Chapter 4

Dirichlet Problems for Inhomogeneous PDEs

In the present chapter, we consider some Dirichlet problems for inhomoge-
neous higher order complex partial differential equations which have been cor-
respondingly discussed in the last chapter. To solve them, we need the higher
order Pompeiu operators which are higher order analogues of the classical Pom-

peiu operators. We begin with them.

4.1 Higher Order Pompeiu Operators

In [29], Vekua systematically studied the so-called Pompeiu operators. They

Tpw(z / /D g_oz dédn, (4.1)

Tou(z) = - | / 2 aga (12)

and the so-called II and II operators defined as the Cauchy principle value inte-

Mpuw(z) = — / / 5 ded, (4.3)
Tpw(z / / S dn, (4.4)

where D is a domain in the complex plane, w is a suitable complex valued function
defined in D.

are defined as

grals

Now it is well-known that the operators 7" and II play an important role to
solve various linear or nonlinear boundary value problems for first and second
order complex partial differential equations. So it happens that the operators T’

and II have elegant properties such as continuity, differentiability, even unitarity
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in L? when w is in some certain function spaces. For example, one of the famous

properties of T is its differentiability in the Sobolev sense as follows
OTpw(z) = w(z), 0, Tpw(z) = Ilpw(z). (4.5)

In [12], Begehr and Hile introduced kernel functions

4
(—(rz)_!(l;!;) pmlzn=l o < Q)
Km,n(z) = (_(:1)1(1_)'17271 Z’m—lzﬂ—l7 n S 0’
m—1l=n— m—1 n—1
. (mfl)!%nfl)!ﬂz 1Z ' [1Og |Z|2 - k=1 % - =1 %]7 m,n > 17

(4.6)
where m, n are integers with m +n > 0 but (m,n) # (0,0).
Using the above kernel functions, they defined a hierarchy of integral oper-

ators, more precisely,
T pt(2) = / / Koz — Ow(¢) dédn. (4.7)
D

Obviously,
Toap =Tp, Tiop =Tp, (4.8)

and
T 11p=1p, Th—1p= p. (4.9)

Operators 1), ,p are seen as the higher order analogues of the operator
Tp by comparing their properties such as Lebegue integrability, continuity and
differentiability and so on. They are called higher order Pompeiu operators. The
following properties of T}, ,, p are needed in the sequel. They are partial results
from [12].

Theorem 14 (Begehr and Hile [12]). Let D be a bounded domain, suppose m +
n>1andw € LP(D), p > 2, then Ty, ,pw(z) exists as a Lebegue integral for all
zin C, Ty, np 15 continuous i C. Especially, T,, », p s locally Holder continuous
in C, more precisely, for |z|,|ze| < R with any R > 0,

Ml’21_22’7 m"‘nZQa

|Tm,n,Dw(Zl) - Tm,n,Dw<22)| S (410)
M|z — 2| P=2/P 4 n =1,
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where the constants My, My only depend on m,n,p, D, R. Moreover, in C, there

are the Sobolev derivatives

0, Trnnpw(z) = Tt npw(2), O5Tmnpw(z) = Thpo1pw(2) (4.11)

and
azTLo’D’LU(Z) = @Tm,pw(z) = w(z) (412)
Proof. See Theorem 4.2, 4.3, 4.5, 5.3 and Corollary 5.5 in [12]. O

4.2 Dirichlet Problem for Inhomogeneous Polyharmonic

Equations

In the present and next sections, we consider the corresponding Dirichlet
problems discussed in the last chapter for inhomogeneous equations. According
to the results of the last section for the homogeneous equations, the key is to
find some special solutions for the inhomogeneous equations. By Theorem 14,
this is no problem under suitably assumable conditions. In what follows, as the
operators 1" and II have been widely used to study various linear or nonlinear
boundary value problems for the first or second order complex partial differential
equations, we will find that higher order Pompeiu operators 7, , are useful in
the study of some Dirichlet boundary value problems for higher order complex

partial differential equations.

