Chapter 1

The Dirichlet problem for the
inhomogeneous pluriholomorphic
system

1.1 Preliminaries and Definition

The Dirichlet problem for the inhomogeneous pluriharmonic system in polydiscs was studied
in many papers to various extend, see [7] and [10]. However only in [2] Chapter 5 and [4]
the problem is solved in full scale: the solvability conditions and the unique solution are given
explicitly . About the Dirichlet problem for the inhomogeneous pluriholomorphic system in
polydiscs there is no such rich result, see again [7] and [10] .

Let D™ be the unit polydisc {z : z = (21, +,2,) € C™, |zx| <1, 1 <k <n}and dgD™ be
its essential boundary {z: z = (z1,-++,2,) €C", |z| =1, 1 <k <n}. Let fu, 70 be given

functions with frz, € Li(D") N C*(D™),v € C*(9D™) , a > 1/2. Consider the following
inhomogeneous system of n(n + 1)/2 independent equations

— :fld(Z)? 1 §k7£§n (11)

with given right — hand sides, satisfying the compatibility conditions

Ofu Ol
OEJ- 0%y

fre = for s =0,1<k,?0,5<n. (1.2)

Problem D . For 7y € C*(9,D™) find a C*(ID™) — solution of system (1.1), satisfying the
Dirichlet condition

u(C) =7(¢), CE€QD™. (1.3)

It is known that any solution to (1.1) can be represented as, see [2],
u(z) = @o(2) + Y Zrpr(2) + uo(2) (1.4)
k=1

9



10 CHAPTER 1. THE DIRICHLET PROBLEM

where @i (2)(k =0,1,---,n) are arbitrary analytic functions in D™ ;| ug(z) is a special solution
to (1.1) and has to be found. For this purpose we quote a theorem from [2].

Theorem 1 Let D" := X}_, Dy, D" := X}_, D, where Dy, is a smooth bounded plane domain
in @ ,1<k<n. Let w have mized derivatives with respect to each variable of first order in
Li(D") . Then w = ¢ + wy where ¢ is analytic in D™ and

n

v=1 1<k < <ky<n

Remark 1 Ty, 1<k<n isthe Pompeiu operator , given by

d&dny,
G — 21

1
s

Th.f(2) = — Df(C) 1<k<n, G=%&+im, ¢=(C, ,¢)€dpD"

see [29] .

1.2 Special solution

Applying once this theorem to the system (1.1) one can easily obtain the special solution

n

Uz, = Z(_WH Z o To s - Tes frpe, g, = oo 1< 0<m. (1.5)

v=1 1<ki1 <<k, <n
For solvability of (1.5) we need the compatibility conditions
Fﬁzk:Fk‘EZ 1§€7k§n)

to be satisfied, which is actually equivalent to fi, = fs. Repeating once more the above
procedure we get a particular solution to (1.1)

n

wp = (=) T Tos - ToFyg, .z, - (1.6)

v=1 1<l <<l <n
Carefully combining (1.5) with (1.6), the final explicit form of uy can be found.

Uy = Z Ty, Fo, + Z(_l)wrl Z Ty, - 'TleflfmeeU
v=2

0=1 1<l <<l <n

= Z Ty, Z(_1>u+1 Z Ty, - 'T’flfklflka--~Zk#

fH=1 p=1 1<k1<-<ky<n

1
+ Z(—l)lﬁ‘ Z Tku . Tkzl fk2k13k3~fku
n=2

1<ki<-<kp<n



1.2. SPECIAL SOLUTION 11

n
= Z (—1)wtt Z Ty, - -TngkfglngQ...zeu
k, n=1 1< <<l <n
ke{l1,,0,}
n
+ Z (—1)+t Z T, - .TlekfglkEZQ...Zéu
by p=1 1<t <<l <n
k{1, ,0u}

DYCIEID D R TP
v=2

1< <<l <n

Since

{((kty,--,0) | 1<li<-<ly<n; k#l,cIN}=¢

it follows that

n
Z (—1)~+ Z T, - -Tngkfglk@?...Zm
ko =1 1<b1<-<l,<n
kg{ty, 0}
n—1
Z 1)t Z Z Ty, - TflkafleZ--feu =:C
p=l 1<t <<y <n
kg {1, 0y}

Let a # fand o, B € {1,---,n}. Then

n—1 n

¢= <_1)H+1 [ Z Z TZM o 'Tngkfflksz“Zzu

1

=
Il

k=1 1<t < <ly<n
k%{oﬁ ﬁ} k%{glv"'vzu}

+TaTﬁ Z TK# ce TZl ffl aE%-..ZZMEﬁ + TﬁTa Z Teu e Tglfél ﬂzh...zeuza]

1<t < <lp<n 1<l <<l <n

a, 8 ¢{‘€1""7€H} a, 8 ¢{£1:"'7€,u}
n—1 n
_ +1 _
g Z(—l)ru‘ |: Z Z TZH .o TelkaglkCEQ'”Ceu
p=t k=1 1< <<l <n

k¢{a, B} kg{l1,lu}
1T Y, Ty Tufsg,z, Y167 D TooTufapg, .z,

1<l <<l <n 1<l <<l <n
a, B ¢{Z17"'1eu} a, B ¢{Z17'”1€H}

where the condition (1.2) is used. Paying attention to the fact that o, 5 € {1,---,n} and that
for every («, [3)- term there is one and only one (3, «)- term and they are equal to each other

by the condition (1.2) it is easy to see that

C=23"(-10" Y T Tufuue,
v=2

1<l <<l <n
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Thus
n
_ +1
Uy = Z (—1)“ Z Tﬁu . Tthfthh“fzu
k, p=1 1<l <<l <n
ke{elf"vell«}
n
+ Z(—l)y Z Teu oo Tgl f£1e2zeg...zéu .
v=2 1<ty <<l <n

