A. Appendix

In the Appendix we will derive in detail the numerical discretization scheme for
the committor equation associated with the Smoluchowski and Langevin dynamics,
respectively. The main challenge will be to devise a stable finite difference scheme
for the hypoelliptic committor equation. In Section A.3, we will proof the existence
and uniqueness of a weak solution of the elliptic mixed-boundary value problem
associated with the elliptic committor equation. Moreover, we will explain the link
between the derived discretization schemes and the approximation of diffusion pro-
cesses via Markov jump processes. We will end the Appendix by giving definitions
and the technical proofs for the probability current of reactive trajectories and the
expression for their rate.

A.1. Discretization of the Committor Equation

For the sake of a compact notation, we will write the (forward) committor equa-
tion (3.6) in the following form

Lywg=0 RIS
g=gp ondS

where Ly, is the generator of the considered Markov diffusion process, the set S =
AU B is the union of two disjoint closed sets A, B C R% and the Dirichlet condition
on the boundary 9§ is given by the function gp : S — R, defined according to

0, ifxedA
_ Al
9p(2) { 1, ifzecdB. (A-1)

The numerical treatment of the committor equation requires the choice of a bounded
discretization domain © C R? such that the probability to find the equilibrated
diffusion process in € is almost one. As explained in Section 2.1.9, the restriction of
the diffusion process on () leads to additional conditions for the committor function
¢(z) on the boundary 0%, that are

0=aVq-n=Vgq-an, (A.2)

where a(x) is the diffusion matrix and 7 is the unit normal on 92 pointing outward
Q. Hence, the committor function ¢(z) considered on a domain 2 has to satisfy the
mized-boundary value problem

Lywg =0 in Qg
g=gp onadS (A.3)
Vqg-an=0 on 09.
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A. Appendix

Figure A.1.: Schematic representation of the mesh (T‘g and its disjoint boundaries
09y, and ISy,

A.1.1. Discretization via Finite Differences

In this section we will introduce the framework for the finite difference discretization
of the mixed-boundary value problem (A.3) on a two dimensional domain 2 C R?.

Remark A.1.1. We will consider only rectangular domains with boundaries which
are piecewise parallel to the axis of the coordinate system. Furthermore, we assume
that the shape of the sets A and B are such that their boundaries 0A and OB can
be discretized by an appropriate discretization of the domain. The reasons for that
restrictions are:

o The results of TPT for diffusion processes on rectangular domains already
demonstrate the ability of TPT to capture different dynamical scenarios.

e The schemes are straightforward to derive and are easy to implement.

o The treatment of general domains and sets A and B would go beyond the scope
of this thesis.

Discretization of the Domain

Let Q = (a,b) x (¢,d) C R?,a < b,c < d. be a rectangular domain. We discretize
by a uniform mesh which is defined by

O ix = (a+iha b+ jhy) i 1<i<N-1,1<j<M-—1},

o M {x = (a+ihg,b+jhy) : 0<i < N,0<j < M}\Q,

where h = (hg, hy) and, e.g., hy = (b —a)/(N + 1) is the mesh width in z-direction
and N + 1 is the number of mesh points in z-direction. Next, we assume that the
boundary 0S of the set S can be represented as a closed polygon which is piecewise
parallel with respect to the axes of the coordinate system. We discretize the set S
by

S a,ns
and denote its complement with respect to the mesh €2, by

de
as “a,\ s
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A.1. Discretization of the Committor Equation

Moreover, the boundary 0S), of S, is defined by (cf. A.1.1)

08, 2 0, nos.

The boundary conditions on the disjoint boundaries 92 and 9S requires the in-
corporation of their respective discretizations 0€2;, and 9Sj, into the mesh Q‘g . We
define

ﬁf el Q‘E U 0y,

@ Y osuon, uoas,.

In Figure A.1 we give a schematic representation of the mesh Qif and its disjoint
boundaries 92, and 9S},.

Restrictions

For the proof of consistency and stability it is convenient to introduce an operator
which restricts a continuous function onto the mesh Q‘g . Let u : R? — R then we

define the restriction R‘,f L u — RIG by
(RSu)(x) “ u(x) vxe s

_ =S . =S DS -
The restriction R;, with respect to the mesh €2, and Rf with respect to the mesh

Qi‘s is defined analogously. We call a function uy, a mesh function if uy, is only defined
on a mesh.

Discretization Matrix and Elimination of Boundary Conditions

In the following, D) € RIZXI2T denotes the matrix which results from the dis-
cretization of the operator Ly, on the mesh Q‘s under consideration of the mesh
points in F where, e.g. [25] is the number of mesh points in Qf. One option to
deal with the Neumann boundary conditions on 0f2 is their incorporation into the
discretization stencils of the operator Ly, for mesh points in the direct vicinity of
the boundary 9€,. Since we deal here with homogeneous Neumann boundary con-
ditions, we chose an alternative option. Here we discretize the Neumann conditions

on 0, explicitly and denote the resulting matrix by N, € RIO2AIXI2R], Combining
both matrices in one matrix, we end up with
D, ( D ) c RIOR XI5 (A.4)
Np,

Let up be a mesh function on Qif If we apply the vector u; on the matrix Dy,
then the entry (Dpup)(x) corresponding to a mesh point x € QF can be written as

(Dnun)(x) = Y Dp(x,y)un(y) + Y Di(x,2)u(z). (A.5)

S
yeas 2€0S),
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A. Appendix

If we assume that up(z) = gp(z) for all z € 9Qy, then (A.5) reduces to

(Dnup)(x) = (Lpun)(x) + Y Di(x,2)gn(2),
zc0Sy,

where (Lpup)(x) is a compact notation for the first sum in (A.5). Finally, we can
write the finite difference discretization of the mixed-boundary value problem (A.3)
after elimination of the Dirichlet boundary conditions as the following linear system

Zhuh = E,

where the matrix on the left hand side is defined by

— e =S =S
Lﬂi<%>ewmwml (A.6)

and for x € ﬁf the right hand side is given by

F - Zzeash Dy (x,z)gp(z), ifxe Q;f
0, if x € 0%,

A.1.2. Finite Difference Discretization of the Smoluchowski Committor
Equation

In this section, we state a stable finite difference scheme of the committor equation
for the Smoluchowski dynamics (2.37) on a two dimensional domain  C R?. The
associated mixed-boundary value problem (A.3) reduces to the problem

Lywg=0 in Qg

qg=gp ondS (A7)
gg =0 on 09,

where the operator Ly, given by
Lywg=5""Aq—VV -Vq

is an elliptic linear second order partial differential operator. Notice, that for the
sake of simplicity, we set the friction matrix I' = diag(1,1) € R?*2,

There is a long list of literature on stable finite difference discretization schemes
of elliptic partial differential operators, e.g. [44, 42]. The discretization schemes we
use here are standard schemes which are found in, e.g. [44].