Let f € LP(D), p > 2, by Theorem 14, we get
s 0T npf(2) = Tnopnipf(2), 0<k+1<m+n (4.13)
in the Sobolev sense. Moreover,
To—kmn-inf(2) € He(C) C C(C), as 0 < k+1<m+n, (4.14)

where H),.(C) denotes the set of all locally Holder continuous functions in C.

Noting (4.13), we know that w(z) = T,,.pf(2) is a weak solution of the

inhomogeneous equations
(@roryw(z) = f(2), 2€D, f e I'(D), p>2. (4.15)
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Now we consider the so-called Dirichlet problem for the inhomogeneous poly-

harmonic equations [14]:

(0:02)"w(z) = f(2), z€D,feLlD),p>2
(4.16)

(0:02)"w(T) = e(7), T € D,y € C(OD), 0 <k <n—1.

By Theorem 10, (4.13) and (4.14), we have

Theorem 15. The problem (4.16) is solvable and its unique solution is

W) = Tonof )+ Y 5 [ buer(0) = Tosicsmsionnf (Plgn(r) o (407
=1 oD

where z € D, T}, p (1 < 1 < n) are the higher order Pompeiu operators, gi(z,7) (1 <

k <n) are the former n higher order Poisson kernel functions.

Proof. Note that by (4.13) and (4.14), the problem (4.16) is equivalent to the
PHD problem of simplified form

w—Tynpf € Har(D), feLP(D), p>2,
(4.18)

(az&z)k[w - Tn,n,]D)f] =k — Tn—k,n—k,Da Yk € C(&D), 0 S k S n — 1.
So it is obvious that Theorem 15 follows from Theorem 10. OJ
Noting (4.6) and (4.7), by Theorem 4, we can give the explicit expressions

of the double integrals in (4.17). This is the following theorem.

Theorem 16. Suppose that m,n € Z,, for 1 < j <n—2>5, let Ny, (2, C) be a
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vertical sum of the following form
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> — L3
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2'|:Zk2knjlmk 1(:4) _ +

Zoo Am,k—l(zyo
. k=2 kn—i2(k

m,k—1(2,0) Am, (z 9)
[Zk; 2 Fnd k+kl)1(k+j71) + = ]

m 9 A
2'|:Zk2k;"31 kl(C)' + 0

(z,c)}
k+1)2-(k+5—1) gt2!

Am,O(zzc)
kA1)2--(k+j—1) jh2!

Am,o0(2,0)
+1)2(k+2)2---(k+j71)+ j!O-S! }

( m.k—1(2,¢) Am,0(2,6)
[Zk 2 fn—i-1 kfl)1 oD T j£2! }

m,k—1(2,C)
T2 [Zk 2 kni- 2(kfl)1 — T

Am,O(Zvc)
(k+75-1) 12121

Am,kf (Z’C)
Zk 2 kn—i=2(k . ) +

Am,O(zzc)
+1)2(k+2)2-~~(k+j—1 41-3!

Am,k—l (&C)

(-1)ni?

Am,k—l(Z7C)

_|_ Am,O(zvg)i|
b2 T St )2 (k+2)2(k+3)2(ktj—1) 4l

(n—j—2)!
\

g ( ( (

[Zk 2 B3 (k+1)

|:Zk2kn]lmk 1(74) _ _|_

m.k—1(2,0)
ol [Zk 2 Fri- 2(k+k1)1 1 T

Z (- D2 ()

Am,O(zvg)
(k4+n—j—3) + j!-(n7j72)!:|

Am,o(z7<)i|
120

Am,0(27<)]
j1-212)

kD)2 (k43 —1D)

(k+j—-1

m.k—1(2,C) Am,0(z,0)
] [Zk 2 gr—i— Q(k-:l)l (k+j—1) + j!~g!~2! ]
1 Am (Z,C) Am, (274)
3! Zk:2 k"*j*Q(k+1)2k(ki|-2)2...(k+j—1) - j!~g!~3! ]
L
‘.Z |:Z 'm.k' 1( »C) _|_ mO(Z,C‘)]
1 k=2 kn—3—=2(k+1)3--(k+j—1) 41.21.2!
_iz _% (.9 m,0(2:C)
' ol [Zk 2 fn—i- 371?:1)14 7(k+] 1) + '2' 2"2']
\
Am k—1(2,0) Am,0(z,0)
3 [Zkz O s e sy o ey Bl 5 ]

Am,k—l(z7€)

\

(~1)ri—

—a [Zkzz E T3 (kD)2 (k+2)2 (k132

Am,k—l(z7C)

Am,0(2,0)
(k+7-1) + j!-g!-4! ]

| | S e
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k+j—1)2(k+j)-

0(2,0)
(ktn—j—4) + j!~2!-(r?fj73)!]



