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Introduction

Numerical simulation of complex systems is a rapidly developing field in mathemat-
ical research with a growing number of applications in engineering, environmental
sciences, medicine, and many other areas. This can be traced back to the increasing
computer power on the one hand and more and more refined numerical techniques
on the other hand. The main goal of these simulations is to make predictions which
could reduce the costs of experiments or could be the basis for scientific or political
decisions. In light of these consequences, the question of how reliable the obtained
results are is of great importance. Since all simulations are, in the best case, only
approximations to reality, the occurrence of errors is inevitably in some degree. As
a first step, let us classify different types of errors which appear necessarily in the
simulation of complex systems (according to [72]).

First, we detect model errors, which are rooted in the description of observed real-life
processes in mathematical terms. In this stage, some terms which only contribute
to a negligible extent to the system are omitted. Moreover, one is often forced to
impose certain assumptions to simplify the problem in order to be able to solve it,
e.g. if one reduces the dimension of a problem or assumes that certain terms are
constant.

Secondly, in order to compute the simulation, one has to discretize the system and
to solve it numerically, which leads to numerical errors. These errors are also in-
evitably due to the finite representation of numbers in computers. This concerns
the discretization itself and also the utilization of solvers, e.g. iterative solvers which
only provide a solution up to a certain tolerance. Time and computer system re-
strictions can limit the possibilities to pass to more and more refined discretizations
or to solve up to maximal accuracy, even if it were possible theoretically.

Thirdly, we encounter data errors, which can concern model parameters, boundary
conditions or even the geometry of the system. Often, these data are unknown or
only estimated roughly since exact measurements are impossible or too costly. In
many cases, a perfect knowledge of the data is not possible due to their natural vari-
ability. Eventually, the measurements themselves can be incorrect, e.g. by reason
of external effects.

The first source of errors is beyond the scope considered here. Regarding the second
point, there has been great advantages in the numerical mathematics to control
and reduce the error arising from discretization and numerical solution over the
last decades. The third error originating from uncertainties in the input data and
model parameters, however, has received less attention for a long time. This has
changed since the pioneering work of Ghanem and Spanos [47] about stochastic
finite elements and polynomial chaos, who presented a possibility to determine the
response surfaces of the solution from the stochastic modeling of the uncertain
input data. This method proved to be successful for many interesting applications



in physics and engineering (see, e.g., [24] for meteorology, [40, 46, 192] for hydrology,
[86] for chemistry, and in particular the recent monograph of Le Maitre and Knio
[72] with applications in fluid dynamics).

The idea of polynomial chaos consists in extending the solution space by further
stochastic coordinates which come from the modeling of the uncertain input data
and in discretizing the new space by global polynomial basis functions, while the
time and space discretization for the other coordinates can be performed in the usual
manner. In this way, this approach can be seen as an extension of deterministic
finite element methods for partial differential equations. At the same time, it is in
most cases more efficient and more accurate than other methods like, e.g., Monte
Carlo or first-order methods (see the overview over alternative methods in [47] and
[101]).

There have been many improvements to the original idea from Ghanem and Spanos
during the last twenty years, in particular the extension to generalized polynomial
chaos [114], to multi-element polynomial chaos [107], to stochastic collocation [13],
and to sparse finite element schemes [2(]. Apart from the variety of applications as
mentioned above, the analysis of this method in a theoretical way, however, mostly
concentrated on investigating the diffusion equation with a stochastic diffusion as
a prototype of an elliptic partial differential equation (e.g. [L1, 129, 184, [103]). To
the knowledge of the author, there is in particular no application of this method to
variational inequalities.

The focus of this thesis is the application of polynomial chaos methods to the
Richards equation modeling groundwater flow in order to quantify the uncertainty
arising from certain stochastic model parameters. By means of the Richards equa-
tion, one can model water flows in saturated and in unsaturated porous media,
where it is parabolic in the unsaturated and elliptic in the saturated regime. The
main difficulty consists in the nonlinearities, since the saturation and the hydraulic
conductivity are both dependent on the pressure. Moreover, the saturation appears
in the time derivative, while the hydraulic conductivity is a factor in the spatial
derivative.

Berninger [1&] recently presented a method to solve this problem without any
linearization techniques by applying a Kirchhoff transformation and an implicit—
explicit time discretization to obtain an elliptic variational inequality of second
kind (see |48, Chapter 1] for the terminology) with a convex, lower semicontinu-
ous functional. This variational inequality can be seen equivalently as a conver
minimization problem, which in turn allows the proof of existence results for the
solution and of convergence results for an appropriate finite element discretization.
Moreover, monotone multigrid methods [6&] providing fast and reliable solutions
of the system are applicable and, since no linearization is involved, turn out to be
robust with respect to varying soil parameters.

Let us now consider the case that some parameters in the Richards equation are un-
certain and consequently modeled as random functions, e.g. the permeability of the
soil, the boundary conditions or source functions. These random functions should
have a positive correlation length, which means that stochastic partial differential
equations (SPDEs) with white noise like in [58] are not considered here. Our ulti-
mate goal is to quantify the uncertainty of the solution of the Richards equation,
viz. of the water pressure, in dependence of the uncertainty of the input parameters
such that we are able to answer the following questions:

(Q1) What is the average pressure in the domain, and how is it developing
in time?



(Q2) In which areas of the soil do we encounter the largest uncertainty?

(Q3) What is the probability that the soil is saturated after one minute/
one hour/one day at special points in the domain?

(Q4) What is the probability that the pressure exceeds a fixed threshold
value within a predetermined time?

To achieve this goal, we first perform a spectral decomposition of the correlation
operator of the random input functions (the so-called Karhunen—-Loéve decompo-
sition) and set up the stochastic solution space. Then, proceeding with Kirchhoff
transformation and time discretization as above, we end up with the stochastic
Richards equation over a space of tensor products consisting of functions on the
computational domain, which will be discretized by finite elements, and functions
in the stochastic space, which will be discretized by polynomial chaos.

At this point, the difficulties caused by the nonlinearities become apparent. First,
the Kirchhoff transformation yields a lower obstacle condition for the transformed
pressure, which is against the nature of global polynomials tending to infinity as
the argument becomes larger. Secondly, the convex functional, which has the form
of a superposition operator, needs a special discretization and moreover couples
all coefficients of the polynomial chaos basis. This means that the solution of the
discretized problem in a Galerkin approach cannot be obtained by the reduction to
one-dimensional minimization problems by a splitting into subspaces as it is possi-
ble in the deterministic case. As will be shown in Chapter Bl this can be achieved
nevertheless by an appropriate basis transformation, which connects the stochastic
Galerkin approach to stochastic collocation methods. With this connection, we are
able to solve the large systems in a robust way with one-dimensional minimization
techniques. Moreover, this allows us to extend this method to a multigrid algorithm
to speed up the convergence. Note that the theoretical results and techniques devel-
oped for the stochastic Richards equation can be carried over to elliptic variational
inequalities of second kind with stochastic parameters.

The outline of this thesis is as follows. We start in Chapter [l with the description of
the deterministic Richards equation and the parameters in the hydrological model.
We introduce the Kirchhoff transformation and study for deteriorating model pa-
rameters the form of the nonlinear parameter functions which specify the saturation
and the part of the hydraulic conductivity which depends on the pressure. This is
important in the following chapters, since the transformed saturation arises in the
derivative of the convex functional later on. Section is devoted to the weak
formulation of the Richards equation, the reformulation as a variational inequality
of second kind, and an overview over known results for the existence and uniqueness
of a solution.

Chapter B comprises the specification of the input noise as random fields and the
derivation of the stochastic Richards equation, in the pointwise formulation as well
as in the weak formulation. This requires the definition of tensor spaces and of
operators thereon, which is provided in Section 221 The main result of this chapter
is the insight that the conditions on the existence of solutions for the deterministic
Richards equation are sufficient to show the measurability and the integrability of
the solution of the stochastic Richards equation if the permeability is modeled as
random field.

The main chapter B is devoted to the discretization of the stochastic Richards
equation. Note that in addition to the time discretization by backward Euler and
the spatial discretization by means of finite elements, which are known from the



deterministic problem, we have to consider the approximation of the stochastic input
parameters by the Karhunen—Loeve expansion and the discretization by polynomial
chaos. The Karhunen—Loéve expansion is introduced in Section Bl and it turns out
that the independence of the random variables in this series is of major importance
for the following conclusions. Moreover, this expansion introduces a new stochastic
space, which is embedded in R™ and in which the polynomial chaos basis will be
established. Beforehand, we investigate the time-discretized stochastic Richards
equation after Karhunen—Loeve approximation, reformulate it in terms of convex
minimization and variational inclusions and show the existence of a unique solution.

The aforementioned discretization in the new stochastic domain is carried out in
Section B3, where we describe different polynomial chaos schemes with correspond-
ing quadrature formulas. The convex functional needs special attention and we will
find a consistent approximation by means of Gaussian quadrature. At the end of
this chapter, we turn to the convergence of the polynomial chaos and finite element
discretization. We proof the convergence for limit cases, where the problem de-
generates to a stochastic obstacle problem, and perform numerical experiments to
determine the discretization error.

The numerical solution of this discretized minimization problem is presented in the
second main chapter @l The underlying idea is a successive minimization of the
energy in direction of the nodal basis functions in the spatial domain. Due to the
dependence on the stochastic basis functions, this turns out to be a Block Gauf3—
Seidel method, which necessitates an inner minimization within each stochastic
block, which is complicated by the fact that the nonlinearity in the convex func-
tional couples all polynomial chaos basis functions. We present a transformation
which yields a decoupling within each block and which connects the stochastic
Galerkin approach with tensor product polynomial chaos bases to a stochastic col-
location method. This reduces the whole problem to a successive minimization in
one-dimensional subspaces, and we can prove global convergence for this method.
The same idea allows us to establish a multigrid solver in order to accelerate the
convergence, where this Block Gauf—Seidel method acts as a fine grid smoother
and a Newton linearization is used for the coarse grid corrections. We conclude
this chapter by a comparison of our approach with a pure stochastic collocation
approach with regard to the convergence rates.

In the final chapter B, we apply our results to a hydrological problem. We perform
our computations on a realistic geometry and explain which further extensions in the
spatial solver are advised to treat the anisotropy of the grid. Then, using realistic
parameter functions with a lognormally distributed permeability function featuring
an exponential covariance, we simulate the infiltration of water from a river into an
initially dry soil and demonstrate how the questions (Q1)—(Q4) can be answered on
the basis of the results.

Finally, we sum up some facts about the exponential covariance operator in the
Karhunen—Loéve expansion, some important polynomial sets, and Gaussian quadra-
ture in the appendix.
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Chapter 1

Deterministic Richards
equation in homogeneous soil

In this introductory chapter [, we state the Richards equation in its hydrological
setting. We explain the parameter functions used throughout this thesis. The first
important step in our considerations is done in Section [[Il where we introduce
the Kirchhoff transformation. Its application will allow us to write the Richards
equation in a form which is more suitable for the analytical and numerical treatment
in the following chapters. Section [[1lis also devoted to the study of the occurring
parameter functions and its limit cases. Afterwards in Section [[A we derive the
weak formulation of the equation and define boundary conditions. The presentation
mainly follows the work of Berninger [18], whereas the facts from hydrology can be
read in the book of Bear [15].

1.1 Basic tools in hydrology and Kirchhoff trans-
formation

We consider a computational domain D C R? and use a coordinate system with
points © = (x1,x2,2) € D, where we assume that the z-axis points downwards in
the direction of gravity such that the relation between the piezometric head h and
the pressure of the water at z is given by the formula

h=2L_ (1.1.1)

Py
Here, p = py — p, denotes the difference between the pressure of water and the
constant atmospheric pressure, while p is the density of the water and g the gravi-
tational constant.

The law of Darcy (first published in |28, p. 576]) states
v=—-K. Vh (1.1.2)

for the water flux v through a porous medium at any time t. The coefficient K is
called hydraulic conductivity and is a scalar function if the flow takes place in an
isotropic medium and a symmetric positive definite 3 x 3-matrix for any x € D
in general. In unsaturated soils, it is moreover dependent on the saturation 6(-).
This is a function p — 6(p) which is monotonically increasing between a minimal



saturation 6, and a maximal saturation 6,;, where we have 0,,, > 0 due to residual
water and 0, < 1 due to residual air in the soil and where the saturation is maximal
for hydrostatic pressures p > 0. Using the symbol 7 for the viscosity of the water,
we now split up the hydraulic conductivity according to

K.(z,0) = K(z)n ' pg kr(0) (1.1.3)

in the permeability K (-) of the soil as a function on D, which is no longer dependent
on the fluid, and the function kr(-) which is called relative permeability. This is a
monotonically increasing function of the saturation # which assumes values in the
range [0, 1].

The work of Richards [91] combined the law of Darcy ([CIA) with the principle of
mass conservation; he stated the continuity equation

nb; + divv = f, (1.1.4)

where the function n = n(z) denotes the porosity of the soil and f is a source
function (often set equal to zero). Inserting Darcy’s law (CIZ) into (CIT4) and
applying (L)) and (CI3), we arrive at the Richards equation

n(p), — div (K~ ke (0p)V (0 — pg2) ) = f (1.1.5)
for the unknown pressure function p on (0,7) x D with T' > 0, in which

v=-K n_lkzr(H(p))V(p — pgz) (1.1.6)

is the water flux. Since we assume in this thesis that kr(0(p)) is always positive, it is
obvious that the Richards equation is a quasilinear elliptic-parabolic equation which
is of elliptic type where the soil is fully saturated and parabolic in the unsaturated
regime.

There are different ways how to obtain concrete analytical versions of the parameter
functions p — 6(p) and 6 — kr(#), and we restrict ourselves in the following to the
Brooks—Corey model (see (5] for a discussion of different models). With a soil
dependent parameter A > 0, which is called the pore size distribution factor, and
the definition e()) := 3+ 2, it states

—Xe(N) p W
wow) = |2 () " foresn a1
po 1 for p > py
for the relative permeability and
» -
0(p) = O0m + (Orr — O1) L’_b] (1.1.8)

for the saturation. The value p, < 0 is the so-called bubbling pressure, which
indicates the pressure which is necessary to allow air bubbles to enter an originally
fully saturated soil. Observe that the Brooks—Corey functions are not differentiable
in this point. Figures [Tl and show some typical graphs of these functions.

Analyzing ([CTH), we detect the nonlinearities in the time derivative and in the
spatial derivatives. As a first step, it would be expedient to eliminate the relative
permeability kr(-) in front of the gradient. This can be done by means of the
Kirchhoff transformation, see Alt and Luckhaus [4]. In our case, this transformation
Kk : R — R is defined as

Kipr—u = /Op kr(6(q))dgq, (1.1.9)
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Figure 1.1: p — 6(p) Figure 1.2: p— kr(6(p))

and the new variable u is said to be the generalized pressure. The saturation as a
function of u is denoted by
H(u) := 0(k(u)), (1.1.10)

and the transformed Richards equation (LTH) then reads
nH (u); — div (K (V- kr(H(u))ngz)) = f. (1.1.11)

This can be seen by the chain rule Vu = kr(6(p))Vp if all terms are differentiable;
otherwise we refer to [18, Chapter 1.5]. Note that (CII) is now a semilinear
equation.

Our choice of the parameter functions in ([CIT7) according to Brooks and Corey
comes in handy in combination with the Kirchhoff transformation because the trans-
formation itself as well as its inverse can be given in a closed form by means of (I

and (CT3), viz.

p )*Ae“)“ DeNn g <,

__Pp [P APy
U = H(p) — —Xe(A)+1 (pb —de(A)+1
P for p > py

(1.1.12)

1
u(—de(A)+1 —Xe(M)+1
p= ﬁ_l(u) _ ) (% + /\e()\)) for u. < u < pp (

U for u > py.

1.1.13)

Observe that the generalized pressure and the physical pressure are equal in case
of full saturation, whereas, in the unsaturated regime, the interval (—oo, py) of the
physical pressure corresponds to the bounded interval (u.,pp) for the generalized
pressure; this lower bound
e
e Ney — 1

is called the critical generalized pressure, and we have u. < py. Then, the trans-
formed functions in (LTI are given by

(1.1.14)

H(u) = 0(s~" (u)

A
Om + (021 — Oy (w + /\e()\)) T for Ue < u < pp

e Py
Onm for u>py

(1.1.15)
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Figure 1.5: u — H(u) Figure 1.6: u — kr(H(u))

for the saturation as a function of the generalized pressure u, where H(u) — 6,, as
u | ue, and

—1 7/\e(A)
by
x0T
wl—Xe Ae(A)—1
_ (% +)\e()\)) for ue <u<py (1.1.16)
1 for u > py

for the transformed relative permeability. The antiderivative ® of H will turn out
to be important in the following. It is convex and has the form

B(u) = /Ou H(s)ds

Omu + (On1 — Om)ps (1 + m) N
Aecoyrn-1 for u, <u < py

= 001 —0m w(—Ae(A)+1 Xe(M)-1 1.1.17
CeVERTE ( SRt 4 /\em) —
Onru for u > pyp.

We scale the pressure by setting p, = —1. Figures [[THLC? and Figures [CHHLCH show
some realistic parameter functions according to [18, Section 1.4] with 6, = 0.95,
0, =0.21 and A = %, whence u, = fg; on the one hand for the physical saturation
and relative permeability and on the other hand for their transformed counterparts.
Moreover, Figures display the Kirchhoff transformation and its inverse.
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Even for realistic hydrological data, the graphs of these functions already look
quite steep, and we regard their behavior for deteriorating soil parameter \. In
nature, this value varies approximately between 1.0 for sand and 0.1 for clay, cf. the
references in [1§], but from a mathematical point of view, we are interested in A
which tends to 0 or co. In particular the shape of the generalized pressure H plays
an important role for the numerical solution, which is why we put our focus on
it. Furthermore, the inverse Kirchhoff transformation x~' is of interest since it
will be applied to obtain the physical solution from the generalized solution at the
end of the computation. We underline that these considerations are particularly
important with respect to developing numerical solution methods which are robust,
i.e. the convergence properties of which remain mostly unaffected by the variation
of the parameter \.

For A — 0, we obtain Ae(\) — 2 and u. | —2 by (CIId). The unsaturated regime is
thus represented by the interval (—2, —1), and the inverse Kirchhoff transformation
k~! in (CII3) converges pointwise to the function

1 —(u+2)7t for —2<u<-1
Koo tu—
u for u > —1.
The saturation H of the generalized pressure v in (LIIH) tends pointwise to
Ho:uw— 0y Yu€ (—2,00), (1.1.18)

which we extend in accordance with H by setting
Ho(—2) = Hp | lim u, | := lim H(u.) = Op,.
o(~2) <gw> lim H ()

An alternative view on this limit case is the observation that the graph of H turns
into the monotone graph

(1.1.19)

[0, Orr])  for u=—2
u —
Onr for u> -2

as A — 0, see the bold green line in Figure [

In the case A — oo, we have Ae(\) — oo and u. T —1 due to ([CII4) such that the
slopes of the functions k= and H increase while the intervals (u., —1) representing
the unsaturated regime become smaller and smaller. In the limit, the unsaturated
regime is vanished and the pointwise limit function H, is constant, viz.

