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Equilibrium current in a Weyl-semimetal - superconductor heterostructure

K. A. Madsen, P. W. Brouwer, and M. Breitkreiz∗

Dahlem Center for Complex Quantum Systems and Fachbereich Physik,
Freie Universität Berlin, 14195 Berlin, Germany

(Dated: April 19, 2021)

A heterostructure consisting of a magnetic Weyl semimetal and a conventional superconductor
exhibits an equilibrium current parallel to the superconductor interface and perpendicular to the
magnetization. Analyzing a minimal model, which as a function of parameters may be in a trivial
magnetic insulator phase, a Weyl semimetal phase, or a three-dimensional weak Chern insulator
phase, we find that the equilibrium current is sensitive to the presence of surface states, such as
the topological Fermi-arc states of the Weyl semimetal or the chiral surface states of the weak
Chern insulator. While there is a nonzero equilibrium current in all three phases, the appearance
of the surface states in the topological regime leads to a reversal of the direction of the current,
compared to the current direction for the trivial magnetic insulator phase. We discuss the interpre-
tation of the surface-state contribution to the equilibrium current as a real-space realization of the
superconductivity-enabled equilibrium chiral magnetic effect of a single chirality, predicted to occur
in bulk Weyl superconductors.

I. INTRODUCTION

A Weyl semimetal is a three-dimensional crystal with
topologically protected nodal points in the band struc-
ture [1–3]. The nodes have a well-defined chirality and
they appear in pairs, such that in total the sum of the
chiralities vanishes [4]. One manifestation of chiral Weyl
nodes and the associated chiral anomaly in crystals is the
existence of topologically protected surface states, which
connect the projections of two Weyl nodes of opposite
chirality on the surface band structure, in the form of
two “Fermi arcs” located at opposite surfaces of the Weyl
semimetal and moving in opposite directions. Another
manifestation is the chiral magnetic effect — an external-
magnetic-field induced current of Weyl Fermions directed
parallel or antiparallel to the magnetic field depending on
the chirality — which leads to unusual non-equilibrium
transport properties of the crystal [5–9]. In equilibrium
the chiral anomaly usually remains hidden, since the chi-
ral currents must compensate each other, in agreement
with general band-theoretic considerations [10].

As was shown by O’Brien, Beenakker, and Adagideli
[11] (see also Ref. [12]), there is, however, a way to cir-
cumvent the compensation of chiral anomalies in equilib-
rium with the help of superconductivity. This is most
easily seen in a minimal model of a magnetic Weyl
semimetal with two Weyl nodes of opposite chirality and
a superconducting s-wave pair potential. If the pair mo-
mentum is tuned to the momentum of one of the two
Weyl nodes via a flux or a supercurrent bias, supercon-
ductivity is induced there and the Weyl node is gapped
out, while the node of opposite chirality is left mostly
unaffected. In an applied magnetic field, this unaffected
chirality gives rise to an equilibrium current, as the oppo-
site chirality is no longer available to carry the compen-
sating current. Unfortunately, making a Weyl semimetal
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superconducting [13–16] meets the difficulty of a vanish-
ing density of states at the Weyl nodes, which suppresses
the critical temperature. Another obstacle, specifically
in the case of a magnetic Weyl semimetal considered in
this work, is the competition with magnetism.

An alternative route to achieve superconducting
phases in Weyl semimetals is to make use of the
proximity-induced superconductivity in heterostructures
by combining an otherwise non-superconducting Weyl
semimetal (N) and a conventional superconductor (S)
[17–20]. One prominent type of such heterostructures is
the Josephson junction (SNS-heterostructure), which has
been extensively studied theoretically exploring the influ-
ence of various types of superconducting pairing mecha-
nisms [21–35], and has also been realized experimentally
[19, 36–40]. Other examples of similar heterostructures
are NS-type [17, 20, 41–51], and NSN-type [52–56] het-
erostructures.

While most of these studies investigate equilibrium
currents that flow perpendicular to the superconductor
- Weyl-semimetal interface, in this article we theoreti-
cally investigate the equilibrium current in a bilayer con-
sisting of a Weyl semimetal and a single superconductor
(SN bilayer), as illustrated in Fig. 1, for which the equi-
librium current flows parallel to the interface. We con-
sider a magnetic Weyl semimetal and a conventional s-
wave superconductor, both are microscopically inversion-
symmetric, so that inversion symmetry is broken only by
the interface. To allow for a comparison between differ-
ent phases, we consider a model for the normal region
which, as a function of parameters, may be in a triv-
ial magnetic insulator phase, Weyl semimetal phase, or
a (three-dimensional) weak Chern insulator phase. We
find a significant contribution to the equilibrium cur-
rent from surface states (Fermi arcs in case of a Weyl
semimetal, chiral surface states for the weak Chern in-
sulator), which differs in sign and magnitude from the
interfacial current of a trivial insulator [57]. Although
our minimal model shows a clear signature at the onset
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FIG. 1. Mixed momentum-/real-space illustration of the SN
heterostructure considered in this article. It consists of a Weyl
semimetal slab of a finite width W with two Weyl nodes sepa-
rated along the kz axis and counterpropagating Fermi arcs on
the top (solid blue) and bottom (dotted blue) surfaces. The
Weyl semimetal slab borders on a superconductor (light blue)
at the bottom surface and it is capped by a trivial insulator
at the top surface. Because of this built-in spatial asymmetry
of the heterostructure, the superconducting proximity effect
acts asymmetrically on the two Fermi arcs.

of the topological regime, the magnitude of the equilib-
rium current is non-universal, because for an inversion-
symmetric Weyl semimetal the proximity superconduc-
tivity pairs electrons in the topological low-energy band
with electrons in a non-topological high-energy band —
an effect known as “chirality blockade” [22]. For the min-
imal model we can isolate the singular contribution to the
current from the Fermi-arc surface states by comparing
equilibrium currents in a finite-width slab for a chemi-
cal potential inside and outside the finite-size gap of the
Fermi-arc states at the Weyl node.

The contribution of topological surface states can be
interpreted as the result of an effective charge renormal-
ization of the chiral surface modes at the SN interface
[58], which leads to a disbalance with the counterprop-
agating surface modes of the opposite surface and re-
sults in a finite current. In this way, the idea of bulk
superconductivity acting asymmetrically on chiral states
in momentum space [11, 12] is transferred to proximitized
superconductivity acting asymmetrically on chiral states
in real space. In the former case the equilibrium current
is carried by the disbalanced chiral Weyl Fermions in an
external magnetic field, in the latter by the disbalanced
chiral surface states at zero external magnetic field.

This article is structured as follows: After introduc-
ing the minimal model for the SN heterostructure in
Sec. II, we calculate and discuss the equilibrium current
in Sec. III. We conclude in Sec. IV.

II. MODEL

We consider a bilayer consisting of a superconductor
(S) and a normal region (N) of width W . We choose
coordinates such that the x axis is perpendicular to the
superconductor interface and the superconductor inter-
face is at x = 0. The normal region corresponds to
0 < x < W .

Depending on parameters in our model Hamiltonian,
the normal region is a topologically trivial magnetic insu-
lator, a magnetic Weyl semimetal, or a three-dimensional
weak Chern insulator. At x = W the normal region layer
is capped by a non-magnetic trivial insulator. Below, we
give lattice models for the Weyl semimetal, the supercon-
ductor, and the trivial insulator. To keep the notation
simple, the lattice constant and ~ are set to unity.

A. Normal region

We model the normal region with the four-band Hamil-
tonian

H(W)(k) = tτ3(σ1 sin kx + σ2 sin ky)

+m(k)τ1σ0 + βτ0σ3 − µτ0σ0, (1)

with

m(k) =m0 + t′(2− cos kx − cos ky)

+ t′z(1− cos kz), (2)

where the σi and τi, i = 0, 1, 2, 3 are Pauli matrices corre-
sponding to spin and orbital degrees of freedom, respec-
tively. (These include the identity matrices σ0 and τ0.)
Furthermore, µ is the chemical potential, t, t′, and t′z are
hopping parameters, m0 an orbital-selective on-site po-
tential, and β the exchange field, which is directed in the
z direction. For definiteness, all of these parameters are
assumed to be positive. The Hamiltonian, shown in Eq.
(1), satisfies inversion symmetry,

H(W)(k) = τ1H
(W)(−k)τ1, (3)

whereas time-reversal symmetry is broken by the ex-
change field. (Time-reversal symmetry is represented as
σ2K, where K is complex conjugation.) At zero chemical
potential µ, the Hamiltonian, see Eq. (1), also satisfies a
mirror antisymmetry,

H
(W)
µ=0(kx, ky, kz) = −σ2τ3H(W)

µ=0(kx,−ky, kz)σ2τ3. (4)

The Hamiltonian, given in Eq. (1), resembles minimal
models motivated by materials of the Bi2Se3 family [10],
where, however, for simplicity we omitted a term propor-
tional to τ3σ3 sin kz. [Such a term does not significantly
alter the topological phases that we are going to study,
but its absence makes the analysis more transparent. A
term ∝ τ3σ3 sin kz preserves the inversion symmetry, Eq.
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(3), and the mirror antisymmetry, Eq. (4), at µ = 0. We
verified that our conclusions remain valid if we include
this term.]