[Ek:? kS (k+1)2--

64

A k—1(2,4) + A o0(2,8)
(k+j—1)%(k+j)-(k+n—j—6) ' jl(n—j—5)!
_1 o0 Am,k—l(zyc) A o(z,
21 [Zk:Q ES(k+1)3(k+j—1)2(k+j)-- (k+n—j—6) + j!A(n—;(—sgl).z!]
Z _ 1 |:ZOC Am,kfl(zvc) Am,O(Zvc)
21 k=2 k5 (k+1)3--(k+j—1)2(k+j)---(k+n—j—6) + Jl-(n—j—5)1-2!
1 oo A k—1(2,6) m,0(2,
3l [Zkzg FOTTR T (hi =) ) On=6) T (n S(ﬁ?gx}
71)w,—j—6
ICEES oo A k—1(2,0) Am,0(2:6)
|:Zk::2 k5 (k+1)3--(k+j—1)2(k+j)---(k+n—j—6) + j!-(n73'75)!-2!:|
_1
2 1 [Zoo Ak —1(2:) A 0(2:,€)
21 k=2 kL(k+1)2-(k+j—1)2(k+j) - (k+n—j—6) + Jl-(n—j—5)l-21-21
1 oo Arn,kfl(zac) A'm, (Z7C
31 [Zk=2 R 1P (R 25 (k=12 (k)= =6) T j!»(n—?‘—S)I)B!]
1n k— 1(2 C) A, z,¢
k [Zk 2 BT 1P 25 (hT3)3 - (bt - D2 (h ) —(hfn—3—6) T j!‘(n—g(_5)!).41}
) A k—1(2,6) Am,o0(2:6)
[Zk:2 kS (k+1)2(k+j—1)2(k+j)-(k4n—j—5) + j!-(ngj74)!
_ 1 o Am,k-1(2,0) Am,0(2,6)
(—1)n—i—5 2! [Zkzzz k4 (k+1)3--(k+j—1)2(k+3)---(k+n—3—5) + j!-(n7;74)!-2!
(n—j—4)! Z _ 1 |:ZOO Am,k—l(zac) A 0(2,€)
21 k=2 EL(k+1)3---(k+j—1)2(k+j) - (k+n—j—b) + - (n—j—4)1-2!
1 8] Arn,kfl(zac) A'm, (Z:C
3! [Zk:Q B3 (k+1)3(k+2)3 - (k+j—1)2(k+j)---(k+n—;—5) + j!-(n—§—4)!)~3!]
\
o0 A k—1(2:) Amo(z,0)
o [Zk:2 EE(k+1)2 - (k+j—1)2(k+j)- (k+n—j—4) + j!-(nzjfi%)!
(n—j-3)l > —i[zw A p—1(2,0) Amo(z,0)
2! k=2 K3 (k+1)3---(k+j—1)2(k+j) - (k+n—j—4) + jl(n—j—3)-2!
(—1)"7j73 oS Arn,kf (Zvc) m (ZC
(n—j—2)! {Zk:Q k3(k+1)2~-~(k+j—1)21(k+3) ((k+n—j-3) T '(noj 2))'}
(G iy Am,k—1(2,0) m,
== [Zk RS Ve oy e ey Rl 41”

