3 Basic boundary value problems for analytic function in
the upper half plane

3.1 Poisson representation formulas for the half plane

Let f be an analytic function of z throughout the half plane Imz > 0,
continuous such that f satisfies the growth property

lim M(R, f) =0, (3.1)

R—

where M (R, ) = max .- | f(2)].
0<Imz
For any fixed point z above the real axis let Cr denote the upper

half of the positively oriented circle of radius R centered at the origin,
where R > |z|. Then, according to the Cauchy integral formula,

R
f(2) = 1 f(s)ds+ 1 f(t)dt

- 2mi cp S—2Z 2m ). pt—z

(3.2)

We find that the first of these integrals approaches 0 as R tends to co
consequently,
1 [ f(t
£(2) = 0

Comi ) t—2

dt, (3.3)

where Imz > 0 and the integral is understood as a Cauchy principal
value integral. Representation (3.3) is the Cauchy integral formula for
the half plane I'mz > 0.

When the point z lies below the real axis, the right-hand side of
equation (3.2) is zero; hence integral (3.3) is zero for such a point.
Consequently, when z is above the real axis, we have the formula

flz) = = /OO< Lo s, (3.4)

Tomi ) M-z t—z

where c is an arbitrary constant and Imz > 0.

In the two cases ¢ = —1 and ¢ = 1 this formula reduces, respectively,
to L[> yf(t)
Y
= — dt 3.5
/(z) 7T/_OO lt— 22 (35)

where y > 0 and to
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) = - /_OO =2/, (3.6)

B E 00 |t - 2‘2
where y > 0. Here z = x + 1y is used.

If f(z) =u(x,y) +iv(x,y), it follows from formulas (3.5) and (3.6)
that the harmonic functions v and v are represented in the half plane

y > 0 in terms of the boundary values of u by the formulas

u(z,y) = l/OO yu(t,O)dt

T J- ‘t - 2’2
L [ yu(t,0)

= — dt 3.7

S N &0
where y > 0,

L [ (z—t)u(t,0)

= — dt 3.8

’U(.CC,y) 7T/—oo (t_x)2+y2 ( )
where y > 0

Formula (3.7) is known as the Poisson integral formula for the upper

half plane and
1 o)
f(z) = —/ ult, O)dt + ico

T ) o T — 2

as the Schwarz integral formula, where ¢y is an arbitrary real constant.
The constant ¢y can be determined e.g. by Imf(i) = ¢. Then

1 [~ 41 1 [ t
¢ =Im— u(t, O)%dt +cp = —%/_ u(t, 0) + ¢

(I . t2 ~ 241
and
1 [~ 1 t
= — t,0 — dt + ic.
/) m'/_oou(’ )(t—z t2+1> e

3.2 Schwarz problem for the half plane

Let F' denote a real-valued function of x that is bounded for all x and
continuous except for at most a finite number of finite jumps. When
y 2 e and |z| £ %, where ¢ is any positive constant, the integral
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I(2,y) = /_OO F(t)dt

00 (t - x)Q + y2

converges uniformly with respect to x and y, as do the integrals of the
partial derivatives of the integrand with respect to x and y. Each of
these integrals is the sum of a finite number of improper or definite
integrals over intervals where F'is continuous; hence the integrand of
each component integral is a continuous function of ¢,x and y when
y = €. Moreover, each partial derivative of I(x,y) is represented by
the integral of the corresponding derivative of the integrand whenever
y > 0.

We write U(x,y) = yl(z,y)/m. Thus U is the Poisson integral
transform of F', suggested by equation (3.7).

Uz, y) = % /_ Z ; _yj)g’fl S (3.9)

where y > 0.

Except for the factor 1/, the kernel here is y/|t — 2|?. Tt is the
imaginary part of the function 1/(¢ — z) which is analytic in z when
y > 0. It follows that the kernel is harmonic, and so it satisfies
Laplace’s equation in x and y. Because the order of differentiation
and integration can be interchanged, function (3.9) then satisfies that
Laplace equation. Consequently, U s harmonic when y > 0.

To prove that
limU(z,y) = F(x) (3.10)

y—0
y>0

for each fixed x at which F' is continuous, we substitute t = r+ytanr
in formula (3.9) and write

1 /2
Ux,y) = %/ P F(z + ytanr)dr, (3.11)

where y > 0.
If

G(z,y,r) = F(x +ytanr) — F(x)
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and « is some small positive constant, then

/2

m[U(x,y) — F(z)] = i /QG(ﬂc,y,T)dr = Li(y) + L(y) + L(y), (3.12)

where

—7/2+«
I, = / G(z,y,r)dr
—m/2

T/2—a

I, = / G(x,y,r)dr

-7 /24«

/2
I3 = / G(z,y,r)dr.