The eigenvalues of the Hamiltonian, Eq. (1), can easily
be calculated in closed form. For each momentum k there
are four eigenvalues, labeled ε±,±,

ε±,±(k) = −µ±
√
t2(sin2 kx + sin2 ky) + (m(k)± β)2.

(5)
The two bands with energy eigenvalues ε±,+(k) are com-
pletely gapped. The other two bands, which have energy
eigenvalues ε±,−(k), may also be gapped or feature two
Weyl nodes, depending on the value of the exchange field
β. The Weyl-semimetal phase is found for

m0 < β < m0 + 2t′z. (6)

In this case, two Weyl nodes exist at k = (0, 0,±k0), with

k0 = 2 arcsin

√
β −m0

2t′z
. (7)

For β ↓ m0, one has k0 → 0: The two Weyl nodes
merge at kz = 0 and gap out for β < m0. Hence, for

0 < β < m0 (8)

the system becomes a trivial magnetic insulator. For
β ↑ m0 +2t′z, one has k0 → π, and the Weyl nodes merge
and gap out at the Brillouin zone boundary. For

β > m0 + 2t′z (9)

the system thus becomes a weak Chern insulator [59, 60],
which has open surface-state contours extending over the
whole Brillouin zone.

To prepare for the description of superconductor het-
erostructures using the Bogoliubov-de Gennes (BdG) for-
malism, we double the degrees of freedom by introducing
holes with Hamiltonian −σ2H(W)(−k)∗σ2. The resulting
Bogoliubov-de Gennes Hamiltonian

H(W) =

(
H(W) 0

0 −σ2H(W)(−k)∗σ2

)
(10)

has particle-hole symmetry,

H(k) = −ν2σ2H(−k)∗ν2σ2, (11)

where Pauli matrices νj , j = 0, 1, 2, 3, represent the
particle-hole degree of freedom.

B. Heterostructure

The normal region at 0 < x < W is embedded between
a superconductor for x < 0 and a trivial insulator for
x > W . The lattice Hamiltonians for the superconductor

(S) and trivial insulator (I) in the Bogoliubov-de Gennes
formulation are

H(S)(k) = tν3τ3σ1 sin kx + ∆ν1τ0σ0, (12)

H(I)(k) = tν3τ3σ1 sin kx +m(I)ν3τ1σ0, (13)

where ∆ > 0 is the superconducting order parameter
and m(I) → ∞ the mass gap in the insulating region.
Both the superconductor and the insulator satisfy inver-
sion symmetry,

H(S,I)(k) = τ1H(S,I)(−k)τ1, (14)

characteristic of superconducting order with even inver-
sion parity, and time-reversal symmetry,

H(S,I)(k) = σ2H(S,I)(−k)∗σ2. (15)

To describe the heterostructure with an x-dependent
Hamiltonian, we replace kx by −i∂x and linearize the
Hamiltonians H(W), H(S), and H(I) in kx. In this way,
we obtain the Hamiltonian

H = −itν3τ3σ1∂x +M(x), (16)

where

M(x) =M(S)

≡∆ν1σ0 (17a)

for x < 0,

M(x) =M(W)

≡ tν3τ3σ2 sin ky

+m(ky, kz)ν3τ1σ0 + βν0σ3 − µν3σ0, (17b)

for 0 < x < W , and

M(x) =M(I)

≡m(I)ν3τ1σ0, (17c)

for x > W , respectively. Here

m(ky, kz) = m0 + t′(1− cos ky) + t′z(1− cos kz) (18)

is the linearized mass term in the normal region.

C. Block diagonalization, chirality, Fermi arcs

A unitary transformation can be used to bring the
Hamiltonian to a block-diagonal form. Labeling the two
blocks by the parameter τ = ±1, the transformation
reads

Hτ =
[
U HU†

]
τ
, U = ei(π/4)ν0τ2σ3 . (19)

The transformation acts non trivially only on the mass
term, which transforms as

[
Uν3τ1σ0U

†]
τ

= τν3σ3, (20)
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while the transformation of the other terms simply re-
places τ3 by τ . After the unitary transformation from
Eq. (19) the diagonal blocks of the Hamiltonian, Eq. (16),
then read

Hτ = −itτν3σ1∂x +Mτ (x), (21)

with Mτ (x) = M(S), given by Eq. (17a), for x < 0,

M(x) =M(W)
τ ,

M(W)
τ = tτν3σ2 sin ky

+m(ky, kz)τµ3σ3 − µν3σ0 + βν0σ3 (22)

for 0 < x < W , and M(x) =M(I),

M(I)
τ = m(I)τν3σ3 (23)

for x > W . In the transformed basis, inversion, time-
reversal, particle-hole conjugation, and the mirror an-
tisymmetry shown in Eq. (4) are represented as τ3σ3,
τ2σ1K, ν2τ2σ1K, and σ2τ3, respectively.

After the unitary transformation, the Weyl nodes are
found in the blocks τ = −1 for electrons and τ = +1 for
holes, respectively. Expanding H(W)

τ around the Weyl
nodes in the form

∑
i viσi(ki−Ki), where Ki is the node

position, we can identify the chirality χ = sign(v1v2v3).
For our convention that all model parameters are posi-
tive, χ = ∓ for the node at kz = ±k0 for both electrons
and holes, as indicated for electrons in Fig. 1.

To find Fermi-arc surface states at the interface with
the trivial insulator at x = W , we consider electron and
hole eigenstates of the insulator that decay for x > W ,
taken at x = W ,

ψe/h(W ) =ae/h

(
1
i

)
, (24)

with normalization coefficients ae/h that have to be de-
termined separately. For the normal region x < W we
use the Ansatz

ψe/h(x) = ae/h

(
1
i

)
eα(x−W ). (25)

The decay coefficient α > 0 and the energy ε can be
found by insertion of the Ansatz of Eq. (25) into the
Bogoliubov-de Gennes equation

[
H(W)
τ − ε

](ψe(x)
ψh(x)

)
= 0. (26)

For τ = −1 we find an electron-like solution with α =
β −m(ky, kz) and energy

εe(ky, kz) = −t sin ky − µ. (27)

For τ = +1, the solution is hole-like and has energy

εh(ky, kz) = −t sin ky + µ. (28)

Both solutions move in the y direction with velocity vF =
dεe/h/dky = −t cos ky, as illustrated (for electrons) in
Fig. 1. For small ky the condition α > 0 is satisfied for
|kz| < k0, i.e., for kz between the two Weyl points.

III. EQUILIBRIUM CURRENT

Superconductor–normal-metal heterostructures with a
magnetic N region are known to exhibit an equilibrium
current in the direction of E ×B, where here the role of
the time-reversal breaking (magnetic) field B is played by
the exchange field (described by the term proportional to
β in H(W) and here pointing in the z direction) and the
role of the inversion-symmetry breaking (electric) field
E is played by a confinement-potential gradient of the
interface (here in the x direction) [57]. In our geometry
we thus expect to find an equilibrium current in the y
direction.

A. Scattering formulation

We calculate the equilibrium current density Iy as
the derivative of the ground state energy E to the vec-
tor potential Ay. The vector potential Ay enters the
Bogoliubov-de Gennes Hamiltonian H of Eq. (16) via
the standard substitution ky → ky − ν3eAy. Then the
equilibrium current Iy is

Iy =
1

2

∑

τ

∫ 0

−∞
dε ε

∂

∂Ay

dNτ (ε)

dε

= − 1

2

∑

τ

∫ 0

−∞
dε
∂Nτ (ε)

∂Ay
, (29)

where dNτ (ε)/dε is the density of states of the Hamilto-
nian Hτ of Eq. (21) and Nτ (ε) is the cumulative density
of states.

