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Abstract. The problem of characterizing GKLS-generators and CP-maps with an invariant
appeared in different guises in the literature. We prove two unifying results which hold even for
weakly closed *-algebras: First, we show how to construct a normal form for A-invariant GKLS-
generators, if a normal form for A-invariant CP-maps is known — rendering the two problems
essentially equivalent. Second, we provide a normal form for A-invariant CP-maps if A is atomic
(which includes the finite-dimensional case). As an application we reproduce several results from
the literature as direct consequences of our characterizations and thereby point out connections
between different fields.

1. Introduction

Quantum dynamical semigroups play in important role in many areas of physics.
A (norm-continuous) quantum dynamical semigroup is a collection of normal com-
pletely positive maps (T3)¢>0 on L(H) such that Ty = id, Ts1+ = Ts o T for all
s,t > 0 and the map t — T} is norm-continuous. By the general theory of contin-
uous one-parameter semigroups [0, Theorem 3.7], there exists a bounded operator
L, called generator, such that Ty = e'* for all ¢ > 0. The fundamental result due
to Gorini, Kossakowski, Sudarshan [13] and Lindblad [18] is that L generates a
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norm-continuous quantum dynamical semigroup if and only if L is of the form
LX)=VI(X®1g)V-K'X - XK, XeL(H), (1)

for some V € L(H;H ® Hg) and K € L(H).

In the past, special cases of the following question on restricted GKLS-generators
arose in the literature: Suppose A C L(H) is a von Neumann algebra, or more gen-
erally a weakly closed *-algebra', such that T3(A) C A for all t > 0 or, equivalently,
such that L(A) C A. How does this condition constrain the operators V and K?
In this work, we provide an answer to this question, if A is atomic — thus covering
many interesting cases, in particular the finite-dimensional case. It should be noted
here that T3(A) C A for all ¢ > 0 is equivalent to L(A) C A.

Among the results for which the answer to the question posed above is useful
are: The Koashi-Imoto theorem [17], an important result in the theory of quantum
communication, giving the general form of a quantum channel leaving a certain
set of density matrices invariant; the form of the GKLS-generator imposed by the
invariance of the decoherence-free subalgebra [1,5,11,25]; general questions about
decoherence, where the form of the GKLS-generator imposed by the invariance of
a maximally abelian subalgebra is important [5, 12, 22-241]; the study of Markovian
subsystems [27] and the study of the aging process of quantum devices via dynamical
semigroups of superchannels [14].

This paper is structured as follows: In Section 2., we introduce the notation and
remind the reader of several facts related to completely positive (CP) maps, GKLS-
generators, and weakly closed *-algebras. In Section , we show how to reduce
the general problem of classifying GKLS-generators with an invariant approximately
finite-dimensional algebra to the one of classifying normal CP-maps with the same
invariant algebra. In Section we classify normal completely positive maps
with an invariant atomic algebra. Section combines the results from Sections

and to obtain a classification of GKLS-generators with invariant atomic
algebras. In Section 4., we use our results to reproduce several results from the
literature discussed above. Finally, in Section 5., we conclude our work and outline
possible further lines of research.

2. Preliminaries and Notation

Functional analysis: Throughout, H (with some subscript) denotes a separable
complex Hilbert space. For Banach spaces X and ), we denote by L£(X;)) the
set of bounded linear operators from X to ), which becomes a Banach space when

LA weakly closed *-algebra can be characterized as a von Neumann algebra with support only
on a subspace. It therefore consists of a von Neumann algebra and a null part. As the step from
von Neumann algebras to weakly closed *-algebras is not always obvious in our results, we include
the null part throughout for completeness.
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equipped with the operator norm. We abbreviate £(X’; X') by £(X). The strong
operator topology (SOT) on L(H,;Hg) is the smallest topology such that for all
|ta) € Ha, the map X — X|i,) is continuous. The weak operator topology (WOT)
on L(Hy; Hg) is the smallest topology such for all [¢,) € H, and [¢g) € Hp, the map
X — (Y| Xhy) is continuous. The ultraweak (or weak-*) topology on L(Ha;HE)
is the smallest topology such that for all p € S1(Hp;Ha), the map X — tr[Xp]
is continuous. Here, tr denotes the trace and Sj(Hp;Ha) the set of trace-class

operators, that is those p € L(Hp;H ) for which tr [\/pr} < 00. A subset T CH

is total in H if its linear span is dense in H. An operator V' € L£(Ha; Hzp) is called an
isometry if ||[V])|| = |||} for all |¢p) € Ha. A surjective isometry is called unitary.

CP-maps and GKLS-generators: A linear map ® : £L(H,) — L(Hg) is a nor-
mal CP-map if there exists a Hilbert space Hg and an operator V' € L(Hp; Hp @ HE)
such that ®(X) = VI(X ® 1g)V. We denote the set of such normal CP-maps by
CP,(Ha; Hg) and abbreviate CP,(H;H) by CP,(#). The pair (V,Hg) is called
a Stinespring representation of ®. An equivalent characterization of normal CP-
map is that they admit a Kraus representation. That is, there exist operators
{vi}; € L(H) such that &(X) = >, U;.'Xvi for all X € L(H), where the series is
SOT-convergent. The choice of (V, Hg) representing ® is not unique. However, the
following well-known theorem (see e.g. [20, Theorem 29.6]) quantifies the freedom.

THEOREM 1. Let V € L(Hg; Ha @ Hz) and define ®(X) = VI(X @ 15)V for all
X € L(Hy). Then there exist Hg and V € L(Hp; Ha @ Hg) such that a) ®(X) =
VX ®1g)V for all X € L(Ha) and such that b) {(X @ 1g)V[) | X € L(Ha),|) €
Hgy} is total in Hy @ Hg.

If (Hg, V) is any pair such that ) and b) are satisfied, and if (Hﬁ,f/) is another
pair such that «) is satisfied, then there exists an isometry W € L(Hg; Hz) such that
V =1, @W)V. If b) is also satisfied for (Hg, V), then W is unitary.

If V satisfies condition b) above, then it is called minimal.

A linear map L : L(H) — L(H) is called GKLS-generator (or generator in
GKLS-form) if there exists ® € CP,(#H) and K € L(H), such that L(X) = &(X) —
K'X — XK for all X € L£(X). As for normal CP-maps, the representation is not
unique. The following characterization of the freedom can be extracted from [20),
Chapter 30], in particular from the proof of Proposition 30.14. We give a complete
proof in Appendix

THEOREM 2. Let V € L(H;H® Hg) and K € L(H) and define L(X) = V(X ®
1:)V — KTX — XK for all X € L(H). Then there exist Hg, V € L(H;H @ Hg) and
K € L(H) such that a) L(X) = V(X @ 1)V — KTX — XK for all X € L(H) and
such that b) {((X @ 1g)V = VX)) | X € L(H),|) € H} is total in H @ Hg.
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If (Hg, V, K) is any triplet such that o) and b) are satisfied, and if (Hz, V, K) is an-
other triplet such that o) is satisfied, then there exists an isometry W € L(He; Hg),
a vector |¢) € Hg, and a number pu € R such that

- - - - 1 -
V=1W)V+1e ), K=K+ (1A W)V + §\|¢\|2 +ip (2)
If b) is also satisfied for (Hg, V,K), then W is unitary.

Weakly closed *-algebras: We introduce several conventions that will be useful
in simplifying the notation throughout. A weakly closed *-algebra A C L(H) is
a subalgebra of L£L(H) that is closed w.r.t. the WOT' and w.r.t. taking adjoints.
A weakly closed *-algebra does not necessarily contain the identity — if it does
then it is called a von Neumann-algebra (abbr. vN-algebra). Every weakly closed
*-algebra A is (unitarily equivalent to) the direct sum of a zero-dimensional algebra
0p and a vN-Algebra [15, Proposition 5.1.8]. That is, A = U4 (0p ® Ap) UL, where
Us : He — H is a unitary on Hg = Ho @ Hy, 00 = {0} € L(Ho) and Ay is a
vN-algebra in L£(Hg). If Py € L(Ha;Ho) and Pﬁ6B € L(Hg; Hg) are the orthogonal
projections onto Ho and Hg, then we define Py € L(H;Ho) and Py € L(H;Hy) by
Py = PU!, and P; = P2UY,.

