4 Boundary value problems for the inhomogeneous Cauchy-
Riemann equation in the upper half plane

The Pompeiu operator

1 déd
77 = -1 [ HOF,

where f € Li(H;C), produces a particular weak solution to the in-
homogeneous Cauchy-Riemann equation ws; = f in H. Therefore
¢ = w — T f satisfies p; = 0 i.e. is analytic in H as soon as w is
a solution to ws; = f, see [28]. In this way boundary value problems
for the inhomogeneous Cauchy-Riemann equation is reduced to some
for analytic functions.

At first again the Schwarz boundary value problem is studied.

4.1 Schwarz problem for the inhomogeneous Cauchy-Riemann equation
in the upper half plane

Theorem 17 Let f € L,o(H;C), 2 < p, v € C(R;R), ¢ € R such
that v is bounded on R. Then the Schwarz problem ws = f in H,
Rew = v on R, Imw(i) = ¢ is uniquely solvable in the weak sense.
The solution is

w(z) = w+£?/:ﬂﬂ<tiz—ﬂil>ﬁ
- w0 (- w5)

- f(<;>< L__¢ >}d§dn- (4.1)
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Proof The function ¢ = w — T'f + icy satisfies p; = 0 in H, Rep =

v—ReT f on R. Here ¢y € R has to be determined by Imw(i) = ¢. By
the Schwarz integral formula, see Section 3.2,
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Therefore

w(z) = ic 4 — mﬂw(l _ ! )ﬁ
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For checking this to be the solution observe

wi(z) =0T f() - 0 (- [ 10 )
@ (041 [ 1050 - 1

lim Rew(t) :limRei, OOV(T) ar —Rel/ (f(C) — (<)> dédn
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and for z =t € R
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and Imw(i) = c.

4.2 Dirichlet problem for the inhomogeneous Cauchy-Riemann equation

Theorem 18 The Dirichlet problem ws = f in H, w = v on R, where
f € Lo(H;C) for 2 < p and v € Ly(R;C) N C(R;C) is uniquely
solvable in the weak sense by

wa:—i/mﬂwdt—lﬂg«ﬁw” (42
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if and only if for z € H
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Proof Obviously (4.2) provides a weak solution to the equation w; =

I
1)The formula (4.3) is sufficient. Let ¢y € R, then

waz—iégw<l )

211

1 / fc dgdn / fc dgdn

1 [~ 1

The last formula tends to v(ty) if z tends to ¢y € R.

2)Formula (4.3) is necessary. Consider for z € H the function ¢ =
w — T f and observe, see (28], |z|*T f(z) is bounded for a = (p —2)/p.
Then ¢; =0 and ¢ =~ —Tf on R. For z € H then by (3.14)
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1 [~ dt
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and according to (3.15) the solvability condition is
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for z € H. From
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it follows

1 > d 1 déd
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3) Verification
Obviously from (4.1) w; = f follows in H. Moreover, for t; € R

lim 10(2) = lim[~— /_ N / fc dﬁdn
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~ lim = oo() dt = 7 (to).
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4.3 Neumann problem for the inhomogeneous Cauchy-Riemann equa-
tion

Theorem 19 The Neumann problem wz = f in H, dyw = iy on R,
w(i) = c is uniquely solvable for f € L,o(H; C)NC(H; C) N Ly(R; C),
v € Ly(R;C)NC(R;C), ¢ € C is uniquely solvable if and only if for

z e H
L / £:(O) dfd" L (4.4)
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The solution then 1s
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b
w(z) = —|——/ t)+2f(t )logt Lt
— 2z

/ (¢ ! Z,)dgdn. (4.5)

Proof Representing w = ¢ + T f Wlth analytic ¢ this function ¢ sat-
isfies in H

o =w, —ws+ f—IIf

where

Representing, see [28],

1) =5 [ 10 - - [ (0F

we see for t € R

)T (t) =1limIlf(z) = ——f f(r
()0 = Iy ) )= b
- - [ 0F (19

Thus the boundary values of ¢ on R are

W/:7+f—(ﬂf)+:7+;f+2im7{mf(7 /fc dfdn

Applying the result of Theorem 19 the solution to thls Dirichlet prob—
lem is

/ 1 >

p(z) = b+ f()
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if and only if

1 > 3 1 0 d
5 _Oo[fy(t) + 5@ +—7{ f(r)-
d d d

Because for z € H
dr dt 1 o dr
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then
/ 1 0 d
$0) =g [ o+ sl (19

if and only if
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which is (4.5).
Integrating (4.9) leads to

so that




1 z—1
= [ O
which is (4.5).

