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Introduction

Mathematical modeling has become an indispensable tool for the description and systematic
analysis of biological phenomena [1-4]. Biologists have revealed fundamental intelligence
about living systems by experimentally studying their structure and physiology in increasing
detail. But as the scope and depth of information virtually explodes, understanding the
intricate dynamical properties of (micro-)biological processes becomes more complicated.
Mathematical modeling offers a formal language to express such complex biological behavior,
to test assumptions and hypothesis about the functioning of biological systems with the preci-
sion of mathematics [5]. There exist different classes of mathematical modeling approaches to
describe the dynamics of biochemical reaction networks [4]: qualitative (e.g., by Bayesian or
Boolean networks), quantitative (based on deterministic or stochastic reaction kinetics), and
combined qualitative-quantitative approaches. Herein we deal with quantitative approaches,
being routinely used, for instance, to model and analyze metabolic pathways [6, 7], protein

interactions [8], or gene expression and regulatory networks [9].

Deterministic Approach: Traditionally, a quantitative approach is based on the macroscopic
view of chemical kinetics, where reaction processes are modeled by deterministic rate equations.
It assumes that the quantity of a species S; (i = 1,..., N) evolves as a continuous variable x;

in time t according to a set of coupled ordinary differential equations (ODEs) of the form

d
Ex,-zfi(xl,...,xN) (i=1,...,N).

Usually, such continuous-deterministic models are expressed in terms of molar concentrations
x; = X;/Q, where X; is the number of molecules of species S; and Q denotes the system
volume times the Avogadro constant. The functions f; are inferred from the stoichiometries
and assumed rates of the reactions in a given network [10]. The fundamental rate model in
deterministic reaction kinetics is the law of mass action, which has further led to a number
of important rate models in enzyme kinetics, such as the Michaelis—-Menten equation or

the Hill equation, cf. [4, 7]. A deterministic formulation can easily be extended to account
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for the spatial organization of biological systems and possible inhomogeneities in species
concentrations, e.g., by partitioning the system into spatial compartments or by combining
the reaction kinetics model with diffusion equations [4]. In this way, deterministic models
have been successfully used to describe and analyze reaction processes not only in chemistry,

but also in biochemistry and systems biology [4, 7, 11].

On a microscopic level, however, chemical reactions can be regarded as discrete, random
events resulting from collisions between individual molecules [4, 12, 13]. Hence, the assump-
tion of continuously changing concentrations in deterministic reaction kinetics becomes
clearly inaccurate if the number of molecules of some species are low. Moreover, variation
in the temporal order of reaction events leads to fluctuations in the number of molecules
around the average species levels. These inherent stochastic fluctuations (also called intrinsic
noise) arise from the lack of total predictability in molecular dynamics and quantum inde-
terminacy [10, 14], and are different from extrinsic noise caused by environmental changes
or interference with other processes [15, 16]. For low species levels, stochastic fluctuations
become significant and can affect the qualitative behavior of the system [17, 18]. In a small
number of molecules regime, a continuous-deterministic model thus constitutes a substantial

simplification and might not accurately describe the true system dynamics [10].

Stochastic Approach: There is considerable experimental evidence that stochastic effects play
a crucial role in many cellular processes like gene expression and regulation [19-24], where con-
stituents are typically present in small numbers. For this reason, the last decade has witnessed
an increasing interest in stochastic descriptions of biochemical systems. Stochastic reaction ki-
netics accounts for the inherent fluctuations in the discrete number of molecules by modeling
the state of the system X = (X1 (1), ..., Xn(t))" as a continuous-time, discrete-state Markov
jump process. By introducing a system compartmentalization, such discrete-stochastic models
can also be extended to account for spatial inhomogeneities [4]. The fundamental equation of
stochastic reaction kinetics is the chemical master equation (CME) that defines the temporal
evolution of the probability density function (PDF) of the system state. Unfortunately, only
few approaches exist to directly solve the CME for a general system [25-29]. The main problem
is that the state space grows exponentially with the number of species, which renders most

direct approaches computationally infeasible for larger reaction networks.

Indirect Methods: There exist a number of approximate solution techniques to the CME,

e.g., [30-35]. Instead of solving for the PDF directly, however, most of these methods are



based on Monte Carlo (MC)-simulations of the Markov jump process underlying the CME [30-
32]. Henceforth, we call MC-based methods indirect. The main advantage of indirect methods
is that they are easy to apply. With Gillespie’s stochastic simulation algorithm (SSA) [31], for
instance, one can compute a statistically exact realization by iteratively generating two random
numbers in order to determine when and which will be the next reaction that occurs in the
system. However, indirect methods also inherit the common disadvantages of MC-based
approaches: As the PDF is approximated by a statistical ensemble of realizations, there is
always a sampling error introduced. Depending on the quantities of interest (expectations,
higher moments or the PDF itself), the number of realizations # required to meet a certain
accuracy might be very large. Convergence is rather slow with the sampling error decaying
like C-n~"* [36, 37]. In addition, the constant C can be exponentially large if the system
exhibits switching behavior [38]."

Apart from the problem of judging the required number of realizations to build-up a
sufficient statistics, the computational costs of an exact realization is dictated by the total
number of reaction events that have to be simulated [10, 31]. This renders exact indirect
methods like the SSA numerically infeasible when applied to systems that include many
rapidly firing reactions or species present in large numbers. For this reason, it is often
necessary to sacrifice some of the accuracy of a discrete—stochastic system description to
obtain computationally faster indirect methods.

A common approach to accelerate stochastic simulations is based on a 7-leap condition [33,
34, 39-43] that allows to approximate multiple reaction events as independent Poisson or
binomial random variables. If the 7-leap condition is satisfied and all reactions are sufficiently
fast, the discrete Markov jump process might also be approximated by a continuous Markov
process, whose evolution is described by the chemical Langevin equation (CLE) [33]. Although
such continuous-stochastic models capture the effects of stochastic fluctuations [18, 44], their
simulation is usually performed indirect and still computationally expensive. Furthermore, the
underlying approximation might result in a misdescription of the true system dynamics [18, 45].
Another approach is based on a kind of quasi-steady state approximation (QSSA). QSSA-
based methods [46-52] rely on the assumption that variables associated with fast reactions
approach a quasi-stationary PDF, cf. [10]. The state changes resulting from fast reactions are
then approximated via their quasi-stationary PDFs and the system is propagated by effectively

simulating only the slow, unproblematic reactions.

"The example in [38] is a Hamiltonian system, where switching times increase exponentially with decreasing

system temperature.
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Hybrid Approaches: A different strategy rests upon the idea of employing a hybrid system
representation, i.e., approximating fast reactions associated with large number of molecules
as continuous processes, either in a stochastic [50, 53-56] or deterministic [50, 53, 57-62]
context, while simulating reactions that are not suited for a continuous approximation as
discrete stochastic processes. Hybrid approaches circumvent the problems related to a purely
discrete or purely continuous system representation by leveraging the advantages of both
approaches: They capture relevant stochastic effects arising from fluctuations in small number
of molecules, while reducing the computational complexity substantially. In contrast to QSSA-
based approaches, hybrid approaches do not depend on the existence of quasi-stationary

distributions of the fast modes. Furthermore, they can easily be generalized in application.

In this thesis, we are concerned with hybrid approaches that couple the discrete-stochastic
formulation of stochastic reaction kinetics with the continuous-deterministic formulation
of classical reaction kinetics. Such hybrid stochastic—deterministic approaches are moti-
vated by the limit behavior of the stochastic process that underlies the CME. As shown by
T. G. Kurtz [63], on compact time intervals, the deterministic process of classical reaction
kinetics approximates the stochastic process in the thermodynamic limit, i.e., the number of
molecules of all species and the volume of the system approach infinity (X; — o0, Q - o),
while the species concentrations converge to some finite value x; = X;/Q. It further turns
out that the reaction intensities grow linearly as the system approaches the thermodynamic
limit [14, 64]. Hence, if species are present in large numbers and reactions are fast, determin-
istic reaction kinetics is a good approximation to the CME. This well-known property is one

of the key facts exploited in hybrid stochastic-deterministic approaches [57-62].

Objective: In this thesis, we demonstrate that hybrid approaches are well-suited for the
modeling of large reaction networks that exhibit fluctuations due to some species present
in small numbers. Current hybrid methods [50, 53-62], however, almost exclusively rely on
MC-simulations of the Markov process associated with the discretely modeled subsystem.

They are hence indirect and suffer from the aforementioned disadvantages of indirect methods.

The main objective of this thesis is to exploit the concept of hybrid approaches in order
to derive a direct solution of the CME. The idea of our direct hybrid approach is to apply
only a partial limit to such species that are present in large quantities. Since a partial volume
limit is hard to justify for obvious reasons, we pursue a multi-scale expansion approach with
respect to a scaling parameter ¢ << 1. We link this ‘artificial” parameter ¢ to large species

levels and fast reactions, such that it plays a similar role as Q7! in the thermodynamic limit.



Based on a WKB-ansatz and Laplace’s method [65], we are then able to derive a system of
coupled evolution equations for the PDF of species present in small numbers and the related
expectations of species present in large numbers. As this effectively reduces the CME to
the small copy number subspace, its direct numerical solution (without MC-simulations)
becomes feasible whenever there are few species in low quantities present in the system. In
contrast to indirect hybrid methods, the impact of changes of the discrete distribution on the

dynamics of the continuous variables then has to be taken into account explicitly.

A first approach to directly solve the CME based on a partitioning of the state space was
proposed by Henzinger et al. [66]. In their approach a coupling is realized in two separate
steps: (i) propagation of the discrete distribution and the continuous variables for a small
time step; (ii) distribution of the continuous variables according to the changes in the discrete
distribution. In contrast, we present a closed hybrid approach that implicitly integrates
these propagation and distribution steps continuously. A similar approach has recently been
proposed by T. Jahnke [67]. Based on an error analysis of two model reduction approaches that
employ a product ansatz, identifying the direct product approximation of the CME solution as
the main source of error, a model reduction by conditional expectations (MRCE) is proposed.
The derivation of the MRCE-model is based on certain assumptions on the continuous
variables, such as zero covariance. These assumptions become in our multi-scale formalism
theoretically justifiable. Our approach thus also contributes to a deeper understanding of the
MRCE-model. Interestingly, we further find that the direct contribution of slow reactions on
the dynamics of the continuous variables is negligible compared to their indirect contribution

that results from changes in the discrete distribution.

Even though a hybrid formulation reduces the computational complexity, it does not
reduce the model complexity per se. Parameters of detailed biological models are often not
available and have thus to be estimated by fitting the corresponding mathematical model to
experimental data. But parameter estimation can only provide reliable results if the model
complexity is in balance with the amount and quality of data [68]. If this is not the case, the
model has to be simplified by exploiting reduction concepts like time-scale separation [69-71],
sensitivity analysis [72, 73] or balanced truncation [74-76]. Often, a reduced model also
provides further insight into features of the dynamic behavior of a reaction network [4].

We further study model reduction in the context of a detailed model of gene expression.
As classical reaction kinetics does generally not allow to model gene expression on the level
of single molecules (in particular a single gene), the underlying subprocesses of transcription

and translation are usually not explicitly incorporated in a deterministic model, but implicitly
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aggregated into effective protein synthesis rates [4, 77-79]. We propose a QSSA-like reduction
approach that allows to directly link such effective rates to the transcriptional and translational
processes given in a discrete—stochastic formulation of gene expression. As it turns out, the
derived functional relations are of particular value when analyzing the sensitivity of a reduced

deterministic model with respect to effective synthesis rates.

Outline: We begin by setting the framework and providing the background on stochastic
and deterministic reaction kinetics in Chapter 2. The general concepts and relevant properties
of both approaches are all reviewed, and, additionally, indirect methods for the simulation
of discrete-stochastic models are recalled and discussed. We further study the relationship
between deterministic and stochastic reaction kinetics in detail, including the important result
by T. G. Kurtz for the thermodynamic limit. We also introduce an asymptotic approximation
technique for the CME, providing an alternative approach to derive the ODE-model of
deterministic reaction kinetics as the large-size system limit of stochastic reaction kinetics.

In Chapter 3, we outline and discuss indirect approaches for the hybrid simulation of
biochemical reaction networks. We present a detailed derivation of a hybrid simulation
algorithm, where reactions are dynamically partitioned into stochastic and deterministic
processes. We apply this hybrid method to a mathematical model of the replication dynamics
of the human immunodeficiency virus (HIV). Based on the hybrid simulation results, we are
able to design and validate in silico a novel treatment strategy for HIV-infected patients that
can lead to significant improvements compared to conventional treatment strategies.

In Chapter 4, we use the asymptotic techniques introduced in Chapter 2 to derive a
novel hybrid stochastic—deterministic approach to solve the CME directly. Our direct hybrid
approach is capable of reducing the number of degrees of freedom of the CME-description
substantially. It does not suffer from the disadvantages of indirect methods studied in the
previous chapters and is more efficient if the reaction system includes only a few species
associated with low number of molecules. We illustrate the performance of our direct hybrid
approach by applying it to model systems of biological interest.

In Chapter 5, we use a detailed stochastic model of gene expression to derive effective
protein synthesis rates as typically incorporated in deterministic models of biochemical
systems. The model reduction approach we use effectively eliminates the transcriptional and
translational subprocesses and discloses their functional relationship to the effective synthesis
rates. We demonstrate and validate our approach on a protein interactions model of the

flagellar gene regulation cascade in Escherichia coli (E. coli). We further perform a sensitivity



analysis with respect to the parameters in the resulting deterministic formulation of this
system. Based on the derived functional relationships, we find that sensitivity with respect to
effective rates does not directly carry over to the aggregated detailed parameters, but breaks
down into more diverse relations.

In Chapter 6, we conclude by summarizing the presented results and outlining possible

directions for future work.
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Modeling of Biochemical Reaction Networks

In this chapter, we provide the necessary background for the reader unfamiliar with the
stochastic and deterministic modeling approaches. We first review the general description of
biochemical reaction networks as chemical systems, see Section 2.1. In Sections 2.2 and 2.3,
we study both formulations of reaction kinetics, the stochastic and the deterministic, their
underlying assumptions and properties. In case of the stochastic formulation, we additionally
review basic numerical simulation methods. We conclude the chapter by discussing the

relationship between stochastic and deterministic reaction kinetics in detail in Section 2.4.

2.1 The Chemical System

Consider a chemical system of constant volume V that is homogeneous, especially well-
stirred, and in thermal equilibrium at a constant absolute temperature T. The system includes
molecules of N chemical species S;, i = 1,..., N, which interact through M elementary
reactions Ry, 4 = 1,..., M." Given its stoichiometry, we can write an elementary reaction

generally as
Ryt SpySi+ =+ suySn = shiSi+ -+ sﬁNsN (u=1,...,M),

where s,; and sz ; € Ny denote the stoichiometric coefficients, specifying how many molecules
of §; react and how many molecules of S; get produced with a single firing of R, respectively.

. T . .
Hence, we associate a vector &, := (€,1,...,&un) € ZN to each reaction R, with

Eui = (s!‘t:i —su) (i=1...,N),

that gives the net changes in the number of molecules of the species caused by a single firing
of R,. We denote the possible number of molecules of a species S; by X; € No, i = 1,..., N,
such that X = (X3,..., X N)T € N(I)\] gives a possible state of the system. Now, if R, is of the

'An elementary reaction is assumed to occur in a single reaction step with no reaction intermediates and to

pass through a single transition state [80, 81].
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form 2 S} — S5, for instance, then &, = (-2, +1,0,..., O)T and a firing of R, would change

the state of the system from X = (X;, X3, X3, . .. ,XN)T toX=(X;-2,X+1,X5,.. .,XN)T.

Typically, the net changes &, of a chemical system are sparse vectors, as only a few species
participate in a particular reaction R,,.

In the following, we describe the system’s dynamics as a continuous-time process’
X(t) = (X1(t), ..., Xn(t))" taking values in NN, where

X;(t) := number of molecules of species S; at time t (i=1,...,N).

Assume the system is in state Xj at time ¢ = 0, i.e., X(0) = X, and denote by K, (¢) the
number of firings of a reaction R, up to time ¢ > 0, with K,(0) = 0 for every y = 1,..., M.

According to the net changes £, the state of the system at time ¢ > 0 is then given as

X(t) = X(0) + ) &uKyu(1),
u=1

with X(0) = Xo. In principle, we are thus left with predicting the reaction counts K, (t) for
everyu=1,...,Mand t>0.

In the stochastic framework this is realized by modeling every K, as a Poisson process
that increases in discrete steps with intensity a,, called reaction propensity, see Section 2.2.
Hence, X(t) is modeled as a continuous-time, discrete-state Markov jump process. In the
deterministic setting, the reaction count K, gets approximated by an average count that
continuously increases with rate v,, see Section 2.3. Consequently, in the deterministic
framework the system dynamics is approximated by a continuous (in time and state) process
x(t) that takes values in RY,. However, as one would probably expect, both rate functions,
the reaction propensity a, and the reaction rate v, are found to have a similar form, which is
determined by the specific type of a reaction R, described below.

Elementary reactions R, can be classified regarding their molecularity

N
|s;| = Z s/r“-,
i=1

that gives the number of molecules that react in a single firing of R, see [80, 81]. In general, one
distinguishes between: (1) unimolecular reactions with |s;| =1, (2) bimolecular reactions with

|s,| = 2 and (3) termolecular reactions with [s, | = 3. Termolecular reactions (and reactions

*Henceforth, we denote every process or time-dependent variable by a bold symbol, while elements of the

state space are set in normal font.



2.2 Stochastic Reaction Kinetics

of higher molecularity), however, are usually not considered, as they rely on the physically
improbable event of a simultaneous collision of three (or more) molecules [15, 82].> If the
system is open, we additionally consider a type of reaction that models the possible influx of

new molecules from an external source, i.e., @ —> ---.* We call such elementary reactions

with [s;[ = 0 source-like reactions.

2.2 Stochastic Reaction Kinetics

In the stochastic formulation of reaction kinetics, the initial assumptions on the system are

interpreted in a probabilistic manner [82]:

(a) Well-stirred: The position of a molecule is a uniformly distributed random variable,
such that the probability of finding the center of a randomly selected molecule inside a

subregion of volume §V is equal to §V/V.

(b) Thermal equilibrium: The velocity of a molecule is a random variable that follows the
Maxwell-Boltzmann distribution, such that the probability of finding the velocity of a

randomly selected molecule in the infinitesimal region d*v about velocity  is equal to

fup(¥)d>V, where
. m P mv?
Jun(v) = (ZrthT) eXp{_szT} (21)

is the Maxwell-Boltzmann distribution for the velocity v = (vy,v,, vZ)T of a parti-

cle with mass m. Here, kg ~ 1.38 x 10723 J/k denotes the Boltzmann constant, and

35 _ 2_ .2 2 2
d>v = dvydvydv, and v = v ” + v, " + 0,7

2.2.1 Reaction Propensity

Under the above premises, the fundamental hypothesis of stochastic reaction kinetics states
that [82]: Given the system is in state X at time ¢, then (i) the probability of a single firing of
reaction R, inside V' in an infinitesimal time interval [t; ¢ + 8t) is given by a, (X)dt + o(Jt);

*Ter- and higher-molecular reactions are typically stepwise reactions that involve at least two consecutive
elementary reactions with at least one reaction intermediate, see [15, 80, 81]. Therefore, they are not considered

separately in the following.
“Here and in the following, the symbol ‘@’ denotes the empty set.

11
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and (ii) the probability of more than one reaction event inside V in [#;t + &t) is equal to
0(8t), where o(dt) denotes terms f(8t) satisfying f(8¢)/8t — 0 as §t — 0.° The function

ay associated with each reaction Ry, with
a,(X)dt := probability, to first order in §t, that reaction R, will occur once
inside V in the next infinitesimal time interval [#; ¢t + 8t)
given that the system is in state X at time ¢,
is called reaction propensity in the chemical literature [30, 82]. It follows that the unit of a
reaction propensity a, is always equal to the inverse unit of time.
As shown by D. T. Gillespie in 1976 [30], the propensity a, of an elementary reaction R, is
of the general form
au(X) = cuhu(X), (2.2)
where ¢, denotes the specific probability rate constant of R,,, and h, (X) gives the number of

distinct combinations of R u reactant molecules available in state X.

Distinct Reactant Combinations

The number of distinct combinations of R, reactant molecules in a state X is given by the

product of binomial coefficients as

N
X;!
N ——— ifX;>s" . foralli=1,...,N
X. H 1 i< > 5 5
hu(X) = H( rl.) = Lzt st (X = spy)! Y (2.3)
T 0 otherwise,

where n! := [T}_, k denotes the factorial of a non-negative integer #.° Hence, the propensity
a, of an elementary reaction R, is a simple multivariate polynomial function of the number

of molecules X;,i=1,...,N.
Example 2.2.1. The bimolecular reaction Ry,: S; + Sj —> -+ (with i # j) has a propensity

of the form a;,(X) = 2, X; X i» whereas the bimolecular reaction Ry;: 25; —> -+ has a

propensity of the form a,, (X) = 2, Xi(X; — 1) /2.

*Henceforth, we use the following Bachmann-Landau notations: Suppose f and g are two functions defined
on some subset of the real numbers. We write f(x) = o(g(x)) as x — xo if and only if lim, ., f(x)/g(x) =0,
i.e., f grows much slower than g as x — xo. Similarly, we use the notation f(x) = O(g(x)) as x - xo if and
only if there exists a constant C such that lim, .| f(x)|/|g(x)| < C, indicating that the rate of growth (i.e., the
order) of f is not faster than that of g, cf. [65].

®Following the convention for empty products, we have 0! = 1.
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Specific Probability Rate Constant

The specific probability rate constant c, of a reaction R, is defined such that

c, 0t := probability that a particular combination
of R, reactant molecules at time ¢ will react accordingly

inside V in the next infinitesimal time interval [¢; ¢ + 0t),

see [82]. Thus, the unit of ¢, is always equal to the inverse unit of time.

Example 2.2.2 (see [82]). For bimolecular reactions, the probability c,dt is given by the
product of (i) the probability that a randomly chosen combination of R, reactant molecules at
time ¢ will collide during [#; ¢ + §t), and (ii) the conditioned probability that a given collision
is effective and the molecules will react according to R,,. An expression for the first probability
derives from premises (a) and (b) by considering the relative velocity of a selected combination
of R, reactant molecules (see eq. (2.1)) and the sub-volume that is critical for their collision.
This probability thus depends on the absolute temperature T and the volume V of the system.
The second probability usually relates to an energy barrier E,, called activation energy, that
has to be overcome in order for R, to occur. The fraction of molecules with a kinetic energy
greater than E, depends on the absolute temperature T, and turns out to be equal to the
familiar Arrhenius exponential form exp{-E,/(kpT)}, with E, given in molecular units.
For instance, if we assume the idealized case where the molecules of a species S; can
be regarded as hard spheres with mass m; and radius r;. Then, the rate constant c;, of the

bimolecular reaction Ry, S; + §j —> -+ is of the form

o /SkBTﬂ(Ti+7'j)zex K,
2= m, \% P kgT |’

where m, := m;m;[/(m; + m;) denotes the reduced mass of S; and S; (i # j).

2.2.2 Representation with Poisson Processes

Below, we briefly review some basic properties of Poisson processes. It follows that the
fundamental hypothesis of stochastic reaction kinetics essentially states that the number of
firings K, of a reaction R, can be represented by a Poisson process whose intensity is given

by the reaction propensity a.

13
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Review of Poisson Processes

Remark 2.2.1 (cf. [83-85]). A Poisson process P with intensity A is a continuous-time counting

process’ that satisfies:
(i) P(0) = 0 almost surely, i.e, P[P(0) = 0]= 1.
(ii) Its increments are independent and stationary.®
(iii) P[P (t+8t) - P(t) = 1] = A8t + 0(5t) as 8t — 0.
(iv) P[P(t+8t) - P(t) > 1] = 0(8t) as 6t — 0.

Since Y77, P[P (t + 8t) = k] = 1, it immediately follows from properties (iii) and (iv) that fur-
ther P[P(t + 8t) — P(t) =0] =1 - At + 0(5t) as 5t — 0. The expected number of events

in an infinitesimal time interval [#; t + &t) is given by
E[P(t+68t) - P(t)]:= > nP[P(t+8t) - P(t) = n] = 16t + 0(61), (2.4)
n=0

as 8t — 0. This shows that the intensity A of a Poisson process P can be understood as the
expected number of events per unit time, i.e., we can intuitively think of A as a rate.

If A =1, then P is called a unit Poisson process. If P is a unit Poisson process, then
P, (t) := P(At) is a Poisson process with intensity A. So far, we considered A to be constant
in time, in which case P, is called a homogeneous Poisson process. If the intensity of a Poisson

process is not constant, e.g.,

Pi(t) ::P(Lt/\(s) ds), (2.5)

then P is a non-homogeneous Poisson process with intensity A(¢).” The cumulative intensity
A(t) == Sé A(s) dsineq. (2.5) is a dimensionless quantity that can be considered as the internal
time of P, as it links the absolute time ¢ to the amount of time that has passed for P, see [86].
Thus, problems concerning non-homogeneous Poisson processes can be reduced to the

homogeneous case by utilizing time changes like eq. (2.5), cf. [87].

7 A counting process is an integer-valued stochastic process {N(t), t > 0}, satisfying: (a) N(¢) > 0 for all
t > 0; (b) N(t) is non-decreasing with ¢, i.e., if t > s then N(¢) > N(s); and (c) N(¢) is right-continuous, such
that N(t) — N(s) represents the number of events in (s; ¢], where t > s > 0.

A counting process N has independent increments if the number of events that occur in disjoint time
intervals are independent, i.e., if tp < t; < £, < --- then N(#x) — N(tx-1), k = 1,2, ..., are independent random
variables. N has stationary increments if N(t +s) — N(t) does not depend on ¢ but only on s > 0.

°The increments of a non-homogeneous Poisson process are in general not stationary.
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By property (ii), the increment P (¢ + s) — P(t) for any s > 0 after time ¢ is independent of
the past P (u), with 0 < u < ¢t. Thus, the future P(t + s) depends upon the past only through

the present value P (t), which shows that a Poisson processes is Markov jump processes.

Definition 2.2.1. A continuous-time stochastic process X (t) is a Markov process if for all
0 < s < t the probability distribution of X(t) given X (u), with 0 < u < s, depends only upon
X(s), ie., forall 0 <ty <ty <--<t, <s with arbitrary n € N and every Borel measurable

event X,
PIX(£) = X | X(t0), X (11, X(£). X(5)] = BIX(£) = X | X(5)].

A Markov process is called homogeneous, if P[X(t) = X| X(s)] depends upon s and ¢ only
through the difference ¢t — s > 0. If the state space of the Markov process is discrete (countable),

it is also called a Markov jump process.

The following results on Poisson processes can be found in most elementary books on
probability and stochastic processes, e.g. [83-85]. For convenience, we consider only the

homogenous case.

Theorem 2.2.1. Let P be a Poisson process with intensity A, then P (t) ~ Pois(At), i.e.,

B[P (1) = n] = e A0

n!

forallt>0andn e Ny.'°

Theorem 2.2.2. Let P be a Poisson process with intensity A > 0 and denote the successive
occurrence times of events by to =0 < t; < t, < ---. Then, the inter-arrival times T; := t; — t;_y,
i=1,2,..., areindependent and identically distributed (iid) random variables with T; ~ Exp(A),
ie.,

P[T; > 7] =™,

for every > 0.
Note. From Theorem 2.2.1 it follows that the expectation and the variance in the number
of events during (t;¢ + 7] are both equal to Az, i.e., E[P(7)] = At and Var(P(71)) = Ar,

respectively. By Theorem 2.2.2, the inter-arrival time T'; of a Poisson process with intensity A
has expectation E[T;] = 1/A and variance Var(T;) = 1/A2.

19Henceforth, we define 0° := 1.

15



Modeling of Biochemical Reaction Networks

16

Representation of Reaction Counts

In terms of changes in the reaction counts K, during an infinitesimal time interval [; ¢ + §t),

the fundamental hypothesis of stochastic reaction kinetics states that for every y = 1,..., M

P[K,(t+6t) - Ku(t) = 1] = au(X(t))8t + o(5t),
and further
P[K,(t+6t) - K,(t) > 1] = 0(6t),
P[K,(t+08t) - Ku(t) > 0,K;(t +8t) - K;(t) >0] = 0(8t), for j+u,

as 8t — 0. Now, let P, u = 1,..., M, be independent, unit Poisson processes. Since every
propensity a,(X(t)) is constant until the next reaction takes place and X(t) changes, we

thus have that for given X (s), s < t, and sufficiently small 8¢

t+4t t
PP, L a#(X(s)) ds|-Py, J;aH(X(s)) ds|=1]=a,(X(t))dt+0(5t),

and

1+t t
PP, L a,(X(s)) ds |- P, LaAX(s)) ds|>1|=0(d1),

t+8t t
PP, fo aM(X(s)) ds | -Pyu J;aH(X(s)) ds|>o,

t+6t ;
’Pj(fO aj(X(s)) ds)—Pj f aj(X(s)) ds) >0] = o(61), for j*u,

0

where the first and second equalities directly follow from property (iii) and (iv) of the Poisson
processes P, respectively, and the last equality follows from their independence. In fact, this
suggests that we can represent the reaction counts K, as non-homogeneous Poisson processes

with intensities ay, ie.,

Ku(t) = P#(Jt au(X(s)) ds) (u=1,...,M),

0

see [86, 88] for further details. The above equation is an example of a random time change
representation of stochastic processes, cf. [87].
From the above considerations, we thus find that the state of the system at time ¢ can be

represented in stochastic reaction kinetics as

X(1) =X(0) + >, fﬂ’P#(J a,(X(s)) ds), (2.6)
u=1 0
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where P, ¢t = 1,..., M, are independent, unit Poisson processes and X (0) denotes the initial
state of the system. Given the net changes &, and propensities a, of each reaction R, as
well as an initial state X(0), the stochastic equation (2.6) uniquely determines X(t).'" There
are other ways of relating the reaction propensities a, to the stochastic process X(t), cf.
Subsection 2.2.5. However, eq. (2.6) has the advantage of being intuitive and easily generalized
to incorporate additional effects, such as external noise or time delays [88]. As we will see in

the following, eq. (2.6) also suggests methods to simulate the stochastic process X(¢).

2.2.3 The Stochastic Simulation Algorithm

In the sequel, we introduce the most prominent procedure for generating an exact numerical
realization of the stochastic process X (). This method, called stochastic simulation algorithm
(SSA) or Gillespie’s Direct Method, was presented by D. T. Gillespie in [30, 31] and is based
on the probability function p(7, j| X;t), defined such that

p(7,j| X;t)8t := probability that the next reaction will occur in the infinitesimal
time interval [t + 7;¢ + 7 + 0t) and that this reaction will be R;,

given that X(t) = X.

Knowledge of p(7, j| X; t) allows to sample when and what will be the next reaction that
fires and hence to propagate the system forward in time. By running many of such stochastic
simulations, one can compute an ensemble of realizations to approximate the statistics of X (t),
such as its mean, percentiles, correlations or its full PDE. The SSA and its derivation are given

below, mainly following [10, 31]. We also briefly discuss other exact simulation methods.

Derivation of the Stochastic Simulation Algorithm

We notice that the joint probability p(7, j| X; ¢)dt is given as the product of the probability
(a) that no reaction fires in [#; ¢ + 7), given X () = X; and the conditional probability (b) that
reaction R; fires oncein [t + 7;t + T + §t), given X (¢ + 7) = X. Clearly, the latter event has
probability a;(X)dt + o(Jt) as 6t — 0, such that

p(7,j| X5 )8t = po(7] X; t)(aj(X)ét + 0(8t)), (2.7)

1t should be noted that without any additional assumptions, however, the solution of eq. (2.6) might only

exists up to some finite time, i.e., X(¢) blows up and reaches infinity in finite time. For instance, consider
X(t) =X(0)+ P (S(t) c1X(s)(X(s) - 1)/2 ds) for X(0) > 1 and compare with Example 2.3.1.

17
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where po(7|X;t) denotes the probability (a). Since reactions are modeled as independent
Poisson processes whose intensities are constant if no event occurs in [#;t + 7), it follows

from their independence and Theorem 2.2.2 that

po(T|X;t) = exp{—ao(X)T}, (2.8)

where a¢(X) := 224:1 a,(X). Substituting eq. (2.8) into eq. (2.7), dividing both sides by 5t
and taking the limit §¢ — 0 results in

p(7,j|X;t) = exp{-ao(X)7}a;(X). (2.9)

Next, we demonstrate how the system can be stochastically simulated based on p(7, j| X; t).
Consider X(t) = X, let p(7| X; t) denote the probability that the next reaction fires at time
t + 7, and let p(j| 7, X;t) denote the conditional probability that this reaction will be R;.
From eq. (2.9) it follows that

M
p(7]|X;t) = Zp(r,j|X; t) = exp{—ao(X)7}ao(X), (2.10)
j=1

which shows that the time until the next reaction fires is an exponential random variable

with parameter ao(X). Since p(7, j| X;t) = p(j| 7, X;t) p(7] X; t), we find from egs. (2.9)

and (2.10) that

p(7j1Xs1) _ ai(X)
p(r]Xst)  ag(X)

provided that p(7|X;t) > 0.'> The index of the next reaction that fires is thus an integer

(2.11)

p(jlT. Xs5t) =

random variable with point probabilities a;(X)/ao(X), j = 1,..., M. There exist several
Monte Carlo (MC)-methods for generating samples 7 and j according to the distributions
implied by egs. (2.10) and (2.11), respectively. One of the most simplest is the direct method,
which follows from the standard inversion generating method of MC-theory [10, 89]: Generate

two random numbers r; and r; from the standard uniform distribution U(0, 1) and take

1 1
T= 20(X) ln(z), (2.12a)

J
j = the smallest integer such that ) a,(X) > rao(X). (2.12b)
u=1

Given an initial state X (#p) = Xo at some time ty, the SSA utilizes this generating method to

compute a stochastic realization of X(t). The main steps of the SSA are given in Table 2.1.

VIf p(7| X;t) = 0 or, equivalently, ao(X) = 0, no further reaction can occur in the system (e.g., due to

extinction of all reactant species) and the realization will stay in the absorbing state X, i.e., X(s) = X forall s > ¢.
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Table 2.1: The stochastic simulation algorithm, cf. [30, 31].

Initialize: Set X < X and t < ¢,.

Evaluate: Compute all a,(X) and a¢(X) = 224:1 a,(X); stop if ag(X) = 0.
MC-Step: Draw values for 7 and jaccording to eqs. (2.12a) and (2.12b), respectively.
Update: Set X < X +vjand t < t + 7.

=

Iterate: Go to step 2 or stop simulation.

Other Exact Simulation Algorithms

We note that two random numbers are used in each iteration of Gillespie’s Direct Method.
In [30], D. T. Gillespie proposed a second algorithm, the First Reaction Method, where the
putative times to the next R, firings, y = 1,..., M, are calculated in every iteration step
and only the earliest of those is accepted. This method also generates values for 7 and j in
exact agreement with p(7, j| X; t) as given in eq. (2.9), but requires M random numbers per
iteration and is thus less efficient than the Direct Method.

Another exact stochastic simulation algorithm, the Next Reaction Method, was introduced
by Gibson & Bruck in [32, 90]. The Next Reaction Method is a modified version of the
First Reaction Method. However, it has the potential of being more efficient than the SSA
if the system includes many species and reactions, large N and M, respectively. It requires
per iteration only one random number and a computational time that is proportional to
O(In M). The reduction in numerical costs is realized by storing the putative next firing
times of all reactions in an indexed priority cue. This priority cue includes a binary tree
structure, dynamically constructed such that each parent node has an earlier next firing time
than either of its children nodes. The costs of updating this tree structure are O(In M). As
turther proven in [32], re-use of the next firing times of all reactions that do not fire becomes
statistically correct under some special transformation. By employing this transformation, the
Next Reaction Method consumes only one random number per iteration. For further details

we refer to [32, 90]; further exact simulation methods have been reviewed in [10, 91, 92].

2.2.4 Approximate Stochastic Simulation Approaches

It is important to notice that the lower limit of computational costs of an exact stochastic simu-

lation is dictated by the number of single reaction events that have to be realized. This renders
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exact indirect methods like the SSA numerically impractical when applied to larger systems
that include many rapidly firing reactions or species present in large numbers. Therefore, ex-
actness in the simulation of the stochastic process X (t) is usually sacrificed in order to reduce
the computational costs [10], as done, for instance, in tau-leaping methods, e.g., [33, 34, 39-43],
or approaches that exploit a kind of quasi-steady state approximation (QSSA), e.g., [46-52, 93].
Below, we outline the assumptions underlying these approaches and briefly discuss resulting

simulation strategies, mainly following [10, 33].

The Tau-Leaping Approach

In tau-leaping methods it is assumed that given X () = X then there exists a time increment
7 > 0 that satisfies the following Leap Condition [33]: No reaction propensity appreciable
changes its value during [#; ¢ + 7), i.e., for every y = 1,..., M it holds

a,(X(s)) ~au(X) Vse[tt+71). (2.13)

Of course, condition (2.13) will be exactly satisfied if 7 is chosen so small that no reaction fires
in [#;t + 7), as done in an exact stochastic simulation. But then one would also obtain no
computational benefit. The idea of tau-leaping methods is to choose larger values for 7 and
to simulate all events that are likely to occur in [#;  + 7) simultaneously. The error resulting
from such ‘leap” will then depend on the quality of the approximation made in eq. (2.13).