Further by means of the compatibility condition (1.2) the special solution ug can be written as

n

Uy = Z(—l)ﬂ+1 Z Tgu e DQTZQIleelzZQ"'ZZu

p=l 1<61<n

1<la<--<ly<n

+Z(—1)V Z Lo, Tofoes,, 2y, - (1.7)
v=2

1<l <<l <n

1.3 Boundary values of a holomorphic function in poly-
discs - A necessary and sufficient condition

Now we specify the general solution (1.4) with the Dirichlet boundary condition (1.3):

+Z<k¢k ) +uo(¢) =), (€D (1.8)

ie. ,
n

ST Gle0(Q) + Q) — 20(Q) +ex(@)] =0, Ceap”. (1.9)
k
The equality (1.9) holds if and only if

Gueo(€) +mei(€) = G [20(Q) —w(0)] . Ceap™, (1.10)

holds for 1 < k < n . Since the left-hand side is the boundary value of a holomorphic function,
the right-hand side is too. Thus from the Cauchy formula it follows that (1.10) holds if and
only if

2 Jon, Mh [’70(77) - Uo(n)] =G 2™ [70(77) B uo(ﬁﬂ

)
Me=Ck

n= (77k777/) € 80Dn ) |Ck| = 17 77/ = (7717 s Me—15 M1, 7”11)
for any k,h € {1,---,n}, ie.,

1
27 ol 4,

b
M =Ck

dny, _ 1 <nz> [70(77) - uo(n)}

<n,z> [70(77) - “0(77)] e — G 2
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n=(mn)€dD™, |G|=1 (1.11)

Evidently, if the right—hand side of (1.10) is the boundary value of an analytic function in D™,
then from (1.11) it follows that

1

G | <me> [ —wn)] -z = < > [0~ w()] c cap” . (112

n—-¢ 2v

This means (1.12) is a necessary solvability condition of the system (1.1) for the boundary
condition (1.3). However, it is not sufficient for the above problem to be solvable. This can be
shown by a simple example:

Let n =3 and fr =0, () = (I'¢; ¢ ™ , t; € IN,i = 1,2, 3. Clearly the necessary condition
(1.12) is satisfied for this example, but the condition (1.12) is not satisfied for {, and (3. The

reason is that 70(¢) — up(¢) is not the boundary value of a function, which is holomorphic in
D3,

Theorem 2 Let W(0yD ™) be the Wiener algebra on 0gD™ and I' € W (0oD™) . Then the

condition

(2mi)" n—¢ 2n
15 necessary and together with
1 dn* 1
_ r — —1(c®
(2mi)* /8ng (n)n* —¢x 2k (),

n= (77*77]/)7 C(k) :<<*777l> Gaolpn; C*u 77* Gaofpk7 k:1727"'7n_17 (114)

1s necessary and sufficient for I' to be the boundary values of a holomorphic function in ID™.

! / P2 = 1r), ceopn (1.13)
oD ™

Proof By the definition of analytic functions we know that the function I' is analytic in D"
if and only if

1 d 1
T U

P = T)| . n=(n)€ab", |G|=1. (1.15)
211 Jom, e —Ck 2 =G
Suppose condition (1.15) holds. That means
1 d 1
5 [ Tl = 5T,

27TZ ol " Th—C1 —2

n=m.n), (M=(Cn)eHD™;m, GEID,.
Thus the case k = 1 is proved.
For ¢V from (1.15) it follows that

— [ e = e,

2mi ol o m—C 2

W =), P =(""n)edD™: n=(C,m), ¢"=(C,6) €dbD?.
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Further by the previous equality we have

1 dn* 1o
(27T’i)2 /80ﬂ)2 F(n) 77* o g* - 22F(§ ) )

i.e., condition (1.14) is true for the case k = 2.

We assume condition (1.14) is true for the case k =n — 1, i.e.,

1 2y, A’ 1 . . o
(27’[‘1:)”_1 /3 D F(C( 2))77* _ C* = 2n_1F<C( 1))7 C( 2) = (77 777) 5
o n—1

C(nil) = (C*,ﬂ,) € D" ;n" = (Clv ) <n72777n71) , ¢ = (Cla s G2, Cnfl) , € 0D "
Applying (1.15) for ("1 we have
1

271 ol ,,

dn 1
ree-—"r—=-r D" .
Hence, from the assumption for £ = n — 1 it follows that
1 / dn 1
, I'n)—— = =I() ., € D™ .

So the case k = n is proved.

Next from (1.13) and (1.14) we derive (1.15) , i.e., that the function I'(() is analytic for
every Gy, 1 <k <n, |G| <1

Assume condition (1.13) and (1.14) hold, i.e.,

1 1w
(27”)]c \/801Dk F(U) 77* . C* - 2]<:F<C )7

n= (77*:77/)7 ((k) :(C*77]/) Gaoﬂ)ny C*a T]* Gaojpky ]{?:1,2,"’,71—1,”.

Then . q |
n
. I'(n)——==T(),¢€dD™,

e /aom ()= = 3:T(0.C € 0y

and . - .
n_ (n—1)
S — r = r
(27_‘_2-)71_1 /30@n1 (77) n* _ C* 277,—1 (C )7
n=n), C" D = (") edD"; ¢, €D, 0 =n, €D,

But since

1 dn 1 dn* dny,
@i /aom YO =2 = Griy /amn /am R —

dn, _
L per )y B ey =g (Y = (L) € D™

271 ol ,, nn_Cn 2

i.e., function I'(n) is analytic for 1, , |n,| < 1. The rest can be proved in the same way.

it follows that

This theorem can be proved also by applying the properties of the Wiener algebra and
Fourier series method.