Two special types of weakly closed *-algebras are of particular importance to us:
the approximately finite-dimensional ones and the atomic ones. A weakly closed *-
algebra A C L(H) is called approzimately finite-dimensional (AFD) if there exists
an increasing sequence A; C Ay C A3 C --- C A of finite-dimensional (hence
weakly closed) sub-*-algebras of A such that UpenA;, is WOT-dense in A. Atomic
weakly closed *-algebras are usually defined by the requirement that every non-zero
projection in 4 majorizes a non-zero minimal projection [26, Definition 5.9] — a
property always fulfilled in finite dimensions. For our purposes, it is more convenient
to think of them as those weakly closed *-algebras that are the direct sum of type-I
factors. A proof of this equivalence can be found in the appendix of [¢].

DEFINITION 3. A weakly closed *-algebra A C L(H) is called atomic if

A=Ua (00 o Pt ® h») Ul (3)
el
for a Hilbert space My, sequences of Hilbert spaces {H 4, }ier and {Hp, }ics indexed
by a countable index set I, and a unitary Uy : Hg — H, where Hg = Ho &
@iEI(HAi X HB@')'
We further define for all 7 € I the Hilbert space H; = Ha, ® Hp,. For all
k€ TU{0}, let P® € L(Ha;Hy) be the orthogonal projection onto Hj, and let us

!Equivalently, one can use the SOT or the ultraweak topology.
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define P, € L(H;Hy) as P, = P,SB UL. Hence, an arbitrary element X 4 € A can be
written as SOT-convergent series X4 = >, ; PZ-T(XAZ. ® 1g,)P;, for some operators
XAi S ﬁ(,HAZ), with SUp;cr ||XA1H < 0.

For A C L(H), we denote by A" := {X € L(H)| XX = XX, VX4 € A} its
commutant. If A is an atomic weakly closed *-algebra with decomposition given
above, then as a special case of general theory of direct integral decompositions of
vN-algebras (see e.g. [16, Proposition 14.1.24, Theorem 11.2.16])), A’ is given by

A=y (cmo) &Pty @ ﬁ(HB»)) Ul (4)

el

Hence, an arbitrary element X’y € A’ can be written as SOT-convergent series
Xa = PJXOPO + D ier PZ.T(]IAZ. ® Xg,)P;, for some operators Xo € L(Ho) and Xp, €
L(Hg,), with sup;c; || Xg,|| < oco. And X 4 is self-adjoint if and only if all the
operators in the decomposition are self-adjoint [16, Proposition 14.1.8].

3. Results
3.1. GKLS-GENERATORS WITH INVARIANT *-ALGEBRA

In this section we state and prove our first main result, namely a theorem that
allows us to reduce the problem of characterizing GKLS-generators with invariant
weakly closed *-algebras to characterizing CP-maps with invariant weakly closed
*_algebras. Since CP-maps are special GKLS-generators (for K = 0), this renders
these problems essentially equivalent. For technical reasons, we need to restrict our-
selves to AFD algebras. The notation in the following theorem and the subsequent
proof follows Section

THEOREM 4. Let L : L(H) — L(H) be defined by L(X) = ®(X) - K1X — XK,
for some ® € CP,(H) and K € L(H), and let A C L(H) be an AFD weakly closed
*_algebra. The following are equivalent

1. L(A) C A.

2. (Stinespring) Suppose ® is given in Stinespring representation ®(X) = VI(X®
1)V, where V € L(H;H ® Hg). Then there exist operators Vo € L(H;Ho @
He), A,B € L(H;H ® Hg) and Ky € L(H;Ho); an operator K4 € A; and a
self-adjoint operator H 4 € A’ such that

(a) AW (XA ®1g)A € A and (X4 ® 1g)B = BX 4, for all X4 € A.

2Note that this definition is consistent with the one introduced in the first paragraph above.



(b) V and K have the following form:

V = (Pl @ 1g)Vo + A+ B, (5a)
1
K:BTA+§BTB+KA+iHA/+PJKO. (5b)

3. (Kraus) Suppose ® is given in Kraus representation ®(X) = > - gszXan.
Then there exists a countable index set N ; collections of operators {v,}nen C

L(H;Ho) and {an}nen, {bntnen C L(H) such that Y .y U,Twn, Y oneN ailan
and ), cn b;-bj SOT-converge; an operator Ko € L(H;Ho); an operator K4 €
A; and a self-adjoint operator H 4 € A’ such that

(a) ZneNaLXAan €A forall X4 € A and b, € A" for alln € N.

(b) {én}nen and K have the following form:

On = POTfun + apn + by, for allm € N, (6a)
1 .
K= ;ngan+§ ;Vb;anrKAHHA,JrPgKO. (6b)

Remark. If we take X4 € A, then a simple calculation (done in the first part of
the proof) shows that

L(Xa) = AN(X4 @ 15)A — K[, X4 — X4K 4.

This is the generator of a quantum dynamical semigroup on A and has the general
form found by Christensen and Evans [7, Theorem 3.1]. Since the operators A and
K 4 specify a generator on the subalgebra, the operators B, K, and H 4 determine
a specific one among the possible extensions of such a generator to all of L(#). Note
that if A is a von Neumann algebra, then the form simplifies since the term POJr Ky
does not appear.

Proof. We prove | <= 2 and obtain 3 as a corollary. For the implication 2 —
, let X 4 € A be arbitrary. We have

D(X4) = (Vi (P ® 1g) + At + BN (X4 ® 1) (P} © 1e)Vo + A + B)

oy ot
PoXa=0=XaF, (AT _|_BT)(X,4®1E)(A+B)

(Xa®1e) B=BX4 AN (X4 ® 15)A+ (BT A + 5BTB)TXA+X,4(BTA+ §BTB)



and
1 1
KX+ X4K = (BTA + 5BTB)TXA + X4(BTA+ 5BTB) + K X4+ XaKa

—iHp XA+ iX Hu + KJPoX a4+ X4P Ky .

=0, since H 4, €A’ —0, since P()XA:O:XAPJ
Combining the calculations above yields
L(Xa) = AN (X4 ® 1)A — K\ X4 — XaK 4,

which belongs to A since by assumption AT(X,®15)A € A, K4 € A and KL e A
The proof of the converse proceeds in two main steps: First we show that there are
operators Vp, A and B such that the conditions in and Eq. (52) hold. Second,
we derive the form of K. As a first step, we construct a family of linear maps on
L(H) each of which is closely related to L and leaves A invariant. Since L(A) C A,
and since A is a *-algebra,

U(X,Y,2)=LY'XZ2)-Y'L(XZ)- LY X)Z+YTL(X)Z (7)

is an element of A whenever X,Y,Z € A. A direct calculation using the represen-
tation ®(X) = V(X ® 1g)V reveals that

VXY, Z)=[VY — (Y @1p)V] (X ©1p) [(VZ - (Z®1p)V]. (8)

With the notation introduced in Section 2.: Since A is AFD, so is ULAUA = 00D Ay
and so is the vN-algebra Ay C L(Hg). Let A; € Ay C A3 C --- be an increasing
sequence of finite-dimensional *-subalgebras of Ag, such that UnenAy, is WOT-dense
in Ay. For every n € N, define A, := span{An U Clg}. Clearly, also UpenA,y, is
WOT-dense in Ag, but now A, is a vN-algebra for every n € N. In the following,
we will often need to assign to operators in Aj the corresponding ones in 4. For
notational convenience, we define for each X € Aj the operator X = PgX Py e
L(H). We denote by U(A,) the unitary group in A,. As A, is finite-dimensional,
U(A,,) is a compact group, so there exists a unique Haar probability measure on
U(A,). For any n,m € N and X € L(H), we obtain the following Haar average