Hoo:ur 0y Yue[-1,00). (1.1.20)

11



Again, we observe the monotone graph

(1.1.21)
Orr for u > —1

{[9m,9M] for u = —1
u —

as the limit of the graph of H as A — oo, see the bold red line in Figure [
Observe that the structure of (CITZI) and (CITJ) agrees. We will show in Remark
and Remark EE38 that these limit cases are also treated by our analytical
and numerical approach.

1.2 Boundary conditions and weak formulation

In this section, we specify boundary conditions for the Richards equation ([Tl
and derive a weak formulation for this problem. Moreover, we cite results from [1§]
concerning the time discretization and the existence of a unique solution for this
equation.

For sake of simplicity, we set n =1 and n = 1 in (CII) and introduce e, := Vz.
In what is to come, we always assume that

Kuin < K(2) < Kjax V2 €D (1.2.1)

is satisfied for constants Kax > Kmin > 0. Furthermore, let D C R? be an open,
bounded, connected and nonempty set with a Lipschitz boundary 0D such that the
normal n, which we assume to be directed outwards, exists almost everywhere on
0D (cf. |26, pp. 12-14]). For each time ¢ € [0, T], the boundary 0D is decomposed
into subsets I'p(t) and I'y(t). Here, I'p(¢) denotes the set of Dirichlet boundary
conditions, which model hydrostatic pressures given by adjacent waters (e.g. rivers
or lakes). The set I'y(t) is corresponding to Neumann boundary conditions, which
specify water flow across the boundary of D (e.g. due to precipitation) and often
occur as homogeneous Neumann boundary conditions, for instance on the border
of an impermeable soil.

Then, for any t € (0,T], T > 0, we consider the boundary value problem

H(u); — div(KVu - KkT(H(u))pgez) = () on D (1.2.2)
u=up(t) on I'p(t) (1.2.3)
v-n= fy(t) on I'y (1), (1.2.4)

where the flux v is defined as
v =—(KVu— K kr(H(u))pge.) (1.2.5)

and where up(t) with up > u. and fy(t) are given functions on I'p(t) and I'n (%),
respectively.

The weak formulation of this boundary value problem is straightforward if the
involved functions show the regularity of a classical solution. More precisely, if
H,kr : (ue,00) — R are continuously differentiable real functions, K € C*(D) with
CZ), f(t) € COD), fn(t) € CO(T'n(t)) and u(t) € C?(D) on a C'-polyhedron
D C R? with Hausdorff measurable 9D, then u satisfies the boundary value problem

12



CZ2A)-[CZ3A) for t if, and only if, it satisfies the variational inequality

/ Hu)t (v —u)dz —|—/ KVuV(v—u)dz > / K kr(H(u))pge,V(v — u) dzx
D D D
+ /D fv—u(t)) dx — /FN(t) fnw—u)de YveK.(t) (1.2.6)

in the convex set

Ke(t) :={w € C*(D) : w(z) > u. Yo € D A wir, ¢) = up(t)}, (1.2.7)

see Proposition 1.5.3 and the following remarks in [18].

The formulation in terms of weak derivatives necessitates more effort. We recall
from [3] the definitions of Sobolev spaces H*(D) as the space of all functions whose
weak derivatives up to order k belong to L?(D) and of HY(D) as the closure of
Ceo(D) w.rt. || - [[gr(py- At a first point, restating the assumptions on D and 9D
as explained before ([CZJ), we define the weak generalization of K.(t) for t € [0, 7]
as

K(t) :={ve H (D) :v>u, A tro, v =up(t)}, (1.2.8)

in which v > wu, means v(x) > u. almost everywhere on D. Observe that values
v(x) = u. (which correspond to p(x) = —o0) are now possible in contrast to ([C2ZT),
which ensures that K(t) is closed. The weak Dirichlet boundary condition in ([CZR)
has the meaning that

up(t) € {v:trpD(t)w:wEHl(D) ANw>u. ae} (1.2.9)

as an_element of H/?(I'p(t)) with trace operator trr,y : HY(D) — HY*(I'p(t))
(see [22, Sections 2.7-2.9] for the corresponding definitions). The range of up(t)
has to be contained in [u., 00), now almost everywhere on I'p(t) and even for an
extension of up(t) in H'(D) almost everywhere on D. K(t) has the desired prop-
erties.

Proposition 1.2.1 ([18]). K(¢) is a nonempty, closed and convex subset of H(D).

With regard to our models of Brooks—Corey type, let the functions H : [u¢,00) — R
and kr : H([ue, 00)) — R be continuous, monotonically increasing and bounded with
a u. < 0. Furthermore, let us assume that the function K satisfies (CZT)) and that
f(t) € L*(D) and fn(t) € L*(Tn(t)). We now seek for a solution defined on the
open time cylinder @ := (0,7) x D and employ the solution space

7 1/2
L*(0,T; HY(D)) := v:(o,T)HD;</O ||v(t)||§{1(D)dt> <oop. (1.2.10)

Observe that we require moreover that the solution u € L?(0,T; H'(D)) has a
regularity such that H(u); € L?(D) almost everywhere on (0,T); in this case, all
the terms in ([CZTT)) make sense and we call u the weak solution of the variational
inequality (CZH) at the time ¢ € (0, 7] if u(t) € K(t) and

/D Hu)t (v —u)dz+ /D KVuV(v —u)dz > /D K kr(H(u))pge,V(v — u)dz

—I—/Df(v—u) dx—/FN(t)fN (v—u)do YveK(t). (1.2.11)
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In the rest of this section, we will note some insights about the existence of solutions
of (CZTT). First in Remark [CZ2 we sum up a classical result from Alt, Luckhaus,
and Visintin [6], which also provides an alternative formulation (with weak time
derivatives). Afterwards, we outline some recent results of Berninger [18] which
will be the starting point for the stochastic version in Chapter

Remark 1.2.2. We cite analytic results concerning the Richards equation with
Brooks—Corey-like parameter functions first given in [d]. It is assumed that

up € HY(Q) N C°(0,T; HY(D)),
HY := H(u(0,-)) € L*(D), H(u) € L=®(Q)Nn H(0,T;V")

with fy =0, f = 0. Here, V denotes the space V = {v € HY(D):v=0on FD},
and the goal is to find a solution in the set

Ka={veL*0,T;H (D)) :u=upon (0,T)xTp}.

W(y):= sup (yz—/ H(z')dz').
U <z< 00 0

Then, the weak formulation of the problem reads

Furthermore, set

u € Ka : / (W(H(z)) — H°(2)v(0, %)) a(0, z) dx—i—//W ) a dz dt

//H (vax) dde/ K (Vu — kr(H(u))pges) V (v — w)a) dadt > 0

Yo € CY0,T; H'(D)) N HY(Q) N Ka,
Va € C%(Q) with 0 <a <1 and a(T,-) =0in D. (1.2.12)

Indeed, by taking an o which vanishes on I'p and partial integration in ¢t and z,
one obtains

/0 v/ (H(u)y — div(KVu — K kr(H(u))pges), (v —u)a)y dt >0

for all such v as above, where v/ (-, )y denotes the duality bracket for (V',V).
Consequently, the solution of [(CZIZ) satisfies (CZZ) with f = 0 in V’, ae. in
(0,T). Moreover, the boundary conditions ([CZ3))-[CZA) are attained in a weak
sense and H(u(0,7)) = H°(z) a.e. in D. For this problem (CZIZ), Alt et al. |f]
show that there exists at least one solution.

We resume the approach of Berninger [1&] who proceeds by applying an implicit
time discretization in the diffusion part and an explicit one in the convective part
in (CZTI); more concretely, for a partition 0 = tp < 1 < ... < ty, = T of the
time interval [0, T] with 7,, = ¢, — t,,—1, use the backward Euler as implicit scheme.
Then, it can be shown that this time-discretized version of (CZII]) is a variational
inequality of second kind, viz.

wek: a(u,v—u)—lv—u)+ o) —du) >0 Youek. (1.2.13)
The terms in (CZI3) have the meaning

a(v,w) = Tn/ KVoVwdz Yv,w € H(D), (1.2.14)
D
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I(v) ::/DH(u(tn,l))vdx+Tn/DKkT(H(u(tn,l)))pgeZVvd:c
+Tn/Df(tn)vdxTn/FN(tn)fN(tn)vdJ Yv e H (D), (1.2.15)

and

4(v) ::/Dé)(v(:n))dx o e K (1.2.16)

with
d(z) :/0 H(s)ds Yz € [u,,00) (1.2.17)

and K := K(t,). We sum up some results from [18] which will be used later.

Proposition 1.2.3. Let H : [u.,00) — R and kr : H([uc,00)) — R be mono-
tonically increasing and bounded with a u, < 0. Furthermore, let us assume that
the function K satisfies (LZ1) and that f(t,) € L*(D) and fy(t,) € L*(Tn(tn))-
Then, the following holds:

a) The bilinear form a(-,-) from (LZI4) is continuous and coercive; more pre-
cisely, there exist C, ¢, c1, co > 0 such that

a(v,w) < Clvll g (pyllw|mipy Vv, w e H' (D) (1.2.18)

and
a(v,v) > c||v||%,1(D) —c1llvllgipy — 2 Vv K. (1.2.19)

b) The linear form ¢ from [LZIA) is continuous on K.

¢) The functional 6: K — R from (CZI4) is convex and Lipschitz continuous
with ) A
lp(v)| < Lljvllgypy Vv e K. (1.2.20)

This allows to prove the existence of a solution of the time-discretized Richards
equation.

Theorem 1.2.4 ([18]). With the assumptions of Proposition [LZ3, the variational
inequality (LZI3) has a unique solution.

All these considerations and the numerical solution methods relying upon them
assume that the parameters in the Richards equation are known exactly. Our goal
of quantifying the uncertainty in the data will lead us to stochastic parameters, and
in the following we will show to what extent one can achieve similar results for the
stochastic problem. In Chapter Bl we will specify these stochastic parameters and
formulate the Richards equation when taking them into consideration. Afterwards,
we will discretize the problem in time, space and stochastic dimensions, analyze its
properties and show how it can be solved numerically. This will be the purpose of
Chapters Bl and H
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Chapter 2

The stochastic Richards
equation

Looking back to the Richards equation (LIH), we ask for its solution if there are
some parameters which are random, say the permeability K (x,w) or the source
term f(t,x,w) with w € Q for a sample space Q. This is a natural question in the
context of our principal goal of quantifying the uncertainty arising from a lack of
information of certain input parameters as addressed in the introduction. Obviously,
the solution p is consequently also a “random” function p(t, z,w) and we ask for its
distribution if, say, K (z,-) is only given by certain probabilities P(K (z,-) € A) for
Borel sets A € Bor(R).

Observe that we first have to specify which parameters are assumed to be random
and “how random” they are, i.e. which regularity they have. Especially the last
question is fundamental in view of how to model the stochastic Richards equation,
treating boundary conditions, etc. We discuss this at the end of this chapter in
Remark Z39 Beforehand, we begin with some preliminary work in Sections 2]
and and settle notation and definitions that will be useful later on. Then, in
Section 3 we derive the weak formulation of the stochastic Richards equation.
As set out in Chapter [l the analysis of the Richards equation ([CITH) with Kirch-
hoff transformation and implicit—explicit time discretization leads to a variational
inequality of the form (CZTJ). We aim for a generalization of this proceeding in
the stochastic context. In doing so, the theory and numerics to be developed in this
and the following chapters can be transferred to stochastic variational inequalities
of the form

ueK: alu,v—u)—Lv—u)+ o) —d(u) >0 Yvek, (2.0.1)

where ¢ is a convex, lower semicontinuous and proper functional and K is a convex,
closed and nonempty subset of a space of L? functions defined on D x Q.

2.1 Random fields

Let (©2,&,P) be a given complete probability space with a sample space 2, a sigma-
algebra £ C 2 as set of events, and a probability measure P : £ — [0,1]. Here,
completeness means that for every B C A with A € & satistying P(A) = 0, it is
B € &. For arandom variable X : Q — R, we denote by o(X) C £ the sigma-algebra
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generated by X and call Px with
Px(B) :=P(X'(B)) for all B € Bor(R)
the distribution of X and
E[X]:= /QX(w)d]P’(w) (2.1.1)
the expectation of X (w.r.t. P) and
Var[X] := E[(X — E[X])?] (2.1.2)
the variance of X (w.r.t. P). For 1 < p < oo, define
LP(Q) = {X : Q= Rt | X o < o0} (2.1.3)
with norms 1/p
Xle = ( [ IX@raee)
for 1 < p < oo and
| X||Loq) :=inf{s € R: [X(w)] < s as.}

for p = co. In the following, we will mostly take the case p = 2; observe that L?(£2)
is a Hilbert space with scalar product

(X,Y) 120 = E[XY] = /Q X (W)Y (w) dP(w). (2.1.4)

Let X, be a set of random variables indexed by r € {1,..., R}, R < oo, defined on
(Q,E,P).

Definition 2.1.1. The random variables {X,} are independent if for every finite
class (By,,..., By, ) of Borel sets

P (ﬁ{xm € BTk}> — ﬁ P(X,, € By,).
k=1

k=1

Equivalently, the random variables {X,} are independent if the induced sigma-
algebras {o(X,)} are independent. The following proposition is well known.

Proposition 2.1.2 ([78]). If X1,...,Xg are independent and integrable random
vartables, then

R

x|

r=1

Now, we come to the main topic of this section. We refer to [4] and [88] for the
following definitions and results.

R

[[EX.].

r=1

E

Definition 2.1.3. A random field is a parametrized collection of R-valued ran-
dom variables { X, },cy defined on a probability space (2, £,P) for a parameter set
Y C R%. The collection of all measures Py, ...y, O1 Bor(R¥) defined by

]P)yl ,,,,, yk(leu'XBk) Z:P(Xyl GBl,...,ka EBk) for yl,.--,ykey (215)

for arbitrary integer k is called the family of finite-dimensional distributions of the
random field X = {X,},ey.
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A random field is a generalization of a stochastic process which is usually defined
on the parameter set ) = [0,7]. A random field can be characterized in main parts
by its finite-dimensional distributions, and, conversely, one can construct a random
field by finite-dimensional distributions. This is stated by the extension theorem of
Kolmogorov.

Theorem 2.1.4 ([88]). For all y1,...,yx € Y, k € N, let Py, . ., be probability
measures on RF such that

P (Bl X - X Bk) = Py17~~~,yk (Bp—l(l) X - X Bp—l(k))

Y1) Yp(k)

or all permutations p on {1,2,...,k} (“symmetry”) and
£
Y1y-ee) yk(Bl Koo XBk):]P)yl ----- Yk sYk+1y--0» yk+m(Bl X o+ X By me)

for all m € N (“consistency”). Then, there exist a probability space (0, E,P) and a
random field {X,} on Q with X, : Q@ — R such that (ZI2A) holds for all y; € Y,
k € N and all Borel sets B;.

Alternatively, one can also define random fields as function-valued random variables.
More precisely, let G¢ denote the set of all functions from R¢ to R and G? the sigma-
algebra containing all sets of the form {g € G : g(y;) € B;, i = 1,...,k}, where
k is an arbitrary integer, y; € R? B; € Bor(R). Then, define a random field
as a measurable mapping from (£, &) into (G¢,G?). We obtain again the finite-
dimensional distributions via ZIH) from the measure P on &, and these finite-
dimensional distributions give a unique probability measure on the set G¢. Now,
denote by X (y,w) the value which the function in G¢ corresponding to w takes at
the point y.

Hence, we can look at the random field X from two perspectives: for given w € ,
X (-,w) is simply a deterministic function from R? to R, which we refer to as a
realization of X; on the other hand, for fixed y € R? X (y,-) is a random variable.

2.2 Tensor spaces
In this section, we introduce tensor products, which will help us to clarify the
structure of functions depending on z € D C R? and w € Q.

Definition 2.2.1 (|59]). Let Hy, Ho be two Hilbert spaces with scalar products
(-,)m, and (-,-)p,, respectively. For v1 € Hy and vy € Ha, their tensor product
v1 ® vs is defined as a conjugate bilinear form

v1 ® va(wr, wsa) := (v, w1) gy (V2, w2)H, (2.2.1)

on H1 X HQ.

For v1 ® va, w1 @ we € S := span{v; @ vy : v1 € Hy, v € Ha}, one can now define

(v1 ® v2, w1 @ Wo)H, @H, := (V1,w1)H, (V2, w2)H, (2.2.2)

and linearly extend it to S. It is straightforward to see that [ZZZ2) defines a scalar
product on S, which justifies the following definition.

Definition 2.2.2. The completion of S with respect to the scalar product defined
in (Z2Z2) is called the tensor space H1 @ Ho.
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Proposition 2.2.3 (|3d]). The tensor space H1 @ Hs is a Hilbert space. If {e;}
and {fr} are bases of Hilbert spaces Hy and Ha, then {e; ® fr};ren constitute a
basis of Hy ® Hs.

Define the usual norm by || - || gy eH, = (- ')}1{12®H2' From [ZZ3), it follows imme-
diately that

v @ voll @, = |lv1]|my 2] e (2.2.3)
if v1 € Hy and vy € Ho.

Let H be a separable Hilbert space. Denote by L?(X, u; H) the space of H-valued
square integrable functions on X (w.r.t. a measure u), equipped with scalar product

(2 9) ety = /X (@), g(2)) y dplz), (2.2.4)

and write shortly L?(X, u) = L*(X, u; R).

Theorem 2.2.4 ([59]). Let (X, p) and (Y,v) be measure spaces such that L?(X, )
and L2(Y,v) are separable. Then, the following holds:

a) There exists a unique isometric isomorphism
LA(X,p) @ L2(Y,v) = L (X x Y, 1 x v)

which maps f ® g to f(x)g(y).

b) For any separable Hilbert space H, there exists a unique isometric isomor-
phism
LY(X,p) @ H = L*(X, p; H)

which maps f ® h to f(x) - h.

Proof. Let {e;(z)} and {fi(y)} be bases of L?(X,u) and L*(Y,v), respectively.
Then, the family {e;(z)fx(y)};ren constitutes a basis of L*(X x Y, x v), while
{e;® fi}j ken is a basis of L(X, u)® L*(Y, v) according to Proposition ZZ3 Hence,
the map

U:fogm f(x)gy)

can be extended uniquely to a unitary operator from L?(X,u) ® L2(Y,v) onto
L?(X x Y,u x v). This proves a).

In order to show part b), let {e;} be a basis of H. Thus, we have

n

nlin;o g(x) — Z(g(m),ej)Hej =0

for every g € L?(X, u; H) such that the linear span of {g;(x) -e; : g; € L*(X, )} is
dense in L2(X, u; H). Now, the map

U:> (g5®e) =Y gi(x) e
j=1 j=1

preserves the scalar products by the definitions (ZZ2) and [(ZZ3) and is defined on
a dense subspace of L?(X, u) ® H; hence, it can be extended uniquely to a unitary
operator from L?(X, ) ® H onto L?(X, u; H). O
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In this thesis, we usually take the tensor product of the spaces H'(D) and L?(f2)
and obtain by Theorem [ZZ4 the isomorphism

HY (D) ® L*(Q) = L*(Q; HY(D) = HY(D; L*(Q)) (2.2.5)

with scalar product
(’U, w)LO = / (’U, w)Hl(D) dpP
Q

1 2
Pl = ) = ([ 1oty ae)

The same construction can be done with tensor products of spaces like LP for
1 < p < 0o and Banach spaces like C*, see [12]; e.g. we have

and norm
/2

L>(D)® LP(2) := {v : D x Q — R:esssup|v(z, -)||%p(9) < oo} .
xeD

Note moreover that spaces like L?(0,T; H*(D)) from ([CZI0) are defined in the same
way. As the notation suggests, the theorem of Fubini holds for v € L?(D) ® L*(9)

and we have [63]
//U(Jj,w)dex://U(ac,w)ddeP’,
D JQ QJD

and this is how the scalar product

@Ww:A@WmmWZLLWMW@@WM

with norm ||v||g,0 := (0,0)57/02 is defined in L?(D) @ L%(9).

