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§	¨Q©wªt«x¬X«�­Fª�®�¯:°�¯~±_¯²�³q´
A µ ³2¶ 1 ·Y¸P¹�º ³4»<¼ ¹~½ »�¶P¾y¶u¿�»_³d¼^À µ ¼£ÁO¶;Âm³ ½uÃ R2 Ä δ > 0

¶P» ¸ x ∈ R2 Ä ´�ÅO³q» A ¹ ¼d¼q¶ ¹~¸ ´ ½	µ ³N¶c¼^À µ ¼4³4´ ½YÃ´xÅ<³
δ ÆJÇ ­_ªt¨/¶H´ x Ä Cδ(x) Ä ¹ Ã

A ⊂
{
y = (y1, y2) ∈ R2 : |y2| < δ|y1|

}
+ x =: Cδ(x).È ½PÉ ³	Ê6³q»�³ É ¶H¾�¾ÌË Ä ¹ Ã L ¹ ¼�¶ 1 ·Y¸H¹�º ³4»<¼ ¹~½ »_¶P¾k¶u¿�»_³�¼£Á<¶QÂJ³ ¹ » R2 Ä x ∈ A ∩ L

¶H» ¸ φ ¹ ¼�´xÅ<³ ½HÉ ´�Å ½ Ê ½ »�¶P¾´ É ¶P»O¼ Ãq½HÉ^º ¶H´ ¹~½ »�¼^ÀOÂmÅ?´xÅ<¶P´
φ(L) = R

¶H» ¸ φ(x) = 0´xÅ<³4»�Í�³1¼q¶HËa´�ÅO¶P´
A ¹ ¼d¶2¼^À µ ¼4³q´ ½uÃ ´xÅ<³ δ ÆmÇ ­_ª�¨�ÎIÏP­FÐtª�Ñ L ÎI¬ x Ä Cδ,L(x) ¹ Ã

A ⊂ φ−1 ({y = (y1, y2) ∈ Rn : |y2| < δ|y1|}) =: Cδ,L(x).
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èkÏP­f­_ô8õ�*C<.XK8.�EHKJ.�5uZD9\5uS�GF.>W�9HvtGF9Q7@365mW*589aiq9Q3OW87:=I.XKXewgòv
x = (x1, x2) ∈ Λ

Z�7[5JC
x 6= (0, 0)

{�58C<.X3

x ∈ pQKJE;G<C (sgn(x1)sgn(x2)δx

n

)

vx9;K|W89;02.
n ∈ N

e}�*C<.X3Uvx9QK
rx = |x|δ

4(n+1) ,

Brx(x) ∩ Λδ ⊂
pQKJE;G<C (sgn(x1)sgn(x2)δx

n

)
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Γε
E;3O=

Aε
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Γε
E;3O=

Aε
ey-/.�i4E;3U5JC<.43�=I7nWJiqVOWJWj58C<.�02.>E;W8V<K8.�G<KJ9;G_.4K8587:.XW*9;v

Aε
E;3O= Aε

e
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A
EH3O=

B � 7nW*V<3Oi4R@.>EHK>{IZD.k0aEH�Q.�E2=I.4oO3<7@587:9;3U58COEH5*Z�7:R:RfbF.W8VIöciq7:.4365�vx9;K�9QV<K*3<.4.>=<W4e
z��



§	¨Q©wªt«x¬X«�­Fª�®�¯nýf¯~±_¯²�³q´
A
¶P» ¸ B µ ³�´£Í ½ ¼4³4´~¼|´xÅ<¶H´�Âm¶P» µ ³ ¸P¹ ï ¹~¸ ³ ¸cµ Ë1¼ ½Pº ³ G ∈ G(1, 2)

î ¹ »�¶d¼q³4»<¼4³�´xÅ<¶H´ ¹ ¼�³��qÁ�¾@¶ ¹ »�³ ¸aµ ³4¾ ½ Í ð¶P» ¸ Í�Å ¹ ÂJÅ?Å<¶Hï�³N¶c¼ ¹ »�ÊH¾:³\Â ½PºNºa½ »aÁ ½P¹ »F´ z ë2ì ÅO³q»B´�ÅO³\¶H»6Ê;¾@³ µ ³4´£Í�³J³4»�´xÅ<³1´�Í ½ ¼4³q´�¼ ψAB ¹ ¼ ¸ ³�í}»_³ ¸Uµ Ë
ψAB := min{θ : Cθ(z) ⊃ G(A ∪ B) Ãq½PÉ ¼ ½Hº ³ G ∈ G(1, 2) ¸H¹ ï ¹~¸H¹ »6Ê A ¶P» ¸ B}Í�Å<³ É ³c¶P¼dÀ�¼^ÀO¶P¾ G(1, 2) ¹ ¼\´xÅ<³	� É ¶P¼J¼ º ¶P» º ¶P» ¹ Ãq½ ¾ ¸ Ä G(·) ¸ ³q» ½ ´h³^¼N´�ÅO³ É8½ ´h¶P´ ¹~½ »�´xÅ<¶H´�´ò¶>ñ;³q¼ G ∈ G(1, 2)´ ½ Rx

Ä ¶H» ¸ G ¸P¹ ï ¹~¸ ³q¼ A ¶P» ¸ B ¹ ÃyÃq½PÉ ¶H¾�¾ X ∈ A Ä πx(G(X)) ≤ 0
¶P» ¸`Ãq½PÉ ¶H¾�¾ Y ∈ B Ä πx(G(Y )) ≥ 0.

A

B

G

G(A) G(B)

Cθ(0)

Rx

θ = ψAB

st7@pQV<KJ.küOe@¡Q¢y�|3<pQR@.kb_.q5uZj.4.43�W8.q5mW

ù�¨�ú�Î<Ï>ûfêQõ`ADR:.XEHKJR:Sc7[v
A1 ⊂ A

{�EH3F=
B1 ⊂ B

EHKJ.1WYVFimC?58COEH5
A1 ∩ B1 = A ∩ B = {z} 58C<.X3 ψA1

B1
≤ ψAB

e
ø|9;58.�58COEH5\5JC<.�9QKJ=I.XKd7nWd7:02GF9QKY5mEH365N=<V<.�5J9�5JC<.U=I7:��7:=<7@3<pB9Hv

A
EH3O=

B
e/�*CO.�3<9;5JEP5J7@9Q3

ψAB
Z�7@R:RjE;R@Z*E�SIW=I.X3<9H5J.`5JCOEP5

A
7nW*7:3U5JC<.c]^R:.qv�5Mi49;3<.kCOE;R[v8]N�x7£e .;e

πx(G(A)) ⊂ R−
x

�*E;3O=
B
7:W*7:3	58C<.�]qK87:p;C65�iq9;3O.�CFEHR@v8]\�~7�e .;e

πx(G(B)) ⊂ R+
x

��vx9;K*5JC<.
G
p;7:��7@3Opd5JC<.k0N7:3<7:0dV<0?ey-/.k3<9H5J.`5JCOEP5

ψ
(·)
(·)
7nW�WYV<bFE;=<=I7@587:�;.�7:3�5JC<.�WY.X3OWY.`58CFEP5X{

7@v
A,B

E;3O=
C
E;K8.�WY.45JWDvx9;KjZ�C<7nimCc5JC<.�=I.qoO3O7[5J7@9Q3�0aEH�Q.XWjWY.X3OWY.Mvx9;Kj58CO.`GOE;7@KJ7:3<pQW {A,B} E;3O= {B,C} Z�7[5JC

z1 = A ∩ B EH3O=
z2 ∈ B ∩ C {I58C<.X3

ψAC−{z2−z1} ≤ ψAB + ψBC ,G<KJ9P��7:=I.>=�5JCOEP5NWYVOimC�E?�PEHR:V<.a7nW1R:.XWJWk58CFEH3
π/2

��5J9�.43FWYV<KJ.N58C<.U=I7@��7n=I7:3<p�9Hvj58CO.�WY.45JW1i49;36587:3�V<.XW�589�0aEH�Q.
W8.43OW8.>�qe`ø|9;58.d58COEH5

ψ
(·)
(·)
7:W|58KmEH3OW8R:EH587:9;3�E;3O=�KJ9H5JEH587:9;3�7:3���E;K87nEH365>e�-B.\3<9H5J.\EHRnW89cGOEHK8587niqVOR:E;K8R:Sc5JCOEP5k7@3Biq9;3 �W87:=I.XK87:3<pd58C<.�EH3Op;R:.Mb_.q5uZj.4.43	WY.45JW

A
EH3O=

B
{I7[v�58C<.XK8.�7nWjE;3�EPöa3<.kW8GOE;i4.

L
WYVOimC�58COEH5

A∩L = {z, za}
�~7�e .;e

zQ�



iq9Q365JEH7:3OWk5JC<.cG_9;7:365diq9;02029;3�Z�7@58C
B
{
z
{�E;3O=�EH3<9;58C<.XK�GF9Q7@365^�^{t58C<.X3

ψLB ≤ ψAB
9;58C<.XK8Z�7nW8.a7[5dZj9;VOR:=/b_.7:0NG_9QWJW87@b<R:.�589ci49;365JE;7@3

za
EH3F=

B
7:3�ENi49;3<.k9;vwE;3<p;R:.

ψAB
E;K89QV<3O=

z
e

-/.1EHRnWY9N3<.4.>=U589ciq9Q3OW87:=I.XKj58C<.1E;3<p;R:.XWD58CFEP5MEHKJ.�E;iq58VOE;R@R:Sc7:3Q5JK87:3OW87:i`5J9\5JC<.k58KJ7nEH3<pQV<R:E;K�i4EHGFW4e
§	¨Q©wªt«x¬X«�­Fª�®�¯nýf¯nýf¯²�³q´

n ∈ N ∪ {0} Ä j ∈ {1, 2, ..., 2n} ¶P» ¸ A µ ³ ½ »�³ ½YÃ Γε
Ä Aε ½HÉ Aε

Ä ´xÅ<³4»�Í�³d¼4³m³ ÃmÉ8½Hº ´xÅ<³ ¸ ³~í�» ¹ ´ ¹~½ » ½YÃ´ É^¹ ¶P»6Ê;ÀI¾@¶ É Âm¶JÁF¼2¶P» ¸�
}½ »O¼^´ É ÀOÂ4´ ¹~½ »<¼ 4.1.1 Ä 4.2.1 ¶H» ¸ 4.2.2
´xÅ<¶P´*´xÅ<³\´ É^¹ ¶P»6Ê;ÀI¾@¶ É Âm¶JÁ Tn,j ¹ ¼N¶P» ¹ ¼ ½ ¼4Âm³q¾@³q¼´ É^¹ ¶P»6Ê;¾@³ ë�� ³ ¸ ³4» ½ ´h³d´�ÅO³\¶H»6Ê;¾@³^¼ ½YÃ Tn,j ¶�¼ θAn,j ¶P» ¸ π − 2θAn,j

