Chapter 3

Proof of Theorem 1

In this chapter we prove the existence and uniqueness for a solution to the problem in
Theorem 1.

3.1 Existence

The idea of existence proof is as follows: we construct a regularized nonlinearity, and get
rid off the degeneracy. We then replace the regularized problem by a semi-discrete approx-
imation, which we solve by Schauder’s fixed-point principle. After constructing suitable a
priori estimates and compactness we can converge from the semi-discrete approximation
to the regularized problem. The similar procedure we repeat for regularized problem to
get uniform a priori estimates and compactness results, which finally give convergence to
the original problem. We devide our existence proof into a sequence of steps.

3.1.1 Regularized problems
At first we modify the moblity. We introduce a positive mobility pu. as

w(e) for wu<e,
pe(u) =< p(u) for e<u<l-—g¢, (3.1)
u(l—e) for u>1-—e.

This means that we symmetrically cut the mobility and constantly extend it to all of R.
Because of (2.5) we also do this for f”(u) in the same manner. In the case of f'(u) we use
the corresponding linear extension and for f(u) we give the following quadratic extension:

)+ biu+ o for wu<e,
fe(u) =< f(u) for e<u<l-—g¢, (3.2)
"1 —e)u +butcy for u>1-c¢,

where

1
bi = log (1%5) +1(e)e, eri=log(l—e) + 51" (),
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12 CHAPTER 3. PROOF OF THEOREM 1

1-— 1
by log( . ) +f"1—¢e)(1—¢), cy:= 10g5—|—§f”(1—5)(1—5)2.
Furthermore we introduce the truncation

1 for wu>1,
Mu:=< u for 0<u<l, (3.3)
0 for u<0.

For the system (2.6)-(2.8) we get by (3.1) the regularized system:

T

T

/ut, dt+//(Vu+uEV(w+¢))-Vgodxdt:(), Yo € L*(0,T; HY(Q)), (3.4)

0 0 Q
T T

T
7/ (Vib, Vi) dt+//@/)g0dxd :/ ug, @) dt, VngLQ(O,T;Hl(Q)), (3.5)
0 0

0

= P(1 —2[lu) a.e. (t,x) € Qr. (3.6)

Remark 5 We have by (A2) and (A4)
[l @) < 72ll1 — 2T L2y < 73]9. (3.7)

Remark 6 Jey := go(w) so that Ve < g

Frucv)i= [ (R0 + juw) do > ~Cr,

Q

where Cr > 0.

Proof. Using (A1), (3.2) and (3.6) we see that it depends on the choice of ¢ to en-
sure that f.(u) dominates uw. Thus, there exists an g9 = eo(w) so that Ve < g this is
true.

Existence result for the regularized problem We will denote the solution to the regularized
system (3.4)-(3.6) by (ue,we,1.). The strategy of constructing solutions to (3.4)-(3.6) is
to employ a semi-discrete approximation. To this end, let M € N be given and h := T /M.
In the sequel, we will denote by C;, ¢ € N, positive constants that may depend on ,T" and
the initial data, but not on M or m € {1,..., M}.
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For 1 < m < M, we consider the semi-discrete problem on the time level t := mh for the
unknown functions v, w™,y™ : 2 — R given by

1 m m—1
7 /(um —u"™ Yodz +/ {Vum + p(u™)V <% + W”’)} -Vedr =0, (3.8)
Q

Q

h h

Q

J /V(@/}m — ™) Vdz + /@Dmgod:z _1 /(um —u™ Nodr, Voe HY(Q), (3.9)
0

Q

w™ = P(1—2[Tu™) a.e. z € (3.10)
For 1 <m < M (3.8)-(3.10) is a nonlinear elliptic system. Note that u® = ug, 1)° = 1.
Remark 7 For ¢ =1 we get from (3.8)-(3.10)

/umdx = /um_ldx == /uodx = U2, (3.11)

Q

Q Q
/W”’ = 0. (3.12)
Q

We prove existence of approximate solutions step by step via Schauder’s fixed-point prin-
ciple.

Lemma 1 Suppose that the assumptions (A1) to (A4) and (B1) to (B4) hold. Then for
every m € {1,..., M} there exists a triple of functions (u™, w™, ™) € H(Q) x HLY>®(Q) x
H?(Q) satifying (3.8)-(5.10).

Proof. 1. Our proof is based on the application of Schauder’s fixed-point principle. Let
m € {1,..., M} be fixed but arbitrary. For a given u™ € L? we consider the auziliary linear
problems

1
/V(Tmum) -Vedr + 5 /’Tmumgod:c = /g2god:c, Vo € HY(Q), (3.13)
Q Q Q
/Vwm -Vdr + % /wmapdx = /glgod:c, Yo € HY(Q), (3.14)
Q Q Q

2|

(3.15)
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The existence and uniqueness theory of (3.13)-(3.14) is standard and can be found in |13].
The strategy is to convert the integral expression in (3.13)-(3.15) into linear- and bilinear-
forms and use the Lax-Milgram Theorem. From ([20], Corollary 2.2.2.4), respectively, we
find that for a given u™ € L? and consequently a given g; € L?(Q) in (3.15) the linear equa-
tion (3.14) admits a unique solution ™ € H?(Q). Setting w™ = P(1 — 2Ilu™) € H“*(Q),
we find (3.10). Finally again from (|20], Corollary 2.2.2.4), respectively, we conclude that
for a given g, € L*(Q) (3.13) admits a unique solution Z,,u™ € H' ().

