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Chapter 1

Introduction

One of the first applications of topological methods or, more precisely, equivariant topological
methods to a problem in discrete geometry was Lovasz’s 1978 proof of the Kneser conjecture,
which was simplified a few months later by Barany . The Kneser conjecture, which was posed
as an exercise/problem by Kneser in 1956 7 states that one needs at least £ + 2 colors for a
vertex coloring of the Kneser graph KGy ;. The Kneser graph KGy ¢ is the graph with vertices
given by the k-element subsets of the set {1,...,2k + ¢} and edges given by pairs of vertices
whose corresponding k-element subsets are disjoint. Both proofs of the Kneser conjecture rely on
the Borsuk-Ulam theorem, which states that there is no Z/2-equivariant map S — S*~! from a
sphere of dimension £ to a sphere of dimension ¢ — 1, when the group Z/2 acts antipodally.

Let us consider the proof of the Kneser conjecture by Barany. We need to show that there is
no vertex coloring of KGy, with £+ 1 colors. A result due to Gale @ Thm. 1] implies that for
any two non-negative integers k and ¢ there is a set X of 2k + ¢ points on the sphere S¢ such
that every open hemisphere contains at least k£ points from X. Identify the vertices of KGy ,
with the k-element subsets of X. Assume that the vertices of KGy , can be colored by ¢ + 1
colors. Define a covering of S* by open sets U; C S¢ for i = 1,...,¢ 4 1 by letting U; consist of
the normal vectors of open hemispheres that contain a vertex of KGy ¢ of color i. Take a closed
covering Vi, ..., Vyi1 of 8 with V; C U; for all i and define a Z/2-equivariant map f: S¢ — R*
by f(z) = (dist(x, V1) — dist(—z, V1), ..., dist(z, Vy) — dist(—z, V;)). Then f(z) = 0 implies that
there is an index 7o with 1 < iy < £+ 1 such that the set V; contains both z and —z. This means
that KGy, ¢ has two vertices of the same color in opposite open hemispheres and hence that KGy, ,
has a monochromatic edge, leading to a contradiction. On the other hand, if f is never zero, then
composing f with the radial retraction yields a Z/2-equivariant map S* — S*~!, which contradicts
the Borsuk—Ulam theorem.

Other early examples of results in discrete geometry that are proved using topological methods
include the topological Tverberg theorem by Barany, Shlosman, and Sztics 1981 , the later
extension of this result by Ozaydin 1987 , and the proof of the necklace splitting theorem by
Alon 1987 . For a survey of these and other results see Matousek . For further surveys
of topological methods with applications to problems in discrete geometry and combinatorics see
Bjorner and Blagojevi¢ and Ziegler [29).
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Many proofs of theorems in discrete geometry using topological methods follow a common
“scheme” that we refer to as the configuration space/test map scheme; see , . One assumes by
way of contradiction that the theorem in question fails and defines from this “failure” an equivariant
map X — Y, called the test map, between a configuration space X and a test space Y. Both
spaces X and Y are equipped with an action by a non-trivial group G. One then employs tools
from equivariant topology to determine that such an equivariant map cannot exist, leading to a
contradiction. (We will elaborate on some of these tools below.) We point out that in general
the converse implication is false. The existence of a test map X — Y does not necessarily imply
that the theorem is false. In the proof of the Kneser conjecture the spaces X and Y are spheres
of dimensions ¢ and ¢ — 1 and the question of nonexistence of a Z/2-equivariant map X — Y is
answered by the Borsuk—Ulam theorem. Of central importance to this approach are the properties
of the group G and its action on the spaces X and Y. Is G finite, or at least a compact Lie group?
Is its action free? Does it have fixed points?

There are several ways to approach the questions of existence and nonexistence of equivariant
maps X — Y between G-spaces X and Y. We point out three frequently used approaches that are
also used in this dissertation. From a theoretical standpoint they are not quite independent, but in
concrete settings they each come with a different set of technical challenges. In the following, we
tacitly assume that X and Y are G-spaces.

In the connectivity-based approach one argues with an extension of the Borsuk-Ulam theorem
known as Dold’s theorem ; see for a more general version that is also applicable in this
context. Dold’s theorem asserts that if G is a finite non-trivial group and if X is n-connected and Y
is a free G-CW complex of dimension at most n, then a continuous G-equivariant map X — Y
cannot exist. This approach is taken in , , and in Chapter It can be seen as a special case
of the approach by equivariant obstruction theory described below. However, in the connectivity-
based approach a concrete CW model for X or Y is not needed, often making the approach easier.

In the degree-based approach one argues with an equivariant extension of the Hopf theorem
Thm. I1.4.11]: If G is finite and if X is a compact oriented n-dimensional free G-manifold and Y is
the sphere S™, then the degrees of any two G-equivariant maps X — Y are congruent modulo the
order of G. One then calculates the degree of the test map and gives an example of an equivariant
map X — Y with a different degree, leading to a contradiction. This approach can only work in
the setting where both spaces X and Y are compact orientable manifolds of the same dimension.
We take this approach in Chapter [2]

In the approach by relative equivariant obstruction theory one argues with an extension of
obstruction theory to the equivariant setting; see tom Dieck Sec.11.3]. Here the group G can
be infinite as long as it is a compact Lie group. The space X however must be a relative G-CW
complex (A, B) with G acting freely on the complement A\ B. If for some k& < dim(X) the
obstruction class in the (k + 1)-th equivariant cohomology group of the space X does not vanish,
then the test map defined on the k-skeleton of X cannot be extended to the (k + 1)-skeleton of X,
implying that it cannot exist as a map from X — Y. The space Y should ideally be k-simple to
avoid the use of local coefficients. The difficulty in calculating the obstruction class depends on the
complexity of the CW model for the space X and on the action of the group on X. This approach

is taken in , , and in Chapter
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One problem in discrete geometry that has been an active testing ground for methods from
equivariant topology is the Griinbaum-Hadwiger—Ramos hyperplane mass partition problem. It
goes back to Griinbaum 1960 Sec.4.(v)], who asked if any convex body in R? can be cut
into 2¢ pieces of equal volume by d suitably-chosen affine hyperplanes. For d < 2 this is an easy
consequence of the intermediate value theorem. For d = 3 Griinbaum’s question was answered
positively by Hadwiger in 1966 . In 1984 Avis answered Griinbaum’s question negatively
for d > 5. The case d = 4 was left open.

Griinbaum’s question was independently raised in computational geometry, motivated by the
search for structures that efficiently store high-dimensional data. In this context, Willard
reproved the case d = 2, while the case d = 3 was reproved by Yao, Dobkin, Edelsbrunner,
and Paterson . In this context Griinbaum’s question was extended to the setting where con-
vex bodies are replaced with well-behaved finite Borel measures, called masses. Given a collec-
tion M = {p1,...,u;} of j masses on R? we say that an arrangement H of k affine hyperplanes
in R? equiparts M, if for every orthant O defined by H the measure u;(O) is equal to u;(R?)/2F
for all 7.

In 1996 Ramos formulated the general version of the hyperplane mass partition problem:
Determine the minimal dimension d = A(j, k) such that for every collection M of j masses on R?
there exists an arrangement H of k affine hyperplanes in R¢ that equiparts M.

The special case A(j, 1) = j of the Griinbaum-Hadwiger—Ramos problem for a single hyperplane
follows from the ham sandwich theorem, which was conjectured by Steinhaus and proved by Banach
in 1938; see . This turns out to be an incarnation of the Borsuk—Ulam theorem. By placing
one-dimensional masses along a curve in R? of degree d Ramos and Avis obtained lower
bounds: (2% —1)j/k < A(j, k). The best upper bounds to date were obtained by Mani-Levitska et
al. Thm. 39]: A(j,k) < j+ (281 —1)2l827] where 2!1°827] is “j rounded down to the nearest
power of 2.7 Thus far, surprisingly few exact values of A(j, k) are known. Section contains a
survey of exact values and bounds for A(j, k) that have been claimed or proved in the past.

In order to apply a configuration space/test map scheme to the Griinbaum-Hadwiger-Ramos
problem we first need a suitable configuration space X. There are several possibilities. An oriented
affine hyperplane H in R% can be parametrized by a point H on the sphere S¢ by mapping H
to Rt via the embedding (z1,...,24) = (21,...,74,1) and then extending its image to a linear
hyperplane in R4+, whose normal vector H lies on the sphere S¢. The north and south poles of S%
correspond to hyperplanes at infinity. One configuration space for k affine hyperplanes in R? is
given by the k-fold Cartesian product (S%)*, called the product configuration space. This space has
low connectivity and low dimension. Another possibility is the k-fold join (S9)**, called the join
configuration space. This space has high connectivity and high dimension.

Both configuration spaces have symmetries arising from permuting the order of the hyperplanes
and changing their orientations, which corresponds to permuting the spheres and acting antipo-
dally on each sphere. These symmetries are realized by an action of the hyper-octahedral group
(Z/2)* x &, denoted in the following by Gf, which can be described as the symmetry group of the
k-dimensional cube. The action by Gf is not free on either configuration space, since each space
contains tuples of points corresponding to the same hyperplane, possibly with opposite orientations.
These points are fixed by a permutation and possible orientation change. By deleting the points

with non-trivial stabilizer one obtains a free configuration space.
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By evaluating each of the j masses on each orthant of the hyperplane arrangement and by
making a few technical modifications one obtains a Gf—equivariant map that is zero if and only if
the corresponding hyperplane arrangement equiparts the masses. If the masses cannot be equiparted
by any arrangement of k affine hyperplanes in R¢ one obtains by radial retraction a Gki-equivariant
test map X — Y to a sphere Y, the test space, whose dimension depends only on k and j. Hence
the nonexistence of an Gf—equivariant map X — Y implies that any collection of j masses can be

equiparted by an arrangement of k affine hyperplanes in R?.

In Chapter [2]we give a critical review of the work on the Griinbaum-Hadwiger—Ramos problem.
We point out which results come with valid proofs and which proofs do not hold up under critical
inspection. In Sections and we give counterexamples and point out essential gaps.
Furthermore, we show that Hadwiger’s result remains true if we replace convex bodies by
masses, implying that A(2,2) = 3; see Section Finally, we apply the product scheme in a setting
where the degree based approach is possible and obtain the exact values A(2! 4+ 1,2) = 3-2!71 +2
for t > 1; see Section [2.5)

In Chapter [3]we apply the join scheme to the Griinbaum-Hadwiger-Ramos problem. We build
an efficient equivariant CW model for the configuration space (S?)** and exploit the fact that the
space is highly connected. By connectivity, all obstruction classes aside from a critical obstruction
class that admits a combinatorial interpretation vanish. This allows us to take a unified approach
via relative equivariant obstruction based on calculating the critical obstruction class. This yields
several new as well as already known exact values of A(j, k); see Theorems and We retrieve
the exact values of A(2! — 1,2) due to and the exact values of A(2¢ 4 1,2) that were obtained
in Chapter We recover the exact values of A(2,2) that were previously claimed by Mani-Levitska
et al. Prop. 25]. Finally, we calculate the exact value A(2,3) = 5 that was previously claimed
by Ramos and obtain the new exact value A(4, 3) = 10.

The relatively few known exact values of A(j, k) nevertheless seem to support the following
conjecture due to Ramos : A(j, k) = [QICT’lﬂ for every j > 1 and k > 1. Perhaps the most
notorious case of the conjecture is the situation in dimension 4, which was already noted by Avis .
It is known that 4 < A(1,4) < 5, but none of the standard approaches seem capable of deciding
whether A(1,4) is equal to 4 or 5.

The study of Tverberg-type problems has played a central role in developing topological meth-
ods for applications to problems in discrete geometry. We say that a problem or result is of
Tverberg-type if it is related to the following theorem from 1966 due to Tverberg : For any
affine map f: Ag_1)(4+1) — R? from a simplex of dimension (k — 1)(d + 1) to R? there is a col-
lection {o1,...,01} of k pairwise disjoint faces of A(;_1)(g41) such that ﬂle f(o;) # 0. We call
such a collection {01, 09,...,04} of faces a Tverberg k-partition. By a codimension argument one
verifies that the dimension of the simplex is minimal for the implication of the theorem to be true.
In an equivalent version, Tverberg’s theorem states that any set of (k — 1)(d + 1) + 1 points in R?
can by partitioned into k sets whose convex hulls have a common point of intersection. Tverberg’s
theorem for k = 2 is known as Radon’s theorem and already has strong implications in discrete
geometry. For example, it yields that any k-neighborly d-polytope for k > |d/2] is combinatorially
equivalent to a d-simplex Sec. 7.1]. A more advanced result that can obtained by using Tver-
berg’s theorem is a version of the celebrated Hadwiger—Debrunner (p, ¢)-problem from 1957
established by Alon and Kleitman 1992 : Let p > ¢ > d+1 and let F be a family of convex sets
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in R? such that among any p sets of F there are ¢ sets with a common point. Then there exists
a transversal number t(p, q,d), also called the piercing number, such that there is a set X C |JF
of cardinality at most t(p, ¢,d), called a transversal, that intersects all elements of F. Matousek
gives a modern exposition of this proof in Sec. 10.5]. See Sec. 9] for further implications of
Tverberg’s theorem and an early survey of related results.

In 1981 Barany, Shlosman, and Sziics extended Tverberg’s theorem : They showed that if k
is prime, then any continuous map f: A_1ya4+1) — R? has a Tverberg k-partition. This result is
known as the topological Tverberg theorem and is one of the landmark applications of topological
methods to a problem in discrete geometry. It was later reproved by Sarkaria and extended
to the case where k is a prime power by Ozaydin . The question whether the topological
Tverberg theorem is true for k£ > 1, known as the topological Tverberg conjecture, remained open
until recently, when Frick , , using the “constraint method” and building on the work
by Mabillard and Wagner , showed that the topological Tverberg conjecture is false when k is
not a prime power and d > 3k + 1.

The proofs of the topological Tverberg theorem mentioned above all use configuration space/test
map schemes. In the proof by Bardny, Shlosman, and Szlics and in the proof by Ozaydin the
configuration space X is the k-fold deleted product (A(k,l)(dﬂ))zk of the simplex A(;_1)a+1),
called the product configuration space. In the proof by Sarkaria the configuration space X is the
k-fold deleted join (A(,_1y(4+1))a of the simplex A(_1y(4s1), called the join configuration space.
The test spaces in both cases are spheres, whose dimensions grow as k and d increase. In the
case where k is prime, all spaces and in particular the two spheres (which are odd-dimensional if
k > 2) admit a free action by the group Z/k. The topological Tverberg theorem for k& prime is
then obtained by showing that the connectivity of the configuration space is at least as high as the
dimension of the test space. If k is a prime power but not prime, one does not have a free action

on the test space Y and hence a different result is needed to show nonexistence of the test map;

see Lem. 4.2] or Lem. 1].

There are a number of interesting Tverberg-type results that follow directly from the topological
Tverberg theorem by using the constraint method and applying the theorem as a black box. With
this method one obtains a weak colored Tverberg theorem Thm. 5.3], which states that if
we color the vertices of the simplex A,_1)2q42) With d + 1 colors such that each color class
has cardinality at most 2k — 1, then in the case where k is a prime power any continuous map
[ Ag—1y2di2) — R? has a Tverberg k-partition {oy,...,0%} such that each o; has at most one
vertex of each color. Using the same method one can show that given a simplex of somewhat
larger dimension one can impose restrictions on the dimensions of the simplices ¢; in Tverberg
k-partitions when k is a prime power Thm. 6.5]. This result implies the van Kampen—Flores
theorem , , which states that if d > 2 is even, then for any continuous map f: Ag,o — R?
there are two faces 01,09 C Agp2 each of dimension at most d/2 such that f(oq) N f(o2) # 0. As
a special case we obtain the non-planarity of the complete graph on 5 vertices. See and for
recent surveys of these and other (topological) Tverberg-type results.

Our starting point in Chapter [4] is the recent Tverberg-type result for matroids by Bérany,
Kalai, and Meshulam 9 Thm. 1]. They introduced the topological Tverberg number TT(M,d) of a
matroid M as the maximal integer k& > 1 such that any continuous map f: M — R has a Tverberg
k-partition, where a matroid is viewed as the simplicial complex given by its independent sets. If k
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is a prime power and M is the uniform matroid A_1)(44+1) of rank (k —1)(d + 1) + 1, then the
topological Tverberg theorem implies that TT(A,_1)(a+1),d) = k. By approximating f with a
general position map Schoneborn and Ziegler Prop. 2.2] showed that the topological Tverberg
theorem implies the stronger statement TT(A%Z)_U 2 +1)’d) = k for the d-skeleton of the simplex.
Barany, Kalai, and Meshulam showed that for an arbitrary matroid of rank r» = d+ 1 with b disjoint
bases the topological Tverberg number satisfies TT(M,d) > v/b/4 @, Thm. 1]. For the d-skeleton
of the simplex this result implies that TT(AE:)*l)(dH)’ d) > vk —1/4. In the proof of @ Thm. 1]
the join scheme is used, where the configuration space given by the k-fold deleted join Mx* of the
matroid M. By @ Cor. 3] the connectivity of M}F is at least br/([b/k] + 1) — 2 for any k > 1,
where r denotes the rank of M. The result then follows by applying Dold’s theorem.
The proofs of the topological Tverberg theorem show that the connectivity-based approach yields
d

tight bounds for the topological Tverberg number of the simplex skeleton Agkll) (d+1)

prime power. The questions we are concerned with regard the connectivity-based approach in the

when k is a

matroid case: What is the connectivity of the configuration spaces? Which results can be obtained
by a connectivity-based approach and which results cannot?

In Theorem we give an example of a family of matroids M, of rank r > 2 with r disjoint
bases such that the connectivity of the 2-fold deleted join (M,)*? is 2r — 3, while its dimension
is 2r — 1. This disproves a conjecture by Barany, Kalai, and Meshulam @ Conj. 4] and shows that
the connectivity of the deleted join of a matroid is not independent of its number of disjoint bases.
In Theorem we show that the connectivity of the k-fold deleted product M AXk of a matroid M
of rank r grows as the number of disjoint bases is increased and stabilizes when it reaches the
value (r — 2). In particular it does not increase as k increases. Since the dimension of the test
space (a sphere) grows as k is increased, this shows that a connectivity-based approach involving
the product scheme will not yield good results.

In Theorem we show, using a Fadell-Husseini index argument, a sharp Radon theorem for
the counterexample family of matroids M,.. This yields better bounds for the topological Tverberg
number TT(M,., d) than can be obtained with a connectivity-based approach. We thus show that the
connectivity-based approach does not yield the best bounds for the topological Tverberg number. A
similar phenomenon can be observed in the case of the optimal colored Tverberg theorem , where
the configuration space, a “chessboard complex”, has low connectivity. Finally, in Section we
deduce from @ Cor. 3] lower bounds for the topological Tverberg number of matroids of arbitrary
rank and provide upper bounds in the case when the rank r is at most d — 2.

Several open questions concerning Tverberg-type results for matroids remain. Our method of
proof of Theorem fails when k > 2; see Section Can we show for k > 2 that (M, )% has a
similar connectivity drop? Computations seem to suggest that this may be correct. Can we perhaps
find a different family for which the connectivity drop is easier to show? More generally, we can
ask if the connectivity bound by Barany, Kalai, and Meshulam @ Cor. 3] is optimal. Ultimately,
how do we obtain optimal bounds for the topological Tverberg number of a matroid? The evidence
suggests that we have to take an approach that is not based on connectivity alone. We can also ask
if it even makes sense to expect an optimal result for a family of simplicial complexes as general as
matroids. If not, what is the right family?
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Chapter 2

A critical review

Abstract

In 1960 Griinbaum asked whether for any finite mass in R? there are d hyperplanes that cut
the mass into 2¢ equal parts. This was proved by Hadwiger (1966) for d < 3, but disproved
by Avis (1984) for d > 5, while the case d = 4 remained open. More generally, Ramos (1996)
asked for the smallest dimension do = A(j, k) such that for any j masses in R there are
k hyperplanes that cut each of the masses into 2 equal parts. At present the best lower
bounds on A(j, k) are provided by Avis (1984) and Ramos (1996), the best upper bounds
by Mani-Levitska, Vreéica and Zivaljevié (2006). Ramos’ conjecture is that the Avis—Ramos
necessary lower bound condition A(j,k) > j(2¥ — 1)/k is also sufficient. The problem has
been an active testing ground for advanced machinery from equivariant topology. We give
a critical review of the work on the Grinbaum-Hadwiger—-Ramos problem, which includes
the documentation of essential gaps in the proofs for some previous claims. Furthermore, we
establish that A(j,2) = $(3j 4+ 1) in the cases when j — 1 is a power of 2 and j > 5.
Publication Remark. The results of this chapter are joint work with Pavle V. M. Blagojevi¢,
Florian Frick, and Giinter M. Ziegler .

2.1 Introduction

Our starting point is the following problem that is due to Griinbaum Sec. 4.(v)], Had-
wiger [48], and Ramos [68].

The Griinbaum—Hadwiger—Ramos problem. Determine the minimal dimension d = A(j, k)
such that for every collection M of j masses on R? there exists an arrangement H of k affine

hyperplanes in RY that equiparts M.

It turns out that the most natural configuration spaces parameterizing k-tuples of oriented affine
hyperplanes are products of spheres, such as (S%)*, which do not have the high connectivity that
is required for a simple application of Borsuk—Ulam-type machinery, for example via Dold’s Theo-
rem; see Matousek for an introduction to this approach. Thus more sophisticated machinery
is needed in order to decide about the existence of the equivariant maps proposed by various ap-
plications of the configuration space/test map scheme as developed by Sarkaria and Zivaljevié; see

17
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again for an introduction. Methods that have been employed to settle such existence problems

include

— equivariant cohomology (the Fadell-Husseini index [38]),
— equivariant obstruction theory (see tom Dieck Sec.11.3]), and
— the normal bordism approach of Koschorke .

In this chapter we attempt to provide a status report about the partial results obtained for the
Griinbaum—-Hadwiger—Ramos problem up to now. This in particular includes the lower and upper
bounds

[2717] < AGR) < g+ (@ - 1)2lsd),

where j, k > 1 are integers and 2°%27) is j “rounded down to the nearest power of 2,” thus
%j < gllog2 7] < 5.

The lower bound was derived by Avis [4] (for j = 1) and Ramos [68] from measures concentrated
on the moment curve. The upper bound was obtained by Mani-Levitska, Vreéica and Zivaljevié
from a Fadell-Husseini index calculation. A table below will show that there is quite a gap between
the lower and the upper bounds — they only coincide in the ham sandwich case A(j,1) = j, and
in the case of two hyperplanes if j + 1 is a power of 2, with A(j,2) = (35 + 1). All the available
evidence up to now is consistent with the expectation that Ramos’ lower bound is tight for all j
and k; we will refer to this in the following as the Ramos conjecture. For example, while the above
bounds specialize to 3 < A(2,2) < 4, Hadwiger proved that indeed A(2,2) = 3.

In addition to the general lower and upper bounds, a number of papers have treated special
cases, reductions, and relatives of the problem. As a basis for further work we will in the following
provide a critical review of all the key contributions to this study, which will also include short proofs
as far as feasible. In this context we have to observe, however, that quite a number of published
proofs do not hold up upon critical inspection, and indeed some of the approaches employed cannot
work. As some of these errors have not been pointed out in print (although they may be known to

experts), we will provide detailed reviews and explanations in these cases.

We have been able to salvage one of these results, with different methods: We will prove below
(Theorem that A(5,2) = %(Sj + 1) also holds if j — 1 is a power of 2, 7 > 5. So in this case
again the Ramos lower bound is tight while the Mani-Levitska et al. upper bound is not. (It is
tight in the case j = 3.)

2.1.1 Set-up and terminology

Any affine hyperplane H = H,(a) = {z € R? : (z,v) = a}, given by a vector v € R¥\ {0} and

scalar a € R, determines two closed halfspaces, which we denote by
H° ={z eR?: (z,v) > a} and H' = {z eR?: (z,v) < a}.

Let H be an arrangement (ordered tuple) of k > 1 affine hyperplanes in R%, and a = (ay,...,a;) €
(Z/2)* = {0,1}*. The orthant determined by the arrangement H and an element o € (Z/2)" is
the intersection of halfspaces

O =HMN---NH~.
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A mass on R? is a finite Borel measure on R? that vanishes on every affine hyperplane. Without
loss of generality we deal only with probability measures (that is, masses such that pu(R?) = 1).
Examples of masses that appear frequently include

— measures given by the d-dimensional volume of a compact convex body K C R?,

— measures induced by an interval on the moment curve in R¢,

— measures given by a finite family of (small, disjoint) balls.

An arrangement H = (Hi, ..., Hy) equiparts a collection of masses M = (u1,. .., u;) if for every
element o € (Z/2)* and every £ € {1,...,j}

1

M(Og)zzﬁ-

Clearly this can happen only if £ < d.

The Grinbaum-Hadwiger-Ramos problem thus asks for the smallest dimension d = A(j, k) in
which any collection M of j masses in R? admits an arrangement H of k affine hyperplanes that
equiparts M.

For the proofs using equivariant topology methods, we make additional assumptions on the
masses to be considered, namely that the measures p; that we deal with have compact connected
support. This assumption can be made as we can strongly approximate each mass by masses with
compact connected support. (This can be done “mit passender Grenzbetrachtung und Kompakt-
heitserwagung auf die ubliche schulmdjfige Weise” S.275] as we learn from Hadwiger.) It
guarantees that the measure captured by an affine halfspace depends continuously on the halfs-
pace, and more generally that the measure captured by an orthant depends continuously on the
hyperplanes that define the orthant. Moreover, it yields that for any mass p and a given vector v
the hyperplane H,(a) that halves the mass u is unique, and depends continuously on v.

One could also allow for measures supported on finitely many points, as often considered in
the computational geometry context; see e.g. and . Such point measures do not satisfy the
assumptions above, but they can be approximated by masses that do. To accommodate for point
measures, one would have to modify the definition of “equiparts” in such a way that each open

orthant captures at most a fraction of 1/2% of each measure.

2.1.2 Summary of known Results

We have noted that the ham-sandwich theorem yields A(j, 1) = j and that trivially & < A(j, k).
A stronger lower bound was given by Ramos :

k_q . )

2 . Li < A(4, k). (2.1)
Ramos believed that his bound is tight:
The Ramos conjecture. A(j, k) = [%ﬂ for every choice of integers j > 1 and k > 1.

The best upper bound to date, due to Mani-Levitska et al. Thm. 39], can be phrased as
follows:
A2 47 k) < 2UFRL g fort >0, 0<r <2 —1. (2.2)
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The proofs of these bounds are subject of Section (Theorems and . In particular, for
k=2 and j = 2/T! — 1 the lower bound (2.1]) and the upper bound (2.2)) coincide, implying that

AR —1,2)=3-2" —1 for t > 0.

The first result that is not a consequence of a coincidence between the lower and upper bounds
and is due to Hadwiger [48], who showed that two masses in R?® can be simultaneously
cut into four equal parts by two (hyper)planes. We give a degree-based proof of a generalization of
this result in Sectionby showing that A(2,2) = 3. As Hadwiger observed, by a simple reduction
this also implies that A(1,3) = 3.

Despite a number of published papers in prominent journals on new cases of the Ramos conjec-
ture, the values and bounds for A(j, k) just mentioned appear to be the only ones available before
with correct proofs: The papers by Ramos from 1996, by Mani-Levitska et al. from 2006,
and by Zivaljevié from 2008 and from 2011 all contain essential gaps; see Sections
and 2.8 In Table 2.1l we summarized the situation.

Lower A(j, k) Upper Reference of upper bound
8§ < A(52) < 8 57, Thm. 4]

$.2t < A@RL2) < 2.2 68, Thm. 6.3] [57, Prop. 25]

32042 < A@R'+1,2) < 2.24+2 | (86, Thm.2.1]

oot o< A@RL3) < 52! 68, Thm. 6.3]
4 < A(1,4) < 5 68, Thm. 6.3]

Lot <A@y < 52 68, Thm. 6.3]
7 < A(1,5) < 9 68, Thm. 6.3]

L.t < ARL5) < o 68, Thm. 6.3]

Table 2.1: Upper bounds claimed in the literature with incorrect/incomplete proofs,
where t > 1. For comparison, we also show the Ramos lower bounds, which are
conjectured to be tight.

