Appendix A

Some inequalities

Young’s Inequality Suppose that 1 < p,q < +oo and 1/p+1/q=1. Then

1 1
lab| < =€P|al? + —€71]b|?, Va,b € R, Ve > 0. (A1)
p q

Holder’s Inequality Suppose that 1 < p,q < 400 and 1/p+1/q=1. Then

lzyl < llzlpllylly, Vo,y € R™ (A.2)
Gronwall’s Lemma Let ¢ € L>(0,T) and a € L*(0,T) denote non-negative functions. If
a function uw € L>*(0,T) satisfies

t

0 <u(t) <ct)+ /a(s)u(s)ds, a.e.in (0,7), (A.3)
then

0 <u(t) <c(t)+ /tc(c)a(s) </:a(7‘)d7‘> ds, a.e.in (0,T),

In particular, if c(t) = ¢ and a(t) = a for almost every t € (0,T), then

0 < wu(t) < cexp(at),

(A.4)

a.e.in (0,7T). (A.5)

Embedding Theorems Let €2 be a bounded open subset of R™, with a piecewise smooth
boundary, i.e., 9Q € C%'. Assume u € WHP(Q). (i) If

n
k< —,

A6
(A.6)
then u € L(2), where
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We have in addition the estimate
[ulla) < Cllullwes@, (A.8)

the constant C depending only on k,p,n and Q. (i) If

n
k> —, A9
’ (A.9)
then u € C’k_[%]_l’w(@), where
Y= [%] +1-— %, Zf% s not an integer (A.10)
any positive number < 1, z'f% 1S an integer.
We have in addition the estimate
Il o[5S Cllulese (A11)

the constant C' depending only on k,p,n,~ and €.
Rellich-Kondrachov Compactness Theorem Assume Q) is a bounded open subset of
R"™, and 0 is C*. Suppose 1 < p < n. Then

Whr(Q) cc LYQ), (A.12)

for each 1 < q < p*.
Generalized Poincaré Inequality Let 2 be a bounded open subset of R™, with a piece-

wise smooth boundary, i.e., 9 € C%'. Then there exists a constant ¢, depending only on
Q such that

]l 20y < () < |Vl L2 + /u(a:)dz . Yue HY(Q). (A.13)
Q
Gagliardo-Nirenberg Inequality Let Q) be a bounded domain in R™ with boundary OS2

of class C™ and let u € W™ (Q)NLP(Q) where 1 < r,q < oo. For any integer 7,0 < j <m
and any j/m <9 <1 we have

1D7ullo, < Cyllul, o llulloy” (A14)

provided that

)+ (1—0)2

v (A.15)

and m — j — n/r is not a nonnegative integer. If m — j — n/r is a nonnegative integer

(A.14) holds with ¥ = j/m.