2. Thus, we have properly defined a fixed-point operator 7,, : L*(2) — L?(Q). We
can apply Schauder’s theorem, if we are able to prove, that 7,, : L?(Q) — L*(Q) is
completely continuous and 7,,[B] C B hold true for a closed ball B C L*(Q2) with a radius
depending only on the data of the problem.

3. Let ™ € H?(Q) be a solution of (3.14). We obtain using ¢™ as a testfunction in
(3.14)

h 1
/ V™| 2da + > / ™| 2dr < > / (™ — w™ Ny + / VYl Vymda.
Q Q Q Q

Applying Young’s inequality in the form

1
—/( Q/dex<—/|u —mlzdx—l——/|1/1m\d$
v

we get

2 1
/|V@Z)m|2dx+—h/|¢m|2dx§ E/|um—um_1|2alzz+/|V@Dm_1|2alx+—€/|wm|2al:)s.
0 T T3 0 T

Using the Poincaré inequality for the last term we get
7 Q 7 Q Q
Choosing € = 2¢, /vy we finally conclude
4h 4
/|V@/}m|2dx + — / | Pda < if / lu™ — w2 dx + 2/|Vwm_l|2d:)3. (3.16)
Y Y
Q Q Q Q

4. Let T,,u™ € H'(Q) be a solution of (3.13). Applying the admissible test function
o =T,u™ e HY(Q) in (3.13) and Young’s inequality we get the estimate

/\V 2dx+1/|7'um\ dr =

Q

/ He (™Y (wm%wml + wm) V(L) + % / (T ™) (T

Q

(3.17)
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Young’s inequality

m m—1
/,us(um)v (% + 1/1"") -V(Tu™)dx
Q
1 wm+wm—l
< - - m
Q
gives for (3.17) the estimate
1 9 1
_ m < Z
2h/\’7mu |“dx < 4/
Q Q
2 wm+wm—l
w5
Q

1
+—h/ |Tm_1um_1‘2dl’. (318)
Q

2
dx+/|V(’Tmum)\2dx,

Q

m m—1
pe(W™V (% + Wn)

1
dl’+—/|Tm 1um 1‘ dx
Q

IA

dx+—/\v¢m| dx

We obtain by the estimates (3.16), (3.18) and (3.7)

e, MEQL 2 .
T ooy <) 4 2 IV gy + [T o
2h | oy 2h | oo
e By + Sl By,

That means, we have | Z,u™[|7»q) < A? for all w™ € L*(Q), if we choose h so that
1—h/8=:1/8> 0 and fix radius A > 0 by

hral®
42

2hp3

A ||V¢m 72 + Bl Tm—1v™ 1720y + 4—2||Um_1||%2(9)-

Hence, we get 7,,[B] C B for a closed ball B := {u™ € L*(Q) : [[u™|| 2@y < A}

5. To show the continuity of 7y,, let {u]"};en C L*(€2) be a sequence such that
lim; oo [|uf* — u™||12(0) = 0. For every i € N there exists a uniquely determined solu-
tion 7,,u™ € H'(Q) of the problem

/V(T ™) - Vedr + — /Tu god:c—/glgpdx Yo € HY(Q),
0

[9]
/ Vol Vids+ / WP odz = / dapdz, Ve H'(Q),
Q Q

Q
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where

Ql'—‘

/gz 1pdx =

m—1
/gzstdCE /,Ua (w +2wl +¢m) -Vpdxr + — /’T _qultT 1g0d$
Q

Because 7,,u™ € H'(Q) is a solution of the problem (3.13), for every i € N it follows

/ (u™ — u™ Y pdr + / Vit Vodr, Ve € HY(Q),
Q

[ V@ = Ty Veedo 4 [T = Toam)pde = [ (g1 - gw)ode. (319)
Q Q Q
/ V@ — ™) - Vipdz + }; / (W7 — ™) pda = / (911 — gr)pde, Vg € H'(Q), (3.20)
Q Q
where
1 m m 1 el el
/(gm —91)<Pd$ = 5/(% —u )SOdSC— 5/(% —u )SOdfC
Q Q Q
—I—/V(wzm Vg™ Y. Vedr, Vo€ HY(Q) (3.21)
Q
and

= getr = [ - ety (L o) Vs
Q

pe(ui)V(wi® —w™) - Vodz

2

0
1
+E /(’T L T u™ edr, Vo € HY(Q).  (3.22)

where we have made use of the equivalence in (3.22)

m—1 m m—1
ety v (S ) e (S )

w™ + wm—l

= () = el (T ) ) = 0
(T ) 4 )V )



3.1. EXISTENCE 17

Using in (3.20) the testfunction ¢ = (" — ¢™) we find that

h
Q/ V(P - o+ / i — e = / (901 — 9) (07" — ™).