Furthermore, in Section we show that Zivaljevié’s approach in \| towards the last remaining
open case A(1,4) = 4 of the Griinbaum problem fails in principle as well as in details.

Finally, in Section [2.5] we prove using a degree calculation that
ARF+1,2)=3-2""1 42 fort>2. (2.3)

By this we verify an instance of the Ramos conjecture previously claimed by Zivaljevié¢ in
Thm. 2.1].
The resulting status of the Grinbaum—Hadwiger-Ramos problem is summarized in Table

2.2 Transition to equivariant topology

In this section we demonstrate how the Griinbaum-Hadwiger—Ramos problem induces a problem
of Borsuk-Ulam type.



2.2 Transition to equivariant topology 21

2.2.1 The configuration spaces

Consider a collection of j masses M = (j1,..., ;) on R?. We would like to find an arrangement
of k affine hyperplanes H = (Hy, ..., Hy) in R? such that H equiparts M. The sphere S% can be
seen as the space of all oriented affine hyperplanes in R? where the north pole egzy; and the
south pole —eq,1 lead to hyperplanes at infinity. For this we embed R? into R¥*! via the map
(w1,...,24) — (z1,...,24,1). An oriented affine hyperplane in R? is mapped to an oriented affine
(d — 1)-dimensional subspace of R9T! and is extended (uniquely) to an oriented linear hyperplane.
The unit normal vector on the positive side of the linear hyperplane defines a point on the sphere
S?. There is a one-to-one correspondence between points v in S\ {441, —€q11} and oriented
affine hyperplanes H, in R?. Let H? and H} denote the positive resp. the negative closed half-
space determined by H,. The positive side of the hyperplane at infinity is R? for v = e4 and () for
v = —eq. Hence H® = H} for every v.

There are three natural configuration spaces that parametrize arrangements of k oriented affine
hyperplanes in R%. Note that hyperplanes at infinity cannot arise as solutions to the mass partition
problem, since they produce empty orthants. Hence we do not need to worry about the fact that
the following configuration spaces incorporate these.

The configuration spaces we consider are

(i) the join configuration space X, = (S¢)** =2 §k+k=1"the k-fold join of spheres S¢,
(ii) the product configuration space Yy = (S%)¥, the k-fold Cartesian product of spheres S¢, and
(iii) the free configuration space Zgy = {(x1,...,2x) € Yar @ x; # £a;fori < j}, the largest

subspace of Yy ; on which the group action described below is free.

2.2.2 The group

The Weyl group G,f = (Z/2)* x &y, also known as the group of signed permutations, or as the
symmetry group of the k-dimensional cube, acts naturally on the configuration spaces we consider:
It permutes the hyperplanes, and changes their orientations. Correspondingly it also acts on the

test spaces, which record the fractions of the j measures captured in each of the 2* orthants.

2.2.3 The action on configuration spaces

Elements in X can be presented as formal ordered convex combinations tjv; + - -+ + txvg,
where t; >0, > t;, =1 and v; € S¢. The action of the group 6% = (Z/2)’~c x &y, on the space X4 i
is defined as follows. Each copy of Z/2 acts antipodally on the corresponding sphere S while the
symmetric group &y acts by permuting coordinates. More precisely, let ((81,...,0k) X 7) € Gki
and tjv; + - -+t € Xg g, then

((Bis-o s Br) X 7) - (tavr + -+ trvg) = oy (=D 01y + -+ + oy (1) R0 21,

The diagonal subspace {%vl + -+ %Uk € Xart =Yy of X4y is invariant under the Gf—action
and thus has a well-defined induced Gki—action. Furthermore, there is a well-defined induced action
of Gf on Zg 1, since the action leaves the subset Ydfkl of all points in Yy j, with non-trivial stabilizers
invariant. Note that for & > 2 the Gf—action is free on Zy ;, but not on Xy or on Yy .
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Values of A(j, k) for j measures and k hyperplanes and ¢ > 1
; k 1 2
1< 2 < 3< 1<
1 1 2
<1 <2 <4 <8
2 < 3< 5< 8 <
2 2 3
<2 <4 <s <16
3< 5< 7< 12 <
3 3 )
<3 <5 <9 <17
2t —1 < 3.2071 —1 <
2t —1 2t —1 3.2071 -1
<2t 1 <sz.2t=l 1
2t < 3.2t71 <
2t 2t <3.2t7141
<2t <4.2t71
2t 41 < 3.2t71 42 <
2t +1 2t +1 3.2t-1 42
<2t 41 <4-2t71 4

Table 2.2: Each square in this table records the lower bound in the north-west corner,
the upper bound in the south-east corner, and the exact value or improved bound in
the center. The values/bounds that do not simply follow from the two bounds coinciding are
typeset in boldface.

2.2.4 The test space

Consider the vector space R4/ 2" and the subspace of codimension one

k
Uy = {(ya)ae(Z/z)k e RE/2" . Z Yo = 0}-
ae(Z/2)k

We define an action of G; on RE/D" a5 follows: ((B,...,Bs) X T) € G acts on a vector

k
(y(al,...,ak))(alﬁ,,,yak)g(z/g)k S R(Z/Q)

by acting on its indices

((ﬁl?"'aﬁk) X 7—) : (alv'“aak) = (51 +a7'_1(1)7"‘7ﬁk +a‘r_1(k:))7

where the addition is in Z/2. With respect to this action of Gki the subspace Uy is a Gki—
subrepresentation. The test space related to both configuration spaces Yy and Zgz ) and a family

of 7 masses is the Gf—representation U ,?j , where the action is diagonal.
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2.2.5 The test map

Consider the following map from the configuration space Yy to the test space U,SBj associated

to the collection of masses M = (1, ..., 1;):

. DI
da: Yo — U,

(v, k) = ((“i(HE? n-NHG) - %)(al,...,ame(z/z)k)ie{l iy

.....

The map ¢ is Gf—equivariant with respect to the actions introduced in Sections and
The essential property of the map ¢ is that the oriented hyperplanes H,,, ..., H,, equipart M
if and only if dpm(ve,...,v) = 0 € U,?j. Note that the space U,iej does not depend on the
dimension d.

Finally, we define the 6f—equivariant map Yaq: Zag — U, ,?j as the restriction of g to Zg .
Again, the essential property holds: The oriented hyperplanes H,,, ..., H,, equipart M if and only
if m(v, ... vp) =0€ U,iej.

The maps ¢ and Y are called test maps. Thus we have established the following criteria.

Proposition 2.1. Letd > 1, k > 1, and j > 1 be integers.

(1) Let M be a collection of j masses on R%, and let ppq: Yo — U,?j and Ya: Zap — U,iej
be the Gf-equivarmnt maps defined above. If 0 € im¢pq, or 0 € impg, then there are k
oriented hyperplanes that equipart M.

(2) Let S(U,?j) denote the unit sphere in the vector space U,?j. If there is no & -equivariant map
Yar — S(UF), or Zay, — S(UZ?), then A(j, k) < d.

We have an equivalence 0 € im ¢ g <= 0 € im 4, since on the non-free part two hyperplanes
are equal or opposite, so some orthants are empty, and we do not loose any equipartitions by
deleting the non-free part. However, the nonexistence of a Gf—equivariant map Zg — S(U, ,jej )
only implies the nonexistence of a Gf—equivariant map Yy — S(U, l?j ), but not conversely.

The join configuration spaces X were introduced in . They will not be used here, but will
be essential in Chapter |3l The construction of the corresponding Gf—equivariant test map is given
in Sec. 2.1]. The product configuration space Yy j, embeds into X4, via the diagonal embedding
Yar = Xak, (v1,...,0) — %vl—i—- . -+%v;€. They play a central role for the configuration space/test
map scheme that will produce all major results in the following.

The free configuration spaces Z; appear in the literature as orbit configuration spaces; see
for example , where they are denoted by F7y, /Q(Sd, k). We will show below that the restriction
of the configuration space/test map scheme to Z;j is problematic, as for this restricted scheme
the equivariant maps, whose nonexistence would be needed for settling new cases of the Ramos

conjecture, do exist, partially for trivial reasons; see in particular Section [2.6

2.3 Bounds and reductions for A(j, k)

In this section we present the general lower and upper bounds for the function A(j, k). For the

sake of completeness we present proofs.
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2.3.1 The lower bounds by Ramos

Theorem 2.2 (Ramos [68]). For integers j > 1 and k > 1, the minimal dimension d = A(j, k)

such that any j masses on R% can be equiparted by k hyperplanes satisfies
2k _1) . .
[E51051 < AG, k).

Proof. Let v: R — R% given by (t) = (¢,2,...,t?) be the moment curve in R%. Choose j pairwise
disjoint intervals on this curve and let p1, ..., u; be the corresponding masses. Any equipartition
of these masses by k hyperplanes must give rise to at least (2% —1)j intersections of the hyperplanes
with im . The result now follows if we recall that the moment curve has degree d: Any hyperplane

meets it in at most d distinct points, so k£ hyperplanes can intersect it in at most dk points. O

2.3.2 The upper bounds by Mani-Levitska et al.

Theorem 2.3 (Mani-Levitska et al. [57, Thm. 39]). Given integers 0 <t,0<r <2'—1and1 <k,
the minimal dimension d = A(2% + 1, k) such that any j = 2¢ +r masses on R? can be equiparted

by k hyperplanes satisfies
A2 k) <2 g

Proof. Let d = 2t7%=1 4 1 and j = 2! 4+ r. According to Proposition it suffices to prove that
there is no (Z/2)*-equivariant, and consequently no Gki—equivariant, map Yy, — S(U,?j ). We
prove this using the Fadell-Husseini ideal-valued index theory , for the group (Z/2)* and Fy

coefficients.

Let (Z/2)* = (e1,...,e,) with &; acting antipodally on the i-th sphere in the product Y =
(S9)k. The cohomology of (Z/2)¥ is H*((Z/2)*;Fy) = Faluy,...,u], where deg(u;) = 1 and the
variable u; corresponds to the generator ;, 1 < ¢ < k. Then according to Ex.3.3]

IndeX(Z/g)k (Yar;Fo) = <u(11+17 s »Ui+1>-

According to Prop. 3.7] or Prop. 3.13] we have that

: J
Tndex z oy (S(UR); Fy) = <( I1 (quy + -+ + ozkuk)) >
(a1 €(Z/2)\ {0}

Now assume that there is a (Z/2)"-equivariant map Yy, — S(U. 7). Then a basic property of the
Fadell-Husseini index Sec. 2] implies that

Indexz0) (S(UL7): F2) € Indexz ) (Vi Fa),

and consequently

J
H (rug + -+ + o) ) € (uf™, . udth. (2.4)
(a1,...;ar)€(Z/2)*\{0}
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Let us denote

p= H (qug + -+ agug) € Faolug, ..., ugl.
(a1, ) €(Z/2) R\ {0}

As a Dickson polynomial of maximal degree [1, Sec.II1.2] it can be presented as
k—1 k—2 0
P= D U U -
TeES
Therefore,

H (alul+...+akuk) )J

(ar,...,a)E(Z/2)k\{0}

(
( ) uie) 30(@)?”
(X
(ui

TES
gk+t—1 2k+t 2 9t gk—1 ok—2 20 T
Un(t) (o) "'“w(k))( Z Ur(1) Un(2) = Ur(k)

TES TES

k+t—1 k+t—2 t k—1

2 u3 ceup ) (u{u%’” ‘up ") + Rest

k4+t—1 k4+t—2

= uj trua tar uz +2 " + Rest,

where Rest does not contain the monomial

u%k+t71+ru§k+t72+2r o uzt+2k71r.
Thus p/ ¢ (u{™, ... u™), which contradicts (2:4). This concludes the proof of the nonexistence
of a (Z/2)F-equivariant map Y, — S(UZ7). O

2.3.3 Dimension reductions via constraints

In order to bound A(j, k) it is not always necessary to make use of advanced topological methods,
as there are also reduction arguments available: Hadwiger and Ramos used the rather obvious fact
that

A(j, k) < A(2), k — 1), (2.5)

while Matschke in proved that
AGF) < AG+1k) - 1. (2.6)

We employ a simple combinatorial reduction argument to deduce the nonexistence of equivariant
maps and, in particular, to obtain a topological analog of Matschke’s result, Proposition 2:4] Re-
cently, Blagojevi¢, Frick, and Ziegler used this approach to give elementary proofs of old and new
Tverberg-type results .

For a € (Z/2)*\{0} let V,, be the one-dimensional real (Z/2)*-representation for which 38 €
(Z/2)* acts non-trivially if and only if E _,a;3 =1 mod 2. Then there is an 1som0rphlsm
of (Z/2)F-representations U, = Docz/2):\ (0} Va- Denote by A C (Z/2)F the subset of all @ =
(a1,...,ax) € (Z/2)* with exactly one «; non-zero, and let B C (Z/2)* be the subset of all
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o € (Z/2)* with more than one o; non-zero. The representation Uy, splits into @, c 4 Va®@B e Va-

Proposition 2.4. If there is no Gf-equivariant map Yq — S(U,iej), then there is also no Gki-
equivariant map Y1 — S(U,?(J_l) © Doen Va).

Proof. Thereis a Gf-equivariant map ®: Yy — P,y Va with ®~1(0) = Y41k, where Yg_1 5 C
Yy is naturally identified with a product of equators. In fact, the space Yy contains all real

(d + 1) x k matrices whose columns have norm one. Now define

D Yd,k — @Va, Ar— ($d+1,1a~~-7xd+1,k)
acA

as the map that evaluates the last row of a given matrix A € Yy .
j—1

Let f: Yarp — ULV 0@, cp |

that f has a zero. Extend f somehow to an equivariant map F': Yy, — U,?(]_l) @ @aEB Va.

V, be an arbitrary equivariant map. We need to show

The map ' & ®: Yy — U,iej has a zero x(, otherwise it would induce a Gf—equivariant map
Yor — S(US;]) by retraction. Since ®(zg) = 0, we have xg € Yy_1 4 and it is a zero of the
map f. 0

By induction we obtain the following criterion.

Theorem 2.5. Suppose there is no Gf—equivariant map Yq — S(U,iej), then A(j—m, k) <d—m
forallm=0,...,57—1.

Corollary 2.6. Let j,k > 1 be integers, then we have

A(j—mk) <A k)—m for m=0,...,5—1.

2.4 The Ramos conjecture for A(2,2)

The first result on the Griinbaum—Hadwiger—Ramos problem for more than one hyperplane is
due to Hadwiger . He proved the following result.

Theorem 2.7 (Hadwiger ) Let A, B C R? be two compact sets with positive Lebesque measure
and denote by pa and pp the restriction of the Lebesque measure to the respective sets. Then there

18 an arrangement of two affine hyperplanes that equipart the measures pa and pug.

We prove, using as a main ingredient a degree-theoretic argument, that any two masses in R3
can be equiparted by two affine hyperplanes, so A(2,2) < 3. For this we use that equivariant maps
have restricted homotopy types.

Lemma 2.8 (Equivariant Hopf Theorem Thm.11.4.11]). Let G be a finite group that acts
on S and acts freely on a closed oriented d-manifold M. Then for any two G-equivariant maps
O, U: M — S¢

deg® =deg¥ mod |G|.

First we consider measures with continuous densities that have connected support. This guar-
antees that the measure captured by each orthant depends continuously on the hyperplanes that
define the orthant. The general result then follows by approximation; see S. 275].
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Lemma 2.9. Let p1; and po be masses on R3. The space C C S? of all oriented affine hyperplanes
that simultaneously bisect both py and po admits a 7./2-equivariant map S* — C where the action

on the sphere S' is antipodal.

Proof. The sphere S% parametrizes all oriented affine hyperplanes in R? including the ones at

infinity. Consider the following subspace of S3:
S={ueS : mH)) =1}

The space S is homeomorphic to a 2-sphere that is invariant with respect to the antipodal action
on S? (that is, with respect to change of orientation of the hyperplane): Any normal vector in R?
determines a unique bisecting affine hyperplane for p;. For this we need that p; has connected
support.

Let us define a map ¢: S — R by u — pua(HY) — pa(HL). The map ¢ is Z/2-equivariant
where the action on both spaces is antipodal. Set C' = ¢~(0) = [J,c; Ci where the C; are the
path-components of C'. First we prove that there exists a Z/2-invariant path-component C; of C.

According to the general Borsuk—Ulam—-Bourgin—Yang Theorem Sec. 6.1]

IndexZ/2 (C, Fg) . IndexZ/g (R\{O}, F2) Q Il’ldeXz/Q(S; ]FQ) (27)

Let the cohomology of Z/2 be denoted by H*(Z/2;F3) = Fa[t], where deg(t) = 1. Using
Prop. 3.13] we get

Indexz/o(R\{0}; F2) = Indexz/»(S% Fa) = (), Indexz /2 (S; Fa) = (7).

If C' did not have a path-component that the Z/2-action maps to itself, then the path-components
of C' would come in pairs that the group action would exchange. Consequently, there exists a
7./2-equivariant map C — S° implying that Index; /2(C;F2) = (t). This contradicts , and so
C' contains a path-component that the Z/2-action maps to itself.

Let C; be a Z/2-invariant path-component of C'. We prove that there exists a Z/2-equivariant
map S' — C; where the action on S! is antipodal. Connect two antipodal points in C; via an

injective path and extend to S! via the Z/2-symmetry. O

Theorem 2.10. A(2,2) = 3.

Proof. Let pp and po be masses on R3. The subspace C C S% of oriented hyperplanes that
simultaneously bisect both masses admits a Z/2-equivariant map i: S* — C, where the action on
the sphere S' is antipodal.

Consider the composition ®: S x St — C x C — R? defined by

(’LL,U) — (:ul (Hzo(u) N Hzo(v)) - i’uQ (ng) N H&v)) - i)

Assume that p; and gy do not have any equipartition by two hyperplanes in R3. Consequently
0 ¢ ®(S* x S1), since the zeros of the map ® are pairs of hyperplanes that equipart g and pe. Now
@ composed with radial retraction R*\{0} — S* induces the map ¥: S' x S' — S'. Notice that
U(u,u) = (L2, ¥2) for each u € §*. Thus the map ¥|p: D — S', where D = {(u,u) : u € S'} is
the diagonal, is constant and so has degree 0.
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Let t be a generator of Z/4. Then t - (u,v) = (v, —u) defines a free Z/4-action on S* x S'. The
circle ' = {(u, €% -u) : u € S'} C S' x S! is a Z/4-invariant subspace that is homotopic to the
diagonal D in S x S. Thus deg ¥|r = deg ¥|p = 0.

On the other hand, the map ¥|p : I' — S! is Z/4-equivariant with the generator t acting
antipodally on the codomain sphere S*. All such maps have the same degree modulo 4 by Lemma

and z — 22 is such a map of degree 2. This yields a contradiction, and so the map ® has a zero. [

The reduction argument (2.5)) applied to the result of the previous theorem in combination with
Ramos’ lower bound yields the following consequence.

Corollary 2.11 (Hadwiger [48]). A(1,3) = 3.

2.5 The Ramos conjecture for A(2" + 1,2)

In this section we prove the following theorem, establishing a family of exact values for the
function A(y,2) in the case of two hyperplanes. It is a nontrivial instance of the Ramos conjecture
that was previously claimed by Zivaljevié \m Thm. 2.1], but the proof given there is not complete;
see Section 2.8

Theorem 2.12. A(2! +1,2) = 3-2!71 + 2 for any integer t > 2.

Using the reduction of (2.6)) we obtain from this that
A(2%,2) <3-271 +1 for any ¢ > 2.

as listed in Table

The rough outline of the proof is as follows: For d = 3-2/~! 4+ 1 the existence of j masses in R?
that do not admit an equipartition by two affine hyperplanes yields the Dg-equivariant test map
: 8% x §4 — §29=2 The restricted map 1: S ! x S9! — §24=2 has degree zero since it
factors through S¢ x S%. We then consider the test map ¢ for j specific masses and compute the
degree of the restricted map ¢ on S9! x S9! by counting the zeros of ¢ on B¢ x S4=1 (where
B? is a hemisphere of S%) with sign and multiplicity. This is done by counting equipartitions for
this specific set of measures. The maps 1) and ¢ need not be homotopic and so their degrees might
not coincide. This is remedied by exploiting the equivariance of both maps, yielding deg1) = deg ¢

mod 8, which gives a contradiction if 7 — 1 is a power of two, j > 5.

2.5.1 Equipartitions restrict degrees of equivariant maps

In order to show that A(j, k) < d we use Proposition (2) and prove that there is no &;-
equivariant map Yz, — S(U, 7.

Lemma 2.13. Let j k,d > 1 be integers. Assume A(j, k) > d for k(d —1) = (2¥ — 1)j — 1 and
assume that k(d — 1) is not divisible by d. Then any (‘Sf-equivam'ant map ¢¥: Ygr — S(Ul?j)
induces a Gf-equivam’ant map Vi Yg_1 ) — S(U,?j) with deg1) = 0.

Proof. Since A(j,k) > d there is a Gf—equivariant map ¢: Yg, — S(U,?j). This map restricts
to a Gf—equivariant map 1 Yoo10 — SWU ,iBj ) on the product of the equators. The domain and
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codomain of ) are closed orientable manifolds of the same dimension, and thus 1 has a well-defined

degree up to a sign. Consider the following commutative diagram of Gf—equivariant maps

S(UH)

Yd—l,k — (Sd—l)k.

After applying the k(d — 1)-dimensional homology functor we get

P i
Hyg—1)((8% 2) —— Hk(dfl)(S(Ul?J% 7)

e

Hiq—1)((ST1)*; ).

Thus the map ¢, factors through Hy,q—1)((S?)*;Z). Since d does not divide k(d — 1) we have that
Hk(d_l)((Sd)k; 7) = 0. Consequently, deg = 0. |

The equality k(d — 1) = (25 — 1)j — 1 implies that d = Z=1j — 1 41 = [@=1 5] which
coincides with the lower bound (2.1). The space Y;_1 = (S¢71)* is naturally a subspace of Yy
by identifying it with oriented linear hyperplanes in R?, that is, (z1,...,2%) € Yar C (R¥1)¥ isin
Yu—1 precisely if (eqyq1,2;) =0 fori=1,... k.

We use the following generalized equivariant Hopf theorem.

Theorem 2.14 (Kushkuley & Balanov Cor.2.4]). Let M be a compact oriented n-dimensional
manifold with an action of a finite group G. Let N C M be a closed G-invariant subset containing
the set of all points with non-trivial stabilizers. Then any two G-equivariant maps ¢, M — S™
that are equivariantly homotopic on N satisfy deg ¢ = degtp mod |G]|.

The set Yd>_11  of points in Yy , with non-trivial stabilizers with respect to the action of Gf is
{(z1,...,2,) € Yg_1 % : T = x5 O T, = —x, for some r # s}.

Observe that for £ > 3 and d > 2, the space Yd>_11 i 1s path-connected, while for k = 2 it consists of

two path-components.

Corollary 2.15. Let k(d — 1) = (2¥ —1)j — 1 and let k(d — 1) be not divisible by d. Let M =
(f1, ..., ;) be a collection of masses on R? that cannot be equiparted by k linear hyperplanes with
the corresponding test map ¢ = daq: Yo — U,?j. Denote the (normalized) test map restricted to
linear hyperplanes by ¢: Yg_11 — S(U,?j). If deg ¢ # 0 mod 2Fk!, then A(j, k) = d, that is, the

Ramos conjecture holds for j masses and k hyperplanes.

Proof. Suppose A(j,k) > d. Then from Lemma we get a Gf—equivariant map ¥: Yy 1 —>
S(U,?j) with degt) = 0. By assumption there is a Gf—equivariant map ¢: Yg 1 — S(U,?j)
with deg ¢ # 0 mod |6ki| Set N = Ydill,k' Once we have showE that ¢ jnd 9 are equivariantly
homotopic on N we can apply Theorem and get that deg¢ = degt mod |6f| This is a
contradiction with degi) = 0, and therefore A(j, k) < d.
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The equivariant homotopy from ¢|x to 1|y is just the linear homotopy in U,?j normalized to
the unit sphere. For this to be well-defined we need to show that the linear homotopy does not have
a zero. This follows from the fact that for each point z € N the vectors ¢(z) and (z) lie in some
affine subspace of U ,?j that is not a linear subspace. Since z = (z1,...,2x) € N has non-trivial
stabilizer there are r # s with x, = f+a,. Thus the corresponding affine hyperplanes H, and Hj
coincide with perhaps opposite orientations. This implies that the arrangement of hyperplanes
has an empty orthant, implying that any test map has value equal to —1/2% in the coordinate
corresponding to the empty orthant. This implies that ¢(z) and ¢(z) lie in an affine subspace not

containing zero. O

2.5.2 The standard configuration along the moment curve

Now we specialize to the problem of two hyperplanes, & = 2. In this case the relevant group
is the dihedral group &5 = Dg = (Z/2)? x Z/2 = (1, £2) % (w), and the corresponding test space
is Yg2 = S% x S% Thus the test map is a Dg-equivariant map ¢: S¢ x §¢ — U5’ whose zeros
correspond to equipartitions.

Before proceeding further we recall how, in this case, Dg = (Z/2)? x Z/2 = (g1, 2) x (w) acts
on S% x S and Us. For (u,v) € S¢ x S¢ we have that

g1+ (u,v) = (—u,v), e2-(u,v)=(u,—v), w-(u,v)=(v,u).

The real 3-dimensional Dg-representation Us considered as a (Z/2)?-representation decomposes into
a direct sum of irreducible real 1-dimensional representations as Uy = V(1 9y ® V(0,1) ® V(1,1), where
Vo = Vo =V, =R and

ey (a,b,¢) = (—a,b,—c), e2-(a,b,c)=(a,—b,—c), w-(a,b,c)=(b,a,c)

for (a,b,c) € Vi1,0) ® Vio,1) @ Via,1)-

We will now define masses fi1,...,u; for which computing the degree of the normalized test
map restricted to linear hyperplanes is particularly simple. Recall that the moment curve (t) =
(t,...,t%) in R? has the special property that any set of pairwise distinct points on + is in general
position. Hence every affine hyperplane intersects «y in at most d points. For the rest of this section
we consider the masses ji1,...,/t; to be concentrated along j pairwise disjoint intervals along the
moment curve that do not include the origin.

The masses fi1,. .., i; satisfy the hypotheses of Corollary for k=2 and 2d = 3j + 1: Any
equipartition of 1, ..., u; by two affine hyperplanes intersects the moment curve in 35 points. Ad-
ditionally requiring that both hyperplanes pass through the origin prescribes one more intersection
point with v for each hyperplane. Two hyperplanes intersect the moment curve in at most 2d
points, that is, the space of linear hyperplanes Y;_; 5 contains no pair of equiparting hyperplanes if

2d < 3j+2. Now we will compute the degree of the restricted test map by counting equipartitions.
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Lemma 2.16. Let 2d = 35 + 1 and let i > 1 be an integer. Let pi,...,u; be masses concentrated

on the pairwise disjoint intervals y(i,i + 1) of length 1 along the moment curve in R%. Then there

J
=
2

that Ho passes through the origin.

are (;21) pairs of unoriented (non-parallel) affine hyperplanes (Hy, Ha) equiparting pi, . .., p; such

Proof. To equipart p1, ..., u; the pair (Hq, Hz) needs to have at least 3j intersection points with the
moment curve. Moreover, Hs is a linear hyperplane. Thus each hyperplane H; and Hs intersects
the moment curve in at least 35 + 1 points. Since 2d = 3j + 1 and every hyperplane can intersect
in at most d points, there are exactly 35 + 1 intersection points. In particular, each p; has either
one intersection with H; (in the midpoint of u;) and two intersections with Hs (in the midpoint
of the two halves defined by H;) or vice versa. Consequently, the intersection points of the pair
(Hy, Hy) with the interval u; are uniquely determined by the number of intersections of p; and Hj.

There are (ijf d) masses with exactly one point of intersection with H;. Since d = % this is

equal to (JJ;1) O
2

2.5.3 Computing the degree of the restricted test map geometrically

Let ¢ = ¢pg: S x S — UQ@j be the Dg-equivariant test map associated to the standard
configuration M of j masses along the moment curve in R? where 2d = 35 + 1. By Lemma
such an equipartition exists and thus ¢~!(0) is non-empty. However there is no such equipartition
by linear hyperplanes since this would require more than d intersection points of some hyperplane
with the moment curve 7.

