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Abstract
For any two nef line bundles £ := Ox(A™) and L~ := Ox(A™) on a toric variety X
represented by lattice polyhedra A™ respectively A™, we present the universal equivariant
extension of £~ by £ under use of the connected components of the set theoretic difference
AT\ AT,

1 Introduction
1.1 Spotting cohomology

Consider a projective toric variety X = IP(A) corresponding to a lattice polytope A € MR,
Mr = M ®z R for a lattice M, over C. A torus invariant Cartier divisor D on X can
be represented by a pair (AT, A7) of lattice polytopes, where both polytopes encode nef
divisors Da+ and Da- on X and D = Da+ — D-. Denote the associated line bundle by
Ox(D) =: Ox (AT — A7).

It is well-known that the cohomology groups H’ (X , OX(D)) of the line bundle Ox (D)
of a torus invariant Cartier divisor D are M-graded (compare for example [3, Sect. 9.1] or
[7, Section 3.5]):

H' (X, 0x(D)) = @) H' (X. 0x(D)),,. (1.1)
meM
By [1, Thm. III.6] or [2] we can describe their homogeneous component of degree m € M
by

H (X, Ox(AT — A7), =f (A7 \ (a* —m), C), (1.2)
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3 Page2of26 K. Altmann et bal.

where ITIHI(Z , C) on the right hand side denotes the reduced singular cohomology of a
topological space Z with complex coefficients, (A* — m) denotes the polytope A™ shifted
by the lattice point —m € M and A~ \ (A" — m) denotes the set-theoretic difference of the
two polytopes. Recall the (—1)-st reduced singular cohomology:

C,ifZ=40,
0, otherwise.

iz o= { (1.3)

The 0-th reduced cohomology is the quotient ﬁO(Z ,C) =HZz,0) / HO({-}, C), and thus,
its dimension is the number of connected components of Z minus 1.

1.2 The example [F4

We look at the first Hirzebruch surface [y as a first example. Consider the projections
p1:Fp — P! as a ruled surface and p2: Fp — P? as a blow-up. We use O, (1,0) :=
pi Opi (1) and O, (0, 1) := p; Op2(1) as a basis for Pic[F = Z?.Fori, j > 0 the sheaves
O, (i, j) correspond to lattice polytopes A(; ;) in R2. For example, for O, (0, 0), O, (1, 0),
Or, (0, 1), Or, (0, 2), and the ample O, (1, 1), the lattice polytopes look as follows:

.HLILEL

Aoy  Aqo Ay A

The red dot indicates the position of the origin in each figure, fixing the exact position
of each polytope within the plane. We see an example of the result quoted in Sect. (1.1).
Consider the polytope A 2) shaded in yellow and the polytope A(j )+ (0, 1), thatis, A o)
shifted by (0, 1) € Z?, depicted in orange:

AN
@N

The two connected components of the set-theoretic difference A2) \ (A(1,0) + (0, 1))
provide a one-dimensional 0-th reduced singular cohomology

~0
H' (A0 \ (Ao + (0, 1)), (1.4)
and so by [1, 2] a one-dimensional piece (in fact, the only one) of
H' (F1, Op, (A0 — A@2)) =H' (Fi, O (1,-2)), (1.5)

sitting in degree m = —(0, 1) € Z2.
In this paper we will take another point of view. The partition of A g, 2 into two connected
components induces the following “exact sequences of polytopes™:

0—>°—~—>%®‘,5 — — 0.

(1.6)
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The two polytopes in the middle cover the polytope A2y — (0, 1) and intersect in the
polytope A(1,0y, hence they give an inclusion/exclusion sequence of polytopes. In Sect. 3
we show that this corresponds to an exact sequence of sheaves

0— O, (1,0) = Or, (0, 1) ® O, (1,1) = O, (0,2) — 0. (1.7)

We obtain an extension of O, (0, 2) by OF, (1, 0), that is, an element of the group
Ext! (O, (0,2), Op, (1,0)) = H' (F1, O, (1, —2)) (1.8)
=H' (F1. Or (A0 — A©02)s (1.9)

which we know to be one-dimensional by [1, 2]. We will show that the short exact extension
sequence (1.7) induced by the “exact sequences of polytopes” (1.6) represents this one-
dimensional vector space Ext! (OIF. 0,2), O, (1, 0)) and, moreover, that this concept works
in general.

2 Toric geometry

We introduce some basics of toric geometry central to this paper. Readers not familiar with
toric geometry can take a look at one of the numerous introductory texts, for example [3, 4,
7], or [5].

Let M = 7' be a lattice and N = Homz(M,Z) = 7' its dual lattice. There is a
natural pairing (-, -): M x N — Z. We consider the algebraic torus 7 = Spec C[M]. The
isomorphism M = 7 induces an isomorphism 7' = (C*)". The lattice M can be recovered as
the character lattice Hom(T , C*). We denote the character of M > m — (ay,...,a,) € Z"
by x™: T — C*, (t1,...,1) — ;' ---1;". The dual lattice N corresponds to the group
of 1-parameter subgroups Hom(C*, T). Here N > n — (b1, ..., b,) € Z" corresponds to
AV C* = T, t = (t”,...,1"). A toric variety is an irreducible variety containing an
algebraic torus 7 = (C*)" as an open dense subset, such that the action of the torus on itself
by multiplication extends to an algebraic action on the whole variety [3, Def. 3.1.1]. We
sketch how normal toric varieties can be constructed from cones and fans in Ng = N ®z R.

By aconein Nr we mean a convex subseto = cone(S) = {Zle Aivi | A; > 0} generated
by a finite set S = {vy, ..., vk} € N.The dual conetoo in Mriso” = {u € Mg | (u,v) >
0 for all v € o}. A cone o is pointed if o N (—o) = {0}. We write T < o whenever 7 is a face
of o. A pointed cone o C N leads to an affine toric variety TV(o') := Spec C[o¥ N M]. The
inclusion of a face T < ¢ induces an open embedding TV(r) < TV(o). In particular, the
inclusion of the origin induces an open embedding of the torus T = Spec C[M] — TV (o).

A fan X in Np is a finite collection of pointed cones that is closed under taking faces and
such that the intersection of two cones is a face of each. The affine toric varieties U, := TV (o)
associated to the cones o in a fan X glue together to a normal separated toric variety TV (X)
with open affine charts the U, [3, Thm. 3.1.5].

A polyhedron A in My is the intersection of finitely many closed half spaces

s
A={meMg|(muv)>—k, i=1..s}=[)H" (2.1)
i=1

where HiJr ={m € Mr| (m,v;) > —A;} for some inward pointing normal vector v; € Nr
and some scalar A; € R fori € {1,...,s}. A compact polyhedron is called a polytope. A
polyhedron A can be written as the Minkowski sum A = V + § of a polytope V and its fail
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3 Page4of26 K. Altmann et bal.

cone § = tail(A) = {m € Mr|u+m € Aforallu € A} C Mg. To a full-dimensional
lattice polyhedron A we associate its inner normal fan

N(A) :={1t]| T < 0y, m € vert(A)} with IN(A)] = tail(A)", (2.2)

whose maximal cones o, are given by o, := (cone(A —m))¥ = R>o - (A —m)Y C Ng.
This yields a semiprojective toric variety P(A) := TV(N'(A)). We will assume all polyhedra
to have at least one vertex. The normal fan of such a polyhedron will have convex support of
full dimension.

2.1 Divisors on toric varieties

Let X be a fan in Ng with convex support of full dimension » = dim N, for example, the
normal fan of a full-dimensional lattice polyhedron in Mg. Let X := TV(X) be the toric
variety given by X.

Every lattice polyhedron A € Mg with tail cone |Z|Y and whose normal fan A/(A) is
refined by X gives rise to a nef Cartier divisor Da on X by the following construction: if &
refines V'(A) then the function |X| — R, v > min(A, v) is linear on the cones of . So
for each o0 € X there is some m, € A N M such that min(A, v) = (ms, v) foreach v € o.
The lattice point m, is a vertex of A and if ¢ € X (r) is a maximal cone, then m, is uniquely
determined. Note that A + 0¥ = m, + o V. Let D be the Cartier divisor with Cartier data
{ms}sex, thatis, locally on U, € X given by Dyy, = +(x ")y, . Then for the associated
line bundle Ox (A) := Ox(Da):

FWUs, Ox(A)= @  C-x"=x""Clo" N M]=Clmg + (" N M),
me(A+oV)NM
2.3)

so the vertex m, of A encodes the local sections of the line bundle Ox (A) over the affine
open Uy, . The line bundle Oy (A) is ample if and only if N'(A) = X.

