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INTRODUCTION

OVERVIEW

This dissertation treats questions about the definition of “simplices” inside Riemannian
manifolds, the comparison between those simplices and Euclidean ones, as well as
Galerkin methods for variational problems on manifolds.

During the last three years, the “Riemannian centre of mass” technique described by
KARCHER (1977) has been successfully employed to define the notion of a simplex in
a Riemannian manifold M of non-constant curvature by RUSTAMOV (2010), SANDER
(2012) and others. This approach constructs, for given vertices p; € M, a uniquely
defined “barycentric map” x : A — M from the standard simplex A into the manifold,
and calls z(A) the “Karcher simplex” with vertices p;.

However, the question whether x is bijective and hence actually induces barycentric
coordinates on x(A) remained open for most cases. We show that under shape regu-
larity conditions similar to the Euclidean setting, the distortion induced by z is of the
same order as for normal coordinates: dx is almost an isometry (of course, this can
only work if A is endowed with an appropriately-chosen Euclidean metric), and Vdzx
almost vanishes. The estimate on dx could have already been deduced from the work
of JosT and KARCHER (1982), but it is the combination with the Vdz estimate which
paves the ground for applications of Galerkin finite element techniques.

For example, the construction can be employed to triangulate M and solve problems
like the Poisson problem or the Hodge decomposition on the piecewise flat simplicial
manifold instead of M. This leads to analogues of the classical estimates by DZzIUK
(1988) and subsequent authors in the field of surface PDE’s (we only mention HILDE-
BRANDT et al. 2006 and HOLST and STERN 2012 at this point), but as no embedding
is needed in our approach, the range of the surface finite element method is extended
to abstract Riemannian manifolds without modification of the computational scheme.
Second, one can approximate submanifolds S inside spaces other than R™ (for exam-
ple, minimal submanifolds in hyperbolic space), for which the classical “normal height
map” or “orthogonal projection” construction from the above-mentioned literature di-
rectly carries over, and the error term generated by the curvature of M is dominated
by the well-known error from the principal curvatures of S.

Apart from classical conforming Galerkin methods, there are other discretisation
ideas, e. g. the “discrete exterior calculus” (DEC, see HIRANI 2003) in which variational
problems such as the Poisson problem or the Hodge decomposition can be solved
without any reference to some smooth problem. Convergence proofs are less developed
in this area, mainly because albeit there are interpolation operators from discrete
k-forms to L2Q*, these interpolations do not commute with the (differing) notions
of exterior derivative on both sides. We re-interpret DEC as non-conforming Galerkin
schemes.



REsSuULTS

Let (M, g) be a smooth compact Riemannian manifold. Concerning the simplex defi-
nition and parametrisation problem, we obtained the following (for German readers,
we also refer to the official abstract on page 113):

(1) For given points py,...,p, € M inside a common convex ball, we consider the
“barycentric mapping” x : A — M from the standard simplex into M defined by
the Riemannian centre of mass technique. Its image s := x(A) is called the (possibly
degenerate) n-dimensional “Karcher simplex” with vertices p;. If A is equipped with a
flat metric g° defined by edge lengths d(p;, p;) < h, where d is the geodesic distance in
(M, g), and if vol(A, g¢) > ah™ for some a > 0 independent of h (“shape regularity”),
we give a estimate for the difference g¢ — z*g between the flat and the pulled-back
metric of order h?, as well as a first-order estimate for the difference V9° — V*'¢
between the Euclidean and the pulled-back connection (6.17, 6.23).

(2) We give estimates for the interpolation of functions s — R and s — N, where N
is a second Riemannian manifold (7.4, 7.15).

(3) Starting from the already existing theory of Voronoi tesselations in Riemannian
manifolds by LEIBON and LETSCHER (2000) and BOISSONNAT et al. (2011), we define
the Karcher—Delaunay triangulation for a given dense and “generic” vertex set (8.8).

(4) Concerning the Poisson problem on the space of weakly differentiable real-valued
functions H* (M, R), weakly differentiable real-valued differential forms HQ* (M), and
weakly differentiable mappings into a second manifold H'(M, N), we prove error es-
timates for their respective Galerkin approximations (10.13, 10.17, 13.14). The same
method gives estimates for the Hodge decomposition in H!Q¥ (M) if appropriate trial
spaces as in ARNOLD et al. (2006) are chosen (10.15).

(5) We give proximity and metric comparison estimates for the “normal height map” or
“orthogonal projection map” between a smooth submanifold and its Karcher-simplicial
approximation, which is the classical tool for finite element analysis on surfaces in R?,
but this time for submanifolds inside another curved manifold (11.3, 11.18).

(6) We show that the differential of a Karcher simplex’ area functional with respect
to variations of its vertices is well-approximated by the area differential of the flat
simplex (A, g¢) with g¢ as above (12.12).

Concerning the convergence analysis of discrete exterior calculus schemes for a simpli-
cial complex:

(7) We define a (piecewise constant) interpolation iy : C* — P~1Q* from discrete
differential forms to a subspace of L2QF, which turns the discrete exterior derivative
into a “differential” d : P~1Q* — P~1Q**+1 with Stokes’ and Green’s formula for sim-
plicial domains. This reduces convergence issues for DEC from simplicial (co-)chains
to approximation estimates between the non-conforming trial space (P~ d) and
(H'Q* d). We estimate the approximation quality of P~! forms in H'Q* (g9.19, 9.20)
and compare the solutions of variational problems in P71QF and H1Q* (10.26-28).
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STRUCTURE AND METHOD

All the thesis is divided into three parts, one of which introduces notation, the main
constructions another, its applications to standard problems in numerical analysis of
geometric problems and surfaces PDE’s (changing the usual setting from embedded
surfaces to abstract (sub-)manifolds) the third. Having in mind that “the introduction
of numbers as coordinates [...] is an act of violence (WEYL 1949, p. go), we try to stay
inside the absolute Riemannian calculus as far as possible. Our main tool are Jacobi
fields, which naturally occur when taking derivatives of the exponential map and its
inverse. Whereas the standard situation for estimates on a Jacobi field J(t) are given
values J(0) and J(0), see e.g. JOST (2011, chap. 5), we will deal with Jacobi fields
with prescribed start and end value, which is convered by (fairly rough, but satisfying)
growth estimates 6.6 and 12.4.
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SyMBOL LisT

We listed here those symbols which occur in several sections without being introduced
every time. Symbols with bracketed explanation are also used with a different meaning,
which then will be defined in the section. Where it is useful, we added a reference to
the definition.

M manifold, Mg is shortcut for (M, g)

m dimension of M

g Riemannian metric on M

P parallel transport (beside in section 3)

R curvature tensor of M (1.3)

r Christoffel symbols (1.2), Christoffel operator (1.14)
d geodesic distance function in M

Xp gradient of £ d(p, ) (1.22)

x barycentric mapping (5.4)

inj, cvr injectivity and convexity radius (5.2)

Co, C4 global bound for |R| and |V R)| resp.

h mesh size

) fullness parameter (3.3)

0071 = C() + hCl

0671 = O0,119_2

R simplicial complex (4.1)

n dimension of K

e,f,s,t elements, facets, simplices

r (realisation operator for simplicial complexes, 4.2)
< < up to a constant that only depends on n

A standard simplex, Laplace-Beltrami operator

€; Euclidean basis vector

1n =(1,...,1) e R

1 unit matrix

B, (U) set of points with distance < r from U

d differential, exterior derivative

0 (exterior coderivative, Kronecker symbol)

0 partial / coordinate derivative, boundary of sets
\Y covariant derivative

D covariant derivative along curves (except section 3)
L (weak Laplacian, 2.7), curve length functional

| |2 canonical Euclidean norm of R"

pointwise norm on bundles induced by g, volume of sets
- pointwise operator norm (1.1)

[ integrated (or supremum) pointwise g-norm (2.3)

Il integrated (or supremum) pointwise operator norm

-l operator norm in function spaces (10.3)

v



k-times continuously differentiable functions

L" functions whose r’th power is Lebesgue-integrable

Whk.r functions that have k covariant differentials in L (2.3)

H* := Wk:2 (except section 13)

HE etc. functions in H¥ etc. with vanishing trace on the boundary
HL0 HOL  forms a with weak do or o of class L? resp.

HLL forms o with weak do and o of class L2

Hi+L forms with weak do and da of class HY!

P polynomial forms (9.6), functions (10.3), vector fields (12.7)
x vector fields of class C*

QF differential k-forms of class C*

QF, Ok diff. forms with vanishing tangential /normal trace on the boundary
L2X etc.  vector fields of class L? etc.

S submanifold

TM|g vector bundle over S with fibres T, M

TS+ normal bundle of S in M

v normal on S in M

s projection

n projection onto normal part

t projection onto tangential part

P normal height map p — exp,, Z for normal vector field Z
D, geodesic homotopy p — exp, tZ
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A. PRELIMINARIES

Let us briefly recapitulate basic notions and concepts of the concerned mathematical
fields: Riemannian manifolds and variational problems on these, simplex geometry and
simplicial complexes. For the quick reader with experience in numerics on surfaces, a
short look on the simplex metric in barycentric coordinates (3.11) and our definition
of simplicial complexes (4.2) might be of interest.

1. RIEMANNIAN GEOMETRY

For this section, we will keep close to the notations of JOST (2011) and LEE (1997).—
Let (M, g) or M g for short be an m-dimensional Riemannian manifold. We write (X,Y")
or g(X,Y) instead of g(X,Y) for X,Y € T, M, mainly to prevent the use of too many
round brackets. Whereas charts map open sets in M into R™, we will mostly use
coordinates (U,x), i.e. maps = from open sets U C R™ into M that are locally
homeomorphisms.

Throughout this thesis, we apply Einstein convention for computations in local co-
ordinates or any other upper-lower index pair. Only when it explicity helps to clarify
our statements, we note the evaluation of a vector field X or the metric g at a specific
point p € M as X|, or g|, respectively.

0
Bac,i

or shortly 9; of T,, M, and a dual basis dz* on Ty M. The tangent-cotangent isomorphism
is denoted by b and its inverse by #. The natural extension of g to T* M has coefficients
g% with g% 9ik = 5}; (Kronecker symbol). On higher tensor bundles, g also naturally
induces scalar products by g(v ® 7, w ® @) := g{v,w)g(v,w) and similar for covector
and mixed tensors. The space of smooth vector fields is denotes as X, the spaces of
smooth alternating k-forms as QF. With -, we denote the Euclidean scalar product in
R™.

We will denote the norm on all these bundles simply by |-| or ||, because we do
not see ambiguity here. However, it differs from the operator norm of a tensor denoted
as | - |. Both are equivalent, | - |4 <[-|, <¢| - |4 with a constant c that only depends
on the dimension m and the rank of the tensor (GOLUB and VAN LOAN 1983, eqn.
2.2-9). In particular, operator and induced norm agree on 1-forms.

Tangent Bundle and Norms. Coordinates (U, x) around p give rise to a basis

CURVATURE

In local coordinates (U,x), the metric g is a smooth field of positive definite m x
m-matrices over U. A connection V on Mg is given in local coordinates by some
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A. Preliminaries

Christoffel symbols Ffj = F?i via

Vo,0; =50k,  VxY = (X'9;,Y* + X'YIT},)0 (1.2a)

for vector fields X,Y around p with coordinates X = X0; and Y = Y0, respectively.
It naturally induces a connection on higher tensor bundles, e. g. on the bundle of linear
maps A : T,M — T,M, by (VyA)(W) = Vy(AW) — A(VyW). There is a unique
connection that is symmetric and compatible with g, the Levi—Civita connection
of Mg, whose Christoffel symbols can be computed by

% = 9" (9590 + Digje — Oegiy)- (1.2b)

The Riemann curvature tensor R of Mg is defined by
R(X,Y)Z =VxVyZ - VyVxZ - Vixy 7. (1.3a)
In local coordinates, it has coefficients
Rfjk = air?k — T, + F?kaLi - F;Lkrfzjﬂ R(0;,0;)0k = Rfjkaf (1.3b)
and obeys the following (anti-)symmetries:

<R(X’ Y)Z7 W> = —<R(Y,X)Z, W>7
<R(Xa Y)Z7 W> = _<R(X7Y)VV7Z>7 (13C)

Let us agree that V and D bind weaker than linear operators, so D; AW as above
always means D;(AW), not (D, A)W = AW.

Along smooth curves ¢ : [a;b] — M,t — ¢(t), any connection uniquely induces a
covariant differentiation D, along ¢ by

V(t):=DV(t) = (VF + éiVijj)ak. (1.4a)

A geodesic is a curve with vanishing covariant derivative, i.e. D;é = 0 or, slightly
inprecise, V¢ = 0. In coordinates,

cf“tt = —éiéjffj (1.4b)

(note that we use the symbol ¢ only for the covariant derivative of ¢, and we denote
the coordinate derivative by a comma-separated subscript). If the parametrisation does
not matter, we denote a curve ¢ with endpoints p,q € M as ¢ : p ~ g. The geodesic
distance d(p, q) is the length of the shortest geodesic p ~» ¢. A Riemannian manifold is
complete if any two points can be joined by a geodesic. For some neighbourhood B of
p, we say that B is convex if each two points ¢, € B have a unique shortest geodesic
g~ rin M which lies in B (KARCHER 1968).

Along a geodesic ¢ : [a;b] — M, there is a parallel translation P"* : TosyM —
T.tyM for every s,t € [a;b], defined by P"*V = W (t) for the vector field W along ~
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with W(s) = V and W = 0. Parallel translation is an isometry, as % W2 = (W, W) =
0. The derivative of P with respect to a variation of ¢ is computed in 7.8.

As geodesics are unique inside a convex ball B, we will also write PP for ¢,p € B.
The unintuitive order of the evaluation points is inspired by the fact that some vector
in T}, M enters on the right, and a vector in T; M comes out on the left.—We remark
that in general P"4P%P £ P™P but instead PP'" P™1P%P is the holonomy of the loop
P g T D

Assumption. Throughout the whole thesis, we will assume that Mg is a compact
smooth m-dimensional manifold (without boundary, if not specified) with curvature
bounds |R| < Cy and |[VR| < Cy everywhere. To keep definitions together, we give
a “forward declaration”: When a radius (or a mesh size) r and a fullness parameter
are defined, we will also use Cj := Co9™? and Co; := Cp + rC}, analogously Cf , (C]
will not be used).

Remark. Up to a factor of 3, the bound |R| < Cp is the same as requiring that the sectional
curvature is bounded, because if all sectional curvatures are bounded by +K, then |R| < 4K
(Buser and KARCHER 1981, 6.1.1), which is the usual assumption in the works of KARCHER,
JosT et al. Of course, on the other hand K < Cy.

SECOND DERIVATIVES

Let Nvqs3 and Mg;; be two smooth Riemannian manifolds with coordinates v and
v® respectively and f : N — M be a smooth mapping. Its first derivative is, at each
p € N, alinear map dpf : T,N — Ty, M. Of course, the Levi Civita connections of
M and N induce a unique way to define the Hessian Vdf. For this purpose, df has
to be considered as a section in E := T*N ® f*T'M, a bundle over N with fibres
Ep, =Ty N x Ty M. We want to give a coordinate expression for this.

Definition. Let M and N be two Riemannian manifolds, f : N — M smooth. The
Hessian of f is VEdf, a section of T*N @ T*N ® f*T M.

Fact. The connection on the cotangent bundle T* N is defined by
d(w(X)) =w(VMX) + (VI Mw)(X)  for we QYN), X € X(N),
cf. JOST (2011, eqn. 4.1.20). This gives
0= d(dua(ag)) (87) = duo‘(Vaﬁg) + (V@Wdua)(ag)
= dua(I‘%y&;) + (Va,du)(9p),
and with du®(9s) = 1 if a = ¢ and 0 else, this gives that V5 du® maps a vector dg to
—I'g,, so
%l
Vo, du® = —Fg,yduﬁ. (1.6a)

Vector fields V' on M pull back to vector fields f*V by (f*V)|, = V]s). The
connection V'™ then induces a connection on f*T'M by

VTPV = iy (1.6b)

1.5

1.6
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Let us abbreviate 9, := aga as before, and additionally 0; := f*%, and f’a = gf ;

For example, the usual coordinate representation of df is df (0,) = Za 6?;1" Therefore,
I , ,

VIO = (VI 05) = £ (FTh o) = ST O (1.6

The connections on T*N and f*T'M induce a connection on the product bundle, cf.
JosT (2011, eqn. 4.1.23):

VEwaV) = (VIN0)eV+wa(VITMY)  forwe QYN), V e f*X(M). (1.6d)

Lemma. Let f : N — M be a smooth mapping between Riemannian manifolds, and
let V,\W € T,N. Then consider a variation of curves y(s,t) in N with 0yy = W,
0sy = V and D0y = 0 (everything is evaluated at s =t = 0). Let ¢ :== fox
be the corresponding variation of curves in M. Then Oic = dfV, Osc = dfW and
(VEAf)(V,W) = Dsc. If df V # 0 this is

(VEdf)(V,W) = ViwdfV,
where V and W are extended such that VywV = 0.
Proof. Inserting df = f' ,du® ® ; in 1.6d, we have
VEdf = VN (fLdu®) @ 0; + fldu® @ V) Mo,
By 1.6a,
VEN fidu® = fLgdu® — fLT5 du”
83 e ,af ,at By
and together with 1.6c¢, this gives
V5 df = (flpdu® — fLT5,duY) @ 0; + f1,du® @ f,TF0,
(cf. JOST 2011, eqn. 8.1.19). We conclude that Vdf, taken as bilinear map T, N xT,N —
T, M, acts on vectors dg and Js as
f(p) B
Vdf (95, 05) = [£45du*(05) — 1,15, du(05)]0; + fiodu®(D5) 5T 0n
= (fls5p — [T55)0: + f,igf,]grfjak
= (f,iéﬁ - ffaF‘éa + f,]§f”€ﬁr§k)ai'

This is, as it should be, symmetric in 6 and ¢ by the symmetry of f,ili’5 and the
Christoffel symbols.

On the other hand, let us compute D 0;c. The derivatives of v are given by 9;y =
750q and sy = 7205. By the chain rule, d;c = ¢,0; = 45 fL0; and dsc = *ygféaj. By
1.4a,

Do = (V3 fh),s + V5L 5T 0:.
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Now (’yot‘f’fl)s = vft“sfff)[ + vft“f’k B’yg again by the chain rule. As we have assumed

[e3%

D0y =0, we get 7%, = —'yg'yif%& for every a, so

D.dyc = (= o T8s + flgSys + 5 A8 FETE)8:,
= VWP (= fiLT%s + flsp + F5 5000,

q.e. d.

Corollary (JOST 2011, eqns. 4.3.48, 4.8.50). If M = R, then the Hessian of a function
f: N = R, applied twice to the tangent of a geodesic v, is the second derivative of
f o, and it holds

Vdf(V, W) = (Vy grad f,W) = (Vi grad £,V) = V(W f) —df(Vy ). (1.8a)

SCALINGS

In most situations, we will try to prove scale-aware estimates, i.e. estimates for co-
ordinate expressions or absolute terms where both sides of the inequality scale similar
when the coordinates or the diameter of the manifold is scaled (if both sides of the
inequality even remain unchanged under rescaling, we call the estimate scale-invari-
ant). Therefore, we will need to know the scaling behaviour of vectors and tensors.

Coordinate change, fixed absolute manifold. First, consider the case where the
abstract (absolute) geometry of Mg is fixed and only coordinates are changed. A useful
application is when coordinates (U, z) are given and the eigenvalues of the matrix 9i
lie between 9212 and p?, but one would like to have eigenvalues in the order of 1 (i.e.
between 92 and 1). This is achieved by coordinates

. . 1
i i 9  _ 1%}
yi=prt gE = e
Components of vectors always scale like the coordinates: If W = w”% = wh¥ 32“

then w®Y = pw®®. This scaling indeed fulfills our requirements:

1 1
giyj :g<86yi’%> = Eg<32m%> = Eg’fj

The inverse matrix obviously scales with (g/)¥ = u?(g%)*.—The Christoffel symbols
and the components of the curvature tensor scale with

1 T 1 T
(Ffj)y = ;(ng) ) (Rfjk)y = E(Rfjk) -

1.8

1.9



.10

.11

A. Preliminaries

Fixed coordinates, manifold scaling. Consider a new Riemannian manifold Mg
with § = p?g. Then diam(Mg) = pdiam(Mg) and d(p,q) = ud(p,q). The norm of
a tensor that is covariant of rank k and contravariant of rank ¢ scales with p‘~*. For
example, a vector W, a linear form w and the curvature tensor R scale with

1 1
(Wlg =ulWlg,  |wlg = ;IWIg, IRlg = EHRHg-

If coordinates (U, x) remain the same, then g;; = p?g;; and g¥ = %gij, and the
Christoffel symbols and tensor components remain fixed:

f‘fj = I‘fj, Rfjk = Rfjk. (1.10a)
Now suppose two manifolds Mg and N~ with a mapping f : N — M. Consider a
scaling p for M and v for N. As df can be regarded as a linear form on T'N, resulting

in a vector in T'M, it is natural that the norm of df and Vdf scale as

ldf

i
5.5 = ;||df|

i
Y95 IVdfl5.5 = §||Vdf|

y.g- (1.10b)

The scaling behaviour of |R| is the reason why we never suppress curvature bounds
as “hidden constants”. In fact, most of our results could be simply worked out in balls
of radius 1, and their scaling behaviour could be recovered from the curvature bounds
and the scaling behaviour of left- and right-hand side operator norms.

Coordinate change with manifold scaling. It might also be useful to use coordi-
nates for (M, u?g) where the components gi; remain unchanged, for example because
they had previously been normalised to have eigenvalues in the order of 1. If a chart
(U, z) is known, such coordinates are given by y* = px?, because vector components
also scale as w™"¥ = pw™™ and then

2, au,, Bu

W[5 = w0 gag = pPw™ w’gag = u*WI,
as it should. The Christoffel symbols and curvature tensor components scale as

— 1 _ 1
(Tap)’ = ;(FZB)“, (Rop,)" = E(Rim)“-

If two manifold Nv,z and M g;; are scaled with factors 4 and v in this way, resulting
in coordinate expressions v® = vu® for N and y* = pzx® for M, then the coordinate form
of f, which was a mapping U,, — U, becomes a mapping f : vU, — uU,,v +— uf(v/v),
so by chain rule

Fi — Ko Fi g

T —
, -
o= Jla B = alap

for the components in

df = fladu® @ 52, df = fldv® © 3%

and Vdf = (f,iéﬁ - ffafg(; + fi;f)%f‘ék)duﬁ ® du’® ® 8‘361- as in the proof of 1.7.
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THE EXPONENTIAL MAP AND SPECIAL COORDINATES

On a point p € M (interior, if M has boundary), there is, at least for some small
intervall [—¢; €], a unique geodesic for each initial velocity X € T,M. As the geodesic
equation 1.4b is homogenous and the unit ball in 7}, M is compact, this is equivalent
to the fact that for some small ball B, around 0 € T,M, the geodesic ¢* with initial
velocity X € B. exists on [—1;1]. As the unit sphere in T,M is compact, there is
some ¢ that works for any direction X. The exponential map is defined to map
B. = M, exp,(X) := ¢*(1). From this mapping, normal and Fermi coordinates can
be constructed. The former construction can be found in every Riemannian geometry
textbook (e.g. LEE 2003, p. 78).

Normal coordinates around p € M are coordinates (U, z) with x(0) = p in which
straight lines ¢ — tv are geodesics (arclength-parametrised for |v|,2 = 1), which implies
gij(O) = (Sij, 8kgij(0) =0 and FZ(O) = 0 for all i,j, k.

Lemma. Any orthonormal basis E; of T,M induces normal coordinates (B., x) around

pviax: (ul,.. . u™) = expp(uiEi), where € must be so small that geodesics through

p are unique.

Proof. By homogenity of the geodesic equation 1.4b, the geodesic starting with initial
velocity ¢(p) =V with V = E;v* has coordinates

)y =t*, so ¢F(t)=v" and cf“tt(t) =0

for all ¢ in the definition interval of c¢. At the same time, %, = —c'ic'jl"fj. As both
equalities must hold for every V € T, M, this already implies I’fj = 0. The correspon-
dence between Ffj and Okg;; is linear and of full rank, so the latter have to vanish,
too, q- e. d.

Corollary. dexp, =id at 0 € T,M, that means do(expp)V =V.

Proof. Consider a geodesic ¢ starting from p with velocity V. As the differential
operator d(expp) applied to V can be computed as tangent of this integral curve,
d(exp,)V = ¢(0) =V, q.e.d.

Observation. Then the metric g;; in the parameter domain is
Gij |u = <d1’ €i, dx €i> = <dU (eXPp)Eia dU(epr)Ej>7 (1'143)

where U = u'E;. Likewise, the Christoffel operator I : (v, w) Ffjviwjﬁk (which
is bilinear, but does not behave tensorial under coordinate changes) is computable
as pull-back of the connection to the parameter domain: The coordinate expression
Vow = Ve + T'(v,w) given in 1.2a can be understood as pull-back V*'9 of the
connection onto R™ (not to be confused with the connection z*V9 on z*TM from
1.6b), and such a pull-back is defined by dx(Vﬁ*gw) = Vgzodz w. The right-hand side
was identified to be Vdz(v,w) in 1.7, and so we have

du(exp,)(I'(ei, €5)) = Vdu (exp, ) (Ei, Ej). (1.14b)

1.12

1.13

1.14



1.15

1.16

1.17

1.18

A. Preliminaries

Jacobi Fields. Let c(s,t) be a smooth variation of geodesics ¢ — ¢(s,t). Denote
T := 0ic = ¢ and J := Js¢. As T and J are coordinate vector fields, [J,T] = 0, so
VT = VrJ or, in other words, Ds;0;c = D.0sc. Differentiating the geodesic equation
D¢ = VT =0 gives, by 1.3a,

0=V,VeT =VyV,T + R(J,T)T = VpVed + R(J,T)T,
which is the defining equation for Jacobi fields:
J=R(T,))T (1.15a)

Conversely, every vector field J along ¢ fulfilling 1.15a gives rise to a variation of
geodesics by .

C(S7 t) = eXpexp sJ(0) t(PC(O) + SPJ(O))7 (115b)
where P is the parallel transport from ¢(0) to exp sJ(0) (JOST 2011, thm. 5.2.1).

Proposition (cf. KARCHER 1989, eqn. 1.2.5). Let ¢ : I — M be a smooth curve
and Z be a vector field along c. Then the map ¢ : s — exp,y tZ(s) has derivative
oi(s) = J(t) for a Jacobi field J with initial values J(0) = ¢(s), J(0) = Z(s). In
particular, dy(exp,)W is the value J(1) of a Jacobi field along t +— exp,tV with
initial values J(0) =0 and J(0) = W.

Proof. c(s,t) := ¢¢(s) is a variation of geodesics ¢t — c¢(s,t) for every fixed s, so
dsc = ¢y is a Jacobi field, and the values for ¢ = 0 are J(0) = Jsc(s,0) = ¢(s), and
J(0) = Dy0s¢(s,0) = D;04c(s,0) = Dy Z(s) again by 1.13, qg.e.d.

Fermi Coordinates. Let ¢ : ]Ja;b] — M be an arclength-parametrised geodesic.
Then Fermi or geodesic normal coordinates along c are an open neighbourhood U
of 0 € R"! and coordinates z : Ja;b[ x U — M, in which z(¢,0) = c(¢) and straight
lines s ~ ¢(t) + sv with first component v° = 0 are geodesics (arclength-parametrised
for |v|z2 = 1) perpendicular to ¢. This implies

i (t,0) = 0y5, Ffj(t, 0)=0 for all ¢ € Ja; b]. (1.172)

If ¢ is not a geodesic, then one can still find coordinates with g;;(¢,0) = ¢;;, but the
Christoffel symbols cannot be controlled. In classical surface geometry, those are called
“parallel coordinates” along ¢ (we will not use them).

Lemma. Let c:]a;b] — M be a geodesic in M. Any orthonormal basis Es, ..., E,, of
¢(0)* induces Fermi coordinates along c by x : (t,u?,...,u™) eXPe(y) (u' PYOE;).

Proof. x is injective because the orthogonal projection onto c is well-defined in a small
tube around ¢, and if a point ¢ € M projects to ¢(t), then the connecting geodesic
c(t) ~ q determines the components u?, ..., u™ by use of normal coordinates é¢(t)- —
M.

By definition of normal coordinates, the claim g;; = d;; and Ffj = 0 along (¢,0,...,0)
is clear for 7, j, k > 2. Because cis arclength-parametrised, g;; = 1, the orthogonality of
¢ and E; at every c(t) gives gi; = 0 for all 4. Because P*Y is parallel, Vy,8; = V.E; = 0
proves the vanishing of the remaining Christoffel symbols, q.e. d.
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Corollary. If P is the parallel transport along a geodesic in Mg running through
p € M, then for any vector V. € T,M and a vector field W around p, we have
PVyW = VpyPW, and for a vector field V along a geodesic t — c(t), the fun-
damental theorem of calculus holds:

V(t) = PYOV(0) + /Pt’TV(r) dr. (1.19a)
0

THE DISTANCE AND THE SQUARED DISTANCE FUNCTION

The following properties already occur in KARCHER (1989) and JOsT and KARCHER
(1982), but sometimes only hidden inside their proofs. For the same calculations in
coordinates, see AMBROSIO and MANTEGAZZA (1998).

The geodesic distance d( -, p) is a smooth convex function in some small neighbour-
hood B of p, excluded in p itself. It therefore has a gradient Y, and its length is the
Lipschitz constant of d( -, p), namely 1 everywhere. Additionally,

0=V(Yp,Y,) = 2(VyY,,Y,) = 2(Vy,Y,, V)  forall V eT,M,qe B,

by symmetry 1.8a of the Hessian Vdd, so Y}, is autoparallel everywhere. The integral
curves of Y, are hence geodesics emanating from p with dd(¥) = 1, so d(vy(t),p) =t
for each such curve. On the other hand, d( -, p) is constant on the distance spheres of p,
s0 Y, is perpendicular to them (Gauss Lemma). In normal coordinates (u',...,u™)
around p, we have d(-,p) = |ul,2 and hence

d(-,p)Y, = u'0;.

Observation. Base and evaluation point can be reversed, and the vector field only
changes sign: Y, |, = —P?PY,|,, because both are velocities of the arclength-parametri-
sed geodesic p ~+ q or ¢ ~» p respectively.

Lemma. In a small neighbourhood of p,
X, = grad § d*(p, -) =d(p, -)Y,

is an everywhere smooth vector field, its integral lines are (quadratically parametrised)
geodesics emanating from p, and exp,(—Xp|,) = p, equivalently

—Xylp = PPIX,|, = (epr)_lq

for all ¢ in a convexr neighbourhood of p. Loosely speaking, one also writes this as
PX, = exp ! p.

Proof. Let ¢ be the arclength-parametrised geodesic with ¢(0) = p and ¢(7) = ¢. By
definition of exp, we have exp, ¢(0) = ¢, as well as ¢(t) = P“0¢(0) and &(t) = Yp|ew
for all ¢ by the Gauss lemma. The switch of base and evaluation point is justified by
1.21, q.e. d.

1.19

1.21

1.22



1.24

A. Preliminaries

Lemma. ForV € T,M, where q is in a convex neighbourhood of p, let J be the Jacobi
field along p ~» q with J(0) =0 and J(7) = V. Then

Vv X, = TJ(T), V%/,vXp = TDSJ(T).
In particular, if V is parallel to X,, then Vy X, =V and V%,7VXP =0.

Proof. Let s — 6(s) be a geodesic with 6(0) = ¢ and 6(0) = V. Define a variation of
geodesics by

c(s,t) := exp, (t(expp)flé(s)).
Then 0;c is an autoparallel vector field and J := dsc a Jacobi field along t c(s,t)
for every s with boundary values J(s,0) = 0 and J(s,1) = d(s). The t-derivative is

Oe(s, t) = Pt’o(expp)_15(s) = Pt"lXp|5(S)

and hence J(t) = D;d,¢(0,t) = D,dyc(0,t) = DsXple0,4) = V) Xp- Differentiating
this once more gives the claim for the second derivative. If V' is parallel to X,,, then
use VyY =0, q.e. d.

Remark. (a) Variations of X, with respect to the base point p will be considered in
12.3.

(b) Analogously to (expp)’1 = PX,, the derivatives of X, and exp, correspond:
Vv X, is the derivative of some Jacobi field with prescribed start and end value,

whereas dy (exp, )W = J(1) for a Jacobi field with J(0) = 0 and JO)=W.

(c) Although V), is not differentiable at p, we have VX, = id at p, similar to do exp, =
id.

(d) In the notation of GROHS et al. (2013), our vector field X,, and its derivative are X,|, =
log(a,p) and VX,|. = V2log(a,p).