Denote by ¢: S9! x 8§41 5 § (U;ej ) the normalized restriction of ¢ to linear hyperplanes.
Note that dim $9~! x §4~1 = 2d —2 = 3j —1 = dim S(US”) and thus ¢ has well-defined degree (up
to a sign). For even d this degree modulo 8 was previously computed by Zivaljevié Prop.9.15].

Lemma 2.17. For even d the map ¢: S¥ 1 x §471 —; S(U?j) has degree

degng:Q(j];l).
2

We will now prove this lemma by counting zeros of ¢ with signs and multiplicities. Theorem
then follows from an application of Corollary once we have established that 2(2;_21) is not
divisible by 8 for t > 2.

For odd d the degree of ¢ vanishes.

Proof of Lemma[2.17 Let W C S x S¢ be the subspace of hyperplanes (Hy, Hs), where H; has
the origin in its positive half-space and Hy is a linear hyperplane. The subspace W is a manifold
homeomorphic to B x $9~1 with boundary S9! x $9~1. By Lemma|2.16|¢ has Q(ﬁ;l) zeros on W.

The orientation of H; is prescribed by the requirement that the origin be in its pos%tive half-space,
but the orientation of Hs is not prescribed. We will show that for d even all local degrees of ¢ on
W are 1 and that deg ¢ is the sum of local degrees of ¢ on W.

Denote by W = W \ ¢~1(B,(0)) for a sufficiently small € > 0 such that W\ ¢~1(0) deformation
retracts to W. The boundary OW consists of Y4-1,2 and disjoint copies of (2d—2)-spheres Sy, ..., Sy,
one for each zero of ¢ on W. Let ¢': W — S(U;Bj) denote the composition of ¢ and radial
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retraction restricted to W. The fundamental class [Yq—12] is equal to )[S;] in Hgd_Q(W) since
Ya_12 and |JS; are cobordant in W. Now ST @L([S)]) = ¢L([Ya_1.2]) = deg b - [S(USF?)], and hence
degp = > deg ¢'|s,; see Prop.1V.4.5].

That local degrees of ¢ are £1 is simple to see since in a small neighborhood U around any zero
(u,v) the test map ¢ is a continuous bijection: For any sufficiently small vector w € R37 there is
exactly one tuple (u/,v") € U with ¢(u/,v") = w. Thus ¢|gy is a continuous bijection into some
(3 — 1)-sphere around the origin and by compactness of OU is a homeomorphism.

The symmetry of the configuration allows us to compute the local signs of the test map. First
let us describe a neighborhood of every zero of the test map in W. Let (u,v) € W with ¢(u,v) = 0.
Denote the intersections of H, with the moment curve by x1,...,x4 in the correct order along
the moment curve. Similarly, let y1,...,yqs be the intersections of H, with the moment curve. In
particular, y; = 0. Choose an € > 0 such that e-balls around the 1, ..., 24 and around s, ..., yq
are pairwise disjoint and such that these balls intersect the moment curve only in precisely one
interval p;.

Tuples of hyperplanes (H,, H,/) with (u/,v") € W that still intersect the moment curve in the
corresponding e-balls parametrize a neighborhood of (u,v). The local neighborhood consisting of
pairs of hyperplanes with the same orientation still intersecting the moment curve in the corre-
sponding e-balls can be naturally parametrized by H?i2(—e, €), where the first d factors correspond
to neighborhoods of the x; and the last d — 1 factors to e-balls around ¥s,...,y4. A natural basis
of the tangent space at (u,v) is obtained via the push-forward of the canonical basis of R??~! as
tangent space at the origin.

Consider the subspace Z C W that consists of pairs of hyperplanes (H,, H,) in W that each
intersect the moment curve in d points. It has two path-components determined by the orientation
of H,. The path-components of Z are contractible as each hyperplane can be continuously moved
to intersect the moment curve in d fixed points. On each part the orientation around the zeros given
above derives from the same global orientation since the given bases of tangent spaces transform
into one another along this contraction path. The map eo: (H,, H,) — (H,, H_,) is orientation-
preserving if and only if d is even.

Any two neighborhoods of distinct zeros of the test map ¢ can be mapped onto each other by a
composition of coordinate charts since their domains coincide. This is a smooth map of degree 1:
the Jacobian at the zero is the identity map. Let (u,v) and (x,y) be zeros in the same path-
component of Z of the test map ¢ and let ¥ be the change of coordinate chart described above.
Then ¢ and ¢ o ¥ differ in a neighborhood of (u,v) just by a permutation of coordinates. This

permutation is always even by the following:

Claim 2.18. Let A and B be finite sets of the same cardinality. Then the cardinality of the

symmetric difference A A B is even.

Up to orientation of H, the hyperplanes H, and H, are completely determined by the set of
measures that H, cuts once. Let A C {1,...,j} be the set of indices of measures that H, intersects
once, and let B C {1,...,j} be the same set for H,. Then ¥ is a composition of a multiple of
A A B transpositions and, hence, an even permutation.

The linear map ey: Us? — US” always has determinant equal to 1 since ey is a composition
of 2j reflections in hyperplanes on U;e 7. Thus for d even all local degrees of ¢ on W are the same
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since the coordinate change ¥ preserves orientation (on a path-component), and we have proved
Lemma [2.17] Thus for d even deg ¢ = 2(]J;1) O]
2

To apply Corollary [2.15] it is essential to know when the binomial coefficient ( j£1) is divisible

2

by 4. This is answered by the following lemma by Kummer.

Lemma 2.19 (Kummer [53]). Let n > m > 0 be integers and let p be a prime. The mazimal

integer k such that p* divides (:;) is the number of carries when m and n —m are added in base p.
Putting these statements together we obtain a proof of Theorem

Proof of Theorem[2.13 Let k =2, j = 2"+ 1 with t > 2, and d = 3-2!"! + 2. Then 2(d — 1) =
j(2¥—1)—1 and d does not divide k. Thus we can apply Corollary to the standard configuration

M of j masses along the moment curve. The restriction to linear hyperplanes ¢ of the corresponding

test map ¢ has degree ( ]J;l ) by Lemma |[2.17| since d is even. This degree is non-zero modulo 8
2

by Lemma [2.19 O

2.6 The failure of the free configuration space

Here we prove the following theorem about the existence of Gf—equivariant maps from the free
configuration space Zg 5. Recall that Zg, = {(z1,...,2%) € Yar : x5 # £, fors < r} is the largest

subspace of Yy ;, on which the Gf-action is free.

Theorem 2.20. Let d > k > 3 be integers and let (28 —1)j +2 > max{dk,dk +4 —k}. Then there
is a &F-equivariant map Zg — S(UF7).

Theoremwill be proved in Section As dim S(UF) = (2F —1)j and dim Zy ., = dk, it
exhibits a disadvantage of the free configuration spaces.

As a direct consequence of Theorem we prove the first main result claimed in Zivaljevié’s
2008 paper Thm. 5.9].

Corollary 2.21. There is a Gf-equivam‘ant map f: Zya —> S(Us).

In Section we explain why the proof given in for this result is invalid. To compare the
results, note that Z4 4 is there denoted by (S%)i. Furthermore, in Section we exhibit a gap in
the proof of the second main (positive) result of the same paper, Thm. 5.1].

2.6.1 Existence of equivariant maps

Let G be a finite group, let X be a free G-CW complex and W be an orthogonal real G-
representation. Let us further denote by cohdim X = max{i : H(X;Z) # 0} the cohomological
dimension of the space X.

In this section we consider the existence of a G-equivariant map X — S(W) under specific

conditions and prove the following theorem.
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Theorem 2.22. Let G be a finite group, let X be a free G-CW complex, let W be an orthogonal
real G-representation, and let [ = {i : dimW —1<i<dimX — 1}. If

(i) 2 < cohdim X < dim W, and

(ii) mS(W) is a trivial Z|G]-module for every i € I,
then there exists a G-equivariant map X — S(W).

The proof of the theorem will be obtained via equivariant obstruction theory, as presented by
tom Dieck in Sec.I1.3]. In the proof of the theorem we use the following special case of a result
given as an exercise by Bredon Exer. 9, p. 168]. Tt is an extension (for acyclicity above a certain
dimension) of the important result from Smith theory that the quotient of a compact, acyclic space

by a finite group action is still acyclic.

Lemma 2.23. Let G be a finite group acting cellularly on the compact G-CW-complex X. If
HY(X;Z) =0 for alli >n, then H(X/G;Z) =0 for all i > n.

Proof of Theorem[2.29 Let us denote by N = dim X, n = cohdimX and w = dimW. For i €
{0,..., N}, the i-th skeleton of X is denoted as usual by X .

Since S(W) is (w — 2)-connected, (w — 1)-simple and X is a free G-CW complex there is no
obstruction for the existence of a G-equivariant map f: X(“~Y — §(X). The proof continues by
induction.

The first obstruction for the extension of the map f to the w-skeleton X (*) lives in the specially
defined Bredon type equivariant cohomology pp. 111-114]:

HG(X; w1 S(W)) = He (X5 Z),

Now m,—1S(W) = Z is a trivial Z[G]-module by the assumption of the theorem. The isomorphism
of II, Prop. 9.7, (ii)] implies H&(X;Z) = HY(X/G;Z), where on the right we have singular
cohomology. Since n = cohdimX < w, by the assumption of the theorem, an application of
Lemma gives HE(X;Z) = 0. Thus HE(X;mu-1S(W)) = 0, and the map f can be G-
equivariantly extended to the w-skeleton of X.

The process continues in the same way until we reach the N-th skeleton of X since all the
ambient groups Hi, (X;m_1S(W)), i € {w,... N}, for the obstructions vanish. O

2.6.2 Proof of Theorem [2.20]

Let d > k > 3 be integers and let
(28 — 1)j + 2 > max{dk, dk + 4 — k}.

We prove the existence of a Gf—equivariant map Zgr — S(U ,? J ) by direct application of Theo-
rem [2.22)

Let X be a dk-dimensional 6§—CW complex with the property that X C Z; ; is an equivariant
deformation retract of Z; ;. Then X is a dk-dimensional free Gf—CW complex and it suffices to
prove that there exists a Gki—equivariant map X — S(U,?j).

If dk = dim X < dim S(U7) = (2F —1)j — 1 then a G -equivariant map X — S(UZ) exists

since X is a free Ski,—CW complex and all obstructions vanish. Thus we can in addition assume
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that dk —1 > (28 —1)j — 1. Now
IT={i:dimW -1<i<dimX-1}={i: (2" -1)j-1<i<dk—-1}.
Since (28 —1)j + 2 > max{dk,dk +4 — k} and dk — 1 > (2¥ —1)j — 1 we have that |I| < 3, that is,
IC{2"—1)j-1,(2" - 1)j,(2" = 1)j + 1.
The following fact is known. For completeness we give a brief proof.
Claim. cohdimZy = (d—1)k+1 ford >k > 3.

Proof. The free configuration space Zg; is defined as a difference Yd,k\Yd> kl of an oriented dk-
manifold Yy, = (S9)* and the regular CW-complex Yd>kl.

The CW-complex Y k can be covered by a family
L={L{,:1<s<r<k}U{l,,:1<s<r<k}

of subcomplexes
Yd?lcl = U (LI, uL,),

1<s<r<k
where for 1 < s <r < k we set
Lj’r ={(@1,..,ap) €Yar 1w =x,}, Lo, ={(x1,...,2) € Yap 12, = 2}

Every subcomplex LS » as well as any finite non-empty intersection of them is (d — 1)-connected.
Therefore, by a version of the nerve lemma Th. 6], we have that WT(Yd?kl) >~ 7,.(A(Pg)) for all
r < d—1, where A(P) denotes the order complex of the intersection poset P, of the family £. The
intersection poset Py can be identified as a subposet of the type B partition lattice H , consult
Wachs [79, Ex. 5.3.6]. Moreover, IT7 is a geometric semilattice, which implies that A(Pz) ~ \/ S#=2,
Thus Yd?kl is (k — 3)-connected.

The Poincaré—Lefschetz duality Cor. VI.8 4] relates the homology of Z, j to the cohomology
of the pair (Y, Yd?kl):

Har—i(Zap; 2) = H' (Yar, Y53 2).

Using the long exact sequence in cohomology for the pair (Yd’k,Yd?kl) and the facts that Yy is
(d — 1)-connected and Y! is (k — 3)-connected we get that H (Yay, Y5 7) = 0fori <k —2
and H k_l(Yd);C,Yfk,Z) Hk- 2(Yfkl7 7) # 0 is free abelian. Conseque’ntly7 using the universal
coefficient theorem [33 . Cor. V.7.2], we conclude that cohdim Zy , = (d — 1)k + 1. O

In order to apply Theorem and complete the proof we need to verify the conditions (i)
and (ii).
(i) By assumption (2% —1)j + 2 > max{dk,dk + 4 — k} and k > 3. Consequently,

dim U = (28 —1)j > dk — 1 =dim X — 1 > (d — 1)k + 1 = cohdim Z.
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(i) Since S(UP) ~ §@"~1i=1 and I C {(2¥ —1)j — 1, (2F — 1)j, (2¥ — 1)j + 1} we consider
W(Qk_l)j_ls(Uliej) gZ, W(Qk_l)]S(UISBJ) gZ/2, 7T(2k_1)j+1S(Ul?j) 22/2

as Z[&]-modules. Since the second two groups are Z/2 and therefore trivial Z[&]-modules
it remains to be shown that Gf acts orientation preserving on S(U, gaj ).

Each of the generators &; of (Z/2)* acts on the top integral homology of the sphere S(U,?j )
by multiplication with

(1) (T4 (GD) — 1.

Furthermore, each of the transpositions 7. = (sr) for 1 < s < r < k, which generate &y, acts
on the top integral homology of the sphere S(U ,? J ) by multiplication with

(1 (o) ++(73) — 1.

Thus G preserves orientation of S (U,?j ) and consequently ok _qy;_15 (U,?j ) is a trivial
Z[&;]-module.
Now Theorem implies the existence of a &3 -equivariant map Zgj, — S(UF7), and we have
completed the proof of Theorem [2:20]

2.6.3 Gaps in

In this section we exhibit and explain essential gaps in that invalidate Zivaljevié’s proofs

for both main results of that paper.

A Gap in Lemma 4.3]

We note that this lemma is the starting point for the explicit calculations related to both main
results of that paper and thus crucial for their validity.
First we recall some notation from :
o (SM)y ={x e (S™)" :x; # £, for i # j}, consult (2.2)]; in the notation of this chapter,
(S™)3 is equal to the free configuration space Z,, .
e SPHRPY) := (S%)1/6F C SP*(RP*) where SP™(X) = X™/G,, denotes the symmetric prod-
uct of X, consult Prop. 3.1].
The following statement is claimed to be “an easy consequence of Poincaré duality”; the homol-
ogy is considered with coefficients in the field Z/2.

Lemma 4.3] There is an isomorphism H2(SPi(RP*)) — Ho(SP*(RP*)) of homology
groups, induced by the inclusion map SP;(RP?) — SP*(RP?).

Further on, it was claimed that

Ho(SP*(RPY)) 2 Hy(SPH(RP™))
Hy(K(Z/2,1) x K(Z/2,2) x K(Z/2,3) x K(Z/2,4)) 2 7/2 & Z/2.



2.6 The failure of the free configuration space 37

Now we prove that Hy(SPg(RP*)) is not isomorphic to Z/2 & Z/2. Indeed, there is a sequence

of isomorphisms

H>(SP{(RP?)) = H(SP}H(RPY)) by the Universal Coefficient Theorem,
=~ [? ((54) /65) by definition of SP§(RP?),
= H*(E6T xg+ (5*)%) since the action of &F is free,
~ [?(6F ) since (5)} is 2-connected [39].

A result of Nakaoka Thm. 5.3.1] combined with H?(&4) & Z/2 @ Z/2 |1, Ex. VI.1.13] implies
that

2

P H (64, H 7 ((2/2)))
p=0

H°(64, H?((Z/2)")) @ H' (64, H'((2/2)")) ® H* (64, H°((2/2)"))
= H*((2/2)")° @ H' (64, H'((Z/2)")) ® H*(64)
Z)207/20® H (&4, H'((Z/2)")) @ Z/2 D Z/2.

1%

H*(&})

12

1

Thus Hy(SP#(RP?)) is not isomorphic to Z/2 & Z/2 and therefore [85, Lemma4.3] is not true.

A Gap in the proof of Thm. 5.1]

Here we discuss a gap in the proof of the following theorem, the second main result in [85].

Theorem 5.1] Suppose that p is a measure on R* admitting a 2-dimensional plane of
symmetry in the sense that for some 2-plane L C R* and the associated reflection Ry : R* —

R*, for each measurable set A C R*, u(A) = p(Rr(A)). Then p admits a 4-equipartition.

The proof of the theorem is based on Claim on p. 165]. For convenience we copy the claim

with the first two sentences of its proof from [85].

Claim on p. 165] There does not exist a G-equivariant map f: (SYA — S(Us @ ),
where S(Us @ \) is the G-invariant unit sphere in Uy @ X. In other words each G-invariant

map f: (SYA — Us @ X has a zero.

Proof of the Claim. The claim is equivalent to the statement that the vector bundle &: (S*)A x ¢
(Us®N) — (S*)A/G does not admit a non-zero continuous cross section. For this it is sufficient

to show that the top Stiefel-Whitney class w, (§) is non-zero.

The group G is the direct sum &5 @ Z/2, and (S*)4 is the largest subspace of (S*)* on which
the group G acts freely. The base space (S*)%4 /G of the vector bundle ¢ is an open manifold of
dimension 16. The real G-representation Us@ \ is 16-dimensional and therefore £ is a 16-dimensional
vector bundle. Thus the top Stiefel-Whitney class wi6(€) lives in H'6((S*)4/G;Z/2) = 0 and so
it vanishes. This contradicts the proof of the claim.

Actually, more is true: Since ¢ is a 16-dimensional vector bundle over a connected non-compact
16-dimensional manifold (S*)% /G, an exercise from Koschorke Exer. 3.11] guarantees the exis-
tence of a nowhere vanishing cross section, again contradicting the proof of the claim.
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2.7 A gap in Ramos

In this section we will give a counterexample to Lem. 6.2], from which Ramos derives
his main result Thm. 6.3] by induction. Our Counterexample exploits the fact that a
certain coordinate permutation action has fixed points, a crucial fact that is missed in the proof
of Lem. 6.2].

The following table lists bounds for A(j, k) that are obtained directly from Thm. 6.3]. They
cannot be obtained from Thm. 4.6] or any other result in his article.

A(2™2) < 3.2m/2
A(2m3) < 5.2m/2
A@2m4) < 9.2m)2
A@™5) < 15-2m/2

Table 2.3: Here m > 0. From p. 164].

In order to clarify Ramos’ approach, we will describe his initial configuration space, which he
modifies twice. The second modification is the basis for Lem. 6.2]. Given a dimension d > 1 and

a number of hyperplanes £ > 1 and masses fi1, ..., ft;, the initial configuration space is defined as
Bd—l N Bd—l _ Bk(d_l).

Here B?~! is regarded as the upper hemisphere of S¢~!, where each sphere S¢~! is the space of
directions of normal vectors in R? of hyperplanes in R? that bisect the first mass ;1. We make the
assumption that each mass has a unique bisecting hyperplane, which is the case, if masses have
connected support. The results for general masses then follow by approximation; see S.275].
In order for his first result Thm. 4.6] to hold, Ramos makes restricts the configuration space a
first time to

B™ x ... x B™ C Bkd-1)

where n; <d—1foralli=1,...,kand Y. n; = (28 - 1)j — k Sec. 4]. Note that Thm. 4.6]
does not yield the upper bounds in Table

Let pu1, ..., uj be masses on R% For z = (x1,...,2;) € B™ x---x B"™ and i € [k], let H(z;) be
the unique hyperplane in R? with normal vector x; that bisects the first mass p;, where we regard
the x; in R? via the inclusions B™ C B! < §4-1. For a € {0,1}, let H%(z;) be the positive (if
a = 0) respectively negative (if & = 1) closed half-space defined by H(z;). Observe the difference
in notation to H,,, which we used to denote the affine hyperplane corresponding to a point z; in

the sphere S? of one dimension higher.

Ramos defines the test map

®: B™ x---x B Yy (R2)®5 VESRU gty T, (R2-1yed - @i
k k

(xl,...,a?k) Ii} (,u1<ﬂH%‘(gjﬂ),...,,&j(ﬂH%:(CL’k)))

i=1 im1 (01,0 )E(Z)2)F

The map 9 is followed by an orthogonal coordinate transformation U @ --- @ U = U®J given by
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the matrix

U= (b)) for (in,...in), (G, .-, k) € (Z/2)F,
where

rdk — (Z1)Y and b= (ig, ... ik) (G1y e dk)-

Llseeeslk

The map 7 chops off the coordinates of (U@ --- @ U)o ¢ corresponding to the row of U with index
(i1y...,ix) = (0,...,0). In these coordinates, (U & --- & U) o ¢ is constant and equal to 1, since
the value of such a coordinate is the sum, for a fixed mass, of the masses of all of the orthants.
The map ® can be viewed as a map to a ((2¥ —1)j — k)-dimensional subspace of (R ~1)®i = {7
since the map ® has k zero-components due to the fact that all hyperplanes bisect the first mass

by definition.

Proposition 2.24 ( Property4.4]). Let x = (x1,...,21) € R, then ®(z) = 0 if and only if the
hyperplanes H(z;) C RY with normal vectors x; that bisect the first mass py form an equipartition
of the masses 1, ..., ;. Moreover, if ®(z) =0, then A(j, k) <d.

In the following definition, Ramos introduces the notion of a map that is equivariant on the
boundary of the domain and calls this antipodal. For this we let (Z/2)* act antipodally on the
boundary of B™ x --. x B",

Definition 2.25 ( p.151]). A continuous map f: B™ x --- x B" — R* =i is antipodal in
the m-th component with respect to the n-th ball with antipodality a,, € {0,1}, for p € [(2% — 1)j]
and ¢ € [k], if

flxe, .., —xq, ..., x) = (1) fo(x1, ..., Tq, ..., k)

for all (z1,...,21) € B™ x -+ x 8"t x ... x B,

Call f antipodal if f is antipodal in all components with respect to all balls. In this case we call
A= (apq)p,q € R -1)ixk the antipodality matriz of f.

Using the antipodality matrix A, we define an action of (Z/2)* on RE*=1J by letting the
generators of (Z/2)F act by changing the signs of vectors in R -1 according to the columns of
A. In this restricted sense, f is equivariant on the boundary of B™ x --- x B"*.

Proposition 2.26 ( Property 4.3]). The test map ® is antipodal. Its antipodality in the com-
ponent with index (i1,...,1q,...,1) with respect to the g-th ball is i, (for any mass). Hence the
rows of A are precisely all 0/1-vectors of length k, each repeated j times, up to some re-ordering
of the rows that depends only the labeling of the components of ®. If we regard ® as mapping into
U,?j, then A consists of all 0/1-vectors of length k except of (0,...,0), each repeated j times.

Ramos’s method of proof is to show that the parity of the number of zeros of the test map ®
on the given domain is odd and hence the map has at least one zero. In Thm. 4.6] he shows
that if the permanent of a certain matrix is odd, then the parity of the number of zeros of ® is
also odd. However, this permanent is odd in only a few cases and in particular in none of the cases
listed in Table To prove Lem. 6.2] and obtain the results in Table Ramos restricts the
configuration space a second time with the goal of obtaining more cases where the matrix permanent
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is odd. Instead of a product of balls, he uses a subspace of a product of balls: For p,q > 1 define
(BN)L ={(z1,...,2¢) € RO)T : lan || < [laaf| < -+ < flagl] < 1} € (BP).

The space (BP)% is a closed fundamental domain (meaning that boundary points may be contained
in an orbit of an interior point) for the action of the symmetric group &, on (BP)? given by
permuting copies. Lem. 6.2] is a result that relates the parity of the number of zeros of the
test map ® on (BP)Z to the parity of the number of zeros of ® on the boundary of (BP)Z. Ramos

parametrizes the boundary as follows: For 1 < m < n < ¢, define sets

Conm = {(@1,...,74) € (B)
Coqr1 ={(z1,...,24) € (BY)

sl = el

o gl = 1}

INR AR

Here Cy 441 can be regarded as the “lid” of (BP)L, where the “top lid” X7 ) = X, 441N {z, > 0}

)

and the “bottom lid” X,y = X, 441 N {zy < 0} are homeomorphic to (B”)qg_1 x BP~!. Hence

bd(BA)L = | Comir,

1<m<gq

where “4J” denotes the union of sets whose relative interiors are disjoint. On the sets C,, ,,, Ramos
defines a permutation action given by

an: Cm,n — Cm,n

(@1, By Ty oo, Zg) > (B0, Ty oo Ty ooy Tg)

Notice that points in the subsets {z € (B)L : x,, = x,} C C,,, are fixed by this action. Hence
the action is not fixed point free. -

For the proofs, Ramos switches to a piecewise-linear (PL) approximation of the test map that
maps the simplices of a “symmetric” triangulation of (BP)Z into general position with respect to
the origin. See the following definition for these notions. -

Definition 2.27 ( p. 149]). If T'is a pseudomanifold, then we call a map r: ||T'|| — R" piecewise
linear if it is affine on every simplex of T. We call r non-degenerate if given any m-simplex o € T,
any m component functions of r have at most one common zero on ¢ and any common zero lies
in the relative interior of o. We will say that r is NDPL if r is both non-degenerate and piecewise

linear.

The test map or its NDPL approximation is again required to be “equivariant” in some sense.

This is made precise in the following definition.

Definition 2.28 ( p.162]). Given a map r = (r',7"): (B?)L — RP4, where " denotes the
first pg — 1 components of r and r” the last component, we call r symmetric for the zeros in the
boundary if for all 1 <m < n < ¢ and all z € Cy, ,, the following implication holds:

r'(z) =0 implies that 7'(Byn(z)) =0 and "' (z) = r"(Bmn()).
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Lemma 2.29 ( Lem.6.2]). Let r = (r',r"): (BP)L — RPY be a map where r' denotes the
first pg — 1 components and r" the last component. Suppose v is NDPL and symmetric for the
zeros in the boundary. Let r be antipodal in the last component with respect to the q-th ball and
let a = apqq € {0,1} be its antipodality. If P(r',r"; (BP)L) denotes the parity of the number of
zeros of 7 in (BP)L and P(r'; (B?)L™! x BP~1) denotes the parity of the number of zeros of r' in
X;qﬂ ~ (Bp)q{l_x BP~L the “to_p lid” of the boundary of (BP)%, then we have the following
equality:
P(' 7" (BP)L) = a- P(r'; (BY)L ! x BPY).

Example 2.30 (Counterexample to Lem. 6.2]). This example exploits the simple fact that the
permutation action on the coordinates in C,, , has fixed points, a fact that Ramos does not account
for in his proof of Lem.6.2]. Let p=1 and ¢ = 3. Then

(B")L = (BN ={(z,y,2) € R : o < [y| < |2| < 1}.

See Figures and m for a visualization of (B 1)% Define the following sets and color them as
in the Figures:

F:my = {($7ya2> € (Bl):; Pr = y} C C'1,2; “red”
Fy.={(z,y,2) € (Bl)i; cy=2z2}C Cas, “blue”
Fp.={(z,y,2) € (Bl)% cx =2z} C Chg, “green”
Top = {(z,y,2) € (B")2 : 2 =1} C Ca4, “black”
Bot = {(z,y,2) € (B")2 : 2= -1} C C34. “black”

We will now construct a map 7 = (r/,7"): (B')2 — R® that contradicts Lem. 6.2].
(i) Rotate (B')2 by 90° to the right along the y-axis. Now Top and Bot lie in the two parallel
hyperplanes _{x =1} and {z = —1}.
(ii) Rotate (B')2 along the z-axis and translate it such that the z-axis runs through F, ,; and
F, .1 and th; origin lies in the interior of the tetrahedron that has F, , ;1 and Fj .1 as two of
its faces. See Figure [2.1d

The map r’ has a zero in F, , and F), .. By exploiting the fact that the permutation 31 » and S5 3
fix these zeros, we see that the map r = (r/, ") is in fact symmetric for the zeros in the boundary.
Since "' (z,y,—2) = " (x,y,2) = (=1)°"(z,y, 2), the map r is antipodal in the last component
with respect to the third ball with antipodality a = 0. It is easy to check that r is non-degenerate.
Moreover, r has exactly one zero in (Bl)%. Hence

PG, 1" (BY)2) = 1#0=0- P(r'; (BY)Z x B°).
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(a) One view of (B")% (b) Another view of (B')%

4
z

0.0
0.0

(c) The r image of (B')2

Figure 2.1

2.8 Further gaps in the literature

In this section we explain essential gaps in proofs of the main results in the papers of Mani-
Levitska et al. |\ and Zivaljevié .