Denote by C§°(S) for S C R¥ the space

C5e(9) = {cp € C(S) : supp(p) :={y: p(y) #0} C S is compact} .

It is well known (e.g. [109]) that C§° (D) is dense in Hg (D) and that C5°(Q) is dense
in L2(Q) if Q C R*. Hence, the following statement is not surprising.

Lemma 2.2.5. Let Q C R*. Then, the set

o] N
- U {Z el ol € C(D), ¢} € 030(9)} (2.2.6)
N=1 =1

is dense in H}(D) ® L?().

Proof. For given v € H}(D) ® L*(Q2) and € > 0, we can find by definition of the
tensor space a vy = S vPv? with vP € HY (D), v? € L2(Q) and

lony —vll10 < e/2.

For density reasons, we can find for every v” a sequence (cpz ) Yo with P — oD in

Hg (D) and for every vi* a sequence (¢5’,), with ¢, — v in L?(€).

First, we show that for ¢’ := 55 and each 4, we can find an n® such that

ol o5, — vPvtlio <& forallm > nl. (2.2.7)
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’
Choose ny such that ||, — v g1 (py < m for n > n;, whence
K

EI

< g + vl o)
2””?”L2(Q) D)

leinll < g2 — vl o) + 107 |12 ()

Now, choose an ng > nq with

E/

—1
—————+mﬂHwJ
2|8l 2 (D)

Q Q ¢
e = ooy < 5
for n > ny. Then, [ZZ3) provides for all n > ny =: n(?
Q ¢ ¢ Q Q
leineim = v vt 10 < llin (i — vi)lln0 + (9D, — v2)vit 10

= ||90i[,)n||H1(D)H(p§,ln - UZQHLZ(Q) + ||90i[,)n - Uz‘DHHl(D)HUz’Q”LQ(Q) <e.

By means of (ZZ7), one can estimate

N N

D Q D Q
E PinPin — E Vi Y
i=1 i=1

N
<D bl — ol o < /2
1,0 =1

for all n > max; n®) + 1 =: ng. Defining ¢ = vazl @fno ga?no, we have ¢ € 9 with

o —vll10 <llp—vnll1,0 + [[lov = vl10 e

O

Now, we consider operators on tensor spaces. For ¢ = 1,2, let K; be Hilbert
spaces and A; be densely defined linear operators from H; to K; on the domains
dom A; C H;. Furthermore, let us denote by dom A; ® dom A5 the linear span of
{v1 ® v2 : v; € dom A; for i = 1,2}. Then, dom A; ® dom Az is dense in H; ® Hs.
Define

A1 X AQ(’Ul ® ’1}2) = A1U1 ® AQ’UQ (228)

for v; € dom A; and extend it to a linear operator on dom A; ® dom As,.

Proposition 2.2.6 ([59]). The operator tensor product A1 ®As is a densely defined
linear operator from Hy @ Hy to K1 ® Ko. Furthermore, if A1 and As are bounded
operators on Hi and Hs, respectively, then

[ A1 @ Az = [|Av[}]| Az]-

It is obvious that, by induction, one can define tensor products of any finite number
of Hilbert spaces and tensor products of any finite number of operators thereon.
The following proposition will be helpful.

Proposition 2.2.7. Let H, be Hilbert spaces and (A}), be a sequence of linear
bounded operators on H, forr =1,..., R with

|AT v — vp|lE, — O for all v, € H, as n — 0. (2.2.9)
Then, it holds
R
|Anv —v||g — 0 for allveH::@HT asn — oo (2.2.10)
r=1

R r
for A, =Q,_, Ar.
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Proof. Let I" be the identity operator on H, and I = ®f:1 I". Inductively, we
have

r=1 r=1
R—-1 R—-1 R—-1
=( I — A;>®IR+®A;®(IR—A§)
r=1 r=1 r=1
R-2 R-2 R—-2
— ( I — A;) I I+ QA (I - A o 17+
r= r=1 r=1

(@)

Now, take a v € H of the form v = Z vi®---@uvl with vl € H,. The calculation

above allows us to write

r—1 R
v — Aol = H( (@A;) @I —Al)® ( X 1)) v
s=1 s=r+1

zlz

= H
N R r—1 R
SZZ <®A;Uf>®(vf—14;v{)®< ® Uf)
i=1r=1 s=1 s=r+1 H
N R r—1 R
>3 (Tt ) 1t - it ( 11 ot ).
i=1r=1 = s=r+1
The sequence (||A%v$| m.)n is convergent and thus bounded for all s = 1,..., R.
Consequently, we can conclude ||[v — Apv||g — 0 from @ZZH). The totality of such
finite sums being dense in H, (ZZI0) is verified. O

2.3 Weak formulation

In this section, we derive the Richards equation for stochastic parameters. We
concentrate on a stochastic permeability K and discuss other random parameters
in Remark 236

Now, let the permeability K be a random field defined on D x ). For each w € €,
K(-,w) is a realization for which ([CZI]) holds, i.e.

Kmin < K(z,w) < Knpax V2 €D Yw € Q, (2.3.1)

and for which the Richards equation (CIH) makes sense. The solution p(w) is a
function on (0,7) x D, and we take the saturation 0(p(w)) and the relative per-
meability kr(0(p(w))) as in (LX) and (CI), respectively. We can also define
pointwise the Kirchhoff transformation x : R — R as

p(w)
k:p(w) — u(w) := /0 kr(6(q)) dg. (2.3.2)
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We obtain the generalized pressure which satisfies (CZ2)—(CZ3)) for each realiza-
tion, i.e. for any w € Q and any ¢ € (0,7] consider the boundary value problem

H(u(t,-,w)) + div(v) = f(t) on D (2.3.3)
u(t, ,w) =up(t) on I'p(t) (2.3.4)
v-n= fy(t) on 'y (1), (2.3.5)

where the flux v is defined as
v = = (K(,w)Vult, ) — K(w) kr(H (u(t,))pges)  (2.3.6)

and where up(t) with up > u. and fy(t) are given functions on I'p(t) and I'y(¢),
respectively, which are assumed to be deterministic for the moment (until Remark

E39).

Remark 2.3.1. Note that the Kirchhoff transformation only works, since K is a
random field, which gives a sense to single realizations w € 2. The same holds for
the inverse Kirchhoff transformation which is necessary to transform back from our
computational solution u to our physical solution p, or, in our setting, to transform
back statistics like E[u] to E[p]. Observe that we have

E[p] = E[x~!(u)] # &~ (E[u])
in general, but by Jensen’s inequality (e.g. [7&, p. 159]) the estimate
E[p] < &7 (E[u)), (2.3.7)

since k is convex.

For the weak formulation, we can exploit the results from the deterministic case
and claim that for each realization w € €2, the function u satisfies the variational in-
equality (CZTIT) or its time-discretized counterpart (CZI3)). We want to investigate
for the latter problem which conditions are necessary to derive the measurability of
u and some regularity results.

To this end, define a“(-,-) and ¢“(-) as a(-,-) and /(-) in (CZI) and (CZIH),
respectively, by replacing the deterministic K by the random field and consider for
each w € Q) the variational inequality

wek: a(u,v—u)— 0w —u)+ o) —du) >0 Yoek. (2.3.8)
Now, define the (possibly set-valued) map U : Q@ — H'(D) by

w i U(w) :={u € K : u solves ZII)}.

First, we can state the following.

Proposition 2.3.2. Let K be a random field satisfying (Z231). Then, with the
assumptions of Proposition [LZ3, the map U is measurable.

Proof. By Theorem [LZZ], there is a unique solution u of [Z3F) for each w € .
Moreover, the assertions of Proposition are still valid for a* and ¢“ due to
E&3). According to [33, Prop. I1.2.2], the variational inequality 238 is equiva-
lent to

wek: a*(v,u—v) —0wuw—2)+ o) — o) <0 Yuek.
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Observe that K is separable, since HY(D) is. With a set {v; };en which is dense in
K and by continuity, we see that

welU(w) <  a“(vsu—v;) —0(u—v;)+du) —d(v;) <0 VieN.
The set
Ui(w) := {u e K : a(vi, u) — 0 (u) + dp(u) < a(vi,vi) — £ (i) + d(v;)}

is closed by the continuity of a*, /~ and qAﬁ Thus, we can conclude from [§, Theo-
rem 8.2.4] that
= Ui(w)
€N

is measurable. O

By this proposition, U(w) € K is the unique solution of 3ZR) for each w € Q. We
can say more.

Proposition 2.3.3. With the assumptions of Proposition[Z33, the map U satisfies
U e LP(; HY(D)) for all1 < p < oo.

Proof. Again, the assertions of Proposition [[Z3 are still valid for ¢* and 7 due to
&3T). Hence, we have by this proposition

@ (U(w), Uw)) = c|U@)Fpy = ctlU @) ) — c2 (2.3.9)
on the one hand and by [Z3J)
(U (w),U(w)) < a(U(w),v) = (v = Uw)) + ¢(v) = o(U (w)) (2.3.10)

< CIU W) ayllollzr oy + 1891 (10 @) ooy + o]l o)
+ L (1U@) zr oy + 10l 1))

for all v € K on the other hand. Combining [Z33) and EZZI0) provides

U3 py <
(er + Cllollan oy + 181 + L) [0y + (181 + L) 0]z ) + 2

With the assumptions made on the functions occurring in é“, in particular that
K satisfies (Z3]) and that f and fx are deterministic, we can state that [[¢¢]| is
uniformly bounded by a constant. Consequently

U ()lmpy < C (1+ vl (py)

for an arbitrary fixed v € IC, where the constant C' is independent of w. This yields
U e LP(Q;HY(D)) for all 1 < p < oo. O

Now, instead of testing with v € K, we take v = V(w), where V € LQ(Q;I@), and
integrate on {2, which is possible by Proposition Then, U is the solution of
the variational inequality
Ue L’ (K): E@(U,V-U)|-E[*(V-U)] +E[g(V)] - E[6U)] >
YV e L2(Q;K). (2 3.11)
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Remembering [ZZH), we detect that
LK) = {v € L*(Q; H'(D)) : v(w) € K for almost all w € Q}
={ve H'(D)® L*(Q) : v > uc a.e. on D x QA (2.3.12)
trrp, 1) v(-,w) = up(t) for almost all w € N} .

We write this set (Z3I2) in a more compact form as
K(t) :=={ve H' (D) ® L*(Q) : v > uc A trr, gy v = up(t)}. (2.3.13)

It is clear that KC(t) is convex and nonempty (note the assumptions on up(t) in
([CZT)). To prove the closedness, we first see that for any w € H*(D) ® L?(Q)
with w < u. on a subset Fy X E5 C D x Q with positive product measure dx x dP,
cf. Theorem EZZA there exists for any ¢ > 0 a second subset E3 x Ey C Fy X Fy
with positive product measure such that w < u. — ¢, whence

0<C<|w—vloo < [lw—wl1,0

uniformly for each v € K(¢). With the same argument for a w € H'(D) ® L?()
with trr, ;) w # up(t) on a subset £y x Q C D x Q with positive product measure,
one obtains

0 <C<|ltrrp ) w—trrp ) vl 2o oL
< ltrrp ) w = trrp ) Ol /2 (o ()@ 22(0)
< Cllw =10
uniformly for each v € K(t), where we used the Sobolev embedding theorem (see [22,

Theorem 2.19]) in the second line and the trace theorem from |22, Theorem 2.24] in
the third line. Hence, we have proven the following analogue to Proposition [CZT1

Proposition 2.3.4. K(t) is a nonempty, closed and conver subset of the tensor
space HY(D) ® L*(Q).

Let us return to the time-continuous case. If we apply this procedure to problem
([CZTI), it is clear that we seek on @ x Q = (0,T) x D x Q for a solution which is
an element of

T 1/2
L*(0,T; HY(D)® L*(Q)) == v : (0,T) — D x Q. (/o o3 o dt> < o0

As in the deterministic case, the time derivative H (u); is problematic and we have
to assume that H(u); € L*(D) ® L*()) almost everywhere on (0,7"). Then, u is
called the weak solution of the stochastic Richards equation at the time ¢ € (0,77 if
u(t) € K(t) and

E UD H(u())e (v — u(t)) dx] +E UD K Vu(t)V (v — u(t)) dx]
>E [/D K kr(H(u(t)))pge.V (v — u(t)) dz] +E UD F(O) (v —u(t) d:c}

—-E

/F “ In(t) (v —u(t)) do] Vo € K(t). (2.3.14)

If the same time discretization as in Section is carried out, we can transfer
problem ([Z3T4) to problem {3TTI); this will be shown in Section

At this point, it is time for several remarks.
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Remark 2.3.5. Having a closer look to the proofs of Propositions EZ3 2 and 2233
we can state some generalizations as it is done in [54] where a similar problem with
¢ = 0 is examined. First, we can replace H'(D) with an arbitrary separable Hilbert
space H, in particular if H is a subspace of L?(D) or H*(D). The source function f
can be chosen random, too, which demands the condition || f||z2(p) € L*(£2). More
generally, we can replace @, ¢, and ¢ by a(-, -, w), £(-,w), and ¢(-,w) provided that
they are all Carathéodory maps and satisfy

(i) (W= la(,-w)l) € LP(),
(i) (w = [[€¢, ) € L7 (),

(iii) ¢(-,w) is Lipschitz continuous with a Lipschitz constant L independent of w.

Here, ¢ is said to be a Carathéodory map if ¢(x,-) is measurable for every x € H
and ¢(-,w) is continuous for every w € ; with analogous definitions for a and ¢.
Finally, observe that the proofs do not work if the Dirichlet boundary function up
is also random, since the convex set K is then depending on w. In this case, different
techniques are necessary to obtain the results, see [51].

Remark 2.3.6. In this remark, we discuss the consequences if parameters other
than the permeability K are random.

If the relative permeability kr(-) and the saturation 6(-) are stochastic, say kr(-, w)
and 0(-,w), it is not clear how to define the Kirchhoff transformation; however,
will be dependent on w and so will be the generalized saturation H; and even if kr,
0, and K are independent (in the stochastic sense), kr(H (u)) and K will not be in
general — apart from the question of how to define kro H ow if these are all random
fields. In particular the randomness of the nonlinear function H causes problems
which are beyond the scope of this thesis. Thus, we will henceforth assume that
kr(-) and 6(-) are deterministic.

We now turn to stochastic source functions f and stochastic Neumann boundary
functions fy. Observe that formulation 3T4l) already includes them provided
that they are integrable. Hence, we assume that

feL?0,T;L*(D)® L*(Q)), fn € L*0,T;L*(Ty)® L*(Q)), (2.3.15)

which corresponds to the considerations in Remark 238 We will indicate at appro-
priate locations throughout this thesis how to treat these functions, confer Remarks

233, B28 and B2

By the formulation in Z3IZ), a stochastic Dirichlet boundary functions up is
feasible if it can be written as the trace of a function w € H'(D) ® L?(Q2) with
w > u, almost everywhere on D x 2 analogously to (CZ), i.e.

up(t) € {v=trr,pyw:we H(D)®L*(Q) A w>u. ael, (2.3.16)

where the trace operator trr, ) : H'(D) ® L*(Q) — HY?(I'p(t)) ® L*(Q) is the
generalization of the deterministic trace operator on H'(D) by creating the operator
tensor product with the identity operator on L?(€2). For its discretization, similar
to that of stochastic initial conditions u®, we refer to the Remarks and B34
and the reference in Remark

Remark 2.3.7. The formulation Z3X) provides a direct way to compute the
expectation E[u] of the solution of the time-discrete stochastic Richards equation
by means of the Monte Carlo method. Indeed, we need to sample independent and
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identically distributed (i.i.d.) realizations of K (x,w) or, more generally, of a“~ (-, -)
and (“n(-) for n = 1,..., Nmc and to solve [Z33) for each w,. We denote the
solution by u(-,w,) and compute the average

1 Nwmc
u(x) = Moo Z u(z, wy).
n=1

Then, it is well known that

IP’( lim a(z) = E[u](m)) =1
Nyvc—o0

for all © € D by the strong law of large numbers (e.g. |78, Section 16]). The great
advantages of this method are that it is easy to implement and that it can be
run independently of the considered setting (e.g. also in high-dimensional spaces).
Unfortunately, the convergence speed is rather poor. For this question, we refer to
Subsection LT3 where we carry out a more refined analysis of the Monte Carlo
approach.

Remark 2.3.8. There are numerous investigations about how the random per-
meability K is typically distributed. Traditionally (and fortified by a number of
experiments), it is often assumed that it has a lognormal distribution, i.e.

log(K (x,)) oc A (purc, o)

see e.g. |27, BY, b7, 1100]. This is expedient since it ensures the positivity of K
and allows easy computation of moments. Other authors refer to mismatches with
real-life data [50, [104] and prefer other models, in particular gamma distributed
permeabilities, see e.g. the references in [74]. Comparisons of lognormally and
gamma distributed permeability can be found in [77] on the basis of experimental
data and in [84] on the basis of field data; [99] provides theoretical estimates about
the bias when using false distributions.

We emphasize that, by means of the Karhunen—Loeve expansion in Section Bl our
approach does not depend on a particular choice of the distribution but allows to
compute directly on the basis of measured data (see Subsection BT3).

The last remark provides a short survey about generalized random fields and white
noise. We refer to the stated references for further details.

Remark 2.3.9. Random fields as defined in Definition are not sufficient to
model highly erratic processes. To this purpose, one introduces generalized random
fields on D, which are continuous linear mappings from a space S of test functions on
D to a space of random variables on 2 (for the exact definition, see [43]). Concerning
white noise, one has to deal moreover with generalized random variables which are
no longer in L2(Q2). If K or u is modeled by a generalized random field, it is not
obvious how to interpret the product K (z,w)Vu(z,w) which arises in [Z38). We
come back to this topic after concretizing “white noise”.

Let . be the Schwartz space of rapidly decreasing smooth functions [109, p. 183]
and its dual .’ the space of tempered distributions. In order to model white noise,
choose as probability space the set Q = .#/(R%) equipped with the weak*-topology
and Borel sigma-algebra and the measure p; such that

/ o @) (@R rwd) qp (w) = e 1172 vy e F(RY), (2.3.17)
S (RE)
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which exists due to the Bochner—Minlos theorem [5&, Section 2.1]. On this space,
the white noise is defined as expansion

W(z,w) = an(:c)Hak(w), (2.3.18)
k=1

where {1} is a basis of L?(R?) and {H,} is a basis of L2(.7’(R%)), see |58, p. 38].
For eachz € RY, W (z,w) € (), which is the dual space of () := .7 (%' (R¢, 1)),
cf. [Z1l, Section 3.3] for the precise definitions.