/2—a

If M denotes an upper bound for |F(x)|, then |G(x,y,r)| < 2M.
For a given positive number € we select o so that 6 M« < ¢; then

L(y)| < 2Ma < =/3

and

I5(y)| = 2Ma < ¢/3

We next show that corresponding to ¢ there is a positive number o
such that

[a(y)| < /3,
when 0 < y < 9.
Since F' is continuous at x, there is a positive number ~ such that
£
Gy )] < o
when 0 < y|tanr| < 7.
Note that the maximum value of | tan r| as r ranges between —m /2+
«a and 7/2 — « is tan(m/2 — a) = cot a. Hence if we write § = v tan a,
it follows that
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9

L) < =(r —20) <

W] ™

when 0 <y < 9.
We have thus shown that

(L) + [L(y)] + s(y)] <e,

when 0 <y < 9.
Condition (3.10) now follows from this result and equation (3.12). On
the basis of (3.9) then for any real constant ¢ the function

f(z) = i/_oo F(t)dtJrz'c

T ) ot — 2

therefore solves the Schwarz problem for analytic functions for the half
plane y > 0 with the boundary condition

lim Ref(z) = F(t), teR.

z—t
0<Imz

It is evident from the form (3.11) of formula (3.9) that |U(z,y)| < M
in the half plane where M is an upper bound of |F'(z)|; that is, U is
bounded. We note that U(z,y) = Fy when F(z) = Fy, where Fj is a
constant.

According to formula (3.8) of the preceding section, under certain
conditions on F' the function

Viz,y) = %/(: (ix__xi);i@; dt + ¢, (3.13)

where ¢ is an arbitrary real constant and y > 0, is a harmonic con-
jugate of the function U given by formula (3.9). Actually, formula
(8.13) furnishes a harmonic conjugate of U if F is everywhere con-
tinuous, except for at most a finite number of finite jumps, and if F'
satisfies the growth property |x*F(x)| < M for some k > 0. For under
those conditions we find that U and V satisfy the Cauchy-Riemann
equations when y > 0.
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Remark 9 The boundary behaviour (3.10) can be proved also in the
following way. Consider for z € H

f(z) = i./oo F(0) g

T ot — 2

We assert, that

lim Ref(z) = F(to),

Z—>t0

where t; € R.

Proof Denoting u = Ref, then
1 [ yF(t
u(z) = —/ yE() dt

T oo|t_z‘2 .

From (3.7) applied to u(t,y) = 1 it follows

Hence,

Let

1

and 0 < y < %5. By the continuity of F' at the point ¢y for any € > 0
there exists a § = d(g,ty) > 0 such that

[F(t) = F(to)] <e,

for |t — to| < 9. Decomposing
o0 to—0 to+0 o0
IR
—00 —00 to—0 to+0
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and observing the estimates

‘y/toJr(Y F(t) _ F(to)dt‘ _ y/to+5 cdt _ 6/oo ydt .
s [t—=2[? I R e N

and
to— F
() =) o
to+0 t_ Z‘
t()— (0] dt
([ L)
Y < — to+s/) It — z|?
= ([ / );
H%ﬁ%—xD
SMy
=4M <
qum—xy— 5
we have
M
lu(z) — F(ty)] < e+ Ty
Hence,

lim u(z) = F(to).

Z—>t0

3.3 Dirichlet problem for the half plane

Theorem 13 Let w be an analytic function in H, and a function G €
Ly(R; C) N C(R; C) be given. Then

w@:—L/wqw]ﬁ (3.14)

21 ) _ o t—=z

is the uniquely given solution to the Dirichlet problem w = G on R if
and only if for z € H

1 o0 dt
— G
271

= 0. (3.15)
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Proof The proof of this theorem consists of two parts.
1)The sufficiency of (3.15) follows at once from subtracting (3.15) from

(3.14) leading to
we) =5 [ G2

21 ) _ o t—=z
1 [ dt 1 > dt
= — t - — t
ZWi/_OOG()t—Z 2T ) _ o (>t—2
1 [ Y
= — G(t dt
7T/_OO ()(t—x)2+y2

Thus for z — ty and t; € R, lim,_;, w(z) = G(to) follows.
2)The formula (3.15) is shown to be necessary. Let w be a solution
to the Dirichlet problem. Then w is an analytic function in H having
continuous boundary values
lirgl w(z) = G(ty), (3.16)
Z—1lg
where t; € R.
Consider for z ¢ R the function

w(z) = QLm /OO @) Citz

and
- 1 o0 dt
@)= 5 | GO
where z € H.
From

m@—ma:l/maw yt (3.17)

o (t — x)% + 32

and the properties of the Poisson kernel [see formula (3.7)]

lim (w(z) — @(3)) = G (to) (3.18)

Z—>t0
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follows. The formula (3.17) tends to G(¢y) when y tends to 0 and x
tends to ty. Then for the validity of

lim w(z) = G(ty),

Z—>t0

where ty € R, follows

lintl w(z) = 0.