2.8.1 Gaps in

Mani-Levitska et al. in their 2006 paper studied the Ramos conjecture in the case of two
hyperplanes, kK = 2. One of the main result of this paper Thm. 4] was a criterion under which
for special values of m, in particular for m = 1, one would get A(dm + 1,2) < 6m + 2.

To get this criterion, they used the product configuration space/test map scheme and applied
the equivariant obstruction theory of tom Dieck Sec.I1.3] in order to study the nonexistence
of Dg-equivariant maps S¢ x §¢ —» S(U?j). Indeed, in the beginning of Sec. 2.3.3] the
authors supply details on the equivariant obstruction theory they apply as well as about the first
isomorphism that will be used in the identification of the obstruction element:
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Section 2.3.3] Once a problem is reduced to the question of (non) existence of equivariant
map, one can use some standard topological tools for its solution. For example, one can use
the cohomological index theory for this purpose [14,17,45,47]. This approach is discussed in
Section 4.1. In this paper our main tool is elementary equivariant obstruction theory [13],
refined by some basic equivariant bordism, and group homology calculations.

Suppose that M™ is orientable, n-dimensional, free G-manifold and that V' is a m-dimensional,
real representation of G. Then the first obstruction for the existence of an equivariant map
f: M — S(V), is a cohomology class

we HE (M, mm-1(S(V)))

in the appropriate equivariant cohomology group [13, Section I1.3], where m(S(V)) is seen as
a G-module. The action of G on M induces a G-module structure on the group H,(M,Z) =
7 which is denoted by O. The associated homomorphism 6: G — {—1,+1} is called the
orientation character. Let A be a (left) G-module. The Poincaré duality for equivariant

(co)homology is the following isomorphism [39],

HE(M, A) = HY (M, A® O).

(Boldface added for emphasis.) In Sec. 2.6] they present further isomorphisms that will be used

in the identification of the obstruction element:

Section 2.6] By equivariant Poincaré duality, Section 2.3.3, the dual D(w) of the first
obstruction cohomology class w € H& (M, 7m-15(V)) lies in the equivariant homology group
HS (M, 7m-1S(V) ® Z). If M is (n — m)-connected, then there is an isomorphism [11,
Theorem I1.5.2]

H,,?,m(M, nm,lS(V) ® Z) i anm(Gyﬂ'mfls(V) ® Z)

This allows us to interpret D(w) as an element in the latter group. Moreover, if the coefficient
G-module 7,,-15(V) ® Z is trivial, then the homology group H,—m(G,Z) = H,_n(BG,Z) is
for n —m < 3 isomorphic to the oriented G-bordism group Q,,—m (G) = Qp—m (BG), that is to
the groups based on free, oriented G-manifolds [12].

Our objective is to identify the relevant obstruction classes. Already the algebraically trivial
case Ho(G, M) = Mg, where Mg = Z® M is the group of coinvariants, may be combinatorially
sufficiently interesting. Indeed, the parity count formulas applied in [32], see also [49, Section

14.3], may be seen as an instance of the case Mg =~ 7Z/2.
However, the most interesting examples explored in this paper involve the identification of 1-
dimensional obstruction classes. Since these classes in practice usually arise as the fundamental

classes of zero set manifolds, our first choice will be the bordism group 1(G).

After presenting the method used in the paper for the study of the nonexistence of Dg-
equivariant maps S% x §¢ — S (Use J ) we can point out the gap. For the method to work the action
of the group (in this case Dg) on the manifold (in this case S¢ x S¢) has to be free. The action of Dy
on S% x S% is not free and therefore the method can not be applied to the problem of the nonexis-
tence of Dg-equivariant maps S¢ x S¢ —s S(US7). Consequently, all the claims by Mani-Levitska
et al. derived from the application of this method — namely Thm. 4, Prop. 25, Thm. 33, Cor. 37|

— are not proven.
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Furthermore, we point out that
e the Poincaré duality isomorphism HE(M, A) 2, HE (M, A ® O) stands only with the as-
sumption that M is an oriented compact manifold with a free G-action; a complete proof can
be found in Thm. 1.4],
e the isomorphism HS | (M, A) = H,_,, (G, A) holds for a trivial G-module A when M is an
(n — m)-connected space on which the G-action is free.
Finally, let us mention that already in 1998 Zivaljevi¢ Proof of Prop. 4.9] has given a suggestion
how to deal with the presence of non-free actions in the context of equivariant obstruction theory
applied to the Ramos conjecture: There he studied the nonexistence of a (Z/2 @ Dg)-equivariant
map (5%)2 — S(R?) with non-free action on the domain using relative equivariant obstruction

theory.

2.8.2 A gap in

In his 2015 paper , Zivaljevi¢ studied the Ramos conjecture in the case of two hyperplanes,
k = 2. The main result [86, Thm.2.1] claims that A(4 - 2% 4 1,2) = 6 - 2% + 2. For this claim we
gave a degree-based proof, see Theorem [2.12}

In order to study the nonexistence of Dg-equivariant maps induced by the product configura-
tion scheme S¢ x S¢ — S(Uz@j) Zivaljevié in App. B] introduces an “algebraic equivariant
obstruction theory.” We explain why the proofs for Thms. 2.1 and 2.2] using this obstruction
theory are not complete, as they fail to validate essential preconditions that are not automatically
provided by this theory.

Following App. B], suppose that X is a d-dimensional G-space with admissible filtration
Def. B.3]:

=X ,cXpcX;jC--CX, 1CX,CXy1C--CXg=2X.

Furthermore, let Y be a G-CW-complex with associated filtration by skeleta:
=Y ,cYycYCc---CY,1CY,CY,1C---CY, =Y.

Then, according to Prop. B.6], if we assume that there exists a G-equivariant map f: X — Y,

then there exists a chain map
f* : Hn(Xn7 Xn71§Z) — Hn(Yn; Ynfl;Z)

between the associated augmented chain complexes of Z[G]-modules:

1%} 9, 2}

2 C, Chr 2. 250y Co zZ 0
J/fn-f-l ifn lfn—l ifl lfo l_
2D 2D, %D, 2 9. p,-2-py-2 57 0

where C,, = H,(X,,, X,,—1;Z) and D,, = H,(Y,,,Y,_1;Z) for every n.
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Now Sec. B.3] studies the existence of chain maps between chain complexes of Z[G]-modules.
Prop. B.7] introduces an obstruction theory as follows: For n + 1 < d we are given
e a finite chain complexes of Z[G]-modules C,, = {Cy,}{_ | and D, = {D;}¢__,, with
C.1=D_1=7,and
e a fixed partial chain map F,,_1 = (f])j_71 {Cu}rzt, — (D)2
We further assume that F;,_; can be extended to dimension n, that is, there exists f,: C,, — D,
such that df, = f,—10. Then (B.7)] defines the obstruction to the existence of a partial chain
map as

Fu1 = (f)i22 G — {Dihi2hy,

which extends the partial chain map F,_q, with a possible modification of f,, as an appropriate

element 6 of the cohomology group:

H™(Ca Ho(D.)) = Hyyy (Hom(Co, Ho (D).
The element 6 is represented by the cocycle (B.8)]:

0(f,): Copr -L €, I 2,(D.) = H,(D,).

Now Prop. B.7] states that vanishing of # is not only necessary but also sufficient for the
existence of the extension F), ;1 if C,, and C),41 are projective modules.
The obstruction @ highly depends on the partial chain map F,,_1 = ( fj)?:_il. The first para-
graph of Sec. B.4] comments on this issue as follows:
[86] Section B.4. Heuristics for evaluating the obstruction 6.] In many cases the
chain map F,—1 = (f;)j= ~!,, which in Proposition B.7 serves as an input for calculating the
obstruction 6, is unique up to a chain homotopy. This happens for example when D, is a chain

complex associated to a G-sphere Y of dimension n.

The last sentence is not true: In order to guarantee that the input partial chain map F,,_1 =
(f; )?:1 1 is unique up to a chain homotopy an additional condition on the chain complex C, needs
to be fulfilled, for example that {Cy}7_", is a sequence of projective Z[G]-modules.

The algebraic obstruction theory just described is applied in [86] to the problem of the nonex-
istence of a Dg-equivariant map S x ¢ — S(U?j):

e in Sec. 6] an admissible filtration of S¢ x S? is defined,
e in Sec. 7] the top three levels of the associated chain complex C, of S? x S¢ are described
as projective Z[Dg]-modules,
e in Prop. 9.9] evaluates the obstruction 6 for particular input data Fay o = ( fj)?ifl proving
that it does not vanish.
Since the Dg-action on S x S9 is not free the chain complex C, of Z[Dg]-modules associated to
S x S? is not a chain complex of projective Z[Dg]-modules. Thus different input data Fhq_o =
( fJ)§2:21 need not define the same obstruction § computed in Prop.9.9]. Consequently, no
conclusion about the nonexistence of an extension of Fy; 1, and further of a Dg-equivariant map
59 % §4 — S(UST) can be obtained from the computation of just one obstruction. This exhibits
an essential gap in the proof of the main result Thm. 2.1] as well as a serious deficiency in the

proposed algebraic obstruction theory.
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Chapter 3

A unified approach via relative

equivariant obstruction theory

Abstract

The Griinbaum-Hadwiger-Ramos hyperplane mass partition problem asks for the smallest
dimension do = A(j, k) such that for any j masses in R there are k hyperplanes that cut
each of the masses into 2¥ equal parts. Ramos’ conjecture is that the Avis—Ramos necessary
lower bound condition A(j, k) > j(2% — 1)/k is also sufficient. We develop a join scheme for
this problem, such that for any d > 1 the nonexistence of an Gf—equivariant map between
spheres (S)*™* — S(Wj, © U7) that extends a test map on the subspace of (S?)** where the
hyperoctahedral group Gki acts non-freely, implies that A(j, k) < d. For the sphere (S%)** we
obtain a regular equivariant CW model, whose cells get a combinatorial interpretation with
respect to measures on a modified moment curve. This allows us to apply relative equivariant
obstruction theory successfully, even in the case when the difference of dimensions of the
spheres (S?)** and S(W), @ UZ’) is greater than one. We give a rigorous, unified treatment
of the previously announced cases of the Griitnbaum—-Hadwiger—Ramos problem, as well as a
number of new cases for Ramos’ conjecture.

Publication Remark. The results of this chapter are joint work with Pavle V. M. Blagojevi¢,
Florian Frick, and Giinter M. Ziegler [23].

3.1 Introduction

3.1.1 Griinbaum-Hadwiger—-Ramos hyperplane mass partition problem

Recall the following problem that is due to Griinbaum Sec. 4.(v)], Hadwiger , and
Ramos [68].

The Griinbaum—Hadwiger—Ramos problem. Determine the minimal dimension d = A(j, k)
such that for every collection M of j masses on R? there exists an arrangement H of k affine

hyperplanes in R? that equiparts M.

47
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All available evidence up to now supports the following conjecture, though it has been established
rigorously only in few special cases; see Section for a summary of known results, excluding
the new results presented in this chapter.

The Ramos conjecture. A(j, k) = kaT_lﬂ for every choice of integers 7 > 1 and k > 1.

3.1.2 Product scheme and join scheme

It seems natural to use Yy := (SHF as a configuration space for any k oriented affine hy-
perplanes/halfspaces in R?. Indeed, this was our main approach in Chapter [2| This leads to the

following product scheme: If there is no equivariant map
dyk ®j
(SHE e ST

from the configuration space to the unit sphere in the space U, ,? J of values on the orthants of R that
sum to 0, which is equivariant with respect to the hyperoctahedral (signed permutation) group Gf,
then there is no counter-example for the given parameters, so A(j, k) < d.

However, our critical review in Chapter [2] of the main papers on the Griinbaum—Hadwiger—
Ramos problem since 1998 has shown that this scheme is very hard to handle. Except for the
2006 upper bounds by Mani-Levitska, Vreéica and Zivaljevié \\ derived from a Fadell-Husseini
index calculation, it has produced very few valid results: The group action on (S%)* is not free,
the Fadell-Husseini index is rather large and thus yields weak results, and there is no efficient cell
complex model at hand.

In this chapter, we provide a new unified approach. For this, we use a join scheme, as introduced
by Blagojevié¢ and Ziegler [27], which takes the form

F: (8% —g: SWi o Uy.
Here the domain (S4)** C R(@+1)xF i5 a sphere of dimension dk 4 k — 1, given by
Xag = {( M1, Aexg) 1, .., Tk € Sd, AMyoo s A >0, Ay 4o+ A\ =1},

where we write A\jx1 +- - -+ Az as a short-hand for (A1, ..., Agzk). The co-domain is a sphere of
dimension j(2* — 1) + k — 2. Both domain and co-domain are equipped with canonical Gf—actions.

We observe that the map restricted to the points with non-trivial stabilizer (the “non-free part”)
dyxk ®j
F': X;éC(S ) —et SWraeU.”)

is the same up to homotopy for all test maps. If for any parameters (j, k, d) an equivariant extension
F of F' does not exist, we get that A(j, k) < d.

To decide the existence of this map, or at least obtain necessary criteria, we employ relative
equivariant obstruction theory, as explained by tom Dieck Sect. I1.3]. This approach has the
following aspects:

e The Fox—Neuwirth /Bjorner—Ziegler combinatorial stratification method yields a simple
and efficient cone stratification for the space R(4+1D*% which is equivariant with respect to the

action of 6% on the columns.
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e This yields a small equivariant regular CW complex model for the sphere (S%)** C R(4+Dxk,
for which the the non-free part, given by an arrangement of k2 subspheres of codimension d+1,
is an invariant subcomplex. The cells D? (o) in the complex are given by combinatorial data.

e To evaluate the obstruction cocycle, we use measures on a non-standard (binomial coefficient)
moment curve. For the resulting test map, the relevant cells DIS(U) can be interpreted as k-
tuples of hyperplanes such that some of the hyperplanes have to pass through prescribed points

of the moment curve, or equivalently, they have to bisect some extra masses.

3.1.3 Statement of the main results

The join scheme reduces the Griinbaum-—Hadwiger—Ramos problem to a combinatorial counting
problem that can be solved by hand or by means of a computer: A k-bit Gray code is a k x 2F
binary matrix of all column vectors of length & such that two consecutive vectors differ by only one
bit. Such a k-bit code can be interpreted as a Hamiltonian path in the graph of the k-cube [0, 1]%.
The transition count of a row in a binary matrix A is the number of bit-changes, not counting a bit
change from the last to the first entry. By transition counts of a matrix A we refer to the vector of
the transition counts of the rows of the matrix A. Two binary matrices A and A" are equivalent, if

A can be obtained from A’ by a sequence of permutations of rows and/or inversion of bits in rows.

Definition 3.1. Let d > 1, > 1, £ > 0 and k > 1 be integers such that dk = (2¥ — 1)j + ¢ with
0 </¢<d—1. A binary matrix A of size k x j2F is an (-equiparting matriz if
(a) A= (A1,...,A;) for Gray codes Ay, ..., A; with the property that the last column of A; is
equal to the first column of A; 7 for 1 <14 < j; and
(b) there is one row of the matrix A with the transition count d — ¢, while all other rows have

transition count d.

Example 3.2. If d=5, j =2, /=1 and k = 3, then a possible 1-equiparting matrix is

001 1 0011 11110000
A=(A,A)=(0 0 0 1 1 1 1 0 01100011
01111000 00111001

Here the first row of A has transition count 4 while the other two rows have transition count 5.

Theorem 3.3. Let d > 1, 5 > 1, £ > 0 and k > 2 be integers with the property that dk =
(28 —1)j+¢ and 0 < £ < d—1. The number of non-equivalent {-equiparting matrices is the number
of arrangements of k affine hyperplanes H that equipart a given collection of j disjoint intervals on
a moment curve v in R, up to renumbering and orientation change of hyperplanes in H, when it
18 forced that one of the hyperplanes passes through £ prescribed points on 7y that lie to the left of
the j disjoint intervals.

In some situations this yields a solution for the Griinbaum—Hadwiger—Ramos problem.

. ) . k_q . k_q . .
Theorem 3.4. Let j > 1 and k > 3 be integers with d := [2-25] and ¢ := [225]k— (2" —1)j =
dk — (2% —1)j, which implies 0 < £ < k < d. If the number of non-equivalent (-equiparting matrices
of size k x j2F is odd, then

A, k) = [225].
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Theorem is also true for k = 1 (and thus d = j, ¢ = 0), where it yields the Ham Sandwich
theorem: In this case an equiparting matrix A is a row vector of length 2d and transition count d.
Thus each A; is either (0,1) or (1,0), where A; uniquely determines A4;,;. Hence, up to inversion
of bits, A is unique and so A(d, 1) < d, and consequently A(d, 1) = d.

While the situation for £ = 1 hyperplane is fully understood, we seem to be far from a complete
solution for the case of k = 2 hyperplanes. However, we do obtain the following instances.

Theorem 3.5. Lett > 1 be an integer. Then
(i) A2t —1,2)=3.2t=t 1,
(i) A(2t,2)=3.2!71,
(iii) A28 +1,2) =327t +2.

The statements @ and were already known: Part (fi) is the only case where the lower bound
of Ramos and the upper bound of Mani-Levitska, Vreéica, and Zivaljevié Thm. 39] coincide.
Part is Hadwiger’s result for t = 1; the general case was previously claimed by Mani-
Levitska et al. Prop. 25]. However, the proof of the result was incorrect and not recoverable,
as explained in Section [2.8.1] Here we recover this result by a different method of proof. Similarly,
statement was claimed by Zivaljevi¢ Thm. 2.1] with a flawed proof; for an explanation of
the gap see Section We gave a proof of via degrees of equivariant maps in Section
Here we will prove all three cases of Theorem in a uniform way.

In the case of £ = 3 hyperplanes we prove using Theorem the following instances of the

Ramos conjecture.

Theorem 3.6.
(i) A(2,3) =5,
(ii) A(4,3) = 10.

Statement (ji) was previously claimed by Ramos Sec. 6.1]. A gap in the method that Ramos
developed and used to get this result was explained in Section 2.7] It is also claimed by Vredica
and Zivaljevi¢ in the recent preprint without a proof for the crucial Prop. 3].

The reduction result of Hadwiger and Ramos A(j, k) < A(2j,k — 1) applied to Theorem
implies the following consequences. For details on reduction results see Section [2.3

Corollary 3.7.
(i) 4 < A(1,4) <5,
(ii) 8 < A(2,4) < 10.

Note that A(1,4) is the open case of Griinbaum’s original conjecture.

3.2 The join configuration space test map scheme

In this section we develop the join configuration test map scheme that was introduced in |30
Sec.2.1]. A sufficient condition for A(j, k) < d will be phrased in terms of the nonexistence of a
particular equivariant map between representation spheres.
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3.2.1 Arrangements of k£ hyperplanes

Let H = {x € R?: (z,v) = a} be an affine hyperplane determined by a vector v € R?\{0} and
a constant a € R. The hyperplane H determines two (closed) halfspaces

H° = {z eR?: (z,0) > a} and H' = {z e R?: (z,0) < a}.

Let H = (Hy, ..., Hy) be an arrangement of k affine hyperplanes in R%, and let a = (o, ..., ax)
be an element of (Z/2)*. The orthant determined by the arrangement H and o € (Z/2)" is the
intersection

O = A (- HE* .

Let M = (1, ...,1;) be a collection of finite Borel probability measures on R? such that the
measure of each hyperplane is zero. Such measures will be called masses. The assumptions about

the measures guarantee that uz(ﬁg) depends continuously on H 0.

An arrangement of affine hyperplanes H = (ﬁl, e ,ﬁk) equiparts the collection of masses
M = (1, ..., py) if for every element o € (Z/2)* and every ¢ € {1,...,j}

e(OM) = 5.

3.2.2 The configuration spaces

The space of all oriented affine hyperplanes (or closed affine halfspaces) in R? can be parametrized
by the sphere S¢, where the north pole egzy1 and the south pole —eq ; represent hyperplanes at
infinity. An oriented affine hyperplane in R? at infinity is the set R? or (), depending on the orien-
tation. Indeed, embed R? into R4*! via the map (&1, ...,&7)" — (1,&1,...,&q)". Then an oriented
affine hyperplane H in R? defines an oriented affine (d — 1)-dimensional subspace of R4t that
extends (uniquely) to an oriented linear hyperplane H in R%*!. The outer unit normal vector that
determines the oriented linear hyperplane is a point on the sphere S<.

We consider the following configuration spaces that parametrize arrangements of k oriented
affine hyperplanes in R?:

(1) The join configuration space: Xgy, = (S%)*F = S(REFD*F),

(2) The product configuration space: Yy = (S4)F.
The elements of the join X, can be presented as formal convex combinations Ajvq + - - + Agvg,
where \; >0, Y. \; =1 and v; € S9.

3.2.3 The group actions

The space of all ordered k-tuples of oriented affine hyperplanes in R¢ has natural symmetries:
Fach hyperplane can change orientation and the hyperplanes can be permuted. Thus the group
Gi := (Z/2)" x &} encodes the symmetries of both configuration spaces.

The group Gki acts on X, as follows. Each copy of Z/2 acts antipodally on the appropriate
sphere S in the join while the symmetric group &;, acts by permuting factors in the join product.
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More precisely, for ((51,...,08k) X ) € Gf and A\jvq + -+ + Aok € Xg i the action is given by

((Bio- s Be) ¥ 7) - (Avr + -+ Mevi) = Aoy (D2 000y 4+ 4 Ara g (1) PR o1 g

The product space Yy 1 is a subspace of the join Xy, via the diagonal embedding

1 1
Yir — Xak, (v1,... ,Uk) — %1}1 et Evk'

The product Yy, is an invariant subspace of X4 ; with respect to the Gf—aetion and consequently
inherits the Gf—action from Xg4 . For k > 2, the action of Gf is not free on either Xy or Yy 1.

The sets of points in the configuration spaces X4, and Yy, that have non-trivial stabilizer with

respect to the action of Gf can be described as follows:

X;,i:{/\lv1+~~+)\kvk:)\1~')\k:0, or Ay = A, and vy = £w, for some 1 < s <r < k},

and
Yd?kl = {(v1,..., k) : s = Fv, for some 1 < s <r < k}.

3.2.4 Test spaces

k, where the group element ((51,...,0,) X 7) € Gf acts on a

k
vector (Y(ay,....an)) (ar,....an)e(Z/2)k € R(Z/2)

Consider the vector space R(%/2)

by acting on its indices as

((617' . 7/6k) X T) : (061,. .. ,Ckk;) = (/61 + aT71(1)7 cee 76/47 +a‘r*1(k))~ (31)

The subspace of R(%/ 2" defined by

k
Uy = {(ya)ae(Z/2)k € R(Z/2) : Z Yo = 0}
ac(Z/2)k

is Gf—invariant and therefore an Gf—subrepresentation.

Next we consider the vector space R* and its subspace

k
Wy, = {(zl,...,zk) GRk:;Z’iZO}.

The group 6? acts on R¥ by permuting coordinates, that is, for ((B1,...,0r) ¥ 7) € Gki and

(21,...,2) € RF we have

((,817. .. »Bk) X T) : (Zl7~ .. >Zk) = (ZT—I(l),. . .,ZT—I(k)). (32)

In particular, the subgroup (Z/2)F of & acts trivially on R¥. The subspace Wy C RF is &F-

invariant and consequently a Gf—subrepresentation.
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3.2.5 Test maps

The product test map associated to the collection of j masses M = (p1,...,u;) from the

configuration space Yy, to the test space U,?j is defined by

o
dm: Yar — U7,

(’Ul7 S ,’Uk) — ((ui(HS‘ll N---N Hsé:) - %)(al’”"ak)e(z/z)k)iE{l,...,j}.

In this chapter we mostly work with the join configuration space Xg . The corresponding join
test map associated to a collection of j masses M = (1, ..., ;) maps the configuration space X
into the related test space Wy, & U,iej . It is defined by

(VR Xgp — Wr @ U,
)\1v1+--~+)\kvk'—>(/\1—%7...,)\;6—%)@(Al---)\k)-qSM(vl,...,vk).

Both maps ¢ and 1 are Gf—equivariant with respect to the actions defined in Sections
and Let S(UZ) and S(Wy @ UZ?) denote the unit spheres in the vector spaces U’ and
Wi & U, ,?j , respectively. The maps ¢ and ¥ are called test maps since we have the following

criterion, which reduces finding an equipartition to finding zeros of the test map.

Proposition 3.8. Let d > 1, k> 1, and j > 1 be integers.
(i) Let M be a collection of j masses on R, and let

o Yar — UP and hpg: Xagp — We @ U

be the Gf-equivam'ant maps defined above. If 0 € im¢prq, or 0 € imprq, then there is an
arrangement of k affine hyperplanes that equiparts M.
(ii) If there is no Gf—equivam’ant map of either type

Yd,k—>S(U]SBj) or Xd)kHS(Wk@Ul?j),

then A(j, k) <d.

It is worth pointing out that 0 € im ¢ if and only if 0 € im, while the existence of an
Gki-equivariant map Ygr — S (U,?j ) implies the existence of a Gf—equivariant map Xgqp —
S(Wi @ UZ?) but not vice versa.

The homotopy class of the restrictions of the test maps ¢ and 1o on the set of points with
non-trivial stabilizer (as maps avoiding the origin) is independent of the choice of the masses M,

by the following proposition.
Proposition 3.9. Let M and M’ be collections of j > 1 masses in R%. Then

(i) 0 ¢ imorlyz1 and 0 ¢ imag]y>1,

(ii) ¢M|Yd>,kl and ¢M/|Yd>,$ are Gf—homotopic as maps Yd?kl — U,?j\{()}, and

+ . ®j

(iii) wM|Xd>Jl€ and lelxii are &3, -homotopic as maps Xd>7i — (W, @ U,7)\{0}.
Proof. If (v1,...,0%) € Ydfkl, then vy, = 4w, for some 1 < s < r < k. Consequently, the
corresponding hyperplanes H,, and H,; coincide, possibly with opposite orientations. Thus some
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of the orthants associated to the collection of hyperplanes (H,,, ..., H,, ) are empty. Consequently,
Proposition implies that 0 ¢ im ¢M|Yd>,kl‘

In the case where \jvq + -+ 4+ A\pvi € X;,i the additional case Ay = 0 for some 1 < s < k may

occur. If Ay = 0, then the s-th coordinate of ¥(Ajv1 + -+ A\pvg) € Wi ® U,?j is equal to —%, and
hence 0 ¢ imqu|X;i.
1) The equivariant homotopy between ¢ M‘Yd%; and ¢ M/|Yd>,kl- is just the linear homotopy in U,iej .
For this the linear homotopy should not have zeros; compare to Corollary It suffices to prove
that for each point (vy,...,v;) € Yd?kl, the points ¢q(v1,...,vg) and dap (v, ..., v) belong to
some affine subspace of the test space that is not linear.