Í�ÅO³ É ³
θAn,j = tan−1(ψ(n, ε)),

Í�Å<³ É ³
ψ(n, ε) :=

22−nε
(1+n16ε2)1/2

2n+1¶P» ¸ Í�Å<³ É ³a´xÅ<³ ε ¹ ¼\´xÅ<¶H´M¶�¼m¼ ½ Â ¹ ¶P´h³ ¸ Í ¹ ´xÅB´�ÅO³cÂ ½ »<¼^´ É ÀOÂq´ ¹~½ » ½YÃ Aε ë�
 Å ½ ÀI¾ ¸ ´�ÅO³N¼4³q´ A µ ³2ÀI» ¸ ³ É ¼^´ ½>½X¸ Í�³Í ¹ ¾�¾}¼ ¹�º Á_¾ÌË�Í É^¹ ´h³ θn,j ë�� À É ´�ÅO³ É Ä ¼8Å ½ ÀI¾ ¸ ´�ÅO³ θn,j µ ³ ¹ » ¸ ³hÁ<³4» ¸ ³q»F´ ½uÃ j Ãq½HÉ ´�ÅO³cÀI» ¸ ³ É ¼m´ ½>½X¸ ¼4³4´ A � θn,jÍ ¹ ¾�¾ µ ³dÍ É^¹ ´�´h³4» θn, · ë
� ¾ ¼ ½ Ä ¼^À>Á;Á ½ ¼4³�´xÅ<¶H´ L ¹ ¼�¶P» 1 ·Y¸P¹�º ³q»O¼ ¹~½ »_¶H¾`¶u¿�»_³�¼^À µ ¼£ÁO¶;Âm³�î ¹~ë ³ ë ¶�¾ ¹ »_³ ð�½YÃ R2 ½YÃ í}» ¹ ´h³?¾@³4»6Ê;´xÅ�î£¼ ½´xÅ<¶P´ ¹ ´wÅO¶�¼\¶ º\¹~¸Q¸ ¾@³MÁ ½P¹ »O´ l ð Ä ´xÅ<³4»�Í�³dÀ�¼q³ OL ´ ½c¸ ³q» ½ ´h³1´xÅ<³ ½PÉ ´xÅ ½ Ê ½ »_¶H¾�´ É ¶P»O¼ Ãq½PÉ^º ¶P´ ¹~½ »�¼^ÀOÂmÅ?´xÅ<¶H´

OL : L→ R

¶P» ¸
OL(l) = (0, 0).

ù�¨�ú�Î<Ï>ûyõkgh3B58C<7nWkimCOEHG<58.4K`58CO.NE;3<p;R:.XW
θAn,j

EHKJ.d7:3O=I.XGF.X3O=I.X3Q5�9;v}58C<.27:3O=I.4r
j
e��M9PZD.X�;.XKX{_7@3�ADCOEHG<58.4KmW

8EH3F=
9
Z�CO.43�Zj.dR:9�9;��EP5kp;.X3<.4KmEHR�vx9;KJ0aWM9;vy58C<.ai49;3OWY58KJVOi^5J7@9Q3�9Hv

Aε
{�58CO.NE;3<p;R:.XW`Z�7@R:RwbF.2EHR:R:9PZD.>=	589	��E;K8S7:3�bF9;58C

n
EH3O=

j
e�s<9;K�V<3<7@vx9;KJ027[5uS�E;3O=�W87@02G<R:7:i47[5uS?RnEP5J.4KM7:3�5JC<.dZj9;KJ��{FZj.17:3658KJ9�=<VOiq.d58C<.2WYS�0\bF9QRfvx9;K`58CO.029;KJ.kp;.43O.4KmEHR�3<.4.>=<W*7:0N02.>=I7:EH58.XR@SQe

��­F¬X¨_õ�-/.�EHKJ.`3<9PZ�7:3?EdG_9QW87[5J7@9Q3c5J92i49;0202.4365jvxV<KY5JC<.4K*9Q3�5JC<.�W8.4R:.Xiq587:9;3U9Hv
ε < 1/100

7:3�AD9;3OWY58KJVOi^5J7@9Q3OW
4.1.1

{
4.2.1

EH3O=
4.2.2

�~ZD.?COE��Q.UGOK8.X�67:9;VO7:W8R@S�i49;0202.43658.>=¤9;3�58C<.�W8.4R:.Xi^5J7@9Q3�7:3¤58C<.�KJ.40aE;K8�IWdvx9;R:R@9PZ�7:3<pAD9;3FWu5JK8VOiq587:9;3OW
4.1.1

EH3F=
4.2.1

e��*C<.cW8.4R:.Xi^5J7@9Q3�9Hv�WYVOimC�E�W80aEHR:R
ε
7nW1EQi^58VFEHR:R@S�589�.43FWYV<KJ.258CFEP51Zj.aCOE��;.

ψ(0, ε) < π/32
ey��92.43OW8V<KJ.`5JCOEP5�5JC<7nW�K8.>T6V<7@KJ.402.X3Q5�9Q3

ψ(0, ε)
7nW|W8EH587nWuoF.X=UZD.k3<.X.X=

ε
W8.4R:.Xi^5J.X=?W89d5JCOEP5

tan−1

(
8ε

(1 + 16ε2)1/2

)
<

π

32

�~i49;027:3<pNvxK89Q0 58C<.1=<.qoO3<7@587:9;3?9;v
ψ(n, ε)

e �N�*COEP5|7nW
8ε

(1 + 16ε2)1/2
< 0.09

W89d5JCOEP5*5JE;��7@3<p
0 < ε < 1

100

{<E;WjZj.`CFE��;.k=I9;3<.Q{�7:W*W8VIöciq7:.4365Xe���7:3Oi4.�Zj.�7@3?EH3�Sai4EQWY.�ZjE;365D5J9\R:9�9;�cEP5*�;.XK8SW802E;R@R
ε
EH3O=B.4�Q.43658VFEHR:R@S�Z�7:R:R�EHRnWY9?b_.aR@9�9Q�67:3<p?EP5

ε → 0
{�5JC<7nW�G<KJ.XW8.4365JWkVOW1Z�7[5JC/3O9	GOK89Qb<R@.X0aW4ea-/.aZ�7@R:R58CO.4KJ.qvx9;KJ.dCO.43Oi4.qvx9;K858C/E;WJWYVO0N.d58C<.

ε
VOW8.X=�589?iq9;3FWu5JK8VOiq5

Γε
{
Aε
{ Aε

EH3O=�9H5JC<.4KkWY7:027@RnEHKkW8.q5JW�7nW�R@.>W8WM58COE;3
0.01

ew�*CO.�KJ.XEQWY9Q3cvx9QK*58C<7nW|E;WJW8V<02GI587:9;3	7:Wj5JCOEP5|7@5|7nW�K8.>T6V<7@KJ.X=cvx9;K*5JC<.1WYGO7@KmEHR:R@7:3<p2R:.4020aE;Wj5892Zj9;KJ��e
��¨�ú�ú�Î�®f¯�ý�¯�±F¯

 À>ÁQÁ ½ ¼4³1´xÅ<¶H´ Aε Ä Aε

¶P» ¸ Γε
¶ É ³2¶�¼ ¸ ³~í�»_³ ¸a¹ » 
}½ »<¼^´ É ÀOÂ4´ ¹~½ »<¼�� Ä ó?¶H» ¸��6ëaì ÅO³q»

zQ�



î�� ð ¼8Å ½ ÀI¾ ¸ ´£Í ½ »_³ ¹ Ê>Å µm½ À É^¹ »6Ê�´ É^¹ ¶H»6Ê;¾ÌÀI¾@¶ É Âm¶JÁ_¼ Ä Tn,i ¶H» ¸ Tn,i+1
Ä µ ³�Â ½ »O´h¶ ¹ »�³ ¸�¹ »�¶H» ½ ´�ÅO³ É î£»�³mÂJ³q¼m¼4¶ É^·¹ ¾ÌËU³m¶ É ¾ ¹ ³ Éòð ´ É^¹ ¶P»�ÊHÀI¾:¶ É Âm¶JÁ Tm,j(i) î m ≤ n ð ´xÅ<³4»

ψTn,iTn,i+1
≤ 2θm,j(i) ≤ 2θ0,1

¶P» ¸
îòó ð ´xÅ<³ É ³mÂq´h¶P»�ÊH¾@³

Rn,i = πx
(
OAn,i

(
∪j:|i−j|≤1An,j

))
× [−2H1(An,i), 2H1(An,i)]

¼4¶P´ ¹ ¼xíD³q¼
O−1
An,i

(Rn,i) ∩ A ⊂
⋃

j:|i−j|≤1

Tn,j ,

Ãq½PÉ ³J¶QÂJÅ A ∈ {Aε,Aε,Γε} ë

Rn,i

OAn,i(A) ∩ Rn,i ⊂ ∪i+1
j=i−1OAn,i(Tn,j)

OAn,i(An,i)

2Hn(An,i)

OAn,i

An,i

Tn,i−2

Tn,i−1

Tn,i

Tn,i+1

Tn,i+2

st7@pQV<KJ.küOe �<¢���.XWY58KJ7:iq58.>=	W8G<7:KJE;R@R:7:3<p

èkÏP­f­_ô8õ-/.cp;7:�;.25JC<.cG<KJ9�9Hvjvx9;K
Aε
{�vxK89Q0�Z�C<7nimC/58C<.�G<K89�9;v~Wkvx9;K Aε

EH3O=
Γε
vx9QR@R:9PZ�e?�*C<7:Wd7:W158KJV<.2vx9;K Aε

WY7:3Oi4.
Aε ⊂ Aε

EH3O=/7@5d7nW�58KJV<.2vx9QK
Γε
W87@3Oi4.aZD.�02E;�;.aEHR:RDi4R:E;7@0aW�Z�7@58C�KJ.XW8G_.Xi^5�5J9?58C<.c58KJ7:E;3<p;V<RnEHK1iXEHGOWXeU�*CO.
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9;3OR@S/E;=<=I7@587:9;3FEHRy5J969QR�VOW8.X=/7nW1G<KJ9;G_.4K8587:.XWk9;v
θn,j

e	�M9PZD.X�;.4K>{�W87@3Fiq.a5JC<.c9;3OR@SBG<K89QGF.XKY5uS�9Hv
θn,j

vxKJ9;0�58CO.iq9Q3OWY58KJVOi^5J7@9Q3�9Hv
Aε

58CFEP5�7:W1VOWY.>=�7nW�58CFEP5
θn,j ≤ θm,i

vx9;K
m ≤ n

EH3F=/W87:3Oiq.
θn,j ≡ θ0,1

vx9;K1EHR:R
n ∈ N

{
j ∈ {1, ..., 2n} 7:3	58C<.1i49;3OWY58KJVOiq587:9;3	9Hv Γε

{<EHR:R�E;K8pQV<02.4365JWj7:36�Q9;R:��7@3<p
θ·,·

EHRnW89d5JKJE;3OWYRnEP5J.�=I7@KJ.Xiq58R:Sa589
Γε
e

s<9QKB�Y¡>�^{MR@.45
Tn,i

E;3O=
Tn,i+1

b_.�5uZj9�3<.47:p;C�b_9;V<KJ7:3<p�58KJ7:E;3<p;VOR:E;K�i4E;GOWcZ�7@58C�i49;02029;3�G_9;7:365
z
e �*C<.43f{b�S�5JC<.�iq9Q3OWY58KJVOi^5J7@9Q3/9;v

Aε
{
z = zn1+1,2i1

7nW�58CO.c�;.XKY5J.qr�9;v�E	5JK87nEH3Op;V<RnEHK1iXEHG
Tn1,i1

vx9;K\WY9Q0N.
n1 < nEH3F=�W89;02.`E;G<G<KJ9;G<KJ7:EH58.

i1
e}sOV<K858C<.XKX{IW87@3Oi4.

z ∈ Tm,j(i)
EH3O=

Tn,i, Tn,i+1 ⊂ Tm,j(i)
W8915JCOEP5

z 6∈ E(Am,j(i))
m < n1

E;W*9H5JC<.4KJZ�7nWY.�58CO.��;.4K858.4r
an1,i1

i4E;3<3<9H5�b_.�7@3
Tm,j(i)

e
�*C<.X3�b�S�iq9Q3OW87:=I.XK87:3<p

Gn1,i1 ∈ G(1, 2)
imC<9QW8.43¤WYVFimC�58CFEP5

Gn1,i1 ||An1,i1

ZD.?WY.X.	58COEH52Zj.?i4EH3¤imC<9�9QW8.5uZj9�]qCOEHR:�;.>W>]d�~=I7:��7:=<.X=?EP5
zn1+1,2i1

�j9Hv
Gn1,i1

{
G−
n1,i1

EH3F=
G+
n1,i1

{OW8VOimC�5JCOEP5

ψ
An1+1,2i1

G
n1,i

+
1

+z ≤ θn1,·
EH3O=

ψ
G
n1,i

−
1

+z

An1+1,2i1−1
≤ θn1,·

W89|58CFEP5X{HW87:3Oiq.D7@3\bF9;58C\iXE;W8.XW�7@31oO3O=I7:3<p`58C<.j027@3<7:0dVO0 9P�;.4Ktiq9Q3<.XWX{>vxK89Q0 Z�CO7:imCd58C<.*=I.qoF3<7[5J7@9Q3d9;v
ψ
An1+1,2i1

G
n1,i

+
1

+z

EH3F=
ψ
G
n1,i

−
1

+z

An1+1,2i1−1

i49;02.XWX{IZD.kVOW8.X=U5JC<.1iq9Q3<.kZ�7[5JC	KJ.XW8G_.Xi^5*5J9
Gn1,i−1

{<Zj.�CFE��;.