Resuming the question of the multiplication K (z,w)Vu(z,w) if K and u are gener-
alized random fields, this is possible in the usual pointwise way only under further
assumptions. For example, it works for u € L?(D) ® (%) if K is C* in space and
has special regularity on €, cf. [19, Theorem 6.18]. However, usually one has to take
Wick products f o g for f, g € (&), cf. [568, Section 2.4]. Once having defined the
Wick product, one can extend it to analytic functions by its power series, e.g. the

Wick exponential exp® X 1= 4 X°" for X € ().

As an example, the Wick SPDE of the simple pressure equation in saturated soil is
according to |58, Section 4.6] given by

—div(K (z) o Vp(x)) = f(x) on D (2.3.19)
p(x) =0 onI'p. (2.3.20)

Here, f(x) has to be ()-valued and K is modeled as
K(z,) = exp® W(z,"),

where W is the white noise process from ([Z3I8) such that K(z,-) € (<)". With
appropriate assumptions on the regularity of f, it is possible to prove that Z3I9)—
(Z320) has a unique solution p € C?(D) ® (). Further convergence results for
linear elliptic SPDEs with white noise can be found in [14].

There are several reasons why this approach does not work for the Richards equa-
tion. The main reason is that it no longer allows a pointwise interpretation of the
realizations of K and consequently for p and u. Therefore, neither the Kirchhoff
transformation £(p) nor the saturation H(u) in (CI9) and (CII0) make sense,
in particular since these functions cannot be written as power series like the Wick
exponential function above. Beside from this, it is doubtful whether this Wick
product approach provides the correct modeling. First, it is E[X ¢ Y] = E[X]E[Y]
for X, Y € (&), see |58, p. 64], which means that the mean of the solution of (lin-
ear) Wick SPDEs is not influenced by higher statistical moments of K. Secondly,
comparisons with SPDEs with usual interpretation of the multiplication, e.g. in [58,
Section 3.5], show that the solution from the Wick models do not agree with Monte
Carlo simulations in general. For this reason, we will henceforth concentrate solely
on random fields K with the usual multiplication.
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Chapter 3

Discretization

In this chapter, we describe the discretization of the parabolic nonlinear SPDE to
find u(t) € K(t) satisfying

E UD H(u(t))e (v — u(t)) dx] +E UD K Vu(t)V (v — u(t)) dx]
>E [/D K kr(H(u(t)))pge.V (v — u(t)) dz] +E UD F(O) (v —u(t) d:c}

—E

/F " In() (v —ul(t)) do] Yv e K(t), (3.0.1)

as introduced in Z3ZT4). The structure of the equation and the number of differ-
ent variables necessitate a separation of the discretization into several steps which
are carried out independently. A main difficulty consisting in the nonlinearity in
the spatial derivative was already treated in Z32) by the Kirchhoff transforma-
tion. As next steps, we have to take care of the random field K (z,w) first; we
use a Karhunen—Loéve expansion to represent it in a countable number of random
variables which concurrently specify a finite-dimensional stochastic domain. This
is done in Section Bl Next, we introduce a suitable time discretization in Sec-
tion B2, where we treat the gravitational term explicitly in order to simplify the
following spatial and stochastic problems. It also allows us to write the arising
time-discrete problems as variational inequalities, which can be seen as convex min-
imization problems. Therefor, we use finite element ansatz functions in the spatial
domain and polynomial chaos ansatz functions in the stochastic domain which are
introduced consecutively in Section While this discretization in both spatial
and stochastic direction is straightforward for the linear parts of the equation, one
has to turn special attention to the nonlinear term, which is done in Subsection
B33 Furthermore, we present some convergence proofs. Finally in Section B4l we
give some numerical results concerning the discretization error.

3.1 The Karhunen—Loeve expansion

A major difficulty when incorporating random fields into differential equations is
the problem that one has to deal with abstract measure spaces {2 which are possi-
bly infinite-dimensional or where distributions and density functions—if existent—
might only be known approximately by sampling. In addition, one is particularly
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interested in handling functions on these abstract spaces, namely random variables
defined on the sigma-algebra of random events in 2. The simplest and mostly used
method is the aforementioned Monte Carlo method (Remark EZ37), which consists
of sampling these functions at randomly chosen points w, € . The Karhunen—
Loeve approach in this section pursues another idea by expanding a function K on
D x € in a series of the form

K(z,w) = K@) +Y_ VA (2)é (w),

where {g,(x)} is an orthonormal set of functions on D and {¢,(w)} is a special set
of random variables on €. It is named after Kari Karhunen [62] and Michel Loeve
[7&) who developed it independently of each other in the late 1940s.

3.1.1 Definition

Let K € L>=(D) ® L?(Q2) be a random field. If K(z,-) € L*(Q) for every z € D,
then K(x,-) is often called a second order random variable. The family {K (z,)},
of second order random variables is then called a second order random field defined
on D. We set the following notations.

Definition 3.1.1. Let K (z, ) be a second order random field. Then, we denote the
expectation value of K by K(z) = E[K(z,-)]. The function Vx defined on D x D
by

Vi (x1,22) :=E [(K(ml,w) - I_((:Cl)) (K(:I:g,w) — R($2))}

is the covariance of K and the function C'x defined on D x D by
Ck(x1,22) = E[K(21,w)K(22,w)]

is the correlation of K.

If the second order random field is centered at expectations, the second moments
E[K (:Iz,w)Q] are variances and the correlation and the covariance coincide. In the
case K(x) # 0, one can easily see that

Vi (z1,22) = Cr (21, 22) — K(21)K (22).

This means that we have a one-to-one correspondence between these two statistics,
and the following statements work with each of them. For a survey of second order
properties—those which can be defined or determined by means of covariances—we
refer to |78, Chapter X]. In particular, we cite the following two propositions.

Proposition 3.1.2 ([7§]). A function C(z1,22) on D x D is a correlation if, and
only if, it is of nonnegative type, i.e. for every finite subset D, C D and every
function h(z) on D, we have

> Y Clar, wa)h(xr)h(az) > 0.

1€Dy v2€D,

Definition 3.1.3. A second order function K (z,-) is continuous in quadratic mean
(in qm.) at z € D if

E[(K(x—i—ah,-)—K(x,-))ﬂ —0 ase—0,z+cheD.
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Proposition 3.1.4 (|[78]). K(z,-) is continuous in g.m. at © € D if, and only if,
Ck (21, x2) is continuous at (x,x).

We now assume that K(z,-) is continuous in q.m. and consider the operator
Ck : L*(D) — L?(D) defined by

g = (CKg)(.Tl) = /D CK(.Tl,.Tg)g(.Tg)dl'g. (3.1.1)

We will see that the correlation Ck is a Fredholm kernel and Ck is a trace class
operator. First, C is self-adjoint since Ck(x1,z2) = Ck(22,x1). Moreover, Cx
is positive, i.e. (Cxg,9)r2(py = 0 for all g € L*(D), due to Proposition
Finally, we show the continuity of the kernel Cx on D x D. By Proposition B4
we know that Ck is continuous at every diagonal point (x1,21) € D x D. For
(x1,22) € D x D with &1 # x2, we observe that K(x1 + e1h1,-) — K(x1,-) and
K (29 + e2ha, ) — K(x2,-) in L?(Q) as 1,2 — 0 implies

Ck(x1 + e1hi, 2 + e2ho) = E[K(z1 + e1hq, ) K (22 + e2ha, *)]
— E[K(z1,)K(22,)] = Ck (21, 72),

where the convergence of the expectation follows from [78, p. 469]. Thus, by Mer-
cer’s theorem [109, Theorem VI.4.2], it holds

CK($1;$2) = ZATgr(xl)gT(‘mQ)a (3'1'2)

r=1

where the series converges absolutely and uniformly on D x D, and the continuous
functions g, are the eigenfunctions of Cx corresponding to eigenvalues A, i.e.

/D Ck (z1,72)g,(22) dT2 = Argr(21). (3.1.3)

All eigenvalues are nonnegative and can be ordered as A\; > Ay > ... > 0. Eigen-
functions corresponding to (necessarily finitely) multiple eigenvalues are written
with distinct indices, and they are orthonormalized on D according to

[ o)) as = b (3.1.4)
D

Employing BT2) and the uniform convergence, we get
Z)‘T = Z)‘T/ gr(2)gr(z)dz = / Ck(z,z)dx < co.
r=1 r=1 D D

Let us assume for a moment that K(r) = E[K(7,w)] = 0. We now define for
r=1,2,...
1
&r(w) = / K(z,w)gr(z)dx. (3.1.5)
\/AT D

These integrals exist, since K (in q.m.) and g, are continuous on the domain D.
The {¢.} are orthonormal on Q due to (BI3) and BI4), since

E[srss]:ﬁ /D /D E[K (21, 0)K (22, w)]g, (21)ga (22) day dazs

= —%/Dksgr(m)gs(xl)dxl (3.1.6)

= Ors.
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The same calculation shows

E[K (z,w)& )] = v/ Arge (), (3.1.7)

which represents the coefficients when expanding K(z,-) in the orthonormal direc-
tions &,.. This directs us to the partial sum

M
Kar(a,w) = S Vg (@) ).

Exploiting the orthogonality, BI) and BI2), we see by

E [(K(z, W) — K, w))Q] — E [K(2,w)?] + E [Ku(2,w)?]

Z \/)\77‘97‘(.’1])57« (W) K (z,w)

—2E

— Cic(a.2) = 3 Argr(2)gr (@) — 0

that Ky — K in L?(Q2) as M — oo, uniformly on D. These considerations give
rise to the following theorem.

Theorem 3.1.5 ([78]). A second order random field K(v,w) € L>(D) ® L?(f)
continuous in q.m. on a domain D with centered expectations has an orthogonal
decomposition

K(SC, w) = Z \/Yrgr(x)gr (W) (318)

with [317) and (ZLA) if, and only if, the A, are the eigenvalues and the g, are
the orthonormalized eigenfunctions of its correlation operator. Then the series con-
verges in L*(Q) uniformly on D.

Proof. We still need to show the “only if” assertion. If K has the decomposition

BI3R), we have

Ck(21,22) = N}linoo E[K (21, w) K (22,w)] = Z)\rgr(xl)gr(z2)

r=1
and consequently
/ Ck (w1, w2)gr (22) dza = Argr(21).
D

O

We now drop the assumption K(z) = E[K(z,w)] = 0. To this end, we split up
K(z,w) = K(z) + K (z,w) and perform the orthogonal decomposition for the ran-
dom part K. Another possibility is to use directly the covariance kernel Vi, which
is identical to the correlation kernel C_ . In either case, defining the £, according

to
1

&r(w) = / K(z,w) — K(z)) gr(z)dx 3.1.9
(w) /s (K (2,w) — K(2)) gr(x) (3.1.9)
instead of (BZLH), Theorem BIZA holds verbatim if one replaces (BILR) with

K(wi) = K($)+Z\/xgr($)§r(w) (3110)
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Definition 3.1.6. The orthogonal decomposition [BII0) is called the Karhunen—
Loéve expansion (KL expansion) of the random field K € L>(D) @ L*(Q).

Definition 3.1.7. The partial sum

Ky (z,w) = K(z) —i—z\/):gT(x)fr(w) (3.1.11)

is called the M -th truncate of the Karhunen—Loéve expansion [BILI0).
Remark 3.1.8. The preceding definitions can be extended easily to random fields
K in L?(D) ® L*(Q), see |95, Theorem 2.5]. In particular, it holds

|K -~ Kul2o=E UD (K (2,w) — Ky (z,w))? dz| — 0. (3.1.12)

In Proposition BTT2, Corollaries BT.T4 and BTI8 and Theorem BTT9 we will
give conditions for the convergence of the KL expansion in L>(D) ® L*(£2).

Partial sums Kj; of the KL expansion for K are optimal finite-dimensional approx-
imations of K in the mean square sense having an orthonormal basis in D (see |47,
p. 24]). A quantitative information provides the following theorem in [95] (Pygyv is
the projection onto U ® V' in the L? sense).

Theorem 3.1.9. If K € L?(D) ® L*(Y) has the KL expansion [TLI10), then for
any M € N it holds

Ucifzf(m 1K — Poerzo)Kllgo = Z Ar
s r>M+1

with equality only for U = span{g1, g2, - ,gm}, i-e. for the M-th truncate (ZLI).

The approximation quality of the M-th truncate is thus depending on the decay
of the eigenvalues A,, which in turn is depending on the covariance kernel V.
Following the theory described in [66], one can find bounds for the eigenvalue decay
in dependence of the regularity of Vi .

Theorem 3.1.10 (|95]). Let Vi : L?(D) — L*(D) be the operator

g’_’(VKQ)(-Tl):/DVK(-Tl,-TQ)g(.TQ)dxg (3.1.13)

in analogy to (ZI). We denote by {(Ar,gr)}r>1 the eigenpair sequence of the
operator Vi. Let {D;} be a finite partition of the domain D C R<.

a) If Vi is piecewise analytic on D x D, then there exist positive constants C
and C, only depending on Vi, such that

0< A < CeXp(féT%> for all v > 1. (3.1.14)

b) If Vi is piecewise H* on D x D with k > 1, then there ewists a positive
constant C, only depending on Vi, such that

0< A\, SCT_% for allr > 1.
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Figure 3.1: Example of a realization of the KL expansion K/ (z,w) on D = (0,1)?
with covariance kernel (BZLTH]) for different truncations M = 1, 3,5, 10.

¢) If Vi is piecewise smooth on D x D, then for any s > 0 there exists a positive
constant C, only depending on Vi and s, such that

0< A\ <Cr=*° forallr>1.

Moreover, if all the domains D; have the uniform cone property, then for
any s > 0 and any multi-index o € N there ewists a positive constant C,
depending on Vi, s and o, such that on each D;

10%grllLo(p;) < C|A|™% forallr > 1. (3.1.15)

Example 3.1.11. Two of the most commonly used covariance kernels (e.g. ﬂﬂ, @,
l6, 195]) are the ezponential covariance kernel

Vie(w1, @2) = exp(—[a1 — 21/7), (3.1.16)
see Appendix [Al for more details, and the Gaussian covariance kernel
Vic(21,22) = 0% exp(—(z1 — 22)%/7?). (3.1.17)

For D = (—a,a), we obtain the following decay rates, which reflects the regularity
of Vi: for the kernel (BITH), we have

Sa’y Sa’y
)2+ @a)E = S (= Dyn 2+ (2a)?

by ([(AT)) and [(AT2) and thus

A < Cr?
for a constant C' = C(a,~y), whereas the analytic kernel (BT even provides

(/7
A= Ori )
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Figure 3.2: Eigenvalue decay for different covariance kernels on D = (0,1)¢ for d =
1,2,3. Left: exponential covariance kernel (y = 20). Right: Gaussian covariance
kernel (0 =1, v =2)

with a constant C' = C(a,~,0), see [L03], where I'(-) denotes the gamma function
interpolating the factorial. In the latter case, the decay of the eigenvalues is even
faster than predicted by Theorem B-TT0l An example is shown in Figure

By means of Theorem BT, we are now ready to give a criterion for the convergence
of Ky to K in L*°(D) ® L>(Q).

Proposition 3.1.12. Let Vi be analytic on D x D and K € L*>(D) ® L*(Q2). If
the random variables &, in the KL expansion [Z1I0) are uniformly bounded, i.e. if
there exists a ¢ € R such that ||§;| L) < ¢ for all r € N, then each term in

ZI111d) can be bounded by
thm&

< Cexp(—Cri 3.1.18
Do) p( ) ( )

with positive constants C' and C, depending only on Vi, and the truncate Ky
converges to K in L*°(D) ® L>°(Q) with

= i
||K - KM”LOC(D)@LOO(Q) S C’F(d, CM'i)

with positive constants C, depending on Vi, and C, depending on Vi and d, where
['(d, s) is the incomplete gamma function |2, p. 260].

Proof. By virtue of the boundedness of &,., we get by BLId) and [BILIH)

H VArgrEs )

for all s > 0.

al=

1_4 1 ~
<CN "< Cexp (— (——s) Cr

Loo(D)®L>(Q) — 2

For the second assertion, (BZIR) provides

Z \//\77"97“57"

r=M-+1

K — KM||L°°(D)®L°°(Q) =

Le(D)®L>(Q)

< Z C’exp(fér%) < / Cexp(—é’x%)dx = CdC~1(d, C’M%) —0
r=M+1 M

as M — oo. O
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We can relax the conditions on the boundedness of £, and the regularity of K and
Vi . By using Chebyshev’s inequality and the Borel-Cantelli lemma, one can prove
the following proposition.

Proposition 3.1.13 ([78]). Let the random variables X, be orthogonal. If it holds
S log?(NE[X2] < oo, then the series Y., X, converges in L? sense and almost
surely.

Applying Proposition BT T3 to KL expansions with X, = VA.g,(2)&,, we get im-
mediately another convergence criterion.

Corollary 3.1.14. If the functions in (Z111) satisfy
D A log® (1)1 gr 17 ) Var(ér) < oc,
r=1

then the KL expansion converges in L (D) ® L>®(Q).

3.1.2 Independent KL expansions and reformulation

We now turn to the functions &, in the Karhunen—Loeve expansion BII0). The
relationship (BL0) means that these random variables £, are mutually uncorrelated
and have unit variance. Moreover, by [BILJ) we obtain immediately

E[¢] =0 forall r. (3.1.19)

Another important concept when dealing with random variables is independence.
If two or more random variables are independent, they are also uncorrelated (this
can be seen for random variables &1,...,&)y from the KL expansion [BII0) by
combining (BITY) and Proposition ZT), but the opposite is not true in general.
In this subsection, we state some consequences if the functions &, are independent.
Later on, we have a closer look on the important class of normally distributed
random fields where the KL decomposition turns out to consist of independent
terms. Finally, we derive an exact formulation of ILIl) when K is approximated
by a truncated KL series (B1).

A very interesting feature of having independent &, is the fact that this provides
further criteria for the L>°(€2) convergence of the KL expansion. In order to prove
this, we recall a famous result from probability theory, Kolmogorov’s zero—one law.
For preparation, let X, be a set of random variables indexed by r € {1,..., M},
M < o0, defined on (£, £, P) with the notations from Section 21l and let us consider
the sigma-algebras o, := o(X,, X,;41,...). The o, form a nonincreasing sequence
of sigma-algebras, and its intersection

[e'S)
oo = (o
r=1

is called tail sigma-algebra. Note that all o, and in particular the tail sigma-algebra
0o are contained in o(X;, Xo,...) induced by the whole sequence (X,),. The ele-
ments of o, are called tail events, and they describe, loosely speaking, the events
which can only be determined by infinitely many X,.. Now, let {X,.} be indepen-
dent. Then o(X3,...,X,) is independent of 0,1 and therefore also independent of
Oco C 0ry1 for arbitrary r. Hence, o is independent of (X7, X3,...) and, being
contained therein, even independent of itself. Since an event A is independent of
itself if, and only if, P(AA) = P(A)P(A), i.e. if P(A) = 0 or P(A) = 1, the zero—one
law reads:
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Theorem 3.1.15 ([7]8]). On a sequence of independent random variables, the prob-
ability of a tail event is either 0 or 1.

In other words, the tail sigma-algebra of a sequence of independent random variables
is equivalent to {0, Q}. Since the set of convergence {w : Y -, X, (w) < oo} is a
tail event, we can state:

Corollary 3.1.16. If {X,} is a sequence of independent random variables, then
the series Y .- X, converges almost surely or diverges almost surely.