Finite Difference Scheme

For notational simplicity, we henceforth assume that the mesh €, is total uniform,
ie. hy = hy. Let x € Q‘E then we discretize the elliptic operator Ly, in x by the
5-point stencil

0 1 0 0 vy 0
721 4 1|+~ 0 vy |, (A.8)
0 1 0 0 —wvy 0
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A.1. Discretization of the Committor Equation

where we set (vi,v2) = —VV(x) and h = h; = hy. The stencil (A.8) leads to a
consistent scheme of second order, i.e. for a function u € C?(£2) we have

\(Dhﬁgu — R;‘;’ﬁbwuHOO — O(h?). (A.9)

For reasons of stability, we have to ensure that all off-diagonal entries in the resulting
discretization matrix L; are non-negative. This leads to a condition on the mesh
width h, namely

1
h<2p7! (HEI?;{WH» [v2| : (v1,v2) = —VV(X)}> : (A.10)

We discretize the Neumann conditions on 92 explicitly by a single sided difference
scheme. For example, consider a mesh point x = (z,y) € 92, on the left boundary,
i.e. the piece of the boundary 02 which confines the rectangular domain 2 from
the left and let n(z,y) = (—1,0) be the corresponding unit normal vector pointing
outward 2. To ensure the M-matrix property and without lack of generality, we
discretize the Neumann conditions in the boundary mesh point x = (z,y) by

mq(l‘, y) =0~ h~ (q(x — h,y) — q(z,y)) =0

which is represented by the stencil

0 0 0
A1 -1 0. (A.11)
0 0 0

The stencils for the right, upper and lower boundaries are derived analogously. Notice
that the stencils in the corners result from the combination of the stencils of the two
adjacent boundaries. For example, for the upper-right corner the stencil takes the
form

0 0 0
Al 1 -2 0. (A.12)
0 1 0

Properties of the Discretization Matrix

As a preparation for the proof of stability, we show that the discretization matrix Lj,
(after elimination of the Dirichlet boundary conditions) is up to its sign an M-matrix.
To be more precise, the following properties hold for the matrix —Ly:

1. For a mesh point x € Q‘,f in the direct vicinity of the boundary 0S; the
following strict inequality holds

Ln(x,%)| > Y [Tn(x,y)].
yEQf

Y#X
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2. The entries of the matrix —Lj, satisfy the following sign conditions

—Ln(x,x) >0, VxeQf,

- 5 (A.13)
_Lh(x7y)§07 VX,YGQMX#Y-
which immediately follow from the discretization schemes (A.8) and (A.11).

3. Under the assumption that Q\ (AU B) is connected, the matrix —Lj, is essen-
tially diagonally dominant.

Finally, from Theorem (A.6.6) it follows that the matrix —Lj is an M-matrix and
in particular invertible.

Proof of Stability

To prove that our scheme is stable, we have to show
-1
Supp~o HLh H < 00.
[e.e]

To be more precise, we have to show that there exists a constant C' > 0 and a
sufficiently small hg > 0 such that

L. < €. Vh e (0,hg). (A.14)

The idea of the proof is to find a function s € C?*(2)NC(Q) and a sufficiently small
ho > 0 such that we have

(—LpR5s)(x) > 1, Vx e 0o, Vhe (0, ho). (A.15)

Then by virtue of Theorem A.6.7 we deduce the desired result (A.14).

In the case of a pure elliptic Dirichlet boundary value problem, one can state
explicitly a function s(x) which leads to (A.15) (see [44], Theorem 5.1.9.). Unfortu-
nately, in our case of the mixed-boundary value problem (A.7) we cannot state such
a function explicitly. Instead, we consider the following auxiliary mixed-boundary
value problem

Lpws =—1 in Qg

g; = —1 on 01,

where the operator Ly, is again the generator of the Smoluchowski dynamics and
we show that a solution s(x) € C?*(Q) N C1(Q) of (A.16) is the right candidate to
deduce (A.15). For an interpretation of the solution of (A.16) see Remark A.1.2.

Theorem A.1.1. The discretization scheme (A.8) and (A.11) is stable. The stabil-
ity constant is given by

C =2 max {|s(z)[},
zeQ\S

where the function s(x) is the solution of the problem (A.16).
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A.1. Discretization of the Committor Equation

Proof. Let s(z) € C*(Q2) N CY(Q) be the solution of the stability equation (A.16).
We define the auxiliary mesh function uy = 2R‘,§ s and we deduce

—Dhuh = —Q(DhRi‘ES - Rfﬁbws) — QRfﬁwa
=2 2(DhR7‘23 — R‘,S;Ebws)

From the consistency of our scheme follows that there exists an hg > 0 such that
—= 1
HDhR;fs _ R;jﬁ,,wsH <3 Vhe(0ho)
o

and we deduce
(=Dpup)(x) > 1, VxeQF, Vhe (0, ho).

But this immediately implies
(—fhuh)(x) >1, Vh € (O,ho)

for any mesh point x € Qf which is not in the direct vicinity of the boundary
0Ay, UOBy,. Next, consider a mesh point x € Q‘E which is in the direct vicinity of the
boundary dAy U 0By,. But since the function s(x) is equal to zero on the boundary
of the set § we have

> Du(x,y)un(y) =0

y€(0Sh)

and, thus, we finally obtain
(=Lnup)(x) = (—Lpup)(x) > 1 Vx € Q5,Vh € (0, ho). (A.17)
It remains to show that (A.17) also holds true for mesh points on the boundary 0€2,.

But since the matrix NV}, results from the consistent discretization of the Neumann
condition, the same reasoning as above yields that there exists an hg > 0 such that

(—=Lnun)(x) = =(Nyun)(x) > 1 Vx € 9, Vh € (0, ho).
All together we have shown that
(—Tpup)(x) > 1 ¥x € Q5,0 < h < min{ho, ho}
and by Theorem (A.6.7) we obtain

HZ,?H < Jlunll,, <2 max {|s(x)]} < oo, 0 < h < min{ho,ho}.
eS] zeQ\S

O

Remark A.1.2. The stability equation (A.16) admits a partial interpretation if one
realizes that its solution s(x) can be decomposed such that

s(z) = s1(z) + s2(x),
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Figure A.2.: Contour plot of the numerical solution |s(x)| of the mixed-boundary
value problem (A.16) for the Smoluchowski dynamics in the three-hole
potential (given in (3.45)) for a low temperature 3 = 6.67 (left panel)
and for a high temperature 3 = 1.67 (right panel).

where the function sy is the solution of the problem

Lywst = —1 in Qg
%2 =0 on 0f)

and the function sa(x) satisfies

Lpwsas =0 mn Qg

882
5 — —1 on ON.

