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Abstract. This work is devoted to investigating a compressible fluid system with low stratification, which is driven by fast
acoustic waves and internal waves. The approximation using a soundproof model is justified. More precisely, the soundproof
model captures the dynamics of both the non-oscillating mean flows and the oscillating internal waves, while filters out the
fast acoustic waves, of the compressible system with or without initial acoustic waves. Moreover, the fast-slow oscillation
structure is investigated.
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1. Introduction
1.1. Motivations

The rigorous justification of the anelastic and pseudo-incompressible models for atmospheric flows [3,
11,13] in the inviscid case remains a challenge for at least three technical reasons: First, under realistic
conditions for the troposphere, the compressible flow model involves three asymptotically separated time
scales, associated with advection (slow), internal gravity waves (intermediate), and acoustics (fast), re-
spectively. The two sound-proof models still involve the slow and intermediate scales, see [10], and thus
still depend on the scale separation parameter. In other words, the anelastic and pseudo-incompressible
models are not “limit models” in the classical sense, e.g., of low Mach number analysis. The technical
question to be rigorously answered therefore is: What is the relation between the compressible three-scale
and the sound-proof pseudo-incompressible (or anelastic) two-scale models.

Secondly, realistic atmospheric background states feature temperatures and local Brunt—Vaisila or
buoyancy frequencies that depend on the spatial position. This leaves the fast linear system describ-
ing acoustic and internal wave modes with non-constant, space-dependent coefficients. The control of
derivatives for non-constant coefficient systems using techniques of energy estimates is substantially more
difficult than it is in the constant coefficient case.

Thirdly, problems on the torus or in T? (d € 2, 3) are often technically easier to handle than bounded
domain problems, except when the bounded domain problem has a natural extension through certain
symmetries to the infinite or toroidal domain case. Owing to the presence of gravity, realistic atmospheric
flows always include a bottom boundary of the critical type that does not lend itself to domain extensions
that would preserve smoothness of solutions across the eliminated domain boundary.
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In this paper we make progress in addressing the first issue, i.e., model reduction from three to
two asymptotically separated scales, while we avoid the non-constant coefficient problem and irregular
behavior of solutions near the (bottom) boundary of the domain by introducing judicious simplifications
in the original model, designed to render the physics of the scale interactions largely intact: Let us
denote R the gas constant of the fluid, 7" the background temperature and g the typical gravitational
acceleration, respectively. Then by (i) considering a fluid layer much thinner than the pressure scale
height hs. = RT/g, we guarantee that the leading-order temperature, and with it the leading order
speed of sound, are constant. By (ii) assuming a particular vertical stratification of entropy (or potential
temperature), we guarantee that the buoyancy (or Brunt-Vaiiséld) frequency is constant as well (see
(H3) in page 6). This renders the linear fast system describing acoustic and internal waves with constant
coefficients. Finally, by (iii) letting the gravitational acceleration decay to zero smoothly towards the
top and bottom domain boundaries, while maintaining a constant buoyancy frequency by choice of the
entropy stratification, we obtain a problem that has a regular extension to a vertically periodic domain
problem [see (H1) and (H2) in page 6].

Under these conditions, our main results can be stated in an informal fashion as follows:

Theorem. Consider the full compressible model [(17) in page 7] with both acoustic and internal waves,
and the pseudo-incompressible model [(20) in page 7].

e Without initial acoustic waves, solutions of the compressible and pseudo-incompressible models re-
main asymptotically close over the slowest (advective) time scale as the small parameter representa-
tive of the Mach and Froude numbers vanishes. See Theorem 1 in page 8 for the detailed statement;

e Moreover, in the case with initial acoustic waves, the solutions of the pseudo-incompressible model
capture the dynamics of the mean flows and the internal waves in the compressible model. See
Theorem 2 in page 10 for more details.

More details are given in the following section describing the relation between the compressible model
(4) and the pseudo-incompressible system (20) through system (17).

An explanatory remark regarding our use of the notion of the “pseudo-incompressible” model is in
order: By the assumption of a shallow domain, the formal leading order divergence constraint emerging
from the pressure evolution equation is the incompressibility constraint V -v = 0 rather than the pseudo-
incrompressibility constraint V - (Pv) = 0, where P(z) is a function of the vertical coordinate only. We
nevertheless speak of the pseudo-incompressible model in the last paragraph because we show in Sect. 4
that first order pseudo-incompressibility effects are important when closeness of the compressible and
soundproof approximations are to be maintained over the slow advective time scale. In fact, in that
section we study the intermediate model (51) in page 19, which we anticipate here in a notation similar
to that of [10] which is likely more familiar to readers of the meteorological literature,

Do
_— = 1
Dt + V=0, (1a)
Dw 0
_— = — 1
Dt T (1b)
D6 Se
_— = — 1
Dt e (1c)
dth (PEU) + aZ(PEU)) = O (ld)
where
b =0 +v-V 0 2
i =0t Vatwd:, (2)
and
Pi(z) =1—eP*(2),  S°(z,0) =S5 +"55(2)0. (3)

The system in (1) captures part of the difference between incompressible and pseudo-incompressible
dynamics. Thus, the divergence control in (1d) represents weak deviations from the constraint divy v =
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0 of an incompressible flow that are due to the small but finite height of the flow domain. It is not
equivalent to the pseudo-incompressible system, however, as it does not include its baroclinic nonlinearity
which would be represented by pressure gradient terms (65(z) + e**70)(V,,m, 0,7) in (la) and (1b).
Our main point in Sect. 4 will be to show that the weak deviation from incompressibility, even though
small, significantly improves the system’s agreement with the full compressible model relative to the
incompressible model.

1.2. Description of the Problem

To model a compressible flow under the influence of an external force (e.g., earth gravity), the compressible
Euler equations is considered. With low stratifications, the dimensionless system can be written as (see,

e.g., [5]),

Oip + divy, (pv) + 0. (pw) = 0,
1
O(pv) + divy, (pv @ v) + 0, (pwv) + ?Vhp =0,

1 1 (4)
O (pw) + divy, (pvw) + 9, (pww) + gazp + ng(z) =0,

Op + v - Vpp + wd.p + vyp(divy v + d,w) = 0,

where ¢ € (0,1) denotes the small Mach number, and p, p, v, and w are the scalar density, the pressure
potential, the horizontal velocity field, and the vertical velocity, respectively. Here G(z) is the external
force, causing stratification. As e — 07, system (4) describes flows in the low Mach number region with
low stratification, i.e., the Boussinesq scale. The external force pG(z) causes the flow to form stratification
as ¢ — 0%. One particular stratification profile considered in this paper is characterised by

0.0 = O(e"), e (0,1), (5)
where 0 is the potential temperature defined by
0:=p'/7p . (6)
In addition, the Exner pressure, defined by

o
w = Lp T, (7)

is commonly used in meteorological study ([9,10] etc.). Then (4) is equivalent to, described by the new
unknowuns (o, 0, v, w),

O +v - Vipw + wdyw + (7 — Dw(divy v + d,w) =0,
OO+ -Vt +wd,071 =0,

01 (0w + v - Vv + wd,v) + évhw =0, (8)
0~ (0w + v - Viw + wd,w) + é@zw + é@flG(z) =0.
In order the investigate the stratification with (5), the following ansatz is introduced:
wi=wy+ewm, 0 =07 +e"G VHy + e TVGTH, (9)
where @y, 0y are constant, and Ho = Ho(z). Then from (8), one can derive, with

w+2v =1, (10)
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#(&% +v- Vw4 wd,w) + l(divh v+ 0,w) =0,

(v — 1%73 € }

. (OH ) H -17q =

Go.(G—170) (OH+v-VyH+ Guwd,. (G 'H)) + ol 0, a1

1
0= (0w + v - Vv + wd,v) + gvha =0,

1 _ 1 ~
0~ (0w + v - Vyw + wd,w) + g(aﬁ + 0, G(2) + e"Ho) + SH=0.
After denoting by
gi=w+0;" / G(2')dz' + E“/ Ho(2') d2' (12)
0 0
and multiplying the first equation of (11) with w/wg, we arrive at
1 _
(0 + v Vi + wdg — 07 ' Gw — eFHow
= 1)w(]( +q hq q—10 ow)
+g(divh v+ d,w) = fwo_lij(divh v+ O,w)
+wy t(divy, v + 0,w) (0! foz G(')dz' + e+ foz Ho(z") d2'),
1 ~ ~ ~ 0.G ~ 1 (13)
—W(afH+UV}Lt{+wazH— a Hw)—gjw—o,
=10 + v - Vv + wd,v) + gvthZ 0,
1. . 1~
=1 (Opw + v - Viw + wd,w) + gﬁzq + ;}'H =0.
On the other hand, denote by
g divy v + 0,w 0
_|*H — 0 | W
U:= M LU := Vi , and LU := 0 (14)
w 0.q H

Notice that operators £, and L4 are anti-symmetric with respect to the L2-inner product and induce
oscillations, corresponding to acoustic waves and internal waves of solutions to system (13), respectively.

Unfortunately, in general, the anti-symmetry property does not hold for general boundary conditions
and systems with non-constant coefficients in more regular Sobolev space, for instance H®, s > 0. This is a
major difficulty in the study of asymptotic limit of fast oscillation systems (see, e.g., [12]). To resolve this
difficulty is beyond the scope of this paper. Instead, we will introduce a system closely related to system
(13), which still captures the acoustic waves and the internal waves driven by £, and L, respectively.
As explained in Sect. 1.1, we will assume the following hypothesis in this first work.

(H1) If one considers (13) in {(x,y,z) € T? x 0.5T}, and assumes that G,Hq are odd in the z-variable,
then the following symmetry invariance holds:

q, 7‘~l, v, and w are even, odd, even, and odd, respectively, (SYM)
with respect to the z-variable.

Therefore, by, in addition, assuming G, Hy to be smooth enough in T2, one can consider (13) in T2.
(H2) Noticing that in (13)2, the term Hwd,G/G becomes singular when G approaches 0. The function
BZTG is replaced by another function G, which is odd with respect to the z-variable and smooth in

T3. For the same reason, we replace G~! in (9) by G.
(H3) The Brunt—Vaiisild frequency 0N, defined by,

N2 = —GA.(G Hy), (15)

is constant.
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Then, after denoting the positive constants

1 1
A=—— Bi=———— (C:=05",
=1y Go.(G—Hy) 0 (16)

we introduce the following system: in T2, with p + 2v = 1,
Advg+ Av - Vg + Awd.q + %(divh v+ 0,w)
= ACGw + e AHyw — w&la(div;L v+ d,w)
+oy (divy, v+ 0.w)(C [ G(2')d2' + e [ Ho(2') dz'),
BOH + B - ViH + Buwd.H - giw — BG - Hu, (17)
Y0v + Jv - Vyu + dwd,v + évha: 0,

1 1 ~
YOyw + Yv - Vyw + dwd,w + g@zq~+ ;'H =0,

where ¢, ')'~l, v, w admit the symmetry (SYM), G, Ho, G are odd in the z-variable and smooth enough in
T3, and ¥ = C + O(gH) are given by

¥ :=C + e"GHy + " GH. (18)
System (17) is complemented with initial data
(aaﬁavaw)ltzo = (qinuﬁin7vin7win)~ (19)

Accordingly, ([02G)in, [0%H]in, [0%0)in, [08w]i), @ € NT, are defined inductively after shifting spatial
derivatives to temporal derivatives using equations of (17).

Before stating our results, we would like to make a few perspective remarks. As one can see, in system
(17), the linear oscillator is given by

1 1
Lot =Ly,
€ ey

i.e., a combination of the acoustic oscillator and the internal wave oscillator. Moreover, since v € (0, 1),
as € — 07, the oscillation induced by éﬁa is much faster than that of E%Eg. This means that the acoustic
waves will be averaged out (or filtered out) before the internal waves. Owing to such a phenomena, we
propose a pseudo-incompressible /soundproof model, similar to [10]:

divy vsp + QL wep = 0,
~ ~ ~ 1 U
BO:Hsp + Bugp - Vi Hep + Bwgp 0. Hep — E—szp = BG - Hypwsp,

20
COrvsp + Cugp - Vyvsp + Cwsp0,vsp + Vipsp = 0, (20)

1 ~
COrwsp + Cusp - Vypwep + Cwsp 0, wsp + 02psp + ET/HSP =0,

whose solutions will be an approximation to the solutions to system (17) minus the acoustic waves, with
or without initial acoustic waves.

Aside from the soundproof approximation, we would like to investigate how the mixture of acoustic
waves and internal waves with different frequencies affects the total oscillation of the system. To do so,
we will first consider a linear system associated with (17) and the corresponding eigenvalue problem. By
comparing the distribution of eigenvalues with that of eigenvalues associated with L., we have a more
precise description of how the internal waves intertwine with the acoustic waves at the level of eigenvalues.
Based on the understanding of the linear theory, we will discuss the fast-slow wave interaction of system
(17) in the end.

We would like to mention, our current study is strongly motivated by previous study on flows with
strong stratification (see, e.g., [9,10]), to which we refer readers for more metrological perspectives. A
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TABLE 1. Wawves in the initial data

Waves in the initial data Theorem 1 Theorem 2
Mean flows v v
Internal waves v v
Acoustic waves X v

recent paper [2] focuses on the soundproof model with stratification to better understand the internal
waves.
The justification of singular limits is rooted back to:

e Fast oscillation limit with only one parameter can be found in [15-17]. For geophysical purposes,
see for instance [6,7,12].

e Fast oscillation limit with several parameters linked together can be found in [18]. For geophysical
purposes, see, for instance, [4,5] for weak solutions, and [1] for strong solutions.

