
Appendix ASome inequalitiesYoung's Inequality Suppose that 1 < p, q < +∞ and 1/p+ 1/q = 1. Then
|ab| ≤ 1

p
ǫp|a|p +

1

q
ǫ−q|b|q, ∀a, b ∈ R, ∀ǫ > 0. (A.1)Hölder's Inequality Suppose that 1 < p, q < +∞ and 1/p+ 1/q = 1. Then

|xy| ≤ ‖x‖p‖y‖q, ∀x, y ∈ R
n. (A.2)Gronwall's Lemma Let c ∈ L∞(0, T ) and a ∈ L1(0, T ) denote non-negative fun
tions. Ifa fun
tion u ∈ L∞(0, T ) satis�es

0 ≤ u(t) ≤ c(t) +

t∫

0

a(s)u(s)ds, a.e. in (0, T ), (A.3)then
0 ≤ u(t) ≤ c(t) +

t∫

0

c(c)a(s)

(∫ t

s

a(τ)dτ

)

ds, a.e. in (0, T ), (A.4)In parti
ular, if c(t) = c and a(t) = a for almost every t ∈ (0, T ), then
0 ≤ u(t) ≤ c exp(at), a.e. in (0, T ). (A.5)Embedding Theorems Let Ω be a bounded open subset of R

n, with a pie
ewise smoothboundary, i.e., ∂Ω ∈ C0,1. Assume u ∈W k,p(Ω). (i) If
k <

n

p
, (A.6)then u ∈ Lq(Ω), where

1

q
=

1

p
− k

n
. (A.7)63



64 APPENDIX A. SOME INEQUALITIESWe have in addition the estimate
‖u‖Lq(Ω) ≤ C‖u‖W k,p(Ω), (A.8)the 
onstant C depending only on k, p, n and Ω. (ii) If

k >
n

p
, (A.9)then u ∈ Ck−[n

p ]−1,γ(Ω̄), where
γ =

{ [
n
p

]

+ 1 − n
p
, if n

p
is not an integer ,any positive number < 1, if n

p
is an integer. (A.10)We have in addition the estimate

‖u‖
C

k−[n
p ]−1,γ

(Ω̄)
≤ C‖u‖W k,p(Ω), (A.11)the 
onstant C depending only on k, p, n, γ and Ω.Relli
h-Kondra
hov Compa
tness Theorem Assume Ω is a bounded open subset of

R
n, and ∂Ω is C1. Suppose 1 ≤ p < n. Then

W 1,p(Ω) ⊂⊂ Lq(Ω), (A.12)for ea
h 1 ≤ q < p∗.Generalized Poin
aré Inequality Let Ω be a bounded open subset of R
n, with a pie
e-wise smooth boundary, i.e., ∂Ω ∈ C0,1. Then there exists a 
onstant cp depending only on

Ω su
h that
‖u‖L2(Ω) ≤ cp(Ω)
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∫

Ω

u(x)dx

∣
∣
∣
∣
∣
∣






, ∀u ∈ H1(Ω). (A.13)Gagliardo-Nirenberg Inequality Let Ω be a bounded domain in R

n with boundary ∂Ωof 
lass Cm and let u ∈Wm,r(Ω)∩Lp(Ω) where 1 ≤ r, q ≤ ∞. For any integer j, 0 ≤ j < mand any j/m ≤ ϑ ≤ 1 we have
‖Dju‖0,p ≤ Cg‖u‖ϑ

m,r‖u‖1−ϑ
0,q , (A.14)provided that

1

p
=
j

n
+ ϑ(

1

r
− m

n
) + (1 − ϑ)

1

q
, (A.15)and m − j − n/r is not a nonnegative integer. If m − j − n/r is a nonnegative integer(A.14) holds with ϑ = j/m.