As shown in Remark (3.1.2), the function si(x) is the mean first passage time
of the Smoluchowski dynamics (2.37) with respect to the set AUB. In Figure A.2 we
show the contour plot of the numerical solution s(x) of the equation in (A.16) for
the Smoluchowski dynamics in the three-hole potential (3.45) (see section (3.7.1))
for two different temperatures.

Proof of Convergence

For the convenience of the reader, we state the proof that our scheme converges
which, as usual, follows from the consistency and stability.

Theorem A.1.2. Let u be the exact solution of the mized-boundary value problem
(A.7) and let uy, denote the approzimated solution computed via Ty, = f,:lfh. Then
we have s
T -0
hli% th ht 00
Proof. Let 1y, be the extension of the mesh function uy; on the boundary of S, that
is s
- def |up(x), ifx ey
up(x) = .
gp(x), if x €ISy

152



A.1. Discretization of the Committor Equation

Next, we define the auxiliary mesh function wy, = @, — RifU and deduce
- = =S
thh = Lh(uh - Rhu)

because of wy(x) = 0 on the boundary of S. Now we can estimate the cut-off error
by
[~ =7 D]
[e.@] o0
<[ - [ R
(o.9] oo

<C- maX{HDh’th — DhRiqu

Npup, — NhRi}qu b
o

0o )
where the last inequality follows from the stability of the scheme and the definition
of the matrix Dy, (cf. (A.4)). Now observe that

(Dyiin)(x) = (R Lowu)(x)  ¥x € Q5
- —sou
(Nntn)(x) = (By 52 (%) Vx € 0y,
and, hence, since the schemes are consistent, we finally get

Hﬂh _Ri“H —0ash—0
[e.9]

which completes the proof. O

A.1.3. Finite Difference Discretization of the Langevin Committor
Equation

In this section we derive a stable finite difference scheme of the forward committor
equation for the Langevin dynamics (2.33) on a two dimensional domain Q C R2.
For the sake of simplicity, we set the mass equal to one (m; = 1) and consider
the velocity instead of the momentum. The mixed-boundary value problem (A.3)
reduces to the problem

Lwqg =0 n Q¥ =0\8
q=9gp on 0S8 (A.20)
Vg-an=20 on 0,
where the operator £, given by

Lo =B Aug+ v Vaq— VoV - Vg — v - Vo, (A.21)

is a degenerate elliptic linear second order partial differential operator.

In contrast to the Smoluchowski dynamics where the involved operator is elliptic,
here the degenerate ellipticity of £, imposes geometric restrictions of the domain €.
Recalling that the diffusion matrix for the Langevin dynamics on a two-dimensional
phase space is given by

_ 00
a=0 17<0 1>€R2><2’
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the Neumann conditions for the forward committor function ¢(z,v) in a boundary
point (x,v) € J€ reduces to

dq(z,v)
dv

0=Vq(z,v) an= oy,

where 7 = (fiz,7,)7 is the unit normal in (z,v) € 99 pointing outward Q. But
this immediately implies that if the shape of boundary in the (x,v) was such that
N, = 0 then this would lead to an empty boundary condition in that point and the
resulting linear system would be under-determined. Consequently, any domain {2
whose boundary consists of pieces which are parallel to the v-axis is inappropriate
for the finite difference discretization. Furthermore, in order to be able to impose
the Dirichlet boundary conditions on A and 0B, the unit normal to these sets at
(z,v) must span the velocity degrees of freedom everywhere except maybe on a set
of zero measure on 0A and 0B. One option could be to change the shape the domain
and the sets A and B such that their boundaries are not piecewise parallel to the
v-axis. But this option would lead to complicated finite difference schemes for the
boundary conditions and, hence, it seems not practical.

As a remedy, we introduce a coordinate transformation such that

1. the transformed Langevin dynamics exhibits diffusion in all new coordinates,

2. the Neumann boundary conditions for a rectangular domain in the new coor-
dinate system lead to non-empty conditions on the committor function.

To this end, we rotate the coordinate system by /4 which can formally be done
by introducing the transformation 7" : (z,v) — (n(z,v),&(z,v)) with

77(:1771)) = C(.’L’ - 'U),
A.
{ ) = cle t o), =32 422
Then the Langevin dynamics in the new coordinates (1, &) takes the form
dp= (€ —n)(1+7)+cVaV (c(n+§)) —cy2y8~ AW, (A.23)
de= A1) ViV (e(n+§) +cy2y8-1 dW;

where W; is a 1-dimensional Wiener process and affects both coordinates simulta-
neously. Now notice that the transformed dynamics (A.23) can be written in the
shape of (2.8) by setting

_ (=4 +VaV(en+8) )
0.6 = (G v iey ) cTVEE (A

and
— (0 -1
o =cy2v0 1(0 1 )
The generator £, of the transformed Langevin dynamics (A.23) is given by

Lywu(n, ) = a: VVu(n,§) +b(n,§) - Vu(n,§) (A.25)
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A.1. Discretization of the Committor Equation

with the diffusion matrix

1 -1
_ 2.3-1
a =cv06 (_1 1>.

Notice that here V = (V,,, V¢). Finally, we end up with the mixed-boundary value
problem in the new coordinates, that is

Lug =0 in T()\T(S)
g=gp on JT(S) (A.26)
Vg-an=0 on dT(9)

where gp(z) = gp(T~1(x)).
The same reasoning as above leads to the mixed-boundary value problem associ-
ated with the backward committor equation

el gy =a:VVg +bi.- Vg =0 inT(Q)\T(S)
qp = 1 — gD on 8T(S) (A27)
Vg, -an =0 on 0T(Q2),

where the reversed drift field b (n, £) is given by

(e eV O) )
08 == e Vi e ) eV (429

Remark A.1.3. In order to keep the notation simple, we do not introduce a new
symbol for the transformed domain T'(Q?) as well as for T'(S). In what follows, 2 and
S are sets with respect to the new coordinate system. Moreover, instead of solving the
problem (A.26) on the transformed domain, we choose a rectangular domain in the
new coordinate system and after solving the problem we transform back the resulting
solution into the original coordinate system.

