
Chapter 1

An introduction to continuum
electrostatics

For both major subjectsof this work, folding and titration, continuumelectrostaticsis of crucial
importance.Therefore,I will give in thischapterabasicintroductionto theconceptsandmethodsof
continuumelectrostaticsthatwereappliedhere.
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Figure1.1: A moleculein aheterogenousdielectricmedium.

Figure1.1shows a largemoleculein anionic solution. In theelectrostaticcontinuumapproach,
thesolvent is not representedby explicit solventmolecules,but implicitly by a mediumwith a high
dielectricconstantε. Theinteriorof themolecule,separatedfrom thesolventby thesolventaccessible
surface,is assigneda low dielectricconstant.At a first glance,oneshouldexpect this constantto
beunity (asin vacuum)sincetheatomsof themoleculeareall representedexplicitly in this model.
However, electronicandnuclearpolarizationeffectsnotconsideredexplicitly by themodelmaycause
a higherdielectricconstantto bemoreappropriate.Thevalueusedfor thedielectricconstantwithin
the moleculeis subjectof intensediscussion(Warshel& Russel,1984; Warshel& Åqvist, 1991;
Honig & Nicholls, 1995;Warshelet al., 1997;Rabensteinet al., 1998a;Ullmann& Knapp,1999).
I will provide more detailsof this discussionin connectionwith the applicationsdescribedin the
following chapters(seeespeciallysection3.2.3.5).
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2 CHAPTER1. AN INTRODUCTIONTO CONTINUUM ELECTROSTATICS

1.1 The Poisson-Boltzmann equation

1.1.1 Derivation

To describethe electrostaticinteractionof the molecularsystemdepictedin Figure1.1 mathemati-
cally, thePoisson-Boltzmannequationis used.It is derivedfrom theCoulombpotential:

φ ��r ��� ∑
i

qi

ε � �r ���r i � (1.1)

wherethe sum runs over all point chargesqi at the position �r i . ε is the dielectric constant. The
Coulombpotentialcanalsobeformulatedfor thechargedensityρ insteadof pointcharges:

φ ��r �����
V

ρ  �r ��� d �r �
ε � �r � �r � � (1.2)

Applying theLaplaceoperatorto bothsidesof thisequationresultsaftera few transformationsin the
Poissonequation:

∆φ ��r ����� 4π
ρ ��r �

ε
(1.3)

If ε is not constantbut dependson theposition �r , thePoissonequationadoptsthefollowing form:

∇ ��� ε ��r � ∇φ ��r � �!�"� 4πρ ��r � (1.4)

To describetheeffect of theionsin thesolvent,theDebye-Ḧuckel theoryis needed,which I will not
describein detailhere.Themobile ions in thesolutionarrangethemselvesBoltzmanndistributedin
theelectricfield similar to gasatomsin a gravitation potential.Theresultingcharge densityρion ��r �
of theionsis addedto thechargedensityρ ��r � without ions:

ρion ��r ��� ∑
s

cs ��r � qse# βqsφ $ %r & (1.5)

The sumrunsover all kind of ions s. cs is the original concentrationof ion s, qs is the charge of
ion s. β equals  kBT � # 1. Adding of the ionic charge densityto the Poissonequationleadsto the
Poisson-Boltzmannequation(PBE):

∇ �'� ε ��r � ∇φ ��r � �)( 4π∑
s

cs ��r � qse# βqsφ $*%r & ��� 4πρ ��r � (1.6)

TheDebye-Ḧuckel theoryrequiresoverall electroneutrality:

∑
s

cs ��r � qs � 0 (1.7)

In thespecialcaseof only monovalentions,thePoisson-Boltzmannequationcanthereforebewritten
elegantlywith sinh(sinh x� is definedas 1

2  ex � e# x � ):
∇ ��� ε ��r � ∇φ ��r � �+� 8πcs ��r � sinh� βeφ ��r � �,�"� 4πρ ��r � (1.8)

wheree is theunit elementarycharge.
To simplify thenumericalsolution,thePoisson-Boltzmannequationcanbelinearizedby expand-

ing theexponentials:

∑
s

cs ��r � qse# βqsφ $*%r &.- ∑
s

cs ��r � qs � β∑
s

cs ��r � q2
sφ ��r � (1.9)
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∑scs ��r � qs is zerodueto electroneutrality. ∑scs ��r � q2
s is twice the ionic strengthI ��r �/� 1

2 ∑scs ��r � q2
s.