SUBMANIFOLDS

Extrinsic Curvature. For a smooth k-dimensional submanifold S C M, we treat
T,S as a linear subspace of T, M, denote the orthogonal projection T, M — T,S as t
and the projection onto the normal space TpSl as n. The bundle over S with fibres
T,M is denoted as TM|g = TSHTS* (meaning a fibre-wise sum of vector spaces). The
Weingarten map or shape operator with respect to a normal field v is W, := Vv,
that means U +— Vyv. The second fundamental form with respect to v is

I(UV):=-W,UV)=(VyV,v) (1.24a)

because (v, V) = 0 and hence U{r,V) = 0. In particular, I, (U, V) is in fact tensorial
in v, U and V. Sometimes (U, V) := nVyV is also called the second fundamental
form in the literature, although it is a bilinear map, not a form. If the orthonormal
parallel normal fields vg 1, ..., vy, locally span T'St, it holds I(U, V) = v; IL,,, (U, V).
The covariant derivative induced by g|g is V¥ = ¢V, hence I = V — V¥,

10
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Generalised Fermi or Graph Coordinates. The “tubular neighbourhood theo-
rem” states that a small neighbourhood B.(S) of S is diffeomorphic to S x B, with
an open e-ball B. ¢ R™ % around 0 (BREDON 1993, thm. II.11.4). By explicitely
constructing this diffeomorphism, upper bounds on e can be derived: For t € [0; 1], let

O, TST =M, (p,Z)— exp, tZ. (1.25a)

If p moves with velocity p, we know by 1.16 that d®;(p) = J(t) for a Jacobi field with
J(0) =p, J(0) =V, Z.

The case where Z = v is parallel along p is particularly interesting. Then &,
parametrises the level sets of the distance function from S; we have J(O) = W.p,
and the parallel transport of v along ¢ is normal to the image of ®;, so the whole curve
fulfills J = W,,.J. Therefore, the pull-back metric ®7g(p,p) changes with respect to ¢
as %@jg(}é,m = 2¢(J, J) = 29(J,W,.J), see KARCHER (1989, eqn. 1.2.7). Hence the
maximal eigenvalue of W, over v € S™~F ¢ T'S+ and over ¢ bounds . We will pursue
this more explicitely in 11.8. By J = LWJ) = WJ+WJ=W.J+W?2J, one then
obtains a Riccati-type equation for the Weingarten map (KARCHER 1989, eqn. 1.3.1)

W =R, - W? for R, = R(v, - )v. (1.25b)

Generally, a tangent vector U € Tmz)TSJ- is induced by a curve s — exp ) tZ(s),

where p is tangential to S and Z = tZ + nZ. The above-mentioned Jacobi field .J can
be split into two Jacobi fields J,(s) + J,(¢) with initial values

‘]P(O) =p JV(O)
1,(0) = ¢

5 (1.25¢)

0
Z J,(0)=n

The part tZ is in fact tV,Z (if we assume Z to be extended parallel along t), so it is
uniquely determined by p, and thus U has the representation (p, nZ) in the chart ®,.
Let 9 be the orthogonal projection B.(S) — S. As Jacobi fields with orthogonal initial
values and velocities stay orthogonal, we have an orthogonal splitting V' =V, +V,, for
VeT,M,peB.(S), with V, = J,(1), V,, = J,(1). This gives a simple representation
of dip, namely dy(V,) = 0 and dy)(V},) = p. The geometric interpretation of the splitting
is

V, = pryv@)  po@)ry, V, = prv@) y pt@)ry, (1.25d)

that means V, and V,, are the orthogonal projections onto PT'S and PT S~ respectively.

This is proven by dL;(JmZ) = 0 (if Z is extended parallel along t) and the initial
conditions (.J,(0), Z) = 0 and (J,(0), Z) = 0.

2. FUNCTIONAL ANALYSIS AND EXTERIOR CALCULUS

We will quickly review the Dirichlet problem and the Hodge decomposition in this
section. All proofs are reformulations from SCHWARZ (1995), but we tried to take
special care that not the vector bundle structure of QF, but only its functional analytical
nature has been use (the only exception is 2.16).

11



2.3

2.4

A. Preliminaries

Notation. (a) We have defined X and QF as the spaces of smooth vector fields and
k-forms on M. The pointwise scalar product g on all tensor products of TM and T M
naturally induces an L2 product on them:

wu)i= [ glo.w)

M

The completion X with respect to the L? norm will be called L2X, analogously L2QF for
the differential forms. The notation (-, -} will only be used for the L? scalar product,
so all indices like (-, -} 12, {+, * }i2(arg) @nd (-, - )2y Or (-, -} 20n are only added for
ease of reading.
(b) Let M have a boundary OM. The projections ¢ and n from TM|aps onto TOM
and TOM* pull back k-forms as t*v(Vy,..., Vi) = v(tV4,..., tV4) and similarly n*w.
The spaces of k-forms with vanishing tangential part on OM are called QF.

Together with the usual exterior derivative d, the Q* form the smooth de Rham
cochain complex

R N A=)

The exterior coderivative ¢ is, for forms with appropriate boundary conditions,
adjoint to d with respect to the L2 scalar product:

(v, dw) 2grr1 = {6V, W) 20k for all v € QT w € QF
and all v € QFF! 4w € OF

(2.1)

The image and the kernel of d in QF are called the spaces of boundaries and cycles,
B* ;= imd|gr—1 and €* := kerd|gr. The space of harmonic forms is H* := ¢k N
d(QF 1)L, For 6, we have 8% and ¢} defined analogously, so $* = ¢* N ¢ by 2.1.
Denote

Lap(v,w) := {dv, dw) + {dv, dw), Dir(v) := Lap(v, v). (2.2)

Definition. Define the following six norms on each Q*:

ofe = [0 + dof,

|U|E|0,1 = |U|E2 + |5”|E2

o2, == [vlZ + |dv]2 + |[ov]Z = |v]2 + Dir(v)

[V = vl + [dév]s + [0dv]L2

[vfZ, = [vlE + [Vl

vl = [vlf + [Vl

Let HY9Q* etc. be the completion of QF with respect to these norms. The L”, W'
and W27 norms are the usual modification of the L2, H! and H? norms for exponents
r#£ 2.

Observation. (a) (H"°Q,d) is a cochain and (H%'Q,d) is a chain Hilbert complex,
that means that d or § are bounded linear operators with d> = 0 or 62 = 0 respec-
tively (to be notationally precise, a Hilbert complex requires d or § only to be closed
operators).

12
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(b) The H! norm dominates the HY and the H%! norm; the H? norm dominates all
the other norms. For functions, H®! = L2 and H'0 = HLE = H!,

Remark. SCHWARZ (1995, sec. 1.3) uses a different definition of H? which depends on local
choices of orthonormal bases. He then uses the H' and H? norms to control the exterior
(co-)derivatives. We consider the use of H*" and similar norms a sharper tool for this, as only

the actually needed derivatives have to exist. JOST (2011, eqn. 3.4.4) writes H? for what we
call H!*,

Fact (BRUNING and LESCH 1992, corr. 2.6). The spaces H:195* are closed in HL1QF
if and only if H1987 are closed in H1QF. If this is the case, and if $* is finite-dimen-
sional, then (H-'Q* d) is called a Fredholm complex.

LAPLACE OPERATOR AND DIRICHLET PROBLEM

Observation. Directly from Green’s formula 2.1, one gets for v € H!*1, o € HM!
Lap(v,w) = {(dd + dd)v, w)
in either of these four cases:

t'w=0,n"w=0 t*w=0, t"ov =0
nfw =0, n*dv=0 n*dv =0, t"6u = 0.

Definition. The strong Laplacian is A := d§ + §d : H'T'QF — L2Q. The weak
Laplacian is L : HY1QF — (HL1OF)* o s Lap(-,v). The strong Dirichlet prob-
lem is to find v € H'T1QF with

Au = f, t*u =0, t*ou = 0. (2.7a)

The weak Dirichlet problem is to find v € HV1QF with Lu = f in (HH1QF)*) that
means

(du, dv) + {du, 6v) = (f,v) for all v € HMQF. (2.7b)
Such a u is called a Dirichlet potential for f.

Fact (Dirichlet principle). A form u € H1QF is a solution of the weak Dirichlet
problem if and only if it minimises Dir(v) — (f,v) over all v € HM1QF,

Remark. For sections of smooth vector bundles over M, the trace of the second
covariant derivative gives a “metric” Laplace operator tr V2, connected to our Laplacian
or “Laplace-Beltrami” operator by the Weizenbock formula (JOST 2011, thm 4.3.3.),
which we do not use, and only mention to avoid confusion. They agree if and only if
Mg is flat.

Proposition. If u € HY1QF is a solution of the weak Dirichlet problem and is in
addition contained in H*T1QF | then it solves the strong Dirichlet problem.
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2.9

2.10

A. Preliminaries

Proof. Suppose Lap(u,v) = (f,v) for all v € HH1QF. Then a fortiori this holds for
v e HHQY | and so, by 2.6, (Au,v) = (f,v) for all v € H'1QF | which shows Au = f
by the fundamental lemma. As the vanishing boundary values for v were only needed
in the use of Green’s formula, not in the L? testing, we can infer (Au,v) = (f,v) for
all v € HLIOF by continuity. But as H1QF contains functions whose normal trace

does not vanish, (Awu,v) = Lap(u,v) can only hold if tdu = 0, g e.d.

Remark. If we had used, for the weak Dirichlet problem, Ht1Q* for the space of
test functions instead of HL1Q¥ then the space of Dirichlet potentials for f = 0
would agree with H'1$¥. But by our definition, this requires the additional assumption
u € HIFIQOF,

Observation. By definition of the spaces involved and Green’s formula 2.1, one di-
rectly obtains:

d(HYPQ 1) C o(HM PR+ S(HO'QHY) cd(H Rt
HYOek 5 6(HM Q)+ HO'er D d(H' Q)Y (2.92)
HLlﬁﬁ 1 HO,I%k‘ HLlﬁlf 1 HLO%Z

As H10QF and HO'QF are completions of spaces with d? = 0 and 6% = 0, this property
carries over:
d(H0QF) c HMO0¢k, §(HO1QF) ¢ HO ). (2.9b)

Proposition (Poincaré inequality). Let (H'QF d) be a Fredholm complex where the
inclusion map H'QF — L2QF is compact. Then:

(a) Dir is H'-coercive on H'($%)*, that means there is Cy > 0 with
[v|Z: < Cg Dir(v) for all v € HXQ* v 1 9.

(b) If the trace operator v — t*v is a continuous mapping H'QF(M) — L2QF(OM),
then Dir is H'-coercive on (%), that means there is Cy > 0 with

|v[f: < Cg Dir(v) for allv L $H% t*v = 0.

(c) IfAis a closed affine subspace in H'QF that does not include constant forms # 0,
then there is Cy > 0 with

[v|Zs < Cq| Vol for all v € 2L

Examples are A = {u € HQF: u|pys = 0} if M has a boundary, or A = {u €
HIQF: fM u =0} in cases where the integral fU u makes sense. By linear translation,
the latter one gives the consequence |v — f,, v|iz < Cy|Vv|i2 for functions v € HQP.

Proof. 1t obviously suffices to show the last claim with |v[?, instead of |v|2, on the
left-hand side. Then the proof always follows the same lines: If the claim is wrong,
there has to be a sequence (v;) C H'Q* with |v;|yn = 1, and the right-hand side tends

14
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to 0. Because this sequence is bounded in H'QF, there has to be a weakly convergent
subsequence, which we again denote by (v;). This will suffice to extract a contradiction
in all three cases.

ad primum: Because $¥ is finite-dimensional, it is closed, and so is (£*)*, that means
v L $%. At the same time, Dir(v) = lim Dir(v;) = 0, so v € HY1§%. Therefore, v = 0,
but at the same time |v| .2 = lim |v;|.2 > 0 because the imbedding H'Q* — L2QF is
compact.

ad sec.: By assumption, ($¥), is closed, so the argument works again, as t*v =
lim t*v; = 0.

ad tertium: Here the convergence of the right-hand side means Vv; — 0 strongly in
L2, hence Vv = 0, so v has to be constant almost everywhere, so v = 0 by assumption
on A, q.e. d.

Remark. {(a) It is common to prove the last part constructively, see 13.7. We are
not aware of a constructive proof for the first and second case.

(b) By a scaling argument, one can see that Cy = Cg diam M with a constant Cg
that does not depend on the size of M.

Proposition. Situation as in 2.10b. Let f € L2Q* with f L HY19E. Then there is
ezactly one u € (HV1HF)L with Lap(u,v) = (f,v) for all v € HL1QF.

Proof. By the Lax-Milgram theorem, there is exactly one u € (HY1$%)L with Lap(u, v)
= (f,v) forallv € (H-1H¥)L. Now observe that not only HL1QF = HU LGk (HL L)L
but that the second summand must also have zero boundary values, so HU1QF =
HL19k @ (HB1HK)E. So everything that is missing is to prove this equality also for
v € H1H%. But that is not difficult: On the one hand, Lap(-,v) = 0 for such v, on
the other (f,v) = 0 by assumption on f, q.e.d.

Remark. (a) For each u* € HY1$¥ one also has L(u + u*) = f. So the solution is
unique up to harmonic components. This non-uniqueness for manifolds of higher genus
can indeed be observed in numerics, cf. ARNOLD et al. (2010, section 2.3.3).

(b) If f is not orthogonal to H:1$¥  then there is an orthogonal projection p of f to
this space and a Dirichlet potential u for f — p.

HODGE DECOMPOSITIONS

Proposition (weak Hodge decomposition, BRUNING and LESCH 1992, lemma
2.1). There is an orthogonal decomposition

H1O00k — d(Hl,Ole:—l) ® HLO(Q:k)J- ® H1’05k7
where HLO 9k .= H1.0¢k N d(Hl,OQItf—l)J_'

Proof. By definition of H"$*  this sum exhausts H9QF, and the last summand
is orthogonal to the two other ones. It only remains to show the orthogonality of
d(H0QF 1) and HLO(€%) L. So let u = da with a € HMQ¥ 1, Then by 2.9b u € H1.0¢k,
hence it is perpendicular to each element in H(¢*)+, q.e. d.
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Proposition (strong Hodge decomposition, BRUNING and LESCH 1992, cor. 2.5;
SCHWARZ 1995, thm. 2.4.2). For a Fredholm complex, there is an orthogonal decompo-
sition

Hl,le _ d(H1+1QJt<:71> @ (5(H1+1Qﬁ+1) D Hl’lfjk.
In other words: each w € HUIQF can be decomposed as u = da + 6b + ¢ with ta = 0,

nb = 0, de = 0, and ¢ = 0. The parts a and b can be computed as minimisers of
Flu)(a) = {da,da) — 2{da,u) over a € H'*1(e*=1)L and G[u](b) = (b, 6b) — 2(5b, u)
over b € HIWH(&; )ik respectively.

Proof. By the Fredholm property, H''1$* is closed and hence convex. By the projec-
tion theorem (cf. e.g. ALT 2006, thm. 2.2), H"'QF has an orthogonal decomposition
HLIOF = HBLGF @ (HB1HF) L. So everything we have to show is
Hl,l(ﬁk)L _ d(H1+1QI:71> @ (5(H1+1Q§+1)

& HUGF = (dH7IQFY) @ s(HITIRk )
The inclusion C is clear by the last part of 2.9a. For the other direction consider
u € HY1QF such that

(u,dv) =0 for all v € HMOQF 1)

(u,0w) =0 for all w € H®1QFT,

Because of Green’s formula, this means

(du,v) =0 for all v € HH0QFT

(du,w) =0 for all w € HO1QR,
These v and w suffice to test for du = 0 and du = 0 in the interior of M, so u € HLLHF,
For the variational property, observe that the orthogonal projection da of u € H-1QF
onto d(H'*1QF 1) fulfills (u— da, dv) = 0 for every v € H'*1Q ! which is exactly the

optimality condition for F. The minimiser is unique up to elements of ¢* for which
reason we only seek a in (€*)+. The analogous argument applies for G, q.e.d.

Remark. By assumption, the ranges of d and § are closed, so a continuity argument
also shows that L2[d(H2°QF @ §(H%1Q%)]+ is the L? completion $* of $*, which gives
the L2 Hodge decomposition

L2QF = d(H°Q ) @ 6(HO1Qp+) @ o,

Proposition (Hodge—Friedrichs decomposition, SCHWARZ 1995, thm 2.4.8). For
a Fredholm complex that is H' T -regular, that means the Dirichlet potential of an L>
right-hand side is in H'T1QF | there is an orthogonal decomposition

Hl’lf)k — Hl,lj;)]tv ® HLIfjk N HLO%;‘;7
_ Hl’lﬁﬁ o Hl’lfjk a HO,l%k.
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Together with 2.14, this gives the decomposition
HLle: _ d(Hl-‘rlefl) o 5(H1+IQE+1) ® Hl,ls,j];: D Hl’lfjk N Hl,O%z
_ d(Hl+IQIt€—1) D 5(H1+IQI:L+1) ® Hl,lﬁlrcl D Hl’lﬁk N HO,l%k.

Proof. We only prove the first decomposition, the second one is literally the same. By
the last statement of 2.9a, Hb19F | HM098%. So if the decomposition exists, it will be
orthogonal. We are done if we can show that every u € HY 19k with w L Hl*l.V)’f is a
coboundary, that means there is some v € H*1QF 1 with u = dv.

Therefore, suppose u € H1$*F and u | HY1$¥. Then by 2.12 there is a Dirichlet
potential w € HY1QF for u. Let v := dw.

(L) It holds u — §v L HY1H¥ due to the assumption on u and dv € HL0B7.

(I1.) As 6u = 0 and §?v = 0, we have §(u— dv) = 0. Because the Dirichlet problem is
H*Llregular, u = (dd+dd)w and hence d(u—dv) = d(ddw+ddw—ddw) = d(déw) = 0.
This shows that u — dv € HY'H*, And because u — dv = ddw is a boundary, it has
vanishing tangent component: Take any (k — 1)-dimensional domain U C dM. There
is a domain U’ C M with U = U'NdM, and [;; t*(u — dv) = [, d(u — dv) = 0. For
this reason, u — dv € HM1HF.

Now u — v is at the same time in some space and its orthogonal complement, which
can only hold if u — v = 0, q.e. d.

MixeEp FORM OF THE DIRICHLET PROBLEM IN F

Observation. The Dirichlet problem also has a mixed form without coderivatives
(ARNOLD et al. 2006, sec. 7.1): If one introduces the auxiliary variable o, which replaces
du in a weak sense, i.e. which fulfills (o,7) = (dr,u) for all 7 € HY9Q""! then
Lu = f — p can be written as

(do,v) + {du,dv) = {f — p,v) for all v € Hl,OQI:,
(0.7) = (u,dr) =0 for all 7 € HLOQF—1
(u,q) =0 for all ¢ € HY 19k,

Let & := HLOQM T 5 HLOQF » HL1HF, By computing the Euler-Lagrange equation,
one sees that (o, u,p) € & solves the equations above if and only if it is a minimiser of

I(o,u,p) == (0, 0) — (do,u) — {du, du) + {f — p,u).

In such a critical point, every (o,0,0) € & is a descent direction, and every (0,v,q) € &
is an ascent direction, so I has a saddle point at (o, u,p).

Proposition (ARNOLD et al. 2006, thm. 7.2). In a Fredholm complex, the weak
Dirichlet problem in mized formulation is well-posed, that means: There is a solution
(o,u,p) € & for every f € L2QF, and there is a constant c only depending on M such
that |O—7u7p|6 < lelLZ'
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Proof. For s = (o,u,p) and t = (1,0, q), let
b(o,u,p;T,v,q) := {0, 7) — (u,dr) + {do,v) + (du, dv) + {(p,v) — {u,q), (2.18a)

let B: & — &~ be the linear operator with b(s,t) = (Bs,t)g. o and F : t — (f,v)L2.
We have to show that there is a solution to the operator equation B(s) = F' in &*.

There is an inf-sup condition for b: According to 2.13, decompose v = da+x+y with
a € HYOOF N ek=1 and = L ¢*. Then by 2.10b, we have |aly1.0 < Cglalz < CglulL:
and by 2.10a, |z|hio < Cgldz|2 = Cgldulz. With 7 = 0 — C5%a, v =u+do +p
and ¢ = p — y, one obtains (all norms are L? norms here) b(o,u, p;7,v,q) = |o|> —
C5*(o,a) + C3%|dal? + |do|? + |dul? + |p|? + |y|?, which is (for Oz > 1) greater than
052(|0'||2_|1,o + |uldio + |plZ2). As |7,v,qle < alo,u,pls for some a € R, we have
shown that there is a constant v with

b(s,t)
sup
es |tls

> vlsls for all s € G. (2.18b)

Once this inf-sup-condition is established, the way is well-known (BABUSKA and A717
1972, thm. 5.2.1): Consider the linear operator B : & — &* belonging to b. Because
of |Bs|s+ > 7|s|s, it must be injective. And as we have that for any t € & there is
some s € & with b(s,t) # 0, the image of B must be the whole space &* by the closed
range theorem. Using the inf-sup condition once again, we get that |a|s- > v|B tals,
which shows that B~! is continuous, g.e. d.

Remark. The only thing that cannot be inferred from our high-level point of view is
that (H'°Q, d) indeed forms a Fredholm complex, and that the imbedding H'QF —
L2QF is compact. The finite-dimensionality of $* and hence the Fredholm property
is proven by the inequality |v|y: < C(Dir(v) + |v|2) of GAFFNEY (1951), see e.g.
SCHWARZ (1995, cor. 2.1.6). The compact embedding is Rellich’s inequality (see e.g.
ALT 2006, A6.1), which carries over from the Euclidean case without modification.
Both need the vector bundle structure of (H:°Q, d), but they are obviously also true if
(HY0Q), d) is a complex of finite-dimensional vector spaces. Therefore all proofs above
literally carry over to the “discrete exterior calculus” from section g. A very prelimi-
nary version of this attempt of formulation exterior calculus without recurrence to the
vector-bundle structure has been given in VON DEYLEN (2012).

Definition. When we speak of variational problems in the forthcoming sections,
we will always refer to the Hodge decomposition, the Dirichlet problem and other
strongly elliptic problems.

3. GEOMETRY OF A SINGLE SIMPLEX

As typical domain for the parametrisation of simplices, the numerical community
mostly uses the n-dimensional unit simplex

D :=conv(0,eq,...,e,) ={p € REy: p- 1, < 1},
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where 1,, is the vector in R™ with all entries 1, and e; is the i’th Euclidean unit vector.
We will investigate parametrisation of simplices over D for given edge lengths and
see how the Riemannian metric over D changes when those edge lengths are slightly
distorted. In contrast, geometers tend to employ the standard simplex

A :=conv(eg,...,e,) ={\ € ]R?dl: Al =1}

for the same purpose (here and in the following, we will use the enumeration ey, ..., e,
for the canonical Euclidean basis of R™*!). Although the parametrisation over A is
not a parametrisation in the strict sense, as not some R" itself is used, but some linear
subspace of it, we will see that there will be no problems with this additional direction.

THE UNIT SIMPLEX

Metric on T'D. Consider points pg,...,p, € R" that are supposed to be vertices
of a simplex s. As we are only interested in its isometry-invariant properties, we can
assume that po is the origin of R™. Then the matrix P := [p1]|---|py] represents a
linear map D — s. The first fundamental form has entries

CZJ = (PtP)Zj:p’Lp]’ i7j:17._.)n7

and the volume of s is computable as vols = L (det C)"/2. If ¢;; = |p; — p;| are the
edge lengths of s, we have by the cosine law

Cij = %(%i + g%j - f?j)- (3.1a)
If only a system of prescribed “edge lengths” /;; is given, then there is a simplex with
such edge lengths if and only if the matrix with entries (2, + lo; — £3;) is positive
definite.

Metric on T*D. Let D;, i =1,...,n, be the facet (subsimplex of codimension 1)
of D opposite to the vertex e;. The vector e; is normal to D;, and as normal directions
transform with P~*, the vectors v* := P~te;, i = 1,...,n, are normal to the facets s;
of s. In other words, P~! has the normals v* as rows. At the same time, these v* are
the gradients of the barycentric coordinate functions A\?, defined by the representation
p = Aip; for any point in s. The length of these gradients decreases as the simplex’
height h; above p; decreases, more precisely

i|:1

v’ = grad \* L s;, v A (3.2a)

this in particular implies |s;|/[v’| = L vol s for each i. This formula does not only hold
for i = 1,...,n, but also the appropriately-scaled normal v° opposite to the origin pg
is the gradient of \°. Define V := [v!|---|v"]. As the barycentric coefficients sum up
to one, v0 = —V1,,. By definition of V, we have VP = 1, which means that the v*
and p; form a “biorthogonal system” (FIEDLER 2011, thm. 1.1.2). The matrix

QY = (VIV)¥ =o' . o, i,j=1,...,n,
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is inverse to C;; and hence represents the scalar product of the cotangent space. Clearly
Vt = PQ, that means v* = p;(v?,v*), s0 10 = —V'1,, = p;(v7,v°). As p; also equals
the edge vector e;o (due to pg = 0), this shows the translation-independent form

vt = egjof 0l foralli=0,...,n (3-2b)

(where ¢ = j might be included in the summation or not, which does not matter due
to e;; = 0). In the following, we will only consider the (n + 1) x (n + 1) matrix Q,
which extends @ by a 0’th row and column:

QY =v" -, 1,7=0,...,n.

It is made to have vanishing row-sum and column-sum, i.e. Q1,41 = 0 and 1§L+1Q =0.
In the special case n = 2, we know from PINKALL and POLTHIER (1993, PINKALL
nowadays dates the formula back to DUFFIN 1959 or even MACNEAL 1949, but as the
formula itself is easy to discover by classical trigonometry, we value the application
to computational mathematics higher than the first occurence of two opposite angles’
cotangents)

lighk| v’ - o' = M = cot aF;, (3.2¢)
l24] Y
(as is frequently used in discrete exterior calculus, see HIRANI 2003), where xij is the
straight line from ijk’s circumcentre to the midpoint of ij, and afj is the angle in ijk
opposite to vertex k.

Definition. We say that s is (), h)-small if all edge lengths ¢;; are smaller than h
and s has volume greater than ¥h"o,,, where o, := v/n + 1/(2"/?n!) is the volume of
the regular n-simplex with unit edge length, i.e. the scaled standard simplex %A. In
terms of the first fundamental form, det C' > (9h"n!o,,)%.

Remark. (a) The standard simplex has maximal volume among all n-simplices with
the same edge length bounds, so ¥ < 1.

(b) The parameter 9 is 1/, times the fullness ©(s) in WHITNEY (1957, sec. IV.14). The
fullness parameter ¥ from VON DEYLEN et al. (2014) is n! 0, in the notation employed here.
It would be equivalent to require a lower bound on the angles between subsimplices.

(c) Weaker requirements on the simplex quality that still ensure well-posedness of
the interpolation problem, like the famous maximum angle condition of BABUSKA and
A717 (1976), are circumstantially treated by SHEWCHUK (2002).

Lemma. Let o, := nlo,n'~" for all n € N. Then the eigenvalues \; of C fulfill
Yha, < i < hn.

Proof. We have to estimate |P| and |P~!| from 3.1.—Recall that the n-dimensional
unit simplex has interior and boundary measure

vol, (D) = %7 vol,_1(9D) = n 7_1 1! + (n\iﬁl)!
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(the latter one because the (n — 1)-dimensional standard simplex conv(ey,...,e,) has
volume (nf*/ﬁl),) For any n-simplex s, the radius r of the insphere is connected to
volume and surface via vol,(s) = T vol,_1(ds). This can be easily seen by considering
the simplices s} := conv(s;,c), where s; is a facet of s and ¢ is the circumcentre
of the insphere. These s; all have volume vol,(s;) = T vol,_1(s;), and vol,(s) =
vol,(s7) 4 - - - 4 vol,(s},1 ;). Now, solving vol, (D) = = vol,,_1(9D) for r gives

r= ! > L
n++vn — 2n
This means that any vector v € T'D with length % < 2r can be represented as p — ¢
with points p,q € A. Its image in s is Pp — Pg, which must be shorter than the
diameter of s. So |P| < nh. On the other hand,

Amin (h)?" 72 > Apin A" > det C > (9h™n! 0,)?

max
q.e. d.

Corollary. For the norm |w|? := w'w’Cyj on TA holds Vh a,|wle < |w|y < hnjwle.
In particular, all edges are longer than Yha,,. The columns v of V form a g-ortho-
normal basis, and |[v'],2 < (Vha,,)™t for all i.

Proof. We have |w|, = |C*/?w|p, and the extremal cigenvalues of C*/2 are A2 and

A;/lzx, which shows the first claim. The second is clear from V*P = 1 and the fact that
C~! has eigenvalues between (hn)~2 and (Jha,,)~?, qg.e.d.

Lemma. Assume two symmetric matrices C, Q € R™™ with C being positive definite
and |(C — C)v -v| < eCv-v. Then also |(C — C)v - w| < &|Cv - v|"?|Cw - w]|"/?.

Proof. The claim is independent of scaling v and w, so let Cv-v = Cw-w = 1. We
will first show the claim for C-orthogonal vectors and then for linear combinations. So
assume Cv - w = 0 for the moment. Then C(v+w) - (v+w) =Cv—w)- (v—w) =2,
and the parallelogram identity (polarisation formula)

4A(v,w) = A(lv +w,v +w) — A(v — w,v —w)

for any symmetric 2-tensor A gives 4/(C — C)v-w| < eC(v +w) - (v +w) + eC(v —
w) - (v —w) = 4e = 4e|Cv - v|/?|Cw - w|/*. Now for a linear combination, we obtain
(C=C)v+w) v <|(C-Cl-v?+|(C—-Clw-v|]? <2 =¢|lCv-v||C(v+w)-
(v +w)l, g.e.d.

Remark. The polarisation argument is also feasible for higher-order symmetric ten-
sors, as e. g.

6C (v,v,w) =Cv+w,v+w,v+w)—Clv—w,v—wv—w)—2C(w,w,w),

which (together with the usual paralellogram identity) shows that all evaluations of a
symmetric 3-tensor can be reduced to linear combinations of equal argument evalua-
tions.
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Lemma. Let C,C € R™ " be symmetric matrices, where all eigenvalues of C' are
larger than Amin > 0 (in particular, C is positive definite), and |C;; — Ci;| < €Amin/n.
Then |(C — C)v - w| < e|Cv - v|/? |Cw - w]"/>.

Proof. Due to 3.7, the case v = w is sufficient. Then

(C = C)v-v| = ’Z(Cij - C'ij)vﬂj‘ < E)\%Z villv;| = Amin (ZM‘\)Q,
¥ i :

n

and the square is, by Jensen’s inequality, smaller than n Y |v;|? = n|v|%. As C is
positive definite, Cv - v > Apin|v|?, g.e.d.

Remark. Compare the classical eigenvalue distortion theorem of BAUER and FIKE (1960)
in the formulation of IPSEN (1998, theorem 2.1): If C' can be orthogonally diagonalised, ) is

an eigenvalue of C, then there is an eigenvalue A of C' with M&ﬁ' <J|cHC - 0.

THE STANDARD SIMPLEX

Things are less obvious in barycentric coordinates, for which reason we refer to FIEDLER
(2011, chapters 1 and 2) for proofs of the following statements.

Metric on TA. We drop our assumption pg = 0 and let po,...,p, be arbitrary
points in R™. Their convex hull s has a parametrisation over the standard simplex A,
represented by the matrix Py = [pg|---|pn]. The Riemannian metric on TA = {v €
Rt v - 1,41 = 0} is given by

2 .

Eij = _%|pi_Pj| ) 6,j=0,...,n (3-11a)

By 3.1a, we know Cj; = E;; — Eg; — Ep; for 4,5 = 1,...,n. The volume of s can be

computed as
! 0 —11t
vols = 2 (—det M,)7?, where M, = ( 1 2 ”+1> e R(n+2)x(n+2)

™ 7§1n+1 B

(3.11b)

is f% times the usual Cayley—Menger or extended Menger matrix. The volume
element hence is G := 2(— det M )">.

Metric on T*A. Assume det My # 0. The cotangent space on A consists of all
linear combinations v;d\* with v-1,,1 = 0. As Q¥, 4,7 = 0,...,n, already contains
the correct scalar products between all possible linear combinations of the d\?, it is in
particular the correct representation for the scalar product on 7*A. The ambiguity in
the choice of g;; and g is especially visible in the fact that normally both are inverse
matrices, whereas for the choices made here, we only have

2 ot
Mf:(f’;q éq) (3-12a)

where r is the circumradius and g are the barycentric coordinates of the circumcentre
of s.
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Remark. FIEDLER (2011) uses the symbols M and M; for the objects —2F and —2M.

Definition. From now on, we will only consider barycentric coordinates on the stan-
dard simplex and will always use

and say that g is a (9, h)-small metric if s is (¢, h)-small. The latter one is of course
only possible if s is non-degenerate, in particular n < m. Note that for any ¢ € R, the
matrices g;; + ¢ and ¢’* + ¢ induce the same scalar product on TA and T*A as Gij
and ¢’* respectively, so we can assume that both are positive definite on R"*! with
the same eigenvector bounds as in 3.5.