Discretization Scheme

In this section we derive a stable 7-point discretization scheme for the transformed
forward committor equation (A.26). The scheme for the transformed backward com-
mittor equation follows analogously. Again, the transformed principle part as well
as the transformed drift field are discretized by standard schemes which are found
in [44]. The key observation in the derivation of the scheme is that we can decom-
pose the transformed drift field such that the M-matrix property of the resulting
discretization matrix is achieved.

Discretization of the principle part Without loss of generality, the principle part
of (A.25) can be written as

0%q
Inog

a:VVg=c2yp 1 (Ag—2 ). (A.29)

In contrast to the elliptic case, here we additionally have to deal with a mixed-
derivative part. The discretization is done by utilizing again a standard scheme (see
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[44], page 91). Unlike to the elliptic case, here it is necessary that the mesh 2, is
total uniform, i.e.

hy = he < b, (A.30)

where h,, is the mesh width of €, in n-direction and h¢ the mesh width in n-direction.
Doing so, we have
0? 1,

= 1 2 -1
ono€ 2h

Together with the 5-point stencil for the Laplace operator (cf. (A.8)) we end up with
a 3-point stencil for the principle part:

82 1 0 0
TN A =25 o) g 0 =2 0 ) (A.31)
K 0 0 1

Discretization of the drift part In order to ensure invertibility of the final dis-
cretization matrix Ly we decompose the transformed drift field b(n, &) = b'(n, ) +
b?%(n, ) + b3(n, £) according to

b(n,§) = 5—?77 < (1) ) +§_777 ( 1_27 ) +c< —vafv(é?(?ni%) > (A.32)

:bl(Tl,ﬁ) :b2(77’£) =b3(7775)

and separately discretize the vector fields b', b? and b? by means of the first-order
standard stencil

0 by 0
e I A R
0 —by, 0

where we set b;-; = maac{b;'», 0}, bi; = min{b} 0} and bé is the j*" component of the
drift field b® = (b, b})? evaluated in a mesh point. Combining the resulting three
stencils in one, we end up with a 5-point stencil for the drift part

0 bl + b3y + b3y 0
el B TR T v DO Dl | 11| eI A e I (A.33)
0 —bip = byy = b3y 0

Discretization of the Neumann-like boundary conditions We exemplify the deriva-
tion of the Neumann-like boundary condition (A.2) in a mesh point on the right
boundary. Let x = (n,£) € 09 be a mesh point on the right boundary and
fi = (1,0)T the corresponding unit normal vector. The boundary condition (A.2)

reduces to
_ Ou(x)  Ou(x)

on o

which is consistently discretized by the scheme

0=h""u(n — &) —um, )] + h™u(n, &) — uln, & + )]

0 = Vu(x) -an
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A.1. Discretization of the Committor Equation

The derivation of the schemes for the left, upper and lower boundary are analogously.
Eventually, we end up with the following stencils for the right and left boundary

0 1 0 0 0 0
Rl 1 -2 0,7t 0 -2 1 (A.34)
0 0 0 0 1 0

0 1 0 0 0 0
Rt 1 2 0|,pt 0 -2 1 (A.35)
0 0 0 0 1 0

Finally, we state the discretization stencils for the corners. Since the mesh is total
uniform, we can simply use the following stencils for the top-left and the bottom-
right corner:

0 0 0 1 0 0
Rtlo -1 0|,htl0 -1 0. (A.36)
0 0 1 0 0 0

Unfortunately, we cannot simply apply one of the above schemes in the bottom-left
and top right corner of the rectangular mesh €2, but the boundary condition (A.2)
in a corner x, € (), is in particular satisfied if

_ Ou(x)  Ou(xc)

0= T e

The stencils for these relaxed boundary conditions in the bottom-left and top-right
corner then take the form

0 1 0 0 0 0
Rtlo -2 1 |,ht 1 =2 0. (A.37)
0 0 0 0 1 0

Discretization matrix Like in the elliptic case, we discretize the operator £nw on
ﬁf in QO (cf. Sect. A.1.1) and denote the resulting discretization matrix by Dj,. The
combination of Dy, with the matrix /N, which results from the explicit discretization
of Neumann conditions is denoted by Dj. Finally, the elimination of the Dirichlet
condition leads to the matrix Ly,

M-matrix property In this section it is convenient to use the notation introduced
in Section A.6. In the elliptic case, the irreducibility of the matrix L, is a direct
consequence of the symmetry of the discretization stencils (cf. (A.8)). Here, the
irreducibility of Ly, follows from the special decomposition of the transformed vector
field in (A.32).

For the sake of a compact notation, we define for a mesh point z = (z1, 22) € Qy,
a diagonal by

’DZ:Qhﬂ{z—i—a( _11 ) ta € R}
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Figure A.3.: Schematic representation of the graph induced by the discretization
stencils in (A.31), (A.33) and in (A.34)-(A.37). The diffusion stencil
(A.31) ensures the connection of all mesh points lying on the same
diagonal whereas the connection among diagonals in the direct vicinity
is guaranteed by the stencil in (A.33) via Lemma A.1.4.

A first observation is that the diffusion stencil (A.31) guarantees the mutually con-
nection of all mesh points lying on the same diagonal.

Furthermore, we can prove that diagonals in the direct vicinity to each other are
connected too.

Lemma A.1.4. Letx; j = (no+ih,&o+jh) € Q}f be a mesh point. Then the diagonal
Dy, ; is connected at least with one of the diagonals Dx, ;., and Dx, ,_,. If x; j € Qg
then Dy, ; is connected with both.

Proof. Let x;; € ), and, firstly, assume that neither x; ;41 nor x; ;1 lies on the
boundary 02, and that 7; # ;. Consider the vector field decomposition in (A.32)
and the stencil given in (A.33); provided that v > 0 we deduce

blz#O@—Vm%gj#O@bzz#o-

But this immediately implies that either
bl #0and by, #0 or by, # 0 and bg, # 0

holds true and, hence, x; ; is directly connected with x; ;_1 and x; j;1, respectively.