The density of states dNτ (ε)/dε is a sum of delta-
function contributions for |ε| < ∆ and continuous oth-
erwise. In principle, dNτ (ε)/dε may depend on Ay in
both the discrete and continuous parts of the spectrum
[61]. To capture both contributions, we adopt a proce-
dure used by Beenakker and one of us for the calculation
of the Josephson effect in a chaotic quantum dot [62].
Following Ref. [62], we determine Nτ (ε) by matching so-
lutions of the Bogoliubov-de Gennes equation Hτψ = εψ
in the superconducting region x < 0 and in the normal
region x > 0. To this end, we insert an “ideal lead”
between the superconducting region at x < 0 and the
normal region at x > 0, described by the Hamiltonian of
Eq. (21) with Mτ = 0. At the end of the calculation,
the length of the ideal lead is sent to zero. In the ideal
lead, the Bogoliubov-de Gennes equation is solved by the
scattering states

ψτ ;ν,±(x) = e±iεx/t|ν,±ντ〉, (30)

where |ν, σ〉 with ν, σ = ±1 is an eigenspinor of ν3 at
eigenvalue ν and of σ1 at eigenvalue σ. The eigenstates
ψτ ;ν,+ and ψτ ;ν,− represent solutions moving in the posi-
tive and negative x directions, respectively. The solutions
with ν = 1 are electron-like; the eigenstates with ν = −1
are hole-like.
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In the ideal-lead segment around x = 0, the full so-
lution of the Bogoliubiov-de Gennes equation is a linear
combination of the scattering states given in Eq. (30),

ψτ (x) =
∑

ν

[aτ,νψτ ;ν,+(x) + bτ,νψτ ;ν,−(x)] . (31)

Viewing the coefficients aτ,ν and bτ,ν as amplitudes of
quasiparticles incident on and reflected from the normal
region, respectively, we may relate them via the scatter-
ing matrix Sτ (ε) of the normal region,

(
bτ,+
bτ,−

)
= Sτ (ε)

(
aτ,+
aτ,−

)
. (32)

(The dependence of Sτ (ε) on ky and kz is kept implicit.)
When seen from the superconductor, the coefficients aν
represent the reflected amplitudes, whereas the coeffi-
cients bν represent the incident amplitude, so that one
has the relation

(
aτ,+
aτ,−

)
= S(S)

τ (ε)

(
bτ,+
bτ,−

)
, (33)

where S
(S)
τ (ε) is the scattering matrix of the supercon-

ducting region. Upon combining Eqs. (32) and (33),
one finds that nontrivial solutions of the Bogoliubov-de
Gennes equation exist only if

det[1− Sτ (ε)S(S)
τ (ε)] = 0. (34)

Since Sτ (ε) and S
(S)
τ (ε) are analytic functions of ε in the

upper half of the complex plane, we may directly obtain
the cumulative density of states Nτ (ε) as [62]

Nτ (ε) = − 1

π

∫
dkydkz
(2π)2

Im

{
ln det[1− Sτ (ε+)S(S)

τ (ε+)

− 1

2
ln[det(Sτ (ε))]− 1

2
ln[det(S(S)

τ (ε))]

}
,

(35)

where ε+ = ε+ iη, η being a positive infinitesimal.
The second and third terms between the brackets in

Eq. (35) do not contribute to the current after integration
to ky. The first term in Eq. (35) is analytic in the upper
half of the complex plane and vanishes for Im ε → ∞.
Shifting the integration along the negative real axis to
the positive imaginary axis, we then find

Iy =

∫
dkz
2π
Iy(kz), (36)

where

Iy(kz) = − 1

2π

∑

τ

∫
dky
2π

Re

∫ ∞

0

dω

× ∂

∂Ay
ln det[1− Sτ (iω)S(S)

τ (iω)]. (37)

Under particle-hole conjugation, the basis state
ψτ ;ν,±(x) of Eq. (30) is mapped to ∓ψ−τ ;−ν,±(x), while
simultaneously inverting ε → −ε and ky,z → −ky,z,
and vice versa. For this choice of the scattering states,
particle-hole symmetry imposes the condition

Sτ (ε; ky, kz) = −ν1S∗−τ (−ε;−ky,−kz)ν1. (38)

Calculating the scattering matrix S(S) of the supercon-
ductor one obtains

S(S)
τ (ε) = e−iγ(ε)ν1, γ = arccos(ε/∆), (39)

which is the standard result for Andreev reflection off an
s-wave spin-singlet superconductor [63]. The scattering
matrix Sτ (ε) of the normal region is diagonal with respect
to the particle-hole index ν,

Sτ (ε; ky, kz) =

(
rτ (ε; ky, kz) 0

0 −r−τ (−ε;−ky,−kz)∗
)
,

(40)

where rτ (ε; ky, kz) is the reflection amplitude for
electron-like quasiparticles. Inserting Eqs. (39) and (40)
into Eq. (37) and performing a partial integration to ky,
we find

Iy(kz) =
2e

π

∫
dky
2π

Re

∫ ∞

0

dω
∂r+(iω; ky, kz)

∂ky
(41)

× r−(iω;−ky,−kz)∗
e2iγ(iω) + r+(iω; ky, kz)r−(iω;−ky,−kz)∗

.

Because of the mirror antisymmetry at µ = 0 given in
Eq. (4), the reflection amplitudes satisfy rτ (ε; ky, kz) =
rτ (ε;−ky, kz)∗, from which it follows that the current
vanishes at µ = 0. We use this feature of our model
to focus our calculation on the derivative dIy(kz)/dµ at
small µ.

B. Reflection amplitudes of normal region

We calculate the reflection amplitude rτ by expressing
it in terms of the reflection and transmission amplitudes

r
(W)
τ , r′τ

(W), t
(W)
τ , and t′τ

(W) of the normal region 0 <
x < W and the reflection phase iτ of the insulator at
x > W ,

rτ = r(W)
τ +

iτ t′τ
(W)t

(W)
τ

1− iτr′τ (W)
. (42)

In this notation, the unprimed amplitudes r
(W)
τ and t

(W)
τ

refer to reflection and transmission from the normal re-
gion for particles incident at the interface with the su-
perconductor (S), whereas the primed amplitudes r′τ

(W)

and t′τ
(W) are for particles incident at the interface with

the trivial insulator (I). Solving the scattering problem
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with the Hamiltonian of Eq. (21), we find the explicit
expressions

r(W)
τ (ε; ky, kz) = r′τ

(W)(ε;−ky,−kz)

= iτ
m(ky, kz) + βτ − itτ sin ky
tκτ coth(κτW )− i(ε+ µ)

, (43)

t(W)
τ (ε; ky, kz) = t′τ

(W)(ε;−ky,−kz)

=
tκτ/ sinh(κτW )

tκτ coth(κτW )− i(ε+ µ)
, (44)

where we abbreviated

κ2τ t
2 = dτ (kx, ky)2 − (ε+ µ)2, (45)

with

dτ (ky, kz) =
√
t2 sin2 ky + (β + τm(ky, kz))2 (46)

the gap in the kz-dependent spectrum of the Hamiltonian
shown in Eq. (21), see Eq. (5). The symmetry relation be-
tween primed and unprimed reflection and transmission
amplitudes is a consequence of the inversion symmetry
from Eq. (15).

To evaluate the kz-resolved current density Iy(kz), it
is convenient to consider the three-dimensional Hamilto-
nian H(kx, ky, kz) as family of two-dimensional Hamilto-
nians H(kx, ky) that parametrically depend on kz. The

two-dimensional Hamiltonian H(W)(kx, ky) describes a
trivial (two-dimensional) insulator if β < m0 or if m0 <
β < m0 +2t′z and |kz| > k0, see Eqs. (6)–(8). It describes
a (two-dimensional) topologically nontrivial Chern in-
sulator if m0 < β < m0 + 2t′z and |kz| < k0 or if
β > m0 + 2t′z.

For the calculation of the equilibrium current Iy, we
find it convenient to parameterize the reflection ampli-

tudes r
(W)
τ , and r′τ

(W) in terms of the transmission coef-

ficient Tτ = |t(W)
τ |2 and the phase shifts φτ and φ′τ ,

r(W)
τ = iτ

√
1− Tτeiφτ ,

r′τ
(W) = iτ

√
1− Tτeiφ

′
τ . (47)

Expressions for the reflection phases φτ and φ′τ can be
obtained from Eq. (43). For small ky, ε, and µ, the re-
flection phase φ+ of the high-energy band is well approx-
imated by

φ+(ky, kz) =φ′+(−ky,−kz)
≈ (ε+ µ− kyt)/d+. (48)

The approximations for the reflection phase for the low-
energy band for small ky, ε, and µ are different for the
trivial regime β < m0 or |kz| > k0 and the topological
regime β > m0 + 2t′z or |kz| < k0,

φ−(ky, kz) =φ′−(−ky,−kz) (49)

≈
{

(ε+ µ+ kyt)/d− trivial,
π + (ε+ µ− kyt)/d− topological.

The fact that φ− = π at ky = 0 in the topological case
is what causes the appearance of the Fermi-arc surface
states near ky = 0. With the parameterization defined
in Eqs. (47), the reflection amplitude rτ (ε; ky, kz) reads

rτ = iτeiφτ
eiφ
′
τ +
√

1− Tτ
eiφ
′
τ

√
1− Tτ + 1

. (50)

C. kz-resolved current density for large W

We will now discuss the kz-resolved current Iy(kz)
well inside the trivial and topological regimes, so that
the two-dimensional Hamiltonian H(W)(kx, ky) describes
a gapped phase with a gap magnitude on the order of the
band width. The case that kz is in the vicinity of k0 will
be addressed in Subsec. III E.

For our calculation of Iy(kz) we assume that the width
W of the normal region is much larger than the lattice
spacing (which is set to one). The energy scale corre-
sponding to the inverse width, t/W , the pair potential
∆, and the chemical potential µ are considered to be
much smaller that the band width t ∼ t′ ∼ t′z. The en-
ergy difference of the high- and low-energy bands, 2m0,
is considered to be on the order of the band width.