Moreover, from
dt
t— &

0= | (e

w@l< 5 ([ G<|<t>|2dt)é ( | ;)
s (L eora) (/)

N[ =

N

1t 1S seen
lim w(¢) = 0.
(—00
Im(¢<0
Thus

R R

—0o0
is an analytic function in /m({ < 0 with vanishing boundary values on
R. As also
lim w(¢) =0
(—00
Im(<0

then w vanishes identically in Im({ < 0.
This in fact was required to prove.
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3.4 Neumann problem for the half plane
Let w; = 0 in H and 0,w = iw = iG on R, w(i) = ¢, where G €

Ly(R;C) N C(R;C), satisfying G(t)log(1 + t*) € L1(R;C) and for
zeH

1 o0 dt
— G(t =0
21 ) _ o ( )t —Z
1.e.
1 —— dt
21 Jp t—=z
and ¢ € C.

Then the Dirichlet problem w = G on R is solvable by, see 3.3,

w’(z):l/m yG()

0 |t—2|2

1
27m/ Gt B t—Z)dt

L 0

2
if and only if
1 [ dt

for z € H. Integration leads to

w(z)—c——/ G(t log|t—z\2dt+—/ G(t)log(1 + t*)dt.

271

wz(z)zi,/_ooG(t) dt =0

271

w is seen to be analytic. Moreover,
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oy b o dt :l o ydt (i) = ¢
W) =5 [ GO | ot wi e

21 J_ t—2z 7mJ)_

Summing up we have the following theorem.

Theorem 14 The Neumann problem wz; = 0 in H, 0,w = iG on R,
w(i) = ¢ with G € Ly(R;C) N C(R; C) and (1 + t*)G(t) € L1(R;C) is
solvable if and only if

L [ G(t)

T ) ot — 2

dt =0

for z € H. Then the solution is

2dt.

t—1

1 (e.¢]
= — 1
w(z) =c+ 57 /_OO G(t) og\t

z

3.5 Robin boundary value problem

At first a particular case is studied, see [13].
Special Robin problem: Find an analytic function in the upper half
plane H, satisfying the boundary condition

w+ Ow =y (3.19)

on R for given v € Ly(R; C) N C(R; C).
Note that in our case for the boundary condition (3.19) we have

. !
dw = Oyw = 1w .

Thus (3.19) can be written as

w+z’w1:7

on R. As we know from Section 3.3

wuwmw@w—i—/mvm ot zljmvm—%ﬁ— (3.20)

oM ) o t—z ) |t — z|?
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if and only if
1 [ dt
— t)—— =20
271 ) o g )t -z

for z € H. The solution to the differential equation (3.20) is
. i 00 z ei(z—s)ImS

Remark 10 As the right-hand side of (3.20) is analytic the integral
in (3.21) is analytic in H.

Verification of (3.21). By differentiating (3.21)
: 1 Zeile=9)] [ dt
W@ =it = [ a0 [ a1 [ nt
T J_ i - —

. SP? i I T

follows. This gives together with (3.21)

o 1 [~ dt
we)+ i) =~ [ it
In order to determine () consider
w(i) = Coe ™,

hence

Co = ew(i),

RNURET R A 2 =9 Ims
w(z) =w(i)e ™ — — v(t) | ——————dsdt.
T J - i ‘t - 8|2

General Robin problem: Find an analytic function in the upper half
plane H, satisfying the boundary condition

aw+ d,w=~ on R,
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where o € C(R; C) and w(0) = Cy. This boundary condition on R is

aw + iw = v,
which is
w —iaw = —iy on R. (3.22)

If v=0, then

w(t) = Ce' o ol0)ie
We can verify this for ¢ € R:

w (1) = iCa(t)e o O = jo(t)w(t).