First observe that R(*/ 2)k7 considered as a real (Z/2)" representation, is the real regular repre-
sentation of (Z/2)* and therefore it decomposes into the direct sum of all real irreducible represen-
tations. For this we use the fact that all real irreducible representations of (Z/2)* are 1-dimensional.
The subspace Uy, seen as a real (Z/2)* subrepresentation of (Z/2)* decomposes as follows:

U= P Ve (3.3)
aE(z/2)"\{0}

Here V, is the 1-dimensional real representation of (Z/2)* determined by 8-v = —v for x € V,
if and only if a- 8 := Y. a,f, = 1 € Z/2, for B € (Z/2). The isomorphism (3.3) is given by the
direct sum of the projections m,: Uy — Vo, a € (Z/2)F\{0},

(Yp)pe@/mgoy — D Ys— > Us-
a-f=1 a-5=0

Now let vy = 4v,. Consider a € (Z/2)* given by ay = 1 = . and ay = 0 for £ ¢ {s,7}, and
the corresponding projection 7&7: U/ —; V&7, Then

7850 ppq(v1, .. 08) = T 0 Pagr (Ve .. 0p) = (1,0, £1).
1| Likewise, the linear homotopy between /| xz1 and Py | xz1 is equivariant and avoids zero.
Let AMqvi + -+ M\pog € Xd>li' IFA:=X1-- X #0, Ay = A\, and vy = Fv,., then
(78T omor)(Avr + -+ Mor) = (7T omohpe ) Mvr + - 4 Mpvp) = (£, ..., EN),

where 1: Wy @U,?j — U,?j is the projection. Finally, in the case when Ay = 0 for some 1 < s < k,
Uap (Ao 4 - 4+ Apvg) and Y (Aqvr + -+ - + Agog) after projection to the sth coordinate of the
subrepresentation Wy, are equal to —%. O

Denote the radial projections by
p: UPN\{0} — S(UF)  and  v: (W), @ UP)\{0} — S(W,, & UH).

Note that p and v are Gf—equivariant maps. Now the criterion stated in Proposition can
be strengthened as follows.
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Theorem 3.10. Letd > 1, k > 1 and j > 1 be integers and let M be a collection of j masses
in R?. We have the following two criteria:

(i) If there is no Gf—equivariant map
Yd,k — S(U]?j)

whose restriction to Yd?kl is Gf—homotopic to po d)M\Y;kl, then A(j, k) < d.

(ii) If there is no Gf—equivariant map
Xd,k — S(Wk (&) UEBJ)

whose restriction to X;,i 18 Gf—homotopic tovo 1/)M|Xd>)1€, then A(j, k) < d.

3.3 Applying relative equivariant obstruction theory

In order to prove Theorems and [3.6| via Theorem ii), we study the existence of an
Gki—equivariant map
Xap — S(Wi, & UZY), (3.4)

whose restriction to Xd>,i is Sf—homotopic tovo ¢M|Xd>i for some fixed collection M of j masses
in R, If we prove that such a map cannot exist, Theorems and follow.

Denote by
N1 = (d—Fl)]{—l

the dimension of the sphere Xy 5 = (S%)**, and by
Ny:=(2F —1)j+k—2
the dimension of the sphere S(Wj ¢ U,iej). If N1 < N, then
dim Xq 5 = Ny < conn(S(Wy @ U7)) +1 = Na.

Consequently, all obstructions to the existence of an Gf—equivariant map vanish and so the
map exists. Here conn(-) denotes the connectivity of a space.

Therefore, we assume that Ny > Ny, which is equivalent to the Ramos lower bound d > % 7.
Furthermore, the following prerequisites for applying equivariant obstruction theory are satisfied:

e The Nj-sphere X, can be given the structure of a relative Gf—CW complex X := (X4, X;,i)
with a free Gf—action on Xd,k\de,i: In Section we construct an explicit relative Gf—CW
complex that models Xg .

e The sphere S(WkQBUEBj) is path connected and Ns-simple, except in the trivial case of k = j =1
when Ny = 0. Indeed, the group m (S(Wy, @ U,?j)) is abelian for No = 1 and trivial for Ny > 1
and therefore its action on 7, (S(Wy, ® UZ)) is trivial.

e The Gf—equivariant map h: Xd>,,i — SWir® U,?j) given by the composition h := V0¢M\X;i,
for a fixed collection of j masses M, serves as the base map for extension.

Since the sphere S(Wj @ U,?j) is (N2 — 1)-connected, the map h can be extended to a G-
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equivariant map from the Nj-skeleton X(N2) — S(W), @ U,gBj ). A necessary criterion for the
existence of the Gf—equivariant map extending h is that the Gf—equivariant map h = vo
wM|Xd>.i can be extended to a map from the (N + 1)-skeleton X(M2+1) — S(W,, @ U).

Given the above hypotheses, we can apply relative equivariant obstruction theory, as presented
by tom Dieck Sec. I1.3], to decide the existence of such an extension.

If g is an equivariant extension of h to the Ny-skeleton X (N2) | then the obstruction to extending
g to the (Ny + 1)-skeleton is encoded by the equivariant cocycle

0(9) € CoE (Xup, XT3 s v, (S(Wi © URY))).

The & -equivariant map g: X(M2) — S(W, @ UZY) extends to X V241 if and only if o(g) = 0.
Furthermore, the cohomology class

[0(9)} € Hgii+1 (Xd,ka Xd%]i 5 TNy (S(Wk S U]?7))>>

vanishes if and only if the restriction g|y v, 1) to the (Ny — 1)-skeleton can be extended to the
(N3 + 1)-skeleton X V241 Any two extensions g and g’ of h to the Nj-skeleton are equivariantly
homotopic on the (N3 — 1)-skeleton and therefore the cohomology classes coincide: [0(g)] = [0(g")].
Hence it suffices to compute the cohomology class [0(r o] x v, )] for a fixed collection of j masses
M with the property that 0 ¢ im(¢aq| x (v )-

Let f be the attaching map for an (Ny + 1)-cell 6 and e its corresponding basis element in the
cellular chain group Cn,41(Xa k. Xd>),i). Then

o(v o hmlxwva)(e) = [V oo flag]
is the homotopy class of the map represented by the composition

Vo aml 4 (V)

80] f|89 X(N2)

S(Wi @ U).

Since 96 and S(Wy, @U,?j) are spheres of the same dimension Na, the homotopy class [vo1 a0 f|ag]
is determined by the degree of the map v o 1rq 0 f|gg. Here we assume that the Gf—CW structure
on Xy i is endowed with cell orientations, and in addition an orientation on the sphere S(W, & U, l?j )
is fixed in advance. Therefore, the degree of the map v o g o f|ap is well-defined.

Let o := g 0 flog. In order to compute the degree of the map v o @ and consequently the
obstruction cocycle evaluated at e, fix the collection of measures as follows. Let M be the collection

of masses (I1,..., ;) where I, is the mass concentrated on the segment ((t},¢2)) of the moment
curve in R?
(1) =t () () ()
such that
(<t <t <ty <ty<---<tj<t}
for an integer ¢, 0 < ¢ < d — 1. The intervals (I1,...,I;) determined by numbers t! < 2 can be

chosen in such a way that 0 ¢ im(¢)a(|yxvs)). For every concrete situation in Section [3.5] this is
verified directly.
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Now consider the following commutative diagram:

Yl (Vo)

09 2120 x(N2) Wi ® USI\ {0} —> S(Wy & US)

|, |

9 4,6) (N2 1) Yl (No+1) W, @ U,?j

where the vertical arrows are inclusions, and the composition of the lower horizontal maps is denoted
by B := Y| xvetn) © f. Furthermore, let B.(0) be a ball with center 0 in W}, ® U,iej of sufficiently
small radius £ > 0. Set 6 := §\31(B.(0)). Since dim6 = dim W}, & U]?j we can assume that the
set of zeros 371(0) C relint 6 is finite, say of cardinality » > 0. Again, in every calculation presented
in Section [3.5] this assumption is explicitly verified. The function S is a restriction of the test map
and therefore the points in B71(0) correspond to arrangements of k hyperplanes H in relint 6 that
equipart M. Moreover, the facts that the measures are intervals on a moment curve and that each
hyperplane of the arrangement from 371(0) cuts the moment curve in d distinct points imply that
each zero in 371(0) is isolated and transversal. The boundary of 0 consists of the boundary 06 and r
disjoint copies of No-spheres 51, ..., .S, one for each zero of 5 on 6. Consequently, the fundamental
class of @6 is equal to the sum of fundamental classes $7[S;] in Hy, (6;Z). Here the fundamental
class of 96 is determined by the cell orientation inherited from the Gf—CW structure on Xy ;. The
fundamental classes of [S;] are determined in such a way that the equality [00] = >_[S;] holds. Thus

Y (o Blp)(ISi]) = (v o Bl5).(106]) = (v 0 a).([90]) = deg(v o ) - [S(Wy, & U )].

Recall, we have fixed the orientation on the sphere S(W} @ U, ,?j ) and so the fundamental class
[S(Wi @ UP?)] is also completely determined. On the other hand,

> (o Bls,)o(18]) = (D deg(v o Bls)) - [SWe @ UF)].

Hence deg(v o a) = > deg(v o |s,) where the sum ranges over all arrangements of &k hyperplanes
‘H in relint € that equipart M; consult Prop.IV.4.5]. In other words,

o(vom|xivg )(€) = [voa o flag] = deg(voa)-¢ = Zdeg(uoﬂsi) e (3.5)

where ¢ € Ty, (S(W, & U ,?j )) = Z is a generator, and the sum ranges over all arrangements of k

hyperplanes H in relint  that equipart M.

If in addition we assume that all local degrees deg(v o B|s,) are £1 and that the number
of arrangements of k hyperplanes H in relint § that equipart M is odd, then we conclude that
0(v o xve)(e) # 0. Tt will turn out that in many situations this information implies that the
cohomology class [0(v o ¥aq)] is not zero, and consequently the related Gf—equivariant map
does not exist, concluding the proof of corresponding Theorems and
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3.4 A regular cell complex model for the join configuration

space

In this section, motivated by methods used in and , we construct a regular Gf-CW
model for the join configuration space Xqx = (59)** = §(R*TI*F) such that X7} is a Gi-CW
subcomplex. Consequently, (Xd,k,X;i) has the structure of a relative Gf—CW complex. For
simplicity the cell complex we construct is denoted by X = (Xg, X, d> i) as well. The cell model is
obtained in two steps:

(1) the vector space R(d+1)xk

is decomposed into a union of disjoint relatively open cones (each
containing the origin in its closure) on which the Gf—action operates linearly permuting the
cones, and then

(2) the open cells of a regular Gf—CW model are obtained as intersections of these relatively open
cones with the unit sphere S(R(4+1)xF),
The explicit relative Gf—CW complex we construct here is an essential object needed for the

study of the existence of Gf—equivariant maps Xgr — S(Wy & U ,?j ) via the relative equivariant

obstruction theory of tom Dieck Sec. IL.3].

3.4.1 Stratifications by cones associated to an arrangement

The first step in the construction of the Gf—CW model is an appropriate stratification of the

(d+1)><k'

ambient space R First we introduce the notion of the stratification of a Euclidean space

and collect some relevant properties.

Definition 3.11. Let A be an arrangement of linear subspaces in a Euclidean space E. A strat-
ification of E (by cones) associated to A is a finite collection C of subsets of F that satisfies the
following properties:

(i) C consists of finitely many non-empty relatively open polyhedral cones in E.

(ii) C is a partition of E, that is, £ = [ts e C.

(iii) The closure C of every cone C' € C is a union of cones in C.

(iv) Every subspace A € A is a union of cones in C.

An element of the family C is called a stratum.

Example 3.12. Let F be a Euclidean space of dimension d, let L be a linear subspace of codi-
mension r, where r is an integer with 1 <r < d, and let A be the arrangement {L}. Choose a flag

that terminates at L, that is, fix a sequence of linear subspaces in F
E=LO>1M 5.5 =p, (3.6)

so that dim L(¥) = d—i. The family C associated to the flag (3.6) consists of L and of the connected

components of the successive complements
L(O)\L(l), L(l)\L(Q), o 7L(T"—l)\L(T)_

A L® is a hyperplane in LG~ each of the complements L(*~Y\ L() has two connected components.

This indeed yields a stratification by cones for the arrangement A in E.
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Definition 3.13. Let (A;, As,...,A,) be a collection of arrangements of linear subspaces in the
Euclidean space E and let (C1,Cs...,C,) be the associated collection of stratifications of E by
cones. The common refinement of the stratifications is the family

C={CinCyn---NC, #0:C; €C; for all i}.

In order to verify that the common refinement of stratifications is again a stratification, we use

the following elementary lemma.

Lemma 3.14. Let Ay, ..., A, be relatively open convex sets in E that have non-empty intersection,
A1N---NA, #0. Then the following relation holds for the closures:

Ain---NA,=4N---NA,.

Proof. The inclusion “C” follows directly. For the opposite inclusion take z € A;N---NA,,. Choose
apoint y € Ay N---N A, # 0 and consider the line segment (z,y] := {Az+ (1 — Ny :0 <\ <1}
As each A; is relatively open, the segment (z,y| is contained in each of the A; and consequently it

is contained in A; N---NA,. Thus we obtain a sequence in this intersection converging to z, which

implies that x € A1 N---NA,. O
Proposition 3.15. Given stratifications by cones C1,Cs . ..,C, associated to linear subspace ar-
rangements A1, Aa, ..., Ay, their common refinement is a stratification by cones associated to the

subspace arrangement A := A3 U---UA,.

Proof. Properties (i) and of Deﬁnitionfollow immediately from the definition of the common
refinement. To verify property , observe that a subspace A; € A; is a union of strata from C;,
say Ay = |, Us,s where Uy s € C;. Hence taking the union of intersections C1 N---NU;sN---NCy
for all C; € C; where i # t, and all U, 5 gives A;. Property follows from Lemma O

Example 3.16. Let E be a Euclidean space of dimension d and let A = {Ly,..., Ls} be an arrange-
ment of linear subspaces of F. As in Example for each of the subspaces L; in the arrangement
A fix a flag LZ(-S) and form the corresponding stratifications Cy,...,Cs. The common refinement of

stratifications Cy, ..., C, is a stratification by cones associated to the subspace arrangement A.

An arrangement of linear subspaces is essential if the intersection of the subspaces in the ar-

rangement is {0}.

Proposition 3.17. The intersection of a stratification C of E by cones associated to an essential

linear subspace arrangement with the sphere S(E) gives a reqular CW-complex.

Proof. The elements C' € C are relative open polyhedral cones. As {0} is a stratum by itself, none
of the strata contains a line through the origin. Thus C'N S(F) is an open cell, whose closure
CNS(E) is a finite union of cells of the form C’ N S(E), so we get a regular CW complex. O

3.4.2 A stratification of R(@t1)xk

Now we introduce the stratification of R(+1*F that will give us a GF-CW model for Xgj..

One version of it, C, arises from the construction in the previous section. However, we also give
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combinatorial descriptions of relatively-open convex cones in the stratification C” directly, for which
the action of Gf is evident. We then verify that C and C’ coincide.

Stratification

Let elements z € REUTDXF be written as « = (21,...,2;) where x; = (T¢,4)te[d+1) s the i-th

column of the matrix x. Consider the arrangement A consisting of the following subspaces:

L, = {(ml,...,xk)ER(d+1)Xk:xT:O}, 1<r<k
L}, {(x1,...,xp) e REFDXE g0 =0}, 1<r<s<k

L, {(xl,...,xk)GR(d+1)Xk:xr+xs:0}, 1<r<s<k.

With each subspace we associate a flag:
(i) With L, = {z, = 0} we associate

ROFDAE S (1 = 0} 5 {ary = @20 = 0} D -+ D {a1p = 2,0 = -+ = Tasre = O},
(i) With L}, = {z, — x, = 0} we associate

R(dJrl)Xk D) {xlﬂ. —T1,s = 0} D) {.131,7- —T1s = Ty — T2 = 0} DR

{ml,r —T1s = T2 —T2s = " = Td4+1,r — Ld41l,s — O}a

(iii) L, s = {z, + 25 = 0} we associate

R(dJrl)Xk ») {xl,r +Z1,3 — ()} D) {xlﬂ" —+ T1,s = T2,r + €25 = 0} DEEEED)

{$1,r +T1s =X2p +Tos =" =Tgrir + Tatr1,s = 0}.

The construction from Example shows how every subspace in A leads to a stratification by
cones of R(+1)xk  The stratifications associated to the subspaces L., L}, L, are denoted by
CT? C:Sa C;S,

stratification by cones C of R(

respectively. Now, if we apply Example to this concrete situation we obtain the
d+1)xk associated to the subspace arrangement A. This means that
each stratum of C is a non-empty intersection of strata from the stratifications C,,C7,,C-, where

r,87r,s
1<r<s<k.

Partition

Let us fix:
e a permutation o := (01,09,...,0,) = (0102 ...0) € Ok, 0: t — 0y,
e a collection of signs S := (sy,...,s;) € {+1,—1}F, and
o integers I := (i1,...,ix) € {1,...,d+2}*.

(d+1)xk

Furthermore, define o to be the origin in R , 00 =0 and sy = 1. Define

C}S(O') = Csl"”’-sk(dl,ag, R ,O'k) - R(d+1)><k

11,eylk

to be the set of all points (1, ..., xy) € REFTDXF 00— (2, ... way14), such that for each integer ¢
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with 1 <t <k,
o if1<i4 <d+1,then s4—124,.0, , < $1Ti, 0, With s,_124/ o, |, = St24r 5, for every i’ < iy,
o ifiy=d+2,then s;, v, , = $i,%0,-
Any triple (o]1]S) € &5 x {1,...,d+2}F x {+1, —1}¥ is called a symbol. In the notation of symbols
we abbreviate signs {+1, —1} by {+, —}. The defining set of “inequalities” for the stratum C7 (o)
is briefly denoted by:

CIS (U) = Cisll,i‘....,’iik (Olv 02, .- ’Uk)

d+1)xk
{(x1,...,21) € RHD*E . <iy S1Toy iy S2Toy <ig * o <ip SkToy b

where y <; v/, for 1 < i < d+ 1, means that y and 3y’ agree in the first i — 1 coordinates and at
the i-th coordinate y; < %.. The inequality y <g42 ¥’ denotes that y = 3'. Each set C7 () is the
relative interior of a polyhedral cone in (R%T1)* of codimension (i; — 1) + - -- + (i) — 1), that is,

dim Cfll”.::"-sk (0'1, 09,... ,O'k) = (d + 2)k’ — (il + -+ ’ik).

sk

Let C’ denote the family of strata C7 (o) defined by all symbols, that is,
C' ={C%(0): (a|I|S) € &) x {1,...,d+2}" x {+1,—-1}"}.
Different symbols can define the same set, and
CP(@)NCP (0) #0 <= CF(0) = Cf (o).

In order to verify that the family C’ is a partition of R(4TD** it remains to prove that it is a

covering.
Lemma 3.18. |JC' = R(@+1)xk,

Proof. Let (z1,...,z;) € REUTD*k First choose signs 71,...,7 € {+1,—1} so that the vectors
r1T1,. .., TRTE are greater or equal to 0 € RHDXF with respect to the lexicographic order, that is,
the first non-zero coordinate of each of the vectors r;x; is greater than zero. The choice of signs is

not unique if one of the vectors x; is zero. Next, record a permutation o € &, such that
0 <lex To1 Loy <lex Toy Loy <lez " <lex Tor Loy

where <., denotes the lexicographic order. The permutation o is not unique if r;z; = ra; for
some ¢ # t. Define s; := r,,. Finally, collect coordinates i; where vectors s;_1z,, , and s;x,, first
differ, or put 4, = d + 2 if they coincide. Thus (z1,...,21) € G} ¥ (01,09,...,0k). O
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Example 3.19. Let d = 0 and k& = 2. Then the plane R? is decomposed into the following cones.

There are 8 open cones of dimension 2:

C’fff(l?) = {(z1,22) €R?:0 < 21 < 22},
Cii+(12) = {(z1,22) €R?:0 < —z1 < 22},
C'f:i_(12) = {(z1,22) € R?: 0 < 21 < —x2},
Cri (12) {(z1,22) ER?: 0 < —11 < —22},
Cff’l+(21) = {(z1,22) €R?:0 < 29 < 11},
01_,1+(21) = {(z1,22) €R*: 0 < —23 <11},
Cffi_(Ql) = {(z1,22) €R?:0 < 29 < —11},
Cri (21) {(z1,22) ER?: 0 < —3 < —71}.

Furthermore, there are 8 cones of dimension 1:

Cist(12) Cist(21) {(z1,22) €ER?:0 < 21 = 20},
C;’2+(12) = C{t{(ﬂ) = {(z1,22) €R?:0 < —21 = 22},
Cry(12) = C37(21) = {(z1,22) €R?:0 <z = —a5},
C’i’{(12) = C’;{(Ql) = {(x1,72) €ER?:0 < —x1 = —12},
Cii7(12) = C317(12) = {(w1,22) ER?: 0= < a2},
Cii(12) = G517 (12) = {(z1,22) ER?: 0 =1 < —m2},
C;:’1+(21) = 02_71+(21) = {(z1,22) €ER?:0 =129 < 21},
Cai (21) = Cyi (21) = {(z1,22) €ER?: 0 =25 < —m1}.

The origin in R? is given by C’; f(l?) = C’;féi(ﬂ). The example illustrates a property of our
decomposition of R4+ *k: There is a surjection from symbols to cones that is not a bijection, that
is, different symbols can define the same cones.

C;j(lz) Crir(12)

Cri (21) 1(21)
> T1
Cii Crit(21)

Cri (12) C{fi‘(w)

Figure 3.1: Illustration of the stratification in Example
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Example 3.20. Let d = 2 and k£ = 4. The stratum associated to the symbol (2143|2,3,1,4| +
1,—1,+1,—1) can be described explicitly as follows.

11 Ti12 T1,3 T14 0 = T2 = —x11 < T4 = —2T13
3\4 . _ _

To1 T2 T23 Ta4 cR)": 0 < mmp = -z, To4 = —XT23

31 X32 X33 T34 T32 < —T31 r34 = —I33

In particular,
Cylsy ™ (2143) = O3 vy (2134).

C and C’ coincide

We proved that C is a stratification by cones of R(4+1)** “and that C’ is a partition of R(@+1)xk,
Since both C and C’ are partitions it suffices to prove that for every symbol (o]I]S) contained in
Sk x {1,...,d+2}* x {+1,—1}* the cone C7(c) € C’ also belongs to C.

Consider the cone C? (o) in C'. Tt is determined by

C?(o) = Gl (o1, 09, 0)

d+1)xk
{(z1,...,2) € R(HDxE . <iy $1Toy iy S2Toy <ig +* <ip SkTo b

The defining inequalities for C7 (o) imply that (z1,...,xx) € C7 (o) if and only if

® 0 <minfiy,....ia} Saa for 1 <a <k, and
® SaZa <minf{iagr,..,is} SbTb for 1 <a<b<k,

if and only if
e (x1,...,x) belongs to the appropriate one of two strata in the complement

La(min{il,...,ia}fl) \ La(min{il,...,ia}72)

of the stratification C, depending on the sign s, where 1 < a < k, and
e (x1,...,x) belongs to the appropriate one of two strata in the complement

sasb(min{iﬂr+1v"'7ib}71) SaSb
La,b \Lmb (min{igi1,..0ip}—2)
of the stratification C;%* depending on the sign of the product sqs;, where 1 < a < b < k. The

SaSb
ab

product s,sp, appearing in the “exponent notation” of L is either “4” when the product

43 R

SqSp = 1, or “—” when s,8, = —1.
Here we use the notation of Examples and

Thus we have proved that C7 (o) € C and consequently C = C'.
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3.4.3 The 6f-CW model for X,

The action of the group 6% on the space R(TD** induces an action on the family of strata C

by as follows:

m-Ci(o) = CF(no), (3.7)
Et C}S(U) = &t Cisll”_:;’iskk (01,0'2,...,O'k)
- C;l,’......,’i:s“m7Sk (01? 02y .- 7Uk)7 (38)
where 7 € &}, and €1, ..., are the canonical generators of the subgroup (Z/2)* of Gf.

The Gf—CW complex that models X5 = S(R(4H+1)xk) ig obtained by intersecting each stratum
C? (o) with the unit sphere S(R(@+1D>*k) " Each stratum is a relatively open cone that does not

contain a line. Therefore the intersection

DIS(O') = D%t ,Sk(gl,o'g,...,gk) — 51 Sk(0'170'2,...,0'k)mS(R(d+1)Xk)

U1yeenslk U150k

is an open cell of dimension (d + 2)k — (iy + --- +ix) — 1. The action of & is induced by ([3.7)
and (3.8]):

7 Di(0) = Di(ro), (3.9)
€+ Dls(a) = & fof: (01,02,...,0k)
D;?‘ll’y:.-.-:i;st7-"as7€ (0-1’ T2, ... 70']{)). (310)

Thus we have obtained a regular Gki—CW model for Xy . In particular, the action of the group

(d+1)xk

Gf on the space R induces a cellular action on the model.

Theorem 3.21. Let d > 1 and k > 1 be integers and let Ny = (d + 1)k — 1. The family of cells
{D7(0): (o|I|S) # (ald+2,...,d+2|9)}

forms a finite regular Ni-dimensional Gf—CW compler X = (Xd,kaXd%]i) that models the join
configuration space Xq = S(REUFVXF) It has

e one full Gf—orbit in mazimal dimension Ny, and

o L full (‘Sf-orbits in dimension N1 — 1.

The (cellular) Gf-action on Xq 1 is given by and . Furthermore the collection of cells

{D{(0) :is =d+2 for some 1< s <k}
5 a 6?—CW subcomplex and models X;y,i.

Example 3.22. Let d,j > 1 and k > 2 be integers with dk = (2% — 1)j + £ for an integer ¢ with
0 < ¢ <d-1. Consider the cell 8 := Dai’fi;:'_ﬂ(l,z?), ..., k) of dimension Ny — ¢ = Ny + 1 in

X, It is determined by the following inequalities:

0<p41 21 <122 <1+ <1 Tg-
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For the process of determining the boundary of 6, depending on value of ¢, we distinguish the

following cases.

(1) Let £ =0. Then 6 := Df’lﬁ’i’.;i"*‘(l, 2,3,...,k). The cells of codimension 1 in the boundary of

(2)

0 are obtained by introducing one of the following extra equalities:
z110=0, x11=212, ... ,T1p-1=Tik.

Each of these equalities will give two cells of dimension Ns, hence in total 2k cells of codimension
1, in the boundary of 6.
(a) The equality 11 = 0 induces cells:

M= DR (2,3, k) = Dy (1,23, k)
that are related, as sets, via 72 = €1 -71. Both cells 71 and ~» belong to the linear subspace
Vi={(x1,...,2x) € R+ xE x1,1 = 0}
(b) The equality =1 ,—1 = z1,, for 2 <r <k gives cells:
D+ A+t

Yor_1 = 121+1(1,...,7’71,7",7"+1,...,k),

yor = DYt (e = L1, k)

satisfying 72, = T»—1,r - Y2r—1. In these cells the index 2 in the subscript 1,...,1,2,1,...,1
appears at the position 7. These cells belong to the linear subspace

Ve ={(a1,...,2%) € R+ xE . T1p-1=T1,}

Let ey denote a generator in Cy,+1(Xa,x, Xd>’,i) that corresponds to the cell . Furthermore let
€yy1y- - -5 Eqy, denote generators in Ch, (Xq k, X;;) related to the cells v1, ..., v2k-

The boundary of the cell 6 is contained in the union of the linear subspaces V1, ..., V. Therefore
we can orient the cells vo;_1,y2; consistently with the orientation of V;, 1 < ¢ < k, that is given
in such a way that

Deg = (6’71 + 672) + (e’Ys + 674) oot (e'YQk—l + e’sz)'
Consequently,

deg = (14 (=1)%e) e.h—ﬁ—z 1+ (—1)%714)  myy - (3.11)

Let £ = 1. Then 0 : D;1+1+ *(1,2,3,...,k). Now the cells in the boundary of § are
obtained by introducing extra equahtles.

Z2,1 ZO, (0 :).131,1 =T1,2, s Ll,k—1 = T1,k-

Each of these equalities, except for the second one, will give two cells of dimension N5, which
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yields 2(k — 1) cells in total, in the boundary of 6. The equality x; 1 = x1 2 will give additional
four cells in the boundary of 6.

(a) The equality x21 = 0 induces cells:
= D;r1+1+ (1 2,3,...,k), Y2 = Dy, 1+1+ (1 2,3,....k)

that are related, as sets, via 9 = €1 - 1. Notice that both cells v, and =2 belong to the
linear subspace
Vi= {(371, ce ,a:k) S R(d+l)><k 1T = T2l = O}

(b) The equality z1,1 = 1,2 yields the cells
v = D3y T(1,2,3,00 k), s = D3y T(1L,2,3,. k),

32 = D5 (2,13, 0k), ss = Doni (2,13, k).