In view of this corollary, it is clear that the conditions under which one obtains
almost sure convergence is under the assumption of independence by far less re-
strictive than elsewise. For an arbitrary sequence of random variables, we have the
table of convergence below (see [78] for corresponding definitions):

convergence in L?

4

convergence a.s. = convergence in probability = convergence of laws

In contrast, for series of independent random variables, the reverse implications are
also true |78, Section 17].

Theorem 3.1.17. For series ), X, of independent random variables X, which are
centered at expectations and are uniformly bounded, convergence of laws, conver-
gence in probability, convergence in L*(S)), and almost sure convergence are equiv-
alent.

Corollary 3.1.18. If all random wvariables &, obtained in the KL decomposition
(ZII0) of K are independent and bounded, then it holds

1K — Knrll7 o (pyere(0) — 0-

Proof. Combine Theorems BTH and BETT7 O

The question arises whether one can ensure the independence of the uncorrelated
random variables &.. Note that their distribution is entirely determined by the
distribution of K. An important special case is when K (z, -) is a Gaussian random
variable. Since normality is preserved under linear combinations and passages to
the limit in q.m. and therefore also under integration in q.m., this property is
transferred to the &.. Even more is true: for such random fields, orthogonality
becomes independence. The precise formulation reads as follows.

Theorem 3.1.19 ([78]). If the covariance Vi is continuous on D x D, then the
random field K (x,-) is Gaussian if, and only if, the random variables &. defined by
(ZI3) are Gaussian. In this case, the &, are independent and the KL expansion

(ZII0) converges in L>°(D) ® L*>().

We stress that the independence of the normally distributed &, is not implied by the
fact that they are uncorrelated, which is—albeit sometimes claimed in the literature
(see [83])—mnot true in general, but by the normal distribution of K.

Remark 3.1.20. As we will see below, independence is essential for the formulation
of the solution space when K is approximated by a truncated KL expansion Kj;. For
that, one is sometimes tempted to assume that the &, are Gaussian (e.g. [44, [79]).
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Keese [64] proposes another remedy: if there exists a (nonlinear) transformation
G= FI;(lm) o erf, with the distribution function Fy(, .)(y) = P(K(z,w) < y) and
the error function erf(), see [2, p. 297], such that K(z,w) = G(z,Y (z,w)) for a

Gaussian random field Y, the KL expansion reads

K(a.w) = G (2. (@) + Y VAvrgvat) (3.1.20)

with Gaussian £,.. The drawback of this idea reveals when using a stochastic
Galerkin approach (Subsection EETT), where the nonlinearity of K in &. causes
avoidable approximation errors while assembling the stiffness matrix (see Remark

ETH).

Another possibility in the case of non-independent &.—which is more related to
the purpose of stochastic Galerkin methods—is to expand each &, in a new set of

independent Gaussian random variables ¢, = ((1,...,Ca,.) as a polynomial chaos
approach
P,
&) =D &rTi((r(w)) (3.1.21)
k=1

with Hermite polynomials ¥y (see Subsection B3l). For the consequences for our
approach, we also refer to Remark EETH

Keeping these options in mind, we make for simplicity the following assumption for
the rest of this thesis.

Assumption 3.1.21. The &, in the Karhunen—Loéve expansion [BIIM) are inde-
pendent.

Now approximate the function K in (BT by its truncated KL expansion K.
For a fixed truncation number M < oo, let us denote by & = (&1,...,&m) the
vector of random variables & : Q@ — R and by Q, := &.(Q) their range. The
set QM) = Q) x --- x Qur € RM is then a probability space equipped with the
sigma-algebra Bor(Q(M )) and a unique probability measure P(M) satisfying

M
P9 = [ Pe.
r=1

see [16, Theorem 4.14] for the uniqueness of P. One may identify
LY, 0(61,. .., 60m),P) = L2(QM) Bor(QM)), M), (3.1.22)

In turn, the right-hand side can be identified with
M
L2(Q™), Bor(QM)), P 22 (R) L2 (2., Bor(€2,), Pe, ), (3.1.23)
r=1

see Theorem EZZA We assume that the random variables &, have known density
functions pdf, : Q, — RT with pdf, € L>°(£2,). Then

M
pdf(y) = [[ pdf,(y,) forally = (y1,...,yar) € QM (3.1.24)
r=1
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is the joint probability density function of £&. Due to the identification BI22), the
expectation of a function v € L2(QM)) can be written as

Blo] = [ o) dP()

= [ v a0 ()
Q(}\l)

=/ / v(yrs - ynr) AP, (1) - - - dPe,, (yar) (3.1.25)
Qn 1951

:/ v(y)pdf(y) dy
Q(}\l)

= [ [ vt anpan (€ (e déar
Qn 1951

In the last line we changed the notation from y, to &, to underline the fact that we
introduced “coordinates” &1,...,&y to the space 2 by means of the KL expansion.

Remark 3.1.22. At this point, we can concretize the meaning of the space 2 and
the function K in @ILIl). We replace K by its truncated KL expansion K s, which
results in looking at (2, 0(&1,...,&)) instead of (©2,€). Thus, we have to find
up(t) € K(t) which satisfies

E UD H(unt(£))e (v — wne (1)) dz] +E UD KVt ()Y (0 — ung(£)) dx}
> B[ [ Karkr (G 0))pge:¥ (0~ una(8) ao| + 8 | [ 10000 w0 a]

—-E

/F " In@) (v —un(t)) da] Vo e K(t). (3.1.26)

By means of the Doob-Dynkin lemma (see |90, p. 7]), the solution wujps of the
stochastic variational inequality (BZZH) can be described by just a finite number
of random variables, i.e.

up (b, x,w) = up(t, 2,6 (W), ..., € (w)) = un(t, z, & (w)).

Consequently, the stochastic part of the solution space is given by BI22) and the
set KC(t) from [ZZT3) can be written as

Kt)={ve H(D)® L*(Q) : v(z,£{(w)) > uc a.e. on D x QA
trrp, 1) v(, £(w)) = up(t) for almost all w € O} (3.1.27)

or
K(t) = {v e HY(D) ® L>(Q™)) : v(z,£) > u. a.e. on D x QW) A
11 (1) 0( &) = up(t) for almost all £ € Q<M>} . (3.1.28)

Remark and Notation 3.1.23. We will henceforth always operate on the space
(QAM) Bor(QM)) P(M)) - In light of the identification [EIZF), we will however
mostly write L2(2) in the following and use from time to time the short hand
notation

Bl = [ o()ap
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for the expectation of v € L2(QM)) from {EI2H). This implies the restriction of the
probability space from (©2,&,P) to (Q,0(&1,...,&m),P) as mentioned above. Only
in cases, when we want to emphasize the embedding in RM attained by (BIZZ),
we will use the notation Q) with coordinates y € QM) or ¢ € QM) e.g. when
looking at the space C°(QM)) = {v: QM) — R : v continuous} in Section

The first question arising from (BI28) is whether this problem is still well-posed.
In view of [Z3) this means whether Kj; is bounded and uniformly coercive,
i.e. whether there exist Kmin, Kmax € (0,00) such that

P(K (7, w) € [Kumin, Kmax] Vo € D) = 1. (3.1.29)

The convergence || Ky — K || L~ (p)gr2(0) — 0as M — oo in combination with (EZ31])
is of no use, since, first, we are interested in truncations Ky, for small M (note
that the time-discrete problem will be solved in d + M dimensions later on) and,
secondly, we remember the Gibbs phenomenon for Fourier series. To circumvent
this, one normally imposes assumptions on the ratio of the expectation K (z) and the
random part K (z,-) (see [9] or [103]) to ensure BZF) while supposing in addition
the convergence Ky — K in L*(D) ® L>=(f). For example, the assumption in [9]
reads

oo (z) < K(x) — Kppin  for almost all z € D (3.1.30)

with 09 a : D — R given by

oo () = >V Arlgr(@)]ar,

where Q, = £,(Q) C (—a, a,) is supposed to be bounded.

The violation of [BXI3M) can occur even in “nice” situations, see the example in
[9, p. 11] for the exponential covariance kernel from Example BTTTl

The independence of the random variables {,.} is again the key to the problem.

Lemma 3.1.24 ([103]). Let K be the truncated KL expansion (ZI1I1) of K. If
the random variables &1, . ..,&n are independent, then it holds

KM ZE[K|0’(§1,,€M)]

Proof. Let M’ > M. Due to the independence of {¢,} and (BT, one can state
the conditional expectations E[¢,|o(&1,...,&m)] = E[§] =0 for M < r < M’ and
hence

E[Kmlo(&r, .. €m)] = K. (3.1.31)
For an arbitrary A € o(&1,...,&nm), it follows by BI3I) and BEIIA) that

/D</A(KMK)dP>2dx/D</A(KM/K)dIP’>2d:c

g//(KM,—K)Q dPdz — 0
DJA

as M’ — oco. This proofs the assertion. o

Corollary 3.1.25. If the random variables &1, . .., &y are independent, then it holds

P(Ky(7,0) € [Kmin, Kmax] Vo € D) =1.
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P(& ¢ Q,0) | estimated by
EL3) (m =2)
Q0 =[—2,2] 0.0455 0.25
Oro=[-3,3 0.0027 0.111

Qo =[-5,5 5.7-1077 0.04
Q.0=[-10,10] || 1.5-107% 0.01

Table 3.1: Loss of information by truncating using &, oc 47(0, 1).

Proof. This follows from (Z3]) by Lemma BT.24l and the monotonicity of condi-
tional expectations |65, Theorem 8.14], since

K]\/[ = E[K|O‘(€1, N ,fM)] S E[Kmax|0(€1a N ,f]\/j)] = Kmax a.s.,
and analogously for Kiin- O

Remark 3.1.26. At the end of this subsection, we consider truncations of the
sets Q,.. This is helpful, since the restriction (BET2Z) stipulates that all the Q.. are
bounded, more precisely, that there exists an a,. such that

P({w: & (W) <ar}) =1

for all » = 1,..., M. This would ban many distributions including Gaussian dis-
tributed &, although they are widely used in this context (cf. e.g. |41, [75, 192, [113]).
This truncation is now “cutting off” the tails of these distributions without affecting
their approximation qualities. This is possible due to the trivial result that for all
e > 0, there is a compact set C' C Q with P(Q\C) < € |64, Lemma 13.5].

If Q.0 C Q, and Qo = Hivil Q0 C QM) denotes the subdomain, the loss of
information by truncation can be estimated by Markov’s inequality (see [Z8§, p. 158]),
which reads

E[|X|™] —e™ E[| X |™
X1 =™ _ )5 ) < EIXIT)
X T[] o () £
with an m > 0 for a random variable X : @ — R. With Qg = Hi\il[—am ay], where
ai,...,ap are positive real numbers, it provides
M M
P(¢ ¢ Q0) =1 [[20&] <ar) <1— [[ (1 - (@) B[ ™).  (3.132)
r=1 r=1

Like the related Chebyshev’s inequality, Markov’s inequality is in most cases not
very strict, confer Table Bl The inequality (B2L32) shows in particular the conver-
gence of P(§ ¢ Q) to zero when minj<, < o, — 00. The consequences for (BI.2H)
when applying the truncation onto Qy follows immediately: use the expectation

E [u(t,z,)1iecany] = E[ult, z,£)[€ € Qo] P(£ € Qo)
instead of the original E[u(t, z, £)].

In the discretization as well as in our computations, this truncation will however
not be necessary, cf. the procedure in Subsections and B34

Remark 3.1.27. In hydrological applications, the permeability K is often assumed
to be lognormally distributed, see Remark for a discussion. To approximate
such a function K, it is possible to use the methods described in Remark BT 20 with
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G(-) = exp(-) in BI2Z0), cf. [64], or with a polynomial chaos approach as in ([BL2ZT),
cf. [53] for approximation results. The most practicable way (used in [13, 40, 87]) in
accordance with the common practice in hydrology (see e.g. [21, 139, 51)) is, however,
to consider K = log(K) and to perform a Karhunen-Loéve expansion for K. This
results in

KM(z,w)exp< +Z\/79T & ) (3.1.33)

with Gaussian &, and the corresponding probability space (M) Bor(Q()), P(M)),
Our approach to solve the stochastic Richards equation will work as well if (BLTTI)
is replaced by BI33)), as will be carried out where needed.

Remark 3.1.28. The Karhunen—Loeve expansion was introduced for the perme-
ability function K, as the notation throughout this section suggests. However, it
can be applied also to other parts of the Richards equation, even to Dirichlet and
Neumann boundary conditions (cf. [96]) and in particular to the right-hand side
f(z,w). This was done for example in [12, [13, 132, 182] to obtain

M
fla,w) Z VA ge (3.1.34)

and one has to assume that {¢.} is independent of {&.} (which is supported by
the hydrological context). Inserting the truncated KL expansion of f in (BI26])
minimizes the computational effort of our Galerkin approach in Subsection EET] in
a minor way, whereas it yields a further discretization error and a substantial effort
to compute [BI3). For that reason, we will not pursue this idea.

3.1.3 Computational aspects

In this subsection, we go into some details about the computation of the KL ex-
pansion. One has to distinguish between two major tasks: first, parameters like the
covariance have to be estimated from experimental data, and, secondly, the first M
functions g, and &, in (BZI0) have to be computed in an efficient way.

We start with the latter problem and assume that the expectation value K (z) and
the covariance function Vi (21, 22) from Definition Bl are known. The functions
gr and numbers A, are the eigenfunctions and eigenvalues of the operator Vi on

L?(D) from @), i.e.

/ / Vie (1, 22)g0 (22)plar) d dary = / Aegr(n o) day Vi € I2(D)
D JD D

(3.1.35)
in weak formulation. Apart from some special cases (e.g. |41, Section 2.3]), exact
solutions are not known, and numerical approximations are necessary. To this
end, we introduce the finite element space S;, C L%(D) consisting of all continuous
functions in L?(D) which are linear on each triangle t € 7, for a given triangulation
Ty, of D with vertices AV}, and spanned by the nodal basis

Ap = {sp:p €Ny},

the elements s, of which are determined by s,(q) = dp, for all p,qg € Nj. This
discretization leads to the generalized eigenvalue problem

Vg = AMg, (3.1.36)
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where the matrix V with entries

Vij :/ / Spi(wl)VK(wl,mg)Spj(l‘g)d$2d$1
D JD

and the mass matrix M with entries
M, ; :/ 5p; (x)sp, (x) dz
D

are both symmetric and positive definite.

Since the number M of approximate eigenpairs in our truncated expansion (BT
is typically much smaller than our discrete dimension ||, iterative solvers like
Krylov methods (see, e.g., [93]) are suggested. Moreover, one has to take into
account that V is (in contrast to M) a dense matrix in general. For research in this
context, we refer to Eiermann et al. [32] who investigated the use of Lanczos-based
methods in this setting and Schwab and Todor [95] who created a solver based on
the idea of fast multipole methods.

The fact that V is a dense matrix and the limits to the size of A}, which are
effected thereby have another consequence. It is reasonable to use two different
discretizations for our spatial domain D for the KL expansion on the one hand
and the approximation of the SPDE introduced in on the other hand or at
least to solve the KL eigenproblem on a distinctly coarser grid. Hence, the discrete
functions g should be stored in a way that they can be transferred easily to another
grid later on. Finally, observe that once the eigenpairs (A, g,-) have been computed,
the functions &, are obtained by BIJ).

For concluding this section, we provide a short insight into how to recover the
expectation value K (z) and the covariance function Vi (z1,72) from experimental
data. Let (z;); € RNP be a vector of measuring points z; € D for i = 1,..., Np.
We assume that we can make observations of Ng independent realizations of the
random field K at these points and store the values in a matrix K € RVP*Ne with

Kil:K(ZEi,wl) forizl,...,ND,lzl,...,NQ.

We define the (vector-valued) sample mean p as

k= =N % Ka (3.1.37)
' Na = Z

and the (matrix-valued) sample covariance ¥ as

Ngq
1
o5 = > (K= ) (Kj = 1) - (3.1.38)

It is well known (see, e.g., [1]) that uX is an unbiased and consistent estimator for

K(x;), ie.

E[pf]=K(z;) and lim P(|uf — K(z;)| <e)=1 Ve >0,

Nqg—oo

and that Eg is an unbiased and consistent estimator for Vi (z;, x;), i.e.

E[S5] = Vi(zi,z;) and  lim P (IS5 — Vi(2,25)[ <e) =1 Ve >0.

Nqg—oo
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It is now possible to insert the estimated covariance into BI3H), but it is usually
more expedient to compute an approximation of the truncated KL expansion di-
rectly from X and ij(- by performing a spectral decomposition. For details of this
method, the so-called principal component analysis (PCA), see [7(]. Finally, we
refer to Babuska et al. [10] who shed light on the interplay between PCA and the
stochastic diffusion equation.

3.2 Time discretization and convex minimization

In this section, the time discretization for the Richards equation is presented. The
resulting spatial and stochastic problems will be rewritten as minimization problems
and variational inclusions, which points the way to how our numerical solution will
be configured. We adopt the approach for the deterministic Richards equation
presented in |18, Sections 2.3 and 2.4].

3.2.1 Time discretization

The starting point is the variational inequality [BI20) as the weak formulation
of the Kirchhoff-transformed stochastic Richards equation [Z33)-@33H) for any
t € (0,T] after modeling the permeability K by the truncated Karhunen—Loeéve
expansion ([BITI). For notational reasons, we omit the truncation parameter M
and set f(t) =0 and fn(t) =0 for all ¢ € (0,71, cf. Remark BZZTA The problem is
then to find u(t) € K(¢) solving

E [/D H(u()): (v — ut) dx] +E UD KVu®)V (v — u(t)) dx]

>E UD K kr(H (u(t))pge-V (v — u(t)) dx] Yo e K(#). (3.2.1)

Let 0 = tg < t1 < ... < ty, = T be a partition of the time interval [0,7] and
denote by 7, = t, — t,—1 for n =1,..., Ny the time step size. We choose our time
discretization to be implicit in the diffusion part on the left-hand side and explicit
in the convective part on the right-hand side of Z1]). The explicit treatment of
this convective term coming from the gravitation allows a reformulation in terms
of convex minimization as it is carried out in the sequel. Taking the backward
Euler for the implicit discretization and substituting the time derivative H (u(t)):
in (B2Z1) by the corresponding differential quotient

H{(u(tn)) — H(u(tn-1))

)

Tn

we achieve the following time-discrete version of B21]): find w, € K(t,) with

E [/D H(un) (v — un) dx] + [/D KVunV (v — un) dx]

>E [/D H(up—1) (v —up) dx} + 7,k [/D K kr(H(up—1))pge.V (v — uy,) dz
Yo € K(tn), (3.2.2)

where w,, is an approximation of wu(¢,). In the following, we abstract from the
dependence on t and regard BZ2) as a steady-state inequality. To that effect, we
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set K := K(t,), I'p :=Tp(tn) and 'y := 'y (¢,) and obtain
K={ve HY(D)®L*(Q):v>u.Atrr, v =1up}. (3.2.3)

Recall from Section Z3 that, with up as in Z3I4), the set K is a nonempty, closed
and convex subset of H'(D) ® L?(Q).

We now take a closer look at the structure of B22). To this end, we define the
bilinear form a(:,-) by

a(v,w) := 7, E UD KVoVw dx] Yo, w € HY(D) ® L*(Q) (3.2.4)

and recall the definitions of the norms || - ||o,0 and || - ||1,0 from Section 2 viz.

||v||0,0:1EUDv2dx]l/2, oo = (E [/D(W)de} +E[/jjv2dx])1/2.