With this hierarchy of energy and length scales, the en-
ergy dependence of the reflection amplitudes of the nor-
mal region may typically be neglected when compared
to the energy dependence of the phase shift γ for An-
dreev reflection from the superconductor. Also, one has
κτW � 1, so that transmission is exponentially sup-
pressed, Tτ ↓ 0. Assuming continuity of the current with
Tτ ↓ 0, which we discuss in more detail in App. B, we
may set

rτ (iω; ky, kz) = iτeiφτ (ky,kz), (51)

where the reflection phase φτ (ky, kz) of the normal region
is evaluated at ε = 0. This approximation breaks down
if eiφ

′
τ = −1, because then the denominator in Eq. (50)

vanishes for Tτ ↓ 0, which occurs if a Fermi-arc state at
the surface at x = W crosses the Fermi level. This case
will be discussed in Subsec. III D. With the approxima-
tion from Eq. (51), the ω-integration in Eq. (41) may
then be performed, with the result

Iy(kz) = − e∆

2

∫
dky
2π

∂φ+
∂ky

s(φ) sin(φ/2), (52)

where

φ(ky, kz) = φ+(ky, kz)− φ−(−ky,−kz) (53)

and s(φ) = sign cos(φ/2).
Effectively, the approximations used to derive Eq. (52)

from the general result of Eq. (41) amount to restricting
to contributions from the discrete part of the Andreev
spectrum. (This approximation is known as the “short-
junction limit” in the context of the Josephson effect.)
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To show that Eq. (52) represents the contribution from
the discrete part of the Andreev spectrum, we note that,
if we neglect the energy dependence of the reflection am-
plitudes from the normal region, Andreev bound states
appear at discrete energies ε±(ky, kz) satisfying the quan-
tization condition

e−i2γ(ε±)eiφ+(ky,kz)eiφ−(−ky,−kz) = 1. (54)

Solving for ε±(ky, kz), one finds

ε±(ky, kz) = ±∆ cos(φ/2). (55)

The current associated with a single Andreev level is
∂ε±(ky, kz)/∂Ay. To find the total current we integrate
over the contributions from all Andreev levels with en-
ergy ε±(ky, kz) < 0,

Iy(kz) =
1

2

∑

±

∫
dky
2π

∂ε±
∂Ay

Θ(−ε±), (56)

where the Heaviside function Θ(x) = 1 if x > 0 and
0 otherwise. Upon substitution of Eq. (55) for ε±, one
recovers Eq. (52).

To find the derivative dIy(kz)/dµ (recall that Iy(kz) =
0 for µ = 0, see the discussion at the end of Subsec. III A)
we observe that from Eq. (43) we have

∂φτ
∂µ

=
1

dτ
, (57)

where the gap dτ (ky, kz) was defined in Eq. (46). For the
µ-derivative of the kz-resolved current Iy(kz) we then
find a “regular” contribution and a “singular” contribu-
tion, which follows from the derivative of the discontinu-
ity of the step function s(φ) at φ = π (mod 2π),

dIy(kz)

dµ
=
dIy(kz)

dµ

(r)

+
dIy(kz)

dµ

(s)

, (58)

with

dIy(kz)

dµ

(r)

= − e∆

4

∫
dky
2π

[(
1

d+
− 1

d−

)
∂φ+
∂ky

cos
φ

2

− 2

d2+

∂d+
∂ky

sin
φ

2

]
s(φ), (59)

dIy(kz)

dµ

(s)

= e∆

∫
dky
2π

∂φ+
∂ky

(
1

d+
− 1

d−

)
δ(φ− π),

(60)

where the delta function should be periodically extended
with period 2π. In the limit of a large exchange field β,
d− is much smaller than d+ and one may further approx-
imate dIy(kz)/dµ by restricting to the terms inversely
proportional to d−.

On the basis of Eqs. (59) and (60) we can compare
dIy(kz)/dµ in the trivial and topological regimes. The
phases φ+ and φ− are shown vs. ky for typical model

parameters in Fig. 2(a) and (b). In the topologically
trivial case, generically both φ+ and φ− have a weak ky-
dependence and φ remains close to zero. In this case,
the singular contribution [dIy(kz)/dµ](s) is absent. Con-
sidering the “regular” contribution (59), we see that the
dominant contribution to the total equilibrium current Iy
comes from regions in which the gap d− is smallest, which
is in the vicinity of the Weyl points, i.e., for |kz| ↓ k0.
The sign of the equilibrium current is determined by the
derivative dφ+/dky near ky = 0.

In the topological case, as a result of the band inver-
sion from the sign change of β − m(ky, kz), the phase
φ− decreases by 2π upon going from ky = −π to ky = π.
Hence, the singularity in the integrand at φ = π (mod 2π)
cannot be avoided. This gives rise to the singular con-
tribution [dIy(kz)/dµ](s) of Eq. (60). Since φ− is close
to π in the vicinity of ky = 0, the integrand in Eq. (60)
has support precisely where the derivative ∂φ+/∂ky is
maximal, see Fig. 2(c). As a consequence, in the topo-
logical regime, the total current dIy(kz)/dµ has larger
magnitude and opposite sign when compared to the triv-
ial regime, see Fig. 2(e).

To obtain an explicit expression for a special param-
eter choice well inside the topological regime, one may
consider kz = 0 and β = m0 + t′, t′ = t, in which case
κ− = 1 and φ−(ky, 0) ≈ π − ky for all ky. Addition-
ally assuming a large gap d+ ≈ β + m0 � t, so that
φ+(ky, 0) ≈ −(t/(m0 + β)) sin ky, the current becomes

dIy(0)

dµ
≈ 2e∆

3π(β +m0)
. (61)

For the trivial case we consider the leading-order term
in β/t, since the current vanishes at β = 0, and take
m0 = t = t′ and kz = 0, which gives

dIy(0)

dµ
≈ − e∆β

12πt2
. (62)

Comparing Eqs. (61) and (62) also shows the opposite
signs of the equilibrium current in the two regimes.

D. Finite-size effects

For small transmission coefficient T− of the low energy
band, the presence of the Fermi-arc states at the inter-
face with the trivial insulator at x = W causes a narrow
resonance in the reflection amplitude r−(ε; ky, kz). This
resonance occurs, when the denominator in Eq. (50) is

approximately zero, eiφ
′
τ ≈ −1. In this case, the assump-

tion that the energy dependence of r−(ε; ky, kz) can be
neglected when compared to the energy dependence of
the Andreev reflection phase e−iγ(ε) is obviously violated,
despite the fact that the gap d− � ∆.

For the minimal model we consider in this article, this
issue affects the topological regime β > m0, |kz| < k0
only. Here we consider the case of small µ � t, so that
the resonance appears in the vicinity of ky = 0. For small
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<latexit sha1_base64="CqCtUTZk4j3We20HnO309Ym2YZ8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6WIQs2G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHuX9cbDVa15W8RRhhM4hXPw4BqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx+6ro4I</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>
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<latexit sha1_base64="AD6H0Q5+m8m/wwEq0LWsZvULXxI=">AAACE3icbVBNS8NAEN3U7/oV9eglWATxUJMo6LGoB70pWC00adlsp+3S3STsToQS+h+8+Fe8eFDEqxdv/hs3tQe/Hgw83pthZl6UCq7RdT+s0tT0zOzc/EJ5cWl5ZdVeW7/WSaYY1FkiEtWIqAbBY6gjRwGNVAGVkYCbaHBS+De3oDRP4iscphBK2ot5lzOKRmrbu+etQFLsK5n7p6P2MIh4rwmBzIJTEEj3gpS3fCzUsG1X3Ko7hvOXeBNSIRNctO33oJOwTEKMTFCtm56bYphThZwJGJWDTENK2YD2oGloTCXoMB//NHK2jdJxuokyFaMzVr9P5FRqPZSR6Szu17+9QvzPa2bYPQpzHqcZQsy+FnUz4WDiFAE5Ha6AoRgaQpni5laH9amiDE2MZROC9/vlv+Tar3r7Vf/yoFI7nsQxTzbJFtkhHjkkNXJGLkidMHJHHsgTebburUfrxXr9ai1Zk5kN8gPW2ycZtJ5K</latexit>

(gapped surface states) 

µ ⌧ e�2W
<latexit sha1_base64="t/+aS+v3ht6NuDZ9gDTJu4wokSs=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY9FLx4r2A/obks2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epIrRBYh6rdog15UzShmGG03aiKBYhp61wdDv1W49UaRbLBzNOaCDwQLKIEWys1PVF6nOOaDc7r7YmvVLZrbgzoGXi5aQMOeq90pffj0kqqDSEY607npuYIMPKMMLppOinmiaYjPCAdiyVWFAdZLOrJ+jUKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQcZk0lqqCTzRVHKkYnRNALUZ4oSw8eWYKKYvRWRIVaYGBtU0YbgLb68TJrVindRqd5flms3eRwFOIYTOAMPrqAGd1CHBhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfMv5IN</latexit>

kz
<latexit sha1_base64="RKeszK89Pv7G1wvGHgkQAA+rY04=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNn1I3g</latexit>
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<latexit sha1_base64="HLZ6YvcHutt5sH91icX9jMVGn2E=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiCEJI0tHVXdOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqyV1bX1jc3CVnF7Z3dvv3Rw2FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJJ1e537knUlHBb/U0IUGMRpxGFCNtpHY/GdPB+aBUduyLetXzq9CxHafmem5OvJpf8aFrlBxlsERzUHrvDwVOY8I1ZkipnuskOsiQ1BQzMiv2U0UShCdoRHqGchQTFWTza2fw1ChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLdVQPMsqTVBOOF4uilEEtYP46HFJJsGZTQxCW1NwK8RhJhLUJqGhC+PoU/k/anu1WbO/GLzcul3EUwDE4AWfABTXQANegCVoAgzvwAJ7AsyWsR+vFel20rljLmSPwA9bbJ5OLjyM=</latexit>