Next, let x; j € 0€,. The stencils in (A.34) and (A.34) for the discretization of the
Neumann-like condition show that x; ; is directly connected to a mesh point in €2
and hence Dy, ; is connected at least with one of the diagonals Dy, , and Dx, ,_,.
The same reasoning holds true for the corners. O

For a schematic representation of the connectivity of diagonals induced by the
discretization matrix Lj see Figure A.3. Now we are prepared to prove

Lemma A.1.5. The matriz —L;, is an M-matriz.
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Proof. The matrix —Lj, satisfies the sign conditions (A.60) and (A.61) and for every
mesh point in the direct vicinity of 0A;, U 0By, we have

[Ln(x, %) > ) [Lu(xy)l. (A.38)
y#X

But from the connectivity within the diagonals, by Lemma A.1.4 and the discretiza-
tion of the Neumann-like boundary conditions it immediately follows that for every
mesh point z € ﬁ}f we can find a directed path p = (z = xq, ..., Xn), X0,...,Xpn € ﬁi
in the graph associated with Lj to an x, which satisfies the inequality in (A.38).
For schematic presentation of the associated graph see Figure A.3. This proves that
—Ly, is essentially diagonally dominant and, finally, by virtue of Theorem A.6.6 we
are done. O

Stability and Convergence

The proof that the discretization scheme for the Langevin committor equation is

stable as well as the proof of convergence is analogously to the proof for the Smolu-

chowski case, given in Section A.1.2 and Section A.1.2 because we only exploited the

M-matrix property of the discretization matrix and the consistency of the schemes.
We summarize both results in

Theorem A.1.3. The discretization scheme resulting from (A.31),(A.33) together
with the stencils in (A.34)-(A.37) is stable. The stability constant is given by

C =2 max {|s(x)|},
oS

bS]

where the function s(x) € C%*(Q) N CY(Q) is the solution of the auiliary mived-
boundary value problem
Lows = —1 in Q\S
s=0 on 08 (A.39)
Vs-an=—1 on 0.

Let u be the analytical solution of the mized-boundary value problem (A.26) and

let up, = f;lfh denote the approximated solution with respect to the total uniform
mesh width h. Then we have
lim Hﬂh - Efu” =0.

h—0 e

A.2. Weak Formulation for the Elliptic Mixed-Boundary
Value Problem

In this section we will derive a weak formulation of the elliptic mixed-boundary value

problem
def

BIAuU+VV - Vu=f in Qs = Q\S
u=gp on 08 (A.40)
gz = gnN on 0f)
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Figure A.4.: Contour plots of solutions of the mean first passage times equa-
tion (3.10) with respect to the set S = AUB (first column) and solutions
|s(z)| of the auxiliary problem in (A.39) (second column). Results for
constant temperature § = 1 and for three different friction constants:
from top to bottom: v = 10, v = 1 and v = 0.001.
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A.2. Weak Formulation for the Elliptic Mixed-Boundary Value Problem

where 0 C R? is a domain (open and connected) and S C € is a close subset.
In particular, we show the existence of a weak solution of the problem (A.7) and
(A.16). For the derivation we follow the usual steps, except that we introduce a
suitable weight function which simplifies the resulting bilinear form in the weak
formulation.

As the weight function, we choose the equilibrium probability density function of
the Smoluchowski dynamics (2.37), that is

o(w) Y exp (—BV (),

where 0 > 0 is usually referred to as the inverse temperature. Provided that the
potential V(z) is sufficiently smooth, we have

0<ap<alz)<a <oo, Vrcs,

where we set ag = min, g-{a(z)} and a; = max g-{a(z)}. For a compact nota-
tion we abbreviate the inner product on L?(2s) by

def

(u, v) % /Q u(a)o(a) de

In the first step of the derivation of the weak formulation we multiply the equation
in (A.40) with a test function ¢ € C*°(Qs) and with the weight function «a(x).
Integrating over the domain (g yields

B Au, ¢pa) — (VV,Vu ¢a) = (f, ¢a). (A.41)

By Green’s first integral identity and Va = —GVVa we expand the first integral in
the equation (A.41)

B~ Au, o) = (VV,Vu pa) — f~H(Vu, Vo a)

1570 [ 2 adops(e) + ot [ 2 (5.4

padopa(z).

oS on 80 on

Substituting the left hand side of (A.42) in (A.41) and recalling that the normal
derivative is prescribed on 0€) we end up with

ou

(Vu,Vo a) — padogs(z) — /{m gn ¢adoga(z) = —=B(f, pa).

The last equation motivates the following weak formulation

Find v € H'(Qs) such that

{a(u, 8) =lrgn(9), Vo€ H'(Qs) (A.43)
u = gp on 8S
where we define
au,¢) Z (Vi V), (A.44)
@) " =B(f00)+ [ gviadosa(a). (A.45)
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Notice that the function a(-,-) is a symmetric bilinear form and the function I, (-)

is linear. Provided that the function gp € H %(85) we can use its continuation
gp(x) to decompose the unknown function u(z) by u(z) = w(z)+gp(z), where the
new unknown function w(z) has to vanish on dS. This leads to an equivalent weak

formulation
Find w € 'H such that

- 1 (A.46)
a(wv ¢) = lf,gN (¢) - a(gDa ¢)7 ng €eH (QS)
where the Sobolev space H is defined by
"™ (v e HY(Qs) : trosv = 0. (A.47)

A.2.1. Existence of a Weak Solution

The existence of a unique solution of the weak problem (A.46) is usually proved by
showing that the prerequisites of the Lemma of Lax-Milgram are satisfied. In doing
so, we have to show that the bilinear form (A.44) is H-elliptic, i.e,
31 >0:  alv,v) e vl YveH (A.48)
Jea >0:  a(v,w)] <ecollvllglwl];  Yo,weH (A.49)
and that the linear function defined on the right hand side of (A.46) is an element
in the dual space (H'(2s)) = {l : H'(Q2s) — R : [ is linear and continuous}.

We first prove that our bilinear form (A.44) satisfies the condition (A.48). Let
v € C*(Qs) such that v|ss = 0. Then we deduce

a(v,v) = ; Vo Vo ade > agl [Vl [|72 .
S

In the last step we estimate the H'-norm of v by

ao [0l = ao (Jlol2: + Il Vo] I32)
< ao (CIHIVol I3+ 1 Vo] 1172)
< (14 C)a(w,v),

where the first inequality follows from the Poincaré-inequality for functions vanishing
only on a part of the boundary (see Theorem A.6.3 in Appendix). Since C*°(Qg)
is dense in H!(Qs) we get for 0 < ¢; = (1 + C)/ay the desired result. The second
condition (A.49) is a simple consequence of the Cauchy-Schwartz-inequality in R?
and in L?. We deduce

la(v,w)| < oq/ Vv - Vw|dz
Qs

< 041/ Vol - |Vw| dz
Qs

o) (o)

< ap [[v]| g [Jw]|
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A.2. Weak Formulation for the Elliptic Mixed-Boundary Value Problem

In the last step we have to show that the right hand side in (A.46)
def -1 =
ongn (V) = =B (frav) + | gy avdoga(r) = a(gp, v)

belongs to (H'(Qs))’. Hence, we have to show that

AK > 0: g gy gnll gy = sup lfgygp(0)] < K.

vl g1=1
which immediately follows from

L) |(f,av)| < [Ifallge - [[oll g
2.) la(@p, v)l < ar [gpll g [0l g s

3) | /B o o dova(@)| < lawol peny - Iolln -

A.2.2. Classical Solution vs. Weak Solution

The following theorem gives an answer to the question under which conditions a
weak solution is also a classical solution.