We denote the set of lattice polyhedra with prescribed tail cone § by Pol(gF and the set
of lattice polyhedra compatible with %, that is, with tail cone |X|¥ and whose normal fan
is refined by ¥, by Pol™ (). The set Polgr forms a semigroup with respect to Minkowski
addition. For a fan ¥ the set Pol* () forms a finitely generated subsemigroup. The union
over the Pol ™ () with |Z|¥ = § is the semigroup Pol}. These semigroups are cancellative,
which is caused by the presence of the prescribed common tail cone §: it makes sure that
a polyhedron A € Poly is uniquely determined by the values of min{A, v) with v running
through §". Hence, these semigroups embed into their respective Grothendieck groups of
formal differences:

Pol{ < Pols = {AT — A7 | AT, A™ € Pol}}, (2.4)
Pol™(Z) < Pol(Z) = {AT — A7 | AT, A~ € Pol*(2)}. (2.5)

On a quasiprojective toric variety X = TV (X), every Cartier divisor D can be written (non-
uniquely) as a difference D = DT — D~ with both D™ and D~ nef Cartier divisors [3,
Thm. 6.3.22]. In particular every Cartier divisor on X can be represented by a pair of lattice
polyhedra (A", A™) compatible with the fan %, that is, an element of the Grothendieck
group Pol(X).
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3 From complexes of polyhedra to complexes of sheaves
3.1 The Koszul complex of polyhedra

In this section, we construct “exact sequences of polyhedra” that induce exact sequences of
split vector bundles on a toric variety X = TV(X) over C. We start out on the polyhedral
side and let X be a fan in Ng with convex support of full dimension. Let Pol™ (X)) denote the
set of lattice polyhedra in Mg compatible with . Also include the empty set in Pol™ ().

Definition 1 A X-family of polyhedra is a finite set S = {V; | i € I} of lattice polyhedra

V; € Pol*(X) satisfying the following conditions:

(D) Ui Vi=Ve Pol™(X) is a lattice polyhedron compatible with X;

(2) all intersections Vs := (), Vi with # # I’ C I are either empty or compatible with
¥, that is, V;» € Pol™(X). Furthermore, set Vy := V.

We consider two categories and a functor associated to a X-family between them.

Definition 2 Let 2/ be the poset category associated to the power set of the finite set /, that s,
objects are subsets of I and there exists a unique morphism from I’ to I” whenever I’ C I”.
Let Pol*(X) also denote the category of lattice polyhedra compatible with the fan %, that
is, objects are compatible lattice polyhedra as defined above or the empty set and for two
polyhedra Ay and A; in Pol™ () we define

{inclusion} if A; C Ay,

Hom Ay, Ap) = 3.1
P01+(E)( 1 2) @ lfA] ;(_Az ( )

Given an X-family of polyhedra S we can define a contravariant functor
Fs:2' 5> Pol™ () I'> Vp=( Vi, I'SI)> (Vp>Vp). (32
iel
In general, given any contravariant functor F: 2/ — Pol*(X), we define a subcomplex of
the Koszul complex A" C’ as follows.

Definition 3 For a contravariant functor F: 2/ — Pol*(X) and p € N let

p
Cf = spanfe; | #I' = pand F(I') # 0} € /\ C". (3.3)
Here e := )\ e;, where {e; | i € I}, denotes the canonical basis of C!.
iel

The map d: CIfH — le is defined as for the Koszul complex /\" C’. For a fixed total

orderon /,say [ ={l <--- <#[},and ' ={ig < -+ < ip} €1, wehave

p . .
der) =Y (=Demiy =Y (=DVep, (3.4)
j=0 iel’

where |i| refers to the index j of i =i in I'.
Recall that the polyhedra F(I’) € Pol™(X) are contained in M. For each m € Mg we
define the evaluation subcomplex (‘“at m”) as

p
Ch(m) := span{e; | #I' = pandm € F(I} S C} € /\(C’ (3.5)

. . . . F F
with the restrictions d|C5+1(m) : Cerl (m) —> Cp (m) as boundary maps.
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3  Page6of26 K. Altmann et bal.

Lemma4 Fora X-family S set F := F.

(1) Ifm € Mr \'V, then C]f(m) = 0 for all p > 0. In particular, C.F (m) is exact.
(i) Ifm € V C Mg, then CF (m) is still exact.
(iii) The complexCE =", _, CF(m) is exact.

Proof Statement (i) is clear because F(I’) C V forall I’ C I.

For statement (i) set I,, :={i € I | m € F(i) := F({i}) = V;}. Thenfor I’ C I we have
I' C I, ifandonly if m € (;cp F(i) = F(I').

Therefore C.F(m) equals /\* C!m | which is exact [14, Cor. 4.5.5].

For statement (iii) first note that we have C/" = ZmGMR cEm) =3, cvnm CE(m). By
(i) and (ii) each of the summands C F (m) is exact. For any subset M’ C My the intersection
of the evaluation subcomplexes for m € M’ is (<) CE(m) = \°Cv', where Iy :=
{i e 1| M’ C F(i) = V;}. Furthermore, we have for m{, my, m3 € Mg:

(€l mp) +Cl m2)) N el (m3) = (€ (my) N (m3)) + (€] (m2) N €] (m3)),
because the C If (m;) are all subspaces of C 5 spanned by a subset of the prescribed basis
{ep | I' S L #I'=p, F(I') # @} of C.

Now, we switch to a slightly more general setup. Assume thatC! € CF (i =1, ..., k) are
complexes such that all their mutual intersections are exact and

<Zcﬁ> nel =Y @nch
iel iel

forany jand 7 C{l,...,k}. Then ) ;_,
and exploits the short exact sequence

k C! is exact, too. The proof uses induction by k

.....

0— Z clnck— Z c @CZ‘—) Z cl— 0.

The generalization of the setup is needed to ensure that the induction hypothesis implies that,
besides the central term, the left most complex is exact, too.

Finally, we apply the previous claim to the complexes C! := CF (m) where m € V.0 M
replaces i = 1, ..., k. Note that even though the set V N M may be infinite, the induction
ends after finitely many steps since the Koszul complex A* C! is finite-dimensional and all
cfmyccl c N\Cl. o

Example 5 We revisit an example already encountered in the Introduction (1.2).
Let X be the fan of the first Hirzebruch surface 1 = P(A) = TV(X).

N A
A 5 = N(A)

The fan is complete, so compatible polyhedra will be polytopes. Define the X-family

Vo Vi
S = El, and set V :=VoUV; = {L € Pol™ (D).
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The complex C.F iSO0—>C-(egre)) > C-eg@dC-e; — C-ey — 0. The evaluation
subcomplex C .F (m) for m € Mp is the subcomplex indicating whether m € V for C(f (m),

m € V respectively m € V; for ClF(m), andm € VoNV; = & for Cf(m).

There is a particularly nice case in which exactness of the evaluation subcomplexes for
all lattice points m € M is equivalent to exactness for all m € Mp.

Lemma 6 Assume that ¥ consists of a single cone o and its faces, with o~ smooth and full-
dimensional. Then for any contravariant functor F: 2T — Polt (%), the complexes C.F (m)
are exact for all m € M if and only they are exact for allm € Mp.