They satisfy set identities y31 = €2 - ¥3, Y32 = T1,2 - 73, and 33 = €171 ,2 - y3. All four cells
belong to the linear subspace

Vo = {(1‘1,. . .,.Z’k) S R(d+1)Xk 0= T1,1 = 1‘172}.

(c) The equality z1,_1 = z1, for 3 <r <k gives cells:

Yor_1 1= Df+f'2’1’+71(1,...,7“—1,7",7“—|—1,...,k),

IRt RS

Yor *Df+j271’+71(1,...,r,r71,r+1,...,k)

satisfying vo, = 7p_15 - Y2r—1.
In these cells the second index 2 in the subscript 2,...,1,2,1,...,1 appears at the posi-
tion r. These cells belong to the linear subspace

Ve ={(x1,...,21) € R+ xE 211 =0, X1,-1 =21}
Again ey denotes a generator in Cn,4+1(Xak, Xd>’,}:) corresponding to 6. Let

6’}'1 ’ e"/z ’ 6’73’ e"/31 ’ 6732 ’ 6’7337 674 ) 67%

denote generators in Ci,(Xq, X7 1) related to the cells 1, Y2, 73, Y31, Y32, 133+ - - - » V2k-
The boundary of the cell 8, as before, is contained in the union of the linear subspaces V1, ..., V.
Therefore we can orient cells consistently with the orientation of V;, 1 <14 < k, that is given in

such a way that

869 = (e’h + e’Yz) + (e’Ya + €31 + €32 + 6733) +eee (672k—1 + e’YZk)‘
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Consequently,
deg = (1+(=1)%er) ey + (3.12)
(1 + (—1)d€2 + (—1)d7'1’2 + (—1)d+d€1’7'172) * €3 +
k
Z(l + <_1)d7—i*1,i) "y
i=3

(3) Let 2< ¢ <d—1. Then 0 := DZFT{:’ ’+(1 2,3,...,k). The cells in the boundary of 6 are
now obtained by introducing following equalities:

o111 =0, (0=)z11=212, ... T1k-1=2T1k.

Each of them will give two cells of dimension N5 in the boundary of 0, all together 2k.
(a) The equality z,41,1 = 0 induces cells:

DZ+§1+1’ ’+(1 2,3,...,k), Y2 = De:zr;ri ’+(1 2,3,...,k)
that are related, as sets, via 72 = €1 -7y;1. Both cells 7 and 75 belong to the linear subspace
Vi ={(x1,...,23) € REAFDxE . r11 =+ =411 = 0}.
(b) The equality (0 =)x1,1 = x12 gives the cells
v = DT (1L,2,3, k), = DL (1,2,3,0 k)
that satisfy v4 = €2 - 3. Both cells belong to the linear subspace
Va = {(371’ cTg) € € Rk, Tl = =241 =0,211= 961,2}-
(c) The equality z1,_1 = x1, for 3 <r < k gives cells:
Vor_1 i= DZJ;T’+’127+1 (A= e+ 1,000 k),

. ittt
Yor = D705 (A =1r+1,..0k)

satisfying yo, = 7,_1, - y2r—1. In these cells the index 2 in the subscript

£4+1,...,1,2,1,...,1 appears at the position r. These cells belong to the linear subspace
Ve ={(z1,..., %) € REUFDXF . 4 A= =x01=0,21,-1 =21}

Again ey denotes a generator in Cn,41(Xak, X d> ,1) that corresponds to the cell . Furthermore
€y -+ -5 €y, denote generators in O, (Xqx, X7}) related to the cells v1, ..., yok.
As before, the boundary of the cell 6 is contained in the union of the linear subspaces V1, ..., V.

Thus we can orient cells 7y9;_1,72; consistently with the orientation of V;, 1 < i < k, that is
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given in such a way that
669 = (6’71 + 6’72) + (e’YS + 6’74) +eee (€V2k_1 + e’sz)'

Hence

k
Oeg = (1+ (=1)"%e1) ey, + (1 + (—1)%2) -0y + > (14 (1) mii1) €9, (3.13)
1=3

The relations (3.11)), (3.12) and ([3.13)) that will be essential in the proofs of Theorems and

3.4.4 The arrangements parametrized by a cell

In this section we describe all arrangements of k£ hyperplanes parametrized by the cell

0:= Dy (12,3, k),

where 1 < ¢ < d — 1. This description will be one of the key ingredients in Section [3.5| when the
obstruction cocycle is evaluated on the cell 6.
Recall that the cell 0 is defined as the intersection of the sphere S(R(@+1)*k) and the cone given
by the inequalities:
0 <py1 w1 <qg w2 <1 -0 <1 X

Consider the binomial coefficient moment curve 4: R — R? defined by

) (3.14)

After embedding R? — R4 (&1,..., &)t — (1,&1,...,&q) it corresponds to the curve
v: R — R4 given by
£\
@)

() = (1,4, (5), (5), -

Consider the following points on the moment curve ~:

a1 :=7(0),. .., qet1 == y(£). (3.15)

Next, recall that each oriented affine hyperplane H in RY (embedded in R4*!) determines the
unique linear hyperplane H such that H=HnN R?, and almost vice versa. Now, the family of
arrangements parametrized by the (open) cell 6 is described as follows:

Lemma 3.23. The cell 8 = Dijl":‘_’_ﬁ(l, 2,3,...,k) parametrizes all arrangements (Hq, ..., Hy)
of k linear hyperplanes in R*1, where the order and orientation are fixed appropriately such that
o Q = {(hw--a%} - Hl;

® g1 ¢ H,
e q1 ¢ Hs,...,q1 ¢ Hy, and
e Hs, ..., Hy have unit normal vectors with different (positive) first coordinates, that is,

|{<$27QI>a <$37QI>a ey <xk7QI>}‘ =k—1.
Here x; € S(R(d“)Xk) s a unit normal vector of the hyperplane H;, for 1 <i <k.
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Proof. Observe that {q1,...,q/} C Hy holds if and only if (z1,q1) = (x1,¢2) = -+ = (x1,q,) =0 if
and only if 11 =291 = --- = 241 = 0: This is true since we have the binomial moment curve, so
¢i = (i — 1) has only the first ¢ coordinates non-zero.

Furthermore, go11 ¢ Hy holds if and only if xy11 1 # 0; choosing an appropriate orientation for Hy
we can assume that xyq; > 0.

The third condition is equivalent to 0 ¢ {(z2,q1), (x3,q1),-- ., (T, q1)}, thatis, x1 2, x13,..., 211 #

0. Choosing orientations of Ha, ..., H), suitably this yields z; 2,21,3,..., 215 > 0.

Since the values 12 = (v2,q1), T1,3 = (T3,q1), - .-, 1.6 = (Tk, ¢1) are positive and distinct, we get
0 <z <x13<---<x1; by choosing the right order on Ho,..., Hy,. O
3.5 Proofs

3.5.1 Proof of Theorem 3.3

Let d > 1,5 >1,¢>0and k > 2 be integers with the property that dk = j(2* — 1) + ¢ for
0 < ¢ <d-1. Consider a collection of j ordered disjoint intervals M = (Iy,...,I;) along the
moment curve 7. Let @ = {q1,...,q} C 7 be a set of £ predetermined points that lie to the left of
the interval I;. We prove Theorem [3.3]in two steps.

Lemma 3.24. Let A be an (-equiparting matriz, that is, a binary matriz of size k x j2F with one
row of transition count d — £ and all other rows of transition count d such that A = (Ai,..., A;)
for Gray codes Ay, ..., A; with the property that the last column of A; is equal to the first column
of Ajy1 for 1 <i < j. Then A determines an arrangement H of k affine hyperplanes that equipart
M = (I1,...,I;) and one of the hyperplanes passes through each point in Q.

Proof. Without loss of generality we assume that the first row of the matrix A has transition count
d — £ while rows 2 through k have transition count d. For a row a, of the matrix A, denote by ¢
its transition count, 1 < s < k.

Place j(2% + 1) ordered points gz 1,. .., Qo4 j(2~+1) On 7, such that

I; = [qH(iq)z’wm Qo-ti2h )

and each sequence of 2¥ + 1 points divides I; into 2* subintervals of equal length. Ordered refers
to the property that g, = y(t.) if t1 <t2 < - <tjri1)-

We now define the hyperplanes in H by specifying which of the points they pass through and
then choosing their orientations. Force the affine hyperplane H; to pass through all of the points
in Q. For s =1,...,14, the affine hyperplane Hy passes through xy,.; if there is a bit change in
row a, from entry 7 to entry r + 1 for (i — 1)2¥ < r < 2%, Orient H, such that the subinterval
[9r, @r+1] is on the positive side of Hy if it corresponds to a 0-entry in a,. Since each Ay,..., A; is

a Gray code, the arrangement H is indeed an equipartition. O

Lemma 3.25. Every arrangement of k affine hyperplanes H that equiparts M = (I1,...,1;) and

where one of the hyperplanes passes through each point of Q induces a unique binary matriz A as

in Lemma [3.23)
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Proof. Since dk = j(2¥ — 1) + /¢ and 0 < £ < d — 1, the hyperplanes in H must pass through the
POINtS @y (i—1)2k4it1s- -+ Qoyizkti—1 Of the intervals I; for i € {1,...,j}. Recording the position of
the subintervals [get,, qetrs1], for r # 2% + 4, with respect to each hyperplane leads to a matrix as
in described in Lemma [3.241

qi11 912 H,

Figure 3.2: Illustration of one step in the proof of Lemma Here H; is an affine hyperplane bisecting
two intervals I; and I> on the 5-dimensional moment curve.

Thus the number of non-equivalent f-equiparting matrices is the same as the number of ar-
rangements of k affine hyperplanes H that equipart the collection of j disjoint intervals on the
moment curve in R, up to renumbering and orientation change of hyperplanes in H, when one of
the hyperplanes is forced to pass through ¢ prescribed points on the moment curve lying to the left
of the intervals. This concludes the proof of Theorem [3.3

O

3.5.2 Proof of Theorem [3.4]

Let j > 1 and k£ > 3 with be integers and let d = [Q’CT_lﬂ and ¢ = dk — (2% — 1)j. In addition,
assume that the number of non-equivalent /-equiparting matrices of size k x j2* is odd. In order
to prove that A(j, k) < d it suffices by Theorem to prove that there is no Gf—equivariant map

Xap — S(Wy @ U,

whose restriction to X7} is &;F-homotopic to vot |Xi>i for M = (11, ..., 1;). Following Section|3.3

we verify that the cohomology class

o(9)] € M2 (Xan, X745 mxa(S(We & UEY)),
does not vanish, where g = v o Y| x(va) -

Consider the cell 6 := DZ:’fl’;'_‘_’_ﬁ(l, 2,3,...,k) of dimension (d+1)k—1—¢= No+1in X4y,
as in Example Let eg denote the corresponding basis element of the cell 8 in the cellular chain
group Cn,+1(Xak, X7}1), and let hy be the attaching map of 6. This cell is cut out from the unit

sphere S(R(@+1)*F) by the following inequalities:
0 <pr1 w1 <gmp <q -+ <y Ty

In particular, this means that the first ¢ coordinates of x; are zero, that is, x11 = @21 = 231 =
o=z =0, and zp411 > 0.

Let us fix £ points Q@ = {q1, ..., ¢} on the moment curve in R4t as it was done in :
q1 :=7(0),...,q :=y(¢{—1). Then, by Lemma the relative interior of DET”{;’;"’:(L 2,3,...,k)
parametrizes the arrangements H = (Hy, ..., Hy) for which orientations and order of the hyper-

planes are fixed with H; containing all the points from . According to the formula (3.5) we have
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that

0(g)(es) = [V 0 ha 0 hglag] = ;) G

where as before ¢ € T, (S(W, U, 7)) & Z is a generator, and the sum ranges over all arrangements
of k hyperplanes in relint # that equipart M. Here, as before, S; denotes a small Ny-sphere around
a root of the function | xvo11) © hg, that is, the point that parametrizes an arrangements of k
hyperplanes in relint # that equipart M.

Now, the local degrees of the function v o ¥ y| x(w,+1) © hg are +1. Indeed, in a small neighborhood
U C relint § around any root the test map 1o is a continuous bijection. Thus ¥ |ay is a continuous
bijection into some Ns-sphere around the origin in Wy & Ulfaj and by compactness of OU is a

homeomorphism. Consequently,

o(g)(e =(> 1) ¢=a-¢ (3.16)

where the sum ranges over all arrangements of k hyperplanes in relint  that equipart M. According
to Theorem [3.3 the number of (£1)’s in the sum is equal to the number of non-equivalent
f-equiparting matrices of size k x j2*. By our assumption this number is odd and consequently
a € Z is an odd integer. We obtained that

o(g)(eg) = a- ¢, (3.17)

where a € Z is an odd integer.

Remark 3.26. It is important to point out that the calculations and formulas up to this point
also hold for £ = 2. The assumption & > 3 affects the Gf = (Z/2)* x &}, module structure on
TN, (S(Wi ® UZY)) 22 Z. For k > 2 every generator ¢; of the subgroup (Z/2)* acts trivially, while
each transposition 7;;, a generator of the subgroup &, acts as multiplication by —1 in the case
k > 3, and as multiplication by (—1)?*! in the case k = 2.

Finally, we prove that [0(g)] does not vanish and conclude the proof. This will be achieved by
proving that the cocycle 0(g) is not a coboundary.

Let us assume to the contrary that o(g) is a coboundary. Thus there exists a cochain
b€ Cax (X XTii ma (S(Wi @ U)))

such that o(g) = dh, where § denotes the coboundary operator.
(1) For ¢ = 0 the relation (3.11)) implies that

a-¢ = o(g)(eq) = dh(es) = h(Dey)

k
(1—|—(—1)d€1 671 +Z 1“‘ Tz 11) 'h(ewz 1)

1=

(1 + (_1)d) : h(e’h) + (1 + (_1)d+1) : h(e’YZ'i—l)

=2

2b- ¢,
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for some integer b. Since @ is an odd integer this is not possible, and therefore o(g) is not a
coboundary.
(2) For £ =1 the relation (3.12) implies that

a-C

I
Q

g)(eq) = db(eq) = h(Deq)
+ (=) "e1) - bley,) +
+ (=D + (=12 4 (1) e1m12) - bley,) +

k
Z(l + (_1)d7-i—1,i) ! h(e')’%—l)

=3
k
= 1+ (=D h(emHZ(lJr(*l)dH)'h(em_l)
— 2%, -

for b € Z. Again we reached a contradiction, so 0(g) is not a coboundary.
(3) For 2 < ¢ <d—1 the relation (3.13)) implies that

a-C = o(g)(es) = db(es) = b(Iey)
= (L+(=1)" 1) - bley,) + (1 + (=1)%2) - hley,) +
zk:(l +(=1)7io14) - bleqs )
= Eir (=1 - blesy) + (14 (=1)%) - bleq,) +
z:(l + (=1 blens )
= 2b-¢,

for an integer b. Since a is an odd integer this is not possible. Again, 0(g) is not a coboundary.

O

3.5.3 Proof of Theorem [3.5]

Let j > 1 be an integer with d = [3;] and ¢ =2d — 35 < 1.
The proof of this theorem is done in the footsteps of the proof of Theorem [3.4] In all three cases
we rely on Theorem [3.10[ and prove
e the nonexistence of GF-equivariant map Xgo — S(Wa @ Us?) whose restriction to Xd>,21 is
62i—hom0topic tovo ’(/JM|Xd>§ for M = (I1,...,1;); by
e evaluating the obstruction cécycle 0(g) for g = v o] x(no on cells Df’fr(l, 2) or D;’fr(l, 2),
depending on ¢ being 0 or 1, using Theorem [3.3} and then
e prove that the cocycle 0(g) is not a coboundary, using boundary formulas from Example
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2-bit Gray codes

In order to evaluate the obstruction cocycle o(g) on the relevant cells in the case k = 2 we need to
understand (2 x 4)-Gray codes. These correspond to equipartitions of an interval I on the moment
curve into four equal orthants by intersecting with two hyperplanes H; and H in altogether three
points of the interval. There are two such configurations: either H; cuts through the midpoint of
I and H separates both halves of I into equal pieces by two additional intersections, or the roles
of Hy and Hy are reversed. In terms of Gray codes we can express this as follows.

Lemma 3.27. There are two different 2-bit Gray codes that start with the zero column (or any
other fized binary vector of length 2):

0 1 1 0 0 0 1 1
and .
(O 0 1 1) (O 1 1 O>

Proof. The second column of the Gray code determines the rest of the code, and there are only two
choices for a bit flip. O

This means that in the case k = 2 an f-equiparting matrix A has a more compact representation:
it is determined by the first column — a binary vector of length 2 — and j additional bits, one for
each A;, encoding whether the first bit flip in A4; is in the first or second row. These j bits cannot

be chosen independently since there are restrictions imposed by the transition count.

Lemma 3.28. Let j > 1 be an integer with d = [2j] and ¢ = 2d — 3j < 1.

(1) If £ = 0, then the number of non-equivalent 0-equiparting matrices is equal to

)

(2) If £ =1, then the number of non-equivalent 1-equiparting matrices is equal to

(&)

Proof. We count the number of non-equivalent ¢-equiparting matrices of the form A = (44,..., 4;)
where A; is a 2-bit Gray code. A (2 x 4)-Gray code with the first bit flip in the first row has in
total two bit flips in the first row and one bit flip in the second row.

(1): Let £ = 0. Then 2d = 3j and consequently j has to be even. The matrix A must have transition
count d in each row. Thus half of the A;’s have the first bit flip in the first row. Consequently,
0-equiparting matrices A with a fixed first column are in bijection with %-element subsets of a set
with j elements. By inverting the bits in each row we can fix the first column of A to be the zero
vector. Additionally, we are allowed to interchange the rows. Up to this equivalence there are
%(j;Q) such matrices.

(2): Let £ = 1. Then 2d = 35 + 1 and so j is odd. The matrix A must have transition count d
in one row while transition count d — 1 in the remaining row. Without loss of generality we can
assume that A have transition count d in the first row. Assume that r of the A;’s have the first
bit flip in the first row. Consequently, 7 — r of the A;’s have the first bit flip in the second row.
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Now the transition count of the first row is 2r + j — r while the transition count of the second row
is 7+ 2(j — r). The system of equations .27" +j—r=d,r+2(j —r)=d—1 yields that r = %
Therefore, up to equivalence, there are (f, ) such matrices. O

The case { =0« 2d = 3j

Let 60 := Di’f(l, 2), and let ey denote the related basis element of the cell § in the top cellular
chain group ng+1(Xd72,X;21) which, in this case, is equivariantly generated by 6. According to
equation ([3.16[), which also holds for k = 2 as explained in Remark

o(g)(eo) = (D> _+1)-¢C=a-¢, (3.18)

where ¢ € maq41(S(Wad Uéej )) = Z is a generator, and the sum ranges over all arrangements of two
hyperplanes in relint § that equipart M. Since 6 parametrizes all arrangements H = (H;, Ha) where
orientations and order of hyperplanes are fixed, the sum in ranges over all arrangements of
two hyperplanes that equipart M where orientation and order of hyperplanes are fixed. Therefore,
by Theorem the number of (+1)’s in the sum of is equal to the number of non-equivalent
0-equiparting matrices of size 2 x 45. Now, Lemma implies that the number of (£1)’s in the
sum of is %(]?2) Consequently, integer a is odd if and only if %(];2) is odd.

Assume that the cocycle 0(g) is a coboundary. Hence there exists a cochain
he Céét (Xa2, X735 ma(S(Wa @ UY)))
with the property that o(g) = dh. The relation for k = 2 transforms into
deg = (14 (=1)%1) - ey, + (14 (=1)%712) - €.
Thus we have that

a-¢ = o(g)(es) = dh(eq) = h(Iey)
= (14 (=1)%1) bley,) + (14 (=1)"712) - hley,)
= (14 (=17 bley,) + (1 + (D)) - hleyy)
= 2b-(.

1+
1+

J
/2
in mind the Kummer criterion Lemma stated below we conclude that: A 62i—equivariant

Consequently, o(g) is not a coboundary if and only if « is odd if and only if %( ) is odd. Having
map Xgo — S(Wa ® US’) whose restriction to Xd>é is &3 -homotopic to v o wM|Xd>,§ does not
exists if and only is 0(g) is not a coboundary if and only if a is an odd integer if and only if % (j;2)
is odd if and only if j = 2% for t > 1.

Thus we have proved the case (ii) of Theorem Moreover, since the primary obstruction o(g)
is the only obstruction, we have proved that a 6§—equivariant map Xgo — S(Wo & U2®j ) whose
restriction to Xd>7% is GQi—homotopic to v o] X3! exists if and only if j, an even integer, is not a

power of 2.
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The case /=1 2d=35+1

Let 6 := D; 17(1,2), and again let ep denote the related basis element of the cell  in the cellular
chain group Co4(Xg,2, Xd>§) which, in this case, is equivariantly generated by two cells D+ H(,2)
and Di;(l, 2). Again, the equation (3.16) implies that

o(g)(e) = (D _*1)-¢C=a-, (3.19)

where ¢ € moqp1(S(Wa ® US7)) 2 Z is a generator, and the sum ranges over all arrangements of k
hyperplanes in relint § that equipart M. The cell § parametrizes all arrangements H = (Hy, Hp)
where H; passes through the given point on the moment curve and orientations and order of
hyperplanes are fixed. Thus the sum in ranges over all arrangements of two hyperplanes
that equipart M where H; passes through the given point on the moment curve with order and
orientation of hyperplanes being fixed. Therefore, by Theorem [3.3] the number of (+1)’s in the
sum of is the same as the number of non-equivalent 1-equiparting matrices of size 2 x 4j.
Again, Lemma implies that the number of (£1)’s in the sum of is ((j+]i)/2)' The integer
a is odd if and only if ((jJrjl)/Q) is odd if and only if j = 2¢ — 1 for t > 1.

Assume that the cocycle 0(g) is a coboundary. Then there exists a cochain
he c2d "(Xa2, X755 maa-1(S(Wa & UsY)))
with the property that o(g) = dh. Now, the relation for k = 2 transforms into
Oeg = (1+ (—1)d_151) ey, +(1+ (—1)d52 + (—1)‘17'1,2 + (—1)d+d517'1’2) g

Thus, having in mind that j has to be odd, we have

a-¢ = 0(9)(69):5h(eo):b(3ee)
= (1+(=)""e1) -bley,) +
(14 (=1)%ea + (=1)%m12 + (=) e1712) - bey,)
= (14 (=11 bley) + (T4 (=D + (=) 4 (=1)7F1) - p(ey,)
= (14D bley) + (14 (=D + (=1 +1) - bley,)
f)(ewl, d odd

(3.20)

Now, we separately consider cases depending on parity of d and value of j.

(1) Let d be odd. Recall that a is odd if and only if j = 2" — 1 for ¢ > 1. Since d = 3(3j +1) =
3-2!7! —1 and d is odd we have that for j = 2! —1, with ¢ > 2, the integer a is odd and consequently
0(g) is not a coboundary. Thus a &3 -equivariant map X5 — S(Wy @ Us”) whose restriction to
Xd>2 is &5 -homotopic to v o QZJM'X;E does not exists. We have proved the case (ii) of Theorem
for t > 2.

(2) Let d = 2 and j = 1 = 2! — 1. Then the integer a is again odd and consequently cannot
be divisible by 4 implying again that o(g) is not a coboundary.Therefore a 6§—equivariant map
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X292 — S(Wa & Us) whose restriction to X2>21 is 62i—homotopic tovo 77/1M|X2>_; does not exists.
This concludes the proof of the case (ii) of Theorem [3.5] '

(8) Let d > 4 be even. Now we determine the integer a by computing local degrees deg(v o
| xva11y0hgls,); see and . We prove, almost identically as in the proof of Lemma
that all local degrees equal, either 1 or —1.

That local degrees of v o 1a|g are +1 is simple to see since in a small neighborhood U in
relint 6 around any root Au+ (1 — A)v the test map ¥ q]o is a continuous bijection. Indeed, for any
vector w € Wy @ US?, with sufficiently small norm, there is exactly one A/ + (1 — Ao’ € U with
Uapm (A + (1 = A)v') = w. Thus Ya|ou is a continuous bijection into some 3j-sphere around the
origin of Wy & Uz@ 7 and by compactness of U is a homeomorphism.

Next we compute the signs of the local degrees. First we describe a neighborhood of every root of
the test map ¥ in relint 6. Let Au+ (1 —A)v € relint 8 with ¥y (Au+ (1 —N)v) = 0. Consequently
A= % Denote the intersections of the hyperplane H, with the moment curve by x1,...,24 in
the correct order along the moment curve. Similarly, let y1,...,yq be the intersections of H, with
the moment curve. In particular, xy is the point ¢; that determines the cell #; see Lemma [3.23
Choose an € > 0 such that e-balls around xg,...,x4 and around yi, ...,y are pairwise disjoint
with the property that these balls intersect the moment curve only in precisely one of the intervals
I,...,I;. Pairs of hyperplanes (H,/, H,) with Au’ + (1 — A)v’ € relint 6 that still intersect the
moment curve in the corresponding e-balls parametrize a neighborhood of %u + %v. The local
neighborhood consisting of pairs of hyperplanes with the same orientation still intersecting the
moment curve in the corresponding e-balls where the parameter A is in some neighborhood of %
For sufficiently small € > 0 the neighborhood can be naturally parametrized by the product

2d
(% — € % + 6) X H(—G,G),
=2

where the first factor relates to A, the next d — 1 factors correspond to neighborhoods of the
To,...,xq and the last d factors to e-balls around y1,...,ys. A natural basis of the tangent space
at %u + %v is obtained via the push-forward of the canonical basis of R?¢ as tangent space at
(3,0,...,0)%

Consider the subspace Z C relint 6 that consists all points Au + (1 — A)v associated to the pairs
of hyperplanes (H,,, H,) such that both hyperplanes intersect the moment curve in d points. In the
space Z the local degrees only depend on the orientations of the hyperplanes H, and H,, but these
are fixed since Z C relint §. Indeed, any two neighborhoods of distinct roots of the test map g
can be mapped onto each other by a composition of coordinate charts since their domains coincide.
This is a smooth map of degree 1: the Jacobian at the root is the identity map. Let %u + %v
and %u’ + %v’ be roots in Z of the test map ¥, and let ¥ be the change of coordinate chart
described above. Then ¥ and ¥ o ¥ differ in a neighborhood of %u + %v just by a permutation
of coordinates. This permutation is always even by Claim [2:18

The orientations of the hyperplanes H, and H, are fixed by the condition that %u—i—%v € relint 6.
Thus H, and H, are completely determined by the set of intervals that H, cuts once. Let A C
{1,...,j} be the set of indices of intervals Iy, ..., I}, that H, intersects once, and let B C {1,...,j}
be the same set for H,. Then ¥ is a composition of a multiple of A A B transpositions and, hence,
an even permutation. This means that all the local degrees (£1’s) in the sum are of the
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same sign, and consequently a = :l:((j _d) /2).

Now, since d is even the equality implies that a-¢ = 4b-¢. Thus, if 0(g) is a coboundary, a
is divisible by 4. In the case j = 2!+ 1 where t > 2, and d = 3-2!~! 42 the Kummer criterion implies
that the binomial coefficient ( G +ji) /2) is divisible by 2 but not by 4. Hence 0(g) is not a coboundary
and a 6§—equivariant map Xgo — S(Wa & UéBj) whose restriction to Xd>,§ is 6§E—homotopic to
Vol Xz} does not exist. This concludes the final instance (iii) of Theorem O

3.5.4 Proof of Theorem [3.6]

We prove both instances of the Ramos conjecture A(2,3) =5 and A(4,3) = 10 using Theorem
Thus in order to prove that
e A(2,3) =5 it suffices to show that the number of non-equivalent 1-equiparting matrices of size
3 x 223 is odd, Proposition [3.30}
e A(4,3) = 10 it suffices to show that the number of non-equivalent 2-equiparting matrices of
size 3 x 4 - 2% is also odd, Enumeration [3.31}
Consequently we turn our attention to 3-bit Gray codes. It is not hard to see that the following

lemma holds.

