
Chapter 1

The Dirichlet problem for the
inhomogeneous pluriholomorphic
system

1.1 Preliminaries and Definition

The Dirichlet problem for the inhomogeneous pluriharmonic system in polydiscs was studied
in many papers to various extend, see [7] and [10]. However only in [2] Chapter 5 and [4]
the problem is solved in full scale: the solvability conditions and the unique solution are given
explicitly . About the Dirichlet problem for the inhomogeneous pluriholomorphic system in
polydiscs there is no such rich result, see again [7] and [10] .

Let DI n be the unit polydisc {z : z = (z1, · · · , zn) ∈ CI n , |zk| < 1 , 1 ≤ k ≤ n} and ∂0DI
n be

its essential boundary {z : z = (z1, · · · , zn) ∈ CI n , |zk| = 1 , 1 ≤ k ≤ n} . Let fkl , γ0 be given
functions with fklzj ∈ L1(DI n) ∩ Cα(DI n), γ0 ∈ Cα(∂0DI

n) , α ≥ 1/2. Consider the following
inhomogeneous system of n(n+ 1)/2 independent equations

∂2u

∂zk∂z`
= fk`(z), 1 ≤ k, ` ≤ n (1.1)

with given right – hand sides, satisfying the compatibility conditions

fk` = f`k ,
∂fk`
∂zj
− ∂fkj

∂z`
= 0 , 1 ≤ k , ` , j ≤ n . (1.2)

Problem D . For γ0 ∈ Cα(∂0DI
n) find a Cα(DI n) – solution of system (1.1), satisfying the

Dirichlet condition
u(ζ) = γ0(ζ), ζ ∈ ∂0DI

n . (1.3)

It is known that any solution to (1.1) can be represented as, see [2],

u(z) = ϕ0(z) +
n∑
k=1

zkϕk(z) + u0(z) (1.4)

9



10 CHAPTER 1. THE DIRICHLET PROBLEM

where ϕk(z)(k = 0, 1, · · · , n) are arbitrary analytic functions in DI n , u0(z) is a special solution
to (1.1) and has to be found. For this purpose we quote a theorem from [2].

Theorem 1 Let Dn := Xn
k=1 Dk, Dn := Xn

k=1 Dk where Dk is a smooth bounded plane domain
in CI , 1 ≤ k ≤ n . Let w have mixed derivatives with respect to each variable of first order in
L1(Dn) . Then w = ϕ+ w0 where ϕ is analytic in Dn and

w0 =
n∑
ν=1

(−1)ν+1
∑

1≤k1<···<kν≤n

TkνTkν−1 · · ·Tk1wζk1
ζk2
···ζkν

.

Remark 1 Tk, 1 ≤ k ≤ n is the Pompeiu operator , given by

Tkf(z) = − 1

π

∫
Dk

f(ζ)
dξkdηk
ζk − zk

, 1 ≤ k ≤ n, ζk = ξk + iηk, ζ = (ζ1, · · · , ζn) ∈ ∂0D
n

see [29] .

1.2 Special solution

Applying once this theorem to the system (1.1) one can easily obtain the special solution

u0z` =
n∑
ν=1

(−1)ν+1
∑

1≤k1<···<kν≤n

TkνTkν−1 · · ·Tk1fk1` ζk2
···ζkν

=: F`, 1 ≤ ` ≤ n. (1.5)

For solvability of (1.5) we need the compatibility conditions

F`zk = Fkz` 1 ≤ `, k ≤ n,

to be satisfied, which is actually equivalent to fk` = f`k. Repeating once more the above
procedure we get a particular solution to (1.1)

u0 =
n∑
ν=1

(−1)ν+1
∑

1≤`1<···<`ν≤n

T`νT`ν−1 · · ·T`1F`1ζ`2 ···ζ`ν . (1.6)

Carefully combining (1.5) with (1.6), the final explicit form of u0 can be found.

u0 =
n∑

`1=1

T`1F`1 +
n∑
ν=2

(−1)ν+1
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1F`1ζ`2 ···ζ`ν

=
n∑

`1=1

T`1

 n∑
µ=1

(−1)µ+1
∑

1≤k1<···<kµ≤n

Tkµ · · ·Tk1fk1`1ζk2
···ζkµ


+

n∑
µ=2

(−1)µ+1
∑

1≤k1<···<kµ≤n

Tkµ · · ·Tk1fk2k1ζk3
···ζkµ
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=
n∑

k, µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

+
n∑

k, µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k/∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

+
n∑
ν=2

(−1)ν+1
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1f`2`1ζ`3 ···ζ`ν

Since
{(k, `1, · · · , `n) | 1 ≤ `1 < · · · < `n ≤ n ; k 6= `α ∈ NI } = φ

it follows that
n∑

k, µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k/∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

=
n−1∑
µ=1

(−1)µ+1

n∑
k=1

∑
1≤`1<···<`µ≤n
k/∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ =: C

Let α 6= β and α, β ∈ {1, · · · , n}. Then

C =
n−1∑
µ=1

(−1)µ+1
[ n∑

k=1

k/∈{α, β}

∑
1≤`1<···<`µ≤n
k/∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

+TαTβ
∑

1≤`1<···<`µ≤n
α, β /∈{`1,···,`µ}

T`µ · · ·T`1f`1 α ζ`2 ···ζ`µζβ + TβTα
∑

1≤`1<···<`µ≤n
α, β /∈{`1,···,`µ}

T`µ · · ·T`1f`1 β ζ`2 ···ζ`µζα
]

=
n−1∑
µ=1

(−1)µ+1
[ n∑

k=1

k/∈{α, β}

∑
1≤`1<···<`µ≤n
k/∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

+TαTβ
∑

1≤`1<···<`µ≤n
α, β /∈{`1,···,`µ}

T`µ · · ·T`1fβα ζ`1 ···ζ`µ + TβTα
∑

1≤`1<···<`µ≤n
α, β /∈{`1,···,`µ}

T`µ · · ·T`1fα β ζ`1 ···ζ`µ
]

where the condition (1.2) is used. Paying attention to the fact that α, β ∈ {1, · · · , n} and that
for every (α, β)- term there is one and only one (β, α)- term and they are equal to each other
by the condition (1.2) it is easy to see that

C = 2
n∑
ν=2

(−1)ν
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1f`1`2ζ`3 ···ζ`ν .
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Thus

u0 =
n∑

k, µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k∈{`1,···,`µ}

T`µ · · ·T`1Tkf`1kζ`2 ···ζ`µ

+
n∑
ν=2

(−1)ν
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1f`1`2ζ`3 ···ζ`ν .