Proposition. Although g;; and g% are not inverse matrices, the tangent-cotangent
isomorphism is given by the usual identities:

(Uiai)b = gijvidkj, (Oéjd/\j)ﬁ = gij()liaj.
Proof. By 3.11b and 3.12a, QY Ej;), = 6} + ¢ for all i,k =0,...,n. In other words,
QE =1+]q|--lql.

But if a- 1,41 =0, then [g|- - - |g]a = 0, irrespective of the entries of g. So on T'A (and
equally on T*A), both matrices are indeed inverse to each other, q.e.d.

Lemma. Assume real numbers x,y > 0 with |x — y| < ex for some ¢ < 1. Then

1 p—1 >1
2P — | < cpea?, where ¢, = p(l+e) ) forp =1,
p(l—e)P=t forpe[0;1].

In particular,
2.2 2 1
Wz — Yyl <2z and |2° —y®| < 3ex fore < 3.

Proof. Let f:x~ xP. Then [f(z) — f(y)| < maxee(zy f'(§)|z — y|. So we only have
to find the maximum of f’. Suppose p < 1. Here f’ is monotonously decreasing. If
x < y, then max f' = f/(x) = paP~1. If y < x, then max f' = f'(y) = py?~ ! <

p(1 — e)P~1xP~1 and this case dominates the first one.—The argument for p > 1 is
litterally the same, but with inversed roéles of x and v, q.e.d.

Proposition. Let {;; be the edge lengths of a simplex, defining a (9, h)-small met-
ric g on A, and let {;; be a second system of desired edge lengths with |€;; —Zij| <
%6n_1g%192£ij where e < % Then there is a simplex § C R™ with edge lengths Zij, and
its Riemannian metric g over A fulfills |(g — g)(v, w)| < €|v|g |w]g.

Proof. For the existence claim, it suffices to show that g;; = —3/;; is positive defi-
nite on TA. By 3.15 and the assumption, we have |[(7; — (7| < 2en™',9?(7;, hence
|Eij — Eij] <en'aZ9?h?. Now apply 3.9 to get |(g — g) (v, w)| < e|v|y|wl,. In partic-
ular, g is positive definite for € < 1, q.e. d.
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Remark. Although the proof of 3.9 seems to be fairly rough, the fullness parameter ¢
is essential to 3.16 and cannot be weakened to a bound e. g. on the minimal edge length
(which would be equivalent to a minimal angle bound, which is a sharp tool for some
interpolation estimates, see BABUSKA and Aziz 1972). In fact, edge lengths 2, 1 + ¢
and 1+¢ of a thin triangle may only be relatively distorted by a factor § € ]Tlre’ 14 ¢
to guarantee the existence of a corresponding simplex.

Corollary. Situation as in 3.16. Then g and g are equivalent norms, (1 —e)g(v,v) <
g{v,v) < (1 +€)g{v, v).

Proposition. Situation from 3.16. Then the estimate carries over to all higher tensor
spaces T, A with constants depending on r and s.

Proof. Let us first consider the extension of g to bivectors, that means elements of
T9A. Without regarding the tensor-product structure, we could just say this it is a
scalar product with components g;;gre, where (i, k) and (4, ¢) are the indices of the first
and second argument respectively. And these components are almost equal to those of
g (we abbreviate |gi; — gij| < 09ij):

935910 — GijGre| < 9ijGre — Gijrel + 19ijTre — GijGrel
< 6|9ij9re| + 69ijGrel
< 01gijgrel + 0(1 4 0)|gijgne| < 30|9i59rel-

For the n? x n? matrices g;jgre and g;;gre, apply 3.9 again, g.e. d.

Corollary. Situation as in .16. The volume elements of g and g fulfill |G — G| < ceG
with a constant ¢ depending only on n.

Proof. The usual proof would be to use G = 2(—det M )"?, together with the first
order approximation of the determinant: det(F +tA) = (1+ttr F~'A+ O(t?)) det F
(a classical reference is BELLMANN 1960, pp. 96sqq., although the nicest proof that we
know is in ESCHENBURG and JOST 2007, lemma 8.2.1). However, we want to control
more than the first order. So observe that if 0; is a coordinate-induced basis of the
tangent space, then G = |01 A --- A Oy, and g— g on the space of n-forms is controlled
by the previous proposition, q.e. d.

Proposition. Let g,j be two metrics with |(g — g)(v, w)| < elv|g|w|y, where e < L.
Then the metric g on the cotangent space fulfills |g{c, B) — g, B)| < 2¢ al, [Bl, for
a,BeT*A.

Proof. Again, we do not use the conventional approach to bound ]\_4;1 by the differen-
tial of the matrix inversion —=F~1(A) = —F~1AF~! (DEUFLHARD and HOHMANN,
2003, lemma 2.8). Instead, the definition of |- |, on T*A as operator norms will help:

For every v € TA, we have |a|2 > (aly2 > 1 (@2 iy particular for the v realising

lvlg /= 14el Jolg
lalg. On the other hand, if w realises ||y, then |of2 = (Tifj—q“;))z < i((m—t"’g})Q So
1 2 2 1 2
Tz laly < Jaff < 1= lag.
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Now as € < % by assumption, we have i < 1+42¢and 1—}_5 > 1—¢€ > 1—2¢, therefore
||| — |a|2| < 2e|a|?, which suffices due to 3.7, q.e.d.

4. SIMPLICIAL COMPLEXES AND DISCRETE RIEMANNIAN METRICS

In computational geometry, it is common to describe simplicial complexes as the union
of simplices in Euclidean spaces with appropriate conditions on their intersections. We
consider these intersection conditions as tedious and use the more abstract definition
via barycentric coordinates, as is usually done in topology. We follow the lines of
MUNKRES (1984), but we repeat the definitions in order to directly deal with abstract
simplicial complexes as (almost everywhere smooth) Riemannian manifolds.

NON-ORIENTED COMPLEXES

Definition. An n-dimensional combinatorial simplex (n-simplex) is a set of n+1 el-
ements, its /-dimensional subsimplices are subsets of cardinality /+1. An n-dimensio-
nal combinatorial simplicial complex is a collection & = (&°,..., &"), where each
8% is a collection of /-dimensional simplices such that if t is a k-dimensional subsimplex
of 5 € ¢, then t € 8. The complex is called regular if each simplex is contained in
an n-simplex and each (n — 1)-simplex is the subsimplex of at most two n-simplices.
When we speak of simplicial complexes, we always mean regular ones.

An (n—1)-simplex f is called a boundary simplex if there is only one ¢ € 8" with
f C e. The (n — 1)-dimensional complex formed out of these boundary simplices and
their subsimplices is called the boundary complex 0Rf of R.

Notation. We use special notations for the most interesting dimensions (here k is any
dimension between 0 and 1, kept fixed inside an argumentation):

vertices p; or i € KO te gF1 facets fe gt
edges ij € & sc /F elements ¢ € /"

Sometimes we will also use the convention t € 8% and s € £**!. In every case t will be
one dimension smaller than s.

Definition (TOM DIECK (2000), p. 63). Let s := {po,...,pr} be a combinatorial
k-simplex. For a function ) : s — R, abbreviate \(p;) as A\’. The geometric realisa-
tion of sis rs := {A:5 — [0;1]: A- 1,1 = 1}. For a complex & = (&°,...,8"), the
realisation is defined as 78 := | J.cqn T¢.

Remark. (a) This definition is equivalent to, but much more elegant than the usual
way of “annotating” the vertices of the euclidean standard simplex A with the elements
of £, considering the disjoint union of |&"| many such annotated simplices and glueing
them whenever two sides have equal annotations.

(b) By setting A’ = 0 for all unused vertices p; € R, the elements of & can naturally
be considered as functions A : 82 — [0; 1] with supp A = s for some 5 € &*.
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A. Preliminaries

(c¢) We say that some property is fulfilled piecewise on 7R if it is fulfilled on each
re, e € K™,

Proposition. Let 8 be an n-dimensional simplicial complex (regular, as always).
Then r8 is an n-dimensional manifold, which is smooth everywhere except at (n —
2)-simplices.

Proof. For each f € 877!, belonging to e,¢’ € 8", define a chart z; : re Ure’ — R"

in the following way: Without loss of generality, assume ¢ = {pg,...,pn} and ¢ =
{p1,-.-,Pnt+1}- Let e1,..., e, be the usual euclidean basis vectors in R", let eg be the
origin and e, 41 = %(el + -+ ey). Then the convex hulls D := conv(ey, ..., e,) and
D’ :=conv(ey,...,e,t1) are isometric (up to a change of orientation). Now define
, Neg+ -+ A"e, on re,
zi(A) == Ne; = { (4-32)
Mep 4+ -4+ A"Hle, 1 onre.

This x; is a bijection 7¢ — D and r¢’ — D’. For any other chart z that also covers re,
the chart transition is an affine map that maps F to either e or ¢’, hence rf is smooth
in the interior of each n-simplex.

Around an (n — 2)-simplex, we do not give a chart, but we just remark that a
topological manifold is sufficiently defined by a finite cover of closed chart domains.
Open charts are only needed for the definition of smooth functions.

Note that another choice than ey, ..., e, would have led to the same differentiable
structure on 7R (as long as the convex hulls are full-dimensional simplices in R"),
q-e. d.

Observation. (a) Consider s € &*. By 4.2, rs is a full-dimensional subset of the
k-dimensional affine space {\ : s = R: A- 1,41 = 1}, so its tangent space is Thrs =
{v:s > R:v-1,41 = 0} at every internal A € rs. As rs is an affine space, we
deliberately drop the foot point A in most cases, just as we do with T'A.

(b) The obvious linear isomorphism A — rs is e; — rp;. This means that A € A and
v € TA are mapped to Airp; and virp;.

(c) The realisation of the boundary complex is the boundary of the realisation: orf& =
rOf. In particular, rf is a manifold without boundary iff each (n — 1)-simplex in &
belongs to two n-simplices.

Definition (WARDETZKY 2006 or, similar but shorter, HILDEBRANDT et al. 2006).
Define a differentiable structure on rf by the requirement that some function is
smooth (or of class C*®) if it has this smoothness property piecewise and is continuous
up to the boundary. Consequently, define H* as the completion of C* with respect to
the H* norm.

Definition (BOBENKO et al. 2010). Let £ be a simplicial complex. A function £ : & —
R>o with the property that C;; from 3.1a is positive semidefinite for each ¢ € &” is
called a discrete Riemannian metric. In particular, ¢ fulfills the triangle inequality
on each t € 82.
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On each Tyrs, s € &%, the discrete Riemannian metric £ induces a usual Riemannian
metric go(v, w) = v'w?g;; by gij == ,%g?i’ cf. 3.11a. As this metric does not change
with A, rs will be flat. When we deal with a piecewise flat metric, we always assume

that it is defined via a discrete Riemannian metric.

Observation. (a) Let t be a facet of 5. The restriction of ¢ to edges in t is a discrete
Riemannian metric for itself, and its induced Riemannian metric g, ¢ on rtis the restric-
tion of gy. So the glueing of two supersimplices s,s” of t along t is done isometrically
with respect to gy.

(b) Consequently, every set U C rf that does not contain any (n — 2)-simplex is
flat. In fact, also (n — 2)-simplices might be included if they have some flat neighbour-
hood, which is equivalent to requiring that their internal dihedral angles as defined by
CHEEGER et al. (1984, p. 412) sum up to 1. In this sense, curvature of piecewise flat
spaces is concentrated in the (n — 2)-simplices.

(c) If p; are points in Euclidean space with ¢;; = |p; — pj|, then g, coincides with
the pull-back metric g5 of s := conv(po,...,pr) to the standard simplex A. Hence,
o2 1 (rs,g0) — (A, gs), A = Ne; and 2° @ (rs,g0) — (s,£2), A = Aip; are both

isometries.

(d) In the construction 4.3a, one may use points ¢; with distances |g; — gjl2 = €;;
instead of the points e; (of course, |go — gnt1|e2 does not undergo any restriction). Up
to Euclidean isometries, these g; are unique. This defines an atlas {z;: f € &'} of
isometries.

(e) Consider a triangle {p;, p;, pr} € &2, shortly written as ijk. By the usual trigono-
metric formulas incorporating only edge lengths, one can define angles afj opposite to
the edge ij and area |ijk| on the basis of ¢ only, without using g,. The metric d; on
rR obtained by the requirement

l7EN = A|ijk|, \kiX| = N |ijk]|, lig\| = \Elijk]|.

is the same as the metric induced by g¢. The generalisation of this approach to higher
dimensions is of course feasible and natural, but notationally tedious.

Proposition. Let rR be a realised simplicial complex with a piecewise flat metric g.
Consider two adjacent elements ¢ = {pg,...,pn} and ¢’ = {p1,...,ppt1} € & with
common subsimplex §. Then for any A in the interior of rf, the differential of the
transition map Tre — Tre’ has dual

(drere)’ s THre — THre’,  dA' d\! fori=1,...,n,

0
AN s — B dar L.

(4.8a)

Proof. Tt is clear that the common differentials d)\!,. .., d\" remain unchanged. Under

an isometric embedding as in 4.7d, (d\°)* and (dA™*1)* are normal to the common
facet (cf. 3.2), pointing in opposite directions, which gives ﬁd)\o = ,Wd)\nﬂ,

q.e. d.
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Remark. (a) We have chosen to give (d7y ,)” and not drs e just to obtain a nicer
formula. One could as well say

dX° n
grad A% — % grad A",

(b) Formally, 7/ . is only defined on re U re’, where it is the identity. But the charts

xf and xﬁ from 4.7c can be extended to some neighbourhood of the standard simplex,

as (re,g¢) and (re’, g¢) are glued isometrically.

ORIENTED COMPLEXES

Definition (,Nanu, Sie kennen K., noch nicht?*). Let V' be a set. Define an equiv-
alence relation ~ on the set V%! of (n + 1)-tuples over V by a ~ b iff there is a
permutation with positive sign that maps a into b. Let [ag,...,a,] be the equiva-
lence class of a € V™. The quotient of V™! under ~ is called the set of oriented
k-simplices with vertices in V' and is denoted by [V™].

If ] € [V¥] is an oriented simplex, its facets are the oriented (k — 1)-simplices
obtained by dropping one of its vertices: [by, .. i ., bk] < [bo,...,bx]. The sub-
simplices of [b] are obtained by dropping one or more vertices. If dimensions do not
matter, we also abbreviate [a] < --- < [b] as [a] < [b] if [a] is a subsimplex of [b].

An oriented simplicial complex £,, of dimension n with vertex set V' is a collection
89, ..., 8", where 8% C [V*], such that [a] < [b] for some [b] € &¥, implies [a] € & 1.
The complex is regular if no vertex occurs twice in any simplex, each simplex is
contained in an n-dimensional simplex, each (n — 1)-simplex is the boundary of exactly
one n-simplices, and each two n-simplices in K. have different vertex sets.

If R, is a regular orientable simplicial complex, we denote the corresponding complex
made out of non-oriented simplices by K. The realisation of an oriented complex Ko,

is defined as rf; := rA.

Remark. {(a) There are exactly two distinct oriented simplices with the same set
of vertices ag,...,a,, which we write [ag,...,a,] and [ag,...,a,]”. As non-oriented
simplices were defined as sets, each non-oriented simplex corresponds to two oriented
simplices. So the last condition on a regular complex says that not [a] and [a]~ € [V"]
can belong to an n-dimensional complex at the same time.

(b) The vertices of a non-degenerate euclidean simplex s = conv(po,...,pn) C R™
can be ordered such that P = [p; — po|- - - |pn — Po] @s in 3.1 has positive determinant.
This is what we call the canonical orientation of {py,...,pn}. (On the other hand, if
Po, - - - » Pn. are not taken out of some oriented space, there is no canonical choice.)

Proposition. R, is an orientable piecewise smooth manifold for any regular oriented
simplicial complex Ry .

Proof. We will show that if we use only those charts from the proof of 4.3 that respect
the orientation of n-simplices, we obtain an oriented atlas of rf,,:

Suppose there are two simplices 5,5’ € &2 that share n vertices, say p1,...,p,. Then
because t := [p1,...,p,] can only be contained in one of them, we can assume that
5:[p07p17"',pn]7 5/:[p71+17plv"',pn]7
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for two vertices po, pn+1 € 8. Now let z¢ be the chart as in 4.3a. Obviously, [eg, . . . , €,]
and [en+1,€1,...,6,]  are both canonically oriented. As there was no choice in this
construction, every other chart that covers s must also map rs to a euclidean simplex
with this orientation, therefore every transition map is orientation-preserving, g. e. d.

BARYCENTRIC SUBDIVISION

Definition. Let £ be a simplicial complex, regular as usual, and £* := &1 U---U &"
be the set of all its simplices. An (ascending) k-flag in £ is a set a := {ag,...,ax} C
(8%)F+1 such that, if its elements are ordered by magnitude, a; C a;41. In other
words, a k-flag is a sequence of k + 1 nested simplices. If a; € K™, we also write
a= ((ng),...,(nk)), meaning that (j) is a “generic j-simplex”.

Remark. {(a) The notation (i) is uncommon, but not more ambigous than other
authors’ notations such as ¢’. OQur notation is made to save double subscripts.

(b) Of course, flags are simplices, only in some special complex. But having a different
name will (hopefully) prevent confusion. The term “flag” is borrowed from algebra,
where it signifies sequences of nested linear spaces, whereas set theory mostly speaks
of “ascending chains” for nested sets. But the term “chain” already has a canonical
meaning in simplicial homology theory, and in section g we need to use both at a time.

(c) All elements of a k-flag lie in a common n-simplex. An n-flag contains exactly one
k-simplex for each k.

Example. Suppose K consists of one triangle ijk, its edges and its vertices. Then the
0O-flags are the elements of £ (to be totally precise, the 0-flags are singletons containing
elements of 8*). The 1-flags are of the form ((0), (1)), that means combinations of a
vertex and an edge containing it, or of the form ((0), (2)), i. e. a vertex and the triangle,
or ({1),(2)), an edge and the triangle:

{i,i5}, {4,ik}, {i,igk}, {ij,ijk}, {ik,ijk} and similar for the vertices j and k.

The 1-flags ((0), (1)) are interpreted as straight line segments from the point r(0) to a
point A1y somewhere on the edge (1), and the flags ((1), (2)) connect the points A
to the “barycentre” \ (o). The 2-flags consist of a vertex, an edge containing this vertex,
and the triangle, they are all of the form ((0), (1), (2)):

{i,14,1jk},{i, jk,ijk} and similar for other vertices.

Definition. The (barycentric) subdivision sd R of the complex R is a complex of
the same dimension whose k-simplices are the k-flags in K.
Suppose there is some A\; € rs given for each s € 8. Because of 4.13c, the mapping

r(sdR) — r&, r{s}— A

can be uniquely extended to a continuous, piecewise affine mapping i : r(sd &) — r{,
mapping the realisation of a flag r(ao, . .., a;) to the convex hull of Ay, ..., Aq,. If £is a
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discrete Riemannian metric on K, then r(sd 8) can be endowed with the induced metric
sy sy = |Xs — Ae/|g,, and @ becomes an isometry. Let r’ := i or be the “realisation of
sd R in 7K.

If R, is an oriented complex, one can obviously define an oriented subdivision by
considering the n-flags as tuples instead of sets and using the orientation induced by r’.

Observation. There are several obvious conclusions from the fact that v'{ag,...,ar}
= conv(Agg, - - -, Ay, )- Most prominently, one can decompose the realisation of a k-sim-
plex rt into the realisations of k-flags ending at t. The boundary 9(rs) of a realised
(k + 1)-simplex s is covered by (the realisation of) k-flags ending at facets of s:

rt=J 7(0),.... (k). alrs)= [ 7((0),.... (k).

(k)=t (kyCs

Definition. For s € 8%, aggregate the n-flags containing s in the neighbourhood
U(s) of s and the (n — k)-flags starting with s in the dual cell xs:

U(s) := U ' ({0),...,(n)), r(*5) 1= U r'((k),...,(n)). (4.16a)
(k)y=s

(k)=s

Observation. (a) The flags occuring in U(s) must obviously be different from the
flags occuring in U(s’) for s # §’, so these neighbourhoods form a covering of r& with
disjoint interior for each k.

(b) The set of all n-flags “running through s” can be represented as a product of two
flag sets: k-flags ending at s, whose union is rs, and the (n — k)-flags beginning at
5, whose union is r(xs). For us, the latter is just a way to write this union, we will
not define the combinatorial dual of £. The interested reader is referred to MUNKRES
(1984, § 64).

(c) The boundary of a neighbourhood consists of those flags where (k) = t is left out:

This can be seen as follows: The boundary of any n-flag a consists of (n — 1)-flags o’
where any one of the elements in a is left out. The boundary of the union U(s) now
consists of those facets r’a’ where some element is left out and there is no other n-flag
belonging to U(s) on the other side of 7’'a’. This second condition is satisfied only if s
is left out, because if (i) # s is left out, there is another flag ((0)’,...,(n)’) running
through s with (i)’ # (7).

Lemma. Let rf be a realised simplicial complex with piecewise flat metric, and let
As be the circumcentre of rs for each s € R*. Then for each n-flag ((0),...,(n)), the
vectors vy i1y i= A1) — Ay are perpendicular to r(i) and thus pairwise orthogonal.

Proof. Consider the two-dimensional case: If \;;;, is the circumcentre of r(ijk), then
[viijk| = |vj.ik]. The “circumcentre” of the edge ij is A\;j = %(ri + rj). So we have
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two equilateral triangles (\;, Aij, Aijx) and (Aj, Aij, Aiji), which must hence have the
same angle /2 at \;;. The same argument applies in higher dimensions: If A¢ is
the barycentre of rt, then all v; ¢ have the same length. If t is a facet of s, then all
triangles (i, A, As) are equilateral and hence have the same angle at ;. This can only
be (because the vectors v; ¢ span the supporting plane of rt) if v¢ s is perpendicular to
the supporting plane of t, q.e. d.

Corollary. If the complex is well-centred, i.e. if the circumcentre \s always lies
inside rs, then the volume of a k-flag a € (sd 8)* can be computed as

|7‘/Cl‘ = H|Uao,al| T |vak—17ak| = y|”ao,a1 TARRRNA Uak71,ak|'

Together with 4.17b, we get for an n-dimensional complex

o] 5] = (Z) UG forte &,

where we have written |s| instead of |rs| for short, as we will always do in the following
(no ambiguity will occur, as the magnitude k + 1 of s is always indicated by saying

sc /F).

Remark. This last volume equation is, to the best of our knowledge, not yet used
in discrete exterior calculus, but frequently in Regge calculus, see e.g. MILLER et al.
(2013), and its use for discrete calculus seems to date back to MILLER (1997).
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B. MAIN CONSTRUCTIONS

5. THE KARCHER SIMPLEX: DEFINITION

Notation. Let d be the geodesic distance on M. For points pg,...,p, € M and the
n-dimensional standard simplex A, consider the function

E:MxA—=TR, (a,\ = Ad*a,po)+---+\"d*(a,pn).

Convexity. Let cvr M be the largest radius such that all geodesic balls Bey, as(p), 5.1
p € M, are convex in the sense of 1.4. It can be estimated by
1 T ini
cvrM < 35 mln{m,lan},
where inj M is the injectivity radius of the manifold (CHEEGER and EBIN 1975, thm.
5.14), and d(p, -) is convex in By, p(p). Consequently, for a smaller ball B :=
B1 cvr p(p), all functions d(g, -), ¢ € M, are convex in B.

Remark. One knows that inj M > min{minimal distance between conjugate points}, {%min.
length of a closed geodesic}, and because conjugate points need to have distance greater
than 7/4/Co by Rauch’s comparison theorem (which is true also if the sectional curvature is
somewhere negative, so the restriction of nowhere positive sectional curvature in CHEEGER
and EBIN 1975, corr. 5.7, is only historically determined and factually unneccessary),

cvr M < %{ 7 imin. length of a closed geodesic}.

1/ Co 2
The probably best known estimate for the latter term in arbitrary dimension is

VCo m—1
<sinh(\/C70diam M) )

vol M
>
L(v) 2 2m vol S™

for a closed geodesic v (HEINTZE and KARCHER 1978), where S™ is the m-dimensional unit
sphere in R™%!. For even dimensions, KLINGENBERG (1959) showed L(y) > 2my/Co for
orientable and L(vy) > m+/Co for non-orientable M.

Observation. Local minimisers of E(-,\) for fixed A are zeroes of the section F' : 5.2
MxA—TM,

F(a,\) := N X{|a with X; = %graddz( -, pi) from 1.22.

If the points p; lie in a common ball B := B1 ., 5/ (p) for some p € M, then E(-,A)
is convex, and hence there is a unique minimiser in B. But this can be sharpened:

Proposition. Let p,...,p, be contained in a ball B =B, (q) C M with r < %cvr M. 5.3
Then for each X in the standard simplex, E(-,\) has a global minimiser in B.
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Proof. Let x be the minimiser of F(-,)\) over a € B. The key observation is that
this function cannot have more than one minimiser in B, (M), as KENDALL (1990,
thm. 7.3) has shown. His approach uses convex functions on M; but AFSARI (2011)
has given a direct proof: F'(-,\) points inwards on the boundary dBs,(p), and the
Hessian of F is positive definite at all critical points. So by the Poincaré—Hopf index
theorem, F' needs to have exactly one zero.

Outside By, (p), there cannot be any minimisers: If a € M \ Bz, (q), then d(a,p;) >
r > d(z,p;) and hence E(a, \) > E(x, \), g.e.d.

prn, that lie in a common ball B
2
of radius smaller than %cvr M, in particular Cor? < T

Assumption. From now on, we only consider py, ...

Definition. For a given A € A, let 2(A) be the minimizer of E(-,\) in B. We call
this map = : A — M the barycentric mapping with respect to vertices p;, and its
image s := x(A) the corresponding Karcher simplex.

Remark. (a) In case M is the Euclidean space, x is just the canonical parametrisa-
tion A — Aip;, because d*(p,a) = |a — p|% gives Xi|, = a — p;.
(b)Y For A" = 0, the value z()) is independent of p;. So the subsimplices of the standard

simplex are mapped to “Karcher subsimplices” which only depend on the vertices of
the subsimplex.

(c) If e; is the i-th Euclidean basis vector of R"™!, then z(te; + (1 — t)e;) = (t),
where « is the unique shortest geodesic with v(0) = p; and v(1) = p;.

(d) Because z is continuous, the Karcher subsimplices form the boundary of a Karcher
simplex: O(z(A)) = z(0A).

(e) Concerning the definition of x, we will not make use of the fact that all A\ are
positive beside in 6.16. It was only needed to have an easy access to the well-defined-
ness of the minimiser. SANDER (2013) showed that negative weights also lead to a
well-defined minimum if the p; are contained in a ball whose radius is bounded by a
constant depending on inj M, the curvature of M and max |\ — M|.

Proposition. If all p; lie in a totally geodesic submanifold S, then x(A) C S. There-
fore the usual notion of simplices in spaces of constant curvature as convex hull of the
vertices (cf. e.g. THURSTON 1997, ex. 9.3.6) is recovered.

Proof. Let k; := %dQ( -, pi). If B is convex, then so is BN S. So E(A, -) is convex on
B NS, and hence there is a unique minimizer a of E(A, - )|s, so there are coefficients
At with A grad(k;|s) = 0 at a. As S is totally geodesic in M, it holds grad(k;|s) =
(grad k;)|s = X;|s. Hence A\*X; = 0 at the point a € 9, g.e.d.

Proposition. Define bundle maps o, A, (for v € R"1) by

(T‘)\ : T)\A*)TI()\)M, ’U*—)*’UiXi|gg(>\)7
Ayln s TopyM — Ty M, V 0" Vy Xilon)-
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If x is smooth at A € A, then its first and second derivative there fulfill

Axdzv —o(v) =0, (5.72)
A\Vdz(v,w) + Apdrv + Aydrw + NV X;=0. (5-7b)

dz w,dz v
Proof. Similar to the proof of the implicit function theorem: The derivatives of F' in a
direction (V,v) € Tp(\M x ThA are
VwmF = XVyX; +0v'X; = AV — o, (v).

Now consider a curve vy : ¢ — A+tv with derivative 4(¢) = v. We have F'(z(v(¢)),v(t)) =
0, and differentiating this gives, like in the usual proof of the implicit function theorem,
0= D¢F = V(4gv,0)F- This shows the first claim.

The second claim is a totally analogous computation, but involves second covariant
derivatives V‘Q/,W = VyVw — Vv, w. We differentiate F' once more and obtain

V) Vv F = w' Vv X; +0'Vig X; + X'V Vv X;
=w'VyX; + 'V X; + X'V v X + AV, v X;

Again, F neither changes in direction (dz v, v) nor in direction (dz w,w), so we get

0= wivdac in + 'Uivd:v in + )\szm w,dx in + )\ivvdm wdx in
= Apdxv+ Aydrw + )\iVwa’dei + A\Viz wdzv.
And because A is flat, we have V4, dzv = Vdz(v,w) by 1.7, q.e.d.

Remark. One can consider A as a point measure on M that assigns the mass A\ to the point
ps. For a general probability measure p on M, KARCHER (1977) speaks of the minimiser of

Ey(a) := /M d*(a,p) du(p)

as Riemannian centre of mass, but the subsequent literature has mostly called it the
Karcher mean with respect to the measure p (cf. e.g. JERMYN 2005, probably initiated
by KENDALL 19g90). The concept seems to go back to CARTAN (see the historic overview in
AFSARI 2011), but has not been used by others until the work of GROVE and KARCHER
(1973)-

Karcher himself used the centre of mass to retrace the standard mollification procedure
of Gauss kernel convolution in the case of functions that map into a manifold. Considering
the centre of mass as a function from an interesing finite-dimensional space of measures
into M, as we use it, has been done by RustaMov (2010), and the barycentric coordinates
we deal with have been used by SANDER (2012, 2013) and GROHS et al. (2013). All these
emphasise the possibility to glue the Karcher simplices along corresponding facets, but do
not investigate the distortion properties of this mapping. Recently, we were informed that
DvER and WINTRAECKEN (Rijksuniversiteit Groningen) have also proven a result similar to
6.17 by Topogonov’s angle comparison theorems. However, this approach seems not to deliver
an analogue of 6.22.

In contrast, there is a large literature for “barycentric coordinates” on general convex poly-
gons in the plane, cf. WARREN et al. (2007); MEYER et al. (2002) and references therein.
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6. APPROXIMATION OF THE GEOMETRY

ESTIMATES FOR JAcoOBI FIELDS

It is well-known that locally, Jacobi fields grow approximately linearly:
. . . 71'2
| J(t) = PRO(J(0) + tJ(0)] < Cot*[3*(I7(0)] + 3¢[J(0)])  for Cot® < 7. (6.1)

In fact, JOST (2011, thm. 5.5.3) proves that the left-hand side is smaller than |.J(0)]
(cosh ct—1)+-$[J[(0)(L sinh ct—t) for ¢ = \/Cp. By Taylor expansion and -§|.J| < ]|,
this estimate is weakened to our form. Clearly, if the values J(0) and J(7) are given,
one can expect J to behave like (.J(7) — J(0)), but as RICHARD DEDEKIND (1893,

p=
p. 11) said, “nothing that is provable ought to be believed without proof in science.”

Situation. Suppose v : [0;7] — M is an arclength-parametrised geodesic with v(0) =
p and ¥(7) = ¢, and V € T,M. Let s — 4(s) be a geodesic with §(0) = ~(r) and
4(0) = V. Define a variation of geodesics by

c(s,t) == exp,, (L(exp,)'4(s)).

Then T' := 0;c is an autoparallel vector field and J := dsc a Jacobi field along t + c(s, t)
for every s with boundary values J(s,0) = 0 and J(s,7) = d(s).

Proposition. Situation as in 6.2. Define V(s,t) :== P"75(s) and ((s) := 7|T|(s), the
distance from p to 6(s). (By construction, |V (s,t)| is constant in s and t, and |T(s, )]
is constant in t, so we drop the unneeded arguments.) If Col*(s) < I for all s, then

|J(s,t) = £V (s,)| < 2Col%(s)|V],
(s, t) = 2V (s, )| < $Col(s) |T|(s)|V],
T (s,1)] < Go|TP(s)|V].

If the derivatives of R up to order k are bounded by constants, then so are the t-derivati-
ves of J up to order k + 2.

Proof. From the usual Jacobi field estimates, e. g JOST (2011, thm. 5.5.1), we get that
|J| is increasing for all + < 7 in case Cpl? < T By the Jacobi equation 1.15a, this
already shows the last claim. Now observe J(s,0) — 0J(s,0) = 0 and

’Dt (J(s,0) - tj(s,t)>‘ = t]J(s,)| < Cot |T*(s)|V].

So the vector field U : t — J(s,t) — tJ(s,t) vanishes at t = 0, and we have bounded
its derivative. The fundamental theorem of calculus 1.19a gives

[ (s,1) = tJ(t,8)| < 5Cot?|T*(s)|V]. (6.3a)
By J(s,7) = V(s,7), we have

V(s,7) —7J(s,7)| < 1Co 3(s) V.
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Now |P7.j(s,7) — J(s,t)| < (T — t) max|.J| by the mean value theorem, and thus

[V (s,t) — Tj(s,t)\ < |PYTV (s, T) — TPt’Tj(S,T)| + T\Pt’TJ(SJ) — J(s,t)\
3ColV | £2(s) + Co(r — )7V |T(s)
%C’OEQ(S)\V\.