��
<latexit sha1_base64="izmt1soqD4dpg3t0xkQYf1PUeGk=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQ3lqSKbXdFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIf3tLyyuraem4jv7m1vbNb2NtvGZVoyppUCaU7ATFMcMmallvBOrFmJAoEawfjq8xv3zNtuJK3dhIzPyJDyUNOiXVSqxePeP+0XyiiEkIIYwwzgisXyJFarVrGVYgzy6EIFmj0C++9gaJJxKSlghjTxSi2fkq05VSwab6XGBYTOiZD1nVUkogZP51dO4XHThnAUGlX0sKZ+n0iJZExkyhwnRGxI/Pby8S/vG5iw6qfchknlkk6XxQmAloFs9fhgGtGrZg4Qqjm7lZIR0QTal1AeRfC16fwf9Iql/BZqXxzXqxfLuLIgUNwBE4ABhVQB9egAZqAgjvwAJ7As6e8R+/Fe523LnmLmQPwA97bJ4N6jxk=</latexit>

(a) (b)

(d)ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>
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<latexit sha1_base64="AD6H0Q5+m8m/wwEq0LWsZvULXxI=">AAACE3icbVBNS8NAEN3U7/oV9eglWATxUJMo6LGoB70pWC00adlsp+3S3STsToQS+h+8+Fe8eFDEqxdv/hs3tQe/Hgw83pthZl6UCq7RdT+s0tT0zOzc/EJ5cWl5ZdVeW7/WSaYY1FkiEtWIqAbBY6gjRwGNVAGVkYCbaHBS+De3oDRP4iscphBK2ot5lzOKRmrbu+etQFLsK5n7p6P2MIh4rwmBzIJTEEj3gpS3fCzUsG1X3Ko7hvOXeBNSIRNctO33oJOwTEKMTFCtm56bYphThZwJGJWDTENK2YD2oGloTCXoMB//NHK2jdJxuokyFaMzVr9P5FRqPZSR6Szu17+9QvzPa2bYPQpzHqcZQsy+FnUz4WDiFAE5Ha6AoRgaQpni5laH9amiDE2MZROC9/vlv+Tar3r7Vf/yoFI7nsQxTzbJFtkhHjkkNXJGLkidMHJHHsgTebburUfrxXr9ai1Zk5kN8gPW2ycZtJ5K</latexit>

(gapped surface states) 

kz
<latexit sha1_base64="RKeszK89Pv7G1wvGHgkQAA+rY04=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNn1I3g</latexit>
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<latexit sha1_base64="M4pzmDY+QfI6mnWzoDTj5Uzf85M=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF71VsB+QhrLZbtqlm92wuxFC6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZ353SeqNJPi0WQJDWI8EixiBBsr+XmfYI7up4MMDao1t+7OgVaJV5AaFGgNql/9oSRpTIUhHGvte25ighwrwwin00o/1TTBZIJH1LdU4JjqIJ+fPEVnVhmiSCpbwqC5+nsix7HWWRzazhibsV72ZuJ/np+a6DrImUhSQwVZLIpSjoxEs//RkClKDM8swUQxeysiY6wwMTalig3BW355lXQade+i3ni4rDVvijjKcAKncA4eXEET7qAFbSAg4Rle4c0xzovz7nwsWktOMXMMf+B8/gCfKZDR</latexit>
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<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>
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<latexit sha1_base64="HLZ6YvcHutt5sH91icX9jMVGn2E=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiCEJI0tHVXdOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqyV1bX1jc3CVnF7Z3dvv3Rw2FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJJ1e537knUlHBb/U0IUGMRpxGFCNtpHY/GdPB+aBUduyLetXzq9CxHafmem5OvJpf8aFrlBxlsERzUHrvDwVOY8I1ZkipnuskOsiQ1BQzMiv2U0UShCdoRHqGchQTFWTza2fw1ChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLdVQPMsqTVBOOF4uilEEtYP46HFJJsGZTQxCW1NwK8RhJhLUJqGhC+PoU/k/anu1WbO/GLzcul3EUwDE4AWfABTXQANegCVoAgzvwAJ7AsyWsR+vFel20rljLmSPwA9bbJ5OLjyM=</latexit>

��
<latexit sha1_base64="izmt1soqD4dpg3t0xkQYf1PUeGk=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQ3lqSKbXdFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIf3tLyyuraem4jv7m1vbNb2NtvGZVoyppUCaU7ATFMcMmallvBOrFmJAoEawfjq8xv3zNtuJK3dhIzPyJDyUNOiXVSqxePeP+0XyiiEkIIYwwzgisXyJFarVrGVYgzy6EIFmj0C++9gaJJxKSlghjTxSi2fkq05VSwab6XGBYTOiZD1nVUkogZP51dO4XHThnAUGlX0sKZ+n0iJZExkyhwnRGxI/Pby8S/vG5iw6qfchknlkk6XxQmAloFs9fhgGtGrZg4Qqjm7lZIR0QTal1AeRfC16fwf9Iql/BZqXxzXqxfLuLIgUNwBE4ABhVQB9egAZqAgjvwAJ7As6e8R+/Fe523LnmLmQPwA97bJ4N6jxk=</latexit>

s(�) cos
�

2
<latexit sha1_base64="8/DdGwDg4U6m4ln8HN3sma1Ohuw=">AAACBnicdVDLSsNAFJ3UV62vqEsRBotQQUomim13RTcuK9haaEKZTCft0MmDmYlQQlZu/BU3LhRx6ze482+ctBVU9MCFwzn3cu89XsyZVJb1YRQWFpeWV4qrpbX1jc0tc3unI6NEENomEY9E18OSchbStmKK024sKA48Tm+88UXu39xSIVkUXqtJTN0AD0PmM4KVlvrmvqw48YgdOcfQIZF0fIFJmitZamelvlm2qpZlIYRgTlDtzNKk0ajbqA5RbmmUwRytvvnuDCKSBDRUhGMpe8iKlZtioRjhNCs5iaQxJmM8pD1NQxxQ6abTNzJ4qJUB9COhK1Rwqn6fSHEg5STwdGeA1Uj+9nLxL6+XKL/upiyME0VDMlvkJxyqCOaZwAETlCg+0QQTwfStkIywTkLp5PIQvj6F/5OOXUUnVfvqtNw8n8dRBHvgAFQAAjXQBJegBdqAgDvwAJ7As3FvPBovxuustWDMZ3bBDxhvn13JmHI=</latexit>

@�+

@ky
<latexit sha1_base64="MkNna/csV7Fp0MbhAQjesjivINY=">AAACDHicdVDLSsNAFJ34rPVVdelmsAiCUJI0tHVXdOOygn1AE8JkOmmHTh7MTIQQ8gFu/BU3LhRx6we482+ctFVU9MDAmXPuvTP3eDGjQur6u7a0vLK6tl7aKG9ube/sVvb2eyJKOCZdHLGIDzwkCKMh6UoqGRnEnKDAY6TvTS8Kv39DuKBReC3TmDgBGofUpxhJJbmVqu1zhDM7RlxSxOx4Qt3T/OsOp26aqyq9dtZqmFYD6jVdbxqmURCzadUtaCilQBUs0HErb/YowklAQokZEmJo6LF0smIkZiQv24kgMcJTNCZDRUMUEOFks2VyeKyUEfQjrk4o4Uz93pGhQIg08FRlgORE/PYK8S9vmEi/5WQ0jBNJQjx/yE8YlBEskoEjygmWLFUEYU7VXyGeIJWOVPmVVQifm8L/Sc+sGfWaeWVV2+eLOErgEByBE2CAJmiDS9ABXYDBLbgHj+BJu9MetGftZV66pC16DsAPaK8fJZCcUw==</latexit>