/ / WU, XW, U, W) dUd Wi
UlAm) Ju(An) (9)
= (@ 1)V - E, (V) (X @ 1g) ({5 ® 1e)V — En(V))

where

Ey(V) := /M(A )(U,j ® 1g)VU, dU,, ke N.
k
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Since we integrate over a probability measure, ||[Ex(V)|| < ||V and hence the (se-
quential) Banach—Alaoglu theorem implies that the sequence (Ex(V))ren has an
ultraweakly convergent subsequence whose limit we denote by E(V). For X4 € A,
the RHS of Eq. (9) is an element of A for all n,m € N, since the integrand is in A
and the Bochner integral converges in norm. Furthermore, since A is ultraweakly
closed, passing to subsequences and taking the limit n — oo and then m — oo yields
that

U(X) = (g0 1)V —EV)) (X4 @ 1g) (I @ 1)V —E(V))  (10)

is an element of A for all X4 € A. In other words, ¥ interpreted as a CP-map
satisfies ¥(A) C A. We now define Vy, B and A as follows: Vy = (Py ® 1g)V,
B=E(V)and A=V — (Pl ® 1g)Vy — B. Thus V = A+ B + (P} ® 1)V, which
is precisely Eq. (52). Tt follows directly from Eq. (10) that AT(X4 ® 1g)A € A
for all X4 € A — verifying the first part of condition 2a. By the definition of
the Haar measure and since (Ag)ren 1S an increasing sequence, we have (ﬁk ®
1g)E(V) = E(V)U} for all Uy, € U(Ay). But since every Xj € Ay can be written as
a finite linear combination of elements in U(Ay) (see [15, Theorem 4.1.7]), we have
(X @ 1g)E(V) = E(V)Xy, for all X € Ay and hence (X @ 1g)E(V) = E(V)X for
all X € UpenAy,. Evidently, this equation is also preserved under ultraweak limits.
Thus (X4 ®@ 1g)E(V) = E(V)X 4, for all X4 € A. Since B = E(V), this implies the
second part of condition

It remains to show that K has the desired form. To this end, note that for any
X € A, we have L(X 4) € A by assumption, but since V = (P(;r ® 1)V + A+ B,
(X4 ®1g)B = BX 4 and PyX 4 =0, we also have

L(X4)=[A+ B (X4® 1) [A+ B — K1 X4, — XK
= AN(X 4 ®1)A— (K —B'A- %BTB)TXA — X4(K —B'A - %BTB).

Since AT(X 4 ® 1g)A € A, this implies that
—HTXA—XAFL e A, (11)
for all X4 € A, where k = K — BT A— %BTB. For U,, € U(A,,), we choose X 4 = U,,

multiply Eq. (11) from the left by U); and integrate over the Haar measure. Thus,
we see that

—/ Ul kU, dU,, — 1k (12)
U(Ar)

belongs to A. By the same arguments as above, we can pass to a subsequence such
that for n — oo, expression Eq. (12) converges to

~

—RA — 16/{7 (13)
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for some k4 € A’ and such that the whole expression belongs to A. We now
define the self-adjoint operator H 4 = —%(KA' - /{i‘,) € A’, the operator K4 :=
ﬂg/{ —itHy =k — PJPO/Q —iH 4 and Ky = Pyk. By the definition of Ky and K4
we thus get Kk = K4 +iH 4 + POTKO, which is the desired form if K 4 € A. This last
assertion can be seen as follows:

1

2
_ Yorgs g e i i
- 5(,{]10“10;-@) +§<(]10;<+KA,)—(10/<+;@A,)>.
€A, by Eq. (13) €A, by Eq. (13)

€A, by ﬂGGA and Eq. (11)

This finishes the proof of | <~—

Part 3 is a matter of going from the Stinespring representation of normal CP-
maps to their Kraus representation and back. This is a standard procedure and a
very nice account can be found in [3]. We just mention here that after choosing an
orthonormal basis {|e,,) }nen of Hg, the collections {v, }nen, {an tnen and {b, }nen
and the operators Vj, A and B are related via v, = (1 ® (e,|)Vb, an := (1 ®
(en])A and b, = (1 ® (e,|)B. The corresponding properties are then routinely
verifiable. ]

3.2. CP-MAPS WITH INVARIANT ATOMIC ALGEBRA

In this section, we study the problem of finding a normal form for (normal) CP-
maps with an atomic invariant subalgebra. Slightly more generally, we aim to find
normal a normal form for normal CP-maps ® with the property that ®(A) C C,
for two atomic weakly closed *-algebras A and C. Since we are now dealing with
two algebras, we need to distinguish them in the notation in Definition 3. For the
algebra A C L(H4): the index set is called I; the Hilbert spaces {H;}icsuqoy are
denoted by H;.4, with H;.a = Ha, ® Hp, (i € I); and the operators P; are called
Py € L(Ha;Hia). For the algebra C C L(Hc): the index set is called J; the
Hilbert spaces {#;};cjuf0} are denoted by Hj.c, with Hj.c = He, @ Hp, (j € J);
and the operators P; are called Pj.c € L(Hc;Hj.c). With this notation in place, we
can state our second main result:

THEOREM 5. Let A C L(Ha) and C C L(H¢) be two atomic weakly closed *-
algebras. For ® € CP,(H.;He) defined by ®(X) = VI(X @ 1g)V, with V €
L(He; Ha @ He), the following are equivalent

1. B(A) CC.

2. There exist an operator Vo € L(Hc; Hoa @ He); and for all i € I and j € J
Hilbert spaces Hg,;, operators A;; € ﬁ(’ch;HAi ® Hg,;), and isometries U;; €
E(HFij ® Hp,; Hp, ® Hg), such that
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e V can be decomposed as

V=(PlyoleVo+ > (Pl @1e)ViPic, (14)
iel, jeJ

with Vij = (1, ® Uij)(Ayj @ 1p;), s.t. the series SOT-converges.
o The relation U;kUﬂ = ;1 holds for alli € I and k,l € J.

The representation in 2 can be chosen such that {(X®]lpij VAij[0) | X € L(Ha,), 1Y) €
He, } is total in Hy, @ He,; -

Remark. The theorem above tells us that if V' is written as a block matrix (w.r.t.
a basis determined by the structure of A and C), then all the blocks are necessarily
of the “semilocalizable” form (1 ® U)(A® 1) — and that the U’s need to satisfy an
orthogonality relation.

Proof. Let us start by showing that = 1. We know that X4 € A if and
only if it can be decomposed as SOT-convergent series Xy = >, ; PZT A(Xy, ®
1g,)Pp.a, for Xy, € L(Ha,) with >,/ || Xa,|| < co. Since A and C are ultra-
weakly closed, ® is ultraweakly continuous, and the operators in Ap := {X 4| Xy, #
0 only for finitely many ¢ € I } are ultraweakly dense in A4, it suffices to show the
claim for X 4 € Ap so that convergence issues (w.r.t. the I-summation) play no role
in the following calculation (where the J-summation SOT-converges):

B(Xa) =Y [(Pra@1e)V]' (Xa, ® Is, @ 1g) [(Pra @ 15)V]

el

= Z Z PII;CViL(XAi ® 1g, ® 1g) Vi Prc
el kled

=33 Plo(Al, © 1) (Xa, ® U Ua)(Aa ® n,) Prc
el kled

=" > Plo(AL @ 1)) (Xh, ® Tp, ® 1p,)(Aij ® Tp,) Pyc
el jeJ

= Z PJTZC <Z A:LI:](XAZ ® ﬂFij)Aij> ® ]le Pj:C,
jeJ el

where we used the expansion of X4 in the first line, Eq. (14) in the second line
(in particular the orthogonality of the projections), the explicit form V;; = (1, ®
Uij)(Aij @ 1p,) in the third line, the orthogonality relation U,'TkUil = 01 in the
fourth line and algebraic manipulations in the fifth line. But the last line is just the
decomposed form of an element of C. Thus we have shown that ®(A) C C.
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For the converse, suppose that ®, defined by ®(X) = V(X ® 1)V satisfies
®(A) CC. Let Iy = TU{0} and Jo = J U {0}. Then } ; -,
> o€ do ]3}0:013]-0;@ = 1¢, where the series SOT-converge. Hence, we can expand

Pl 4Piya = 14 and

V=(Pa®1e)Vo+ Y (Ply®1e)VoPuc+ > (PLy®1e)ViPic,  (15)
iel iel,jeJ
where we defined Vy = (Pp.4 ® 1g)V and for all ¢ € I and jy € Jy the operator
Viio = (PAa® ]lE)VPgTO:C' Thus it remains to show that Vo = 0 and that V;; has our
specific form.