IN A

This proves the comparison between J and %V. For the comparison to J, consider

| J(s,t) — LV (s,)| < |J(s,t) — tJ (s, )| + t[J(s,t) — LV
< 2G| VIITIP(s) + 3Cotr|V[|TI*(s)
< 20002(s)|V].

The statement about higher derivatives of J is justified by the fact that one can easily
give linear ODE’s for them by differentiating the Jacobi equation, e. g. J+R(J,TT +
R(J,T)T =0asT =0, g.e.d.

Remark. These estimates are scale-aware with respect to reparametrisations of ~: If
t is replaced by At, then also T becomes A7, whereas |T| becomes 1|T'|. So £ and hence
the whole first inequality in 6.3 is scale-independend. As J=VrJ (loosely speaking),
the second inequality scales with 1/ and the third one with 1/\2.

Lemma. Consider some C? function U : [0;7] — R™ satisfying the linear second-order
differential equation U = AU + B with smooth time-dependent data A(t) € R™ ™ and
B(t) € R™ as well as boundary conditions U(0) = U(r) = 0. Then, provided that
|A()|7% < 1 everywhere, it holds

U@) <3|Br,  |U) <6|Blt(r —1).

Proof (by David Glickenstein). Denote the maxima of |A| and |B| over [0; 7] as a and
b respectively. As U is C2, there is an upper bound K for [U] on [0;7], attained at
t =1J. As this point is critical for |U|?, we have (U, U) = 0 there. So

9
. . . 2 2
K2+ 92U = |U — tU2(v) = ‘/tUdt‘ < ‘/t(aKer)‘ = (102(aK + 1)),
0

This shows K < 19%(aK +b), so K < 72b by assumtion and hence || < 2b. (Note
that this argument, which first roughly bounds |U| and then re-inserts this bound
into the differential inequality to get a sharper estimate, is the same as in 11.17sq.)
Furthermore, the inequality chain also shows 9|U (9)| < b¥?, which means |U(9)| < br.
For other values of ¢, we have |U(t)] < br 4 [|U(t)| < 3br and, by integrating once
more, |U(t)| < 3brt as well as |U(t)| < 3br(r — t), whose minimum is dominated by
6bt(T —t), qg.e.d.
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i
.

Proposition. Sitation as in 6.2, Col?(s) < Then

D J(s,1)] < 90Co.1(s) =2 |V 2T (s)

DyJ(s,t)| < 50Cy 1(s) V|2 |T|(s).
< 90Co.1(s)t V] |T|(s), |DgJ(s,t)] < 50C01(s)|VI]*|T|(s)

with Cp1(s) := Co+£(s)C1. If derivatives of R up to order k are bounded by constants
Ci,...,C, then 7|DE _J| < ¢(Co,...,C) |V|?. Under reparametrisations of v as in
6.4, the first estimate remains unchanged, the second one scales with %

Proof. Our approach is to derive some differential equation for DyJ = V ;J, which
has boundary values D,J(s,0) = 0 and D,J(s,7) = 0 for all s because J(s,0) = 0 is
constant in s and J(s,7) = 0(s) is the tangent of a geodesic.
ad primum: Because J and T are coordinate vector fields, 1.3a gives D,D;U =
D:D,U 4+ R(J,T)U for every vector field U, so we have
D,J = D,D;D;8,¢ = D;D,Dydsc + R(J,T).J
= D;DyD,d,¢c+ DyR(J, T)J + R(J,T)J
= D2D.J+ R(J,T)J + R(J,T)J +2R(J,T)J
whereas the (negative) left-hand side is, due to the Jacobi equation,
—D,J = Dy(R(J,T)T) = (D;R)(J,T)T + R(D,J, T)T + R(J,J)T + R(J,T)J

(note D, T = D,J = .J). From now on, we consider J and .J as being part of the given
data (which is allowed, as we have already sufficiently described their behaviour in
6.3). So we have a linear second-order ODE for U := D, J:

U = AU + B,

where both sides scale with 1/A? under reparametrisation, and the norm of A is
bounded through |A| < Cy|T|*(s). For ease of notation, we will thus assume that
we consider a t-line with |T'|(s) = 1 and rescale our results afterwards. By assumption
on the smallness of 7,

|B| < 2C1|J|* +5Co|J| |J]|
< 2C4|V|? 4 5Co| V| (2 + 2Co7)|V|
< 15Coq LIV 2.
Now consider Fermi coordinates along ¢(s, -) as in 1.17 to obtain an ODE in Euclidean

space. For any smooth vector field V = V?0;, the covariant derivative in direction
T = dic is just VoV = V0. Hence, our ODE has the coordinate expression

UY,0; = (ASU7 + BY)d;.

As we only need to know the values of U on = = (¢,0,...,0), this gives a euclidean
differential equation for the components U? of the same form as above. The claim on
U is then contained in 6.5.
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ad sec.: With U = D,.J as above, we have D,J = U + R(J,T).J and thus
Do J| < |UJ + ColJ* < 45C01|V|? + 4Co| V|2,

ad tertium: For higher s-derivatives, one can proceed by induction: The statement
is true for £k = 0,1, as we have shown above. By analogous computations, one can
control D¥ _.J by a linear second-order ODE, in which all lower derivatives might enter
as “given data”. This data is bounded by a constant, and hence the solution will be
bounded as well, q.e.d.

EsSsTIMATES FOR NORMAL COORDINATES

Situation. Fix some p € M and consider normal coordinates around p as in 1.12:
ri(u,...,u™) > exp,u'E;

for some orthonormal basis E; of T,,M. Recall from 1.14 that the deviation of metric
and connection from its Euclidean counterparts can be described by differential and
Hessian of the exponential map. In the following, we let r := d(p, - ) be the geodesic
distance to p.

2
Lemma. Situation as above, Cyr? < - Then |gij — 055 < Cor?.

Proof. By 3.7, it suffices to consider i = j. So we only have to show |[|dze;|? — 1| <
Cor?. By means of 1.14a, this amounts to control ||dy (exp,)E;| — |E;||. From 1.16, we
know that dy(exp,)E; is the terminal value J(1) of a Jacobi field with J(0) = 0 and
J(0) = E;. Now ||dy (exp,)Ei| — | E;|| < |dy(exp,)E; — - PE; | < 1Cyr? by 6.1, and the
squared norms thus cannot differ by more than 2(1 + T ) 1C’07"2 <0. 8096'07“2 due to
3-15, q-e. d.

Lemma. Situation as above, Cor? < “ . Then |T| < 10Cor + 5Cyr2.

Proof. Again, the case i = j is sufficient. Additionally, we will only prove the claim
for r = 1. The correct scaling is then automatically enforced by 1.10. So let T,V €
T, M be unit vectors, assume Cy < 7, and consider a variation of geodesics c(s,t) =
exp, (T + sV). As the exponential mapping has no radial distortion, we may assume
V' L T wthout loss of generality. This delivers us a Jacobi field J(s, -) = 9s¢(s, -) for
each s, and 1.14b tells us that dr(exp,)(I'(v,v)) = Vdr(exp,)(V,V) = V;J(0,1) =
D40,¢(0,1) for V = v'E;. As observed in 6.6, the vector field U := D,9,(0, - ) along
¢(0, -) obeys the linear second-order ODE

U = R(T,U)T + R(J, )T + 3R(T, J)J + R(T, J)J + R(T, J)J + (D,R)(T, J)T

where the obvious notation 7' for d;c has been used. So again we have U = AU + B
with |A| < Cp and |B| < 2C1|J|?+5Cy|J||J|, but this time as an initial-value problem
with U(0) = U(0) = 0. Denoting the supremum over |B| by b again the norm |U]|
will be dominated by the solution of @i = c>u+ b, ¢ = /Cp, which is ;2e~ (et — 1),
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which itself is smaller than 2b for ¢t < Z. This means |Vdr(exp,)(V, V)| < 5p, and
our task is to estimate B against V' = J(0).

From 6.1, we get |J(t)| < (1+ 1Cot2)t[J(0)| < (1 + T)¢|J(0)] for all £ < 1. On the
other hand, 6.3a gives t|.J(t)| < (1+ 1Cot?)|J(t)|, and combining both leads us to the
rought, but sufficient estimate |.J(¢)] < (1+ 7T;)(1—1— 7{—;)|J(0)| So we have, as V = .Jj(0)
is of unit length,

Bl < (1+55)°Ci+ (1+ F)(1+ 55)%Co. (6.92)

So far, we have only estimated the norm of Vdr(exp,)(V,V) = dr(exp,)(I'(v,v)) by
5b, and this needs to be compared to I'(v,v). By 1.16, the former is the value Z(1)
of a Jacobi field Z along ¢(0, - ), and the latter is Z(0). Using 6.1 for Z, we obtain

|Z(1)] < (1— %)*1|Z(1)\, and by inserting this into 6.9a, we finally get

(14 Z)(145)2
+8( =)0+ 55) Co < 5C1 + 10Cy,

q-e. d.

Remark. (a) As one can easily see in the proof, our numerical constants are by no means
optimal. A sharper result, but with much more technical effort, has been given by KauL
(1976). This author also deals with the case that the sectional curvature might be asym-
metrically bounded between ¢y and Cp, whereas we are only interested in the simpler case
Co = —Co.

(b) Considering the Christoffel symbols as objects that store “derivative information”
for the metric, the classical procedure of numerical analysis would have been to first
estimate the Christoffel symbols and then integrate this to obtain a bound for the
metric tensor. It is a specific property of the g;; that they can be bounded by a
right-hand side which includes fewer terms than the bound for their derivatives.

(c) Under scaling of Mg as in 1.11, the estimate 6.9 scales like i, and 6.8 is scale-in-
dependent. The assumptions in both propositions are scale-independent.

(d) Regarding 1.3b rises the question if derivatives of R are actually needed to bound
|IT|. In fact they are needed in normal coordinates (DE TURCK and KAZDAN 1981, ex.
2.3), but not in harmonic coordinates, which would lead to estimates that only depend
on Cor? (loc. cit., thm. 2.1). As BEMELMANS et al. (1984) remarked, the metric g can
be infinitesimally abridged by a short time of Ricci flow, and the new metric g has
IViR| < Ci(Cy) for all i. Furthermore, a bound on V R will be needed in 6.6 anyway, so
we decided to take normal coordinates, which make it easier to give explicit numerical
constants in the estimates.

Conclusion. In a normal coordinate ball (B,u) of radius v with Cor? < 1 and 2r <
inj M, g and the Euclidean standard metric are equivalent, and

Vgt = Vlee| < Colul[Vle,  IT(w)] < 10Colul +5C: |ul*. (6.11a)
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Corollary. In a Fermi coordinate tube of radius r with Cor? < 1 and 2r < inj M, ¢
and the Fuclidean standard metric are equivalent, and

’|V|g(t’u) — |V|¢2| < C’0|u|2|V|p7 IT (¢, u)] < 10Ch|u| + 50 |ul?. (6.12a)

Lemma. Let g and g° be two Riemannian metrics with |[v|g — |v[ge| < elvfge, & < 1.
Then the curve lengths and geodesic distances with respect to g and g° fulfill

|Lg(c) = Lge(c)| < eLlye(c), |dg(p, q) — dge(p, q)| < edge(p, ).

Proof. The first claim is proven in the obvious way by integrating ]|é|g — |¢lge| < elélge
along c. The second claim is a combination with L,(c) < L,(c®) and Lge(c?) < Lge(c)
if ¢ and ¢® are the distance-realising geodesics for g and g° respectively, q- e. d.

APPROXIMATION OF THE METRIC

Corollary. Let q be in a convex neighbourhood of p, ¢ := d(p, q) with Col? < %2, and
let U € TyM be an arbitrary direction. Then

Vv X, — V| < 3CoP|my V| < 3Co 7|V,
V3. Xp| <50(Co+ LC1)E |y V2.

Here 3> is the orthogonal projection onto the orthogonal complement of Y|, in T,M.

Proof. Direct consequence of 6.3 and 6.6 together with 1.23, q-e. d.

Remark. With |U| instead of |73-U|, but with a smaller constant, the first claim is directly
proven in JOST and KARCHER (1982, also cf. KARCHER 1977, A.5.4). For the improvement, see
KAUL (1976). An exact computation of Vdexp for symmetric spaces is given by FLETCHER

(2013).

Lemma. Let A : V — V be an endomorphism of a normed vector space V with
|id—A|] <e<1. Then |id—A71] <e/(1—¢).

Proof. By the Neumann series (ALT 2006, ex. 3.7):

Al = Z(id —A)', so [id-A"Y < 25 = - ia,
=0 i=1 g.e.d.
Lemma. Let pg,...,p, be distinct points inside a convex ball of radius h and x be

their barycentric mapping. If 6Coh? < 1, then for a tangent vector v € ThA at any
A € A and o as in Proposition 5.7,

|dz v — o (v)] < 2Coh® |o(v)].
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Proof. By 5.7, dyzv = (Ay)"*o|x(v) and hence |dzv — o(v)| < |AL! —id| |o(v)]. By
6.14, one has |[Vy X, — V| < 3C d?(-,p;)|V] for all tangent vectors V, or, in terms
of operator norms, |[VX; —id| < 2Cj d?(-,pi) < 2Coh?. Thus, as A - 1,41 = 1 and
A" >0,

4y —id] = (VX —id)] < V] [VX, — id | < SCoh2.

Now if 6Coh? <1, then 1 — %Coh2 > %, and the claim follows from 6.15, q.e. d.

Notation. We write a < b if there is some constant ¢ which only depends on n
such that a < ¢b (saying “a < b up to a constant.”). Equivalently, we will also write
a = O(b). We in particular remark that our suppressed constants do not depend on

the geometry parameters.

Theorem. Let pg,...,p, be distinct points inside a convex ball and x be their barycen-
tric mapping. Let g¢ be the flat Riemannian metric on A induced by geodesic distances
d(pi,p;). Suppose g¢ is (9, h)-small, 3nC{h? < o2 with o, from g.5. Then it holds for
tangent vectors v,w € ThA

(@9 — g°) (v, w)| S Coh?[v] |w]. (6.17a)
The norms on the right-hand side can be either x*g or g¢ norms, as both are equivalent.

Proof. Note that the assumption on A includes the requirements of 6.16 and 6.13.
Due to 3.7, it suffices to show the claim for v = w. Consider a point A € A with
image a = z(\). We first compare z*g to the Euclidean metric of the simplex s, =
conv(X;|,) C T,M, and compare this metric to g° afterwards.

Parametrise 5, in the canonical way over the unit simplex via Z : Ae; — A\ X;],.
Now clearly dz = ¢ from 5.7. The metric of 5, is the induced metric of the surronding
vector space, namely g|,. Now use 6.16 to get

(@ gla) (v, 0)"? = (2 gla) (v,0) | = [|dz 0]y, — |dT 0]y,
< |dzv — dz |y, < 2Coh?*|dT vly), = 2Coh*|v]zg.

And of course, the same is true for the squared norms by 3.15: [(x*g — Z*g){(v,v)| <
6Coh*|v|%.. Hence we have successfully compared z*g to the euclidean metric of 5,. If
we can show that s and s, have almost equal metrics, we are done with 3.16.

The edge lengths of 5, are |X; — Xj|,4,, and the edge lengths of s are the geodesic
distance between p; = exp,(X;) and p; = exp,(X;). By 6.13, we have for their edge
lengths éij and Zij

0i; — U] = |d(pi, ;) — | Xs — X;|| < Coh® d(pi, p;) = Coh®lj,
so g¢ and §° match 3.16 with 2en~'a29? = Coh?, g.e. d.

Corollary. hi| ;2 S| g S h|-e.
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Definition. We say that points p1,...,p, € M lie in (¢, h)-close position, if there
is some p € z(A) such that gf; = —11X; — Xj|3|p defines a (9, h)-small metric in the
notation of 3.3. (Note that this can only be if n < m.)

Corollary. FEach collection of points pg,...,pn in (9,h)-close position that fulfill
3nCLh? < a,, defines an injective barycentric map.

Remark. As z*g and g are equivalent metrics, there is a self-adjoint automorphism J of
T»A such that z*g(v,w) = ¢°(Jv,w), as has been empoyed by HoLsT and STERN (2012,

thm. 3.8). For a comparison to the metric distortion tensor A of WARDETZKY (2006) and the
Ap, of Dz1UK (1988) et al., see 11.15.

APPROXIMATION OF COVARIANT DERIVATIVES

Remark. The second-order approximation qualities of a parametrisation would usu-
ally be measured by bounds on the Christoffel symbols. However, our definition of g%
is not exactly the inverse matrix of g;;, so the usual definition 1.2b would not work.
Instead, we employ the idea from KAUL (1976) to consider the operator I' = V* 9 —
V9°, which would have the coordinate expression Lv,w) = Fijinak in a usual

n-dimensional chart. Recall from 6.7 that V"9 is defined by de;’f*gw = Vazodrw
We suppress the g subscript for norms.

Theorem. Situation as in 6.17. Then |Vdz|age g S Cp 1 h

Proof. Due to 3.7, it suffices to show the theorem for v = w. Similar to |A' —id | <
Coh? we have, as the v* sum up to zero,

A, (V)| = [0'VvX; = o'V < W'||[VyXi — V| < 3o|p Coh?|V],.
Now we use 5.7b and again that |A'| < 1+ Coh?:

1 i
mwdx(v,v)l < 2|Ay(dzv)| + [NV 4 de o Xi]
< Coh?|v|g, |dzv| + Co1h|dzv]? < Co1h?|vle |v],
where V2X; has been estimated by 6.14, g.e. d.

Corollary. [(V*'9 — V) ,w| < Cf 1hlv| |w].

Proof. 1t suffices to consider v and w with constant coefficients, so Vgew = 0. By defi-

nition of V=9 and 1.7, |VZ 9w,y = |VY,  dzw|, = |Vdz(v,w)|, and so the preceding

theorem applies, q.e. d.

Corollary. For A\, i€ A, it holds |dyzv — Pdyav| S Ch h|X— pl |v].

Proof. By the fundamental theorem 1.19a,

dyrxv=Pd,xv+ /Pvdm;ydxv = Pd,xv+ /PVd:v(f'y, v)
¥

for a curve v : A~ p, q.e.d.
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Remark. (a) The piecewise flat metric g; = —3¢2; is nothing more than the “most
natural candidate” for a constant Riemannian metric. Any other ¢¢ that is a sec-
ond-order approximation of g|, for some a € s would give the same result. The par-
ticulary interesting observation is that g can be approximated up to second order by
a piecewise constant metric, whereas an arbitrary function would require a piecewise

linear function for a similar approximation order.

(b) The convergence result for the connection does not mean that if Mg is triangu-
lated over a sequence of finer and finer simplicial complices ), the connections of z g
and g;, would converge. In fact, gf would be always piecewise flat, so the connection
would vanish and hence can never approximate the connection of a curved Mg. This
global impossibility is consistent with our simplex-wise convergence result because the
connection for ¢g¢ on two adjacent simplices cannot be compared to each other, as the
metric is not continuous across the simplex boundary. The connection V¢ can hence-
forth not be connected to the derivative of g¢ globally, but only in those matters which
make sense in this situation, e. g. higher derivatives of real-valued functions as in 7.2b.
(c) The convergence of Lipschitz—Killing curvatures from CHEEGER et al. (1984) ap-
plies for our situation, although their triangulation is defined in a slighly different way,
see 8.9b. It is a convergence in measure of rate h'/>. For submanifolds of Euclidean
space, COHEN-STEINER and MORVAN (2006) give a convergence order h in measure,
but we did not check if their arguments can be carried over to our setting.

(d) The metric approximation result is similar to, and of the same order as the usual one us-
ing orthogonal projection of a triangular surface onto some nearby smooth surface (cf. DzIuk
1988). We will reproduce this conventional approach for the approximation of submanifolds
in section 11.

7. APPROXIMATION OF FUNCTIONS

Goal. In this section, we want to apply the Karcher mean construction and the results
from the previous section to functions between manifolds: First, we consider the case
of functions (A, 2*g) — R, where the preimage is to be approximated by (A, g¢). After
that, we will consider the case of approximation in the image, which means we will
interpolate some function y : A — M by the Karcher simplex parametrisation x with
prescribed values z(e;) = y(e;).

APPROXIMATION IN THE PREIMAGE

Situation. Suppose z*g and ¢° are two Riemannian metrics on A, that ¢¢ is flat
and that 6.17 for the metric as well as 6.23 for the Christoffel operator holds. Vector
and operator norms, if not explicitely qualified, are taken with respect to one of these
equivalent norms.

Proposition. Situation as in 7.1. For given smooth u: A — R,
lgrad® 9 u — grad? u| < C4h3|grad® 9 u), (7.2a)
IV 9du — V9" du| < Cf 4 h|du| (7.2b)
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7. Approzimation of Functions

Remark. It is easier to estimate the operator norm |V* 9du — V9" du|, although we
will actually need the induced norm |V* 9du — V9" dul for bilinear forms or bi-covec-
tors. Recall that the equivalence constant for these two norms only depends on the
dimension, which will be neglected as usual, so || - [, <[], | - [, on any tensor
bundle over T'M.

Proof. ad primum: Represent du = u;d\i. In the notation of 3.13, we have grad” 9 u =
Q" u;0; and grad? u = (Q°)Yw;0;. So with @ = (u1,...,up),

|gradx*g u — grad?” u|3 =FEQ-Q%u-(Q—Q%u
< (CHh*)?EQu - Qu
= (C;h*)*Qu - u = (CHh® |dul)?.

ad sec.: By 1.2a, the difference between two connections only depends on their Christof-
fel symbols. Extend the vectors v, w € T\A to vector fields with constant coefficients.
As g¢¢ is flat, this gives Vv = 0 and V9 w = 0. Now by 1.8a,

(V9 du — V= 9du) (v, w) = du(VI w) — du(VZ: Iw) = du((V9 — V= 9),w)
and together with 6.23,

(V%90 — V" du)(v, w)| = |du(V% 9w — V3 w)] < du] D, w)
< [dulCh yhfo] [,

q-e. d.

Proposition. Situation as in 7.1. The W*P-norms, k = 0,1,2, with respect to x*g
and g¢ are equivalent for every p € [1;00][:

|u|fp(Az*g) = |u|1|_)I’(Ag€)(1 + O(CéhQ))7 (7.3a)
|du|1|_)p(Ax*g) = |du|fp(Agc)(1 =+ O(Cécph2)), (7-3b)
|dU|€v1,p(A$*g) = |du|€v1,p(Age)(1 + O(C(/),lcph))a (7-3¢)

with ¢, from 3.15. The same holds, without power p and factor cp, for the W 2 norms.

Remark. Note that the estimates speak about |- [P instead of |-|. This means that
the estimates become worse for p — oco. Therefore, an additional argument for the case
p = o0 is needed.

Proof. Case k = 0: The Lebesgue norms on Ax*g and Ag® only differ by their volume
elements G and G¢, which fulfills the claimed equivalences thanks to 3.20. So

[1upG =~ [ e
A A

In the L*° norm, there is nothing to show, as both norms agree.

<o / el
A
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B. Main Constructions

Case k = 1: Here an approximation of the volume element and the gradient norm
enter:

'/g(du,du>p/2G—/ge<du, du)"*G®

< | [ stau.duy(G - 6°)

4| [(o- g, duyoG

< Che,h? / gldu, du)"*G,

because ¢, > 1. For the L> norm of du, it suffices to observe that if |dx-u|g4e is maximal
among all X € A, then |dy-ulge < (14 O(CHh?))|dr=ul, < (14 O(CHh?)) maxy |daul,.
Case k = 2: We do not have an estimate of our usual form |z — y| < g|z| for the
Hessian, but the proof of 3.15 also admits this situation:
[IV9dulb — V9 dulb| < cp|ngu|§_1Hngu|g — | V9 duly|
< ¢p|V¥duly ™ |dulg T
< ¢ (B [Vdulh + Sldul) T
< ep(IVIdulg + |dulg) [T,
thanks to Young’s inequality (ALT 2006, eqn. 1-11). Now one needs approximations of

the volume form, the norm on covectors and bi-covectors from 3.19, as well as of the
Hessian:

‘/|V9du\§G—/|V96du|’g’eGe

§/|\V9du|§— |v96du|g|G+/||vgedu|g— V9" dul?

G+/|V9edu|§e(G—Ge)
5/|\v9du|g_ V9" dul? |G + cgcph2/|vfdu|§c;
S (Chegh + Chacyh) [ 1974uPG + G eph [ ldulG.

q.e.d.

Theorem. Situation as in 7.1. For a C? function v : A = R, let up : A = R be its
Lagrange interpolation, that means uy, is linear and up(e;) = u(e;). Then

lu — uplioe(ay + Bld(u — up) oo (ay S P29V dull o (age)-
The right-hand side can be replaced by h*9~' (14 Cj 1 h) IV 9dull e (Azeg)-
Proof. If we were only interested in this interpolation of real-valued functions, the

easiest method of proof would be to use the interpolation estimates in Euclidean space.
But when we come to mappings into a second manifold in 7.9, these methods would not
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7. Approzimation of Functions

be applicable without further work. Therefore we decided to use a more “geometric”

approach.
ad primum: Let ¢ € A be an arbitrary point, consider the tangent e;; = e; — e; to
the geodesic v;; : e; ~ e; and

1t A= (dau — dyug)ei;.

This scalar-valued function has a zero along the geodesic v;;, because r1 o ;5 is the
map ¢ — (du — dup)(¥ij) = -5 |u—up|(v(t), and |u — uy| is zero at both endpoints
of v;;. Let v € A be the position of this extremum.

Now let  be the geodesic v ~» p and 9(t) := r1(y(t)) = (dy@yu — dy¢yun)esj. Then

U(t) = g°(grad? (u — up), ijeij) + ge(Vge grad? (u — up), e;;)-

The first summand vanishes because e;; is parallel with respect to ¢g¢, and the second
one is V9 d(u — uy)(eij, %) due to 1.7. So

()] <RIV d(u—un)lge [ilge  forall ¢, (7-42)

and because uy, is linear, V9" duy, = 0. Hence [1(t)] < [ [(s)| ds < h2| V9" dullo (4, 4¢)-
If By, form an orthonormal basis, then |dul? = 3" du(Ej)? Because of 3.6, the E,
have an expression in the e;; with coefficients smaller than 1/9h, which gives

|du — dup|ge), < hIH [ VdullL(a,ge-

As p was chosen arbitrarily, this holds for every point in A.
ad sec.: Now consider a new arbitrary point p € A, the function

ot A= Ju(N) — up (W) 2

and a geodesic v : e; ~ A for some vertex e; of A. Then let ¢(t) := ro(v(t)).
As 7o vanishes at the interpolation points, we have ¢(0) = 0, and everywhere
6(0)] = ld(uw—un)il < |dw—un)lge Blge S B9 ilge IV dullio(age) and thus
o)l < [l(s)] ds S P2V dullis (a,g0)-

ad tertiwm: The last statement is a direct application of 7.3, g.e.d.

ge

Corollary. The same result also applies for the LP norms:
lu — unlieay + hldu —un)lea) S P2V dulliage-
The right-hand side can be replaced by h*9~' (1 + C) 1 h) |V dullLe(az=g)-
Proof. Only the estimate 7.4a has to be refined by the “Hélder 1-trick”, a common

application of Holder’s inequality (ALT 2006, lemma 1.10): Suppose some function
a € L*(A) is estimated pointwise by |a(A)] < f’v[k] b, where the integration path
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~[A] : eg ~ A is of size h. Then as in the most “basic” proof (there are others, cf. 2.10b)
of the Poincaré inequality (ADAMS 1975, sec. 6.26),

altyy = [1ar< [ ([ 01)"

A A 9N

[ [ o

A 9N 7[A

Then compute the A integral by first integrating over the subsimplex Ay opposite to
the vertex eg and then over the ray eg ~ u € Ag. Then A = tu + (1 — t)ey for some
t between 0 and 1, and each function ¢ € L>(R) with ¢ > 0 fulfills [ fg c(s) dsdt <

r [, c(s) ds, we have
//bpgh/bp. (7-5b)
A

A A
Then observe 2 = p—1, so we have |a|fp(A) < hP |b|fp(A) for such a function a. As there

does not occur any L* term in the final estimate, it remains valid for a,b € LP(A),
q.e.d.

APPROXIMATION IN THE IMAGE

Remark. For curves in M, there are already interpolation estimates for high-order (quasi-)
interpolation methods by WALLNER and DYN (2005) and GROHS (2013).

During the finishing of this thesis, GROHS et al. (2013) have given a very elaborate estimate
for higher-order “polynomial” interpolation using the Karcher mean construction. We decided
to nevertheless publish our proof here, as we hope that our approach gives more geometric
intuition, involves simpler constants, and is used in sections 11-13.

Situation. In the following, we assume that A carries a (¢, h)-small Euclidean metric
¢¢ (which is not assumed to come from geodesic distances in M ). We consider a smooth
function y : Ag® — Mg (and assume that y(A) lies in a convex ball of radius r as in
6.11 with Cor? < 1) and define = to be the barycentric mapping with respect to the
vertices y(e;). We will usually write 2 and y instead of z(X) and y(\).

Lemma. Situation as in 7.6. Let P be the parallel transport TyM — T, M. Consider
d(z,y) and d*(z,y) as functions A — R. Then

d(d*(z,y))v = 29|.(X,, (dz — Pdy)v),
d(d(w,y))v = g|z<vi (dl’ - de)’l)>,
with X, Y, as in 1.22.

Proof. From 1.22, we know the gradients of d and d? if only one of the two arguments
is varying. Then for ¢ : M x M — R, (p,q) — d*(p,q), we have for tangent vectors
V eT,M and W € T, M that

dp(V, W) = g[p(V, Xg) + glg(W, X).
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7. Approzimation of Functions

Now d?(z,y) is the concatenation of the map A — (z,y), which has derivative v —
(dzv,dyv) with ¢, so

d(d*(2,y))v = glo(Xy, dzv) + gly(Xa, dyv)

As X, is the starting tangent of the geodesic « ~» y parametrised over [0; 1], we have
PX, =—-X,, and P is an isometry, so g|, (X, dyv) = —g|+(X,, Pdyv), g.e.d.

Lemma. Let c(s,t) be a smooth variation of curves c(s, -), and let P>% : Tos,ayM —
To(s,p)M be the parallel transport along these curves. Then

b
D, P = / P>'R(8,,0,)PH* dt
a

(note that the integrand is always a linear map To(s )M — T )M, the integration
is therefore defined without problems) and hence | DsP>%| < Cy fc(s 9 |0s].

Proof. Consider a vector field V(s) € T,qM, and let V(s,t) := P-V(s). As
first step, observe that D (P>*V (s)) = P»%(D,V (s)) + (DsP>*)V (s). This formula
seems obvious, but actually requires a little argumentation: It symbolically resembles
V(AV) = (VA)V + A(VV) for linear bundle maps A from 1.2, but as P mediates
between different tangent spaces for preimage and image, the V operator is not the
same on both sides. Instead, consider the function f : ¢(s,a) — c(s,b) between the a
and the b isoline A and B respectively. The parallel transport from a to b is a mapping
TyM — Tp(pyM and hence an element of TM|4 ® f*(T'M|g). As in 1.6b, the induced
connection on this bundle is given by

Vo, (w® fV) = (Vo,w) @ f'V+w® f*Vo,)V,

and indeed df (0sc(s, a)) = Js¢(s,b), giving the Leibniz rule for PV. On the other hand,
the fundamental theorem of calculus gives

b
Dy(V(s,b)) = P»(D,V (s,a)) +/P5b’t(DtDsV(s,t)) dt.

a

Because V (s, -) is parallel, the vector field in the integrand is
DD,V (s,t) = DyD;V (s,t) + R(9;,05)V (s,t) = 0+ R(9y, 0s) PV (5).

Because V(s) is independent of ¢, it can be pulled out of the integral—The second
claims results from

|Ds P

b
S/I\RH 1021 05| | PN P2 dt
a

and [P | = 1 everywhere because parallel transport is isometric, g.e.d.

49

7.8



7-9

7.10

B. Main Constructions

Remark. Generally, it is well-known that the curvature tensor can be characterised as
infinitesimal version of holonomy, i.e. the parallel transport along a closed curve (see
e.g. PETERSEN 20006, sec 8.6). We found this specific version in RANI (2009, lemma
3.2.2). The estimate can obviously be sharpened by replacing |0¢||0s| by |0: A Os|, see
BUSER and KARCHER (1981, 6.2.1).