Togetherwith eq1.6,this resultsin thelinearizedPBE:

∇ �'� ε ��r � ∇φ ��r � �0� 8πβI ��r � φ ��r ����� 4πρ ��r � (1.10)

For a moredetaileddescriptionof the deviation of the PBE andthe Debye-Ḧuckel theory, see
chapter15-1(pp328–340)of McQuarrie(1976)or chapter18 (pp321–339)of Hill (1986).

1.1.2 Numerical solution

Analytical solutionsof thePBEexist only for simplegeometries(Kirkwood,1934;Tanford& Kirk-
wood,1957;Daune,1997). For complex geometries,solutionscanbeobtainedby numericalmeth-
ods.Mostoften,thePBEis solvedby finite differencemethods(Warwicker& Watson,1982;Nicholls
& Honig, 1991;Honig & Nicholls, 1995). A finite differencemethodis alsoappliedin this work.
However, therearealsomoreelegantnumericalmethodssuchasboundaryelementmethods(Skle-
nar et al., 1990; Zauhar& Varnek,1996)or multigrid-basedmethods(Holst et al., 1994; Holst
& Saied,1995)to solve the PBE.The reasonfor neverthelesspreferringa finite-differencemethod
hereis merelythepracticalavailability of a suitablesuiteof programs(Bashford& Gerwert,1992;
Bashford,1997)thathasbeenthoroughlytestedandprovento yield reliableresultsin numerousap-
plications.Sofar, therehave beenonly a few applicationsof boundaryelementmethodsto calculate
protonationbehavior of proteins(Ripoll et al., 1996;Juffer et al., 1997;Vila et al., 1998).

1.1.2.1 Finite difference method

To applythefinite differencemethod,all relevantphysicalquantities(chargeq, dielectricconstantε,
ionic strengthI , electrostaticpotentialφ) aremappedonacubicgrid with grid constantl (Fig. 1.2).
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Figure1.2: Partof thegrid usedto solve thePBE.
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ThelinearizedPBE(eq1.10)is integratedover thevolumeV of onecubicgrid element:

�
V

∇ ��� ε ��r � ∇φ ��r � � d�r � �
V

8πβI ��r � φ ��r � d�r � �
V

� 4πρ ��r � d�r (1.11)

While thesecondandthird integralsareeasilyresolvable,thefirst oneis moredifficult. In afirst step,
it is transformedinto asurfaceintegral usingGauß’theorem:

�
A

ε ��r � ∇φ ��r � dA � 8πβI0φ0l3 �"� 4πq0 (1.12)

Thesurfaceintegral is now calculatedseparatelyfor all six sidesof thecubicgrid element.In doing
so, the gradientof the electrostaticpotential∇φ is substitutedby its finite differenceform in the
respective direction:

6

∑
i 1 1

εi  φi � φ0 � l2

l
� 8πβI0φ0l3 �"� 4πq0 (1.13)

Eq.1.13is simplifiedandrearrangedto yield afinite differenceexpressionfor φ0:

φ0 �  6
∑

i 1 1
εiφi �2( 4πq0

l 6
∑

i 1 1
εi �,( 8πβI0l2

(1.14)

Startingfrom arbitraryvalues,theelectrostaticpotentialis iteratively calculatedfor eachgrid point
accordingto eq1.14until aconvergencecriterionis met.For thedetailsof thisprocedureseeNicholls
andHonig (1991)andchapter17.3(pp762–768)of Presset al. (1992).