To outline the tau-leaping approach, we assume for the moment that condition (2.13) holds.
Then, a possible state of the system at time ¢ + 7 can be approximated by

t+1

X(t+7) ' x()+ Y 5,473#([ a,(X(s)) ds) 8 X(1) + 3 6P (au(X(0))1).
u=1 t u=1

(2.14)
This equation is the basic tau-leaping formula [33]. As pointed out in [88], it is equivalent to

defining an (explicit) Euler-type approximation to eq. (2.6), suggesting an obvious strategy
for approximately doing a stochastic simulation [10]: (i) given X(¢) = X, choose a value
for 7 satisfying condition (2.13), (ii) generate samples K, 4 = 1,..., M, of Poisson random
variables with mean a, (X)7, (iii) update the state X « X + Zﬁil §uK, and time t < t + 7,
and (iv) continue with (i) or stop simulation. For sufficiently large values of the samples K,
generated in each iteration, such approximate simulation will then in principle be faster than
a corresponding exact stochastic simulation. However, since both, the approximation quality
and the gain in computational speed, will depend on 7, the practical question arrises how to

efficiently determine appropriate values for the leap-size 7?
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As the propensity of a source-like reaction is a constant function, condition (2.13) is always
satisfied in this case. But in general the propensity function will depend on the number of
molecules X. However, X changes only by &, with any R, firing, which is typically in the
range of one or two molecules. The Leap Condition (2.13) can thus always be satisfied if
species are present in sufficiently large numbers [15, 33], and the approximation error can be
kept small by choosing 7 in such way that the relative change in the level of all reactants in
[t;t + 7) is negligible. Hence, given X(¢) = X it has to hold

A Xi(t)| < X; Viel,

where A, X;(t)]:=|X;(t+71) - Xi| » |Zﬁ’£1 &4Pu(au(X)7)| is the absolute change in X;
during [#; £ + 7), and I, is the index set of all reactants, i.e., i € I, ifand only if s,,; > 0 for some
¢ =1,..., M. By enforcing bounds on the mean and variance of |A,;X;(t)| with respect to
X;(t), an efficient and currently widely used strategy for an appropriate 7-selection has been
proposed in [94]. There also exist approaches to avoid the possibility of driving some number
of molecules negative, which can occur in a leap-step if the random samples K, associated
with reactions that decrease a common species are too large. These approaches are usually
based on strategies where such critical reactions are monitored and simulation is switched to
the exact SSA if necessary [95], or where the unbounded Poisson random numbers K, are
approximated by bounded binomial 39, 40, 96] or multinomial [97] random numbers.

If the chemical system is stiff due to the presence of well-separated fast and slow reactions,
simulations based on the tau-leaping formula (2.14) or any other explicit leaping scheme [33,
39, 40] will proceed slowly. Because then the leap-size 7 has to be restricted to the time scale
of the system’s fastest mode in order to keep the approximation error small [10]. Following
well-know strategies to numerically solve stiff ODEs, partially implicit tau-leaping methods
have been developed [34, 42] that are able to produce significantly faster simulations than
explicit tau-leaping methods for stiff systems. However, these methods usually suffer from a
damping effect: The variance generated from the underlying implicit tau-leaping formula is
much smaller than the exact value [10]. This damping effect can be reduced (a) by combining
implicit tau-leap steps with a sequence of much shorter explicit tau-leap or SSA steps, a
strategy called down-shifting [34], or (b) by employing higher-order approximation formulas
like the trapezoidal rule [41, 98] or implicit second-order weak Taylor schemes [43]. Other
methods to stochastically simulate stiff systems are either based on the idea of eliminating the
fast modes through a kind of QSSA, discussed below, or follow a hybrid approach where fast

reactions are approximated as continuous processes, see Chapter 3.
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The QSSA-Based Approach

One strategy to stochastically simulate stiff systems relies on the idea underlying the probably
best-known model of enzyme kinetics, the Michaelis—Menten approximation [12, 13, 99],
where the subset of enzyme-related species (free enzyme and enzyme-substrate complex)
is assumed to be asymptotically at steady state on the time scale of interest. Such type of
approximation is known as the quasi-steady state approximation (QSSA), cf. [100, 101]. By
eliminating the fast modes in stiff systems, the QSSA generally reduces the model complexity
and, consequently, also the computational complexity. The QSSA has been applied to stochas-
tic reaction kinetics in several different ways [46-52, 93]. In Chapter 5, we use a QSSA-like
approach to eliminate a stochastic model of gene expression in order to derive effective protein
synthesis rates. In the following, we outline the main steps of QSSA-based approaches to

accelerate the stochastic simulation of chemical systems.

To employ a QSSA for stochastic simulation, the first step is to identify a (provisional)
partitioning of the reactions into fast and slow subsets, RS and R*, where reactions those
propensity functions tend to have large values are assigned to R/ and all other reactions
are assigned to R°. Such partitioning can be based on some (biological) insight into the
system [46, 49], or by recording and comparing the number of firings of each reaction
channel during a few SSA runs [48]. It can be further verified by testing stochastic stiffness
conditions of the fast modes, for details see [47], or adaptively changed during simulation
based on current propensity values [51, 52]. If a partitioning into fast and slow reactions is not

obvious in a given model, then this might indicate that the system is not really stiff.

Usually, one is interested mostly in the effective dynamics on the slow time scale associated
with R and hence wants to eliminate the fast modes associated with R/, which can be done by
applying the QSSA. Henceforth, we adopt the notation used in [47], and continue by defining
a partitioning of the species into ‘fast’ and ‘slow’ species, S/ and S*, respectively, which is
induced by the reaction partitioning as follows: A species those number of molecules gets
changed by a fast reaction is assigned to S/; all other species that exclusively get changed by
slow reactions (but not by fast ones) are assigned to S°. The process X(¢) can be rearranged
correspondingly as X(t) = (X/(t), X*(¢))T, where X/(t) and X*(t) denote the process
composed by the fast and slow species state variables, respectively. It is important to note that
the processes X/ () and X*(t) are generally not independent of each other. Following [47],
we thus define the virtual fast process bd () as the process composed by the same fast species

state variables as X/ () but evolving under only the fast reactions R/.
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With all slow reactions turned off, the QSSA can be applied to bd , i.e., we assume that x/

approaches a well-defined quasi-stationary PDF u(X/ | X/, X*; t) for given X (t) = (Xf, X*)T
before the next slow reaction is likely to fire. Then, the propensity function a;(Xf ,X*)ofa

reaction R° can be approximated on the slow time scale by

é;(Xf,XS) = Z a;()?f,Xs)u(X\f | x/, x5 t), (2.15)

X/

which is the average over the fast variables, treated as these were distributed according to the
asymptotic form to which the virtual fast process )?f relaxes, see further [46, 47, 52]. Given
u(Xf | X7, X*; t), the system can be effectively propagated on the slow time scale by simulating
only the slow reactions, i.e., using a method such as the SSA but replacing the propensity
a (X7, X*) of each slow reaction R® by its average d;(Xf ,X*®) as given in eq. (2.15).
Indirect methods utilizing a QSSA mainly differ in the way the averaged propensities
d; (Xf , X*) of the slow reactions are computed. In [46-49] this is realized by considering the
first moments of u(X/ | X/, X*; t), where moments are computed from either exact (if avail-
able) or approximate analytic expressions of u(X/ | X/, X*; t). Such approach benefits from
the fact that once algebraic expressions for a,, (X7, X*) have been derived, these can be directly
used for a simulation on the slow time scale. However, generalizing this approach to complex
reaction networks is not straightforward. In [51, 52], the averaged propensities d;(Xf ,X%)
are approximated by a small sequence of relatively short SSA-runs of %’ of course, such
approach requires the successive approximation of a;, (X7, X*) after each slow reaction step
and is hence more expensive than the previous mentioned approach. Nevertheless, it offers a
more general and adaptable way of employing the QSSA that is still capable of substantial

computational savings compared to exact SSA-simulations of stiff system, see [51, 52].

2.2.5 The Chemical Master Equation

In the previous subsections, we studied methods to simulate the stochastic process X (¢). Such
indirect methods suffer from the disadvantages of a MC-based approach (see Chapter 1), as
the statistics of X (#) have to be approximated by an ensemble of stochastic realizations. This
can be avoided if we directly solve for the PDF P(X; t | Xo; to) of X(t) for a given initial state

Xy € NON at time tg, defined as

P(X;t| Xos to) = P[X(t) = X| X(t0) = Xo],
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for every X € N}Y and t > ty. The function P(X;t|Xo; to) can be physically interpreted as
follows: If an ensemble of identical chemical systems started in the same initial state X, at
time ¢o, then P(X; t| Xo; to) gives the fraction of systems that are in state X at time t > t,. The
time-evolution equation of P(X; t| Xo; to) is the chemical master equation (CME) that stands
at the basis of the stochastic framework. As shown by D. T. Gillespie [82], the CME can be
directly derived from the fundamental hypothesis of stochastic reaction kinetics. Below, we

outline Gillespie’s derivation of the CME, referring to [82] for further details.

Derivation of the Chemical Master Equation

Consider an infinitesimal time interval [#; ¢ + 8t) and the probability P(X;t + §¢)."> We
can specify P(X;t + 8t) by considering all events that can lead the system to state X during
[t;t+ 0t). These events are: (i) The system was in X at time ¢ and no reaction fired in
[t;t + Ot). The probability of this event is given by P(X; t) times the probability Py[ X; ¢] that
no reaction fired in [#; ¢ + 8t) given X (¢) = X. (ii) For 4 = 1, ..., M, the system was in state
(X - &,) € N{ at time  and reaction R, fired once in [#;  + 6t). The probability of each of
these events is given by P(X — &,; t) times the probability P,[X — &,; t] that R, fired once
in [t;t + &t) given X (t) = X — &,. (iii) The system reached X by multiple reaction events in
[t;t + 8t), which has probability o(8t) as 6t — 0.

We observe that the events under (i)-(iii) are mutually exclusive, such that P(X; t + §t) is

given by the sum of their probabilities, i.e.,
M
P(X;t+0t) = P(X;t)Po[X; 1] + > P(X = & )Py [X — Eus £] + 0(61), (2.16)
u=1
as 8t — 0.'* By the definition of a propensity, we have P, [ X — £,;t] = a,(X - &,)dt + 0(d1t),

for every y =1,..., M, and similarly Po[ X;t] = 1 - Zﬁ”zl a,(X)0t + o(8t). Putting things

together, we thus have

P(X;t+dt) = P(X; t)(l - % aH(X)St) + % P(X-&ust)au(X -&,)8t+0(dt). (217)
u=1 u=1

*Henceforth, we omit the dependence on the initial value of X in the notation of its PDF and simply write
P(X;t).
All terms in eq. (2.16) that correspond to some (X — £,) ¢ Ny’ have to be omitted, since P(-;¢) is only

defined on N 3’ . For convenience, we hence set P(X; ¢) forall X ¢ N f)V , here and in the following.
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Subtracting P(X; t) from both sides of eq. (2.17), dividing by 8¢ and taking the limit §¢ — 0,
we obtain the CME

M
%P(X; )= au(X-E)P(X - &ut) - au(X)P(X;1), (2.18)
u=1

a special type of the Kolmogorov forward equation that completely characterizes the statistics
of X.

Solving the Chemical Master Equation

Even though the CME has a relative simple structure, analytical solutions exist only for the
special case where the chemical systems solely include unimolecular reactions [102, 103].
Mathematically speaking, the CME can be considered as a system of coupled ODEs, with one
equation for every possible state X, or, equivalently, as a discrete partial differential equation
(PDE), where continuous derivatives are replace by discrete differences [26]. Now, the main
problem arises from the high dimensionality of the CME, which renders most approaches
computationally infeasible that aim to solve the CME directly. For example, assume we have 5
species whose number of molecules is each limited to the range 0-99, say, than the chemical
system has in total 100° possible states. In this example, solving the CME thus means to solve
10'° ODEs, which would be a real numerical challenge.

The discrete PDE point of view motivates the use of Galerkin-based approaches to di-
rectly solve the CME, e.g., [26—28]. Modifying these methods to tackle the many degrees
of freedom that result from the high dimensionality of the CME, in combination with a
typical low regularity and multi-modality of its solution, however, is still an ongoing field
of research [26, 28]. Another class of approaches is based on the idea to truncate the state
space to a finite domain that captures enough information of the PDF and, at the same time,
allows to numerically solve the CME, e.g., [25, 29, 104-106]. This method, first suggested by
B. Munsky and M. Khammash [25], is known as the finite state projection (FSP) method,

discussed below.

The Finite State Projection Algorithm: To illustrate the FSP method in the following, we first
notice that the infinitesimal generator A := lim;_,o, (P(#) — I)/t for the process X, where
P(t) := P(-;t),is given by eq. (2.18) as

M

(AP(-50))(X) = Y au(X = E)P(X - E5t) — au(X)P(X; 1), (2.19)

u=1
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such that we can write the CME in operator form as the linear equation'?
0
aP(t) = AP(t). (2.20)

The generator A in eq. (2.20) is a matrix with a usually large, possibly infinite number of rows
and columns. As can be seen from eq. (2.19), if the state space is finite, the generator matrix
A obeys a special structure: It is a square matrix with non-negative diagonal elements and
non-positive off-diagonal elements such that every column sum is exactly zero. It follows from
the Gershgorin Circle Theorem [107] and this special structure that at least one eigenvalue of
A is equal to zero and all others have a non-positive real-part.

The FSP method utilizes the linearity of the CME. Let us denote by

Xo={XeNy: X; <Xi <Xi,..., Xy < Xy < Xn}

a finite subspace X c NY for lower and upper truncation vectors X = (X,,..., Xy)T e NY
and X = (X1,..., Xn)T € NY, respectively, satisfying X, < X; foralli = 1,..., N. Let further
Ax denote the restriction of A to the truncated state space X. Then, the solution Px(¢) to
the corresponding CME, i.e., %Px(t) = AxPx(t), is given as

Py (t) = exp{Axt}Px(0), (2.21)

where exp{A} := Y92, (A)" /n! denotes the matrix exponential of A, and P (0) is the initial
PDF P(0) at time ¢ = 0 restricted to X. Now, in [25] it is proven that, if Y .y Px(X;¢) > 1-¢

for some ¢ > 0 and ¢ > 0, then
Py (X;t) <P(X;t) < Px(Xs5t) +¢,

for every X € X. This result leads to the FSP algorithm, where the state space X is gradually
expanded until a sufficient approximation of P(X;t) is computed, see Table 2.2

To apply the FSP algorithm, two practical questions arise: (1) How to solve eq. (2.21)
efficiently; and (2) How to construct the truncated state space X appropriately? The first
problem has been addressed in [105], where an improved FSP algorithm is presented that uses

a Krylov-based approximation to eq. (2.21). Other suggested approaches to solve eq. (2.21)

®So far, we considered to solve the CME for deterministic initial values, i.e., X(to) = Xo such that
P(X;t0) = 0x, (X) with 8x, (X) denoting Kronecker’s delta function. However, we note that solving the CME
for arbitrary initial probability distributions po(X), with po(X) > 0 forall X € N) and ¥ Xen po(X) =1, can

always be reduced to deterministic initial value problems by exploiting the linearity of the CME [103].
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Table 2.2: The finite state projection algorithm, cf. [25].

1: Initialize: Choose t > 0, P(0) and ¢ > 0, and select an initial X.
2:  Evaluate: Solve Px(t) = exp{Axt}Px(0) for given X.
3. Iterate: If Yy v Prk(X;t) <1 - ¢, expand X and got to step 2; otherwise, stop.

include a sparse grid method [35], a dynamical low-rank approach [108] or the exploitation
of multiple time scales [104]. Problem (2) has been studied in [25, 29, 104, 109], for instance,
and is usually addressed by concepts of reachability or some special insight into the system
under consideration. In [93], a QSSA-based approach (see Subsection 2.2.4) has been used to
reduce the dimensionality of a stochastic model of gene expression and the resulting CME,
describing the evolution on the slow time scale, was numerically solved by a simple Euler
method. In Chapter 4, we present a different approach to reduce the dimensionality of the
CME. Our idea is to eliminate those species from the discrete state space that are present in
large numbers and can hence be appropriately represented by their expected levels, which is

in line with the deterministic formulation of reaction kinetics, see Section 2.3.

2.2.6 The Chemical Fokker-Planck Equation and the Chemical Langevin

Equation

Under a series of assumptions, the CME can be approximated by a less refined model, the chem-
ical Fokker-Planck equation (CFPE), e.g., see [16, 110]. A simple but non-rigorous derivation
of the CFPE was given by H. A. Kramers [111] and J. E. Moyal [112]. It relies on the assumption
that at any time ¢ the number of molecules of all species are very large, i.e. X;(¢) > 1 for all
i =1,...,N, such that the discrete-state Markov process X () = (X;(t),..., Xn(t))" can ef-
fectively be approximated by a continuous-state Markov process Y (£) := (Y1(£),. .., Yx(t))"
taking values in RY, where Y;(t), i = 1,..., N, gives the amount of species S; at time t,
cf. [15, 110].** The time-evolution equation of the PDF P(Y;t) of Y (¢) is given by the CME

M
%P(Y; )= au(Y = &)P(Y = &ust) — au(Y)P(Y51). (2.22)
u=1

*Such continuous approximation is usually motivated by introducing a scaling parameter (2, related to the

volume of the system, as we discuss it in the context of deterministic reaction kinetics in the following sections.
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A second assumption is that the functions f,(Y) := a,(Y)P(Y;t) in eq. (2.22) are analytic
with respect to Y, such that f, (Y — £,) can be represented by it Taylor series expansion about
Y, ie.,

fM(Y - fﬂ) = fM(Y)

ui) o \"
w2 o, (229)

pl1i=t  Yie

with multi-index y = (y1,...,yn) € NY and |y| = y; +... + yn. Substituting eq. (2.23) into
eq. (2.22) gives the Kramers—-Moyal expansion of the CME

) M o N (_ ))’z p) Yi
—P(Y;t) = Z Z H i (—) [a,(Y)P(Y;1)]. (2.24)

ot 11y \ay;

By terminating the Taylor series in eq. (2.24) after the second term, we obtain the CFPE, a
second-order PDE of the form

M 2
%P(Y; t) = ;( 11‘! f,,, 37, 5 11]‘[1 sﬂ,zwa? )aH(Y)P(Y; t), (2.25)
which replaces the massive ODE-system form of the CME. However, as the CFPE is ob-
tained by an uncontrolled, perfunctory truncation of the Taylor series in the Kramers-Moyal
expansion (2.24), its validity had been questioned by several authors, see further [16, 110, 113].

In [15], D. T. Gillespie gave a more rigorous derivation of the CFPE, reviving the question
of its validity. More precisely, he derived the chemical Langevin equation (CLE), a stochastic
differential equation (SDE) of the form

d

M
EY(t) = Zlfﬂﬂy(Y(t ) Z (Y(t ) u(t), (2.26)

with (), u = 1,..., M, denoting temporally uncorrelated, independent Gaussian white
noises, satisfying E[I',(t)] = 0 and E[T',(¢)T'j(s)] = 8,;0(t - s), where the first delta func-
tion is Kronecker’s and the second is Dirac’s, see [89, 114]. The CLE (2.26) is equivalent to
the CFPE (2.25), i.e., its solution generates exact sample paths of the CFPE, cf. [16].
Gillespie’s derivation of the CLE relies on the assumption that two dynamical conditions
are satisfied [15]: If the system is in state X at time ¢, then there must exist a time increment
7 > 0 such that (a) none of the reaction propensities changes significantly during the time
interval [£;¢ + 7), and (b) the expected number of firings of each reaction R, in [t;t + 7)

must be much larger than 1.
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We observe that condition (a) is the Leap Condition (2.13) assumed in the derivation of

the basic tau-leaping formula
M
X(t+1)=X(t)+ ny’Py(aﬂ(X(t))T). (2.27)
u=1

As discussed in Subsection 2.2.4, condition (a) can always be satisfied if the number of
molecules are sufficiently large. Condition (b) further stipulates that the mean of each Poisson

random variable in eq. (2.27) is much larger than 1, i.e,,

E[Pu(au(X(£)7)] = au(X (1)) 1. (2.28)

Since a Poisson random variable with intensity A, assuming A € N, can be thought of as the
sum of A independent Poisson random variables each with intensity 1, see Subsection 2.2.2,
for large A such random variable can be well approximated by a normal random variable with

the same mean and variance, as stated by the central limit theorem (CLT):

Theorem 2.2.3 (CLT [85]). Let Xy, ..., X, be a sequence of iid random variables with common

mean y and variance o>, Then, the distribution of

Z?:l Xi - ny
o\/n

converges to the standard normal distribution N'(0,1) as n — oo.

Thus, condition (b), or more precisely inequality (2.28), allows to approximate the Poisson

random variables in eq. (2.27) by statistically independent normal random variables as follows
’PH(aM(X(t))T) v au(X(1)T+\/au(X())N (0, DVT (p=1,...,M).

It should be noticed that by employing this approximation to eq. (2.27), i.e., replacing integer
Poisson random variables by real normal random variables, one effectively approximates
the discretely changing, integer-valued process X (t) by a continuously changing, real-valued

process Y (t) with

Y(t+T):Y(t)+§:fﬂaH( % i/ au(Y (1) )N w(0,1)V/7.
pu=1 p=1

If we make some notational changes: Denote 7 by dt, substitute dY (¢) := Y (¢ + dt) — Y(¢)

and introduce temporally uncorrelated, independent Wiener processes (Brownian motion)
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Wu(t), p=1,..., M, satisfying dW () := W, (¢t +dt) - W, (1) = N, (0, 1)V/dt; we can

write the above equation as

dY(t) = > Euau(Y(1))dt + Y &/ au(Y(£))dW (1),
p=1 p=1

which is the It6 differential form of the CLE, mathematically equivalent to the white-noise
form (2.26), cf. [15, 89].

Even though, questions regarding the general validity and accuracy of the CFPE/CLE
approximation are not answered by Gillespie’s derivation and still subject of ongoing research,
see [113, 115-117], it shows that a continuous approximation of X is justified if the above
conditions (a) and (b) are satisfied. A large copy number of every species suffices to ensure that
condition (a) is satisfied. Condition (b) essentially requires that all reactions have sufficiently
large propensity values. Since a propensity function generally scales with the number of
molecules, we thus expect that a large number regime also suffices to ensure that condition (b)
is satisfied. In Section 2.4, we study this relation more closely with respect to the continuous

approximation made in deterministic reaction kinetics.

2.3 Deterministic Reaction Kinetics

In deterministic reaction kinetics, the state of the system is described by a continuous variable

x = (x1,...,xn) " € RY, that is typically related to the number of molecules by
xi=X;/Q (i=1,...,N), (2.29)

where Q € R, denotes some scaling factor. According to eq. (2.29), the unit of x is equal to
the inverse unit of Q. Typically, this scaling factor ( is related to the volume of the system. For
instance, Q = N4 - V, where N4 =~ 6.02 x 10** mol~! denotes the Avogadro constant, such
that x describes the molar concentrations of the species. As outlined above, such continuous
approximation is justified if X; > 1, forall i = 1, ..., N. Obviously, if further Q > 1, then
the scaled net changes &, /Q are small compared to the intensive variable x = X/, such that
fluctuations in the species levels caused by the reactions become negligible. Deterministic
reaction kinetics can hence be understood as an approximation under such large-size system

assumption, cf. Section 2.4.
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2.3.1 Reaction Rate

In deterministic reaction kinetics, the rate Vy of a reaction R uis customarily defined with
respect to the (measurable) change in the amount of a species caused by the firings of R,
in an infinitesimal time interval, cf. [12, 13, 81]. Hence, a reaction rate is regarded in the

deterministic framework as

vu(x) = average number of R, firings per Q2 and per unit time

given that the system is in state x, (2.30)

see [30]. The unit of v, is thus always equal to the product of the inverse units of 2 and time.

Law of Mass Action

The general form of the rates of elementary reactions is given by the law of mass action, first
formulated by C. M. Guldberg and P. Waage in 1864 [118]:

The rate of an elementary reaction R, is proportional to the product of molar
concentrations of all R, reactants raised to the power of their stoichiometric

coeflicients, where the factor of proportionality is called reaction rate constant.

Let k, denote the rate constant of an elementary reaction R, then the law of mass action

predicts the rate equation
N r
Vﬂ(x) = ky H (xi)s‘m- (2.31)
i=1

The rate v, of an elementary reaction R, is thus a simple multivariate polynomial function of
the species levels x;, i = 1,..., N. The degree of Vi called reaction order, is determined by
the stoichiometric coefficients s, ; of the Ry, reactant species. More precisely, the order of an

elementary reaction Ry, is equal to its molecularity |s,| = YN, s" ., where each stoichiometric

ui
coeflicient s, gives the partial order of R, with respect to S

Reaction Rate Constant

From egs. (2.30) and (2.31), we find that the unit of the rate constant k, of an elementary

reaction R, depends on the reaction order: (o) For a source-like reaction Ry the unit of ko is

"It should be noted that the partial orders, molecularities and stoichiometric coefficients are only identical
in the case of elementary reactions. The partial order of a stepwise reaction is usually a real-valued, possibly

negative number, and the concept of molecularity is not defined in that case, see further [80, 81].
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equal to the product of the inverse units of Q2 and time, (1) for a unimolecular reaction R; the
unit of k; is equal to the product of the inverse unit of time, and (2) for every bimolecular
reaction R, the unit of k; is equal to the unit of Q times the inverse unit of time.

In general, the rate constant k, of a reaction R, also depends on the absolute temperature

T and activation energy E, as described by the (empirical) Arrhenius equation [13, 80, 81]

ku= Aexp{—kE—a}, (2.32)
B

where kp denotes the Boltzmann constant and E, is the activation energy in molecular units.
The pre-exponential factor A in eq. (2.32) is related to the frequency of collisions of R, reactant
molecules and has the same unit as k,. As predicted by collision theory and transition state
theory of chemical kinetics, the factor A also weakly depends on the absolute temperature
T, see [12]. In contrast to the specific probability rate constant c,, however, we find the rate

constant k, to be independent from the system’s volume V.

2.3.2 Representation with ODEs

Let #(t) denote the average number of firings of a reaction R, per Q until time ¢, with
P (0) =0forall 4 =1,..., M. According to the definition of a reaction rate v, see eq. (2.30),

in classical reaction kinetics 5 y(t) is considered to be the solution of the ODE

d :
any(t) = v#(x(t)), with #,(0) =0,
or in integral form
t
nﬂ(t) = fo vM(x(s)) ds.

The species levels x (), necessary for evaluating are given by the net changes ¢, via

X(1) = %(0) + . £, (1) =%(0) + X & | vu(x(9) s, (239)
u=1 u=1 0

for some initial levels x(0) = x at time ¢ = 0. Differentiating eq. (2.33) with respect to time ¢

shows that x(t) is given as the solution of the initial value problem

—x(t) = > Evu(x(t)) = f(x(t)), with  x(0) = xo. (2.34)
u=1
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Egs. (2.34) build the usual ODE-model of deterministic reaction kinetics, a coupled system
of M autonomous ODEs of first order. If the considered chemical system does not include a
source-like reaction, then this ODE-system is homogeneous; otherwise it is non-homogeneous.
If all reactions R, are at most of first order, then all rates v, will be constant or linear functions
such that egs. (2.34) form a system of linear ODEsand an analytical solution might be available.
Given the large variety of well-developed numerical methods for the integration of ODEs,
cf. [119-122], finding a numerical solution of the ODE-model of deterministic reaction kinetics
is in general not problematic, even for large and more complex, possibly stiff systems. The
following well-known result in the study of differential equations guarantees local existence

and uniqueness of a solution x(t) of egs. (2.34).

Theorem 2.3.1 (Picard-Lindel6f Theorem, cf. [119]). Let f : R” — R" be a locally Lipschitz

continuous function, i.e., there exists a constant L > 0 such that

Hf(x)—f(y)” SLHx—y , forallx e R" and y € B,(x),

where B,(x) = {y e R": |x — y| < r} is some closed r-neighborhood around x with r > 0.*®

Then, the initial value problem

%x(t) = f(x(t)), with x(0) = xo.
has a unique solution defined on an interval [0; T'], with T > 0.

In our case, every component of the right hand side f is a polynomial function, because it is
a linear combination of the reaction rates v, that are polynomial functions by definition. Since
every polynomial function is Lipschitz continuous on any bounded interval of its domain
of definition, it follows that f is also locally Lipschitz continuous. Thus, from Theorem 2.3.1
we know that the ODE-system (2.34) uniquely determines x(¢) on some finite time interval.
However, it should be noted that without any additional assumptions this result applies only

locally, i.e., the solution of egs. (2.34) might blow up and reach infinity in finite time, cf. [119].

Example 2.3.1. Let M = N = 1, consider the reaction R;: 2S; —> 3 Sy, such that §; = 1 and

v1(x) = k1x%, and assume that xy > 0. Then, the solution of the ODE-model (2.34) is given
by x(t) = x0/(1 — k1xot), and we have x(t) - co as t - 1/(k1xg) < oo.

*Here and in the following, | - | denotes the Euclidian norm on an n-dimensional vector space R”, i.e.,

[x] = /i, x:% for x e R™.
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2.4 The Relationship between Stochastic and Deterministic

Reaction Kinetics

In the sequel, we study the relationship between the stochastic and the deterministic for-
mulation of reaction kinetics. We start by examining the relation between the propensity
a, and the rate v, of a reaction Ry, see Subsection 2.4.1. That followed, we identify the
continuous-deterministic process x(t) that satisfies eq. (2.33) as the large-size system limit of
the discrete-stochastic process X (t) satisfying eq. (2.6) for every finite time ¢. This well-known
limit behavior of the stochastic process X (t), known as its thermodynamic limit, was first
pointed out by T. G. Kurtz in [63]. In Subsection 2.4.2, we recall Kurtz’s Theorem that follows

from his more general results on the limit behavior of Markov jump processes [123, 124].

The deterministic process x(t) is casually interpreted as describing the average system
dynamics. By computing the evolution of the CME average, it is shown in Subsection 2.4.3
that this interpretation is in general incorrect. From Kurtz’s result, however, one expects
such relation to hold for general reaction systems whenever the species are present in large
numbers and the system is sufficiently close to the thermodynamic limit. We study this
relation more closely in Subsection 2.4.4, by seeking an approximate solution to the CME
using a Wentzel-Kramers-Brillouin (WKB)-ansatz, which provides an alternative approach
to derive the ODE-model of deterministic reaction kinetics as the large-size system limit of
stochastic reaction kinetics, cf. [18]. This will also serve as a preliminary to Chapter 4, where
the same techniques are applied to the large copy number subspace of a system in order to

derive a hybrid stochastic—deterministic solution of the CME.

2.4.1 The Relation between Propensity and Rate of a Reaction

In stochastic reaction kinetics the number of firings of a reaction R, is modeled as a non-
homogeneous Poisson process with intensity a,. Hence, a, (X) gives the expected number
of R, firings per unit time if the system is in state X, see eq. (2.4). In deterministic reaction
kinetics, the rate v, (x) gives the average number of R, firings per 2 and per unit time, given
the system is in state x = X/Q. Thus, from the large-size system assumption underlying the
continuous approximation of deterministic reaction kinetics (see Section 2.3), we infer that

the reaction rate v, (x) approximates the Q-scaled propensity «,(x) := a,(X = xQ)/Q for



2.4 The Relationship between Stochastic and Deterministic Reaction Kinetics

Q>1land X; >» 1,i=1,...,N. Below, we study this relation more closely for the case of

elementary reactions.

The rate v, of an elementary reaction R, is given by the law of mass action as

N r
vu(x) = ky Hl (x:)°Hi, (2.35)

where the rate constant k,, is independent of (2, see Subsection 2.3.1. By egs. (2.2) and (2.3),

the propensity a, of an elementary reaction R, is given as

N
X!
C”Hﬁ iinzsLiforallizl,...,N,
au(X) = c,h,(X) = i=1 Sﬂi'(Xi - Syi)' (2.36)
0 otherwise,
where we can rearrange h, (X) as follows
Ny I A
h!"(X) = H s" '(X' —s" ) = N ro H (Xi _S)’ (2'37)
i=1 Ppi\ AT Sy ) j:1(5!,j-) i=1 s=0

if Xj > s}, forall i = 1,..., N. In order to compare a,(X) and v, (x), we substitute X; = x; 2

in eq. (2.36) and divide by 0, which gives the Q-scaled propensity a,(x) as

.
sw.—l

CF‘Q|5L|_1 ﬁ H S st
a,(xQ) —_— (x,-——) ifxizﬁforallzfl,...,N,
au(x) = HT = H}\]q(s,r,j!) i=1 s=0 0 (2.38)
0 otherwise,

where |5}, = >N, s,,; denotes the molecularity of R,,. The (2-scaled propensity ay gives the
expected number of R, firings per 2 and per unit time in stochastic reaction kinetics.

We observe thatif x; = 0, forsome i = 1,..., N, then the related factors in &, (x) and v, (x)
are the same, i.e,, for s, /Q = x; = 0, the corresponding factor in e, (x) as well as in v,,(x) is
equal to one; otherwise, if s,/ > x; = 0, then both functions &y (x) and v, (x) are equal to
zero. Hence, we consider x; > 0 for every i = 1,..., N and assume that x; = X;/Q remains
constant as (2 - oo and X; — oo (which is the usual definition of the thermodynamic limit,

see [10, 64]). As the stoichiometric coeflicients s;i are some non-negative integers (usually
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i <2), we find that x; > s,; /Q is always satisfied for sufficiently large Q. The Q-scaled

propen51ty a,(x) is thus given by eq. (2.38) as

ro_

aﬂ(x)—cﬂﬁsﬁ (x,——)—c f\—][ (x,-)SLisi’_Il(l—xiLQ)

i=1 s=0 i=1 s=0
N s
G 1) (1+0Q™)), (2.39)
i=1
as Q — oo and X; — oo forevery i = 1,..., N, where we substituted
_ Qlsul-1
Cy = Ca“N—r" (2.40)
J'=1(SMJ“)

Therefore, the leading order terms of a, (x) are of the same form as the rate function v, (x),
compare eqs. (2.39) and (2.35), with the factor of proportionality given by k,, = ?H.lg Further-
more, we observe that if s7 $ui <1 foralli=1,...,N, then eq. (2.39) holds without O(Q1).
In summary, the above results show that the rate v, of an elementary reaction R, is the
leading order approximation of the related 2-scaled propensity «, in the thermodynamic
limit. If the partial order of all reactant species is less than two, i.e., s ;<lforalli=1,...,N,

then Vu and oy are identical.

The Relation between Specific Probability Rate Constant and Reaction Rate Constant

From egs. (2.39) and (2.40) we infer that the specific probability rate constant c, of an elemen-

tary reaction R, is related to the reaction rate constant k, of R, as follows

N st

[ll
C:k—. 2.41
U FQ|S/4|1 (4)

Since k, is independent of (2, this relation points out the 2-dependence of c,,.

Only for unimolecular reactions, i.e., |s| = 1, the specific probability rate constant is
independent of Q. In a unimolecular reaction, the molecules of a particular species undergo
some prescribed change. It is an empirical fact that for any such reaction encountered in
practice, the rate constant will depend on structural properties of the molecule, and possibly
also on the system temperature, however, it will not depend on the volume of the system, as

comprised by (2, see [64].

Since ky, is Q-independent, the relation k, = ¢, implies that ¢, is also independent of Q.



2.4 The Relationship between Stochastic and Deterministic Reaction Kinetics

For bimolecular reactions Ry, i.e., |s},| = 2, the specific probability rate constant is propor-

r | —
tional to the inverse of Q. This inversey_()-dependence arises from the collision probability
comprised by c,dt, because the probability that two molecules will collide in the next §¢
decreases linearly in a well-stirred system if the confining volume increases, cf. Subsection 2.2.1
and Example 2.2.2.

For a source-like reaction, i.e., |s/,| = 0, cﬂ8 t gives the probability that new molecules will

ul
“
be introduced at some uniformly random location inside the system in the next §t. Eq. (2.41)
states that the specific probability rate constant must have the form ¢, =k, in order to

behave reasonable in the thermodynamic limit, cf. [64].

The Dependence of a Reaction Propensity on the System Size

The reaction propensity a, of an elementary reaction R, with respect to the rate constant k,

is given by egs. (2.36), (2.37) and (2.41) as

k N ;i
¢ . )
: X;—s) ifX;>s".foralli=1,...,N,
a,(X) = { okl E =0 (Xi=s) P (2.42)
0 otherwise.

In Table 2.3, the propensities of all relevant elementary reactions are given in terms of k, and
compared with the related rate functions. As can bee nicely seen from Table 2.3 and eq. (2.42),
a propensity behaves like a,(X) = O(Q) as Q — oo and X; — co while x; = X;/Q remains
constant forall i = 1,..., N, i.e,, a propensity diverges linearly to leading order as the system
approaches the thermodynamic limit. In the following, we denote this 2-dependence of a
propensity by writing aff .

Equivalently, the 2-scaled propensity «, of an elementary reaction Ry, given in terms of

k# as

(xi—é) ifxiz%foralliz 1,...,N,

0 otherwise,

either (i) remains constant, if s[’“- <lforalli=1,...,N,or (ii) converges to a constant value,
if some s,; > 1, in the thermodynamic limit. Namely, for all x ¢ RL), we have a, (x) = v,(x)

in case (i), or ay(x) = v,(x) in case (ii), since then a, (x) = v,(x) + O(Q7") by eq. (2.39).
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Table 2.3: Propensity and rate functions of all relevant elementary reactions with respect to rate constants k, and the conversion factor , e.g., the

system volume V times the Avogadro constant N =~ 6.02 x 10%*> mol™".