ψ
An1+1,2i1

An1+1,2i1−1
≤ θn1,·.

��7:3Oiq.N5JC<.43
Tn1+1,2i1−1

EH3F=
Tn1+1,2i1

E;K8.2iq9Q3OWu5JK8VFi^58.>=�9Q3�58CO.N7:3658.XK87:9;Kk9Hv
Tn1,i1

Z�7@58C�EUbOE;W8.NE;3<p;R:.N9Hv
θn1+1,·

{<7@5�vx9;R:R@9PZ|W*W87@027:R:E;K8R:Sa5JCOEP5

ψ
Tn1+1,2i1

G
n1,i

+
1

+z ≤ θn1,· + θn1+1,·
EH3O=

ψ
G
n1,i

−
1

+z

Tn1+1,2i1−1
≤ θn1,· + θn1+1,·

W89\5JCOEP5>{<WY7:3Oi4.�ZD.kCOE��Q.;{IE;W�E;bF9P�Q.;{�7@3	b_9H58C�iXE;W8.XW*EHp6EH7:3U0aE;=<.`5JC<.�Wu5mEP5J.402.4365JWMEHb_9;VI5
ψ·
·
Z�7[5JC	KJ.XW8G_.Xi^5*5J9E2iq9Q3<.�EHKJ9;V<3O=

Gn1,i1

ψ
Tn1+1,2i1−1

Tn1+1,2i1
≤ θn1,· + θn1+1,·.ø|9PZ�{�W87@3Oi4.

θn,· > θm,·
vx9;K�EHR:R

n < m
7@5fvx9;R:R:9PZ|W�58COEH5

θn1,· ≤ θm,· ≤ θ0,·
EH3F=M5JCOEP5

θn1+1,· ≤ θm,· ≤ ψ(0, ε)W89\5JCOEP5
ψ
Tn1+1,2i1−1

Tn1+1,2i1
≤ 2ψ(m, ε) ≤ 2ψ(0, ε).

st7@3FEHR:R@SQ{>Zj.y3<9;58.y5JCOEP5�3O9PZ�{4b�S�i49;3OWY58KJVOiq587:9;3a�x7:3k58COEH5
Aε
7nWf=I.4oO3<.>=�58C<KJ9;V<pQCk7@3658.XKJW8.Xiq587:9;3k9Hv�5JC<.�iq9Q3OWY58KJVOi^5 �7:3<pkR@.X�;.4RnWm��5JCOEP5

Tn,i ⊂ Tn1,i1

E;3O=
Tn,i+1 ⊂ Tn1,i1+1

W89M5JCOEP5
ψ
Tn,i
Tn,i+1

≤ 2ψ(m, ε) ≤ 2ψ(0, ε)
GOK89P��7:3<p

(1)
e

s<9QK1���Q�^{<3<9;58.�58CFEP5MW87@3Oi4.
ε < 1/100

{
ψ(0, ε) < π/32

et-B.koFKJWY5|3<.4.>=c5J9a0aEH�;.kEaW8V<b_i4R:E;7@0?e
�*C<.1i4R:E;7@0 7nWj58CFEP5|7@v

Tn,i
E;3O=

Tn,j
EHKJ.�58KJ7:E;3<p;V<RnEHK�iXEHGOW*Z�7@58C

2 ≤ |i− j| ≤ 3
58C<.X3

πx


OAn,i


 ⋃

j:|i−j|<2

Tn,j




 ∩ πx(OAn,i(Tn,j) − {zn,i−2, zn,i+1}) = ∅.

s<KJ9;0 58C<7nW|iqRnEH7:0 Zj.kZ�7@R:RfG<KJ9P�;.2���Q�^e}�MWMiqRnEH7:0N.>=UE;bF9P�Q.;{�Zj.�3<9H5J.`5JCOEP5MW87:3Oiq.
⋃

j:|i−j|<2

An,j = A ∩
⋃

j:|i−j|<2

Tn,j

¦I¡



7@5|7:W�W8VIöciq7:.4365�589aGOK89P�Q.|58CFEP5�vx9;K|E;3�S
Tn,i, Tn,i+1, Tn,i+2

ZD.�CFE��;.

A ∩ πx


OAn,i+1


 ⋃

j:|i+1−j|≤1

Tn,j




× [−2H1(An,·), 2H1(An,·)] ⊂

⋃

j:|i+1−j|≤1

Tn,j .

-/.�3<9PZ�i49;3OW87:=<.4K*9;V<K|i4R:E;7@0?e
-/.BG<KJ9P�;.�58C<.�i4EQWY.�vx9;K

j − i > 0
{|5JC<./9H58CO.4K?i4E;W8.�vx9QR@R:9PZ�7:3<p�W8S�0N02.458KJ7:iXEHR:R@SQe øM9H5J.�58CFEP5�ZD.B��3<9PZvxKJ9;0 �Y¡>�D58CFEP5

ψ
Tn,i
Tn,i+1

≤ 2ψ(0, ε)EH3F=c5JCOEP5
ψ
Tn,i+1

Tn,i+2
≤ 2ψ(0, ε)W89\5JCOEP5

ψ
Tn,i
Tn,i+2−(zn,i+1−zn,i) ≤ 4ψ(0, ε).gh3O=I.X.X=�{FWY7:3Oiq.

ψ
Tn,i+2

Tn,i+3
≤ 2ψ(0, ε),

ψ
Tn,i
Tn,i+2−(zn,i+2−zn,i) = ψ

Tn,i
Tn,i+3−(zn,i+2−zn,i+1)−(zn,i+1−zn,i) ≤ ψ

Tn,i
Tn,i+1

+ ψ
Tn,i+1

Tn,i+2
+ ψ

Tn,i+2

Tn,i+3
≤ 6ψ(0, ε).

gò5�58C�VOW�vx9;R:R@9PZ|W�5JCOEP5
ψ
An,i
Tn,i+3−(zn,i+2−zn,i) ≤ 6ψ(0, ε)

e	��7@3Fiq.
An,i

7nW1E	R@7:3<.c02.4.4587:3<p	58C<.Uiq.4365J.4K�9Hvj58CO.iq9Q3<.
C6ψ(0,ε)(G(zn,i)) ⊃ G(An,i ∪ (Tn,i+3 − (zn,i+2 − zn,i)))7@5�vx9;R:R@9PZ|Wj5JCOEP5

OAn,i(G
−1(C6ψ(0,ε)(G(zn,i)))) ⊂ C12ψ(0,ε)((0,H1(An,i)/2))EH3F=c5JC6VFW*58COEH5

OAn,i(Tn,i+3 − (zn,i+2 − zn,i)) ⊂ C+
12ψ(0,ε)((0,H1(An,i)/2))�xZ�CO.4KJ.

C+ =I.X3<9H5J.XW`58CO.\KJ7@pQC65MCOEH3F=�W87:=I.\9Hv}5JC<.2iq9;3O.>�^{�E;3O=?58CO.4KJ.qvx9;KJ.1vxKJ9;0!5JC<.d5JKJE;3OW8R:EH587:9;3�7:36�PE;K87nEH3Oi4.9Hvt58CO.ki49;3<.1i49;365JE;7@3O7@3<p2E2WY.45
OAn,i(Tn,i+3) ⊂ C+

12ψ(0,ε),Rx+zn,i+2
(zn,i+2).�*C<7nW|b_.47:3<pc5JC<.1Zj9;KmWY.�9;vw58C<.d5uZD9aG_9QWJWY7:b<R:.

j
i4EQWY.>W1�

j = i + 1
EH3O=

j = i+ 2
�^{_EH3�7n=I.436587ni4E;R�G<KJ9Iiq.X.X=IV<KJ.i4E;3Ub_.�VOW8.X=U589aW8C<9PZl5JCOEP5

OAn,i(Tn,i+2) ⊂ C+
8ψ(0,ε),Rx+zn,i+1

(zn,i+1).

-/.�3<9H5J.`5JCOEP5
8ψ(0, ε) < 12ψ(0, ε) < 12π

32 < π
2 .
�*C�VOW

πx(OAn,i(Tn,i+2 ∪ Tn,i+3)) ⊂ [πx(OAn,i(zn,i+1)),∞)EH3F=
πx(OAn,i(Tn,i+2 ∪ Tn,i+3) − {zn,i+1, zn,i−2}) ⊂ (πx(OAn,i(zn,i+1)),∞).-/.*oO3O=d58COEH5�E`W87@027:R:E;K}EHKJp;V<02.X3Q5t589�5JC<.|EHb_9P�;.DG<K89I=IVFiq.XW

OAn,i(Tn,i+1) ⊂ C+
4ψ(0,ε),Rx+zn,i

(zn,i),
W89�58COEH5

W87@3Oi4.
4ψ(0, ε) < π/2 − ψ(0, ε)

max{πx(y) : y ∈ OAn,i(Tn,i+1)} = πx(OAn,i(zn,i+1))

> πx(OAn,i(zn,i))

= max{πx(y) : y ∈ OAn,i(Tn,i)}
= πx(OAn,i(zn,i−1)) + H1(An,·)

≥ max{πx(y) : y ∈ OAn,i(Tn,i−1)}.

¦;�



�*C�VOW�iqR:.XE;K8R:S
πx


 ⋃

j:|i−j|<2

OAn,i(Tn,j)


 ⊂ (−∞, πx(OA2,1(z2,3))],

W89\5JCOEP5

πx


 ⋃

j:|i−j|<2

OAn,i(Tn,j)


 ∩ πx(OAn,i(Tn,i+2 ∪ Tn,i+3) − {zn,i+1, zn,i−2}) = ∅

G<KJ9P��7@3<p\58CO.1iqRnEH7:0	e
-/.	3O9PZ G<KJ9P�;.B�£�;�\b�S�7:3O=IVOiq587:9;3fe¤-B.	oOKmWY5N3<9;58.	58CFEP52vx9;K

A0
E;3O=

A1
7[5c7nWN9;b���7@9QVOW4{DE;W\58C<.XK8.�E;K8.