In light of (B129), a(-,-) is continuous on H!(D) @ L*()) with

a(0,0)] < 7oK Volloo | Vlo0 < Cllolliollwlie Vo, w e HY(D) ® L2 ()

(3.2.5)
On the other hand, we get
a(v,v) > TnKminHVUHg,o Yo € Hl(D) ® LQ(Q).
By means of the Poincaré inequality [89, p. 340]
/ v dr < C’/ (Vv)*dz Vv e H}_ (D)

D D
on the space

H} (D) :={ve H'(D): trr, v =0}, (3.2.6)

we obtain the coercivity of a(-,-) on H} (D) ® L?*(f2), i.e. there exists a ¢ > 0 such
that
a(v,v) > c|v]|fo Vv € Hp, (D) ® L*(9). (3.2.7)

In order to fulfill the Dirichlet boundary conditions, the customary procedure is to
look first for a w € HY(D) ® L?() with trr, w = up and to combine it with an
appropriate © € Hf\ (D) ® L*(2) to obtain v = w 4 . The energy norm of the
latter function can be estimated from below by

a(v,v) = a(0,0) + 2a(w, ) + a(w, w)
> |9l — 2CNlwllvollFll1.0 — Cllwlli o

> clvllf o = 2(C + wlrollvlie = BC = o)llwli,

using (B2ZH), B21), and the triangle inequality. Furthermore, we can conclude
KCcw+ (H%D (D) ® LQ(Q)) from K —w C H%D (D) ® L?(€)). We summarize this
for sake of quotation.

Lemma 3.2.1. Let w € H(D) ® L*(Q) be a function with trr, w = up. Then we
have K C w+ H}: (D) ® L*(Q), and there exist constants c1, ca > 0 such that

a(v,v) Z clvlio —eillvllo —c2 Vv € w+ Hp (D) @ L*(Q)

with the constant ¢ from ([3227).
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We now turn to the right-hand side of BZZ) and define the linear form ¢ on
H'(D) @ L*(2) by

() ::E[ /D H(un_l)vdx} +E { /D K kr(H(un_1))pge.Vode|  (3.2.8)

for all v € HY(D) ® L*(Q). If H : [uc,0) — R and kr : H([ue,00)) — R are
monotonically increasing and bounded functions and the permeability K satisfies
@IZ9), then ¢ € (H'(D) ® L? (€))". Replacing u, by u, we can rewrite the varia-
tional inequality (BZ2) as

wek: E[/[)H(u)(v—u)dm]+a(u,v—u)—€(v—u)20 wek  (3.2.9)

with K defined in B2Z3).

3.2.2 Formulation as a convex minimization problem

It remains to examine the integral in this inequality. It turns out that it can be
rewritten in terms of convex functionals, which gives us the possibility to apply
methods of convex minimization. Therefore, we recall at the beginning some fun-
damental definitions.

Definition 3.2.2 ([33]). Let V be a real vector space and C' C V' a convex set, i.e.
for y,z € C and A € (0,1) we have (1 — Ny + Az € C. F:C — RU{+oo} is said
to be conver if for every y and z in C, we have

F((1 =Ny +A2) < (1= NF(y) + AF(z) YA€ [0,1] (3.2.10)

whenever the right-hand side is defined, i.e. unless it is F(z) = —F(y) = *oo.
F: C — Ris said to be strictly convez if it is convex and the strict inequality holds
in B2ZI0) for all y,z € C, y # z and each A € (0,1).

The following lemma provides some helpful facts about convex function defined on
the real line.

Lemma 3.2.3 ([61]). Let I C R be an interval. Then for f: I — R the following
holds.
a) f is convex if, and only if, the inequality

f(z) = f(z1) < flz2) = f(2)

z— 21 - 29 — 2

holds for any z1,z,29 € I with z1 < z < 23.

b) If f is convez, then for any z € I the difference quotient
fy) = f(2)
y—2z

is a monotonically increasing function of y € I\{z}.

We now define the function ® : [u.,c0) — R as

00
D(z) ::/ H(s)ds Vz € [uc,0). (3.2.11)
0
We assume u. < 0, which implies that ®(0) is defined and equal to zero. A general

form of ® when using Brooks—Corey parameters can be found in (CLTI7). By means
of Lemma BZZ3 it is easy to prove some basic properties of ® [1& Lemma 2.3.6].
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Lemma 3.2.4. Let @ : [uc,00) — R be defined as in (ZZID).

a) If H is monotonically increasing, then ® is convex.

b) @ is differentiable (from the right) in u.. In addition, we have @' (u.) = H(u,)
if H is continuous in u.. Furthermore, ® is differentiable in z € (uc,00) if,
and only if, H is continuous in z, which is true for all but countably many
points, and in this case ®'(z) = H(z) holds.

¢) If H is bounded, then ® is Lipschitz continuous with Lipschitz constant ||H||co-

Note that part b) in Lemma B27 states that differentiable ® is continuously dif-
ferentiable at the same time; this assertion then holds for all convex functions since
every convex function (with bounded image) has, except for an additive constant,
a representation as in ([FZIT)).

Using the convex function ®, we define the functional ¢ : £ — R by

o) :=E [/D D (v(z,&(w))) dz| Vv eK. (3.2.12)

In the sequel, we will connect ¢ arising from BZIZ) to the variational inequality
BZ3). Tt is convenient to assume that ® is Lipschitz continuous. A more general
setting (with less strict conditions on the underlying function ®) is regarded in [68].

Proposition 3.2.5. If ® is a convez function, then ¢ : K — R is a convex func-
tional. If, in addition, ® is Lipschitz continuous, then ¢ is also Lipschitz continuous
and satisfies

l[p(v)| < Clv)lio YveK (3.2.13)
with a C > 0.

Proof. The convexity of ¢ follows directly from the convexity of the function ®. To
prove the Lipschitz continuity, let v, w € K. Then, by means of the Cauchy—Schwarz
inequality in L?(D) ® L?(Q), it holds

16(0) — $(w)] <E { [ 18 vl — @ (wle0)) |dz]
<2-E| [ loe,g) - uo )] di]

< L-|[1fo,0lv —wllo,0
< Cllv = wlly,o,

where L is the Lipschitz constant of ®. Since ®(0) = 0 implies ¢(0) = 0, we get
BZT3). O
The following definition can be found, e.g., in [33].

Definition 3.2.6. Let F' : U — RU {£oo} be defined on a subset U C V of a
normed space V with u € U and v € V.

a) If there is an £ > 0 such that u + Av € U for all X € [0, ], we call

0 F (u) := lim F(u+ M)}\) — F(u)

(3.2.14)

the directional derivative of F at u in the direction of v if this limit exists.
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b) If there exists a v’ € V' such that
OpF(u) = v {u',v)y Yvev, (3.2.15)

then we say that F' is Gateauz-differentiable at w, call v’ the Gdteauz-deri-
vative at u of F and denote it by F'(u).

The uniqueness of the Gateaux-derivative is obvious from BZTH). The case of
convex functions if of special interest since the fraction on the right-hand side of
BZI3) is in that instance a monotone function of A, which means that this ex-
pression always has a limit which can be, however, +00. This fact is utilized in the
following proposition.

Proposition 3.2.7. Let ® : [u.,00) — R be conver and differentiable. Then, for
any u,v € K the directional derivative Oy—,¢(u) exists and can be written as

amb(u)ﬂz[ [ # (i, 60) (012 £0) — ulir)) dz] (3.2.16)

or, equivalently, as
Op—ud(u [/ H (u(z,£(w))) (v(z, &(w)) — ulz, E(w))) dz] . (3.2.17)

Proof. Recall the short hand notation from Remark with £ = {(w). For all
u,v € K, we have u+A(v—u) € K for A € [0, 1] since K is convex. Setting w := v—u,
we have to look at the difference quotient

¢(u+Aw // w@, &) + @, §) = @) 4 ap (3218
s 2.

as A | 0. By Lemma BZ3 b) we obtain

D(u(z, &) + Mw(x,§)) — P(u(x,§)) _ (u(x,§) +w(x,§)) — (u(z,£)) N

) = 1 z,w)
and
®(u(z, ) + Mw(z,§)) — P(u(x,)) _ P(u(z,§) —w(@,§)) — P(u(,§)) _ Ga (i, )
A - 1 ’

for w(z, &) = w(z,{(w)) > 0 and A € (0,1] and an analogous result for the case
w(z,§) = w(z,{(w)) <0.
The function ® is assumed to be differentiable, thus the integrands

D(u(z, §) + dw(z,§)) — P(u(x, £))
A

in BZIXY) converge to &' (u(x,&))w(x,&) almost everywhere in D x Q as A | 0,
either as a monotonically increasing sequence for w(z,£) < 0 or as a monotonically
decreasing sequence for w(x, &) > 0 due to Lemma BZ3 b).

(3.2.19)

As shown above, the integrand BZIJ) is bounded by the integrable function
max(|G1(-, )|, |G2(+,-)|) independently of A € (0, 1], thus one can apply the the-
orem of Lebesgue (see, e.g., [109, Theorem A.3.2]), which ensures the convergence

of the integrals in (BZTH).

Finally, the equivalence of BZIf) and BZTN) follows from & = H in Lemma
EZd D). O
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Under the assumption that H is continuous, the variational inequality (EZ3) can
be now written as

u€K: Op—uodp(u)+alu,v—u)—Lllv—u)>0 YveK (3.2.20)

with the notation fixed in BZ4) and BZH).
The linear terms on the left-hand side of (BZ2Z20) are often subsumed under a func-
tional J : H'(D) ® L?(Q2) — R defined by
1
J () == 5a(v,v) —l(v) Yve HY(D)® L*(Q). (3.2.21)

This functional 7 is quadratic and strictly convex, see [33, Remark IT.1.1]. Tt is also
continuous if H and kr are monotonically increasing and bounded functions and K

satisfies (BI2Y), see (B2ZH) and the paragraph following BZH). Moreover, by [33,
Remark I1.2.1], the Gateaux-derivative exists in u € H'(D) ® L?(Q) and reads

T (u)(v) = 0,T (u) = a(u,v) — £(v) Yv e HY(D)® L*(Q). (3.2.22)

Combining the above results, the functional F': L — R defined by
Fw):=Jw)+é(v) YwvekK

is strictly convex with existing derivative 9,_, F(u) for any u,v € K, and BZ20)
has the short form
u€K: Oy—oF(u)>0 Yovek. (3.2.23)

Now, Lemma b) states

Fu+ Mv—u)) — F(u)
A

F(v)— F(u) >
for any A € (0, 1]. Taking the limit as A | 0, it follows
F(v) — F(u) > 0y—yF(u) > 0.
Conversely, if F(v) — F(u) > 0 for all v, then for any A € (0, 1] it holds

Fu+Xv—1u)) — F(u)
A

> 0.

Taking the limit as A | 0, we arrive at
Op—uF(u) >0

for all v and have hence proven the equivalence of the variational inequality ([B2Z23))
with a convex minimization problem. We state this result in a more general form
like in [18].

Proposition 3.2.8. Let V be a real vector space, C C V a convex set and the map-
ping F: C — R a convex functional whose directional derivative 0,—,F(u) exists
for all u,v € C. Then the variational inequality

u€eC: Oy_oyFlu)y>0 Ywel (3.2.24)
s equivalent to the minimization problem

ueC: F(u)<F(v) YveC. (3.2.25)
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This reformulation as a convex minimization problem is the key to obtain the main
result of this section, viz. the conclusion that there exists a unique solution to our
problem ([EZY). Therefor, we cite the general result in reflexive Banach spaces,
which can be found, e.g., in |33, Prop. I1.1.2]. We first provide some definition.

Definition 3.2.9. Let V be a real vector space and C' C V nonempty, closed and
convex. A functional F' : C' — R U {400} is said to be lower semicontinuous if
liminf, ., F(w) > F(v) holds for all v € C (with w € C). A convex functional
F:C — RU{+o00} is called coercive if for any sequence (u,,) C C with ||u,| — oo
we have F'(uy,) — +o0o. It is said to be proper if it is not identically equal to +oo.
We call the section dom F' := {v € K : F(v) < +o0} the effective domain of F'.

Proposition 3.2.10 ([33]). Let V' be a reflexive Banach space, C C'V a nonempty,
closed and conver subset of V.. We assume that F': C — RU{+00} is convez, lower
semicontinuous and proper. We assume in addition that the set C' is bounded or
that the functional F is coercive over C. Then the minimization problem ([ZZZ0)
has at least one solution. It has a unique solution if F is strictly convex over C'.

We apply this to our situation.

Theorem 3.2.11. Let K C HY(D)® L?3(2), a(-,-) and £(-) be defined as in (TZ3),
FZ4) and (ZZ3), respectively. If H : [u.,o0) — R is monotonically increasing,
bounded and continuous and kr : H([u.,00)) — R is monotonically increasing and
bounded and K satisfies (Z1.24), then the variational inequality (Z2Z9) has a unique

solution. Furthermore, it is equivalent to the minimization problem
wek: Ju)+ou) <JTW)+¢v) Yvek (3.2.26)
with J and ¢ as defined in (ZZZ1) and in [ZZIA), respectively.

Proof. By Proposition BZZ8 the last assertion is clear and it suffices to show that
and F = J + ¢ satisfy the conditions of Proposition B2ZI0 on the reflexive Hilbert
space H*(D) ® L?(2). The conditions on K were verified in Proposition EZ34

The functional F' is strictly convex on K since J is strictly convex and ¢ is convex.
F' is proper and continuous as J and ¢ are, the latter according to Proposition
BZH It remains to check the coercivity of F', which follows from Lemma B2 and

B213) for v € K by

1 1
T () +¢(v) 2 5a(v,v) = [€(v)] = |$(v)| = §C||U||f,o— (cr + (1] + O)[v]l1,0 — 2 — o0
(3.2.27)
as [|[v]|1,0 — oo. 0

Before we proceed by relaxing some conditions on the occurring functions, we give
some remarks.

Remark 3.2.12. At the beginning of this section, we set fy = 0 and f = 0 for
notational reasons. If we drop this assumption, Theorem B-ZZTTl remains valid if we
guarantee that the functional ¢, to which both functions solely contribute, is still
continuous. This is achieved for f € L?(D)®L*(Q) and fn € L?(I'y)®L*(Q), which
holds according to the assumptions in ([Z3TIH), by means of the Cauchy—Schwarz
inequality and the trace theorem in |22, p. 1.61].

Remark 3.2.13. As a further generalization, we can insert a space-dependent
porosity function n = n(z). If n is nonnegative and bounded, we just define the
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functional ¢ by

6(v) = E UD (@)D (v(z, £w))) dz| Vo € K

instead of (B2ZT2). All arguments in this section remain valid, and it is only needed
to replace ®(-) and H(-) by n(-)®(-) and n(-)H(-), respectively, in the according
terms, in particular in (B2ZT0) and BZT1).

Remark 3.2.14. Under the assumptions of Theorem BZ2ZT1l the map
v B | [ H (o €0) olongle)) do
D
is a bounded linear functional on H!(D) @ L%(f2). Consequently, ¢ in Proposition

B2 is Gateaux-differentiable and so is F' = J + ¢.

In that instance, the strict inequality in BZZZ3)) can only occur for u € OK. For an
inner point u € int K and an € > 0 such that

Be(u) :={ve HY(D)® L*(Q) : |lu — v|1,0 < €} C int K,
we take a w € B.(u) and obtain
Ow—ouF(u) >0 aswellas  O_(y—y)F'(u) > 0.

This leads to the problem
F'(u) =0
if u € int K. Note that this is always the case if, for example, K = H!(D) ® L?(Q).

Looking at the definition of K in [BZ3]), we detect the obstacle condition v > uc,
which results from the Kirchhoff transformation. If, however, H : R — R is defined
on the whole real line—this occurs for instance in certain hydrological limit cases
as described in [18, Section 1.4]—then we obtain the variational equality

@€ H} (D) ® L*(Q): E[/DH(w-i-ﬂ)vdx}+a(w+a,v)—€(v):0
Vv € Hi (D) ® L*(2)

for a w € HY(D) ® L*(Q) with trr, w = up. For up = 0, this simplifies to

u€ H{ (D)®L*(Q): E [/ H(u)vdx] +a(u,v)—L(v) =0 Yv € H. (D)®RL*(Q).
K (3.2.28)

Remark 3.2.15. Finally, we recall that condition BI29) in Theorem B2ZTT] is
satisfied by (3l and Assumption BZTZT] according to Corollary BT.23

3.2.3 Variational inclusions

Having a closer look on Theorem BZZTI] we detect that the continuity of H is not
necessary to ensure the coercivity of J + ¢ and therefore the existence of a unique
solution but only for the equivalence of the variational inequality (B2ZJ) and the
minimization problem BZZH). In this subsection, the consequences of having a
possibly uncontinuous H are investigated more specifically. In the course of this,
we arrive at a reformulation of problem BZ26) by introducing subdifferentials and
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disposing of the convex set K. As a collateral benefit, we are able to proof the

well-posedness of (B22Z20).

For the rest of this section, we use the assumptions of Theorem B2 1Tl except for the
continuity of H. In view of Lemma B:Z74 b) and Proposition B2 the derivative
Oy¢(u) needs no longer exist. However, one can proceed by using the following
generalization of Proposition B2Z8 the proof of which uses the same arguments and
can be found in [33, Prop. 11.2.2].

Proposition 3.2.16. Let V and C be as in Proposition BZ8 and F = Fy + Fy,
where Fy, Fy : C — RU {400} are convex and Fy possesses directional derivatives

Op—uF1(u) for all u, v € C. Then
u€C: Oy_uFi(u)+ Fa(v) — Fa(u) >0 Yvel
is equivalent to
ueC: (F1+ F)w) < (F+FR)(v) Yvel.

Corollary 3.2.17. The minimization problem [ZZZ0) is equivalent to the varia-
tional inequality

ue: alu,v—u)—Lv—u)+ o) —¢u) >0 Yovelk. (3.2.29)

Proof. Take C' = K, F1 = J and F» = ¢ in Proposition B2ZTa O

Remark 3.2.18. In the course of this section, we started with [Z3Id) and per-
formed first a transformation by means of the KL expansion and afterwards the time
discretization to obtain (BZZJ). If one performed the transformation by means
of the KL expansion directly on the time-discretized stochastic Richards equation
@310), one would achieve the same result (B2Z29). This is mainly due to the fact
that K is not dependent on time. This shows that the results in this chapter remain
true even if v is not regular enough to formulate the inequality Z314).

Remark 3.2.19. In Propositions and B2ZT0 the functional F' is defined
on a convex set C. It is often convenient to have F' defined on the whole space
V. Therefor, we introduce the canonical extension F : V — R U {400} of an
F:C — RU {+00} by setting F(v) = F(v) for all v € C and F(v) = +oo for all
v € V\C. Then, since we assume that C' is nonempty, closed and convex, F is lower

semicontinuous and proper if, and only if, F'is. Moreover, u solves the minimization
problem [BZZH) if, and only if, u solves the problems

wueV: Flu)<F(v) YveV.

In the following, we will use the extension for ® and ¢ with regard to the convex
set K without indicating it by ® and ¢ explicitly.