Order Propensity Rate

05 QOANV = Nmob <OAXV = Nmo

Hmﬂ QSANV = NSNN. <HARV = Nﬁkﬁ.

S _ »wn . . . _
i+ S —— a2,(X) = MNN_N; with i # j V2a(x) = kpaxix;j
nd k
2 % (Xi-1) ifX;> 1,
28 — axp(X) = vap(x) = kypxi?
0 otherwise

38



2.4 The Relationship between Stochastic and Deterministic Reaction Kinetics

2.4.2 The Thermodynamic Limit

In the following, we explicitly account for the Q2-dependence of a propensity af and study

the limit behavior of the Q-dependent Markov jump process X described by
M t
X2(t) = X2(0) + > EM’P”(J a;?(XQ(s)) ds), (2.43)
u=1 0

where the propensity a;? of a reaction R, is given by eq. (2.42), £, denotes the correspond-
ing net change and Pusu=1,...,M, are independent, unit Poisson processes. As before,
X?(t) represents the state of the chemical system at time ¢ in terms of number of molecules
X=(Xp,...,Xn)" ¢ N} of the species.

In the previous subsection, we have seen that in the thermodynamic limit, defined as the
limit where the number of molecules of all species and the system volume approach infinity, i.e.,
X; > oo foralli=1,...,N and Q — oo, while the species concentrations x = X/Q remain
constant, every propensity af(X = x(2) diverges linearly to leading order. The Q-scaled
propensity a, (x) = a,? (x0)/Q hence converges in the thermodynamic limit to a constant
value, which is equal to the related rate v,(x). Based on this observation, one probably
expects a similar limit behavior for the sequence of normalized process x? := X?/Q. Indeed,
as pointed out by T. G. Kurtz [63], his results in [123, 124] show that in the thermodynamic

limit x? approaches the related process of deterministic reaction kinetics, given by

x(t) =x(0) + Z Eyf v,,(x) ds, (2.44)
u=1 0

where the rates v, are given by eq. (2.31). This important result on the relationship between
the stochastic and the deterministic modeling approach is stated in the following theorem;

for the sake of its importance and clarity, we also recall its proof.

Theorem 2.4.1 (T. G. Kurtz [123]). Suppose X (t) satisfies eq. (2.43) and x(t) satisfies eq. (2.44)
foreveryt > 0. If

X2(0
(}glgo# =x(0), (2.45)
then 0
X“(t)
P| L —x(D)|l =0]=1,
[921;1213 o *0 ]

for all finite times t > 0.
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Note. In Theorem (2.4.1), global existence of the solutions of eqgs. (2.43) and (2.44) is assumed.
However, if these solutions blow up and reach infinity in some finite time T, say, almost-sure
convergence of x?(t) := X?(t)/Q to x(t) still holds for every ¢ < T. The proof of Kurtz’s
Theorem (2.4.1), as given below, mainly follows the results presented in [87, 88, 125]. It is
based on an application of the strong law of large numbers (SLLN) to Poisson processes and a

consequential proposition, as well as a variant of the integral form of the Gronwall-Bellmann

inequality:

Theorem 2.4.2 (SLLN for Poisson Processes [126]). Let P be a Poisson process with intensity

A, then
P[lim @ = /\] =1.

t—o0

Proposition 2.4.3 (D. E Anderson & T. G. Kurtz [88]). Let P be a unit Poisson process, then

1
]P’[ lim sup| =P (QA) —)t’ = 0] =1,
oo ) 3102

for any A > 0.

Lemma 2.4.4 (An Integral Form of the Gronwall-Bellmann Inequality [87]). Let g be a Borel-
measurable function that is bounded on bounded intervals, satisfying g(t) < A+ B Sé g(s)ds
for all t > 0 and some constants A, B € Ry. Then,

g(t) < Ae™,
forallt >0.

Proof of Theorem 2.4.1. Dividing both sides of eq. (2.43) by Q > 0, we find that for all t > 0
the Q-scaled process x?(t) = X (t)/Q satisfies

() = x2(0) + %f"m(f (xQ(s)Q)ds)

u=1
0 & & t Q
=x7(0)+ ). ’PH( J au(x7(s)) ds),
u= 1 0
where we substituted ai) (x02) = Qa,(x) in the second equality. Now, consider the centered

processes 7~3M(QAH(t)) = Pu(QAL(t)) - QAL (t) with A, (t) = Sé au(x%(s)) ds for every
p=1,..., M, such that

x2(1) = x2(0) + Z

blt

(QA (t)) nyf ocﬂ(xQ(s)) ds
u=1 0
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for all ¢ > 0. Since the reaction rates v, (x) are Q-independent and further a,,(x) = v,(x)

for every x € RYj in the thermodynamic limit, it follows that for all ¢ > 0

M
[+() - x(0)] < [¢(0) - x@)] +| > B, (a,(0)] + b
u=1
+ f f(x‘Q(s)) — f(x(s)) ds||, (2.46)
0
where f(x) := 24:1 €,vu(x) and eg = Hzﬁil &y S(t) au(x2(s)) = vu(x?(s)) ds||, satisfying

e, > 0as Q — oo. For fixed ¢ > 0, we know that x?(¢) will be contained in some compact
set K c EN, where EN := RY n {n/Q: n e N}, such that

@, := sup a,(x) < oo,

xEKg
forally=1,..., M. Hence,
M &~ M€ ~
en =Y —”’PF(QA,,(t)) <y M sup PH(QA#(S))‘ (2.472)
u=1 Q u=1 Q s<t
M
< Z M sup ’PM(QRMS) + QRH5| (2.47b)
u=1 Q s<t
M 1 _ _
<> “(EP#(Q“Ht) + (xﬂt). (2.47¢)
u=1

We recall that the superposition of M independent Poisson processes P1(t), ..., P (t) with
intensities A1, ..., Ap, as in the right sides of inequalities (2.47b) and (2.47¢), for instance,
is a Poisson process P(t) := ﬁil P (t) with intensity A = Zﬁil Aus cf. [83]. Applying the

SLLN for Poisson processes (Theorem 2.4.2), we thus obtain

Jim. Z”fy(apy(Q%t)Jr%t) DN IALCAEDN A (}EEO(EIP”(Q“"t)jLa”t)’
u=1 u=1 u=1

with probability one, which shows that we can interchange limit and summation on the right
side of inequality (2.47¢). Since inequalities (2.47b) and (2.47¢) further imply dominated
convergence, we can also interchange limit and summation on the right of inequality (2.47a)

and apply Proposition 2.4.3, i.e.,

M
Ll
N—o0 =1

=0,

1
E’P#(QAM) - /\M

B M
sup |’PH(Q/1H)| = 21”5,4\\ éim sup
s

Au<hy T N
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with probability one, where XM = ayt for each y = 1,..., M. Therefore, we have

P| lim &, =0] =1,

0N—o0
forall t > 0.
Clearly, the right hand side f(-) = Zﬁil &uvu(-) in eq. (2.46) is Lipschitz continuous on

any bounded set KN c RY(, i.e., there exists a constant Lx > 0 such that

[ = fO)] < Liew[x -y

for all x, y € KN, Putting things together, we thus have

>

[x2(1) - x(1)] < [2(0) - x(0)| +£Q+LKNLHx‘Q(s)—x(S)H ds,

forall £ > 0, where g := €}, + €5, — 0as  — co. Applying the Grénwall-Bellmann inequality
(Lemma 2.4.4) with g(t) = [x?(t) — x(t)[, A = | x?(0) — x(0) | + £ and B := Lgn, we get

[x2() - x(6)] < (HxQ(O) ~x(0)] + sQ)eLw,

for all ¢ > 0, and the statement of the theorem follows from condition (2.45) and the fact that

limg_, o £ = 0 with probability one. ]

2.4.3 Averaging of the CME

The deterministic process x(t) of classical reaction kinetics is customarily interpreted as
describing the average system dynamics. In the following, we study the origin of such in-
terpretation by deriving evolution equations of the first moments of the discrete-stochastic
process X“*(t), whose PDF P(X;t) evolves in time as described by the CME

M
%p(x; )= 3 a?(X - £,)P(X - £ 1) - a2 (X)P(X; 1), (2.48)
u=1

We recall that the expected value of any function f of X € N at time ¢ is defined as

E[f(X?)]= > Y f(X)P(X;t) = > f(X)P(X;t). (2.49)
X1=0  Xy=0 X>0
Multiplication of the CME with f(X) and subsequent summation over X gives

> FOOSPOGE) = 3 | 3 af (X - §)P(X - §31) - af COPOG )| (250
u=1

X>0 X>0
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We note that further manipulation on the infinite series in the right hand side of eq. (2.50) is
only justified under absolute convergence of the series Y x5 f(X )af(X - & )P(X - &yst)
and Y x50 f(X )af(X )P(X;t), where the propensities af are polynomial functions of X.
Therefore, in the following®’, we let f be a polynomial function and assume that sufficiently

many moments>' of X% exist at time t, cf. [127], such that eq. (2.50) can be written as

M
Zof(X)%P(X; 0= 2| T Saf(X - PO ) = 3 FOOa20POGD) |
X> u=1LX> X>

(2.51)
Next, we show that the lower bound of the first sum in the right hand side of eq. (2.51) can
be changed to EH, ie.,

Z f(X)a;?(X - f,u)P(X - 5;4; t) = Z f(X)a;?(X - f,u)P(X - 5;4; t), (2.52)

X>0 X>&,

forevery u = 1,..., M. For that purpose, we consider the variables X;,i = 1,..., N, separately

and distinguish between the three possible cases: (i) &,; = 0, (ii) &,; > 0, or (iii) &,; < 0.
(i) If &,; = 0, the lower bound of summation in eq. (2.52) remains unchanged.

(ii) If &,; > 0, the terms for X; € I := {0,..., £,; — 1} are omitted in the right hand side of

eq. (2.52). But these are equal to zero, since for every X; € I we have

eq. (23

)
Xi<&i = Xi—Eui<0<sy;, =" ag(X-§,)=0.

(iii) If &,; <0, the terms for X; € I := {&,;,...,—1} are added in the right hand side of

eq. (2.52). But these are equal to zero, since by definition of the net changes we have

L P_ r _ L _P r
€M,—5Hi Sui gw—sw- Sui < Syis

such that for every X; € I

(23)
Xi<0 = X;—&,i<-&i<s, e

wi a;?(X_Ey):O'

20 Alternatively, we could make the physically plausible assumption that X can only take values on some
finite subset K™ ¢ Ny'; and set a, (X) = 0and P(X;t) = 0 forall X ¢ K™, and a, (X) = 0,if (X + £,) ¢ K", to
further ensure that X can not leave K. Then, the series in eq. (2.50) would be effectively finite sums over all
XeK".

*'Given a vector m = (my, ..., m N)T e N¥, then the (uncentered) moment of some X € NY' associated with
m is given by E[X™ ], where X" := (X;)™ - ... - (Xn)™~. We call |m| := X, m; the order of the moment. If
N =2, for instance, then the moments of first order are E[X; ] and E[ X, ], and the second order moments are
E[X:1X:],E[X1X;] and E[ X, X, ].
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Therefore, equality (2.52) holds and since further

> f(X)ag(X = E)P(X = §ust) = 3 f(X + &)ag (X)P(Xst),

X>¢, X>0

for every p = 1,..., M, we find that eq. (2.51) can be written as

M
> f(X) Z [(f(X+ &) - F(X))a, (X)P(X:1)].

X>0 X>0

The time-evolution of the expectation of f(X?) is hence given by
9 1) S 10 O\ Q[ v 0
—E[f(x?)]= ZIE[(f(X + &) - f(X7))a, (X)) (2.53)
”:

Remark 2.4.1. The above result shows that the total probability mass > y.o P(X;t) = 1 is
conserved by the CME, i.e., by egs. (2.49) and (2.53) with f(-) = 1 we have

a_ > P(X;t) =0.
X>0
By taking f(X) = X in eq. (2.53), the time-evolution of the expected value of X is given

as

0

- E[X?] - 25,, [a(X)]. (2:54)

It should be noted that this is an exact result, valid as long as the underlying reaction model is
properly formulated such that the corresponding moments of X% in eq. (2.54) exist, cf. [127].
Furthermore, observe the similarity of eq. (2.54) to the ODE-model of deterministic reaction
kinetics. This becomes more obvious if we take f(X) = X/, such that eq. (2.53) gives the
time-evolution of the expected value of the species concentrations x? = X2/ as predicted
by the CME, i.e.,

0 u /4 0 (0] A 0
o Elx?] = 25 [ap (0x™)] = 3 GB[au ()], (2:55)

where we employed linearity of the expectation and substituted the Q-scaled propensities
ay(x) = aff(xQ)/Q in the last equality. Since further a,(x) = v, (x) + O(Q"), one might
infer from eq. (2.55) that the deterministic process x(t) of classical reaction kinetics approxi-
mates the CME average E[x?].
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However, we note that eq. (2.55) does in general not yield a closed system of equations
for the average E[x®] due to the unknown expectation E[a, (x?)]. Only if all propensities
®y (x?) were constant or linear functions of x? (as it is the case for zero and first order
reactions, respectively), then we could put E[ar, (x?)] = o, (E[x®]) and completely express
the right hand side of eq. (2.55) in terms of E[xg]. In this case, eq. (2.55) would thus constitute

a closed system of equations for E[x?], i.e.,

which is equaivalent to the ODE-model of classical reaction kinetics.

As soon as any reaction R, is of second or higher order, however, this will generally not be
the case. Because then the corresponding propensity a, (x) is a nonlinear function of x for
which E[a, (x?)] # a,(E[x?]) in general. For example, consider a bimolecular reaction R,
whose propensity is of the form a, (x?) = kzxf-)xj.). Since E[xf)xj)] + E[x?]E[x?], eq. (2.55)

would then not be closed, but would include the second moment E[x x?] on the right hand
Q
i
putting f(X) = X;X;/Q% = x;x;. But the right hand side of the resulting equation would

side. Of course, the evolution equation of E[xx] could be derived from eq. (2.53) by
then introduce moments of order three. In general, eq. (2.55) has thus to be regarded as an
open-ended hierarchy of moment equations [128].

The idea of moment closure methods is to approximate the exact, open system of evolution-
equations of all moments up to some order # by a closed system, where the unknown higher
moments are estimated from a small number of stochastic simulations, e.g., [129], or replaced
by nonlinear functions of the first » moments, e.g., [127, 130, 131]. The common problems of
moment closure methods are, however, to a priori predict an adequate truncation order n
and that the produced ODE-system can become very stiff as moments of higher order are
considered, cf. [127]. Usually, the first issue is tackled by comparing the results obtained for
increasing n. Such an a posteriori procedure, however, can fail if higher order truncations
result in a reduced accuracy of the lower order moments, which depends on the chemical
system under consideration and is yet not studied on theoretical grounds [127, 129].

Obviously, in deterministic reaction kinetics no distinction is made between the expecta-
tion of products and the product of expectations, i.e., independence of the random variables
is automatically assumed in a deterministic context, such that E[x{x il= E[x?]E[x?], for
instance, in the case of bimolecular reactions. This assumption of zero covariance nullifies the

effects of correlations (i # j) and the effects of random fluctuations (if i = j). However, from
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Kurtz’s Theorem, studied in the previous subsection, we infer that E[x;ox}o] ~ E[x? ]IE[x}(2 ]
or more generally E[a, (x?)] » o, (E[x?]) can be expected to hold for general reaction net-
works if the species are present in large numbers (close to the thermodynamic limit). In this
case, the CME average should thus be well-approximated by the corresponding deterministic

process of classical reaction kinetics.

2.4.4 Leading-Order WKB-Approximation for the CME

In the following, we study the aforementioned implications more closely. Starting point is a

~1 as a parameter of smallness, motivated

system-size related scaling of the CME with ¢ := Q
by the classical scaling in deterministic reaction kinetics. By applying a WKB-approximation
[18, 65] to the resulting e-scaled CME and further use of Laplace’s method of integral ap-
proximation (see Appendix B), we are then able to demonstrate that the ODE-model of
deterministic reaction kinetics approximates the evolution of the CME average to leading

order as ¢ — 0.

System-Size Scaled CME

Analogous to classical reaction kinetics (see Section 2.3), we assume that the number of

molecules X;, i = 1,..., N, are large such that the state space can be represented by real

numbers x = (xp,... ,xN)T € RZZVO, where
xi=¢X; (i=1,...,N), (2.56)

with & < 1 denoting some scaling factor. By taking e = Q7!, eq. (2.56) becomes identical
to the large-size system assumption underlying the continuous approximation in the de-
terministic framework. The e-scaled propensity of an elementary reaction is hence given
by a,(x) = &+ ay(X = x/e), see Subsection 2.4.1. We further assume that the propensity
functions «,, are sufficiently continuously differentiable with respect to x. To keep the prob-
ability invariant under the change of variables performed in eq. (2.56), the PDF P.(x; t) of
the e-scaled population levels x is given by P.(x;t) = e™™ - P(X; t). Hence, under the above

system-size scaling, the CME can be written as

M
s%Pg(x; t) = 21 ay(x — 8, )Pe(x — e€5t) — ay(x) Pe(x5 ). (2.57)
u=
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WKB-Approximation of the PDF

In the following, we seek an approximate solution of the e-scaled CME (2.57) in the form of
an asymptotic expansion as ¢ — 0. We assume that the PDF P,(x; t) can be represented in a

WKB-like series expansion with respect to the spatial coordinate x, i.e.,

Pe(x;t) = Cy exp{%so(x; t)} > 8"Un(x5t) as 60, (2.58)
n=0

where the factor Cy is related to the normalization of P,(x;t), cf. [65, 132, 133]. The unknown
functions sp and U,, n =1,2,..., in eq. (2.58) are assumed to be sufficiently continuously
differentiable with respect to the arguments x and ¢.

In general, the WKB-technique is a powerful method for approximating the solution of a
linear differential equation whose highest derivative is multiplied by a small parameter ¢, well-
known from the calculation of semi-classical approximations in quantum mechanics, see [65]
for further information. In the context of the CME, the leading order WKB-approximation
S0, also called eikonal function, is known to describe the mode of the PDF in the basin of
an attractor [132-134], which, as we will see shortly, naturally leads to the corresponding
deterministic formulation of the chemical system [18].

Differentiating eq. (2.58) with respect to time t gives
iP (x;t) = Csex ls (x;1) i 8" N UL (x; t)is (x5t) + (SEU (x;1)
at € > =Ly P 6 0 > n:o n > at 0\ A> at n > >

which we will use to express the left hand side of the e-scaled CME (2.57) under the above
WKB-ansatz. In the right hand side of eq. (2.57), we first substitute the WKB-expansions of
P.(x;t) and Pe(x — €&,;t) as given by eq. (2.58). Then, we Taylor expand the propensities
ay(x — e€,) and the eikonal so(x — €,; t) and the functions U, (y — ev, | Z5t), n = 1,2,...,

in the expression for P, (x — & Pt t) around the state x;, i.e.,

(—edu)’
a(x—eb) = ¥ gl ()
oV

and

1 _ 4 00 _ Y

50V =0 \ppo V'
with multi-index y = (y1,...,yn) € N)Y and notations |y| = y1 +... + pn, p! = p1!- ... - yNL
xV=(x1)" ... (xy)" and 9} = 9%} ... 9L, where 9}’ := 977 /9x;" fori=1,...,N.
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Hence, to this step the CME (2.57) can be written as

(—‘;C(g exp{%so(x; t)} gén(Un(x; t)%so(x; t) + 8%Un(x; t))
M _eE ) cE Y
=GCs Z|:( > ( 5'”) agyca,,(x))exp{g > - j") o%so(x; t)}
u=1 :

A lyl>0

(-e&u) ., LISV (R g .
x 28 (Z ————03Up(x;t) | - au(x) exp gso(x,t) > 8" Un(xs1) |-
n=0 )/- n=0

ly[20
(2.59)
Comparing the terms of leading order on both sides of eq. (2.59) gives

1 d
%C(g exp{gso(x; t)}Uo(x; t)gso(x; t)

=Cs exp{gso(x t)}Uo(x t) Zl oy x)[exp{——f Vso(x; t)} 1], (2.60)
U

where Vso(x;1) = (9x,50(x51), . .., Oxy S0 (%3 t)) denotes the gradient of sy with respect to

x. By dominant balance, the order on both sides of eq. (2.60) has to be the same. Thus, §

has to be proportional to ¢, i.e., § ~ € as ¢ - 0,>* and for simplicity we choose & = ¢. Then,

eq. (2.60) is satisfied if we set

iso(x; 1)+ aﬂ(x)[l - exp{—fuTVso(x; t)}] =0. (2.61)

ot P

This is a linear PDE of first order for the eikonal function s¢, which can be solved by the
methods of characteristics, see [135] and below.
Substituting eq. (2.61) back into the full expression of the CME (2.59), we find the evolution

equations of the functions U,, n = 1,2,.. ., to be determined by

Zs"“ U (x;1)

:fexp{—sfwu;o}[(z(‘f") o) exp{ - 3 (o |
=1 '

[y[>2

xis"(z - sj") LU, (x t)) (x)is"Un(x;t)].

**We use the asymptotic notation f(x) ~ g(x) as x — xo if limy—., f(x)/g(x) = 1, cf. [65].
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Comparing the terms of order O(¢) on both sides in the above equation, for instance, gives a

linear first order PDE for Uy, which is a sort of transport equation (cf. [133]):
0 & T Lo >
FAUCDEDY exp{~&, Vso(x:1) (%) & Vo (3 1) &l 1)
u=1

— EFVay(x)Uo(x31) — o (%) €, VU (x31) |,

where V2so(x;t) denotes the Hessian matrix of sy with respect to x.
In the following, we show that the leading order WKB-approximation of the mode of
P(x;1), i.e., the absolute maximum point of sg, follows the deterministic path of classical

reaction kinetics.

Leading Order Approximation of the PDF

A convenient approach for the analysis of the eikonal function s is to consider the PDE (2.61)
as the Hamilton-Jacobi equation for the action of an auxiliary system with coordinates x(t)

and momenta p(t) := Vso(x; 1), cf. [132, 136]. The Hamiltonian H of this system is defined as

a eq. (2.61 M
H(wp) = =gosolust) B B a1 - exp{-6p) |
I,[:

and Hamilton’s equations of motion of the system are thus given by

d d M .
ax(f) = @H(x)l’) = ’; Euay(x(1)) exp{=&, p(1)}, (2.62a)
d 9 M .
ap(t) = —aﬂ(x,p) = ,42:21 Vocy(x(t))[exp{—iy p(t)} - 1]. (2.62b)

These equations define the characteristics of the PDE (2.61) (where H = const) and their
solution determines so(x; t), cf. [135].

At this point, it is essential for us to point out how maxima of sy are propagated by eqs. (2.62)
in time. Observe that if the initial function so(x; ¢ = 0) has a unique absolute maximum at
X = X, say, where

Po = Vso(x = Xo; £ = 0) =0,
then H (%0, p,) = 0 and the equations of motion that propagate the maximum point x(¢) and

the corresponding p(t) in time are given by egs. (2.62a) and (2.62b) as

M
dix(t) = > Eua,(x(1)) with x(0) =, (2.632)
t /1:1
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and

d_ _ _
Ep(t) =0 with p(0)=p,=0, (2.63b)

respectively. This shows that X (¢) remains a unique maximum point of s, for all times ¢ > 0,
because of the uniqueness of paths under given initial conditions.?* The solution of eq. (2.63a)
hence gives the most probable values x(¢) of the species levels as ¢ — 0. Moreover, we note
that eq. (2.63a) is identical to the ODE-model of deterministic reaction kinetics. Since further
ay(x) =vu(x) + O(e) as e — 0, see Subsection 2.4.1, the above result shows that if the system
is close to the thermodynamic limit, then the classical deterministic solution more closely
describes the mode trajectory of the corresponding CME probability distribution rather than

its average [18].

Laplace’s Integral Approximation of the PDF

We linked the ODE-model of deterministic reaction kinetics to the evolution equation (2.63a)
for the most probable value of the species levels x (as given by the maximum of s¢) and
showed that this maximum remains unique at x(t) for all times ¢ > 0. In the following, we
demonstrate that this result has an important implication for computing expectations of the
underlying process x*(t). Because of the exponential form of the WKB-ansatz (2.58), we can
use Laplace’s method of integral approximation (see Appendix B) to compute integrals of the

form
E[f(xf)] = Loo f(x)Pe(x5t) dx = C, J:o f(x) exp{%so(x; t)} is” Un(x;t) dx,

as ¢ — 0. If the eikonal function so (x; t) has a unique absolute maximum at the point x = x(t),

then by Laplace’s method it follows that

Loo f(x) exp{%so(x; t)} dx = exp{%so(f(t); t)}\} &N”(f(;(t)) n O(e)),

V250 (% (1)s

as ¢ - 0. Here and in the following, we consider the generic case that x is a non-degenerate
maximum of sy and further use that the Hessian matrix V2so(x = X(-); - ) is hence negative
definite, such that the determinant |V2so(x = x(-); - )| # 0.

»* Assume there exists a solution (y(t), p(t)) of egs. (2.62) with initial conditions y,, # xo and p, # 0, but
such that p(¢# = T) = 0 and hence y(t = T') is an extremum of so(x; ¢ = T), for some T > 0. Then, one could

reverse time in eqgs. (2.63a) and (2.63b) and conclude that necessarily p, = 0, which yields a contradiction.
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The above result has an immediate consequence: Since the total probability has to integrate

to one for any value of €, we can compute so(x = x(-); - ) and Up(x = x( - ); - ) directly, i.e.,

1= J Pe(x;t) dx
0

=C, Joo exp{éso(x; t)}(Uo(x; t)+O(e)) dx

0
_ exp{%so (E(t); t)}
[V2s0(%(1)s 1)

(Uo(f(t);t) + O(s)), (2.64)

where we substituted C; = (277¢) "N/2 in the last equality, as the above equation holds for all
¢ and we have assumed sy and U to be independent of ¢. For the same reason, it further

follows from eq. (2.64) that

so(X(£);t) =0 and  Uo(F(1)st) = \/|V2s0(%(t); 1)

, (2.65)

for all ¢ > 0. Moreover, we find that the O(¢) corrections in the last equality of eq. (2.64) must
be identical to zero. In particular, this shows that the expectation of any function f of x* can

be approximated as
E[f(xs)] =C, Loo f(x) exp{%so(x; t)}(UO(x; t)+O(e)) dx

_ exp{%so (E( t); t)}
[2s0(%(2)3¢)|

= f(E(1)) + O(e), (2.66)

(FEO)Us((1)s 1) + O(e))

as ¢ = 0, where we applied Laplace’s method and the results for sy and Uy given in egs. (2.65).
It should be noticed that, according to the conservation relation (2.64), the last equalities in
eq. (2.66) hold without the O(¢) corrections if f is a constant function.

The result in eq. (2.66) specifically shows that E[x°] = x(¢) + O(¢) and Var(x®) = O(¢)
as & — 0. In the large-size system regime, i.e., ¢ = Q™! <« 1, the PDF P,(x; t) of x(t) will thus
be tightly concentrated about its distribution mode, such that fluctuations can be neglected.
Hence, the stochastic process x°(t) is well-approximated by its distribution mode that, in
agreement with Kurtz’s Theorem, follows the deterministic path of classical reaction kinetics.

We can further use the above results in view of our studies in Subsection 2.4.3 on the evolu-

tion of the expected value E[x]. First notice that by assuming existence of sufficiently many
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moments of x%, an averaging of the e-scaled CME (2.57) can be performed as demonstrated

in Subsection 2.4.3 for the unscaled CME (2.48), i.e.,

0

® 9
—E[xf] = —P.(x;
5 [xf] L X (x5¢) dx

o M
%J Z:: oy (x — €&, )Pe(x — e&ust) — au(x)Pe(x;t) dx
M oo
% Z[J (x+e&y)ou(x)Pe(x5t) dx - J xa, (x)Pe(x;t) dx

= Z[fﬂ LOO o (x) Pe(x; 1) dx]. (2.67)

By employing the WKB-ansatz (2.58) for P¢(x; t) in eq. (2.67) and applying Laplace’s integral

approximation in combination with the results for sy and Uy given in egs. (2.65), we find

0 . 0 U * 1
aE[x ]= Z[fﬂcgf ay(x) exp{;so(x; t)}(Uo(x; t) + O(s)) dx
0

M=
e

oc,,(?(t)) +0(e), (2.68)

Il
—

U

as ¢ » 0. Again, this shows that in the large-size system regime the expectation E[x¢] is
well-approximated by the distribution mode x. It can be nicely seen that the error made
by neglecting the effects of correlations and fluctuations in deterministic reaction kinetics
(e.g., assuming E[x}x%] = E[x;]E[x¢]) is of order O(¢) as & - 0. As we have seen in Subsec-
tion 2.4.3, for systems including only reactions up to order one, the evolution of E[x®] and
the ODE-model of the deterministic process x(¢) are identical, such that E[x°] = x(t). This

implies that in such case also egs. (2.66) and (2.68) hold without O(¢).

In Chapter 4, we use the above methods to derive a direct hybrid formulation of biochemical
reaction networks, where the levels of species limited to small numbers are modeled discretely,
while the levels of species present in large numbers are approximated by (partial) expectations.
The derivation is based on a decomposition of the joint PDF into the marginal PDF of the
‘discrete’ species and the conditional PDF of the ‘continuous’ species. In contrast to above,
we then apply the WKB-approximation and Laplace’s method only on the conditional PDF

of the continuous species.



Hybrid Stochastic-Deterministic Simulation of

Biochemical Reaction Networks

The costs of computing an exact stochastic simulation generally scale with the number of
reaction events that have to be simulated. This renders exact indirect methods, such as the SSA,
numerically infeasible whenever the system includes many rapidly firing reactions and species
with a large number of molecules. In hybrid simulation methods, fast reactions associated
with large species levels are approximated as continuous processes, either in a stochastic
or deterministic context, whereas all other reactions are still realized as discrete stochastic
processes. By exploiting such partial continuous approximations, hybrid methods are capable
of decreasing the computational cost substantially, while capturing relevant stochastic effects
arising from small numbers or fluctuations in slow reaction events.

We outline and discuss hybrid simulation approaches in Section 3.1, providing a detailed
derivation of a hybrid stochastic-deterministic variant of the SSA, mainly following [56, 61,
137]. In Section 3.2, we study an application of this indirect hybrid method to a mathematical
model of the replication dynamics of the human immunodeficiency virus (HIV) [138]. Here,
the main objective is the in silico-based design and validation of a drug treatment strategy for
HIV-infected, treatment-naive patients. Based on hybrid simulations, we are able to utilize
and evaluate a novel mathematical concept that prevents the emergence of drug-resistance
by applying a single, pro-active treatment switch that can lead to significant improvements

compared to conventional treatment strategies [139].

3.1 Hybrid Simulation Approaches

We recall that in stochastic reaction kinetics the state of the system after elapse of some small

increment in time d¢ > 0 can be represented as

t+dt

X(t+dt) =X(t) + ZE#’PM(J a,(X(s)) ds).
u=1 t
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For convenience, we adopt the notation of differential equations in the following and write

the above equation as
M
dX(t) =) &udPu(t),
u=1

t+dt

where dX (1) := X(t +dt) - X(t) and dP, (1) := Pu(§,"" a,(X(s)) ds). Now, the idea of
hybrid simulation methods is to partition the reactions in the above equation into a subset
M c{1,..., M} of discretely treated reactions and a subset M€ := {1,..., M}~ M? of
continuously approximated reactions. The discrete reactions are then simulated by a Monte
Carlo (MC)-method, e.g., the direct method as in the SSA, while the continuous reactions are
approximated either by employing a CLE approximation, e.g., [50, 53—-56], or deterministically
using the ODE-formulation of classical reaction kinetics, e.g., [50, 53, 57-62]. The key principle
of such indirect hybrid methods is to efficiently monitor and simulate the occurrences of
the discrete reaction events while simultaneously simulating the dynamics of the continuous
reaction processes. A review of different hybrid simulation methods is also given in [92].

In the following, we successively discuss appropriate partition strategies, the resulting
hybrid system representation, as well as the realization of the discrete reactions in a stochastic—

deterministic simulation.

3.1.1 Partitioning of the Reactions

Suggested hybrid simulation approaches vary in their underlying partitioning strategies.
In general, the partitioning of the reactions into discrete and continuous processes can
either be static [50, 53, 57, 59] or dynamic [54-56, 58, 60-62], i.e., the subsets M* and M
are constant or change during simulation, respectively. The partitioning might be based
on some heuristics [50, 53], e.g., obtained by a few exact stochastic simulations or some
insight into the system under consideration [57, 59]. For example, it is often reasonable to
approximate metabolic reactions as continuous processes, while gene regulatory processes
usually necessitate a discrete formulation.

An automated repartitioning of the reactions during simulation can be realized according
to some predefined criteria with respect to the levels of species involved in the reactions [58],
the values of the reaction propensities [50, 53], or, most commonly, some combination of
the two [54-57, 59-62]. Clearly, a dynamic partitioning strategy introduces some additional
computational costs compared to a static partitioning. At the same time, however, it offers a

more general and reliable way of employing hybrid simulations, e.g., when the state of the
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system varies considerably over time. Therefore, we consider a dynamic partitioning of the

reactions into time-dependent subsets M¢(t) and M9 (t), based on criteria defined below.
In the context of the CLE (see Subsection 2.2.6), we already encountered sufficient condi-

tions for the continuous approximation of a reaction R, during a time interval [¢; ¢ + dt): (a)

The expected number of Ry, firings in [¢; ¢ + dt) has to be much larger than 1, i.e.,

t+dt
E[dP,(1)] = f a,(X(s)) ds > 1, (31)
t
and (b) the value of its propensity a, has to change insignificantly during [#; ¢ + dt), i.e,
ay(X(s)) ~ay(X) Vse[tt+de), (3.2)

where X(¢) = X, such that eq. (3.1) can be approximated as E[dP,(t)] ~ a,(X(t))dt > 1.
As further discussed in Subsection 2.2.4, the above Leap Condition (3.2) can always be satisfied
if the chemical species are present in sufficiently large numbers. In particular, the relative
change in the value of a, during [¢; ¢ + dt) will be negligible if the level X;(t) of every R,
reactant is much larger than the absolute change |dX;(t)| it undergoes by all reactions in
[t;t + dt). By choosing dt such that no discrete reaction fires during [¢; ¢ + dt), it is sufficient
in a hybrid setting to require that X;(¢) is much larger than the absolute change caused by
the continuous reactions only.

Given X(t) = X, it is thus typically assumed that a reaction R,, can be modeled continu-

ously if the following two criteria are satisfied [56, 61, 62]:
au(X(t)) > Ca, (3.32)
Xi(t)>CX'|fW'| (i=1,...,N), (3.3b)

for some pre-defined values of the parameters C, > 1 and Cx >> 1. If one of the above criteria
is not satisfied, then the reaction is modeled as a discrete stochastic process.

The parameter C, in criterium (3.3a) defines how many reaction events have to occur
on average per unit time in order for the process to appear continuously. In other words,
a reaction R, is continuously approximated if its expected next reaction time, given by
1/a,(X(t)), is shorter than 1/C, « 1. This is exactly the property that renders an exact
stochastic simulation of R, slow. By criterium (3.3b) it is ensured that every species which
gets affected by a continuous reaction R, and contributes to a, or the propensity of any
other continuous reaction is present in large enough numbers, such that the relative change

|€4il/Xi(t) caused by an R, firing is smaller than or equal to 1/Cx << 1. Of course, the exact
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relation of criterium (3.3b) to condition (3.2) more specifically depends on the actual system
under consideration, and some examples exists where criterium (3.3b) can be relaxed while
still obtaining good approximations [61]. However, more general studies on its practical
implementation are yet not available, and the handling of fast reactions involving small
number of molecules is sill an open question in hybrid approaches [92].

It should be noticed that as the values of both parameters C, and Cx increase towards
infinity, we approach the conditions of the thermodynamic limit where a deterministic ap-
proximation becomes accurate. Usually, values in the range of ten to hundred are used for C,
and Cy, see [56, 61]; the resulting approximation error, however, will depend on the specific
problem. For the hybrid stochastic-deterministic simulations of the HIV-dynamics model
presented in Section 3.2, we set both, C, and Cx, equal to 20. The reaction partitioning
was then dynamically updated as follows: Initially and after each discrete reaction event,
every reaction was (re-)classified as a continuous or discrete process by (re-)evaluating the
partitioning criteria (3.3). Between discrete reaction events, however, we only monitored
criteria (3.3) with respect to the continuous reactions, i.e., Ry, with u € M¢(t), was reclassified
as a discrete reaction at time ¢ if a, (X (t)) reached C, or any X;(t) reached Cx - |,;| during
numerical integration of the corresponding ODE-system, see next subsection. This updating
strategy was chosen in order to avoid potential instabilities in the reaction partitioning, due
to some propensities or species level hovering around the critical values C, or Cy, respec-
tively. Furthermore, it reduced the computational costs that are introduced by a dynamic

partitioning.

3.1.2 Hybrid System Representation

Given X(t) = X, we define a partitioning of the reactions according to criteria (3.3) into the

subsets M?(t) and M€ (t) of discrete and continuous reactions, respectively, such that

dX(t)= Z fydpy(t) + Z gydpy(t)’ (3.4)

ueMA (1) ueME (1)

We recall that in the CLE approximation (see Subsection 2.2.6), the discrete-valued Poisson
random variable dP , is approximated by a corresponding real-valued normal random variable
Ny ie, for X(1) =X

dPu(t) » Pu(au(X)dt) » My(au(X)dt, a,(X)dt),
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where N, (m, 0?) denotes a normal random variable with mean  and variance 0. The first
step in this approximation is justified by condition (3.2) and the second by condition (3.1).