Q

Similar calculations like in (3.16) give

8c 8c
\V4 Zm_ my||2 S_pu:n_um2 +_pu;71—1_um—12
IV = ™) 22 7 | IZ2(@) 7 I 1Z2(@) (3.23)
+ 2|Vt = ™ Y720
where ¢, is the Poincaré constant.
Applying ¢ = T, ul™ — T,,u™ € H'(Q) as a testfuntion in (3.19) we get
1
/ IV (Tl — Tou™) |2 dx + 7 /|’Tmu§” — Tou™|?dx
Q Q
= [(0ia = 0 To? = Ty
Q
Young’s inequality gives
1 w™ + ,wm—l 2
7 / | T — Tou™Pdx §4/ '(ua(um) — pe(u")V (f + @Z)m) dx
Q Q

48 [ i)V - )Pz

Q

2 [ )V r = 0 P
Q

8 [ )V - vmPda
Q

= ]1"‘]2"‘[3"‘]4.
We will treat each summand separately: Because of the continuity of II we get
I < 8lJwi* — w™|| gy < 2[|P(Muf — Tu™) |75 ) < 2075 [ui® — u™||72(0)-

The summand I3 can be trated in a similar way like I. For I, we use the estimate (3.23). In
the limit process ¢ — oo the expression (. (u™)—pu.(u")) tends pointwise to zero, because
of the Lipschitz continuity of u™ +— pu.(u™) and the convergence lim; o |[uj" —u" || r2() = 0.
Hence applying Lebesgue’s theorem I tends to zero. The convergence of I>-1, follows from

the boundedness of . (uj") and the convergence lim;_ ||u]" — ™| r2(q) = 0.

7
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6. Bacause of 7,,[L*(Q)] € H'(Q2) and the completely continuous embedding of H'(£2)
into L?(Q) (A.8), the fixed-point map 7, : L*(2) — L3*(Q) is completely continuous.
Having in mind the first step of the proof, Schauder’s fixed-point theorem yields a solution
u™ € HY(Q)NB of the equation Tu™ = u™. Setting w™ = P(1—Iu™) € H"*>(), we have
found a solution (u™,w™, ™) € HY(Q) x HY*(Q) x H?(Q) of the problem (3.8)-(3.10).

Now we have to derive discrete a priori estimates

Lemma 2 (Discrete energy estimate) Let (u™, w™, ™) be solution of (3.8)-(3.10) for
every m € {1,...., M'}. Then

M M
/7 m m— /-y m
S 2 V@™ =" L) + 5 max [VeF([Taq) + ) Al (7).
2

m=1 m=1

2 1<k<M
o (3.24)
+ Z h/ pe(u™) | Vo™ Pdr < Oy
m=1 Q
and

M

> h/ \Vu™2dz < Cy(T). (3.25)

m=1 Q

Proof. 1. Because of Lemma 1 ¢ = v™ = f/(u™) + “’m%“’mfl +¢™ € HYQ) is an
admissible testfunction in (3.8) and we find

1 m m—1
- /(um — (f;(um) + % + w) dz + / e (u™)| Vo™ 2dz = 0,
Q Q

We will estimate the first summand term by term.
2. The first term can be estimated as follows

1

m m— I, m 1 m m—
ﬁ/g(u —u™ N (u )dIZE/Qfa(u ) — fo(u™ Hda,

where we have used the convexity of f.(u), (see (A1)).
3. In order to estimate the second term we use the symmetry of P (see Remark 1).

1 m m—1 wm_'_wm—l _ 1 1 m m—1 m m—1
ﬁ/Q(u u )( 5 )dx—hL4{(u +um ) (w™ —w™)

1 1
+ (u™ — u™ ) (W™ 4+ w™ ) e = 5 / §{umwm —u™ ™ Y.
0

4. For the third term we use the testfunction ¢ = ¥™ in (3.9) to get

1 m __ , m—1\,m :l m _m—1y m "2
h/Q(“ u™ )" d h/ng Y )vwdﬂ/gwldx.
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The above estimates give

v m m—1 m m|2 m m|2
7 [ v —umy v [ unpdn s [ e von e

1
+ E [FNL’s(um> — FNL’E(um_l)] < 0.