1.1.2.2 Focusing

Thereis a problemat the bordersof the grid, sincethe grid pointsat the borderhave lessthansix
neighborpoints. If the grid is much larger than the molecule,so that the bordergrid points are
far away from the chargesin the molecule,φ outsideof the grid canbe set to zero(or betterto a
valueaccordingto theDebye-Ḧuckel sum(Klapperet al., 1986)). Dueto computerlimitations,the
resolutionof a largegrid hasto bepoor. To enhanceresolution,additionalcalculationswith asmaller
high-resolutiongrid canbeperformed(Klapperet al., 1986). This grid is centeredon theregion of
interest.Onits boundaries,theelectrostaticpotentialis setto avalueinterpolatedfrom thecalculation
with thelargergrid. Sucha focusingstepcanberepeatedif necessary.

1.1.2.3 Grid artifact

An electrostaticenergy GE canbecalculatedfrom theelectrostaticpotentialφ:

GE � 1
2∑

i

qiφi (1.15)

The sumrunsover all atomsi. qi is theatomicpartial charge of atom i andφi the electrostatic
potentialat thepositionof atomi.

Theelectrostaticenergy of aclassicalpoint chargein its own electrostaticpotential,theso-called
self energy, is infinite large. Thesesingularitiesareavoidedif thePBE is solved on a grid, sincea
point charge is smearedover thecubicgrid elementwhereit is localized.However, arbitraryvalues,
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dependingonly on thegrid resolutionandposition,remainfrom theinfinite self energy of thesingu-
larities. This grid artifact is calledgrid energy. Thereareseveral possibilitiesto get rid of thegrid
energy. Theeasiestoneis not to try to calculateabsoluteelectrostaticenergiesbut energy differences
betweensystemswherethegrid energy is equal,sothatthegrid energy vanishesin thedifference.In
chapter3, thismethodhasbeenapplied,andit will bediscussedtherein moredetail.

Anotherapproachis to useasingularityfreechargedistributionor to useGreen’stheorem(Beroza
& Fredkin,1996). Theboundaryelementmethodsreportedearlierdo not needa grid andtherefore
arenotafflicted with thegrid artifactat all.

1.2 The Analytical Continuum Solvent (ACS)

If Poisson-Boltzmannelectrostaticsis usedfor moleculardynamics(MD) or MonteCarlo(MC) sim-
ulation of large molecules,even the fastestmethodsto solve the PBE (Hoffmannet al., 1998)are
tooslow for solvingproblemslike long-termproteindynamicsor evenproteinfolding. To overcome
this problem,SchaeferandKarplus(1996)developedtheso-calledanalyticalcontinuumelectrostat-
ics (ACE) potential,which approximatesthe potentialgiven by solving the Poissonequation,but
needsmuchlesscomputationaleffort. Similar to otheranalyticalcontinuumelectrostaticsmethods
(Sklenaret al., 1990;Still et al., 1990;Schaefer& Froemmel,1990;Gilson & Honig, 1991),the
self-energy partof ACE is basedon the integratedfield concept,whosebasicideadatesbackto the
work of Born (1920). ACE combinesthe self-energy potentialwith the generalizedBorn equation
for charge–charge interaction(Klopman,1967;Constanciel& Contreras,1984;Still et al., 1990).
By addinga non-polarfree energy of solvation term, ACE is extendedto the analyticalcontinuum
solvent(ACS)(Schaeferet al., 1998).

Thefollowing is anintroductioninto thebasicsof ACE/ACSaccordingto SchaeferandKarplus
(1996).Applicationsof ACSwill bedescribedin thelastpartof chapter2.