Thus, applying the CLE approximation to all continuous reactions in eq. (3.4) results in
dX(t)= Y EdPL(t) + > &, [aH(X(t))dt +/ au(X(1))N (0, 1)\/3], (3.5)
peMA(t) peMe(t)
which is the hybrid formula underlying discrete stochastic—continuous stochastic simulation
methods, e.g., [50, 53-56].
It should be noticed that the relative fluctuations in the increment dP,(t) of a continuous
reaction in eq. (3.5) scale like
Var(dP,(t)) ) 1 N 1
E[dP,(1)] VE[P.(D]  /au(X(1))dt

which will be much smaller than 1 for any 4 € M* and small time increment d¢ as guaranteed

by criterium (3.3a). Hence, we assume that it is reasonable to neglect fluctuations related to the
continuous reactions in eq. (3.5), i.e., the random components &,+/a, (X(t))N (0, 1)V dt,
and that the contribution of all continuous reactions is well-represented by the deterministic

components &, a,(X(t))dt, such that eq. (3.5) further simplifies to

dX(t) = Z §udP,(t) + Z f#a,,(X(s))dt. (3.6)
peMA(t) peMe(t)
This is the general hybrid system representation of stochastic-deterministic simulation ap-
proaches, e.g., [50, 53, 57, 59-62].

In line with our studies in Section 2.4, the partial deterministic approximation exploited
in eq. (3.6) is justified by large values of the propensities and species levels being associated
with the continuous reactions, which can both be guaranteed by the partitioning criteria (3.3).
Although eq. (3.6) is less accurate than the CLE approximation (3.5), it is acceptable if one is
primarily interested in the fluctuations of species present in small numbers [53, 62], as it is
typically the case. A major benefit of the deterministic approximation is that as long as no

discrete reaction fires, the system dynamics is simply given by
d
XM= Y Gau(X(5)), (3:7)
t ueME (1)

which can usually be efficiently solved with high accuracy using one of the well-documented

numerical integration methods for ODEs, cf. [119-122].
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3.1.3 Simulation of the Discrete Reactions

We proceed by deriving a stochastic simulation procedure for the discrete reactions in eq. (3.6),
analogously to the derivation of the SSA, see Subsection 2.2.3. In the hybrid setting, however,
we now have to account for changes in the propensity value of a discrete reaction, resulting
from changes in the number of molecules by the continuous reactions. Given X(t) = X, the
probability p?(, j| X; t)8t that the next discrete reaction fires during [ + 7; t + 7 + 8t) and

that this will be the discrete reaction R; is hence given by
P (7, j1X:6)0t = pi (2] X:6) (a;(X (£ + 1))t + 0(31)), (3.8)

with j € M9 (t + 1) and pg(7|X; t) denoting the probability that no discrete reaction fires in
[t;t+ 1), given X(t) = X.

To determine pZ(7|X; ) in eq. (3.8), we consider the change in this probability during an
infinitesimal time increment §7. As the increments of Poisson processes are independent, we
have

pg(r +07|X;t) = pg(r | X; t)(l - Z aH(X(t + T))8T + 0(51)), (3.9)

peMd (t+7)
where the second factor gives the probability that no discrete reaction fires in [t + 75 ¢ + T + §7).
Subtracting pd (7| X; t) from both sides of eq. (3.9), dividing by 87 and taking the limit §7 — 0
results in .,
W =—ad(X(t+1),t+7)pi(r| X;1),

where ad (X(t),t) = ¥, pemd(r) 4u(X (1)) is the collective propensity of all discrete reactions
at time ¢. Since pd (0| X;t) = 1, the solution of the above ODE is given by

t+1

e -exp{- [ a9 0|

Substituting this result into eq. (3.8), dividing both sides by ¢ and taking the limit §¢ — 0

finally results in

t+1

(1, j| X;t) = exp{—ft ag(X(s),s) ds}aj(X(t +1)), (3.10)

with j e M9 (t + 7).
We continue by exploiting the relation p?(z, j| X;t) = p(j| 7, X; t) p? (7| X; t) in order

to derive the marginal probability p?(7|X;t) that the next discrete reaction fires at time
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t + 7 and the conditional probability p?(j| 7, X; t) that this will be the discrete reaction R e

Summation of eq. (3.10) over the subset of discrete reactions at time ¢ + 7 gives

t+71
P (7] X5t) = 3 (1, i X5t) = exp{—f ag(X(s),s) ds}ag(X(t+ 1),t+71), (3.11)
jeMa (t+1) ¢

which shows that the time until the next discrete reaction event is an exponential random

variable with time-dependent parameter ag (X(t),t). From egs. (3.10) and (3.11) it further

follows that . ( ( ))
i1 X5 t) ai| X(t+71
diilr.x: 1) = 2 (7, _ j ’ ‘
Pl ) pi(t| X;t) ag(X(t-i-T),t-i-T) (312)

with j e M?(t+ 1) and p?(7| X;t) > 0." Thus, the index of the next discrete reaction that
fires is an integer random variable with point probabilities a;(X (¢ + 7))/ad(X(t + 1), t + 7),
for every j € M%(t + 7).

We employ the direct method to generate random samples 7 and j according to the
distributions implied by eqs. (3.11) and (3.12), respectively. Given 7 and X(¢+ 7) as the
solution of the ODE-system (3.7), we can generate a random sample j € Md(t + 7) as in the
SSA but restricted to the subset of discrete reactions: Draw a random number r, from the
standard uniform distribution U(0, 1) and take

J
j = the smallest integer such that )" :I]_Md(t+r)(‘l/l)a#(X(t +1)) > rzag(X(t +1),t+T),
u=1
(3.13)

where 1 ;) denotes the indicator function of the subset M (t) of discrete reactions at
time ¢
) 1 ifpe M),
i) (#) = {0 otherwise.
The cumulative distribution function (CDF) of the time until the next discrete reaction
event is given by eq. (3.11) as

t+1

F(r|X;t) = prd(sp(; t)ds=1- exp{—jt ag(X(s),s) ds}. (3.14)

By the inversion generating method [89], we can generate a random sample from this distri-

bution by drawing a random number r; from the standard uniform distribution U(0, 1) and

f p? (7| X5t) = 0, no discrete reaction fires during [#;¢ + 7], such that we do not have to evaluate

29(j| 7, X; t), but only simulate the continuous reactions.
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solving the equation r; = F(7| X;t) for 7. Setting eq. (3.14) equal to (1 — r1), which like r; is

a random number from U(0, 1), yields

t+7
2o(7| X5t) :=f ag(X(s),s) ds+1In(r) =0, (3.15)
t
which is the generating formula we have to solve in order to compute the next reaction time,
cf. [56, 61]. Toillustrate the similarity of the above equation to the corresponding generating for-
mula (2.12a) in the SSA, we observe that if ad is a constant function, i.e., ad (X(s),s) = ad (X)

forall s € [¢; ¢ + 7], then by eq. (3.15)

07| Xt) =al(X)t+In(r)) =0 = 1= ag(lX) ln(r_ll)'

It should be noticed that the function gy (7| X; t) defined in eq. (3.15) is monotonically non-
decreasing for 7 > 0, since propensities are non-negative functions by definition. Furthermore,
since r1 € (0;1), we have go(0| X;t) =1In(r;) < 0 and differentiation of eq. (3.15) with respect
to 7 shows that the value of go(7| X; t) increases according to the ODE

%go(r\X;t):ag(X(t+T),t+T) (3.16)
This suggests a relative simple procedure to determine when the next discrete reaction fires: We
integrate eq.(3.16) together with the ODE-system (3.7) for the initial values go (0 | X; ¢) = In(r;)
and X (t) = X, respectively, until time 7 = s such that go(s| X; t) = 0. Then, we use eq. (3.13)
to decide which discrete reaction has to be simulated and update X ( + 7) accordingly.

As mentioned before, the above algorithmic approach is equivalent to Gillespie’s Direct
Method implemented in the SSA, (see Subsection 2.2.3), but it additionally accounts for time-
varying propensities of the discrete reactions. Gillespie’s Direct Method has been utilized in
the hybrid methods proposed in [50, 53, 54, 57, 58, 60-62]; time-varying propensities, however,
have been explicitly incorporated only by Alfonsi et al. [61] and are otherwise approximated
during simulation (e.g., by artificially introducing a ‘probability of no reaction’ that adjusts
the discrete time steps and allows to gradually update the propensity values [53]). It is also
possible to simulate the discrete reactions based on variants of Gillespie’s Next Reaction
Method [55, 56, 59, 61] or Gibson & Bruck’s First Reaction Method [61]. However, this
requires to solve a system of differential equations of the type of eq. (3.16), one for each

discrete reaction, which generally increases the computationally complexity.



3.1 Hybrid Simulation Approaches

3.1.4 Algorithmic Implementation

In summary, the derived hybrid stochastic—deterministic simulation method comprises the

following algorithmic workflow:*

(1) Initialize ¢ < o and X (o) < Xo, set M4 (ty) < {1,..., M} and M*(ty) < @, and

choose partition thresholds C, and Cx and a final simulation time tq.
(2) Draw a random number r; from U(0, 1) and set go(¢|¢) = In(ry).

(3) For every reaction R, (pu =1,..., M):

(i) Ifa,(X(t)) > Csand X;(t) > Cx || foralli=1,...,N,
set MC(t) « MS(t) U and M4 (t) <« M4(t) \ .
(ii) Otherwise, set M€(t) < ME(t) \ wand M%(t) « M9 (t)u p.
(4) Solve the ODE-system for the subset M€(t) starting at time 7 = ¢
d d

d—X(T)= > &ua,(X(1)) together with d—go(r|t)= > au(X(1)),
4 ueMe(r) ! ueMi(v)

(3.17)
until the first time 7 = s, where:

(a) go(s|t) = 0and a discrete reaction R; with j € M“(s) has to be performed:
(i) Draw a random number r, from U(0, 1).

(ii) Take j as the smallest integer such that
J M
2 Lpgagy () au(X(s)) 2 r2 D0 Lpgagey (1) au(X(s)).
p=1 p=1

(iii) Sett < sand X(s) < X(s) + &;, and go to Step (=2).

(b) a,(X(s))=C,orX;(s) = Cx - |&i| for some u € M°(s) and some i = 1,...,N:

(i) Set M(s) « M(s) \ wand M9 (s) « M4(s) U p.
(ii) Sett < sand go to Step (4).

(c) s = tend, then stop simulation.

It should be noticed that as long as either the subset M () or M*(t) is empty, automatically a full

discrete-stochastic (SSA) or a full continuous-deterministic simulation is performed, respectively.
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In Step (4) of the above algorithmic scheme, events related to (a) the occurrence of a
discrete reaction or (b) the repartitioning of a continuous reaction have to be detected during
numerical integration of the ODEs (3.17). To this end, event functions F;(7) can be introduced,
e.g. Fo(1) == go(7|t) or F,(7) := Cq — a,(X (7)), such that F;(s) = 0 at those points in time
7 = s where a corresponding event is located. Then, the problem of event detection during an
successful integration step from time ¢, to t,, becomes: (i) Detecting the possible occurrence
of zero-crossings of any F; between t,_; and t,, and (ii) finding (within a predefined numeric
tolerance) the smallest root of F;(s) with s € (t,_15t,]-

Problem (i) is usually tackled by comparing the signs of F;(t,-1) and F;(t,), ie., if
Fi(ty-1) x Fi(t,) <0, then an event occurred during (t,-1;t,]. This strategy works cor-
rect as long as the number of roots of F; in (#,-1;t,] is odd, which will always be the case
for Fo(7) = go(7|1t), for instance, since go(7|t) is monotonic in (#,-1; t,]. A multiple (even)
number of zero-crossings may occur if the dynamics of F; is faster than the dynamics of the
system state [140]. The possibility of an even number of roots can be eliminated by explicitly
including the dynamics of F; in the ODE-system (3.17) or in the step-size selection of the
numerical integration method, cf. [141, 142]. If a zero-crossing is detected, an algorithm such
as the regula falsi method or Brent’s method [143] can be used to find the smallest root of F;
in (t,-1; t, ], where a successive numerical solution of the ODEs (3.17) can be avoided by use
of a numerical integration method that supplies a dense output interpolation, cf. [119-122].
Typically, common computational software programs, e.g., MATLAB® or Mathematica®, already

include ODE-integration methods that comprise event detection and dense output.

3.2 An Application: HIV Quasi-Species Dynamics during

Pro-Active Treatment Switching'

In the sequel, we study an application of the above stochastic-deterministic simulation
algorithm to an HIV-dynamics model that we previously proposed in [138]. Using hybrid
simulations, we are able to predict and evaluate (in terms of the mathematical model) a simple
treatment strategy, where a single, pro-active switch from an induction to a maintenance

drug regimen is applied. The proposed induction-maintenance (IM) strategy demonstrates

""The contents of this section are based on: M. von Kleist, S. Menz, H. Stocker, K. Arasteh, C. Schiitte, and
W. Huisinga. HIV Quasispecies Dynamics during Pro-Active Treatment Switching: Impact on Multi-Drug

Resistance and Resistance Archiving in Latent Reservoirs. PLoS ONE, 6(3): €18204, 2011.
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significant improvements in terms of resistance archiving and virological response compared
to conventional treatment strategies. While continuous pro-active treatment alternation
improved the clinical outcome in a randomized trial [144, 145], our results indicate that a
similar improvement might be reached by a single pro-active treatment switch. The clinical

validity of this finding, however, remains to be shown in a corresponding trial.

3.2.1 Background

Since 1996, HIV infection is treated with a combination therapy, known as highly active
anti-retroviral therapy (HAART) [146, 147]. The initial clinical success of HAART had led
many researchers to believe that eradication of HIV could be feasible. However, it was soon
realized that inducible pro-virus persists in latently infected cells despite ongoing therapy,
and that this latent reservoir prevents HIV eradication within the patients lifetime [148-153].
Latent infection is established when CD4" T-lymphoblasts with integrated pro-virus escape
both immune effector mechanisms and cytopathic effects of the virus [148, 154], and revert
to a resting memory state [155]. Besides preventing eradication, the latent reservoir also
serves as a memory for any quasi-species replicating during infection [156, 157], including
drug-resistant variants. The contents of this archive are strong predictors of future treatment

failure [156, 158].

Despite the impressive improvement of antiviral therapy, many patients still experience
virological failure caused by selection of drug-resistant virus populations. Current guidelines
recommend changing treatment after confirmation of virological failure. However, in face of
the rapid viral turnover this approach could be sub-optimal [159], as treatment change after
appearance of virological failure allows for expansion and potential archiving of drug-resistant
strains. An optimal treatment strategy should thus prevent viral relapse with drug-resistant

strains and, more importantly, prevent these mutants from establishing latent infection.

IM approaches are used for the treatment of a growing number of infectious and neoplastic
diseases [160-162]. Treatment begins with an intensified induction regimen (composed of a
number of potent and potentially toxic drugs), which is subsequently replaced by a mainte-
nance regimen (composed of a smaller number of less toxic drugs) [163]. However, patients
treated with a large number of drugs are particularly vulnerable to drug interactions [164]
and adverse side effects that complicate therapy and seriously undermine the success of clini-

cal management [165]. Another approach to overcome the development of resistance is to
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alternate anti-retroviral therapy [166]. This strategy has been shown to significantly delay
virological failure [144, 145], yet it is flawed by its high psychological and physical burden [167].

We propose an approach that combines the advantages of conventional IM and treatment
alternation strategies, but minimizes their inherent disadvantages. We suggest a single, pro-
active treatment switch from an inducer to a maintenance drug combination. Initially, the
inducer combination should rapidly lower the viral population size and eliminate resistant
mutants. Before drug-resistant strains are likely to be archived, the inducer combination will
be replaced by a maintenance regimen with a completely different resistance profile. Based
on hybrid stochastic-deterministic simulations of a HIV-dynamics model that integrates the
mode of action of all approved and some developmental drugs [138], we are able to study
a novel mathematical concept, which prevents the emergence of drug-resistance in each
individual realization (virtual patient) by switching between therapies. Utilizing this concept,
we deduce a distribution of switching times from the hybrid simulations, used to determine
a single fixed duration for the induction therapy that increases the probability of treatment
success in the whole virtual patient population and minimizes the risk of resistance archiving
in the latent reservoir. Finally, we evaluate the performance of this novel IM-strategy against

conventional HAART by comparing the statistics obtained from corresponding hybrid

3.2.2 Results

Mathematical HIV-Dynamics Model of Viral Replication, Mutation and Drug Interference

We have previously introduced a novel model of HIV-dynamics [138] that allows the mecha-
nistic integration of all novel and some developmental HIV drugs. We extended this model by
the compartment of very long lived, latently infected T-cells Ty, which are believed to prevent
eradication of HIV [168] and to lead to archiving of drug-resistance [156, 157]. The resulting
model is depict in Figure 3.1. It comprises uninfected T-cells and macrophages, Ty and My,
respectively, non-infectious virus Vyj, infectious virus Vi(i) of mutant strain i = 1,2,...,
and infected cells belonging to each mutant strain i: infected T-cells and macrophages prior
to proviral genomic integration, T (i) and M; (i), and infected T-cells and macrophages after
proviral genomic integration T, (i), T1(i) and M(i). Latently infected cells T1.(i) do not
express viral genes but can become activated, transforming Ty (i) into virus producing cells

T»(i). A detailed description of the model and its parameterization is given in Appendix A.
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The overall dynamics in the model comprises several viral strains, each with species whose
copy numbers can vary over several orders of magnitude (from 0 to ~ 10'!). For this reason,
we employed a hybrid approach in order to (i) correctly account for stochastic fluctuations in

slow reactions and species present in small numbers, and (ii) reduce the computational costs
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Figure 3.1: HIV-dynamics model of viral replication, mutation and drug interference. Target cells Ty and
My can become infected by infective virus Vi (with rate constants Br and ), producing early infected
cells Ty and M. Infection can also be unsuccessful after viral fusion (CLt and CLyy), eliminating the
virus and rendering the target cell uninfected. Early infected cells T, and M, can also destroy essential
viral proteins or DNA prior to integration (8pic, and Opic,m), returning the cells to an uninfected stage.
The genomic viral DNA can become integrated (kt and ky) creating post-integration, infected cells T,
Ty and M,. The latently infected cell type Ty, (created with probability p) does not express viral genes,
but can become activated (with rate constant ), transforming Ty, into a productively infected T-cell
T,. Virus producing cells T, and M, release new infectious and non-infectious virus V; and Vyr (N,
N — Ny and Ny, Ny — Ny, respectively). Phenotypic mutation occurs at the stage of viral genomic
integration. Ty and My are produced by the immune system with constant rates At and Ay, all cell
types x get destroyed with respective rate constants 8, and free virus (infectious and non-infectious) gets
cleared with rate constant CL (not shown in the illustration). The sites of drug interference are indicated
by blue bars for the respective drug classes (NRTIs, NNRTIs, FIs, CCRs-inhibitors, INIs, PIs, and MIs).
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substantially by approximating the fast, large-number system dynamics deterministically. We
used the hybrid method derived in Section 3.1, where a reaction R, was deterministically
approximated during simulation if both, the value of its propensity and the levels of all species
affected by R, were above a threshold value of 20. Otherwise, the reaction was treated as a

discrete stochastic process.

Realization and Implementation of the Model: We implemented the stochastic-deterministic
simulation algorithm from Subsection 3.1.4 for the above HIV-dynamics model in C++,
utilizing an ODE integrator that is based on numerical differentiation formulas [169] and
uses strategies for event detection and error- and step size-control comparable to ode15s in
MaAtLAB® [170].°> Numerical integration and event detection was performed with a relative
error tolerance of 10~ and an absolute error tolerance of 10~°. Simulations were run on 112
Intel® Xeon™ CPU Es44o0 cores with 2.83 GHz at the high performance computing cluster
of the National University of Ireland, Maynooth (NUIM), utilizing the Intel® C++ and
FORTRAN compilers and the Intel® math kernel library (MKL). To evaluate the proposed IM-
strategy against conventional HAART (data shown in Figure 3.4), for instance, we performed
12,000 hybrid realizations. With realization start (¢y = 0) the effects of drug treatment were
simulated until ¢ = 730 days was reached. The average runtime on a single core was ~ 1.5h

per realization, resulting in an overall computation time of ~ 18,000 h.

Treatment Change Before Virological Failure

Currently, changes of anti-retroviral treatment regimes are largely triggered by virological
failure or toxicity. In Figure 3.2A, we show the viral load during a hybrid simulation in the
case of first-line treatment failure. The corresponding population dynamics of HIV is shown
in Figure 3.2B. During first-line treatment failure, resistant mutants (green and cyan lines)
are selected from the quasi-species population and quickly become the dominant population,
leading to viral rebound (observe that fluctuations are captured for low levels in the hybrid
simulation). While the total virus population is temporarily shrinking, mutants that confer
resistance against a potential follow-up treatment (red line, dark grey shaded area) are depleted
(possibly eradicated, by correctly accounting for discretely changing low levels in the hybrid
setting). However, during viral rebound the total population re-expands and consequently

erroneous reverse transcription generates novel mutants that can confer resistance against a

*A MarLAB®-implementation of our simulation code is provided in the Supporting Information to [139].
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second-line therapy. Once the total population size has been restored, a second-line therapy;,
although composed of entirely different drugs, is as likely to fail as before initiation of the
first-line therapy. Furthermore, drug-resistant viral strains are likely to become archived while

they dominate the population (light grey shaded area).

In Figure 3.2C, we show the viral load during the proposed IM-therapy. The corresponding
population dynamics of HIV is shown in Figure 3.2D. The inducer combination reduces the
viral load (see Figure 3.2C). However, treatment is changed (vertical dashed lines) to the

maintenance combination, before resistant strains (green and cyan lines) can become more

A Plasma Virus Load C Plasma Virus Load

Treatment failure Proposed induction- |\ | lmitofdec

maintenance strategy |
10

limit of detec

0 50 100 150 200 250 0 50 100 150 200 250
B days days

inducer

combination )

Tel 2| first line treatment ]

maintenance combination )

fully resistant

against first

line treat-
ment

e

1e8 wildtype wildtype
S te7 g
S f=
§ 1e6 3 part-resistant
3 1e5 part-resistant resistant aainst E against maintenance
< qes4 against first par ‘TZSI'f ant agtamst < combination
line treat- second line treatmen
Te3 ment . .
le2 part-resistant against
inducer combination
lel
1e0]
0 50 100 150 200 250 50 100 150 200 250
days days

Figure 3.2: Abundance of viral mutants during first-line treatment failure and proposed IM-strategy. A
and B: Plasma virus load and abundance of distinct viral mutants during first-line treatment failure,
respectively. C and D: Plasma virus load and abundance of distinct viral mutants during IM-strategy,
respectively, switching from induction to maintenance therapy after 80 days (vertical dashed lines).
Magenta lines show the abundance of wild type; green and cyan lines show the abundance of mutants
that are part-resistant (against two out of three drugs) and full-resistant against the first-line regimen,
respectively; red lines show the abundance of mutants that are part-resistant against the second-line
treatment, where the area under the curve is dark grey shaded to stress the negative impact on a success
of the second-line regimen. The light shaded area in panel B highlights that full-resistant mutants are
more abundant than wild type virus, indicating when drug-resistance archiving in latently infected
cells takes place. Simulations were performed for drug efficacy n(wt, d) = 70 % and fitness loss s = 20 %
per drug-resistance mutation. It was further assumed that a single point mutation can confer absolute
resistance to a single drug.
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abundant than the wild type (magenta line). Therefore, at the time of treatment change, total
virus has been decreased and mutants that confer resistance to the maintenance therapy (red
line, dark grey shaded area) are likely to be eradicated, which improves the probability to
achieve durable virological suppression. With this strategy, the abundance of the wild type is
larger than the abundance of drug-resistant mutants, which further lowers the probability that

drug-resistance enters the latent reservoir (light grey shaded area is absent in Figure 3.2D).

Determination of Treatment Changing Time

To determine an optimal time point for switching from inducer to maintenance combinations,
we first determined relevant sets of parameters for (i) the efficacy n(wt, d) of drug d against
the wild type ‘wt” and (ii) the fitness loss s(d) that is associated with resistance development,
since the corresponding in vivo parameters are known to vary substantially between different
patients [171]. For simulation purposes, we assumed that one point mutation is sufficient to
create high-level resistance (99 %) to a single drug. This is somewhat a worst-case assumption,
but is justified for a number of drugs, see, e.g., [172, 173].

Then, we use an algorithm that automatically switches from inducer to maintenance
combination, minimizing virological failure in each realization (virtual patient) by utilizing
the ‘reproductive capacity’ Reap(d). We introduced the reproductive capacity in [138] and
provide its derivation for the extended HIV-model 3.1 in Appendix A. The reproductive
capacity Reap(d) can be interpreted as the expected total number of infectious offspring that
the whole viral population produces under treatment d during one round of replication. It

can be calculated from any simulation and enables to evaluate the state of infection from the
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perspective of any potential treatment d. As the viral population adapts to some currently
applied treatment, Reap(d) changes accordingly: Reap(d) is large initially and decreases
subsequently until drug-resistant strains develop and begin to render treatment d inefficient.
We want to assess the point in time when an inducer combination stops to provide benefits
(in terms of the viral population) for the next (maintenance) drug combination. Thus, we
evaluate Re,p(d) for d = maintenance combination while the inducer combination is applied

and change from induction to maintenance therapy when Rc,,(d) reaches its minimum, i.e.,

d
switch if: aRcap(d) =0. (3.18)

The derived individual switching times from a total of 6, 000 hybrid simulations are shown
in Figure 3.3. We chose the 0.5th percentile t,;;, = 80 days as a fixed time for treatment
change in the proposed IM-strategy. In the sequel, we evaluate, if the proposed IM-strategy
with the chosen value for f;p, leads to a general improvement compared to conventional

HAART, in terms of treatment success and drug-resistance archiving.

Implementation of Conventional vs. Proposed IM-Strategy

In order to reflect the clinical practice of HIV care, we implemented the following routine for
assessing the efficacy of the applied treatment combinations. Our virtual patients are moni-
tored every month for efficacy assessment until total virus level falls below the detection limit
(50 HIV RNA/mL plasma). Thereafter, they are monitored every other month. Virological
failure has been defined according to current treatment guidelines [168]: At the first efficacy
assessment (one month after treatment initiation), viral load should have fallen by at least
2logs HIV RNA/mL plasma. Each consecutive measurement should be below the previous
assessment. By month 4, viral load should be below the level of detection (50 HIV RNA/mL
plasma). After that, detectable virus is defined as virological failure.

We implemented HAART as follows: Initially, the virtual patient is treated with a combina-
tion of two nucleoside reverse transcriptase inhibitors (NRTIs) and one non-nucleoside reverse
transcriptase inhibitor (NNRTTI) (e.g., tenofovir (TDF) + emtricitabine (FTC) + efavirenz
(EFV)), until virological failure is detected. Then, treatment is changed to a second-line
regimen consisting of a protease inhibitor (PI), an integrase inhibitor (INI) and an entry
inhibitor (EI) (e.g., ritonavir (RTV) boosted PI + raltegravir (RLV) + maraviroc (MVR)).

In the proposed IM-strategy, patients are initially treated with a combination consisting of

a PI, an Inl and an EI, until ¢, = 80 days. After that, a treatment consisting of two NRTTs
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and one NNRTT is applied. If virological failure is detected at any efficacy assessment time

point, treatment change is applied.

We performed 1,000 hybrid simulations of both strategies, conventional HAART and
the proposed IM-therapy, for each beforehand identified, clinically relevant parameter set
(see first column in Table 3.1 and further [139]), and counted the number of realizations in
which virological failure occurred. Furthermore, we assessed if the number of drug-resistant
mutants in the very long-lived, latently infected T-cells T1, was higher at simulation end than

upon treatment initiation. In such case, we recorded ‘archiving’ of drug-resistance.

Table 3.1: Probability of virological failure and archiving of multi-drug resistant virus during proposed
IM-strategy vs. conventional HAART. Columns 2-5 show the distinct treatment outcome of 1,000
hybrid stochastic-deterministic simulations for the IM-strategy (left entry) and HAART (right entry),
respectively, for different parameter sets P,~P,, in terms of drug efficacy (1 — n) and mutation-associated
reproductive fitness loss s. Column 2: Percentage of virological failure after 2 years of therapy according
to current HIV treatment guidelines [168]. Columns 3-5: Probability of the archiving of multi-drug
resistance during treatment. Further, the results of cross-tab y*-tests of independence between treatment
strategy (IM vs. HAART) and outcome are stated (§: p = 0.001, *: p = 0.05). A small p-value indicates
that different outcomes are due to the treatment strategy and not to random effects.

Parameter Set Failure Rate Probability of Multi-Drug Resistance Archiving

ID (1-mn;s) IM, HAART >2mutations >3 mutations > 5 mutations
P, (0.70;0.30)  1.7%, 4.8%° 1.8%, 4.8%° 1.7%, 48%° 0.0%, 0.1%
P, (0.70;0.25)  4.2%, 14.2%°  4.8%, 14.2%°  4.2%, 13.9%° 0.1%, 0.2%
P, (0.70;0.20)  6.6%, 41.8%° 18.5%, 42.2%°  9.6%, 41.6%°  0.1%, 2.9%°
P, (0.750.25)  0.9%, 2.8%* 0.9%, 2.9%* 09%, 2.8%* 0.0%, 0.0%
P, (0.75;0.20)  1.8%, 12.5%°  2.2%, 12.6%°  1.8%, 12.5%° 0.0%, 0.4%
Ps (0.80;0.20) 0.7%, 2.2%* 0.8%, 23%° 0.7%, 2.2%° 0.0%, 0.2%
P, (0.80;0.15)  3.1%,21.9%°  2.8%,22.1%°  3.1%,21.9%° 0.2%, 0.9%"
Pg (0.80;0.10)  7.9%, 44.0%°  9.3%, 44.0%°  8.3%, 44.0%° 0.7 %, 14.6 %°
P, (0.85;0.15) 0.6%, 0.6% 0.9%, 1.3% 0.6%, 0.6%  0.0%, 0.0%
P, (0.850.10) 2.4%, 7.1%° 2.7%, 8.1%° 2.4%, 7.2%° 0.3%, 0.4%
P, (0.85;0.05) 33.7%, 59.1%° 34.7%, 59.5%° 34.0%, 59.3%°  3.4%, 17.2 %"
P, (0.90;0.05) 1.2%, 1.8% 23%, 2.5% 1.3%, 18%  0.1%, 0.1%
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Proposed IM-Strategy Improves Success Rate and Minimizes Archiving of Drug-Resistance

Table 3.1 (third-fifth column) shows the number of cases in which archiving of multi-drug
resistant viral strains (with > 2, > 3 and > 5 drug-resistance mutations) occurred in the latent
reservoir under the proposed IM-strategy and conventional HAART, respectively. It can
be seen that the proposed treatment strategy leads to a significant reduction in multi-drug
resistance archiving for the majority of evaluated parameters. This indicates, that although
two treatment lines have been used for the novel IM therapy, more therapeutic options are on

average available in the follow-up period, compared to conventional therapy.

Figure 3.4A shows that the proposed IM-strategy (blue line) with a fixed treatment switch-
ing time of 4, = 80 days leads to a significant reduction in the probability to experience
virological failure compared to the conventional treatment strategy (red line). This observation
holds true for a wide range of parameters (see Table 3.1, second column). In only two cases,
where virological failure rarely occurs during conventional therapy, we do not get significant
differences at the p = 0.05 level. As further depict in Figure 3.4B, virological failure and the

average number of archived drug-resistance mutations are strongly correlated (Spearman’s
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Figure 3.4: Kaplan-Meier estimates of treatment success, and correlation between virological failure
and drug-resistance archiving. The plots summarize the results trough the whole simulated parameter
space from Table 3.1 (12,000 hybrid simulations in total). A: Probability of no virological failure for
the IM-strategy (blue line) and conventional HAART (red line), respectively. Dashed lines are the 95 %
confidence ranges, calculated using Greenwood’s formula. Virological failure was defined according
to current treatment guidelines [168]. B: Probability of virological failure vs. average number of drug-
resistance archiving in the latent reservoir. A strong positive correlation (p < 0.001) between virological
failure and drug-resistance archiving exists, as indicated by Spearman’s non-parametric rank correlation
coefficient rg > 0.99.
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correlation coefficient rg > 0.99, p < 0.001). This indicates that virological failure is a strong

predictor for drug-resistance archiving.

3.2.3 Discussion

We studied an application of a hybrid method to a comprehensive HIV-dynamics model that
well-illustrated the advantages obtained by a stochastic-deterministic system representation:
Neither a purely stochastic (due to numerical complexity) nor a purely deterministic approach
(due to lack of stochastic effects) would have allowed to perform our in silico study. Using
hybrid simulations, however, we were able to derive and test (in terms of the mathematical
model) a very simple treatment strategy that can lead to significant reductions in virological
failure in comparison to conventional HAART.

A unique inducer combination is used for a short time (80 days) and pro-actively switched
to a maintenance combination. The purpose of the inducer combination is to decrease the
viral population size and thereby increase the likelihood that the subsequent (maintenance)
therapy will achieve durable suppression. Clinical implementation of this novel treatment
strategy requires only one additional clinical visit after 80 days in comparison to conventional
HAART. The important finding of our study is that although two drug combinations are
always utilized during the proposed IM-strategy, less archiving of drug-resistance occurs
compared to conventional HAART, where a second treatment line would be applied only in
the case of virological failure or toxicity. Less drug-resistance archiving implies that more
treatment options will be available for the follow-up and long-term management of HIV-
infected patients when the proposed IM-strategy is used (see Table 3.1, third-fifth column).

Only a few archiving events (> 40 fully resistant mutants) are sufficient to eliminate treat-
ment options permanently, cf. [139]. The number of circulating latently infected cells is
small [152, 154, 174, 175]. Detecting a small subset of mutants within the circulating latently in-
fected cells is experimentally not feasible, because standard sequencing technology will detect
the major strains [176], while novel, second generation methods require large samples [177].
Hence, mathematical modeling is a reasonable tool to investigate drug-resistance archiving
following treatment application.

The time for switching between combinations fyr, (= 80 days) is the most critical param-
eter for the success of the proposed IM-strategy. The following two considerations have to
be taken into account: (i) The inducer combination should be applied only for a short time,

to prevent the selection and archiving of mutants, which are resistant to the current drug
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combination and would limit its further use (risk of the strategy), (ii) while at the same time,
it has to be applied long enough to possibly eradicate viral mutants, which are resistant to the

next drug combination (benefit of the strategy).

The time required for resistant mutants to emerge during therapy depends on their abun-
dance before therapy initiation (if they pre-exist and are selected from the quasi-species
population) and on their genetic distance to the wild type (if resistance is de novo devel-
oped). As discussed above, we determine the abundance of mutants at the time of therapy
initiation by utilizing the deterministic fix-point of the model as a starting condition for the
hybrid simulations. In Figure 3.5, we demonstrate the non-inferiority of our approach if
drug-resistant mutants are more abundant than expected (1 % of the wild type level, i.e., the
detection limit of second generation sequencing technologies [177-179]). We assumed the
shortest genetic distance possible between wild type and fully drug-resistant mutants (one
mutation creates full resistance against a single drug, such that three distinct mutations create
tull resistance against a triple drug combination). For some drugs, however, only subsequent
accumulation of mutations creates fully drug-resistant mutants [180]. In the hybrid simula-
tions, drug-resistance thus develops more rapidly than in vivo for drugs with a large genetic
barrier [181]. This implies that the inducer combination could possibly be applied for a longer
time than the predicted 80 days. However, our results demonstrate that even this very short

time can improve the clinical outcome significantly (see Figures 3.4 and 3.5, and Table 3.1).

Eradication of viral mutants also depends critically on their abundance before therapy

initiation and on the rate at which viral compartments (and hence resistant mutants) are
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cleared. The in vivo elimination rate of viral compartments has been quantified and validated
in a number of clinical studies [182-184]. We used the expected abundance of viral mutants
(the deterministic fix-point of the model) to estimate the abundance of different viral mutants
at the time of treatment initiation. The results in Figure 3.5 also show non-inferiority of our
approach for the case where an unexpectedly high abundance of drug-resistant mutants is

present, which would require longer time for eradication.

One limitation of the proposed IM-strategy is the potential inability to eliminate viral
strains that carry resistance to the maintenance therapy. This is particularly the case, if
viral mutants, carrying resistance against all (or the majority of) drugs in the maintenance
combination, are already archived in the latent reservoir before treatment initiation. In patients
infected by wild type virus, however, the likelihood that part-resistant mutants (against two
out of three drugs in the maintenance regimen) enter the latent reservoir prior to treatment is
so small that their expected number archived in the latent reservoir is uncritical (much less
than one), cf. [139]. Furthermore, part-resistant mutants are still susceptible to one out of the
three drugs in the maintenance combination, and for triple-drug (full-)resistant strains, the

likelihood of archival copies is even smaller.

Infection with drug-resistant strains against established drug classes is a major, growing
health concern [185]. During infection with drug-resistant viral strains, archiving in the
latent reservoir is likely, as it is established early in the infection [186]. If the circulating
viral population reverses to a drug-susceptible type, archived drug-resistant mutants from
the time of infection might remain undetected and can complicate subsequent treatment,
cf. [139]. However, this particular circumstance applies equally to the proposed IM-therapy
and conventional HAART.