Note that
| V@ = o) Vmds 19" = g + 519"
— I g
Applying the trick (3.27) for (3.26) we get
IV =0 e + g Ve ) = 5 IVE™ e + 167 o

1
+/ ue(um)\vade + E [FNL,E(um) — FNL,g(um_l)} < 0.
Q

19

(3.26)

(3.27)

(3.28)

We multiply (3.28) by h and sum both sides from m =1 to m = k, where 1 <k < M. We

find that

k k
f)/ m m— fy m
Y V@™ =™ i) + 5 IVE 20 + D Pl 1720
2 m=1 2 m=1

k
+ Z h / ")V fdx < Fyi(uo) = Fyre(t') + 2Vl

Using Remark 6 we conclude

M M
i m—1 k m||2
§;||V(¢ — " 20 §1£€1€§>§JHV¢ 1720 +mZ:1h||¢ 1720
m Y
+ Z h/ ™MV Pdr < Fyp(ug) — Fype(u™) + §||V¢O||i2(9) =

Defining @™ := wlitw™ " + 4™ we have the following estimate
g D) g

Ch.

~m|2
[ v+ ampas = [ (s ove vin + B2

Q Q
JEW™) o g |V1ﬂml2)
> [ (F e - B a
Q/ fe(um)

> / (2|vum|2 - iwwmﬁ) da,

Q

(3.29)
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where we have used Young’s inequality and the fact that f”(u™) > 4. We multiply (3.29)
by h and sum both sides from m =1 to m =k, where 1 < k < M.

k
1
Cr>> h/ (2|vum\2 - Z|vu~)m|2) dx
m=1 L
where C} is the constant in (3.24). The definition of @™ and (A2) and (B4) give

m—1 1|2

b 1 b w™ 4+ w
h m2dy < = h||lV———
mZZI /Q\Vu | x_4mZ:1 HV 5

Finally we obtain using (3.24) and (3.7)

1 b C
§ m 1
m=1

L2(Q)

. m|2 2 g 1 Cl
Zh Q|Vu |*de < T <r5|Q| + 4r5 + 7,08, IVF([720 >
m=1
< Cy(T).
Lemma 3 Let (u™,w™, ™) be solution of (3.8)-(3.10) for every m € {1,...,M}. Then
A0, < O (330

Proof. 1. Because of Lemma 1 Ay™ € L?*({2) exists, thus an admissible testfunction in
(3.9)

Y m m—1 m m|2 1 m m—1 m
- | A - A + V + - - A =0.
h/Q (¥ YT AV dx /Q| V" |*dx h/ﬂ(u u™ ) AY™dr =0

2. Applying the testfunction —u™ /v in (3.9) we have

1 m __  m—1\, m m, m 1 m __ ,m—1\, m _
E/QA(dJ Y™ dx — /wdeijh (u™ —u™ H)u"dx = 0.

3. We use the same trick as in (3.27) and the identity
/ ((um _ um—l)Awm + (A’l?bm _ A,l?bm—l)um) dx
Q
= /umA¢mdx — /um_lAwm_ldx + / ((u™ = w™ N (AY™ — AY™ ) da,
Q

(3.31)

Q Q
to get
m m—12 m||2 2h m||2 1 m m—1/|2 1 m||2
1897 = A" L) + 1AV [La@) + - IVE™ 22 + Z5llu™ —u ||Lz(g)+$|lu 120
m— ]' m— m, m
= 18U ey + " ——/wudx
2

_“ m m _ , m—1 m—1 = _ m m—1
7/Q(u At u™ T AY ) 7/Q(u “H(AY™ — AyY™ N da
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4. Using Young’s inequality in the following way
2 m m— m m— 1 m m— m m—
;/Q(U —u™ ) (AY™ — AY™ ) da < $||U —u" 22y + 1AY™ — AY™ 22,
2 m m 2 m||2 1 m (|2
5 u" AY™dr < ?HU 72(0) + §||A¢ 1720
Q
we get from (3.31)
m 4h m m— 6 m— 2 m
[AY™ 1720y + 7||V1/1 1720y =3lIA%™ 1 2(q) + $||u Y72 + ¥||u [y
h " 2h 2h
+ $||VU ||%2(Q) + ¥||¢ ||%2(Q) + ¥||U ||%2(Q)'

We sum both sides from m =1 to m = k, where 1 < k < M, and find
4 6 2
||A¢k||i2(g) + 5 Z h”V@Z)mH%?(Q) :3||A¢0||%2(Q) + ?HUOH%?(Q) + ¥||Uk||i2(g)
m=1

1 o 2 &

+ = Z WIVu™ 20 + = Z MY™ 1720y
v m=1 v m=1
L

+ 7 Z hHUmH%Z(Q)-

m=1

The energy estimate (3.24) and (3.25) give (3.30). To indicate the dependence on M,

we denote for any M € N the solutions of (3.8)-(3.10) by (u}y, wy}, ¥;). We define the
piecewise linear

t —mh

Upr(x,t) =u™ + . (u™ —u™ ") for t € [(m — 1)h, mh), (3.32)
() =™ + ! _hmh (™ — ™) for t € [(m — 1)k, mh], (3.33)
as well as the constant interpolates
uy(z,t) =u™ for te[(m—1)h,mh], (3.34)
Bg(,1) = wm%“’m_l for t e [(m—1)h,mhl, (3.35)
Yy(w,t) =™ for t € [(m— 1)h, mh], (3.36)

for 1 < m < M. With these notations, the variational equations (3.8)-(3.10) can be written
as