Remark 7 This situation occurs naturally when we consider smooth affine toric varieties
TV(o) or an affine open subset U, C TV(X) for a cone 0 € X. In the latter case the
polyhedra F(I’) are changed to F(I') + 0¥ when considering the affine open U,, (see Sect.
(3.2)). In the case of a functor Fs associated to a X-family S the V; become V; + ¢V and the
Vy for I’ € I become Vyr + 0V,

Proof of the Lemma Because oV is smooth, we may choose coordinates such that M = Z"
and 0¥ = RZ. For F(I') € Pol™(X) we either have F(I’) = #, in which case m €
F(I') < |m] € F(I') is clear, or F(I') has only one vertex and can be written as
F(I") =rp 4+ RL for some ryr € Z". We obtain for every m € R" that

meF(l) < m>rp < |m|>rp < |m] e F),

where | m ] and the relation > are meant componentwise. Hence, C F (m)=C F (Lm]), proving
the claim. O

Example 8 We give a counterexample for the global situation, that is, for ¥ consisting of
more than a cone o. Let & = A/(A) be the fan of P! = P(A) = TV(Z):

A= eo— in Mg =R, N(A)=¢«—-o—>in Ny =R.
Let I := {0, 1} and define the functor F: 2/ — Polt (%) as follows
D~ e—s, {0}— @ , {1} o o, {0,1}— o = 0.
The only non-trivial evaluation subcomplexes at lattice points are at m = 0, m = 1:
CF(0):0— C-egy = C-ey— 0
CF(1): 0> C-eqy=> C-eg—> 0

These are exact. But at m = % € MR we have the non-exact evaluation subcomplex

1
C.F(§> 0—>0—>C-ey— 0.

3.2 Localization of the Koszul complex

We use the notation of Sect. (3.1). In Sect. (4), we will think about the polyhedra Vs as
representing some nef line bundles on some toric variety P(A) = TV(N'(A)) over C. Then
the complexes constructed in Sect. (3.1) describe maps between the global sections of them,
and thus among the sheaves themselves. To understand the local behavior of these complexes,
we will look at the affine charts TV (o) C P(A) for cones o € N(A).
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3 Page8of26 K. Altmann et bal.

Definition 9 For a contravariant functor F: 2/ — Polt (%), where || is cov and full-
dimensional in Ng, and a cone o € X define the functor

F°:2! > Polt (o), I' > FUI') + 0. (3.6)

Because F(I') € Pol™ () has tail cone |X|" or is empty and o0 € ¥ implies |Z|¥ C ¢V, the
image F(I’) + 0" has tail cone |X|¥ + 0¥ = o or is empty. If o¥ is full-dimensional in
Mp, then the normal fan of F(I") + oV consists of just o with its faces, thatis, F(I') + oV €
Pol™ (o).

Proposition 10 For a polyhedron A and a finite set I, let F: 2! — PolT(N(A)) be a
contravariant functor satisfying the conclusions (i)—(iii) of Lemma 4. Then the complexes
C_F(7 (m) are exact for allm € Mg and for all 6 € N'(A).

Remark 11 Moreover, this claim remains true if we consider any polyedra compatible with the
fan N'(A), not just lattice polyhedra. This generalization will be important for the induction
performed in the upcoming proof.

Proof Step 1. Assume that r = rk M = 1. Then A C R is a subset of the real line and its
normal fan N'(A) can contain the origin o = {0}, therayso = R>g and o = R and the real
lineo = R ascones. Foro = Rand o = {0} the claim is clear from the assumptions. We deal
with the case 0¥ = Rx¢ (the case 0¥ = R is analogous). A polyhedron F(I) compatible
with AV'(A) is either empty or an interval of the form [a, b] with —co < a < b < oo. For
F(I') # @, let a(I') € R denote the start point of the interval F(I’) and b(I") € R U {00}
the end point. Let A(F) := {a(I')| F(I') # @} and B(F) := {b(I')| F(I') # 0} be the
sets of start and end points, respectively. Since [ is finite, A(F) € R and B(F) € R U {oo}
are finite.
We understand the local complex CF in terms of global evaluation subcomplexes:

" (m) = span{e; | #1' = p and m € F(I') + Rx0}
= span{ey | #1' = p and a(I') < m}
— F / F
=2 GmHea,.
m'<m
‘We make three observations:

(1) Form € R satisfyingm < b forall b € B(F):

k'’ (m) = span{e; | #1' = p and a(I') < m}
=span{ep | #I' = panda(I') <m < b(I")} = Cg(m).

So for m « 0 the local complexes C F 7 (m) stabilize to the exact sequence C F (m). Recall
that B(F) is finite, so m can be chosen small enough.

(2) For m’ < m we have embeddings C* (m") < CF° (m) of complexes.

(3) A non-trivial jump from C.FU (<m):=3_m C.F(I (m) to C_‘W7 (m) can only occur at a

starting point m = a(I’) € A(F) for some I’ C 1.

We inductively show exactness of C/” (m) for all m € Mg by investigating these non-trivial
jumps. Let m := a(I’) € A(F). Because [ is finite we can choose an € > 0 such that any
a € A(F) and any b € B(F) is either equal to m or has distance |a — m| > € respectively
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Extensions of toric line bundles Page90of26 3

|b — m| > €. Consider the non-trivial embedding C.FU (m—¢€) — C.F” (m) and denote its
cokernel by C,. This yields an exact sequence

0—CFm—e) —cfm)—c. —o. (3.7

Because b(F) N [m — €, m) = @, there is also an embedding C.F(m —€) > C.F(m) for the
original functor F, also with cokernel C,. This gives the short exact sequence

0—>C.F(m—6)—>C.F(m)—>C,—>O (3.9)

in which the first two compexes are exact by assumption, so C, is also exact.

By observation (1) above we can start from the exact complex C F “(m)=C .F (m)form < b
for all b € B(F) and then inductively use the exact sequence (3.7) with exact complexes
C.FU (m — €) and C, to obtain that C.FU (m) is exact for all m € Mp.

Step 2. Consider a general lattice M of rankr € N> andlet C C My be any ray. Replacing
the polyhedra F(I’) by the Minkowski sums F(I")+C yields the functor F€ : 27 — Pol;f%,
where § = |[N(A)[” is the tail cone of A. Now, for m € Mp we restrict the complexes C .F
and C.F+C to the affine line m + (C — C), that is, consider F(I') N (m + (C — C)) and
(F(I') + C) N (m + (C — C)). By assumption, the complex C/1"+(C=C) Jeads to exact
evaluation subcomplexes C/ " +HC=CD 'y = ¢F (") for all m’ € m + (C — C) because
in this case

Cy e HC= 'y = spanfey | #1' = pand m’ € F(I') N (m + (C — C))}
=span{ey | #I' = pandm’ € F(I')} = Cg(m’).
The complex C{FF+ONM+(C=O)) jnherits this property by stepl and we obtain exactness of
CcF+Cm') for all m’ € M.

Step 3. If 0¥ € N(A) is an arbitrary (non-trivial) polyhedral cone, then we may apply
step 2 successively to all its fundamental rays. O

3.3 Exactness of the sequence associated to a Z-family

Theorem 12 Let A be a full-dimensional lattice polyhedron in My with normal fan ¥ :=
N(A) and X := P(A) the toric variety given by A. For S = {V; | i € I} a Z-family with
#1 =n, let Fs: 2! — Pol*(X) be the functor introduced in Definition 2. The complex CF's
with its exact evaluation subcomplexes C.F S(m) for m € M induces a T-equivariant exact
sequence of direct sums of nef line bundles on X

0— Ox(Vy) — o ® lOX(V,/) — - GBIOX(Vi) — Ox(V) = 0. 3.9
4 i

=n—

Proof The evaluation subcomplex C, F S(m)includes C-ey ifandonly if m € V. Form € M,
this in turn is equivalent to x™ € T'(X, Ox (Dv,,)). Hence, the evaluation subcomplex
CFs (m) corresponds to a complex of global sections in degree m € M:

Crs(m) = #169 I'(X, Ox (Vi ))m. (3.10)
'=p

Summing the C 'F S (m) for lattice points m € M yields a sequence of global sections:

0—-TI'(X,0x(V)) — - = TI'(X, _@IOX(V,-)) - I'(X,0x(V)) = 0. (3.11)
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3 Page100f26 K. Altmann et bal.

