gH�dLHJM-MPKW/E9e/E$QK+*5$+GZ46$+M-YZ4U$

ρ
HJ$QK

δ&<(LHO&B7�*-M5Mcde/I1[46?X9+M5/E&</=M5Y8/=?X9W&qYV4UA
Aε
j

��/�46dQ,</E;)NU/Z&)(QHO&
y
?gCL,q&idL/Î*-$",<4U?X/{&<;)*-HU$+GUC+M\HJ;i1EHU9�4JA`&<(+/Î1[46$Q,0&<;)CQ13&)*546$á4JA

A
b
Tn,i

bmAD4U;i,046?@/
nHJ$LK

i
b}HUM-,<4V,<CQ1S(Z&)(QHO&

Tn,i ⊂ Bρ0(y)
j_�{/`?'HJwU/g&<(+/`$+4U?X/=$Q1[M\HO&)4U;)*-HUM�1S(+46*-1E/h&<4	1EHJM-M�&<(+/`NU/E;<&<*\1[/2,:4UAT&<(+/&<;)*\HJ$+G6C+M-HU;�1EHJ9

Tm,i am,i, lm,i
b+HU$QK

rm,i
1S(+46,</E$i,<CQ1S(V&)(QHO&

πx ◦OAm,i(am,i) = 0, πx ◦OAm,i(lm,i) < 0,
HJ$QK

πx ◦OAm,i(rm,i) > 0.

¥k(QHJ&:*-,
a
K+/E$+4U&</=,B&<(+/iÍS&<469�Í_NU/=;0&)/[niHU,�7F/I(QHaN6/h9+;</=Nt*546CQ,0M-Y�K+/[]Q$+/2K�b}HJ$QK

l
HU$QK

r
KW/E$Q4J&</I&<(+/I*\KW/=$6&)*-1=HJMÍ3M-/[Av&OÍ_HJ$QK�Í3;)*-GU(>&aÍBdQHU,</hHJ$+G6M5/2,Ej

��/h$+4O7á$+4U&</_&<(LHO&�AD4U;�/2HU1S(
k ∈ N

7./f(QHaN6/

ψ
T
n+k,2ki+4k−1+2

Tn,i+z(i,k)
=

n+k∑

i=n

ψ(i, ε)

AD4U;B,<4U?X/hHJ9Q9+;<469+;)*-HJ&</_9L46*5$>&
z(i, k) ∈ R2 j

��/h$+4O7á$+/=/=Ki,<4U?X/f9+;<469L/=;0&)*5/2,F4JA�&<(+/I,</=Õ>C+/=$Q1[/ {ψ(i, ε)}∞i=1

jP|�*5;S,0&k4UAxHUM5M�7F/h;)/=1EHUM5Me&)(QHO&
lim
i→∞

ψ(i, ε) = 0.
rÅßtjãâUs

Ë ß



HJ$LK8&)(QHO&B7F/h1EHJ$Z,<9L/21[*5]L1EHUM5M-Y87�;)*R&)/

ψ(n, ε) = tan−1

(
8ε

(1 + 16nε2)1/2

)

,<4�&)(QHO&ICL,0*-$+Gi&<(Q/XAuHU13&S,f&<(LHO& dtan
dx (x) ≥ 0,

HJ$QK dtan
dx (x)|x=0 = 1

ruHU$QK�(+/E$L1[/XAD4U;I,<CWo81[*-/E$>&)M5Y{M-HU;<G6/
n
b

tan−1(1/εn) > 1/(2εn)
s3bt7F/hGU/[&kAD46;BHJ$tY

n0 ∈ N

∞∑

n=n0

ψ(i, ε) =
∞∑

n=n0

tan−1

(
8ε

(1 + 16nε2)1/2

)
≥

∞∑

n=n0

8ε

8ε( 1
ε2 + n)1/2

= ∞,

7�(+/=;</
E
KW/E$+4U&</2,_&<(+/',<?XHUM5M-/=,0&h*5$>&)/EGU/=;fGU;)/=HO&)/E;_&<(LHJ$�4U;f/=Õ>CQHUMx&<4

1/ε2
j@#Å&fAD46M5M-4O7B,m&<(QHJ&h&<(+/=;</X/[nW*\,q&S,fH,</=Õ>C+/E$L1[/Ub {nk} bQ,0CL1S(V&)(QHO&�AD46;�/=HU1S( k ∈ N

nk−1∑

i=n

ψ(i, ε) <
2kπ − π

2
<

nk+1∑

i=n

ψ(i, ε).