/ G e(, t)p(x)de + / (Vs (z,t) + pe(tpr)V (W0ar (2, ) + Par(, 1)) - V(o) do = 0,

Q Q

fy/Vi/;M,t(x,t)~V<pdx+/1/1M(x,t)h(x) do = /QM,t(x,t)w(:c)dx, Y € HY(Q),
Q

Q Q
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for almost every ¢t € (0,7). Consequently,

T T
//@M,%P dxdt + // (Vs + pe(tiar) V(war + 1)) - Vo dadt = 0,
0 0 0

- . . (3.37)
v / / Vb - Vpdr dt + / / Uy dadt = / / U pdrdt, Yo € L*(0,T; H(Q)).
0 Q 0 Q 0 Q
We again get like in Remark 4 using p =1
/u(t,x)dm = /uo(x)dx = const.,
Q Q
T (3.38)
//@b(:ﬂ)dzvdt:
0 Q
By virtue of the energy estimate (3.24),
b = v
a m __  m—1\[|2 N 2
3 DIV~ e + 5 s IV Dl / / [t
(3.39)

T
+//,LLE(UM)|V’UM|2dZL'dt§C1,
0 Q

where 0y, = f/(tipr) + War + . We also find from (3.25) that
T

0 Q

Using (3.38) and the generalized Poincaré inequality (A.13) we get

a2 0.0 ) < Ca(VT).
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Moreover we find from (3.37) and (3.39)

T T
//0M7t<pdxdt < //,u5 up )V - Vo dadt
0 Q

1/2 1/2

0
T T
< //|,u6 tin ) V| dadt //|Vg0|2dzdt
0 0 Q
T 1/2 T 1/2
/ / pie(ing) |V | dadt / / \V|*dzdt
0 Q 0
. 1/2
//|V<p\ dxdt
0 Q

for all ¢ € L*(0,T; H'(Q)). We get

(3.40)

VAN
N | —

<

ks

) | Jo Jo tiara(z, t)pdad]
HUM,t H L2(0,T;HY(Q)*) = sup
per2ora @) Iellzorm@)

< Cs.

Thus, we find
T T
//VIﬁM,t'V<Pd$dt < //QM,tgod:cdt
0 Q 0 0
2 V2 (3.41)

T T
//|wm|2dxdt //|<p|2dxdt
0 Q 0 O

<Csllol2(0m:m1 ()
and we find

IVarell z20.7m )7y < Co.
Becauce of (3.31) we get

sup [|Adar (t)||72(0) < Cs(T).

0<t<T

In addition, (3.25), (3.32) and (3.34) imply that, as M — oo,

M
T
Vi — VﬁMHLQ(O’T;LQ(Q)) = Wi mz::I |IVulyy — VU"A}I_1||L2(Q) — 0.



24 CHAPTER 3. PROOF OF THEOREM 1

We also get from (3.32), (3.34) and (3.11) that, as M — oo

|unr — ﬂMHL?(o,T;L?(Q)) = 3N Z |y — “ﬁ_IHL?(Q) —0

We obtain using the generalized Poincaré inequality (A.13) the following convergence

tar — tar|| 220,00 02)) — 0. (3.42)

Moreover we have with (3.12)

M
n N T m m—
loa = ¥ntll e ez = 537 DR — i e =0
m=1

and by (3.33), (3.36) and (3.24), as M — o0
IVOar — Vibar|| Lo orz2) = max [|[Viih — Vi 12 — 0. (3.43)

0<t<T

In conclusion, there are functions @, @y, 1, wt, such that for M — oo, possibly after selecting
subsequences,

Uny — U weakly in L2(0,T; H'(Q)),
Upry — Uy weakly in L2(0,T; H'(Q)"),
Ym — weakly in L*(0,T; L*Q)), (3.44)
Vi — Vi weakly-star in L>®(0,7; H'()),
Vi, — Vib  weakly in L2(0,T; H'(Q)).

Taking (3.42) and (3.43) into account, we see that & = @ and ¢ = . It follows from (3.44)
that we may pass to the limit as M — oo in (3.37). The convergence of the linear terms
in (3.37) are standard. We take a closer look on the convergence of the nonlinear term

/ / e () V (w0 + ) — e (ung)V (wpg + oar)) - Vip dvdt

— [ [t = s Viw +0) - Vi da (3.45)

_|_
o\’ﬂ

/ e (une)V [(w — war) + (& — ar)] - Vip drdt.

Because of the Lipschitz continuity of p. and the compactness results in (3.44) the first
term on the right hand side converges to zero. The second term converges to zero again
by taking into account the compactness results in (3.44).