The sheaves Ox (Vy), Ox(V;),i € I,and Ox (V) are globally generated. By T-equivariance,
they are subsheaves of j,O7 for j: T < X the inclusion of the torus. Hence, the sequence
of global Sect. (3.11) determines a sequence of sheaves:

0— Ox(V)) = -+ — @ 0x(V;) = Ox(V) = 0. (3.12)
iel

For a cone ¢ € ¥ and a lattice point m € M, the evaluation subcomplex C.F 5 (m) includes
ep for I’ C I if and only if x™ € T'(U,, Ox (V). The sequence of sections over U, € X

therefore corresponds to the direct sum of the evaluation subcomplexes C.F S(m)form € M.
By Proposition 10 this sequence is exact for each o € X. Hence, the restriction of the
sequence of sheaves to each affine chart of the covering {U; }s<x is exact and consequently
the constructed sequence is exact. O

4 Displaying Ext’

Throughout this section, let X := P(A) be the toric variety over C associated to the lattice
polyhedron A € Mp, whose normal fan ¥ := A/(A) has convex support of full dimension.
The (possibly trivial) tail cone of A is § := tail(A) = |Z|Y. Let AT, A~ € Pol™(X)
be lattice polyhedra compatible with X, that is, their normal fans are refined by X. These
polyhedra correspond to T-invariant nef Cartier divisors D™ = Da+ and D™ = D~ on X.
We study the space of extensions

Ext(A~, AT) = Ext'(A™, A™) := Ext! (Ox (A7), Ox (A1), @.1)

that is, extensions of the line bundle Ox (A ™) by the line bundle Ox (A™). More specifically,
we study T -equivariant extension sequences. These are elements in Ext(A~, AT)g. Tounder-
stand this space we start with specific extension sequences induced by inclusion/exclusion
sequences of polyhedra, such as the sequence considered in the Introduction (1.2). For an
n-dimensional Ext(A‘, A+)0 all extensions are encoded in a single sequence of the form
0 - Ox(AT)" - H — Ox(A™) — 0. We will show that this is the universal exten-
sion sequence for Ext(A‘, A"') . First, we show that it can be constructed from the exact
sequence of sheaves associated to a X-family (Theorem 12). We then trace the sequence
along the identifications:

m
Ext(A™, (AM)") = Ext(Ox, Ox (AT — AT)")

@ H! (x, 0x(AT = A"

(3/) ~0 _ + n
= (@pen H(A™\ (AT —m))".

Note that all of the above groups are M-graded and all identifications respect these M-
gradings. Since we consider equivariant extensions, we will obtain an n-tuple of elements in

HI(X, Ox (AT — A7) = H" (A~ \ A™), without an integral shift.

4.1 Inclusion of polyhedra

Since we are relating Ext((’)x (A7), OX(A+))0 to the reduced singular cohomology group

~0 _ . . . . _ . . .
H (A™\A™), the easiest case is to assume AT to be containedin A ~. The inclusion/exclusion
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sequence of polyhedra is obtained by covering A~ by certain polyhedra V; that intersect
(pairwise) in A™T. These V; are obtained by taking the unions of the connected components
Co, ..., C, of the set-theoretic difference A~ \ AT with AT, thatis, V; := C; UAT, i =
0,...,n.

Proposition 13 For two lattice polyhedra A* C A~ € Pol™ () and each connected com-
ponent C = C; of A=\ A™, the union V = C U A is again a lattice polyhedron.

Proof 1t is easy to see that V is closed. We first show that V is convex. Assume that x, y €
V. We know that xy € A~, and this line segment might touch AT or not. If not, then
Xy € (A~ \ A™). Since Xy is connected, it then has to be contained in a single connected
component of A~ \ A", Since x € V = C U A", we know that x € C. Hence, Xy C C. If
Xy N AT # (, then this set is a closed subsegment x’y’ C Xy. In particular, the half open
ends xx’ and y'y (excluding x” and y’) belong to A~ \ AT, and the same argument as in the
first case applies again: since x, y € V = C U A™, both of these half open ends xx’ and y'y
lie in C. The segment Xy thus liesin V.= C U AT,

Next we realize that vertices of V are vertices of A™ or of A™. We start with the case of
AT and A~ being compact. Choose a generic regular triangulation induced from some map
w: vert(A") — R and then extend it generically to vert(A™) \ vert(A™) with sufficiently
independent heights. This yields a triangulation A~ = | J;; A’ thatrestricts to a triangulation
AT = jesci AJ that uses only the vertices of A~ and AT In particular all A’ are lattice

simplices. The union V = C U A™ is a union of lattice simplices in /. In particular all of its
vertices are lattice points.

If AT and A~ are not compact but have the same tail cone § we choose a half-space H
such that all vertices of AT and A~ are contained in the interior of H. Then we can write
AT = Pt +8and A~ = P~ +§ with PT := At N H, P~ := A~ N H. The previous
discussion applied to the polytopes PT and P, all of whose relevant vertices are integral
(not necessarily those lying on the boundary of H, but they do not yield vertices of C U A™),
yields that all vertices of V. = C U A™ are integral. O

Corollary 14 For At € A~ € Pol™(X), the set S := {V;| i € {0,...,n} =: I} with
Vi := C; U A™ for the connected components Cy, ..., Cp of A~ \ A7 yields a ¥'-family in
the sense of Definition 1 for some refinement ¥’ < .

Proof By the previous Proposition 13, the V; are lattice polyhedra. The tail cone of each
V; is |Z|”. Hence, each normal fan N (V;) has the same support as X. Since we are only
dealing with finitely many V; there is a common refinement X’ of ¥ and all A'(V;). Then
V; € Pol™(X’). The conditions for a %’-family follow from the assumptions on ¥’ and
Vi = AT € Pol™ (X') forany I’ C I with #1’ > 2. m]

4.1.1 Refining the fan

In many cases the lattice polyhedra V; built from the components of A~ \ AT will already
be compatible with the fan & we started with. We believe that if AT and A~ are sufficiently
ample, this will always be the case. However, in general, if the V; are not compatible with
3, we can refine T to a fan X’ with the same support such that all V; are compatible with
¥/, as in Corollary 14. This induces a proper birational toric morphism 7 : X' = TV(X') —
TV(X) = X. This morphism satisfies that 7,Ox = Ox and R"7,Ox = 0 forall v > 0.
The projection formula implies that 7,7 *F = F for a locally free sheaf F on X. For a short
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exact sequence of sheaves on X’ of the form
0> n*Fl > - na*F — 0, 4.2)

derived pushforward R, yields a long exact sequence of sheaves on X:

0> Tt*F] = M€ > man™Fo —  Rlma*F — ..., (4.3)
S—— S—— ————
=7 =F =FI®R' 1, Oy =0

which turns out to be a short exact sequence by the derived version of the projection formula.
In particular, the vanishing R w,w*F; = 0 for v > 1implies R"m.£ = 0, too. Hence, using
both vanishings, we have for all i > 0 and for j = 1, 2 the isomorphisms

H (X', &) = H (X, 7€) and H (X', n*Fj) = H (X, mun* Fj) = H(X, Fj). (4.4)

In the study of Ext(A~, AT) Z H'(X, Ox (AT — A7) T H (X', Ox/ (AT — A™)) we can
therefore pull back and push foward along = without impacting the extension or cohomology
classes and groups. In the following, we will assume for simplicity that the fan X is already
refined enough so that all V; are compatible with it.

4.1.2 Two components

We dive into Theorem 12 in the case where A~ \ AT consists of two components C( and
C; and we assume Vy = CoU AT and V| = C; U A™ to be compatible with the fan X. The
complex C.F S associated to § = {Vp, Vi}is

—1
(7) ()
0> C.ef — > C-g@C-¢y —=> C-¢y — 0. 4.5)
By Theorem 12, the C 'F S(m) form € M induce a T-equivariant exact sequence

0 — Ox(AT) = 0x(Vy) ® Ox(V1) = Ox(A7) — 0. (4.6)

Theorem 15 Via the identification Ext(Ox (A7), OX(A+))0 = ﬁO(A_ \ AT), the exact
extension sequence (4.6) corresponds to the reduced singular 0-th cohomology class [C1] €
ﬁO(A_ \ A1), which is equal to the class —[Co] € ﬁO(A_ \ AT).