By definition, every X¢ € C is of the form X¢e = ZjeJ P]T:C(ch ®1p,)Pjc. Thus,
in particular ®(X 4) assumes that form for all X 4 € A. This has the following three
implications: First, for every i € I, j € J and every X, € L(Ha,), there exists
Xc¢; € L(Hc,) such that

Pjc® (PT;A(XAi ® ]lBi)Pz':A) P]-T;c = VH(Xy, @ 1p, @ 1g)Vij = X¢, ® Ip,.  (16)

(2

Second, for every i € I and X,, € L(H,,), we have

Poc ® (Pj WXy, ® 15,) P, A) Plo=Vi(Xy @1p, @ 1g)Vig=0.  (17)
Third, for every i € I and k,l € J with k # [ and all X, € L(H,,), we have

Pyc ® (PJ AXy, ® ]lBi)PZ-;A) Pl, =Vl (X, ®1s, @ 1) Vi = 0. (18)

It is a direct consequence of Eq. (17), by choosing X,, = 1,,, that Vo = 0 for
all i € I. Hence the second term in Eq. (15) vanishes as desired.

We will now see that Eq. (16) implies that Vj; = (1 ® Uj;)(A;; ® 1). This
is due to the equivalence between semicausal and semilocalizable CP-maps, estab-
lished for finite-dimensional systems in [9]. We reproduce the argument here for
the infinite-dimensional case. Choose some unit vector [¢)) € Hp, and define the
normal CP-maps ®;; € CP,(Hiu;H;jc) and Uy € CP,(Hy,;He;) by 45(X;) =
Piic® (Pl XiPua) Ploand Wi5(Xy,) = (Lo, @(0])is (Xa, @1s,)(Le,@10)). Eq. (10)
then implies that

Dij(Xn, © 1p,) = Wij(Xy,) ® 1p, (19)
for all X,, € L(Ha,). By Stinespring’s dilation theorem (see Theorem 1), there
exists a minimal dilation given by Hr,, and A;; € L(Hc;; Ha, ® Hr,;) such that
U,i(Xa,) = Asz(XAi ® 1g,;)Ayj. It follows that A;; ® 1p, is a minimal dilation for
Xp, = W5(Xy,) ® 1p,. But Egs. (19) and (16) then imply that

V(X © 15, ® 1)V = (45 © 1p)) (X, ® Ir,, ® Ip))(Ai; © I,),  (20)
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for all Xa, € L(Ha,;). In other words, V;; and A;; ® 1p ; are Stinespring operators of
the same map. Since 4;; ® 1p, is minimal, there exists an isometry U;; € ‘C(HFij ®
Hp,; Hp; ® He) such that Vi; = (1a, @ Uij)(Aij ® Ip;). This is the desired form.

It remains to show that U;kail = 01 for all « € I and k,1 € J. Since the U;’s
are isometries, this condition is fulfilled for k = [. For k # [, we choose arbitrary
V) € Hpe and |¢hy) € Hpe and X1, Xg € L(Hy,). Eq. (18), with X,, = X| Xz

implies

0

(XL @ 1, ® 1g) Vigr|(Xr @ 1, @ 1g) Vi)
= <(XL ® ﬂFik & ]le)(Aik ® 1Dk)¢k| |:1Ai ® UszUZl] (XR ® ]]‘Fil ® ﬂDl)(Ail ® 1Dl)¢l>'

Since {(Xr, ® 1f,, ® 1p,)(Air @ Lp,)|vk) | X € L(Ha,),|Yk) € Hic} being total
and {(Xr ® Lr, ® 1p,)(Ay ® Lp,)[t) | Xr € L(Ha,), [¥1) € Hic} being total is the
definition of minimality of A;; ®1p, and A;®1yp,, respectively, we can conclude from
the equation above (using sesquilinearity of the inner product) that 1,, ® UZTkUil =0
and hence that UZ.TkUZ-l = 0, as desired. Finally, note that the claim about the
totality of {(X ® 1g,;)Ay|Y) | X € L(Ha,), ) € He,} in Ha, ® H,; follows by
construction. O

3.3. GKLS-GENERATORS WITH INVARIANT ATOMIC ALGEBRA

The notation in the following theorem and its proof follows Section

THEOREM 6. Let L : L(H) — L(H) be given by L(X) = V(X @ 1g)V — KTX —
XK withV € L(H;H® Hg) and K € L(H) and let A be an atomic *-subalgebra of
L(H), with decomposition given by Definition 5. Then the following are equivalent

1. L(A) C A.

2. There exist operators Vo € L(H; Ho @ Hg) and Ko € L(H;Ho); for alli,j € 1
a Hilbert space Hg,;, operators A;; € L(Ha,; Ha, @ Hr,;), and isometries Uy €
L(Hr,; @ Hp,; Hs, ®He); and for every i € I operators B; € L(Hs,; Hp, ® HE),
Ky, € L(Ha,), and self-adjoint operators Hg, € L(Hg,), such that

e V and K can be decomposed as

V=(Pol)h+ Y (Pelg)ViP+> (Pl @11, ® B)P
t,j€l iel
1
K =3 Pl(ly@B)Vi'Pi+ 5> Pty @ BIB)P
el el
+ Ka+iHa + Pl Ko,
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with V3¢ = (L, ® Uy)(Ay ® 1), Ka = Y, PH(Ky, ® 15,) P, and
Hpy =3 c; PZ.T(]IAZ. ® Hg,)P;, s.t. all series SOT-converge.
o The relation U;rkUﬂ = 1 holds for all i, k,l € I.
Proof. The basic strategy is to use Theorem 4 to reduce the problem to CP-maps

with invariant algebra A, followed by an application of Theorem 5. In detail: Part
of Theorem 4 provides us with operators A, B, Vy, Ko, K4 and H 4 such that

V= (Pl o 1g)Vo+ A+ B, (21a)
K:BTAJF%BTBJFKAMFIA/JFPJKO. (21b)

We observe the following;:
e Since K4 € A, it can be decomposed as K4 = > ,; PZ-T(KAZ. ® 1p,)P; for

operators Ky, € L(Ha,).
e Since (X 4) := flT(XA ® ]lE)A € A for all X4 € A, we can apply Theorem
, which implies that there exist Ay € L(H;Ho ® Hg); and for all 4,5 € I, a
Hilbert space Hg,,, operators A;; € L(Ha;; Ha, @ He,;), and isometries U;; €
L(Mr,, ® Hz,; Hp, ® Hg) such that A = (P} @ 1g) Ao + Zi’jel(P,.T ® 1) VP,
where V;jc = (]]'Ai &® Uw)(AZ] ® ]lBj) and U;rkUil == 51911 for all i, k‘,l el
e Since B satisfies (X4 ® 1g)B = BX4 for all X4 € A, a calculation executed
in Lemma |1 shows that there exist By € L£L(Ho; Ho ® Hg) and operators B; €
E(IHBZ.; HBi & HE) such that B = (P(;f ® ]lE)B(]P(] + Zie[(});r & HE)(]lAi ® BZ)PZ
e Since H 4 € A’, the discussion around Eq. (1) yields that it can be decomposed
as Hy = PIHoPy + Y ic; Pl (1s, @ Hg,) P, for self-adjoint Hy € £(Hg) and
HBi c ﬁ(,HBZ)
Each of the points above provides an explicit representation of the operators in
Egs. (21a) and (21h). Plugging them in yields