At last (4.5) is verified under (4.4) to be a solution. Obviously, w; = f
is satisfied in H. Differentiation gives

w2) —us(a) = o [ B0+ 20T+ 1) - S(2)

21 J_ o

Subtracting (4.4) shows

wle) —us() = = [ b+ r0 o ot

It — 2|2 2mi J_ t— 2z

—Tfc(2) +11f(2) — f(2)
so that by letting z tend to t € R

wHe) = wd () =70 + )+ 510+ 5§ F0)-

271 T

=T fe(t) + (ALf)"(t) — f(t) = (D).
Here the Plemelj-Sokhotzki formula

limQL/OO f(r) dr :%f(t)%—%mj{:f(ﬂ

z—t 2711, T — 2
z€H -0

dr
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and (4.6) is used.

4.4 Robin problem for the inhomogeneous Cauchy-Riemann equation

Here a particular case is studies, see [13].
A special form of the Robin problem for the inhomogeneous Cauchy-
Riemann equation in the upper half plane is
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w+o,w=~ on OH.
Again 0, = —0, on OH.

Theorem 20 The Robin problem for the inhomogeneous Cauchy-Riemann
equation ws = f in H, w+ d,w =~ on R,

1 i
S NGEEY

is uniquely solvable for given f € L,o(H; C)NC(H; C) N Ly(R; C) for
2<p, 7€ Ly(R;C)NC(R;C) if and only if for z € H

o | @0+ ) i@ e TRE =0

The solution then is given by

1 o z—t ZC

w(z) = ce —"2+2—m (y(t) — 2if(t)) =2 /_ t Ed(dt

- —/f dgd” (4.12)

Proof Consider w = ¢ + T'f where ¢ is analytic. Then

dw = 0w = —i(0. — 0:)w = —ip —illf +if
so that

w+ Gw = —ip +if +Tf—illf.
Observing on R

(W) () =350~ 5 ¢ S0 (1)

therefore the analytic function ¢ — i satisfies on R
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p—ip =y —if —Tf+i

l.e.
0 +ip=iy+f—ilf —
which is
() +ip(t) =i
¢ Orip) =3 f O Il

The solution to this Dirichlet problem is
1

o () +i(z) = —/oow

2mi
if and only if for z € H
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if and only if in H
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% /_Z (iy(t) + (1)) ti—tz +ilf(z) + Tf(2) = 0.

This last condition is (4.11). Solving the ordinary differential equation
(4.13) leads to

z

o) = e {p(0) + / F(O)edc)

0

—iz 1 > . Zei@’z)
= (0 + _oo(w(t)+2f(t))/0 s

~ 1 > . z=t i€
= o+ [ =2 [ Sacar

Thus
wl(z) = (w(0) ~ Tf(0))e™

L™ —aipaneit-s [ €
t5 [ =2t [ Sacar 7o)

This is (4.12).

Next (4.12) is verified to be a solution to the Robin problem provided
the solvability condition (4.11) holds. Obviously (4.12) is a solution to
the inhomogeneous Cauchy-Riemann equation. Differentiating (4.12)
shows

dyw(z) = (0, — 0s)w(z)

- 1 > . 2=t oiC
= g [ G -2 /_ | s
> d
+ 5 | G0 =2 0) S+ i) - i)

so that

w2 =0y02) = 5 [ (O=207 )T+~ T () TS ).

Comi ) t—=z
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Multiplying (4.11) by i and adding this to the last equation shows

ydt
w(z) = Bu(z) = —/ 0~ if 0 ‘2 o [ s
+ —sz()+Tf() T T,

Thus on R

(w+ dw)(t) = v(t)—if()—%f() 27”{00 f(T)Td_Tt
+ af(t) —i(TLf) T () + 4T fe(t) = ~(1).
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