We denote the solution of the regularized problem by (u.,we,1.). We can state the
following energy estimate.
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Lemma 4 (Energy estimate) There exists an ¢ (see Remark 6) such that for all
0 < e < ¢gg the following estimate holds with constants C7, Cy independent of €:

— max /|V1p€ 2dx+//|¢e 2dxdt+//,u€ ue )|V |*dodt < Cf, (3.46)

/ / |Vu|*dzdt < Cs. (3.47)

0 Q

Proof. 1. The function v. = fl(u.) + w. + 1. € L*(0,T; H'(Q2)) is a valid testfunction in
(3.4). Therefore we obtain

t

/(8tu€, fL(ue) + we + )d //,u€ u.)| Vo, [*dzdt (3.48)

0

for all t € [0, T]. To prove this we define steklov averaged functions

t

Uep(t, ) == % /ua(T, x)dr, (3.49)

t—h

where we set u.(t,z) = ug(z) when ¢t < 0. From [23] u., converge strongly to u. in
L*(0,T; H'(2)). Because of (A2), (B4) and the continuity of f! it is easily proved that

Wep, — W, strongly —in  L%*(0,7T; HY(Q)),

Il (us) —  fl(u.) strongly in  L2(0,T; H'()). (3.50)
We define g.p, := fL}, (uen) + Wep, and vy := gep, + Yep. It follows from (3.54) that
Vi, — Vb, strongly —in  L*(0,T; L*(Q)). (3.51)

Furthermore, we can show Ouu., — Ou. strongly in L*(0,T; H'(Q)*). For any ¢ €
L*(0,T; H(€)) we have

t

</ (Opue(T 8tu€(t))d7',<p> dt

1
|<8tueh — Oy, 90>| =

T
7/
0 t—h
aa
:E /</ atua t—l—s 8tua(t))d3’¢> dt
0
. o T
< E/ // e (ue(t+ 8))Voe — pe(us(t)) Vo) Vdzdt| ds
0 Q

—h

< max [|(pe(ue(t + 8))Voe(t + ) — pe(ue(t)) Voe ()l 2n) Vel 2.
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We have
e et + ) V0t +5) = () Vo (0120
< s leluelt + ) — eIV + ) lsian
+C max 19 (t + 8) = g(D)ll 20,1501 (2))

+C max [[Ve(t+5) — V()| 2072

The first part of the right hand side tends as h — 0 pointwise to zero, because of the
Lipschitz continuity of u. — p.(u.) and the convergence

max |ue(t 4 8) — uc(t)||22(0r) — 0 as  h—0.

The second and the third part follow from (3.50) and (3.51). It follows that
Oz, — O, strongly in L?(0,T; H(Q)*).
Using dyu.y, € L2(0,T; L*(Q)), we have for almost all ¢ € [0, T]

t t

/ (Drttons f1(ten) + W + on)dt = / / Drtton(f (ten) + won + o )derdt
Q

0 0

t
1 1
=0 // (fg(uEh) + iuehwah + §|V’(/Jah|2) dxdt
0 Q

t

+//|@/)Eh|2dxdt
0 Q

= / (fe(ueh(t)) + %ueh(t)wsh(t) + %Wweh(t)\?) dxdt

t
1 1
+/ (fa(uo)+§uowo+§|v¢o|2) d:)sdt+//|@bah|2datdt.
) 0 Q

Passing to the limit (h \, 0) in this equation, where we apply the convergence properties
of ugp, proved above, and using Remark 6, (3.48) gives for almost all ¢

t t
1
/ SV + / / lopop | 2dedt + / / e ()| Vo P dadt
Q 0 Q 0 Q

1
S FNL,e(”O) + / §\V1/10|2dxdt S 07.
Q



3.1. EXISTENCE 27

The proof of (3.47) is similar to the proof in the discrete case (3.25). We get further a
priori estimates for dyu. and V1), in a similar way to the discrete case (3.40) and (3.41).

Lemma 5 There exists an £y (see Remark 6) such that for all 0 < & < gq the following
estimate holds with a constant Cg independent of €:

max ||A1/J€||L2 S 011. (352)

0<t<T

Proof. 1. We again make use of (3.49). We apply the admissible testfunction —Ay;, €
L?(2) in (3.5) and get

t

'7/th/|Awah|2d$dt—|—//|V¢Eh|2d£8dt—l—//@uahAwahdxdt_O

0

for all t € [0,T7.
2. We obtain by using —u., /v as a testfunction

//@V@/)ah Vugpdxdt — —//@Z)ahuahdazdtjL L /%di/|uah|2dzdt:0
Q

0 0

for all t € [0, T]. We find after standard calculations

v 1 v 1
S A%nO)lIZ20) + / IVeen |zt + %Huah(t)H%?(Q) = SI1A% (0) 1220y + %Iluah(o)llizm)

t (3.53)
1
+ - 7vbehuehdxdt - Adjsh(t)ueh(t)dx + Adjsh(O)ueh(O)dx

for all t € [0, 7.
3. Using Young’s inequality

vy 1
/ Adpen(tyuen(t)de < S| Aen (D72 + leuah(t)ﬂiz(m

Q

t t t
1 1 9 € 9
;//%huehdl“dtﬁ E/desh“ﬂ(ﬂ)dt_'_%/HuehHL?(Q)dt
0 Q 0 0

and the Poincaré inequality in the form

t t
1 9 c
— . dt < =L [ IV 200 dt
= / oyt < 52 / V2o
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for all ¢t € [0, T, where ¢, is the Poincaré constant, we find from (3.53)