Further by means of the compatibility condition (1.2) the special solution u0 can be written as

u0 =
n∑
µ=1

(−1)µ+1
∑

1≤`1≤n
1≤`2<···<`µ≤n

T`µ · · ·T`2T 2
`1
f`1`1ζ`2 ···ζ`µ

+
n∑
ν=2

(−1)ν
∑

1≤`1<···<`ν≤n

T`ν · · ·T`1f`1`2ζ`3 ···ζ`ν . (1.7)

1.3 Boundary values of a holomorphic function in poly-

discs - A necessary and sufficient condition

Now we specify the general solution (1.4) with the Dirichlet boundary condition (1.3):

ϕ0(ζ) +
n∑
k=1

ζkϕk(ζ) + u0(ζ) = γ0(ζ) , ζ ∈ ∂0DI
n (1.8)

i.e. ,
n∑
k

ζk

[ 1

n
ζk(ϕ0(ζ) + u0(ζ)− γ0(ζ)) + ϕk(ζ)

]
= 0 , ζ ∈ ∂0DI

n . (1.9)

The equality (1.9) holds if and only if

ζkϕ0(ζ) + nϕk(ζ) = ζk

[
γ0(ζ)− u0(ζ)

]
, ζ ∈ ∂0DI

n , (1.10)

holds for 1 ≤ k ≤ n . Since the left–hand side is the boundary value of a holomorphic function,
the right–hand side is too. Thus from the Cauchy formula it follows that (1.10) holds if and
only if

1

2πi

∫
∂DI k

ηh

[
γ0(η)− u0(η)

] dηk
ηk − ζk

=
1

2
ηh

[
γ0(η)− u0(η)

]∣∣∣∣
ηk=ζk

,

η = (ηk, η
′
) ∈ ∂0DI

n , |ζk| = 1, η
′
= (η1, · · · , ηk−1, ηk+1, · · · , ηn)

for any k, h ∈ {1, · · · , n}, i.e.,

1

2πi

∫
∂DI k

< η, z >
[
γ0(η)− u0(η)

] dηk
ηk − ζk

=
1

2
< η, z >

[
γ0(η)− u0(η)

]∣∣∣∣
ηk=ζk

,
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η = (ηk, η
′
) ∈ ∂0DI

n , |ζk| = 1 (1.11)

Evidently, if the right–hand side of (1.10) is the boundary value of an analytic function in DI n,
then from (1.11) it follows that

1

(2πi)n

∫
∂0DI n

< η, z >
[
γ0(η)− u0(η)

] dη

η − ζ
=

1

2n
< ζ, z >

[
γ0(ζ)− u0(ζ)

]
, ζ ∈ ∂0DI

n . (1.12)

This means (1.12) is a necessary solvability condition of the system (1.1) for the boundary
condition (1.3). However, it is not sufficient for the above problem to be solvable. This can be
shown by a simple example:

Let n = 3 and fk` = 0, γ0(ζ) = ζt11 ζ
−t2
2 ζ−t33 , ti ∈ NI , i = 1, 2, 3. Clearly the necessary condition

(1.12) is satisfied for this example, but the condition (1.12) is not satisfied for ζ2 and ζ3. The
reason is that γ0(ζ) − u0(ζ) is not the boundary value of a function, which is holomorphic in
DI 3.

Theorem 2 Let W (∂0DI
n) be the Wiener algebra on ∂0DI

n and Γ ∈ W (∂0DI
n) . Then the

condition
1

(2πi)n

∫
∂0DI n

Γ(η)
dη

η − ζ
=

1

2n
Γ(ζ), ζ ∈ ∂0DI

n (1.13)

is necessary and together with

1

(2πi)k

∫
∂0DI k

Γ(η)
dη∗

η∗ − ζ∗
=

1

2k
Γ(ζ(k)),

η = (η∗, η
′
) , ζ(k) = (ζ∗, η

′
) ∈ ∂0DI

n ; ζ∗ , η∗ ∈ ∂0DI
k , k = 1, 2, · · · , n− 1, (1.14)

is necessary and sufficient for Γ to be the boundary values of a holomorphic function in DI n.

Proof By the definition of analytic functions we know that the function Γ is analytic in DI n

if and only if

1

2πi

∫
∂DI k

Γ(η)
dηk

ηk − ζk
=

1

2
Γ(η)

∣∣∣∣
ηk=ζk

, η = (ηk, η
′
) ∈ ∂0DI

n , |ζk| = 1. (1.15)

Suppose condition (1.15) holds. That means

1

2πi

∫
∂DI 1

Γ(η)
dη1

η1 − ζ1

=
1

2
Γ(ζ(1)),

η = (η1, η
′
) , ζ(1) = (ζ1, η

′
) ∈ ∂0DI

n ; η1 , ζ1 ∈ ∂DI 1 .

Thus the case k = 1 is proved.

For ζ(1) from (1.15) it follows that

1

2πi

∫
∂DI 2

Γ(ζ(1))
dη2

η2 − ζ2

=
1

2
Γ(ζ(2)),

ζ(1) = (η∗, η
′
) , ζ(2) = (ζ∗, η

′
) ∈ ∂0DI

n ; η∗ = (ζ1, η2) , ζ∗ = (ζ1, ζ2) ∈ ∂0DI
2 .
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Further by the previous equality we have

1

(2πi)2

∫
∂0DI 2

Γ(η)
dη∗

η∗ − ζ∗
=

1

22
Γ(ζ(2)) ,

i.e., condition (1.14) is true for the case k = 2.

We assume condition (1.14) is true for the case k = n− 1, i.e.,

1

(2πi)n−1

∫
∂0DI n−1

Γ(ζ(n−2))
dη∗

η∗ − ζ∗
=

1

2n−1
Γ(ζ(n−1)), ζ(n−2) = (η∗, η

′
) ,

ζ(n−1) = (ζ∗, η
′
) ∈ ∂0DI

n ; η∗ = (ζ1, · · · , ζn−2, ηn−1) , ζ∗ = (ζ1, · · · , ζn−2, ζn−1) , ∈ ∂0DI
n−1 .

Applying (1.15) for ζ(n−1) we have

1

2πi

∫
∂DI n

Γ(ζ(n−1))
dηn

ηn − ζn
=

1

2
Γ(ζ), ζ ∈ ∂0DI

n .

Hence, from the assumption for k = n− 1 it follows that

1

(2πi)n

∫
∂0DI n

Γ(η)
dη

η − ζ
=

1

2n
Γ(ζ) , ζ ∈ ∂0DI

n .

So the case k = n is proved.

Next from (1.13) and (1.14) we derive (1.15) , i.e., that the function Γ(ζ) is analytic for
every ζk, 1 ≤ k ≤ n , |ζk| ≤ 1.

Assume condition (1.13) and (1.14) hold, i.e.,

1

(2πi)k

∫
∂0DI k

Γ(η)
dη∗

η∗ − ζ∗
=

1

2k
Γ(ζ(k)),

η = (η∗, η
′
) , ζ(k) = (ζ∗, η

′
) ∈ ∂0DI

n ; ζ∗ , η∗ ∈ ∂0DI
k , k = 1, 2, · · · , n− 1, n.

Then
1

(2πi)n

∫
∂0DI n

Γ(η)
dη

η − ζ
=

1

2n
Γ(ζ), ζ ∈ ∂0DI

n ,

and
1

(2πi)n−1

∫
∂0DI n−1

Γ(η)
dη∗

η∗ − ζ∗
=

1

2n−1
Γ(ζ(n−1)),

η = (η∗, η
′
) , ζ(n−1) = (ζ∗, η

′
) ∈ ∂0DI

n ; ζ∗ , η∗ ∈ ∂0DI
n−1 , η

′
= ηn ∈ ∂DI n.