Proof We follow the steps mentioned at the start of Sect. 4. We first tensor the sequence (4.6)
with Ox (A7) landset £ := Ox(AT —A)and & = Ox(V;— A7) fori =0, 1 to obtain
an extension sequence

0—>L—->EEDPE - Ox —> 0 4.7

in Ext(Oyx, £)o. Consider the associated long exact sequence in cohomology:

0— I'(X,L) = I'(X,&) ®T(X, &) — I'(X,0x) li> H' (X, L) > ... (4.8)
=n

The image of the extension sequence (4.6) in H' (X, £) under identification (2) is the image
nof 1 e I'(X, Ox) under d. Note that n € H'(X, £)g is of degree 0.
To understand identification (3) we translate € H! (X, £) to an element in the Cech

cohomology group Hl U, L) fortd = {Uy, }o;e5pa With Uy, = Spec Clo;” N M ] the standard
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toric affine open covering of X. The long exact sequence in cohomology (4.8) corresponds
to a long exact sequence of Cech cohomology groups

0 H WU, L) > H U, &) @H WU, &) — H U, Ox) 1L> HWU.0)— ... (49
=n

Order the maximal cones 0 € ¢ so that 1 € E(U;) fori € {0,...,[}and 1 € & (U;)
fori € {{ + 1,...,m}. This is possible because the map of sheaves & & £, — Oy is
surjective, each U; := Uy, is affine, and everything is T-equivariant. Note that this is not a
dichotomy; it mighthappenthat 1 € £ (U;)NE; (U;) for some i. Using this order, the boundary

homomorphism d the element (1, ..., 1) € [[; Ox(U;) maps to the class n € ﬁl(u, L) of

(O,...,O,l,...,l,O,...,O)eHE(U,-j). (4.10)
— s

i<j<l i<l<j I<i<j t<J
Understanding 7 in terms of Cech cohomology is convenient because by [2] the degree 0 part
of the Cech complex C*(, £) giving H' (U, £) is the same as a Cech complex C*(A~, S)
defined in [2, (3.4)] giving the relative singular cohomology H*(A~, A=\ A™). Itis defined
as CP(A™,8) = [Tjpenci, HO(A™, S(0j, N ++- N aj,)) for S(o) := A7\ (AT +0VY).
Investigating the groups HO(Uy, £)o = HY(A™, S(¢)) and HO(Uy, £)o, i = 0, 1, as in [2,
(3.2)], one realizes that for 0 € Tpax with S(o) # @, 1 € E(Uy) implies S(o) S Co and
1 € £1(Uy) implies S(o) € Cy. Here Cy and C denote the two connected components of
AT\ AT,

The element € H U, £)o = H'(A~, A~ \ A™) can be lifted to H'(A™ \ A™) by
considering the long exact sequence of the pair (A~, A~ \ A1). In terms of Cech complexes
the boundary morphism H (A~ \ A™T) i H'(A~, A=\ A%) is given by the snake lemma.
One shows that 1 can be lifted to the cocycle which is 1 on the component C; of A~ \ AT
and 0 on the component Cy. It can also be lifted to the cocycle which is 0 on the component
C1 and —1 on the component Co. Modulo H(A ™) these cocycles are equivalent and we
have found the image of sequence (4.6) to be [C1] = —[Co] € ﬁO(A_ \ A, O

4.1.3 More than two components

We now deal with the case where A=\ A™ consists of 741 connected components Co, ..., Cy
for some n > 2. Set V; := C; U AT fori = 0,...,n and note that ( J/_,V; = A~ and
Vi =Niep Vi = AT for I’ C I of cardinality k with 2 < k < n + 1. By Sect. (4.1.1) we

may assume that the set S := {V; | i € {0, ..., n}} forms a ¥-family. The exact sequence of
sheaves induced from this X-family as in Theorem 12 looks as follows:

0= Ox(AT) = --- = 0x(AH(3) - ", Ox (Vi) = Ox (A7) — 0. (4.11)

We will replace this sequence (4.11) by a quasi-isomorphic short exact sequence. To this end,
consider the exact Koszul complex A° C"*! @ Ox(A™):

0 Ox(AT) X B 0 (ah 3D B opatyt B oAty 50, (412)
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where d; = d; ® ido, (a+) for d; the i-th differential in /\" C"+1. The green part is identical
to part of sequence (4.11). We obtain a quasi-isomorphism from sequence (4.11):

0—= Ox(A+) — ... —= Ox (AT)(T) = @"_  Ox(V;) —= Ox (A7) —= 0

| i |

0 0 ker(d,) ®"_, Ox (Vi) —= Ox(A™) —0.

Denoting K := ker(d)) = ker(d;) ® Ox(A™), we obtain a short exact sequence
0— K — @ ,0x(V)) > Ox(A7) = 0. (4.13)

We now choose the set {e; —eq | i € {1, ..., n}} withrespect to the standard basis {ep, . .., e,}
for C"*! as a basis for ker(d,). This induces an isomorphism K = Oy (A1)" under which
sequence (4.13) corresponds to the short exact sequence

0 — Ox(AN" - @', Ox (Vi) — Ox(A7) = 0, (4.14)

where the maps can be thought of as

-1 -1 ...-1
0 ... 0
0 1 0
0 ... 0 1
Ox (A" By Ox(Vi), (4.15)
(11 1)
Oy Ox (Vi) ——————— Ox(A7). (4.16)

Theorem 16 Via the identification Ext(Ox (A7), OX(A+)")0 = IF:IO(A’ \ A*)", the exten-

sion sequence (4.14) corresponds to the n-tuple ([C1], . .., [Cy]) € ﬁO(A_ \A+)” of reduced
singular 0-th cohomology classes.

Proof The steps in this case are very similar to the case of two components. The extension
sequence

0—>L"—> ! (& > Ox >0

corresponds to the image n of 1 € I'(X, Ox) in H/(X, £") = H'(X, £)" under the long
exact sequence in cohomology associated to the short exact extension sequence. In our case
L =0x(AT — A7) and & = Ox(V; — A™). Again, this image is understood using the
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sequence of Cech complexes, only looking at degree 0:

0 0 0
0——[[ £LW)" ——— ;@& WUi)) ——[[; Ox(Ui) ——0

00— l_[z<] [’(Ulj) — l_[l<j(®.§_05 (Ull)) — l_[i<j OX(UU) —0

0 —[Ticjar LWUi)" == T1i<j @& i) —= [Ticjr Ox (Wiji) — 0

l l l

We lift the element (1,...,1) e J[; Ox(U;) to [[;(®"_,&(U)), then map it to
[Li- j (@ _y&s(U; j)) via the Cech differential and lift it to [, E(U, 7)". The resulting ele-
ment (n;j)i<j € ]_[i<j L(U;j)" can be viewed as an element of []; HY(A~, S(o; N o).
The preimage of [5] under the map d” in the long exact sequence

i<j

i<j
0— HYA™, A=\ ATY - HY(A™)" — HOA~ \ AT)" L5 HI(A, A=\ ATY" = 0.

is the desired element ([C1], ..., [Ch]) € a1 (A7 A'*‘)". O

Recall that Ext! (Ox (A7), —) is a covariant functor, where a map of extensions is induced
by a pushout.

Corollary 17 Given the extension sequence (4.14) in Ext((’)x (A7), OX(A+)") we obtain
n extensions in Ext(OX(A ), Ox (A'*')) one foreachi =1,...,n:

0 — Ox(AT)" — D! _,O(Vi) = Ox(A7) —0

o |

0 — Ox(AT) H; Ox(A7) —0,

where H; is the pushout of the left square.
Via the identification Ext(Ox (A7), Ox(AT)), = ﬁO(A* \ AY), the i-th extension

0— Ox(AT) > H; > Ox(A7) > 0 4.17)

corresponds to the class [C;] € ITIO(A’ \ A*). In particular, the n extensions for i €
{1,...,n} form a basis of Ext(Ox (A7), Ox (A1) .

Proof This follows from functoriality of Ext(Ox (A™), —) and naturality of the isomorphisms

we identify along. The i-th projection Ox (A1)" — Ox(A™) induces the i-th projection
Ext(Ox (A7), OX(A+))8 — Ext(Ox (A7), OX(A+))0. By the previous Theorem 16, this

yields [C;] € H (A~ \ A™). O

Remark 18 To obtain [Cp] one has to replace pr; by (—1, ..., —1).
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4.1.4 The universal extension

For two Ox-modules F and G and their (finite-dimensional) space of extensions E :=
Ext(F, G), a universal extension is a short exact sequence of the foom 0 — G — H —
F ® E — 0 such that for any ¢ € E the induced pullback sequence is t € E = Ext(F, G).
Equivalently, it is a short exact sequence 0 - ¢ ® E¥ — H' — F — 0, where E"
Homc (E, C), such that for any ¢ € E the sequence induced by the pushout along r € E
Homc(EY,C) is t € E = Ext(F, G). Analogously one defines a universal T -equivariant
extension0 — G - H - F®Ey > 0or0 - §Q Ej — H — F — 0 for
Eo := Ext(F, G)o.

e 1l

Theorem 19 The extension sequence (4.13) in Ext(OX (A7), K)O is a universal extension
for Ext(OX(A_), OX(A+))O.