Remark 2 C*(0,D") C W(0D"), a>1/2,see [16].
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1.4 The classical problem

Lemma 1 FEquivalently to (1.12), condition (1.12) together with

d *
ﬁ/@mk <nz> [70(77) - UO(U)] o 2 e = 2% < (W) 2> 4¢P — up(¢™)],

n= (77*77]/) ’ C(k) = (C*anl> € aoﬂ)n ; C* ) 77* € aofpk ) k= 1,2,"',7L— 17 (116)
becomes necessary and sufficient for the problem D to be solvable.

Interestingly in the case n = 1 condition (1.16) vanishes automatically and therefore condition
(1.12) alone is necessary and sufficient for the problem to be solvable.

Now by (1.10), if condition (1.12) holds, it is obvious that

16:(2) = gy [ Geol©) =m0 725 — st

Substituting it into (1.4) we have

(2mi)" n

w2 = 1= o)+ g [ S 00 - wl)] 22w (1)

Theorem 3 Let fi(2) € Ce(D™)N Ly(D™), 1/2 < « and satisfy the compatibility condi-
tions (1.2). A particular solution to the inhomogeneous system (1.1) is given by (1.7). If the
problem D is solvable then the condition (1.12) must be satisfied. The problem D is solvable
if and only if the condition (1.12) holds. The solution is given by (1.17). The correspond-
ing homogeneous problem has an infinite number of nontrivial solutions. The problem is not
well—-posed.

In order to get a unique solution we may introduce a proper boundary condition.

1.5 The modified problem

Problem M . Find a C**(DD ") — solution of system (1.1), which satisfies condition (1.3) and
Re < gradzu,¢ >=7((), ¢€dD" , Imu(0)=Cy, (1.18)
as well.
The representation (1.4) gives
uz, = @p(2) +uez, , z2€D",

or

< gradzu , C>zzzk(gpk+uozk> , (€™,

k=1
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So by the first part of the modified boundary condition (1.18) we have

RGZZk@k(O =n(¢) — Rezzkuozk , CE€GD™. (1.19)
k=1

k=1

Taking the real part of (1.8) and combining it with (1.19) leads to

Reigo(C) = Re [10(C) = uo(C)+ < gradzuo, ¢ > =11(Q), ¢e€ab™.  (1.20)
This is a simple Schwarz problem for analytic functions in D™ and this problem is solvable if
and only if, see [2],

n v—1
1

Y Y g L (R0 - (s < gradun. ] o)}

v=2 »=1 1<k1<-<kx<n
1<kyp1<<ku<n

HCk — 2 H Cijdeg 0, C€D”, 2€D”, (1.21)
T T or=A41 N7 T
is satisfied . For any real C' then
1 ¢ ¢ .
wo(z) = @i /80Dn{Re [’70(C)—U0(<)+ < gradgug, ¢ >} —71(C)} [2C = Z—l} ?—HC’ (1.22)

is analytic in D™ and satisfies (1.20).

Having the second part of the modified boundary condition M in mind , by (1.17) and (1.22)
we have got the unique solution of the system (1.1), i.e

1 <(,z> d¢ <z,z>
w2 = G [ [0 = o) 2wl + [1 - S
1 ¢ ag .
X {7(27@” /aozpn [Re (70(() —up(Q)+ < gradgug, ¢ >> —’yl(ﬁ)} [2; - 1} ? +200}. (1.23)
Next we simplify the solvability condition (1.21) and the solution (1.23).
Let
1 <(,z> d¢
fori= (2mi)" /aolpn n uO(OC -z
Since ) %
% ZKT]%C)E = O, f c Ll(ﬁ), 0 S K, z € D, (124)

see [2] Lemma 5.20 page 305, it is easy to see

n

1 z d
I, = — / Z CkaTka C
(27TZ) oD ™ —1 -

z 1 1 dc
- — [90D”1(+ Ckakak(C)TZ

27i) Jo A ¢
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Substituting
/f —C drdne (1.25)
we have
7z, 1 / 1 / [1 e — Gk } o, v d¢
Iy = — — dny pd
1 kZ; (2mi)" =t Joypn- 1 2mi aﬂ)kgk ™ Dkfkk(nk>nk_<k MEGTI2 Ck — 2k H Cr — 27
T;ék
7, 1 / e — G dG node,
N2k 1 dny pd
—n (27” /aozpn L mkfkk(nk)[Q T aﬂ)kC Uk—Ck Ck—Zk] madnes [ G —2r
T=1
T#k

SEES

1 1 1 -G,/ 1 1
I - — dC | dny o d
p (2mi)n—t /aolpnl T Jp, fkk(nk)[Q T /8Dk Mk — 2k (Ck - G — zk> Ck} kA2

s

CT_ZT

T=
T#k

n _ n

o k 1 1 L—mnmy, 1-— Zkﬁk] d¢;
= n (2mi)n ! /a fkk:(nk)[ dm xdnz,k H

— wD-1 T I, Mk — 2k Mk — 2k Cr— 2r

=1
T#k

n Zk 1 1 - " dgT
:;gm/a - Dkfkk(ﬁk)(—nk)dnlykdnlk I1

oD n—1 ™ CT — Zr
=1

T#k

n

_ Zk 1 1 = - dGs
-1

1 §op 1 ™
Tk
By simple repetition of the Pompeiu formula for one variable it is easy to derive

! d¢ 3 1 dfk d&k, dni,
(2mi)n /80an(o(—z =f@+> > ;/ / fckl c,w

— Z
v=1 1<k <<k, <n QC kr

(1.26)

where f is defined and properly differentiable in D™ , continuous even on D ™.
Direct application of the formula for n — 1 variables shows that

L = Z Z zkl /ﬂ)k / Cklfklhck “Cy dfkldnkl H dgk dnk ’

n mv 2k
-
1<k1<n
1<ko<--<k,<n

The second term we have to simplify is

L = (2732')71 /ao,pn [Reu(’(o] [Qg E P 1} %'
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Applying (1.21) and its special case (z = 0), we have

CHAPTER 1.