Lemma 3.29. Let ¢; € {0,1}3 be a choice of first column.
(i) There are 18 different 3-bit Gray codes A = (c1,ca,...,c8) € {0,1}3%% that start with c.
They have transition counts (3,2,2), (3,3,1), or (4,2,1).
(ii) There are 3 equivalence classes of Gray codes that start with with ¢i. The three classes can be

distinguished by their transition counts.

Proof. (i): Starting at a given vertex of the 3-cube, there are precisely 18 Hamiltonian paths. This
can be seen directly or by computer enumeration.

(ii): Follows directly from (i), as all equivalence classes have size 6: If ¢; = (0,0,0)" then all
elements in a class are obtained by permutation of rows. For other choices of ¢1, they are obtained
by arbitrary permutations of rows followed by the “correct” row bit-inversions to obtain ¢; in the

first column. O
Proposition 3.30. There are 13 non-equivalent 1-equiparting matrices that are of size 3 x (2-23).

Proof. Let A = (A1, A2) be a l-equiparting matrix. This means that both A; and As are 3-bit
Gray codes and the last column of A; is equal to the first column of As. In addition, the transition
counts cannot exceed 5 and must sum up to 14. Having in mind that A is a l-equiparting matrix
it follows that A must have transition counts {5,5,4}. Hence two of its rows must have transition
count 5 and one row must have transition count 4. In the following a realization of transition counts
is a Gray code with the prescribed transition counts.

Since we are counting l-equiparting matrices up to equivalence we may fix the first column of
A, and hence first column of Ay, to be (0,0,0)% and choose for A; one of the matrices from each of
the 3 classes of 3-bit Gray codes described in Lemma .

If A; has transition counts (3,2,2), that is, the first row has transition count 3 while remaining
rows have transition count 2, then its last column is (1,0, 0)*. The next Gray code As in the matrix
a can have transition counts (2,3,2), (2,2,3), or (1, 3,3), each having 2 realizations Ay, each with
first column (1,0,0).
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If A; has transition (3,3,1), then its last column is (1,1,0)!. The Gray code Az can have
transition counts (2,2, 3), having 2 realizations, or (1,2,4), having 1 realization, or (2,1,4), having
one realization, each with first column (1, 1,0)".

If Ay has transition counts (4,2, 1), then its last column is (0,0,1)!. The Gray code Ay can
have transition counts (1,2,4), having 1 realization, or (1,3, 3), having 2 realizations, each with
first column (0,0, 1)".

In total we have 6 4+ 4 4+ 3 = 13 non-equivalent 1-equiparting matrices A = (A;, As). O

Enumeration 3.31. There are 2015 non-equivalent 2-equiparting matrices that are of size 3 x 4-23.

Proof. Using Lemma [3.29] we enumerate non-equivalent 2-equiparting matrices by computer. Let
A= (A1, As, Az, Ay) be a 2-equiparting matrix. It must have transition counts {10, 10, 8}. Similarly
as above, A is constructed by fixing the first column to be (0,0,0)* and A; to be one representative
from each of the 3 classes of Gray codes. Then all possible Gray codes for As, A3, A4 are checked,
making sure that the last column of A; is equal to the first column of A;;; and that the transition
counts of Ay,..., A4 sum up to {10,10,8}. This leads to 2015 possibilities. O

This concludes the proof of Theorem [3.6

Remark 3.32. By means of a computer we were able to calculate the number N(j, &, d) of non-
equivalent f-equiparting matrices for several values of j > 1 and k > 3, where d = fsz*l j] and
0 =dk — (28 —1)j; see Table

Number N (j, k,d) of non-equiv {-equiparting matrices
given integers j > 2 and k > 3.
L J [ &k [ ¢ [ d | NGk, d) |
2 3 1 5 13
3 3 0 7 60
4 3 2 10 2015
5 3 1 12 35040
6 3 0 14 185130
7 3 2 17 7572908
8 3 1 19 132909840
9 3 0 21 732952248
1 4 1 4 16
2 4 2 8 37964

Table 3.1: Here d = [2kk_1ﬂ and £ = dk — (2% — 1)j.
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Chapter 4

A counterexample and a proof

Abstract

Barany, Kalai, and Meshulam recently obtained a topological Tverberg-type theorem for ma-
troids, which guarantees multiple coincidences for continuous maps from a matroid complex
to R, if the matroid has sufficiently many disjoint bases. They make a conjecture on the
connectivity of k-fold deleted joins of a matroid with many disjoint bases, which could yield a
much tighter result — but we provide a counterexample already for the case of k = 2, where a
tight Tverberg-type theorem would be a topological Radon theorem for matroids. Neverthe-
less, we prove a topological Radon theorem for the counterexample family of matroids by an
index calculation, despite the failure of the connectivity-based approach.

Publication Remark. The results of this chapter are joint work with Pavle V. M. Blagojevi¢
and Giinter M. Ziegler .

4.1 Introduction

Let d > 1 and k > 1 be integers and let f: ¥ — R? be a continuous map from a non-trivial
simplicial complex ¥ to RY. A Twverberg k-partition of f is a collection {oy,...,0x} of k pairwise
disjoint faces of ¥ such that ﬂle f(o;) # 0. For fixed d > 1, the topological Tverberg number
TT(,d) is the maximal integer k > 1 such that every continuous map f: ¥ — R? has a Tverberg
k-partition. The topological Tverberg theorem due to Barany, Shlosman, and Sziics implies

that, if 32 is the d-skeleton AEZ)_l)(d_H) of the simplex of dimension (k—1)(d+1) and k is prime, then
TT(AEZ)_D( d +1),d) = k. For k = 2 this result is equivalent to the topological Radon theorem @

It follows from the work of Ozaydin that this result remains true when k is a prime power.
Recently Frick , , using the “constraint method” [24] and building on work by Mabillard and
Wagner [56], showed that if £ > 6 is not a prime-power and d > 3k+1, then TT(Ax_1)(a41),d) < k;
see [§] for a recent survey.

Recently Bérany, Kalai, and Meshulam ﬂgﬂ gave lower bounds for the topological Tverberg
number of a matroid, regarded as the simplicial complex of its independent sets. Let X be a
matroid M of rank d 4+ 1 with b disjoint bases, then @ Thm. 1] asserts that TT(M,d) > Vb/4. If
M is the uniform matroid AEZ)_l)(d_H), then this result implies that TT(AEZ)—l)(dH)’ d)>Vk—1/4
for all integers d, k > 1.

81
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The results of , , and @ Thm. 1] mentioned above are all obtained by using a configuration
space/test map scheme. In the join scheme used in and ﬂgﬂ the configuration space X is
the k-fold deleted join X% of the complex ¥ and the test space Y is a sphere S=1){d+1)=1 of
dimension (k —1)(d + 1) — 1. In the product scheme used in the configuration space X is the
k-fold deleted product Egk of the complex ¥ and the test space Y is a sphere S#~D4_If  is prime,
then all spaces and in particular the two spheres admit free actions by the group Z/k.

In order to obtain sharp results using a configuration space/test map scheme it is necessary
to determine proof strategies for the nonexistence of an equivariant map from the configuration
space X to the test space Y. One commonly used method is the connectivity-based approach, which
can be applied if Y is a finite-dimensional CW complex on which the group acts freely: If one
establishes that the connectivity of the space X is at least as high as the dimension of the space Y,
then Dold’s theorem implies that an equivariant map X — Y cannot exist. For a more general
version of Dold’s theorem that is also applicable in this context see .

The connectivity-based approach (for k prime) yields tight bounds for the topological Tverberg
A1) with both the product scheme and the join scheme . The natural
questions we are concerned with regard the more general case where ¥ is a matroid M: What is

number of ¥ = AEZ)*D(

the connectivity of the test spaces? Which results can/cannot be obtained via a connectivity-based
approach? Having these questions in mind, Bardany, Kalai, and Meshulam formulated the following

conjecture.

Conjecture 4.1 (Bérdny, Kalai, and Meshulam 2016 [9, Conj.4]). For any integer k > 1 there
exists an integer ng > 1 depending only on k such that for any matroid M of rank r > 1 with at
least ny disjoint bases, the k-fold deleted join MZ’“ of the matroid M is (kr — 1)-dimensional and
(kr — 2)-connected.

For k£ = 1 the conjecture is true, since a matroid of rank r is pure shellable and hence in
particular (r — 2)-connected Thm. 4.1]. Using the connectivity-based approach the conjecture
would imply that for a matroid M of rank d+ 1 with b > ny, disjoint bases the topological Tverberg
number satisfies TT(M,d) > k.

We prove the following theorem that gives a counterexample to the conjecture already in the

case where k = 2.

Theorem 4.2 (Conjecture fails for k = 2). There is a family of matroids M, (r € Z,r > 2)
such that each matroid M, has rank r and r disjoint bases, while the 2-fold deleted join (M,)%2

of M, is is (2r — 1)-dimensional and (2r — 3)-connected, but not (2r — 2)-connected.

The family of matroids M, (r > 2) is a tight example for the failure of Conjecture in the
sense that if we increase the number of bases from r to r + 1, then the 2-fold deleted join of the
new complex is (2 — 2)-connected; see Corollary .12} To prove Theorem we first show that
the complex (M,.)%2 is shellable for » > 3 using the notion of shellability for non-pure complexes
due to Bjorner and Wachs , ; see Proposition The crucial ingredient in the proof is
Proposition [4.9] which shows that balanced subcomplexes of shellable balanced complexes are again
shellable. The case r = 2 is treated separately; see Remark[£.10] We give a first proof of Theorem[4.2]
by constructing a covering of (M, )% by two subcomplexes; see Corollary A second proof
of Theorem is a straightforward calculation involving only the combinatorics of (M, )3%; see
Sectionm This allows us to calculate the Betti numbers of (M,.)%2; see Corollarym
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Using the connectivity-based approach one obtains that TT(M,,d) > 2 when 2r — 3 > d; see
Corollary [£.23] However, despite the lower connectivity of the matroid M, we still obtain a sharp
topological Radon theorem for M, by means of a Fadell-Husseini index argument that goes back
to Thm. 1] and Thm. 4.2]; for the classical reference regarding the Fadell-Husseini index
see . Thus the following theorem is an example of a Tverberg-type result for a family of matroids

that cannot be obtained via the connectivity-based approach.

Theorem 4.3 (Topological Radon theorem for M,). Let d > 1 and r > 3 be integers such that
2r —2 > d. Then the topological Tverberg number of the family of matroids M, from Theorem[{.2
satisfies TT(M,,d) > 2.

We summarize the remaining results of this chapter as follows.

e We show that ﬂ§|, Cor. 3] in fact implies lower bounds for the topological Tverberg num-
ber TT(M, d) for matroids M of all ranks; see Corollary [4.17]

e We give upper bounds for the topological Tverberg number TT(M, d) in the case where the
rank r of the matroid M is at most d — 2; see Proposition [4.18

e We show that the connectivity of the k-fold deleted product M gk of a matroid M of rank r
with b disjoint bases is at least r—2—|r(k—1)/b], when k > 2 and b,r > k. If b > r(k—1)+1,
then MX* is not (r — 1)-connected; see Theoremm

e Using Theorem we establish the connectivity of the ordered configuration space of two
particles in a matroid; see Corollary

4.2 Preliminaries

4.2.1 Terminology

By a simplicial complex or simply complexr we refer to a finite abstract simplicial complex or a
geometric realization of a finite abstract simplicial complex. We require that any complex contains
the empty set as a face of dimension —1. A facet of a complex is a face that is not contained
in any other face. Let X,...,Y%, be simplicial complexes with vertex sets Vi,...,Vi. Then the
join of the ¥, is defined as the simplicial complex Y; % -+« Xy = {og U--- U oy : 0; € X;} with
vertex set equal to the disjoint union |_|f:1 V;. Assume the vertex sets V; are all contained in a
common set V', then the deleted join of the ¥; is defined as the simplicial complex (X1 %% Xp)a =
{o1U---Uog : 0, €5, 0;N0o; =0 for i # j} with vertex set L]leVi. Let ;=X fort=1,...,k.
Then $*F := 5y % - -+ % Xy, is the k-fold join of ¥ and L3 := (31 % -+ % Xp)a is the k-fold deleted
join of 3. If ¢ C V, the deletion of o from ¥ is defined as ¥\ o ={r € ¥ : ¢ Z 7}. We also denote
Y\ o by X|(V'\ o) and refer to it as the restriction of ¥ to the set V'\ . The link of ¥ with respect
to a face 0 € X is defined as X/o = {r €X: o N7 =0,0 UT € X}. Given a geometric simplicial
complex Y, we define the k-fold deleted product sz of 3 as the CW complex with cells given by
products of relative interiors of (geometric) simplices o; € 3 of the form relint(oq) x - - - X relint(oy, ),
where o; No; = 0 for all 4,5 with 1 < i < j < k. The attaching maps for EZk are given by the
products of the attaching maps of X. For additional terminology and results regarding simplicial
complexes see Matousek .

A matroid M with ground set E is a simplicial complex with vertices in E such that for every
A C E the restriction M|A = {oc € M: 0 C A} is pure. We call a face of M an independent set.
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We call a facet of M a basis and call the cardinality of a (any) basis the rank of M. Let m and n be
integers with 0 < m < n. Given a ground set E of cardinality n, the uniform matroid Up, ,,(E) is
given by the collection of all subsets of E of cardinality at most m. Let Agﬁ;l) be (m — 1)-skeleton
of the simplex of dimension n — 1. Then we have AST_LII) = U,y n(E). Given matroids My, ..., M
with ground sets Ei,..., Ey, the direct sum My @ --- @& My, of the family M; is defined as the
collection {I; U---U Iy : I; € M;} and is a matroid with ground set Ey U--- Ll E}. The direct sum
of a collection of matroids is equal to the join of the collection of matroids, viewed as simplicial

complexes. For additional terminology and results regarding matroids see Oxley .

4.2.2 Non-pure shellability

Since some of the complexes we are interested in are non-pure, we use the notions of “non-pure
shellability” introduced by Bjérner and Wachs , .
By Def. 2.1] a shelling of a possibly non-pure finite simplicial complex ¥ of dimension d

is defined as a strict order “<” on the set F of facets of ¥ such that for any facet B € F of
dimension d’ < d for which there exists a prior facet A € F with A < B, the simplicial complex

Bo( | 4)

AEF,ALB

defined by the intersection of B with the union of the previous facets (and their faces) is pure and
(d' — 1)-dimensional. This is equivalent to the following condition. For any two facets A, B € F
with A < B, there is a facet C' € F and a vertex x € B such that

C<B and ANBCBNC =B\ {v}. (4.1)

For pure complexes ¥, the above definition coincides with the “usual” definition of shellability. A
d-dimensional simplicial complex X is shellable if it has a shelling. It is pure shellable if it is pure
and shellable.

4.3 Proof of the main result

4.3.1 The counterexample family M,

Definition 4.4 (The counterexample family M,). Let » > 2 be an integer. Let E be a set of

pairwise distinct elements Uf and wj fori=1,...,r—1and j =1,...,7. Define blocks E; by
Ei={v},...;0} for i=1,....,r—1, and E,={wy,...,w}.
Define a matroid J\/fr by
M, = Uy, (By) @ & Up p(Byoy) © Uy (By).

Then the matroid M, with ground set E is defined as the (r — 1)-skeleton of M,, hence
M,={I €M, : |I|<r}.
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The matroid M, has rank r and has r pairwise disjoint bases of the form {v{, ce 117];71, w, } for
j=1,...,r. Faces of M, are given by choosing at most r vertices in total and at most 1 vertex in
each of the first r — 1 blocks; see Figure

vi ) vp Ur_1 Up_1 W1 Wy
ITT TI-TTT 1] [T TI-TTT Tlsrm
block 1 block 2 block r — 1 block r
< 1 element < 1 element < 1 element [< r elements]

Figure 4.1: The matroid M,.

ol o v} g o w,
® | | L2 N LN N L N <rels
3 R I I R A Q. ol 1 | |t o | o .- <rels
) Y e OO
block 1 block 2 block r — 1 block r
<1 per row <1 per row <1 per row [< 7 per row]
< 1 per column < 1 per column < 1 per column < 1 per column

Figure 4.2: The k-fold deleted join (M,)%* with an example facet.

Consider the k-wise deleted join of the complex M,., which we denote by (MT)*A"'. We display
the vertices of (M,.)4¥ in k rows, based on the copy of M, they belong to. We group the vertices
of (M,.)5¥ into r blocks; see Figure A column of (M,.)3¥ consists of the k copies of a fixed vertex
v € F. Faces of (MT)*A’C are given by choosing at most r vertices in each row, at most 1 vertex
per column and at most 1 vertex in each row of each of the first 7 — 1 blocks. Note that (M,)%
has dimension d = 2r — 1 and is not pure: Its facets have dimensions d,d — 1,...,d — k + 1. See

Figure [I.3] for an example facet of dimension d — 1 =8 for » = 5 and k = 2.

vy v} vs vy vi vy v} vy wy Wy

Figure 4.3: An 8-dimensional facet of the 9-dimensional complex (Ms)32.

4.3.2 Shellability of subcomplexes of balanced complexes

To define a shelling of (M,.)32 we use the existence of pure shellings of certain pure subcomplexes

that we can describe as “balanced complexes.” Let us recall the definition of a balanced complex.
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Definition 4.5 (Stanley Sec.2]). Let m > 1 and d > 0 be integers and let a = (a1,...,am)
be an m-tuple of non-negative integers such that a; + -+ + a,, = d+ 1. Let X be a d-dimensional
simplicial complex with vertex set V. Let V := (V1,...,V,,) be an ordered partition of V into
pairwise disjoint sets V;, called a wertex coloring. We call o a balanced complex (of type a with
respect to the partition V) if

(i) X is pure, and

(ii) for every facet A € ¥ we have that [ANV;|=aq; fori=1,...,m.
We call ¥ completely balanced if it is balanced of type (1,...,1).

For example, the order complex of any graded poset is completely balanced. A simplicial
complex is pure if and only if it is balanced of type a = (a;). Balanced complexes were introduced
by Stanley in 1979 . They have been studied in the context of posets , 7 simplicial
polytopes [45], [50], and Cohen-Macaulay or shellable complexes [17], [61]. We point out that some
authors use “balanced complex” to refer to a “completely balanced complex.”

Balanced complexes are not necessarily pure shellable, as can be seen by taking any pure non-
shellable d-dimensional complex. Given a balanced complex ¥ consider its type-selected subcom-
plex Xp p. 1858], which is the restriction of ¥ to the set [ ;. V; of vertices whose types (colors)
are contained in the set T C {1,...,m}. It was shown in that any type-selected subcomplex of
a pure shellable complex is pure shellable; see Thm. 11.13] for a more general result. However,
we are interested in the pure shellability of the following subcomplex.

Definition 4.6 (Balanced b-skeleton). Let m > 1 be an integer and let ¥ be a balanced d-complex
of type a = (a1, ...,a,;) with vertex coloring (Vi,...,V,,) and let b = (by,...,b,,) be an m-tuple
of integers with 0 < b; < a; for i = 1,...,m. Then the complex %° given by the faces F of ¥ for
which |[FNV;| <b; for i =1,...,m is the balanced b-skeleton of .

To show that balanced b-skeleta of pure shellable balanced complexes are pure shellable (Proposi-
tion we use the existence of shellings of the skeleta of a shellable complex that are “compatible”
with the original shelling of the complex. Let us formulate this as a definition.

Definition 4.7. Let X be a shellable simplicial complex of dimension d > 0 with shelling order “<”.
Let k be an integer with 0 < k < d. Then a shelling <’ of the k-skeleton of X is compatible with
the shelling of ¥ if the following implication holds for any two k-faces A and B of ¥: If A </ B
and if A and B are the smallest (w.r.t. “<”) d-faces of ¥ containing A and B, respectively, then
A< Bor A=DB.

The following lemma is true even for shellable complexes that are non-pure. We apply it only
in the pure setting.

Lemma 4.8 (Bjorner and Wachs Thm. 2.9]). Let X be a shellable simplicial complex of dimen-
sion d. Let k be an integer with 0 < k < d. Then there exists a shelling of the k-skeleton of ¥ that
1s compatible with the shelling of 3.

We point out that the property of compatibility is transitive in the following sense. Let ¥ be a
shellable complex and let the shelling of its k-skeleton be compatible with the shelling of 3. Then
any shelling of its (k — 1)-skeleton that is compatible with the shelling of its k-skeleton is also
compatible with the shelling of 3.
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Proposition 4.9. Let m > 1 be an integer and let ¥ be a balanced d-complex of type a =
(a1, ..., am) with vertex coloring (Vi,...,Vy,) and let b = (by, ..., by) be an m-tuple of non-negative
integers with 0 < b; < a; fori=1,...,m. If ¥ is pure shellable, then the balanced b-skeleton 3°
of X is pure shellable.

Proof. By induction and transitivity of compatibility, it suffices to prove the statement for b =
a; —1and b; = a; for i = 2...,m. Let d denote the dimension of ¥. Let “<” denote the shelling
of ¥ and, to simplify notation, let “<” also denote a compatible shelling of the (d — 1)-skeleton
of X, which exists by Lemma We show that the restriction of this shelling to the subcomplex %
is a shelling. Let A and B be two (balanced) facets of ¥ such that A < B. We must show that
there exists a (d — 1)-face C' of ¥ and a vertex v € B such that

C<Band ANBCCNB=B)\{v} with [CNV;| = |b;| fori=1,...,m. (4.2)

Let A and B denote the smallest (w.r.t. “<”) facets of ¥ containing A and B, respectively. So,
either A= B or A < B. If A = B, then we are done, since A and B are codimension-one faces of
the same facet, implying that they have all but one vertex in common. In this case C' = A satisfies
Equation . Otherwise, if A < B, then by shellability of ¥ there is a (balanced) facet C < B
of ¥ that satisfies Equation . In particular C' and B have all but one vertex in common. Both
C and B have type a. This implies that the two vertices in BAC must have the same color. Hence
if {v} = B\ C and {w} = C'\ B, then there is an ig € {1,...,m} such that v,w € V;,. Assume
that v is not a vertex of B. Then B C C, leading to a contradiction to the minimality of B.
Hence v is a vertex of B. Now define C = BN C. Then C is a face of ¥ and C = B\ {v} U {w}.
Since v and w are of the same type, |C' N V;| = |b;| holds for all i € [m]. The fact that C is
contained in the facet C < B of ¥ and B C B is not contained in C' implies that C' < B. Hence
C satisfies Equation . ]

4.3.3 Shellability of the two-fold deleted join (M,)%

We make the following notational conventions. Let k and r be integers with k£ > 2 and r > 2k—1.
We write a face A of (M,.)%¥ as A = (Ay,..., Ag), where A; lists the vertices used in the i-th row
of (M) fori=1,... k. Wewrite A; = (A4;, A7), where A, lists the vertices of A; contained in the
first 7 — 1 blocks of (M,.)% and A7 lists the vertices of A; contained in the r-th block of (M, )%k, If
we need to clarify that a vertex v of ¥ originates from row i, we write (v,i). We say that a vertex v
of (M,)5¥ is free for a face A if there is no vertex of A in the column containing v, meaning that
A contains neither v nor a copy of v.

Let [r] refer to a zero-dimensional complex with r vertices. Then the deleted join Ay, := [r]3F is
a “chessboard complex” with k rows and r columns; see for a detailed description. Each of the
first 7 — 1 blocks of (M) is isomorphic to Ay .. The r-fold join Aj". is a subcomplex of (M,)3k.
The restriction of A}, to the vertices of the first r — 1 blocks is isomorphic to the (r — 1)-fold
join AZf:fl). Denote AZE:A) by X r—1. Color the vertices of ¥, 1 based on the row 7 they are
in. Let @ = (a1,...,ar) with a; =r —1for i =1,...,k. Then X ,_; is balanced of type a. For
b= (by,...,bx) with 0 < b; < a;, the balanced b-skeleton EZ,H of 3, ,_1 is the complex given by

faces with at most b; vertices in row ; see Definition |4.6
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In the following, let k¥ > 2 and let » > 2k — 1. Then the complex AZTT is shellable. This follows
from the fact that the chessboard complex Ay, is shellable for r > 2k — 1 Thm. 2.3] and
that joins of shellable complexes are shellable (as one can shell the factors “lexicographically”
Prop. 2.4]). Since Xy ,—1 = AZ?:fl) is a link of the complex A}’ . Hence the shelling of A}’ induces
a shelling of ¥ 1.

Remark 4.10. For r = 2, the complex (M2)%¥ is not (2r — 2)-connected, since its Euler char-
acteristic is 2. Hence (Mz)%2 is not shellable. A calculation shows that its fundamental group is

trivial.

Proposition 4.11 (Shellability of (M,)32). Let r > 3 be an integer. Then the 2-fold deleted
join (M) of the matroid M, is shellable.

Proof. For x = (z1,x2) € N2, let s(z) = (z;,,2;,) be a reordering of the entries of x by decreasing
value such that x;; > x;,. Lgt <; be the lexicographic order. Let < be the strict order on N2>0 such
that x < y if and only if s(x) <; s(y) or both s(z) = s(y) and x <; y. Let “<” be a shelliné of the
subcomplex A3 For facets A and B of (M,)3, let b, x,y € N2 be defined by

x; =|A7|, vy, =|Bj|, and b; =min{r—xz;,r—1} fori=1,2.

If B ¢ A3, then let A < B, if any of the following three cases holds:

(a) =y,

(b) z =y and A" <; B",

(c) A" =B" and A < B for a fixed shelling of the balanced complex X5 ;.

In the following we show that “<” is indeed a shelling of (M,)%2. Let A < B be two facets
of (M,)32. The goal is to find a facet C' that satisfies Equation . We proceed case by case. For
clarity, if A < B due to (a), we write A <(,) B, likewise for (b) and (c).

Case (a): < y. Then there is a row j € {1,2} with y; > 1, implying that |B;| > 1. Hence there is
a vertex (b,7) € B"\ A" and empty block ¢ < r of B in row j. We obtain C by switching (b, j) with
a vertex in the empty block: Let (¢, j) be any free vertex for B in row j and block ¢. Define C' =
B\{(b,j)}U{(c,7)}. Observe that (|CT|,|C3]) < y. Thus C < () B and C satisfies Equation .
Case (b): x =y and A" <; B". Assume x5 = 1. Then 27 > 1. Assume A} = B]. Then A" and B"
each have one vertex in row 2 and these two vertices are distinct. Define C' = (B, A”). Since A"
and B" only have two rows, C' differs from B in only one vertex. (This is the point where this proof
would fail if & > 2.) Hence C <) B and C satisfies Assume A} # Bj. Since z1 > 1, there
is an empty block ¢t < r of B in row 1. We switch vertices: Let (b,1) be any vertex in By \ A
and let (c,1) be any free vertex for B in block ¢ and row 1. Define C = B\ {(b,1)} U {(c,1)}
and observe that [C]| = [Bf| — 1 and |C3| = |B3|. Hence C' <(,y B and C satisﬁes Assume
29 > 1, then there is an empty block ¢t < r of B in row 2. Again we switch vertices: Let (b,2)
be any vertex in Bj \ A% and let (¢,2) be any free vertex for B in block ¢ and row 2. Define
C = B\{(b,2)} U{(c,2)} and observe that |[C3| = |B3| — 1 and |C]| = |Bf|. Hence C <(,) B
and C satisfies Equation .

Case (c): Since the balanced subcomplex Zgwfl is shellable by Proposition there exists a facet
C of ¥}, with C' < B that satisfies Equation . Define C' = (C, B"). Then C' < () B and C
satisfies Equation . O
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For r > 2, define blocks E! by
El={v},.. ool for i=1,....,r—1, and E.={wi,...,wswei1},

for pairwise distinct v} and w;. Define a matroid M’ with ground set |J; E; by

M =Uy,41(E1) & @ Uy p1(Er1) & Upir r1(Er).

Now let M), be the (r — 1)-skeleton of M'. Then M/ is “built by the same principle” as M,,
but has r + 1 instead of only r disjoint bases. Note that (M])3? is a pure complex for all r > 2
and contains the r-fold join A3’ ., as a subcomplex. From we have that A3".,; is shellable
for all 7 > 2. By starting with a shelling of A3" ., and repeating the proof of Proposition

for (M])32 instead of (M, )72 one obtains the following corollary.

