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0q8-03d ^ M[>;Fl,\2LFBnu�5M7>-efK5>IFIH5<B>u`?M7dada<?2LF-M72�FIH5<Q>I<j,78IM72503254�8I<?<�F@H5<>@<?dh,\>@�_8�efM[DED3MP:R03254h�GM[298;FI>@K9`�F@0EM[2

4.2.1
n

��25< ^ >@M ^ <?>IFkV]M\e Γε FIH9,\Fw8;H9M7K5DqA�ST<t25M7FI<BA¦25MP:gW�,78i0EF�038 ^ ,\>IFI0q`bK5Dq,\>@DEV]032LFI>@0E2O8;0q`UFIM�FIH5<�`?M7298;FI>@K9`bFI03M720q8gFIHO,PF
Γε
0q8�<j8I8I<?2LF@03,7DED3V�F@H5<�K52503M72]M7e�Fk:GM�8@`?,7DE<jA�`?M ^ 03<B8�M\eR0�Fl8;<BD�ekn}y�<w8IH5MP: F@H50q8N,Pe�F@<?>NFIH5<hefM[DED3MP:R03254A_<?~9250EFI03M7298Bn

É	Ê[ËXÌ ÍfÎBÍÐÏOÌ�ÑmÒ{ÓTÒ	�xÒ

iÕuô7Õ?ÜTç\ÖÇÕ�Öfë5ÕuÕbÜ�ô�ð9çPÚ�ÜOÖ{î-ç;ù-Ø�Ù�Ú�ÜTÕvçkù���Ü9Ú�Ö�Õ|Ù3ÕbÜ1ò\ÖfëLé

A
é × ñ E(A)

é�ØPÜTôQìlØPÙ�ÙTÖ�ë9ÕbïYÖ�ë9Õ�Ê�
 âOÊaæGÏOÍÐÌ�ÎBÿuÏ��
A ÝÔmÕbÖ

Tn,i × ÕaØUÖ�è�Ú{ØPÜLò7÷_ÙEØ\èQìlØ@ð Ý Tn,i ê�Ú�Ù�ÙXÖ�ë9ÕbÜ�ë5Ø\ó/Õ��	óPÕbè�Ö�Ú{ìlÕ�î�êmë_Ú{ì@ësê�Ú�Ù�Ù × Õhì@Ø\Ù�ÙEÕlôUÖ�ë9ÕvÊ�
 âTÊtæ�ÏTÍ{Ì�ÎBÿwÏ��
T Ý Ô�Õ?Ö An × ÕQØhîlÖ�Ø?òLÕiçkù�ìlçPÜ9îlÖ�è�÷9ì?ÖÐÚ{ç\Ü�Ú�Ü6Öfë5ÕiìlçPÜ5î�Ö�è�÷9ìbÖ�Ú{çPÜ�çkù Γε õ�� çPÜ9î�ÖÐè�÷9ì?ÖÐÚ{ç\Ü 4.1.1 ö éXê�Õ�Öfë5Õ?Ü�ô[Õ���ÜTÕÖfë5ÕiÕ@ôBò[ÕRð9çPÚ�Ü9ÖÐîNçkù

An × ñ
E(An) :=

2n⋃

i=1

E(Tn,i)

ØPÜ�ôhÖfë5Õ�Ê�
mâTÊ}æ�ÏTÍ{Ì�ÎBÿaÏ��
Γε
ØPè@Õ

E(Γε) :=

∞⋃

n=1

E(An).

y�<�8;<B<�F@H9,PFRF@H5<g<BA547< ^ M[0E2LFl8R,\>@<v,7DED�M7emF@H5<�`bM[>I29<?>l8�F@H9,PF|, ^5^ <j,\>R032	FIH5<�`?M7298;FI>@K9`�F@0EM[298=M\e Γε nÉ	Ê[ËXÌ ÍfÎBÍÐÏOÌ�ÑmÒ{ÓTÒ���Ò

iÕQô7Õ���Ü�Õ�Öfë5Õ�Ê�
mâTÊLæ�ÏOÍÐÌ�ÎBäÐÊLÿjÿ

Γε
ØPî

ΓEε := Γε ∼ E(Γε).

�vàPÏ9æGÏOÿjÍfÎjÍ{ÏTÌ¦ÑmÒ{ÓTÒ{ÓTÒø�ë5Õ?èIÕaØPèIÕiìlçPÜOÖÐèIØ[ìbÖ�Ú{çPÜ6ïaØlð7ðTÚ�Ü1òPîlé
S1
Ø\ÜTô

S2
éGØPÜ�ôUØ\Üsç@ð9Õ?Ü�î?ÕbÖÐé

O
é�î�÷9ìlë}Öfë5ØPÖ

ΓEε ⊂ O, S1(O) ∪ S2(O) ⊂ O, S1(Γ
E
ε ) ∪ S2(Γ

E
ε ) = ΓEε

ØPÜ�ô
S1(O) ∩ S2(O) = ∅.

�x÷_è�Ö�ë9Õbè
LipS1 = LipS2 = l := (1/4 + ε2)1/2

¨ �



�vàPÏxÏ�����ÇF|0q8�25M\FRF@MLMhA_0���`bK5DEF|F@Ma`lH9<B`l�hF@H9,PF�FIH9<�`bM72LF@>@,[`�FI03M72Udh, ^5^ 03254L8�:R0�F@H}��0 ^ 8I`lH50EF���`?M7298;F@,72LF@8 l A_<b~929<BA	S1V

Si(x, y) =

(
cos((−1)itan−1(ε) − π) −sin((−1)itan−1(ε) − π)
sin((−1)itan−1(ε) − π) cos((−1)itan−1(ε) − π)

)
v(x, y)

:RH5<B>I<
v(x, y) =

(
l

((
x
y

)
−
(

1/2
ε/2

))
+

(
1/2
ε/2

))

,\>@<g8;KO`lHwF@H9,PF
S1(T0) = T1,2, S2(T0) = T1,1

,\2OA�F@HLKO8
S1(A0) ∪ S2(A0) = S1(T0) ∪ S2(T0) = T1,1 ∪ T1,2 = A1.