Before we give a reformulation of (BZZ2H) in terms of subdifferentials, we achieve

our purpose of abstracting from the convex set K defined in (B23) by introducing

a translation of the Dirichlet values. As in Lemma B2l we first choose a fixed
we H'(D)® L3(Q) with trr, w = up (3.2.30)

and set u = w44 and v = w+ v. To write it in a more compact form, we introduce

Fu() = F(w+") (3.2.31)

52



as the translation for mappings F' defined on a vector space V. Obviously, the
functional 7y, + ¢y, is convex, lower semicontinuous and proper on

Kr, =K—-w={veH} (D)®L*Q):v>u.—w}, (3.2.32)

and, since ¢ : H*(D) ® L?(2) — R U {+o0} is the extended functional, even on its
superset Hi (D) ® L*(2). Thus, the following is clear.

Proposition 3.2.20. The minimization problem (ZZZA) is equivalent to

@€ H (D) ®L*(Q): Ju(@) + ¢u(@) < Juw(v) + du(v) Yo € HL (D)® L*(Q)
(3.2.33)
in the sense that the solution u of (ZZZA) equals w + .

We apply Proposition BZTH with V = C' = H}\ (D) ® L*(Q) and F} = J,, and
Fy = ¢y, to give another formulation.

Proposition 3.2.21. The minimization problem [ZZF3) is equivalent to the vari-
ational inequality

e Hf (D)@ L*Q): a(w+d,v—a)—L(v—a)
+o(w+v) —p(w+a) >0 Yoe Hf, (D)®L*(Q). (3.2.34)
The assertion in Proposition BZ2ZZI remains true if one replaces the space H%D (D)®
L?(Q) with the set Kr,,, since
teKr,: Jw+a)+plw+a) <J(w+v)+¢w+v) YveKr,
is equivalent to (B2Z20).

This result allows us to state that the convex minimization problem BZZd) is
well-posed with regard to the functional 4.

Proposition 3.2.22. Assume that the conditions in Th/eoremm are satisfied.
Furthermore, for i € {1,2}, let {; € (H'(D) ® L*(Q)) and let u; be the unique
solutions of

u; € K %a(ui,ui) —Ci(u;) + d(u;) < %a(v,v) —4i(v) + ¢o(v) Yve K. (3.2.35)

Then it holds
Jur — ugl10 < ¢ M| — Lo,

where ¢ is the coercivity constant of a(-,-) in [-2_1).
Proof. Due to Proposition BEZZZT] we can rewrite (B2Z3H) in the form
u; € Kr, - a(w + Ui, v — ’l)l) + (bw(’U) — ¢w(ai) > él(v - ’ﬁl) Yv € Kr,,.
We set v = o for i = 1 and v = @y for i = 2 and obtain
a(w + Uy, U — ﬁg) — ¢w(ﬂ2) + d)w(’al) < El(ﬂl — ﬁg) (3236)

and
a(—w — U, U — ﬂg) — ¢w(ﬁ1) + ¢w(ﬂ2) < —fg(ﬂl — ’ELQ). (3237)

Adding BZ30) and BZ3M), one gets
a(ty — g, U1 — G2) < (b1 — €2) (01 — Gg)

and thus the assertion by the coercivity B2Z) and ||ui —uz|1,0 = ||ti1 — U2ll1,0. O
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Instead of circumventing the lack of derivatives of ¢ as in Propositions B22ZI0 and
BZ2T one can take another path by generalizing the concept of differentiability.

Definition 3.2.23 ([14]). Let V be a normed space, F': V — R U {400} a convex
functional and vy € dom F'. A bounded linear functional g on V with

F(v) — F(v) > vi{(g,v—wvg)y YveV (3.2.38)

is called a subgradient of F at vg. The set of all subgradients at vy is called
the subdifferential of F at vy and is denoted by OF(vg). Furthermore, we set
dom OF := {v € dom F : F (v) # 0}.

It is obvious that the subdifferential OF is a multivalued operator from dom dF to
2V" and that OF (v) is always a closed convex set (possibly empty). The subdiffer-
ential is indeed a generalization of the Gateaux-derivative, since the following can
be proven.

Proposition 3.2.24 ([33]). Let F be a convex function of V into RU {+oo}. If
F is Gdteauz-differentiable at v € V', then it is subdifferentiable at v and OF(v) =
{F'(v)}. Conversely, if F is continuous and finite at the point v € V' and has only
one subgradient, then F is Gdteaux-differentiable at v and OF (v) = {F'(v)}.

It follows immediately from Definition B2Z23 that 0F is a monotone operator and
that dom OF C dom F'. Even more is true.
Proposition 3.2.25 ([14]). Let V be a real Banach space and F be a lower semi-

continuous proper convex functional on V. Then it holds:

a) The subdifferential OF is a mazimal monotone operator, i.e.
vi{g—g1,v—v1)y >0 Vg€ dF(v)Vv € domIF
implies v1 € dom OF and g1 € OF (v1).
b) The domain dom OF is a dense subset of dom F.

Remark 3.2.26. In V = R, the converse of part a) is also true: each maximal
monotone function is the subdifferential of a lower semicontinuous proper convex
function (see |14, p. 60]).

Now, let the scalar function ® defined in BZTIl) be canonically extended by +oo
on (—oo,u.) according to Remark BZZT9 and H be monotonically increasing. By
Proposition BZZA b), we have dom 8% N (—oo, u.) = @, which agrees with the fact
that for vg = zp < u., the left-hand side of (BZZ3]) is not defined for all v = z < wu,.
For zy > w,, we confirm the convexity of & by Lemma BZZ4 and obtain, by using
this lemma in combination with Lemma B23,

B(z0) = B(z1) _ Jo, H(z)dz

20 — 21 20 — 21 = ilT]g(l; Hy)
<t < ST < PR
for z1 < zp < z2. Therefore, we have
D(z) — D(z0) > gzp(z2 — 20) VzER (3.2.40)
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for all
gz € [lim H(y), lim H(y)] =: L,,. (3.2.41)

yTzo ylzo
If H is continuous and thus ® differentiable, this results in 0®(zo) = I, = {H (z0)}.
Finally for zg = wu,, the same consideration as in BZ3Y) with ®(z;) = +oo for
21 < 2o = u. provides (BZA0) for all

9z € (—00, 1ilm H(y)] =: L. (3.2.42)
YlUce
Altogether, the multivalued function H : [, 00) — 2% defined by
H(z0) ==L, V20 € [tte,) (3.2.43)

with I, from BZZAI) and ZZY) is the subdifferential of ®, i.e. 9® = H, on

dom 9P = [u¢, 00), and it is maximal monotone.

Note that the only but decisive assumption for the preceding considerations is the

fact that H is monotonically increasing. An example for H are the hydrological

limit cases (CTTY) and (CT2T).

We now turn to the subdifferential of ¢. We assume for a moment that ¢ is defined
on L?(D) ® L*(Q) and will show that

g €0¢(vg) CLA(D)RL* Q) <«  g(z,&(w)) € 0P (vo(z,&(w))) C R, (3.2.44)
For g € 9¢(vg), it holds

B[ [ (2 (o) - @ (e ) ds] = 60) - 600)

>E [/D 9(z,&(w)) (v(z, €(w)) — vo(w,E(w))) dx} Vo € L3(D) @ L*(Q). (3.2.45)

For any measurable set F := F1 X Fy C D X § define v = v on E and v = vy on
the complement of E. Taking v = ¢ in (BZZH) leads to

L (@06 - oo g
= g(z,§(w)) (v(z, §(w)) — vo(z, §(w))) ) dzdP >0 (3.2.46)
for all v € L?(D) ® L*(Q), whence, since E was arbitrary,
@ (v(z,£(w))) — @ (vo(2,§(w))) = g(z,{(w)) (v(=,§(w)) = vo(z,€(w)))
a.e. on D x Q.

Thus g(z,£(w)) € P (vo(x,&(w))), a.e. on D x Q. Conversely, let g € L2(D)® L?(2)
such that

D(v) — ® (vo(x,&(w))) > g(z,&{(w)) (v —vo(z,&(w))), a.e. onDxQ, VveR.

From this, it is immediately clear that g € d¢(vp), as claimed.
From Proposition BZZ20 b) and [14, Prop. I1.2.8], we can further deduce

dom ¢ = domé = {u € L*(D) ® L*(Q) : u(z,&(w)) € dom @, a.e. on D x Q}.

Let ¢ be now defined on H!(D) ® L?(Q) with ®(v) € L*(D) @ L*(Q). We expect
the subdifferential d¢(vo) C (H'(D) ® L? (Q))/ to be given on a larger domain than

95



in the previous case. To make this precise, let us denote the Isubdifferential for ¢
defined on L?(D)® L*(Q) by (8®(vo), )o,0 C (L*(D) ® L*(Q))’, which is motivated
by BZZ4). It is now obvious that

(02(vo),)o,0 C o (vo), (3.2.47)

more exactly, (0®(vy),)o,0 is the subset of all elements in d¢(vg) which are also
functionals on L?(D) ® L%(9).

We are now ready to state the reformulation of B2Z33J) as a variational inclusion.

Proposition 3.2.27. The minimization problem [ZZF3) is equivalent to the vari-
ational inclusion

i€ HL (D)®L*Q): 0 € alw+a,-) — () + Op(w + @) (3.2.48)
in (HE, (D) ® L*(Q))".
Proof. First, the functional 7 is differentiable, and as in (B2Z22) we obtain
0Fw(vo)(v) = J'(w + vo)(v) = a(w + vo, v) — £(v)
and consequently
N Tw + dw)(v0)(v) = a(w + vo, v) — £(v) + Ipuw (vo) (v)
for all vy € dom d¢,, C H} (D) ® L*(Q) and v € HE (D) ® L*(Q).
If w € H{ (D) ® L*(Q) solves the minimization problem (EZ33), then we have
(Tw(0) + 6w (v) = (T (@) + ¢uw(@) >0 Vv € Hp (D) ® L*(Q) (3.2.49)
and thus by Definition
0 € alw+a,-)—£(-)+ (Odw)(@).

Conversely, if @ solves the variational inclusion BZZ8), we obtain (ZZ9) by the

same argument. O

Finally, we cite a more general existence theorem than the one obtained in Theorem
BZTII We choose homogeneous Dirichlet conditions and apply a result from [60,
Prop. 3.2.1] to our case.

Theorem 3.2.28. If H : I — R defined on an interval I C R containing zero is
monotonically increasing and a(-,-) is a coercive and continuous bilinear form and

(e (H (D)@ LQ(Q))/, then the variational inclusion
u€ Ht (D)@ L*Q): 0 € alu,-) — £(-) + (H(u), )o,0 (3.2.50)

in (HE (D) ® LQ(Q))/ has a solution.

Note that I can be chosen as I = [u., 00) with u, < 0 or [ = R and that H = §®
is the multifunction corresponding to H. In light of Propositions and B227,
we can deduce from ([BZZ7) immediately the following.

Proposition 3.2.29. If u is a solution of the variational inclusion (ZZA0), then
it is also a solution of the minimization problem (ZZZ0).
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Since we have

(0®(vo), -)o,0 # Op(vo), (3.2.51)

the converse of Proposition BZZZ9 is not true in general. However, both subdifferen-
tials coincide when we discretize them, see RemarkB23 T3 Moreover, the uniqueness
of the solution of (BZZZH) provides another interesting result.

Proposition 3.2.30. If H : I — R defined on an interval I C R containing zero
is monotonically increasing and bounded, then the solution of (ZZAI) is unique.

We conclude this section with two remarks.

Remark 3.2.31. The assumption of boundedness of H for the statement that the
solution in Theorems BZTIl or is unique can be relaxed and replaced by
Holder continuity of H outside of an interval [—a, a], confer |18, p. 69].

Remark 3.2.32. Finally, we consider the Richards equation in the limit cases
introduced in (LIIY) and (CI20). In either case, the function @ is linear on the
interval [u.,00) and its subdifferential reads

0 for u < u,
O®(u) = H(u) = { (—o0, 0] for u = u, (3.2.52)
Onr for u > u.

The functional ¢ becomes linear, too, and we end up with a linear constrained
problem. Indeed, with the function w from BZ30), we define

{(v) == L(v) — a(w,v) — (Oar,)0.0
and can rewrite (B2Z34) as
ieKr,: al@o—a)—Lv—1u)>0 YveKr,. (3.2.53)

We come back to this topic in Subsection B34

3.3 Polynomial chaos and finite elements

In this section, we pursue the discretization of the minimization problem (BZZ20).
At this point, the different nature of the spaces H'(D) and L?(Q) has to be taken
into account. In the former space we have to deal with derivatives and boundary
conditions and—as it is known from the numerics of (deterministic) PDEs—a finite
element approach is feasible. On the other hand, in the latter space we seek after
an approximation of an L? function, where the structure of the space is specified
by the density functions which are based upon the random variables &, from the
KL expansion BILI0) as explained in BL22). A suitable tool for this are the
so-called polynomial chaos expansions, which are presented in Subsection B3l
After we set notation for our finite element approach in Subsection B2 we focus
on the approximation of the nonlinear functional ¢ from BZTZ), see Subsection
B33 Putting all these tools together, we can formulate (B3] as the discretized
version of minimization problem BZZ6). Finally, we show the convergence of the
discretized solution in special cases.
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3.3.1 (Generalized) Polynomial chaos

In this subsection, we present the basis that will be used for our discretization in
the stochastic space L?(€2). After a historical excursion, we define our polynomial
basis in one dimension and extend it afterwards to M dimensions. We present three
different possible bases and explain their construction and properties. At the end,
we introduce a Gaussian quadrature which is closely related to our polynomial basis.

The polynomial chaos (PC) approach was first applied in similar context developed
by Ghanem and Spanos [41] for various problems in mechanics and is based on
fundamental work by Wiener [110] in 1938. It allows high-order representation in
combination with fast convergence by expanding functions v € L?(Q2) in truncated

series of the form
P

v(w) = v Ti(w) (3.3.1)
k=0
with global polynomials Wy, and coefficients vy.

Although the term “polynomial chaos” was introduced by Wiener for a construction
in ergodic theory, the main idea was revealed by Cameron and Martin [23]. They
showed that the set {Hj} of Hermite polynomials (see Appendix [BJl) forms, if
normalized, a complete orthonormal set and that each function v € L? (Q) can be
approximated in L? sense by an Hermite series

P
)= ( JRGLAG dP@)) Hy () (3.3.2)

ie.

o) —vp(w)]? dP(w) — 0 as P — oc. (3.3.3)

Q
This is valid for arbitrary one-dimensional 2 and arbitrary measures P(-) which
possess a density function. Thus, by setting ¥, = Hj and vy, as the expression in the
parentheses in (8332, the Hermite series vp allows a PC representation as in (831]).
Together with a scheme to create products of Hermite polynomials to be able to
approximate also functions on an M-dimensional domain Q (see the construction
of the classical PC basis {U§} below), this was the utilized PC basis in all the early
works in this field, cf. [44], [Z3] or |82]. Nevertheless, one problem persisted: while
an exponential convergence in ([33) is experienced if P(-) is Gaussian, i.e. if it
has a density of the form ([B2), see [8(], the convergence is rather poor for other
distributions [53]. The remedy was surprisingly already suggested by Cameron and
Martin and systematized by Xiu and Karniadakis [114] who called it the generalized
polynomial chaos: since the convergence result ([B33) still holds if one replaces the
Hermite polynomials by an arbitrary dense sets of functions, one can choose the
polynomial set according to the distribution in ]f”() The optimal polynomial set
is known for some important distributions (e.g. the Legendre polynomials {Ley}
for the uniform distribution, cf. Wiener—Askey chaos in Table and Appendix
for definitions and properties of the most common polynomial sets) and can be
computed in other cases, see [L0F].

Taking this into consideration, we define our PC basis as follows. First, recall
the spaces €2, constructed by means of the random variables £, defined preceding
BI22). For each r =1,..., M, let {1} }r=0,1,... be orthogonal polynomials in ,,
which are normalized according to

E [fuf] = /Q GE(E)T (6)pdE L (€,) dé, = b (3.3.4)
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| random variable &, | Wiener chaos {U(&,)} | support ]

Gaussian Hermite chaos (—00,00)

uniform Legendre chaos a,b
beta Jacobi chaos a,b

gamma Laguerre chaos [0, 00)

Table 3.2: The correspondence of Wiener—Askey PC and their underlying random
variables (following [114]).

and which constitute an orthogonal basis in L?(€,.). Observe that the orthogo-
nality is computed with regard to the probability induced by the &, from the KL
expansion ([II0). Choosing some multi-index a(¥) = (agk), e (k)) the multidi-
mensional polynomials Wy are defined as products of corresponding one-dimensional
polynomials by

(61, &0, 6u) Hw w (6)- (3.3.5)

Note that these products reflect the structure of Q) given by @LZJ). If k =
0,1,...is a counting of all multi-indices in N}?, these polynomials form a basis such
that each second order random variable v € L?(Q()) can be written as

oo

ka\pk

k=0

In light of the identity (BI22) and Remark BT.2Z3, we henceforth rewrite this as

Z'Uk‘pk Z'Uk\l/k (3.3.6)

for v € L(2). Since the orthonormality

B[V, 0] = HE [w " (Z)} S (3.3.7)

follows from B3, the coefficient v, in B3H) is obtained by projection on Uy,
ie.
Vi = (’U, \pk)LQ(Q) =E [’U\I/k] .

For our discretization, we truncate the expansion ([B30) having a total of P + 1
basis polynomials and denote the solution space by

ZP = span{¥; : k=0,..., P} C L*(Q). (3.3.8)

The aforementioned projection on our basis polynomials now allows the definition
of a projection operator P¥ : L?(Q) — Z defined by

P P

PPuEW)) == D (0, W) p2o) Ur(€w)) = Y or¥r(6(W)), (3.3.9)

k=0 k=0

where the generalization for v € V ® L%(f) is immediate by taking the operator
tensor product with the identity operator on V.

According to the one-dimensional polynomials 1/j, and the multi-indices «, different
schemes are possible. We will discuss three different bases in the following. The
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mostly used basis (e.g. in |41, 163, [73]) consists of one-dimensional polynomials 1},

of degree k and multi-indices a with |a| :== Y a, < Py such that we have a total
of
(M + Py)!
P+l=-——+- 3.3.10
R VIYEY, (3.3.10)

multidimensional polynomials. We denote this classical polynomial set as {¥¢} and
adopt its traditional ordering (cf. 47]), where a(®) < o if [a®)| < |a(®)| or if, in
the case |a*)| = |a(V], the first different index in a(¥) is smaller than its counterpart
in . In particular, it holds

Uy =1, (3.3.11)
which yields that
E [Tg] :/ 1dP=|Q| =1 (3.3.12)
Q
and
E[U,] =E[¥,Ty)=0 VE>0 (3.3.13)

due to B3).