Lemma. Situation as in 7.6. Then if d(z,y) < p everywhere in A, we have at every
verter e;

”dei‘r - deiy

\AgE,Mg S hy~! (||de||L°c(Age,Mg) + CO,lp"dy"EOO(Age,Mg)) :

Proof. First, consider v to be an edge vector e; —e;, so ¢ : t — e; +tv parametrises the
ij edge over [0;1]. Then choose Fermi coordinates (t,u?,...,u™) along an arclength-
parametrised version of 7 := x o ¢. As « itself is not parametrised by arclength, it has
coordinates y(t) = (£,0,...,0) with a = d(p;, p;). The image of ¢ under y is another

curve ¢ which intersects v at p; and p;, so

6(0) =~(0), (1) =~(1).

By the intermediate value theorem, each component 5% — 5% must have a zero at some
7" € [0;1]. As Dyy = 0 and Ffj = 0 along v, the second derivatives 7%, of the compo-
nents vanish, too. So

G = 89O < [ 18%] dt < 718k oy
0

By 1.7, D6 = Vdy(v,v), and together with D6 = (&%, + (5,];(5,’@1";'%)61' from 1.4a, we
have

Satly < [Vdy(v,v)lg + |dy ] max|T|

By 6.12a, we have |dyv| = ||, < (1+ Co.1p?)|d]¢2, which means that both norms are
equivalent for small p. Similarly, max |T'| < Co1p. Together with |v|se = a < h, we
have

|(dz = dy)vlg),, S b (IVdylie(osalgr atg) + Coapldylio cge nrg) ) 10]ge-

This shows the claimed estimate for edge vectors. And some general v that is not
tangent to an edge can be represented as linear combination of edge tangents e;, and
all coefficients v* are estimated from above by |v|,/9 up to a constant, q. e. d.

Remark. (a) For triangles, the fullness parameter ¢ controls the minimum angle at
each vertex. This is exactly the parameter that enters in the last argument, so there
is a direct geometry meaning of the factor 9 ~!.

(b)Y There are also coordinate-free methods to prove 7.9, but we did not find any
method that is “so intrinsic” that no curvature term like Cy1hp|dy| comes in. For
example, one could transport & and 4 both to the vertex p = y(e;) and do all compar-
isons there. Then the estimate § ;; — $ is not needed anymore, but some VP and the
holonomy PY(®):0(t) — py().» pp.d(t) haye to be estimated by 7.8 and 13.4.
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7. Approzimation of Functions

(c) The term in parentheses on the right-hand side of 7.9 is what GROHS et al. (2013) esti-
mate by their “smoothness descriptor”. Our computation shows that the nonlinear lower-order
term |dy|? only enters with an additional distance factor p.

Proposition. Situation as in 7.6. Then if d(z,y) < p everywhere in A, 7.11

||dl“ - de"Loo(Age,Mg) N h9~! ("de - PVde"Loc(cge,Mg) + CO,lplldyllﬁoc(cgE7Mg)) :

Proof. Let us prove the claim at some p = x:(u). Consider some vector v € TA, and
let V := (dx — Pdy)v. Along a geodesic v = z o ¢ : p; ~ p, which comes from a curve
c:e;~ [ in A, we have by the fundamental theorem 1.19a

1
V‘p = PI’OV\pi +/P1’tDtV|,Y(t) dt7
0

where P is the parallel transport along ~ (not to be confused with the parallel transport
P along geodesics y ~ ). Inside the integral, we have D,V = V4, .V = Vg edzv —
Vaz e(Pdy)v. As in the proof of 7.8, define a mapping f : x(\) — y(A). Then df (dz w) =
dyw and hence Vg, :(Pdy)v = PV gy edyv + (Vag ¢ P)(dy v). Together, this gives

DtV = Vdmc'dl”l) — Pdeédyv — (de éP)dyU
= Vdz(¢,v) — PVdy(é,v) — (Vag e P)dy v.

By 7.8, we have |Vg4,.P| < Coppmax|0s|, where p is again the maximum distance
between z and y, and 9 is the vector field defined in the proof above and has values
dz ¢ and dy ¢ at the endpoints = and y. Thus

|DiV g < [|Vdy — PVdz]|élge [v]ge + Copmax [ds] [dy] [v]ge
Now observe |0s| < |dy¢|, which gives
DV g S h(IVdy — PVda| + Copldy|?) [v]ge [¢lge

By [V]g, < [Vlg),. + max|D;V]|, the claim is proven with help of 7.9 for the initial
value at p;, q.e.d.

Proposition. Situation as in 7.6. If Co 19~ h|dy|? is small, then 7.12
|d(£L’, y)lLoo(A) S h‘219_1 "de - PVd:E"LOO(cge,Mg)'

Proof. Consider any point A € A and a geodesic ¢ : e; ~ A. Then, with 7.7,

d(z (), y(V) = / d(d(z,y))é < / \(dx — Pdy)il, < hlde — Pdyl,

everywhere, and this norm is estimated by 7.11: There is a constant a such that

1
1-— QCO’lhﬁ_l "dy"2

d(z(A),y(\) < k™| Vdy — PVdz],

and the assumption means that the fraction is greater than, say, %, q.e. d.
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7-14

7-15

7.16

B. Main Constructions

Remark. (a) The smallness assumption on Cp 197 h|dy|? is reasonable because the
interesting situation is when the domain is decomposed into finer and finer simplicial
complexes. In this case h — 0, whereas (given that the subdivision is performed intel-
ligently) ¥ can be bounded from below independent of h, and Cj ; as well as ||dy| are
independent of this refinement (here it is important that |dy| is taken with respect to
g° on A, not £?).

(b) The estimates are scale-aware: When A is scaled by g¢ = v?g® and M is scaled
by § = p?g like in 1.10b, then both sides of the estimates 7.11 and 7.12 scale similarly,
namely like £ and like y respectively: In fact, 7 = ur, h = vh, |R|g = ﬁHRHg, and
derivatives of x and y scale like in 1.10b: |dz|ge g = £ |dx|ge 4, [Vdx|ge g = L |Vdx|ge 4
and similar for y.

Conclusion. Taking 7.12 and 7.11 together, we get
ld(2,y) L (a) + hllde — Pyl (age.nrg)y S W07 [Vdy — PVdz | (age arg)-

Theorem. Let N and M be Riemannian manifolds with curvature bounds Cy and
C1 as usual, and y : N — M be a given smooth function. Suppose pg,...,pn € N
are given points in (9, h)-close position with h so small that their barycentric mapping
A — s is injective, where s C N is the Karcher simplex with respect to vertices p;,
and furthermore suppose that the barycentric mapping A — M with respect to vertices
y(ps) is well-defined. Then if Cj h|dyli~ is small in comparison to the dimensions,
there is a function yp, : s — M interpolating y at the p;, with

|d(yn, y) L (s) + Rl dyn — Pdyllie(s,ary S W20~ | Vdyn — PV Ayl (s,1)-

Proof. By 6.19, there is a bijective barycentric mapping zn : A — s with e; — p;. If
xy 2 A — M is the barycentric mapping with respect to vertices y(p;), which have
distance less than & |dy|, set yp, := xpr o z'. The the estimate is a combination of
7.14 and 7.3, q.e. d.

Remark. {(a) One could have proven the intermediate estimates 7.9 and 7.11 for
scaled versions of A and M, for example with ¢2 instead of ¢¢ or diam M < 1. But we
did not consider the situation above complicated enough to justify a separate scaling
argument. But if one likes, the argument obviously could have been executed for A
and M having both unit size. Then 7.13b is the equivalent of the usual “transformation
from the reference element”.

(b) The step from the L estimate 7.14 to an LP estimate works exactly as in 7.5, so
we save paper by not repeating all the integrals.

(c) The estimate could be considered as “incomplete work”, as the right-hand side
still contains a Vdx term. We decided not to estimate it by 6.22 to make clear that
the right-hand side tends to zero if y is an “almost barycentric” map.

(d) For a “higher-order” interpolation, GROHS et al. (2013) use basis functions ¢ :
A — M of higher order, not just ¢*(A) = A\? as we did, that fulfill ¢! +---+ ¥ = 1 and
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8. The Karcher—Delaunay Triangulation

@' (p;) = 0% for control points y; € A. Then the interpolation with respect to points
pi = y(p;) is the minimiser of ¢ d?(p;, - ).

If one chooses the ¢’ such that there are k + 1 control points on each edge, as is
usually done (e.g. for the quadratic basis functions A\*(2A\* — 1) and 4\*\7, i # j), then
7.9 and 7.11 can obviously be interated to give

[Vida — PVidy| < =49 %|VFde — VFPdy| + curvature terms.

The only point of difficulty is to show that |V*dz| is actually bounded by |dy| and
the geometry, which needs quite some computation, as it involves many derivative
norms || V7X;||, but is provable along the same lines.

8. THE KARCHER—DELAUNAY TRIANGULATION

Notation. The term “triangulation” is used in various senses in (discrete) geometry,
topology, and computational mathematics. We will use it only in the topological mean-
ing as a map r& — M for some simplicial complex K. (To obtain the correct homology,
one usually requires this map to be bijective. We will construct this map and give
conditions for its injectivity, but we will also call it a triangulation without these con-
ditions.) The partition of a space M into topological disks will in contrast be referred
to as a “tesselation”.

Goal. In this section, we want to explore how a simplicial structure can be imposed
on a “d-dense” point set in a manifold. Conversely, if the simplicial structure and the
vertex set are given, the resulting triangulation weill be considered in section 11.

Situation. In the following, the usual assumption from 1.5 that M is closed (i.e.
complete and without boundary) is essential. Let V' C M be a set of finitely many, but
at least m points in M and § > 0 be such that each d-ball in M contains at least one
point from V. We say that V is §-dense in M.

Definition (LEIBON and LETSCHER 2000). Situation as in 8.1. Let p € V. The
Voronoi cell of p is the set of points in M that are nearer to p than to any other
point in V:

Vpi={a€e M: d(a,p) <d(a,q) for all g € V'}

These sets cover M, overlapping only on their boundaries. The cover {V,: p € V} is
called the Voronoi tesselation of M with vertex set V.

The bisector B, of p and ¢ € V' is the set of points which have equal distance to
p and ¢, but larger distance to all other points in V:

By :={a € M: d(a,p) =d(a,q) <d(a,r) for all r € V}
Obviously, Byy = V, N V,. Similarly, the bisector B; of a set s C V is defined as

(pes Vp- The set V' is said to be generic if each non-empty bisector Bs is a disk-type
submanifold (with boundary) of codimension |s| — 1 and B, is empty for |s| > m + 1.
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8.3

8.4

8.5

B. Main Constructions

Proposition. Situation as in 8.1, p € V. Then V, has diameter less than 26. If
20 < cvr M, then V), is a topological ball.

Proof. ad primum: No point in V, has distance greater than § from p, so the claim is

simply the triangle inequality.
ad sec.: If geodesics starting from p are unique, then V) is star-shaped, cf. 5.1,
q.e. d.

Remark. (a) Let s C V with nonempty Bs. Locally, B is a smooth submanifold,
and its tangent space in a non-boundary point a € B; is

{WeT,M: g(W, X, —X,)=0forall p,q € s},

where X, and X, are the gradients of squared distances as in 5.2. In fact, a curve «
with image in B, fulfills d*(v(t), p) — d*(y(t), q¢) = 0 everywhere, which has derivative
g<;}/> Xp - Xq>

(b) Note that V,, will in general not be convex because V,, and V; could only be both
convex if B, were totally geodesic. BEEM (1975) showed that all bisectors are totally
geodesic if and only if M has constant sectional curvature.

(c) Generally, the properties of topological spheres in Riemannian manifolds are
treated by KARCHER (1968): A topological sphere that does not meet its cut locus
cuts M in two open sets, some “interior” ball and some “outside”. A set B C M is
convex if and only if each p € 0B has a “geodesic support plane”, that is a subspace
H, C T,M of codimension 1, such that all starting directions (exp,)”'a for points
a € B lie on the same side of H,.

(d) BOISSONNAT et al. (2011) remark that genericity of a point set, which can be
achieved in Euclidean space by an arbitrarily small perturbation of a degenerate point
set, is not always removable by infinitesimally small changes of V. For this reason, we
assume a generic V and disregard the question of sharp conditions that ensure this. The
problem is currently treated in detail by DYER and WINTRAECKEN (Rijksuniversiteit
Groningen).

Proposition. Situation as in 8.1 with generic V and 25 < cvr M. Then & := {s C
V: B is non-empty, s € R}, £ = 0,...,m, define a regular simplicial complex
without boundary, called the Delaunay complex for M, with vertex set R = V.

Proof. The only property for a simplicial complex, that some t C s with cardinality k
is contained in the set of k-simplices &¥, is clear, because By C B, for t C s.

It remains to show that R is regular and has no boundary. An (m — 1)-simplex
t cannot be part of more than two m-simplices, because a non-constraint bisector
{a € M: d(a,p) =d(a,q)} divides M into two distinct sets. On the other hand, there
cannot be only one m-simplex containing t, because boundaries of the Voronoi cells can
only occur where two cells meet if M has no boundary for itself. And each ¢-simplex
belongs to an (£+ 1)-simplex: Let t € &. Because By is a topological disk of dimension
n — £, it must have a boundary, which in turn can only consist of bisectors B, with
tCs, q.e. d.
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Remark. Note that the following situations are ruled out by our assumptions:

(a) an m-dimensional sphere with V' = {py,...,pm}, because By would consist of
two points of equidistance, which is not a 0-ball, but a 0-disk. However, the definition
of Voronoi regions would be feasible, but its dual would consist of two m-simplices
with the same vertices, and our notation does not allow to distinguish between them.

(b)Y m 4 2 equidistant points V' = {pg,...,pm+1} in an m-dimensional manifold,
because this V' is not generic: In fact, By would be the point of equidistance, but this
set should be empty, as [V| > m + 1.

(c) The counterexample of BOISSONNAT et al. (2011, pp. 38sqq.), because the bisector
Blp,u0.w} 15 N0t empty.

Definition. Situation as in 8.1 with generic V' and 20 < cvr M. Let K be the complex
from 8.5. For ¢ € 8", let x, be the mapping from 5.4. As x.|,; only depends on f for
f C e, this piecewise definition gives a well-defined mapping « : 78 — M, called the
Karcher—Delaunay triangulation of M with vertex set V.

Proposition. The Karcher—Delaunay triangulation is indeed a triangulation in the
usual sense: Situation as in 8.1 with generic V and 26 < cvr M. If § is so small that
the requirements of 6.19 are met on each Karcher simplez, then x is bijective.

Proof. The map z is surjective because its image is non-empty and has no boundary
in M. By 6.19 each z. is injective, and as the Karcher simplices do not overlap except
on their boundaries, so is z, q.e.d.

Remark. {(a) If M is not closed, but compact and with boundary, the construction
is of course feasible, but will only be bijective if there are also points on the boundary
and the boundary is aligned with their Karcher-Delaunay triangulation.

(b) The construction of CHEEGER et al. (1984) seems similar, but (of course) does not use
our barycentric mapping. It starts with a triangulation x : r® — M, considers finer and finer
subdivisions s : 7& — rf of the complex, and then compares the metric (s o z)*g on r&’
to the piecewise flat metric induced by edge lengths ¢;; = d(x o s(ri),z o s(rj)), for edges
ij € (&) in the subdivided complex.

(c) We know, however, that BURAGO et al. (2013) state that “it is now clear that in di-
mensions beyond three polyhedral structures are too rigid to serve as discrete models of
Riemannian spaces with curvature bounds”, but nevertheless there will certainly be rigidity
results for spaces of piecewise constant curvature without counterparts in the smooth cate-
gory, we are not convinced that the references they give support this statement in its full
generality.

9. A PIECEWISE CONSTANT INTERPOLATION OF DEC
Goal. As second main construction of this thesis, we will now give an interpretation

of the discrete exterior calculus as piecewise constant differential forms, which turns
variational problems in the simplicial cohomology (C*,d*) into problems in a complex
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(P~1Q% d). The main question will be the connection between d and the usual exte-
rior derivative d on H°QF, The introductional definitions are the basics of simplicial
homology as they can be found in any topology textbook, e.g. MUNKRES (1984) or
HATCHER (2001).

Di1SCRETE EXTERIOR CALCULUS (DEC)

Definition. Let R be a ring with neutrals 0 and 1, and let &, be a regular n-dimensio-
nal oriented simplicial complex. For any simplex s € 8%, let y, : 8%, — R be defined
by xs(s) =1 and xs(s’) = 0 for any s’ # s.

Consider the R-module Cj(R) that is spanned by all x,, s € 8. Let Ci(K), the
space of k-chains over & (with coefficients in R), be the quotient of Cy(8) under the
identification of y,- and —xs. Its dual space C*(8), the R-module of all homomor-
phisms Cy(8) — R, is called the space of k-cochains over R (with coefficients in R).
Let f° be the generators of C*(8) dual to ds, that means f*(ys) = 1 and f*(xs') =0
for 5 # &'. In the following, we will only use R = R.

The boundary operator is the linear map Ci(8) — Ci—1(8), defined on the
generators by ‘

O Xipo,oospr] = (=1)" X(po-respiseeripi]
(as usual, summation over ¢ is intended), where p; means that this vertex is omitted.
With respect to the basis x5, we write 0 in coefficients:

dxs = Oxu for s € R,

where summation over t € £~ is intended. For the whole section, we will sum about
indices occuring twice in a product, irrespective if they are superscripts oder subscripts.
Volume terms like |s| or |U(s)| do not count for this, as s is no sub- or superscript in
them. The co-boundary operator 0* is the dual of 9, i.e. a map C*~1(8) — C*(R)
uniquely characterised by 9*a(c) = a(dc) for all « € C*~1(K) and all ¢ € Ci(R).

Remark. {(a) By a direct computation, or by common linear algebra knowledge, one
obtains that the matrix representation of 0* is the transposed of the matrix represen-
tation of . In other words, (9*)! = 8 for 0* f* = (9*)' f°.

(b) It would be very natural to write d5 instead of xs, because x, actually is the
Kronecker delta on &*. But we will already have some operator ¢ acting on differential
forms, we will define some § for cochains and some § on piecewise constant forms. In
the whole following section, we will not use the Kronecker symbol.

(c) The use of functions x; as generators of Cj(R) is only one possible definition. The
other frequently encountered possibility is to speak of “formal linear combinations” of the s
themselves (e.g. HATCHER 2001 and HIRANI 2003 use this definition). Logically, there is no
difference between both definitions, as the only strict way to define “formal linear combina-
tions” is to use the characteristic functions xs. However, the existence of both approaches
introduces an unpleasant notational ambiguity that may disturb a quick reader: Linear maps
from simplices to R are chains in our notation, whereas they represent cochains in the other.
Our notation has the advantage to employ s only as sub- and superscript, but not as term,
which allows for usual summation convention.
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9. A Piecewise Constant Interpolation of DEC

Lemma. Let K consist of one single n-simplex. Then the boundary map Oy : Cr —

Cy_1, which can be written as (ZI}) X ("Zl) -matriz, has rank (Z)

Proof. The matrix size just stems from counting the elements in &*, which arise from
choosing k + 1 vertices out of n + 1.

The rank of Jy, is proven by induction over k, starting with & = n. Here the statement
is that 9,, : C,, — C,_1 has rank one, which is true because 0,, # 0. For any k < n, the
rank-nullity theorem gives that the rank of J; can be computed as dimension (Zﬂ) of
its image space minus the dimension of its kernel, which is the rank of Jr41 because
the k’th homology group of the simplex vanishes. And by assumption, i1 has rank
(t1), which gives rank 9y = (Zj:) — (i) = (1) g.e.d.
Short introduction to discrete exterior calculus (DEC). The discrete exterior
calculus (DESBRUN et al. 2005, HIRANI 2003) attempts to build a simple and useable
finite-dimensional version of the de Rham cohomology based on an intelligent interpre-
tation of simplical cohomology. It calls 0* the discrete exterior derivative d, which
gives that d : C*(8) — C*T1(8) acts as

dft =d.f° with d. = 9}. (9.4a)

If points A\s € rs for all simplices s and numbers a; € R are given, leading to dual
cells 7(xs) as in 4.16a, it defines the scalar product of two discrete k-forms as

(s ™, Bor [ Yor = aporsBs L. (9-4b)

Remark. The numbers aj, do usually not occur in the definition of the scalar product,
but we will see that they must be chosen as a; = (Z) to obtain a correspondence to
piecewise constant forms. The points As are classically chosen to be the circumcentres
of the rs.

The coderivative ¢ is supposed to be dual to d with respect to this scalar product,
that means (o, dB) o = (5, B)cu—r for all @ € C¥(R) and all B € C*~1(R). Spelling
out both sides for & = f° and 3 = f* gives

ak_ || |t
a1 |+t |s|

dtbla, =otlida .y, & o= (9-4¢)

Is]
Other definitions are obvious: A form « is called harmonic if (dd + dd)a = 0 etc.

PIECEWISE CONSTANT DIFFERENTIAL FORMS

Situation. Let K, be an oriented regular n-dimensional simplicial complex with a
discrete Riemannian metric g, let & be the corresponding non-oriented complex, and
let A\; for any simplex s define subdivision neighbourhoods U (s).

Definition. Situation as in g.5. Let P°QF be the space of LQ* forms that are constant
in U(s) for each s € &*.
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Any simplex s € £ has a volume k-form dvol,., which can be extended to a constant
k-form in whole U(s). Denoting the extension also as dvol,, let

W {dvol,.5 in U(s)

and P71Q* :=span{w®: s € &%} c P°QF,
0 elsewhere,

Example. Situation as in g.5, dimension n = 2. Consider two triangles rijk and rjil,
which together contain the subdivision neighbourhood U (i5). Then w% is the flattened
unit vector vector field in direction ri — rj in U(ij) and zero elsewhere, w’ is the
characteristic function of U (i), and similarly w%* is the volume form of r£ in rijk and
the zero 2-form elsewhere.

Observation. All basis elements have pointwise unit length with respect to the metric
induced on the tensor bundles by g, and have distinct support up to null sets, so the
L2 scalar product has diagonal form in the basis w*®:

(asw®, Bow™ Y agn = |U(5)] aveBs (9-8a)
Definition. Situation as in g.5. Let d : P~1Q*~! — P~1QF be defined by

t
dw' = d'w*, dt = || || oL. (9.8b)

Let § : P71QF — P~10*~1 be defined by

Uls)|
dw® = 5wt 6 = | dt. (9.8¢)
‘ RO
Proposition. Situation as in 9.5. The maps d and & fulfill the
“discrete Stokes’ formula” /gla = /a, (9-92)
“discrete Green’s formula” (do, B) 201 = (@, 08) 2r—1 (9-9b)

for all s € RF

or’

a € PTIQFL and B € P1QF. In particular, d*> = 0.

Proof. ad primum: For any o € QF~!, we have [ a =08} [ a. Now let a = w! for
some t € 871, Then we have ors r

/wt:(?;//wtza_:\ﬂ

ors rt

(without summation over t). On the other hand,

/dw _/df,oﬁ' =d!|s|.

ad sec.: If one spells out both scalar products with help of g.8a for v = w' € P~1QF~1
and 8 = w® € P10, one gets 07 |U(t)| = d% |U(s)| for 9.9b to hold, qg.e.d.
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9. A Piecewise Constant Interpolation of DEC

Remark. The discrete Green’s formula g9.gb holds without assumption on the bound-
ary values because the weights |U(s)| and |U(t)| already incorporate the smaller extent
of 4. For a correct treatment of boundary conditions in variational problems, one would
have to modify 9.8c. We decided to investigate the original DEC setup here.

Proposition. Situation as in g.5. The map i), : C* — P71QF, 5 — ﬁws s a cochain
map, i. e. each square in the following diagram commutes:

c° > O1 - - "
d d d

of "l .|
d d d

PQC = POl =~ . =~ PQ"

If ap = (Z), it is an isometry for each k and a chain map, i.e. each square in the
following diagram commutes:

CY < Ct < o cn
5 5 5

of .|

Pt % porf 0 pon

Proof. The isometry property is clear by the expressions g9.4b and g.8a for the scalar
product of C* and P~'QF respectively. The properties dix_1 = ixd and §ix = ix_10
only need to be checked for basis elements, so it suffices to show

dyrr = e Oimar =000 for all s € &% t € /F~!
The first one is obvious from definitions g.4a and 9.8b. The second one comes from
9.4b, as

t n
o WIUG oo () Josl o

_ _ k-1 (Z) |5|65
T sl U] (y) It

ar (")) 11

q-e. d.

Remark. It might seem a little bit queer to use piecewise constant forms for this construction
and not the elementary forms introduced by WHITNEY (1957, sec. IV.27)

oPoPrl — LI XX A - ~~c7)?~~~/\d/\k,

which would also make ¢ a cochain map. The reason is that we did not succeed to find any
relation between the L? scalar product of Whitney’s elementary forms and the DEC scalar
product g9.4b. This means that although there is a worked-out interpolation estimate for the
space spanned by @, s € ¥, by DopzIuk (1976), it gives no possibility to compare solutions
of variational problems that were computed using the DEC scalar product.

Proposition. Suppose that rfq is a piecewise flat, (9, h)-small and absolutely well-
centred realised simplicial complex, that means all circumcentres \s have barycentric

99

9.10

9.11

9.12



9-13

B. Main Constructions

coordinates . > «, and that the circumradii are bounded by Bh. Then if g is a second
piecewise flat metric with |(g — g){v,w)| < ch?|v||w|, it holds for ¢’ := %:
lws — Wiz S AP w2
|dgwy — dgwiliz S ¢'h?|dgw; L2
|(0‘5W§aﬁs’wgl)g - (aswgvﬁs’wg,)ﬂ N dh? (aswgvﬁs’wg,b

Proof. The difference between d,; and dj is easiest, because it only involves simplex
volumes like |s|, and |s|;. These are close to each other by 3.20. The approximation of
the scalar product involves comparison between the neighbourhood volumes |Uy(s)|,
and |Uj(s)|5- These can be estimated if we know how the circumcentres are distorted.
By 3.12a, these are controlled by the distortion of the Cayley—Menger matrix inverse
M;l, and inverses of symmetric matrices are treated by 3.21 (which we apply to M
instead of g):
l¢" — | S ch?r|grad, X'|

(where 7 is the circumradius with respect to g) because 4r% and |v'|* = |grad, \'|?

are the corresponding diagonal entries of M;l. By assumption, this is smaller than
ch?|q|, g.e.d.

CONNECTION TO THE BV DERIVATIVE

Goal. Recall that piecewise constant functions possess distributional derivatives, which
are (n — 1)-dimensional measures concentrated on the jump sets. Their analogue for
differential forms are the currents from geometric measure theory. (In order to avoid
“currential derivative” or similar terms, we will speak of BV derivatives.) If our defini-
tion of discrete exterior derivatives is meaningful, it should be connected to this sort
of derivative. In fact, the Bv derivative of a piecewise constant k-form « also fulfills
Stokes’ theorem if the jump set is transversal to the integration domain. But as their
support is (n — 1)-dimensional, we will see that its scaling behaviour does match the
one of full-dimensional (k + 1)-forms such as da.

Definition. The comass of a k-covector « is the absolute value of its largest compo-
nent, equivalently: the maximum over all applications of « to simple unit k-vectors:

o]« = maxa(ej, A+ Aeg,).

For completeness, we also define that the mass of a k-vector is the norm dual to
the comass: |v]. = max,).—1 a(v). A differential form o € L} QF(M) has locally
bounded variation (is locally of BV) if

sup (o, 05) s finite for all U cC M, (9-13a)
BeCEQM (V)
[8].<1

where of course C}Q2*(U) denotes the space of continuously differentiable k-forms on M
with compact support inside U. The space of k-forms with locally bounded variation
is called BV,.QF. The globalisation to the space BVQ* is as usual.
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9. A Piecewise Constant Interpolation of DEC

Fact (cf. EVANS and GARIEPY 1992, thm. 5.1). For each a € BV,.QF, there is a
Borel-regular measure y on M and a p-integrable (k + 1)-form d®Va such that

(a,08) = / (d®Va, ) du for all 8 € CLQF. (9.14a)
M

dBV

We will mostly write (d®V«, 5) as abbreviation of the right-hand side.

Remark. This formulation of the BV structure theorem is the one normally used
for functions of bounded variation. For differential forms, one calls the supremum in
9.13a the mass of the current (linear form on QF) 8 + (a,8), and then observes
that every current of finite mass is “representable by integration” in the meaning of the
theorem (FEDERER 1969, sec. 4.1.7, or MORGAN 2000, sec. 4.3B). To obtain uniqueness
of dB¥ o, one usually requires it to have unit-mass everywhere, and the pointwise scaling
then comes from p. As we are only interested in d®Va for o € P71QF, it will be more
adequate to use a non-unit-length (k + 1)-form and the volume form of U (s), s € &*,
for p.

For the proof of 9.14, we refer to EVANS and GARIEPY (loc. cit.), because it only
consists of the observation that 8 — {«,d8) has a norm-preserving continuation to
CJOF, and the application of Riesz’ representation theorem.

Proposition. For the basis elements w' of P~1QF, the BV derivative is given by p =
dvolgy (v and dBVw' = v Aw', where v is the outer normal on U (t).

Proof. If B € C{Q**1, the product (w',d3) is supported only in U(t), where we can
apply the classical Green’s formula because the integrand is smooth. So

(9.14a)

(et By 2wt 88) = / Wt A #f + (dw', B) = / (v AW, B) dvoloy (e, (9-152)

U (t) ouU(t)
the last equality by usual multilinear algebra and dw! = 0 almost everywhere, q. e. d.

Proposition. There is a variant of Stokes’ theorem for the BV derivative of P~!
forms: If we define

/dBth = /wt, (9.16a)
5 rsNOU (t)
then
/dBVa = / a for all a € P7IQF 5 € /¥, (9.16b)
rs ors

Proof. The homotopy formula is easy for constant forms: If da = 0, then 0 = [, yda =
Jo @, hence [, o = + [, o if the integration domains A and B bound a common
(k+1)-dimensional domain U, the sign depending on the orientation of B. This is the
case for

ArsNU®) = orsNUR) U rsNIU(}).
So the formula is clear for o = w! by definition of the “domain integral” over rs, and
by linearity, it hence holds for all & € P~1QF, q. e.d.
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Remark. (a) The notation g.16a might seem to obscure the actual integration pro-
cess over a subdomain, but we would like to emphasise the analogue to da, which
fulfills the same Stokes formula.

(b) For a smoothly bounded (k+1)-dimensional integration domain U and differential
forms o € QF, € QF~1, it is always true that

/Oé = /(aadV01U>dV01Ua /B == /<V/\ﬂ,dVO]U>dV013U,
U U oU

ou

where the sign is the same as in dvoly = +v A dvolgy. Therefore, the notation g.16a
can also be interpreted as

/ dVa = / (d®Va, dvol,.¢)dvol,sna (1)
rs rsNOU(t)

with dBVw' = vAw! as in 9.15. The notational problem is mainly that the BV derivative
is supported on a codimension-1-set, which makes the integral in Green’s formula
(n—1)-dimensional instead of n-dimensional, and the left-hand side integral in Stokes’
formula k-dimensional instead of (k + 1)-dimensional. Unfortunately, we do not know
a common notation covering both.

(c) The formula stays correct (with an appropriate notational adaption) for sBv forms
(introduced by DE GIORGI and AMBROSIO 1988, as overview we refer to AMBROSIO
et al. 2000) which are BV forms whose derivative measure u consists of parts jiq. and i
which are absolutely continuous with respect to the n-dimensional and to the (n —1)-
dimensional Hausdorff measure in rg, if ug is supported on a set that is transversal to
the integration domain U. For the proof, one can use the approximation of a € SBVQF
by convolution with smooth Gaussian kernels. If the jump set of «, i.e. the support of
s, is transveral to U, then the convergence is uniform almost everywhere on OU, and
so the integrals [,,; a; of the mollified forms a; tend to [, a and give a well-defined
interpretation of [;; d®Va.

(d) This means that for 8 € L®QF*! which is smooth inside each U(s), s € &*+1, we
have

(a,68) = Z /a A*B + (d®Va, B) for all « € P7IQF.
5 aU(s)
Proposition. (d®Va, ) = i {da, BY for all a € P=1QF and all B € POQFHL,
Proof. Due to g.15a, it suffices to consider, for each s € %! and each s € &”,
(d®Vw', BYu(e) = /wt A *3
U(s)NAU (t)
which can be spelled out by using the (n — 1)-flags a in U(s) N OU (t):
1
t _ t _ t
/w A*B—Z / wAxf = m;(w A *03)(ba),
—1

U(s)naU(t) ¢ An
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where b, is the pull-back of an orthonormal basis of r’a. The flags occuring in this sum
are of the form ((0),...,t,5,...,(n)), cf. 4.17c. Using the vectors v (i41) from 4.18,
we have inside each r'a

ba = vy, ) A N Vik—1ys A Us 2y At A U1y, (n)
= v(0),(1) AN A (Ve—1),¢ F Ves) A Vs 2y A AVin—1y,(n)>

the factors in the latter product are all mutually perpendicular. Now observe

(W) = V), () A A VE—1) ¢

Ao AVn—1)(n
_ ’ (*w5)ﬁ _ Us(k+2) U{n—1),(n)
[y, 1y A=+  AVg—1y ¢l

U (k) A AUy (|

By orthogonality of all vectors in bg, the application (w' A %3)(by), usually comprising
all permutations of the factors, splits as

(W' A %B)(ba) = w'(vioy,(1y A Avge—ty,e) (58) (Vs (er2y A+ AVn_1y,(ny)
= |v), 1) A Avge—tyel (B W) Vs (kga) A A U1y, )]
Summation over all flags ((0),...,t,5,...,(n)) then gives, by 4.19,
Elln—k—1) n |t

|
t N N S S5
Axf = t| |xs ,B) = —|U(s ,B),
W A xf = T M sl 6, 8) = 1 U@ B)
U(s)NU(£)
q.e.d.
APPROXIMATION ESTIMATE FOR P~ 1QF

Lemma. Let us denote the set of multiindices I = (i1,...,i) with i; < i;41 and

1<i4; <n forallj, by (2) (which in fact is its cardinality). Suppose R is a simplicial
complex with only one n-simplex ¢ with a non-degenerate flat metric. Then the (Z) X

(n+1

k+1) matric

M) = (/wt(w)) re(}) tent

re

has full rank (Z), where v, iy = A\vi,; for an arbitrary basis v; of Tre.