In this work, we do not perform fast oscillation limit. Instead, we want to prove that the non-oscillating
mean flows and the oscillating internal waves of solutions of two singular systems (the compressible and
pseudo-incompressible /soundproof models) remain asymptotically close over the slowest time scale. The
main theorems in this paper consider the initial data of the following types in the full compressible system
(17), as in Table 1:
and compare the solutions to those of the soundproof model (20). In both cases, we justify the rigidity of
capturing the dynamics of the mean flows and the internal waves of the full compressible system using
the soundproof approximation.

More precisely, our first result provides the comparison of solutions to the two singular systems in the
well-prepared data (without acoustic waves) case:

Theorem 1 (Mean flows + Internal waves). Let 0 < 2v < 1. Denote the initial data to the intermediate
model (51), below in page 19, as

(ﬁms,inyvms,inawms,in) GHS(T3)7
and the initial data to the soundproof model (20) as

(Hap,ins Usp.ins Wps,in) € H3(T?),

satisfying the pseudo-incompressible and incompressible conditions (51)1 and (20)y, respectively. Then
there exist local-in-time solutions to the intermediate model (51), below, and the soundproof model (20),
denoted as

(pms(S), ﬁms($)7 'Ums(s); wms(s)) and (psp(8)7 ﬁsp(5)7 Usp(5)7 wsp(s))a
respectively, in L>((0, Tms+sp), H>(T?)) N C([0, Tistsp), H*(T?)) for some Tisisp € (0,00).
Meanwhile, denote by
(@(s), H(s),v(s), w(s))
the solution to compressible system (17) in Proposition 3, below, with initial data satisfying (23) for any

fized o € (0, pu]. Then there exist Top, € (0,00) and Capp € (0,00), depending only on the initial data
above, such that, for e € (0,1),

Oéfggjg@) — epsp(5), H(s) = Hap(s), 0(s) — vsp(s), w(s) = wep(s)]| o o

<C, (é_max{ufl/,ufo'}
o (21)

+ HHms,in - Hsp,ina Ums,in — Usp,in; Wms,in — wsp,inHLz (T3)

+||Qin — €Pms,in> Hin - Hms,ina Vin — Ums,iny Win — wms,inHL2(T3)) .

) Birkhauser
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Here pus, Pms,in, and psp are given by solutions to elliptic problems (52) and (73), and can be estimated
as in (55) and (75), below in pages 19, 25, 20, and 25, respectively. Here, recall that i+ 2v = 1.

The uniform-in-¢ estimate of solutions to (20) and (51) can be found in (74), (75), (60), and (55),
respectively. In particular, with max{u — v, u — o} = max{1l —3r,1 —2v — o} > 0 and proper initial data
(so that the initial data on the right hand side of (21) is small), (21) provides the error estimates and
convergence rate of the soundproof approximation with “well-prepared” initial data.

The term e™{r="#=} in the error estimate (21) results from the comparison between the terms
(C 4+ O(e")) (v, Opw) and C(Dgvms, Opwms) in Sect. 4.2, which can be either written as

(C+ OE") (0 (v — Vms), Or(w — wimg)) + O(e")(DgVims, OrWims)
C(04(v — Vmg), Op(w — wins)) + O(e#) (Opv, pw).

See (66) and (70), respectively, for details. Since (0¢Ums, O Wms) = (Opvsp, Oywsp) =~ O(e™") [as can be
seen through (20)] and (v, Oyw) ~ O(e~7) thanks to Proposition 3, this results in our freedom of choice
in the error estimate (21). For more details, we refer readers to the estimate of J3 in (68) in page 24 and
(72) in page 25 of the proof of the theorem.

Heuristically speaking, for larger v € [1/3,1/2), the oscillating rates of the internal gravity waves and
the acoustic waves (if non-trivial, of O(¢7") and O(s~1), respectively) are closer to each other. In order
to control the error ema{n—vmn—ot — cmax{l=3v,1-2v-0} we pneed ¢ < p = 1 — 2v, i.e., smaller value
of o (hence weaker acoustic waves in the full compressible system), to avoid strong interaction between
acoustic waves and internal waves in the full compressible system.

We would also like to point out that the constraint 0 < 2v < 1 is physical [see the formal deviation
between (8) and (13)].

The second result will provide the convergence in the ill-prepared data (with acoustic waves) case:

Theorem 2. Mean flows + Internal waves + Acoustic waves Under the same assumptions as in Theorem
1, denote by U = (¢, H,v,w), the solution to (17), and write U = U™ + UV + U2V as the summation
of the mean flows, the internal waves, and the acoustic waves. Let (psp,Usp) = (psp,’)?[sp,vsp,wsp) be
the solution to the soundproof approximation (20) with initial data capturing the initial mean flows and
internal waves of the full compressible system (17) [see (193) for the exaclt meaning of this statement].
Let Peg = (G, H,v,w) — (H,v,w) and {Ti}ren be the vector-dimension reduction and finite dimension
truncation defined in (145) and (163) of pages 45 and 48, respectively. Then for any positive integer K,
one has

sup HTKPrd(UEmf + UE™)(t) — TKUSp(t)HQLQ < Cr(0(E**729) 4 O(e)) + Err, (22)

0<t<T ' mg

where T, g € (0,00) is the time of existence of solutions independent of ¢ and K, and Err is the
truncation error which vanishes uniformly-in- as K — co.

The physical rationale for the need to project out the pressure variable in the course of this estimate
is as follows: By the non-dimensionalization underlying the full compressible system in (17), the small
parameter ¢ is proportional to the Mach number. Then, under the assumption of initial velocities of
order unity, acoustic pressure amplitudes will be of order O(g) for otherwise general initial data, see (9)
and, e.g., [7,8,14]. Similarly, internal waves inducing velocities of O(1) come with pressure perturbation
amplitudes of order O(£27"), see [10], while slow, purely advective dynamics implies pressure amplitudes
of O(£?) according to the classical scaling for incompressible flows. Therefore, when the contributions of
the superimposed acoustic, gravity wave, and mean flow modes to the velocity field are comparable (e.g.,
of order unity), then their contributions to the pressure field have decidedly different amplitude scaling
With 0paw > 0pgw > 0pms. That is, there are scaling regimes within which the influence of acoustics on the
flow velocity and advected scalars is neglible compared to that of gravity waves and mean flow, although
the pressure perturbations are still dominated by the acoustic modes. In these regimes, the projected

T Birkhauser
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variables (H, v, w) in the full compressible and pseudo-incompressible solutions are asymptotically close,
whereas the pressure fields are not. Our theorem then states that the net effect of the larger acoustic
pressure fluctuations rigorously average out at leading order and over the pertinent advective time scale.
This generalizes related statements regarding acoustic averaging in the absence of gravity by Klainerman
and Majda [7].

To get existence of solutions to (17), we need uniform-in-e a priori estimate, namely:

Proposition 3. Let 0 < 2v < 1 and 0 < & < 1. Suppose that (Gin, Hin, Vin, Win) i (19) satisfies

Z <||[aﬁ(€o'at)azﬂim [8ﬁ(€aat)aﬁ]in||i2('ﬂ~3)
a,B€N, a+£<3,
DE100,0,.0.} (23)

+ (|87 (€7 0) v, [8ﬁ(508t)awhn||iz(,ﬂ.3)> < Cin,

Jor some Cyy, € (0,00) and o € (0, 1], where ([0, [02 H]in, [020)in, [00w]in), & € N*, are defined induc-
tively after shifting spatial derivatives to temporal derivatives using equations of (17). Let (¢(s), 7'7(8), v(s),
w(s)) be the smooth solution to (17) with initial data (Gin, Hin, Vin, win). Then there ezist T, € (0,00),
depending only on Cyy,, such that

o « ~ o a ] 2
sup ) (I!(a 000 q(s), (700 * O H(5)| |2 o)
0<s<T,
=7=77 a,BEN, a+£<3,

8€{8,,0y,0, }

+ H(gaat)aaﬁv(s), (EUat)aaB'LU(S)Hiz(T?,)) < CCip,
with some constant C € (0,00), independent of .

We would like to mention that, with the a priori estimate, one can construct solutions locally in time
to (17), and also show the well-posedness, i.e., uniqueness and continuous dependency on initial data.
The construction and proof are standard, and we leave the details to readers.

After rescaling time at the same order, a uniform-in-¢ estimate for a soundproof system similar to (20)
was obtained by the authors of [2, Theorem 2] under the assumption that the Brunt-Viisila frequency 91
is constant, i.e., (H3). In the case when 91 is not constant but depends on the vertical coordinate, z, the
existence time is of O(g") as shown in [2, Theorem 1] for the soundproof system. Moreover, a vertical mode
decomposition based on modes obtained from the eigenfunctions of a Sturm-Liouville equation associated
with the background stratification is introduced, and a formal derivation of (partial differential) evolution
equations for these modes is provided. It is shown that the modes interact strongly with dispersive mixing
when 91 is not constant (see Proposition 4 in [2]). In contrast, when 91 is constant, the vertical modes
decouple (see their Proposition 5).

Notably, the vertical mode decomposition in [2] is not an eigenmode decomposition of the fast linear
system describing its internal wave dynamics as developed in Sect. 5.2 of the present paper (see also
[10]). In fact the eigenmodes of the fast system are sinusoidal in the horizontal direction and satisfy a
Sturm-Liouville equation that is parameterized by the horizontal wave number. For non-constant 91, the
resulting vertical modes are not sinusoidal and their structure depends non-trivially on the horizontal
wave number. As a consequence, the projections of the solution onto just the eigenmodes of the hydrostatic
background in [2] will themselves be linear combinations of the eigenmodes of the full system and must
reveal dispersive behavior. Moreover, in this case the modes of the background system will also generally
be coupled, because their projection onto the eigenmodes of the full system will depend on the time
evolving horizontal structure of the solution.

The present analysis for the pseudo-incompressible model reduces to that of the incompressible system
studied in [2] for P = 1 in (1). It would be interesting to compare the detailed analytical steps and
accessible results when the solution decomposition in terms of a single family of vertical modes as invoked

) Birkhauser
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by Desjardins et al. [2] is replaced with a decomposition in terms of the full set of eigenmodes of the fast
system as worked out here. As demonstrated in [10], that approach could also be transferred to the full
compressible system (17) in which case the additional family of (even faster) acoustic eigenmodes and
their potential interactions with the internal wave and advective modes will have to be accounted for.

To prove Theorem 2, we need to understand the distribution of eigenvalues and need to have compar-
ison of eigenvectors, that is:

Proposition 4. The eigenvalues of operator L, + 61*"£g lie within the neighborhood of radius '~V of
the eigenvalues of operator L,. More precisely, let iw be an eigenvalue of L, + 7V Ly, then there exists
m € {0,1,2,---}, such that

wiml? < lwl? < Wi 2 +27%,

where {iW$’m}m€{01172’4..} are the eigenvalues of L,. Therefore, the eigenvalues of the linear oscillating
operator

1 1
*ﬁa + *Egv
€ ev

to system (17), with A= B =C =1, can be classified into three families: mean flow frequency |ims| = 0;
internal wave frequency |igw| = O(e7"); perturbed acoustic wave frequency |taw| = O(s71).

In addition, with Fourier representations, one can obtain more detailed and sharper comparison on
the eigenvalues and eigenvectors, which are presented in Corollary 7 in page 43.

We refer readers to the representation of eigenvalue-eigenvector pairs to Proposition 5, below.

The rest of this paper is organized as follows. Section 2 will introduce some notations that have been
and will be used in this paper, as well as some classic nonlinear and commutator estimates. Section
3 is devoted to uniform-in-e¢ energy estimates of solutions to (17), and thus proves Proposition 3. In
Sect. 4, the rigidity of soundproof approximation is established, which proves Theorem 1. Notice that
due to the stratification, we will introduce an intermediate model, i.e., (51), to establish the soundproof
approximation. The aforementioned linear oscillating system is introduced in Sect. 5, where the eigenvalue
problem is investigated. Using the Fourier representation, the eigenvalue-eigenvector pairs are identified.
Thus Proposition 4 is proved. In Sect. 5.3, we further investigate the internal waves in the soundproof
model (20) and compare them with those in the compressible system (17). In Sect. 6, we discuss the
fast-slow wave interactions of nonlinear system (17), and establish Theorem 2.

2. Preliminaries

We assume that we are in T? all the time. We use the notation d € {9,,9,, 9.} throughout the rest of
the paper. The horizontal gradient, the horizontal divergence, and the horizontal laplacian operators are
defined by

Vi = (gz) divy, == Vy-, and Ay :=divy, Vy,
y

respectively. By adding a subscript ;, to any function u, we mean the initial data of u, i.e., “’t:o = Ujp-
By A < B, it means there exists a generic constant C' € (0, 00), different from lines to lines, such that
A < CB. Whenever we would like to emphasize the dependency of the generic constant C' on certain
quantities, the depending quantities will be added as subscript, i.e., C;, means a constant depending on
g. For any norm |||, we shorten the notation for norms of multiple functions as

14, Bl x = [lAllx + 1Bl x-

First, we introduce some nonlinear estimates, which are classic in the literature.

T Birkhauser
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Lemma 1. For s € N7,
||uUHHS(T3) < K|jul . Ts)H”HHs(TS) + HUHHS(TE‘)HUHHn(TE‘)’ (24)
where
7 := max{[s/2], 2}, (25)
and K € (0,00) depends on s.

Proof. The proof is straightforward, after applying Leibniz’s formula, Hélder’s inequality, and the Sobolev
embedding inequality. Details are omitted here. O

Lemma 2. For s > 3/2, 01,09 € [0,8],01 + 02 < s, one has
||UUHH5*°1*U2(T3) = KHUHHS*Gl(’Hﬁ)||UHH5*°2(’]I‘3)’ (26)

where K € (0,00) depends on s,01,09.