But since

1

(2πi)n

∫
∂0DI n

Γ(η)
dη

η − ζ
=

1

(2πi)n

∫
∂DI n

∫
∂0DI n−1

Γ(η)
dη∗

η∗ − ζ∗
dηn

ηn − ζn
it follows that

1

2πi

∫
∂DI n

Γ(ζ(n−1))
dηn

ηn − ζn
=

1

2
Γ(ζ) , ζ = (ζ∗, ζn) , ζ(n−1) = (ζ∗, ηn) ∈ ∂0DI

n,

i.e., function Γ(η) is analytic for ηn , |ηn| ≤ 1. The rest can be proved in the same way.

This theorem can be proved also by applying the properties of the Wiener algebra and
Fourier series method.

Remark 2 Cα(∂0DI
n) ⊂ W (∂0DI

n), α ≥ 1/2 , see [16].
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1.4 The classical problem

Lemma 1 Equivalently to (1.12), condition (1.12) together with

1

(2πi)k

∫
∂0DI k

< η, z >
[
γ0(η)− u0(η)

] dη∗

η∗ − ζ∗
=

1

2k
< ζ(k), z >

[
γ0(ζ(k))− u0(ζ(k))

]
,

η = (η∗, η
′
) , ζ(k) = (ζ∗, η

′
) ∈ ∂0DI

n ; ζ∗ , η∗ ∈ ∂0DI
k , k = 1, 2, · · · , n− 1, (1.16)

becomes necessary and sufficient for the problem D to be solvable.

Interestingly in the case n = 1 condition (1.16) vanishes automatically and therefore condition
(1.12) alone is necessary and sufficient for the problem to be solvable.

Now by (1.10), if condition (1.12) holds, it is obvious that

nϕk(z) =
1

(2πi)n

∫
∂0DI n

ζk

[
γ0(ζ)− u0(ζ)

] dζ

ζ − z
− zkϕ0(z) .

Substituting it into (1.4) we have

u(z) =
[
1− < z, z >

n

]
ϕ0(z) +

1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ0(ζ)− u0(ζ)

] dζ

ζ − z
+ u0(z). (1.17)

Theorem 3 Let fk`(z) ∈ C1+α(DI n) ∩ L1(DI n) , 1/2 ≤ α and satisfy the compatibility condi-
tions (1.2). A particular solution to the inhomogeneous system (1.1) is given by (1.7). If the
problem D is solvable then the condition (1.12) must be satisfied. The problem D is solvable
if and only if the condition (1.12) holds. The solution is given by (1.17). The correspond-
ing homogeneous problem has an infinite number of nontrivial solutions. The problem is not
well–posed.

In order to get a unique solution we may introduce a proper boundary condition.

1.5 The modified problem

Problem M . Find a C1+α(DI n) – solution of system (1.1), which satisfies condition (1.3) and

Re < gradζu, ζ >= γ1(ζ) , ζ ∈ ∂0DI
n , Im u(0) = C0 , (1.18)

as well.

The representation (1.4) gives

uzk = ϕk(z) + u0zk , z ∈ DI n ,

or

< gradζu , ζ >=
n∑
k=1

ζk

(
ϕk + u0 ζk

)
, ζ ∈ ∂0DI

n .
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So by the first part of the modified boundary condition (1.18) we have

Re
n∑
k=1

ζkϕk(ζ) = γ1(ζ)−Re
n∑
k=1

ζku0 ζk
, ζ ∈ ∂0DI

n . (1.19)

Taking the real part of (1.8) and combining it with (1.19) leads to

Reϕ0(ζ) = Re
[
γ0(ζ)− u0(ζ)+ < gradζu0, ζ >

]
− γ1(ζ) , ζ ∈ ∂0DI

n . (1.20)

This is a simple Schwarz problem for analytic functions in DI n and this problem is solvable if
and only if, see [2],

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

{
Re
[
γ0(ζ)− u0(ζ)+ < gradζu0, ζ >

]
− γ1(ζ)

}

×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0 , ζ ∈ ∂0DI

n , z ∈ DI n , (1.21)

is satisfied . For any real C then

ϕ0(z) =
1

(2πi)n

∫
∂0DI n

{
Re
[
γ0(ζ)−u0(ζ)+ < gradζu0, ζ >

]
−γ1(ζ)

}[
2

ζ

ζ − z
−1
]dζ
ζ

+iC (1.22)

is analytic in DI n and satisfies (1.20).

Having the second part of the modified boundary condition M in mind , by (1.17) and (1.22)
we have got the unique solution of the system (1.1), i.e.

u(z) =
1

(2πi)n

∫
∂0DI n

< ζ, z >

n

[
γ0(ζ)− u0(ζ)

] dζ

ζ − z
+ u0(z) +

[
1− < z, z >

n

]
×
{ 1

(2πi)n

∫
∂0DI n

[
Re
(
γ0(ζ)−u0(ζ)+ < gradζu0, ζ >

)
− γ1(ζ)

][
2

ζ

ζ − z
− 1
]dζ
ζ

+ iC0

}
. (1.23)

Next we simplify the solvability condition (1.21) and the solution (1.23).
Let

Is1 :=
1

(2πi)n

∫
∂0DI n

< ζ, z >

n
u0(ζ)

dζ

ζ − z
.

Since
1

2πi

∫
∂DI

ζ
κ
Tf(ζ)

dζ

ζ − z
= 0, f ∈ L1(DI ), 0 ≤ κ, z ∈ DI , (1.24)

see [2] Lemma 5.20 page 305, it is easy to see

Is1 =
1

(2πi)n

∫
∂0DI n

n∑
k=1

ζkzk
n

TkFk
dζ

ζ − z

=
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

(2πi)

∫
∂DI k

ζkT
2
k fkk(ζ)

dζ

ζ − z
.
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Substituting

T 2f(ζ) =
1

π

∫
DI

f(η)
η − ζ
η − ζ

dη1dη2 (1.25)

we have

Is1 =
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

2πi

∫
∂DI k

ζk

[ 1

π

∫
DI k

fkk(ηk)
ηk − ζk
ηk − ζk

dη1,kdη2,k

] dζk
ζk − zk

n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

=
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

π

∫
DI k

fkk(ηk)
[ 1

2πi

∫
∂DI k

ζk
ηk − ζk
ηk − ζk

dζk
ζk − zk

]
dη1,kdη2,k

n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

=
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

π

∫
DI k

fkk(ηk)
[ 1

2πi

∫
∂DI k

1− ζkηk
ηk − zk

( 1

ζk − ηk
− 1

ζk − zk

)
dζk

]
dη1,kdη2,k

×
n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

=
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

π

∫
DI k

fkk(ηk)
[1− ηkηk
ηk − zk

− 1− zkηk
ηk − zk

]
dη1,kdη2,k

n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

=
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

π

∫
DI k

fkk(ηk)(−ηk)dη1,kdη2,k

n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

= −
n∑
k=1

zk
n

1

(2πi)n−1

∫
∂0DI n−1

1

π

∫
DI k

ζkfkk(ζ)dξkdηk

n∏
τ=1
τ 6=k

dζτ
ζτ − zτ

.