Proof The C-vector space Ext(Ox (A7), Ox(AT))o = ﬁO(A_ \ A™T) is the cokernel of the
homomorphism HO({-}) — HY(A™ \ AT). The components Cy, ..., C, provide a natural
basis for HO(A~ \ A™T) with dual basis Cj, ..., C) of HO (A~ \ A*)¥. The quotient ﬁO(A’ \
AT) = % is generated by [Co], ..., [C,] and subject to the relation [Co] + - - - +
[Cn] = 0. We choose {C| — Cy , C,; — Cy} as a basis for the dual vector space ﬁO(A_ \
A+y——maH%A \A+y-+H%{D)"mmb%mmdmumuwb%mﬂcd Al

of H° (A~ \ A™). The isomorphism Ty (A= \ AT)Y =4 ker(d;) maps the i-th basis element
C; — Cy to the i-th basis element ¢; — eg. Recall that K = ker(d;) ® Ox(A™).

‘We now check the universal property on the basis {[C1], ..., [C,]} of ﬁO(A_ \ A"). By
definition of the dual and double dual, [C;] € ﬁO(A’ \AT) = Homc(ﬁO(A’ \ ATV, C)
corresponds to the projection to the i-th coordinate pr; : ﬁO(A_ \ AT)Y = C" - C.By
Corollary 17, the pushout along the i-th projection homomorphism gives an extension in
Ext(Ox (A7), Oy (A+))o = ﬁO(A* \ A™) which corresponds precisely to the basis element
(Ci]e B (A~ \ A™). o

4.1.5 The cremona example

Let X be the graph of the Cremona transformation P>— — P2 In toric language, X =
P(H) = TV(X), where ¥ = N (H):

3
s | V A

¥ =N(H) H=A+B A B

Here, the ray p; of the inner normal fan ¥ corresponds to the facet F; of H. Let D; :=
orb(p;). The Minkowski summands A and B of H correspond to the divisors D4 = Dy +
D3 + Dy and D = Dy + Ds + Dg. The interesting line bundle on X arises from AT = A
and A~ =2B+ (1, —1) with Do~ = D1+ Dy +2D3 + D4+ Ds. The figure below displays
the set-theoretic difference (2B + (1, —1)) \ A. It shows that H'(X, Ox(AT — A7) =
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eameMi—VIO(A_ \ (AT +m)) is 2-dimensional in degree m = 0, because dim ﬁO(A_ \AT) =
dim A (2B + (1, =)\ A) = 2.

@
¢y

There is no other shift m such that (2B —m) \ A, or equivalently 2B \ (A + m), has non-
trivial reduced 0-th cohomology. Hence, H' (X, Ox (AT — A7)) is 2-dimensional, sitting
completely in degree m = 0.

Denote the connected components of A=\ AT by Cy, C1, C3 and set V; := C; U A™T.

VO Vl VQ

Vi 1T

From the facet presentations of Vg, Vi and V, we can read off the associated divisors
Dy, = D1+ Dy + D3+ D4, Dy, = Dy +2D3 + D4, Dy, = D> + D3+ D4 + Ds. In this
case, sequence (4.14) in Sect. (4.1.3) is the sequence

-1 -1

1 0
,\0 1 5 (1 1 1)
0— Ox (AT ——5 @7_,0Ox (Vi) ——> Ox (A7) = 0 (4.18)

in Ext(Ox (A7), Ox(AT)?),. Tt corresponds to ([C1], [Ca]) € A’ (A~ \ AT)2.

The pushout construction described in Corollary 17 yields two extension sequences 0 —
Ox(AT) - G — Ox(A7) = 0and 0 — Ox(AT) - G — Ox(A™) — 0in
Ext(Ox (A7), Ox (A+))0' The first is represented by [C}] € ﬁO(A’ \ A*) and the second
by [C2] € ﬁO(A_ \ AT). The class of the constant cocycle on A~ \ A" is trivial, so
[Col = —[C1]—[C3] € ﬁO(A_ \ A™") and the negative of the Baer sum of the two sequences
above is represented by [Cy] € ﬁO(A_ \ A1),

4.2 General position of polyhedra

In the previous section, we dealt with the special case of one polyhedron A™ being contained
in the other polyhedron A~. In this section, we deal with A* and A~ lying in general
position.

4.2.1 Observing two problems
To illustrate the problem for the general case, we start with an example. Let X be the
2-dimensional, singular fan made from the rays spanned by (1, 0), (0, 1), (—2, —1), and

(0, —1), respectively (displayed in black below). Adding the rays spanned by (—1, 0) and
(—1, —1) (displayed in blue below), we obtain the smooth subdivision X.
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A~
~

220 Y

~ v

Denote X :=TV(X)and f: X — Xo := TV(Zp), the birational contraction. The Picard
group Pic(Xy) is freely generated by (the sheaves represented by) the polytopes C and D
displayed below. Pic(X) = CI(X) has {A, B, C, D} as a basis:

be v v

Define A~ := D and A" := C. The difference A~ \ A splits into two components:

However, since AT is not contained in A~ there is no map from Oy (A1) into the sheaves
of the two components, which are subsheaves of Ox (A ™). The solution to this problem is to
replace AT by (At N A7), then proceed as in Sect. (4.1), and, finally, to use functoriality
of Ext along the embedding Ox (AT N A7) < Ox(A™).

But here one can spot the second problem. As in the example, the intersection AT N A~ is
not necessarily a lattice polyhedron. This will be overcome by refining the lattice. We replace
the lattice M by a larger lattice M D M such that AT N A~ is a lattice polyhedron with
respect to M. Dually, this means to consider some sublattice N C N of finite index and the
induced finite covering p: TV (X, ]\NI) — TV(Z, N).

4.2.2 The intersection is a lattice polyhedron

We start with the case where the intersection AT N A~ is a lattice polyhedron with respect
to the lattice M. Suppose that A~ \ AT = A~ \ (AT N A7) consists of n + 1 connected
components Cy, ..., Cy. Set V; := C; U (AT N A7) fori € {0,...,n}. As before, we
can assume without loss of generality that the fan X is refined enough so that AT, A™,
ATN A" and V; fori € {0, ..., n} are compatible with ¥ and define nef Cartier divisors
on X =TV(Z).
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Consider the following pushout diagram:

0— Ox(AT N A7) — @ Ox(V;) —= Ox (A7) —=0 (4.19)
[ l |
0 —— Ox(AT)" H Ox (A7) —0.

Here the upper exact sequence is constructed as in Sect. (4.1.3). It is an extension
sequence in Ext(Ox (A7), Ox (ATNA™)") . By Theorem 16, this corresponds to the n-tuple
(C11, ..., [CaD) e H(A=\ (A* N A))" = H (A= \ A™)". The inclusion of lattice poly-
hedra At N A~ < AT induces the embedding of sheaves h: Ox (AT N A7) < Ox(AT)
and its n-th power h"*: Ox (AT N A7)" < Ox(AT)". The sheaf H is the pushout of the
left square and the universal property of the pushout induces a map H — Ox (A7), that
makes the lower sequence exact and the right square commutative. All together we obtain
a map of complexes from the upper to the lower exact sequence. This is functoriality of
Ext(Ox (A7), —).