�5K9>;F@H5<?>jWPS1Vv8I<bFIFI03254
O
FIM�SO<GFIH5<=M ^ <?2QJ[KO,7A_>@0EDq,PF@<?>l,\D[:R0�F@HN.7<B>;F@03`?<B8 {(0, 0), (1/2, 3ε/2), (1, 0), (1/2,−ε/2}:=<v8I<?<

ΓEε ⊂ T0 = A0 ⊂ O,FIHO,PF
S1(O)

0q8=FIH5<�JLK9,[A_>I03Dq,PFI<B>@,7D�:R0�F@H	.[<?>IFI0q`b<j8
{(1/2, ε), (1, 0), l((1, 0)− (1/2, 3ε/2)) + (1/2, 3ε/2), l((1, 0)− (1/2,−ε/2)) + (1/2,−ε/2)}

,\2OA
S2(O)

0q8�FIH9<�J[KO,7A_>@0EDq,PF@<?>l,\DTM\eX.7<B>;F@03`?<B8 {(0, 0), l(1/2, 3ε/2), (1/2, ε), l(1/2,−ε/2)}.
�ÇFRefM7D3D3MP:|8�F@H9,PF

S1(O) ∪ S2(O) ⊂ O
,\29AUFIHO,PF

S1(O) ∩ S2(O) = ∅.
Á=VtFIH9< ^ >IM_`?<BA_K5>@< P :=<a:R0ED3D�da<B,72�, ^ >IM_`b<jA_K5>@<QM7e=>@< ^ D3,[`b03254	,	F@>I0q,\2947K5Dq,\>v`?, ^ :R0EFIH�Fk:=Mt8;dh,\D3D3<?>uFI>@0��,\2947K5Dq,\>�`B, ^ 8vF@H9,PFa,\>@<h8;K5SO8;<?F@8�M7e�FIH5<h~O>@8;FBn	��29A_<B<BA�W efM7>Q,}FI>@03,72547K9D3,7>�`?, ^ T :R0EFIHZS9,[8;<hD3<?294\FIH b ,729A8I03A_<QDE<B254\F@H

l
:G<i, ^5^ D3V ^ >@M1`?<?<jA_K5>@< P FIM T FIMU47<bF P (T ) = T1 ∪ T2

:RH9<?>@<
T1, T2 ⊂ T

W
T1
,\29A

T2
,\>@<FI>@0q,\254[K5D3,7>u`B, ^ 8v:R0EFIH�S9,[8;<aD3<?2547FIH lb Wx8I03A5<iD3<?294\FIH l2 ,729A6SO,78I<i`?M70329`b0qA_03254}:R0�F@HsM[25<aM\e�F@H5<h8;0qA_<j8vM\e T n�5K9>;F@H5<?>�F@H5<�8;0qA_<gM7e

T
`bM70329`?03A_03254a:R0EFIH	FIH5<gSO,78I<uM7e

T2
0q8=FIH5<�8I03A5<g25M\F|`bM[0E2O`b0qA_0E294i:R0EFIH	F@H5<gS9,78I<vM\e

T1
n

T

P (T )

T1 ∪ T2 =: P (T )

� 0347K5>@< © n ý ¿�o�H5< ^ >@M_`b<B<BA_K5>@< P

À|M7FI<vF@H9,PF
S(Tn,i) ∪ S2(Tn,i) = P (Tn,i)

efM7>|,72LV
Tn,i
0E2UFIH5<�`?M7298;FI>@K9`bFI03M72	M\e

Γε
n

À|M7FI<wFIH9,\Fi8I0E29`?<hFIH9< ^ >@M_`b<B<BA_K5>@<7W P W�M\e�Fl,\�10E294tFk:GM�FI>@03,72547K5Dq,\>Q`?, ^ 8NM[2CFIH5<	8;H5M[>;F@<?>i8;0qA_<B8NM\e-,tK9250EM[2M\e 038IM[8@`b<BDE<j8GFI>@03,72547D3<�0q8|`?DE<j,\>@DEVh0321./,7>I0q,\2LF�K529A_<B>RM7>IFIH5M[47M[29,\DOFI>l,\298;efM7>@dh,PF@0EM[2 � 8I0E2O`b<�`lH5ML8;03254QFIH5<v25<B:�`?, ^
¨! 



FIMiST<u:R0EFIH90E2UFIH5< ^ >@<?.103M7K98GF@>I0q,\254[DE<�038�0329A_< ^ <B29A_<B2[FRM7e�M7>@0E<B2LF@,PF@0EM[2O�G,\29AwH5M7daM\F@H5<bFkV[WLFIH9,\F�0q8 P (R(T )) =
R(P (T ))

:RH5<B>I<
T
038i,\2Z0q8IM[8@`b<?D3<B8gFI>@03,72547D3<B8Q,\29A

R
0q8Q,72LV�M7>IFIH9M747M[29,\D�FI>l,\298;efM7>@dh,PFI03M72CM[2

R2 W�,\29A]0Ee
l ∈ R
W
P (lT ) = lP (T )

n��10E2O`b<
S1
,\2OA

S2
,\>@<g0E2OA_<?<jA#"kKO8kF�`?M7dQS50E2O,PFI03M72O8RM\eXH5M7daM7FIH5<?FkVU,\2OAUM[>;F@H5M74[M729,7DFI>l,\2O8kefM[>Idh,PF@0EM[2w:=<vH9,/.7<