1

d+
� 1

d�
<latexit sha1_base64="PXCeNksCoKhiSljynO3mXf6+scE=">AAACBHicdVDLSsNAFJ3UV62vqMtuBosgSEuShrbuim5cVrAPaEOZTCft0MmDmYlQQhZu/BU3LhRx60e482+ctBWq6IELZ865l7n3uBGjQhrGp5ZbW9/Y3MpvF3Z29/YP9MOjjghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem606vM794RLmgY3MpZRBwfjQPqUYykkoZ6ceBxhBMzTUbD87S88iqnQ71kVC4aNcuuQaNiGHXTMjNi1e2qDU2lZCiBJVpD/WMwCnHsk0BihoTom0YknQRxSTEjaWEQCxIhPEVj0lc0QD4RTjI/IoWnShlBL+SqAgnn6upEgnwhZr6rOn0kJ+K3l4l/ef1Yeg0noUEUSxLgxUdezKAMYZYIHFFOsGQzRRDmVO0K8QSpHKTKraBC+L4U/k86VsWsVqwbu9S8XMaRB0VwAs6ACeqgCa5BC7QBBvfgETyDF+1Be9JetbdFa05bzhyDH9DevwDYFpg8</latexit>

s(�) cos
�

2
<latexit sha1_base64="8/DdGwDg4U6m4ln8HN3sma1Ohuw=">AAACBnicdVDLSsNAFJ3UV62vqEsRBotQQUomim13RTcuK9haaEKZTCft0MmDmYlQQlZu/BU3LhRx6ze482+ctBVU9MCFwzn3cu89XsyZVJb1YRQWFpeWV4qrpbX1jc0tc3unI6NEENomEY9E18OSchbStmKK024sKA48Tm+88UXu39xSIVkUXqtJTN0AD0PmM4KVlvrmvqw48YgdOcfQIZF0fIFJmitZamelvlm2qpZlIYRgTlDtzNKk0ajbqA5RbmmUwRytvvnuDCKSBDRUhGMpe8iKlZtioRjhNCs5iaQxJmM8pD1NQxxQ6abTNzJ4qJUB9COhK1Rwqn6fSHEg5STwdGeA1Uj+9nLxL6+XKL/upiyME0VDMlvkJxyqCOaZwAETlCg+0QQTwfStkIywTkLp5PIQvj6F/5OOXUUnVfvqtNw8n8dRBHvgAFQAAjXQBJegBdqAgDvwAJ7As3FvPBovxuustWDMZ3bBDxhvn13JmHI=</latexit>
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FIG. 2. (a) and (b): Reflection phases φ±(ky, kz) at chemical
potential µ → 0 and energy ε = 0 (after first taking the
limit W → ∞) for parameter choices corresponding to the
trivial (a) and topological (b) regimes. (c) and (d): Factors
s(φ) sin(φ/2) (blue), (t/d+−t/d−) (red, dashed) and ∂φ+/∂ky
(red, solid) for the same parameter choices as in (a) and (b),
respectively. (e): kz-resolved equilibrium current I†(kz) as
a function of kz from Eq. (58) (solid curve). The sign of
the current changes if kz goes from the topological region (kz
between the Weyl nodes at ±k0) to the trivial region. The
dashed line shows the result at ultrasmall chemical potential
within the finite-size gap of surface states, see Eq. (65). The
parameters are m0 = 0.5 t, β = 1.5 t, t = t′ = t′z = 1. In
panels (a) and (c) we further set kz = 1; in panels (b) and
(d) we set kz = 2.6.

transmission coefficient T−, the full reflection amplitude
r− of Eq. (50) may then be well approximated as

r− = −ieiφ−w(kyt+ ε+ µ), (63)

with

w(ε) =
2ε− iT−d−
2ε+ iT−d−

. (64)

Since w(kyt+ iω + µ) ≈ 1 if |kyt+ iω + µ| & T−d−, the
presence of the factor w(kyt + iω + µ) has little effect
on the integrand in Eq. (41) in the limit of small trans-
mission T− if µ � T−d−, except for a small integration
region around kyt ≈ −µ and ω . T−d−. Because of
the smallness of the integration region in which w sig-
nificantly differs from unity, the net finite-size effect on
dIy(kz)/dµ after integration over ky and ω is small and
goes to zero if T− → 0. For µ . T−d− this conclusion
cannot be drawn, however, because the singularity in the
fraction in Eq. (64) coincides with the singularity of the
integrand in dIy(kz)/dµ, which led to the singular con-
tribution shown in Eq. (60).

To analyze this limit of “ultrasmall” chemical poten-
tial µ in further detail, we observe that the singular con-
tributions of the integration in Eq. (41) from the van-
ishing of the denominator and from the finite-size factor
w(kyt+iω+µ) are limited to a small interval −δ < ky < δ
around ky = 0, where δ � 1 may be chosen large enough
that w(±δt + µ + iω) ≈ 1. It follows that the “reg-
ular” contribution of Eq. (59) to dIy(kz)/dµ, which is
associated with momenta ky outside this interval, is un-
affected by the finite-size effects. On the other hand,
as we show in detail in App. A, upon inclusion of the
finite-size effects the integrand of the singular contri-
bution dIy(kz)

(s)/dµ is multiplied by a negative factor
−(d++d−)/(d+−d−), when compared to the result given
in Eq. (60) for µ� T−d−. Hence for ultrasmall chemical
potential µ� T−d− we find

dIy(kz)

dµ
=
dIy(kz)

dµ

(r)

+
dIy(kz)

dµ

(s)

, (65)

with [dIy(kz)/dµ](r) given by Eq. (59) and

dIy(kz)

dµ

(s)

= e∆

∫
dky
2π

∂φ+
∂ky

(
1

d+
+

1

d−

)
δ(φ− π).

(66)

The sign change of the singular contribution leads to a
significant reduction of the equilibrium current in the case
of an ultrasmall chemical potential µ � T−d−, when
compared to the case µ� T−d−.

To obtain an order-of-magnitude estimate, we again
set kz = 0 and consider the well-established topological
regime β = m0 + t′, t′ = t, kz = 0, β+m0 � 1, for which
we find, that

dIy(0)

dµ
≈ − e∆

3π(β +m0)
(67)

if µ � T−d−. Comparison to Eq. (61) shows that at
ultrasmall chemical potential the equilibrium current is
approximately −1/2 times the current at finite µ.
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Physically, the energy ∼ T−d− ∼ t e−2W that sepa-
rates the regimes of “ultrasmall” and “finite” µ, is asso-
ciated with the finite-size gap of the Fermi-arc surface
states, whose wavefunctions decay exponentially away
from the surfaces. Based on our result that in the topo-
logical regime the equilibrium current is strongly modi-
fied when the chemical potential is inside this finite-size
gap, we interpret the difference between the finite-µ and
ultrasmall-µ limits as the contribution of the topologi-
cal surface states to dIy/dµ. The difference between the
large-µ and small-µ limits involves the singular contribu-
tion [dIy/dµ](s) only. In the well-established topological
regime the surface-state contribution assumes the value
2[dIy/dµ](s), with [dIy/dµ](s) given in Eq. (60).

E. Total current density

The full equilibrium current density Iy involves the in-
tegral of Iy(kz) over kz. The kz-resolved current density
Iy(kz) is calculated in Sec. III C, for the case that the
normal region is gapped at momentum kz and that the
gap dτ � ∆. This condition is no longer satisfied for the
low-energy band if kz is in the immediate vicinity of the
Weyl points, because d− → 0 there.

That the results of Sec. III C cease to be valid if d−
becomes small in comparison to ∆ is also reflected in
the expression in Eq. (58) for dIy(kz)/dµ, which diverges
∝ ∆/d− if d−/∆→ 0. This divergence should be cut off
for d− ∼ ∆. To see this, we evaluate dIy(kz)/dµ in
the opposite limit d− � ∆, in which we may neglect
the energy dependence of the Andreev reflection phase
e−iγ(ε) and of the reflection amplitude r+ of the high-
energy band, but keep the full energy dependence of the
reflection amplitude r− of the low-energy band.

Starting point of our calculation is Eq. (41). Since r−
depends on energy ε and chemical potential µ through
the combination ε + µ only, upon analytic continuation
ε → iω, one has ∂r∗−/∂µ = i∂r∗−/∂ω. When calculat-
ing dIy(kz)/dµ, the integrand in Eq. (41) then is a total
derivative to ω and we find

dIy(kz)

dµ
=

2e

π

∫
dky
2π

Re
∂φ+
∂ky

1

e−iφ + 1
, (68)

where, as before, φ(ky, kz) = φ+(ky, kz)−φ−(−ky,−kz).
Using Re 1/(e−iφ + 1) = 1/2 − πδ(φ − π) we find that
dIy(kz)/dµ ∼ e∂φ+/∂ky, which is the same order-of-
magnitude estimate as one would obtain from Eq. (58) by
cutting off the small-d−-divergence at d− ∼ ∆. [We note
that the condition d− � ∆ may not be fulfilled for all
ky simultaneously, so that, strictly speaking, the approxi-
mations leading to Eq. (68) do not apply to the full range
of the ky-integration. This, however, does not affect the
order-of-magnitude estimate of dIy(kz)/dµ ∼ e∂φ+/∂ky
that follows from Eq. (68).]

We thus find that dIy(kz)/dµ ∼ e∂φ+/∂ky is a regu-
lar function of kz in the vicinity of the Weyl points at
kz = ±k0. Since the range of momenta kz affected by

0.
π
4

π
2

3 π
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π
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FIG. 3. kz-resolved equilibrium current dIy/dµ. The super-
conducting gap ∆ = 0.01 t; the other parameters are the same
as in Fig. 2. The solid blue and dashed red curves are ob-
tained from Eq. (41) with finite chemical potential µ = 0.01 t
and µ = 10−6 t, respectively; The width of the normal re-
gion is W = 300 and W = 5, respectively. The solid and
dashed black curves are obtained from Eqs. (58) and (65),
respectively. The inset shows a closeup at the Weyl node at
k0 ≈ π/2. The discontinuity in the derivative of dIy/dµ vs.
kz near k0 is a finite-size effect and disappears upon further
increasing W .

the violation of the condition dτ � ∆ is correspondingly
small, we conclude that the contribution of the Weyl
points to the total current dIy/dµ is small and that one
may obtain dIy/dµ by integration of the kz-resolved re-
sult of Eq. (58) for dIy(kz)/dµ, omitting the immediate
vicinity of the Weyl points from the integration range.