1.2.1 Integral formulation of the electrostatic energy

The startingpoint of the ACE approachis the descriptionof the electrostaticenergy GE in terms
of the energy densityu ��r � ratherthan of the electrostaticpotentialas the solution of the Poisson
equation.Theenergy densityu ��r � of anelectrostaticfield generatedby achargedistribution ρ ��r � can
beexpressedin termsof theelectricdisplacementvector�D ��r ��� ε ��r � �E ��r � (1.16)

asfollows:

u ��r ��� 1
8πε ��r � �D2 ��r � (1.17)

By integratingtheenergy densityover the full space,theelectrostaticenergy GE is obtained(Born,
1920):

GE � �
V

u ��r � d�r � 1
8π

�
V

1
ε ��r � �D2 ��r � d�r (1.18)

Thisexpressioncanbederivedfrom thewell known expressionfor theelectrostaticenergy of acharge
distribution ρ ��r � in theelectrostaticpotentialφ ��r � :

GE � 1
2

�
V

ρ ��r � φ ��r � d�r (1.19)
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Thediscreteform of eq1.19wasalreadyintroducedaseq1.15. Accordingto thePoissonequation
1.4,thechargedensityρ ��r � in eq1.19is substitutedby � 1

4π ∇ �'� ε ��r � ∇φ ��r � � :
GE �"� 1

8π
�
V

φ ��r � ∇ �'� ε ��r � ∇φ ��r � � d�r (1.20)

Integrationby partsleadsto

GE �"� 1
8π

� φ ��r � ε ��r � ∇φ ��r � � V ( 1
8π

�
V

ε ��r � ∇φ ��r � ∇φ ��r � d�r (1.21)

The first term vanishesdue to the vanishingelectrostaticpotentialφ ��r � at the (infinite far away)
boundariesof the volumeV. With �E ��r �3�4� ∇φ ��r � andwith eq 1.16, the following expressionis
obtained:

GE � 1
8π

�
V

ε ��r � �E ��r � �E ��r � d�r � 1
8π

�
V

1
ε ��r � �D ��r � �D ��r � d�r (1.22)

Thismatchestheexpressionin eq1.18.
Correspondingto thesituationdescribedbefore(Figure1.1), I split now the integral expression

of theelectrostaticenergy (eq1.18)in two parts,oneis theintegralover thevolumeof thesolute(i. e.
theprotein)Vp with thelow dielectricconstantεp, theotheris theintegralover theremainingvolume
of thesolventVs with thehigh dielectricconstantεs.

GE � 1
8πεs

�
Vs

�D2 ��r � d�r ( 1
8πεp

�
Vp

�D2 ��r � d�r (1.23)

Theso-calledreduceddielectricconstant∆ε is definedby thefollowing expression:

1
∆ε

� 1
εp

� 1
εs

(1.24)

Sinceεp 5 εs, the reduceddielectric constant∆ε is alwayspositive. Using the reduceddielectric
constant∆ε, eq1.23canberewritten extendingthefirst integral over thefull spaceV:

GE � 1
8πεs

�
V

�D2 ��r � d�r ( 1
8π∆ε

�
Vp

�D2 ��r � d�r (1.25)

This expressionis still exact. An approximationis introducedby assumingthat the first term cor-
respondsto the situationin a homogenousdielectricmedium,wherethe dielectricdisplacementis
describedby the simpleCoulombfield. This assumptionis not exact sincethe dielectricdisplace-
ment �D in both integralsmustsatisfy the boundaryconditionson the electricfield at the interface
betweensoluteand solvent, i. e. the tangentialcomponentof the electric field �E � �D 6 ε and the
normalcomponentof thedielectricdisplacement�D do not changewhenpassingthroughthesolute–
solventboundary. This meansthat thefield linesaresomewhat distortedat thedielectricboundary.
This distortionis not representedin theCoulombfield in a homogenousdielectricmedium.Therel-
ative error introducedby the approximationis, however, not larger thana few percent(Schaefer&
Froemmel,1990).Sucha simplifying approximationis notpossiblefor thesecondintegral,which is
muchmoredifficult to evaluate.