Proof. The choice of v; does not matter, because a change of this basis only results
in a multiplication with a non-singular (Z) X (Z)—matrix from the left. Furthermore,
it suffices to show that the matrix M(k) := ([ dvol,((vr))r,¢ has full rank, because it
only differs from M) by factors depending on the volumes |U(t)|[, which must be
non-vanishing for at least (Z) of the t (which happens if the circumcentre lies on a
facet of t). Now if we choose v; = ri — r0, we can transform the situation onto the
unit simplex D with vertices 0,eq,...,e,, where then v; = e;, and the volume forms
of simplices t containing the vertex 0 have a particularly easy expression:

dvol,q = dz™ A -+ A da'* for t ={0,41,...,1x}.

So dvol,(soyury(vyr) = 1if I = I" and 0 else, hence these rows of M(k) are already
linearly independent, q.e. d.
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Proposition. Suppose rf is a simplicial complex with a piecewise flat and (9, h)-small
metric, o € H1QF. Then there are o°, o € P71QF and, if \L > 0 for all components
of the \s defining subdivision neighbourhoods U(s), there is o> € P1QF | such that the
L2 norms of a°, da' and §o? are estimated by the corresponding norms of o up to a
constant, and (with the Poincaré constant Cy from 2.11b)

(a—a B) S Cahlal|VE] for all B € H'QF,
(do — dat, B) < Cghlda| | V] for all B € HQFFL,
(0 — 602, 8) < Cohldal| VA for all B € H'QF L,

Proof. Let us introduce a space Pe_hluﬂlC of “elementwise” P~! forms, spanned by

for s C e,e € 8.

W dvol,s in U(S) Nre
o elsewhere

Then we can find &°, &' and &2 such that, for each ¢ € &7,

/ (@°,B) = / (o, B)  for all constant B € QF,
" N (9-19a)
/ (da*, B) = / (da, B) for all constant B € QFF!

and similarly for do?. In fact, writing &° = a{ .w"*

and inserting 3 = v} from above
with I € (}), the equations for determining coefficients af, have M, as system
matrix, which has full rank by 9.18. The integral f(gldl,@ reduces to a boundary
integral by 9.17 which does not include d anymore, this boundary integral is invariant
under affine transformations, and the problem is solvable on the unit simplex D. If all
AL are positive, the &% are just a row- and column-rescaling of d§ by non-zero factors.

As a second step, let a® = afw' € P71QF be defined by the condition that, for each
t € &% and all s € RFF1,

/ (a®, B) = / (&%, B)  for all constant 5 € QF,

0 0

/ (do*, B) = / (da', B) for all constant 3’ € QF?
U(s) Ul(s)

(and similarly for §o?), which means averaging a° over all parts U(t) Nre with t C e.
These forms have the desired properties: Norm-preservation is clear by construction.
For the approximation, observe that 3 € QF can be replaced by some 3 that is con-
stant in each element re, and the error is estimated by the Poincaré inequality 2.10c:
|8 — Bliz < Cuh|VB|L2. And similarly it can be replaced by some 3’ that is constant
in each neighbourhood U (t). This gives

(Oé 70‘036) - (a - do,ﬂ) + (do 704075)
S (Oé - dovB) + (do - CVO7B/) +émh|a||v6|7
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and the scalar products vanish by choice of @ and a°. Exactly the same computation
is feasible for {da — da', 8) and {(6a — a2, B), q. e. d.

Proposition. For a complex consisting of only one n-simplex e, let d)(e) be the
(ZI;) X (Zﬂ) matriz representation (df)scar+1 eqr of d: P7IQF — PTLIQM
Suppose R is a simplicial complex with a piecewise flat and (9, h)-small metric.

Assume that the (Zﬂ) X (Zi%) -matriz

My (e) "
has full rank for each e € K". (9.20a)
Mgt1y(e)d(x) (e)
Let C be the Poincaré constant from 2.11b. Then for each o € QF, there is a € P~1QF
with &l < |ale, |dale S |dale and

a—a,B) < Cqhlal|VB for all B € HIQF
( B) < Cahlal| VB

- 9.20b

(do — da, BY < Cghlda||VB|  for all B € HIQFT, ( )
Proof. The assumption g.20a guarantees that we can find one single a € P;l}UQ’f ful-
filling both equations in g.19a at the same time, g e.d.

Remark. {(a) We did not succeed to verify g.20a in the general case, but there are at
least no structural obstructions for it to hold: M, has full rank (}), and d(y), which
is the transposed of Jy4;1 from 9.3 with rows scaled by [t| and columns scaled by |s|,

has rank (kil), which add up to (:i})

(b) Using an L? Poincaré inequality (EVANS and GARIEPY 1992, thm. 4.5.2) instead
of 2.10¢ leads to {(a—a?, 8) < Cg ph|alr | VB e and similar for da—da' and da—da?.

(c) The estimates g.20b are formulated as H™! norm estimates. By inserting mollified
characteristic forms or forms with small support and |[ 8| = 1 (“Dirac forms”), one
can localise the convergence.

(d) We do not call g.19 and g9.20 “interpolation estimates”, as o, al, a? or & may

have nothing to do with « pointwise, but only in integral mean. In contrast to interpo-
lation, the integral of @ and o over smaller spaces like boundaries of the U(t) will in
general not converge, as 9.17 shows. For an example, see also 10.30. The section title
“interpolation of DEC” does not refer to interpolation of smooth functions, but to the
process of extending the simplicial definitions in 9.4 to L*> forms in g.11.
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C. APPLICATIONS

10. REAL-VALUED VARIATIONAL PROBLEMS

Situation. Using the results of the preceding sections, we do not speak of a manifold
and its triangulation, but directly suppose that M = rR{ is a realised n-dimensional
regular simplicial complex (compact, as usual), endowed with a piecewise flat and
(9, h)-small Riemannian metric ¢g¢, as well as with a smooth metric ¢ fulfilling 6.17
and 6.23 with Cj ;h < 1. Except for 10.18sqq., we assume that if M has a boundary, it
follows the boundary of the Karcher simplices. Therefore, the homeomorphism property
of x remains unchanged.

Remark. (a) Obviously, the spaces C¥ of strongly differentiable and Lipschitz func-
tions for g and ¢¢ (defined in the classical meaning for g and by 4.5 for ¢¢) are different,
but as the Sobolev norms for differentiation orders k = 0, 1, 2 are equivalent, the spaces
WET(Mg) and WP (M g®) coincide.

(b) The convergence of curve length and geodesic distance, treated in HILDEBRANDT
et al. (2006, sec. 4.1) for the case of embedded surfaces, is already covered by 6.13 in
our setting.

THE DIRICHLET PROBLEM FOR FUNCTIONS

Goal. In this section, we will deal with approximations of the Dirichlet problem, that
is solving a weak version of Au = f, where A is the Laplace—Beltrami operator of M.
The Laplacian of k-differential forms will be dealt in the subsequent section.

As first step, we will give a short review of the usual proof for convergence of Galerkin
approximations to the Dirichet problem as can be found for instance in BRAESS (2007).
In the second step, we will add the usual error terms resulting from the “variational
crime” to use g¢ instead of g. This is standard in the FE theory for geometric PDE’s
initiated by DzI1UK (1988), but often not separated from the error of the first step.

Definition. Situation as in 10.1. Denote by H{ the space of weakly differentiable
functions with vanishing trace on M and by P! the space of globally continuous,
piecewise linear functions (here, “linear” of course means usual linearity in the parame-
ter domain re, ¢ € 8"), by P} the same but with vanishing boundary values. The norm
of an operator on function spaces will be denoted by |- ||

Definition. For v,w € P!, recall the definition Lap(u,v) := (du,dv)Lg(Mg) from 2.2
and that the (homogeneous) weak g-Dirichlet problem is the task to find u € H} (M)
such that Lap(u,v) = (f,v)Mg for all v € H}, we shortly write Lu = f with an
operator L : H} — (H})*. The g-Galerkin solution to the Dirichlet problem with
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10.5

10.6

10.7

10.8

10.9

10.10
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respect to the trial space Pg is the solution uy, to Lap(un,v) = (f,v),,, for all v € Pg.
Naturally, there is also the notion of a g°-Galerkin solution.

Remark. By 2.12, we know that the Dirichlet problem has no solution for general
f € L2, but only for f L $, and the solution is unique up to harmonic components,
in other words: there is a unique solution in $*. But the space of harmonic functions
is one-dimensional, consisting only of the constant functions—and these are ruled out
by the boundary value requirements.

Fact (SCHWARZ 1995, also cf. 2.19). The de Rham complex (H1:°Q, d) of a smooth
compact Riemannian manifold is a Fredholm complex, so the Dirichlet problem is
uniquely solvable, and |du| 2 < Cg|f|2 with the Poincaré constant C from 2.10b.
This means that L~! is a bounded linear operator.

If OM is piecewise smooth or convex (that means, convex where it is not smooth),
then M is H?-regular, i.e. there is a constant Cg depending on M, but not on f,
with |u|y2 < Cg|f|L2, that means that |[L™!||2,p2 < Cg in this case.

Lemma (Céa). Situation as in 10.1. Let u be the Dirichlet potential and uy, be the
g-Galerkin solution to f € L%. Then uy, is the orthogonal projection of u onto Py with
respect to Lap(-, ).

Proof. As P C H}, also u fulfills Lap(u,v) = (f,v),. for all v € P§ by which uj, was
defined. So we have the so-called “Galerkin orthogonality” Lap(u — up,v) = 0 for all
such v € P, which is the characterising property of the projection error, q.e.d.

Corollary. Situation as in 10.1. Let 11 be the orthogonal projection Hy — P} with
respect to Lap(-, -) and II+ := id —II be the projection error. Then for any k for
which both sides are defined,

lu— wple < | fl2 ITEL7 |2 e

Proposition. Situation as in 10.1 with dimension n < 3. Then |11 ||pz o < 971,
and if additionally M is H?-reqular, then

lu = unlw S Caghd™ | flee.
Proof. Tt suffices to show that there is one u;, € P! with |u — up |1 < 97 h|ulyz2, then
the projection of u will produce a smaller error than this u;. As usual, we take u to be

the Lagrange interpolation of u (which is well-defined, as H? € C” in dimension < 3, cf.
ADAMS 1975, Theorem 5.4.C). And this interpolation estimate is exactly 7.5, g¢.e. d.

Proposition (Aubin—Nitsche). Situation as in 10.1. Then |I+L7'2 2 <
ITI- L7112, ,yi. Under the same conditions as in 10.9,

lu —upliz S CER*I72| fliz.
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Proof. First, note that for a right-hand side g, the solution L~!g is characterised by
(g, U)Mg = Lap(L~1g,v) for all v € H}. Now for a right-hand side f € L2, consider

L1
L Flisary) = sup ot S0

geL? |g|L2
Lap(II*L~1f,L7'g) () _ Lap(II*L~'f,II*L~1g)
= sup = sup
lglL2 lglL2

< L7 T L ez e,
where we have used in (*) that IT and hence IT* is a Lap-orthogonal projection, g¢. e. d.

Remark. It would of course be possible to consider other interpolation procedures
than just nodal Lagrange interpolation, for example averaged Taylor polynomials as
in BRENNER and SCOTT (2002, section 4.1), which would circumvent the dimension
restrictions. However, the emphasis of this thesis lies more on the different possible ap-
plications of the Karcher simplex construction than on optimal results for the Dirichlet
problem.

Lemma. Situation as in 10.1. Let F(v) := (v, f)M)g, and let Lap® and F¢ be defined
similar to Lap and F, but with g¢ instead of g everywhere. Then |(Lap — Lap®) (v, w)| <
ChR?|dv| 2 |dw]| 2 and |(F — F€)v| < Chh?|v]L=.

Proof. Exactly as in 7.3, g e.d.

Remark. In the understanding of HILDEBRANDT et al. (2006), the “weak Laplacian” Ly is a
mapping H* — (H')*, Lyu : v+ Lap(u,v). In this setting, 10.12 can be seen as a convergence
result for the weak Laplacians: | Ly — Lge |lq1 1) S Coh*.

Proposition. Situation as in 10.1 with H?-regular M. Let up,u$ € P} be the Galerkin
solutions to Lyu = F and Lgeu® = F°. Then

|up, — uf |2 + Cg ldup, — duf |2 < C{)Céhz [ flL=.

Proof. During this proof, |- | always means | - | 2(azq). Let us first consider the deriva-
tive term on the left-hand side: For some v with |v| = 1, we have
|dup, — duf| = Lap(up, — uf,v)
< |Lap(un,v) — Lap®(uj, v)| 4 [Lap®(uj, v) — Lap(uj, v)|
< |(F = F°)v| + |(Lap® — Lap) (uj, v)|
< Cob? | fl1v] + Cgh? |duj | |dv]

Then use |duf| < Cg|f| from 10.6. For the estimate of |up — u§ |, use the Poincaré
inequality again, q- e. d.

Remark. Asin the euclidean setting, the proofs carry over to an arbitrary continuous,
strongly Hj-elliptic bilinear form on H' instead of Lap.
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VARIATIONAL PROBLEMS IN (F

Assumption. Situation as in 10.1. For k = 0,...,n, let there be finite-dimensional
subspaces PQF of H10OF (or HO1QF | if needed) with L? and H! approximation order
h analogous to 7.4:

min |v — vz + |dv — dop |2 + |6v — dvn2 < ah|v|ye
v, EPQF ————
only for 10.15a

and similar for t*v = t*v, = 0 or nv = nv,, = 0. Furthermore, assume that the
Dirichlet problem is HZ-regular and the Hodge decomposition u = da + 6b + c is
H'-regular, which means |daly: < |uly etc. We abbreviate (-, - )i2(argey as (-, - )e.

Proposition. Assume 10.14. Let u = da + db + ¢ be the Hodge decomposition of
u € HY'QF | which can be computed as a = argmin Fu] over a € HY1QF ! and b =
argmin G[u] over b € HU'Q ! s in 2.14. If ), = argmin F[u] over a; € PQ¥1 and
by, = argmin G[u] over by, € PQEHL then

|da — day, |2 + |60 — dby |2 < ah|u|y:. (10.15a)

If uw = dae + dbe + c. is the Hodge decomposition with respect to g, and if ap . and
b, are defined similiarly, then

|da — dac|i2 + [6b — b2 + |c — celiz < CHh? |ul2, (10.15b)
|day, — dap. |2 + |00 — b ez < CHh? |ulLe. (10.15¢)

Proof. ad primum: By the Euler-Lagrange equation (da,dv) = {(u,dv) for all v €
HUIQM and (dap, dv) = (u, dv) for all v € PQFT! we know that day, is the L2-best
approximation of da in d(PQ¥), which is smaller than ah|Vda| by assumption.

ad sec.: If (dapc,dv). — (u,dv). = 0, then (dap ¢, dv) — (u,dv) < C{h?(|dap.| +
|u])|v| and hence {day, — day, ¢, dv) < Cih2(|dap.e| + |ul)|v]| for all v € PQF. The same
calculation is valid for day — day, . instead of da — da.. The ¢ — c. estimate comes out
as the remainder, q.e.d.

Remark. (a) 10.15b is our analogue of thm. 3.4.6 in WARDETZKY (2006).

(b) In general, there will be no exact finite-dimensional Hodge decomposition in P,
as we have not required any connection between d(PQ¥) and PQ¥*!. There is a Hodge
decomposition in the space of Whitney forms with convergence proven by DODZIUK
(1976, thm. 4.9). Variational problems in a specific space P71QF of piecewise constant
forms will be treated in 10.24sqq.

(c) The FEEC setting of ARNOLD et al. only has a weak Hodge decomposition u =
day, + by, + ¢, of u € PQF as in 2.13, but as its parts are also orthogonal projections,
there is an estimate

|day, — dan.eliz + b = breliz + lcn — cneliz S CHh? ulie

corresponding to 10.15b.
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Mixed form of Dirichlet problem. ARNOLD et al. (2006, 2010) have shown how
to construct finite-dimensional subcomplexes (P2, d) of (H°Q, d) and solve the mixed
Dirichlet problem therein. HOLST and STERN (2012) have extended this to the situation
where the domain of the Sobolev space and the finite-dimensional approximation are
endowed with different, but close Riemannian metrics g and ¢°, which leads to the
situation that the inclusion map PQF(Mg¢) — HLPQF(Mg) is not norm-preserving
anymore, but only an almost-isometric map. Their setting directly applies to Finite
Element computations on the Karcher-Delaunay triangulation:

Proposition (HOLST and STERN 2012, thm. 3.10). Assume 10.14, and use the no-
tation from 2.17sq. For f € L2QF, let (o0,u,p) € P& and (0, ue,p.) € P&, be the
solution of the mixed formulation 2.18 of the Dirichlet problem in Mg and Mg® re-
spectively, where P& = PQF x PQ’,fJr1 x P$H¥ is a stable choice of trial spaces from
ARNOLD et al. (2006, eqn 7.14), and P&, differs from PS only by the last factor
(PH%),, the harmonic trial functions with respect to g¢. Then

C/
lo — oelnr + |u—te|m + [p — peliz S 70h2|f|L2,

where «y is the inf-sup constant as in 2.18 (but over PQF).

Proof. The solution s = (o, u, p) with respect to the “correct” scalar product g fulfills
b(s,t) = F(t) for every test triple t = (7,v,q) € P&. On the other hand, the distorted
solution s, fulfills b.(se,te) = Fe(t.) for all t. € P&, with the obvious definition of b,
and F,. As the trial spaces only differ in the last term ¢, we have

be(seyte) = be(seat) + (ueuQS - Q)e = be(se7t) + (u67Q)e

(because u. L P$H¥). Now observe {u.,q) = {Tue,q), where 7 is the orthogonal pro-
jection onto P$H*, and by 10.16¢ the projection of a P$H* element onto P$H* is small.
Hence

(te,q)e = (e, q) + ((te, @e — (Ue, q)) S Ch 1k |ullql.
Weakening the right-hand side, we obtain |b(se,t) — F.(t)| < Chh?|s||t|. By the scalar
product comparison 10.12, also |b(se, t) — F(t)| < Cyh?|s||t|, and taking this together
with b(s,t) = F(t), we have

b(s — se,t) S CHh2|s||t].

Now, by the inf-sup-condition 2.18b, v|s — s.| < sup, b(s — s¢,t)/|t], g.e. d.

DIRICHLET PROBLEMS WITH CURVED BOUNDARY

The case that the analytical and the computational domain actually coincide is not
the only interesting problem. When for example a Dirichlet problem on the unit disk
in hyperbolic space is considered, a Karcher triangulation with respect to the whole
hyperbolic space will not exactly cover the unit disk. But the treatment of such a
boundary approximation is standard in Finite Element theory, and the main task is
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to carefully inspect which arguments have to be modified because they rely on the
Euclidean structure of the domain. We give a presentation according to DORFLER and
RUMPF (1998) and do not treat the difference between g and g€, as this comparison
can be done separately by using 10.13 after 10.21.

The usual setup for boundary approximation is that a domain ) is replaced by
a simplicial domain €, whose boundary vertices lie on 9Q. By (n — 1)-dimensional
interpolation estimates, one then gets that 9Q and 9%, are only < h?k far apart,
where k£ bounds the curvature of 92 and h the mesh size of €2;,. We translate this, for
Q C M, into the following

Situation. Let M = r& be a piecewise flat and (¢, h)-small realised simplicial com-
plex. Let Q C M be a full-dimensional domain and €2, = rf a realised full-dimensional
subcomplex, connected by a “normal graph map” ® : 9Q — 9, p = exp, d v, where
d : 092 — R is Lipschitz-continuous and v is the outer normal on 02, with the follow-
ing properties: First, the retraction inverse (p,t) — exp,tdv is injective (to ensure
that no topology change may happen). Seond, it is “short” in the send that |d| < ah?,
Lip d < ah <1, and |Vdd| < a (where d is smooth) for some o € R.. Let all principal
curvatures of 02 in M be bounded by k. This implies that for small A the norms of
d® and Vd® are bounded, see section 11.

Lemma. Situation as in 10.18. If v € H'(Qy,), then |vl2o,n\0) S ah?|dv|izq,\a)
and |v|290n0,) S Vah|dv|zq,\q) for small h.

Proof. ad primum: It suffices to show the claim for smooth v. Consider A € Qp, \ Q. As
d(\,09) < ah?; there is a curve y[\] : u~> X for some p € 99, with length < ah?. If
h is small, this curve can be supposed to be a straight line lying entirely in one simplex
of 8. As v(u) =0,

v(\) = / dv . (10.19a)
¥[A]
Suppose v is arclength-parametrised. Now we can again apply the arguments from the
proof of 7.5 (keeping in mind that [)\] has length h there, but ah? here):

5 (10.19a) 2 (7.5a) ) ) (7.5b) - )
Jur L (Ja) TS aw [ [P TS athlavae

Q,NQ QrNQ  [A] QN2 5[N]

ad sec.: Because 0y, is a graph over 952, the inverse is also true: OS2 is a graph (usually
not normal) over 9Qp, so we can introduce coordinates in which a simplex § of 9y,
lies in the x,,-plane and 0f) is parametrised by (z1,...,Zm-1) = (T1,...,Tmt1, P)-

Then
(11.100)
oBeonrey = [ lPVIEIGE 5 [
t i

(10.19a) 2 (7.5a)
S [ (fra) 5 amlavR, e,
rf A
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Lemma. Situation as in 10.18. For v : M — R, which is H? continuous in Q and
M\ Q, let [v] be the jump of v across 0. If h is small, there is a continuous ex-
tension @ of u € H?(Q) onto QU Qy, such that ulo = u, |l S lulwz@) and
[du V|2 o0na,) S lul)-
Proof. By assumption, all points in €, \ € are covered by the homotopy

O, prrexp,ty,

where at each p € 902 N Qy,, the parameter ¢ is chosen within ]0; d(p)] (in particular,
points with negative d(p) are excluded, as they would parametrise Q \ €2, instead of
Qp, \ Q). For an image point of ®;, set @(exp, tv) := u(exp, —tv), the reflection along
0. This 4 is continuous, and [du v] = +2du v. The H? norm-preservation follows from
the assumptions on ® (but note that % is not H? in € U Q due to the jump on 99,
even though ®; is smooth), q.e.d.

Proposition. Situation as in 10.18. Let u € H3(Q) be the solution of Lu = f with

respect to Q, and let u, € P(Q4) be the Galerkin solution over ), for an extension
of the right-hand side f by zero onto Q;, \ Q. Then |du — duy |2y S Vah|ulwzq) for
small h, where uy, has been extended by zero in Q\ Q.

Proof. Let @ be the extension of u from 10.20. Assume we can show
|5 — ulwr ) S 18— vl ) +h? il @0 +Vah|[da(v)]]z@ena,)  (10.21a)

for every v € P1(Q4). Then the claim is proven by 7.5 and 10.20. Supposed v € P!,
observe that in |dv — duy,| = sup {(dv — duy,, dw)/|dw]|, it suffices to take w € P'. So
we have

dv — duy, d
|di — dup |20, < |da — dv| + |dv — duy| = |da — dv| + sup {dv = dup, dw)
weP?! |d’LU|
dv — du,d du — dup, d
:|dﬂfdv|+sup(v t, dw) + {du = dup, dw)
weP?! |dw|
du — dup, d
< 2|d@ — dv| + sup M
weP1 |dUI|
And now, if f is the extension of f by f = 01in Q \ €,
(du — dup, dw) 2, ) = /(dﬂ,dw) - fw—|—/<dﬂ,dw> — fw
Q,NQ Q,\Q
= / (—Au—f)w+/wduu—k/—wAu—t—/wdﬂ(—u),
—_———
QU =0 ONR N Qh\Q B(Qh\Q)

as —v is the outer normal of Qj \ . So this gives

(du — dup, dw) 2, ) < |AUli2(0,\0) lwlz@,\0) + [[du@)]lz00n0,) w2000,

which shows, together with 10.19 for the w norms, the claimed estimate 10.21a,
q.e. d.
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HEeEAT FLow

Goal. As a short outlook on Galerkin methods for parabolic problems, we consider
the approximation of heat flow under perturbations of metric. We decided to exclude
the general convergence theory (see e.g. THOMEE 2006, chap. 1) and concentrate on
the difference between Galerkin approximations with respect to g and g°.

Proposition. Situation as in 10.1. For a time interval [0;a], let up,up . be the time-
continuous Galerkin approzimation to the heat flow with initial value ug € P§ and
right-hand side f € L>([0;a], L2(Mg)) for metrics g and g° respectively, that means

(tp,v) + (dup, dv) = (f,v) for all v € P, Up|t=0 = uo,
(tn,e,v), + {dup,e, dv), = (f,v), for all v € PY, Up,el|t=0 = Uo,
where (-, -), is the abbreviation for (-, -} ;... Then their difference can be estimated
by '
2 / 2 272
Jun = el S CoCal? ol + CoCati*( [ 170R:) "
Proof. The proof follows the line of the usual convergence proof for parabolic problems

as in THOMEE (2006, thm. 1.2): Consider € := uj, — uy, .. By the defining equations for
up, and up e, we have

(éa ’U) + (d€7 d’U) = (fvv) - <uh,eav) - (duh,ea d’U)
By 7.3 and 10.12, we have
[(tth,e, v) — {dupe, dv) — (f,v)] S Co h* (linellv] + |dup.e|ldv] + | f]|v]),

where all norms are L? norms. So we have for v = ¢, together with the Poincaré
constant C from 2.10c,

3 i [elP + 1del? £ CoCah® (lin,e| + |dun.el + | f]) |del.

Then Young’s inequality gives 2cab < c2a? 4 b%, hence we obtain a separated summand
|de|? on the right-hand side, which can be cancelled (the suppressed constant belongs
to ¢):

3 el S (CoCuh®) (lanel + |dupe* + | )

Integration over [0;a| gives, as €|;—o = 0,
e < (CHCaI?)? [ linel? + dun P+ 111

From the usual regularity theory for parabolic problems (THOMEE 2006, eqn. 1.20,
case m = 0), we know that [([a|* + |u[?:) S luolns + [ | f]*, which shows the desired
estimate for ¢, q.e. d.
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Proposition. Situation as above. Let uy,uy . be the Galerkin approzimation to the
heat flow with implicit Euler time discretisation with respect to g and g° respectively,
that means

(Ouf, v) + {duj,dv) = (f,v) for allv € Ptl), u% = ug,
(Oujy o, v) + (dufy ., dv)_ = (f,v), for all v € Py, up . = o

for the backward difference quotient Ov™ := %(v” — o™~ Y). Then their difference at time
t = nt can be estimated by |duy, — duﬁ)eh_z < Kh?t, where K depends on the geometry,

|f||_oo(|_2) and |u0|H1 .

Proof. As before, let £" := up —uj .. Then
(0™, v) + (de, dv) = (f,v) — (Duf ., v) — (dun.e,dv),
and the right-hand side is bounded by

(Duf o, v) — (Duf o, )| + e, dv) — (dune, dv), | + [(f,0) = (f,v).|
< Cph2(18uf ) o] + ldun.c] dol + |71 10])
< ChCh? (100 | + Idune| + |£1) ldo].

Denote the whole term in parentheses as A. As before, it is bounded in terms of the
given data. Then again the choice v = ™ gives

[e™]? — ("1, ™) + |de™|? < C{Crh®rA|de"|?
and so
le|? + |de™|? < C{Cuh*TAlde™ [ + CZ |de™ 1| |de™|.
And of course |de™|? is smaller than the last left-hand side, which gives |de™| <
Cy1Cah®TA + CZ|de"!|. Then the claim follows by induction over n, g.e.d.

DiSCRETE EXTERIOR CALCULUS

Observation. As we have noticed in 2.19, all variational problems from section 2
are uniquely solvable in (P71Q*, d) like in (2%, d) by the construction of P71QF as a
(co-)chain complex. As (P71QF d) just a gentle way of writing the simplicial cochain
complex (C*,0*%), its (co-)homology is isomorphic to the de Rham complex’ one (a
short direct proof, called “the theorem of de Rham”, is given in WHITNEY 1957, sec.
1v.29, although DE RHAM 1931 proved isomorphy to singular, not simplicial coho-
mology). Therefore, we can hope for approximating smooth solutions of variational
problems by ones in P~1QF.

Situation. Let R be a realised oriented regular n-dimensional simplicial complex
without boundary with a piecewise flat, (), h)-small metric g. Let As, 5 € &%, be the
simplices’ circumcentres, and suppose A\, > 0 for all their components (i.e. rfg is
well-centred). Assume g.20a and that the Hodge decomposition © = da + db + ¢ is
Hl-regular, meaning |da|yr < |ulyr etc. We use the Poincaré inequality in the form
2.11b.
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Proposition. Situation as in 10.25. For a function f € H', let u € H? be the solution
of the Poisson problem {du,dv) = (f,v) for all v € H', and let u, € P71Q° be the
solution of {dup,dvp) = (f,vn) for all v, € P~1Q°. Then

(du — duy,, dvp) < Cah(|Vf||on] + |Vdul|dvs]) for all v, € PT1QF.
Proof. Let v and vy, be connected by g.20b. Then
(du— duyp, dvp) = {du, dv) — {dup, dvy,) + {(du, dv, — dv) = (f, v —vp) + {du, dvy, — dv),
and both terms can be estimated as claimed, q-e. d.

Proposition. Situation as in 10.25. Let w = da+ 6b+c be the Hodge decomposition of
uw € HYYOF and let @ = day, + 5by, + ¢, be the Hodge decomposition of its L2-orthogonal
projection onto P~1QF. Then

(da — day,, dv) < Cohlulu |dvg |

- for all v, € P71QF,
(6b — §bh,§’l}h) 5 th|u|H1 |§’Uh||_2

Proof. We know that da is characterised by {da,dv) = (u,dv) for all v € HLOQK.
Naturally, ay, is characterised by {(dan,dvy) = {u,dvs) for all v;, € P71QF but the
right-hand side is (u,dvy,) if du is the orthogonal projection onto P~!. So we can
proceed exactly like before, but using 9.19 to connect only dv and dvy, instead of v and
Vh-

(da—dap, dvy) = (da, dv) — {dan, dvy) + (da, dv, — dv) = {(u, dv—dvp,) + {da, dvy, — dv),

the |Vda| produced by the latter term can be estimated by |u|y: by assumption. The
same procedure is feasible for §b and §b, (where another test form v can be employed
such that v is close to duvy,), q.e.d.

Proposition. Define &' := HIQF 1 x HIQF x H'$F and P16 := P 1QF 1 x P10k x
P=19*. Suppose s = (o,u,p) € &' is a solution of the Poisson problem in mived
form as in 2.17, and s, = (op,un,pn) € P71& is the solution of the corresponding
finite-dimensional problem. Then for all t;, = (T, vn,qn) € P76,

b(s = snotn) S Cah(IVflz + [Vsle) [t o,

where the left-hand side is of course not to be taken literally as in 2.18a, but with P~}
exterior derivatives for sy and ty, i. e. consisting of terms like {du — duy,,dvy,) ete.

Proof. In the spirit of 10.26, we start with
b(S — Sh, th) = b(s, t) — b(sh, th) + b(S, t— th).

As before, the first two terms are (f, v —wvy,), which is well-controlled by the right-hand
side of the claim. In b(s, ¢ —t},), there are many easy terms, which we do not explicitely
discuss once more. Only (u,q — gn) = (u,qp) is iteresting. Estimating it actually
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means bounding the difference between H'$* and P~'H*. Let u = da + &b be the
Hodge decomposition of « (which does not contain a harmonic term), and choose day,,
dby, close to them in the sense of g.19. Then, as ¢, € P~1$F,

(u, qn) = (da + b, qn) = {(da — dan, qn) + (5b — 5bn, q) S Cwh(|Vdal + |Vdbl)|qnl,
q.e.d.

Remark. {(a) In 10.27, we cannot say anything about ¢ — ¢, (yet), as we would need
to control the terms in {c¢ — cp,vr) = {dap, — da, vy) + {(0by, — 6b, vy ), but we only have
control over the scalar product with dv, or dv, respectively.