(4.19)



and let

( e} Am7 — (Z7<) Am7 (Z,C)
[Zk=2 k4(k+1)(kzﬁ-2;m(k+n—5) + (n24)! }
m, (2,€) Am0(2,€)
o |:Zk 2 k3 k+1)2(kk—i-21) «(k+n—>5) + (n (31)' 2! ]
Nm,n,n—4(27<) = Z |:Z Apno1(2:) n mO(ZO] (420)
—a k=2 B3 (k+1)2(k+2)--(k+n—5) ' (n—4)l-2!
1 oo A —1(2,6) m.0(2,6)
31 [Ek:2 kz(k+1)2(kﬁ-21)2m(k+n—5) + (n—gl)!{’)! }
\
( oo Am, — (ng) ATT% (27C)
[Zk:Z k3(k+1)(ki23---(k+nf4) + (nEB)! }
Nonmn-3(2,¢) =Y [Z D), mo<z<>] (4.21)
—a k=2 B2(k+1)2(k+2)-(k+n—4) ' (n—3)l-2!
\
> A
Nowmn-2(20) = 3 Bmi1(2) L Amo(@ ) -y g9
—kk+1)(k+2)--(k+n-3) (n—2)
- m Am
N SIGL 4 BAmo(0) iy o
“k:k:+1 (k+2)---(k+n—-2) (n—1)
where

1 m —1 m—1 1
Am’g(Z’, C) = — m{ Z ( ) > ( . ) S (424)

1<s<o0
0<p,g<m—1
p=q+s+{

e T

0

0<p,g<m—1
p=q+{

207" + T2

(=0,1,2,.... Moreover, Gpn(2,C) = 5= [op Kmam(T — Ogn(2,7) I, gu(z,7) is
the nth higher order Poisson kernel, then

Gm,n<27<) :Dml( <)+Dm2( <)+"'+Dm,n—1(27C)7 (425>

where Dy, j(z,¢) = (=1)"7 l_ﬁlw Ninji(2,C), 5 =1,2,...,n—1. In all above
formulae, by convention, [[)_ (k+¢) =1 as1 > }.
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To prove Theorem 16, we need some lemmas as follows.

Lemma 17.
1 d
— | s, keZ (4.26)
2t Jop 0T

where Oro 1s the Kronecker sign and 7 is the set of all integers.
Proof. It is obvious since 7 = ¢, 6 € [0, 27). ]

Lemma 18.

T — (" = Z (Z) (Z) PP, 1€ 9D, ¢ €D,n € Zy, (4.27)

P,g=0

where Zy is the set of all positive integers.

Proof. (4.27) follows from the fact |7 — (> = [1 = 7> = (1 = 7)(1 —7(), T €
oD. O]

Lemma 19.

[e.9]

log|r — ¢[>= =3 s [(7)* + (r0)%], T € OD, € D. (4.28)

s=1
Proof. Since 7 € 0D, ¢ € D, therefore
log |1 — ¢|* = log [1 — 7¢(|”
= log(1 —7¢)(1 - 7¢)

= log(1 — 7¢) + log(1 — 7¢)

== s T+ (7¢)°).

The last equality follows from the fact log(1 — x) = —>.22, & |z| < 1. O

s=1 g

Proof of Theorem 16. By (4.6),

1 m—1

Kpm(T = () = W\T — ¢t [1055 T —¢]? -2 ; ﬂ (4.29)
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Noting (2.34)-(2.38), in order to get G, (2, (), the key is to obtain

dr
Amk 1 / Kmm dk 1(2 T) k>2
" 2mi oD T
in which d_,(z,7) = (27)* ! + (zr)*! and
1 dr
Am ’ = 5 Kmm —§)/—-
o0 = 5 | Kol =05

By Lemma 18-19,

r = (PP ogr - (P ==Y <m B 1) (m B 1) 571 (4.30)

1<s<o0 p q
0<p,g<m-—1

—=q_ —q+S_
. [Cp+s< Tp+s7.q + gpg 7-177_q+s]7

17— (P Iy (2,7) = Z <m - 1) (m - 1) (4.31)

0<p,g<m—1 p q
[Cqu k— 17_p+k71 Cpcq —k—1= 7_q+k71]
and
m—1 m—1

r = ¢ og |7 — ¢PPdia(z,7) = - Z ( ) ( ) s (4.32)

1<s<oo p q

0<p,g<m—1
[Cp+s<q k—l=p+s+k—1_ gpqur Sh—1=p _q+s+h— 1]'