1EH3F=
2
58KJ7:E;3<p;VOR:E;KMi4E;GOW|KJ.XW8GF.>i^5J7@�Q.4R:S;{O02.>EH3<7:3<pa5JCOEP5

A
7:W`iqR:.XE;K8R:S	E�WYV<bFWY.45M9Hv�E;36S�]m5JK87:G<R:.6]2�~VOWY7:3<p�]c]�E;W7@5k7nWkE;iq58VOE;R@R:S�7@02G_9QWJWY7:b<R:.d5J9�imC<9�9QW8.\E�58KJ7@G<R:.>�`9;v}58C<.Nvx9QK80�KJ.XT6V<7:K8.>=�e1s<9QK

A2
58C<.XK8.2EHKJ.\vx9;V<K�58KJ7nEH3<pQV<R:E;Ki4E;GOWX{FW89258COEH5M58CO.4KJ.�7:W`WY9Q0N.458C<7:3<pa5J9cG<KJ9P�;.Qe �|9PZj.4�Q.4K>{<Zj.13<9H5J.k58COEH5Mvx9QKMEH3�S?imC<9QW8.43

i
.X�;.XK8S�58KJ7:E;3<p;R:.�7:W.47@58CO.4K*7@3�58C<.a]m5JK87:G<R:.6]�E;K89QV<3O=

i
9QKDCOEQW*EH3c7:3O=I.4r

j
WYVOimCc58COEH5

2 ≤ |i− j| ≤ 3
ey��7:3Oiq.

A
7nW*EdW8V<bOW8.q5*9Hvf5JC<.vx9;VOK*58KJ7:E;3<p;R:.XWX{�58C<.kKJ.XT6V<7:K8.>=�KJ.XW8V<R@5*vx9;R:R@9PZ|W�=I7:KJ.Xi^5JR@ScvxK89Q0 58C<.1E;bF9P�Q.`GOK89P�Q.X=�i4R:E;7@0?e

-/.U3<9PZ G<KJ9P�;.c58C<.U7@3O=<VOi^5J7@�Q.	WY58.XGfeB-/.UW8V<G<G_9QW8.c5JCOEP5\58C<.	7:3O=IVOiq587:�;.�C�S�G_9H58CO.XW87:W	�x7£e .Qe¤�£�;�8�1C<9QR:=OW1vx9QKEHR:R|5JK87:G<R:.XW {Tp,i−1, Tp,i, Tp,i+1}
vx9QK�E�pQ7@�Q.43

p ∈ N
E;3O=�W8C<9PZç5JCOEP5U7[5�CO9;Rn=<Wavx9QK�EH3�EHKJb<7@58KmEHKJS�58KJ7@GOR@.

{Tp+1,i−1, Tp+1,i, Tp+1,i+1}
ew-B.1W8.q5

T = ∪{Tp+1,i−1, Tp+1,i, Tp+1,i+1}.ø|9;58.koOKmWY5j5JCOEP5
⋃

j:|i−j|<2

Tp+1,j ⊂
⋃

j:|i1−j|<2

Tp,j

Z�C<.XK8.
i1 = (i/2)u−1

�
xu
7nW�5JC<.�WY0aE;R@R:.XWY5t7:3658.Xp;.4K

q ≥ x
�q{QW89|5JCOEP5w58CO.D5JK87:G<R:.D7nWt7@3\v~E;iq5}EMW8V<bOW8.q5y9HvFEM58KJ7:G<R@.7:3?58C<.

p
58C�i49;3OWY58KJVOi^5J7@9Q3?R@.X�;.4R£e*�*C<7:W|58KJ7@GOR@.�7:3?58C<.

p
58C�i49;3OWY58KJVOiq587:9;3	R@.X�;.4R£{Ob�S�58C<.\7@3O=<VOi^5J7@9Q3�C6S�G_9H5JC<.XW87:Wiq9Q365JEH7:3OWj.qr<EQi^58R:S

6
58KJ7nEH3<pQR@V<RnEHK�iXEHGOW*7:3	58C<.c�

p+ 1
�h58C�iq9Q3OWu5JK8VFi^587:9;3UR@.X�;.XR�{I3OE;02.4R:S {Tp+1,j}2i1+2

j=2i1−3

Z�7[5JC
Tp+1,i ∈ {Tp+1,2i1−1, Tp+1,2i1}

ey-/.1EHRnWY9NCOE��;.kb�Sa5JC<.�7@3F=IVOi^5J7@�Q.kC6S�G_9H5JC<.XW87:Wj5JCOEP5

A ∩Rp,i1 ⊂
2i1+2⋃

j=2i1−3

Tp+1,j .

gò5�vx9;R:R:9PZ|W�5JCOEP5
A ∩ Rp+1,i ∩ Rp,i1 ⊂

2i1+2⋃

j=2i1−3

Tp+1,j .

ø|9PZ�{jWY7:3Oi4.
i ∈ {2i1 − 1, 2i1}

ZD.�W8.4.U58COEH52vx9;KaEHR:R
j ∈ {2i1 − 3, ..., 2i1 + 2} {�.47@58C<.XK |i − j| < 2

9;K
2 ≤ |i − j| ≤ 3

e�s<KJ9;0,58CO.NE;bF9P�Q.dG<KJ9P�;.X3�iqRnEH7:0�7[5�vx9;R:R@9PZ|WM58CFEP5�vx9;Kk.XEQimC
j
WYVFimC�58COEH5

2 ≤ |i − j| ≤ 3
{

(Tp+1,j ∼ T ) ∩Rp+1,i = ∅ ey�*C�VOW
A ∩ Rp+1,i ∩ Rp,i1 ⊂ T .�*C<.�7:3O=IVOiq587:9;3	58CO.43	vx9;R:R@9PZ|Wj7:3	58C<.1iXE;W8.`5JCOEP5

Rp+1,i ⊂ Rp,i1
{OE;Wj7:3U5JC<7nW|i4EQWY.

A ∩Rp+1,i = A ∩ Rp+1,i ∩ Rp,i1 ⊂ T .
-/.k58C<.XK8.4vx9;KJ.�GOK89P�Q.|58CFEP5�58CO7:W�7nW*5JC<.1i4EQWY.Qe�gò5|7nW|iqR:.XE;K8R:ScW8VIöciq7:.4365�589aW8C<9PZl5JCOEP5

OAp,i1 (Rp+1,i) ⊂ OAp,i1 (Rp,i1)

¦HL



E;W*7:3	58C<7nW|iXE;W8.
Rp+1,i = OAp,i1 ◦O−1

Ap,i1
(Rp+1,i) ⊂ OAp,i1 ◦O−1

Ap,i1
(Rp,i1) = Rp,i1 ,Z�C<7nimCU7nW�Z�COEH5�ZD.�3<.X.X=�e

-�7@58C<9QVI5|R@96W8W*9;vtpQ.43<.XKJE;R@7@5uSaZj.�0aE�S�EQW8W8V<02.`58COEH5
OAp,i1 (Tp+1,i) ⊂ 4((0, 0), (−H1(Ap,j/2, 0), (0, εH1(Ap,j))))

⊂ 4((0, 0), (−H1(Ap,j/2, 0), (0,H1(Ap,j)/100)))Z�C<.XK8. 4(a, b, c)
=I.X3<9H5J.XWd58C<.U58KJ7:E;3<p;R:.�7:3

R2 Z�7@58C��;.XKY5J7:i4.XW a, b EH3O= c e��*C<.	9H58CO.4K2i4E;W8.XWdvx9;R:R:9PZ Z�7[5JCW8S60202.q5JK87nikEHKJp;V<02.X3Q5mW4e
-/.�COE��;.

πOAp,i1


 ⋃

j:|i−j|<2

OAp,i1 (Tp + 1, j)


 ⊂

{
t

(
−H1(Ap,j),−

H1(Ap+1,j)

100

)
+ (1 − t)

(H1(Ap,j)

2
,
2H1(Ap+1,j)

100

)
: t ∈ [0, 1]

}
;

W89\5JCOEP5
OAp,i1


 ⋃

j:|i−j|<2

OAp,i1 (Tp + 1, j)


 ⊂ {x = y + z}

Z�C<.XK8.
y ∈

{
t

(
−H1(Ap,j),−

H1(Ap+1,j)

100

)
+ (1 − t)

(H1(Ap,j)

2
,
2H1(Ap+1,j)

100

)
: t ∈ [0, 1]

}

EH3F=
z ∈

{
2sH1(Ap+1,j)

(−4

100
, 2

)
: s ∈ [−1, 1]

}
.

�*COEH5|7:W
OAp,i1 (Rp,i)

7:W�E2W8V<bOW8.q5|9;v�58CO.1TQVFE;=IKJ7@RnEP5J.4KmEHR�Z�7@58C?�;.XKY5J7:i4.XW
V1 := (−1.54H1(Ap,j), 2H1(Ap+1,j)), V2 := (0.96H1(Ap,j), 2.04H1(Ap+1,j))

V3 := (1.04H1(Ap,j),−2H1(Ap+1,j))
E;3O=

V4 := (−1.46H1(Ap,j),−2.04H1(Ap+1,j)).ø|9;587:3<pc5JC<.43�58COEH5X{f=IVO.d5J9c58CO.dv~EQi^5�58COEH5
ψ(0, ε) < π/32

EH3O=?5JC<.Np;.43O.4KmEHRfv~EQi^5�58COEH5
ψ
Tp,j
Tp,j+1

< 2ψ(0, ε)��vxKJ9;0��u¡>�8�jZD.�pQ.q5
H1(πx(OAp,i1 (Tp,j))) > cos

(π
8

)
H1(Ap,j) > 0.9H1(Ap,j)

vx9;K|E;R@R
j
WYVFimC�5JCOEP5 |j − i1| < 2

{<EH3F=	W87:3Oiq.
H1(Ap+1,j) =

1

2
(1 + 16ε2)1/2H1(Ap,k) < 0.6H1(Ap,k)

Zj.�CFE��;.
Rp,i1 = OAp,i1 (Rp,i1)

⊃ [−1.9H1(Ap,j), 1.9H1(Ap,j)] × [−2H1(Ap,j), 2H1(Ap,j)]

⊃ [−3H1(Ap+1,j), 3H1(Ap+1,j)] × [−3H1(Ap+1,j), 3H1(Ap+1,j)].