Proposition 20 Via the identification Ext(Ox (A7), Ox (AT)"), = H(A=\AY)" the short
exact extension sequence

0— Ox(AT)' > H— Ox(A™) =0 (4.20)
corresponds to the n-tuple ([C1], ...,[Cy]) € ﬁO(A’ \ A*)n.
Proof Tensoring both sequences in diagram (4.19) with Ox (A7)~ yields

0—=Ox((ATNAT)— A" — B _(Ox(Vi— A7) —O0x —0

fo L

Ox (AT — A7) H Ox —0,

0

(4.21)

where H' = H ® Ox(A™)~! is also the pushout of the left square. The map of complexes
between the short exact sequences induces a map of complexes between the long exact
sequences in cohomology. In particular we obtain a commuting square

r(Ox) &—=H' (X, Ox (AT — A7))" 5
%lH‘((h’)“)
rOx) &= H' (X, 0x((A*NAT) =AD" > 7,
(4.22)
where 1 and p denote the images of 1 € F(X ,0 X)O under the differential d. By Theorem
16, the isomorphism from H' (X , Ox (AT — A‘))" to reduced singular cohomology maps

nto (IC1l, ..., [Ca]) € H'(A=\ (AT N A7))" = H'(A\ AT)". Ttis easy to see that
w=H' ("))~ (n) is also mapped to ([C1], ..., [C,]) € ﬁO(A_ \ A" |
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4.2.3 The intersection is not a lattice polyhedron

We now deal with the case where AT N A™ C Mg is not a lattice polyhedron with respect
to the lattice M. Take any refinement M 2D M such that M is a sublattice of finite index in
M and AT NA™ C MR = Mr = R’ is a lattice polyhedron with respect to M. Dually,
N € N = 7’ is a sublattice of finite index. Let G := N / N be the finite quotient group.
For a toric Varlety X =TV(Z, N) we can cons1der the fan 2 in Np = NR with respect to
the lattice N and obtain a second toric variety . X =TV(Z, N) realizing X as the geometric
quotient X = X /G. The lattice inclusion ¢: N <> N induces the toric covering morphism
p: X > X [3, Prop. 3.3.7]. We pull the sheaves Ox (A™) and Ox (A™) back to X via p and
use the results from Sect. (4.2.2).

Example 21 For M = 7' and its dual N = Z' take M to be (%Z)’ and correspondingly

N = (dZ)". Then each ray generator v, € Nofa ray p € 2(1) is the d-multiple of the
corresponding ray generator v, € N. The coefficients of the pullback p* D of a Weil divisor
D on X will be d-multiples of the coefficients of D.

Construction 22 Back to our general case, the refinement M D M was chosen so that
AY N A~ is a lattice polyhedron with respect to M and we are in the case of Sect. (4.2.2),
however on the space X. We have the short exact extension sequence

0— O5(ATNAT)" - @_,05(Vi) = O5(A7) = 0 (4.23)
and the short exact extension sequence
0— Ox(AT)" > H— O5(A7) = 0 (4.24)

induced by the embedding Oz(AT N A™)" < Ox(A1)". Under the identification with
ﬁO(A* \ AT, both correspond to the n-tuple ([C1], ..., [Cy]) € ﬁO(A’ \ AN by The-
orem 16 and Proposition 20. Since p: X — X is affine, the pushfoward p, is exact and we
obtain a short exact extension sequence of sheaves on X :

0 — pOF(AT)" = p.H — pOF(AT) — 0. (4.25)

Recall that in the first step of the identification OfEXt(O;((A’), (’);((A*)”)O with A (A’ \
A*)n we tensor sequence (4.24) with Og(A’)’l. Its pushforward is
0 = pu(Oz(AT — A7) = pu(H) = puO5z — 0. (4.26)

By the projection formula, this is equal to sequence (4.25) tensored with Ox(A™)~". For an
affine morphism p: X > X of noetherian separated schemes and a short exact sequence
0 > F - G — H — 0 of quasi-coherent sheaves on X there is a commuting diagram in
which all vertical morphisms are isomorphisms:

rx,7)—=riX.¢)—=rX.H —>H'X,7F) —=H'X,G) — ...

|= I = E =

T(X, peF) — T(X, psG) — T'(X, psH) —= H'(X, poF) — HI(X, pG) — ...

In particular, H' (X, p, Oz (AT — A‘))" = H! (i, Oz(AT — A_))'1 and the image of
1 € I'(X, p«O%) under 9 is the desired n-tuple ([C1], ..., [C,]).
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While p,.Oz(A1) = p.p*Ox(AT) and p.Oz (A7) = p.p*Ox(A™) are in general not
equal to Oy (A™) and Ox (A7), respectively, the latter are a direct summand:

Ox(A%) = @ Ox(A%)m = P (Pp* Ox (AN S €D (pp* Ox(A%)). (4.27)

meM meM meM
Furthermore, Ox (A*) corresponds precisely to the G-invariants of p, p*Ox (A%).
Example 23 For Ox (A%) and the pullback p*Ox (AT) = Oz (A%) we have
Ox (A (Uy) = X7 -CloV N M1 S X" - Clo" N M1 = p,Og(A)Uy), (4.28)

where {mf}ge); igvthe Cartier data of D+. All mff are contained in M C M. Via CleV N
M] — Cl[oY N M] we can V:IE:W the above as an inclusion of C[o¥ N ]\Z ]-modules. Any
M-graded module obtains an M-grading by adding zeros in degrees i1 € M \ M.

For the sheaves in the short exact sequence (4.25) we have the M- graded subsheaves Ox (A™)
of p. Oy (AT)and Ox (A7) of py O%(A7). The inclusions are isomorphisms when restricted
to M € M. Because the morphisms in sequence (4.25) are homogeneous of degree 0, taking
the M-graded part of p*ﬁ yields a subsheaf H := EBmeM(p*ﬁ)m C p*ﬁ that fits into a
commuting diagram of exact sequences

0 —= Ox(A")" —— TH Ox(A7) —=0

0 —= p.Og(AT)" — p,H — p, Oz (A7) —0.
(4.29)

Proposition 24 Given the commuting diagram (4.29), the upper sequence
0— Ox (AN > H— Ox(A7) > 0 (4.30)

corresponds to the n-tuple ([C1],...,[Cy]) € ﬁO(A_ \ A" under the identification
Ext(Ox (A7), Ox(AH)"), = A=\ Aty

Proof Tensoring diagram (4.29) with Ox (A~)~! yields the commutative diagram

0 —= Ox (AT — A7) — > H ®0y Ox(A)™' —> Ox —=0

0— P*(O)?(A+ — A7) p*ﬁ’ POz —0,
(4.31)

the lower sequence inducing the desired n-tuple by Construction 22. We obtain a commutative
diagram of long exact sequences

- —=T(X,0x) ——=H' (X, 0x (AT — A7) —= -+

l(l) l(Z)

- —T(X, psOg) — H' (X, p(Og (AT = A7) — -
(4.32)
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The homomorphisms (1) and (2) restrict to isomorphisms in degree 0 € M, so 1 €
(X, Ox)o = T'(X, p+O5)o also maps to ([C1], ..., [C,]) € H (A= \ AT)", o

Corollary 25 Sequence (4.30) induces n extensions in Ext((’)x (A7), Ox (A+))0’ oneforeach
i=1,...,n:

00— Ox(AT)" —H —= Ox(A™) —0

o

0 — Ox(A") —H; — Ox (A7) — 0.
(4.33)

Via the identification Ext((’)x (A7), OX(A+))O = ITIO(A’ \ A*), the i-th extension corre-

sponds to the class [C;] € ﬁO(A_ \ A+). In particular, the n extensions fori € {1, ..., n}
form a basis of Ext(Ox (A7), Ox (A™)),.
Furthermore, sequence (4.30) is a universal extension for Ext(OX(A_), Ox (A+))0.

5 Using Klyachko’s description of toric reflexive sheaves

We briefly show how to construct the universal extension sequence in the case where ATNA~
is not a lattice polyhedron in terms of Klyachko’s description of toric reflexive sheaves (see
[9, 10]; a short summary can be found in [13]; see [6, 11] for more recent approaches).

5.1 Describing sheaves via filtrations

Consider a toric variety X = TV(X) given by a fan ¥ in Ng. Let 1 € T € X denote the
neutral element. Each Ox-module £ gives rise to a C-vector space E := £(1) := &1 /mx &1,
where &1 denotes the stalk of £ at 1 € X and my ; the maximal ideal of 1. If £ is a T-
equivariant, torsion free sheaf on X, the sections of £ on the open, affine, T -invariant subsets
TV(o) € X witho € X are M-graded subsets of E @c C[M]. If, in addition, & is reflexive,
then £ is already determined by its restriction to open subsets whose complements are of
codimension equal or greater than two. Via Klyachko’s description [9], a toric reflexive sheaf
& corresponds to a set of decreasing Z-filtrations

FEy, =1...2E ' DES2EM 2.1 (tel) (5.1)

of the vector space E which are parametrized by the rays p € X(1). Let v, denote the
primitive generator of the ray p. The filtrations encode the sections of £ on the T -invariant
open subsets U, = TV(p) C X defined by p. Namely, foru € M,

(u,vp u,vp)

e®@x" eT(U, &) < eck, " =Fe), (5.2)
Remark 26 The reflexive sheaf £ defines a toric vector bundle if it is subject to Kly-
achko’s compatibility condition [9]: For each cone ¢ € X there exists a decomposition

E = @pujem/mnor Epu so that E, = > (u,v,)=1 Etu for each p € o' (1).
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5.2 Line and tangent bundles

Line bundles and the tangent are examples of toric bundles with filtrations as follows (compare
[9, Example 2.3]).