Theorem A.2.1. Letu € C?(Qs)NH(Qs) be a solution of the weak problem (A.43).
Then u is a classical solution, i.e. u € C?*(Qs)NCY(Qs), of the mized-boundary value
problem (A.3).

Proof. First notice that we have the following sequence of inclusions
Hg(Qs) CH C H' (Qs),

where H is the Sobolev space defined in (A.47). Since u is a solution of the weak
problem (A.43),

3 (V0o )+ 57 [ gvoadon(a) = (f.b0) Vo e
Q
we get by applying Green’s integral identity

(B Au— VVVu, ¢a) + 71 /8(2(9N _du

on

Jpadoga(x) = (f,pa) Vo €'H
and in particular
(B~ Au—VVVu— fla,¢) =0 V¢ e Hi(Qs).
Because of the strict positivity of the weight function «(x) we conclude
1A —VVVu=f inQs.

Moreover, we obtain

/ (gn — g?)qba doga(x) =0 Vo e Hl(QS)
oQ n

which shows that the Neumann boundary conditions are also satisfied,

0
—u =gny on Jf.
on
By assumption, the function u satisfies the Dirichlet boundary conditions on 9§
which completes the proof. O

163



A. Appendix

A.3. Approximation of Diffusion Processes via Markov
Jump Processes

In this section we will show that the Birth-Death process in Section 4.3.1, given
by its generator (4.44), is indeed an approximation of the considered Smoluchowski
dynamics.

It is a well-known fact that every diffusion process of the form (2.8) can be ap-
proximated under weak conditions on the diffusion matrix by a Birth-Death process.
In general, the opposite implication does not hold. According to Gardiner [41], Sect.
7.2, the basic idea of the proof that a family of Birth-Death processes, parameterized
by a scaling parameter €, approximates a diffusion process is to show that in the
limit ¢ — 0 the associated Master-equations passes to the Fokker-Planck equation
associated with the diffusion process. In order to explain that idea in more detail
and to motivate our alternative approach, we present the construction given in [41],
page 248. Consider a 1-dimensional diffusion process X; € R of the form

dX, = A(X,)dt + /B(X,)dW, (A.50)

with sufficiently smooth coefficients A : R — R and B : R — RT. The jump rates
of the approximating Birth-Death process on the state space S = €Z are defined
according to

We(x,a') < (AQ(ZC) + B;:;)) Sur e + <—A2(:3) + B;:?) Swoe  (A51)

such that for a sufficiently small € > 0, (A.51) is positive for all z € S. Next it is
shown, that in the limit e — 0, the Master-equation

Ll) - [ W ) 1) = W (0] 0
ot R Aso
“Wela—capla — ) + Wela e pelatet) )
— (We(z,z+€) + We(x,x — €))pe(x, t)
becomes the Fokker-Planck equation
i) Ry )
WO Lpuplet) = 23 (B@p(e. ) — o (Ap(e0). (A5

An alternative way to see that the Master-equation passes in the limit ¢ — 0 to
(A.53) bases on the observation that from the view point of finite differences, the
right hand side in (A.51) results from a second order finite differences discretization
of the operator )
Lo = 3 B() oy + Alw) o

which is the generator associated with the diffusion process in (A.50). For the sake of
simplicity we consider the diffusion process of a finite interval [a,b] C R and assume
periodic boundary conditions. Let W, € RISIXISI denote the matrix resulting from
the jump rates in (A.51) where S = €Z N [a, b] and we additionally set

We(z, x) ot —(We(z,z+€) + We(z,x —€)).

164



A.4. Proofs
Notice that the Master equation in (A.52) can now be written in a compact form,

Ope T
= W pe,
ot ¢ P

where pe = (pe(2))zes. Encouraged by a Remark in [44], page 94, we next show that
the transposed matrix WET is a consistent discretization of the operator L¢,, on the
right hand side in the Fokker-Planck equation (A.53). With the notation introduced
in Section A.1, we have for any p € C?

Lemma A.3.1.
HWeTRep — ReﬁprHoo — 0 as e — 0.

Proof. Let x € S be a mesh point. We deduce

(WeTRep)(x) =We(x —€,2)p(x — €) + We(z + €, 2)p(x + ¢€)
— (We(z,z+€) + We(x,z — €))p(x)

=L B - Op(z — ¢) - B@)p(z) + 2B(z + plz + )]

2¢2
B % [A(z + €)p(z + €) — A(z — €)p(z — €)]
1 92 5 e 0 A O(2
=5 55 (B@)p(a)) + O(@) = = (A@)p(e)) + O(),
which proves the assertion. =

The view point that the construction of the jump rates of an approximating Birth-
Death process can also be obtained via finite difference discretization of the generator
Ly, allows a straightforward generalization for the approximation of diffusion pro-
cesses in higher dimension. For example, the generator of the Birth-Death process
considered in Section 4.3.1, results from the discretization of the generator

Low =B 'A—-VVV

via the second order scheme in (A.8) where we additionally included reflecting
boundary conditions.