Proof. We sketch the estimate of H@O‘uaﬁvHLz(TS), with a + 8 < s — 07 — 09. After applying Holder’s

inequality and the Sobolev embedding inequality, one has

HaauaBUHLz(Tg‘) S HaauHLP(W‘)HanHLq(TS)

(27)
Sl oy 191 7 oy
with certain
1 1 1
- =-+- p,qE(Q,OO]
2 p q (28)
1 a_ 1 m 1 .1 n
- =525 "% T a5 %
p 32 3 ¢4 32 3
In order to have a non-empty set of (p,¢) in (28), we require further that
3
a<m, [<n, m+n2a+ﬁ+§. (29)

One can check, with m = s — 01 and n = s — g2, (29) are satisfied with s > 3/2. Therefore, (26) follows
after taking the sum over a, 3 of (27). O

Next, we will introduce the some functional setups, and commutator estimates.
Let

o= > (700" (30)
0€{0,,0,,0.}
Denote by
HHQG : Z |05 (- HL? (T3)" (31)
<p

The hyperbolic energy is defined as

Eos()i= D | Il - (32)

a+pB<s

Now, we are ready to establish some commutator estimates. The following lemma presents the estimate
of [03°7, f104].

Lemma 3. For a+ (3 > 3,
H [agﬁv flat]gl ||L2(']1‘3) < Kgiogo,a-i'ﬁ (fl)go,a+ﬂ (gl)’ (33)

where K € (0,00) depends only on a, (3.

) Birkhauser
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Proof. 1t suffices to consider the estimate of

[|ocPr £1022720, 91 ||L2(T3) = 7||ogr P fr032 P2 gy

||L2(T3)’ (34)
with a1 +as=a, [fi+02=0, a1+0 >1.
Since a + 8 — 1 > 2 > 3/2, applying (26) with

; — 1,
u:agl ﬁlflv ”U—ag2+ ﬁzgla

s=a+p—-1, o=+ —1, o02=0az+ [,

leads to
||831”81f1832+1”8291HL2(T3) S 1057 Fil e o (T3) (35)
< [[052 112 01| ey 1801 g0y S oot (f1)Exata(gr)-
Therefore (33) follows after summing over (ay, as, 81, 32) in (34) and (35). O
Next, we are going to establish the estimate of [027, f20], with 0 € {9,,0,,0.}.
Lemma 4. With 0 € {0,,0,,0.} and o+ 3> 3,
||[3?’ﬁ7f23]92||L2(T3) < K& a18(f2)E0,a+8(92), (36)
where K € (0,00) depends only on «a, (3.
Proof. The proof is very much similar to that of Lemma 3. Therefore we leave it to readers. O
In addition, we would like to provide some nonlinear estimates.
Lemma 5. For . > 2,
Eou(f9) < K& (f)Eo.(9), (37)
where K € (0,00) depends only on ¢.
Proof. Consider
[(=700)*1 0 f - (70 *20% g| 2 s (38)
with 2<a;+as+ 61+ 62 <
Applying (26) with
u= (70,197 f, v =(70,)*20yg,
s=a1tax+ B+ P, or=a1+b, o2=a+ s,
leads to
0™ 0% 1 (70070 gy S (0™ 0% S oo ”

x ||(€Uat)azaBZQHHal+ﬁ1 (T3) < g”’b(f)g"vb(g)’

The estimates of the case when a3 + as + 51 + B2 = 0,1 is straightforwards and thus is omitted here.
Therefore (37) follows after summing over (a1, ag, 51, 32). O
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3. Uniform a Priori Estimates

JMFM

We are in the place to perform a priori energy estimates. That is, we will establish the Proof of Proposition

3 in this section. In particular, we will focus on the estimates of

|025(G, H, v, w with o+ 3 =3.

.

The case when a4+ 3 = 0,1,2 can be calculated in a similar, if not simpler, manner.

Applying 028, a + 8 = 3, to (17) leads to

AB 02 PG+ Av - V5,098 + Awd, 028G
1
—|—g(divh 0Py + 0,0%Pw) =T, + T,

1 ~
193)583"57) + v - vhagﬁv + ﬁwﬁzag"ﬁv + gvhag‘ﬂq =13,
90,02Pw + Vv - V3,02 Pw + Iwd, 0% Pw
1 ~ 1 ~
+gaz8g’ﬁq -+ 5783"37'{ = I4,

where

Ty = — A7, v V]G — A3, w0.]q,

Ji = ACOXP (Gw) + " A02P (How) — wy 02 P[q(divy, v + 0,w)]

4+ 3 028 (diva v + D.w)(C / G(') d' + e / (') d')),
0 0

Ty = —BO2P v -V, H — B[o2?, wd.]H,

To = BOP (G - Hw),

Ty i= =[5, 0010 — 057, 90 - Valv = (057, dwd-Jo,
Iy == —[037 90w — [037 ,9v - VyJw — [02°, Ywd.|w.

~ ~ ~ 1
B0;0%PH + Bv - V3,02 H + Bwd, 03P H — 678;,%% =Ty + Jo,

After taking the L2-inner product of (40) with 2027g, 28;1’67?{,262’5@,262"511), respectively, applying
integration by parts to the resultant equations, summing the resultant equations, and applying Holder’s

inequality and the Sobolev embedding inequalities, one can write down

d

o, B2 a.B87112 o 2
(A1 B0 Ry + 1977050 o

+ ||191/25?’6w||i2(1r3)>

< (|[diva v+ 8zw||H2(T3))(Hé)g’ﬁEjHZN(TS) + ||8§"B7-[H;(T3))
+ (1968|172 gy + 1divn (P0)]| o o) + [0 0)| 2 s))
% (11950 aps) + 195wl
+ (||I1HL2(T3) + Hj1HL2(1r3))Hagﬂaum(w)
+ (HI?HL2(T3) + HJQHL‘Z(W))HagﬁﬁHm(irS)

1 Zall 2 oy 10570 2oy + 17l 2 oy 195700l oy

(T3))
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Now we present the estimates of Z;’s and J;’s. Applying (36) yields that,
||Il 5 |’[8§7ﬁ,U'Vh]a||L2(T3) + ||[ w3 q||L2
S Es3(v,w)é0.3(q).

The estimates of Z;, j € {2, 3,4}, are similar. In fact, since ¥ = C + O(¢") as in (18), applying (33), (36),
and (37), one will arrive at

HLQ(']I'3) (T3) (42)

|1Z2, Z3, Zu| 2 sy S (477 +1) ((Eo3(H,0,w))2 + Eg3(H, v,w)). (43)
On the other hand, the estimates of J;, j € {1,2}, are straightforward, thanks to (37), which are
Hjla j2 HL2(T3) 5 (50,3(67 ﬁ, v, ’LU))2 + 80,3(q~a ﬁa v, w) (44)

The rest terms on the right hand side of (41) can be handled in a similar manner. We record the estimates
below:

[divy v+ w||H2 (s) T ||8t19HH2(T3)
+ [|divi (90)| 12 sy + |02 (00) | 2 s (45)
S (T 4 1) ((E03( Hy v, w0))? + E5.3(G, H, 0, w)).

Consequently, integrating (41) in the temporal variable yields,

a.B~12 o feo'
AT g (1) + B H 2 ) (8) + [[97/202 0] g (8
+ ||191/28aﬁw||m(1r3 ) < Al|og- ﬁquL?(’W)
a, a, o 46
B0 o[22 sy + 119205 0|2y + 94202 P10 2 (46)

e+ ) [ ([Ensl@ Fov,w)6)] + [nald o) 0)]°) .

While we only show (46) with « 4+ 8 = 3, it holds with oo+ 8 = 0, 1,2, which can be shown in a similar,
if not simpler, way. Therefore, one can conclude from (46) that,

sup [50',3(577?{,071”)(8)]2 S C[£o—£(§in,ﬁin,vin7win)]2
0<s<t

+C(e* 7 + 1)/0 ([5073(6,77(,0,10)(3)]4 (47)

+ [€5,3(4, H, v, w) (s)] 2) ds,

for some constant C, independent of e. Recall that u € (0, 1). Consequently, for o € (0, u], after applying
Gronwall’s inequality to (47), there exists T, € (0,00), depending only on &y 3(¢in, Hins Vin, Win ), such
that

sup 50,3(57 ﬁv v, U)) (5) S 050,3 ((’]vina ﬁina Vin, win)v (48)
0<s<T,

with some constant C' € (0, 00), independent of .
In particular, let 0 = u, and denote by T' := T,,. We have shown that

sup 5#,3(?1'7 ﬁ7 v, ’lU) (S) S ng,,3(ain7 ﬁinu Vin, win)7 (49)

0<s<T

with some constant C' € (0, c0), independent of . Proposition 3 follows from (48).
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4. The Soundproof Approximation

In this section, we focus on the proof of our first main theorem, i.e., Theorem 1. As mentioned in the
introduction, the motivation of the soundproof approximation is due to the fact that the acoustic oscillator
L, induces a faster oscillation than the internal wave oscillator £, in system (17), which leads to faster
averaging of acoustic waves. Our soundproof model (20) preserves the internal gravity waves while filtering
out the acoustic waves. In particular, if initial data do not carry any acoustic waves, solutions driven
by (17) and (20) with the same initial data should produce solutions close to each other. Proving this
statement is the main objective of this section.

However, to achieve our goal, we will need to introduce an intermediate model in Sect. 4.1. This is
to handle the terms on the right hand side of (17) due to stratification, in contrast to [6,7]. Therefore,
the soundproof approximation is done in two steps: approximation by the intermediate model of (17) in
sects. 4.1 and 4.2; approximation by the soundproof model of the intermediate model in sects. 4.3 and
4.4.

4.1. The Intermediate Model

Here we analyse the intermediate model already introduced in the introduction in (1). In terms of the
current notation, we utilise the replacements

_ Pms __ﬁms s__l l vy
=5 0= C S = C(B+EGHms>,
~ 1 dp* =
e _ 1 _ e Il m
Pf=1-¢cP%(2), e A(CG + e"Ho), (50)

together with the obvious replacements (v, w) = (Vms, Wms), and obtain

div, Ums + 0. Wims = e A(CG + e*Ho ) Wins,

By Hns + Boms - Vi Hins + Bonmsd: Huns — Eiywms = BG - HunsWins,
CO4Vms + Cms * ViUms + CWmsO2Vms + Vipms = 0,

COWims + Clms * ViWims + ClimsD:Wins + O=Pims + Eiﬁm =0,

where pp, is determined by, after calculating divy, (¢-(51)5) + 0. (¢<(51),),

- <dth (d)svhpms) + 8z(¢sazpms)) =C (¢5 (vhvms)—r : vh’Ums

+ 2¢Eazvms . vh'wms + ¢a (8zwms)2
- wmsaz¢€divh VUms — (wms)zazd)s (52)

1 ~
- wmsaz(beazwms) + 5782(¢5Hms)7
[ puedz =0,

e 1= de(z) = e AN (COEN+e Ho() d2" (53)

with

Notice that, (51); is equivalent to
dth ((bsvms) + az((bewms) =0. (54)
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We list some estimates of pys, induced by the elliptic estimates on (52):
2 1, ~
HpmS’|H4(T3) S vas’meHH?’(’]l‘S) + ;”HmSHHS(Tii)’ (55)
||atpm5||H3(1r3) S vas’meHH3(T3)||8tvm57atwms||H2(T3)
1 ~
+ETH6thSHH2(T3)' (56)

In addition, from (51)2, (51)3, and (51)4, one can establish that

- ~ 1
||8thS||H2(T3) S H'Umm wmsHHz(Ts) HHHIS||H3(']1‘3) + 87 ||wms||H2(T3)7 (57)
HatvaHH2(11‘3) S vas’wms||H2(T3)vaS||H3(T3) + ||pmSHH3('[[‘3)’ (58)

HatmeHHz(TB) S vas’meHHZ(T?’)meSHH?’(T?’) + Hpm5HH3(T3)

1.~
+€7||HmSHH2(1r3)‘ (59)

We point out here, the terms of O(E%), above, although singular, will be used later together with multiplier
e or et (for instance, see J3 of (67), below), which corresponds to the error O(e#~") in Theorem 1.

We claim that for any initial data (Hms,in, Ums.ins Wms,in) € H 3, satisfying the pseudo-incompressible

such that

condition (51)1, there is Ty, € (0, 00), depending only on Hﬁms,inaUms,irnwms,in H3(T3)

sup ||ﬁmsv Ums; Wms HHa (T?’) (S) S CHﬁms,ina Ums,in, wms,in (60)

0<5< Tns H3(T?)

where C' € (0, 00) is independent of e. The proof of (60) follows from standard energy estimates. In fact,
applying 87, j = 0,1,2,3, to (60), after taking the L?-inner product of the resultant equations with

2a‘jpm57 2ajﬁmsa 2aijS7 28j/wmsa

respectively, one can conclude that the summation of the resultant estimates is, thanks to (55),

d ~ ~
L A R A e

3
2243 [09((CG + Tlo) ) e (61)
7=0

< CHﬁmSavrnSame ) +C||ﬁm3awms

3 2
HH3('JI‘3 ||H3('JI‘3)’
where we have used the fact that 0 < ¢ < 1 and 0 < v < 1. We would like to point out that, while we
have omitted the details in (61), the quadratic terms in (51) are handled in the same manner as in Sect.