¦Pz



��7:3Oiq.1i4R@.>EHKJR@S
V1, V2, V3, V4 ∈ [−3H1(Ap+1,j), 3H1(Ap+1,j)] × [−3H1(Ap+1,j), 3H1(Ap+1,j)]

7@5|vx9;R:R@9PZ|W�58COEH5
OAp,i1 (Rp+1,i) ⊂ OAp,i1 (Rp,i1 )

EH3O=U5JC6VFW�58CFEP5
Rp+1,i ⊂ Rp,i1

iq9Q02G<R@.4587:3<pa5JC<.1G<KJ9�9Hvw9Hv���Q�^e ♦

ÒcÓ�! " Û�å1æ�ßUâwÛ$#�âwÝ�Ø/Û*â�á�Ö4Û�æ Ý�%
Aε

å1à�& Aε

��9	i49;02G<R:.q58.\58CO.2i4R:EQW8W87@oFi4EH587:9;3�9Hv('M.4oO3<7@587:9;3/� Zj.N3<.4.>=�589	.XWY5JE;b<R:7:W8CBW89;02.N0N.>E;W8V<KJ.dG<KJ9;G_.4K8587:.XW`9Hv
AεEH3F= Aε

e��*C<.\i49;02G<R:.q58.dG<K89�9;v~W|9Hvy5JC<.NG<K89QGF.XKY5J7@.>W4{FC<9PZj.4�;.XKX{F7@3��Q9;R:�;.kvxV<K858C<.XK�i49;3OWY58KJVOiq587:9;3�EH3F=?G<K8.XR@7:027 �3OE;K8S?KJ.XW8V<R[5mW|5JCOEP5�EHGOG<R@S?5J9U029QK8.\p;.43O.4KmEHR�W8.q5mW`58COE;3�589�)uVOWY5
Aε

EH3F= Aε
ed�I9UE;W�3<9;5M5J9	=I9QV<b<R:S�G<KJ.XW8.43650aEP5J.4KJ7:E;R�{�Zj.`G<KJ9P��7:=<.|58CO.`3<.>iq.>W8WJEHKJS2G<K89�9;v~W}vx9QKD5JC<.kG<KJ9;G_.4K8587:.XW��~WY5JEP5J.X=�bF.XR@9PZM�}58COEH5�ZD.�3<.4.>=avx9QK

Aε
E;3O=

Aε
7:3UADCOEHGI5J.4K��Oet�*CO.4SdZ�7:R:ROb_.�G<K8.>WY.X3658.X=2EQW}iq9QK89QR@RnEHKJ7@.>Wf5J9�58CO.�3<.Xi4.XWJW8E;K8S�5J.XimC<3O7:iXEHR<KJ.XW8V<R@5JWyG<KJ9P�;.X3\EHv�58.4KEHR:R�9Hvt58CO.�3<.Xi4.XWJW8E;K8Sc=I.4oO3<7@587:9;3OW*.>Wu5mEHb<7:RnWYC<7:3<pN58CO.�p;.43O.4KmEHR:7:WJEP5J7@9Q3OW�9;v�5JC<.�WY.45

Aε
COE��Q.`b_.4.X3	0aEQ=I.;e

gh3¤.XWJWY.X3Oiq.Q{�Zj.	3O.4.X=�589�W8C<9PZ 5JCOEP5
Aε

EH3F= Aε
EHKJ.	3<9H5aZj.XEH��R:S�R@9IiXEHR:R@S H1 � oF3<7[5J.;e�gh3¤GOEHK8587niqV<RnEHKNZj.G<KJ.XW8.4365*58C<.kvx9QR@R:9PZ�7:3<p\KJ.XW8V<R@5JWX¢

��¨�ú�ú�Î�®f¯+*f¯�±F¯
Aε ¹ ¼1» ½ ´DÍ�³J¶>ñP¾[Ëc¾ ½ ÂJ¶H¾�¾ÌË H1 · í}» ¹ ´ò³ ë
, ­OÏP­.-/-�ÎIÏ10�®�¯2*�¯~±_¯
��½PÉ ³m¶;ÂmÅ y ∈ Aε

Ä Θ1(H1, Aε, y) = ∞.

��¨�ú�ú�Î�®f¯+*f¯�ý�¯
H1(Aε) = ∞.

, ­OÏP­.-/-�ÎIÏ10�®�¯2*�¯nýf¯
Aε

¶H» ¸ Aε
¶ É ³1» ½ ´jÍ�³J¶>ñP¾[Ëc¾ ½ ÂJ¶H¾�¾ÌË H1 · í}» ¹ ´ò³ ë

gh3�9;Km=I.XK*589cEHGOG<R@SU58CO.�0N9QK8.�pQ.43<.XKJE;R�K8.>WYVOR[5mW�G<KJ9P�;.X=URnEP58.XK�58925JC<.dE;bF9P�Q.�R:7nWu5J.X=?R:.4020aEP5JEaE;3O=�iq9QK89QR@RnEHKJ7:.XWZj.	=I9/3<.X.X=�5J9BGOK89P�Q.UE�5J.XimC<3O7:iXEHR*G<KJ9;G_9QW87[5J7@9Q3�WYG_.Xi47[o_i4EHR:R:S�EHG<G<R:7ni4EHbOR@.U589
Aε

EH3O= Aε
i49;3Oi4.4KJ3<7@3Op�58CO.EH3Op;R:.XW

θAn,i
vx9;K

A ∈ {Aε,Aε}
e

èkÏP­OéD­Fê>«x¬>«~­_ª¤®�¯2*�¯~±_¯
��½PÉ ³m¶;ÂmÅ�¼4³434ÀO³q»�ÂJ³ {i(n)}∞n=0

¼4¶P´ ¹ ¼ Ã Ë ¹ »�Ê i(n) ∈ {1, ..., 2n} Ãq½PÉ ³J¶QÂJÅ n ∈ N ∪ {0} Ä ¶H» ¸dÃq½PÉ ³m¶;ÂmÅ A ∈
{Aε,Aε}

∞∏

n=0

(cosθAn,i(n))
−1 = ∞.

èkÏP­f­_ô8õ��7:3Oiq. Aε
7nWaiq9Q3OWu5JK8VFi^58.>=�EQWaWY7:02G<R:S

Aε
Z�7[5JC�EH3¤9;G_.43�WY.45aK8.X0N9P�Q.X=�{}58C<.�i49;3OWY58KJVOi^5J7@9Q3�COEQW23<9H5cb_.4.X3EHR@58.XK8.>=�e*gò5Mvx9QR@R:9PZ|W*58CFEP5

θAεn,i(n) = θAεn,i(n)

vx9QKM.>E;imC
n ∈ N ∪ {0} E;3O= i ∈ {1, ..., 2n} e|sO9;K�5JC<7nWMKJ.XEQWY9Q3f{<7@57nW�WYVIöci47@.X3Q5�5J9aG<KJ9P�;.|5JC<.�G<KJ9;G_9QW87[5J7@9Q3�vx9QK

Aε
e

s<KJ9;0 58C<.1=I.4oO3<7@587:9;3OW|9Hv
cos

EH3O=
θAεn,i

�/'`.qoF3<7[5J7@9Q3
6.2.2

�DZD.�W8.4.�58COEH5�vx9;K|E;36SU=I.qoO3O.X=?imC<9;7niq.k9;v
n
E;3O=

i

(cosθAεn,i)
−1 =

H1(AAε
n+1,2i−1)

1
2H1(AAε

n,i)
.

¦;¦



��7:3Oiq. H1(AAε
n,i) = H1(AAε

n,j

vx9;K�.XEQimC
n ∈ N ∪ {0} E;3O=�.>E;imC i, j ∈ {1, ..., 2n} ZD.kCOE��Q.

(cosθAεn,i)
−1 =

H1(AAε
n+1,2i−1) + H1(AAε

n+1,2i)

H1(AAε
n,i)EH3F=c5JC6VFW

(cosθAεn,i)
−1 =

∑2n+1

j=1 H1(AAε
n+1,j)∑2n

i=1 H1(AAε
n,i)

=
H1(AAεn+1)

H1(AAεn )
.

5jSdVOW87:3<p1�f.X0N0aE
4.3.1

EH3O=\5JC<.�v~E;iq5}58CFEP5y58CO.
i
i4E;32bF.ME;K8bO7[5JKJE;K87:R@S1imCO9QW8.43f{QZD.|W8.4.*5JCOEP5yvx9QK�EH3�S\W8.XT6V<.X3Oiq.

{i(m)}∞m=0

n∏

m=0

(cosθAεm,i(m))
−1 =

n∏

m=0

H1(AAεm+1)

H1(AAεm )
=

H1(AAεn )

H1(AAε0 )
= H1(AAεn ) = (1 + n16ε2)1/2.

�*C�VOW
∞∏

m=0

(cosθAεm,i(m))
−1 = lim

n→∞
(1 + n16ε2)1/2 = ∞.

♦
�*C<.D¥}K89�9;v~Wf5J9`�f.X0202E

6.3.1
EH3O=1��.4020aE

6.3.2
Z�7:R@R6bF.jG<KJ.XW8.43658.>=�vx9;R:R@9PZ�7:3<p|¥�K89QGF96WY7@587:9;3

8.4.1
7:32ADCOE;GI58.XK�<e��M9PZD.X�;.4K>{6V<3O=I.XKD5JC<.kV<3O=I.XKJWY5JE;3O=I7:3<p\58COEH5*R:.4020aEP5mE

6.3.1
EH3O=

6.3.2
C<9;Rn=�{�Zj.kiXEH3UG<K89P�Q.M3<9PZl=<7@KJ.Xiq58R:Siq9QK89QR@RnEHKJ7:.XW

6.3.1
EH3F=

6.3.2
e

èkÏP­f­_ô|­Fô , ­FÏP­6-7-~ÎIÏ10¤®�¯2*�¯~±�f.45
y ∈ Aε

EH3O=
ρ > 0

{D58C<.X3�5JC<.4KJ.�7nWcE
y1 ∈ Aε ∩ Bρ/2(y)

W8VOimC¤58COEH5
Bρ/2(y1) ⊂ Bρ(y)

e���7:3Oiq.
y1 ∈ Aε

58CO.4KJ.\7nWkEa58KJ7nEH3<pQV<R:E;K�iXEHG
Tn,i(n,y) 3 y

vx9;K�.XEQimC
n ∈ N

ed�|RnWY9F{_58C<.XK8.N7:WkE;3
n0 ∈ N

W8VOimC�5JCOEP5
H1(An,i) < ρ/4

vx9QK�.XE;imC
n > n0

E;3O=
i ∈ {1, ..., 2n} W89\5JCOEP5 Tn,i(n,y) ⊂ Bρ/2(y1)

vx9QK�.XEQimC
n > n0

e
ø|9PZ�{*vxKJ9;0Ù5JC<.BW8S�0N02.458KJS�9;v�58C<./iq9;3FWu5JK8VOiq587:9;3�Zj.�W8.4.�5JCOEP5

Tn0+1,i(n0+1,y)
7nW	E H1(An0+1,i)

W8iXEHR:.iq9QG�Sc9Hv
A2−n0ε

e8�M9PZD.X�;.XKX{6vxKJ9;0ç��.4020aE
6.3.1

Zj.���3<9PZ
H1(A2−n0ε) = ∞ {I5JC�VOW

H1(Aε ∩Bρ(y)) ≥ H1(Aε ∩ Tn0+1,i(n0+1,y)) = H1(An0+1,·) · H1(A2−n0ε) = ∞.

gò5�vx9;R:R:9PZ|W�5JCOEP5
Θ(Aε, y) = lim

ρ→0

H1(Bρ(y) ∩ Aε)
ω1ρ

= ∞.

♦
èkÏP­f­_ô|­Fô , ­FÏP­6-7-~ÎIÏ10¤®�¯2*�¯nýs<9QK

Aε
58C<7nW*vx9QR@R:9PZ|W�=I7:K8.>i^58R:SavxKJ9;0!AD9QK89QR@RnEHKJS

6.3.1
e

ø|9PZ�{�WYV<GOGF96WY.\58COEH5 Aε
7nWkZj.XEH��R:S�R@9IiXEHR:R@S H1 � oO3<7@58.;e2�*C<.X3�vx9QK�.XE;imC y ∈ Aε

58C<.XK8.27nW�E	KmE;=I7:VOW
ρy > 0W8VOimC	58COEH5 H1(Aε ∩ Bρy (y)) <∞. {Bρy (y)}y∈Aε

7nW|EH3	9;G_.43�iq9P�Q.4K*9Hv Aε
W89258COEH5MWY7:3Oiq. Aε

7nW|i49;02GOE;iq5
58CO.4KJ.�0\VOWY5|.qrI7:WY5|ENoO3<7@58.1W8V<b�iq9P�;.XK {Bρyn (yn)}Qn=1

9Hv Aε
EH3O=�vxV<K858C<.XK|Zj.���3<9PZ�58COEH5

M := max{H1(Aε ∩ Bρyn (yn)) : 1 ≤ n ≤ Q} <∞.