T
c 1
(—55)/vamamwsﬂmmmmﬁmyhﬂ%a|m Q/Wmhm
0

We obtain choosing € = ¢,/ and passing to the limit (h “\ 0)

T

2
/Mwm@@mszwAmmmam+;mxrmm /wwm (3.54)
0

4. Furthermore applying Young’s inequality in the form

=
S~

1 2
A@/)ah(t)uah(t)dév < S1AYn®llz2@) + ;Hueh(t)Hizm),

T T T
2 1 1
ﬁ//mem T/WMMMH;/MMQMt
0 0 0

we get from (3.53) the estimate

t
4 8
1A (1720 + ;/HV@DEhH%z(mdt =3[ Athen (0|70 + ?Huah(o)ﬂia(m
0

t t
2 2
+§/WMQMH?/MMﬁMt
0 0

By the Poincaré inequality in the form

t t
[l < [ 190y
0 0

we get passing to the limit (h \ 0)

T
4 8
max [ A (t)72q) + ;/Hvdjsllizm)dt =3[ At (0) |70 + ;Hue(o)ﬂiz(m
0

0<t<T
2 ’ 2 r
C
+¢/wmmw+ﬁ/mmm@ﬁ
0 0
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By (3.46) and (3.47) we find (3.52) We find following standard compactness properties

Ue — u weakly in L*0,T; H(Q)),
O  — O weakly in L*0,T; H'(Q)*),
e — weakly in L%*0,T;L*9)), (3.55)
Vi — V¢  weakly-star in LOO(O,T; H'(Q)),
Voup. — Vi, weakly in L*0,T; H'(Q)*).

so that as ¢ — 0 we may pass to the limit in (3.4)-(3.6). The convergence of the linear
terms in (3.4)-(3.6) are standard. We take a closer look on the convergence of the nonlinear
term

/T/ V(w+v) = pe(ue) V(we + ¢e)) - Vo dadi
- /T/ — pe(ue))V(w +¢) - Vo ddt (3.56)

T
+ fre(ue)V [(w — we) + (¥ — )] - Vo dadt.
/]

Using the fact that for all z € R

u(z) —pe(2) < sup |u(z)| — 0, as e —0,
1—e<z<1

it follows that u. — p uniformly and the first term on the right hand side tends to zero.
The convergence of the second term is a standard consequence of the compactness result
(3.55).

Now we have shown that the problem (2.6), (2.7) and (3.6) has a solution. The next
step is to overcome the truncation in (3.6) and to show that the truncation is effectless.
The rest of the proof is formulated as a

Proposition 1 Let (u,w, ) be solution of the problem (2.6)-(2.8) then
0<u(t,x) <1, fora.a.(t,x)€ Qr. (3.57)

Proof. 1. Using in (2.6) the admissible testfunction u® := min(u,0) we get

T

T
%/|u'(t)|2dx+//|Vu'\2dxdt+//u V(w+ ) - Vu*dzdt = 0.
0

Q 0 Q
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2. Because of pu(u)Vu® = 0 the last term vanishes and we get

T
_ %/|u'(t)|2dx+//|Vu'|2da:dt > %/|u'(t)|2dx,
Q 0 Q Q

that means u®(t,z) = 0, for a.a. (t,z) € Qr, hence u(t,z) > 0, for a.a. (t,z) € Q7.
3. We use in (2.6) the admissible testfunction «® := min(1 — u,0) and find

T T

1

5/|u°(t)|2dx+//|Vu<>|2d:)3dt+// V(w+ 1) - Vuldzdt = 0.
0 0 @ 0

2. Because of pu(u)Vu® = 0 the last term vanishes and we get

T
_ %/|u<>(t)|2dx+//|Vu°|2dxdt > %/|u°(t)|2dx,
Q 0 Q Q

that means u®(t,x) = 0, for a.a. (t,x) € Qr, hence 1 — u(t,z) > 0, for a.a. (t,x) € Qr.