A.4. Proofs

A.4.1. Proof for the Representation of the Probability Current of
Reactive Trajectories

To derive (3.15), we take first the limit as 7" — oo in (3.14) using ergodicity to
obtain

s—0t S

lim /S ()05 (2)Ez (a( X (5)) Lo 5 (X (5)))) da
- [ B (X ()1 (X 5)) o) (A54)
RIS

= / ﬁas(l’) . JAB(x)dJ('?S(x)v
oS
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where E, denotes expectation conditional on X (0) = z. Taking the limit as s — 0%
can now be done using

lim — (Eo6(X (1)) - 6(a))
s Pp(z) o~ 9d(x) _
= ”21 aij(x) 02,0z, + izlbi(l') o, (Lowd) (),

where ¢(x) is any suitable observable. However, taking the limit on (A.54) is some-

what tricky because of the presence of the discontinuous functions 1s(z) and 1ga\ s (7).
The proper way to avoid ambiguities on how to interpret the derivatives of 1s(x)

and 1ga\g (z) is to mollify these functions, that is, replace them by functions varying

rapidly on S but smooth, then let s — 0T and finally remove the mollification. Let

then f5(z) be a smooth function which is 1 in § at a distance ¢ from 9S, 0 out of S

at a distance § from S and varies rapidly but smoothly from 0 to 1 in the strip of

size 20 around JS. Thus (A.54) is the limit as § — 0 of

1
Is = lim —
o= Jim S ), p(x)qp(z)

% (fo(@)Ea (a(X () (1 = f5(X ()~
(1= f5(@))Ea (a(X () f5(X(5))) ) d.

Inserting
0= —p(z)gp(@) fs(2) (a(x)(1 = f5(x)))
+ p(z)gp(2) (1 = f5()) (a(2) f5(2))

under the integral then letting s — 0T, we obtain

s = [ pta)an(o) (£5(0) (Crlal1 = £51) @)
(1= f5(2)) (Loulafs)) (x) ) da.
Expanding the integrand, several terms cancel and we are simply left with

Iy = - /R @) (x) (L0 f3))) ()

Using the explicit form for L and expanding, this is

I = = [ @)a@) (fsa) Cruala)

z o 0) o () 222
-3 2 (o) + 32 s
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By (3.6), Lywq(z) = 0 and integrating by parts the second term in the parenthesis
under the integral, we arrive at

Ofs(x
/R d Z B9 (o)) 30

+ Qb Z azy 8.73

d
Igp(z)
— q(@)p(x) Y aij(x) da.
= 8$]’ )
Now let § — 0 and recall that for any suitable F(z) = (Fi(z),..., Fy(z))"

: dfs(x
%l—rf(l)/RdZ 8:62 F

B OF; ()
N _%l—r}(l) f&( )zzl 81’% dz
d
s O

d

- /88 > igi(x) Fi(z)dogs (@),

i=1
where the first equality follows by integration by parts, the second by definition
of fs(x), and the third by the divergence theorem. Using this result, we conclude
that the limit of the expression above for I5 as § — 0 is the surface integral of the
current J4p(x) given in (3.15), as claimed.

A.4.2. Proof for the Representation of the Transition Rate via a Volume
Integral

To check that (3.19) gives the rate, let 9S(¢) = {z : ¢(x) = ¢} be the (forward)
isocommittor surface with committor value ¢ € [0, 1], and consider the integral

0
A(Q) = /68(c Z nos(c)i () aij(x) gg)daas(g)(fﬁ)-

i,7=1
Since 0S(0) = 0A, is easy to see from (3.17) and (3.18) with 0§ = JA that:

A(0) / Z noai(x)aij(x aﬁa(j) dopa(z)

i,7=1
= kas,

where we used ¢(x) = 0 and g,(z) = 1 on JA. Next, we show that A(¢) = A(0) = kap
for all ¢ € [0,1]. Using the Dirac delta function we can express A(() as

d
A0 = [ ote) 3 ) (o) ~
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and hence
dA(¢)
d¢
8
[0 3 2, J0) B o) (e
1,7=1 !
— [ o) 3 200 D s(g(a) —
R ] axz 8:cj

Integrating by parts, this gives

dA(Q) _ S Pal)
L= [ ot 3 (o) gy 0(a) =

d
dq(z) 0
+/]Rd i,jzzl ox; aixj(azj(w)p(x))é(q(w) —()dz

d

B o 0a(x) _
_— /R dpmzz»@(x) 2o20(a(a) — ()

i=1

/]Rd Z 8@ ax] aij(z)p(x))d(q(x) — ¢)dx,

where in the second step we used (3.6). Using the definition (3.16) for the equilibrium
current J(z), the two integrals in the last equality can be recombined into

/Rdz 9) Jw)o(a(a) —
/as Znas i(r)dogs(c)(T) =0,

where in the last equality we use the fact that the probability flux of the regular (by
opposition to reactive) trajectories through any surface is zero at equilibrium. (A.55)
implies that A(¢) = A(0) = kap for all { € [0, 1] as claimed. Hence, fol A(Q)d¢ = kap

which gives
! L 9q(x) . dqlz)
I ) 3 Tt S blata) — i

d
9q() 9q()
= T aii(x dr = kap.
/QAB p( ) 8.7/"] ]( ) aw] AB

(A.55)

1,j=1

This is (3.19).

A.5. Short Account to Free Energy

An important quantity to characterize the transition behavior of a diffusion process
in a (non-trivial) potential landscape is the free energy with respect to a reaction
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coordinate. A reaction coordinate can be seen as an observable providing information
on the progress of a reaction between a reactant state and a product state. Formally,
a reaction coordinate is a continuous and smooth function ¢ : R% — R"™ whose level
sets £71(c) = {z € R?: () = ¢}, ¢ € R” foliate the state space and comprise all
states which are indistinguishable with respect to the reaction, respectively. In the
traditional way, the free energy is defined by means of the marginal distribution of
the equilibrated process with respect to a given reaction coordinate. Here we give
only a short introduction to the free energy. For details see, e.g. [45, 46]. To formalize
things, consider the Smoluchowski dynamics in a potential landscape

dXt = —VV(Xt)dt + vV 2ﬁ71th,

where X; € R? and the remaining parameters are as in (2.37). The probability to
find the equilibrated system in a certain region, say D C R%, is given in terms of the
equilibrium density function exp(—g3V (x)), that is

P(X, € D)=2Z"" /Dexp(—ﬂV(a:))d:c,

where Z is the normalization factor.
In order to define the free energy, consider the marginal probability density func-
tion with respect to the reaction coordinate £, that is

2(0) = [ exp(=6V (@)3(¢(e) ~ ),

where §(z) is the famous delta-function. The standard free energy is defined as the
logarithm of the marginal probability density function Z(c),

Viree : R" = R

de _
Viree(c) ® —8 log Z(c).

A.6. Definitions and Theorems

Wiener process The Wiener process W; is a mathematical model of the Brownian
motion of a free particle in the absence of friction.

Definition A.6.1 (Wiener process and white noise). The standard d-dimensional
Wiener process W; is a d-dimensional, time-homogeneous Markov process on R¢
with independent and stationary N(0, (t — s)I)-distributed increments Wy — W, with
initial value Wy = 0, and with almost certainly continuous sample functions.