For our strategy, we have chosen drugs from novel classes (e.g., INI, EI) for the inducer
combination, while we selected drugs from well-established classes for the maintenance
combination (NNRTI, NRTI). This has the following rationale: The inducer combination will
only be applied for a short time (80 days), while the maintenance combination could possibly
be applied for much longer periods of time (until it fails, or toxicological events occur). Second
or third generation drugs within the established drug classes are often more convenient to
apply and less toxic, which has important implications for the long-term management of
HIV [187]. Secondly, drugs from the novel drug classes (i.e., INI, EI) are currently not available
as generic formulations, whereas low-cost alternative drugs exist for established drug classes.

Therefore, in order to reduce treatment costs, it is of advantage to select a strategy, in which
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inexpensive drugs can be used for the majority of time, while cost-intensive ones are only
applied for short treatment periods.

Intuitively, it might be more advantageous to use drug-resistance tests to guide treatment
switches, instead of using a fixed time for a pro-active switch from inducer to maintenance
combination [166]. However, under the considerations discussed above, such switch should
be applied before any resistant strains become abundant. This implies that the most frequent
viral strain at the time of switch should be the wild type. Standard assays fail to detect
minority species [176]. Ultra-deep/pyro-sequencing might provide a more holistic picture of
the quasi-species composition and can pick up viral mutants that are abundant in ~ 1 % of the
quasi-species population if the sample is large enough [177-179]. However, even in this case,
viral mutants are likely to dominate once the results are available (> 1 week), owing to the
rapid viral kinetics [188].

In our in silico study, we considered time-invariant, as well as anatomically homogeneous
average drug efficacy (1 — #) for ease of modeling. It is also possible to consider drug- and
patient-specific time-varying pharmacokinetics and to study the impact of compliance on
drug-resistance development. According to the performed hybrid simulations, however, the
qualitative difference between the outcome of conventional HAART versus the proposed
IM-strategy is not expected to change if compliance is identical between the two study arms.
As shown in Table 3.1, the proposed IM-therapy performs better than conventional HAART
for a wide range of parameter values for (1 — #). Furthermore, it was shown in a clinical
study [144, 145] that treatment alternation leads to significantly less virological failure than
conventional HAART, when compliance is imperfect but identical between the two study
arms. However, since the study in [144, 145] is not identical to our IM-strategy, a clinical study
should be performed to fully investigate its potential. Ideally, this prospective randomized trial
could evaluate the time to virological failure in patients taking a single unchanged regimen
and patients on IM-regimens. Importantly, the trial should be designed to evaluate whether
the IM-strategy affects the durability of second- and third-line regimens. The presence and
relative frequency of viral minority populations as well as their mutational patterns could be
monitored by analyzing proviral DNA from circulating T-cells using, e.g., next-generation
sequencing. This data could serve to validate the improvements expected from our in silico

predicted IM-treatment strategy.
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Hybrid Stochastic-Deterministic Solution of the CME?

In this chapter, we present and theoretically justify a hybrid stochastic—deterministic approach
to solve the CME directly. Starting point is a partitioning of the system into discrete and
continuous species and reactions, see Subsection 4.1.1. Accordingly, we decompose the joint
PDF P(Y, Z; t) into the marginal PDF P(Z; t) of the discrete species and the conditional PDF
P(Y | Z;t) of the continuous species. In light of the thermodynamic limit, we assume that the
PDF P(Y | Z; t) of the continuous species will be tightly concentrated about a deterministic
path for given levels Z of the discrete species. Based on a scaling parameter ¢, motivated by
large population levels and fast reactions, and a corresponding multi-scale expansion of the &-
scaled CME that uses the WKB-approximation, we demonstrate that fluctuations in the levels
of the continuous species can indeed be neglected and P(Y | Z; t) is well-approximated by its
distribution mode. Applying Laplace’s method of integral approximation, we are then able to
derive hybrid evolution equations that comprise a CME for the PDF P(Z; t) of the discrete
species coupled to evolution equations for the related expected levels of the continuous species
for each discrete state Z. This approach can be interpreted as taking ‘partial’ expectations
over the continuous species, see Subsection 4.1.2.

Our hybrid method does not suffer from the disadvantages of indirect methods, see
Chapter 1. In contrast to indirect hybrid methods, the impact of changes in the distribution of
the discrete species on the dynamics of the continuous species is taken into account explicitly,
see Subsection 4.1.7. Our direct hybrid approach is more efficient than indirect approaches
if the reaction system comprises a few species in low quantities and the remaining species
in larger levels or associated with rapidly firing reaction channels. This is typically the case
for systems that integrate gene expression, regulation and metabolic pathways. We illustrate
the performance of our hybrid stochastic-deterministic approach in applications to different

model systems of biological interest.

The contents of this chapter are based on: S. Menz, J. C. Latorre, C. Schiitte, and W. Huisinga. Hybrid
Stochastic-Deterministic Solution of the Chemical Master Equation. Multiscale Modeling and Simulation (under

review), 2011.
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4.1 Derivation of the Hybrid CME-ODE Method

In the following, we derive a general hybrid description of the system dynamics where the
time-evolution of the PDF P(Z; t) of species present in small numbers Z is coupled to the

time-evolution of the partial expectations
Ez[Y]:=) YP(Y,Z;t) =P(Z;t) Y YP(Y|Z;t)
Y Y

of species with population levels Y adequate for a continuous deterministic approximation.
The derivation is based on the WKB-ansatz used in Subsection 2.4.4 to link the ODE-model
of classical reaction kinetics to the leading order WKB-approximation of the full CME. In
order to maintain the effects of fluctuations on the system dynamics, we apply this ansatz
in the following only partially, i.e., we seek a WKB-approximation for the conditional PDF
P(Y | Z;t) of the continuous species. This approach will allow us to derive the dynamics of
both species on the different time scales. The resulting equations for the short-time scale can
be understood in the sense of the central limit theorem (CLT): Species with high population
levels and fast reaction rates will be sharply distributed around the unique most probable
value. The time-evolution of this point will be formally derived and its uniqueness, together
with the resulting asymptotic form of the conditional probability P(Y | Z; t), allow us to apply

Laplace’s method in order to obtain evolution equations that live on the longer-time scale.

4.1.1 Partitioning of the System

We partition the system with respect to the species and their expected number of molecules.

Assume that for a given reaction network it can be distinguished between:

(i) ‘Continuous’ species S5, i € N'¢ # &, whose changes in number of molecules are ap-

proximated by continuous deterministic processes.

d

(i) ‘Discrete’ species 87, i € N9 = {1,..., N}\N¢, whose changes in number of molecules

retain a discrete stochastic description.

Intuitively, we aim at a partitioning of the set of species into those that are present in
small numbers and where stochastic fluctuations might be important (discrete species), and

those that are present in larger numbers such that a representation by continuous variables
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introduces only a negligible error and where fluctuations are expected to be less important.
This partitioning is disjoint, i.e, N UN® = {1,..., N}, and we rearrange the species-related
variables accordingly:

X=(v,2)", and & =)' (u=1...,M),

where Y and v, denote the number of molecules and net changes of all continuous species S;,
with i € N, and Z and {,, denote the number of molecules and net changes of all discrete
species S¢, with i € N9, respectively. Finally, we represent the joint probability function
P(Y, Z;t) using conditional probabilities as

P(Y,Z;t) =P(Y|Z;t)P(Z; ).

To correctly account for stochastic fluctuations in the discrete variable Z, we assume that
all reactions that act on a discrete species Sf’ are modeled as discrete stochastic processes
(in line with the partitioning criteria in indirect hybrid approaches, see Subsection 3.1.1).
All other reactions influence only the continuous species. Based on the above assumption,
these reactions are approximated as continuous deterministic processes. Hence, the discrete—

continuous partitioning of the species induces a corresponding partition of the reactions:

(i) ‘Continuous’ reactions do not change the number of molecules of any discrete species
S,‘.i, ie,
{u=0 YueM:, (4.1a)
where M* # @ denotes the set of all continuous reactions.

(ii) ‘Discrete’ reactions change the number of molecules of at least one discrete species S,

ie,
u#0 VYueM, (4.1b)
where M9 = {1,..., M} \ M€ denotes the set of all discrete reactions.

Notice that this partitioning is again disjoint, i.e., M U M = {1,...,M}.

As a consequence of the above partitioning, the net changes of the reactions can be rear-

ranged as
reactions
cont. disc.
-
q:)) § UME UMd
3
oy
w
;g 0 CMVZ
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Grouping terms together, we thus obtain the CME of the partitioned system as

%[P(Y|Z; t)P(Z;t)] = P(Z; t)y;/lca#(Y ~ 04, Z)P(Y - v, | Zst) - au (Y, Z)P(Y | Zst)
+ Y [au(Y =0 Z = L)P(Y =04 | Z - (s t) P(Z = (s t)
peMd
—a,(Y,Z)P(Y|Z;t)P(Z;1)].

(4.2)

4.1.2 Partial Averaging of the CME

Our hybrid solution of the CME can be interpreted as taking partial expectations over the
continuous species. In the following, we introduce this approach by studying the evolution
of the partial expectation Ez[ f(Y)] = Xy f(Y)P(Y, Z; t) of a suitable test function f of Y.
First, notice that a partial averaging of the CME (4.2) can be performed along the lines of the
total averaging discussed in Subsection 2.4.3: By multiplying the partitioned CME (4.2) with
f(Y), summing over Y, assuming existence of sufficiently many partial moments' of Y and

re-arranging terms, we find the time-evolution of the partial expectation of f to be given as

SB[ = 3 B(F(Y +0) - F(D))au(Y, 2)]
peMe
+ Y By [f(Y+0)a,(Y, Z-§) | - Bz [f(Y)au(Y,2)].  (43)
peMd

For f(-) = 1 the above equation gives the evolution of the PDF P(Z;t) of the discrete

species, i.e.,

%P(Z; t)= Y Bz fau(Y,Z- )] -Ezlau(Y,2)]
peMd

= > E[au(Y,Z- )| Z-§|P(Z - {ust) —Elau(Y, Z2) | Z]P(Z;t), (4.4)

peMd
where E[f(Y,-)|-]:=Xy f(Y,-)P(Y]-;t) denotes the conditional expectation of a func-
tion f of Y, and by definition E;[f(Y,Z)] =E[f(Y,Z)|Z]P(Z;t). We observe that if

all discrete reactions are at most of first order with respect to the continuous species, i.e.,

'In line with the definition of partial expectations, we call Ez[ Y™] the partial moment of Y € Ny’ " associated

. T N¢ c . .
with the vector m = (my, ..., mye) € Ny , where N° denotes the number of continuous species.
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|sulpre = Ziene sy < Lforall p e M, then we can put E[a, (Y, -)|-] = ay(E[Y[-],-)in
eq. (4.4), such that

0
5, P(Z1) = ZdaM(E[Y\Z ~ ), Z-0)P(Z - {st) — au(E[Y | 2], Z)P(Z5t).  (4.5)
peM
Given the related partial expectations Ez[ Y] of the continuous species,” we could hence
propagate P(Z; t) in this case by solving eq. (4.5). For general reaction networks, however,
eq. (4.5) is not exact.
By taking f(Y) = Y in eq. (4.3), we find the time-evolution of the partial expectations

Ez[Y] of the continuous species to be given as

%Ez[Y] = Z U‘MEz[a”(Y,Z)]
peMe
+ Y Byg [(Y+v.)au(Y,Z =) - Ez[Yau(Y, Z)]. (4.6)
uemd

Similarly as above, taking expectations and propensities can be exchanged in the first sum on
the right hand side of eq. (4.6) if all continuos reactions are at most of first order with respect
to Y. In the second sum, however, this is only possible if all discrete reactions are of zero order
with respect to Y, such that their propensities are independent of Y, i.e., a, (Y, Z) = a,(Z)
for all y € M. Thus, if (a) [s} | e < 1 for all 4 € M and (b) [sf |y = 0 for all u € M9, we
find that

OBV = Y vaau(EIY|ZL2)P(Zi0) + Y vau(Z - C)P(Z - Guit)
ot ueMe peMd
* Z EZ—(,;[Y]aM(Z_ CM) _EZ[Y]aM(Z)- (4.7)
peMd

We notice that under condition (b) [s, |5 = 0 for all u € M, the evolution of P(Z;t) is
given by eq. (4.5). Thus, if conditions (a) and (b) are satisfied in a given reaction system, then
eqs. (4.5) and (4.7) give a closed system of exact evolution equations for the PDF P(Z; t) of the

discrete species and the partial expectations Ez[ Y] of the continuous species for every discrete

*Notice that terms of the form a,(E[Y | Z], Z)P(Z;t) can be computed from (i) P(Z;t) or (ii) Ez[Y]
without solving for E[Y | Z] if the corresponding reaction is of (i) zero or (ii) first order with respect to the
continuous species, as assumed in eq. (4.5). Because then: (i) the propensity a, is independent of E[Y | Z], or
(ii) we have a, (E[Y | Z], Z)P(Z; t) = a,(E£[Y], Z).
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state Z.> The full discrete state space is then effectively reduced to the subspace associated
with the discrete species and all problematic dimensions, associated with species present in
large numbers, are canceled out. In the following, we demonstrate that this approach can be

generalized to approximate the dynamics of more complex systems.

4.1.3 Scaling of the Continuous Species and Reactions

According to our assumption on the continuous species, we scale their population levels with

afactor e «< 1, i.e.,
yi=¢e-Y. (4.8)
The parameter ¢ is related to the abundance of the continuous species S{ and used in the
following asymptotic approximation to derive a partial limit of reaction kinetics. The exact
value of ¢ may not be required, since the final equations in the scaled state space can be
transformed back to the original unscaled state space. However, as the following hybrid
approach gives an asymptotic approximation, the resulting error depends on the validity of
this partial continuous—deterministic approximation and only vanishes in the limit as ¢ — 0.
In order to keep the probability invariant under the change of variables (4.8), the PDF of

the scaled population levels is given by
Pe(y, Zst) = Po(y | Z; t)Pe(Z3t) = € N - P(Y | Z; t)P(Zs 1),

where N denotes the number of continuous species. Hence, with respect to the scaled levels,
the partitioned CME (4.2) reads

d
&[PS(NZ; t)Pe(Z; t)]
=P.(Z;t) > a,(y —evu, Z)Pe(y — evu| Zs t) — ay, (9, Z) Pe(y | Zs t)
ueMe
+ Z [a;(y &0y, Z = Cu)Pe(y —evy | Z = {5 t)Pe(Z = {5 t)
peMd

-4, (1 Z)P(y| Z)P(Z:1) ]|, (49)

*1t should be noticed that even though a discrete reaction does not necessarily has to act on the continuous

species, i.e., v, = 0 for some y € M, it always contributes to the evolution of the partial expectations E,[ Y] by
changing their distribution on the discrete state space through the terms in the last sum on the right hand side
of eq. (4.7). This impact of a discrete reaction on the expectations of the continuous species is not immediately
present in indirect hybrid methods. It becomes only implicitly incorporated when the statistical properties of an

ensemble of hybrid realizations are computed, see further Subsection 4.1.7.
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where aj,(y,Z) = ay(Y = y/e, Z) for all € > 0. Intuitively it is clear that the intensity of a
reaction process does not depend on the scale of the reactant levels, see also [189]. For
example, one might interpret the scaling as some transformation of units.

In accordance with the definition of the continuous species, we assume that the scaling of
their levels imposes a corresponding scaling of the continuous reactions, analogously to the
deterministic formulation of reaction kinetics. If N = N and thus all levels are scaled, we
require that our hybrid approach coincides with the purely deterministic limit. In this case,
the parameter ¢ can be linked to the Q-scaling in classical reaction kinetics via e = Q71 (cf.
Section 2.4). Therefore, in line with the results in Subsection 2.4.1, we assume a corresponding

e-scaling of the propensities of all continuous reactions
au(y,Z)=e-ay(y,Z)=¢e ay(Y=yle,Z) VYue M- (4.102)

In our context, however, the above e-scaling of propensities is only applied to the subset M*
of the reaction system, since firing of a discrete channel results in changes of the process Z(t),
which, by definition, necessitates stochastic reaction kinetics. Hence, the propensities of all

discrete reactions are assumed to satisfy
au(y,Z) = a,(y.Z) = au(Y = y[e, Z) Ve M-, (4.10b)

Intuitively, we require that—due to the larger number of molecules of the continuous
species and their appropriate representation by continuous variables—the propensities of
reactions that exclusively act on the continuous species are of the order of 1/e > 1 larger
than the propensities of reactions that act on the discrete species. Under assumptions (4.10),

eq. (4.9) becomes

d
5 [P 1 Zit)P(Z51)]
= %PS(Z; t) % au(y—evu, Z)P(y —evy | Zst) — au(y, Z)Pe(y| Zs t)
ueMe
+ Y [ou(y = ev Z = G Pe(y = €0y | Z = (s ) Pel(Z = {3 t)

peMd
—a,(y, Z)P:(y| Z; t)Pc(Z; t)] (4.11)

In the following, we seek an approximate solution of the e-scaled CME (4.11) in the form

of a multi-scale expansion. Similar as in Subsection 2.4.4, we assume that the conditional
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probability P.(y| Z; t) can be represented in a WKB-like series expansion with respect to the

spatial coordinate, i.e.,

P(y|Z;t) = Ce exp{%so(y]Z; t)}(Uo(y\Z; t)y+eUi(y|Zst)+...), (4.12)

where the factor C; is related to the normalization of P.(y| Z; t). As before, we assume that
the functions so and Uy, n =0, 1,..., in the above asymptotic expansion of P.(y| Z;t) are
sufficiently continuously differentiable with respect to the arguments y and t. We represent
the PDF P,(Z;t) of the discrete species in an asymptotic series with respect to the spatial

coordinate of the form
P.(Z;t) = Py(Zst) + Py (Zst) +..., (4.13)

where the functions P,, n = 0, 1,.. ., are assumed to be sufficiently continuously differentiable

with respect to time .

4.1.4 Leading Order Approximation of the Conditional PDF

Below, we determine a solution of the conditional PDF P.(y | Z; t) to its leading order O(e71),
following the same steps as in Subsection 2.4.4. First, we study the left hand side of the e-scaled

CME (4.11). Differentiation of eqs. (4.12) and (4.13) with respect to t gives

0 1 d
—P; Zit)=—-P, Z;t)— Z;t
5, Pe1Zit) = —Pe(y| Zit) 550 (| Z: 1)

1 d d
+ Csexp{gso(ﬂz, t)}(an(ﬂZ, t) +saU1(y|Z, t) +...),
and
0

0 0
—P.(Z;t) = —Py(Z;t —Pi(Z;t)+....
P” :(Zst) oy o ( )+8at 1(Z;t) +

Hence, on the left hand side of eq. (4.11), we find to leading order

%[Ps(y | Z;t)Pe(Z;1)]

) 0
=P.(Z; t)gPs(y | Z;t) + Pe(y | Z; t)gpg(z; t)

- cs(%po(z; ) exp{%so(ﬂZ; t)}Uo(y\z; t)%so(ﬂZ; £ + 0(1)). (4.14)
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In the right hand side of eq. (4.11), we Taylor-expand the eikonal function so(y — ev,, | Z; t)
and Uy (y — ev, | Z; t) around the state y, i.e.,

so(y —evy|Z;t) = so(y| Z;t) - evMTVso(y\Z; t) + O(e?)
and

Uo(y —evu| Z;t) = Up(y| Z; t) + O(e),

respectively. This implies the following expansion of the conditional PDF

P(y-ev,|Z;t) = C, exp{%so(ﬂZ; t)} exp{—v:Vso(ﬂZ; t)}(Ug(y\Z; t)+0(e)),

(4.15)
Similarly, we Taylor-expand &, (y — ev,, Z) in eq. (4.11) as

au(y—evy, Z) = au(y, Z) + O(e). (4.16)

Substituting expansions (4.15) and (4.16) into the right hand side of the e-scaled CME (4.11),
using eq. (4.14) on the left hand side, dividing by C, and comparing the terms of order O (&™)
on both sides, we find that the leading order approximation of the continuous processes for a

given discrete state Z to be determined by

0
aso(y 1Z;t) = > au(y,s Z)[exp{—vﬂTVso(y | Z; t)} - 1], (4.17)
peMe
where we divided both sides by Py(Z; t) exp{1so(y|Z;t)} Uo(y | Z;1).*
The PDE (4.17) can be considered as the Hamilton-Jacobi equation for the action of a
system with coordinates y(¢|Z) and momenta p(t|Z) := Vso(y| Z; t), see Subsection 2.4.4,

where the Hamiltonian H y is defined as

Ho(yp) = ooy Z31) == 3wy Z)expl-v,1p) ~1].
pueMe

The corresponding Hamilton’s equations of motion read

d

DD = )= ¥ v (5(012),2) expl-v] 0011 2)),

0 ueMe

< pt12) =—%%z<y,p> - ¥ Va2 2)epl-lpw1 2} 1] )

*If Po(Z;t) exp{2so(y|Z;t)}Uo(y|Z;t) = 0, egs. (4.11) and (4.14) result in an algebraic equation for
so(y|Z;t). This situation will be jointly dealt with the case where Py(Z; t) < 1, see Subsection 4.1.6.
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In Subsection 2.4.4, we have seen that maxima of so(y|Z; t = 0) are propagated along the
characteristic where H, = 0.
We assume that the initial function so(y|Z;t = 0) has a unique global maximum at

y =¥,(Z), where
Po(2) = Vso(y = Fo(2) | Z:£=0) =0,

The equations of motion for the propagation in time of the maximum point y(¢|Z) and

corresponding p(t|Z) are

d
SH2)= Y vue(3(t12),2) with Ft=012)=3(2)  (49)
ueMe

and

%ﬁ(ﬂZ) =0 with p(t=0|2)=p,(Z) =0,

respectively. Because of the uniqueness of paths under given initial conditions, it follows that
y(t| Z) remains the unique maximum of so(¢| Z) for all ¢ > 0. Thus, the solution y(¢|Z) of
eq. (4.19) gives the most probable values of the continuous species for a given discrete state Z,
which is identical to the classical solution of biochemical reaction kinetics if we consider the
discrete state Z to be constant.

However, it is important to realize that a solution of eq. (4.19), or more generally egs. (4.18),
is only valid on the O(¢) scale, but the continuous processes also depend on the discrete—
stochastic dynamics evolving on the O(1) scale. Hence, we wish to derive evolution equations
for the continuous species that live on scales of order O(1). In indirect multi-scale methods,
for instance, eq. (4.19) is usually solved up to the predicted time of a next stochastic reaction
event where the system is then updated accordingly and propagation of the characteristics
continued for the corresponding new initial conditions, see Chapter 3 and Subsection 4.1.7

(see also [190] for an analysis on this type of multi-scale numerical methods).

4.1.5 Laplace’s Integral Approximation of the Conditional PDF

In the previous subsection, we derived the evolution equation (4.19) for the most probable
value of y® for each discrete state Z and showed that this maximum will remain unique at

y(t|Z) for all times ¢ > 0. As demonstrated in Subsection 2.4.4, because of the special form
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of the WKB-ansatz (4.12) and the above results, we can use Laplace’s method to compute

expectations of the process y*, e.g.,
BLON1Z)= | ORI 20 &y

[ e L1201 20+ 0(@) o

(2me)N¢

. :
=C, exp{zso(y(t\z) | Z; l‘)}\J ‘sto(?(ﬂz) | Z; t)‘

< (fO(t12))Ua(3(t12) | 51)+O(e)), ~ (4:20)

where we consider the generic case that the maximum of so(y | Z;t) at y = y(t|Z) is non-
degenerate, such that [V2so(x = x(-); - )| # 0. By definition, the conditional probability

P.(y|Z;t) has to integrate to one for any value of ¢, i.e.,

oo

lzf P.(y|Z;t) dy:CSJ
0

0 exp{§s0<y|z;t)}(Uo(y|z;t)+0<e>)dy

_exp{Lao(35(¢]2)| Z:1)}
VIv2(3(t12)| 21)|

(U(G(t12) | Z:1) + OCe)), (4.21)

where we substituted C, = (27e) ™ /2 in the last equality, see Subsection 2.4.4. It thus follows
thatso(y =y(-|Z)|Z;-) and Up(y = y(- | Z) | Z; - ) must be given as

so(¥(t12)|Z;t) =0 and Us(¥(t]2)|2Zst) = \/|v250(7(t|z) |Z; 1)), (4.22)

for all Z and all ¢ > 0. At the same time, the O(¢) corrections in the last equality of eq. (4.21)
must be identical to zero. This shows that the conditional expectation in eq. (4.20) can be

approximated by
E[f(9)12] = f(3(t12)) + O(e). (4.23)

From the conservation relation (4.21), it further follows that the above equality holds without

O(e) if f is a constant function.
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In the following, we are interested in the partial expectation of a function f of y* with

respect to the PDF P,( -, Z; t), which can be approximated with the above results as
Ez[f(y)] = JO F)P(y, Zst) dy = L FP(y1Z;t) dy - Pe(Zst)
“E[f(5)]2]- (R(Z1) + O(c)

= f(?(t | Z))PO(Z; )+ O(e). (4.24)

Similarly, by applying Laplace’s method and the results for sy and Uy as given in egs. (4.22),
we find that all expectations with respect to P,( -, Z; t) can be computed from y(¢|Z) and
P() (Z, t) .5

Approximation of the PDF of the Discrete Species

We use the previous results to derive the evolution equation of Py(Z; t). First, we note that

according to eq. (4.4) the evolution of P.(Z; t) is given as

%Pg(z; )= Elay(y,Z-{) | Z - u)P(Z - {ust) - E[au(¥5, Z2) | Z]Pe(Z51),
peM?
where we substituted a, for the discrete reactions as given by eq. (4.10b). This equation implies
that the evolution of P,(Z; t) is given by scales of order O(1). Therefore, the dynamics of
P.(Z;t) can be expressed as

0 0 0
—P.(Z;t) = —Py(Z; —P(Z;
ot (%:1) ot ol t)”at 1(Z:1) +

=S Elau(y5Z - $) | Z = (u|Po(Z - {ust) —E[au(¥5 2) | Z]Po(Z5t) + O(e).
ueMd
(4.25)
Employing the Laplace approximation given in eq. (4.23) and comparing the terms of order
O(1) on both sides of eq. (4.25) yields the time-evolution of Py(Z; t) as

%PO(Z;t): S au(F(t|Z-00), Z = () Po(Z - (ust) — au(F(t| Z), Z)Po(Zs5 t).  (4.26)
peMd

*From this result we can infer that the assumption that sy has a unique maximum at ¢ = 0 may be relaxed. If
initially so has many local maxima at y, i = 1,2,..., these maxima will evolve independently in time according
to eq. (4.19). The approximation of partial expectations of the form (4.24) will then be a superposition of terms
of the form f(¥'(t| Z)), as long as the distance between these maxima is O (1) so that Laplace’s method can be
applied.
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Approximation of the Partial Expectations of the Continuous Species

Next, we derive the evolution equation of the leading order approximation for the partial
expectations of the continuous species on the (1) scale. As shown above, the partial
expectation of any function f of y* with respect to P.(-,Z;t) can be approximated by
Ez[f(y*)] = f(¥(t|Z))Po(Z;t) + O(e). This approximation is consistent with the derived
evolution of Py(Z; t) in eq. (4.26). More importantly, it also allows us to derive the evolution

of the leading order approximation of Ez[ y°], i.e.,

Ez[y] = y(t|2)Po(Z:1). (4.27)
First note that according to eq. (4.6), the evolution of E;[ y®] is given as

a & &
aEZ[y = Z UMEZ[“ﬂ(}’ )Z)]
peMe

+ ) EZ—(V[(J’S +ev,) oy (¥, Z - )] - Ez [y au(05,2)]  (4.28)

ueM?
where we substituted «, for the continuous and discrete reactions as given by egs. (4.10a) and
(4.10b), respectively. Once again, we observe that terms of order O(¢™!) do not appear in the

right hand side of eq. (4.28), and therefore the dynamics of Ez[ y°] can be approximated by

2B, = SB[y + O(e)
= Z v#E[a”(ye,Z) |Z]P0(Z; 1)+ O(¢)
peMe
+ 3 B au(y,Z-0u) 1 Z - (u]Po(Z - ust) = B[y au (¥, Z) | Z|Po(Z5 t).
peMd

Applying the Laplace approximation given in eq. (4.23) and comparing the terms of order
O(1) on both sides, we find
9 0

5B = Y ven(3(t12), 2)Po(Zi1)
peMe¢

+ 2 au(F(HZ -0, 2= G)EY ¢ 7] - au(3(£] 2), Z2)BY (7). (4.29)
peMd
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The above egs. (4.26) and (4.29) describe the evolutions of Py(Z; ) and E)[y]. It is worth
mentioning that although E)[y] is determined explicitly by y(¢|Z) and Py(Z;t), it cannot
be recovered by direct integration of egs. (4.19) and (4.26), since the evolution of y(¢| Z) as
given by eq. (4.19) is only valid on the order O(¢). The evolution equation (4.29) of E}[y],
on the other hand, is valid on the order O(1), which is the scale we are interested in. The
corresponding conditional levels y(t|Z) of interest (i.e., where Py(Z;t) > 0) can then be

recovered by relation (4.27), as we shall see in the next subsections.

4.1.6 Final Equations of the Hybrid CME-ODE Approach

Summarizing, we derived the following hybrid system approximating the coupled dynamics of
the stochastic and deterministic processes. The time-evolution of the probability distribution
PO(Z; t) of the discrete species is given by eq. (4.26), i.e.,
0 - —
5. Po(Zst) = > au(Y(t|Z=8u) Z = $0)Po(Z = {ust) — au(Y (2| Z2), Z)Po(Zs t), (4.300)
peMd

where we re-substituted the functions a, by the original propensities a, for the discrete
reactions using eq. (4.10b). By eq. (4.29), the partial expectations E),[Y] = e 'E},[y] of the
continuous species for a discrete state Z are determined by

9 0

S EY] = 3 vau(Y(¢]2),2)Po(Z1)
ueMe

impact of the continuous reactions

+ 20 au(Y(t1Z =), 2= Gu)Ey o [Y] - au(Y (2] Z), Z)E[ Y], (4.30b)
peMd

impact of the discrete reactions

where we replaced all a, by the original propensities a, as given by egs. (4.10).

To obtain the solution of the conditional levels Y (t|Z) from the above equations, we
use definition (4.27), i.e., divide E} [Y] = Y (| Z)Po(Z; t) by Po(Z; t) > 0. If Py(Z; t) = 0, the
conditional levels Y (| Z) are not defined but also not of any practical interest. We further
note that Py(Z; t) = 0 for a discrete state Z implies that also E}[Y] = 0, and thus all terms in
the right hands sides of the above evolution equations (4.30) that are associated with Z are
also equal to zero. Hence, we do not need to specify the levels Y (¢| Z) in our hybrid model if

Py(Z;t) = 0, but for convenience may set them equal to zero in such case.
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As the size of the discrete state space is drastically reduced, a standard numerical integra-
tion of egs. (4.30) becomes applicable even for more complex systems. During numerical
integration of the hybrid system the propensities have to be evaluated at every integration
step. This requires the explicit computation of the conditional value Y;(¢|Z) of a continuous
species S¢ from Py(Z;t) and E%[Y;] whenever Py(Z;t) > 0 and: (a) S is a reactant of a
discrete reaction, or (b) Sy is a reactant of a second or higher-order continuous reaction.
To avoid numerical instabilities for Py(Z; t) ~ 0, we introduce a threshold value § « 1: If
Py(Z;t) < 8, weset Po(Z; t) = 0and EY[Y] = 0 in the evaluation of egs. (4.30), such that the
actual dynamics of the hybrid system will be constrained to those discrete states Z where
Py (Z;t) > § during integration. Basically, this is the same strategy as proposed by Henzinger
et al. [66], but carried over to our closed hybrid formulation. For appropriate choices of §,
the additional error made with this criterion can be expected to be negligible, cf. [66, 191]. A
reasonable choice for § would be a value not greater than the allowed absolute error used in

the numerical integration of the hybrid system.

4.1.7 Related Indirect Hybrid Approach

Let us point out the equations of the processes Y and Z associated with the continuous
and the discrete species, respectively, that underly our hybrid model (4.30). As shown in
Subsection 2.2.2, the full stochastic process X(t) = (Y (t), Z( t))T can be represented by

X(t) = X(0) + ﬂi E,,Pﬂ(ﬂ au(X(s)) ds),

where Pu pp=1,..., M, are independent, unit Poisson processes. Based on the system
partitioning of our hybrid approach (see Subsection 4.1.1), we can write the above equation

separately as

Y(1)=Y(0)+ X U#PH(L au(Y(s), Z(s)) ds) + (#’P#(L au(Y(s), Z(s)) ds)

peMe peMd
(4.312)
and

Z(t)=2(0)+ Z {HP”(JO ay(Y(s),Z(s)) ds), (4.31b)

peMd

where we used that &, = (v, (#)T with {, = 0 forall u € M, see eq. (4.1a). We notice that the

processes Y and Z are not independent of each other, as the propensities in egs. (4.31a) and
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(4.31b) will in general depend on both, Y and Z, respectively. According to our assumptions

on the continuous species and reactions (see Subsection 4.1.3), egs. (4.31) scale like

y0) =302 T 0Py L[ 006, 20) as) e T 6P [ anlr0,209) &

peMe peMd
(4.32a)
and ,
Z(t)=2Z(0)+ ). {#’PH(J u(7(5), Z(s)) ds), (4.32b)
peMd

where we substituted y = eY and replaced all propensities a, by the scaled propensities «;, as
given by egs. (4.10). The above set of stochastic equations (4.32) is equivalent to the e-scaled

CME (4.11), which was the starting point of our multi-scale analysis.
Next, we study the limit behavior of y and Z as ¢ — 0. Obviously, the stochastic process
Z associated with the discrete species remains unchanged as € — 0, see eq. (4.32b), which is
in complete agreement with our desired partial limit. For the process y associated with the
continuous species, we can apply the SLLN for Poisson processes (Theorem 2.4.2) as in the

classical thermodynamic limit (see Subsection 2.4.2) and find that

> sv#’P”(Aﬂ(t)/s) — v, Ay (t

ueMe

lim

e—0

almost surely, where A, (¢) := SS «u(y(s), Z(s)) ds. The contribution of the discrete reactions

in eq. (4.32a), however, vanishes in the limit as ¢ - 0, i.e.,

> gcurpﬂ(A#(t))‘ =

ueMd

lim

-0

since Poisson processes have a finite activity (i.e., almost all paths have only a finite number

of jumps along finite time intervals). Hence, we have

y(t) 25 y(0) + Z UHL a#(y(s),Z(s)) ds,

peMe
as ¢ = 0. Putting things together, the processes Y and Z underlying our hybrid model (4.30)
are thus given by
t
Y =Y(0)+ 3 v | au(¥(s).2(5)) & (4330
peMe 0

and

Z(t)=2(0)+ Z (#’Py(ft a#(Y(s),Z(s)) ds), (4.33b)

peMd
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where we re-substituted ¥ = ¢!y and the original propensities a u as given by egs. (4.10).

Eqgs. (4.332) and (4.33b) could be used in a corresponding indirect hybrid method to
compute realizations of Y and Z, see Chapter 3. Suppose the system is initially in the states

Y(79) = Yo and Z(7y) = Zy at time 7 = 0. Then, eq. (4.33a) or, equivalently, the ODE
aY(t) =) vya,,(Y(t),Z(t)) (4.34)

will be solved in a hybrid simulation for Y (7¢) = Yy from time ¢ = 7¢ up to the predicted
firing time ¢ = 7, of the first discrete reaction R; with j € M. The discrete states will then
be updated according to Rj, i.e., Z; < Zy + (j, and integration of eq. (4.34) will be continued
from time t = 7; for Z(7;) = Z; until the predicted firing time ¢ = 7, of the next discrete
reaction. A realization of the coupled processes {(Y( t),Z(t)),t> 0} will hence be of the
form Ui:o,1,,,,{(Y(f), Zi),te 1 T,~+1)}, where Y (t) is the solution of the ODE (4.34) with
Z(t) = Z;ifort € [1;;7i+1). Inan individual hybrid realization the discrete reactions thus affect
the dynamics of Y by changing the values of the propensities in eq. (4.34). Most importantly,
however, these ‘switches’ in the dynamics of Y also have an impact on its ensemble average,
which appears in our direct hybrid model as additional coupling terms in eq. (4.30b), but may

be unexpected when only looking at eq. (4.34).

4.1.8 Coarse Graining of the Continuous Processes

In most systems, reactions are typically of zero, first or second order and the propensity
functions will thus depend on the level of a few species only, see Table 2.3. If the propensities
of the continuous reactions are constant on a subset Zj of discrete states, then we may associate
a single ODE with the entire subset Z rather than an ODE for each element of the subset.
We therefore seek subsets Zj of discrete states such that for all 4 € M°©:

auy(-,Z) = const forall Z e Z. (4.35)

If criterion (4.35) holds, it follows that the evolution equations of the eikonal functions
so( - | Z;t) are identical for every Z € Z. Given equal initial conditions Y = Y(Z) for all
Z € Z, they hence propagate in time along the same characteristic Y (¢| Z). Consequently,

in this case we can assign the same partial expectation Ez, [ Y] to each subset Z. The time-
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evolution of its leading order approximation Eozk [Y]:=Y(t|Z) ¥ zez, Po(Z;t)isthen given

by summation of eq. (4.30b) over all discrete states Z € Z, i.e.,

% 5[Y]= 3 vuan(Y(¢120), 2¢) 3 Po(Zst)
peMe ZeZ,
+ Y Y (Y (2= G0) 2= QB [¥] - au(Y(t] 2), 2)EY [ Y]],
yeMdZEZk
(4.36)

where a, (Y (t| Z¢), Zx) in the first sum on the right hand side denotes the propensity of a
continuous reaction on Zj evaluated for Y (¢| Z;). Again, the second summand in the right
hand side of eq. (4.36) describes the impact of the discrete reactions on the partial expectation
of the continuous species. As these are coarse grained, all terms related to an exchange on the
same subset Z; cancel out, and only those terms related to an in- or outflow of probability to
be in Zj remain in the second summand of eq. (4.36).