P (Si(T )) = Si(P (T ))
efM[>

i = 1, 2
n

y�<6`bDq,\03d F@H9,PF
An = S1(An−1) ∪ S2(An−1)

efM7>w<B,7`lH
n ∈ N

n�ys<6,7DE>@<B,[A_VZH9,/.[<�,]8kFl,\>IFI03254 ^ M7032[F�
n = 1
��n�À-MP:gW58;K ^9^ ML8;03254iFIH9,\F An = S1(An−1) ∪ S2(An−1)

efM7>|8IM7da<
n ∈ N
W5:G<uF@H5<?2}H9,/.[<

An+1 = P (An) = P (S(An−1) ∪ S2(An−1)) = S1(PAn−1) ∪ S2(PAn−1) = S1(An) ∪ S2(An),

`bM[d ^ DE<?FI03254iFIH5<g0329A_KO`�FI03.7<�8I<bFl8?n�o�H5<B2xW98I0E2O`b< A1 ⊂ A0
W5:=<uHO,/.7<

ΓEε =
∞⋂

n=0

An ∼ E

=

∞⋂

n=1

S1(An−1 ∼ E) ∪ S2(An−1 ∼ E)

=
∞⋂

n=0

S1(An ∼ E) ∪ S2(An ∼ E)

= S1

( ∞⋂

n=1

An ∼ E

)
∪ S2

( ∞⋂

n=1

An ∼ E

)

= S1(Γ
E
ε ∼ E) ∪ S2(Γ

E
ε ∼ E).

♦

ªw«�$ %È¾�²'&	¶Uº)(+*-, ³#.�½m³N±p­a²=½m¾
y�<=29MP:�`bM[298kF@>IKO`�F FIH5<�Äb8;FI>l,\2947<B8;F/Ä�8;<?F@8Bn o�H5<j8;<�,\>@<G8I03di03Dq,\> FIM

Γε
0E2i`bM[298kF@>IKO`�FI03M72�WPH5MP:G<B.7<B>BWP,78 :=<G29M\FI<jA0320/�>@M ^ M[8I0�F@0EM[2 4.1.1

W\F@H5<�`?M7298;FI>@K9`�F@0EM[2aefM7>
Γε
>@<bFl,\03298�F@H5<-S9,[8;0q`|8IH9, ^ <|M7e�FIH5<-FI>@03,72547K5Dq,\>G`?, ^ 8?nXo�H50q8�:R03DED25M7F|SO<N8IK1��`b03<?2LFRefM[>RFIH5<�`B,78I<B8�:RH5<B2t:G<g:�,\2LF�FIM ^ >IMP.[< ^ >IM ^ <B>;F@0E<j8=efM7>RF@H5<�`?,[8;<g:RH5<B>I<g, ^5^ >@M/c103dh,PF@0EM[2988IH5M7K5DqAUH5M7DqAUefM7>|,\D3D

δ > 0
n�y�<vFIH9<?>@<befM7>@<v,\D3DEMP:�FIH5<g>@<?Dq,PF@0E.[<�H5<B0E4[HLF|M\e�F@H5<vFI>@0q,\254[K5D3,7>R`?, ^ 8=FIM�8IH5>I0325��W58IMFIHO,PFXFIH5<gÄb,72547D3<B8/ÄX0321.7M7D3.7<jAg032NF@H5<�F@>I0q,\2947D3<B8 , ^5^ >@M[,[`lH2�?<B>IMu,78m:G<=D3MLM[��,PF�8;dh,7DED3<?>X,\29AQ8;dh,7DED3<?>�8I<B`�F@0EM[298mM\eFIH9<�F@>I0q,\2947D3<B8Bn ¢�8G:=<u:R0ED3Dx8;<B<�Dq,PF@<?>jW1<?.7<B2hFIH9038R,[A3"kK98;FIda<?2LFR038=25M7F�8IK1��`b03<?2LFjn�ys<�FIH5<B>I<?efM7>@<�>@<?daMP.[<-,\D3D�M\eFIH9<-032[F@<?>@0EM[>�,PFG<B,7`lHh8;F@,747<7W7F@,7�7<7W[0E2U,�8;<B298I<7W[,�DE03da0�F�,\29Aa>@<?daMP.7<=F@H5<�, ^5^ >@M/c103dh,PF@0E254g8I<bFl8�,\2OAiFIH5<�<BA_4[<B8Bny�<udh,7�7<|F@H5<v8 ^ <B`?0�~O`v`?M7298;FI>@K9`�F@0EM[298GSO<BDEMP:r032t�GM[298;FI>@K9`�F@0EM[298 4.2.1 ,\29A 4.2.2

n ¢�8GHO,78=SO<B<?2Udi<B2LFI03M725<jA�WFIH9<�FIH90E>lA68I<bFu038-FIH5<B26,w`B,\>@<befK5D3D3V	8I<?D3<B`bFI<BA68;K5SO8;<?F�M\e�F@H50q8u`lH9M[8I<?2t03268;KO`lH6,�:�,/V	,[8RF@Mw<?2O8;K5>@<gF@H9,PFv0�Fu038`bD3M[8I<BAxni��2O`bM7> ^ M7>l,PFI<jA�032LFIM	FIH5<a~O>@8;FgM\e=FIH5<�`?M7298;FI>@K9`�F@0EM[298u038gFIH5<�A_<?~9250EFI03M72�M\e�<BA_4[< ^ M[0E2LF@8v>@<?D3<?.P,72[FvF@MFIH9<v`?M7298;FI>@K9`bFI03M72xn�o�H5<u25<?<jA�efM[>=FIH5<g`bM[29`b< ^ F�M\em<jA_47< ^ M7032[Fl8=038�S1V ^ ,78@8I<BAh032wF@H5<g8;<j`bM[29Aw`?M7298;FI>@K9`�F@0EM[2U,[88IH9,\D3D�SO<�8I<?<B2xn
þ ÏOÌ ÿBÎ?àPãmå7ÎBÍÐÏOÌ�ÑmÒ	�xÒ{ÓTÒ Ý�x<?F