A d-dimensional stochastic process n is said to be a white noise if it is a Gaussian
process with mean zero and covariance (n;(t)n;(s)) = 6;;6(t — s).

Existence and Uniqueness of Solution

Theorem A.6.1. (/3], page 105) Suppose that we have a stochastic differential
equation

dX; = b(t,Xt)dt + O'(t,Xt)th,X[) =c¢, 0<t<T <00, (A56)
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where Wy is standard d-dimensional standard Wiener process and ¢ is a random
variable independent of W; — Wy for t > 0. Suppose that the R¥-valued function
b(t,z) and the (d x d)-valued function o(t,x) are measurable on [0,T] x R? and have
the following properties: There exists a constant K > 0 such that

a) (Lipschitz condition) for all t € [0,T],z,y € RY,

16(t, ) = b(t, y)l| + o (t, 2) — o (t,y)l| < Kz = yll.

b) (Restriction of growth) For all t € [0,T],z € R?,

lo(t, 2)I” + llo (8, 2)1* < K2 [[1+ =] -

Then, equation (A.56) has on [0,T] a unique R%-valued solution {X;,0 <t < T},
continuous with probability 1, that satisfies the initial condition Xg = c.

Time reversal of diffusion The following theorem on time reversal of a diffusion
process {X;,0 <t < T}, T > 0 satisfying the stochastic differential equation

dX; = b(t, Xt)dt + O'(t, Xt)th,
where b : [0,T]x — R% o : [0,T] x R? — R4 is found in [47] which generalizes

results in [14].

. d
Define the reversed time process by X[ ief X7_4, then

Theorem A.6.2. If for almost all t > 0, the law of X; has a probability density
v(t, ) such that for all s > 0 and any open bounded set C' C R?

T d d
| Lol + X1 et o [P de < .
$ i=1 j=1

where v(t, z),; denotes the partial derivative of v(t,x) in the distribution sense, then
the reversed time process XtR 1s a Markov diffusion process satisfying the SDE

dXF = bl (t, XB)dt + oT(t, X[ dWy,

af}-(x,t) =o0ij(z, T —t), 1<4i,j<d,

a(,t) = %a(x,t)aT(x,t).
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Poincaré Lemma The proof of the existence of a unique weak solution of the
elliptic mixed-value boundary problem (A.40) bases on the general version of the
Poincaré-Lemma.

Theorem A.6.3. (/20], page 127-130)Assume that the Lipschitz domain Q C R?
is bounded, connected and open and the subset ¥ C 0 is Lipschitz continuous and
has a positive Hausdorff measure. Then there exists an Cq > 0 such that

/Qywy?da: > CQ/QUQ dz, Yve HL(Q)

where the Sobolev space HE(Q) is defined by

HE(Q) = {u e HY(Q) : trgu = 0}.

Hypoelliptic operators

Definition A.6.2. ([71], page 139) A linear second order operator G with infinitely
often differentiable coefficients defined in a domain Q C R? is called hypoelliptic
in Q if for any distribution u in D(Q) and any domain Qy C § the condition that
Gu € C* implies that u is infinitely often differentiable in €1y.

Theorem A.6.4. ([71],page 139) If the second order operator
Gu=a:VVu+b-Vu+cu

with real coefficients a;j(x), bi(z), c(z) in the class C*°(Q) is hypoelliptic in the do-
main ), then for any point x € Q

d d
either Y a;&i&; >0 or Y a;;&&; <0
i,j=1 h,j=1

for all € € RY.

Theorem A.6.5. (/96],page 9) If the operator (—% + L) is hypoelliptic, then the
law of X; has a smooth density p(t,z) on (0,00) x R?, i.e.,

P(X¢ € dy) = p(t,y)dy,
and p(t, z) satisfies the Fokker-Planck equation

dp

M-matrix The following definitions and Lemmata are found in [44]. The elements
of a matrix A are denoted by a;j, i,j € I. Here A and the index set I assume the

places of Lj, and ﬁi The index ¢ € I is said to be directly connected with j € I if
a;j # 0. We say that ¢ € I is connected with j € I, denoted by ¢ — j, if there exists
a connection

1 =10,%1,...,%n, = J with Qi iy, #0, (1 < kSn)
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Definition A.6.3. A matriz A € R™! s called irreducible if every i € I is con-
nected to every j € I.

Definition A.6.4. A matriz A € R is called strictly diagonally dominant if
jaiil > 3 |agl, Viel, (A.57)
J#i
weakly diagonally dominant if
il > lail, Vi€l (A.58)
J#i

irreducible diagonally dominant if A is irreducible and weakly diagonally dominant
and if, furthermore,

lakk| > Z lag;|  for at least one k € I (A.59)
J#k

and essentially diagonally dominant if A is weakly diagonally dominant and every
i € I is connected to a k € I for which the inequality in (A.59) holds true.

Now we turn our attention to special subclass of positive matrices.
Definition A.6.5. A matriz A € R is said to be an M-matriz if A satisfies
ai; > 0, for all i € I, (A.60)
a;j <0, for all i # j, (A.61)

A is reqular and A~' > 0 componentwise.

Theorem A.6.6. Let A € R be strictly or essentially or irreducibly diagonally
dominant. If the sign conditions (A.60),(A.61) are satisfied then A is an M-matriz.

The proofs for stability of the discretization schemes derived in Section A.1.2 and
Section A.1.3 are based on the following theorem.

Theorem A.6.7. Let A € R¥? be an M-matriz. If a vector w € R? exists with
Aw > 1 then
A7 < vl

where HA_lHOO = SUDP|jyp||_ =1 HA_leOO is the matriz-norm with respect to the mazx-
imum norm ||| -

Two theorems on the existence of generators The following Theorems are found
in [53]. They give sufficient conditions for the existence of a generator of a given
transition matrix.

Theorem A.6.8. Let P be a transition matrix and suppose that
(a) det(P) <0, or

(b) det(P) > [1, pis, or

172



A.6. Definitions and Theorems

(c) there are states i and j such that j is accessible from i, but p;; = 0.
Then, there is no generator L € & such that P = exp(L).
Theorem A.6.9. Let P be a transition matrix.

(a) If det(P) > 1, then P has at most one generator.

(b) If det(P) > % and ||P — I| < § (using any operator norm), then the only

possible generator for P is the principal branch of the logarithm of P.

(¢) If P has distinct eigenvalues and det(P) > e™™, then the only possible gener-
ator for P is the principal branch of the logarithm of P.
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