Applying (4.29), (4.31)-(4.32), by Lemma 17, we have

1 m—1 m—1 -1
Busci(20 =~ Rl X ( y )( q )

0<p,g<m—1
p=q+s+k—1

[T T

=0

0<p,g<m-—1
p=q+k—1

¢ 12t + (')
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Applying (4.27), (4.29) and (4.30), by Lemma 17, we get

1 m—1 m—1\ _
Am,O(Z7C):_W{ 1<SZ<OO ( p )( q )S

0<p,g<m-—1
p=gq+s

[CP¢rs 4 T

> (") )

1<I<m-—1
0<p<m-—1

Thus we complete the proof of Theorem 16. O

Remark 11. By Theorem 16, applying G, (z,(), we can rewrite the unique
solution of the problem (4.16) as

dr
.

w2 =3 5= [ @t
[ FO{Kunle = O+ 3 Grnna(e O Jldn. (43
D k=1

Similarly, the double integrals appearing in what follows can easily be given in
terms of G,,.n(2, (). To avoid technical difficulty, we will not repeat them again

in the sequel.

4.3 Dirichlet Problems for Inhomogeneous

Poly-analytic-harmonic Equations

In this section, we discuss three kinds of Dirichlet problems for the higher
order inhomogeneous complex mixed-partial differential equations of simplified
form:

(o2 yw = f, feL’(D),p>2,m>n,
(0,0:)7w =, v; € C(D),0 < j < n, (4.34)
(O TFO N w = oy, o) € C(AD),0 <k <m—n
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and

(0707)w = f, feL’(D),p>2,m<n,
(0,0:)7w = pj, p; € C(D),0 < j < m, (4.35)
(0707 ) w = op, 0k € C(OD),0< k<n—m
as well as
(0707)w=f, feLl(D),p>2,
(070Dw = x;, x; € C(0D),0 < j <mn, (4.36)
(00w = N, \p € C(OD),0 < k < m.

By Theorem 11-13, (4.13) and (4.14), we have

Theorem 20. Set

n! (n + 1)'t e (n(l’ﬁ;z);)!tm—n—Q (n(;f;i)l!)!tm—n—l
0 (n+Dt - (rﬁﬁ)?!,)!tm_n_g (n(ﬁi)zl)!tm_n_Q
A(t) = . : :
(m —2)! (m— 1)t
0 0 (m —1)!
00(t) — Tin—nop(t)
o1(t) = T—n-10n(t)
a*(t) = : , (4.37)
Om—n—2(t) — To0p(t)
Om—n-1(t) — T10p(t)
—k 1 1 det(A* (T))
Z(z) = , Yo / — 2 dr, (4.38)
n.(n+1).~~-(m—1).2m oD T —2z

and

z  Cn-1 ¢1
5i(z) = / / / S (OG- dCy 4 (2), (439)

where t € 0D, 7} € Il,,_1, the matriz Aj(t) is given by replacing the lth column

69



of A(t) by a*(t), 0 <l <m—n—1. Then

:i%J$WMWAﬂ

) (n+1)! -k T 47
Z(; +l—k+1)7— aZ QDZ(T>
Z 237 (2) + Tmmnf (2) (4.40)
1=0
are all solutions of the problem (4.34) if and only if
1 A (T
L[ et AT D o<i<m—n-—1, (4.41)

21 Jop T —2 T

where 71:—1(7') = Yp-1(T) — Terlfk,nJrlfk,]D)f(T)? ge(2,7) (1 < k < n) are the

former n higher order Poisson kernels.

Theorem 21. Set

t (n=2)! zn—m-—2 (n—1)! n—m-—1
m! (m+1)% - (n_m;?)!f o <”—m1—'1>’f -
0 (m+1! .- _(n(f;jé)!t (n(ib;z 3.2)! 7
Al = | : : : ,
(n—2)! (n—1)
0 (n—1)!