(b) Asremarked in g.10, the correct treatment of variational boundary value problems
in P~1QF would require a modification of § at boundary simplices.

(c) Employing P~! forms also as test functions is unsatisfactory, as they are no clas-
sical objects to test with, so the results are not easily comparable to usual estimates.
However, we are not sure which forms would be the right ones to test with: Perhaps
forms that are “almost constant” in some small, but non-shrinking region would be good
to obtain an average value for such a region. HY! forms are not the right candidates:
If for example in the Poisson problem (du — duy, dv) converged for all “well-behaving”
v € HY, then also |du|? — |duy|? would converge, which is not the case:

Example. Consider an equilateral triangle mesh in the zy plane with unit edge length,
rotated such that one of the edges is parallel to the x-axis. Now consider the constant
vector field v = (1,0), and let us compute its P~1Q! approximation according to g.20:
In a triangle ijk, where ij points in z direction, we have fijk<vh’ (1,0)) = % |ijk| (o +
Sk + 3a;)- So ayj = 2 and ay, = ag; = 1 gives the correct integral mean (the scalar
product with (0,1) is obvious). There are other combinations matching fijkv (for
example the “obvious” choice a;; = 3 and a4 = ag; = 0), but this one also captures
its exterior derivative: As v is constant, dv = 0, and dvy, = 0 for v;, = 2w + w4 Wk,

This vector field v is also the gradient of the function f : (x,y) = x. If f, € P71Q0
has the same values as f on all vertices, then df;, = v;,. The homogeneous Dirichlet
problem in P10 is equivalent to the Dirichlet problem in P! by g.2c, for which reason
fr will be the P~ harmonic function with prescribed boundary values f;|sg, no matter
where the boundary is drawn. Thus, f and fj, with derivatives v and v;, are the solutions
compared in 10.26. As |v| = 1 everywhere, we have |df|E2(ijk) = |ijk| in each triangle,
but [dfp [Pz, = 5 li7k| (4+1+1) = 2ijk|. The discrepancy @fhﬁzﬁjk) = 2|df [Z2i;1)
does not shrink with smaller and smaller edge lengths, so the Dirichlet energy of the
P~! approximations will always be twice as large as of the analytical solution.

11. APPROXIMATION OF SUBMANIFOLDS

EXTRINSIC AND INTRINSIC KARCHER TRIANGULATION

Definition. Let the piecewise smooth n-dimensional submanifold S C M be given by
a bijective triangulation y : r& — S with vertices p; = y(ri). If y|.. for each ¢ € K"
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C. Applications

is a barycentric mapping with respect to the induced metric g|g, then y is called an
intrinsic Karcher triangulation. If moreover each y|,. is also a barycentric mapping
with respect to the metric of M, then y is called an extrinsic Karcher triangulation.

Goal. The possibility for the existence of an intrinsic Karcher triangulation has been
dealt with in section 8. The question of this section will now be how well an extrin-
sic Karcher triangulation, induced by the same complex & and the same vertex set
{p:}, approximates S. Note that such an extrinsic Karcher triangulation is always an
interpolation of the given triangulation of S in the sense of 7.14.

Proposition. Let y be a piecewise (9, h)-small intrinsic Karcher triangulation y of
S with |W,| < k for all Weingarten maps W,,. Suppose that all vertices p; = y(ri),
i € ¢, lie in a common convex ball with respect to g for each ¢ € K™. Then for small
edge lengths (;; == ds(pi,p;) and £;; == d(p;,p;) with respect to g|s and g, it holds
|fij — ZZ]' 5 lihﬁ_lgij.

Proof. There exists an extrinsic Karcher triangulation z of some set S C M with the
same combinatorics and vertices as y (that means: interpolating y) because the vertices
of each simplex are contained in a convex ball. We do not know if S’ is a manifold,
because the fullness of the extrinsic simplices is not clear a priori, but will be a result
of the length estimate.

Let us show the claim for the edge v : e; ~ e; in e with tangent v := 7. The
estimate 7.9 can be extended to the whole edge:

|(Vdz — PVdy)(v,v)|
|dy v

|(dz — Pdy)v| < ho~!

As edges are mapped to geodesics, Vdz(v,v) = 0 and tVdy(v,v) = 0. And as
(Vaywdyv,vy = —(Vay v, dyv) for any normal v to S, we have |[Vdy(v,v)| < k|dy v|>.
So

|4; —!71-]-| < / ’|d:cv| — |dyv\| < /|(dx—de)v| < /shﬁfl/\dyﬂ,
q-e. d.
Corollary. Situation as before, additionally |W, | + h|[VW,| < k for all Weingarten
maps. Let {;; also induce a (U, h)-full metric g¢ on r&. Then for small h,
(Y9 — ) (v, w)| < (Coh® + khI™) o] |w], (11.3a)
VY 9w = V9 w| S Cgihlo] fw], (11.3b)

where éo,1 = (Co1 + k2)9~L. The second estimate also holds for any other piecewise
flat metric g¢ on r K.

Proof. The metric estimate comes from the edge length comparison above, and the
connection estimate from 6.23 does not depend on the chosen metric, as long as it is
flat. Due to the Gauf equation (e.g. JOST 2011, thm. 4.7.2), the intrinsic curvature
tensor of S is bounded by Cy+ |[W,,|? and its derivative by C1 + |[W,[|[VW,|, g¢.e.d.
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Remark. The observation that 11.3b also holds for any other piecewise flat metric on
R means that if g is approximated up to second order by a better-suited approximation
of edge lengths ¢;; than just !71-]-, then the approximation of the connection remains
unchanged.

Nevertheless, taken as it is, 11.3 says that a simple interpolation of a given triangula-
tion, just as in Euclidean space, is not the best candidate for geometry approximation.
Henceforth, the rest of this section is devoted to the normal graph mapping, which
reveals better approximation properties.

GENERAL PROPERTIES OF NORMAL GRAPHS

Definition. Let S C M be an n-dimensional compact boundaryless smooth subman-
ifold. A second submanifold S C M is said to be a normal graph over S if there is
a normal vector field Z on S such that

D:arsexp, Zla (11.5a)

is a bijective mapping S — S’. Where we need it, we will also consider the “smooth
transition” S ~» S’ via the homotopy

D, :a— exp, tZ),. (11.5b)
Parallel transport along ¢ — ®;(p) from ®,(p) to ®,(p) will be denoted by P>,

Remark. (a) The term “normal graph” or “normal height map” is mostly used in the context
of triangular approximation of surfaces in R®, e.g. in HILDEBRANDT et al. (2006). In the
context of manifold-valued pde’s, it is more common to consider the geodesic homotopy
®,, see 13.6d, which also GROHS et al. (2013) use. In particular, their control of distortion
along ®; is equivalent to our control of the distortion by ®.

(b) Here, as usual, we do not want to treat global properties of M, so we always tacitly
assume |Z] < inj M.

(c) Any other n-dimensional submanifold S’ C M that is near enough to have a
bijective orthogonal projection S’ — S can be represented as a normal graph over S.
Here “normal projection” means mapping some p € S’ onto the point ¢ € S minimising
d(p, q). The largest ¢ such that the orthogonal projection B.(S) — S is well-defined
is called the reach of S (introduced by FEDERER 1959, def. 4.1, for a recent overview
see THALE 2008). Another formulation for the same thing is that

®: TS+ — M, (p,Z) = exp, Z

is a diffeomorphism from O, := {v € T'S*: |v| < €} onto its image.

(d) It is well-known (see e.g. HILDEBRANDT 2012, eqn 1.11) that for M = R™, the
map P is locally a diffeomorphism if |Z||W,| < 1 for all Weingarten maps W,,. (Note
that this bound can only capture the local geometry of S but cannot see if some part of
S that is intrinsically far from a point p € S comes close to p in the surrounding space
M) Different to the usual argument involing the curvature radius of S and osculating

79

11.4

11.5

11.6



11.7

11.8

C. Applications

spheres, one can use Jacobi fields as in 1.25 (we use the notation from there) to see
this:
We already know d®; p = J(t) for a Jacobi field with J(0) = p and J(0) = Vv, so
-4 529, p) = g(J, J). Now let v be a unit normal field. Then J = W,J. If p is the
elgenvector in direction of the largest eigenvalue k, we have

d
—@F = 2k(t)|J (¢
3 2r9,p) = 26(1)[J (1)1,
where r(t) is the eigenvalue of the Weingarten map W, in direction p at ®;(p). In our
case R = 0, the Riccati equation 1.25b gives W,, = —W?2, so the eigenvalues k; also

evolve by k; = —~k?. This differential equation has solution x;(t) = (t — ml(o))_l =
“1( )

ki(0)E—1

hence

2K
This is solved by ®;g(p,p) = (1 — xt)%g(p, p), so g is positive definite for xt < 1.
(e) If we represent Z = f'v; with parallel unit normal vector fields v; and scalar
functions f?, then VZ = df’ ® v; + f'Vu;, which splits into tangential and normal
parts
tVZ = f'Vu,, nVZ =df' @u;.

Hence, although |VZ| usually shrinks slower than |Z| for |f| — 0, the tangential
part is |tV Z| < k|f], where & is an upper bound for the Weingarten maps W,, of S.
Similary, |¢tV2Z| < k|df| + | f] if " bounds all [VWV,|.

Situation. Let S’ be given as a normal graph over S by a vector field Z with d :=
|Z] <% and |dd| < e everywhere, and let the Weingarten maps of S be bounded by
[W,| +e|VW, | < k. This means |[VZ| < ke. For simplicity, assume x < x2,

Proposition. Situation as in 11.7. The map ® : a — exp, Z is locally a diffeomor-
phism if |d|(k + /Co) < 1 everywhere.

Proof. Let us suppose Z has unit length at some point and see for which ¢ the map o,
is locally a diffeomorphism. Note that 1.25b gives |k;| < Cy + |k?| for any eigenvalue
of a Weingarten map. The equation % = —Cy — u? leads to a subsolution

u(t) = 1/Cp tan ( Cot — arctan lj/(C%))
Regarding -4 19D, p) < k()P g(p,p), which has positive solutions (for positive initial
data) as long as k is bounded, it suffices to know where the first pole of ;(t) can occur.
The first pole of u (which must also bound the position of the first pole of ;) is where
v/Cot — arctan LA +3. Now a simple function inspection shows

VCo
—— < § +arctans, ——— > —3 +arctans,
1+s 1+s
so there will be no pole as long as |/Cot| < (1 + \/’2*0)71’ g.e.d.
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Observation. By 1.16, the differential of ®; is d®;V = J(t) for the Jacobi field with
J(0) =V, J(0) = VyZ. By 6.1, this means for Q; : V=V +tVyZ

|d®,V — P°Q,V| < Cod? t2(1 + ket)|V| (11.9a)

and
|d®,V — POV | < ke|V| + Co d® t3(1 + ket)|V]. (11.9b)

This estimate is scale-invariant with respect to scaling of Z: If Z/ = aZ, then @2/06 =
®,. So tZ =t'Z’ is scale-invariant, and the estimate only contains ¢Z, never Z alone.
But due to 11.6e, this distortion happens mostly in normal direction, the tangential

change is of higher order:
|t(d® — P)| < kd+Cpd? (11.9¢)

Proposition. Situation as in 11.7. Consider some point p € reach S with projection
Y(p) onto S. If p = expy,,) dv for some unit normal vector v with [W,| < &, and if
ke < %, the orthogonal projection 1 satisfies

|d — Q. ePPY P S Cod?, [y — tPPYP| S kd+Cod?, (11.108)

where @, is the linear map 1,8 — T,M,V =V +dVyv. If dv is replaced by some
other normal vector field Z with expy,,y Z = p, and Q is replaced by V — V +Vy Z,
it holds

|dy — (¢Q) "1 ePP¥ )| < € d?, |dyp — tPPY WP < kd+Cd?. (11.10b)

Proof. Let us first show that @ does not depend on how Z is chosen at points # 1(p).
If Z = dv in a neighbourhood of 1 (p), where v is a parallel unit normal field and d is
constant, then Z is parallel, and so VZ = tVZ = d W,. For any other Z, tVZ stays
the same, and only some part nVZ # 0 is added. That means tQ, = @, on Ty, S.
So we will only prove 11.10b.

ad primum: Observe that the operator tQ : 7,5 — TS fulfills [tQ —id | < ke < 3
by assumption, hence is invertible with |(¢Q)~! —id| < —— by 6.15, which gives
[(tQ)~1 S 14 25 = =~ < 2. Hence the claim is proven if we can show [¢(Qdi —
P)| £ Cod?.

Consider some vector V' € T,M and split V' =V, +V,, as in 1.25¢. Then tQdy(V) =
p+ tVZ = J,(0) + J,(0) on the one hand, and ¢PV = PV, = P.J,(1) by 1.25d on
the other. So 6.1 gives

|7p(1) = P(Jp(0) + Jp(0))] S Cod?[p] S Cod®|V].

ad sec.: We have |diy — tP| < |di — (tQ)~'tP| + | (tQ)~1t — ¢t|. The first norm has
been estimated above, and the second is < kd because |tQt — t| < xd due to 11.6e
and the boundedness of (¢tQ)~!, q. e d.

Remark. For Cy = 0, this (exact) representation of the projection differential is the one in
WARDETZKY (2006, thm. 3.2.1) and MORVAN and THIBERT (2004, lemma 4).
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Proposition. Situation as in 11.7. Let t' be the orthogonal projection TM|s — TS’.
Then for small €, we have |Pt' — tP| < ke + Cod®. This means that the angles
L(TopS', PT,S) and £((Tep)S' ), PT,S5*) between the corresponding tangent and
normal spaces must be bounded by this factor, too. Therefore, normals v; to S can be
extended to normal fields v; ¢ along ®; with |v;; — P*Ov;| < ke + C d2.

Proof. For the time of this proof, let us write the terminal value J(1) of a Jacobi field
along t — ®,(p) with initial values J(0) = ¢ and J(0) = & as T(q, ). Linearity of
the Jacobi equation translates into linearity of 7. In this notation, the splitting from
1.25¢ says that a vector V' € T'M|g can be represented as V = T'(p, tv) + T(0, nv).
We argue that its projection 'V onto T'S” is almost T'(p, V,Z).
In fact, all tangent vectors on S’ have the form T'(¢, V4Z) for some ¢ € T'S. Now
consider
V =T(4,V42)]? =T~ 4,0 = Vi2)]*.

This is minimal among all 7 if ¢'V = T(¢, V4Z), this means its norm has vanishing
derivative in direction (7, V;Z). Because T is linear, this gives

0=(T(p—q¢,v—V42), T ViZ)) for all 7 € T,,S.
Now recall that T(U, W) = P(U +d W) 4+ O(Cy d?), hence this is
=(p— ¢, +dV;Z) +d(0 - V4Z,i) + d° (0 — V42,V Z) + O(Co d?).

If p = ¢, the first term vanishes, and (using that xd is small) the remaining ones are
estimated from above by xd|V]|r|. Because the minimisation is well-conditioned at
this position, the optimal ¢ is p + O((kd +Co d*)|V]).

Now recall from 1.25d that PtPV = T'(p, tV,Z), which gives that the claim |Pt'V —
tPV| = |(t' — PtP)V| =|T(0,nV3Z)| +O((kd +Co d*)|V|) < (ke +Cod?)|V]| is just
the usual Jacobi field estimate 6.1, q-e. d.

Corollary. Omitting the last paragraph of the proof, one gets [t Pt' —tP| < kd +Cjd?.
Remark. This is analogous to the classical statement |P(P, — 1)P| < d up to constants
depending on the geometry from DzIUK et al., where P is the projection onto T'S and P, the
projection onto T'S’.

GEOMETRIC DISTORTION BY THE GRAPH MAPPING

Lemma. Situation as in 11.7. Then for Q : U — U + Vy Z,

(QU,QV) — (U, V)| < (k¥2d+Cyd?)|U||V] for all U,V € T},S.
Proof. Just because (U + VyZ,V + VvZ) — (U, V) = (VuZ,V) + (VvZ,U) +
(VuZ,VyZ) and 11.9c, g.e.d.

Conclusion. Situation as in 11.7. Pulled back to S, the S’ metric ®*g|,(U,V) =
9lo@p)(dPU,d® V) fulfills

(@9 = g)(U. V)| S (k2 d+Cod®) U] |V].
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Proof. Is a direct application of 11.9c and 11.13. We especially remark that the differ-
ence between g|, and g|s(,) does not need to be handled explicitely, as Pr®®) ig an
isometry with respect to these two metrics, q.e. d.

Remark. As ®*g and g are equivalent metrics, A := d®*d® (where d®’ denotes the g-adjoint
of d®) is a self-adjoint automorphism of 73,5 such that ®*g(U,V) = g(AU, V), called the
metric distortion tensor by WARDETZKY (2006, p. 53). In the numerical literature, it is
common not to compare the Riemannian metrics, but to estimate directly | %SA —id |, which
already includes the volume element change (cf. the proof of 7.3), see Dz1uk (1988); DEMLOW
(2009); HEINE (2005).

For a comparison with the tensor .J from 6.20, consider ¥ := ®~!. If M is the Euclidean
space R" and S’ is a piecewise flat submanifold, its metric g¢ := g|g/ is piecewise flat. The
metric g|s pulls back to a metric ¥*g on S’, and there is J such that U*g(U, V) = g*(JU, V).
So the transformations A and J perform inverse tasks.

Proposition. Situation as in 11.7. For a given vector U and a vector field V on S,
define the “connection distortion” W := Vue,0d®,V — d®(tVy V). This vector field
obeys the differential equation

W=R(ZW)Z+F  for F:=R(Zd®U)d®>V + Vig,v.a0,vZ

with initial values W (0) = 0 and W (0) = F(0).

Proof. Let us abbreviate Ut := d®,U, V* := d®;V, and denote the parallel translation
of Z along t — exp,tZ also as Z. Let K := VyV*' and J := d®;(tVyV). Then we
want to determine W = K — J.

By 1.25, J is a Jacobi field, i.e. J = R(Z,J)Z. An inhomogeneous Jacobi equation
describes K:

K = R(Z,K)Z + DiR(Z, U V' + D,V i Z.

In fact, consider a variation (r, s) of geodesics (in M), i.e. we assume that s — y(r, s)
is a geodesic for each fixed s, with 95v(0,0) = V and 0,v(0,0) = U. Transport this
along t as c(r, s,t) := exp.(,.5) tZ|y(rs)- Then we want to determine K = D,.0;, so we
consider

K = D,D,D,d, = D;D,Dds + D;R(8;,,)0s
= DD, D,0; + D;R(0y, 0,)0s,

the first term of which is

VzVuiVviZ =V Vi i Z+VgVy v Z
=VsViiviZ+ Vv, viV2Z+R(Z Ny V'), Z
= DtVQUt’VtZ + 0 + R(Z, K)Z

The initial value is computed in exactly the same way, q.e. d.
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Proposition. Situation as before. If Co|Z|? + |[VZ| < 3, then

Ve rd®V — d® tVi V| S|U||VI(IV2Z] + ColZ)) + Co|Vu V| Z]2.
If we only consider the tangential part tW, then even

[tV o ud®V — d® eV V| S|UIVI([EV2Z] + [V Z] + Col Z]P) + ColVu V]| Z]?.
(11.17a)

Proof. Preparatory step one: Let us first establish the boundedness of W = K — J and
show |W| < |[Vu V| + at, where a := |[U||[VE|(|V2Z| + Cy|Z|): The t-derivative of K
is, as Oy = Z,

ViV V=V V Vi + R(Z,UHV?
=VuVvieZ+R(ZUW' = ViuyeZ+ Vv, v Z+RZ UV,

so 4IK| < |K| < a+|VZ| |K|. As |Z| is short by assumption, we have [U*| < |U] and
[V*| < |V]. The differential inequality of the form @ < a+ bu gives u < (ug + $)e” — 4.
For bt < %, this function is dominated by ug + 2bt(ug + %) < 2(ug + at).
For the bound on J, we have |J| < [J(0)| + t[J(0)| as usual, and J(0) = ViV,
J(0) = VJ(0) shows that these terms are already contained in the K estimate.
Preparatory step two: Now let us show

t
‘W(t) —/Pt’TF(T) dr| < Cot?|Z)*(IVu V| + at).
0

The proof idea is from JOST (2011, thm 5.5.2). Let A := fot PF. This is a vector field
fulfilling A = F with the same initial values as T, namely A(0) = 0 and A(0) = F(0).
Furthermore, let w : [0;¢] — R be the solution of @ = Cy|Z|?|W| with initial values
w(0) = w(0) = 0. Then, for some parallel vector field F along t, define v := ((W —
A, E) —w)/t and obtain

d d . . . "
E(1>t2) = E(((W —AE) —i)t — (W — A E)+w) = ((W—A,E)—d)t<0.
This means that 9t? < 0, hence © < 0. Now (W — A, E) — v has a double root at t = 0,
so v(0) = 0 and thus v < 0 everywhere. And because E was arbitrary, this already
means

W — Al < w.

Therefore we are done if we can bound u by the right-hand side of the proposition.
But as we know that |W| < |V V| +at, we can simply integrate 1 = Co|Z|?|W| twice
and obtain the desired estimate (the argument is the same as in the proof of 6.5).

ad primum: The final estimate for |[W| comes from |[ PF| < [|F], together with
|F(t)] S |F(0)] < afort <1, because the same holds for U' and V*, and the norm of
V2Z|s,(p is the same as the norm of V?Z|, because Z is parallel along t — ®,(p).
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11. Approximation of Submanifolds

ad sec.: For the estimate of [tW| let t' be the orthogonal projection onto the tangent
space of ®;(S) and consider

t t
HW(t)— / t'PYTE(r) dr = £W(t) — / PO POT (7)) +(¢ PET - PO e POTYF (1) dr
0 0

Then [tPF| < |U||V||tV2Z], and the projection difference is estimated by t|VZ| +
Cot?|Z)? in 11.11, g.e.d.

Theorem. Let y : rR — S be the triangulation of a smooth submanifold S C M
with Weingarten maps W, bounded by |W,| + h|VW,| < k and z : r& — S’ an
extrinsic Karcher triangulation with the same vertices p; and y = ¥ (x). Suppose ¢¢ is a
(9, h)-small piecewise flat metric on r& induced by edge lengths ds/ (p;,p;) = d(ps, p;)-
Then for small h, it holds d(z,y) < h?9~1|Vdz — PVdy|L~ and

(y*g — g°){v,w)| < (5 d+Co d*) o] [w],

VY 9w — V9 w| < kh9™2|Vde — PVdy| L |v]|w| + ho.,
where “ho.” stands for higher-order terms whose coefficients depend on Cy, Kk, 9, |v],

lw| and |V9 w|. The norm on the left-hand side may be induced by either x*g, y*g, or
g°, because all three are equivalent.

Proof. By the estimate 7.12 for d(z,y), S’ is a normal graph over S for small h with
|Z| = d(x,y) < k297 Y||Vdr — PVdy|. Morally, it is clear that |[VZ| must be con-
trolled by |Vdz — PVdy|, too. In fact, we can precisely compute this for V = dy v:

VVZ == vdyv(fXxhj) = ‘](1)

for a Jacobi field along x ~ y with J(0) = dxv and J(1) = dyv by combining 1.23
and 12.3 (we postpone the computation to the next section because it is more relevant
there), so by 6.1 |V Z — (dz — Pdy)v| < Cod?(x,y), hence 7.14 gives

IVZ| < h9~ Y| Vdz — PVdy| + Cyd?.
Now because x = ® o y and hence dz = d®dy, 11.14 gives

|(2*g = y"g)(v,w)| S (K* d+Cod?)[vly-glw

y*g-

The comparison of z*g and ¢° is done in 6.17.—Analogously, we only compare V¥ 9
to V* 9 and refer to 6.23 for the rest: For a vector v and a vector field w, 11.17 gives
(together with 11.6e)

VS, pdzw — dOVS, dyw| < kh*971 | Vdz — PVdy| + ho.
By definition of the pull-back connection, Vg;vdxw = dx V¥ 9w and thus

|dBdy(VE 9w — V¥ 9w)| < kh?91|Vda — PVdy| + ho.
Together with [d®~!| < 1 and |dy~!| < 1/h¥, this shows the claim, qe.d.

85

11.18



11.19

11.20

11.21

11.22

C. Applications

THE WEAK SHAPE OPERATOR

Lemma. Let S C M be a smooth submanifold with boundary 0S in M. Let U be a
smooth vector field on S, not neccessarily tangential to S. Then U may be extended to
a vector field on M in such a way that div™ tU = div® tU and divM nU = —(U, H),
where H = Vé\fei for any orthonormal basis e; of T,,S is the mean curvature vector
of S.

Proof. 1t suffices to find a local extension of U to some small neighbourhood of S. Let
€1, €nsVntl, -, Vm be an orthonormal basis of T, M. Then divM U = <V£i4U, e;)+
(Vﬂf U,v;). If U is extended parallel in normal direction, the latter term vanishes.

Regarding the tangential part, observe (V2 tU,e;) = (tV2tU,e;), and because
tVM = V5, this is div® tU.

Now consider nU = afv;. Again, if U is constant in normal direction, divM nU =
((0iad ), e)+(a? Vv, e;), the former term vanishes, the latter one is o/ (V2 v, e;) =
—al (Ve v;), q.e.d.

Lemma. Let S C M be a smooth submanifold with boundary 0S in M. Then for
smooth vector fields V and W on M,

/<W V) divM VA (W) (V. H) + (VY W) + (v, VW) = /<Wa v)(V,7),
S oS5
where T is the outer normal of 0S in S.

Proof. Let f := (W,v). By the divergence theorem (LEE 2003, thm. 14.23), we have

[awsav) = [ivin)

s a8
Now by product rule and 11.19, divs(fV) = fdiviV4+Vf=fdivMV - f(V,H) +
Vf7 q. e. d.

Corollary. Let S C M be a smooth submanifold without boundary. The operators
Suy,0, : X(TM|g) x X(TM|s) — R, defined by

su(V,W) = /(VAV/[V, WH)+(W,v)(V,H), o, (V,W):= —/(VV7 vy divM V- (v, VEW)
S S

coincide for smooth S and each normal field v. On tangential vector fields, s,(V,W) =
o,(V,W) = — [IL(V,W). If S were only piecewise smooth, o, would still be well-de-
fined. It is called the weak shape operator of S.

Proposition. Situation as in 11.7. Then there are normal fields v for S and V' for
S’ such that o, approzimates the weak shape operator o', of S', which is

o (V,IWV) = — /<W, VYdivM v+ VMW,
S/
up to first order: (o, (V,W) — ol (PV,PW)| S eV (raris) | W lht (ra))-
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12. Variation of Karcher Simplex Volume

Proof. The derivatives of V' and W are not distorted at all, PVyW = Vpy PW, see
1.17, hence div PV = divM V. According to 11.11, the normals v and v/ can be
chosen such that they do not differ by more than e, q.e. d.

Remark. This is our analogue of the weak shape operator convergence result from HILDE-
BRANDT and POLTHIER (2011, thm. 8) (similar, but more extensive, HILDEBRANDT 2012, thm.
2.4). However, HILDEBRANDT defines o, with div®’ instead of div™, which did not meet our
own calculations.

12. VARIATION OF KARCHER SIMPLEX VOLUME

Notation. Different from other sections, we will mostly write vol S instead of |S| for
the volume of some set S C M, but where we find it meaningful, we will mix both
notations.

Goal. Consider a full-dimensional Karcher simplex x(re) with vertices po, ..., pm. If
p; is moved with velocity p; = dx u;, leading to a family x; of barycentric mappings,
we would like to compute the derivative —|;—o voly(z¢(rs)) of a subsimplex volume. In
a second step, we want to show that this derivative is close to %hzo volge (rs¢), where
the vertices e; of rs are moved with velocity w;.

Fact (see e.g. JOST 2011, eqn. 4.8.3). Let ®; : S — S* be a normal variation of the
smooth submanifold S C M with a velocity Z = 0;®, that has compact support. If H
is the mean curvature vector of S, then

vol §t = —/divSZ (11:20) /<Z, H),
S S

xd
dt 1t=0

where the last equality only holds if Z vanishes at the boundary of S, whereas the
divergence formula is also correct for velocities with support up to the boundary.

Situation. Let K be a regular m-dimension simplicial complex, z : 78 — M be a
Karcher triangulation with respect to vertices p; € M such that d,;x, is bijective for
every vertex of every element and x induces metrics z*¢g and g€ as usual, where ¢ is
(9, h)-small, fulfilling 6.17 and 6.23. Let & be an n-dimensional subcomplex of & such
that S := x(rf) is an n-dimensional submanifold of M.

VARIATION OF KARCHER TRIANGULATIONS

Lemma. Let p € M be some point and X be its half squared distance gradient from
5.2. Recall from 1.29 that if the evaluation point a is moved on a curve a(r), then
Virm X = 0J,(0), where J, is a Jacobi field along the geodesic p ~ a(r) with J,.(0) = 0
and J. (o) = a(r).

Now if p moves on a curve p(t), this induces a new variation vector field Xp(t) =
D X,4). It satisfies Xp(t)|a = 0Ji(0), where J; is a Jacobi field along p(t) ~ a with
boundary values Jy(0) = p(t) and Ji(o) = 0. Combining both variations, we obtain
V(i(r)Xp(t) = O'DTJT(O') = (TDtJr(O')
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12.4

C. Applications

Remark. (a) Note that J and X denote derivatives with respect to different direc-
tions. In this section, the parameter r takes the role of ¢ in section 6.

(b) In the notation of Grous et al. (2013), X = V1 log(a, p).
Proof. ad primum: Without restriction, we can assume that p(t) and a(r) describe

geodesics, as no second derivatives of them enter. Analogous to 1.23, consider a varia-
tion of geodesics

e(rys,t) := eXPy(t) (S(expp(t))_la(r)).

As in 1.23, one can see that
Xp(t)‘c(r,s,t) = %350(7"7 Sat)7 Jr= a?“a Jy = 0

because 0, and 0; are Jacobi fields with the desired values at s = 0 and s = o.

ad sec.: We have évd(r))'(p(t) = D, D;0sc(r,s,0) = Dy D, 0sc(r, s,0) + R(O, 04)0s,
and because ¢(r, s,0) = a(r) is independent of ¢, we have 9; = 0 there. And the former
term is Dy D0,c(r, s,0) = Dtjr(a), q.e.d.

Lemma. Situation as before. Abbreviate ¢ := d(a(r),p(t)), V :=a(r), W := p(t) and
T := 8. Then if Cof® < =,

Dy, | < 90Co.1 (1) 2= [V | |W||T](r)

D, J,| <500, VI W] IT|(r).
< 90Co1(r) s V| W] [T (1), |DiJr| < 50Co1(r) [VIIW]I[T|(r)

Proof. The claim is similar to 6.6, and so is the proof: We again have to find a differen-
tial equation for U := D;J, to apply 6.5. By the usual laws of covariant differentiation
and 0, = J,, 0; = J;, we have

DyJ, = D;D,D.d, = D,D; D8, + R(J;, T)J,
= D,D,Dyd, + DyR(J;,T)J, + R(J;, T)J,
= D2.U + (D,R)(J;, T)J, + R(J;, T)J, 4+ 2R(J;, T) J,.

On the other hand, using the Jacobi equation,
—D,J, = DyR(J,,T)T = (D;R)(J,,T)T + R(U,T)T 4+ R(J,., J)T + R(J,.,T)J,.

So with A := —R(-,T)T, we have U = AU + B, where |A| < Co|T|?. Let us assume
that we consider some geodesic with |T'| = 1 (as usual, the correct power of |T'| follows
from a scaling argument). Then, because 6.3 holds for J,. as well as for J;,

|B| = |(DsR)(J;, T)J + (D R)(J,., T)T
+ R(J;, T)J, 4 2R(J, T)J, + R(J, J)T + R(J,., T).Jy|
< 2G|V | |W| + 15Co L V] [W].

The claim on D;J, follows from D;.J, = D;D8, = DsD.0, + R(0%, 0y)0s, q.e.d.
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12. Variation of Karcher Simplex Volume

Lemma. Notation as before, and Ay as in 5.7. For varying vertices p;(t) € M, let xy
be the corresponding Karcher triangulations, and V = dxv. Then

A)\Lii't|)\ = _)\iXi‘mt(A)a A)\Vva'T = —UiXZ‘ — AZV%/’IXZ — /\1VVXZ — Avii?.

Proof. ad primum: Along ¢ — x¢(\), consider the vector field U(t) := X' X;(t)],,(n)-
As has been stated in 5.2, this vector field vanishes for all 7, so U = 0. For those who

believe, the shorthand proof is
0= Dile—o(N'X;(t) z,) = A" Dele—o(Xi(t) ) + A" Dele=0(Xi(0)],) (12.52)
= N (X; + Vi Xi) o

a rather uncommon use of the chain rule. For all others, this argument is justified by
a calculation in coordinates: Let \’X; = U70; and @(t) = #7(¢)9; be the needed coor-
dinate representation. As U*(t) = 0 for all k and all ¢, we have U*(t) = 0, and this is
by usual Euclidean chain rule 0,U* (¢, 21 (t),. .., 2™ (t)) + 0,U*(t, ' (t),. .., a"(t))i' (t).
And if all U* vanish, we can add I'};U7i* without harm, which gives

0= (QU" + 8, U" 3" + T;;U74")0), = DU + V;U.
ad sec.: Differentiating 12.5a once more leads to
0=XVyV;X; + Vv(N'X;) = NV, Xi + A'Ve, 0 X, +0'X,; + N Vy X, + 0"V X,
q-e. d.