Any conditional value Y (¢| Z;) necessary for the evaluation of eq. (4.36) can be computed
from IEOZk [Y]:=Y(t|Z) ¥zez, Po(Z; t) and the PDFs Py(Z; 1), for all Z € Zj, as described
in the previous subsection. Further, we have Y (¢|Z) = Y (¢t| Z) for all Z € Z;, which can
also be used to compute the leading order approximation E}[Y] = Y (¢|Z)Py(Z; t) of the
partial expectations at a specific state Z, necessary for evaluating the second summand in
the right hand side of eq. (4.36). The evolution equations for the PDF Py(Z; t) of the discrete

species are not affected by the suggested coarse graining.

4.1.9 Algorithmic Flow

The main steps of our hybrid approach can be summarized as follows:

Step 1 (Partition the System): Define a partition of the species into continuous species S,
with i € N # @, and discrete species S¢, with i e N = {1,..., N} \ N°. Such partitioning
can be based on the expected levels and conservation properties of the species, different
time-scales of the reactions or other prior knowledge on the system dynamics. Partition the
reactions according to conditions (4.1a) and (4.1b), i.e., assign every reaction that changes the
level of any discrete species to the subset M of discrete processes, and each reaction that solely
affects the level of the continuous species to the subset M¢ of continuous processes. The subset

M€ is assumed to be non-empty in our hybrid approach, i.e., a continuous—deterministic
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approximation should not be applied if all reactions act on the discrete species. Conversely, if

the subset M is empty, a purely deterministic simulation of the system can be performed.

Step 2 (Formulate Hybrid CME-ODE Equations): If the dynamics of the discrete species
is a priori known to be restricted to a specific subspace, formulate the corresponding system
of (linear) ODEs for the time-evolution of the PDF as described by eq. (4.30a). Otherwise,
choose a reasonable initial subset of discrete states, the approximation error can then be
bounded by the FSP algorithm, cf. [25] and Subsection 2.2.5. If coarse graining can be applied
to the continuous processes (see Subsection 4.1.8), assign a system of ODEs to propagate
the partial expectations of the continuous species on every discrete subset Zj as given by

eq. (4.36). Otherwise, assign an ODE-system as given by eq. (4.30b) to every discrete state Z.
Step 3 (Compute Numerical Solution): Numerical integration of the final hybrid model

requires appropriate methods for the efficient solution of differential algebraic equations
(DAEs). Since a variety of such methods are available and choosing the optimal one for
the case at hand is a problem on its own, we refrain from addressing this topic in depth.
Instead, we apply a straight-forward approach that exploits the threshold value § introduced
above: Choose an appropriate § for the evaluation of the continuous levels from E}[Y] or
Eozk [Y], respectively. Start numerical integration of the system. If necessary, monitor the
loss in probability mass and dynamically update the support of the system by expanding the
discrete state space based on the FSP algorithm, i.e., update the ODE-system for the PDF of
the discrete species and the associated expectations of the continuous species. For state space

expansion, strategies elaborated in [25, 29, 104, 109] can be used.

To highlight the benefits of our approach, we compare numerical costs in terms of number
of equations that have to be integrated. Let N and N°¢ denote the number of different
discrete and continuous species, respectively. Assume that the number of molecules of each
discrete species is bounded by the same maximal value m and the level of every continuous
species can maximally reach h, with h > m by assumption. Hence, the state space of the full
system would include (m + 1)V .. (h + 1)N° possible states that have to be considered in the
spatial discretization of the CME. In contrast, in our approach the system dynamics would be
described by (m + 1)V .. (1 + N°) equations only. These are given by the (m + 1)V * states
necessary for the support of the PDF of the discrete species, and the ODEs for the partial
expectations of the N° continuous species associated with each every discrete state. The
reduction would be even higher if the continuous processes can be further coarse grained to

d
subsets Zj of discrete states. In that case we would only have (m + 1)N* + K - N¢ equations, for
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d
instance, where K << (m + 1)N" denotes the number of discrete subsets Zj. As the numerical
costs of our hybrid approach basically scale with the number of discrete states, we expect
it to be especially efficient for systems that include a few species which have to be modeled

discretely, such as gene regulatory or signaling networks.

4.2 Numerical Studies

The SSA and an explicit Runge-Kutta method of order 4 with error and step size control were
implemented in C++. All numerical experiments were performed on an Intel® Core™2 Duo
processor with 2 GHz and 2 GB RAM. In each example, the numerical solution of the proposed
hybrid approach was compared to the corresponding predictions obtained from ten thousand
SSA simulations of the full CME. Numerical integration of the hybrid equations was performed
with an absolute tolerance of 107° and a relative tolerance of 107, The above introduced
8-threshold was set to 107, in line with the absolute tolerance. For state space truncation,
appropriate maximal levels of each discrete species were chosen initially, accounting for
higher values than observed in all corresponding SSA simulations. No additional boundary
conditions were applied to the truncated systems, such that the resulting truncation error
could be monitored by loss of probability mass. At final time points of all experiments, the

truncation error was found to be much lower than the tolerated absolute error.

4.2.1 A Simple Switch-Model

Metastability is an important property of biological systems, necessitating in general a stochas-
tic modeling approach for its in silico analysis. As a first test example for our hybrid approach,

we designed a simple bistable model:

kl k2
Ry: S —> Sy, Ry §— 8y,
k3 k4
R;: C+S8 —— 8y, Ry S$5——>C + Sy, (4.37)

The concept behind this network is that S; and S, represent two metastable states of a more
complex system, derived by some coarse graining of underlying subprocesses. Even though S;
and S, are actually no molecular species but account for different internal states of the system,

we can treat these states as discrete species with a possible value of either zero or one within
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Figure 4.1: Illustration of the simple bistable system (4.37). Left: The system can switch between two
(discrete) states Sy and S,. The dynamics of the (continuous) species C depends on the actual state
of the system: C is degraded in S; and produced in S,, respectively. Right: Typical results of a single
SSA-realization of system (4.37) for the parameter values listed in Table 4.1.

the framework of our approach. Transitions between S; and S, are modeled by reactions R;
and R, that are treated as discrete processes in the following. Depending on the actual state
of the system, the continuously treated species C gets either degraded or produced through
reactions Rz and Ry, respectively, as illustrated in Figure 4.1 (left panel). We included this
state-dependence of R3 and R4 in their stoichiometries, see egs. (4.37). The discrete states S;
and S, are not changed by firings of the channels R3 or R4, and hence, these reactions are
treated as continuous deterministic processes (see also Figure 4.1, right panel, for a typical
SSA-realization of the system).
The full set of hybrid equations of network (4.37) is given by

0 0
§P0(Sl; t) = —klPO(Sl; t) + k2P0(82; t) = —gp()(Sz; t),

)

ﬁEgl [Y]=-kES [Y]+kES [Y] - ksES [Y],

0

aIE‘;Z[Y] = +kiEQ [Y] - koEQ [Y] + ksPo(Sas t), (4.38)

where Py(S;; t) and Py(S,; ) denote the probabilities that the system is at time ¢ either in state

S; or state S,, respectively. The approximated partial expectations of species C with respect to

Table 4.1: Parameter values used for the bistable system (4.37)

k k k k
! 2 ; 4 (Q =1). Initially, the system is with probability one in state Sy with

0.06 0.04 0.2 500.0
ten thousand entities of species C.
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Figure 4.2: Time evolution of system (4.37) as predicted by ten thousand SSA runs (solid lines) and the
numerical solution (marked by dots) of the corresponding hybrid equations (4.38) for the parameter
values listed in Table 4.1. The level of C as predicted by a purely deterministic simulation of system (4.37)
is shown in the lower right panel (dashed line).

the states S; and S, are denoted by Egl [Y]and ]Eg2 [ Y], respectively. It should be noticed that
the corresponding conditional levels Y (#|S;) and Y (¢ S,) of C do not have to be computed
for the evaluation of the hybrid equations (4.38). This is always the case if the propensities
of all continuos reactions are constant or linear functions of Y and the propensities of all

discrete reactions are constant with respect to Y.

In Figures 4.2 and 4.3, the numerical solution of eqgs. (4.38) is compared to predictions
obtained by ten thousand SSA simulations. In the upper panels of Figure 4.2, the time-
evolution of the probabilities Py(Sy; t) and Py(Sy; t) (upper left), as well as the evolution of
the partial expectations Egl [Y] and IE(S’Z [Y] (upper right) are shown. In the lower panels
of Figure 4.2 the corresponding conditional levels Y (#]S;) and Y (#]S,) (lower left) and
the approximation of the total expectation E°[Y] = Egl [Y]+ Egz [Y] of C (lower right) are
depicted. Additionally, the level of C as predicted by a purely deterministic simulation of
system (4.37) is shown in the lower right panel of Figure 4.2 (dashed line). The relative error
between the solution of the hybrid equations (4.38) and the results obtained by the SSA

simulations is plotted against time in Figure 4.3.
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Our hybrid solution is in excellent agreement with the SSA results, whereas a purely
deterministic simulation fails to correctly predict the dynamics of the continuous species C. As
discussed in Subsection 2.4.3, independence of all random variables is automatically assumed
in the deterministic approach, such that the propensity of the continuous, bimolecular reaction
R; in network (4.37), for instance, gets approximated as a3(E[S1], E[Y]). Obviously, this
approximation is inappropriate, since the expected level of the discrete species S; is always
small (E[S1] < 1). In our hybrid approach, we account for the dependence of the continuous
deterministic processes on the discrete stochastic processes—an averaging is only partially
applied with respect to the continuous species that are expected to be present in large copy
numbers. Furthermore, for the model system (4.37), our hybrid equations (4.38) correspond
to the exact evolution equations (4.4) and (4.6) derived in Subsection 4.1.2. This is guaranteed
by two properties of the network: Decoupling between the continuous species C and the
discrete reactions R; and R, and linearity of the continuous reactions R3 and R4 with respect
to the continuous species C. For that reason, the discrepancies to the SSA results, as shown in

Figure 4.3, are mainly associated with the sampling error of the MC-method.

4.2.2 Viral Infection Kinetics

As a second example, we consider the infection model of a non-lytic virus proposed by Sri-

vastava et al. [17]. We also use this model to illustrate the suggested coarse graining of the
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continuous processes. The model includes three viral components: Viral nucleic acids, classi-
fied as either genomic (gen) or template (temn), and viral structural protein (struct), governed

by six elementary reactions:

k1 kz
Ry gen ——> tem, R;: tem —— J,
ks ks
R3:  tem ———> tem + gen, Ry gen + struct —— &,
ks k6
Rs:  tem — tem + struct, Rg: struct —— &. (4.39)

The infection of the host-cell is initiated with a single molecule of tem, where the template
tem denotes the ‘active’ form of nucleic acids that is involved in the catalytic synthesis of
the viral components gen and struct (reactions R3 and Rs, respectively). The gen component
refers to nucleic acids that transport the viral genetic information, e.g., DNA or RNA, which
gets either processed into the active form tem (reaction R;), or used together with structural
proteins struct to build a new viral cell that gets released from the host (reaction Ry4). The
number of fem and struct molecules is further regulated by degradation (reactions R, and R,
respectively). The considered values of all rate constants are given in Table 4.2.

Even though the network (4.39) has a relative simple structure, it is capable of resembling
realistic scenarios of a viral infection by rendering two steady states; the first representing
a successful infection with approximately 20 gen, 200 tem and 10, 000 struct molecules, and
the second representing a successful rejection with no molecule of any viral component left.
However, a purely deterministic simulation of system (4.39) will never account for these
different scenarios, as the first steady state is deterministically stable, whereas the second,
absorbing state is deterministically unstable, cf. [17]. To study the system behavior correctly,
the discrete-stochastic formulation has to be used instead. Unfortunately, the system dynamics
lives on a much too large state space to solve the corresponding CME directly (e.g., there are
more than 42 million states that ‘directly’ connect the two steady states), and usually SSA

realizations of the system are considered instead.

Table 4.2: Parameter values of the viral infection kinetics model (4.39) in unit per day (Q = 1), f. [17].
Initially, the system is with probability one in the state with one tem, and zero gen and struct molecules.

k1 k2 k3 k4 kS k6

0.025 0.25 1.0 7.5x107% 1000 2.0
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As the level of struct is at least two orders of magnitude larger in a successful infection than
the levels of tem and gen (except for some transient phase), we treat struct as a continuous
species; and regard ferm and gen as discrete species. Accordingly, reactions R Ry are treated as
discrete processes; reactions Rs and R¢ are approximated as continuous processes. Although
reactions R3 and Rs include fem as a reactant species, they are handled differently in our
approach: Rj3 acts on the discrete species gen, whereas Rs acts on the continuous species struct
(tem is not affected by both reactions). Therefore, Rj is treated as a discrete process, while R5
is treated as a continuous process.

Since the propensities of both continuous reactions, Rs and Re, have constant values for a
fixed number of tern molecules, we further coarse grain the number of continuous processes,
i.e., we associate a single continuous process to the subset of discrete states where the level of
tem is the same. We use each of these processes to obtain a deterministic approximation of
the expected level of struct conditioned on the number of temn molecules. This further reduces

the number of hybrid equations significantly.
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Figure 4.4: Marginal PDF of tem after t = 50,100, 150 and 200 days in the viral infection kinetics
model (4.39) for parameter values listed in Table 4.2. The approximations obtained by ten thousand
SSA runs are indicated by bars, the numerical solution of the suggested hybrid model is marked by dots,
purely deterministic predictions are highlighted by dashed lines.
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Figure 4.5: Marginal PDF of gen after t = 50,100, 150 and 200 days in the viral infection kinetics
model (4.39) for parameter values listed in Table 4.2 (visualized with a bin-width of five). The approxima-
tions obtained by ten thousand SSA runs are indicated by bars, the numerical solution of the suggested
hybrid model is marked by dots, purely deterministic predictions are highlighted by dashed lines.
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Figure 4.6: Expected values of struct conditioned on the number of tem molecules after t = 50, 100, 150
and 200 days in the viral infection kinetics model (4.39) for parameter values listed in Table 4.2. The
approximations obtained by ten thousand SSA runs are indicated by bars, the numerical solution of the
suggested hybrid model is marked by dots, purely deterministic predictions are highlighted by dashed
lines.
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Figure 4.7: Evolution of the expected level of struct in system (4.39) for parameter values listed in Table 4.2.
The approximation obtained by ten thousand SSA runs is plotted as a solid line, the predicted expectation
in the hybrid approach is marked by dots, the purely deterministic prediction is illustrated by a dashed
line. Bottom: The relative error of the hybrid solution with respect to the SSA results against time.

In Figures 4.4 and 4.5 the predicted PDFs of the discrete species tem and gen, respectively,
are shown at four different time points. The corresponding expected levels of struct for a
given number of fern molecules are plotted in Figure 4.6. The results of the hybrid model are
in excellent agreement with the approximations obtained by SSA realizations. Although the
initial number of struct is low, we observed no problems in treating struct as a continuous
species in the initial phase. This illustrates that the required large copy numbers of continuously
treated species seems to be only a sufficient condition and that our hybrid approach might
also be applicable to systems where initial levels of the continuous species are low. Further
investigations are thus needed to illuminate under which circumstances the conditions on

the continuous species can be weakened.

Furthermore, it can be seen that the conditional expected levels of struct remain almost
constant during later phase (compare the results for ¢ = 100, 150 and 200 days in Figure 4.6),
indicating that the continuously approximated processes are already in equilibrium. Instead
it is the probability to be in a specific subset of the discrete state space that changes (see
Figures 4.4 and 4.5), and hence the indirect impact of the discrete reactions that results in

changes of the partial expectations of struct (data not shown). As illustrated in Figure 4.7, this

results in a very accurate prediction of the total expectation of struct by the hybrid model,

whereas a purely deterministic model fails.
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4.2.3 Transcriptional Regulation

To further illustrate the proposed hybrid approach on a more complex biological system, we
consider the transcriptional regulatory system published in [49]. The system includes six

species, interacting through ten elementary reactions:

k ka
Ry: mRNA — > mRNA + M, Ry: M—> g,
ks ks
Rj3: DNA-D ———> DNA-D + mRNA, Ry: mRNA — @,
ks k6
Rs: DNA + D——> DNA-D, R¢: DNA-D—> DNA + D,
k7 k8
R;: DNA-D + D—> DNA-2D, Rg: DNA-2D ——> DNA-D + D,
k9 klO
Ry: 2M—> D, Ryp: D——2M, (4.40)

where M is a protein (monomer) the can reversibly dimerise (Rg and R;9) to form the tran-
scription factor D (dimer). The DNA template has two different binding sites for D, where
DNA denotes the state where both sites are free, DNA-D denotes the state where D is bound at
the first site, and DNA-2D denotes the state where the transcription factor D is bound at both
sites. In the model it is assumed that D can only bind to the second site (R; and Rg) if the
first site is already occupied (Rs and Rg). Transcription only occurs from the state DNA-D
(reaction R3), where the transcription factor is exclusively bound to the first binding site of
the DNA. The produced messenger RNA, mRNA, is translated into protein M (reaction R;).
Both, M and mRNA, are subject to degradation (R, and Ry).

Table 4.3: Parameter values of the transcriptional regulatory system (4.40) in unit per second, for
an average cell volume V ~ 1.44 x 107"° [ (i.e., Q = N,V ~ 8.64 x 10® I/mol) and a 10-fold increased
transcription rate ks, cf. [49]. The system is started with probability one in the state with 2 M, 6 D, 2
DNA, and no mRNA, DNA-D and DNA-2D molecules.

k1 193 ks ky ks/Q

0.043 7.0x107% 0.72 3.9x 1073 0.014

ks k7/.Q kg kQ/Q klO

048 1.4x107* 8.8x10712 0.029 0.5
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Figure 4.8: Time evolutions of the expected values (black) plus/minus standard deviations (gray) in the
transcriptional regulatory system (4.40) for parameter values listed in Table 4.3. The approximations

obtained by ten thousand SSA runs are plotted as lines, the numerical solutions of the suggested hybrid
model are marked by dots.
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Figure 4.9: Absolute and relative (with respect to the SSA predictions) errors, respectively, of the results
shown in Figure 4.8. Black lines refer to the errors in expected values, gray lines to errors in standard
deviations.
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Figure 4.10: Time evolutions of the expected values (black) plus/minus standard deviations (gray) in
the transcriptional regulatory system (4.40) for parameter values listed in Table 4.3, but with a ten-fold
decreased transcription rate k3. The approximations obtained by ten thousand SSA runs are plotted as
lines, the numerical solutions of the suggested hybrid model are marked by dots.
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Figure 4.11: Absolute and relative (with respect to the SSA predictions) errors, respectively, of the results
shown in Figure 4.10. Black lines refer to errors in expected values, gray lines to errors in standard
deviations.
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4.3 Concluding Remarks

Based on common knowledge in cell biology, we expect the level of proteins to be much
larger than the levels of mRNA and DNA. Therefore, we regard the monomer and dimer
forms of the protein, M and D, as continuous species in our hybrid model, whereas mRNA
and all DNA forms (DNA, DNA-D and DNA-2D) are treated as discrete species. As reactions
R3-Rg change the levels of the discrete species, we treat these reactions as discrete processes.
Reactions Rj, Rz, Ry and Rjg only change the levels of the continuous species (M and D)
and hence, are approximated as continuous processes. Given this partition of the species and
reactions, we can formulate and numerically solve the corresponding hybrid equations of the

system.

In Figure 4.8 the evolution of the system as predicted by the hybrid model is compared
to the results obtained from ten thousand SSA realizations. The predictions are in excel-
lent agreement, as further illustrated in Figure 4.9. We again emphasize that the results
computed with the SSA necessarily include an unknown sampling error. While the error
in the numerical integration of the proposed hybrid equations is controlled by standard
methods, the error made with an indirect Monte Carlo method is hard to estimate. In the
hybrid model, however, an additional error arises from approximating part of the network

continuously-deterministically.

We further studied the error related to modeling the two protein forms M and D as con-
tinuous species by decreasing the transcription rate ks, resulting in lower levels of monomer
M and, consequently, dimer D. As can be seen from the results shown in Figures 4.10 and
4.11, the error of our hybrid approximation increases in this scenario. Particularly in the later
transient phase (after ~ 10 min), the predicted standard deviations of the discrete species show
a noticeable deviation from the SSA results. However, these deviations are not surprising as for
lower levels of M and D an error resulting from their continuous-deterministic approximation

increases, which is also intuitively clear.

4.3 Concluding Remarks

We used multi-scale analysis techniques to derive a novel hybrid model for approximation of
the PDF solution of the CME. To this end, we singled out a subspace associated with species
of low copy numbers and assumed that its complement subspace is associated with large copy
numbers which can be well approximated by a continuous distribution. We exploited the
natural decomposition P(Y, Z;t) = P(Y | Z; t)P(Z; t) of the joint PDF into the marginal PDF
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P(Z;t) on the low copy number space and the conditional PDF P(Y | Z; t) on the large copy
number space, where the condition is on the discrete states of the low copy number subspace.
The hybrid model resulting from multi-scale asymptotics based on this decomposition couples
a CME for P(Z;t) to DAE:s for the first moments of P(Y | Z; t). Therefore, in first instance,
there have to be as many DAEs for every discrete state Z of the low copy number CME as

‘continuous’ species are present in the system. Although this might first appear very complex,

the hybrid model solution is expected to be particularly suitable for networks including a
few “discrete’ species only, since the numerical costs directly scale with the size of the CME
subspace which is much smaller for the hybrid model than for the original CME. Moreover,
as shown in Subsection 4.1.8, under certain conditions the hybrid description can be further
coarse grained and the number of DAEs effectively reduced without introducing any additional
approximation error. Hence, a direct solution of the proposed hybrid model becomes feasible,
which was demonstrated on a viral infection kinetics model and a transcriptional regulatory

network by using a straight-forward simulation approach.

The focus of our work was not on a particular numerical integration method for the
CME but rather on a general, theoretically justified approach for its direct, hybrid stochastic—
deterministic approximation. Similar approaches have been proposed by Henzinger et al.
[66] and, recently, by T. Jahnke [67]. In contrast to Henzinger et al. [66], we derived a
closed formulation where the distribution of the discrete species and the first moments of
the continuous species are coupled continuously in time. Our hybrid model (4.30) is more
closely related to Jahnke’s MRCE-model [67]. The evolution equations of the MRCE-model
are derived by a partial averaging of the CME (see Section 4.1.2) with respect to some variables
that are assumed to have zero covariance. This assumption becomes theoretically justified
for the continuous species in our hybrid approach under the considered partial scaling of
the system. In the light of our multi-scale expansion, we hence expect the MRCE-model to
approximate the system dynamics on the O(1) scale. At the same time, however, our analysis
also shows that the direct impact of slow reactions (associated with the discrete species) on
the dynamics of the continuous variables lives on a smaller scale and can thus be neglected in

a corresponding hybrid approximation up to order O(1).

It should be emphasized that the resulting DAEs that govern the evolution of the continuous
variables are not identical with the usually expected equations of classical reaction kinetics, e.g.,
compare eq. (4.34) with eq. (4.30b). Instead, they include additional coupling terms resulting
from changes in the distribution of the population on the discrete subspace as given by the

discrete reactions in eq. (4.30b). The numerical experiments indicated that the required large
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number of molecules of all continuous species might be only a sufficient condition and that
our hybrid approach can also be applied for more general situations. In principle, we just have
to require the propensity scalings (4.10) to be valid in the specific subspaces, which can still be
satisfied even though the conditional level of a continuously treated species is (temporarily)
low. Further investigations are thus needed to illuminate under which circumstances the
conditions on the continuous species can be weakened. However, observation of a critically
large propensity (order ¢ ') for one of the discrete reactions R, with p € M may spoil the
approximation property of the continuous variables if there exists a direct dependence (i.e.,
(i # 0), and thus should be considered in choosing the discrete species and reactions. Such a
potential scenario has to be analyzed in further research, e.g., by additionally accounting for

different scales of the rate constants, which was out of scope for the present study.
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Elimination of Discrete-Stochastic Submodels:
Effective Protein Synthesis Rates
in the FlgM-FliA Regulatory Network®

In the previous chapters, we studied hybrid approaches that couple the discrete-stochastic
with the continuous-deterministic formulation of biochemical reaction networks. A hybrid
system representation allows to reduce the computational costs of simulation while preserving
characteristic properties related to fluctuations in small number of molecules. It is important
to realize, however, that this does not reduce the complexity of the model with respect to the
number of molecular species, reaction channels and, more generally, parameters. Usually,
some model parameters can be directly obtained from experiments or literature. Other
parameters, such as kinetic constants, can often not be measured directly and have to be
estimated indirectly by fitting the model to experimental data. However, parameter estimation
can only provide reliable results if the model complexity is in balance with the amount and
quality of experimental data [68]. If this is not the case, either additional data is required
or the model has to be simplified, e.g., based on time-scale separation [69-71], sensitivity
analysis [72, 73] or balanced truncation [74-76].

In this chapter, we employ a QSSA-like reduction approach to a detailed stochastic model
of gene expression. Our strategy is to eliminate the processes and parameters associated with
this detailed model in order to derive effective protein synthesis rates as typically used in
deterministic models of biochemical reaction networks. We demonstrate our approach on a
biological model of the interactions of two key proteins in the flagellar gene regulation cascade
of Escherichia coli (E. coli): the flagellar sigma factor FliA and its anti-sigma factor FIgM, see
Section s5.2. The interactions between FlgM and FliA serve as a major checkpoint during the

assembly process that temporally separates the expression of middle and late genes, see next

$The contents of this chapter are based on: S. Menz, R. Hengge, and W. Huisinga. Robustness and Sensitivity
of the FigM-FliA Regulatory Network Controlling Flagellar Gene Expression in Escherichia Coli. In preparation,

2012.
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section. Our reduction approach, see Section 5.3, allows to mechanistically incorporate the
feedback between middle and late gene expression in a purely deterministic formulation of
the model. Sensitivity analysis of the derived model reveals that the checkpoint mechanism
is very sensitive to changes in levels of competing sigma factors, allowing the bacterium to
rapidly adapt to a changing environment, see Subsection 5.4.3. We also find a high sensitivity
to changes in the effective synthesis rates. However, this high sensitivity does not generally
carry over to parameters in the detailed model, demonstrating that sensitivity to changes in

effective reaction rates has to be interpreted with care.

5.1 Background

E. coli is a non-differentiating bacterium that exhibits very different ‘life-styles’: The bacteria
can occur as single planktonic and motile cells or they can exist as multicellular sessile aggre-
gates, i.e., in biofilms [192-197]. The motile state depends on properly controlled biosynthesis
of flagella that are complex rotating organelles anchored in the cell envelope. The flagella com-
prise three parts: the basal body, the hook and the filament, which are sequentially assembled
from the base to the distal end [198]. A remarkable aspect of flagellar assembly in E. coli is
that gene expression is temporally ordered and coupled to the assembly process [199]. The

same has been observed for other bacteria, like Salmonella typhimurium [200].

The flagellar gene regulation cascade of E. coli consists of more than sixty genes that are
organized in three hierarchically and temporally regulated transcriptional classes [201-203].
Global regulators feed into a single class 1 promoter which leads to the initiation of flagellar
synthesis. The class 1 (early) genes code for the subunits of the transcription factor FlhDC,
the flagellar master regulator that activates class 2 promoters [203, 204]. The protein products
of the class 2 (middle) genes are structural components of the flagellar hook basal body, as
well as the transcriptional regulators FliA and FIgM. FliA is an alternative sigma factor (%)
that enables transcription of the class 3 (late) genes which encode the proteins for the flagellar
filament and the control of motility and chemotaxis [205, 206]. In the middle phase of flagellar

assembly, FliA is actively inhibited by FIgM, its anti-sigma factor, that tightly binds to FliA.

With the hook basal body, a type III secretion system is formed that is necessary for the
secretion of the flagellar filament subunits [198, 207]. The type III secretion system exports
FlgM to the outside of the cell with FliA acting as a type III chaperone that delivers FIgM to the
export machinery. [208]. The FliA-mediated export of FIgM results in the release of FliA from
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the FlgM:FliA complex, an increase in free FliA levels and eventually in activation of class 3
transcription [209]. In this way, class 3 gene expression of filament proteins is coupled to the
assembly process of the hook basal body [210]. While the sequential nature of middle and late
gene expression has been studied using real-time monitoring of transcriptional activation
based on f3-galactosidase [195] and green fluorescent protein [199, 211] fusion measurements,
the dynamics of the FIgM-FliA checkpoint mechanism and the switch from middle to late

gene expression are only poorly understood.

The objective of our in silico study was to analyze the timing and robustness of the FlgM-
FliA core regulatory mechanism in terms of a mathematical model. Since regulation based
on protein-protein interaction can not be studied by means of gene transcription data, quan-
titative molecule data has to be used. In [210], a semi-quantitative model (i.e., in terms of
dimensionless concentration units) of the FIgM-FliA checkpoint in Salmonella enterica has
been constructed and analyzed with respect to gene transcription data. We used for the first
time quantitative measurements of FliA and FIgM protein numbers over time [195] to develop
and analyze a detailed deterministic reaction kinetics model of the FIgM-FliA regulatory
network in E. coli. To incorporate the feedback between middle and late gene expression in the
deterministic model, we derived effective protein synthesis rates based on a detailed stochastic
model of gene expression that explicitly accounts for initiation of late gene expression by FliA.
The resulting model extends the current verbal description of the FlgM-FliA interactions
by accounting for sigma factor competition for RNAP and the relation of effective protein
synthesis rates to key transcriptional and translational processes, necessary for thorough

analysis of their robustness and sensitivity.

Robustness is one of the fundamental characteristics of biological systems, defined as the
ability to maintain a persistent response in the presence of perturbations or alterations in
the involved molecular processes. Equally important, however, is the ability of a biological
system to rapidly adapt to a changing environment [212, 213]. In silico, the underlying question
of robustness: ““How sensitive is the model to perturbations in the molecular processes?””
is typically addressed by a sensitivity analysis of the predicted output in terms of model
parameters (e.g., rates, rate constants or concentrations of molecular species that were not
explicitly modeled). Our results provide detailed insight into the timing and robustness of the
FlgM-FliA checkpoint mechanism. Since flagella are a common and conserved motive among
motile bacteria [214], our findings are expected to have implications beyond the present study

in E. coli.
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5.2 Mathematical Model of the FigM-FliA Regulatory Network

Description of the Model

The proposed model of the FIgM-FliA regulatory network is illustrated in Figure 5.1. In the

model, the two key regulatory proteins FlgM and FliA form the FlgM:FliA complex with

association rate constant k,, and dissociation rate constant kg [215]. FliA binds to the RNA
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Figure 5.1: Model of the central flagellar checkpoint mechanism in E. coli. Interactions between FliA and
FlgM are at the core, i.e., FlgM:FliA complex formation, FliA-mediated export of FlgM through the type
II1 secretion system, proteolysis of free FliA, FliA binding to RNAP, and o :RNAP enabled class 3 gene

expression of FlgM. FliA is competing for binding to RNAP with the sigma factor o®.
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polymerase core enzyme RNAP with rate constant k, ;r and dissociates from the of:RNAP
holoenzyme with rate constant k4 [215]. FliA is competing for binding to RNAP with the
sigma factor o”, that binds the RNA polymerase core enzyme with rate constant k, .o and

dissociates from the c°:RNAP holoenzyme with rate constant kg4 [215, 216].

FIgM and FliA are produced with rates kpign(t) and kpjia (£), respectively. These rates
comprise a low basal expression rate and a class 2 expression rate that is induced at time
tclass: DY the master regulator FIhDC [203, 204] (only implicitly considered in our model,
see Appendix C). In addition, FlgM is subject to class 3 expression that is induced by the
o :RNAP holoenzyme. Class 3 expression of FliA was experimentally found to be negligible
in comparison to its class 2 expression [195].

As part of the hook basal body, a type III secretion system is established [198]. Upon
completion at time fexport> FIiA acts as a type III secretion chaperon [208] and intra-cellular
FlgM is exported with rate constant Kexport from the FIgM:FliA complex into the extra-cellular
space, resulting in extra-cellular FIgMex¢ern and free intra-cellular FliA.

The molecular species FliA, FIgM, FIgM:FliA, FIgMextern and FliA as part of the of:RNAP
complex are subject to dilution with rate constant kg;;, accounting for cell growth and division.
In addition, like some other sigma factors [217, 218], FliA is subject to proteolysis with rate
constant kprot [195]. The total number of sigma factor oP, given by o plus 6°:RNAP, and the
total number of RNA polymerases, i.e., RNAP plus 0" :RNAP plus 6”:RNAP, are assumed to

remain constant due to regulatory mechanisms that were not explicitly included in the model.

In summary, the proposed model of the FlgM-FliA regulatory network model involves

the following reactions:

keigm (1) kpiia (t)
@ <— FlgM, @ =<— FliA,
kan kaq
kon kprot
FlgM + FliA ——= FIgM:FliA, FliA —— &,
kott
kexport(t) kdil
FlgM:FliA —— FlgMextern + FliA, FlgMextern —
kait kyor
FIgM:FliA —> &, FliA + RNAP ——— ¢':RNAP,
kq
kait k, o
0" :RNAP —> RNAP, 6 + RNAP —— ¢”:RNAP. (5.1)
kq
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As the number of molecules of the species are expected to be sufficiently large according to
experimental measurements (see Appendix C), we choose the deterministic formulation of

reaction kinetics to transform the above biological model into a system of ODEs:

%FlgM = + kpigm(£) — kon - FliA - FIgM + ko - FlgM:FLiA — kgy - FlgM,

%FhA =+ kpiia(£) = kon - FLiA - FIgM + (Koft + Kexport (1)) - FIgM:FliA
— k, o - FliA - RNAP + kg - 6" :RNAP — (kgit + kpror) - FliA,

iFlgM:FhA = + kon * FliA - FIgM — (Kot + kexport(t) + kail ) - FlgM:FliA,

dr
d .
aFlgM extern = + Kexport () - FIM:FIA — kgjt - FISM 105
d
acF:RNAP =+ k, o  FliA - RNAP — (kg + kqi1) - 6 :RNAP,
d
aoD:RNAP =+k, oo - 0" - RNAP - kq - ”:RNAP,
d D D D
3 =" k,oo -0~ -RNAP + kg -0 :RNAP,
d
aRNAP = — k, o + FliA - RNAP + (kg + kgu) - 0 :RNAP - k, 0 - 6” - RNAP,

+ kq - 6P:RNAP, (5.2)

1

where zero-order rates are in units nM/min, first-order rate constants are in units min™', and

second-order rate constants are in units (nM - min) .

Class 2 expression is regulated by the master regulator FIhDC and the sigma factor o?,
while class 3 expression is regulated by the sigma factor FliA. Since the deterministic model of
biochemical reaction kinetics does not allow modeling of gene expression on the level of single
molecules (in particular a single gene), we used the stochastic formulation of reaction kinetics
to derive effective class 2 and class 3 synthesis rates kplgM(t) and kgja (). As a consequence,
we retained a mechanistic interpretation of the effective synthesis rates while keeping the

number of model parameters low.

5.3 Derivation of Effective Protein Synthesis Rates

We derived effective rates of protein synthesis based on the detailed mechanistic model

of gene transcription and translation illustrated in Figure 5.2. In this detailed model, we



5.3 Derivation of Effective Protein Synthesis Rates

explicitly included the impact of transcription and sigma factors on the intermediate steps of
mRNA synthesis. This allowed us to derive protein synthesis rates as a function of the master
regulator FIhDC and the 0®:RNAP complex for class 2 gene expression, and as a function of

the o:RNAP complex for class 3 gene expression. Our reduction approach uses a QSSA-like
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Figure 5.2: Detailed mechanistic model of gene expression. (A) The transcription of DNA to mRNA is
separated into four states: free DNA, transcription factor (TF)-bound DNA, TF/SF:RNAP-bound DNA,
and initiated transcription with blocked RNAP-binding side (BS). From the last state, the RNAP-binding
side gets unblocked after a distance of ny. nucleotides is reached (promoter clearance). The exit rate
of this state determines the effective synthesis rate of mRNA. (B) The translation of a single mRNA is
separated into three states: free mRNA, ribosome-bound mRNA and initiated translation with blocked
ribosome-BS. Another ribosome can bind to the mRNA after ny amino acids are synthesized.
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argument: If transcriptional and translational processes are not explicitly incorporated in
a model, we assume that in corresponding protein synthesis rates the variables associated
with these subprocesses are considered to be effectively in a quasi-steady state distribution for

given levels of transcription factors, RNAP holoenzymes and ribosomes.

For the process of gene transcription, we considered free DNA to which a transcription
factor (TF) may reversibly bind with association and dissociation rate constants k, tr and
kq,r, respectively. The transcription factor (TF)-bound DNA has an increased affinity for
binding the RNAP holoenzyme (SF:RNAP) to the promoter of the gene with association and
dissociation rate constants k, pnap and kqrnap, respectively. Once the RNAP complex is
bound, transcription is initiated with rate constant kipjtt and the RNAP traverses the template
strand for the full gene length Ny with elongation rate constant Kejong,c. For a length of nyc
nucleotides, the RNAP-binding side (BS) of the DNA is blocked due to steric constraints [219].
Thereafter, it is assumed to be unblocked again, allowing the next SF:RNAP complex to bind
and multiple transcription processes to run simultaneously along a single gene or operon.