¦Hü



gò5�vx9;R:R:9PZ|W�5JCOEP5

H1(Aε) ≤ H1

(
Aε ∩

Q⋃

n=1

Bρyn (yn)

)
≤

Q∑

n=1

H1(Aε ∩Bρyn (yn)) <∞.

�*C<7nW}iq9Q3658KmE;=I7ni^5J7@9Q3\7:02G<R@7:.XWy58COEH5y58C<.XK8.�0\VOWu5}.4rI7:WY5�E
y ∈ Aε

WYVOimCN5JCOEP5yvx9QK}.XEQimC
ρ > 0 H1(Aε∩Bρ(y)) =

∞ E;3O=c5JC<.4KJ.qvx9QK8.�5JCOEP5 Aε
7nW*3<9H5|Zj.XE;�6R:SaR:9�iXEHR:R@S H1 � oO3<7@58.Qe ♦

ù�¨�ú�Î<Ï>ûfêQõ¡>�*�MR[5JC<9;VOp;C?COE���7@3Op2E;3?7@3IoF3<7[5J.4R:SU=I.X3OW8.�GF9Q7@365M7nW*3<9H5M58COEH5|V<3Oiq9Q020N9Q3f{OE;3O=	7@3	v~E;iq5|COE���7@3Op2EaW8.q5|9;v H1G_9QW87[5J7@�Q.c02.XE;W8V<KJ.a9Hv�G_9;7:3Q5mW19;v H1 7:3IoO3<7@58.	=I.43OW87@5uSB7nWd3O9H5dV<3Fiq9;02029;3�{�5JCOEP5 Aε 7nWdE�W8.q5N9Hv9�ME;VOW8=<9;K8þ=I7:02.43OW87@9Q3�¡29;vDG_9QW87[5J7@�Q. H1 02.>E;W8V<K8.\58CFEP51COEQW`7:3IoO3O7[5J. H1 =I.43FWY7@5uS�EP51E;R@RyG_9;7:365JWk9Hvj7[5mW�iqR:9QW8V<KJ.\7nW�R:.XWJWiq9Q020N9Q3f{�Z�C<7nimCc0aEH�;.>W
Aε
ENWY.45D9Hv�GF.>iqV<R:7:E;KD7:3658.XK8.>Wu5*7@3�7[5mWD9PZ�3�K87:p;C65DZ�7@58CO9;VI5�E;WJWY9Ii47:EH587:9;32589\58CO.`G<KJ9;G �.4K8587:.XW158COEH5\Zj.�EHKJ.ciqVOK8KJ.43658R:S�=I7:WJiqVFW8W87@3OpOe��*C<7nW17:3658.4KJ.XWY587:3<p�vx.>EP5JV<K8.�7:Wd9;3<.c9;v�58C<.U029H587:�PEP5J7@9Q3OW�vx9QK158CO.p;.X3<.4KmEHR:7nW8EH587:9;3OWD9Hv

Aε
7@3	5JC<.�R:EH58.XK`ADCOEHGI5J.4KmW*9Hvt¥wE;KY5�gj9Hv�58C<7nW|�*C<.>WY7nW4e

�;�1�|R@58C<9QV<C�ZD.aCFE��;.a9;3OR@S/WYC<9PZ�3/5JCOEP5d9Q3<.cW8VOimC�GF9Q7@365d.4r�7nWY5JW�vx9QK Aε
{tZj.ci4EH3�7:3/v~E;iq5\WYCO9PZ!��EH3O=�Z�7:R@RRnEP58.XK�WYC<9PZM�|58CFEP5k58C<.XK8.27nWkEUW8V<bOW8.q5�9Hv Aε

9;vD7:3IoO3<7@58. H1 02.>E;W8V<K8.dvx9;KkZ�C<7nimCB.>E;imCB.4R:.402.4365X{ x WJEP5J7:WYoO.>W
Θ1(H1,Aε, x) = ∞)

ekgò5`0aE�S?b_.;{�b<VI5k7:W`3<9;5`3<.>iq.XWJWJEHKJ7@R:S�5JK8VO.158CFEP5�58C<.\GF.>iqV<R:7:E;K`GOK89QGF.XKY5uS	9Hv
Aε

�x58COEH5.XEQimCU.XR@.X02.4365�9Hv
Aε

COE;W*7:3IoO3<7@58.\=I.43OW87@5uSI�DC<9QR:=OW*vx9;K Aε
e

LQ�\�*C<.Uv~E;iq5N5JCOEP5N58CO.4KJ.	E;K8.U7@3IoF3<7[5J.?GF9Q7@365JW29;v`=I.X3OWY7@5uS�7:3
Aε

EH3O= Aε
bF.>iq9;02.>Wd7:02GF9QKY5mEH365\vx9QKaEBW8.Xi �9;3F=�KJ.XE;W89;3���58CFEP5a7:WX{}vx9QKaE�KJ.XEQWY9Q3�9H5JC<.4KN58CFEH3�W8C<9PZ�7:3<p/3<9;3 � Zj.XEH�/R:9�iXEHR H1 � oF3OEHR:7[5uS<�d7@3¤WYCO9PZ�7@3<pB58CO.3<9Q3 � KJ.Xiq587@oFEHbO7@R:7[5uSa9;v Aε E;3O= Aε

e
ÒcÓ;: <!ØUØ	âtÝ|äcÖ4×�åká�Û

j =
&	Ö4×�Û�àUæ�ÖqÝ1à	å1ÚqÖmá.> Ý�%

Aε
å1à�& Aε

�ME���7:3<p?=I7:WJiqVFW8W8.X=�58C<.202.XEQWYVOK8.\58C<.X9;KJ.q5J7:iNG<KJ9;G_.4K8587:.XW�9Hv
Aε

EH3O= Aε
58COEH5dEHKJ.\KJ.XT6V<7:K8.>=�vx9QK`5JC<.40 589?b_.EHGOG<K89QG<KJ7:EH58.`i49;V<365J.4K�.qr<E;0NGOR@.>W�5J9��x7:�I�k�£�;�q{IZD.k3<9PZlpQ929;3c5J9cWYCO9PZ�58COEH5

Aε
EH3O= Aε

E;i^5JVOEHR:R:S�=I9aW8EH587nWuvxS58CO.�K8.>TQVO7@KJ.402.4365mWD9;v�5JC<.�'`.qoO3<7@587:9;3?9;vj�x7:�<�^e
��¨�ú�ú�Î�®f¯2?�¯�±F¯
Aε

¶H» ¸ Aε
¼4¶P´ ¹ ¼ Ã ËkÁ É8½ Á<³ É ´£Ë�î ¹ ï ð;ë

èkÏP­f­_ô8õ��7:3Oiq. Aε ⊂ Aε
{QGOK89P��7:3<p�58COEH5

Aε
WJEP5J7:WYoO.>W|�x7:�<�y7nW�W8VIöciq7:.4365}589dG<K89P�Q.*58C<.��f.X0N0aEOe�-/.|5JC<.4KJ.qvx9QK8.�G<KJ9Iiq.X.X=5892G<KJ9P�;.`58CFEP5

Aε
WJEP5J7:WYoO.XWk�~7@�<�^e

-/.�oOKmWY5?i49;3OW87:=<.4K?EH3�E;K8bO7[5JKJE;K8S�58KJ7:E;3<p;VOR:E;KUi4E;Gf{
Tn,i

vxKJ9;0�W89;02.4Z�C<.XK8.B7@3 9;VOK	i49;3OWY58KJVOi^5J7@9Q3fe s<KJ9;058CO.	i49;3OWY58KJVOi^5J7@9Q3�7[527nWNi4R@.>EHKd58COEH5N7@5N0\VOWY5Nb_.U7nW89QWJiq.4R:.XWXeBsOK89Q0÷�f.4020aE
6.2.1

E;3O=¤AD9Q3OWY58KJVOi^5J7@9Q3
4.2.1�xGFEHK8587niqV<RnEHKJR@S?5JC<.ciq9Q3OWY58KJVOi^5J.X=��Q.4K8587ni4E;RtCO.47:p;C65JWX{�EH3F=B��.4020aE

6.2.1
�u¡��Y��Zj.NW8.4.N58CFEP517@5k0\VOWY51COE��;.\58C<.5uZj92W89;K85JWj9;vwE;3<p;R:.XWX{

ψ(n, ε)
E;3O=

π − 2ψ(n, ε)
{IZ�CO.4KJ.;{OEQWD7:3@'M.4oO3<7@587:9;3

6.2.2

ψ(n, ε) = tan−1

(
22−nε

(1+n16ε2)1/2

2n+1

)

W89\5JCOEP5|Zj.kCOE��;.

lim
n→∞

ψ(n, ε) = lim
n→∞

tan−1

(
22−nε

(1+n16ε2)1/2

2n+1

)
= lim

n→∞
tan−1

(
22−n+n+1ε

(1 + n16ε2)1/2

)
= 0.

�~ü<e:¡>�

¦A�



-/.\3<9PZ imC<9�96WY.dE;K8bO7[5JKJE;K87:R@S?W89;02.
δ > 0

E;3O=
x ∈ Aε

e�-/.\W8C<9PZ�58COEH5M5JC<.4KJ.d7nW`E
rx
WYVFimC�58COEH5Mvx9QK`.>E;imC

r ∈ (0, rx] Aε ∩ Br(x) ⊂ Lδrx,r.

��7:3Oiq.?5JC<.�.X3O=IG_9;7:3Q5mWa9Hv
An,i

vx9;Ka.>E;imC
n
{
i
EHKJ.?3<9H5c7:3

Aε
{
x
7nWa3<9;5�EH3�.43O=<GF9Q7@365�W89�58COEH5cZD.���3<9PZvxKJ9;0÷�

6.1
��58COEH5�Zj.\iXEH3�imCO9696WY.\EH3

rx > 0
WYVOimC�58COEH5

Brx(x) ∩ A ⊂ Tn0,j0

vx9;KkWY9Q02.\imC<9Q7:i4.19Hv
n0 ∈ NEH3F=

j0 ∈ {1, ..., 2n0} EH3O=	W8VOimC�5JCOEP5�vx9QK|EHR:R n > n0

θδ := tan−1(δ) > 3ψ(n− 1, ε) + 2ψ(n− 2, ε) > ψ(n, ε).��7:3Oiq.
x ∈ Aε ∩ Tn0,j0

{Ovx9QKM.>E;imC
n > n0

{
x ∈ Tn,j(n)

vx9QK`W89;02.
j(n) ∈ {1, ..., 2n} eMs<9QKM.XEQimC r ∈ (0, rx]Zj.kiXEH3U58C<.XK8.4vx9;KJ.�imC<9�9QW8.�E;3

n1 > n0
EH3O=

j1 = j(n1)
W8VOimCU58COEH5 H1(An1,j1) ∈ [r/2, r).