By simple repetition of the Pompeiu formula for one variable it is easy to derive

1

(2πi)n

∫
∂0DI n

f(ζ)
dζ

ζ − z
= f(z) +

n∑
ν=1

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

fζk1
···ζkν

ν∏
τ=1

dξkτdηkτ
ζkτ − zkτ

,

(1.26)
where f is defined and properly differentiable in DI n , continuous even on DI n.
Direct application of the formula for n− 1 variables shows that

Is1 =
n∑
ν=1

∑
1≤k1≤n

1≤k2<···<kν≤n

zk1

n

1

πν

∫
DI k1

· · ·
∫
DI kν

ζk1
fk1k1ζk2

···ζkν
dξk1dηk1

n∏
τ=2

dξkτdηkτ
ζkτ − zkτ

.

The second term we have to simplify is

Is2 =
1

(2πi)n

∫
∂0DI n

[
Reu0(ζ)

][
2

ζ

ζ − z
− 1
]dζ
ζ
.
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Applying (1.21) and its special case (z = 0), we have

Is2 =
1

(2πi)n

∫
∂0DI n

u0(ζ)
dζ

ζ − z

=
n∑
ν=1

(−1)ν+1
∑

1≤k1<···<kν≤n

1

(2πi)n

∫
∂0DI n

Tkν · · ·Tk1Fk1ζk2
···ζkν

dζ

ζ − z

=
∑

1≤k1≤n

1

(2πi)n

∫
∂0DI n

Tk1Fk1

dζ

ζ − z

+
n∑
ν=2

(−1)ν+1
∑

1≤k1<k2<···<kν≤n

1

(2πi)n

∫
∂0DI n

Tkν · · ·Tk2Tk1fk2k1ζk3
···ζkν

dζ

ζ − z

=
n∑

k1,µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`1Tk1f`1k1ζ`2 ···ζ`µ

dζ

ζ − z

+
n∑
ν=2

(−1)ν+1
∑

1≤k1<k2<···<kν≤n

1

(2πi)n

∫
∂0DI n

Tkν · · ·Tk2Tk1fk2k1ζk3
···ζkν

dζ

ζ − z

=
n∑

k1,µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k1∈{`1,···,`µ}

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`1Tk1f`1k1ζ`2 ···ζ`µ

dζ

ζ − z

+
n∑

k1,µ=1

(−1)µ+1
∑

1≤`1<···<`µ≤n
k1 /∈{`1,···,`µ}

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`1Tk1f`1k1ζ`2 ···ζ`µ

dζ

ζ − z

+
n∑
ν=2

(−1)ν+1
∑

1≤k1<k2<···<kν≤n

1

(2πi)n

∫
∂0DI n

Tkν · · ·Tk2Tk1fk2k1ζk3
···ζkν

dζ

ζ − z

=
n∑
µ=1

(−1)µ+1
∑

1≤`1≤n
1≤`2<···<`µ≤n

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`2S`1f`1`1ζ`2 ···ζ`µ
dζ

ζ − z

+
n∑
µ=1

(−1)µ+1
∑

1≤k1≤n
1≤`1<···<`µ≤n

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`1Tk1f`1k1ζ`2 ···ζ`µ

dζ

ζ − z

+
n∑
ν=2

(−1)ν+1
∑

1≤k1<k2<···<kν≤n

1

(2πi)n

∫
∂0DI n

Tkν · · ·Tk2Tk1fk2k1ζk3
···ζkν

dζ

ζ − z

Since the second term turns out to be

n∑
µ=2

(−1)µ
∑

1≤`1<`2<···<`µ≤n

1

(2πi)n

∫
∂0DI n

T`µ · · ·T`1f`2`1ζ`3 ···ζ`µ
dζ

ζ − z

it vanishes together with the third term.



1.5. THE MODIFIED PROBLEM 19

Theorem 4 Let f ∈ L1(DI ). Then

1

2πi

∫
∂DI

Sf(ζ)
dζ

ζ − z
=
z

π

∫
DI

f(ζ)
z − ζ
1− zζ

dξdη, z ∈ DI , (1.27)

where S = T 2.

Proof Using (1.25) we have

1

2πi

∫
∂DI

Sf(ζ)
dζ

ζ − z
=

1

π

∫
DI

f(η)
[ 1

2πi

∫
∂DI

η − ζ
η − ζ

dζ

ζ − z

]
dη1dη2

=
1

π

∫
DI

f(η)
[ 1

2πi

∫
∂DI

ζ(ζ − η)

1− ηζ
dζ

ζ − z

]
dη1dη2 =

1

π

∫
DI

f(η)
[z(z − η)

1− zη

]
dη1dη2 .

So
1

2πi

∫
∂DI

Sf(ζ)
dζ

ζ − z
=
z

π

∫
DI

f(η)
z − ζ
1− zζ

dξdη .

Applying (1.27) and

1

2πi

∫
∂DI

ζκTf(ζ)
dζ

ζ − z
=
zκ

π

∫
DI

f(η)
z

1− zζ
dξdη, 0 ≤ κ, f ∈ L1(DI ) (1.28)

see [2] page 307, we obtain

Is2 =
n∑
µ=1

∑
1≤`1≤n

1≤`1<···<`µ≤n
1≤`µ+1<···<`n≤n

(−1)µ+1

πµ(2πi)n−µ

∫
DI `1

· · ·
∫
DI `µ

∫
∂DI `µ+1

· · ·
∫
∂DI `n

f`1`1ζ`2 ···ζ`µ

×z`1(z`1 − ζ`1)

1− z`1ζ`1

ν∏
τ=2

z`τ
1− z`τ ζ`τ

ν∏
τ=1

dξ`τdη`τ

n∏
τ=µ+1

dζ`τ
ζ`τ − z`τ

.

With (1.26) then

Is2 =
n∑
µ=1

∑
1≤`1≤n

1≤`2<···<`µ≤n

(−1)µ+1

πµ

∫
DI `1

· · ·
∫
DI `µ

f`1`1ζ`2 ···ζ`µ
z`1(z`1 − ζ`1)

1− z`1ζ`1

×
µ∏
τ=2

z`τ
1− z`τ ζ`τ

µ∏
τ=1

dξ`τdη`τ

+
n∑
µ=1

n−µ∑
γ=1

∑
1≤ρ1<···<ργ≤n−µ

∑
1≤`1≤n

1≤`2<···<`µ≤n
1≤`µ+ρ1<···<`µ+ργ≤n

(−1)µ+1

πµ+γ

∫
DI `1

· · ·
∫
DI `µ

∫
DI `µ+ρ1

· · ·
∫
DI `µ+ργ

×f`1`1ζ`2 ···ζ`µζ`µ+ρ1
···ζ`µ+ργ

z`1(z`1 − ζ`1)

1− z`1ζ`1

µ∏
τ=2

z`τ
1− z`τ ζ`τ

γ∏
τ=1

1

ζ`µ+τ − z`µ+τ

µ+γ∏
τ=1

dξ`τdη`τ .
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Switching the summation index from µ to λ := µ+ γ the integral above can be written as

Is2 =
n∑
ν=1

∑
1≤`1≤n

1≤`2<···<`ν≤n

(−1)ν+1

πν

∫
DI `1

· · ·
∫
DI `ν

f`1`1ζ`2 ···ζ`ν
z`1(z`1 − ζ`1)