1/200 > ε > 0
n�ys<vF@H5<?2t`?M7298;FI>@K9`�F�F@H5<�8;<?FBW5,[8 ^ >I<B.10EM[K98;D3V7W5,[8R,a8;K5SO8;<?F�M7e R2 n�ys<�8;F@,7>;FR:R0EFIH

A0,1 := [(0, 0), (1, 0)].

y�<vFIH5<B2}A5<?25M7FI<vS1V
T0,1
F@H5<

2ε
�ÐF@>I0q,\2947K5Dq,\>�`?, ^ M[2 A0,1

n
y�<g25MP:�8I<bF

A1 := (∂T0,1 ∼ A0,1),

�54



:RH50q`lH60q8|F@H5<aK52503M72�M7e�Fk:=MwD30E25<j8 � 29,7di<BDEV}F@H5<QFk:GM	8;H5M[>;F@<?>�<BA_4[<QD30E29<B8�M\e
T0,1
��W�:=<N2O,\da<NF@H5<QFk:GMUDE0325<B8

A1,i
W
i = 1, 2

nmomM�`bM72LF@0E21K5<[W7:=<�A5<?25M7FI<RS1V
T1,i
FIH9<

ε
��FI>@0q,\254[K5D3,7>�`?, ^ `?M7298;FI>@K9`�F@<BAQM72 A1,i

W\FIH9<
A1,i
SO<B0E294`bM[298I03A_<B>I<jAw,[8R,\2}<BA_4[<vM\e

T0,1
efM7>|<j,7`lH

i
n

y�<vFIH5<B2}8I<bF
A2 :=

(
∂

(
2⋃

i=1

T1,i

)
∼ A1

)
,

:RH50q`lHU:R03D3DxSO<�,iK5290EM[2	M7e
4
D30E29<B8

A2,i
W
i = 1, 2, 3, 4

WL<B,7`lH
A2,i
SO<B0E254h,72U<jA_47<gM7e ,QFI>@03,72547K9D3,7>�`B, ^ T1,i

n

A0,1

A1,1
A1,2

A2,1
A2,2 A2,3

A2,4

A3,5

A3,6

A3,7

A3,8

A3,1

A3,2

A3,3

A3,4

2ε

ε

ε/2

� 0347K5>@< © n �_¿��GM7298;FI>@K9`�F@0EM[2UM7e
Aε

y�<	`?M72LFI0321K5<�F@H5<	`?M7298;FI>@K9`bFI03M72Z0329A_K9`bFI03.7<BDEV[nZ¢-8@8;K5da032546:=<	H9,/.7<
An
W�,sK52503M72�M7e

2n
D30325<B8BW {An,i}2n

i=1FIHO,PFND30E<UM72�FIH9<wSTM7K529A9,\>@V6M\e
2n−1 F@>I0q,\2947K5Dq,\>N`B, ^ 8 {Tn−1,i}2n−1

i=1

W � ,\2OA
An
,tK5290EM[2]M\e

2n
FI>@0q,\254[K5D3,7>`?, ^ 8l��W_:=<u`?M7298;FI>@K9`�F 2n (21−nε)

��FI>@0q,\254[K5D3,7>=`B, ^ 8BW {Tn,i}2n

i=1

W_M[2w<j,7`lHwM7exFIH9<
2n
D30E29<B8BnX¢�8 ^ >@<?.10EM[K98IDEVa:=<21K5dNST<?>�ef>@M7d¹Ä�D3<be�F/Ä�F@M�Ä�>@0E4[H[FPÄ-8IMiFIH9,\F

Tn+1,2j−1 ∪ Tn+1,2j ⊂ Tn,j
n�ys<vF@H5<?2t8I<bF

An+1 :=

(
∂

(
2n⋃

i=1

Tn,i

)
∼ An

)
.

� 0E2O,\D3DEV[W5:G<gA_<?~925<

Aε :=
∞⋂

i=1

( ∞⋃

n=1

An ∼
i⋃

n=1

(An ∼ E)

)
∼ E =

∞⋃

n=1

An ∼
∞⋃

n=1

An,

:RH5<B>I<
E :=

∞⋃

n=1

2n⋃

i=1

E(An,i),

�5�



,\2OA
E(An,i)

A_<?25M7FI<j8gFIH9<�<?29A ^ M[0E2LF@8NM\e�FIH9<�DE0325< An,i n}¢�8 ^ >@<?.103M7K98ID3V7WmFIH5< ε >@<bef<?>l8vF@MtFIH5<U,\>@S50�F@>@,7>I03D3V`lH5ML8;<B2
ε > 0
,\F�F@H5<QST<?4[0E29250E294UM7e�FIH5<a`bM[298;FI>@K9`�F@0EM[2xW�:RH503`lHsdh,/V7W�M\eG`?M7K5>l8I<7WTSO<a`lH5M[8I<?2�W�,[8�8Idh,\D3D�,78�03825<j`b<B8@8@,\>@V7n ♦

�wÊ��Zá5à��xÿ6�
7 Ó+8�o�H5<|>@<?daMP.P,\D_M\eTFIH9<|<?29A ^ M[0E2LF@8�038�.7<B>IV�03d ^ M[>;Fl,\2LF�efM7>�FIH5<|<?c5,\d ^ D3<7n ��29`bD3K9A_03254gF@H5<|<?2OA ^ M[0E2LFl8�D3<B,/.7<j8^ M7032[Fl8g032CFIH5<w8I<bFgF@H9,PFN,7>I<h.[<?>IFI0q`b<j8?n��ÇF�:=M7K9D3AsFIH9<?2CefM7D3D3MP: F@H9,PFgF@H5<w8I<bF Aε :=M7K9D3As25M\FQSO<�,7S5DE<aF@M�ST<, ^9^ >IM ^ >@03,\FI<?D3Vh, ^5^ >IM/c_03da,\FI<jAhS1V�, ^ D3,725<u8I03dNK5DEF@,725<?M[K98;D3VaefM7>R,7DED δ > 0

n�Á=V�>@<?daMP.10E294�FIH9<u<B29A ^ M7032LF@8=:G<<?2O8;K5>@<vFIHO,PF�29M�<?D3<?da<?2LF-M7e
Aε
0q8-,\2t<B29A ^ M7032LFBn���2tFIH9038-:=,/V[W_efM7>u,\21V x ∈ Aε