THE DIRICHLET PROBLEM

1 d¢
J / 100
(27m0)™ Joupn (—=z
& 1 d¢
=) (= : / Tr, — Ti gz, oz ——
; 1§k1<~Z<kV§n (2m)n oD 17 k1Cry+Chy, (-2
1 — d(
=D @) / Tl 7=
1<ksn T D"
- 1 d¢
v+1 _ _
+ Z(—l) Z W / ) Ty, -+ TryTh, fk2k1<k3"'4k,, E
v=2 1<k <ko<--<ky,<n 9D
" 1 d¢
= (=1 v / T, ToTh fonz, 7, =
khzugl 1<£1<.Z;£M<n (27rz)n 90D " w 1+ k1 21:’914@2 Cé# C — 2
_ 1 d¢
et Y s [ R R R, e
2 1<ky <hgmo<ky<n (27TZ) oD ™ 2R1G ks ky C — Z
- 1 d¢
— _1)Ht! I
= Z ( 1) Z (27‘(‘@)” /80ﬂ)n 778M TelTklfflleQ'"CeH C — 5
k1,u=1 1<l <<y <n
kre{ty,-0u}
- 1 d¢
_1\#+1 - >
+ Z (1) Z (2ri) /601Dn Ty, TelTklf@lkl%.ngzu —2
kv p=1 1<l <<l <n
k‘1¢{€1,---,€“}
- 1 d¢
v+1 _ _
LB e T
V=2 1<k <kp<--<ky<n 9D
u 1 d¢
_ +1 _ _
= Z(—l)“ Z (27”.)71 /8 o TZM .. Te25€1f€1£1€z2"(z# (—2
p=1 1<01<n 0
1<l <<ty <n
_ 1 d¢
+1 =z
- Z(—l)u Z G /(9011)” Ty, - -DlTkjfflleZQ...Cl#C —
p=1 1<ki<n
1<l <<l <n
_ 1 d¢
+ (_1)V+1 . n/ Tky"'Tk T, fkk_ il A
Vz_; l<k1<k22<;~<kl,<n (27TZ) S ™ 25 k1 kak Qg Ch, (—z
Since the second term turns out to be
- 1 d¢
SV S o T T e
o V<t et <n @2mi)™ Joprn " 2018y Cou ¢ — 4

it vanishes together with the third term.
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Theorem 4 Let f € Li(ID). Then

1 s AC 2 [ = 2z—(
5w | STO:% =2 [ 7O —dean, zep, (1.27)
where S = T2,
Proof Using (1.25) we have
1 Ty p— n—¢ d¢
o f(C)C— = ]Df(ﬂ)[%/amfc_z]dmdnz

R i ¢(¢—m) d¢ 1 [ T2z =)
——/Df(ﬂ)[Q—m- - Tma]dnld%—; (77)[ 1 ﬁ}dmdm-

IR e W SR e,
5 | SFOES =2 [ T

Applying (1.27) and

— C”Tf(g) 0<k, [feL(D) (1.28)

1
271 Jow c /f —

see [2] page 307, we obtain

/H-l
I = Z Z / / / / fz 063, T
m n—u 141Gy )
s 2772 mll DZH ol , 1 én 2 3

1<£1<7L
1<b <<ty <n
1§£#+1<~-<£ngn

251(251_4.@1) . - dCZ
8 Co, Hl—nge Hd&dm H Co, — 2,

1—- Z£1C£1 T= T =1 T=p+1

With (1.26) then

n 1
_ Z Z lH_ / / f 251 (251 Cﬁl)
- 014
p=1 Do, il Cl“ 1—- Z€1C£1

1<, <n
1<lo<-<by<n

I3

le_Ze = Hdﬁe dn,

T=2 T r=1

55 S I N S

p=1 v=11<p1 < <py<n—p 1<t1<n

1<by< 2, <n
1§£u+p1 <"'<£H+F"y <n

m
Xf —— 20y (Zfl B <€1) H
£1€1C52'“ngu+p1 '“Qﬁpv 1-— Z£1<—€1 1- e, C@

Cutpq Lutpy

s
1 My

H@ IT ase.dne.

=] Sutr T eu-&-TT 1
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Switching the summation index from p to A := p + v the integral above can be written as

(_1)V+1 / / I A (Zfl — g@l)
Io = N T
Z Z TV Dy, Do, 281Gy Gy, 1— Z€1<€1

1<t:<n
1<la<--<ly,<n

le_Zé = Hd& i,

T =1

n—1 n
(_1)V+1 / / 20y (Zh - Ch)
+ R e
;)\Zy;l Z A Dy, Dy, 1£1€Ce,+Ceyy Cepyyg Gty 1— Z&Czl

1<t:<n
1<la <<l <n

1<l p1<-+<lr<n
le_zé o THA G = Hd& dny,

- (= / / ———2 (20 — ) T
= B — . e - — S d d
Z Z v ., s, fe1z14‘52~--<ey 1— H 1— 2 Ce H &, dn,

Z£1C£1
1<t1<n T= Tr=l1
1<la<--<ly,<n

n A—1
(=pr*! 2o, (20, — Coy)
T Z Z Z A D fflflCeQ Coy Ceyq Gy -
L1

11— 20, Cﬁl
1<t1<n

A

1<la<--<l<n
1<l 41<-<lr<n

v

[ [——= H @T Hd@ ..