3. Namely, we use the following commutator estimate: for § > 3
3
H[@ ’f?’a]g?’HLz(T3) < KHf?’HHB(TS)Hgi“'HHﬁ(W)’ (62)
where K € (0, 00). The proof of (62) is similar to that of (33), and thus is omitted here. In addition, after
the first inequality of (61), the coefficient ¢ in the second term guarantees that even though py,s = (9(6%)
according to (55), there is no singular coefficient in the estimates. Thus (60) follows after applying

Gronwall’s inequality.
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4.2. Intermediate Approximation

We would like to compare the solutions to (17) and (51). Denote by
q~ms,6 = a_ EPms>

ﬁms,& = 7:2 - Hmsa

Ums,§ ‘= U — Ums,

(63)

Wps,§ ‘= W — Wms-
Also, we use K; to represent the total bound of solutions to (17) and (51), i.e., for any fixed o € (0, u],

sup 50’3(61177'{,’0711))(8) + sup ||HmS7UmS7meHHS(T3)(S) <K, (64)
0<s<T 0<s<Tms

which are obtained in (48) and (60).
In this section, we prove

OSSSSUTI?mSﬁ ||(%Ils,67 ﬁms,& Ums, 5y Wms,s ||L2(T[‘3) (s) (65)

< CIC1 (Halms,é,ina ﬁms,&iny Ums,d,in» wms,&,inHLz(T?,) + (€ + Emax{u—u,u—a})) .

Regime 1: p — v > p — o. We first, by multiplying the first equation in (17) with @ /w, recalling @ as
given in (9) and (12) [i.e., reversing the reformulation of the ¢ equation from (11) to (13)], system (17)
can be written as

Awyw 10, + Awow v - V¢ + Awow ™ wd,q

—|—§(divh v+ dw) = .AiﬂoCGw_lw + et AwoHow 1w,
BOyH + Bv - Vi, H + Bwd, H — e—yw =BG - Hw, (17)
YOv + v - Vv + dwd,v + évha: 0,

1 1 ~
YOyw + Yv - Vyw + dwd,w + g@ZQN—I— ;H =0,

After comparing (177) and (51), one can derive that (Gms,s, Hms,6: Vms,s, Wms,s) satisfies
Awow_lﬁthms75 + Awoow v - V hGms,s + Awow_lwazqins}g
+§(dth Ums,s + 02 Wms.s)
= —cAw (w‘latpms + @ Vi pms + w‘lw(?zpms)
+AwoCG(w™t — wo_l)w + ACGws 5 + " AwoHo(w ™! — wo_l)w
+€”AH0me75,
By Hus.s + BU - Vi Hins 5 + Bwd:Hus s — Eiywm&é
= _B(Urgs,é ~~VhHms +1Urns,5aszs)
+BG - (Hwms 5 + Hins,5Wms)
W04Ums,s + Vv - VpVms,s + Vw0, Ums 5 + évham575
=C 1 (e"GHo + "V GH) Vipms
—Ums,5 © VhUms — VWms, 602 Ums,
WO Wms,5 + VU - VpWms,5 + Vw0 Wms 5 + éazams,g + Eil/ﬁm&&
= 1 (& GHy + 4 R (- + P

_19'Urns,6 * VpWys — ﬁwms,éazwm&
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Now, we consider the L2-inner product of equations in (66) with
2§ms,§7 2Hms,57 2Ums,5a 2wms,§7

respectively. After applying integration by parts and summing up the resultant equations, one can write
down that

d _ -
o (AWOHW‘” s [ 2 sy + Bl Foms sy + 1100 2

dt
) 4
+ Hﬂl/mes,éHLz(T3)> = Z jj)
j=1
where

Ty = /(Awoat(w_l)|c7ms,5|2 + 04| vms s

2 3t?9wms,5|2) dz,

Ty = /(Awo (divy, (@™ '0) + 9. (@™ 'w))|Gis,s|* + B(divy, v + 0.w) [Hons 5]
+ (divy, (Yv) + 9. (Yw)) (|vms’5\2 + |wms,5|2)) dz,

J3 1= —2eAwg /(w‘latpms + @ - Vipms + w_lwazpms)ams,é dz
+2emC! / (GHo + £ GH) (Vprms - Vins.s + - PrnstWins.s

+ 7Hmswms,5) dz,

61’
T4 = 2Aw, /(CG(w_l — @ YWans,s + " Ho(w ™' — @y ) wiins,s
+ CGwalwms,JE]vms,zi + g'uHowOlmev‘sE]vav‘s) di
+ 2B / <(Ums,6 . viL’ﬁrrls7_~{IIIS,ts + wmsv‘sazﬁmsﬁms’é)
+ é . (ﬁwms,ﬁﬁms,é + ﬁms,éwmsﬁms,tS) dx
— Q/ﬁ(vmsﬁ * VhVUms * Ums,s + wms,(s@zvms " Ums,s

+ Ums,s * vhwms’wms,(s + wms,éazwmswms,é) dz.

Owing to (9), (12), and (18),
Haﬁ(wfl)v 6“9HL00(T3) < eCk, Hatq~||H2(T3) +e"Cx, ||at7:ZHH2(’J1‘3)'

Therefore,
Jy < Ck, (677 + €“+Via)||21vms’57”msﬁvwmsﬁni%w)'
Similarly,
Jz < Ck, Hams,&ﬁms,(%vms,éawms,JHig(Tg)a
and

J4 < CKZl (Hams,éa ﬁms,éa VUms,s» wms,&Hiz(Ta) + €|‘ams,6HL2(T3))'
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To estimate J3, owing to (55), (56), (57), (58), and (59), after a tedious but straightforward calculations,
one can conclude that, since pu+ 2v =1,

35 < G (sl sy + (&4 )l s [ s -
+ EM_VCICl mes,5HL2(T3) < C’Cl (5 + EM_V) Hams,ﬁv Ums,§ y Wms,§ ||L2(T3)‘

Therefore, one can conclude from (67) that, provided ¢ <« 1 small enough, for any ¢ € (0, min{7, T1,s}],
since 0 < pu < 1,

d

E <Aw0||wl/2(?ms,6 ||iz(rﬂ*3) + BHﬁms,éHi‘z(vp) + ||191/2vms,6 ||2LQ(T3)

+ |\z91/2wms,5|\;(w>> < Oy |G, Hons 5 Vs i [ 127,
+ C}Cl (E + EM_U) ||§ms,§u Ums,§ s Wms,s HLQ(TS)'

Therefore, after applying Gronwall’s inequality, there exists Tins s € (0, min{7, T ;s }], depending only on

H%ns,é,ina Hms,é,ina Ums,d,iny Wms,§,in |L2(T3)’

such that

ogssgujI“)msﬁ ||ams,67 Hms,55 Vms, 5 Wms,s ||L2(’I[‘3) (8)

< CIC1 (HQmS,é,ina Hms,é,hv Ums, d,iny Wms,d,in

’L2(T3) + (e +e"7Y)).
Here Ci, € (0,00) is a constant depending only on Ky given in (64).

Regime 2: 4 — v < p — o. Recalling that ¥ = C+ O(e#”) as in (18), instead of (66), one can write down
the following system by rewriting the v and w components:

The first and second equations as in (66)
1_
Catvms,é + Cv- thms,5 + Cwazvms,é + gvhqmsﬁ
= (s“éﬁo + €“+Vé7‘~[) (Orv + v - Vv + wd,v)
_Cvms,6 ' vhvms - Cwms,(sazvms; (70)
1. - 1 ~
Catwms,ts + Cv- vh'wms,(s + Cwazwms,6 + gaZQmsﬁ + ;Hms,ts
= (5“@%0 + 5’”"’@7‘7) (atw +v-Vyw + w@zw)
_C'Ums,ts . Vhu}ms - Cwms,éazwms-

Then similar arguments as before will yield

OSSS;TEmS)é ||E]vms,57 Hms,57 Ums, s Wms,§ || L2(T3) (5)

N (71)
g CIC1 <’|ams,6,in7 Hms,5,in7 Ums,d,iny Wms,d,in HLZ('H‘?’) + (5 + EH_U» .
Indeed, only the corresponding J3 estimate is different, where the control of
1 ~
vhpms * Ums, + amesu]ms,(; + ;Hmswms,é = O(‘S_y)
is replaced by
(Opv + v - Vv + w0,0) - Ums,s + (Orw + v - Vyw + wd,w)wms s = O(e77). (72)

Estimate (65) follows from (69) and (71).
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4.3. The Soundproof Model

For convenience of the reader, we recall that the soundproof model reads
divy vep + QL wep, = 0,

~ ~ ~ 1 SO
BOHsp + Busp - Vi Hep + Bwep 0, Hep — E—ywsp = BG - Hypwsp,

20
COpvsp + Cugp - Vivsp + Cwsp0zvsp + Vippsp = 0, (20)
1 ~
COrwsp + Cusp - Vywep + Cwsp 0 wsp + 02psp + ;Hsp =0,
where pg;, is determined by
—Apsp = C((thsp)—r : Vivsp + 20, 0sp - Viwsp + (azwsp)2)
1.~ . (73)
+ ;aszpa Psp dz = 0.

Then, following similar, if not simpler, arguments to those in Sect. 4.1 leads to the conclusion that: there
exists Ty, € (0,00), depending only on ||Hsp,in: Vsp,in: Wsp,in , such that

|H3('JI‘3)

OSS;:[SI;"SP Hﬁsp7 vsp7 wsp HH?’(TS)(S) S CHﬁSp,iIh vSp,in; wSp,inHHS(T3)7 (74)

with some constant C' € (0, 00), independent of .
Now we list the estimate of pg,, induced by the elliptic estimates on (73):

2 1, ~
||pSPHH4(’IF3) = ||vsP7wSPHH3(’]T3) + ET/H7'lSPHH3(1r3)' (75)

4.4. Soundproof Approximation

Now we are ready to estimate the difference of solutions to (51) and (20). Denote by
Psp,§ *= Pms — Psp»
ﬁsp,& = ﬁms - ﬁspa

Usp,§ *= Ums — Usp,

(76)

Wsp,§ ‘= Wms — Wsp-
Also, we use Ky to represent the total bound of solutions to (51) and (20), i.e.,

ogii%ms Hﬁmsa Ums wmsHHg,(T?,) + OSSSUS%SP Hﬁspv Usp, wspHHs('ﬂ-a) < Ko, (77)

which are obtained in (60) and (74).
After comparing (51) and (20), one can derive that (psp 5, Hsp,s, Usp,s, Wsp,s) satisfies

divy vsp,s + 6zwsp,5 =ecA(CG + E“ﬁo)wms7
B Hep.5 + Boms - Vi Hep,s + Bums0: Hep 5 — siywsp,é
= —B(vep.s - VieHep + wep.s0-Hep)
+BG - (Hanswsp,5 + Hsp,sWsp),
Catvsp75 + CUpys - Vpvsp,s + Cwmsaz’usp,g + ViDsp,s
= —C(vsp,5 - VaUsp + Wsp 602Vsp),

(78)

1 ~
Catwsp,§ + Cvms ' Vh'wsp,(; + Cwmsazwsp,zs + 8zpsp,5 + ;Hspﬁ

= —C(vsp,5 - ViWsp + Wsp,50-Wsp ).
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To write down the equation of psp, 5, instead of using (52) and (73), we first rewrite

Usp,s Usp,s
Ums * vh P + wmsaz P
Wsp,§ Wsp,§

Vsp,§ Usp,s
= Usp,s * vh P + wsp,éaz P
Wsp,§ Wsp,§

(divh (’Usp,(s & Usp) + 0. (wSPUSpﬁ) >
divy, (Wep,sVsp) + 02 (Wspwsp,s) )’

(%) o (Ge):

- Apsp,(S = EAC(CG + €”ﬂo)atwms + C (dth dth (vsp,5 X /Usp)

and then after applying
one can derive that

+ divy, 05 (WepUsp,s) + 0-div (wsp svsp) + 85 (Wspwsp,5)

+ divp (vsp,s * Vavsp,s) + divi (wsp,s05Vsp,s) + 0= (Vsp,s - Viwsp,s)

+ 3Z(wsp,5azwsp75)> + C(divh (Usp,g . thsp) + divy, (wspﬁazvsp) (79)

1 ~
+ 8z(vsp,5 . vh'wsp) + az(wsp,éazwsp)> + Ejaszp,&

/psp’(; d:i" = 0.

Consequently, applying the standard elliptic estimate on (79) yields that
HpSPﬁHm(TS) S EHatmeHm(TB) + H”swi ® USP’wSPvSPv‘sHLZ(’H‘?‘)
+ stp,évspa WspWsp,§, Usp,s thsp,éa wsp,éaZUSP,SHLQ(TB)

+ Hvsp,é : Vhwsp,§7 wsp,éazwsp,67 Usp,s * thspv wsp,éazvsp HLZ(TB) (80)
1. ~
+ ||Usp,5 - VpWsp, wsp,éazwspHLz(TS) + =3 HHsp,ziHLz(TS)

S CICQ (1 + 57”) ||ﬁsp,67 Vsp,d» wsp,t;HLz(T'a) + C)Cz (5 + 5171/)’

where we have applied (55), (59), and the Sobolev embedding inequality in the last inequality.

Now we are ready to estimate the L? norm of (psp’g,ﬁsp757Usp’g,wsp’g). Indeed, after applying the
L2-inner product of equations in (78) with 2psp s, 277[51375, 2ugp.5, 2Wsp, 5, Tespectively, applying integration
by parts, and summing up the resultant equations, one has

d (s ; 3%
dt<BHHsp’5HL2(T3) +CHUSp,57U/sp,5||L2(’]I‘3)> = ;JJ’
where

Js = /(divh Vs + - t0ms) (B Hap s + Cloap.s]? + Clup s|?) d,

36 = —2/(%(1}51)’5 . Vhﬁspﬁsp,é + wsp,éazﬁspﬁspﬁ)
+ C(Usp,(; . vh’Usp * Usp,s + wsp,(sazvsp ' Usp,&)

+ C(vsp,5 - VaWspWsp 5 + wspygazwspwsp’5)> dz
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+ 2 / BG - (Hmswsp,g + Hsp’gwsp)Hsp’g dz,

J; = 2€A/(CG + e"Ho ) WinsPsp,s .
Thanks to (80), one has
J7 < Ck,(e+ 51*”)H77lsp75, Usp,s) wsp75||L2(T3) + O, (62 + ¥7Y),
while the estimates of J5 and Jg are straightforward. Hence, we have shown that
1 (Bl + €l ol ey )
= C’CzHﬁspﬁv”sp,évaPﬁ”;(TS)
+Cx, (e + 61*”)H7-[Sp75, Vsp,5» wsp75||L2(T3) + Cx, (62 +*7).