,729A
δ > 0
:=<N`?,72t`lH5M1M[8I<,u>@,[A_03K98?W

rx > 0
W[8IK9`lHQFIH9,\F

Brx(x)
`bM72LFl,\03298X25Mg.7<B>;F@<bcgF@MLM�8IH9,7> ^ efM7>XF@H5<|, ^5^ >IM ^ >I0q,PF@< δ ��, ^9^ >IM/c_03dh,PFI03M72�n

7 ��8 ys<w,7>I<h,[8;�103254}di<j,78IK5>@<QF@H5<?M[>I<?FI0q`hJLK5<B8;FI03M7298Bnw�9M7>vFIH9038g>@<B,[8;M[2s0EFN0q8g03d ^ M7>IF@,72LFuF@Mt25M\F@<aFIH9,\F�FIH9<<BA547< ^ M7032LF@8
E =

∞⋃

n=0

2n⋃

i=1

E(An,i)

,\>@<N`?M7K52LF@,7S5D3<Q,\2OA}FIH5<B>I<?efM7>@<N,\>@<�M7e9�?<?>@M H1 da<B,[8;K5>@<7n E FIH9<?>@<befM7>@<�H9,[8-29M�<b��<B`bFuM[26,\21V H1 �Çda<B,[8;K5>@<^ >@M ^ <?>IFI03<B8=F@H9,PFR:=<�,\>@<�D3M1M7�10E294a,\FBn
7 �:8 ¢�8h8kFl,PFI<jA�032¦FIH5<}>@<?dh,\>@��efM7D3DEMP:R03254Z�GM72LFI>@K9`�F@0EM[2

4.1.1
F@H5<�`lH5M[03`?<wM\e

ε < 1/100
0q8i0Ed ^ M7>IF@,\2LFjno�H5<v>@<B,78IM72wFIH9,\FR0�FRST<�8;Ma8;dh,7DEDx`?M7da<B8Gef>@M7d ^ >@M ^ <?>IFI03<B8=>@<BJLK503>I<jA�Dq,PF@<?>RM72UFIH9<uSO,78I<u,72547D3<B8=M\emFIH5<vF@>I0q,\25�47K9D3,7>|`?, ^ 8?n=o�H5038|:R0ED3D�ST<gefK5>IFIH5<B>|<bc ^ Dq,\0325<jAU:RH9<?2}FIH9<�>I<jJLK50E>@<?da<B2[Fl8�M72	FIH9<N,\254[DE<j8�SO<j`bM[di<j8|`bD3<B,7>Bn=�5M[>25MP:gWLH5MP:=<?.7<B>BW7:G<|29M\FI<|FIH9,\FG0EFG0q8�03d ^ M[>;Fl,\2LF�FIHO,PF ε < H1(A0,1)

� :RH503`lH�efM7>
Γε
,\29A

Aε
da<B,7298

ε < 1/4
��n��2�F@H5<h`bM[298kF@>IKO`�FI03M72O8-M7e

Γε
,\29A

Aε
0EFg038u03d ^ M[>;Fl,\2LF�F@H9,PFv<B,[`lHs8;F@,747<NM7e�FI>@0q,\254[K5D3,7>�`B, ^ 8u0q8u,	8IK5S98I<bFvM\eFIH9< ^ >I<B.L03M7KO8 � FIH9,\Fv0q8 ∪iTn,i ⊂ ∪iTn−1,i
�bn��ÇFg038v,7D38IMw03d ^ M[>;Fl,\2LF�F@H9,PFg,\DEFIH9M7K54[Hs`bD3<B,7>ID3V}M725<QFI>@0q,\254[K5D3,7>`?, ^ 032¦8IM7da<U8;F@,747<UM\e�`?M7298;FI>@K9`�F@0EM[2Z:R03DED�H9,/.[<U,6`?M7dadaM72 ^ M[0E2LFa:R0�F@H¦,s25<?0347H1STM7K5>@0E294tFI>@03,72547K9D3,7>Q`?, ^� F@H9,PFu038

Tn,i
,729A

Tn,i±1
:R03DED H9,/.[<N,�`bM[dadiM[2 ^ M[0E2LF��R:=<�25<?<jA}FIH9<�FI>@0q,\254[K5D3,7>-`?, ^ 8|M7e�,�4703.7<B2t8kFl,\47<NM\e`bM[298;FI>@K9`�F@0EM[2sF@M6ST<�M\F@H5<?>@:R0q8;<wA5038�"kM7032LFBn<;�<B8 ^ 0�F@<hFIH9<U`bM[298;FI>@K9`�F@0EM[2]<?298IK5>@0E254}F@H9,PFQFIH5<�FI>@03,72547K5Dq,\>Q`?, ^ 8H9,/.[<|25M725��0329`b>@<B,[8;03254gS9,[8;<u,\254[DE<�:R0�F@H�0329`b>@<B,[8;03254N8;F@,747<-M7e�, ^5^ >IM/c_03da,\FI03M72 � F@H9,PF�0q8 � S9,78I<�,72547D3<j� Tn+k,i ≤� SO,78I<u,72547D3<j�

Tn,i
��W58IH5M7K9D3A�FIH5<v.7<B>;F@03`B,\DTH5<?0347HLF � F@H9,PFR0q8

ε
�GM\e

T0,1
SO<v47>@<B,\FI<B>�FIHO,\2UFIH5<uS9,78I<uDE<B254\F@HxW1FIH5<B2

T1,1
:R0ED3DT25M\F=SO<u,N8IK5S98I<bFGM7e

T0,1
nX¢-D38IM9WL:=<-25M7FI<|F@H9,PF=0�e

T0,1
0q8G,72�<BJLK503Dq,PFI<B>@,7D5F@>I0q,\254[DE< � :RH50q`lH�:=M7K5DqAhST<

FIH9<Q`?,[8;<g0Ee
ε =

√
3/4
�=F@H5<?2�0EF-0q8�,iF@>I0q,\2947K5Dq,\>-`B, ^ n���2}F@H5038u`?,[8;<[W5H5MP:=<?.[<?>jW Tn,i = T0,1

efM[>-<B,[`lH
n ∈ N,\2OA

i ∈ {1, 2, ..., 2n} nX�ÇF-`?,72UST<�`?,7D3`?K5D3,\FI<jA�F@H9,PF-8IH5M7K9D3A ε < 1/4
FIH5<B2

l ≤ (
√
b2/4 + b2/4)2/b = 5b/16 < b/2

:RH5<B>I<
l
0q8�FIH9<N8;0qA_<gD3<?2547FIHtM7e

Tn,i
� efM7>�8IM7da<

n
,\29A},72LV

i
��,\29A

b
038|FIH5<gS9,[8;<gD3<?294\FIHtM7e

Tn−1,j

� efM7>-,72LV
j
��niom,7�L03254

ε < 1/100
`?DE<j,\>@DEVt8@,PFI0q8;~9<B8

ε < 1/4
8IM�FIHO,PFvFIH5<hA_<j8;03>@<BA�8;FI>@K9`�F@K5>l,\D ^ >@M ^ <?>IFI03<B8�di<B2LFI03M725<jA,\STMP.7<v,\>@<v0E2OA_<?<jA	8@,PF@038;~9<jAwK52OA_<?>�F@H5038-,78@8;K5d ^ F@0EM[2UM[2 ε nÉ	Ê[ËXÌ ÍfÎBÍÐÏOÌ�ÑmÒ	�xÒ{ÓTÒ

�mçPè�ÕlØ7ìlë
n ∈ N ∪ {0} Ø\ÜTô�ÕlØ7ìlë i ∈ {1, ..., 2n} Öfë5Õ?èIÕ�ÚqîgØ�ÖÐè�Ú{Ø\ÜLò7÷_ÙEØPè�ìlØ@ð Tn,i ì@ç\Ü5î�Ö�è�÷9ìbÖ�ÕlôhçPÜ An,i Ý 
iÕô7Õ?ÜTç\ÖÇÕNÖfë5ÕNó/Õ?è�ÖÐÚ{Õ@í}çkù

Tn,i
Ö�ë9ØPÖ=ÚqîvÜ�çPÖGÚ�Ü

An,i õ Ö�ë9ØPÖ=Úqîlé�Ö�ë9Õ�Ü�ÕbêróPÕbè�Ö�Ú{Õ@í	ì?èIÕlØPÖ�Õlô öw× ñ an,i Ý
þ ÏOÌ ÿBÎ?àPãmå7ÎBÍÐÏOÌ�ÑmÒ	�xÒ	�xÒ Ý¢-8 ^ >@<?.103M7K98ID3Vida<B2[F@0EM[25<BAw:G<u:R03DED�ST<uD3M1M7�103254Q,\F�,Q8;K5SO8;<?F=M7e Aε n�y�<uH9,/.7<u,\D3>I<j,7A_Va25M7FI<BA�FIH9,\FGF@H5<v<BA_4[<^ M7032[Fl8�M\e Aε ,\>@<g`bM7K92[Fl,\S5D3<7W_:=<v25MP:�4[0E.[<uFIH5<Bd",\2	M7>lA_<B>I032549n y�<vF@,\�[<

e1 = (0, 0), e2 = (1, 0), e3 = a0,1,\2OA�F@H5<?2}032	4[<?25<B>@,7D
e2+i+

Pn−1
j=0 2j = an,i.

� ¨



omMi4[0E.[<g,i`?DEML8;<jAw.[<?>l8;03M72UM\e
Aε
:G<gA_<?~925<�8I0Ed ^ D3V

Aε := Aε ∼ BAε

:RH5<B>I< BAε 038GFIH9<uK9250EM[2UM7em,a`bM[K52LF@,\S9DE<u`bM7D3D3<B`�F@0EM[2wM7emM ^ <?2	S9,7DEDq8GefM7>@di03254a,\2UM ^ <?2}`bMP.7<B>GM7e E(Aε)
8IK9`lHFIHO,PF

H1(πx(BAε)) <
1

2,\2OA�F@HLKO8
H1(πx(Aε)) >

1

2
.

o�H9,\F Aε
038U`bD3M[8I<BAp0q8 ^ >@MP.7<B2¦032�FIH5<�efM7D3DEMP:R03254Z�x<Bdada,9n��_0E29`?< E(Aε)

0q8w`?M7K52LFl,\S5D3<t0�FU038U`bD3<B,\>�FIH9,\F8IK9`lH6,w`?MP.7<B>|<bc_0q8kFl8?nuys<Q25<?<jA�W�H5MP:=<?.7<B>BW9FIH9,\F BAε SO<i`lH5M[8I<?2�FIMU,7DED3MP: Aε
F@MU8@,PFI0q8;efVUefK9>;F@H5<?>uda<B,78IK5>@<

^ >@M ^ <?>IFI03<B8Bna��2 ^ ,\>IFI0q`bK5Dq,\>jW�:G<h29<?<BAsF@H9,PF H1(Aε) = ∞ n�o�H50q8v>I<j8;K9D�F�0q8g`bDq,\03da<BA�0E2]��<?dadh, 6.3.2
,\29A