Given the situationof discreteatomsthat bearpoint chargesasatomicpartial charges,the in-
teractiontermsof atomswith themselvesGself

i canbedistinguishedfrom interactiontermsbetween
differentatomsGint

i j :
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GE � ∑
i

7
Gself

i ( ∑
j 8 i

Gint
i j 9 (1.26)

wherebothsumsrun up to thetotal numberof atoms.Gint
i j andGself

i canbecalculatedaccordingto
eq1.25(applyingtheapproximationof thedielectricdisplacementin thefirst integralby theCoulomb
field):

Gint
i j � qiq j

εs � �r i j � ( 1
8π∆ε

�
Vp

�Di ��r � �D j ��r � d�r (1.27)

Gself
i � q2

i

2εsRi
( 1

8π∆ε
�
Vp

�D2
i ��r � d�r (1.28)

The self energy Gself
i of a point charge yields a diverging energy contribution. To avoid this

singularity, a trick is appliedin eq1.28:Theatomis not longerconsideredasapoint,but asasphere
with radiusRi, e. g. thevan-der-Waalsradius. Thepoint charge qi is distributedover thesurfaceof
this sphere.Thefirst term in eq1.28is obtainedfor this specialdistribution of thecharge qi andis
calledtheBorn energy term(Born,1920).

1.2.2 Solvation energy

The energy of placinga moleculefrom a homogenousdielectricmediumwith the samedielectric
constantεp for solvent andsoluteinto a heterogenousdielectricmediumwith εp for thesoluteand
a higherdielectricconstantεs for the solvent, is calledheresolvationenergy ∆GE. This energy is
identical to the electrostaticpart of the conventionalsolvation energy if εp is unity, which is the
dielectricconstantof vacuum. (This energy, however, doesnot include the non-polarpartsof the
solvation energy.) ∆GE is calculatedby taking the differencebetweenthe electrostaticenergy in
the heterogenousdielectric mediumGE (accordingto eq 1.26) and the electrostaticenergy in the
homogenousdielectricmediumGhom:

∆GE � GE � Ghom (1.29)

If theBorn formula is alsoappliedfor thecalculationof self energiesin thehomogenousdielectric
medium,Ghom is calculatedasfollows:

Ghom � ∑
i

7
q2

i

2εpRi
( ∑

j 8 i

qiq j

εp � �r i j � 9 (1.30)

Again, theenergy is splittedinto aself energy andaninteractionterm:

∆GE � ∆Gself ( ∆Gint � ∑
i

7
∆Gself

i ( ∑
j 8 i

∆Gint
i j 9 (1.31)

Takinginto accounteq1.27andeq1.28,∆Gint
i j and∆Gself

i resolve to

∆Gint
i j � qiq j

εs � �r i j � ( 1
8π∆ε

�
Vp

�Di ��r � �D j ��r � d�r � qiq j

εp � �r i j � (1.32)

∆Gself
i � q2

i

2εsRi
( 1

8π∆ε
�
Vp

�D2
i ��r � d�r � q2

i

2εpRi
(1.33)
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With theexpressionfor thereduceddielectricconstanteq1.24,this canbewrittenshorteras

∆Gint
i j ��� qiq j

∆ε � �r i j � ( 1
8π∆ε

�
Vp

�Di ��r � �D j ��r � d�r (1.34)

∆Gself
i �:� q2

i

2∆εRi
( 1

8π∆ε
�
Vp

�D2
i ��r � d�r (1.35)

1.2.3 Generalized Born approximation

In the spirit of the Born energy term, ∆Gself
i canbe formally written asan analogousBorn energy

term with a yet unknown effective Born radiusbi , which accountsfor the volume coveredby the
solutesurroundingatomi:

∆Gself
i �"� q2

i

2∆εbi
(1.36)

If ∆Gself
i is alreadycalculated(e.g. by solvingthePBEor by applyingtheanalyticalapproximation

describedin thenext sections),theeffective Born radiusbi is givenby thefollowing equation:

bi �"� q2
i

2∆ε∆Gself
i

(1.37)

In thesameway, ∆Gint
i j canbewritten with aneffective interactiondistanceRsolv

i j accountingfor
theinfluenceof thesolutevolume:

∆Gint
i j �:� qiq j

∆εRsolv
i j

(1.38)

Puttingtogethereq1.37andeq1.38with eq1.31yieldstheso-calledgeneralizedBornequation(Still
et al., 1990):

∆GE �:� ∑
i

7
q2

i

2∆εbi
( ∑

j 8 i

qiq j

∆εRsolv
i j

9 (1.39)

What I call generalizedBorn approximationhere,is the approximationof Rsolv
i j by a function of bi

andb j andthe realdistancebetweenqi andq j , � �r i j � . To derive sucha function,we will carryout a
Gedankenexperiment. Imaginea charge qk with theeffective Born radiusbk. This charge hasa self
energy of

∆Gself
k �"� q2

k

2∆εbk
(1.40)

Now we divide the charge qk into two smallerones,qi andq j , with effective Born radii bi andb j ,
andseparatethetwo new chargesby aninfinitesimalsmalldistance.Theself energy of thetwo new
chargesplus their interactionenergy shouldbe the sameas the self energy of the one old charge
before:

� q2
k

2∆εbk
�"� q2

i

2∆εbi
� q2

j

2∆εb j
� qiq j

∆εRsolv
i j

(1.41)

The effective Born radii bi , b j , andbk canbe assumedto be equalsincethe effective Born radius
mainly accountsfor thegeometryof thesoluteandall threechargesareonly infinitesimalseparated.
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If we setRsolv
i j � bi � b j � bk, eq 1.41 is fulfilled sinceqk � qi ( q j . Thus, Rsolv

i j approachesthe
effective Born radiusfor smalldistancesbetweenqi andq j .

In the next stepof the Gedankenexperiment, we separatethe two chargesby a large distance
comparedto the sizeof the solute. ∆Gint

i j will thenbe mainly determinedby the simpleCoulomb
energy. This meansthatRsolv

i j approachestherealdistance� �r i j � .
A suitablefunctionto connectthesetwo extremecaseswasproposedby Still et al. (1990):

Rsolv
i j �:; � �r i j � 2 ( bib j exp <��� �r i j � 2 6 4bib j � (1.42)

This functionapproaches� �r i j � if thedistance� �r i j � is large comparedto theeffective Born radii, and
approachesthegeometricmeanof thetwo Bornradii bi andb j for asmalldistance� �r i j � . Thefunction
is notonly in agreementwith theresultsof ourGedankenexperiment, but is alsobasedonsomeother
considerations(Still et al., 1990),which I have notmentionedhere.

Theexpressionfor ∆GE cannow bewrittenwith only onesumoverall possiblepairsi j (including
pairswherei � j). To accountfor thedoublecountingof interactionenergies,a factorof 16 2 hasto
beincludedfor theinteractionenergies.

∆GE �"� 1
2∆ε ∑

i j

qiq j= � �r i j � 2 ( bib j exp <��� �r i j � 2 6 4bib j � (1.43)

However, to reallycalculate∆GE, away to determinetheself energy ∆Gself
i hasstill to befound.

1.2.4 Pairwise self energy potential

To evaluatetheintegral in eq1.35,amoleculardensityfunctionPS ��r � is introduced:

PS ��r ���?> 1 : �r is insidesolutevolume
0 : otherwise

(1.44)

Eq1.35cannow bewrittenwith theintegral over all space:

∆Gself
i ��� q2

i

2∆εRi
( 1

8π∆ε
�
V

�D2
i ��r � PS ��r � d�r (1.45)

ThemoleculardensityfunctionPS ��r � is now splittedinto asumof atomicdensityfunctions.For each
atomk, thereis oneatomicdensityfunctionPk ��r � describingthevolumedistribution of theatom.