V = (Pl @ 1e)Vp + (P} ® 1) Ao + (P} ® 1) Bo Py

+ 3 (Pl 1g)VieP+ Y (Pf @ 15)(1a, @ B)P;
i,j€l el

which has the desired form after defining Vj = Vo + Ao + BoPy. And
~ 1
K = PIKo+ P/ By Ao Py + 5POT B{ByPy +iP}HoPy

1 .
+ Z Pl(1y, ® B)VieP + B Z Pl (15, ® BIB)P, + K4+ iH.u,
iel icl

which has the desired form after defining Ky = K —|—B(];A0P0—|—%B(T)BOP0 +iHoPy. O
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The representation in Part 2 of Theorem 6 is not unique. The following theorem
quantifies the freedom in that representation.

THEOREM 7. The operators and spaces in Part 2 of Theorem ( can be cho-
sen to satisfy the following minimality conditions: a) For all i € I, the set
{(XAi ® ]lpii)A“' — A“XAZ’1/1> ‘XAi S ﬁ(,HAZ), ‘¢> S ,HAl} 1s total in ,HAi & HFiw and
b) the set {(Xn, ® Lg,, ) Aij|10) | Xa, € L(Ha,), [¥0) € Ha,} is total in Hy, @ Hg,, for
alli,j € T with i # j.

Let L : L(H) — L(H) and L : L(H) — L(H) be given by L(X) = V(X @ 1)V —
KX — XK and L(X) = VI(X @1;)V - KX - XK, with V € LOH; HOHg), V €
L(H; HOHz), and K, K € L(H), and let A be an atomic *-subalgebra of L(H), with
decomposition given by Definition 5. Suppose that L(A) C A and L(A) C A and let
the corresponding representations (Theorem ) (Vo, Ko, {Hr,; },{Ui;}, {4i; }, {Bi},
{KAi}7 {HBZ}) and (V(]v Ko, {IHF‘ZJ }’ {Uij}’ {Aij}’ {Bl}’ {KAi}7 {HBz}) both satisfy con-
ditions a) and b) above. Then, the following hold:

1 If L(X4) = L(X4) for all X 4 € A, then, for everyi € I, there exist a unitary
Wii € L(Hr,;; Hz,,), vectors [1;) € Hg, with sup;cr |||l < oo, and numbers
wi € R, with sup;cr |p1i| < oo, such that A = (La, ® Wyi)Aji + 1y, @ \zﬁﬁ and
Ky, = Ky, + (L, @ (5| W) Asi + %HIZJZHz +ip;. Moreover, for all i,5 € I with
i # j there exists a unitary Wi; € ﬁ(HFij;H}?U) such that Ai; = (1a, @W;5)Aij.

and JZIBZ. = HBl.—F%(G—GT)—m]lB“ where G = BZUii(!WMD@]lBi). Moreover,
for alli,j € I, we have U;; = Uij(W;; ® 1g,).

Remark. It is the matter of a straightforward calculation to show that the (si-
multaneous) substitutions in | and 2 above leave the operators V' and K invariant.
Thus Theorem 7 quantifies exactly the freedom in our representation. Moreover,
Theorem 2 quantifies the freedom in the choice of (Hg, V, K).

Proof. We start with proving the possibility of a reduction to minimality, as claimed
in the first part of the theorem. Suppose L is given according to Part 2 of Theorem
, with data (Vo, Ko, {Hz, }{Uss}, {Aij}, {Bi}, {Kn }, {Hg,}). For any i € I, Xy, €
E(HAi)v we have PiL(PiT(XAi®1Bi)Pi)PiT = ‘Zl;rz(XAz ® ﬂﬁii)‘iii - KLXAz - XAiKAi] ®
1, =: th- (X4, )®1p,. By Theorem 2, there exists (Hg,,, Ai;, Ka,) such that Liii(XAi) =
AL(XAZ.®1F“)AZ-Z-—KLXAZ. — X, Ky, Aj; satisfies condition « ), Ay = (1y, @Wi;) Aii +
1a, ® |¢0), and Ky, = Ky, + (1a, ® (i|Wii)Aii + %szHz + ip;, for an isometry
Wii € L(Hr,;;Hg,,), a vector [th;) € Hz ., and a number p; € R. We define U;; =
Uii(Wi@1g,), so that Uy; is an isometry. Furthermore, we define B; = B;+[1;) @1,
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and Hp, = ﬁBi—F%(G—GT)—FuﬂlBi, where G = Bjﬁ“(h/;Q@]lBl) A direct calculation
shows that replacing the operators with ‘tilde’ by the ones without, does not change
V and K, but now A;; satisfies condition ). The claim that sup;c; ||¢5|| < oo and
sup;er | il < oo follows, since L would be unbounded otherwise. For 4, j € I with i #
j, we have PL(P!(Xy, @ 1g,)P,) P} = |AL(Xy, ® 15, ) Aij | @ I, =: Ly;(Xa,) @ T,
By Theorem 1, there exists (Hg, , A;;) such that Liij (Xy,) = A}Lj (Xa, ®1F,;)Ajj, con-
dition b) holds, and /L-j = (1, ® Wij)A;j, for some isometry W;; € £(”Hpij;7-l§ij).
We define U;; = U;;(Wi; ® 1g j). It follows that U;; is an isometry and also that
UZTkUil = 0. Again, a calculation shows that replacing the operators with ‘tilde’
by the ones without, does not change K and V.

Next, we want to prove . Since L(X4) = L(X4) for all X4 € A, we have
in particular B,L(P](Xy, ® 1,)P))P] = P,L(P](Xa, ® 1g,)B)P] for all i € 1.
This is equivalent to Al,(Xa, ® 1g,) Ay — Kf Xa, — X, Ka, = AL(Xp, ® 15, ) Ay —
K LXAZ. — XAZf( a,- Since a) holds for L and I:, Theorem 2 implies the existence of
unitaries W;; € L(Hg,;; Hg,,), vectors \zﬁﬁ € Hz,., and numbers p; € R s.t. A =
(L, @Wii) Aji+ 1y, ®1fs) and K, = K+ (La, @ (i Wii) A+ 3|43 *+ips. The claim
that sup;c; |[¢i]] < oo and sup;e; |pi| < oo follows, since L would be unbounded
otherwise. For i, € I with i # j we have PjL(PiT(XAZ. (X)]IBZ.)PZ-)P].T = ij/(PiT(XAZ. ®
]lBl.)Pi)P]T, which is equivalent to AL(XAZ. ® 1, )Aij = fl;fj(XAi ® ]].}E-ij)fiij for all
Xn; € L(Ha,;). Since b) holds for L and L, Theorem | implies the existence of a
unitary W;; € ﬁ(HFij;H}?U) s.t. Aij = (1a, ® Wij)A;;. This is claim

For part 2, we first notice that V' =V and K = K immediately implies (by
projecting into the respective subspace) that V) = Vp and Ky = K. Moreover, for
any ¢ € I,

Vi = (]lAii®Uii)(Aii®ﬂBii)+]lAi®Bi = (]lAii®ﬁii)(;1ii®ﬂBii)+]lAi®Bi =: f/m . (22)
Thus,