^ >@MP.7<B2�efM7D3D3MP:R0E254=/�>@M ^ M[8I0�F@0EM[2 8.4.1
n�+-MP: BAε 8IH5M7K5DqAUSO<g`lH5ML8;<B2U0q8RA_<B8@`b>@03SO<jAw032>;-<?~9250EFI03M72 8.4.2

,Pe�F@<?>FIH9<g25<B`?<B8@8I,7>IV ^ >@<?D303di0329,7>IV�`?M729`?< ^ Fl8�H9,/.7<vST<?<?2}<j8kFl,\S5D3038IH5<jA�n ♦
�wÊ��Zá5à����io�H5<?>@<h,\>@<iefM7K5> ^ M7032LF@8�`?M729`?<?>@250E294 Aε ,729A Aε

F@H9,PFN,7>I<a03d ^ M[>;Fl,\2LFvFIH9,\FN8;H5M[K5DqA6ST<h25M\F@<BA�n� 0E>l8;FID3V7WTFIH5<a<B2[F@0E>@< ^ K5> ^ M[8I<NM7eG,\DEFI<B>I03254 Aε F@M Aε
:=,[8|F@H9,PF Aε

8IH5M[K5D3A�SO<a`bD3M[8I<BA�nvy�<NF@H5<?>@<befM[>I< ^ >@MP.7<FIHO,PFuFIH50q8v0Ed ^ M7>IF@,72[F ^ >@M ^ <?>IFkV	0329A_<B<BA6H5M7DqA58BnN�1<B`?M729A_D3V7Wx,7D�F@H5M7K947H�:=<Q:R03D3DX8IH5MP:�F@H9,PF Aε ,\29A Aε
H9,/.[<

^ >@M ^ <?>IFkV � 03.5�a:R0EFIHr>@<B8 ^ <j`�FhFIM j = 1
,\29A¦FIH1K98�H9,/.7<�A_03da<?298I03M72��7W=FIH9<68;<?F@8hHO,/.7<t8;M[da<t0E2LFI<B>I<j8kF@0E294

^ >@M ^ <?>IFI03<B8-0E2tF@H5<?dh8I<?D3.7<j8?n-�9M7>-FIH50q8->@<B,[8;M[2�,\29At,[8�8IK ^5^ M7>IF|efM[>-F@H5<Q`?M7298I038;FI<B29`bV	M\e�F@H5<N>@<B8IK5DEF@8-H5<?>@<�:=<^ >@MP.103A_<[W/0E2a¢ ^5^ <?2OA_0�ci¢�W\,uA_0E>@<B`bF ^ >IM1M\e9FIH9,\FmF@H5<RA_0Eda<B298;03M72QM\e Aε ,729A Aε
0q8G�[nmo�H503>lA_DEV[W7,78 :=<�:R03DED58IH5MP:032Q`lH9, ^ FI<B> Ã W/FIH5<�<bc_M7FI0q`�`bM[K52LFI<B>I<?c_,7d ^ DE<j8�M7e Aε ,\29A Aε

,7>I<G25<B`?<B8@8I,7>IV[n�� 0E29,7DED3V7W\,[8X,-8IK ^5^ M7>IFmF@M-F@H5<G0qA_<j,FIHO,PF�`bM[K52LFI<B>�<bc5,\d ^ D3<B8XF@M � 03._� �Ð¨ � 29<?<BAi25<j`b<j8I8@,\>@0ED3VgST<|S9,7A5DEV�ST<?HO,/.7<BAiS5K5F�diM[>I<�03d ^ M[>;Fl,\2LFID3V�F@M�,\298I:G<B>� 03030q�-,\29A � 0E.5� � �[�bWO:=<N29M\FI<�FIH9,\F
Aε
W Aε
,\>@<g25M\Fu>I<j`�FI0E~O,7S5DE<[nR��2tFIH9<B8I<�~9>l8kFu8;0Ec�`lH9, ^ F@<?>l8|A_<j8I`?>I03S503254hFIH9<`bDq,78@8I0�~O`B,PF@0EM[2�FIH9<g>I<j8;K5DEF|:R03DEDxST<vefM7>@dh,\D3DEV�8;F@,\FI<jAUS9K_F|:R0�F@H5M7K5F ^ >IM1M7ekW1FIH5< ^ >IM1M\e 038 ^ >IMP.10qA_<BAUD3,\FI<B>R0E2	FIH9<o�H5<j8;0q8?n�o�H50q8G038GSO<j`?,7K98;<|FIH5< ^ >@MLM7e�M\e�FIH9<-e{,[`�F�F@H9,PF Aε ,729A Aε

,\>@<|25M\F=>I<j`�F@0�~O,7S5D3<-0q8�.[<?>@VNF@<B`lH5250q`?,7DO,729A>@<BJLK503>I<j8R8;K5SO8kFl,\2LFI0q,\D ^ >I< ^ ,\>l,PF@0EM[2Udh,\�103254h0EF-dNK9`lH}daM7>@<�`bM[21.7<?290E<B2[FRF@M ^ >@MP.7<uFIH5<N>I<j8;K5DEF-,78-,�`bM[>IM[DEDq,\>@VM\e FIH9<v8@,\da<v>@<B8IK5D�FRefM[>�FIH5<g4[<?25<B>@,7DE0q8I<BAw8I<bFl8�D3,\FI<B>R0E2	FIH9<�o�H5<?M[>I<Bd	n
?�Ê��@��átÑ�ÒA��ÒÐÓOÒ
Aε
ÚqîNì?ÙEç/î?Õlô Ý

�vàPÏxÏ����y�<v~9>@8;F|8;H9MP:£FIHO,PF
Aε ∪ E

038R`?DEML8;<jA�n
�GM72O8;0qA_<?>|,a`?M721.7<B>I4[<?2LF=8I<BJLK5<B29`b<vM\e ^ M[0E2LFl8 {xn} ⊂ Aε ∪E

n�y�<gdNK98;F-8;H9MP:£FIHO,PF
x := lim

n→∞
xn ∈ Aε ∪ E.