The corresponding biological model is shown in Figure 5.2A.

Based on the stochastic formulation of reaction kinetics, we associated a Markov jump
process with the above model of gene transcription. Considering the transcription factor
and the RNAP holoenzyme as parametric input, the resulting Markov process is linear on
the state space of the four different DNA states (X, := free DNA, X, := TF-bound DNA,
X3 := TF/SF:RNAP-bound DNA, X, := initiated transcription with blocked RNAP-binding
side). For our purpose, it was sufficient to lump the n. and the Ny — n elongation steps
with rate constant kejong tc into single steps with rate constants k;long’t < = kelong,tc/Mc and
Kelong,tc/ (Nic = necy, respectively (explicit consideration of the Ny elongation steps would give
the same results). The infinitesimal generator A of the Markov jump process on the states

space (X1, X2, X3, X4) is given by

—kyrr o TF 0 0
Ay = kare  —(karr + k:,RNAP) ke rNAP 0 ,
0 kqrnaP —(karNap + kinitie)  Kinitte
0 k:long,tc 0 _k:long,tc

where k; g := ka,Tr - TF and k:’RN Ap := KarnaP - SF:RNAP are the binding rate constants pa-
rameterized in terms of the transcription factor TF and the RNAP holoenzyme (i.e., SF:RNAP

complex), respectively.



5.3 Derivation of Effective Protein Synthesis Rates

We defined the effective synthesis rate kymrna of mMRNA as the steady state rate resulting
in the synthesis of new mRNA molecules. This is given, for instance, by the steady state rate
through the state Xy, i.e., the product between the stationary distribution 7 = (71, ..., 74) of

the Markov jump process associated with state X, and the exit rate constant of state X4

kaNA =Tl k:l()ng,tc‘ (5'3)

The stationary distribution satisfies the equation A = 0. Solving for 7 and using eq. (5.3)

resulted in
Vinax.tc - SEERNAP

kmrna = ’ !
m Ki. + SERNAP o
with maximal rate
kinit,tc ' :long,tc
Viax,te = T . L
kinit,tc + kelong,tc
and a Michaelis—Menten-like constant
(kd,RNAP + kinit,tc) : k:long,tc (1 KD,TF ) ( )
- ) , 5.5
ka,rNaP - (Kinitte + Kgjong ) TF

i.e., the SF:RNAP concentration for which kmrNa = Viaxte/2, where Kp1r = kg 1/ kaTE. As-
suming a linear degradation of the mRNA species, e.g., due to dilution processes, resulted in
a total steady state mRNA level of

kmrna

1‘nRNA;Fotal = kq

. (5.6)
eg
We next determined the protein synthesis rate per single mRNA molecule. In combination
with the above result, this finally allowed us to derive the effective protein synthesis rate as a
function of both transcription factor and RNAP holoenzyme concentration. The derivation of
the effective protein synthesis rate per mRNA is based on the biological model of translation
shown in Figure 5.2B. For the process of translation, we considered a ribosome reversibly
binding to the mRNA with association and dissociation rate constants k, ribo and kg ribo>
respectively. From this ribosome-bound state the translation of the mRNA is initiated with
rate constant kjpn; 41, and the ribosome starts to synthesize the decoded amino acid sequence
of length Ny with elongation rate constant kejong 1. Multiple ribosomes can bind to the same

mRNA and boost the translation process, with an average distance of ny between them.
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The infinitesimal generator Ay corresponding to the Markov jump process on the states
space (Y; := free mRNA, Y, := ribosome-bound mRNA, Yj := initiated translation with
blocked ribosome-binding side) is given by

* *
_ka,Ribo ka,Ribo 0
Ag=| karivo —(karivo + kinita)  Kinica |
* 0 _ *
elong,tl elong,tl

where k:long)tl = Kelong,1/My and k3 Ribo = Ka,Ribo - Ribo denotes the rate of ribosomal binding
to mRNA parameterized by the concentration Ribo of free ribosomes.

We defined the effective protein synthesis rate per mRNA as the steady state rate resulting
in synthesis of new protein molecules. This is given, e.g., by the steady state rate through
the state Y3, that is the stationary distribution g = (g1, g2, p3) of the Markov jump process
associated with state Y3 times the exit rate constant of state Y3. The total protein synthesis rate
kgyntn is thus finally given by the synthesis rate per mRNA molecule times the total number

of mRNA molecules, i.e.,
ksynth = Uz k:long,tl : mRNA?otal' (5'7)

The stationary distribution satisfies the equation yAy = 0. Solving for y and using eq. (5.7)

resulted in v Rib
it 1bO *
ksynth = _maxt N : mRNAtOtala (5-8)

with maximal rate .
kinit,tl ’ kelong,tl
Vmax,tl = k x

init,tl T kelong,tl

and a Michaelis—Menten-like constant

(kd,RibO + kinit,tl) : k:long,tl

Ky = .
ka,Ribo : (kinit,tl + k;long,tl)

The equation for kg, can be further simplified if we assume that ribosomes are present
in such quantities that ribosomal binding is not the limiting step in the translation process.

This implies Ribo > Ky, resulting in
ksynth = Vmax,tl . mRNAsotap (5-9)

or equivalently
Vinax - SF:RNAP

Kyt + SERNAP’ (5:10)

ksynth =
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where Vinax = Vinaxtl © Viax,te/ kdeg and Ky := K. If condition Ribo >> Kj; is not satisfied,
then we would nevertheless obtain the same eq. (5.10) for kenm by replacing eq. (5.9) by

eq. (5.8) and assuming that the number of available ribosomes remains roughly constant.

In the flagellar gene regulation cascade, we have SE:RNAP = ¢”:RNAP and TF = FIhDC for
class 2 gene expression, resulting in a potentially saturable class 2 synthesis rate given by
Vinax - 0 :RNAP

k = s 11
class2 Kaiy + oD:-RNAP (5 )

with

(kd»RNAP + kinit,tc) ’ k:long,tl Kp,ripe
= . (5.12)

M2 = . XDFIhDC
" karnap - (Kinitge + kiong 1) FIhDC

For class 3 gene expression, it is S:ERNAP = ¢":RNAP but no transcription factor is involved
such that the state X; is not present. This can be accounted for by replacing the term

(1+ Kp,rr/TF) by 1 in eq. (5.5). Hence, we derived a class 3 synthesis rate of the form

Vinax - 00 :RNAP

— .1
Kuis + 0F:RNAP (513)

kclass3 =

with
(karnap + Kinittc) * Kglong,a

M3 =

*

bl
karNap - (Kinitte + Kgjong 1)

which was used in the FlgM-FliA interactions model to account for the feedback of FliA on

class 3 gene expression (see Table C.2 in Appendix C).

5.4 Results

The model was parameterized based on available in vivo data from E. coli or related bacteria,
which applied to the majority of parameters. If in vivo data were not available, data were taken
from in vitro measurements. By dint of the above reduction process, only four parameters
related to the effective synthesis rates of FlgM and FliA had to be estimated based on our
experimental measurements [195]. The parameterization of the model is described in detail
in Appendix C. In the following, we present and discuss the results obtained from different

simulations performed with the model.
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5.4.1 Comparison to Experimental Data

Wild type: Figures 5.3A-C show the experimental data (mean + one standard deviation) of
total intra- and extra-cellular FIgM and total FliA. Experimental data are given in number
of molecules, as determined from Western blots [195]. The solid line shows predictions of
the FIgM-FliA regulatory model based on the parameter values listed in Table C.2. Since the

experimental measurements only allow a first rough estimate for the start of class 2 expression
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Figure 5.3: In silico predictions compared to in vivo measurements of FigM and FliA. Mean of exper-
imental data marked by stars; bars indicate + one standard deviation. Wild type: (A) intra-cellular
total FigM (free FIgM plus FlgM:FliA), (B) extra-cellular FIgM (relative to baseline level), and (C) total
FliA (free FliA plus FIgM:FliA plus of :RNAP) vs. time. flgM™ mutant: (D) total FliA (free FliA plus
o :RNAP) vs. time. Predictions are based on the parametrization in Table C.2 (solid line), and varied
starting time of class 2 expression (otherwise identical parameters): t.ass, = 7, 8.5, 10, 11.5, 13 min for
the wild type and t 1455, = 15.5, 17, 18.5, 20, 21.5 min for the flgM™ mutant.
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tclass2 (between 5 and 20 min), model predictions are also shown for varying ¢, times and
otherwise identical parameters: f,s, = 7 min (upper dotted line), ¢, = 8.5 min (upper
dashed line), tg,s, = 11.5min (lower dashed line), t4,s, = 13 min (lower dotted line). We

observed that variations of .., Were most pronounced initially and decreased over time.

The model predictions are in very good agreement with our experimental data [195] and
other experimental findings [209]. For FliA, we observed a slight underestimation at 35 min.
Upon start of class 2 expression at time ., the levels of FlgM and FliA rapidly increase.
After completion of the type III secretion system, FIgM is exported to the extra-cellular
space, resulting in a continuous increase in extra-cellular FlgM (see Figure 5.3B). While FliA
continues to increase (see Figure 5.3C), the model predicts a noticeable transient decrease in
intra-cellular FIgM, until eventually newly synthesized FlgM molecules resulting from class 3

gene expression increase the level again (see Figure 5.3A).

flgM™ mutant: By design, a flgM™ mutant lacks FIgM and results can only be evaluated in terms
of FliA. Figure 5.3D shows the experimental data (mean + one standard deviation) of total
FliA, as determined from Western blots [195]. The solid line shows predictions based on the
parameter values listed in Table C.2. As for the wild type, we further varied the starting time of
class 2 gene expression (otherwise identical parameters): t,ss, = 15.5 min (upper dotted line),
tclass: = 17 min (upper dashed line), f,s, = 20 min (lower dashed line), fjas5, = 21.57 min
(lower dotted line). Again, the variation is most pronounced initially and decreases over time.

The in silico predictions are in very good agreement with experimental data.

5.4.2 Validation of the Reduction Process

Having the effective synthesis rates of FlgM and FliA parameterized (as reported in Table C.2),
we were also able to parameterize the underlying detailed model of gene expression (depict
in Figure 5.2) on the basis of data available from literature and by exploiting the functional
relations as given in egs. (5.3)—(5.10). The parameterization of the detailed gene expression
model is described in Appendix C; all parameter values are listed in Table C.3. This allowed
to transform the biological model of the FlgM-FliA regulatory network (5.1) into a discrete-
stochastic reaction kinetics model, where the class 2 and class 3 related syntheses of FlgM
and FliA are now implemented according to the detailed transcriptional and translational

processes shown in Figure 5.2.
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In Figure 5.4, we compare the average mRNA and protein levels of FIgM and FliA in the
wild type as predicted by 100 SSA-runs of this detailed stochastic model to the corresponding
levels in the reduced deterministic model (5.2). Even though the transcription and translation
related processes and variables are eliminated in the deterministic model, we can use egs. (5.3)-

(5.10) and the parameterization of the detailed model (see Table C.2) to recalculate their
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Figure 5.4: Comparison of mRNA and protein levels in the detailed stochastic model (average of 100
SSA-runs, marked by symbols) and in the reduced deterministic model (solid lines) of the FlgM-FliA
regulatory network. The panels show the results obtained for the wild type with initiation of class 2
expression at time tj,5, = 10 min: (A) mRNA of FIgM from class 2 (squares and black line) and class 3
(circles and gray line) transcription, (B) mRNA of FliA from class 2 transcription (squares and black line),
(C) total FigM (intra-cellular free FIgM plus FIgM:FIiA plus extra-cellular FIgM), and (D) total FliA
(free FliA plus FIgM:FliA plus o :RNAP). In the stochastic model, protein synthesis is realized according
to the detailed transcriptional and translational processes shown in Figure 5.3 (parameterization given in
Table C.3). In the deterministic model, these processes are eliminated and protein synthesis is implemented
by the derived effective rates (parameterization given in Table C.2), with mRNA levels given by eq. (5.6).
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values during simulation. The mRNA levels shown in Figure 5.4C+D, for instance, have been

computed in this way from eq. (5.6).

The predictions of the reduced deterministic model and the detailed stochastic model are
in very good agreement. In the reduced model, the mRNA and protein levels increase a bit
earlier and faster than in the detailed model (see Figure 5.4). This effect is related to the time
it takes the transcriptional and translational subprocesses to reach quasi-steady state, which,
by assumption, is not rendered in the effective synthesis rates. Thus, synthesis is slightly
delayed in the detailed but not in the reduced model. This becomes most pronounced in the
approximation of class 3 synthesis of FlgM (see Figure 5.4A), as it (a) integrates the class 2
related approximation of FliA and (b) is initially much slower than class 2 synthesis (which is
almost immediately saturated after initiation at time 1,55, = 10 min). The resulting deviations

in the protein levels, however, are negligible (see Figure 5.4C+D).

5.4.3 Robustness and Timing of the Regulatory Mechanism

Class 3 Gene Expression is Induced only when Pool of Free FIgM is Drastically Reduced

We further studied in detail the checkpoint mechanism, i.e., the feedback of completion of

the type III secretion system on class 3 gene expression. In contrast to the experimental
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Figure 5.5: Detailed analysis of the FigM-FIiA interactions: free FlgM (blue), free FliA (green), FlgM:FliA
complex (red) and o":RNAP complex (black). For the wild type (A), the most pronounced change in
terms of number of molecules is the rapid decrease in free FIgM upon start of export, but not as one
might expect in the level of FigM:FliA. In the flgM™ mutant (B), no delay between class 2 and 3 expression
is observed (dashed lines), as it is present in the wild type (solid lines).
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measurements, the mathematical model allows to distinguish between free and bound FliA, as
well as to monitor the predicted o :RNAP level in order to study the onset of class 3 expression.
In Figure 5.5A, the predictions for FIgM, FliA and FIgM:FliA (left axis), and of:RNAP (right
axis) in the wild type are shown.

Experimentally, it has been demonstrated that FlgM is exported from the FIgM:FliA
complex with FliA acting as a type III secretion chaperone [208]. In silico, the most pronounced
change in terms of number of molecules is the rapid decrease in free FIgM upon completion
of the secretion system around 18 min, but not as one might intuitively expects in the level of
FlgM:FliA. A closer look at the key reactions resolves this observation: Since FliA is released
from the complex when FIgM is exported, the availability of free FliA significantly increases.
However, due to the high affinity of FliA for FlgM, it immediately binds again to free FIgM.
Hence, initially the FliA-mediated export of FIgM effectively decreases the level of free FlgM,
with FIgM:FliA remaining at high level, but having a very short life span and being ‘produced
just in time’ for the export.

The tight balance of FlgM-FliA association, FlgM export and FliA release results in low
levels of free FliA during the first minutes of export (see Figure 5.5B). With continued export
of FlgM this balance is changed towards increasing levels of free FliA, which eventually results
in the formation of o' :RNAP and initiation of class 3 gene expression. As noted before, the
number of FIgM transiently decreases upon completion of the type III secretion system. Based
on the above analysis, we may now associate this transient decay with the decrease in the pool
of free FlgM. Only if this pool has been strongly reduced, class 3 gene expression gets initiated.

In Figure 5.5B, the timing of wild type and flgM™ mutant is compared. Due to lack of
FlgM in the mutant, rising FliA levels immediately initiate class 3 expression. Thus, the delay
between class 2 and class 3 expression as observed in the wild type is absent in the flgM"

mutant (as also observed experimentally [195]).

Based on the reduced deterministic model we analyzed the robustness and sensitivity of the
FIgM-FliA regulatory checkpoint mechanism in its ability to tightly control o' :RNAP level,
which was considered as the critical marker for initiation of class 3 gene expression. Wild type
levels were compared to levels of different in silico mutants with ‘perturbed’ parameter values,
in order to access the robustness with respect to such alterations. We were interested in both,
the impact on the delay between class 2 and class 3 gene expression, as well as in changes in
the intensity of class 3 initiation defined by how fast 6*:RNAP levels increase in comparison

to the wild type.
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Checkpoint is Robust to Perturbations in FIgM-FliA Association and Dissociation

Levels of o :RNAP for wild type and in silico mutants with altered FlgM:FliA dissociation rate
constant (1000-fold decrease, and 100-, 500- and 1000-fold increase) are shown in Figure 5.6A
and inset. Changes of up to three orders of magnitude have only marginal influence on
o":RNAP levels, thus rendering the regulatory network robust with respect to the binding
affinity of FlgM and FliA.

A Dissociation of FIgM:FIliA B Proteolysis of FliA
40f 45 7 40
s SM 30 ,
% OJ\NL x0.001 % disabled
@ ool 20 25 30 35 4000 20
w w
b b
H* I
10 10
o= ‘ ‘ : ‘ 0
0 20 40 60 80 0 20 40 60 80
time [min] time [min]
C o—Factor Competition for RNAP (# oP) D o—Factor Competition for RNAP (K, o)

time [min] time [min]

Figure 5.6: Predicted o' :RNAP levels for the wild type (red, dashed line) and different in silico mutants
(solid lines). (A) Dissociation constant of the FIgM:FliA complex: 1000-fold decrease (dashed blue),
and 100-fold (green), 500-fold (yellow) and 1000-fold (solid blue) increase. (B) Rate of FliA proteolysis:
2-fold (green), 5-fold (yellow) and 10-fold (blue) increase plus proteolysis disabled (black). (C) Total level
of the sigma factor o®, from highest to lowest levels: 0.2-fold (blue), 0.4-fold (yellow) and 0.6-fold (green)
decrease, and 2-fold (green), 5-fold (yellow) and 10-fold (blue) increase. (D) Dissociation constant of
the 6”:RNAP complex, from highest to lowest levels: 10-fold (blue), 5-fold (yellow) and 2-fold (green)
increase, and 0.5-fold (green), 0.2-fold (yellow) and 0.1-fold (blue) decrease.
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FliA Proteolysis and Sigma Factor Competition for RNAP Modulate Intensity of Class 3
Gene Expression

The intensity of class 3 gene expression is directly related to the available level of 6*:RNAP.
Figure 5.6B shows the changes in o":RNAP levels resulting from an increase in the FliA
(oF) proteolysis rate constant. A higher proteolysis rate results in lower levels of ¢F and
consequently decreases the level of available o' :RNAP. In contrast, absence of proteolysis

resulted in slightly increased levels of o™ :RNAP.

In silico experiments that directly alter the competition of sigma factors for RNAP revealed
a similar relation. In Figure 5.6C, we analyzed the robustness with respect to changes in
the level of 6® competing for RNAP. We infer that the level of o is negatively correlated
to the intensity of class 3 gene expression: Higher values of o® decrease the intensity of
class 3 expression, whereas lower values of ¢ increase the intensity. Analogous results can
be observed for alterations in the dissociation constant Ky, ;o = kq/k, ;o of the oP:RNAP
complex. The larger K, ;» the larger the intensity of class 3 expression, and vice versa (see
Figure 5.6D).

In all three cases, the considered in silico settings modulate the steepness of increase in
o":RNAP levels and hence the intensity of class 3 expression. Most notably when altering the

sigma factor competition for RNAP, to which the regulatory mechanism is very sensitive.
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Figure 5.7: Predicted levels of free FIgM (solid lines, left scale) and o' :RNAP (dashed lines, right scale)
for the wild type (red) and different in silico mutants (yellow and green). (A) Effective FIgM export rate
constant kexpors and (B) starting time toxpors 0f FIgM export, i.e., completion of type III secretion systems:
0.7-fold (yellow), 1-fold (red) and 1.4-fold (green) change.



5.4 Results

Pool of Free FigM Precisely Controls Free FliA Level and Acts as a Molecular Timer

From the results shown in Figure 5.5 we inferred that class 3 initiation is coupled to the
reduction of the pool of accumulated free FIgM. Since the timing of this reduction directly
depends on the FIgM export rate kexport and the time fexpore When the type IIT secretion
system is completed and export starts, we expected a change in the initiation of class 3
gene expression due to alterations in these two parameters. As illustrated in Figure 5.7, the
checkpoint mechanism is indeed sensitive to kexport and fexport- Perturbations in these two
parameters affect both the point in time when the increase in o' :RNAP starts and the rate at
which of :RNAP increases.

In addition to o :RNAP levels, the levels of free FIgM are shown in Figure 5.7. Changes in
the above processes have a direct influence on the accumulation of free FlgM and the decay
of the FlgM pool. As can be nicely seen in Figure 5.7, the number of o' :RNAP complexes
does not start to increase until excessive free FIgM is exported from the cell. In this sense, the
intra-cellular pool of free FIgM acts as a molecular timer that precisely controls the start of

o":RNAP formation and thus initiation of class 3 expression.

High Sensitivity of Effective Synthesis Rates does Not Necessarily Imply High Sensitivity

with respect to Parameters of the Subsumed Transcriptional and Translational Processes

Changes in the synthesis rate of FIgM or FliA alter the ratio between their levels in the system,
thus re-weighting the pool of free FIgM and its function as a molecular timer. Therefore, we
expected that the start of class 3 gene expression will be affected by changes in the effective
synthesis rates kgjgy and kgjia, shown in Figure 5.8A+B. An increased synthesis rate of FigM
resulted in a larger pool of free FlgM, thus increasing the delay between start of export and
class 3 initiation (1.4-fold change, green). Contrarily, a decreased synthesis rate of FlgM
resulted in a shorter delay (0.7-fold change, yellow). The opposite relation holds for FliA.
A higher FliA synthesis rate increased the level of FIgM:FliA complex and thus effectively
diminished the pool of free FlgM, which shortens the delay between start of export and class
3 initiation (1.4-fold change, green). Again, the opposite occurred for a decreased synthesis
rate of FliA (0.7-fold change, yellow). The results illustrated in Figure 5.8 A+B suggest that
the checkpoint mechanism is very sensitive to changes in the effective synthesis rates. Since
alterations of 30-40 % might be expected on a population level, this high sensitivity of the

regulatory network was unexpected.
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Since the synthesis rates of FIgM and FliA are effective rates subsuming complex reaction
events of gene transcription and translation (see Section 5.3), we subsequently analyzed
the sensitivity of the regulatory network to changes in the underlying transcriptional and
translational parameters. Based on egs. (5.3)-(5.10), we studied whether the same sensitivity
on 6" :RNAP levels can be observed when altering the parameters of the processes that are
aggregated in the effective synthesis rates. All parameter values of the detailed transcription

and translation model are listed in Table C.3.
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Figure 5.8: Sensitivity of the core regulatory mechanism to the effective synthesis rates of FlgM and FliA.
Top: Predicted levels of free FIgM (solid lines, left scale) and o*:RNAP (dashed lines, right scale) for
the wild type (red) and different in silico mutants (yellow and green). (A) FIgM synthesis rate krign
and (B) FliA synthesis rate kpjia: 0.7-fold (yellow), 1-fold (red) and 1.4-fold (green) change. Bottom:
Log-log plot of changes in the effective synthesis rates of FigM (C) and FliA (C) with respect to changes in
subsumed rate constants of the detailed class 2 transcriptional and translational processes. These are
Kf), rnpc = Kb rmpc/FIWDC, i.e., the ratio between the dissociation constant Kp pinpc of the master reg-
ulator FIhDC for DNA-binding and its total level; the dissociation constant Kp gnap = ki rnap/Ka,rNAP
of the oP:RNAP complex to the class 2 promoter; and the initiation rate constants of transcription kiyiz ¢
and translation kit y1. The dashed black horizontal lines mark the 0.7-fold and 1.4-fold changes in kg
and kgjia considered in (A) and (B).



5.5 Discussion

As can be inferred from Figure 5.8C+D, a high sensitivity of o' :RNAP levels to alter-
ations in the effective synthesis rates kpjgv and kpia does not necessarily translate into
a high sensitivity with respect to alterations in the subsumed parameters of gene expres-
sion. The dashed black horizontal lines correspond to 0.7- and 1.4-fold changes in the
effective synthesis rates of FIgM and FliA. We infer that a 10-fold decrease or increase in
the dissociation constant Kp rnap = kg rnap/karnap Of the oP:RNAP complex or in the ratio
Kb empe
impact on the effective synthesis rates of FIgM or FliA. We further infer that a 10-fold in-

= Kp pnpc/FIhDC for the master regulator FIhDC does not have any significant

crease in the initiation rate constants kipit,tc and kinie q of class 2 transcription and translation,
respectively, does only result in a roughly 2-fold increase in the effective synthesis rates. The
most pronounced impact was observed when reducing the above initiation rate constants by
a factor of 10, resulting in a similar decrease in the effective synthesis rates kpgy and kgjia.
All these subprocesses hence operate close to saturation, which becomes only apparent on the

detailed level and can not be inferred from the corresponding lumped rates itself.

5.5 Discussion

We analyzed the FIgM-FIliA regulatory network based on a deterministic model and quantita-
tive experimental data. To incorporate the feedback between middle and late gene expression,
we derived protein synthesis rates from a detailed stochastic model of the key transcriptional
and translational processes. Our reduction approach effectively eliminated these discrete-
stochastic submodels. The resulting functional relationship between the effective synthesis

rates and the detailed parameters allowed for a careful sensitivity analysis of the system.

The in silico levels of intra- and extra-cellular FIgM in the wild type as well as the levels
of FliA in the flgM™ mutant are in excellent agreement with the in vivo data (Figure 5.3). For
the wild type, the model slightly underestimates the experimentally observed steep increase
in FliA after 35 min (Figure 5.3C). In addition to the FlgM-FliA checkpoint, there exists a
number of interlocking positive and negative feedback loops with the potential to further
modulate class 2 and class 3 expression [200, 220, 221]. While we observed no impact when
reducing FIhDC concentration by a factor of 10 (Figure 5.8), a more significant decrease
will eventually slow down class 2 gene expression. From egs. (5.4) and (5.5) we infer that
K. increases with decreasing FIhDC, such that eventually kyrna Will be proportional to

FIhDC/(FIhDC + Kp pinpc). For small enough levels, class 2 expression will thus be con-
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trolled by FIhDC. This switch like dependence of class 2 expression on FIhDC concentration
might also serve as an explanation for the observed diftference in s, between wild type
and flgM™ mutant, since in the latter case FThDC concentration might already be subject to

FliA-controlled negative regulation.

A feedback loop with similar characteristics as the FlgM-FliA checkpoint mechanism is
the FliT-FliD regulatory system [220, 221]. FliT is the secretion chaperone for the filament
capping protein FliD. Upon completion of the type III secretion system, FliD is secreted
to the tip of the hook where it facilitates polymerizaton of the flagellar filament [221]. The
depletion of FliD from the cytoplasm eventually results in increased levels of free FliT. Free
FliT subsequently binds to the FIhC subunit of FIhDC and thereby inhibits transcription of
the middle genes whose products are no longer required for the assembly process [220]. We
expect that incorporation of the FliT-FliD feedback in the model will result in a larger class
2 synthesis rate of FliA in the parameter estimation process, and thus in a stronger initial
increase in FliA levels during class 2 expression. Increasing levels of free FliT after export of
FliD would then subsequently slow down class 2 gene expression. Importantly, the FliT-FliD
regulatory system is expected to exhibit the same characteristics as the FigM-FliA checkpoint
mechanism. The herein presented analysis and results can thus serve as a starting point for

future experimental design and theoretical studies.

Sensitivity analysis of the FIgM-FliA regulatory mechanism revealed that the system is
robust to alterations in most of the parameters (Figures 5.6A and 5.8C+D). At the same time,
it is very sensitive to alterations in those input signals that are exploited by E. coli to adapt
and tune flagellar synthesis in face of a changing environment. These correspond either to
parameters that allow the cell to tune initiation of class 3 expression, e.g., in terms of strength
or start of export (Figure 5.7), or that serve as the entry point of other master regulators. The
increase in 6" :RNAP is most notably affected by sigma factor competition (Figure 5.6C+D).
This tuning point allows for a direct, efficient and instantaneous alteration of flagellar synthesis,
which is important, for instance, in the transition from the motile-planktonic to the stationary

phase ‘lifestyle’, induced by the sigma factor 0° [222, 223].

Before successful completion of the first type III secretion systems and subsequent start of
FlgM export, FliA is sequestered in the FIgM:FliA complex in its inactive form. Since only
free FliA can bind to the core enzyme RNAP, control of initiation of class 3 expression is
implemented by maintaining a certain ratio between FIgM and FliA. Upon start of export,
the pool of free FIgM is gradually degraded until a change in the FIgM-FliA ratio results in

sufficient many free FliA molecules to enable class 3 initiation (Figure 5.5A). In the absence of
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FlgM, this delay is not present and class 3 expression is closely following the increasing FliA
levels (Figure 5.5B). In [199] experimental evidence is given that when pre-existing flagella
are present, newly synthesized FlgM is already exported before new basal bodies have been
completed. In the proposed model, an increase in the number of successfully completed hook
basal bodies would correspond to an increase in the FIgM export rate. As shown in Figure 5.7,
this directly decreases the delay between start of export and class 3 initiation, as less free FlgM
is accumulated. The dynamic control of the pool of free FlgM analyzed herein could serve as a
mechanistic explanation of the above experimental observation, highlighting the fact that the
relative ratio of FlgM to FliA is important for the functionality of the checkpoint mechanism.

The o":RNAP level also showed a high sensitivity to changes in the effective synthesis
rates of FlgM and FliA (Figure 5.8 A+B). This theoretical finding was unexpected, since even
small alterations of 30-40 % would imply a large impact on the timing and intensity of class 3
gene expression. A sensitivity analysis with respect to changes in parameters of the detailed
transcription and translation model (Figure 5.2) underlying the effective synthesis rates gave
further insight: Alterations in the detailed processes do not necessarily imply alterations of
the same order of magnitude in the effective synthesis rates. We find that the initiation rate
constants of transcription and translation show the highest sensitivity, but only when reduced
(Figure 5.8C+D). This suggests that potentially large variations in the flagella synthesizing
population (as suggested by the reduced model) are actually avoided by operating transcription
and translation of fliA and flgM close to saturation. On the other hand, sensitivity against
reduced rates of synthesis can effectively be used to integrate other stress signals.

In general, the functional relationships between kgjgy and ki and the detailed parameters
as given by egs. (5.3)-(5.10) and depict in Figure 5.8C+D illustrate that an observed high
sensitivity with respect to effective rates does not directly carry over to the detailed parameters,
it breaks down into more diverse relations. This phenomenon is not restricted to the present
analysis. As a consequence, care has to be taken when interpreting results of robustness
analysis of general reaction kinetic models with respect to lumped or effective parameters.

Motility and biofilm formation in E. coli are both under control of regulatory feed forward
cascades with mutual interaction and cross-regulation at different levels [197, 223]. In this
context the derived model also constitutes a first step towards a more comprehensive model
of life style adaptation in E. coli. While experimental data on gene transcription or promoter
activity may provide further insight into the temporal hierarchy of gene expression, more
quantitative data in terms of number of molecules combined with mathematical modeling is

needed to analyze the regulatory processes on the protein interactions level.
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Summary & Conclusion

In this thesis, we presented different approaches that couple the discrete-stochastic with the
continuous-deterministic formulation of biochemical reaction networks. We demonstrated
how such hybrid approaches can be employed for the efficient simulation and thorough

analysis of systems of biological interest, such as viral dynamics and gene regulatory networks.

While current hybrid methods are almost exclusively indirect, i.e., relying on the com-
putation of ensembles of stochastic realizations, we were able to derive and theoretically
justify a novel hybrid stochastic—deterministic approach to solve the CME directly. In our
direct hybrid approach presented in Chapter 4, all problematic species that are present in
large numbers are effectively eliminated from the discrete state space by replacing them with
related expected levels. This approach can be interpreted as taking ‘partial’ expectations over
the large copy number subspace. In contrast to an indirect hybrid approach, the resulting
evolution equations explicitly incorporate the impact of changes in the singled out discrete
distribution on the expectations of continuous variables. We provided the conditions under
which such partial averaging of the CME is exact and, most importantly, by using multi-scale
expansion techniques, we further demonstrated that it can be generalized to approximate
the dynamics of more complex systems. A direct solution method does not suffer from the
disadvantages of an indirect, MC-based approach. We demonstrated the performance of our
direct hybrid stochastic—deterministic approach on a viral infection kinetics model and a

transcriptional regulatory network.

The numerical costs of solving the derived hybrid model equations scale with the size of
the singled out discrete subspace associated with species present in low copy numbers. Hence,
we expect our direct hybrid solution to be particularly suitable for networks including a few
‘discrete’ species only. Otherwise, an indirect hybrid method may be applied, such as the
deterministic-stochastic simulation algorithm presented in Section 3.1. We believe that the
application of this method to the HIV-dynamics model studied in Section 3.2 clearly illustrated
the advantages obtained by a hybrid system representation: Neither a purely stochastic (due

to numerical complexity) nor a purely deterministic model (due to lack of stochastic effects)
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would have allowed to perform our in silico study. Using hybrid simulations, however, we
were able to design and test (in terms of the mathematical model) a novel treatment strategy
that can lead to significant improvements in comparison to conventional treatment strategies.
We discussed and demonstrated superiority of our pro-active treatment switching strategy

for different scenarios; nevertheless, the clinical validity of our finding remains to be shown.

If a purely deterministic formulation is found to be adequate or unavoidable (by reasons
of model and/or numerical complexity), our results presented in Section 5.4 clearly illustrated
that nonetheless care has to be taken when interpreting results of a sensitivity analysis with
respect to lumped or effective parameters. The reduction of the detailed stochastic model of
gene expression performed in Section 5.3 not only allowed us to derive effective protein synthe-
sis rates as typically used in deterministic models, but also made very explicit the assumptions
underlying such rates. Effectively, we eliminated the transcriptional and translational sub-
processes, but disclosed their functional relationship to the effective synthesis rates. A step
towards an intermediate model of gene expression would be to explicitly incorporate mRNA
species. Since we considered the processes involved in transcription and translation separately,
the presented derivation can be directly used to formulate effective mRNA synthesis rates

and rates of mRNA translation.

We successfully demonstrated our reduction approach on the deterministic FlgM-FliA
interactions model presented in Section 5.2. The proposed derivation of effective synthesis
rates, enabled us to mechanistically incorporate the feedback between middle and late gene
expression in the deterministic model. Thus, for the first time, we could perform a detailed
quantitative in silico study of the timing and robustness of the FlgM-FliA checkpoint mecha-
nism in the flagellar gene regulation cascade of E. coli. Sensitivity analysis pointed out that the
system is robust to most of the parameters, but still very sensitive to those input signals that
are exploited by E. coli to tune flagellar synthesis in view of a changing environment. Since
similar or analogous checkpoint mechanisms are present in many other motile bacteria, we

expect our findings to have implications beyond the present study.

It is evident that stochastic effects play a crucial role in biological processes, requiring efficient
mathematical modeling approaches that are capable to capture these effects. One of the most
promising directions is the development of hybrid methods, as these are flexible enough to
study stochasticity in large and ever more complex biological models that integrate processes
of different scales like gene expression, regulation and metabolism [92]. In this thesis, we

introduced the concept of a new hybrid methodology to directly couple the CME with the



ODE formulation of biochemical reaction networks. There are some important open questions
related to such kind of direct hybrid models that will be subject of future research. These
include: Where are the limits of our hybrid approach, i.e., if there are species with moderate
copy numbers in between low and large copy numbers, when will their fluctuations destroy the
approximation quality of the model? In order to decide whether the asymptotic assumptions
underlying our hybrid model are valid, how can we estimate the value of the scaling parameter
¢ for a given chemical reaction network? How can one construct an efficient and robust
numerical scheme that allows to adaptively change the low copy number subspace on the fly
during numerical integration based on some prescribed accuracy requirements? We believe
that the mathematical framework and fundamental understanding presented in this work

provides essential tools to tackle such problems.
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Description of the HIV-Dynamics Model

In [138], we introduced a novel HIV-dynamics model of viral replication, mutation and drug
interference that allows the mechanistic integration of all novel and some developmental HIV
drugs. We extended this model for the studies presented in Section 3.2 by the compartment
of very long lived, latently infected T-cells Ty. The resulting model comprises uninfected
T-cells Ty and macrophages My, free non-infectious virus Vyi, free infectious virus Vi(i) of
mutant strain i = 1,2, ..., and infected cell types belonging to each mutant strain i: infected
T-cells T; (i) and macrophages M, (i) prior to proviral genomic integration, and infected
T-cells T»(i) and Tp(i) and macrophages M, (i) after proviral genomic integration. The

deterministic formulation of the model is given by the following system of ODEs:

d
aTU = /lT + 6PIC,T -Tl(i) - (5T + ZﬁT(i, d) . VI(i)) Ty,
d
EMU = /\M + 6PIC,M . Ml(i) — (6M + ZﬂM(i, d) 'VI(i)) . MU>
i

%Tl(i) = Br(i,d) - Vi(i) - Tu = (81, + Spicr + kr(i, d)) - T1 (i),

%Ml(l) = /)’M(l,d) VI(I) . MU - (61\/[1 + 6PIC,M + kM(l,d)) . Ml(i),

ST = K= p) k(o) T() s+ - To(i) = 0, Ta(i),
J

ST = L peka(ied) Ta() vy = (a4 81) T,
J

SM(0) = S k(i) M1 )y~ O M),
J

DVi(i) = Ne(ind) - To(i) + Ng(ind) - My (i)

dt
- (CL+ (CLr(i,d) + Br(i,d)) - Ty + (CLu(i,d) + Bu(id)) - My ) - Vi(i),
%VNI = Y [(Fr = Na(iyd)) - Ta (i) + (N = Nu(ind)) - Ma(i) | = CL- Via. - (A)

1
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The model accounts for a production of uninfected target cells Ty and My by the immune
system with constant rates At and Ay, respectively. All cell types get destroyed by the immune
system, where the parameters 1, dum, d1,, Om,> 01, 01, and Sy, denote the corresponding
death rate constants of Ty, My, T1, M, Tz, Ty, and M; cells, respectively.