£t4@&<(LHO&�&<(Q/E;)/_*\,BH`&<;)*\HJ$+G6C+M-HU;�1EHJ9
Tnk,i(k)

rvAD46;k&<(+/IHU9+9+;)4U9+;)*\HO&</
i
KW/=9L/=$QKW*-$+G'4U$

k
sk,<CQ1S(V&)(QHO&

tan−1

(
π⊥
Ly,ρ0

(rnk ,i(k) − lnk,i(k))

πLy,ρ0 (rnk ,i(k) − lnk,i(k))

)
− 2kπ − π

2
< ψ(nk − 1, ε) + ψ(nk, ε).

¥k(tCQ,=bWd>Y
(7.2)

&)(+/E;)/f/[nW*-,0&),�H
k ∈ N

,<CQ1S(�&<(QHJ&

tan−1

(
π⊥
Ly,ρ0

(rnk ,i(k) − lnk,i(k))

πLy,ρ0 (rnk ,i(k) − lnk,i(k))

)
− 2kπ − π

2
< ψ(nk − 1, ε) + ψ(nk, ε) <

π
2 − φ(δ)

2
.

¥k(QHJ&B*-,F&)(+/f&<;)*-HU$+GUCQM-HU;k1=HJ9cb
Tnk,i(k)

(QH6,F&<(+/h9Q;<469L/=;0&qY'&)(QHO&
rnk ,i(k) ∈ E

φ(δ)+
π
2

−φ(δ)

2 ,|rnk,i(k)−lnk,i(k)|,lnk,i(k)
.

¥k(+/h/=$QKW9e4U*-$6&S,F&<(+/=?',0/=M5N6/=,�HJ;)/f$+4J&�*-$
A
b+(+4O7F/EN6/E;2bt7./h1EHU$	1S(Q4>4>,0/

xl, zr ∈ A
,<CQ1S(�&<(QHJ&

|xl − rnk ,i(k)| <
η(δ)|rnk ,i(k) − lnk,i(k)|

2

HJ$QK |zr − lnk,i(k)| <
η(δ)|rnk ,i(k) − lnk ,i(k)|

2,<4X&<(QHJ&�&<(+/=;</h*\,BH
xr ∈ ∂B|rnk,i(k)−lnk,i(k)|(xl)

,0CL1S(�&)(QHO&
zr ∈ Bη(δ)|rnk,i(k)−lnk,i(k)|(xr).

£t*5$L1[/UbLdtYV4UCQ;
1S(+46*-1E/B4JA�&);<*\HJ$+G6C+M\HJ;.1=HJ9cb

Tn,i
b
xl ∈ Bρ0(y)

