Chapter 6

Global behaviour

In this chapter we study the global behaviour of the solution (2.9)-(2.11) for 7" — oco. Our
main tool is the energy estimate. Because of Theorem 3 and (A2) f'(u)+w+1¢ =:v €
L*>(0,T; L*>*(2)), thus an admissible testfunction in (2.9). We get

isup/|V¢ )| d:)s—l—//|¢|2dzdt+// u)|Vo|*dedt < Css < oo. (6.1)
>0

Theorem 4 Let (u,w,v) be a solution of (2.9)-(2.11). Then there exist a sequence {ty
k=1,2---} with t, — oo for k — oo and a triplet (u*, w*,1*) such that u, = u(ty), wy =

w(te), Yr = Y(tg) satisfy

U — u” strongly in L? and weakly in H*,
wy —— w* strongly in H*, (6.2)
vy  — 0 strongly in L?, ’
Vi, — Vo*  strongly in L2,
and
arctan(e”"/2) — arctan(e™""/2) strongly in H',v* = const. . (6.3)
Moreover, the following relations hold:
w = Ko =~ 2w @)y, @ = (6.4)
Q
* 1 *
v* = const. (6.5)

T 1+ exp(w* —v*)’

Proof. 1. Because of (6.1) there exists a sequence ¢; € [j,j + 1], j = 1,2,---, such that
U; = u(tj),wj = w(tj),¢j = ¢(tj) and v; = ’U(tj) satisfy

i [ ()| Vo, e =0, (6.6)
j—o0
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and

lim [ |¢;|*dzr = 0.
j—o00
From (6.1) we get
Q

The chemical potential v = f'(u)+w+1 gives Vo = f”(u)Vu+V (w+1) and consequently

Vo —V(w+ 1)
f"(u)

We get by (A2), (B4’), (6.6) and (6.7)
2
da <2/|VUJ| + [V(w; + ) da

/'V“J' d“”’““_/'w F(u wﬁ% ()2

2
<= /|Vv]|d+ /|Vw]\d:1:+ /|V1pj2dx
2] 7

3|2
<e+ 24‘1 “‘—056:057.

Vu = for 0 <u <1.

and p(u) =u(l —u) <

RS

Moreover we know from Theorem 2 that 0 < u; < 1, so that the generalized Poincaré
inequality (A.13) gives

||Uj||H1(Q) < Csg.

Hence by the compactness of the embedding H' C L? (A.12), there exists a subsequence
{tx} C {t;} such that (6.2) holds. By assumption (A2), (B4’) and Theorem 1 it follows
the estimate

||wk||L°°(Q) < Csy.

Furthermore, we get from (6.6)

V’Uk|2 |Vvk|2
V arctan(e~"/?)|%dz /|7d:13 <C dr — 0.
/ et e = [ e <€ [

Finally, (6.2)-(6.3) together with (2.6),(2.7),(2.8) give (6.4)-(6.5).