Consequently, after applying Gronwall’s inequality, one can conclude that, there is Ty, s € (0, min

{T'ws, Tsp }], depending only on ||Hsp757in, Usp,5,ins Wsp,&,in , such that

||L2(1r3)

su Hep.5» Usp.as Ws s
Ogsgip,(; H p,95» Usp,0 P"sHL2(’]I‘3)( ) (81)
|L2(T3) + (e +e')).
Here Ci, € (0,00) is a constant depending only on Ky given in (77). In particular, (65), (80), and (81)
imply that, since u + 2v =1,

< CICz (Hﬁsp,é,im Usp,d,ins Wsp,§,in

sup Hq_gpspaH_Hsp7v_vspaw_wsp||L2
0<s<min{Tms,5Tsp,s5 }

< ClCl,ng (é_max{u—l/,u—a} + Hams,é,ina ﬁms,&inv Ums,d,in» wms,é,inHLQ(Ta) (82)

(T2)

+ Hﬁsp,é,im Vsp,d,ins Wsp,d,in HLz(’]I‘i"))'

Theorem 1 follows from (55), (60), (74), (75), and (82)

5. Fast-slow Decompositions: the Linear Theory

Our goal is to decompose the solution to (17) into waves with different frequencies. Ideally, due the
appearance of two different scales of oscillation, we are expecting at least three waves.

(H4) To simplify our presentation, we will, from now on, assume that
A=B=C=1 (83)

A linear system associated with (17) is introduced in this section, using two oscillation operators,
corresponding to the acoustic waves and the internal waves, respectively.

In addition, we will investigate an e-dependent linear oscillation operator, associated with the linear
system, which can be treated as a perturbation of the acoustic wave operator. The eigenvalue-eigenvector
pairs associated with such oscillation operator will be investigated.

To be more precise, we introduce the following linear system:

1 1
8tU + EEQU —|— ;ﬁqU == O7 (84)

where U, L,, L, are defined as in (14). Roughly speaking, %EGU and éﬁgU are the driving forces of

acoustic waves and internal waves, respectively. One can immediately see from (84), that, as € — 0T, the
oscillation induced by operator 1L, is faster than the one induced by iﬁg, meaning that the acoustic

€ gv
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waves will oscillate faster and thus will be averaged out before the internal waves dissipate. This is exactly
why we can use the soundproof system (20) as an approximation to (17).

In the following subsections, we will investigate the acoustic waves, internal waves, and mean flows,
in the linear system (84).

5.1. Perturbed Acoustic Waves

In this subsection, we consider the following perturbed acoustic wave operator
L. =L, + 51_”/39. (85)
Then (84) is equivalent to

oU + icgU =0. (86)

Notice that L. can be viewed as a perturbation of £,. An ad hoc analysis will be that, the eigenvalues of
L. lie within neighborhoods with width O(e'~") of the eigenvalues of £,. In particular, the eigenvalues
corresponding to the acoustic free vector fields lies in an neighborhood with width O(s!=") of the origin.
In view of (86), one can decompose the eigenvalues of éﬁg, corresponding to the wave decomposition
of solutions to (86), into three kinds: the zero eigenvalue; the eigenvalues of O(¢7") near the origin; the
eigenvalues of O(e™1) (O(e71) £ O(e7) to be more precise). We will refer the waves corresponding to
these three kinds of eigenvalues as the mean flows, the perturbed internal waves, and the perturbed
acoustic waves, respectively. In the following, we shall make the above ad hoc discussion rigid.
Let

D= {U = (,H,v=(v1,00) ,w)" € C®(T*R%)]

Symmetry (SYM) is satisfied. }. (&7)
We first investigate ker L., i.e., the space associated with the zero eigenvalue. Let
Pemt : U ker L. (88)
Then
ker L. = {Uemt = (@e,mé> He,mfs Vet Weme) | € V|
Gemt = Gent(2) € C°(T3R), He pur = —£” 102Gz st (89)
divy, Ve mf = 0, Wemt = 0}.
Denote by

Us,mf = (E]vs,mfv ﬁs,mfv Ve, mf, ws,mf)—r = s,mf(U = @ ﬁv v, w)T>

Then, to look for the representation of Pz ¢, we calculate the following functional: for any V = (a, b, &, 1) "
€ ker L.

2 ~ v ~ o
IV = Ul = [ (= a4 00 7
+ /(|§ —of* + w|?) dZ.
Then U, ¢ should be the minimizer of the above functional subject to the condition U 1 ¢ € ker L. Then

calculating the Euler-Lagrangian equations yields that Us m¢ = Pe me(U) is given by

_ —19 ~
Hemt = —e" az(k,mfv
Ve,mf =V — vhwva
We mf = 07
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where ¢z m¢, ¥, are solutions to

— 52(V71)azzas,mf + E]ve,mf - 5V718z /ﬁd.’[dy(Z)

and Apv, =divy v, /@/JU dxdy = 0.

We remind readers that ker L. is nothing but the space of eigenfunctions corresponding to the zero
eigenvalue of £.. Next we focus on the non-zero eigenvalue problem of L., i.e., the structure of (ker £.)=.
Since L is anti-symmetric, it suffices to investigate the pure imaginary eigenvalues with non-zero imagi-
nary part, i.e.,

iwUy = LUy, w#0, Uy = (4o, Ho,vw, wy) " €. (91)

We will not discuss the representations of the solutions to the eigenvalue problem in this section.
Instead, we would like to estimate the value of the eigenvalues, assuming we have found the eigenvalue-
eigenvector pairs. The exact quantity calculation will be postponed in the next section using Fourier
representation.

If g = 0, then the eigenvalue problem (91) is reduced to

ve =0, Jyw.=0, —nwe= iwﬁ, 777‘~( = jww,
where, hereafter, 1 := £!7%, which yields U. = 0 due to symmetry (SYM).
In the following, we assume, without loss of generality, ¢- #Z 0. Direct calculation of the eigenvalue
problem (91) shows that
- (w2 - n2)Ah§e - w28zza€ = w2(w2 - 772)51} (92)
Notice that when w ~ 7, (92) admits strong degeneracy.
In addition, we introduce the following eigenvalue problem:

— ApGac = Oz2Gac = wgcaac- (93)
In fact, (93) can be seen as the counter-part of (92) from (91) for L,, i.e., the eigenvalue problem of
the acoustic operator. Unsurprisingly, (93) is just (92) when n = 0, at least formally. We denote the
cigenvalue-eigenfunction pairs of (93) as (Wi ,,Gac.n)|n=0,12,..., Where w;tc’o =0, |w;tc)1| < |w§fc,2| < ey
[1Gac,n|? dF = 1. Then it is easy to check

~ ~ N ~ ~ - ~ 2
/qac,mQac,n dzr = 5m,na /VhQac,m . thac,n dz = thQac,mHLZ(TS)(Sm»nv

/vhaac,m : thjac,n dz + /azaac,mazzjac,n dz = |w§;,m‘26m,n> (94)
m,n € U{0,1,2,...}.
Then, one can represent solution g. to (92) as
q- = Z QnE]vac,m Qn €R. (95)
n=0,1,2,---
After taking the L?-inner product of (92) with gac m, it follows that, thanks to (94),
- 2
Qm X [WQ(WQ - 772) - W2|W$:,m|2 + n2|‘tha07m"L2(TB)] =0,
for any m € {0,1,2,---}.
Suppose that for some m, Q,, # 0. Then
- 2
wQ(wQ — 772) — w2|wfc7m|2 + 'fIQHVhQaC,mHLz(Ts) =0. (96)
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We claim that
< |wl? < wie l® + 77 (97)

|wac m|2

The rest of this section is devoted to the proof of (97). Notice that, if m = 0, we have w® -0 =0,
VhGac,0 = 0, which implies w = 0 or |w| = 7. In particular 0 < |w| <7, i.e., (97) holds.

Without loss of generality, we assume that m > 1 and |w| > 71, below. Since, from (94), ||Vhfjac7m||2L2(T3)
< |w %, one has, from (96), that
w2(w2 - 772) > ‘wa:i,m‘z(WZ - 772)7
which implies
Wl = [wig,ml- (98)

On the other hand, (96) can be written as

9 ||vhaac,m||i2(1r3)

‘ Wac, m|2 = - w2
Together with (98), this proves (97).
Therefore, we have proved the following lemma:

Lemma 6. Let iw be an eigenvalue of operator L.. Then, there exists m € {0,1,2,---}, such that

[wieml® < W < Jwicml® +272,

where {iw}, ,, Ymefo,1,2,..} are the eigenvalues of L,.
In particular, Lemma 6 confirms the ad hoc analysis at the beginning of this section.

We remark that, (96) can be solved explicitly for w?. Indeed, there exist exactly two solutions (w?);
and (w?)s satisfying (97). We will make it more clear using Fourier representations in the next subsection.

5.2. Fourier Representations

Owing to the symmetry (SYM), we consider the follow Fourier expansion of U:

Q(kp k. )e”“’l $cos(k z)
Hgy gy )
‘/(kh,k: )ezkh x cos ) ) (99)
W(;C)L“kz)e““h'z sin(k, z)

U =
kpe2nZ? k,e2rN+U{0}

with
Fpnky = Fopny,  Fe{QHV, W}
Then, with n = e'7% < 1, the eigenvalue problem (91) can be written as:
Wikn k) Qkn ok = Kns Viwn ko) = th=Wik k),
Wik k) H k) = Wik ko)
(ko k) Vikn kea) = Q (ko) By
Olkep k) Wik ko) = W62 Qi k) — 1 H (hy, )

We investigate the solutions to (100) in the following three cases:
Case 1: w(y, 1) = 0. Then if k; # (0,0), one can easily check that

(100)

Qkon k2) 0
H(kh k) 0
o = ] k * V = O,
Vikn k) Vikn ko) h* Vi(kn,kz)
Wik k.) 0
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or, equivalently,

0

Q(kh’kz) 0
H, k. L

vks) | = 4|1 k
Vikn k2) V.| ﬁ
Wik k) 0

On the other hand, k, = (0,0) imply that

1
Q(0.0).k2) L 2(©0) h 0
H z 0
(0,0)k2) | _ *Q ©05) | = Quooriy | 7 | +
V((0.0).k) T Vi(0.0).k2)
W V(<0,0),kz> 0 0
((0,0)k-) 0 0
Case 2: |w, &)l = In|. If k. # 0, it is easy to check that there is no non-trivial solution to (100). Thus
k. = 0, and one can find the following solution: |w, oy| = |n| < 1, and
Q(khao) H O ?
Hg), 0) (20)
7 70) 0 = H, 0 0 ;
h> . W(ky,,0 .W(kp,0
W(kh,o) _ZH(kh,O) ( h s ) —q (7; )
kn 7é (Oﬂ O)

Case 3: w(y, x.) # 0 nor |w(g, )| # |n]. Then from (100), one can derive

((w(zkh,kz) — %) kn|* + w(k,,,,kz)w‘v'z\ - (w(kh,kz) - 772)W(2kh,kz))

(101)

X Q(kn k) = 0-
Notice that (101) is just the Fourier representation of (92). If Q(z, x.) = 0, one can easily check from
(100), only when |w, &.)| = |n| or 0, there will be non-trivial solutions, which is already covered in the

previous case. Therefore, we focus on (101) when Q, .y # 0, which leads to the algebraic equation

Wit ey = (knl? + ke +07)efy,, ) + 0P Kl = (102)
Notice that (102) is nothing but (96). Thus, the solutions to (102) are given by
P 7 L e e R
w(k;“kz) = 2 y or
|knl® + [k |* + 0 — VA
i) = 5 (103)
2% |k |

= € 0,77,
VA ]

where A == (|kn[?+ k2| +0?)% —4n?[kn|? = (|kn]* —n?)® + ke | *+20kn [* k= 2 +20%| k- 2 > ([kn]? =) > 0.
Then the solution to (100) is given by

Q (ke k)
Q ko k2) H g, k.
H(kh,vkz) — 1 Qi 1k kR
Vikn k) w(kh,k ) G ’

Wik k) Wi(kn,k )H(kh k)
n
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with Hy, ) satisfies

k 2

sz(kme) =7 <w|2 h| _ 1) Q(k?h,k?z) and
(kn,kz2)

(104)

Wik k)
U (1 - ha) Hgy k) = F2Qon k)
If k, =0, from (103) and (104),
Wi, o) = [knl* (or Wiy, o) =0 (discarded))

with &y, # (0,0) (otherwise it is covered in previous case), and thus

Q(kn,0) Q(ko*“o)
H0) | _ k
h
Vikn0) Q(k1,0)
W(ky,,0)
Wik,.,0) ’

We remark that for 1 small enough, in oder to reach the endpoint values of (103)2, i.e., |w(x, k)| = 0ormn,
the necessary condition will be k;, = (0,0) or k, = 0, respectively, while k;, = (0,0) is also a sufficient
condition for wy, ., = 0.

z

In summary, we have established the following eigenvalue-eigenvector pairs to (91):