Corollary 4.12. For any integer r > 2, the 2-fold deleted join (M!)*Z of the matroid M of rank r

with v + 1 disjoint bases is shellable and hence (2r — 2)-connected.

4.3.4 A covering of (M,)%

Next we give a topological description of (M,)3? via a covering by two subcomplexes. This
yields a first proof of Theorem [{:2] In addition, the covering will allow us to determine the action
of the group Z/2 := (t) on cohomology needed for the proof of Theoremﬂ Recall that the action
of Z/2 on (M,)# is given by interchanging the factors of the join.

Definition 4.13. Let r > 2 be an integer. Define 5,1 to be the subcomplex of (M,.)% induced
by the facets of dimension 2r — 1 and their faces, and denote by Ya,_o the subcomplex of (M,.)32

induced by the facets of dimension 2r — 2 and their faces.

Since each face of (M,.)% is contained in a facet of dimension 2r — 1 or 2r — 2, the two com-
plexes ¥o,._1 and Xs,._o form a covering. The complex ¥s,._1 consists of faces that do not have
more than r» — 1 vertices in either row of the last block. The complex Yo, 5 consists of faces that
in one row use only vertices in the last block and in the other row use no vertices in the last block.
Hence Ya,_5 has two connected components that we refer to as X3, _, and %3 _,; see Figure

w1 Wy
T 1 T 1 T
U1 vp V3 U2 Ur_1 Ur—1 ‘ ‘ } rrrrrrr ‘ | <rels

[ L S ot I N <rolels

< 1 element < 1 element < 1 element

Figure 4.4: One connected component of Yo, _s.

Proposition 4.14. Let r > 3 be an integer.
(i) The complex Yo, 1 is a non-trivial wedge of (2r —1)-spheres, and a Z/2-invariant subcomplez.
(ii) The complex Yo, o is the disjoint union of two contractible spaces X3, o and X3, _,. Moreover,
t-35, 5 =32 ., wheret denotes the generator of the group Z/2.
(iii) The intersection Yop_1 N Xop_o = (Bor_1 NEL, o) U (Xe,—1 N3, _5) is the disjoint union of
two non-trivial wedges of (2r — 3)-spheres, and t - (g1 NX5. o) = (D21 N T3, _,).
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Proof. (i) By Lem. 2.6] we can reorder the facets of (M,.)%2 by decreasing dimension and obtain
a shelling. This is done by first taking the facets of dimension 27 — 1 in the order given by “<”,
then taking the facets of dimension 2r — 2 again in the order given by “<”, and so forth. This
implies that X5, is shellable. Since the chessboard complex A’ consists of (2r —1)-facets that by
definition of “<” are shelled first, homology facets of the chessboard complex are homology facets
of ¥g,_1. The chessboard complex A%" is not contractible, and hence ¥5,_; must be a non-trivial
wedge of (2r — 1)-spheres. Since the actlon of the group Z/2 is simplicial and therefore preserves
the dimension of the simplices we have that ¢ - Yo, 1 = Yo, _1.

(ii) Each connected component of g, _o is isomorphic to the join (M,|S) * A,_1 of the restric-
tion (M,|S) and the simplex A,_;, where S = UL 1 Ei. Hence each component is contractible.
Furthermore, by direct inspection one sees that t- %3, =%2 ..

(iii) The intersection Xo,_1NYo, 2 has two connected components. Its faces use in one row only r—1
vertices that are all contained in the last block. In the other row they use no vertices in the last
block. Hence both components are isomorphic to the join (M, |S) * ATT 12), where Afn_ % is the
(r — 2)-skeleton of the the simplex. The complex (M,]S) is a matroid of rank r — 1. It is (r — 2)-
connected and has reduced Euler characteristic (r — 1)T_1. Hence each component of Yo, 1N, o

is a non-trivial wedge of (2r — 3)-spheres. O

Corollary 4.15. Let r > 3 be an integer. Then the deleted join (M,)%2 is homotopy equivalent to

a non-trivial wedge of spheres of dimensions 2r — 1 and 2r — 2.

4.3.5 Proof of Theorem [4.2]

The homotopy type of a shellable complex can be computed as follows. Let 3 be a shellable com-
plex of dimension d. Define the degree of a face A of X by §(A) = max{|F|: F € £, A C F}. Thus
0(A) — 1 is the dimension of a largest facet containing A. Define the f-triangle (f; ;(X))o<i<j<d+1
of ¥ by f; j(X) ={A € X: |A| =14,6(A) = j}|. Thus f; ;(X) is equal to the number of faces A of ¥
of dimension i — 1 that are contained in a largest facet of dimension j — 1. For j =0,1,...,d+ 1

set
J

h; (% Z fw

=

The vector h(X) = (ho(X),...,has+1(2)) is the diagonal of the “h-triangle” of 2 Def. 3.1].
By Thm. 4.1], the homotopy type of ¥ is a wedge of spheres, consisting of h;(X) copies of the
(j — 1)-sphere for j =1,...,d+ 1.

Proof of Theorem[{.4 The matroid M, is of rank r and has r disjoint bases. For r = 2 the
complex (M,.)32 is simply connected, but not 2-connected; see Remark Let » > 3 in the
following. Then the complex (M,.)% is shellable by Proposition Hence by Thm. 4.1] the
homotopy type of (M,)32 is a wedge of spheres, consisting of hj spheres of dimension j — 1 for
j=1,...,2r, where h((M,)32) = (ho, ..., ha,) is the diagonal of the h-triangle of (M, )%2.

For j =0,...,2r — 2, the entries h; are zero, since (M, )% has no facets of dimension j. Hence
(M,)32 is (2r — 3)—connected

Let j = 2r — 1. We will show that ho,._1 # 0 and thus that (M, )*2 is not (2r — 2)-connected.

The number hg,_; is equal to the alternating sum — fo 2,—1 + f1,20—1 — - -+ far—1,20—1 of the entries
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of the row fa,_1((M,)32)) of the f-triangle of (M,.)2. Here, fi2r—1 denotes the cardinality of the
set
Fior={A e (M,)2: |Al =1, 6(A)=2r -1}

of faces of dimension i — 1 of (M,)% that are contained in a largest facet of dimension 2r — 2.
Facets A of dimension 2r — 2 are given by choosing all vertices {wy,...,w,} in one row of (M, )32
and one vertex from each of the sets {v},... v} fori =1,...,r — 1 in the other row. This implies
that fjor—1 = 0 for ¢ = 0,...,r — 1 and that any face in F;,_; for ¢ > r must use all vertices
{wi,...,w,}. See Figure [1.3] for an example of a facet of dimension 2r — 2 = 8 for r = 5.

Let S = {v},...,v7 : 1 <i<r—1} and let M,|S be the restriction of M, to the vertex set S.
Then for i = 0,...,r — 1 there is a 2-to-1 surjection between the faces in F,.y;, 1 and the set of

(¢ — 1)-dimensional faces of M,|S. This implies that
fr+i72,»_1((M7.)*AQ) =2fi(M,|S) for i=0,....,r—1,
where f;(M,|S) is the number of (i — 1)-faces of M,|S. Hence
hor—1 = (=1)""1 2 (x(M,]S) — 1),

where x(M,|S) denotes the Euler characteristic of M,|S.

The complex M,|S is isomorphic to the (r — 1)-fold join of the restriction M,|{v},... ,v]},
which in turn is isomorphic to a 0-dimensional complex with r vertices. Hence M, |S has Euler
characteristic equal to 1 + (—=1)""*(r — 1)"=!. Thus hg,—1 = 2(r — 1)"~!, which is non-zero
since r > 2. O

The missing value ho, of the diagonal of the h-triangle can be calculated, similarly to the above,
by calculating the complete f-vector of (M,):2. Both calculations are technical. Instead we give
lower bounds.

Corollary 4.16. Letr > 3 be an integer and let 3; denote the i-th reduced Betti number of (M)
fori=0,...,2r — 1. Then

2(r =1t ifi=2r—2
Bi = ( ) f cmd /82T71 Z (7‘2—3T‘+1)T.
0 ifi<2r—3

Proof. Note that 8; = h;11 and that he,. is equal to the number of (2r — 1)-dimensional homology
facets of (M,)%. In the shelling of (M, )% the r-fold join A", of the chessboard complex is shelled
first, implying that its homology facets are also homology facets of (M,.)4. The chessboard complex
is pure and has Euler characteristic 1 — (72 — 3r + 1)". Therefore hg, > (r? — 3r +1)". O
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4.4 Further results

4.4.1 Bounds for the topological Tverberg number of matroids

Recall that the topological Tverberg number TT(M,d) of M is the largest integer k > 1 such
that for every continuous map f: M — RY, there is a collection {o7y,...,0x} of k pairwise disjoint
faces, called a Tverberg k-partition, such that ﬂle f(o;) £ 0.

Corollary 4.17 (Lower bounds for the topological Tverberg number). Let b,d,r > 1 be integers
and let M be a matroid of rank r with b disjoint bases. Let x = d+ 1 for ease of notation. Let

2z + (r — )b+ /(2z + b(r — ))? +8b:1:2.

Lb,r,x) = "

If p is a prime power with
p < 20(b,r,x),

then TT(M,d) > p.

Proof. We use the join scheme and take a connectivity-based approach based on the lemma in [77]
due to Volovikov, which can be seen as a generalization of Dold’s theorem. If we show that
the connectivity of the configuration space M," is at least as high as the dimension of the test
space SP=1(+1)=1 then the result follows.

By @ Cor. 3] the deleted join M” has connectivity at least br/([b/p] + 1) — 2, implying that
its connectivity is at least [br/([b/p] 4+ 1)] — 2. Hence it suffices to show that

br
—— —(p=1)(d+1) >0.
g~ -+ 1)
This is equivalent to
—2xp® + (22 — xb + br)p 4+ xb > 0, (4.3)

which defines a negatively curved parabola in p with zeros

22 + (r — )b+ br £/(2z + (r — )b)2 + 8ba2
4z '

Finally, we observe that

22 + (r — )b — \/(2z + (r — 2)b)2 + 8ba?
4o

< E(b,r,x) < p §2€(b,’l",$),

and hence p satisfies Equation (4.3)). O

Upper bounds for the topological Tverberg number for matroids with codimension at least 3,
meaning r — 1 < d — 3, can be obtained using the new sufficiency criterion Thm. 7] due to
Mabillard and Wagner for the nonexistence of Tverberg k-partitions for simplicial complexes with
codimension 3. For a real number z > 0, we let [z],,p denote the smallest integer k£ > x that is

not a prime-power.
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Proposition 4.18 (Upper bounds for the topological Tverberg number). Let d > 3 and r > 1 be
integers and let r < d — 2. If M is a matroid of rank r, then

[d%;ﬂnpp > TT(M, d).

d—r+1
P
choice of k is at most (k—1)d. Thus by Cor. 5.2], which is a simple consequence of Lem. 4.2],
there exists an Gp-equivariant map from Mgk to the sphere S(—1d—1, (Here &j, denotes the

Proof. Let k = [L—‘ . The dimension of the deleted product Mgk is at most k(r—1), which by
npp

symmetric group on k letters.) Since M has dimension at most d — 3, we can apply Thm. 7]
and get the existence of a continuous map f: M — R? that does not have a Tverberg k-partition.
This implies that k& > TT (M, d). O

Remark 4.19. Recently Patdk building on [44] proved several Tverberg-type results for ma-
troids that are not directly related to @ Thm. 1], including colored versions. We point out
Lem. 2]: Let M be a matroid of rank r > 1 with closure operator cl and let S be a subset of the
ground set of M of cardinality at least r(k — 1) + 1. Then there exist pairwise disjoint subsets
S1,..., 8k of S such that ¢l C clS; C --- C clSy.

4.4.2 Connectivity of the deleted product of a matroid

In Theorem we assume that the rank r of M is at least k, otherwise M AXk can be empty.
To simplify the statement of the theorem we assume that k£ < b, since then the dimension of M AX’“
is equal to (r — 1)k and, in particular, is independent of the number of disjoint independent sets
of lower cardinality. We point out, however, that the proof of Theorem [£:20] can be applied to the
setting where k < b; see for example Corollary [£.22]

Theorem 4.20 (Connectivity bounds for the deleted product). Let b, k,r > 2 be integers with
r>kandb > k. Let M be a matroid of rank r with b disjoint bases and let MAXk be the k-fold
deleted product of M.

(i) Then the connectivity of MX* is at least

|25

(i) Ifb> r(k —1) + 1, then MX" is (r — 2)-connected, but not (r — 1)-connected.

The ordered configuration space Conf(X,n) of n particles in a topological space X is defined
as the space {(z1,...,2,) € X" x; # x; fori # j}. As Smale Lem. 2.1] observed, in the
case where n = 2 and X = X is a finite simplicial complex, the 2-fold deleted product 222 is a
deformation retract of Conf(M,2). This leads to the following corollary of Theorem

Corollary 4.21. Let b,r > 2 be integers and let M be a matroid of rank r with b disjoint bases.
Then the configuration space Conf(M,2) = {(x,y) € M?: x # y} of two ordered particles in M is

o (2= 1))

connected and not (r — 1)-connected, when b > r + 1.
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By Thm. 3.2.1] any matroid M of rank r is pure shellable, implying that M is contractible
or homotopy equivalent to a wedge of (r — 1)-spheres. The reduced Euler characteristic (M)
of M can be computed using the Mobius function p of the lattice of flats L of the dual matroid
of M. By Prop. 7.4.7] X(M) is zero if M has coloops (elements contained in every basis), and
is otherwise equal to (—1)""|uz(0,1)], which is non-zero. In fact |uz(0,1)| is non-zero for any
geometric lattice Thm. 4].

Proof of Theorem[J-20. (i) A cell of M is of the form
relint(oq) x - -+ X relint(oy,),

where 0; No; = () for all 4,5 with 1 < 4 < j < k. Its dimension is given by the sum of the
dimensions of the ;. Since the o; are vertex-disjoint and by assumption k < b, a product cell of
maximal dimension uses rk vertices and has dimension (r — 1)k.

We fix r and establish the connectivity of M gk by induction on k. Assume k = 1. If M has no
coloops, it is homotopy equivalent to a wedge of (r — 1)-spheres, else it is contractible.

Assume the statements of the theorem are true for £ — 1 for a fixed k& > 2. Consider the
projection pj_1 of the k-fold product M* to the first k — 1 coordinates. The map pj_1 restricts to

a surjective continuous proper map

Pe—1: MZF — MXF
Since r > k, both the domain and codomain of p; are connected by induction. They are also locally
compact, locally contractible separable metric spaces.

Let z € MAX]“*1 be a point and let faces o1,...,0,_1 € M be minimal under inclusion such
that  is contained in the product relint(oy) x - - - X relint (o1 ) of the relative interiors of the ;. Let
Ve = vert(o1)U- - -Uvert(og—_1) be the union of the vertex sets of the o;. Assume V,, = {v1,...,v,}.
Then the preimage

i ({zh)2{yeM:JoeMst.ycoandonNo; =0 fori=1,...,k—1}
={oce M: {v;} Zvert(o) fori=1,...,n}.

Hence p; ', ({x}) is homeomorphic to (any geometric realization of) the successive deletion M, :=
M\ v \---\v, of the vertices V, from M. Any deletion of a matroid is again a matroid (see [63]),
implying by induction that M, is a matroid. Let r, denote its rank. The total number n of vertices

deleted is at most r(k — 1). Let
V(kj — 1)J
Te =7 — | ——— | .

b

If V,, contains |r(k—1)/b] vertices from b disjoint bases of M, then r, can be equal to 7, otherwise 7,
is larger. Equality is given, if M has no other disjoint independent sets of cardinality greater
than 7. Thus M, is a matroid of rank r, > r,. Hence pl;_ll({x}) is locally contractible and either
contractible (if M, has coloops) or homotopy equivalent to a wedge of (1, — 1)-spheres, which is at
least (ry — 2)-connected. By induction hypothesis Mgk is (rg—1 — 2)-connected. Since ry < rp_q,
the deleted product M AXk is (ry — 2)-connected by Smale’s theorem, which is stated below.
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Smale’s Theorem . Let X andY be connected, locally compact, separable metric spaces,
and in addition let X be locally contractible. Let f : X — Y be a surjective continuous proper
map. If for every y € Y the preimage fﬁl({y}) is locally contractible and n-connected, then
the induced homomorphism

foimi(X) = mi(Y)

is an isomorphism for all 0 <1i < mn, and is an epimorphism for i =n + 1.

(i) Let b > (r—1)(k — 1) + 1 for fixed 7 and fixed k. Then rj, = . Hence p, ', ({2}) is a matroid of
rank r for all z € Mgl_l and all £ with 2 < £ < k. For £ = 2, the deleted product M*¢~1 is equal
to the matroid M, which is (r — 2)-connected and not (r — 1)-connected, since M has no coloops.
By induction on £ the skeleton M*~! is (r — 2)-connected but not (r — 1)-connected. Hence by

Smale’s theorem MY’ is (r — 2)-connected, but not (r — 1)-connected. O

As a corollary we obtain a proof of the following result due to Bardny, Shlosman, and Sziics.

Corollary 4.22 ( Lem.1] ). Let r and k be integers with r > k > 1. Then the deleted
product (A,_1)XF of the simplex A,_y of dimension r — 1 is (r — k — 1)-connected and not (r — k)-
connected.

Proof. The simplex A,_; is a uniform matroid U, , of rank r. It has one basis. Its dimension dj, is
equal to r — k for all k£ > 1. The fibers p;_ll({x}) are all contractible, since vertex-deletions of the
simplex are contractible. Hence for all £ > 2, Smale’s theorem together with the Whitehead theorem
implies that (A,_1)X* and sk,_4((A,—1)X") are homotopy equivalent. In particular (A,_1)X" is

(r — k — 1)-connected and not (r — k)-connected. O

4.4.3 A topological Radon-type theorem for M,

The following topological Radon-type theorem for the family of matroids M, (r > 3) follows
from Theorem by using the join scheme and taking the connectivity-based approach.

Corollary 4.23. Let d > 1 and r > 3 be integers such that 2r — 3 > d. Then TT(M,,d) > 2.

Proof. By Theorem the connectivity of the configuration space (M,.)32 is 2r — 3, which is at
least as high as the dimension of the test space S. O

We obtain a sharper result by using the join scheme and applying Thm. 1], which is obtained
by a Fadell-Husseini index calculation. We point out the following typo in Thm. 1]: In the
notation of the theorem, the roles of X and Y should be interchanged in the last sentence of the
statement. See Thm. 4.2] for a more general version that implies Thm. 1].

Proof of Theorem[/.3 Without loss of generality let d = 2r — 2. In order to prove the theorem
using the join scheme, we need to show that there is no Z/2-equivariant map (M,.)%2 — S?, where
the sphere is equipped with the antipodal action.

From Corollary we have that H((M,)%2;Fy) # 0, and H'((M,)%2;Fy) = 0 for all i with
1 <i<d-1. Hence (MT)*A2 is not d-connected. Consequently the classical Dold theorem
cannot be applied. To prove nonexistence of a Z/2-equivariant map we use Thm. 1] For this it
suffices to prove that the cohomology H¢((M,):2;F2) is a free Fo[Z/2]-module where the action is
induced by the Z/2-action on (M, )%2.



96 4. A counterexample and a proof

Indeed, consider the covering {S441, Sa} = {Sat1, 35 U X2} of the complex (M,.)32; see Sec-
tion The relevant part of the induced Mayer—Vietoris sequence in cohomology with Fa-

coefficients has the form:

HI Y (Sq41) © HV(EY) @ HI7H(ES) — B} (440 N EY) ® HOH(Sgp1 N53) —

HY(M,)3) H(Sa11) ® H(X) © HI(X).

From Proposition we have that the subcomplexes E}i and Efl are contractible, and that ¥,

is d-connected. Thus the sequence simplifies to:
0— H" (2441 NEY) & H™ (S N2F) — HY((M,)R) — 0.

Since, again by Proposition the Z/2-action interchanges the subcomplexes ¥ 11 N E}i and
Ya+1 N2, we conclude that H((M,)i2;Fy) is a free F[Z/2]-module, as claimed. O

4.4.4 Failure of shellability and vertex-decomposability for general £
For a definition of vertex-decomposability for possibly non-pure complexes see Def. 11.1].

Proposition 4.24. Let k and r be integers.
(i) Fork >3 andr > 2k — 1 the complex (M, is not shellable.
(i) For k> 2 and r > 2k — 1 the complex (M,)3 is not vertez-decomposable.

Proof. Let r =2k — 1. Consider the face
A= {00y () 5 i = Ty k= TP UL )y (W, ), (10, ), (10 B) .

Hence A has in rows 1 to k — 1 one vertex in each of the first » — 1 blocks and in the k-th row
k—1 vertices in the first 7—1 blocks and r—k+1 vertices in the last block. The link (M,.)3¥ /A of A is
isomorphic to the square chessboard complex Ay_; j_1, which is not (pure) shellable by Thm. 2].
However, links of shellable complexes must be shellable Prop. 10.14].

To see that (MT)*A’“ is not vertex-decomposable, we argue by contradiction. First we point out
that it suffices to show this statement for & = 2, since by Thm. 11.3], vertex-decomposability
implies shellability. Assume there is a shedding sequence S for (M,.)%2. Consider only the deletions
and let so € S be the first vertex to be deleted from block r of (M,)32. Let M’ be the complex
given by successively deleting all vertices up to but not including sg. By symmetry we may assume
that sg = (wq,2). Let d be the dimension of M’. Consider the link M’/sg. A facet of the link has
dimension d — 1 and uses one vertex less in the second row than a d-dimensional facet of M’. Tt
cannot use the vertices (wq,1) or (w1,2). Let A be a facet of M'/sy that uses the vertices (w;, 1)
for i = 2,...,r in the first row of block r. Then the vertices (w;,2) for ¢ = 1,...,r in the second
row of block r cannot be used by A, since they are either deleted (i = 1) or “blocked” (i > 1). Now
consider the deletion M’ \ so. It has dimension d. None of its facets use the vertex (ws,2) and
some of its facets have dimension d — 1. In fact A is a facet of M’ /sg of dimension d — 1. Hence A
is a facet of both the link and the deletion of M’ with respect to sg, thus violating the definition of
vertex-decomposability Def. 11.1]. O]
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Summary

In this dissertation we present new applications of topological methods to problems in discrete
geometry. The topological proof strategy we use goes back to Lovéasz’ celebrated 1978 proof of
the Kneser conjecture [55]: reduce the question of whether a geometric statement is true to the
nonexistence of an equivariant map between a test space and a configuration space, where both
spaces have the same non-trivial group acting on them.

The introduction (Chapter 1) is followed by two chapters in which the topological proof strategy
is applied to the Grinbaum—Hadwiger—Ramos hyperplane mass partition problem, which is due to
Griinbaum Sec. 4.(v)], Hadwiger [48], and Ramos [68]: Given positive integers j, k the problem
asks for the smallest dimension d such that any choice of j convex bodies in R? or, more generally,
any choice of j absolutely continuous finite Borel measures on R? can be cut into 2¥ equal pieces
by k hyperplanes.

In Chapter 2 we give a critical review of the progress that has been made on the Grinbaum-—
Hadwiger—-Ramos hyperplane mass partition problem and point out mistakes and gaps in the articles
, , , and . This shows that the problem is still wide open. The main new result of
Chapter 2 is a correct solution of the problem in the case of two hyperplanes and 2¢ 4+ 1 measures.
It is obtained by a degree calculation of a restriction of the test map.

In Chapter 3 we use a different approach based on relative equivariant obstruction theory to
verify the solutions of the problem in the cases of two hyperplanes and 2! —1 respectively 2¢ +1 mea-
sures and obtain a correct solution of the problem in the case of two hyperplanes and 2! measures.
We also obtain solutions in the cases of three hyperlanes and two respectively four measures.

In Chapter 4 we study the problem, to what extent the well-known variant of the topological
proof strategy based on the connectivity of the configuration space and a theorem by Dold can
be used to answer the question, when a matroid (viewed as a simplicial complex) can be mapped
to R% such that the images of no k pairwise disjoint faces intersect. An answer to this question
would give rise to a Tverberg-type theorem for matroids. Our main result is a counterexample to
a conjecture by Béarany, Kalai, and Meshulam @ Conj. 4] concerning the connectivity of one of the
two possible configuration spaces. Furthermore, we establish the connectivity of the other possible
configuration space. Finally, we prove a tight Tverberg-type theorem for the family of matroids
arising as counterexamples. Together, our results imply that the topological proof strategy based
on the connectivity of the configuration space and Dold’s thoerem does not lead to an optimal

Tverberg-type result in the case of matroids.
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Zusammenfassung

In dieser Dissertation werden neue Anwendungen von topologischen Methoden auf Probleme
der diskreten Geometrie entwickelt. Die verwendete und untersuchte topologische Liosungsstrategie
geht auf Lovész’ bahnbrechende Arbeit aus dem Jahr 1978 zuriick und gestaltet sich wie folgt:
Man reduziere die Frage der Richtigkeit der geometrischen Aussage auf die Frage der Nicht-Existenz
einer equivarianten Abbildung zwischen einem Konfigurationsraum und einem Testraum, auf die
jeweils diselbe nicht-triviale Gruppe wirkt.

Der Einleitung (Kapitel 1) folgen zwei Kapitel, die sich mit der Anwendung von Varianten
der topologischen Losungsstrategie auf das Grinbaum—Hadwiger—Ramos hyperplane mass partition
problem beschéiftigen, das auf Griinbaum Sec. 4.(v)], Hadwiger und Ramos zuriickgeht.
In diesem Problem geht es um die Frage nach der kleinsten Dimension, in der sich bei beliebig
vorgegebenen natiirlichen Zahlen j, k > 1 jede Wahl von j konvexen Koérpern, oder allgemeiner ab-
solutstetigen endlichen Borelmafien, durch k& Hyperebenen in 2* gleich grofie Teile zerlegen lassen.
In Kapitel 2 werden der Fortschritt in Bezug auf dieses in weiten Teilen ungeloste Problem kritisch
beleuchtet und Fehler sowie Beweisliicken in den Aufsétzen , , und aufgedeckt. Das
wesentliche neue Resultat dieses Kapitels ist ein korrekter Beweis fiir den Fall von zwei Hyper-
ebenen und 2¢ + 1 Mafen. Der im Beweis verwendete Ansatz basiert auf einer Grad-Berechnung.
In Kapitel 3 wird ein anderer Ansatz der topologischen Losungsstrategie basierend auf relativer
equivarianter Hindernistheorie verfolgt, mit dem die bereits bekannten Losungen in den Féllen von
zwei Hyperebenen und 28 — 1 MaBen und zwei Hyperebenen und 2¢ + 1 Maflen bestitigt werden,
sowie erstmals fiir den Fall von zwei Hyperebenen und 2! Maflen ein korrekter Beweis geliefert wird.
Zwei weitere neue Losungen fiir den Fall von drei Hyperebenen und zwei sowie vier Maflen werden
erarbeitet.

Kapitel 4 beschiiftigt sich mit der Anwendung einer bekannten Variante der topologischen
Losungsstrategie, die auf den topologischen Zusammenhangseigenschaften des Konfigurations- und
Testraums und einem Satz von Dold basiert, auf das Problem, ob sich ein Matroid (aufgefasst
als Simplizialkomplex) stetig in den d-dimensionalen Raum abbilden ldsst, ohne dass sich k paar-
weise disjunkte Seitenflichen im Bild schneiden. Dieses Problem kann als Frage aufgefasst werden,
ob bzw. wie sich das topological Tverberg theorem auf Matroide erweitern ldsst. Hauptresultate
dieses Kapitels sind die Widerlegung einer Vermutung von Béarany, Kalai und Meshulam @ Conj. 4]
beziiglich des topologischen Zusammenhangs eines der beiden moglichen Konfigurationsraume und
die Berechnung des topologischen Zusammenhangs des anderen Konfigurationsraums. Ferner wird
an einem Beispiel gezeigt, dass die Variante der Losungsstrategie basierend auf dem Satz von Dold

im Fall von Matroiden nicht zu optimalen Ergebnissen fiihrt.
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