Qo(t> - Tnfm,O,D@)
01 (t) - Tnfmfl,OJD)(t)
a*(t) = : , (4.42)
On-m—2(t) — To,op(t)
On-m-1(t) = Trop(t)

_ 1 1 det(A¥ (7))
=(z) = m!(m—}—l)!---(n—l)!%/am T—2 dr, (4.43)

and

~ z Cm—1 G
Fa= [ [T [ Eodda a6 7t ), (4.44)
0 0
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where t € 0D, 7rl# e IL,,_1, the matriz A# (t) is given by replacing the lth column
of Aj(t) by a®(t), 0 <l <n—m—1. Then

k=1
S (m+0!" ke, ]97
" az dj (T) _
lz:; (m+1—k+1)! !
n—m-—1
+2" 3" FUF() + Tunnf(2) (4.45)
1=0
are all solutions of the problem (4.35) if and only if
#
L[ 2 @A e o<icn—m—1, (4.46)

21t Jop T — 2 T

where Pk#q(T) = pr_1(7) — Tm+1—k,n+1—k,[D>f(T)7 ge(z,7) (1 < k < m) are the

former n higher order Poisson kernels.

Theorem 22. Set

17 7 "
01 2f (n— 17"
B(t) = ;
0 (n—2)! (n—1
0 0 (n—1)!
1 t? tm1
01 2t (m — 1)tm2
C(t) = : : ;
(m—2)! (m—-1D
0 -~ 0 (m —1)!
Xo(t) — Tonpf(t) Ao(t) = Trnop f(2)
b (t) = X1(t) — T(:)7n—1,]D>f(t) o) = Ai(t) — TT:L—LO,Df(t) (4.47)
Xn—1(t) = Toapf(t) Am—1(t) = Thopf(t)
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and

1 1 det B*(7)
O (z) = — —Pr 24 4.48
W2 = T = D)i2ni /;m Tz (4.48)
1 1 det C(7)
AN(z) = — —21d 4.49
o(2) 121 (m — 1) 270 /am) — (4.49)

as well as

z flm—1 G
:/0 /0 /0 O3O)ACAG - Al + R2(2), (4.50)

z o1 G
:/0/0 /0 (OG-~ Gy + E1(2), (451)

where t € OD, ky € W1, & € 1, the matrices By (t), C;(t) are respectively
given by replacing the pth, qth column of B(t), C(t) by b*(t), c*(t), 0 < p < n-—1,
0<qg<m-—1. Then

w(z) =Thnnf(z) + Z_:zp,up Z_:zqz/;;(z) (4.52)

q=0
are all solutions of the problem (4.36) if and only if

1 zdet Bx(7) dr

— ——=0,0<p<n—-1 (4.53)
2t Jop T—2 T

and
1 zdet C(7) dr
— —() =0,0<¢g<m—-1 (4.54)
2t Jop T—%2 T

for z € D.

Proofs of Theorems 20-22. From (4.13) and (4.14), the problems (4.34-(4.36) are

respectively equivalent to the following ones:

w — Tm,n,IDJf € Mm,n(D)a f € LP(D)ap > 27m >mn,

(az&z)] [U) - Tm,n,]D)f] =7 — Tm—j,n—j,]])fv Y € O(@D), 0 S ] <n,

(8;‘*’“8;)[10 - Tm,n,]D)f] =0k — Tmfnfk,O,]D)f7 oL € C(@D), 0 S k<m-—n
(4.55)
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and

w — Tm,n,]]])f € Mm,n(]D)v f € Lp(]D>7p > 27m <n,
(az&z)][w - Tm,n,]D)f] =P — Tm—j,n—j,Df7 Pj € C<8D>7 0 S .] <m,
(a;na;n—i—k)[w - Tm,n,]D)f] = 0k — Tnfmfk,O,]Dfa Ok € O(@]D)), 0 S E<n—m
(4.56)
as well as
W —Tynpf € Mpn(D), fe€LP(D),p>2,
(a;na%) ['lU - Tm,n,]D)f] =Xj— TO,n—j,]D)fa X S C(@]D), 0< .] <mn, (457)
(858’;)[11) — Tm,n,]]])f] = >\k — Tm_k,07]]])f, )\k € C(&]D)), 0<k<m.

So, by Theorems 11-13, we complete the proofs of Theorems 20-22. n
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