1− z`1ζ`1

×
ν∏
τ=2

z`τ
1− z`τ ζ`τ

ν∏
τ=1

dξ`τdη`τ

+
n−1∑
ν=1

n∑
λ=ν+1

∑
1≤`1≤n

1≤`2<···<`ν≤n
1≤`ν+1<···<`λ≤n

(−1)ν+1

πλ

∫
DI `1

· · ·
∫
DI `λ

f`1`1ζ`2 ···ζ`ν ζ`ν+1
···ζ`λ

z`1(z`1 − ζ`1)

1− z`1ζ`1

×
ν∏
τ=2

z`τ
1− z`τ ζ`τ

λ∏
τ=ν+1

1

ζ`τ − z`τ

λ∏
τ=1

dξ`τdη`τ

=
n∑
ν=1

∑
1≤`1≤n

1≤`2<···<`ν≤n

(−1)ν+1

πν

∫
DI `1

· · ·
∫
DI `ν

f`1`1ζ`2 ···ζ`ν
z`1(z`1 − ζ`1)

1− z`1ζ`1

ν∏
τ=2

z`τ
1− z`τ ζ`τ

ν∏
τ=1

dξ`τdη`τ

+
n∑
λ=2

λ−1∑
ν=1

∑
1≤`1≤n

1≤`2<···<`ν≤n
1≤`ν+1<···<`λ≤n

(−1)ν+1

πλ

∫
DI `1

· · ·
∫
DI `λ

f`1`1ζ`2 ···ζ`ν ζ`ν+1
···ζ`λ

z`1(z`1 − ζ`1)

1− z`1ζ`1

×
ν∏
τ=2

z`τ
1− z`τ ζ`τ

λ∏
τ=ν+1

1

ζ`τ − z`τ

λ∏
τ=1

dξ`τdη`τ .

For the second term with some aλν , we have

n∑
λ=2

λ−1∑
ν=1

aλν =
n∑
ν=2

ν−1∑
λ=1

aνλ, 2 ≤ λ ≤ n, 1 ≤ ν ≤ λ− 1.

So adding the first term with the second one we get

Is2 =
n∑
ν=1

ν∑
λ=1

∑
1≤k1≤n

1≤k2<···<kλ≤n
1≤kλ+1<···<kν≤n

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

fk1k1ζk2
···ζkλζkλ+1

···ζkν

zk1(zk1 − ζk1)

1− zk1ζk1

×
λ∏
τ=2

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ

=
n∑

k, ν=1

ν∑
λ=1

∑
1≤k1<···<kλ−1≤n
1≤kλ<···<kν−1≤n
k /∈{k1,···,kλ−1}

(−1)λ+1

πν

∫
DI k

∫
DI k1

· · ·
∫
DI kν−1

(zk − ζk)fkk ζk1
···ζkλ−1

ζkλ ···ζkν−1
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× zk

1− zkζk

λ∏
τ=1
k 6=kτ

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ .

=
n∑

k, ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
k ∈{k1,···,kλ}

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

(zk − ζk)fk1 k ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ .

The third term to be calculated is

Is3 :=
1

(2πi)n

∫
∂0DI n

Re < gradζu0(ζ), ζ >
[
2

ζ

ζ − z
− 1
]dζ
ζ

=
1

(2πi)n

∫
∂0DI n

Re
[ n∑
k=1

ζku0ζk

][
2

ζ

ζ − z
− 1
]dζ
ζ

=
1

2

n∑
k=1

1

(2πi)n

∫
∂0DI n

[
ζkFk + ζkF k

][
2

ζ

ζ − z
− 1
]dζ
ζ

= Is3a + Is3b , z ∈ DI n .

From (1.24) it follows that

Is3a =
1

2

n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkFk

[
2

ζ

ζ − z
− 1
]dζ
ζ

=
1

2

n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkTkkfkk

[
2

ζ

ζ − z
− 1
]dζ
ζ

.

By direct application of (1.24), we have Is3a = 0 and therefore Is3 = Is3b.
Hence from Is3a(z) = 0, z ∈ DI n, i.e. Is3a(0) = 0 and

n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkF k
dζ

ζ
=

n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkFk
dζ

ζ
= Is3a(0)

it is obvious that

Is3 =
n∑
k=1

1

(2πi)n

∫
∂0DI n

ζkF k
dζ

ζ − z
, z ∈ DI n.

Further (1.28) gives

Is3 =
n∑

k,ν=1

∑
1≤k1<···<kν≤n

1≤kν+1<···<kn≤n
k∈{k1,···,kν}

(−1)ν+1

πν(2πi)n−ν

∫
DI k1

· · ·
∫
DI kν

∫
∂DI kν+1

· · ·
∫
∂DI kn

zkfk1kζk2
···ζkν

×
ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ

n∏
τ=ν+1

dζkτ
ζkτ − zkτ
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+
n∑

k,ν=1

∑
1≤k1<···<kν≤n

1≤kν+1<···<kn≤n
k∈{kν+1,···,kn}

(−1)ν+1

πν(2πi)n−ν

∫
DI k1

· · ·
∫
DI kν

∫
∂DI kν+1

· · ·
∫
∂DI kn

ζkfk1kζk2
···ζkν

×
ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ

n∏
τ=ν+1

dζkτ
ζkτ − zkτ

.

Applying (1.26) once again leads to

Is3 =
n∑

k,ν=1

∑
1≤k1<···<kν≤n
k∈{k1,···,kν}

(−1)ν+1

πν

∫
DI k1

· · ·
∫
DI kν

zkfk1kζk2
···ζkν

ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ

+
n∑

k,ν=1

n−ν∑
µ=1

∑
1≤σ1<···<σµ≤n−ν

∑
1≤k1<···<kν≤n

1≤kν+σ1<···<kν+σµ≤n
k∈{k1,···,kν}

(−1)ν+1

πν+µ

∫
DI k1

· · ·
∫
DI kν

∫
DI kν+σ1

· · ·
∫
DI kν+σµ

×zkfk1kζk2
···ζkν ζkν+σ1

···ζkν+σµ

ν∏
τ=1

zkτ
1− zkτ ζkτ

µ∏
τ=1

1

ζkν+στ − zkν+στ

ν+µ∏
τ=1

dξkτdηkτ

+
n∑

k,ν=1

∑
1≤k1<···<kν≤n
k/∈{k1,···,kν}

(−1)ν+1

πν

∫
DI k1

· · ·
∫
DI kν

ζkfk1kζk2
···ζkν

ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ

+
n∑

k,ν=1

n−ν∑
µ=1

∑
1≤σ1<···<σµ≤n−ν

∑
1≤k1<···<kν≤n

1≤kν+σ1<···<kν+σµ≤n
k/∈{k1,···,kν}

(−1)ν+1

πν+µ

∫
DI k1

· · ·
∫
DI kν

∫
DI kν+σ1

· · ·
∫
DI kν+σµ

×ζkfk1kζk2
···ζkν ζkν+σ1

···ζkν+σµ

ν∏
τ=1

zkτ
1− zkτ ζkτ

µ∏
τ=1

1

ζkν+στ − zkν+στ

ν+µ∏
τ=1

dξkτdηkτ .