721_ZETCZTT v+1 — %t

For the second term with some a,,, we have

n A— n v—1
ZZ ZZ%A, 2<A<n, 1<v<A—1.

v=2 \=1

So adding the first term with the second one we get

_ ~x (_1))\+1 2y (Zkl — Ckl)
I = Z Z Z v Dy, e Dy, fk1k1§k2~--gk/\fk>\+l.A-Cku 1— o

—1 Y Zk1Ck1
v=1 \=1 1<ki<n

1<ko < - <kr<n
1§k>\+1<-~<ku§n

A

XHl—Zka H Ck:— Hdgkdnk

T=2 =2+1

DD SRy A Y
- e (2t — G fre, -7
k, v=1 A=1 v D)oy, D, Ek Gy Chy Sy Sy g

1<k <-<ky_1<n vt
1<ky<-<ky_1<n
E¢{k1,kx_1}
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A
2k Zk
X—— T_ dé-de’r]kT
1 — 2y, 1_[1 1 — 2, Gy, Tllq Chr — 2k, H
k;k-r

n v
kov=LA=1 " 4 cchy<n
1<kyp1<<ku<n
k €4k, ok )

A
==
T=1

The third term to be calculated is

)\+1 /
Dy,

v

e

1 - szCk‘r T=A+1

H A&, dny, .

Ck fkl k Cry - Ckxng_l'"Ckl,

I := (2710” /a . Re < gradcug(C), ¢ > [2(% — 1}%
- (2732 /aoﬂ)n [ng“ogk} [ E 1]%
) % kil (27;)” /8010" [@Fk " Ck?k} [ZC—EZ - 1]% =Igat+ Loy, z€ D™

From (1.24) it follows that

n

1 1
Isa:_ PNV
’ 2;(%@)”

By direct application of (

/aojpn Ce Lok frok [2ﬁ — 1] c

) we have I3, = 0 and therefore I3 = Ig3.

[ anlic 0%

¢ d¢

Hence from Ig3,(z) =0, z € D™, ie. I3,(0) =0 and

1 —d¢ O
> @ri)r /D WFep =2

it is obvious that

Further (1.28) gives

L=y Y

kv=lcp coch<n
1<ky 11 <<kn<n
ke{k17“'7kl/}

zz+1 /
7r” 2m " by,

v

<11

=1

A&, dnp,

1— 2z, Ck:T

— (2mi)"

/ Zka% - Is3a<0)
Py ¢

Zkfklkzk2 Zky

/ﬂ)k /8]Dk V41 /aﬂ)k

n

11

T=v+1

dCr,
Ck, — 2k,



22 CHAPTER 1. THE DIRICHLET PROBLEM

n 1/+1
* [T A Y
Z Z ﬂ-V 27-” n—v D b Dku oD, ir oD - klk(k Ck

Fv=l <k <o<hi<n
1<ky 1< <kn<n
ke{ky+17"'ykn}

v 2 n dgk
X T de d .
H 1— 2 Ch. &k ANk, TH—‘rl o — 21

Applying (1.26) once again leads to

n 1/+1
Iy= Y > /ﬂ)k1 / Zkfklk(kz o H ] _zzk defk s

Fv=1 | <y <o <hy<n
ke{ki,ku}
n n—v u—i-l
Yy O AT A e
k=1 p=11<01 <--<o,<n—v | by <oy <n Dy, Dy, Dk, kutoy
V=
1<ky+o'1< <kl/+au<n
ke{kl’ : 7ku}
v 1 v+u
XZkfk kCy -C d&y.. dny,
1kCpy+Chy, Ck Ck _ ™ ™
ko ky v+oq vtou p— 1 — ZkTCkT —1 Cku+0'7' Zkl/+a“r —1

14

n (_1)zx+1 2
’ Z Z m kal gkfklkckz oy Hmd%dnh

k=1 1<k <<k, <n

k¢ {ki,ku}
n n—v V+1
D IDIEEDY > e /]D /m /D /ﬂ,
kv=1p=11<o1<-<op<n—v 1<k < <ky<n k1 kv kuto,
17
].<k]/+o' <- <ku+a'u<n
gl{kl? . 7kl/
14 1 V+‘u
XCufrrz, = A&, dng.. -
15Ck., Cry, Ck +Ck _ ™ ™
2 v>Frtoy vtop b 1 — Zkrckr —1 Cky+g7- Rkystor =1

By switching the summation index from p to A:=v+ pand taking 1 <v<n, 1 <u<n-—v
into account it is easily seen that

n V—',-l
I = Z Z /kal / kf/ﬂkgk2 h, H T ZkTCdfdenkT

k=1 chycochy<n
ke{k17“'7kl/}

14

n n—1 n (_1)u+1 2
+ -~ 7 e z v [ —
O Ty AR Ty | et

k=1 v=1 \=v+1 1<k1<-<ky<n
1<ky 1< <krx<n
ke{k17.‘-7ku}

: (=

x H - THdgk dig. + Z 3 W_/D -/ ke, 20,

Rv=1 <<k, <n
k¢{ky, kv }
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v n n—1 n

_11/+1
ften 55 xS

T=1 k=1 v=1 A=v+1 1<ky<-<ky<n
1<ky 1< <k <n
kg {k1,ku}

v A

k.,
XC’“fklkaQ-fk,,Ckyﬂ~~~CkA H H G- dek dny. .