3.2 Uniqueness

Proof. 1. For ¢ = 1,2, suppose that

T T

/ (Opu;, ) dt—l—//Vui-Vgpdxdt

0 0 Q

T

+//u(u,~)V(w,~+¢i)'V90da?dt: 0, Ve L*0,T;HY(Q)) (3.58)
0 Q
T T T

7/<V0twi,Vg0> dt—l—//wigpdxd / (Opui, ) dt, Yo € L*(0,T; HY(Q)), (3.59)
0 0 Q 0

w; = P(1 —2u;) a.e. (t,z) € Qr. (3.60)



3.2. UNIQUENESS 31

The difference u := uy — ug, w := w1 — wq, VY := 1P — Py then satisfies

T
/ut, —i—//Vu-Vgoda:dt
0

Q

+ O/Q/ p(ur)V(wy + 1) — plug)V(wg + 1)) - Vipdadt = 0,V € L*(0,T; H(Q)),

(3.61)
T T T
v [ (Vi V) dt + Vedrdt = ug, ) dt, Vo€ L*(0,T; H'(Q)), (3.62)
e [ [
w = P(—2u) a.e. (t,z) € Qr. (3.63)
Testing (3.61) by u and ¢ and (3.62) by ¢ we find
1 t
ety + [ 190l / / (1) ¥ 01+ 4) — pa) ¥ (s 46) - Vv
0

- / / (1) — () V (i + 1) - Vu dadt

—//,u ug)Vuw - Vuda:—// u2) V) - Vu dxdt
0 Q

/I5dt /Iﬁdt+/]7dt.

0 0

900 a0 / syt + [ [ ) Vofanar
0 Q

~+

and

- / [ tutws) =tz V(s + 60 7 da

¢ ¢
—//Vu-qudx—//u(m)Vw-Vqﬁdm
00 0 Q
¢ ¢
fgdt—i-/[gdt—i—/flodt.

0 0

!
o\ﬂ
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We will estimate the I;;7 =1, ..., 6 separately. Because of the Lipschitz continuity of p we
get by using Hélder’s inequality

Q Q
< Cuallull 2 [[Vwi| ey |Vl r2) + Crallull sy VY1 @) [Vl 22y, (3.64)

where ('3 is the Lipschitz constant. For the first term on the right hand side we get using
(A2) and (B4)

Crallull ey I Vwn | ey 1Vl 2y < Cozllullzzy llwnlwray 1Vl 220
< Cusllullz2() llual o) [Vullz2)
< Cusllull 2 [[Vull2

Cis 01361

S 5 26, HUHLZ(Q ||VUHL2(Q

where we have used for the last operation Young’s inequality. The Gagliardo-Nirenberg
inequality (A.14) for dim(§2) = 3 and Sobolev embedding theorems (A.8) give for the
second term in (3.64)

1 2 3/2

Challull oy V91 sy 1Vl < Crallull gy 1Vl [VulFig,
1 2 3/2

< Chsllull i, [V ulla,

C'15 301562

< e, ||L2

||VUHL2(Q
where we have used Young’s inequality for the last row. Finally we find
Ci3 | Crs 9 Cis 3056 9

1= (522 522 Bl + (G + 255 ) Il

Young’s inequality and (3.63) together with (A2) and (B4) give

1
Is] < Vw72 + EHVUH%Q(Q)
< lwl ) + EHVUH%Q(Q)

1
<rillulliae) + lIVulizg

1
[1I7] < ||V77Z)”%2(Q) + @HVUH%?(Q)
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Furthermore we get

L] < Cug / | [V | [Ve| dae + Chg / | [V [V] da
Q Q

< Crel|ull2| V|| so [V |2 4 Cisl|ulls]| Vb [[6 || Vo2

where Cg is the Lipschitz constant. For the first term we get by using (A2), (B4) and
Young’s inequality

Csllull2|| Vwr || L= @) VY2 < Crrllullz2@) VY| 220
Ci7 Cl?
< ||V¢||L2(Q

7”“”%2(
The Gagliardo-Nirenberg inequality (A.14) for dim(Q2) = 3 and Sobolev embedding theo-
rem (A.8) give for the second term

1 2 1/2
Clsllull 2oy 1Vl ooy IVl 2y < Cusllull gy 1Vl gy V9]l z2@)

ClS C118
< THUHH(Q) |Vul|2q) + —||V1/J||2Lz
Clg C18€3 018
4 —JullZ20 IVul|720) + ||V¢||L2(Q

where we have applied Young’s inequality for the last estimates. Thus, we get

C Cis C' € Cir  Cig
= (G0 52 il + Tl + (2 + G2 ) 190l (369)

Using Holder’s inequality and (A2) and (B4) we get
2 1 2
5] < 2[Vlzee) + SlIVullza@),
1 1
[ 10| < §||V1U||%2(Q) + §||V¢||%2(Q)

r3 2 1 2
< EHUHL%Q) + §||V¢||L2(Q)

Finally we conclude

N —

t t
1)y + IV ] + vlersaes) [ IVulaade+ [ 16yt
0 0

t t t
1 + / / ()| Vo Pdrdt < Cugler, ea, 5) / il + Conen, €2, 5) / V020t
0 Q 0 0

where V(El, 62,63) =1 C13€1/2 - 301562/4 - 01863/4 - 13/43 Choose Ei,i = 1,2,3, SO
that ¥ > 0 Gronwall’s Lemma (A.4) gives the uniqueness.
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