By switching the summation index from µ to λ := ν + µ and taking 1 ≤ ν ≤ n, 1 ≤ µ ≤ n− ν
into account it is easily seen that

Is3 =
n∑

k,ν=1

∑
1≤k1<···<kν≤n
k∈{k1,···,kν}

(−1)ν+1

πν

∫
DI k1

· · ·
∫
DI kν

zkfk1kζk2
···ζkν

ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ

+
n∑
k=1

n−1∑
ν=1

n∑
λ=ν+1

∑
1≤k1<···<kν≤n

1≤kν+1<···<kλ≤n
k∈{k1,···,kν}

(−1)ν+1

πλ

∫
DI k1

· · ·
∫
DI kλ

zkfk1kζk2
···ζkν ζkν+1

···ζkλ

ν∏
τ=1

zkτ
1− zkτ ζkτ

×
λ∏

τ=ν+1

1

ζkτ − zkτ

λ∏
τ=1

dξkτdηkτ +
n∑

k,ν=1

∑
1≤k1<···<kν≤n
k/∈{k1,···,kν}

(−1)ν+1

πν

∫
DI k1

· · ·
∫
DI kν

ζkfk1kζk2
···ζkν
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×
ν∏
τ=1

zkτ
1− zkτ ζkτ

dξkτdηkτ +
n∑
k=1

n−1∑
ν=1

n∑
λ=ν+1

∑
1≤k1<···<kν≤n

1≤kν+1<···<kλ≤n
k/∈{k1,···,kν}

(−1)ν+1

πλ

∫
DI k1

· · ·
∫
DI kλ

×ζkfk1kζk2
···ζkν ζkν+1

···ζkλ

ν∏
τ=1

zkτ
1− zkτ ζkτ

λ∏
τ=ν+1

1

ζkτ − zkτ

λ∏
τ=1

dξkτdηkτ .

Changing the summation order of the second and the fourth term for some aνλ gives

n−1∑
ν=1

n∑
λ=ν+1

aνλ =
n∑
λ=2

λ−1∑
ν=1

aνλ =
n∑
λ=1

λ−1∑
ν=1

aνλ =
n∑
ν=1

ν−1∑
λ=1

aλν , 1 ≤ ν ≤ n− 1, 1 ≤ µ ≤ n− ν.

Adding up the first term with the second and the third term with the fourth we reach

Is3 =
n∑

k,ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
k∈{k1,···,kλ}

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

zkfk1kζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ

+
n∑

k,ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
k/∈{k1,···,kλ}

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

ζkfk1kζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ .

Thus

Is3 − Is2 =
n∑

k,ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
k∈{k1,···,kλ}

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

ζkfk1 k ζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ

+
n∑

k,ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
k/∈{k1,···,kλ}

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

ζkfk1kζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ .
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=
n∑
ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

n∑
k=1

ζkfk1kζk2
···ζkλζkλ+1

···ζkν

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ .

Next we simplify the solvability conditions (1.21). Since the Cauchy kernel of (1.21) is real,
the condition is actually equivalent to

Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[
γ0(ζ)− u0(ζ)+ < gradζu0(ζ), ζ > −γ1(ζ)

]

×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
= 0, z ∈ DI n, ζ ∈ ∂0DI

n. (1.29)

The remaining is to clarify the second and the third term. Applying (1.5) and (1.6) we find

I(z) =
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[
< gradζu0(ζ), ζ > −u0(ζ)

]

×
λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ
, z ∈ DI n, ζ ∈ ∂0DI

n

=
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[ n∑
κ=1

ζκFκ − u0(ζ)
] λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ

=
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
1≤kν+1<···<kn≤n

1

π(2πi)n−1

∫
DI k1

∫
∂DI k2

· · ·
∫
∂DI kn

[
(ζk1

Fk1)ζk1
+

n∑
κ=1
κ 6=k1

ζκFκζk1
− u0ζk1

]

× zk1

1− zk1ζk1

dξk1dηk1

λ∏
τ=2

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

n∏
τ=2

dζkτ
ζkτ

where
1

2πi

∫
∂DI

f(ζ)
z

ζ − z
dζ

ζ
=

1

2πi

∫
∂DI

f(ζ)
z

1− zζ
dζ

=
1

π

∫
DI

fζ(ζ)
z

1− zζ
dξdη, f ∈ C1(DI ), z ∈ DI , (1.30)

is used. Since

(ζk1
Fk1)ζk1

+
n∑
κ=1
κ 6=k1

ζκFκζk1
− u0ζk1

= Fk1 + ζk1
Fk1ζk1

+
n∑
κ=1
κ 6=k1

ζκFκζk1
− Fk1 =

n∑
κ=1

ζκFκζk1
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and Fκζk1
= fk1κ , we have

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
1≤kν+1<···<kn≤n

1

π(2πi)n−1

∫
DI k1

∫
∂DI k2

· · ·
∫
∂DI kn

ζκfk1κ

× zk1

1− zk1ζk1

dξk1dηk1

λ∏
τ=2

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

n∏
τ=2

dζkτ
ζkτ

.

Using
1

2πi

∫
∂DI

f(ζ)
z

ζ − z
dζ

ζ
=
−1

2πi

∫
∂DI

f(ζ)
z

1− zζ
dζ

=
1

π

∫
DI

fζ(ζ)
z

1− zζ
dξdη , z ∈ DI , f ∈ C1(DI ) (1.31)

and (1.30) again, we see

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n
1≤kν+1<···<kn≤n

1

πν(2πi)n−ν

∫
DI k1

· · ·
∫
DI kν

∫
∂DI kν+1

· · ·
∫
∂DI kn

×
(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

n∏
τ=ν+1

dζkτ
ζkτ

.

Applying the formula,

1

(2πi)n

∫
∂0DI n

f(ζ)
dζ

ζ
= f(z) +

n∑
k=1

k∑
µ=0

∑
1≤ν1<···<νµ≤n

1≤νµ+1<···<νk≤n

(−1)k−µ

πk

∫
DI ν1

· · ·
∫
DI νk

× fζν1 ···ζνµζνµ+1 ···ζνk

µ∏
τ=1

1

ζντ − zντ

k∏
τ=µ+1

zντ
1− zντ ζντ

k∏
τ=1

dξkτdηkτ , f ∈ C1(DI n) (1.32)

see [2] page 262-263, we get

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

+
n−ν∑
`=1

∑̀
µ=0

∑
1≤σ1<···<σµ≤n−ν

1≤σµ+1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

∑
1≤kν+σ1<···<kν+σµ≤n

1≤kν+σµ+1<···<kν+σ`
≤n

(−1)`−µ

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`

×
(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλζkν+σ1

···ζkν+σµ
ζkν+σµ+1

···ζkν+σ`

µ∏
τ=1

1

ζkν+στ
− zkν+στ
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×
∏̀

τ=µ+1

zkν+στ

1− zkν+στ
ζkν+στ

∏̀
τ=1

dξkν+στdηkν+στ

] λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

=
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

[(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

+
n−ν∑
`=1

∑
1≤σ1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

∑
1≤kν+σ1<···<kν+σ`

≤n

(−1)`

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`

×
(
ζκfk1κζkλ+1

···ζkν ζkν+σ1
···ζkν+σ`

)
ζk2
···ζkλ

∏̀
τ=1

zkν+στ

1− zkν+στ
ζkν+στ

dξkν+στdηkν+στ

+
n−ν∑
`=1

∑̀
µ=1

∑
1≤σ1<···<σµ≤n−ν

1≤σµ+1<···<σ`≤n−ν
{σ1,···,σ`}={1,···,`}

∑
1≤kν+σ1<···<kν+σµ≤n

1≤kν+σµ+1<···<kν+σ`
≤n

(−1)`−µ

π`

∫
DI kν+σ1

· · ·
∫
DI kν+σ`

×
(
ζκfk1κζkλ+1

···ζkν ζkν+σ1
···ζkν+σ`

)
ζk2
···ζkλζkν+σ1

···ζkν+σµ

µ∏
τ=1

1

ζkν+στ
− zkν+στ

×
∏̀

τ=µ+1

zkν+στ

1− zkν+στ
ζkν+στ

∏̀
τ=1

dξkν+στdηkν+στ

] λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ .

(1.33)

Changing the summation from ` to α := ν + ` and changing the order of summation gives for
the last two terms

n∑
κ=1

n∑
α=3

α−1∑
ν=1

ν−1∑
λ=1

∑
1≤h1<···<hλ≤n , 1≤hλ+1<···<hα≤n ,{k1,···,kλ}={h1,···,hλ}

{kλ+1,···,kν ,kν+σ1 ,···,kν+σα−ν }={hλ+1,···,hα}

(−1)α−ν

πα

∫
DI h1

· · ·
∫
DI hα

×
(
ζκfh1κζhλ+1

···ζhα

)
ζh2
···ζhλ

λ∏
τ=1

zhτ
1− zhτ ζhτ

ν∏
τ=λ+1

zhτ
1− zhτ ζhτ

ν∏
τ=1

dξhτdηhτ

+
n∑
κ=1

n∑
α=3

α−1∑
ν=1

ν−1∑
λ=1

α−ν∑
µ=1

∑
1≤h1<···<hλ≤n , 1≤hλ+1<···<hλ+µ≤n , {k1,···,kλ,kν+σ1 ···kν+σµ}={h1,···,hµ+λ}

1≤hλ+µ+1<···<hα≤n , {kλ+1,···,kν ,kν+σµ+1 ,···,kν+σα−ν }={hλ+µ+1,···,hα}

×(−1)α−ν−µ

πα

∫
DI h1

· · ·
∫
DI hα

(
ζκfh1κζhλ+1

···ζhα

)
ζh2
···ζhλ

λ∏
τ=1

zkτ
1− zkτ ζkτ

λ+µ∏
τ=λ+1

1

ζhτ − zhτ

×
α∏

τ=λ+µ+1

zhτ
1− zhτ ζhτ

α∏
τ=1

dξhτdηhτ .

Since ∑
{kλ+1,···,kν ,kν+σµ+1 ,···,kν+σα−ν }={hλ+1,···,hα}

1 =
(

α−λ

ν−λ

)
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for some aλ with 1 ≤ λ ≤ ν − 1, we have

α−1∑
ν=1

ν−1∑
λ=1

(−1)α−ν
(

α−λ

ν−λ

)
aλ =

α−2∑
λ=1

α−1∑
ν=λ+1

(−1)α−ν
(

α−λ

ν−λ

)
aλ =

α−2∑
λ=1

α−λ−1∑
ν=1

(−1)α−λ−ν
(

α−λ

ν

)
aλ

=
α−2∑
λ=1

aλ

[
(1− 1)α−λ − (−1)α−λ

(
α−λ

0

)
−
(

α−λ

α−λ

)]
=

α−2∑
λ=1

[
(−1)α−λ+1 − 1

]
aλ .

Similarly from ∑
{k1,···,kλ,kν+σ1 ,···,kν+σµ}={h1,···,hµ+λ}

1 =
(

µ+λ

λ

)
,

∑
{kλ+1,···,kν ,kν+σµ+1 ,···,kν+σα−ν }={hλ+µ+1,···,hα}

1 =
(

α−µ−λ

ν−λ

)
,

for some aλµ with 1 ≤ λ ≤ ν − 1 , 1 ≤ µ ≤ α− ν it can be easily shown that

α−1∑
ν=1

ν−1∑
λ=1

α−ν∑
µ=1

(−1)α−ν−µ
(

α−µ−λ

ν−λ

)(
µ+λ

λ

)
aλµ =

α−2∑
λ=1

α−1∑
ν=λ+1

α−ν∑
µ=1

(−1)α−ν−µ
(

α−µ−λ

ν−λ

)(
µ+λ

λ

)
aλµ

=
α−2∑
λ=1

α−λ−1∑
µ=1

α−µ∑
ν=λ+1

(−1)α−ν−µ
(

α−µ−λ

ν−λ

)(
µ+λ

λ

)
aλµ

=
α−2∑
λ=1

α−λ−1∑
µ=1

α−µ−λ∑
ν=1

(−1)α−ν−λ−µ
(

α−µ−λ

ν

)(
µ+λ

λ

)
aλµ

=
α−2∑
λ=1

α−λ−1∑
µ=1

[
(1− 1)α−µ−λ − (−1)α−µ−λ

(
α−µ−λ

0

)](
µ+λ

λ

)
aλµ

=
α−2∑
λ=1

α−λ−1∑
µ=1

(−1)α−µ−λ+1
(

µ+λ

λ

)
aλµ ,

where the rule of changing orders of summation is just the same as of multiple integrals.
Thus we get the sum simplified to

n∑
κ=1

n∑
α=3

α−1∑
λ=1

[
(−1)α−λ+1 − 1

] ∑
1≤h1<···<hλ≤n

1≤hλ+1<···<hα≤n

1

πα

∫
DI h1

· · ·
∫
DI hα

(
ζκfh1κζhλ+1

···ζhα

)
ζh2
···ζhλ

×
λ∏
τ=1

zhτ
1− zhτ ζhτ

α∏
τ=λ+1

zhτ
1− zhτ ζhτ

α∏
τ=1

dξhτdηhτ +
n∑
κ=1

n∑
α=3

α−2∑
λ=1

α−λ−1∑
µ=1

(
µ+λ

λ

) ∑
1≤h1<···<hλ≤n

1≤hλ+1<···<hλ+µ≤n
1≤hλ+µ+1<···<hα≤n

×(−1)α−µ−λ+1

πα

∫
DI h1

· · ·
∫
DI hα

(
ζκfh1κζhλ+µ+1

···ζhα

)
ζh2
···ζhλ+µ

λ∏
τ=1

zhτ
1− zhτ ζhτ
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×
λ+µ∏
τ=λ+1

1

ζhτ − zhτ

α∏
τ=λ+µ+1

zhτ
1− zhτ ζhτ

α∏
τ=1

dξhτdηhτ , z ∈ DI n , (1.34)

namely I(z) is simplified one step further,

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

+
n∑
κ=1

n∑
ν=3

ν−1∑
λ=1

[
(−1)ν−λ+1 − 1

] ∑
1≤h1<···<hλ≤n

1≤hλ+1<···<hν≤n

1

πν

∫
DI h1

· · ·
∫
DI hν

(
ζκfh1κζhλ+1

···ζhν

)
ζh2
···ζhλ

×
λ∏
τ=1

zhτ
1− zhτ ζhτ

ν∏
τ=λ+1

zhτ
1− zhτ ζhτ

ν∏
τ=1

dξhτdηhτ +
n∑
κ=1

n∑
ν=3

ν−2∑
λ=1

ν−λ−1∑
µ=1

(
µ+λ

λ

) ∑
1≤h1<···<hλ≤n

1≤hλ+1<···<hλ+µ≤n
1≤hλ+µ+1<···<hν≤n

×(−1)ν−µ−λ+1

πν

∫
DI h1

· · ·
∫
DI hν

(
ζκfh1κζhλ+µ+1

···ζhν

)
ζh2
···ζhλ+µ

λ∏
τ=1

zhτ
1− zhτ ζhτ

×
λ+µ∏
τ=λ+1

1

ζhτ − zhτ

ν∏
τ=λ+µ+1

zhτ
1− zhτ ζhτ

ν∏
τ=1

dξhτdηhτ , z ∈ DI n . (1.35)