HU$QK |rnk ,i(k) − lnk,i(k)| < ρ0
&<(+*\,k1[46$6&);)H6KW*\13&),

(7.1)
b>9Q;<4ONt*-$+G&<(Q/h9+;<469L4>,0*5&<*-4U$	,0*-$Q1E/

ε
HJ$QK

δ
7F/E;)/h1S(+46,</E$	HJ;)d+*5&<;SHJ;)*5M-YUj ♦

�@�Sä å��E¢I���k��æç�Eè����	�~�E�I�� g¡�é��	 I¡[�I¢g�[���ê�I�
Γε ë Aε

 I�	ì Aε

��/h$+4O7"1E4U?X/_&<4@&<(+/h(Q*5G6(+/E;BKW*-?X/E$Q,<*-4U$QHUM�GU/E$Q/E;SHJM-*-,)HO&)*546$Q,!4UA�&)(+/I1[46C+$>&</=;F/En+HJ?X9+M-/=,=j
#Å&'*-,@C+$+AD4U;<&<C+$QHJ&</=M5Y�,0&<;SHJ*-GU(>&0AD46;<7kHJ;SK p C+$WAD4U;<&<CQ$QHO&)/VAD;)4U?Ö&)(+/�Nt*-/E7ê4UA:]Q$LKW*5$QG{*-$>&</E;)/=,0&<*-$+G{?XHJ&<(+/=?'HO& p*\1E, p &<4iGU/=$+/E;SHJM-*-,</I46C+;h1[4UCQ$6&)/E;_/[n+HJ?X9+M-/=,m&)4�(+*-GU(Q/E;hKW*-?@/=$Q,<*546$Q,f,04V&<(QHJ&f7F/@4UdW&SHJ*-$�$+4�ADC+;<&<(+/=;_*-$Q,<*5G6(>&*-$6&)4V(+4O7l&)(+/`,0&<;)CQ13&)C+;)/=,m4JA!,</[&),:7.46;<w}jB#%$�/=HU1S(^1=HU,</I7F/`,<*5?X9+M-YZ1[;)46,),B/=H61S(^,0/E&m7�*5&<(^/=*R&)(+/E;fHJ$�*5$>&</=;<NOHUM4U;m,0*-?X9+M5Y	&)(+/g9+M\HJ$Q/I4JAx&<(Q/g;)/=Õ>C+*-;</2K	K+*5?X/E$L,0*-4U$cb}KW/=9L/=$QKW*-$+GV46$Z7�(+/[&)(+/E;m4U;B$+4U&m7F/I$+/=/=K	&<(Q/`,</[&B&)4Vde/de4UC+$QK+/=K�rØHU,!7./_KW4IAD46;

ρ0
C+$Q*RAD46;<?X*5&qY@9Q;<469L/=;0&)*5/2,)s[j���/m,<(+4O7hbtHU,.HJ$8/EnWHU?X9+M5/6bt(+4O7

Aε
*\,!/Ent&</E$LKW/=K�bWHU$QK

Ë y



KW/=?@46$Q,0&<;SHO&</f(+4O7"*R&:1E4U$>&<*-$tC+/=,.&)48,<HJ&<*\,qADY8×!;<469L/=;0&qY�ru*5*-*vs3j
£tC+9Q9L4>,0/f&)(QHO&�7F/IHJ;)/:&SHJwt*5$QG

j p KW*-?@/=$Q,<*546$QHJMcHU9+9+;)4ant*-?'HO&)*546$Q,!*-$ Rj+k
jT��/f&)HUwU/

Sε = Aε × Rj−1 =⊂ RA × Rj−1 × RAc ,7�(+/=;</
RA = RAc = R

d+CW&'(QHaN6/Vde/E/=$�GU*-NU/=$�$QHU?X/=,gAD4U;X$+4J&SHO&)*546$QHJMk1[46$>N6/E$+*-/E$L1[/Uj
RA

HJ$QK
RAc

HJ;)/*\KW/E$>&<*5]Q/2KÎ7�*R&)(
R
HU$QK

R2/R
HU,f7F/'(QHaNU/Xde/E/=$�1[4U$L,0*\KW/E;)*-$+Gi*5$�&<(Q/89+;)/=1[/=/=KW*-$+GZ,</=13&)*546$Q,I,<4i&<(QHJ&

Aε ⊂
RA × RAc

jP|QC+;0&)(+/E;
Sε
*\,B1[46$Q,0&<;)CQ13&)/=K8*-$Q,<*-K+/h4JA

Rj+k = RA × Rj−1 ×RA,c × Rk−1.��/I1EHJ$�&<(tCQ,:,0/=/
Sε
H6,

Sε = {y = (y1, x2, ..., xn−1, y2, 0, ..., 0) : (y1, y2) ∈ Aε ⊂ RA × RAc, xi ∈ R}
⊂ RA × Rj−1

x ×RAc × Rk−1
z ,7�(+/=;</

Rj−1
x

∼= Rj−1 HJ$QK Rk−1
z

∼= Rk−1 HU;</XHJG>HJ*-$^$+4J&SHO&)*546$QHJMT1[46$tNU/E$Q*5/=$Q1[/2,:KW/=$+4J&)*5$+G	&)(+/'KW*5?X/=$Q,0*-4U$L,HJM-4U$QG`7�(+*\1S(	&<(+/h/Ent&</E$L,0*-4U$	4JA
Aε

*5$>&)4
Sε
/Ent*\,0&gr

Rj−1
x

s3bLHJ$QKV&<(+/IH6K+KW*5&<*-4U$QHUMc1[4WKW*-?X/E$Q,<*546$Q,hr
Rk−1
z

s3j
¦f§O¨Q©.¨Lª2«D¬2«u¨e­�®c¯\Úc¯u°e¯
Sε
¶<²+¾ ¿ ¶I¼v²Q·O¼.¼v²Q³`·Jº+¶ ¿ ³[´h¼%¾ZÃÅµvµvµ Æ^ÃÅí[Æ'µ\¶hºe¾:¸[¾O´g·J´Eî[µv¼½´<·O´3Â j È¦f§O¨c¨eÉ<Ê¥k(+/=;</:HU;</B&q7.4`9+;<469L/=;0&)*5/2,T&)(QHO&F7./m$+/E/2KX&<4g,<(+4O7�&)(QHO&