Proposition 5. There exist three classes of eigenvalue-eigenvector pairs to (91): the mean flows, the per-
turbed internal waves, and the perturbed acoustic waves. They are given as below: with k;, € 2772 and
k., € 2N,

Mean flows: w = 0 and the space of mean flows &g . is given by

0
0
€o.c 1= 8pan ¢ Uile, k) = | Fi it o) | 40 7 (050)
|Kn
0
cos(k.z)
k.
m — sin(k,z 105
& Span U27f(0_’0)7kz) = n 0( ) , (105)
0
0
mf __ 0 o 1 S 0 s
Ui0,0),k2) = cos(k.2)é_s | 1={g) 2= ) j=3,4
0
Perturbed internal waves: w = j:w(g,:; k) where

2 2 1/2
202 (k| > (106)

ws = <
(k) =\ Jlon 2 + [k ]2 + 2 + VA
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with A = (|kn|? + |k |? + 0% — 4n?|kn|?, kn # 0,k. # 0, and the space of internal waves @iwﬁ” oyl 18
"hoFz
given by
eiw’({,‘c";wkﬁ,s
eFn® cos(k, z)
n ‘kh|2 ikr oz
— | ——— — 1] " *sin(k,2)
kz <(w(gkhikz))2
— gw — .
:= Span Ui,(kh,,kz) = t—— kpet*re cos(k,z) ’ (107)
S
ws 2
ke k) |k e p
Fi = — 1) e"r®gin(k,z)
ks <V”ihkzﬂ2
kh 7é (0,0), kz 7é O} .
Perturbed acoustic waves: w = iw?lzvh k) where
1/2
T L e Lo e .
w(kh;kz) - 2 ( 08)

with A as above, (kn,k.) # ((0,0),0), and the space of perturbed acoustic waves Crumr | e is given by
h:Fz

Crory,

k)€
eFr® cos(k,z)
n |kh|2 ikp X
— | ——— — 1| e Tsin(k,2)
kz ((w?z\;,,kz))Q
= Span § Ui, k.) = +————kpe™n cos(k. 2) ke #0
©n k)
Wi I |2 4 (109)
i fnoks) th‘ 5 — 1| e*rsin(k,z)
k. |W(kh,kz)|
eikhn’n
0
@ Span Uiv,v(kh,o) = 4 _ o, eikn-e Jkn # (0,0)
(khvo)
0
Heren=¢'~v.

Moreover, since L. is anti-symmetric, it is easy to check
c :
U ) Ui‘jv(kmkz)’ U by n€{1,2,3,4},
(kn, k.) € 2nZ* x 27N,

form orthogonal basis with respect to the complex L?-inner product.

5.3. Internal Waves in the Soundproof Model (20)

We have already known that in the full compressible system (17), the internal waves bear frequencies of
order O(e~") from previous sections (see, e.g., Lemma 6 and Proposition 5). In this subsection, we would
like to investigate the internal gravity waves in the soundproof model (20), and provide a comparison
study with those in system (17).

T Birkhauser



95 Page 28 of 45 D. Bresch et al. JMFM

Denote by
ﬁsp *wsp
Usp = | vep | > and LopUsp = 0 . (110)
Wsp Hsp

Then we introduce the linear system associated with the soundproof model (20) as follows:

0
1
8tUsp + ;ESPUSP + Vhpsp = 0, dth Usp + 3szp = 0, (11].)
azpsp

with pgp, 7'~lsp, Vsp, Wsp Satisfying the same symmetries as g, ﬁ, v, w, respectively, as in (SYM). We consider
the following eigenvalue problem:

0
iwspUsp = NLspUsp + | Vi(epsp) | divy, vsp + O,vgp = 0. (112)
02 (epsp)

Recalling n = '™, our scale of wg, in (112) is the same as w in (91), for the sake of convenience for
comparison. Direct calculation of (112) leads to the following differential equation:

2 2

ws ws
<l K2 ) Anlepsp) = -5 Oz(epsp) = 0. (113)

It is obvious that (113) changes types according to w3, /n* € {0}, or (0,1), or {1}, or (1, 00), respectively. In
particular, when w2, /n* € (1,00), (113) is a non-degenerate elliptic equation and has only 0 as the trivial
solution. However, when wZ, /n* € [0,1], unlike (93), (113) is a (degenerate) hyperbolic-type equation.

In the rest of this subsection, we shall use the Fourier representations to persuade further investigation.
As in (99), let

EPsp = Z PSP’(kh,k?z)eikhm COS(]CZZ),
kp€e2nZ2 k., €2wN
Hsp}(kh’kz)e‘ikh.x sin(k‘zz) (114)
Usp = > Vipi(hn ey % cos(kzz) |

kne2nz2 k. e2md \ Wep (1, .y €% % sin (k. z)
with
FSP7(_kh)kz) = FSP7(khJ€2)7 Fe {P7 H,V, W}

Without loss of generality, we also assume that Py, 9,0y = 0.
Then (112) is equivalent to

Wep,(kn k) Hop, (ki k) = =1Wep (ki k2 )
Wep, (knk2) Vop, (kn k) = WPsp, (ki k) Ko a1s)
Wap, (kn k) Wep, (kn k) = MHsp, (ky k) = Bz Pap (ki k2 )
ikn - Vap,kn ez) + F2Wep (ki k) = 0,
and (113) is equivalent to
w2 w2
((1 - Pj;;’”) k|2 — Sp’%’“;”“z)|kz|2> Pap (i ) = 0. (116)
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Case 1: Py, (1, 1.) = 0. Then it is easy to verify that, the nontrivial solutions to (115) are given by

0
Psp,(kmo) H
Hsp.(k'h 0) b (hn.0)
“’Jsp,(khao)l = Vi, 7 0 7
sp,(kn,0) .wsp,(khyo)H
Wanino) )\ 710 Hop b0
P, (kn k2 0
21 0
or Wg =0, k) | =
p,(kn,kz) ‘/Sp7(khyk2) ‘/SP7(kh7k72)
Wbp,(k?}ukz) 0
with kh Sp,(k?h» 2) 0.

Next, we focus on the cases when Py,

2 2
<1 . Sp ;;Wu z ) ‘k |2 gp ;]k'hv |k |2

(ki) 7 0. Then it must hold, from (116),

(117)

Case 2: kj, = (0,0). Solving (117) leads to either wyy, o5,y = 0 or k. = 0. Then the nontrivial solutions

to (115) are given by

By
Pep.(0.5) p(0k2)
Hy ,(0,k2 iPs 0,k
Wep,(0,k.) = 0 Vp( ) n P (0.k2) |
sp,(0,k=) ‘/;p (0,k,)
Wp,(0.5.) 0
Pap.0.0) gsp.,(om
sp,(0,0) sp,(0,0)
or |wsp,(0,0)| =1 V. e 0
=p:(0.0) Wsp,(0.0)
Wep,(0,0) _ZTHSp,(O 0)
Case 3: kj, # (0,0). Solving (117) leads to
2
Wep.(knoks) _ |Kn[?
n? |knl? + [k >
Then solving (115) yields
Pp,(kn,0) H (()k 0
PIs SP;(Fh, .
|wWsp, (en,0)| = 1, 1% P (h0) = 0 (discarded),
sp,(kn,0) -Wsp, (kn,0)
sp,(kn0) -t sp, (kn.0)
n
nlkn|
or kZ#Ov |ws,k,k2|:—,
P kP
|kp‘52p»(kh,kz)
Mrn
Pop (k. k2) fow? Pop (kb2
H. sp,(kn k=)
o1 Lop,(knok2)
Vip, (kn =) — ==k,
Wep, (ki k2) bp’é’“’“’“ )
P%p,(kh,k'z)

B kzwsp,(kh, k)

In summary, we have established the following eigenvalue-eigenvector pairs to (112):
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Proposition 6. The mean flows and the internal waves in the eigenvalue problem (112) for the soundproof
model are given as below: with kj, € 2nZ? and k, € 27N,
Mean flows: wg, = 0 and the space of mean flows &g, oo is given by

Cep.0,c i= Span{sp:;fyl’(khykz) =0,

0
i ki
Ui = | ke coshaz) [ 7 0.0))
0
k.
— sin(k,2)
mf mf (118)
® Span { epiys ((0,0)k.) = 08(k=2). URls 0ok = | |
0
0
mf mf ~
® Span 4 eply i (0,052 = 0 Uspj 000k = | 008(h22)E—2 |,
0
. 1 . 0 .
(). - ()01}
Internal waves: wg, = iwfgf(kmkz) where
gw ,7 n|kn|
Yo, (kn.kz) T ([kn|? + |k |2)1/2 (119)
with kp, # (0,0) and k. # 0, and the space of internal waves (’Ssp7iwgw(k ey s given by
sp,(kp,kz)’
esp7iw§:’(khy,€2),8 = Span{spggi(kh,kz) = eikh.w COS(kZZ)v
kn|? ,
—Z\‘v n] Ze““h'z sin(k,z)
kz|wSP7(k5}ukz)|
ey — = knetn® cos(k,z) , 120
sp, =+, (kn k=) wsgp,(ké,,kz) ( )
Fi Lwh| e*n® gin(k, z)
kzwsp,(kh,kz)

kn 7é (030),k2 7é 0}

v

Heren =el=v.

5.4. Comparison with Limit Cases

In this subsection, we will quantitatively compare the linear dynamics of several reduced systems stud-
ied in this work. (i) We compare the internal waves between the full compressible and the pseudo-
incompressible models as derived in Propositions 5 and 6 above. (ii) We compare the acoustic waves
generated by the pure acoustic operator in (121) alone and by the full fast mode operator of the com-
pressible system.
First, we summarize the eigenvalue-eigenvector pair of the pure acoustic system,
twaUay = LUy, Ua = (Z]vaaanawa)T €Y. (121)

That is,

) Birkhauser



JMFM The Soundproof Model of an Acoustic-internal. .. Page 31 of 45 95

Lemma 7. There exist two classes of eigenvalue-eigenvector pairs to (121); the incompressible flows and
the acoustic waves. They are given as below: with kj, € 2rZ? and k, € 27N,

Incompressible flows: w, = 0 and the space of incompressible flows &, is given by

1 0
0 ic ek sin(k, 2
€a0 = Span ¢ U 0,000 = | g [+ Uazins) = 0 ()
0 0
0
0
icf — L
O Vs, ek = | Fi kT cos(kyz) |7
|kn
0 (122)
0
0
icf —
adi(knkz) " |k, |Il:'|€1kh “cos(k.z) |’ i # (0,0)
—i|kp | sin(k, z)
0
iof . 0 - (1 0
D Ua5 ((0,0), ) = COS(kZZ)gh , ER = 0 or 1
0
Acoustic waves: w, = tw?v o Uk where
Wiy = (Enl® + (k2|2 (ks k2) # ((0,0),0), (123)
and the space of acoustic waves ea,iw";“%kh . 1s given by
e*n® cos(k, z)
0
kp ,
L 4 ikp-x kz
Cawmy, ., o= Spanq UL (o 4y wZYkMkz)e cos(kzz) | | (kp, k.) # ((0,0),0) 5. (124)
ik,

ikp-x o
— e T sin(k,z)
a,(kn.kz)

In the following, we will compare the eigenvalue-eigenvector pairs obtained in Proposition 6 and
Lemma 7 with those in Proposition 5.

Perturbed acoustic waves versus acoustic waves, i.c., (w(kh ko)t Ut en k. )) (WZVZkh k) U (ko kz)):
Direct calculation, from (108) and (123), shows that, for (kj, k.) # ((0,0),0),

aw _ aw 2. |kz|2
W(kn,k=) = Ya,(kn k=) +n 2(|kn)? + |kz|2)3/2

+O(nh). (125)
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Meanwhile, owing to (109) and (124), one has, for k, # 0,

aw aw
UL k) = Ut (ko s

0
n \kh|2 - (w?ZVh,k

z))2 ik -z .t
e’ gin(k,z)

2
kz (w(az‘;ukz))
B wawk k —wa,‘;v k
_ j:kh a,(kn, k=) (K, Z)elkh'w COS(kzZ)

aw aw
Y(kn,k2)Ya, (kn k)
aw

.<‘*’?lzvh,kz)>2w§,vfkh,k ) |kh|2wa,(kh,kz) - |kz|2wm,k2)

+i — - ekre sin(k, z) 126
kzw?kh’kz)w:,(khykz) (126)
0
ks 3 ez [Fon |2 ikp-a o
- o sin(k, 2) + O
(77|k]12+|kz|2 +1 (|k2h|2+|kz|2)3 efrsin(k,z) + O(n°)
= kK. . .
F? hl| e cos(k,z) + O(n*) :

([ 2 + [k2[2)572
2 ka2l + [k [?)
2([kn|? + [k2[2)3/2

et gin(k,z) + O(n*)

for k, =0, ky, # (0,0),

Uiv»v(kmo) o U:zty(kmo) = O( (127)

)

o3 © O

W
. ep
: : : gw gw gw sp, (kn k=) .
Perturbed internal waves versus internal waves, i.e., (w(k:h,kz)’ Ui,(kh,kz)) VS Weh (e k) (Ugw:t o :
Sp,I,(Kh,Rz

Direct calculation, from (106) and (119), shows that, for kj, # (0,0), k, # 0,

B B 2
(knk:) _ Ysp,(knk:) o |k [k | s
_ ey o). 128
. n e+ e O (28)
Meanwhile, owing to (107) and (120), one has,
ow
UeY _ Eggvp,(kh,kz)
% (fn ko) Usp@t:(k)h;kz)
0
knl? knl? )
77( g|wh‘ 5 — gVJ, nl 5 — 1)6”“’1“ sin(k,z)
Fe \ Il i 1950 k|
= oo WY L et cos(k.z)
(kn,kz) sp,(kn,kz) aw
kn|? 1 1 w .
2 \%ky ko) Ysp,(kn k) z
0
—n- ‘]{;h|2 = eikh.x Sln(kzz)+o(n3)
kz(|kfk7«:| 2w}t:lkzl )
= z h ik -z 3
+n- e T cos(k,z) + O
n 2|kh|(|kh|2—;‘kz|2)g/2 (k22) (%)
knl(2|k k. . .
‘ h|( ‘ h| +| | ) lk"‘wSIH(kZZ)-FO(T]?))