1 _Zk Ckh' T=v+1

Changing the summation order of the second and the fourth term for some a,) gives

n—1 n n -1 n -1 n
ZZ@W\—ZZ%,\: Za,,,\—ZZa)\l,, 1<v<n—1, 1<pu<<n—vw.
v=1 A\=v+1 =2 v=1 A=1 v=1 v=1 \=1

Adding up the first term with the second and the third term with the fourth we reach

n v
(_1)>\+1
[83 = Z Z Z v D, e D, Zkfk:lkzk2~-‘zk>\ck>\+l...Cku
1 v

k=1 =1 1<k <--<kr<n
1<kyp1<<ky<n
ke{ki,kx}

XHl—zk Ck H Ck — Hdﬁkfdnkf

=2+1

S D S Ay A v

k=1 A=1 1<k1<--<ky<n
1Sk/\+1<"’<ky§n
ke‘;’{kl,---,kx}

Hl_zm H ck— dekdnk

=A+1

Thus

Iig — Lo = Z Z Z v D o D Ckfkl k Zkg'"z’@)\c’u+1"'<’w
k1 ky

kv=1A=l" b cchy<n
1<kyp1<<kv<n
ke{ky,-kx}

A
le_ZW H ck— Hdﬁkdnk

T r=A+1

n v (_1)>\+1
D YR SR A AT

ky=1 A=1 1<ki1<--<kx<n
1<kyp1<<kv<n
k¢{k1 kAt

H H A dedenkT.

e 1D
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n v (_1))\+1 n
- D Y Ty 3L e

= = k —
vELASL cp cochy<n v k=1
1§k)\+1<"'<ku<n

A

XHl—Zka

T=1

H e dek,dnk,.

T r=A+1
Next we simplify the solvability conditions (1.21). Since the Cauchy kernel of (1.21) is real,
the condition is actually equivalent to

n v—1
1

BN X g oy [0 - 1000+ < oradn©),¢ > (0]

1<k1<-<kx<n
1<k 1 <<ky<n

Zk z 2k dC
X . ———==0, zeD", (€dyb". 1.29
HCk _ZkTT];[HCkT_ 2k, ’ (1.29)

The remaining is to clarify the second and the third term. Applying (1.5) and (1.6) we find

P - SR ;m /8 N [ < gradzu(©).¢ > —ug(0)

1<k1 < <kx<n
1§kk+1<~~-<k,,§n

XHC Zhr H —C, zeD", (e€dbD"

e AHCkT—ZkT

D> D A O T2 [T =
2mi)™ Jo,pn wiin MO Cr, — 21 Cry — 2k, G

v=2 1 1<ky <-<ky<n k=1 T=1 T r=A+1
1<kyp1<-<k,<n

T

n v—1

F _
S Y e L L, (@, - z Ce g,

VEZASL ch<o<ha<n
lgk)\+1<~~~<kl,§n fi;ék‘l
1<k, 1< <kn<n

_ A
1 ZlﬁC n A&, Ay 71_[2 CkTZfT =, 7111 Ce, — 71, H Cii]?

where 1 f(C) z d¢ L/ £(O) z dc

2mi C—ZC 2mi 1—2zC

/ fz(¢) dgdn, fec D), ze D, (1.30)
is used. Since
(Chy Fry) ¢, T Z C.F, G, — Hog,, = = Fy, + (B kG, T Z C.F, KCpy, ch KCr,
k=1

H;ék‘l K#k1
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and F,{Zk = fk,r , We have
1

L3 5 L

A=l V=2 A=l cchy<n
1<kyf1<<kv<n
1<ky 41 < <kn<n

A v n d
dcnan, [[ == T =TI

X le k1 =2 qu— = Rk, =241 T=2
Using | dc .
z - z =
2wt Jop T2 C T %/amf(ol—zidc
fecCcH(D) (1.31)

/f< —dﬁdn, ceD

and (1.30) again, we see

k=1 v=2 \=1 1<ki<-<ky<n
lgk)\+1<-~-<k,,§n
1<k, 411<-<kn<n

. T dG,

A _
R G, P I

X <ank1/€€k -l )
A+1 v)e, ...C —Z —
Cho Gy =1 1 ZkTCk"' T=A+1 1 Zk‘r kr r=1 T=v+1

Applying the formula,

1 /aomf@%:f(zwr i > (_;#/zpl/wk

2m)"
( T‘-Z) C k=1 p=0
1<y <<y <n
1§l/“+1<'“<l/k§n

11 1_Z c Hd&cfdm%, feci(bm) (1.32)

vr =1

« £
J2) T s o 1_[1 G — 2,
T=

T T:p'

see [2] page 262-263, we get

n

n v—1
— ZZ; Z %/kal "'/Dky [(ankU‘GCk)\Jrl“'Cku><k2“_<k>\

r=lv=2 A=l cchi<n
1<kyp1<<ku<n

n—v £ (_1)47;1,
)R 2. ]
—0 k k
0 icoicicousnor 1<kyioy <<kyio,<n e Vot
1<opu1<<op<n—v lgky+au+1<m<ku+g£ <n
{017"'705}:{17'"78}
- 1

X (ankka G >
A1 Ok J2 2 = _
+ " ChyChy, Ckytoy “'Cku+% Cky+aﬂ+l “Chyyoy g CkquaT Ry oy
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o )4 A > v

kV+UT k}q—

X H H dé-kv+a7' dnku+ari| H 1 _ E ( H 1 H dékr dnkq—
= ,u+1 T O =1 keSke p Iyt T Z’fkaf =

n n v—1 1
—= —_— “ e [(ankm% Ck )7 _
; v=2 ; Z T /1;)’?1 /ﬂ)ku At CkQ"'CkA

1<k <-<ky<n
1<kay1<<ky<n

DD > S

Dy D
1<01 < <oy <n—y 1<ky oy < <kytop<n Futoy Futay
{o1,00h={1,.¢}
0
- V+d7—
X <Cnfk1'$Ck,\+1"'Ckkay+cl"'Cku+oe> l l 1 — dfkl/+d‘rdnku+m'
C]“2 CI‘A =1 Zku+0'TCku+dT
n—v /{ (_1)€—u
Fy oy SRy S
—1 = k k
ELE=L cgicincou<ney 1<hyyo, < <hyto, <n vt vroe
1<opr1<-+<oe<n—v 1<kt Jrl< <kl,+gé<n
{o1,00}={1,-.£}
I
1