= (1, ® (Uii(Wii @ 13,)))([(Xa; ® Lp,;)Ais — Aii Xa,] ® 13,)

where the second line was obtained by using the relation between A;; and A; in
Part 1. From the equality of the last two lines and the totality implied by a), we
conclude Uy = U;(Wi; @ 1g,;). Using this relation, the relation between A;; and
Aji, and Eq. (22) yields B; = B; — U“(|WZTZ¢Z> ® 1p,). Moreover, from PZ-KP;r =
(La, ® B])(Ln, ® Uii)(Aii ® 1g,) + (1n, ® B} B;) + (K, ® 1g,) + (1y, ® iHg,) =
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(1y, ® BY)(1a, @ Uyi) (As @ 15,) + 2 (1y, ® Bl By) + (K, ® 1g,) + (1y, @i Hg,) = PKP]
and the already established relations between the operators with and without ’tilde’,
we obtain Hp, = Hp, + 5(G — G') — pillg,. Finally, for 4,5 € I with i # j we get
(XAi ®ﬂBiE)Vij = (ﬂAi ® UZJ)([(XAz ®1Fij)Aij] ®1Bj) = (]]'Ai ® UZJ)([(XAZ ®1Fij)Aij] ®
1p,) = (1p, ® (Uy(Wi; @ ﬂBj)))([(XAi ® 1p,;)Ai;] ® 1g,). By the totality condition

, we can conclude U;; = Uj(Wi; ® ]lBj). Since Wj;; is unitary, this finishes the
proof. O

For later convenience, we also note the following.

COROLLARY 8. Let L : L(H) — L(H) be given by L(X) = —KTX — XK, with
K € L(H), and let A be an atomic *-subalgebra of L(H), with decomposition given
by Definition 5. If L(A) C A, then we can choose A;; = 0 and B; = 0, for
all i,5 € I in the corresponding representation of Part 2 of Theorem (. Thus,
K = K4+ iHuy + Pl K.

Proof. IfV = 0and K are given via (Vo, Ko, {Hr,; }, {Uis}, {Aij }, {Bi}, {Kn, }, { He; })
such that and in Theorem 7 hold, 0 = Vj; = (P; ® 1g)V P; implies (1,, ®
Uzg)([(XAl ®]]-Fij)Aij] ®]1Bj) =0 for 4 #] and (]]‘Az ®UM)([(XA1 ®]11:'“)A” —A“XAl] ®
1p,) = 0 for all ¢ € I (compare Eqs. (22) and (23)). Thus by the totality condi-
tions and b), we conclude U;; = 0 for all 4,5 € I, which implies that Hg,; is
zero-dimensional. Hence, A;; = 0 and consequently also B; = 0 for all ¢ € I. ]

4. Applications

4.1. SEMICAUSAL QUANTUM DYNAMICAL SEMIGROUPS

As a first application of our results, we use them to reprove the main result of [14],
namely the characterization of GKLS generators of semicausal quantum dynamical
semigroups, a crucial step towards characterizing the generators of continuous one-
parameter semigroups of quantum superchannels. Here, we call a CP-map ® :
L(Hy ® Hp) — L(Hy @ Hp) semicausal if there is a CP-map @y : L(H,) — L(Ha)
such that ®(X, ® 15) = P4(X,) ® 1 holds for all X, € L(H,). That is, @ is
semicausal if and only if ®(As.) C A holds for the atomic vN-subalgebra A, :=
L(Ha) @ 1p C L(Hy @ Hs).

Using Theorem 6, we see that a GKLS generator L : L(Hy @ Hp) — L(Hr®@Hp),
LX) = V(X ® 1g)V — KTX — XK, satisfies L(As.) C A, if and only if there
exist a Hilbert space Hr, an operator A € L(Hy;Hy ® Hr), and an isometry U €
L(Hr @ Hp;Hp @ Hg); operators B € L(Hp;Hpg @ Hg), Ky € L(H,), and a self-
adjoint operator Hg € L(Hgp), such that V = (1, ® U)(A ® 1) + 1, ® B and
K =(1,® BU)(A® 1) + 31, ® BIB + K, ® 15 + 1, ® iHp. This is exactly [14,
Theorem V.6].
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4.2. QUANTUM DYNAMICAL SEMIGROUPS WITH AN ATOMIC DECOHERENCE-FREE
SUBALGEBRA

For our second application, we first recall that for a uniformly continuous and
unital quantum dynamical semigroup 7 = (T})¢>0 acting on L£(H) the decoherence-
free subalgebra NV(T) is the largest vN-subalgebra of £(H) on which every T} acts
as a *-automorphism [I1, Theorem 3] or, equivalently, such that Ti(Xy(1)) =
e X \pmye ™ for all Xy € N(T), where H € L(H) is self-adjoint [11, Propo-
sition 2|. In particular, note that every T; leaves N (7)) invariant. As shown in [3],
a quantum dynamical semigroup inherits structure from its decoherence-free subal-
gebra. This is the content of the following:

THEOREM 9. [8, Theorem 3.2(1)] Let T and N(T) be as above, and assume that
N(T) is atomic, with normal form as in Definition 5. Then, for any GKLS-
generator L, given in Kraus form by L(X) =3, cn oL X b — K1 X — XK, where

K=1% N Phn + i Im(K), we have

$n = Py, @ Boi)P;, Im(K) = Pl(ks, ® Ip, + I, @ k)P, (24)
el el

for some B, € L(Hg,) and some self-adjoint ky, € L(Ha,) and kg, € L(Hs,).

We can recover Theorem 9 as a special case of our results as follows. By
the characterization of the decoherence-free subalgebra described above, we have
L( X)) = i[ﬁ,XN(T)] € N(T) for all Xpr¢y € N(T). Therefore, if we de-
fine L(X) := —(iH)'X — X(iH) for all X € L(H), then Corollary & implies H =

D el PZ.T(ETAZ. ® 1g, + 1, ® Hg,)P; for self-adjoint Hy, € L£(Hy,) and Hg, € L(Hsg,).
This already provides a normal form representation of L as in Theorem 6, and
the minimality conditions of Theorem 7 are satisfied, since flij = 0. Now, if L is
w.l.o.g. also minimal, Part | of Theorem 7 (with the roles of the operators with
and without ‘tilde’ interchanged) implies that A; = 1, ® |¢;) for some vectors
|i) € Hp,, and that A;; = 0 for i # j. On the level of the Kraus operators, this
yields ¢, = (1® (en|)( ZieI(PiT @ 1g)(Ly, @ Usi(|1i) @ 1g,) + 1, ® B;) P;), which has
the desired form with 8, = (1s, ® (en|)(Usii(|¢:) ® 1g,) + B;). (Note: If L is not
already minimal, we can first follow the steps in the proof of Theorem 7 to reduce
to a minimal generator and then apply the above reasoning.) Moreover, using the
representation of Theorem 6 and again Part | of Theorem 7,

Im(K) =) Pl (Im((1a, ® BlUu)(Aii @ 15,)) + Im(Ky,) @ 1g, + 1, © Hg,) P;
el
=" Pl (1, ® Im(B[Ui(|yys) @ 1s,)) + Im(Ky,) ® Lp, + p; + 1y, @ Hy,) P,
el
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which has the desired form with r,, := Im(K’Ai) and kg, 1= Hp, + Im(BJUii(WJZ-> ®
1s,)) + pi-

As a final remark on our short discussion of the decoherence-free subalgebra, we
point out that [25, Corollary 21] showed that NV (7) is atomic whenever the quantum
dynamical semigroup 7 admits a normal faithful invariant state. In many situations
of interest, we can therefore focus on AV(7) being atomic, as in Theorems ( and