Proposition. Situation as in 12.2, and let the variation of p; be given by p;(t) = dx w;
for some vector w; € Tre. Then for u := Xw;, we have

= doul S Chahlil,  |Vawod — daV9ul S Chhlul 3.

Proof. ad primum: At the vertex e; of the standard simplex, d.,z w and the variation
p; agree. At another point A € A,

darw; = Pde,xw; + O(C’éﬁlh2|wi|) = Pp; + O(C’(’))lh2|w¢|)
by 6.24, which means dxu = A Pp; + O(C} 1 h|ul) by definition of u, and
i =—\X; +O0(C\h?|i|) by 12.5
= \'Pp; + O(Cyh?|i|) by 12.3 and 6.3.

ad sec.: The derivative of u is, by Euclidean calculus, just V9 u = v'w;, so the latter
term is dxvg.eu = v'dx w;. The covariant derivative V2X; in 12.5 is estimated by 6.14,
and the Vy X term by 12.4, so we have

|AAV 4 ot — vida w;| < 0*|X; + dow;| + N|VY . Xi| + NV Xi| + A
< Coh®v'[pi] + Cg 1 hlv] |,

q.e.d.
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12.7

12.8

12.9

12.10

C. Applications

DISCRETE VECTOR FIELDS

Definition. For a piecewise barycentric mapping x : r& — M, let

PX, = TM|,s0) = |_|Tp,iM
pi,i€&°

be the disjoint union of all vertex tangent spaces. For U = (U;) € PX,, define a

piecewise interpolation: It induces a variation of x by defining x[U] to be the piecewise
barycentric mapping with respect to vertices exp,, tU; (where we keep t so small that
x(A\) and z;(\) stay in a convex neighbourhood of each other). We call U +— U :=
#;[U]|4=0 the Pl-interpolation of U and

Plx,:={U:U € PXx,}
the set of piecewise smooth, globally continuous test vector fields.

Observation. As a finite sum of vector spaces with scalar products g and ¢¢, PX,
carries the natural inner products

629(‘77 W) = Z g(‘/la Wl>7 62.96(‘_/’ V_V) = Z ge<ve7i7 we7i>a
whereas P1X, has the scalar products L2g and L?¢¢ that are induced from L?X(TM):

vy = [ gy, Ceany =Y [ o)

[
z(rR) c€R

where V' = dxv and W = dzw. As both are isomorphic finite-dimensional vector
spaces, all these norms are equivalent. The equivalence constants between ¢2g and ¢2¢¢
and between L2g and L?¢¢ are the ones from 6.17a and 7.3a, whereas the equivalence
constant between L2¢¢ and ¢2¢° depends on the maximal and minimal simplex volume.

Definition. Situation as in 12.2, and U € PX,. Inside every simplex ¢ € &™, the
vector U;, i@ € e, can be represented as U; = d,;x, w (without any summation). Define
a piecewise linear, globally discontinuous vector field u|,. := ANw{ and a piecewise

smooth vector field @ by requiring dx @ = U everywhere.
Conclusion. By definition, dxV?® 94 = V 4, ,@:[U]. From 12.6, we hence know that

ju—al S Coahlul, |V 9a— Vi ul S Coihlolful,

v

where all norms are |- |4 norms. The same estimates hold for the jump [dxu]; =

. . ’
dz N wf — dre Nw of u across a facet f =ene’.
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12. Variation of Karcher Simplex Volume

AREA DIFFERENTIALS

Observation. Situation as in 12.2. If the vertices p; of a Karcher triangulation vary
smoothly with velocity (U;) € PX,, the area change of S = x(rf) is also smooth, hence
has a differential

dvolg : PX, — R. (12.11a)

The volume is additive in s € 8", and the variations of different vertices are linearly
independent, so it suffices to compute the differential dvolé’ g Trir& — R of |z(rs)l,
with respect to the variation of x(ri), i € s. Correspondingly, let dvolf;,ge be the
analogous differential of |s|ge.

Remark. We do not think that a notational distinction between this area differential
and the volume form from 9.6 is neccessary. For readers who disagree, we remark that
in 12.11a, the d denotes a differential and is hence written in italics, whereas it is
upright as part of the volume form dvol.

Proposition. Situation as in 12.2. Then |dvol, , —dvol .| < Cp1h|s],..

Proof. By 12.1, dvolgg(w) =— fdivs Z, where Z = 1 is induced by the vertex varia-
tion p; = dz w. If 9; form a g-orthogonal basis of T'rs, this is [(Vg, &,%,dx ;). By the
comparison of volume elements for g and g€ in 3.20,

dvolgvg(w) =- /g(Vdes'c,dx’Dj) = —(1+0(Cyh?)) /g(Vde:'c,dxf}j},
z(rs),g z(rs),9°

and, noting that there is a g°-orthonormal basis v; of Trs with |v; — 0;] < C)h? by
3.6, the integrand is

9V, &, dz ;) = 2" g(V4 u, 5;) + O(Cf 1 hlu]) by 12.6
= 2*g(V9 u,v;) + O(Ch 1 hlu]) + O(CHh? [ Vul)
= g°(V¥ u,v;) + O(C yhlul) + O(Coh?|Vul),

and the last right-hand-side term is div("*9") u, qg. e d.

Remark. (a) It is common knowledge that dvoly, = dA!|A|, proven by inserting
divu = d\(w) for u = Mw into 12.1. Classically, one says for triangles (POLTHIER
2002, eqn. 4.3) that the gradient of the area functional with respect to vertex variations
is the 7 rotation of the opposite edge vector, which is exactly (d\)E,

One has to take care to transfer this to the subsimplex situation, because div! U
= 0 if w is perpendicular to 7s, so one needs a form d\! that acts like dA* on Trs and

r5,9%)

vanishes on Trs*. For example, if rs = conv(ey, ..., e,) and vy = grad \° € TA,
d}\z _ d}\l <w07 ’LU> Y ) w’ d)\l d)\O
s(w) = w — e v ) =w _W< , ).

91

12.11

12.12

12.13



12.14

12.15

12.16

12.17

12.18

C. Applications

It is easier to transfer the gradient vl of \* in rs to T're, as its vector components stay
the same: div(®9) 4 = g°(vi, w). By 3.2a, this v¢ is characterised as the vector in T'rs
that is perpendicular to the facet s\ {i} opposite i with lengths h; !, the reciprocal of
rs’s height above s\ {i} from 3.2a.

(b) For computational purposes, 12.12 is insatisfactory, as only dvols g (u) is numeri-
cally accessible, not dvols g-(@). But this is only an easy combination with 12.10, which
will be spelled out for the area gradients in the following paragraphs.

AREA GRADIENTS

Observation. The area differentials d vols ; and d vols g can be expressed as gradient
with respect to different norms on PX,. The gradients with respect to £2g and ¢?g¢
correspond to the “mean curvature vector” of POLTHIER (2002), whereas the gradients
with respect to or L?g and L?¢¢ give the construction from DzIUK (1991).

Corollary. If Hpz, € T,,, M is the gradient of |x(rs)|, with respect to a variation of p;,
and Hpzge = |5 g grad M\ is the corresponding gradient of |5|ge, then |dx Hypz2ge — Hyp2
S CoahlHezge .

Definition. The discrete mean curvature vector H:, € P1X, is the solution of

L2g(H\ 24, V) = dvolg ,(V) for all V € P'X. The approximate mean curvature vector
Hi24e € P'X, is the solution of L2¢*(H\24c, V) = dvolg ,.(V) for all V € P'X.

Observation. The differentials of the right-hand sides can be represented as L? prod-
ucts of linear maps: If vectors Z; = dzw; € T, M induce a variation & = dz z of z,
and if we define z = Aw;, as well as d\ : e; — grad \?, then

al

L2g(HL2g7 Z) = (dxv vm*gg)LQg](TTR@)I*T]\/I)v (12.17&)

I-2ge(I{L2_qe ) Z) = (d)‘v vgez)LQge(TrR@)z*TM)' (12'17b)

To see 12.17a, we take an orthonormal basis F; = dx y; in div® 7 = (VE,Z,E;). Then

we have an integrand of the form (a(y;), 8(y;)) for two linear maps «, 8. A computation
in coordinates easily shows that this is {(«a, 3).

For 12.17b, the computation is even simpler: z = \'v; (without summation) for the
gradient v; of A* has derivative Vz = v; ® d\?, which maps e to vy, so divz = vf =
(Ve, 2, grad \%).

Proposition. Situation as before. Then |H 2y — Hizge |2 S Cph(1+ h|Hizge|i2).
Proof. Similar to 10.13: The functionals on the right-hand side of 12.17b only differ
by a factor of 1+ O(C{ ;h|S|), and the bilinear forms on the left fulfill [L?g(U, V) —
L2g*(U, V)| < Ceh?[U| [V], so
|Hiog — Hizge P2y = Lg(Hi2g — Hyzge, Hiog — Hi2ge)
< |L2g(Hy2y, Hi2g — Hy2ge) — L2g°(Hy2ge, H2y — Hy24e)]
+ |(L?g — L2g®)(H\24c, Hi 2y — Hy2ye)|
5 |(dV01§’g —dVOlﬁ’ge)(Hng — HLde)‘
+ C(’)h2 |HL2ge |H|_2g — Hngel
50671h|H|_2g—H|_29@ (1—|—h|H|_2ge|), q.e. d.
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13. The Manifold-Valued Dirichlet Problem

13. THE MANIFOLD-VALUED DIRICHLET PROBLEM

Goal. Let Ny and Mg be two smooth compact Riemannian manifolds of dimension
n and m. We have seen in 8.8 that a sufficiently dense generic point set in N gives
us an almost-isometry N — r&, and in 7.14 that smooth functions r& — M can be
interpolated by piecewise barycentric mappings rs — M, s € K", that are globally
continuous. Now it is a natural attempt to consider Galerkin approximations e.g. to
the Dirichlet problem in H!(NN, M): Suppose N has a Lipschitz boundary that can
be resolved by the triangulation. Given a smooth harmonic function y : N — M, let
x : 7R = M be the function that minimises the Dirichlet energy among all functions
that are piecewise barycentric mappings and agree with y at the boundary vertices.
How well is y then approximated by x?

A popular example for such functions y is the minimal submanifold problem: If

S C M is a minimal submanifold, then the identity mapping S — M is harmonic
(JOST 2011, eqn. 4.8.12). One already sees that to keep the notation consistent among
the chapters, we denote smooth harmonic functions etc. by y and the interpolation in
the sense of 7.6 by z.
Remark. The results presented in this section are generally the same as in GROHS et al.
(2013), but although their interpolation procedure is the same as ours (but including high-
er-order interpolation, see 7.16d), their functional analytic approach is slightly different: They
do not use the distance measure p; and its corresponding Poincaré inequality, but consider
functionals that are (in a weak sense) convex along geodesic homotopies.

THE GENERAL GALERKIN APPROACH

Definition. The Dirichlet energy of y € C}(N, M) is
. 1
Dir(y) i~ 5 [ Idy".

N
Recall that the norm on T'N ® y*T'M induced by v and g has a representation in local
coordinates u® for N and v’ for M as |dy|* = v**g;;4,y’5.

Proposition (Dirichlet principle, JOST 2011, eqn. 8.1.13). y € C}{(N,M) is a
critical point for Dir with given boundary values iff {dy,VV) = 0 for all compactly
supported vector fields V € X(y*TM).

Proof. Every compactly supported vector field V' along y induces a variation y; :=
expy(tV) of y that does not change the boundary values. By the usual calculus of
variations, 5 |—o Dir(y;) = (dy, D;dy). So we only have to compute the t-derivative
of dy; = y',(t)0; ® du® with the notation from 1.6. As D; = Vy in the usual sloppy
notation and D;(du®) = 0, we have at the origin of normal coordinates in N

Ddy; = Dt(yfa(f?i) ® du® = V;az ® du® + yfavvai ® du®

= V50 ® du® + ' VIT};0r ® du®

On the other hand, regarding 1.6c¢,

VV =V, (Vid;) ® du® = V0 @ du® + V'y, TE.0, ® du®,

ot ij

q.e.d.

93

13.1

13.2



13-3

13-4

13-5

C. Applications

Definition. (a) For N = r&, let P1(N, M) be the space of piecewise barycentric,
globally continuous mappings (which obviously depends on the simplicial structure and
not only on its manifold structure, but we do not explicitely denote this). Obviously
the domain of Dir can be extended to include also piecewise smooth mappings, so every
v € PY(N, M) has finite Dirichlet energy.

(b) For a,b € M, denote a ~ b if there is a unique shortest geodesic a ~ b in M. Say
that z,y : N — M are close of x(p) ~ y(p) for almost p € N.

(¢) On CY(N, M), define the L™ metric po, and the H'" “distance measure” p; . by

po.r(2,y) == (/dr(fv(p),y(p)) dp) VT,

N

purte)i=( [ {'dpx—Pdpyllr ifar(p)w(p)} W’
N

00 else

with the usual modification for » = co. We abbreviate py := pg2 and p; := p1 2. Let
HL(N, M) be the completion of C1(N, M) with respect to pg + p1.

Lemma. Let v be a closed curve in a convex region of M, and let P be the parallel
transport along . If CoL*(y) < m2, then [Py —id | < $CoL*(7).

Proof. The parallel transport is continuous with respect to L> convergence in the space
of loops [0; 1] — M, so it suffices to show the claim for smooth 7. To fix notation, let
us say v : [0;1] = M, v(0) = (1) = p. As this curve lies entirely in a convex region, it
can be represented as (t) = exp,, V (t) with a vector field V' : [0;1] — T),M. Define a
homotopy ¢(s,t) := exp,, sV (t) between v and the lazy loop. Denote the s-parameter
lines by ¢; and the t-parameter lines by 7. By 7.8, we have

P, —id=

O\H

1
/Pl TR(¢4,4s) PH0 dt ds
0

The coordinate vectors ¢; = dsc and 45 = Oic can be explicitely computed: Osc(s,t) =
POV (t) because ¢; is a geodesic with initial velocity V (), and Orc(s,t) = Jy(s) for
a Jacobi field J; along ¢, with values .J;(0) = 0, Jy(1) = 4(t) and J,(0) = V() b
1.16 (any two of these conditions determine J; uniquely). So we have |¢;| = |V and
[9s] < |¥| because the Jacobi field grows monotonously in s, see the proof of 6.3.
Because the parallel transports along v, are isometries, we obtain

1P, —id| < [ [ Coled 5] < Cokyymax V1.

And [V (t)| is the distance from p to ~(t), which cannot be larger than 1L(v), ¢.e.d.

Proposition (“triangle inequality”). If z,y,z € C'(N,M) with poo(z,y) +
£0,00(Y, 2) < ¥, then

pi(x,2) < pi(a,y) + pi(y, 2) + 1Cof? Dir'/?(2)
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Proof. Pointwise, we have

|dx — P**dz| < |dx — P®Ydy| + |dy — P¥"*dz| + |P** — P®YPY*

| Id=].

The difference between the parallel transports is the holonomy of the loop z ~ y ~»
z ~» x, which is smaller than %COEQ by 13.4. Now the claim is a simple application of
Minkowski’s inequality in L?(M,R), q.e. d.

Remark. (a) That po, is indeed a metric is proven with the same argument as the
usual Minkowsky inequality, see e.g. ALT (2006, lemma 1.18). In contrast, 13.5 gives
only a distorted triangle inequality for p;. Nevertheless, H'(IV, M) can be defined as
the completion of C'(IV, M) with respect to po+ p1, because this term does not disturb
the usual completion construction for metric spaces, see e. g. ALT (2006, no. 0.20), and
we never need to use the triangle inequality explicitely.
(b) Because of
Dir(a) - Dir(y)| < o (@, y)

(the hidden constant comes from the comparison of |dz — Pdy| with |dz — Pdy|), the
definition above ensures that every u € H'(N, M) indeed has finite Dirichlet energy.
Nevertheless, not all functions with finite Dirichlet energy are contained in our defini-
tion of H'(IV, M), but only those that are limits of smooth function sequences. The
usual counterexample is the function u — ﬁ from the unit ball to the unit sphere min-
imises Dir in dimension m > 3 and larger (HILDEBRANDT et al. 1977, sec. 6; general
regularity theory is given in SCHOEN and UHLENBECK 1982). So the usual definition
of WL2(N, M) as

{y e WH2(N,R"): y(p) € M a. e},

where M is embedded in R”, neccessarily has the drawback that C!(V, M) is not dense
in Wh2(N, M) in dimension 3 and larger (SCHOEN and UHLENBECK 1983, sec. 4). In
allusion to MEYERS and SERRIN (1964), JOST (1988, p. 266) states this as H! (N, M) #
WH2(N, M). By our use of HY(N, M), we restrict ourselves to functions that can be
smoothly approximated. This space is well-suited for approximation questions, but the
wrong one to show existence of solutions. For an overview over difficulties and pitfalls
of the harmonic mapping problem, we refer to the survey of JosT (1988).

(c) Consequently, two functions z,y € C1(N, M) are close iff p;(z,y) is finite.

(d) If x,y € C}(N, M) are close, the geodesics z(p) ~ y(p) give rise to a geodesic
homotopy h : x ~ y, i.e. a smooth mapping N x [0;1] — M, (p,s) — hs(p), such
that hg =  and hy; = y and s — h,(p) is a geodesic for any p. It minimises the energy

E(h) = / / <Ly (p)? ds dp
N O

over all homotopies in the same class (JOST 2011, lemma 8.5.1). In fact, E(h) =
p3(z,y) if h is the geodesic homotopy = ~» y and z,y are close, because |-Lhy(p)] is
independent of s in this case. This is also called the L2-width of the geodesic homotopy
(KOKAREV 2013, the older literature mostly uses the L*°-width pg o from SIEGEL and
WILLIAMS 1984).
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C. Applications

Proposition (Poincaré inequality). Suppose ON is smooth, all Weingarten maps
of ON with respect to N are bounded by |W,| < k everywhere, and no point in N has
distance larger than r to ON. Then

| £y < 20O | flE2ony + 472 1df By with O 2= o max(r,V/C)

Proof. Without regarding the constants, it would be very easy to reduce this case
to the Poincaré inequality for vanishing boundary values 2.10c. As a very personal
attitude, we would like to circumvent the contradiction argument there. Let us first
consider a positive C! function g : N — RR.

As MANTEGAZZA and MENNUCCI (2003, prop. 3.5) have shown, the distance field
d :=d(-,0N) is C! except on an (n — 1)-dimensional set S (in fact, they deal with
the distance field of an arbitrary submanifold K for boundaryless N, but the case of
K = ON is also possible). By the coarea formula (EvaNs and GARIEPY 1992, thm.
3-4.2), [ g can be computed by integration over the ¢-level sets N* := {p € N\ S:
d = t}, where points in S can be omitted because it is a null set:

T

[ ([

N 0 Nt

(note that |gradd| = 1, so there is no additional weighting factor). There are smooth
homotopies h' retracting each level set N* to the boundary, defined on a subset N{ of
ON, with hf = id and hf(N{) = N*, following the gradient field of d. The intermediate
mappings h’ cover sets N! C Ng and the IN? integral can be computed by the funda-
mental theorem of calculus for a(s) = [ Nt g as a(t 0)+ J, a(s) ds. The derivative
of the integrals is composed of the mtegrand’ change along s- hnes and the changing

of the volume element:
/g—/dg (ht) + /gtrW&

where hi denotes the s-derivative of the homotopy and Wy is the Weingarten operator
of the distance set N*® from 1.25b. Here we have used that 7(s) := tr W is the derivative
of the volume element (KARCHER 1989, eqn. 1.5.4 or, in a more general setup, DELFOUR
and ZOLESIO 2011, eqn. 9.4.17). Now by 1.25b, the function 7(s) obeys 7 < Cp — 72
with initial value 7(0) < k by assumption. This differential inequality delivers us
7 < K := max(k, /Cp). (Note that not the absolute value of 7 can be bounded, only
7 itself—in fact 7 — —oo where dh! becomes singular.) So we have

or @ < b+ Ka with b being the integral over |dg|. This differential inequality has the
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supersolution a(0)ef? + fot b(s) ds, which hence is a bound for a(¢). That means

/g§/a(t)dtﬁreKr/g+r/|dg|.
N 0 N

ON

Now for f € HY, let g = f2. The latter term becomes |d(f?)| = 2f|df|, and its integral
is estimated by 2| f||df| by Hélder. Then apply Young’s inequality uv < du® + fsv?
with § = ﬁ to obtain

rld(f)le < 5 1f[Ee + 20 |df |,

q-e. d.

Corollary. Situation as before. Suppose x,y € H(N, M) are close maps with d(z,y)(p)
< ¢ for all boundary points p € ON. Defining Cl := Cn+/r, it holds po(z,y) S
Cye +rpi(z,y).

Proof. Consider the function f := d(z,y) : N — R. It has differential df(V) =
9(Yy, (dz — Pdy)V') by 7.7, and hence |df| < |dz — Pdy|, g.e. d.

Remark. {(a) The Poincaré inequality in the form above also holds for differential
forms, with the covariant derivative on the right-hand side. In fact, consider v € H'Q"
and f := |u|. Then, because V is metric, |df| = (Vu,u)/|u| < |Vul.

(b) By the same method of proof, the Poincaré inequality of KAPPELER et al. (2003, thm.
0.4) can be significantly shortened. They prove that if N, M are closed and compact and M
has negative sectional curvature, then any two homotopic mappings z,y € CI(N, M) satisfy
po(z,y) S 1+ Dir(z)"? + Dir(y)">.

Situation. For simplicity, we assume N = rf (otherwise, concatenate the results
below with 10.12). Suppose the metric v of N is piecewise (%, h)-small, so that we can
omit the fullness parameter. If y : N — M is a smooth function, we assume that its
piecewise barycentric interpolation x is close to y, which is the case for small enough

Coh?.

Proposition (Galerkin orthogonality). Situation as in 13.9. Let y € H'(N, M)
be a critical point of Dir with respect to compactly supported variations, and let x €
PL(N, M) be a critical point of Dir with respect to variations W € P1X, as in 12.7 that
vanish at boundary vertices, such that x(p;) = y(p;) on all boundary vertices. Then if
x and y are close,

(do — Pdy, VW) =0 for all W € P'X,, W|on = 0.

Proof. Because x and y are close, the parallel transport induces a bundle isomorphism
2*TM — y*TM. Because piecewise smooth vector fields are in H' and the variation
on the whole boundary vanishes if it vanishes on the vertices (recall that the barycen-
tric mapping on a subsimplex only depends on the vertices of this subsimplex), we
obtain that PW is an admissible variation field along y for all W € P'X,. Therefore
(Pdy, VW) = 0 by 13.2, and similarly {dz, VW) = 0, q.e.d.
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13.11

13.12

13.13

C. Applications

Corollary. Situation as before. Then |dz — Pdy| > < infycpix, |dz — Pdy — VW | 2,
because |dx — Pdy|* = {dz — Pdy — VW, dz — Pdy) < |dx — Pdy — VW ||dx — Pdy|.

APPROXIMATION PROPERTIES OF KARCHER TRIANGULATION VARIATIONS

Lemma. Situation as in 13.9. Let V be an H' vector field along x. Then for any
i € 89, there is a variation p;(t) of x(ri) such that the vector field X; from 12.5
satisfies |V — X;li2(s) S h(1+ Co1h)|VVi2(s,) + Co1h? |V |i2(s,), where s; denotes
the star of ri, i. e. the union of all simplices rs with i € s.

Proof. Abbreviate p := z(ri) and write X instead of X; for the time of the proof. In
the first step, let us consider a smooth vector fields V. Choose the variation of z(ri)
such that p(0) = V|,. Then by 12.5, X =V at p and hence

V-X)|, = /Pv&(V—X) :/Pvﬁvf/PvﬁX,

where 7 : p ~ q. The second integral should disappear in the result. By 12.4, we have
|V5X| < Corhli||pl- So we end up with |p|, which is a point evaluation of V' and
hence undesired. Express p = V|, = PV, — [ PV V, where the integral only runs
from 0 to ¢. Then

V= Xy, < [I9VI+Coat [ (WI+ [19VI) £ 1+ Coah) [ IVV]+Cash [ VI,
i Y
Squaring both sides and applying Holder’s inequality as in 7.5b gives
[V = %P S h oty [19vE+ coun [ v

So for a smooth vector field V, we have constructed an interpolation. The best ap-
proximation in L? must of course also fulfill this inequality. And by continuity of the
L2-orthogonal projection, this holds for every vector field of class H?, g.e.d.

Proposition. Situation as in 13.9. Let Q be an H! section of T* N®x*T M. Then there
is some W € P1X, with |Q — VW|2 < h|VQ|2 + Co1h%|Q|. The hidden constant
depends on n, m and |N|.

Proof. Tt suffices to show the claim for the L2(NV, M) operator norm in the left-hand
side instead of L? norm:

!
1Q — VW2 S RIVQ|2 + Co1h? Q). (13.13a)
In fact, let v be the unit vector field on N realising |Q| everywhere. Then v €
L2(z*TM) and hence [Q* = [|Q° < [1QI* = [1Qu]* < IQI*[v] < IQIPN.

So let us prove 13.13a.
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In any simplex, @ can be applied to vectors ¢ — rj and their linear combinations.
Choose a norm-preserving H! extension of Q) such that it can also be applied to vectors
ri. Then define, on each star s;, a vector field V; := Qri. Then Qv = vV} for any
v € TN|,,. Now let X; be the L2 best approximation to —V; on s;. Then

. 1/2 . . 1/2
(Jiavees)” = (furms )
< o[V + X3
< |vz|(h(1 + Co1h) |[VVi| + Co,th |Vz|)
< vl (A1 + Coah) IVQI + Coah? Q).
Now recall that |A\V 4, ,@ + v X;| < Cp1h|dz v| |#| from 12.5 in combination with 6.14
and 12.4, and [Ax—id | S Coh? from 6.16. This gives |V, o@ + v' X;| S Coh® |Vaa v+
Coh?|X;||vt]. So we have for W := i € P1X,
IViz oW — Qu| < |Vaw oW + 0 X;| + |0 X; + Qu]
S Coih? [ [VW | + h(1 + Coah) IVQI + Co,h? | Q.-

Because VI is almost an L? best approximation of Q, we have |[VW| < |Q], which
completes the proof, q.e.d.

Theorem. Situation as in 19.10. Then

po(@,y) + p1(2,y) < poon(,y) + hIVdy| + Co b,
where the hidden constant depends on m and the geometry of N.
Proof. Applying 13.13 to Q = dx — Pdy, there is W € P'X, with

|dz — Pdy — VW | < h|Vdz — VPdy| + Co1h? |dx — Pdy|.
Because Cj 1h? is assumed to be small, say < %, we can neglect the latter term. Due
to 6.22, |[dz| < Cf 1h|N|, and VPdy — PVdy can be shown to be bounded with an
argument like in 7.12 (spelled out in detail, this amounts to a rought L* estimate
for d(z,y), which is provable by a suitable modification of the standard first-order L>°
estimate as in BRAESS 2007, p. 89). Then the claim is proven by 13.11 and 13.8, ¢. e. d.
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D. OUTLOOK

There are several research directions that would naturally continue the course of this
dissertation, but which could not be further investigated due to time constraints:

(1) Whereas the weak formulation and approximation of extrinsic curvature is obvi-
ously bound to the embedding of a submanifold, the weak form of Ricci curvature as
in FRITZ (2013) could be formulated intrinsically.

(2) The measure-valued approximation of Lipschitz—Killing curvatures of submani-
folds in Euclidean space from COHEN-STEINER and MORVAN (2006) could possibly be
carried over to situations where the surrounding space itself has curvature.

(3) The level set approach (OSHER and SETHIAN 1988, OSHER and FEDKIW 2003)
that was used to approximate PDE’s on surfaces (DzIUK and ELLIOTT 2008), surface
flows (DECKELNICK and DZIUK 2001) or, as combination of both, PDE’s on evolving
surfaces (Dz1UK and ELLIOTT 2013, sec. 8) can directly be carried over to submanifolds.

(4) Assumption g.20a has to be verified, perhaps under additional conditions. The
testing with P~! forms in 10.26-28 should be sharpened or at least re-interpreted with
the use of more classical test functions.

(5) Our definition of the barycentric mapping « is implicit and needs to know gradi-
ents of the squared distance function d?. The exact computation of geodesic distances
is very expensive, and the task to find fast and accurate approximations is a current re-
search problem, cf. CRANE et al. (2013), CAMPEN et al. (2013) and references therein.
The use of any of these d? approximations to compute the barycentric mapping would
lead to a computationally feasible approximation of x.

(6) After this, or restricted to 3-manifolds where geodesic distances can be exactly
computed (or sufficiently well approximated), the minimal surface algorithms from
BRAKKE (1992), PINKALL and POLTHIER (1993), RENKA and NEUBERGER (1995), and
Dziuk and HUTCHINSON (1999) can be applied, for example in hyperbolic three-space
H3, the product H? x R of hyperbolic 2-space and the real line, or products with
twisted metrics.

(7) Variational methods in shape space, as have been dealt by RuMPF and WIRTH
(2011), can be extended e.g. to the computation of minimal submanifolds (whose
dimension can be freely chosen) or multi-dimensional regression.
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ZUSAMMENFASSUNG

(1) Sei (M, g) eine unberandete, kompakte Riemannsche Mannigfaltigkeit und A das
n-dimensionale Standardsimplex. Fiir n + 1 gegebene Punkte p; € M betrachten wir
mit KARCHER (1977) die Funktion

E:MxA—=TR, (a,\ = A\d*a,po)+---+\N"d*(a,pn),

worin d der geodétische Abstand in M sei. Liegen alle p; in einem hinreichend kleinen
geodatischen Ball, so ist = : A — argmin, E(a, A) eine wohldefinierte Funktion A — M
(5-3). Wir nennen s := z(A) das Karcher-Simplex mit Ecken p;. Auf A sei eine flache
Riemannsche Metrik g¢ durch Vorgabe von Seitenléingen d(p;,p;) definiert. Wenn alle
Seitenlangen kleiner als A sind und vol(A, g¢) > ah™ fiir ein o > 0 ist, so zeigen wir
in 6.17 und 6.23

(g = ) (v, w)| < ch®olw],  [(V*"9 =V )w| < chlo]fw] (A1)

mit einer nur vom Kriimmungstensor R von (M, g) und ¢ abhingigen Konstanten c.
Daraus folgen mit wenig Aufwand Interpolationsabschétzungen fiir Funktionen v : s —
R (7.4) und y : s — N fiir eine zweite Riemannsche Mannigfaltigkeit N (7.15). Auch
erlaubt diese Simplexdefinition, auf Grundlage der Voronoi-Zerlegung von LEIBON und
LETSCHER (2000) eine Karcher-Delaunay-Triangulierung zu definieren (8.7).

Daher kénnen wir im folgenden ganz (M, g) als trianguliert annehmen. Auf jedem
Simplex ist g durch eine Metrik ¢¢ mit A.1a approximiert, und schwach differenzier-
bare Funktion u € H!(M, g) lassen sich durch stiickweise polynomielle u;, € P!(M)
approximieren. In der iiblichen Weise (DzIUK 1988, HOLST und STERN 2012) lassen
sich daher Variationsprobleme wie das Poissonproblem (10.13, 10.17, 13.14) oder die
Hodge-Zerlegung (10.15) in H*(M, g) mit denjenigen in H(M, ¢¢) und ihren Galer-
kin-Approximationen in P!(M) vergleichen.

Ankniipfend an die gingige Finite-Elemente-Theorie fiir Probleme auf Untermannig-
faltigkeiten des R™ lassen sich auch Untermannigfaltigkeiten S C M durch Karcher-
Simplexe approximieren. Der dabei auftretende Geometriefehler ist gleich dem fiir
Untermannigfaltigkeiten des R™ zuziiglich eines Terms ch? (11.18).

(2) Sei M die geometrische Realisierung eines simplizialen Komplexes K. Die sim-
pliziale Kohomologie (C* (&), 9*) ist von DESBRUN und HIRANI (2003, 2005) als diskre-
tes duferes Kalkiil (DEC) interpretiert worden. Wir definieren Réume P~1QF C L>°QF
und dukere Differentiale und geben eine isometrische Kokettenabbildung C* — P~1QF
an (9.11). Damit ist die Berechnung von Variationsproblemen im diskreten &uferen
Kalkiil auf Variationsprobleme in einem Raum von nicht-konformen Ansatz-Differ-
entialformen zuriickgefithrt. Wir untersuchen die Approximationseigenschaften von
P~1QF in HIQF (9.19, 9.20) und vergleichen die Lésungen von Variationsproblemen
in ihnen (10.26-28).