Example 27 Let D, = orb(p) be the closure of the orbit defined by p € X(1). For D =
> pesyrp Dp, Ap € Z, the invertible sheaf Ox (D) is encoded by

E¢ =

Cif £ <2,
P

owzzu+1}9C:E' (5.3)

Example 28 The tangent sheaf 7x corresponds to the filtration

Nc=N®zCif £<0
T} := { span(p) if =1 § C N¢c = E. (5.4)
0 if £>2.

Remark 29 Projective n-space P" is the toric variety associated to the normal fan N'(A,) of
the standard n-simplex A,. The fan A'(A,) has n + 1 rays po, ..., py. The direct sum of
invertible sheaves 69'}:0(9]}»;1 (orb(p;)) corresponds to the filtrations

E if £<0
Ef :={C-eliif t=1}CE:=@a]_,C-e. (5.5)
0 ifex>2

The canonical surjection w: E — Nc, e” — v,,, where v,, generates the ray p;, induces
the filtrations of N¢ corresponding to 7p». On ker(;r) = C the induced filtrations are those
of the structure sheaf Op». This yields the Euler sequence

0— Opn — @’}zOOPn (orb(pj)) = Tpn — 0. (5.6)

5.3 Pullbacks under toric morphisms

Let £ be a toric reflexive sheaf on X := TV (X, N). Similarly to Sect. (4.2.3), let N C N be
a sublattice of finite index and X := TV(XE, N ). Let v, € N denote the primitive generator
of the ray p € X (1) in N and let v, be its image in the quotient group G := N/ N. For
dp, '=min{d > 1| d - v, = 0in G} the order of v, in G, the multiple v, :==d, - v, € N is
the primitive generator of p in N. Let p: X — X be the toric covering morphism.

Analogously to [12, Prop. 4.9] one can give the following description of the filtrations of
a pullback of a toric reflexive sheaf on X along p.

Proposition 30 Suppose the toric reflexive sheaf € corresponds to the vector space E = £(1)
with filtrations (E,Io)leZ for p € X(1). Then the pullback F := p*E of £ is a toric reflexive

sheaf on X. It corresponds to the same vector space F' = E and the filtration for p € (1)
/

"7
is given by Fé = Epd" , | € Z, where [-] denotes the ceiling function, giving the smallest
integer equal to or larger than the argument.

This filtration (F é);ez of F' = E can be thought of as the filtration (Ei))leZ stretched by the
factor d,, and we will refer to it as the the d,-th stretching of the filtration.
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5.4 Constructing the universal extension using Klyachko’s description

We are in the setting of Sect. (4.2.3). Consider the two line bundles Oy (A™) and Ox (A7)
on X. In Klyachko’s description, let them be given by the C-vector spaces with decreasing
Z-filtrations (E, E3 )pexq) and (E_, E? ))pex)s respectively. By Proposition 30 the
pullback line bundles O;(A"') = p*Ox(A™) and Ox (A7) = p*Ox (A7) on X correspond
to the C-vector spaces and decreasing Z-filtrations (F.., F p)pez(l) and (F_, F* p)pgg(l)

with Fy = E4 and Fi E . The filtration F; for aray p corresponding to a pullback
sheaf 7 = p*€ of £ on X isa d -th stretching in the sense that a proper inclusion can only
occur every d, steps in the ﬁltratlon

dpk d, k+l d,(k+1 d,(k+1 +l
= F o B = Fpr®t 5 pltD (5.7)
—— ‘,—/ —— \—r—“
—FEk k+1 k+1 k+2
=E5 =Er)+ =Ep+ =E/7+

In sequence (4.24) the outer two sheaves are the pullbacks of line bundles on X.

Lemma 31 The sheaf H in sequence (4.24) is a reflexive sheaf on X and corresponds to a
C-vector space with filtrations (H He 5) pes(ly where the filtration He o for the ray p € X(1)

is a d,-th stretching in the sense mlmduced above.

Proof Applying the contravariant functor J&m (—, O%): Coh(')z ) — Coh()~( ) to the
sequence (4.24) twice yields a short exact sequence of double duals (using that the outer
two sheaves are locally free) with a canonical homomorphism from the original sequence.
Reﬂexivity of the outer two sheaves and the five lemma give reflexivity of the sheaf H. Let
H . pand F* . p € (1), denote the filtrations corresponding to the reflexive sheaves

H OX(A+) and O5 (A7), respectively. Since sequence (4.24) is T-equivariant, it induces
a short exact sequence of filtrations 0 — F:, = ﬁ/; - F = 0 for each p € X(1).
Hence, the filtration H/; of H is determined by the filtrations Fy o and F: o and is thus also
d,-th stretching. O

Remark 32 A filtration of a vector space that is a d-th stretching can also be squished back:
for a vector space F with filtration

— pdk 5 pdktl _ | pdet) 5 pdGeD+L (5.8)
the d-th squishing of (F, F*) is the vector space F with filtration
) Fd(k—l) > de ) Fd(k+1) S5... (5.9)
Corollary 33 The reflexive sheaf H on X corresponding to (H, H}), where H := H and the
filtration H} given by HZ) = I:igpl( = ﬁg”lil = ... = ﬁg”li(dﬁil)),l € Z, is the dy-th
squishing of H?, p € X (1), fits into a short exact sequence
0— Ox(AT)" > H — Ox(A7) >0 (5.10)

that pulls back to the short exact sequence (4.24) under p: X - X.
Sequence (5.10) is precisely the universal extension sequence (4.30).

Example 34 We continue with the example introduced in Sect. (4.2.1) using Klyachko’s
language. Let M = Z @ 7Z, N = 7 @ 7 and recall the smooth fan ¥ in Ng = R? and the
lattice polytopes AT and A~ with respectto M = Z @ Z:
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P2
3
L L e
& e A+ A~

with A* not contained in A~. The intersection A* N A~ is not a lattice polytope with
respect to Z 69 Z. Consider the sublattice N=2Z®Z <> Z®&Z =N and dually M =
1707 — ( Z)YB®Z= M so that AT N A~ is a lattice polytope with respect to M. Denote
the unions of the components of A~ \ (AT N A7) with AT N A~ by

Vo= b and V; = B

Set X := TV(X, N) and denote the covering morphism by p: X — X. The minimal ray
generators Uy, i = 1, ..., 6, in the lattice N are Uy = (2,0),7,, = (0,1), v, =(-2,0),
Vp, = (=2, =1),0p5 = (=2, —2),and U, = (0, —1). From these we determine the filtrations
of the divisors 5A+QA-, 5A+, 5A-, 5% and 5v1 on X. Taking pushouts allows us to
calculate the filtrations for 7 on X. In order to obtain the filtrations for the sheaf H we need
to take the d,,-squishings of the filtrations for H, whenever d, # 1. This is the case for p1, 3
and ps, Wlth d, = 2 in each case. The following table deplcts the resulting filtrations for H.

Note that the vector bundle H (and even the vector bundle Hon X ) does not split. This
can be seen using a criterion from Klyachko, that a vector bundle splits if and only if the
vector spaces in the filtrations of all the rays form a distributive lattice, or, equivalently are
given by coordinate subspaces (compare [8, Cor. 2.2.3]).!

H 0 1 2 3

1 2 (CreCoCh/C 2 0 > 0 > 0 2
pn 2 CreColpn/c 2> G 2 0 > 0 2
3 2 (CreColCph/c 2 ((Cr@CvCp/C 2 0 > 0 2
s 2 (CreCoaCp/C 2 (CroCoCH/C 2 C+ 2 0 2
5 2 ((CyeCeoCph/C 2 ((CroCaCp/C 2 0 > 0 2
e =2 (CreCeaCpn/C 2 € > 0 > 0 2
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