4.3. QUANTUM DYNAMICAL SEMIGROUPS AND CP-MAPS WITH AN INVARIANT
MAXIMAL ABELIAN SUBALGEBRA

Our third application is concerned with the following question: Given a maximal
abelian vN-subalgebra C of £(H), that is ' = C, what is the most general form of
a GKLS-generator that leaves C invariant? According to Theorem 4, we can reduce
the above question to characterizing CP-maps with an invariant maximal abelian
vN-subalgebra. The latter question was previously investigated in [12,24]. More
precisely, [24, Theorem 1] gave an abstract characterization of such GKLS-generators
in terms of a commutation relation and a sufficient condition on the Kraus operators
of the CP part of the GKLS-generator. Ref. [12] extended these deliberations and,
in particular, gave a necessary and sufficient condition for a normal CP-map to leave
a maximal abelian vN-subalgebra invariant:

THEOREM 10. [12, Corollary 3.4] Let ® be a normal CP-map on L(H) with Kraus
decomposition ®(X) =3 gb,];X(;Sn. Let C be a mazximal abelian vN-subalgebra of
L(H). Then, ® leaves C invariant if and only if for every ¢ € C there exist ¢y =
¢mn(c) € C form,n € N s.t. 1) eopn(c) = cum ()T and 2) [, o] = 3 e n Crn®n.-

The “if”-direction in Theorem can be seen using the von Neumann bicom-
mutant theorem. We can recover the “only if”-direction, albeit only for atomic C,
as a consequence of Theorem 5 as follows: If C is a maximal abelian and atomic
vN-subalgebra of £(H), then its decomposition as in Definition 3 becomes partic-
ularly simple, with dim(#,,) = 1 = dim(Hs,) for all ¢ € I. Thus, for any i € I,
there exists |p;) € H such that P, = (p;| € L(H;C) such that {|p;)}ier forms an
orthonormal basis of H. The decomposition of V' in Theorem 5 in this case simplifies
to V=123, icrlpi)(p;| ® [4i;) for some vectors [¢;;) € Hg satisfying (¢j|¢i) = 0 for
all 7,4,k € I with j # k. Accordingly, the Kraus operators of ® can be written as
bn =D jeren|tij)|pi){p;| for some orthonormal basis {|e,) tnen of He.

Since any ¢ € C can be decomposed as ¢ = »_,.; ¢|p;)(pi|, we obtain for any
m € N:

[, ) = Y (ci = ¢j)(emltbig)pi) (pj] - (25)
1,7€1
As (ij|vir) = 0 for j # k, we can define C; € L(Hg) by linearly extending

Cz|¢2j> = (Ci — Cj)|¢ij>, for all i,j el. (26)
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We consider a basis expansion C; := Zm,nEN Cmnsilem)(en| and define ¢, =
> icr CmniilPi) (pi| € C. Then, we get

Z Crn®n = Z Z <€n’¢ij>cmn;i’pi><pj‘

neN neN i,jel
= Z pi)(p;l - Z<€n|¢ij>0mn;i

:<em\cz-\wij%:)(ci—cjxemwiﬁ

_ Z €m’wz]>’pl><p]‘

1,5€l

which equals [c, ¢,,,] by Eq. (25). Thus, 2) is satisfied. Also 1) holds, since the
replacement ¢ — ¢! in the above reasoning leads to ¢; — ¢, which in turn gives
C; — C’Z.T , finally implying ¢n:i = Cnmgy and thus ¢,y — CLm.

We note that our Theorem 5 not only gives rise to Theorem 10, but also provides
a concrete characterization of the most general CP-maps satisfying the criterion of
Theorem for the atomic case. Similarly, we can reproduce and concretize [22,
Theorem 1.2] for atomic C.

4.4. COMPLETELY POSITIVE AND TRACE-PRESERVING MAPS WITH FIXED POINTS

In this section, we look at the Koashi-Imoto Theorem [17, Eq. (85) and Theorem
3] and restrict ourselves to finite-dimensional systems. The Koashi-Imoto Theorem
characterizes the form of CP-maps T' € CP,(H) that are trace-preserving and state-
preserving, in the sense that T'(ps) = ps for some set of density matrices {ps}ses.
If T(p) = trg [V,oVT], with V' € L(H;H ® Hg); Fr is the set of fixed points of
T; Hr, = Uperysupp(p) C H is the support of a maximal rank fixed point; and
Q : H — HF, is the corresponding projection, then the Koashi-Imoto Theorem
states that there is a decomposition of Hzr, = Uz, (D;c;(Ha, ® Ha,)) for some
unitary Uz, (the notation will soon make sense) and an index set I such that

V=@, oV) and Fr=QUsr. EP(L(H,)® 0s) UT Q@

i€l el

where V = (Ur;. ®1E) [(Q ® ]lE)VQT] U}T*, all V; € L(Hg,; Hp, ®HE) are isometries
and all o; € L(Hsp,) are density matrices.

We can reproduce this result as follows: By elementary considerations (exploiting
the positivity of T), the map T : L(Hx.) — L(Hr,), T(X) = QT(QTXQ)Q' is
a trace-preserving CP-map (see [28, Proof of Lemma 6.4] for details), which, by
construction, has a full-rank fixed-point. Since Lindblad [19, Section 3] we know
that if T has a full rank fixed-point, then the set of fixed points of the (unital)
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dual map T* forms a vN-algebra, Fr.. As dim(H) < oo, Fj. it is atomic and
can be decomposed according to Definition 3. Moreover, T(X) = WHX @ 15)W
with W = (Q ® 1g)VQ' and T*(Fz.) € Ff.. Hence, W decomposes according to

Theorem 5. This implies PZ-T*(PZ-T(XAZ. ® ]lBl.)P,-)P;r = [AL-(XM ® ]lpii)A,-,-] ® 1p, =
Xa, ®1p, for i € I and X, € L(Ha,). Since we can choose A;; minimal, this implies
Hr,, = C and Aj; = 1,. Fori,j € I with i # j, we have P;T*(P (X), ®1g,)P) P} =

[Agj (X, ® ﬂpij)Aij] ®@1g, = 0 for all X;, € L(Ha,). Thus A;; = 0. In conclusion, we

have W = Zie I PZ-T(HAZ- ® Uy;) P;, with P; given by Definition 3. From the definition
of P; this is exactly the first part of Eq. (27), if we identify V; with Uj;.
For the second part, first note that by construction, Fpr = QT]:TQ. By the

Brouwer fixed-point theorem, there exists a density matrix o; such that trg {Viaﬂ/ﬂ =

o;. With that choice, it is easy to see that operators of the form of the second part
in Eq. (27) are fixed-points. But since, as a general property of linear maps on
finite-dimensional spaces, the dimension of the fixed-point space of T equals the
dimension the fixed-point space of T*, the claim follows. Thus we have arrived at
the Koashi-Imoto Theorem.

5. Conclusion

In this work, we have fully characterized the generators of quantum dynamical
semigroups with an invariant vN-subalgebra. We have provided a constructive nor-
mal form for such restricted GKLS-generators and determined the freedom in their
representation. In particular, these results encompass corresponding characteriza-
tions for CP-maps with invariant vIN-subalgebras.

The assumption of an invariant atomic vN-subalgebra implies that the restriction
of the quantum dynamical semigroup to that subalgebra is again a valid quantum
dynamical semigroup. This means that we can also interpret Theorem 6 as pro-
viding, given a GKLS generator on a vN-subalgebra, a complete characterization
of the possible extensions to a GKLS generator on £(#). In particular, Theorem
can be regarded as a constructive version of Arveson’s extension theorem [2,21],
describing the most general CP extension on £(#) of a given CP-map defined on a
vN-subalgebra, if that subalgebra is atomic.