Sε
(QHU,=jT¥k(QHO&F*R&F(QHU,!&<(Q/B]Q$+/m7./2HJw

j p KW*-?X/E$Q,<*-4U$QHUM
δ p HJ9+9+;)4anW*5?'HJ&<*-4U$89+;)4U9e/E;<&qYUb+HU$QKV&<(QHJ&�AD4U;�/=H61S( x ∈ Sε

HJ$LK
R > 0

b
Bj+kR (x) = +∞ j

|�*5;S,0&=be&<4	,0(+4O7�&)(QHO&
Sε
(QH6,:9Q;<469L/=;0&qY�rD*-*-*\s[j_��/`&)HJw6/gHJ;)d+*5&<;SHJ;)Y

y ∈ Sε
HJ$QK

δ > 0
jm��/`$Q4O7�$+/E/2K^4U$QM5Y,<(+4O7�&)(QHO&!&<(+/=;</B/EnW*-,0&),.H

j p KW*-?X/E$Q,<*546$QHJMLHOo'$+/:,<9QHU1E/Ub Ly,ρ AD46;!/2HU1S( ρ > 0
b6,<CQ1S(@&<(QHJ&

Sε∩Bρ(y) ⊂ Lδρy,ρ.��/I$+4J&)/h&<(LHO&m,<*5$L1[/
Aε

(QHU,�9Q;<469L/=;0&qY�rD*-*5*vs3bL&<(+/=;</g/[nW*-,0&),BAD4U;�&)(+/`1S(Q46,</E$
δ
HJ$QK

y
H

1 p KW*5?X/=$Q,0*-4U$LHJMcHOo'$+/,<9QHU1E/
L(y1,y2),ρ

,0CQ1S(�&<(QHJ&
Aε ∩ B2

ρ(y1, y2) ⊂ Lδρ(y1,y2),ρ.
#Å&X*-,g&<(Q/E;)/[AD4U;)/8;)/=H6,046$QHJd+M-/X&<4�&)HUwU/�HU$QKÎ&)/=,0&

Ly,ρ = L(y1,y2),ρ × Rj−1
x

HU,k46C+;BHOo'$+/h,<9QHU1E/Uj!ï.M5/2HJ;)M5Y
Sε ∩ Bρ(y) = (Aε ∩ πRA×RAc

(Bρ(y))) × Rj−1
x ⊂ Lδρ(y1,y2),ρ × Rj−1

x = Lδρy,ρ,7�(+*\1S(�G6*5N6/=,kCQ,F&)(QHO&
Sε
(QH6,F&<(+/IHU9+9+;)4U9+;)*\HO&</_9+;)4U9e/E;<&qYUj

¥�4�,0(Q4O7�&)(QHO&�&<(+/=;</^*\,8*-$W]Q$Q*R&)/�?X/=H6,0C+;)/^*-$�/=H61S(�dQHJM-M
BR1(y)

7F/Z&SHJwU/{HJ$
R1 > 0

HU$QK�H
y ∈ Sε

j¤c/E&
R = min{R, d(y, ∂Sε)}

j���/f&<(Q/E$iGU/E&�&<(QHJ&
Hj(Sε ∩ BR1(y)) ≥ Hj(Sε ∩ BR(y))

≥ Hj(Sε ∩ ([−R/4, R/4]j+k + (y1, 0, ..., y2, 0, ..., 0)))

= H1(A ∩ ([−R/4, R/4]2 + (y1, y2)))Hj−1(πRj−1
x

)

= H1(A ∩ ([−R/4, R/4]2 + (y1, y2)))

(
R

4

)j−1

= +∞,,<(+4O7�*5$QGg&)(QHO&
Sε
*\,�$+4J&�7F/=HUw8M54W1=HJM-M5Y Hj p ]Q$Q*R&)/Uj ♦

�@�<ð ñ��h�����
¥k(+/h;)/=,<C+M5&),k9+;)/=,</E$>&</2KV*-$�&<(+*\,B1S(QHU9W&</=;BHJ;)/_HUM5Mc46C+;k4O7�$cj

ËUò