PS ��r ��� ∑
k

Pk ��r � (1.46)

Thecontribution of atomk to theself energy of atomi, Gself
ik , is givenby

Gself
ik � 1

8π∆ε
�
V

�D2
i ��r � Pk ��r � d�r (1.47)

The sumof Gself
ik for all atomsk leadsto the secondterm in eq 1.45, so that this equationcanbe

rewrittenas

∆Gself
i �"� q2

i

2∆εRi
( ∑

k @1 i

Gself
ik (1.48)

Therestrictionk A� i is in principlenot necessarysinceit doesnot changetheexactresult.However,
due to approximationsappliedlater, the explicit exclusion improves the approximatedresult. For
detailsseeSchaeferandKarplus(1996).



10 CHAPTER1. AN INTRODUCTIONTO CONTINUUM ELECTROSTATICS

The contribution Gself
ik to the self energy is alwayspositive. Sincethe dielectricdisplacement�Di generallydecreaseswith increasingdistancefrom thecharge i generatingthedisplacement,Gself

ik
representsaneffective repulsionbetweenatomsi andk. This repulsionis causedby thecontribution
of atomk to thesolutevolume,preventingatomi from interactingwith thesolventdirectly.

1.2.5 Atomic charge and volume representation

In practice,it is noteasyto find a suitablesetof atomicdensityfunctionsPk ��r � . Simply representing
atomicvolumesby spheres,leadsto overlapsof bondedatompairs,but at the sametime thereare
still cavities betweencloselyneighborednon-bondedatoms. Doing it this way, the solutedielec-
tric mediumis very discontinuous.To flattenthesediscontinuities,both the charge distribution of
atomi, ρi ��r � andtheatomicdensityfunctionof atomk, Pk ��r � , arerepresentedby three-dimensional
Gaussians:

ρi ��r �B� qiπ # 3C 2R̂# 3
i exp � ��r �D�r i � 2

R̂2
i

; R̂i � Ri=
π 6 2

(1.49)

Pk ��r �B� 4
3E πα3

exp � ��r �F�r i � 2 αR̃k � 2 (1.50)

Ri is, asbefore,thevan-der-Waalsradiusof atomi. Thewidth parameter̂Ri of thechargedistribution
is chosensuchthattheBornselfenergy of theGaussian-distributedchargeis thesameasif thecharge
wasequallydistributedon a sphereof radiusRi. Thewidth parameterR̃k of thevolumedistribution
is theeffective atomradiusderivedfrom theaveragesolvent-inaccessible volumecontribution Ṽk of
thedifferentatomtypesin proteinstructuresfrom thePDB.TheGaussiansarenormalizedsuchthat

qi � �
V

ρi ��r � d�r (1.51)

and

Ṽk � 4πR̃3
k

3
� �

V

Pk ��r � d�r (1.52)

The volumeṼk doesnot dependon the smoothingparameterα, which is introducedto control the
width of the individual atomicvolumefunctionsPk ��r � . With a valueof α � 1 G 0, thefluctuationsof
thevolumedensityarestill toostrongto yield reasonableresults.A valuefor α in therangefrom 1.2
to 1.8 leadsto a sufficiently smoothvolumedensitybut doesnot yet greatlyalter thecontourof the
proteinasawhole.

1.2.6 Evaluation of the self energy

To solve theintegral in eq1.47,againthedielectricdisplacement�Di is approximatedby theCoulomb
field, which meansneglecting the reactionfield contribution to the energy densityof the electric
field. For detailsand discussionof the introducederror, seeSchaeferand Karplus (1996). In a
homogeneousdielectricwith dielectricconstantε, theelectrostaticpotentialφi of a Gaussiancharge
distribution ρi ��r � , seeeq1.49,is givenby

φi ��r ��� qi
erf HI� �r �D�r i �*6 R̂i J

ε � �r �D�r i � (1.53)

whereerf denotestheerrorfunction:
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erf  z��� 2E π

z�
0

e# t2
dt (1.54)

BasedontheCoulombfield approximation,thedielectricdisplacementof theGaussianchargedistri-
bution is