" S (k2 + k. 2)372
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U

c mf
Mean flows: It is obvious that U ki) = pifg]’(kh’kZ) ) ,j=1,23.
sp.J,(kn k=)

In summary, we have proved the following;:

Corollary 7. For (ky, k) satisfying the corresponding restrictions, one has

€oe = €Espoe  or equivalently

mf
S .
U i) = ( pi&’#’(k’“’“)), i=1,2.3.4, (130)
o spj Gt k)
0 < Wtk k) ~ Wiy = O0T), (131)
gwW
w EPgp, (ki ks _
UE k) ~ (Ugwp’( oke) )’ = O(n), (132)
sp,+,(kn,k=)
0< w?ﬁ,kz) — Wl k) = O0%), (133)
UL k) = U (ko | = O (), (134)

-V

uniformly in (kp,k.). Here n = &'

6. Fast-slow Waves Interactions: Soundproof Approximation With Ill-prepared Initial data
6.1. Nonlinear Equations

The Full Compressible System. With the understanding of the linear theory, we will discuss the nonlinear
theory of fast-slow waves decompositions in system (17). Notice that, under assumption (83), (17) can

be written as, with U = (c?,’l-?,v, w)', L. as in (85),
1

where
wy tq(divy, v + d,w)

N(U) = v-VyU +wd,U + _G(')Hw , (136)
0
Guw +wy ! fo (2)d2' (divp v + O,w)
M(U) = 8 , (137)
0
eMHow + ety foz Ho(2") d2' (divy, v + O,w)
Ke(U) = —(6‘Léﬁo + 5“+”é7-{)(()8tv +v- Vv +wdv) |- (138)

—(E”éﬁo + E“*”éﬁ)(@tw +v - Vyw + wd,w)

With estimate (48) and proper initial data, one can assume that K.(U) = O(e#~7) in suitable Sobolev
space (H? for instance). In particular, we choose o = /2, and thus K. (U) will be considered as an error
term. For this reason, we write

1
o U + EL’EU +NU)=MU) + O(*7). (139)
(H5) Furthermore, to simplify the presentation, we assume

G = G =sin(2nz). (140)
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We emphasise that with some modification, the following arguments work without assumption (H5). We
will adopt the notation (99) for our solutions U.
Let

pmi PEY. and PV, (141)
be the L?-orthogonal projections to the spaces
CX = Coey  EEY = Dy (0,0) k. £0Ckuf e
and € = Ok.z0Cxumy | e Oky£(0,0) Cxwry | e

respectively, given in Proposition 5.

The soundproof system. Similarly, denote by Uy, and Ly, as in (110). Under assumption (H4) and the
simplifying but not critical assumption (H5), (20) can be written as,

divy, vsp + 0 wsp = 0, (142)
1 0
atUsp + ET,‘CspUsp + Vhpsp +~/\/;p(USp) =0. (143)
azpsp

Here, thanks to assumption (H5),
—sin(27z) - ﬁspwsp
MP(Usp) = sp - VaUsp + wspazUsp + 0 . (144)
0

Notice that equations (139) and (143) have different dimensions. In particular, (143) does not have
an evolutionary equation of pg,, corresponding to the g-component of (139). For this reason, in order to
investigate the rigidity of the soundproof approximation, we denote the dimension reduction projection
Pra, defined as

AN
Prd : — v . (145)
v w
w

Notice that P.q is a bounded operator in any Sobolev space. Moreover, from (136) and (144), one can
check that

PrdN(U) = -/\[sp(,PrdU)- (146)

6.2. Soundproof Approximation with Ill-prepared Initial Data

Compactness theory of solutions to (139) and finite dimension truncation. Denote by S(¢) the solving
operator of 0y + L., L. as in (85); that is

0:S:(t)Up + LS (t)Uy = 0. (147)
Then Proposition 5 implies that
S.(HU, = e ',
(wi, U,) € {(0, U, 59)s 3 =1,2,3,4, (Ewor 5y US (kb))
(W k) UL )) -
Then S.(t) is an isometry from H*(T?) to H*(T?), Vs. Let
t

v =s. (-)uw. (148)

g
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where U(t) is the solution to (139). Then it follows from (139) and (147) that
t t
at‘/g + 85 (_€> N(U) = SS (_€> M(U) + O(EH_U). (149)

Owing to Proposition 3, it is straightforward to verify that, with the same initial data for (139) as stated
in the proposition,

sup (Hat‘/s(t)HiIz(TS) + H‘/Z’:‘(t)HiIS(TS)) S CCin, (S (Oaﬂ]- (150)

0<t<T,

With Proposition 5, we can write V. as,

Vo= V4 VEY 4 VY, (151)
with

VA= Y ol e OUT G i)+ D 0000 (OU 0.0
n £(0,0) =34, k.ez
+ 050,00, OU3((0,0).0)
+ D 500k O U 0.0)h.); (152)

k.70
W, W 1—v W

VEY = Z ai(kh7kz)75(t)a Ui(kh,kz)’ (153)
kn#(0,0),k.#£0

VR = > ok (DU ke, (154)

(kn;k=)#((0,0),0)

where the factor e~ plays the role of renormalization, such that for fixed k= (kj, k.), 61_”U2mf(0 0),k2)

1—vyrgw
and & UL G, )y 20,0 0. 20 28€ O(1)-

Notice that the coefficients o’ . (Z)’s in (152)-(154) are equicontinuous thanks to (150). Then, recalling
(148), one has

k.#0

t
U(t) = So(2)V=(t) = U2 (1) + U™ (£) + U2 (1), (155)
with
urt = v, (156)
“%IZV k)
wo._ i—fuE b gw 1—vyrgwW
UsY .= Z eFi— ot ai(kmkz))s(t)e US ks (157)
kn#(0,0),k-#0
UMi= L eEtady o (DU, k- (158)

(kn,k=)#((0,0),0)
Meanwhile, let

Usv

I
Q)
+H
™

o

|

S
m

:\

wBW gw
j_spy(kp.kz) ¢ _ eps
’ oziv(kh,kz)@(t)sl v ( o (Fn k) > 7 (159)

U
k1 #(0,0),k. 70 sp,£, (kn k=)

. aw t

W=y TR al e (OUDY (ke (160)
(kn,k=)#((0,0),0)

Notice that &% and 4*¥ are obtained by changing the basis corresponding to the perturbed internal and

acoustic waves in UgY and U2V to those corresponding to the non-perturbed ones, respectively. We don’t

need similar representation for 4™ thanks to (130). However, to simplify the representation later on, we
denote

ymt .= i, (161)
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On the other hand, notice that N'(U) = B(U,U), with bilinear form B(-,-) defined by
w&lal(dthEQ + 0, ws)
B(UL,Us) = v1 - ViUs + w1 0-Us + G T , (162)
0
where U; = (g, H;,v;,w;) T, j = 1,2. Then one can write
N(U) = N(U™ 4 UEY)
+ BUM + USY, U + B(UZ, U™ 4 USY)
+N(UEY).

In addition, let T}, k € NT, be a finite dimensional truncation defined as

ikh'£

Q(kh,kz)ek cos(k,z)

o H g, oye'™ @ sin(k. 2)
e k <;€ <k Vikn eoye’™ @ cos(k2) (163)

[n |k [z < Wik ey @ sin(k.2)
for U in (99). For the sake of clear representation, we assume that T}, applies to U, in a similar method.
Then thanks to the uniform estimates obtained in Proposition 3, ’U(t) - TkU(t)HHl(TS) — 0, as

k — oo, and the convergence is uniform-in-e. Therefore, to analyze N (U), it suffices to analyze N (TU).
Let us begin with A (T,U2Y). In particular, thanks to (124) and (134), by denoting Tp*¥ = (Q, 0,
V1P, 0.P,)", one has

N(TRUM) = N(TRd™) + O(e' ™)

(VP - V)Qr + @y ' Qr APy

Qk 0
=N 0 +0() = 1 2 +O@EY) (o4
= V1, Py = ~V|V P :
0,P 9
2tk ~0.|V Py
2
Moreover,
awy) __ ?i(wg‘,}%k;,kz)"'_wzvzk/ k’))i
N(TkUE )—Ze v R Rz
LANLARIARIARSS
q:i(w?;vl,kz)fwit&fk o) OO ey Wl )t aw aw
xer Pt R e DT QB g k) e O (k k) e
aw aw
X BUL k1) UL hg 1) (165)

+ Z e:':i(w:,“zkh,kz)f“’:jzk’h,k;))g
AN NEARIAEST
X eﬂ((w?’?h*’“Z)_“:*vz’“h*"”)_(w?’??w’“'z)_w:’vz’“@""/z>))gai‘f(kh,kz),aa?f(kg,k;),e
X BUL g, ky> Uk, k) )-
Therefore, the possible resonances are determined by (kx, k), (kj,, k) such that Wl ko) ~ Yt ) = 05
ie., |knl? + ks|? = |k, |2 + |KL|?, and

O(e=1) it k, = k.,
O(2-2) it k, £ k.,

thanks to (125). We remark that, since v < 1/2, (166) implies that there will be resonances in the second
term of (165). However, according to (164), these resonances will form a gradient in the momentum

(W ey~ Dt k) = (W k) — Warlkg k) = { (166)
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equations, and therefore will converge to the Lagrangian multiplier Vps, in the soundproof model. In
fact, as we will see later, these resonances will not affect the dynamic of the soundproof waves. However,
the same cannot be said about the ¢ component, which does not exist in the soundproof model. We
further remark this in the end of this paper.
On the other hand, thanks to (130), (132), and (134), one has
N(TRUPE + TRUEY) = N (Tipd™ + TRas™) + 0(e273) + 0(e272),

B(TRUM + TR UEY, TyUX) + B(TR U™, T, UM + T}, UEY) (167)

= B(Tpd™ + TR 8™ T ™) + B(Tp ™, Tph™ 4 T388Y) + O(e1 7).
Moreover,

(kh kz)

B(T,USY, TR UX) = Ze%( S W ke )t

kn#(0,0),k- 70, (kj, k) #((0,0),0),
nl, Iz | k7 | K2 <k

X BUE 4, k. U:EIL:V,V(k;L,k’Z))

(kh

+§ : Fi( = ?* (th,k;)é)t

kn#(0,0),k. #0,(kj, k2 )#((0,0),0),
LANCAREARIAESS

X B(Ugw

(168)

(ko) U )

Notice that <kh o) L — Wi k,); O(L), which implies that B(T U™, T),U>") oscillates in time with a

rate of O(E)7 and thus weakly converges to zero as e — 0F. Similar properties apply to B(T, U™, T,,UZV)+
B(T, U, T,U™ + T, UE™).

Compactness theory of solutions to (143) and finite dimension truncation. We refer to the property of
Usp such that divy, vs, + 0, wsp = 0 as the soundproof property. Also, let P, be the orthogonal projection
of vector fields into the space with the soundproof property.

Denote by Sgp(t) the solving operator of

0
O+ Lsp+ | Vip
9:p
in the space with the soundproof property, Ls, as in (110); that is
0
atSsp( ) sp,0 T L:SpSSp( ) sp,0 + Vip | =0 (169)
0:p

for some p (as the Lagrangian multiplier, which might be different from lines to lines, hereafter) and
divy, (Ssp(t)Usp,0)vey, + 0= (Ssp(t)Usp,0)w,,- Here (+)y,, and (-)y,, represent the vg, and wg, component,
respectively. Then Proposition 6 implies that

Sep(t)Usp,, = e~ "> Lt/nUspw
(Wu UL) € {(O, srg,j7(kh7kz))7 .] = 17273747 (:twsgsj(kh_’kz)vU§$i7(kh’kz))}'

We remind readers that our choice of scale in Proposition 6 implies that wfgv(kh k) /n=0(1).