X (C wFbimCi G Gy, g, >7

CkQH.Ck)\Cklhl»o'l .”Cku+d“ =1 CkV"v’UT - ZkV+UT

A _ v
X H fotor H dfku+07dnku+57:| H ZZCT H H dék.,—dnkq- .

r=p+1 L= 2k, 0, Chsor 721 =1 1= ZkTCkT a1 1T ZkTCkf =

(1.33)

Changing the summation from ¢ to o := v + ¢ and changing the order of summation gives for
the last two terms

,_.
,_.

n oa—l1lv—

Sy > L

RELa=B V=LAl ) cochagn, 1<ha g1 <<ha<n {ki - kx}={h1,h2}
N U S, i S g

T

A — v v
_ Zn “h
x(C Jhincn, ¢ a>f = — | | — | | d&p, dnn..
K RLRGR 41 Ch ChyCny Tl_[l 1 —Zn,Ch, i L= 2n.Ch, 75

3
3
o}
|
—
<
|
—
o
|
R

1<hy < <ha<n , 1Shy 1 <-<hagu<n, {k1,kx kutoq kot 0 }= {h17 /,H-)\}
I<happr<-<ha<n, {kxy1, kv kuto, g kvtog ), b={ At

—y— A _ A+p
(—1)avn / / <_ % 1
S ey Y (Y S M | SR S » QR N
Ta Do, Do, K 1I€Ch>\+1 Cha Chz"'ch)\ H 1— szCkT TJ;[H Chq— — Zh,
a
D |
T=A+p+1 - Zh hr =1

Since
> =(20)

{k)\+17"'7kuyku+a#+1 a"'yku+aa71,}:{hAJrl»"':ha}
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for some a, with 1 < X\ < v — 1, we have

a—1 v—1 a—2 a—1 a—2 a—A—1
a—v [ a=A a—v [ a=A a—A—v [ @A
(=12 Jar = (=07 Jan = (=122 (N Y
v—\ v—X\ v
v=1 \=1 A=1 v=X+1 A=1 v=1
a—2 a—2

I
s
>
| —
~~
—_
I
—_
S~—
i
>
I
~—~
—_
~—
7
>
~/~
7
>
N—
|
VRS
7
>
——
—_
I
1
—~
—_
~—
Q
>
+
—
—
| I
S
>

Similarly from

{kl,"'vk)\akzﬂral 1"',ky+au}:{hl7"')h#+)\}

§ - 9
v—A>A
{kk+l7"'7kuyku+ou+1 7'“7ku+o'a_,,}:{h)\+u+17"'7ha}

for some ay, with 1 <A <v—-1,1<pu <a—vitcan be easily shown that

e () o= o () () e

a—pi— +A
- (1) (2 Y,

where the rule of changing orders of summation is just the same as of multiple integrals.
Thus we get the sum simplified to

n a—1

n 1 .
a A+1
1} / / (“ " )’ ¢
ZZ [ Z T ﬂ)hl ﬂ)ha C fhl Ch>\+1 Cha <h2"'ChA

k=1 a=3 \=1 1<hy<-<hy<n
1<hy41<<ha<n

A a n n oa—2oa—A-1
Zh, TSN
XHl_thChfrl:!rll .G rrl_Ildgh - +;§)\1 ; < ) Z

1<h1 < <hy<n
1§h,\+1<"‘<h)\+ugn
lgh)\+u+1<~--<ha§n

A

(_1)a7uf)\+1 / / (_ Eh
D R C fh >7 B S A
T D, Do, K 1/‘€Ch)\+u+1 Cha Chg"'ch)\_;,_# 71:[1 1— ZhTChT
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Atp 1 a
<11 [[ —— Hdﬁmdnm ,z€D", (1.34)
,7_:>\+1 Ch'r _Zh :)\+M+1 ]. _ZhTChT =1

namely /(z) is simplified one step further,

n n v—1

=220 X

FEL V=2 A=l <o<ha<n

1<k p1<<kv<n
A v
ZkT
=
1 —Zk, Ck,
n n v—1

DDIPM[E)

A+l _ 1}
k=1 v=3 A\=1

2.

1<hi<-<hx<n

3/
i Dy,

11

=A+1

| (G ).
/ﬂ‘)ku<ﬂ 1RGCky 4 q "Gl Ty Ty

H déx, dny.,

1—Zk CkTT 1

1<h>\+1<"'<hy<n

A v
XH ll
1—2
=1 hTChT y 11 th— [ ——

H d&p, dnp, + Z

R G

L (Cans).

v D, D, 15€Chy 41 Chy Ty,
2 v—A—1

n n v— A—

pu=1

2.