F. Numerical results

In Fig. 3 we compare the kz-resolved equilibrium cur-
rent dIy(kz)/dµ obtained directly from Eq. (41) with the
approximation of Eq. (58). We find excellent agreement
away from the Weyl points. We observe that dIy(kz)/dµ
has opposite signs for µ � T−d− and µ � T−d− in the
topological regime (kz between the Weyl points), while
there is no difference between the cases of large and small
µ in the trivial regime. Except for the finite-size effect at
ultrasmall chemical potentials, we observe only a weak
dependence on the width W of the normal region, which
is bound to the small vicinity (d− . ∆) of Weyl nodes
(data not shown).

Figure 4 shows the total current density dIy/dµ, see
Eq. (36), as a function of the exchange field β. For
comparison, the ultrasmall-µ limit and the difference be-
tween the cases of ultrasmall and finite µ are also shown
(dashed curves in Fig. 4). The current vanishes at β = 0
because the system is time-reversal invariant there. Its
magnitude increases with β in the trivial insulator regime
β < m0. Upon entering the Weyl-semimetal regime,
dIy/dµ receives an upturn due to the positive contri-
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FIG. 4. Equilibrium current dIy/dµ as a function of the ex-
change field β. The solid blue curve is for finite chemical
potential µ = 0.01 t and width W = 300, which meets the
condition µ� T−d− for most of reciprocal space. The dashed
red curve is for ultrasmall chemical potential µ = 10−6 t and
width W = 5, which meets the condition µ� T−d− for most
of reciprocal space. The black dashed curve shows the differ-
ence of these two cases, which is the contribution to dIy/dµ
associated with the Fermi arcs. Other parameters are same
as in Figs. 2 and 3.

bution of the Fermi arcs. In the weak Chern insulator
regime β > m0 + 2t′z, dIy/dµ decreases upon (further)
increasing β, but the difference between ultrasmall and
finite chemical potential µ (dashed curve) persists.

To understand the apparent plateau in the Weyl-
semimetal region m0 < β < m0 + 2t′2 and the decrease
with β in the Chern-insulator regime β > m0 + 2t′z, we
note that the order of magnitude of the contribution of
Fermi arcs (the difference between dIy/dµ for µ� T−d−
and µ � T−d−) can be estimated from the difference
of Eqs. (61) and (67), multiplying by the distance 2k0
between the Weyl points in the topological region,

dIFAy
dµ

∼ e∆k0
β +m0

, (69)

where one needs to set k0 = π in the Chern-insulator
regime. The apparent plateau in the Weyl-semimetal
regime appears, because the increase of the factor k0 in
the numerator with β is compensated by the increase
of the denominator. In the Chern-insulator regime, the
numerator in Eq. (69) is independent of β, whereas the
denominator continues to increase with β, explaining the
decrease of the current in the Chern-insulator regime.
Note that k0 has a singular dependence on β at the
boundaries of the Weyl-semimetal regime at β = m0 and
β = m0 + 2t′z, see Eq. (7), which relates to the sharp
upturns of the current. We verified that these sharp fea-
tures are eliminated if dIy/dµ is considered as a function
of the node separation 2k0 in the Weyl-semimetal regime
(data not shown).

IV. DISCUSSION AND CONCLUSION

We have investigated the equilibrium current in a min-
imal model describing an SN heterostructure, where S is
a conventional s-wave superconductor and, depending on
the value of the exchange field β, the normal region (N)
can be a magnetic insulator with a topologically triv-
ial band structure, a Weyl semimetal with broken time-
reversal symmetry, or a three-dimensional weak Chern
insulator. The constituents of the heterostructure are mi-
croscopically inversion-symmetric, so that inversion sym-
metry is broken only by the heterostructure geometry. In
all three regimes, time-reversal symmetry is broken by
the exchange field.

In the trivial-insulator regime we find an equilibrium
current that is proportional to the exchange field β at
small β. It quantifies the interface current of a super-
conductor - magnetic insulator heterostructure, which is
known to be generally possible in the presence of spin-
orbit coupling. Previously such an equilibrium current
has been predicted only for a system with interfacial
Rashba spin-orbit coupling [57], instead of the intrinsic
spin-orbit coupling considered here.

In the topological regime of a Weyl semimetal or a
weak Chern insulator the current shows a qualitatively
different behavior. Upon entering the topological regimes
the β-dependence of the equilibrium current abruptly
changes, causing a reversal of the sign of the current well
inside the topological regime. The decisive contribution
comes from the topological surface states, which we can
identify within a minimal model (motivated by materi-
als of the Bi2Se3 family [10]) by comparing the equilib-
rium currents for a chemical potential inside and above
the finite-size gap of the surface states. In contrast, the
Weyl nodes of the bulk band structure, which the Fermi
arcs connect, do not give a significant contribution to the
equilibrium current.

That we find a large contribution of Fermi arcs and
an insignificant contribution of Weyl nodes relates to
previous studies which found that the bulk states of
an inversion-symmetric, magnetic Weyl semimetal are
mainly unaffected by superconductivity due to a “chi-
rality blockade” [22]. Accordingly, we expect that this
would change if the chirality blockade is lifted, which
happens when at least one of the constituents of the het-
erostructure breaks the microscopic inversion symmetry
[22]. In our model, the chirality blockade manifests itself
through the fact that Andreev reflection from the su-
perconductor switches quasiparticles between the topo-
logically trivial high-energy band and the (potentially)
topologically nontrivial low-energy band. It is this con-
nection of the trivial and the nontrivial band by the su-
perconducting pairing that also makes the magnitude of
the equilibrium current non-universal in both the topo-
logically trivial and nontrivial parameter regimes.

Whereas the “chirality blockade” prevents the bulk
Weyl points to be strongly affected by the proximity su-
perconductivity, Fermi-arc surface states at the interface
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with the superconductor, on the other hand, undergo a
renormalization of their effective charge [58], which how-
ever is weak because of the chirality blockade. Relat-
ing the Fermi-arc current contribution of Eq. (69) to the
charge renormalization of Fermi arcs one can interpret
the former in terms of an uncompensated chiral current
of surface states. Specifically, one can consider that each
Fermi arc contributes to the current density

dI
(arc)
y

dµ
= sign (v)

k0q

(2π)2
, (70)

where v is the velocity of the Fermi arc and q the effective
charge. The Fermi-arc contribution to the current of the
Fermi arcs is reproduced if the charge at the supercon-
ductor interface is renormalized to

q ∼ −e
[
1−∆/(β +m0)

]
, (71)

while the charge of the opposite surface remains unaf-
fected (q = −e). The sign of the Fermi-arc velocity has
been discussed in Sec. II and is illustrated in Fig. 1.

The contribution of Fermi arcs can be seen as a real-
space counterpart to the superconductivity-enabled equi-
librium chiral magnetic effect [11, 12], in which a disbal-
ance of chiral Landau levels of a pair of Weyl Fermions
is produced by current- or flux-biased bulk superconduc-
tivity acting asymmetrically in momentum space on the
chiral Landau levels. The fundamental connection of chi-
ral Landau levels and Fermi arcs allows for the comple-
mentary effect that we just described. The differences
between chiral Landau levels and Fermi arcs are that
the latter continue to exist in zero magnetic field and
are separated in real space. Our work shows that these
differences can be used to realize the equilibrium chiral
magnetic effect via the superconducting proximity effect,
without flux or current bias, and at zero magnetic field.

Our work, however, also shows that the experimental
detection of this effect is challenging because the equilib-
rium current is not exclusively due to Fermi arcs. The iso-
lation of the Fermi-arc contribution that we could obtain
in the minimal model (relying on an ultrasmall chemical
potential or an ultrasmall, constant width of the Weyl
semimetal, and mirror antisymmetry) does not seem to
be experimentally realizable on the basis of existing ma-
terials. We believe, however, that characteristic signa-
tures or other peculiar effects may be found in further
studies of the equilibrium current, such as exploring its
response to external magnetic fields.
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Appendix A: [dIy(kz)/dµ](s) for µ ↓ 0

To show that the singular contribution to dIy/dµ
changes sign in the limit µ � T−d− of an “ultrasmall”

chemical potential (as compared to the case µ� T−d− of
a “finite” chemical potential), we consider the regime of
small ky and µ in more detail. The equilibrium current
for finite W is found from Eq. (41) by replacing r+r

∗
−

by −eiφw∗, where the function w(µ + iω − kyt) is given
in Eq. (64), and by restricting the ky-integration to the
interval −δ < ky < δ,

Iy(kz)
(s) =

2e

π

∫ δ

−δ

dky
2π

Im

∫ ∞

0

dω
∂φ+
∂ky

w∗

e2iγ(ω)−iφ − w∗ .
(A1)

The integration boundaries ±δ are chosen such that, on
the one hand, w ≈ 1 for |ky| = δ, whereas, on the other
hand, δ ↓ 0 as T− → 0.