From the first and the second term it follows that

n∑
κ=1

∑
1≤k1≤n
1≤k2≤n

1

π2

∫
DI k1

∫
DI k2

(
ζκfk1κζk2

) zk1

1− zk1ζk1

zk2

1− zk2ζk2

2∏
τ=1

dξkτdηkτ

+
n∑
κ=1

n∑
ν=3

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν−λ+1

πν

∫
DI k1

· · ·
∫
DI kν

(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ

=
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν−λ+1

πν

∫
DI k1

· · ·
∫
DI kν

(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ .
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Adding this term to the last term of I(z) in (1.35) leads to

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

ν−λ−1∑
µ=0

(
µ+λ

λ

) ∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kλ+µ≤n
1≤kλ+µ+1<···<kν≤n

(−1)ν−µ−λ+1

πν

∫
DI k1

· · ·
∫
DI kν

×
(
ζκfk1κζkλ+µ+1

···ζkν

)
ζk2
···ζkλ+µ

λ∏
τ=1

zkτ
1− zkτ ζkτ

λ+µ∏
τ=λ+1

1

ζkτ − zkτ

×
ν∏

τ=λ+µ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , z ∈ DI n . (1.36)

As (1.29) is just needed on ∂0DI
n, if we consider (1.36) for z ∈ ∂0DI

n instead of z ∈ DI n and
take

(ζ − z)−1 = −z(1− zζ)−1 , z ∈ ∂DI ,
into account, then it can be written as

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

ν−λ−1∑
µ=0

(
µ+λ

λ

) ∑
1≤k1<···<kλ+µ≤n

1≤kλ+µ+1<···<kν≤n

(−1)ν−λ−1

πν

∫
DI k1

· · ·
∫
DI kν

×
(
ζκfk1κζkλ+µ+1

···ζkν

)
ζk2
···ζkλ+µ

λ+µ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+µ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , z ∈ ∂0DI
n ,

further via β := λ+ µ

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
β=1

β∑
λ=1

(
β

λ

) ∑
1≤k1<···<kβ≤n

1≤kβ+1<···<kν≤n

(−1)ν−λ−1

πν

∫
DI k1

· · ·
∫
DI kν

(
ζκfk1κζkβ+1

···ζkα

)
ζh2
···ζkβ

×
β∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=β+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , z ∈ ∂0DI
n .

But from
ν−1∑
β=1

β∑
λ=1

(−1)ν−λ−1
(

β

λ

)
aβ =

ν−1∑
β=1

(−1)ν−1

β∑
λ=1

(−1)λ
(

β

λ

)
aβ

=
ν−1∑
β=1

(−1)ν−1
[
(1− 1)β − (−1)0

(
β

0

)]
aβ =

ν−1∑
β=1

(−1)νaβ

where aβ are some definite terms with 1 ≤ β ≤ ν − 1, it follows that

I(z) =
n∑
κ=1

n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ
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×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , z ∈ ∂0DI
n . (1.37)

Finally we have got explicitly the solvability conditions as well as the unique solution, i.e.,

Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[
γ0(ζ)− γ1(ζ)

] λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ

= Re

n∑
ν=2

ν−1∑
λ=1

ν−λ−1∑
µ=0

(
µ+λ

λ

) ∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kλ+µ≤n
1≤kλ+µ+1<···<kν≤n

(−1)ν−µ−λ+1

πν

∫
DI k1

· · ·
∫
DI kν

×
n∑
κ=1

(
ζκfk1κζkλ+µ+1

···ζkν

)
ζk2
···ζkλ+µ

λ∏
τ=1

zkτ
1− zkτ ζkτ

λ+µ∏
τ=λ+1

1

ζkτ − zkτ

×
ν∏

τ=λ+µ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , ζ ∈ ∂0DI
n , z ∈ DI n , (1.38)

or

Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

1

(2πi)n

∫
∂0DI n

[
γ0(ζ)− γ1(ζ)

] λ∏
τ=1

zkτ
ζkτ − zkτ

ν∏
τ=λ+1

zkτ
ζkτ − zkτ

dζ

ζ

= Re
n∑
ν=2

ν−1∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)ν

πν

∫
DI k1

· · ·
∫
DI kν

n∑
κ=1

(
ζκfk1κζkλ+1

···ζkν

)
ζk2
···ζkλ

×
λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

zkτ
1− zkτ ζkτ

ν∏
τ=1

dξkτdηkτ , z ∈ ∂0DI
n , (1.39)

where the integral is understood as Cauchy principal value,

u(z) =
1

(2πi)n

∫
∂0DI n

< ζ, z >

n
γ0(ζ)

dζ

ζ − z

−
[
1− < z, z >

n

] 1

(2πi)n

∫
∂0DI n

[
γ1(ζ)

(
2

ζ

ζ − z
− 1
)dζ
ζ

+ iC0

]
+

n∑
ν=1

∑
1≤k1≤n

1≤k2<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

fk1k1ζk2
···ζkν

(zk1ζk1

n
+
ζk1
− zk1

ζk1 − zk1

)
dξk1dηk1

ν∏
τ=2

dξkτdηkτ
ζkτ − zkτ

+
n∑
ν=2

∑
1≤k1<···<kν≤n

1

πν

∫
DI k1

· · ·
∫
DI kν

fk1k2ζk3
···ζkν

ν∏
τ=1

dξkτdηkτ
ζkτ − zkτ
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+
[
1− < z, z >

n

] n∑
ν=1

ν∑
λ=1

∑
1≤k1<···<kλ≤n

1≤kλ+1<···<kν≤n

(−1)λ+1

πν

∫
DI k1

· · ·
∫
DI kν

×
n∑
k=1

ζkfk1kζk2
···ζkλζkλ+1

···ζkν

λ∏
τ=1

zkτ
1− zkτ ζkτ

ν∏
τ=λ+1

1

ζkτ − zkτ

ν∏
τ=1

dξkτdηkτ , z ∈ DI n. (1.40)

Theorem 5 Let fk`(z) ∈ C1+α(DI n) ∩ L1(DI n) and satisfy the compatibility conditions (1.2).
A particular solution to the inhomogeneous system (1.1) is given by (1.7). If the problem M is
solvable then condition (1.12) must be satisfied. The modified problem M is solvable if and only
if condition (1.12) and (1.38) or (1.39) hold. Then the unique solution is given by (1.40). The
corresponding homogeneous problem has no any nontrivial solutions. The modified problem M
is well–posed.
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