-/.�3<9PZ�iq9Q3OW87:=I.XK
x
EQW�W87@02G<R:S¤bF.X7@3<p¤WY9Q02.�.4R:.402.4365U9;v

Tn1,j1

EH3O=�W8.q5
Lr,x

589�bF.�58C<./EPöa3<.�W8GOE;i4.GOE;KJE;R@R:.4R_589
An1,j1

iq9Q3Q5mEH7:3<7:3<p
x
e

-/.�3<9PZ�imC<.>im�a58CFEP5
22−n1ε > δr

2 .
s�7:KmWu5>{<ZD.k3<9;58.k5JCOEP5

δ > tan(ψ(n1, ε)) =
22−n1+n1+1ε

(1 + n16ε2)1/2
=

8ε

(1 + n116ε2)1/2Z�C<7nimC�Zj.kp;.q5jvxKJ9;0 58CO.kW8.4R:.Xiq587:9;3U9Hv
n1
ey�|RnWY9F{�vxK89Q0 58C<.�W8.4R:.Xi^5J7@9Q3�9;v

n1
Z�7[5JCUKJ.XW8GF.>i^5j589

r
5JCOEP5�Zj.`COE��Q.

r > H1(An1 , j1) =
(1 + (n1)16ε2)1/2

2n1W89\5JCOEP5
δr >

8ε(1 + (n1)16ε2)1/2

(1 + n116ε2)1/22n1
≥ 23−n1

p;7:��7@3Op?58C<.c=I.>WY7:KJ.X=/7@3O.XT6VOEHR:7@5uS;eU�*CO7:Wdp;7:�;.XWkVFWk58COEH5158CO.c�;.XKY5J7:iXEHRyC<.X7@pQCQ5\9Hv
Tn1,j1

7nW1R:.XWJWk5JCOEH3�COE;R[v*58CO.=I7nEH02.q5J.4K�9;v�5JC<.�3<.47:p;C�b_9;V<KJC<9�9I=a5JCOEP5|Zj.k3<.4.>=	E;K89QV<3O=
Lr,x

��58CFEP5|7nW
Lδrr,x

�qe}�*C6VFW
Br(x) ∩ Tn1,j1 ⊂ LδRr,x.gò5k9;3<R:S?K8.X02E;7@3FW|5J9UW8C<9PZ�58COEH5`5JC<.NK8.X02E;7@3F=I.4K`9Hv

Aε ∩ Br(x)
7nW�7@3OW87n=I.d9;vDEH3�E;G<G<KJ9;G<KJ7nEP58.\iq9;3O.\EHKJ9;VO3O=

Lδrr,x
e��I7@3Oi4.kvxK89Q0 58CO.1imC<9;7niq.k9Hv

n1
Z�7[5JC?K8.>WYG_.Xiq5j5J9

r
Zj.kCOE��;.�58CFEP5

Br(x) ⊂ πx
(
OAn,i

(
∪j:|i−j|≤1An,j

))
× [−2H1(An,i), 2H1(An,i)].�*C�VOWjvxKJ9;0ç��.4020aE

6.2.1
���Q�j7[5�vx9QR@R:9PZ|WD58COEH5�58C<.�KJ.40aE;7@3O=<.4K�9Hv

A
7:W�i49;365JE;7@3<.>=�7:3

⋃

i:0<|i−j|<3

Tn1,i

W89�5JCOEP5k7[51W8VIöciq.>WM5J9UGOK89P�Q.�58COEH5k58C<.>WY.\vx9;V<K�iXEHGOWkEHKJ.d7:3�5JC<.aEHG<GOK89QG<K87nEP5J.\i49;3<.NEHKJ9;V<3O=
Lδrr,x

e1-/.N3<9H5J.58CFEP5�58CO.�V<3<7:9;3	9Hvt58C<.>WY.�vx9;VOKMi4E;GOW*7:Wj5JC<.1W8V<bOW8.q5�9Hvt58C<KJ.4.
Tn1−1,k

iXEHGOWX{
Tn1,j1−2 ∩ Tn1,j1−1 ∩ Tn1,j1+1 ∩ Tn1,j1+2 ⊂ Tn1−1,j1−1 ∩ Tn1−1,j1 ∩ Tn1−1,n1+1.

5jSaiq9;3FWu5JK8VOiq587:9;3f{Q58CO.`0aEPrI7:0aEHRFE;3<p;R:.`=<7@�Q.4KJp;.43Fiq.*vxKJ9;0
Lδrr,x

5JCOEP5*EH3c.>=Ip;.`9;3�Ed3<.47:p;C�b_9;V<KJ7:3<p�58KJ7nEH3<pQV<R:E;Ki4E;G�9;v`9QKJ=I.XK
n1
iXEH3¤COE��;.U7:W

2ψ(n − 1, ε)
E;3O=�W87:0N7:RnEHKJR@S�vx9QKcE�5JK87nEH3<pQV<RnEHKai4E;G�9Hvk9;Km=I.XK

n1 − 1
{�58C<.0aEPrI7:02E;R}EH3<pQV<RnEHK1=I7:�;.XK8pQ.43Oi4.N7nW

2ψ(n − 2, ε)
eU��=<=I7:3<p?58C<.>WY.25J9;pQ.q58CO.4K��~Z�C<7:imC�7nW1E;iq58VOE;R@R:S�Zj9;KmWY.N5JCOEH3iq9QV<Rn=�G_9QWJWY7:b<R:Sc9Ii4i4V<Km�jZj.�oO3O=U58CFEP5�58CO.�02EHrI7@0aEHR�E;3<p;R:. É ³43qÀ ¹�É ³ º ³q»F´�vx9;K|E2iq9Q3<.�EHKJ9;V<3O= Lδrr,x 7nW

2ψ(n− 1, ε) + 2ψ(n− 2, ε) < 3ψ(n− 1, ε) + 2ψ(n− 2, ε)

< θδ .

¦H�



gò5�vx9;R:R:9PZ|W�5JCOEP5|Zj.k3<9PZ�CFE��;.
Br(x) ∩A ⊂ Lδrr,x.��7:3Oiq.

x
E;3O=

δ
Zj.4KJ.dEHKJb<7@58KmEHKJS;{O58C<7nW`W8C<9PZ|W|58COEH5

Aε
COE;W|58C<.\oO3<.\ZD.>EH�

1 � =I7:0N.X3OW87@9Q3OEHR ε � EHG<GOK89�rI7:02EH587:9;3G<KJ9;G_.4K85uSaZ�7[5JC?R@9Ii4E;R
rx
V<3O7[vx9QK8027@5uS;{��x58COEH5|7:WX{I7[5MWJEP5J7:WYoO.>W��x7:�I�8��EH3F=c5JC6VFW|iq9Q0NGOR@.458.XWj5JC<.�G<KJ9�9Hvue ♦

AD9;KJ9;R:RnEHKJS
6.3.1

EH3O=/�f.X0N0aE
6.4.1

E;R@R:9PZ VOW�5J9	GOK89P��7n=I.d5JC<.cEH3FWYZj.4K`589�T6V<.XWY587:9;3��x7:�<�2���Q�^eN-B.aG<KJ.XW8.436558CO7:W�KJ.XW8V<R@5*vx9;KJ02E;R@R:Sc7:3	58C<.kvx9QR@R:9PZ�7@3OpN�*C<.X9;KJ.40?e
B�C ¨�­OÏP¨�ú ®�¯D?�¯~±_¯
ì Å<³2¶P»O¼^Í�³ É ´ ½ î ¹ ï ð îòó ð2¹ ¼�» ½;ë
èkÏP­f­_ô8õs<KJ9;0 ��.4020aE

6.4.1 Aε
7nW*EdW8.q5j58COEH5*WJEP5J7:WYoO.XW��x7:�<�M�£�;�qe���7@3Fiq.;{6vxKJ9;0çAD9;KJ9;R:RnEHKJS

6.3.1
Zj.`��3<9PZ¤5JCOEP5

Aε
7:W3<9;5MZD.>EH��R:ScR@9IiXEHR:R@S H1 � oO3<7@58.17@5Mvx9QR@R:9PZ|Wj58CFEP5 Aε 7:W`Eaiq9;VO3Q5J.4K|.4r<EH02G<R:.k589a5JC<.dEH3FWYZj.4K*5J9��x7:�<�����Q�*bF.X7@3OpS;.>W4e ♦

ÒcÓ4E <!ØUØ	âtÝ|äcÖ4×�åká�Û
j =
&	Ö4×�Û�àUæ�ÖqÝ1à	å1ÚqÖmá.> Ý�%

Γε

�MW`G<KJ.4��7:9;VOW8R@S?=I7nW8i4VOWJWY.>=�{_58C<.\K8.X02E;7@3F=I.4K`9Hvy58CO.NE;3OWYZj.4KmW�5J9�9QV<K`=I.4oO3<7@587:9;3OW�EHKJ.\i49;02G<R:.q5J.4R:S	=I.XGF.X3O=I.X3Q59;3�W8C<9PZ�7:3<p�58COEH5
Γε

WJEP5J7:WYoO.XW��x�<�^e�-/.�WYCO9PZç5JCOEP5c5JC<7nWc7nWa58KJV<.Q{j9QK�EP5UR@.>E;WY5�WYVIöci47@.X3Q5JR@S�58KJV<.�7:3�58CO.vx9;R:R:9PZ�7@3<pB�f.4020aE<e���VIöci47@.X3Q5JR@S/5JK8V<.	C<.XK8.c02.>EH3OWd58COEH5\vx9QK\E;36S
δ > 0

ZD.	i4EH3�oO3O=�E;3�EHGOG<K89QG<KJ7:EH58.
εW8VOimC	58COEH5

Γε
iq9Q3OWu5JK8VFi^58.>=�Z�7@58C?5JC<7nW

ε
WJEP5J7:WYoO.XW��~�<�Dvx9;K�5JC<.1imC<9QW8.43

δ
eD�*C<7nW�7nW|W8VIöciq7:.4365MWY7:3Oi4.1=I.qoO3O7[5J7@9Q3�x�<�*7nWM=<.4G_.43O=I.X365M9;3�W89;02.1EHKJb<7@58KmEHKJSab<VI5MoOr�.>=

δ
VO3<R@7:�;.c�~7@�<�*Z�CO7:imC�KJ.XT6V<7:K8.>W

δ
5J9abF.\EHb<R:.�589ab_.dimC<96WY.X3EHKJb<7@58KmEHKJ7@R:S�vx9QKDEH3�SNWY.45DW8EH587nWuvxS�7:3<pc�x7:�<�^ey-/.MW8C<9PZ�oFKJWY5}58CFEP5

Γε
W8EH587nWuoO.>W|�x�<��EH3O=N5JC<.43aC<9PZ¤5JC<.|KJ.40aEH7:3<7:3<piqRnE;WJW87[oFiXEP5J7@9Q3cvx9;K|T6V<.>Wu5J7@9Q3OW��u¡��*EH3O=/���Q�Dvx9;R:R@9PZ|WXe

��¨�ú�ú�Î�®f¯GF�¯�±F¯
��½PÉ ¶P¾�¾ δ > 0

´xÅ<³ É ³d³H� ¹ ¼m´�¼d¶P» εδ = εδ(δ) > 0
¼^ÀOÂJÅ�´�ÅO¶P´

Γεδ
¼4¶P´ ¹ ¼�íj³^¼jÁ É8½ ÁO³ É ´£Ë�îòï ð Í ¹ ´xÅ É ³^¼£ÁO³JÂ4´�´ ½ δ ë

èkÏP­f­_ô8õ�f.45
0 < ε < 1/100

et-B.1W8C<9PZ�{�7:3Uv~EQi^5>{I58COEH5�58C<.XK8.k.4r�7nWY5JW�ENvxV<3Oiq587:9;3
δ(ε) : R → R