1<hi<--<hx<n
1§h>\+1<-~<h,\+,¢§n
1§hA+#+1<~~~<hy§n

k=1 v=

3 =1

A _

(—1)r—HA+ / / (_ 5
A Cofiine i V)i B L
ind D, D, K ARGy 1y g7 "6R C}LQ"'Ch,\-H;, 7]_;[ 1-— ZhTChT

Atp v
1
< |1 [ ] ——lldfhdnhT7Z€mn (1.35)
T:)\+1Chf_2’h =/\+}H-11_Zh Ch‘TT 1

From the first and the second term it follows that

2
C fk K dfdeUkT
> X [ )
1<ki<n
1<k2<n
+X”:"”Z—i 5 ﬂ/ / <ka< C)
p=lv=3 A=l ™ Dy, Dy, P R oy iy

1<k1 < <krx<n
1<kk+1<"'<kv<n

v

Zk.r
- H L =2 Gy H
>

1§k1<~~<k’)\§n
1<k)\+1<'~~<kl,<n

=2+1

(_1)1/7)\+1 / / (_
v Dy, Dy, Crfrantuy

3
3
AN
|
—_

X
I
—_
<
I|
o
>
Il
—

v

XHl—Zka H

=A+1

1 - ZkTCkT

H dé, i,

1=z, CkT

H Ay, dny,, .

T=1
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Adding this term to the last term of I(z) in (1.35) leads to

n v—1lv 1

_ Z":Z i: ( A > 3 (—1)”7:_A+1 /]Dkl

k=1 v=2 A=1 u=0 1<k1 < <kx<n

1Skk+1 <~--<k,\+M§n
IS’C)\+H+1<-~-<kVSTL

X (CnfklfﬁCkA+u+l“'Cku>—

ChyChngn 21

v

< ] — dekfdnk” zeD".

T=Ap+1 Zkf kr 7=1

29

(1.36)

As (1.29) is just needed on gD ™, if we consider (1.36) for z € JplD ™ instead of z € D™ and

take
C—2)t=-201-207", 2 € 0D,

into account, then it can be written as

n v—1lv 1

oy i(““) 5 L//

k=1 v=2 A=1 p=0 1<k <-<kxyu <n

1<k pt1<<kv<n

A _ v

_ Zk,
X (ClikaHCk)\Jrqul"'Cky)* H z H

CkQH.Ck)\+/,L — ]_ - ZkTCk‘r >\+H+1 1 - ZkTCkT =

further via §:= A+ u

n n v—1

dekfdﬂm , 2 € 0D,

p 8 I/ A—1
= Z Z < by ) Z / / C fklﬁ(km_l . ka)
k=1 v=2 =1 \=1 D, Dy, Chy Ckﬁ

1<k1<--<kg<n
1§kﬂ+1<“'<ku§n

14

H m dekfdnkf , 2 € 00D .

s
le

bl S Ck el e
But from vt B v—1 B
S0 (M Yo = S0 S0 (7 e
B=1 A=1 p=1 A=1
:V—1< 1)1, 1[(1_1)ﬁ_(_1)0( fg )}GB—VZ_I(—U ag
=1 p=1

where ag are some definite terms with 1 < 8 <wv — 1, it follows that

n n v—1

=220 X

k=1 v=2 A=1 1<ky <---<ky<n
1§kk+1<~~-<kl,§n

Dy,

<§/§fk‘1lifk)\+l “'Ck,,)

Ty T,
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A _ v

x 1:[1 - _';’:Tck H H ey, dny.. . 2 € 9™ . (1.37)

i ZkTCkT -

Finally we have got explicitly the solvability conditions as well as the unique solution, i.e.,

n v—1 A _ v
1 Zk. dg
25 JHND DIy ) SRR} 1 P | i
— — oD ™ — o T T T
v=2 \=1 1<ky<--<kr<n T=1 =A+1
1<kyp1<<kv<n
1

aySY(7) xS

=2 A=1 p=0 1<k <--<kx<n
1§]€/\+1<“~<k‘)\+”§n
lgk)\+“+1<-~-<ku§n

v—1v

n A _ A
<E f 2k, 1
K 1HCk>\+u+1 Cku = = - —
k=1 Ck?mckkﬂi =1 1 ZkTCkT T=A+1 CkT Zhr

v

<l

dedenkT, (€D, zeD", (1.38)
r=Atpt1 1- Z’fTC’fT

or

n

v—1 v
1 Ek Zke dC
7555 DENED DIy S SVR IO} p S | (R
v=2 A=1 (2m0)" Joypn v Che = Zke o Zigy She T 2R G
- 1<k1 <<k x<n -
1Sk‘)\+1<“'<k5u§n

n v—1

|
e cy )
) DD DR L Y D DI YIS R

V=2 A= p cichy <n
1§k:/\+1<~~-<ky§n

A _ v

X 71_[1 1 _Z:];CkT H Hdgk dT]kT , z €0 D", (139)

T= )\Jrll_zk CkTT 1

where the integral is understood as Cauchy principal value,

d
) = o [ S0 2

(- g 0 - )l

n
i Z Z /le / fk:llekg Chy (Zkl’]fkl Ckl )d&ﬁd My H M

1<ki<n
1<ko <<k <n

D DR / -/ b Hdg’f <4

— Z
v=2 1<k <--<k,<n Ckf kr
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I

v=LA=L cp cochy<n
1<kyp1<<ky<n

v

11 o — 2 dek dn, , z€D".  (1.40)

- Z"?TC’“ =Af1 kr

. A
X Z Ck’fk;lk’sz'“ZkACk)\ﬁ»l “ H 1

k=1

Theorem 5 Let fi(z) € CY*(ID™) N Li(D™) and satisfy the compatibility conditions (1.2).
A particular solution to the inhomogeneous system (1.1) is given by (1.7). If the problem M is
solvable then condition (1.12) must be satisfied. The modified problem M is solvable if and only
if condition (1.12) and (1.38) or (1.39) hold. Then the unique solution is given by (1.40). The

corresponding homogeneous problem has no any nontrivial solutions. The modified problem M
18 well-posed.
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