�Di ��r ���"� qi
�∇erf H � �r �D�r i �*6 R̂i J� �r �D�r i � (1.55)

Insertionof eq 1.55andeq1.50into eq 1.47leadsto the following expressionfor theenergy Gself
ik

thatatomk contributesto theself energy of atomi:

Gself
ik � q2

i

6π3C 2∆εα3
�
V

7 �∇erf HI� �r �D�r i �*6 R̂i J� �r �F�r i � 9 2

exp

7 � ��r �D�rk � 2H αR̃k J 2 9 d�r (1.56)

This integral is not analyticallysolvable.However, a suitableapproximationcanbeusedif Gself
ik

is finite and monotonicallydecreasingwith the distance � �r ik � . Theseassumptionsfail in the limit
Ri K 0 andif theratio Ri 6! αR̃k � is larger thana critical valuethat is closeto unity. By numerically
integrating eq 1.56, it turns out that at short range( � �r ik � 5 αR̃k), Gself

ik decreaseslike a Gaussian,
whereasit approachesq2

i Ṽk 6! 8π∆ε � �r ik � 4 � at long range.Thisbehavior leadsto thefollowing Ansatz:

Gself
ik � qi

∆εωik
exp L�� � �r ik � 2

σ2
ik M ( q2

i Ṽk

8π∆ε
L � �r ik � 3� �r ik � 4 ( µ4

ik M 4

(1.57)

Theparametersωik andσik determinetheheightandwidth of theGaussianthatapproximatesGself
ik

in theshort-rangedomain.Thefirst termin eq1.57becomesnegligible for large � �r ik � , andthesecond
termvanishesat � �r ik �N� 0dueto theintroductionof theparameterµik. Theparametersin eq1.57arede-
terminedby calculatinganalyticallytheexactvaluefor Gself

ik andthesecondderivative∂2Gself
ik 6 ∂ � �r ik � 2

at � �r ik �)� 0 usingeq1.56. This is possiblesince � �r ik �O� 0 meansthat �r i �P�rk. At � �r ik �)� 0, thesecond
term of eq 1.57aswell asits secondderivative vanishes,so that theparametersωik andσik canbe
determinedasfollows:

ωik � 3πα4
ikR̃k

4  Qik � arctanQik � (1.58)

σik � 3α2
ikR̃2

k  Qik � arctanQik � 3 ( fik � Qik � 4arctanQik
(1.59)

with

Qik � q2
ik; 2q2
ik ( 1

; fik � 2

q2
ik ( 1

� 1

2q2
ik ( 1

; q2
ik � π

2
L αikR̃k

Ri M 2

; αik � max L α Q Ri

R̃k M
(1.60)

The long-rangeparameterµik is determinedby makingsurethat the valueof the Born energy
term of a charge qi in a homogenousdielectricmediumwith dielectricconstantεp is maintained.
Thisyields

µik � 77π E 2Ri

512 R 1 � 2π3 S 2σ3
ikRi

ωikṼk T (1.61)
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1.2.7 Non-polar solvation term

To extendACE to ACS,a term for the non-polarpartsof the solvation energy Gnp is addedto the
electrostaticsolvationenergy:

Gnp � ∑
i

Gnp
i � 4πσ∑

i

 Ri ( Rs � 2 Ri

bi
(1.62)

Rs is the radiusof a waterprobesphere. The empirical solvation parameterσ hasthe dimension
J6! molÅ

2 � , which appearsin conventional solvent-accessiblesurface approximationsof the hy-

drophobiceffect. It is typically set to valuesof about10 to 12J6! mol Å
2 � . All other parameters

in eq1.62areknown from theelectrostaticspart,sothatthecalculationis straightforward.
ACSwasintroducedby Schaeferet al. (1998).In theirpaper, they appliedalsosomeotherminor

improvementsof thebasicACE potential,which I will not describehere. Unfortunately, the paper
itself (Schaeferet al., 1998)doesnotgivea lot of details,either. Thepublicationof amoreextensive
descriptionis in preparation.


