Appendix A

Time Dependent Schrodinger
Equation - Another Perspective

The time dependent Schrodinger equation given by Eq. 2.83 in the coordinate rep-
resentation can be expressed in the state vector representation

mw = H|y(1)) (AD)
and for the corresponding adjoint state
- 1 (A2)

This notation has aready been used when the Dirac-Frenkel variational principle
had been invoked, Eq. 2.86. Knowing the initial state of the system i) at time
to, the state vector at any time ¢ can be obtained by applying the time-evolution
operator U (t, to) on theinitia state vector

1P(t)) = Ul(t, to)[vo) (A3

and

()| = (olUT (¢, %0) (A.4)
It is obvious from the last two equations that lim U(to + 7,%) = lim Ut(to +
T, to) = 1. Another important property of thisoperator isthat itsaction can be split
into different time intervals, U(t,te) = U(t, t1)U(t1,t2), assuming 0 < t; < to.
Thetimeevolution operator isaunitary operator. Itsequation of motionisobtained
by inserting Eq. A.3into Eqg. A.1

U (t,ty) -

: .y A.
ih—s’ Ult, o) (A.5)

which for a time independent Hamiltonian leads to U (¢, ) = e “Zt—t0)/A A
formal solution of this partial differential equation for a general case when the
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Hamiltonian is time dependent reads

t

Ut 1) =T — % / dr B (U (7 1) (A.6)

to
An iterative solution of the last equation leads to [85]

T2

o 7 t Tn
Ult,tg) =1+ Z (—%) /dTn /d’Tn_l . ./dT1 H(r))H(7p_1) ... H(m)
n=1 to to

to

and likewise for the Hermitian conjugate

T2

00 \n t Tn
UT(t,tO):1+Z(%) /dTn/dTnl/dTl F[(Tl)f{(Tg)ﬁ(Tn)
n=1 to to

to

(A.8)
Notethetimeordering,i.e. 0 < 71 < 7»... < 7, < t. Thedisadvantage of thelast
two expressionsis that they can easily, if truncated, break down, since the overall
Hamiltonian is treated perturbatively. The solution would be to separate the total
Hamiltonian into apart that can be solved exactly Hy, and apart whichistreated in
aperturbative manner H', H = Hy + H'. Usualy, H, represents the Hamiltonian
of the system alone (and is, thus, time independent), while H’ is a perturbation,
caused by an interaction with an external force. The state vector can be written as

[6(t)) = Us(t, o) [V (1)) (A.9)
with the time evol ution operator
U(t, to) = e~1olt=to)/h (A.10)

and |1/ (t)) being the state vector in the so - caled interaction representation
where the evolution of the state vector is obtained by a perturbative expansion of
the”interaction part”, and not the overall Hamiltonian, aswill be shown in thefol-
lowing. Equation of motion of |1/ (¢)) can be obtained by plugging the Eq. A.9
into Eq. A.1, making use of the fact that U, is aunitary operator

n 2V gy 0 1y (A1)

where the operator A’ in the interaction representation has been introduced

H'O(t) = U (t, o) H'Us (1, to). (A.12)
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Recall how we solved asimilar type of equation of motion for U, and obtained the
exact expression A.7. The same reasoning leads to

o ~n t Tn T2
7
WOy =) (—ﬁ) /dTn/dTnl.../dﬁ
n=0 to to to

HO () O (5, 4) .. O (1) (1) (A.13)

Theresults obtained either using the last expression or Eg. A.7 would beidentical,
if onewould be ableto keep an infinite number of terms. However, it is necessary
to truncate them at a certain point. Dueto thefact that for the evolution of | (¢))
only the interaction part of the Hamiltonian istreated perturbatively, it is expected
that the convergence of the last expression would be faster, i.e., it could be trun-
cated at lower order. Concerning the numerical effort, thisis a big advantage of
the interaction over the Schrodinger representation. It is possible at any moment
to switch between those two representations by employing Eq. A.9.

To summarize, the time dependent phenomena can be studied either by solving
the Schrodinger equation A.1, or the equation of motion for the time evol ution op-
erator, Eq. A.5. Inthelater case, perturbative cal culations can be performed using
the interaction representation.