Then, it is easy to verify that Sy () is an isometry from HS to HZ, Vs. Here H; represents the H®
space with the soundproof property. Let

Vin(0)i= S (- ) Ul (170)
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where Uy, (t) is the solution to (143). Then it follows from (143) and (169) that

OV () + S <—;> PN (Usp) = 0. (171)

Thanks to the estimate (74), it is straightforward to verify that, with the same initial data as in Theorem
1 for (143), one has

2 2
oS0 (10Ol sy + Van®) ) ) < G (172)
for some Cgp in € (0, 00) depending on the initial data.
Thanks to Proposition 6, we can write Vi, as,

Vip = Vi 4+ VEY (173)

sp
with

f f f f f
V= Y ok DU ki D2 0.0 k0.0 OV (00),k)
kn#(0,0) j=3.4, k.€Z

mf mf
+ 57(0,0),00.50 (1) Usp 2.((0.0.0)
—_————

=0
mf —vrrmf
+ D Bl 0.0) w0 T Ui, (0.0).k.): (174)
k.0
W W 1—v W
Ve = D o ke TUE L (175)

kn#(0,0), k40

Thanks to (172), the coefficients o _ (t)’s in (174)-(175) are equicontinuous.
Then, one has

Usplt) = Supl2)Vaplt) = US(8) + US (1), (176)

with
Unt =yt (177)

sp
gw
Ysp,(kpokz) t

Ug' = Y e el O TUS L (178)
kon#(0,0) k- 0

On the other hand, similarly as before, Ny, (Usp) = Bep(Usp, Usp), with the bilinear form Bgp(-,-)
defined by

—sin(27z) - Hep,1Wsp,2
Bsp(Usp,h Uspg) 1= Ugp,1° VhUspQ + wsp,ﬂ()zUspg + 0 . (179)
0

Similar to (146), one has, for U; as in (162),
PYdB(Ula U2) = Bsp(PrdUla PrdU2)- (180)

Estimate of Ppq (U™ +UBY) —Usp. Let K € NT be a fixed positive integer. Then thanks to the uniform
estimates obtained in Proposition 3 and (74), as mentioned before, (139) and (143) can be written as

1
OU + LU +N(TxU) = M(TxU) + O("~°) + Err and (181)
1 0
OUsp + = LspUsp + | Varsp | +Nep(TcUsp) = Err, (182)
azpsp
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respectively, where Err represents the truncation error, satisfying
HErrHHl —0 uniformly-in —e as K — oc. (183)

Recalling (152), (155), (156), and (157), one has

m m Eps -
QUM+ ZLUP = 3 Bl . ()(Un‘f’ ’““’“’”)

kn#(0,0) sp,1,(kn,kz)

mf EPgp. k.
+ Z ataj,((0,0),kz),s(t) < UspJ ,((0,0) k=) >

j=3.4, k.€Z sp,i,((0,0),kz)

sp,2,((0,0),0)

mf EDin2((0,0).0)
+ 0105 ((0,0),0),e () | 7rmr

mf
m e P )4 sU) Rz
+ Z 5t042,f(o,o),kz),g(t)51 ( Ufrf’fQ ((0.0).% )> ) (184)
k.#0 sp,2,((0,0),k)

t

1 (kh kz)
W FitplEl b o g 1-vprs
U + gﬁgUf Z e 8toziv)v(kh)kz)75(t)5 VUi‘iv(kh,kz)
kn#(0,0),k=#0

gw
- “spy(kpokz) ¢ B
= Z}[e¥l v e 4 0(62 31’)} ataivj](kh,kz)ﬁ(t)
krn#(0,0),k=-#0

1-v Epfz)v(kh k=) 1-v
X € e +0(E), (185)
sp, &, (kn,kz)
W 1 W wiy t W W
QU + gﬁsUsa = Z T k2 90ty 1) (OU G, ks
(kn.k=)#((0,0),0)

= Zeﬂw%mE@tagkh)kzm(t) [Uai oy T OET)| (186)
(kn,k=)7((0,0),0)
thanks to (130), (131), and (132).
On the other hand, one can check from Proposition 6, { sp,J,(kh,k ))J 1,2,3, 4’Usg$i (kh,kz)} forms
a orthogonal basis and satlsﬁes the soundproof property. Denote by the projection operators to Span
{pr i (e k) and Span{U% ot on o )}, defined as

Psp,l,(kh,kz)( ) - Pro-]Span{Up 1.(kp ok )}( ) kp, 7é (Oa O)a
mf

7)sp,2,((0,0),k:z)( ) - PrOJSpan{U"‘ 12,((0,0), kz)}( ) kz 7é 07 (187)
mf s

Psp,j,((O,O),kz)( ) - Pro-]Span{ngJ ((0,0), k‘z)}( )7 J= 3a 47

W

pr,i,(kh,kz)( ) = PrOJSpan{U

() kh#(070)=kz7é0

Now we are ready to filter out the acoustic waves in (181) by projections. In the following, we always
assume |kp|, |k;|< K, and the restrictions on (kp, k) as in (187) apply.

First, thanks to (124), (146), (164), (167), (184), (185), and (186), one can calculate that, recalling
0<2w<1,

sp, £, (kp kz )}

mf mf
Piosg,(hn o) PraN (T U) =P,

mf W
sp,j,(kh,kz)-/vSp(TKPrd(ﬂ + 4EW))

1
+ O(e'™Y) + oscillation in time with rate O () ,
€

Pt () PraN (T U) = P (1, 1y Nop (T Pra (@™ + 45))

sp, s
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1
+ O(e'7) + oscillation in time with rate O <€> ,
PeaM(TU) =0,

1
mf mf mf :
Pap.i.(kn ) Pra (an + gﬁeU) = 000 (k2. Vs (ko k) 5 # 25

1 m —vyrm
Pspf k?h k. )Prd <8tU+ EE U) = ata2,fk:h,k:z),€€1 USpr,(kh,kZ)’

sp (kh kz) t

1 7 T2/ —V W
Pt (o k) Pra (atU+ EE U) =TT 00l )5 Ut (o e2)
+ 0(62_3’/).
In particular, recalling U™ and 4&% in (161) and (159), similar calculation as in (184)—(186) for (9; +

1
Ejﬁsp)(TKprd (U™ 4 948W)) yields that

1
Z (Psnll)ij(km + PspJ J(kp,k )) Pra <atU + E£8U>

j=1,2,34,j'=+,—
[k [ <K (188)

1
= (6,5 + Eyﬁsp> (Tx Pra (4™ 4+ LUEY)) + C O(27%).

Therefore, denote by

mf+gw | mf ew
PSD,K T Z PbP7J7(kh7kz) +7Dsp,j/,(kh,kz) : (189)
j=1,2,3,4,j'=+,—
[Enli |k | <K

Applying
mf+4gw
,Psp’Kg Prd
o (181) yields, since 0 < 2v < 1,

1 m W m W
(at+ Eyﬁsp) (T Pra (U™ + LEY)) + PoEE N (Ti Pra (U + 4E™))

(190)
1
=CrO(e'™) + CxO(e"7) + oscillation in time with rate O (€> + Err.
On the other hand, with similar calculation as in (184) and (185), one can conclude that
1 1
e (3 22 5= (30 1) 1t
Consequently, applying Py -ng to (182) yields
1 mf-+gw

((% + (—;VL:SP) TKUsp + 'Psp’}g -/\[sp(TKUsp) = Err. (191)

Here, although not exactly the same expression as before, Err satisfies (183).
Then, after subtracting (190) with (191), and taking the L?-inner product of the resultant equations
with 2(Tx Pra (U™ + UY) — T Uy, ), with similar calculation as in Sect. 4.4, we arrive at the estimate

d
dt Tk Pra(™ + 95%) — Ty Ugp|[2 < C||TiePra (0™ + 45) — Tie Uy [,
+ CrO(e*72") + Cx O(e*729) (192)

1
+ oscillation in time with rate O () + Err,
€

) Birkhauser



JMFM The Soundproof Model of an Acoustic-internal. .. Page 41 of 45 95

where we use the fact that

1
/ {oscillation in time with rate O (6) } - (TkPra (lef +UBY) — T Usp) dZ

oscillation at rate (9(6%)

1
= oscillation in time with rate O () .
€

We would like to emphasize that it is important that we get an estimate with coefficient C independent
of K on the right hand side of (192). Otherwise when applying Gronwall’s inequality, below, it would
arrive at an estimate with uncontrollable Err. This is possible thanks to the soundproof property of
Tx Pra (U™ + g18%) — Tk Uy and cancellation when applying integration by parts, as it is done in Sect.
4.4.

Then integrating (192) in time yields, since 2 — 2v > 1, for 0 < t < T}, 1, < min{T,, T, } with some
To,mg € (0,00),

Tk Pra (L + 45%)(1) — TicUs ()]

< || TaPra (87 + 45)(0) — T Uy (0)] £,
t ) (193)
+ / C|| Tk Pra (8™ + UEY)(s) — T Usp(s)]| - ds
0
+ Cr (O(e*727) 4 O(e)) + Err.

We would like to remind readers that 42" and 4™ as in (159) and (161), thanks to (130), (131), and
(132), satisfy

TrPrah™ = T PrgU™  and  TrPrall®V = T PraUEY + CrrO(273), (194)
and thus, since 4 — 6v =1+ 3(1 —2v) > 1,
| Tk Pra (A0 + 48%) — T P (U + UEY)||7, = CkO(e*%) < CkO(e). (195)

Consequently, after choosing appropriate initial data for Us, which carries the initial mean flows and
internal waves, one can derive from (193) that

HTKPrd(U;“f + UEY)(t) — TKUsp(t)Hiz < Cg(O(e*727) + O(e)) + Err, (196)

after applying Gronwall’s inequality and (195). We remind readers that Err satisfies (183). Thus from
(196), one can conclude Theorem 2.

6.3. Remarks

In Sect. 6.1, we introduce the dimension reduction operator Pyq in (145), which is used in Sect. 6.2 to
prove Theorem 2; that is, the asymptotic behavior of the ﬁ(ﬁsp),v(vsp),w(wsp) components. However,
the asymptotic behavior of the ¢ component is not discussed.

In the case of well-prepared initial data, i.e., in Theorem 1, we choose initially ¢ and eps, (equivalently
Jin and pps in) close. In particular, since [ pg, dZ = 0 in the soundproof system, the well-prepared initial
data should satisfy that [ i, d7 is close to zero, which is not the case for the ill-prepared initial data. In
particular, f qdZ = 0 is not a conservative property for the full system (135).

That is, the ¢ component is nontrivial in both the slow waves and fast waves in the case of ill-prepared
initial data (see, for instance, (164)). However, these nontrivial waves do not have influence on the
H(Hsp), v(vsp), w(wgp) components of the mean flows and internal waves of the solutions to (135) [(143),
respectively]. In particular, there is no ¢ component in the solutions to (143). This is why our asymptotic
analysis works and has to be done after applying the dimension reduction P4 to system (135), in the
case of ill-prepared initial data.
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7. Appendix

Finally, although it is straightforward, we would like to record the representation of the waves decompo-
sition of the full compressible system. With the Fourier representations (99), we calculate the mean flow

Loifk. #0
part first. When kj, # (0,0), noticing that |Uin(fkh N )‘2 =c:= fol cos?(k,z)dz = {i ?f . # o
E it k, =
! o Vieks) R
Gl A TS
17(kh7kz) h

. m k2 m m
When ky, = (0,0), noticing that [U3( ) s |* =< + 17;(1 =) U3 0.0,k = U000 000 [ = 5

1 /U T gm = 1Q((0,0),k.)S + k2nH (0,0),5.) (1 — <)
Uz 0.0, 1° 2000k s + k(1) ’
1 .
U5 0.0 2 /U U009 = Vi©0).k)15
1 Tl
|Uin(f(0 0),k )|2 - U4=((070),kz) AT = (V((0.0).k.))2
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Therefore, the mean flow projection of U is given by

V(kh,kz) ) ki%

umt .= pmiy = Z o ln,l(fkh,kz)
kn€2nZ2\{(0,0)} k- €27N h
2
7 Q((0,0),k.)S + k=nH(0,0),6.) (1 =)
’ Uy (197)
k ezQ;rN( n%s + k2(1 — <) 2,((0,0).k2)

+ (V((O.,O),kz))IU?I,I,I(f(o,o),kz) + (V((O,O),kz))2Uf,l(f(o,o),kz))-

Next, we calculate the internal wave part of U. Notice that for kj # (0,0), k., # 0,

w 1 |kh|2
Ut ? = (1 +
(kn k=) ( (k;;“k ))2

et (65
(kh k=) ?

n? |k |? >2
=1 + ( W -1 )
CSEANCAE

where w(g,zj“kz) is given by (106). Here we have used the fact that [ U_;g_w(kh k) va,v(k}“kz)cdf = 0, which
yields
2 w 2
1<1 LT ) . 1( ka2 1)2(77 ~ @) ) o
2\ Whan)?/ 2N )2 (k=)
In addition,
1 / —————C 1
— [ U - U%” dz =
+,(kn k= 2
|U£~’§ (khk)| (K skz) - 22 ( ke |2 _1>
(k=) N (@i )2
1
X [Q(kh,kz) + —— Vikn ko) Fn
“kn k2)
N H g o) F Wk o)W i) ( Ikh\2 B 1)}
5 .
kz ( (kmk ))
Therefore, the internal wave projection of U is given by
1
gW . DEW[T —
UE™ := PEVU = > - e 5
kn €2772\{(0,0)} k- €27N+ 9 | n < Wh _ 1)
2 \ W5, )2
1
[Qw,k ) £ g Vb ko) Fn (198)
w?
(kh k)
N H g o)1 F W (b o) Wion 2 |k:h|2 i
ks @i 4))? k)
The calculation of the acoustic wave part of U is similar for k, # 0, which is
1 / - ¢ 1
—— [ U - U dz =
+,(kn k-
|U ﬂ:(kh, | J(kn k) - 22 ( (|kh|2 _1>2
(k=) \ (W )
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1
Qein ) F o Viknko) ~ Fin
(krfwk )

+H<kh7 k) F W en o) Wi )( [ ? 1>}

kz (w?]:;“kz))Q
k 2
On the other hand, when k, = 0, kj, # (0,0), we have |Ui‘:v(kh70)|2 =1+ w%zvho))w and
h>
k- Vik, 0
1 Q(k:;“O) :I: w(aw( h) )
—_— kn,0
T3 | U U dx = :
|Ui (kh70)| / =0 0) 14+ ﬂ
(@i
Consequently, the perturbed acoustic wave projection of U is given by
1
D Y —
kn€2nZ? k. €2nN+ 9 4 =11 < knl” 1)
CSEANCETNE
1
X {Q(kh,kz) T Ven k) Fn
“ken k=)
N Hgep oy F Wk k)Wl 1) |kn|? U (199)
k aw 2 =+,(kn,k=2)
z (W(kh,kz))
kn - Vik,,
Q(kluo) wdw( s 0)
(kh»o) W
+ Z |/€h|2 Ui,(kh,o)'

kn€27Z2\{(0,0)} 1+

Here wiyy ) is given as (108).
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