Target cells Ty and My can become successfully infected by infectious virus V(i) of
mutant strain i with rate constants (i, d) and Sm (i, d), respectively, under treatment d,
creating early infected cells T (i) and M (i). Infection by virus Vi(i) can also be unsuccess-
ful after the irreversible step of fusion, with rate constants CLy(i,d) and CLy(i,d) under
treatment d, eliminating the virus and rendering the target cells Ty and My, respectively,
uninfected. The parameters dpic,t and dpyc m refer to the intracellular degradation of essential
components of the pre-integration complex, e.g., by the proteasome of early infected cells T
and M, respectively, returning these cells to an uninfected stage.

Viral genome of mutant strain i is irreversibly integrated into the DNA of infected T-
cells Ty and macrophages M; under treatment d with rate constant kr(i,d) and ky (i, d),
respectively, creating post-integration, infected cells T, Ty and M,. Latently infected T-cells
Ty, (created with probability p) do not express viral genes, but can become activated with rate
constant a, transforming Ty into a productively infected T-cell T,. The parameters N and
Ny denote the number of total (infectious and non-infectious) virus released per day per late
infected T-cell T, and macrophage M,, respectively. Nt (i, d) and Ny (i, d) give the number
of infectious virus Vi(i) of mutant strain i released under treatment d per day per T, (i)
and M, (i), respectively. Free infectious and non-infectious virus, Vi and Vi, respectively,
gets cleared by the immune system with rate constant CL. The parameter r;.; denotes the

probability to mutate from strain j to strain i, defined below.

Integration of Mutation Dynamics: The overall model comprises a complete mutagenic path-
way. In HIV-dynamics, genomic mutation occurs during the reverse transcription pro-
cess [224]. The reverse transcriptase of HIV lacks a proof reading mechanism in contrast to
host polymerase enzymatic reactions. However, viral proteins are only produced from newly
mutated viral genome after its integration into the host DNA, and the proteins required for
stable integration originate from the founder virus. Phenotypically, drug-resistance of new
mutants will thus only be observed after integration, i.e., in the infectious stages T, and M,.

In general, the model includes a total number of 2L different viral strains i, containing
point mutations in any possible pattern of the considered number L of positions that may

mutate. In Figure A.1A, a mutagenic pathway for the example of two distinct mutations L = 2
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Figure A.1: Fitness and possible mutational pathways in the HIV-dynamics model if two mutations are
considered. A: General transition pathways between wild type (00) and a fully drug-resistant strain (11)
that involves two part-resistant intermediates (10, 01). B: Fitness in the presence of a drug. C: Fitness in
the absence of drugs. The dashed line indicates the critical fitness that allows the strain to survive (i.e.,
Ro(i,d) =1).

is shown. Each mutant can mutate into every other mutant in one step. As can be seen from
the example depict in Figure A.1A, the probability 7; .; to mutate from a strain j into another

strain i is given by

Pini= uh@h) (1 = ) EhD)

where y is the mutation probability per base pair during reverse transcription (4 ~ 2.2 x 107>,
see [224]), h(i, j) denotes the hamming distance between strain i and strain j, and L is
the total number of different positions subject to mutation (L = 6 in the later numerical

experiments).

Integration of Phenotypic Fitness and Drug Interference: The phenotype of each mutant strain i
is modeled by introducing a selective disadvantage s(i ), which denotes the loss of functionality
(e.g., in the activity of some viral enzyme that is affected by the mutation) relative to the
wild type, and a strain specific inhibitory activity (i, d) of a treatment d against the mutant
strain i. For example, the strain specific infection rate i under a certain treatment d is given
by (i,d) = (1 -1n(i,d))- (1 -s(i)) - B(wt, ), where f(wt, &) denotes the infection rate
constant of the wild type in the absence of drug (parameters listed in Table A.1). The strain
specific inhibitory activity is calculated via n(i,d) = y(wt,d) - res(i, d), where the efficacy
of the drugs against the wild type n(wt, d) is generally stated in the corresponding tables and
figures (Figures 3.2 and 3.5, and Table 3.1) and the resistance of a particular mutant res(i, d)
was either set to 1 (100 % susceptible) or 0.01 (99 % resistant), if the particular mutant i

conferred resistance to the particular drug d. For further details on the integration of the
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Table A.1: Parameter values of the HIV-dynamics model, referring to the wild type ‘wt’ in the absence of
drug treatment ‘@’. All parameters are in units day™', except p, pre, and b - q - ppr (unit less), and p in
(rev. trans. - base)™'. CLy/p(wt, @) = (1/prey = 1) - Bryma(wt, @) and Ny (wt, @) =b-q - ppr - N

Parameter Value Reference Parameter Value Reference
A1 2x10° [226] M 6.9 x 107 [227]
o/, 0.02 [227] SM/M, 0.0069 [227]
oT, 1 [184] O, 0.09 [138]

CL 23 [184] o1, 0.0001 [163, 228]
OpicT 0.35 [229, 230] dpicM 0.0035 [138]
o 0.001 [228] p 8 x107° [228]

7 2.2x107° [224] Prev 0.33 [230, 231]
kr(wt,@) 0.35 [230] km(wt, @) 0.07 [138]
Br(wt,@) 8x 10712 [232] Bu(wt, @) 1071 [138]
Nt 1000 [227] Num 100 [227]

b-q-ppr  0.67 [138]

distinct molecular effects of different drugs in the model, we refer the interested reader to the

original publications [138, 225].

Parameterization of the Model

All parameter values have been chosen according to previous studies and are listed in Table A.1.
The particular viral decay dynamics after application of distinct drug classes was validated
in [138]. For the above parameter values, the model (A.1) reproduces an average frequency of
latently infected cells of 2.6 x 107> CD4* T-cells (reference range: 8.2 x 1077 to 2.05 x 1074
CDg4* T-cells [152, 154, 174, 175]), a total of 4.5 x 10° latently infected cells (reference: [154]),
with a half-life of 20.6 months (average value reported in [152, 233-236]: 21 months) and a

plasma viremia of ~ 1 HIV RNA/mL [237] from the latent reservoir.

Reproductive Capacity and Reproductive Numbers

In [138], we introduced the reproductive capacity Reap(d), that can be envisaged as the amount
of infectious offspring that the whole viral population is expected to produce under some

treatment d during one round of replication. It allows to evaluate the infection state from



the perspective of a potential treatment d during simulation and was utilized in Section 3.2
to obtain switching times that maximize the benefit of an initial induction regimen for the
following maintenance regimen. The reproductive capacity Rcap(d) of the entire quasi-species
ensemble under treatment d is defined as the weighted sum of the basic reproductive numbers

of all pathogenic stages of mutant strains [138], i.e.,

Reap(d) = Z [VI(i) Ry, (i,d) + T1(i) - Ry, (i,d) + M1 (i) - Rm, (i, d)

+Ty(i) - Ry, (i,d) + Tr(i) - Ry, (i,d) + Ma (i) - Ry, (i, d) ],

where Ry, (i,d), Rr,(i,d), Rm,(i,d), Rr,(i,d), R, (i,d) and Ry, (i,d) are the strain-

specific reproductive numbers of the different infective compartments.

The basic reproductive number Ry is a well-characterized quantity in epidemiology, denot-
ing the expected number of infections caused per infected individual/cell [238]. An infection
will spread if Ry > 1; it will die out if Ry < 1. The strain-specific reproductive number Ry (i, d)
characterizes the fitness of a viral strain i in a pharmacologically modified environment,
specified by a drug treatment d. This is illustrated in Figure A.1 for the example of two distinct
mutations: Panel B shows the fitness landscape in the presence of some drug d, and panel
C shows the fitness landscapes in drug absence; the critical fitness Ro(i,d) = 1 is indicated
by dashed lines. We used the survival function approach [239] to calculate the strain-specific
reproductive numbers, which is of particular value, since it captures the possible event of

mutation for all infective compartments.

For the above model, the reproductive numbers are given as follows: The reproductive

number Ry, (i, d) of a single infective virus V(i) of strain i under treatment d is given by

Br(ivd) - Ty - ke(i,d) - (1-p- 5% ) - Na(is d)
Cvl(i,d) . CT(i,d) . 5T2

RVI(i’ d) =

Bu(i,d) - My - k(i) - N (i, d)
CVI(i’d)'CM(i’d)"SMZ ’

with constants

cv,(i,d) = CL+ (CLy(i,d) + Br(i,d)) - Tu + (CLm(i,d) + Pm(i,d)) - My,

cm (i, d) = 8tm + Seictm + kv (i, d).
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Infected cells are also pathogens, which can lead to a rebound of the disease even in the absence
of any virus. The basic reproductive numbers Rr, (i, d) and Ry, (i, d) of the infectious stages

T (i) and M; (i), respectively, associated with viral strain i under treatment d are given by

e (1- - 25) M)

Ry, (i,d) = . i, d
Tl(l ) CT(i,d)'(st rl(l )
and
R ,d) = . ,d),
wm, (i,d) ent(is d) - Oy ri(i,d)
where

Tl(i, d) _ ﬁT(i, d) Ty +.ﬂM(l‘, d) - My '
cy, (i,d)
Finally, the reproductive numbers R, (i,d), Rt  (i,d) and Ry, (i, d) of the infectious stages

T2(i), Tr(i) and M;(i) associated with viral strain i under treatment d are given by

Nr(i,d ) _ _
R (o) = VD a), R () = S Rey ()
T, T, + &
and
Nym(i, d )
RMz(i7d):%'rZ(l:d)>
M,
where

kr(i,d) Ty Br(i,d) N kv(i, d) -MU-ﬁM(i,d))_

”("’d):( cv(id) ex(id)  evi(id) (i d)



Laplace’s Method of Integral Approximation

Laplace’s method [240] is a general technique used for the asymptotic approximation of

integrals of the form
In:= J f(x)e™® dx as Q- oo,
R

called Laplace integrals, where f and ¢ are real-valued, continuous functions defined on some
region R € RY, such that I, is absolutely convergent for some value of Q2 € R*. For simplicity,
we consider in the following only the scalar case d = 1, such that R =: [a; b] is some interval
of the extended real line. We further assume that f and ¢ are sufficiently smooth functions.
Analogous results also hold for higher dimensions and under weaker assumptions on f and
¢, cf. [241-244]. The outline below mainly follows corresponding sections in [65, 245].

Laplace’s method is based on the observation that if the continuous function ¢ has a unique
absolute maximum on R, at x = X, say, and f(x) # 0, then only the immediate neighborhood
around X originates to the full asymptotic expansion of I,. This follows from the fact that
e??(*) decays exponentially rapidly away from %, because ¢(x) < (%) for all x # % in R, and
thus e2¢(¥) = ¢~ 2(¢(F)=¢(x))29(%) < 2¢(%) 35 ) » c0.' Hence, we may write the integral
I, as

Ig = eQ‘b(’Z)J f(x)eﬂ‘ﬁ(x) dx as Q- oo,
R

where ¢(x) := ¢(x) — ¢(&) with ¢(%) = 0 and ¢(x) < 0 for all x # % in R. In the following,

we study the asymptotic expansion of I, given by
Ig:= f f(x)em.’(") dx as Q- oo.
R

We note that if I, converges absolutely for some value of Q, say Qy, then so does I, because
|1, | will differ from |1, | only by the constant factor e ?0¢(%) i, |Io, | = e~ 2¢()| I, |. More-
over, if Q2 > Q, then e?$(*) < ¢?09() for all x in R, since by definition ¢ is a nonpositive

function on R. Hence, I, is also absolutely convergent for all Q > Q.

'Here and in the following, we use the Vinogradov notations f(x) < g(x) and g(x) > f(x) as x — xo,

which are equivalent to f(x) = O(g(x)) as x — xo.
2Conversely, as 2 — oo, existence of I, would be guaranteed by existence of I, only if ¢(%) < 0.
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In general, there are three different cases to consider®:

(a) The maximum of ¢ occurs in the interior of R = [a; b] and is a stationary point of ¢,
ie,a<x<b,and ¢'(x) =0and ¢" (%) <0.

(b) The maximum of ¢ occurs on the boundary of R = [a; b] and is a stationary point of ¢,
ie,X=aorx=>b,and ¢'(x) =0and ¢ (x) <O0.

(c) The maximum of ¢ occurs on the boundary of R = [a; b], but is not a stationary point
of ¢,ie, X =aorx=b,and ¢'(x) 0.

In each of these cases, the asymptotic expansion of I, proceeds in the following steps:

1. The dominant contribution to I originates from the immediate neighborhood about
the maximum %. We can reduce the range of integration to this local region for the

costs of only an exponentially small error as Q — co.

2. Weassume that f(x) and §(x) = ¢(x) — ¢(%) can be approximated in the local domain
about the maximum X by their Taylor series expansions about X, i.e.,

fErh) =Y f—(k’if’z)hkm(hm) and §(i+h)= —¢(kli'(i)hk+(9(h"“),
k=0 : k=1 :

where () and ¢(¥) denotes the k™ derivative of f and ¢, respectively, and h := x — X.
(Note that ¢(%) = 0.) The order used for the Taylor expansions of f and ¢ will dictate

the order of the asymptotic expansion of I, with respect to Q.

3. The resulting integrals can be solved analytically by extending their integration limits

to infinity. Again, this results in only an exponentially small error as 2 — oo.

Below, we study these steps in more detail for case (a). For case (b) and (c), we briefly point
out technical differences that arise compared to case (a).

At first glance, it might seem foolish in the procedure outlined above to first restrict
integration to some small region and then extending it to infinity afterwards. However,
restriction of the full integral allows to replace f and ¢ (or ¢, respectively) by their Taylor or

some other asymptotic series expansions about X. As we will see shortly, this results in an

*For the cases (a) and (b), where % is a stationary point of ¢, we assume here that this maximum is non-
degenerate, i.e., ¢ (%) < 0. If more generally ¢” (%) = ... = ¢»" (%) = 0and ¢’ (%) # 0, then p must be even

and ¢”) (%) < 0 (otherwise % would not be a maximum of ¢), and we would find similar results as derived below.



expansion of the integral I, into a series of Gaussian integrals. To evaluate these integrals, it
is then convenient to extend integration to infinity. Each change in the limits of integration

introduces only a small error that decays exponentially rapidly as Q — oo.
Case (a): a <X <b,and ¢'(x) =0and ¢"(x) <0.

Step 1: We split the interval R = [a; b] into the local region about X, i.e., Ry, := [X — h; X + h],
and the remaining interval givenby R \ Ry, = [a; X — h] U [% + h; b], where the value of h € R*

is arbitrary, but necessarily 0 < & < min(X — a, b — %), such that
In= f(x)eQ‘Z’(x) dx + f(x)eQ"B(x) dx as Q- oo. (B.1)
Rh R\Rh

Since ¢ is continuous and ¢(x) < ¢(&) for all x # % in R, we can choose / so small that
¢(x) < (% + h) forall x € R \ Ry,. The contribution of the second integral in eq. (B.1) is then
of the order O(eﬂgb(’”h) ), because for all Q > Qy it holds

f(x)eg‘ﬁ(x) dx < J |f(x)|e9‘7’(x) dx = J |f(x)|e(Q_Q°)¢(x)eQ°‘z’(x) dx
R\Ry, R\Ry, R\R;,
< o(Q-20)§(5+h) () [e®() dx
R\Rh

< CquS(iHh)’

where C := e~ 209(+h) |In,| > 0 is a constant. Hence, the integral SR\Rh f(x)eQ‘Z’(") dx decays
exponentially as Q — oo, provided that & > 0, and thus ¢(% + h) < ¢(X) = 0.

However, as we will see shortly, in the next step we further need h < Y 3 such that
h — 0as Q — oo. Since (ﬁ(& +h)~ _hzlqﬁ"zﬂ’ we thus require that Oh* > 1,ie, h> Q'
as 2 — oo, to guarantee that the second integral in eq. (B.1) still decays exponentially rapid as

h — 0. Putting things together, we have

In= f(x)e‘oqg(x) dx + (’)(efﬂhzc) as Q- oo,
Ry

with Q™2 <« h < Q' and ¢ := —|¢”2(5C)| > 0.
Step 2: On the interval Ry, = [% — h; & + h], we use the Taylor series expansions of f and ¢

about X, such that

jQ N J+h(zn: %Zk 4 O(Zn+l))exp{ﬂ(zn: gb(k)(;c)zk T O(zn+l))} dz (BZ)
. k=2

-h \k=0 k!
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as ) — oo, where we substituted z := x — %. (Note that ¢(%) = 0.) We expand the exponential

function in the integrand of I, as
n ¢(k) K n (/)(k) L
exp{Q(Z 72 + (’)(z"“))} - exp{—szc} exp{Qz3(Z 72 -3, O(z"z))}
' k=3 "

k=2
2 (&™) s n-2
:exp{—Qz c} 1+ 0z 1;72 +OEZ"H) |+t
(B.3)

where the derivatives of ¢ are all evaluated at X and ¢ = M This is where we need that
h< Q‘1/3, i.e., Qh3 < 1as Q — oo, such that the above series converges for all z € [—-h; +h].

Substituting expansion (B.3) in eq. (B.2) and keeping only the terms of leading order gives

+h

I~ f(&)f e dz as Q- 0. (B.4)
—-h

Step 3: By extending the integration limits in eq. (B.4) to infinity, we find the Gaussian

integral®
J‘+°0 -Qz%¢c d n (B )
z = —_— .
oo ¢ Qc g

. . . . . —_ 2
This again introduces only an exponentially small error, since ¢ < 1 for every z # 0 as

Q — oco. More precisely, we have

-h oo oo )
1 d
f e dz ¢ j e dz = Zf e 27 4z = ZJ - —[e_ﬂzzc] dz
oo h h h 20zc | dz
1 [e 22| >
=—— + J —Ze_szc dz
Qc z |, hn oz

1 e—.QhZC oo 1 2e—.QhZC
< — 4 e O f —dz; = ,
Qc| h n Z? Qhc

which is indeed exponentially smaller than {** e %°¢ dz as Q - oo. Thus, we finally derived

Laplace’s approximation, given by

- [/ 2mn
IQ ~ f(X) W as Q — oo, (B6)

“The standard trick to evaluate the Gaussian integral (B.5) is to compute its square, inter-

pret this as a double integral in the plane and transform it to polar coordinates r and ¢, ie.,
(St: e—.()zzc dz)Z _ S:r:: ef_()y% dys:r:: e—szg dz = SS}Rz ef_()(),2+z2)5 dy dz = Sgo (2)7( re—OrZC d(P dr =

— 2 — 2. . + — 2 .
2 S;o re " dr = -5 ar C|O = &, from which follows that S7: e dz =/ 52+ The two coordinate

systems are here related by y = r cos(¢) and z = rsin(¢), such that r* = y* + z°.



or, regarding the original integral I, = e?#(¥) [, by

7 2m
Io~f(2)e™® [ _ a5 Q- .
0l¢"(%)]
Higher Order Terms: Using the same procedure as above, but considering higher terms in
the Taylor expansions of f and ¢, e.g.,
B +00 1" " (3) (4) (5)
In ~f {f+f’z+ f' zz}exp{9(¢—z2+ ¢ 2+ ¢ 2+ ¢ ' zs)} dz

- 20 2! 3! 41 51

ij: {f+f’z+ f?”zz}

(3) (4) (3) (3) (3
xeXp{—QZZC}{l +Q(¢6 A N A LA zG+...)} dz,

24 120 36

(B.7)
as 2 — oo, where f, ¢ and their derivatives are all evaluated at X, and ¢ = Lz(’z)', we find a

series of Gaussian integrals in the expansion of I, for which generally holds®

400 , 0 if n is odd,

QPJ e dz = I'(k+1/2 (B.8)

—c0 #Qp_k_l/z if n = 2k is even,

ck+1/2

where p, n and k € Ny, and I" denotes the gamma function with
k 2i-1
r(k+1/2) =va[] ]T
1

Therefore, all terms in eq. (B.7) that are of odd order with respect to z will not contribute to
the full expansion of I,. All other terms, where n = 2k is even, will contribute to I, with
terms of order O(Q2Pz*) integrating to terms of order O(QP~*~"*). Considering only the
term of leading order gives the classical Laplace approximation (B.6). If we also consider
those terms in eq. (B.7) that integrate to terms of order O(Q~) (ie., related to p-k=-1

in eq. (B.8)), we find the next order in the expansion of I, = e, e,

e [ 2 (o, o S 9 fe® 5f¢(3)¢(3)) =
e 9|¢”!(f N G R v R

Io

as Q — oo.

oo — 2 . . . . . - 2
*Obviously, if n is odd, then wa 2"e ¥ ¢ dz = 0. If n = 2k is even, consider the k™ partial derivative of e Qz"e

with respect to ¢, which gives | ke 07 {7 = (-Q)F = 2 [e_ﬂzzc] dz = (-0)* ;—kk[ oo gm0 dz] =

—oo Jck c —oo

(_Q)—k%[ /—&] _ Q—k—l/z(\/El—Ij;:1 ZjT—l)C—k—l/z =I(k+ 1/2)/Ck+1/29—k—1/2.
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Case (b): X =aorx =b,and ¢'(x) =0and ¢"(x) <0.

If X lies on the boundary of R = [a; b], we would restrict the integration domain in the first
step to either [%;X + h], if X = a, or [X — h; X ], if ¥ = b. After substituting the Taylor series
expansions of f and ¢ about %, only that integration limit where # is not located at can be
expanded to (plus/minus) infinity for costs of an exponentially vanishing error as Q — oo.

2
Thus, we would compute the Gaussian integral {;° e™?%'“ dz = 3/, resulting in

Q¢(%) § o\ 06(%) [ n
IQZG ¢(x)IQ"’f(X)€ ¢(x) W as O — oo,

Case (c): X =aorx =b,and ¢'(x) # 0.

The situation is slightly different if ¢"(X) # 0 and (necessarily) X is an endpoint of R = [a; b].
Consider the case where the supremum of ¢ lies on the lower bound of R, i.e., X = a. Then,
¢'(%) <0and

x+h .
Iy = 2], - (29 J Flx)e®) gy
g h
~ F(#)e® j A Dle g,
0

as 0 — oo.

oo ~\ Q¢(x
o (7)) j O ()l g, [E)D
0 Q[¢' ()|

If X = b, then ¢/(%) > 0 and a similar computation as above gives

. 7)eR26(%)
fo= <0 - L

as Q- oo.
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Experimental Measurements

In Barembruch and Hengge [195], the flagellar cascade was induced by activating flhDC
expression from an inducible promoter, which produces FIhDC levels comparable to those
in a wild type strain. Subsequently, molecular levels of FliA and intra- and extra-celular
FlgM were measured at several time points: immediately upon induction, and 5, 20, 35,
50 and 80 min after induction. Table C.1 lists the number of molecules measured in two
independent experiments for the wild type and the flgM™ mutant that are compared to our in

silico predictions in Figure 5.3.

Table C.1: Measured levels of FliA, intra- and extra-cellular FlgM. The number of molecules of total intra-
and extra-cellular FIgM and total FliA per cell in wild type, and the total number of FliA molecules per
cell in flgM™ mutant have each been measured in two independent experiments.

Time Point
(in enin) 5 20 35 50 80
Wild Type
. 848 975 4,027 4,239 5,977 7,630
Total FIgM 5 35 1,697 5,087 4,875 6,571 8,690
1,484 424 636 11,657 18,312 26,706
FlgMextern ) 544 2,332 1,696 12,293 22,044 34,336
. 345 345 3,537 7,334 7,248 8,743
Total FliA 489 575 5,465 7,594 7,622 8,859
flgM™ Mutant
35 29 431 2,532 3,596 4,026
Total FliA

95 173 863 2,818 3,940 4,170
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Baseline levels of FliA, FlgM and FIgMextern Were calculated as the average values of the
corresponding measurements at time 0 and 5 min, resulting in 1, 153 nM for total FlgM,
1,408 nM for FIgMextern and 364 nM for total FliA.

Parameterization of the Central FIgM-FIliA Interactions Model

The central model of FIgM-FliA interactions shown in Figure 5.1 was parameterized based
on in vivo data from E. coli or related bacteria (this applied to the majority of parameters,
including all key parameters). When in vivo data were not available, data were taken from in
vitro measurements or parameters were estimated based on our experimental measurements
[195]. All parameter values are listed in Table C.2.

In accordance with the experimental conditions in [195], the cellular volume of E. coli was
chosen as 2 x 107'°1. The cellular volume was used to convert concentrations from molar
units to number of molecules, as determined experimentally and shown in all figures.

The association and dissociation rate constants of the FigM-FliA binding kinetics have
been measured as ko, = 0.053 (nM - min)_1 and kg = 0.096 min~!, respectively [215]. The
in vivo half-life of FliA has been measured in [195]. Since in the flgM™ mutant FliA is not
protected against proteolysis, the rate constant of proteolysis has been determined from the
half-life measured in flgM", resulting in kp;or = 0.06 min~ L.

The results in [208] demonstrate that the export of FlgM is mediated by FliA, acting as
its type III secretion chaperone. We modeled the export of FlgM by the type III secretion
system as a first order reaction with the FIgM:FliA complex as reactant, and extra-cellular
FlgM and free (intra-cellular) FliA as products. The rate constant associated with this export
process is difficult to determine, since it depends on both, the number of available secretion
apparatuses and the unknown export rate per secretion apparatus. Thus, we estimated the
effective export rate constant kexport and the start of export fexport based on the experimental
data of external anti-sigma factor FIgMextern [195]. This resulted in fexport = 17 min and an
export rate constant of 0.16 min~!. The dilution rate constant kq; was determined from a
cell-cycle length of 24 min (in accordance with the growth conditions in [195]), resulting in
ki = In(2)/24 ~ 0.029 min 1.

The average o (07°) level in E. coli has been reported as 14,000 nM (approximately 17, 000
molecules) [246]. The average level of RNAP was set to 1,700 nM, which is 20 % of the average
total RNAP level reported in [247] to account for the fact that a large number of core enzymes

is engaged in other pathways which are not part of the model [246, 247].



Table C.2: Parameter values of the central FlgM-FIiA interactions model. Initial concentration for wild
type: FlgM(0) = 725 nM, FlgM:FliA(0) = 310 nM, 6P (0) = 12,300 nM, 6°:RNAP(0) = 1,700 nM, all
others zero; and for flgM™ mutant: FliA(0) = 100 nM, (0) = 12,300 nM, o”:RNAP(0) = 1,700 nM,
all others zero. These values are based on numerically estimated steady states. To convert the concentra-
tions of molar unit to number of molecules a cellular volume of 2 x 10™*> | was used.

Parameter Value Unit Reference
Wild Type
30, if £ < fogassa
krigm (1) 1100 - 6*:RNAP nM/min [195]
500 + —————, otherwise

10 + oF:RNAP ’

keia () {9 LS fetse nM/min [195]
300 otherwise
kprot 0.06 1/min [195]
kon 0.053 1/(nM - min) [215]
ko 0.0096 1/min [215]
kexport (1) {O’ ifE < fexpor 1/min [195]
0.16, otherwise
6P 0.087 1/(nM - min) [216]
k, o 0.029 1/(nM - min) [215]
kq 0.023 1/min [215]
kil 0.029 1/min [195]
Eelassa 10 min [195]
texport 17 min [195]
flgM™ Mutant (if different to wild type parameter)
kpgm(t) 0 nM/min [195]

fclass2 18.5 min [195]
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The association and dissociation rate constants of 0! (FliA) binding to RNAP have been
measured as k, ;¢ = 0.029 (nM - min)~! and kg = 0.023 min™!, respectively [215]. The dissoci-
ation constant K, ;» of the oP:RNAP complex has been quantified in [216] as Kpep = 0.26 nM.
Since the single association/dissociation rate constants can not be derived from these mea-
surements, we set the value of the dissociation rate constant of o® identical to that of of and
determined the association rate constant by k, ;o = ka/Kp oo = 0.087 (nM - min)~'. We ob-
served that varying the value of k4 for 6 did not had any significant effect on the competition
for RNAP (data not shown).

The time f,s, at which class 2 expression started was not measured experimentally.
Examining the experimental data of FliA in wild type and flgM™ mutant revealed that the
largest variability (variation from mean value) was observed for the 20 min measurement.
This is the phase when FliA numbers increase due to initiation of class 2 expression. While for
the wild type, the mean of the 20 min corresponds to roughly 1/2 of the final level at 80 min,
it is only 1/6 of the final level in the flgM"~ mutant. Assuming the same FliA synthesis rates
in wild type and flgM™ mutant, this was considered as supporting evidence that the start
of class 2 expression was earlier in the wild type compared to the flghM™ mutant. Parameter
estimation based on the experimental data for the wild type and the flgM™ mutant resulted in
tolass: = 10 min and fj,, = 18.5 min, respectively.

Protein synthesis rates of FIgM and FliA were parameterized in the form

k {kbasal ift < felass2
prot =

Klassz + kclass3 (OF:RNAP) otherwise,

were kpasa1 denotes a basal synthesis rate before induction, and ke, and Ky, are the class 2
and 3 synthesis rates, respectively, after induction at time fj,55, by the master regulator FlhDC.
The basal synthesis rates ky,g, Were estimated from the experimental data such that the model
predictions were in agreement with the measured baseline levels of total FIgM and FliA.
This resulted in kp,g = 30 nM/min for FIgM and kpas,) = 9 n1M/min for FliA. Class 2 gene
expression was assumed to be rapidly saturated with start at time f,, (as supported by the
detailed transcription and translation model, see below and Figure 5.4), and hence modeled
by zero-order rates k¢jass ® Viax- These Kqass rates were determined by fitting the proposed
model to the experimental data of FlgM and FliA. This resulted in kjass, = 500 nM/min
for FIgM and k.55, = 300 nM/min for FliA. For FigM we further determined the o' :RNAP
induced class 3 gene expression rate according to eq. (5.13) by using the experimental data of
FlgM for the wild type, resulting in Vipax = 1,100 n1M/min and Ky = 10 nM.



Parameterization of the Detailed Transcription and Translation Model

Based on measured levels of FIhC and FlhD, the FIhDC level in E. coli has been estimated in
[248] to be of approximately 200 nM (~ 250 molecules) per differentiated cell. The dissociation
constants of FIhDC-binding to the target sites of the class 2 flagellar operons of E. coli were
measured in [249], i.e., 12nM for flgB and 25 nM for fliA, respectively.

The average dissociation rate constant of RNAP from the positions of promoters on
DNA has been measured in [250] as kg rnap = 40 min~!. The corresponding association rate
constant k, pnap = 4 (nM - min)_1 was estimated with respect to the effective binding constant
KprNAP = karnap/kqrnap of RNAP to DNA, which is approximately 0.1 nM ™! [251].

The average elongation kinetics of transcription and translation in E. coli have been re-
ported in [247] as kejong i = 3, 300 nucleotides per minute and Kejong,q = 1,300 amino acid
residues per minute, respectively. According to the results in [219], the average distance
between two traversing RNAP molecules is approximately 7. = 100 nucleotides. The average
distance of ribosomes on an mRNA has been reported in [247] as ny = 14 amino acids.

For the effective class 2 synthesis rates, see egs. (5.11) and (5.12), the above parameter values
of the detailed transcription and translation model gave upper bounds for the Michaelis—

Menten constants, i.e.,

Kz <10-(1 M,
Ma < (+F1hDC)n

in the case of FlgM, and

25
Ky, <101+ M,
M ( FlhDC) !

for FliA. Hence, 6°:RNAP ~ 1700 nM > Ky, for both, FlgM and FliA, which clearly sup-
ported the assumption of a rapid saturation of class 2 synthesis after induction at time s, -

The degradation rates of mRNAs were estimated by corresponding half-lifes measured
in [252], i.€., kgeg = In(2)/0.45 ~ 1.5min"" for class 2 and kqeg = In(2)/0.98 ~ 0.7 min™" for
class 3 transcripts, respectively. The translation initiation rate was set to kinitq = 120 min ™
accounting for an average number of approximately one hundred translations per mRNA as
reported in [247].

Measured values of the initiation rates of class 2 and class 3 transcription were not available.
However, having all other parameters fixed, we used the effective synthesis rates of FlgM
and FliA, reported in Table C.2, and egs. (5.3)-(5.10) to compute the transcription initiation
rates kinit (. This resulted in kiyj¢tc = 37 min~! for FlgM and kipittc = 15 min~! for FliA. These
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Parameterization of the FIgM-FliA Model

values are comparable to the average transcription initiation rate of ribosomal genes, reported
in [247] as 53 min~ L.

All parameter values of the detailed transcription and translation model are listed in
Table C.3. These values were used for evaluating the reduced model (see Subsection 5.4.2),
and for the detailed sensitivity analysis of the effective synthesis rates of FlgM and FliA shown

in Figure 5.8C+D.

Table C.3: Parameter values of gene expression in the FlgM-FIliA regulatory network.

Rate Constant Value Unit Reference

General Parameters

FIhDC 200 nM [248]
ka,rnap 4 1/(nM-min) [251]
k4 rNap 40 1/min [250]
Kelong,tc 3,300 nucleotides/min (247]
Nic 100 nucleotides [219]
Kinit,u 120 1/min [247]
Kelong,tt 1,300 aaresidues/min [247]
ny 14 aa residues [247]

Class 2 Expression of FlgM

Kp,rinpc 12 nM [249]
Kinit tc 37 1/min see text
Kdeg 1.5 1/min [252]

Class 2 Expression of FliA

Kp,rinpc 25 nM [249]
Kinit tc 15 1/min see text
Kdeg 1.5 1/min [252]

Class 3 Expression of FlgM

Kinit.tc 37 1/min see text

Kdeg 0.7 1/min [252]

158



Deutsche Zusammenfassung (German Summary)

Traditionell beruhen quantitative Modelle von Reaktionsnetzwerken auf der Sicht der klassi-
schen chemischen Kinetik. Unter der Annahme des thermodynamischen Grenzfalls (unend-
licher Molekiilanzahlen-/Volumenlimes) werden Reaktionen hierbei vereinfacht als konti-
nuierliche, deterministische Prozesse modelliert. In zelluldren Systemen, die Prozesse wie
Genexpression oder Signaltransduktion beinhalten, zeigt sich jedoch, dass zu beobachtende
diskrete Fluktuationen in geringen Molekiilanzahlen von entscheidender Bedeutung sind.
In diesen Fillen ist eine Modellierung basierend auf der stochastischen Reaktionskinetik
erforderlich, in der Reaktionen als diskrete Zufallsprozesse beschrieben werden. Die zeitliche
Entwicklung der Wahrscheinlichkeitsverteilung an Molekiilanzahlen ist hierbei durch die
chemische Mastergleichung (CME) gegeben, welche jedoch aufgrund ihrer hohen Dimensio-
nalitdt im Allgemeinen nicht direkt gelost werden kann. Stattdessen ist es iiblich eine indirekte
Losung der CME durch Realisierungen des zugrundeliegenden Markov-Sprungrozesses zu
approximieren. Ein weitverfolgtes Ziel ist nun die Entwicklung solcher indirekten Methoden,
die die Simulation von komplexen, mehrskaligen Reaktionsnetzwerken erméglichen.

Gegenstand dieser Arbeit ist die vielversprechende Entwicklung von sogenannten hybriden
Methoden, in denen schnelle Reaktionen assoziert mit hohen Molekiilanzahlen kontinuierlich-
deterministisch und komplementare Reaktionen diskret-stochastisch modelliert werden. Wir
demonstrieren den Nutzen einer hybriden Systembeschreibung an einem integrativen Mo-
dell der Replikationsdynamik des Humane Immundefizienz-Virus (HIV). Mithilfe hybrider
Simulationen ist es uns moglich eine neuartige Behandlungsstrategie fiir HIV-Patienten zu
entwerfen und zu validieren, die zu wesentlichen Verbesserungen gegeniiber konventionellen
Behandlungsstrategien fithren kann.

Wihrend derzeitige hybride Methoden fast ausschliefllich indirekte Naherungslosungen
liefern, wird in dieser Arbeit ein neuer hybrider Zugang zur direkten Losung der CME
entwickelt. Anhand eines Mehrskalenansatzes werden Evolutionsgleichungen hergeleitet, die
eine CME auf reduziertem Zustandsraum mit Evolutionsgleichungen der deterministisch
approximierten Variablen koppeln. Hierdurch wird die BeeinfluSung der Dynamik von
deterministischen Komponenten durch Veranderungen in der Wahrscheinlichkeitsverteilung
des stochastischen Teilsystems offensichtlich und kann, im Gegensatz zu indirekten hybriden
Methoden, explizit beriicksichtigt werden. Wir illustrieren und diskutieren unseren direkten
hybriden Losungsansatz an Modellsystemen von biologischem Interesse.

Im letzten Teil dieser Arbeit leiten wir effektive Proteinsyntheseraten, wie sie tiblicherweise
in deterministischen Modellen genutzt werden, iiber Reduktion eines detaillierten, stochas-
tischen Genexpressionsmodells her. Wir nutzen unseren Reduktionsansatz um ein Modell
der Proteininteraktionen bei der flagellaren Genregulation in Escherichia coli abzuleiten. Die
erhaltenen funktionalen Zusammenhénge von Transkriptions- und Translationsprozessen zu
den Syntheseraten zeigen hierbei auf, dass sich eine hohe Sensitivitit hinsichtlich effektiver
Raten nicht zwangsldufig auf zugrundeliegende Subprozesse iibertragt.
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