�Çe
x ∈ E

:=<�,7>I<=~929038IH5<BAxW[8IMv,[8I8IK5da<=FIH9,\F�FIH50q8�0q8�25M7F F@H5<|`?,[8;<[nmy�<R:R03DED_efM[>�<B,[`lH
n
A_<b~O25<R,\2h, ^5^ >IM ^ >I0q,PF@<8I<BJLK5<?2O`b<7W {xn,j} `bM[21.7<?>@4703254uFIM xn nXy�<-:R03DEDOFIH5<B2w, ^9^ DEVa,�A_0q,\4[M729,7D9,\>@47K9di<B2LF�FIM�F@H5<->@<B8IK5DEFI03254N8I<BJLK529`?<M\e�`bM[21.7<?>@4703254N8I<BJLK5<B29`b<j8?n

À|MP:gW1efM[>R<B,[`lH
xn
W_<?0EFIH5<B>

xn ∈ E
M[>
xn ∈ Aε

n
��2�FIH9<}~9>@8;Fw`?,[8;<

xn = ei ∈ E
efM7>�8IM7da<

i
,729A¦FIH5<B>I<6038�,72

n0 ∈ N
8IK9`lHpFIH9,\F

ei ∈ Am
efM7>�<j,7`lH

m > n0
nw�ÇFNefM7D3DEMP:|8uF@H9,PFNS1V6F@,\�103254 {xn,j}∞j=1

8;KO`lHsF@H9,PF
xn,j = xn

efM[>�<B,[`lH
j
W :G<�`B,\2]8I<?<aFIHO,PF�efM[><B,[`lH

j
F@H5<?>@<�0q8R,\2

m ≥ j
8IK9`lHwFIH9,\F

xn,j ∈ Am
n�yr0EFIHUFIH9<v8I<BJLK5<B29`b<

xn,j = xn
efM7>�<B,[`lH

j
:=<u,7D38IMNH9,/.[<

limj→∞ xn,j = xn
n

�7�



��2	FIH5<�8I<B`?M729A	`?,[8;<
xn ∈ Aε =

( ∞⋃

m=1

Am

)
∼

∞⋃

m=1

Am.

o�H1K98UFIH5<B>I<s<bc_0q8kFl8	,¦8;<jJLK5<?29`?<
xn,j
8IK9`lH£F@H9,PF |xn,j − xn| < 1/j

8IMZF@H9,PF
limj→∞ xn,j = xn

,729A
{xn,j}∞j=1 ⊂ ⋃∞

m=1Am
nXy�<=29MP:�,78@8;K9di<=F@H9,PFXFIH9<?>@<=0q8�,�~9250EFI<�21K5dNST<?>

q
8;KO`lHNF@H9,PF {xn,j}j ⊂ ∪qm=1Am,\2OAU8IH5MP:rF@H9,PFRF@H5<�,78@8;K9d ^ FI03M72wD3<B,[A58=FIMh,a`bM[2LFI>l,7A_0q`�F@0EM[2xnCB-29A_<B>RFIH50q8R,78@8IK5d ^ FI03M72xW58I0329`b< ∪qm=1Am

0q8R,~9250EFI<�K5290EM[2NM\eT`bD3M[8I<BA�D30325<B8 0EF 0q8�`bD3M[8I<BA�8IM�FIH9,\F
limj xn,j ∈ ∪qm=1Am

,\29A�FIH1K98
xn ∈ ∪qm=1Am

nX+|MP:=<?.[<?>jW8I0E29`?<
x 6∈ E

,729A ∪qm=1E(Am)
0q8�~O250�F@<7W

d(x,∪qm=1E(Am)) > 0
nXo�H1K98�032aFIH50q8�`B,78I<

xn ∈ ∪qm=1Am ∼ E
n�ÇFRefM7D3D3MP:|8�F@H5<?2}F@H9,PFR:=<g:GM[K5DqAwH9,/.[<

xn 6∈
( ∞⋃

m=1

Am

)
∼

∞⋃

m=1

Am ∪E = Aε ∪ E,

4703.10E294wK98-FIH5<i>@<BJLK503>I<jAt`bM72LF@>@,[A_03`bFI03M72xnuo�H5<?>@<QA5ML<j8-29M\F�<?c_038;FBWTFIH9<?>@<befM7>@<7W�,
q ∈ N

8;K9`lH�FIH9,\F {xn,j}j ⊂
∪qm=1Am

n�ys<g`?,72wF@H1K98;D3VhFl,\�7<g,i8;K9S98;<jJLK5<?29`?<g,\29AU>I<BD3,7SO<BD�FIMh,78@8IK5da<-F@H9,PF
xn,j ∈ Am

efM7>|8IM7da<
m ≥ jefM7>R<j,7`lH

j ∈ N
n

�GM7dQS503250E294QF@H5<vFk:=Ma`B,78I<B8BW1:G<v25MP:�F@,\�[<uFIH5<�8I<BJLK5<B29`b< {xm}∞m=1

4703.7<?2	S1V
xm = xm,m,

,\2OAh25M\F@<|F@H9,PF {xm} ⊂ ⋃∞
n=1An

8IM�F@H9,PF
limm→∞ xm ∈ ∪∞

n=1An
nXÁ=VQFIH5<v`bM[29A_0EFI03M72hF@H9,PF |xn,j −xn| <

1/j
W1F@H50q8|A_0q,\47M[29,\D�8I<?D3<B`bFI03M72	4703.7<B8=K98

x = lim
m→∞

xm ∈
∞⋃

n=1

An.
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( ∞⋃

m=1

Am

)
∼
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