If v # 0, then by the method of varying the constant for t € R

w(t) = C(t)e’ Jy a(Q)dc

and t t
w(t) = C'(t)e' h X +ija(t)O(t)e! Jo ol
so that on R
w () — ia(tyw(t) = C'(H)e b 2O 1 iC(ta(t)el ook
—de(t)eifg a(Q)d¢ _ —i(t).
Thus

By integration

t
C(t) = —i/ v(s)e Mo O gs 1 ¢
0

follows with arbitrary Cjy € C. Hence, on R
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t
_ Gyl fyato) _i/ Y (s)el Ok gg
0

These are the Dirichlet boundary values for the analytic function w.
The development of Section 3.3 leads to the next result.

Theorem 15 The Robin problem ws; = 0 in H, aw 4+ d,w = v on
R, w(0) = Cy for a,v € Ly(R;C) N C(R;C), w(0) = Cy, Cy € C, is
uniquely solvable if and only if

1 >~ iftoz(s)ds . t ift a(s)ds dt
— {Cpe' o —i | y(o)e'ls do}—— =0,
21 —00 0 t—

z

where z € H. The solution is given by

1 > i [t t .t
'UJ(Z) = ;/ {Coelfo a(s)ds ZA ’7(0’)62‘[0 a(s)dsdo_}

A special case can be treated in another way. If a(t) are the boundary
values of a function « analytic in H, then

/

w —iow
is analytic in H so that

!

w — oW = —1y

on R is a Dirichlet problem for an analytic function on H. Thus

(3.23)

is an analytic solution in H if and only if
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I dt
21 ) _ o t— 3
where z € H.
If v =0, then w(z) = Cel Ji alQ)d¢
If v # 0,then the solution to (3.28) is of the form w(z) = C(z)e! i *(©)C.
Therefore

W = O JT QA 4 et i eQdC

w —iow = C'efi MK 4 el T QI _ et Ji e(Qde

[ e ydt
= - ) —2—
s

o= / i (t) tydt i I alQ)de

z|?

1.e.

By integration

— T _/ / ) 5 ol
00 |t - 3‘2

i 7o Ims i
w(z) = Coel i @O _ / / = 3\2 Q) st

follow. Obviously w(i) = Cy.
This can be easily checked by

w = Cyiae fi A _ L /OO yy(t) dt

T ) o |t — 22

and
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T J oo It — s]?
L e ;
zzaw—i/ yv()dt
T J- ‘t o Z|2
from which
, 1 [
w — W = —i—/ yy(t) dt
T J- ‘t o ZP
follows.

Theorem 16 The Robin pmblem_wg =0 H, aw+ dw = v on
R, w(i) = Cy for a € O(H) N C(H;C), v € Ly(R;C) N C(R;C) and
Cy € C is uniquely solvable if and only if

1 (0.9]
2m J_t—Z
for z € H. The solution is given by
w(z) = Coe’ Ji OdC _ / / i ‘2 o dsdt.  (3.24)
— 5

Here O(H) denotes the set of analytic functions in H.

3.6 Neumann problem for harmonic functions in the upper half plane

The Neumann problem for the Poisson equation is solved in Section
2.4. Here this problem is treated again on the basis of the Poisson
formula for the Laplace equation.

Let G(z) be continuous for all real x, except for at most a finite
number of finite jumps, and zG(x) € Lo(R;C). For each fixed real
number ¢ the function log |z — | is harmonic in the half plane Imz > 0.
Consequently, the function

Ulz,y) = l/ log |2 — t|G(t)dt + Uy

_ _/ log(t PG dt + Uy, (3.25)

73



where y > 0 and Uy is a real constant, is harmonic in that half plane.
Formula (3.25) is given with the Poisson formula (3.9) in mind; for it
follows from formula (3.25) that

Uy,) =~ /_ Z i _yf)gtl i (3.26)

where y > 0.
In view of equations (3.9) and (3.10), then,

lir% Uy(z,y) = G(x),y >0, (3.27)
y*)

at each point x where (G is continuous.

Integral formula (3.26) therefore solves the Neumann problem for the
half plane y > 0 with the boundary condition 0,U = G. But we have
not presented conditions on G that are sufficient to ensure that the
harmonic function U is bounded as |z| increases.

When G is an even function, formula (3.25) can be written as

1 0.8} t_ 2 2
Ulz,y) = 2—/ og U =8 Y a4 (3.28)
™ Jo Ty

where x > 0, y > 0.
This represents a function which is harmonic in particular in the first
quadrant x > 0, y > 0 and which satisfies the boundary conditions

U(0,y) = Up,y >0

lin’(l) Uy(z,y) = G(x),z > 0.
>0
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