W8VOimC�5JCOEP5
lim
ε→0

δ(ε) = 0

W8VOimC�58CFEP5
Γε
W8EH587nWuoF.XWd�~�<�|Z�7@58C�KJ.XW8G_.Xi^5`589

δ(ε)
eMgò5�58CO.43�vx9QR@R:9PZ|W�5JCOEP5`vx9;KkEHR:R

δ > 0
58C<.XK8.\7:W�EH3

εδ > 0W8VOimC�5JCOEP5
δ(εδ) < δ I Γε 58C<.X3?WJEP5J7:WYoO.>W��x�<�jZ�7[5JC?K8.>WYG_.Xiq5�589 δ(εδ) E;3O=U58C<.XK8.4vx9;KJ.`Z�7@58C?KJ.XW8GF.>i^5�589 δ e

�f.45
w ∈ Γε

EH3O=
ρ ∈ (0, ρ0](= (0, 1])

e��*C<.43f{�EQWa7@3���.4020aE
6.4.1

{�Zj.���3<9PZ 5JCOEP5c5JC<.4KJ.�.qrI7nWu5mWaEH3
n ∈ N

WYVOimCU58CFEP5
w ∈ Tn,i

vx9;K|W89;02.
i
Z�7@58C H1(Tn,i) ∈ [ρ, 2ρ)

e
ø|9PZ�vxK89Q0ç�f.X0202E

6.2.1
�u¡�� {ψTn,jTn,j+1

}j=ij=i−1 < 2ψ(0, ε) < π
16

W89N58COEH5
O−1
An,i

(Rn,i) = O−1
An,i

(πx(OAn,i(∪j:|i−j|≤1An,j)) × [−2H1(An,i), 2H1(An,i)])

⊃ O−1
An,i

([−(0.5H1(Tn,·) + 0.9H1(Tn,·)), 0.5H1(Tn,·) + 0.9H1(Tn,·)]

×[−2H1(An,i), 2H1(An,i)])

⊃ O−1
An,i

([−ρ, ρ] × [−2H1(An,i), 2H1(An,i)]).

¦H�



�*C<7nW�7:0NGOR@7:.XWj5JCOEP5
Bρ(w) ⊂ O−1

An,i
(Rn,i).

�~üOe �Q�
s<KJ9;0��f.4020aE

6.2.1
�£�;�D7@5�vx9;R:R@9PZ|Wj5JCOEP5

Γε ∩ Bρ(w) ⊂
⋃

j:|i−j|<2

Tn,j ∪ O−1
An,i

(Rn,i)
c.

��7:3Oiq.Q{IvxKJ9;0 �
6.2
�

Bρ(w) ∩ O−1
An,i

(Rn,i)
c = ∅,

Γε ∩Bρ(w) ⊂
⋃

j:|i−j|<2

Tn,j
�~üOe L6�

EH3F=�029;KJ.k7@02G_9;K85JE;3Q5JR@SQ{�58COEH5
Γε ∩


Bρ(w) ∼

⋃

j:|i−j|<2

Tn,j


 = ∅.

��7:3Oiq.
sup{πy(x) : x ∈ OAn,i(Tn,i)} ≤ εH1(An,i) ≤ ε2ρEH3F=UW87@3Fiq.kvxKJ9;0ç��.4020aE

6.2.1
���Q�

OAn,i


 ⋃

j:|i−j|=2

Tn,j


 ⊂ C4ψ(0,ε)((0, 0))

EH3F=�C<.X3Oiq.

sup



|πy(z)| : z ∈ OAn,i


 ⋃

j:|i−j|=1

Tn,j ∩Bρ(w)





 ≤ sin(4ψ(0, ε))ρ

7@5�vx9;R:R@9PZ|Wj5JCOEP5
sup{|πy(z)| : z ∈ OAn,i(Γε ∩ Bρ(w))} < sup{2ε, sin(4ψ(0, ε))}ρ = sin(4ψ(0, ε))ρ

EH3F=c5JC6VFW�b�S�imC<9�9QW87@3Op
Lw,ρ||An,i

Zj.�CFE��;.
sup{|π⊥

Lw,ρ(z)| : z ∈ Γε ∩ Bρ(w)} < sin(4ψ(0, ε))ρ,

58CFEP5�7:W
Γε ∩ Bρ(w) ⊂ L

sin(4ψ(0,ε))ρ
w,ρ .

�*C�VOW
Γε

WJEP587nWYoO.XW/�x�<��vx9;K
δ > sin(4ψ(0, ε))

e -�CO7:imCf{kW87@3Oi4.
limε→0 sin(4ψ(0, ε)) = 0,

b�S�W8.q5Y5J7@3Op
δ(ε) = sin(4ψ(0, ε))

{IG<KJ9P�;.>W}5JC<.�R@.X0202EOe ♦
�*C<.|=I7:02.43OW87:9;3a9Hv

Γε
vx9QR@R:9PZ|WtvxK89Q0 5JC<.|Zj9;KJ�19HvJ�|VI5mimC<7:3OWY9Q3�K@¡�¦ML£ey�*C<.�GOK89�9Hv�7nW}T6V<7[5J.|7:36�Q9;R:�;.>=\E;3O=2WY9kZj.=I9k3<9;5wGOK8.>WY.X3Q5y7@5yC<.4KJ.;et-B.�Z�7:R:RIC<9PZD.X�;.XKtE;G<G<R:S��|VI5mimC<7:3OWY9Q3OWwG<KJ9�9HvFKJ.4pQV<RnEHKJR@S�E;WyEMvxV<3O=OEH02.4365JE;RI58CO.49;KJ.409Hv}=I7:02.43OW87:9;3?589aZ�CO7:imC�Zj.di4E;3?K8.>=IVOiq.1E;R@R�9Hvy9;VOK|7@3��Q.XWY587:pQEP5J7@9Q3OW*7:3Q5J9a58CO.d=I7:0N.X3OW87@9Q3�9Hvt58C<.\p;.43O.4KmEHR:7:W8.X=

N`9�imC/��.q5mW�iq9;3FWY7n=I.4KJ.X=�7@3�ADCOEHGI5J.4KmW��cE;3O=��Oe1gò5�7nW`58C<.XK8.4vx9;KJ.\7:02GF9QKY5mEH365�589?Wu5mEP58.\58CO.2�*CO.49;KJ.40�E;3O=�5J9W8C<9PZl5JCOEP5
Γε
WJEP5J7:WYoO.XWD5JC<.1iq9Q3O=I7@587:9;3OW*KJ.XT6V<7:K8.>=cvx9QK*58C<.1�*CO.49;KJ.40 5J9abF.1E;G<G<R:7@.>=�e

-/.|oOKmWu5D0N.X36587:9;3�E�KJ.XW8V<R@5�9HvPO�EH3O=I.XR@bOK89;5QK �Q�ML�K8.>TQVO7@KJ.X=\589\0aEH�;.|W8.43FWY.`9Hv�58C<.`K8.>WYVOR[5�7:3RK:¡>¦ML_58CFEP5DZj.|VOW8.;e
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èkÏP­OéD­Fê>«x¬>«~­_ª¤®�¯+Ff¯~±_¯²�³q´ {ri}Ni=1 µ ³N¶2¼4³434ÀO³q»�ÂJ³ ½uÃ Á ½ ¼ ¹ ´ ¹ ï�³ É ³m¶H¾f»OÀ ºaµ ³ É ¼ Ä ´�ÅO³q»�´�ÅO³ É ³N³H� ¹ ¼^´�¼d¶aÀI» ¹ 34ÀO³ D ∈ R
¼mÀOÂmÅ?´xÅ<¶H´

N∑

i=1

rDi = 1.

-�7@58C	58C<7nW
D
Zj.kiXEH3	3<9PZ�i49;3OW87n=I.4K*5JC<.1EHG<GOK89QG<K87nEP5J.MKJ.XW8V<R@5MEHb_9;VI5|=I7:02.43OW87@9Q3	vxK89Q0TK@¡�¦MLòe

B�C ¨�­OÏP¨�ú ®�¯+Ff¯~±_¯
U Ã

K =
N⋃

i=1

Si(K)

Í�Å<³ É ³ Si ¶ É ³NÂ ½ »O´ É ¶QÂq´ ¹~½ » º ¶JÁQÁ ¹ »�ÊP¼N¶H» ¸c¹ Ã ´�ÅO³ É ³N³H� ¹ ¼^´�¼�¶H» ½ Á<³4»�¼4³4´ O ¼^ÀOÂmÅ?´xÅ<¶P´
� ë 0 6= ∅
ó ë ⋃Ni=1 Si(O) ⊂ O

�Që Si(O) ∩ Sj(O) = ∅ Í�Å<³4»_³4ïP³ É i 6= j.

ì Å<³4» ¹ Ã ² ¹ Á Si =: ri Ãq½PÉ ³m¶QÂJÅ 1 ≤ i ≤ N
¶P» ¸ D ¹ ¼�´�ÅO³1ÀI» ¹ 3qÀO³ É ³m¶P¾f»FÀ º2µ ³ ÉyÃq½PÉ Í�Å ¹ ÂJÅ

N∑

i=1

rDi = 1

¸H¹�º K = D.

-/.Mi4E;3NE;G<G<R:S158CO7:WD�*C<.49QK8.X0Þ=I7:K8.>i^58R:S15J9�9;V<K}iXE;W8.�Z�7[5JC
Γε
b�S\EHGOGF.>EHR:7@3<p�5J9�¥}K89QGF96WY7@587:9;3

4.1.1
E;Wtvx9QR@R:9PZ|W4e

��¨�ú�ú�Î�®f¯GF�¯�ý�¯
��½PÉ ³m¶;ÂmÅ ε > 0 Ä ¸H¹�º Γε > 1 ë
èkÏP­f­_ô8õ
5jS\¥�K89QGF96WY7@587:9;3

4.1.1
5JC<.4KJ.|.qrI7nWu5>{6vx9;K�.>E;imC

ε > 0
iq9Q3Q5JKJEQi^5J7@9Q3a02E;GOW

S1
{
S2
Z�7[5JCU��7@G

Si = l(ε) > 1/2
vx9;K.XEQimC

i = 1, 2
EH3O=NEH3\9;G_.43NWY.45

O
WYVFimC158CFEP5w58C<.*KJ.XT6V<7:K8.X02.4365JW�9HvF�*CO.49;KJ.40

6.5.1
EHKJ.DWJEP587nWYoO.X=1vx9;K

K = Γε
e

gò5�vx9;R:R:9PZ|W�5JCOEP5
2∑

i=1

(
�f7:G

Si)
=I7:0

Γε = 1.

�*COEH5|7:W
2l
=I7:0

Γε = 1,
9QK�=I7@0

Γε = −
R:3

2R:3
l
> 1. ♦

-/.d3<9PZ COE��;.158C<.�5J9�9;RnW�589F{_E;3O=�=I9c7:3�5JC<.1vx9QR@R:9PZ�7@3Opc�*C<.49QK8.X0�EH3F=BAD9;KJ9;R:R:E;K8SQ{Ip;7:�;.k5JC<.\E;3OWYZj.4KmW*5J9��u¡��EH3F=B�£�;�Dvx9;K�9QV<K�KJ.40aEH7:3<7:3<pa=I.qoO3O7[5J7@9Q3OW4e
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