As demonstrated in Section 4., our characterization of GKLS-generators with an
invariant vN-subalgebra provides a unifying perspective on the results of different
prior works. We expect that this point of view can be useful for further scenarios,
such as the study of dynamical semigroups of higher-order quantum maps [4, 0],
generalizing dynamical semigroups of quantum superchannels [14].
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A Auxiliary Lemma

In this appendix, we provide a full statement and a complete proof of a lemma
useful in proving Theorem 6. Here, we use the notation from Section

LEMMA 11. Let A C L(H) be an atomic weakly closed *-algebra. An operator
B € L(H® HgH @ He) satisfies (X4 @ 1g)B = B(X4 ® 1) for all X4 € A if
and only if there exist By € L(Ho ® Hg; Ho ® Hg) and for every i € I an operator
B; € L(Hp, ® Hg; Hp, ® He) such that B is given by the SOT-convergent series

B = (P} ®1g)By(Py®15) + > _(Pf @ 1g)(1a, ® B;)(P; ® 1g).
el

Proof. We fix orthonormal bases {|en) }nen and {|ép) bmenm of Hg and Hg, respec-
tively. Since (X4 ® 1g)B = B(X4 ® 1;) for all X4 € A, it follows that the opera-
tors Bum := (I @ (en])B(1ly ® |é,)) belong to A’. Thus (following the discussion
around Eq. (1)), there are operators Bpm.0 € L(Ho) and Bpm;i € L(Hs,) such that
Brm = P(;rﬁnm;OPO + Zie] PiT(ﬂAi & Bnm,z)PZ We define By = ZneN,meM(ﬂo ®
len)) Brm:o(Lo ® (Em]) € L(Ho ® Hg;Ho @ Hg) and for all ¢ € I the operator
B; = ZneN,meM(]lBi ® |en>)ﬁnm;i(]lBi ® <ém|) € E(HBi ® HE;HBi ® HE)- We then
have

B = Z (ﬂ?—[ & |en>)ﬁnm(ﬂ7{ ® <ém|)
neN,meM

= Y (A @ len)) Py Bumo Po(La ® (Eml)
neNmeM

+ Y (1@ len)P (L, @ Bug) Pi(1y @ (Em)
neN,meM,
i€l

= Y (Pl ®15)(1o ® len))Brmo (Lo @ (Em])(Po @ 1g)

neN,meM
+ Y (Pl e1) (Ly, @ [(Ls, @ len)Bumii(Is, @ (Em])]) (P @ 1g)
neN,meM,
i€l
= (P} @ 1) Bo(Py @ 1) + > (P} @ 1g)(1y, ® By)(Ps @ 1)
el
This is the claimed result. O

B Proof of Theorem

LEMMA 12. Two operators K, K € L(Hy® Msp) satisfy a) (X, @ 1) KT+ K(X, ®
1p) = (Xy @ 1) KT + K(X, ® 1p) for all Xy € L(Ha) if and only if there exists a
self-adjoint Hg € L(Hp) such that b)) K = K + 1, ® iHp.
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Proof. If K = K + 1, ® iHg, then a) holds trivially. For the converse, decompose
K and K into real and imaginary part as K = R+ ¢H and K = R+ iH. By
choosing X, = 1,, we obtain R = R. The relation a) the simplifies to iH (X, ®
1g) — (Xa ® 1p)iH = iH (X, ® 1) — (X4 ® 1g)iH. In terms of the commutator,
this reads [Z(H —H), X, ® ]IB} =0 for all X, € £(H,). Thus i(H — H) is in the
commutant of £(H,) ® 1g, which is 1, ® L£(Hg). Hence, there exists a self-adjoint
Hg € L(Hg) such that H = H + 1, ® Hg. With K = R+H, the claim follows. [

We provide a proof of Theorem 2. The proof follows Chapter 30 in [20], in
particular the proof of Proposition 30.14 therein.

Proof. For any triplets (Hg,V,K) and (Hs, f/,f( ), we introduce the shorthand
m(X) = (X ®@1g)V-VX and 7(X) := (X ®1z)V -V X. For the triplet (Hz, V, K)
given in the statement of the theorem, the space S := span{7(X)[¢) | X € L(H), [¢) €

H} is invariant under the action of Y ® 1; for all Y € £(#H), since for any S > |¢) =
Zi 7(X;) i), we have

(Y @ 1g)lo) = (¥ @ L7 (Xi)[e)

= 3 RV X) ) - #(Y)X[) € S
i es €S

Thus, the closure of S is of the form H ® Hg, for some subspace Hg C Hz. Denote
by P € L(Hz;He) the associated orthogonal projection onto Hg. We define V :=
(1 ®P)T7. By construction, V satisfies b). So, to prove the first part of the theorem,
it remains to construct a suitable K. Since 1® PT P is the projection onto the closure
of S, we obtain

(X@1z)V-VX =1 P P)((X 1)V -VX)
= (1 PHY(X @ 1g)V - VX)
for all X € £(H). A rearrangement yields
(X@1:)(V -1 PHV)=(V - (1ePHV)X

By Lemma 11 (with A = £(H)), this implies that there exists ~]<z~5> € H; such that
V-(1®PHV =1®]|¢). We define K := K — (1 ® (¢|)V + 3| ¢||*, and notice that
PPt = 1g. Thus,
T
VIX @ 1)V = [(]1 ® PT)V] (X @15) [(]1 ® PT)V]

_ [V—ﬂ@]@]T(X@]lE) [V—ﬂ@\@}.
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From here, it is easy to see that VI(X @ 1)V — KX — XK = V(X @ 1;)V —
K'X — XK = L(X) for all X € £(#). This is our first claim.

For the second claim suppose that for (Hg, V, K), and are satisfied, and
that for (Hz, V, K), a) is satisfied. A direct calculation reveals that

U(X,Y):=LIXTY) - X'L(Y) - L(xYy + XTL(1)Y
=m(X)'n(Y ) 7 (X)'7(Y), (28)
for all X, Y € L(H). On S := span{n(X)|¢y) | X € L(H), |¢)) € H}, we define a map
Wy by linear extension of the relation Wym(X)[y) := 7(X)[¢). This is well-defined,

since if 32, w(X;)[ehi) = 32, w(Y;)|¥;), then
HZ D) = 7Yl

J

—me m+2mw % (Y )wy)
i,3
+Z T;Z)J|7T 7/)1 ‘1’2 T;Z)J|7T (Y] )Tzz)j’>
JJ’

(—me> m+2mw (Y ))
+Z%h m+2%w T (Vi )a0)
JJ’

= |l Z D) = > m(¥a)le)|® =o.

J

Furthermore, Wy can be extended to an isometry W on the closure of S, since for

any |¢) = >, m(X;)|vs) € S, we have
IWolo)* = D (il (Xi) 7 (Xir)ibu)

DS ol (X (X ) = 1ol

i

Moreover, from
(X @ 1g)Wor(Y)[¥) = (X @ 1p)7(Y) ) = 7(XY)|h) — 7(X)Y[¢))
= Wor(XY)|¢) = Wor(X)Y[¢)) = Wo(X @ Lg)m(Y)[¢))

and totality of S, we conclude that (X ® 15)Wo = W(X ® 1g). Lemma 11 (with
A = L(H) and the roles of Hg and Hz interchanged) yields that there is an isometry
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W € L(Hg; Hz) such that Wy = 1 ®@ W. We note that Wy maps S surjectively onto
S. Thus, (since isometries have closed ranges) if S is dense, W is surjective and
hence W is a unitary. This is the claim of the last sentence in the theorem.

It remains to verify Eq. (2). To this end, note that by definition (1 @ W)((X ®
1g)V — VX) = (X @ 13)V — VX, which can be expressed as

(X@1x)(1@W)V V)= (1eW)V -V)X.

Since this holds for all X € £(H), Lemma 11 (with A = L(#)) tells us that there
exists a vector |1) € Hg such that (1 ® W)V —V = —1 ® [¢)). This is the first
part of Eq. (2). To find the relation between K and K we equate versions two of
L(X) in a) (with and without the tilde) and substitute V = (1 @ W)V 4+ 1 @ |¢))
After expanding the quadratic term and some cancellations and rearrangements, we
arrive at

K'X + XK =K'X + XK, forall X € L(H),

with K = K + (1® (|W)V + 3||¢||>. By Lemma 12 (with #g = C), there is p € R
such that K = K + ip. This finishes the proof. O
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