To find [dIy(kz)/dµ](s), we have to differentiate the in-
tegrand in Eq. (A1) to µ. Using that for small ky one has
∂w/∂µ = −(1/t)∂w/∂ky and ∂φ/∂µ = (1/d+ − 1/d−) =
−(1/t)∂φ/∂ky − 2/d− and using that φ+ is an odd func-
tion of ky for µ → 0, so that we may treat ∂φ+/∂ky as
a constant inside the integration range −δ < ky < δ, we
obtain

dIy(kz)
(s)

dµ
=

2e

π

∫ δ

−δ

dky
2π

Im

∫ ∞

0

dω
∂φ+
∂ky

(A2)

×
(
−1

t

d

dky
− 2

d−

∂

∂φ

)
w∗

e2iγ(ω)−iφ − w∗

Since the first term between the brackets, which is pro-
portional to d/dky, is a total derivative and since w∗ ≈ 1
at both ends of the integration domain, we may set
w∗ → 1 in the integrand when evaluating the first term.
This allows us to relate the first term to the equilibrium
current at finite µ. Again using that (1/t)∂φ/∂ky =
−(1/d+ + 1/d−) = (d+ + d−)/(d+ − d−)∂φ/∂µ, we rec-
ognize that the first term is −(d+ +d−)/(d+−d−) times
the singular contribution of Eq. (60).

The second term between the brackets vanishes to lead-
ing order in ∆/d−: To leading order in ∆/d− the energy
dependence in w∗ can be neglected and the ω integra-
tion can be performed similarly as when going from Eq.
(41) to Eq. (52) with the phase modified by w∗, which
approaches 1 upon taking the limit T− → 0. The whole
integrand is thus non-singular in this limit and, upon
integration, the term vanishes for T− → 0 due to the
vanishing integration range.

Appendix B: Continuity of the current in the limit
T− ↓ 0

In the main text we derived the current at the trans-
mission amplitude set to zero from the beginning. Here
we repeat the calculation in a more careful way, taking
the limit T− → 0 at the end, to show that the current is
a continuous function of T− at T− = 0. For simplicity we
only consider the well-established topological regimes at
kz = 0, β = m0 + t, and t = t′ = t′z. The goal is thus to
reproduce Eqs. (61) and (67).
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Starting point is Eq. (41), where we set kz = 0,

Iy(0) =
2e

π

∫
dky
2π

Re

∫ ∞

0

dω
∂r+(iω; ky, 0)

∂ky
(B1)

× r−(iω;−ky, 0)∗

e2iγ(iω) + r+(iω; ky, 0)r−(iω;−ky, 0)∗
.

We consider leading order in the gap d+ ≈ β + m0 of

the high-energy band, allowing to approximate r
(W)
+ =

i exp[−it sin ky/(β +m0)] and leading to

Iy(0) =
2et

π(β +m0)

∫
dky
2π

cos ky Re

∫ ∞

0

dω (B2)

× r−(iω;−ky, 0)∗

e2iγ(iω) + ir−(iω;−ky, 0)∗
.

For the non-trivial band we take the full reflection am-
plitude of Eq. (50),

r− = −ieiφ− eiφ
′
− +
√

1− T
eiφ
′
−
√

1− T + 1
, (B3)

where for brevity we have written T instead of T−. In the
well-established topological regime at kz = 0, β = m0+t,
and t = t′ = t′z, the reflection phase for the non-trivial
band is φ−(ky, kz) = π+µ/t−ky. Further, we introduce
Z = exp(−iky) and use dky cos ky = idZ(1 + Z2)/2Z2,
as well as ω = ∆ sinh ζ and dω = dζ∆ cosh ζ (so that
e2iγ = −e2ζ) to obtain

Iy(0) =− ∆ e t

π(β +m0)
√

1− T Re

∫ ∞

0

dζ

∮
dZ

2πi
cosh ζ

× i(e−iµ/t −
√

1− TZ)(1 + Z2)

Z(Z − Z−)(Z − Z+)
, (B4)

where

Z± = eζ
±i
√

sin2(iζ − µ/t)− T + cos(iζ − µ/t)
√

1− T . (B5)

The integration contour of Z is the unit circle in the
complex plane enclosing two poles, one at Z = 0 and the
other at Z = Z+.

For T = 0 only the pole at Z = 0 contributes to the
integral, due to cancellation of the (Z −Z+) term of the
denominator with the first term of the numerator in Eq.
(B4), and it gives

I(0)y (0) =− ∆ e t

π(β +m0)
Im

∫ ∞

0

dζ cosh ζ e−2ζ−iµ/t,

(B6)

which for µ� t evaluates to

dI(0)y (0)

dµ
=

2e∆

3π(β +m0)
, (B7)

reproducing Eq. (61).

For T > 0 both poles at Z = 0 and Z = Z+ contribute
to the integration. The contribution of the Z = 0 pole
gives the same as the result Eq. (B6) for T = 0 up to a
factor of 1/

√
1− T → 1.

The contribution to the integral from the pole at Z =
Z+ is

I(1)y (0) =− e∆

2π(β +m0)
Im

∫ ∞

0

dζ g(iζ − µ/t)

×
[
z(iζ − µ/t)

(
1 + e2ζ

)

+ z−1(iζ − µ/t)
(
1 + e−2ζ

)]
, (B8)

where we abbreviated

g(iζ − µ/t) =
e−iµ/t −

√
1− TZ+√

1− T (Z+ − Z−)
, (B9)

z(iζ − µ/t) = e−ζZ+. (B10)

(One verifies that g and z are functions of iζ−µ/t only.)
Since it contributes for T > 0 only, the pole at Z+ can
be seen to represent a contribution to the equilibrium
current from the Fermi arc at the insulating side of the
semimetal. To estimate this contribution in the limit of
small T , we note that the difference Z+ − Z− is

Z+ − Z− = 2ieζ

√
sin2 (iζ − µ/t)− T

1− T . (B11)

To further evaluate this expression in the limit of small
transmission T , we note that for T � 1 one has

Z+ = e−iµ/t
[
1− iT

2
cot (iζ − µ/t) + . . .

]
. (B12)

In the limit of large ζ, this expansion is convergent and
gives a numerator of order T in Eq. (B8). Hence, for
large ζ, the integral in Eq. (B8) is convergent and of
order T . If µ 6= 0 this conclusion applies to the entire
integration domain ζ > 0, so that we conclude that the
finite-T correction to the result shown in Eq. (B6) is of
order T and smoothly vanishes for T ↓ 0 if µ 6= 0. The
case µ = 0 is different because then the expansion shown
in Eq. (B12) is singular for ζ → 0. In the limit of small
ζ one finds, if µ = 0, that

g(iζ) = −
√
ζ2 + T − ζ

2
√
ζ2 + T

= − T

2
√
ζ2 + T (

√
ζ2 + T + ζ)

. (B13)

We now divide up the ζ integral into a region 0 < ζ <
Tα/4 and a region Tα < ζ with 0 < α < 1/2. In the
former region, the remaining factors of the integration
are approximately constant and integration of Eq. (B13)

gives a contribution to I(1)y (0) that is of order
√
T . In

the region ζ > Tα one may still use the small-T expan-
sion from Eq. (B12) to arrive at a systematic expansion
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around the result at T = 0. Since both contributions
to the integral vanish in the limit T → 0, we conclude

that I(1)y (0) → 0 for T → 0 even if µ = 0, although the
convergence may be slower than for generic µ.

We now consider the derivative of (B8) with respect to
µ at µ = 0 before taking the limit T → 0. We use that
d/dµ = (i/t)d/dζ acting on z(iζ − µ/t) and g(iζ − µ/t),
to obtain

dI(1)y (0)

dµ
=− e∆

2π(β +m0)d−
Re

∫ ∞

0

dζ
(

1 + e2ζ
)

× d

dζ
g(iζ)z(iζ) +

(
1 + e−2ζ

) d
dζ

g(iζ)

z(iζ)
.

(B14)

Using

lim
T→0

g(0)

z(0)
= lim
T→0

g(0)z(0) = −1

2
, (B15)

partial integration gives,

dI(1)y (0)

dµ
=− e∆

π(β +m0)

[
1− Re

∫ ∞

0

dζ
(
e2ζg(iζ)z(iζ)

− e−2ζ g(iζ)

z(iζ)

)]
. (B16)

The remaining integral vanishes for T → 0 similarly as
the current in (B8) at µ = 0 as shown above, hence

dI(1)y (0)

dµ
=− e∆

π(β +m0)
. (B17)

Thus for the total current I(0)y (0)+I(1)y (0) in the ordered
limit µ→ 0, T → 0 we obtain

dIy(0)

dµ
=− e∆

3π(β +m0)
, (B18)

reproducing Eq. (67).
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