A larger but more flexible scheme (e.g. in [11]) is when using the same polynomials
1y, but with multi-indices o with o, < P, for all » = 1,..., M. We denote it as
the tensor product basis {¥%}. It it easy to see that the identities 31T B3 1)
hold as above. We employ the same ordering as for {¥§} and remark that the space
ZP can be rewritten as

M
zZF =z (3.3.14)
r=1

with one-dimensional global polynomial spaces
zP = {v=v(y) € L*(Q,) with v € span{y* : k =0,..., P} } = Pol™"(Q,).
Hence, the cardinality of {W¥}} is

P+1= ﬁ(PT +1). (3.3.15)

r=1

A variant derived from {¥}} are biorthogonal polynomials [11]. In one dimension,
we denote them by {9} and claim that they satisfy

E |d;7] = /Q BR(&)0F (€)paf, (&) A& = b, (3.3.16)
(6] = [ & GReIEpt 6, = o (3.3.17)
for all k,1 = 0,...,P., where the numbers c; are nonzero constants. The clue

of finding these polynomials lies in the representation as linear combinations of
orthogonal polynomials

P,
Ur = sy (3.3.18)
1=0
Defining the coefficient matrices S € R TDX(Pr+1) gnd C € RPHDX(Pr+1) with

entries Sy, = st, and Cy = c}6y; and the mass matrices M, M € RUF+Dx(Fr+1)
with entries

My = /Q €L (600 (6)pdE, (6,) A&,

M = / UL (60T (€ )pdE, (&) €,
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M=1 M =2 M =3 M =4
Po || {3 {3 [ HRH a3 | {9 R | HEH W)
0 1 1 1 1 1 1 1 1
1 2 2 3 4 4 8 5 16
2 3 3 6 9 10 27 15 81
3 4 4 10 16 20 64 35 256
4 5 5 15 25 35 125 | 70 625
5 6 6 21 36 56 216 | 126 1296

Table 3.3: The cardinality of the classical PC basis (B3I0) in comparison with
tensor product PC basis B3 IH) with P, = P for all r =1,..., M.

respectively, and denoting by I the identity matrix, we can rewrite (B310)—(E311)

by inserting B3I]) as

STMS =1, STMS =,
which corresponds in view of M =1 to an eigenvalue problem
MS = SC (3.3.19)
for each dimension r = 1,...,M. Finally, we construct the multidimensional

biorthogonal polynomials according to (B:3.0) and denote them by {¥%}. The car-
dinality is given by ([3IH), too. Remark that they no longer fulfill the identities
B3ID)-B313), but that they possess the advantage of diagonalizing the stiffness
matrix for linear problems, cf. Subsection EETTL

For later reference, we note the convergence of the PC discretization. Henceforth,
P — oo is short hand notation for Py — oo or min, P, — oo, respectively.

Theorem 3.3.1. Let v € L?(Q) and v* := PPv its projection onto Z¥ as defined

in (ZF4). Then we have

H'U*'UP”LQ(Q) —0 as P — oo

The proof is just the multidimensional generalization of the argument in [23] us-
ing the tensor product PC basis {U!} or, alternatively, a well-known result for
orthonormal bases in Hilbert spaces, see e.g. [109].

Remark 3.3.2. Observe that each convergence result as P — oo for one of the
three presented polynomial sets also holds for the other ones, since we have by
construction

span{ W%} = span{W?} C span{¥§},
if Py >3, P, and

span{W} C span{W}} = span{ W)},

if min, P. > P,. Nevertheless, the size of the bases and hence the numerical work
is distinctly different, see Table
Remark 3.3.3. We can now explain how Dirichlet boundary conditions

trr, u = up

from [BZJ)) can be modeled. To avoid technical subtleties, let the function u be
continuous. Following an idea from [73], we employ on both sides the projection
PP onto the orthonormal basis. By equating the coefficients, one obtains

ug(z) = Elup(a)Ty] (3.3.20)
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for € D. For a deterministic function up = up(x), the right-hand side of (B321)
can be simplified as E[up(z)P;] = E[¥]up(z) such that B3I and BEZII)

provide
for k =
() = up(x) for 0
0 else

for {¥} = {¥{} and {U} = {W!}, ie. one can employ the usual spatial boundary
discretization for up and allocate it to the zeroth PC mode, while all other PC

coefficients vanish. For a discretization of Neumann boundary conditions, we refer
to Remark

Remark 3.3.4. An initial condition u = u°(x) can be treated in the same way as
Dirichlet conditions in Remark In particular, we have

up(z) = {uo(:c) for k=10

0 else
if u® = u(x) is deterministic and if {¥U} = {¥¢} or {V} = {Wi}.

In order to compute the occurring expectation values, quadrature formulas are nec-
essary. An obvious choice in view of the involved polynomials is Gaussian quadra-
ture with the density pdf(-) as weighting function. In the one-dimensional space
Q, with PC polynomials of maximal degree P, (take P, = Py for {¥} = {¥(}) we
apply a Gaussian quadrature with P, +1 quadrature points 7{, ..., 7% ,; which are
the zeros of the orthogonal polynomial of degree P, + 1. The quadrature weights
Nxr are given by

7771': = / ‘Cr,fr{ dP&ﬁ
Q.

where ﬁr,fr{ are the Lagrange polynomials with Emr{ (TF;) = J;; as a basis of
Polf” (Q,). Properties of Gaussian quadrature like the fact that polynomials of

degree 2P, + 1 are computed exactly are summarized in Appendix

For the M-dimensional quadrature, we just take the products

M
mo= )y e = e (3.3.21)
r=1
and
M
L (§W) =[] £rmr () (3.3.22)
r=1

with the global index

i=ih+ P+ D)+ P+ )P+ 1)(is—1)+...
We denote by QF the set of all these quadrature points 7; (omitting the index in
the sequel), denote its cardinality by II, and see that

=07 =[[@® +1. (3.3.23)

r=1

With this choice of QF, the quadrature order is high enough to compute E[¥; ;]
and E[¥;,¥;&,] or, more general, E[uv] for u,v € Z¥ exactly. This is not the case
for E[H (u)v] for nonlinear H but for the projected version E[P¥ (H (u))v]. For that
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reason, we will henceforth call this QF the quadrature point set corresponding to
ZP,
With this notation, we can indicate the solution of B3T6)-B3TM). Indeed, the

biorthogonal polynomials are, up to multiplicative factors, just Lagrange polyno-
mials in Gaussian quadrature points, i.e.
P = Ll (3.3.24)
- T, L.
\/Uw; k

and ¢}, = 7}, see [13, Lemma 2.1]. This will play an important role later on.

We close this subsection by defining for further use the Lagrange interpolant oper-
ator . CO(QM)) — ZP by

TPu(€) = Y v(m)L(§), (3.3.25)

TeQP

generated by the quadrature point set QF corresponding to Z¥. Taking the quadra-
ture formula for the function which is constant one, one can see that

> ome=1, (3.3.26)

since

S o= X [ ale)dr) = [ 3 Lalee)) dpw)

reQP reor /9 Q2 cor

:/(ﬂpl)(f(w))dp(w):/ 1dP = (0] = 1.
Q Q

Again, the generalization of the operator .# ¥ for v € V ® L%(Q) is immediate by
taking the operator tensor product with the identity operator on V.

3.3.2 Finite elements in space

In this subsection, we present the space discretization by finite elements. The nota-
tion and the main ideas are the same as in Berninger [18], who follows Kornhuber
[68] and Glowinski [48]. As in these references, we consider the case of a bounded,
polygonal domain D C R%. However, the results presented herein also apply for
polyhedral domains in higher and lower dimensions.

Let 7, be a given partition of D into triangles t € 7; with minimal diameter of
order O(277). The set of all N, vertices of the triangles in 7, is denoted by N,. We
assume that each triangulation 7, is regular in the sense that the intersection of two
triangles in 7, is either empty or consists of a common edge or a common vertex.

For the convergence proofs in the following subsections, we deal with a sequence of
these triangulations and assume that they possess a decreasing mesh size

h, :=maxdiamt — 0 as j— oc. (3.3.27)
teT,

In addition, we assume that the sequence of triangulations

(7,),>0 is shape regular (3.3.28)
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in the sense that the minimal interior angle of all triangles contained in | >0 7, is
bounded from below by a positive constant.

The character of Dirichlet and Neumann boundaries should be reflected properly
by the triangulation. To this end, we assume that I'p is closed and that each
intersection point in I'p N Ty is contained in /\/'J The vertices on the Dirichlet
boundary are denoted by /\/JD =N,NTp.

The finite element space S, C H'(D) is the subspace of all continuous functions in
H'(D) which are linear on each triangle t € 7,. The space S, is spanned by the
nodal basis

Ay={s{ :pe N},

the elements s,(,j) of which are determined by séj)(q) = dpq for all p,qg € N,. The

analogous construction in the space H%D (D) gives rise to the finite element space
SP c H{_ (D) and its nodal basis given by

AP = {s0) :pe N)\WPY

Together with the global polynomial space Z¥ and the polynomial chaos func-
tions Uy introduced in B3R) and B3H), respectively, we define the tensor space
S,® ZP c HY(D) ® L*(Q2) by

S,®2F = {w € HY(D) ® L*(Q) : ¢ € span{s)(2)Up(&) : p e N,, k=0,..., P}}
(3.3.29)

Recall that QF denotes the Gaussian quadrature point set corresponding to Z¥.
Then, we proceed by defining the finite dimensional analogue of the convex set K

defined in BZ3)) by
ICf ={veS,®2" v(p,m) > u.Vp e N,¥r € QF A v(p,7) = up(p,7)
Vpe NPvre QF}. (3.3.30)

The set le C 8, ® Z¥ is obviously convex, nonempty and closed. Observe that we
have to assume that the Dirichlet boundary function up is continuous in each node
(p.m) € NP x QF such that writing up(p,7) makes sense. Even if this function
is purely deterministic, up = up(z), it has impact on the coefficients v;; in the
representation

J

v(z, Ew)) =YY vins) (@) Wi (€(w)) € S, ® 27 (3.3.31)

i=1 k=0
for {i:p; € NP}, as it is described in Remark B33

Remark 3.3.5. In general, we have ICf ¢ K since the Dirichlet boundary values
in KF differ from those in K. Even worse, the condition v(z, £(w)) > u. needs not
hold for (z,&) ¢ N, x QF because v is a polynomial in £&. However, neither in the
formulation of the problem nor in the post-processing of the solution a computation
in points £ ¢ QF is needed, since the calculation of the integrals and moments is
done by using these quadrature points solely. If the solution method is constructed
in a way that it does not require the evaluation in such points either (more precisely:
the evaluation of H(u(zx,-)) and ®(u(x,-)) or the inverse Kirchhoff transformation
on u(zx,-) in such points), this fact does not pose a drawback. On the other hand,
we emphasize that in spatial direction the piecewise linearity provides this obstacle
condition for all (z,m) € D x QF as in the deterministic case (see |18, Remark
2.5.1)).
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3.3.3 Approximation of the nonlinear functional

In this subsection, a discrete version of the functional ¢ from [BZIZ) and proofs
of important properties are presented. This will allow us to formulate the fully
discretized version of the convex minimization problem (BZ20]).

We seek an approximation of the nonlinear functional ¢ for functions in the subset
S$,02 P The integrals are approximated by quadrature formulas, but in a different
way: the treatment of the spatial integral arises directly from the interpolation of
the integrand ®(v) in S,, which provides positive weights of the form

hy ::/ sg)(x)dz, (3.3.32)
D

whereas a Gaussian quadrature is taken for the expectation value with weights 7,
corresponding to quadrature points 7 € QF as introduced in Subsection B2l The
discrete functional qbf : S, ® ZP — RU{+o0} then reads

= > e m)hyne YweS, 2" (3.3.33)

TEQP peEN,

Observe that the evaluation v(p, 7) has according to B33T) the form

=

7 P

P
V(Pios ™) = D> viks) (pig) Ur(m) = D vigk Wk (). (3.3.34)

i=1 k=0 k=0

This means that (bf is decoupled in spatial direction with regard to the nodal basis,
whereas the nonlinear function @ is still depending on all PC basis functions in each
quadrature point due to their global nature. Each solution method has to take this
fact into account.

The following lemma shows that (bf features all important properties which ¢ have.

Lemma 3.3.6. Let H be monotonically increasing and bounded and let (Z-323)
hold. Then the functional qﬁf is convezx, proper and lower semicontinuous on its
domain

dom¢f ={ve SJ®ZP cv(p,m) > uVp € N)Vr € QP}.

Furthermore, it is Lipschitz continuous and satisfies
|67 ()] < Cllv[l10 Vo € dome?, (3.3.35)

where the Lipschitz constant as well as the constant C > 0 are independent of 5 and

P.

Proof. The convexity of gbf follows from the convexity of ® and the fact that the
weights h, and n, are positive. It is clearly proper and lower semicontinuous if we
can prove the Lipschitz continuity.

Denoting by L the Lipschitz constant of ®, we take u, v € dom qbf and have

|07 () =7 ()| = | > > (2(ulp,m) = L(v(p,))) hytx

TEQP pEN,

<LZ Znﬂup, —v(p,m |/ (J)

TEQP PEN,
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Since u(-, 7) and v(-, 7) are linear functions on each triangle t € 7, for all =, we can
further deduce

|6 (W) = ¢y (@) <L Y D> ue lu(z, 7) — v(z, )| dz

reQP ZJENJ Supp(s(pj))
< 3L/ Z Nelu(z, ™) — v(z, 7)|dz,
DWEQP

where the last inequality is due to the fact that each triangle is contained in the
support of three nodal basis functions. We apply the Cauchy—Schwarz inequality to
the sum over 7 with (B320) and exploit (B3Z3) and the high order of the Gaussian
quadrature, which allows us to compute E[v?] exactly, to obtain

1/2 1/2

P — P?) ulr,m™) —ovlr, ™ 2 X
6 () ¢J<>|s3L/D 3 S efu(z, ) — (@R | d

el TeQl

< 3L/D (/Q (u(z, &) — v(x, €))* d]P’)UQ dz.

Finally, by applying the Cauchy—Schwarz inequality in L?(D) we arrive at

1/2
167 (w) — 67 ()] < 3L 2o ( [ [ w9~ ot 9° dex)
D JQ
< Cllu—vll1,0,

which shows the Lipschitz continuity of gbf and which yields B33H), since
(bf (0) =0. O

For the proof of the consistency of qﬁf in Theorem B30 some preliminaries are in
order. First, we recall the definition of the projection P¥ in (E33) and introduce
by Zs, the piecewise linear interpolation operator Zs, : C%(D) — S, defined by

Is,v(p) :=v(p) forallpe N,. (3.3.36)

The tensor product structure allows a generalization Zs, : CO(D)®V — S, ® V for
V C L?(Q) immediately by taking the operator tensor product with the identity
operator on V.

Next, we assume that the Dirichlet boundary function up is the trace of a function
w € HY(D) ® L?(Q) which is uniformly continuous on I'p for almost all w € Q, i.e.

up =trr, w forawe (H'(D)NC°(D)) ® L*(Q), (3.3.37)

and that the interpolated and projected function w]P =1s, ® PPw e §, @ ZF
satisfies
||wJP —w|10—0 asjy— oo, P— 0. (3.3.38)

Condition [B33D) is fulfilled if, for example, up(-,w) is continuous a.e. on the closed
boundary T'p, which can be seen by the Tietze extension theorem [109, Corollary
B.1.6]. For condition ([E338), we split up [|w! —w]|1,0 < [wl —w” 1,0+ [w’ —wl|1,0
for wf = PPw. Now, a criterion for condition (£3:38) can be found in [25, Theorem
16.2], which states, provided that B3ZM) and B3 ZF) hold, requirements on the
regularity of w. In our case d = 2, it is fulfilled if w € H?(D) ® L?(Q2) according to
the Sobolev embedding theorem (see, e.g., |22, Theorem 2.19]) and Theorem B3l
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For the following convergence results, we will exploit the embedding of Q) into
RM and thus switch notation. These results can also be stated if Q(*) is unbounded.
We do not follow the path of regarding truncations of Q™) as in Remark BI.26,
but, following an idea in [13], impose an assumption on the probability density
function pdf(-) introduced in BI24) that it satisfies

| 2

pdf, (y,) < Cpar. e~ 1o 3.3.39
r pdt,.

for some Cpqr. > 0 and numbers 6 which are strictly positive for unbounded €2,
and equal to zero otherwise such that

pdf(y) < Cpare™ S 10rarl?,

Observe that we can cover all important distributions including the normal distri-
bution by this assumption. Moreover, we introduce a positive weight o assembled
as the product of one-dimensional weights o, (y,) = CUTe_“STyT‘Q/ 4 for some C,, >0
such that o(y) = Cre~ 3L, 18:w:1*/4 Define the functional spaces

Co() = {v: v e COQMY) and [[v] ogaan) = max |o(y)v(y)| < oo}
o y€e

and

ngO(Q(M)) = {v:ve Q™) and lim|o(y)v(y)| — 0 as |y| — oo}

With this choice, the embedding C2(QM)) ¢ L2(Q*) is continuous. We inves-
tigate the approximation error of the interpolation .#¥ defined in ([B325) in the
one-dimensional and in the M-dimensional case.

Lemma 3.3.7. Let v € C2(QM)) be a continuous function for M = 1. Then the
interpolation error satisfies

P . _
lv— 7 v||L2(Q(M)) < CﬂePollg(f(z(M)) lv — v”cg(Q(M)) (3.3.40)

with a constant C' > 0 independent of P.

Proof. First, we see that the orthogonal property for Lagrange polynomials (2322
in the Gaussian quadrature points

| £xteLaew) ap = 5. (33.41)
yields
5oy = [ 3 v (@)L (Ew) ap
Q TeQF
L2 (Ew))
< max (v (7)o (7 /“7le.
™ (v (me( ))Wezgjp q o02(m)
If QM) is bounded, we have o = C, and B=341), whence by [B326)
177 () L2000y < Cllvllco@an)- (3.3.42)

In the case of unbounded Q) we exploit the definition of o and condition (F339),
which allows us to apply the convergence result for quadrature formulas in Ap-
pendix [ to obtain

L2EW) 4p— L 1 Cpar V21
Z/Q 2 F= L am [ 2@ T a

TeQF reQFf
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as P — oo, which provides (B322), too.
For each & € Pol” (M), it holds .# "% = ©. Thus, it follows

v — fPU||L2(Q<M>) < v = 9| L2 (any + 177 (v — )|l 2y

< Cllv = 9[|co o)
and consequently ([B3AM), since ¥ was arbitrary. O
Lemma 3.3.8. Let v € C2,(Q)) c L2(Q™M)). Then

||’U — fP’UHLz(Q(M)) —0 as P — oo. (3343)

Proof. The definitions of .#¥ and the underlying Gaussian points 7 and Lagrange
polynomials £, allow us to apply Proposition ZZ7 and [BIZ3) with H, = L*(,),
A, = 9P A" = 7P where ZI" is the one-dimensional Lagrange interpolation
in €2,.. Hence, we only have to show

||w — j,,,Prw||L2(QT) —0 as P, — o

for all w € CJ_,(€). By Lemma B3 it is sufficient to guarantee the existence of
a sequence (py,), C Pol™(£2,) of polynomials such that

[(pn, — w)or|lec — 0 asn — co.

If ©, is bounded, this is just the Weierstrafl approximation theorem (see, e.g., m]),
otherwise this holds by [7d, Theorem 1.4]. O

We can now state the consistency of qﬁf .

Theorem 3.3.9. Let H be a bounded and monotonically increasing function and
v € C®(D) e CeOQM). If (Z223), B3Z7), (EZZ3), and (Z-2F9) hold, then
for the interpolated function ’UJP =Ts, (v of the projected function v’ = P (v),
shortly ’UJP =1s, ® PPy e S, ® ZP we have

’UJP —wvin HY(D)® L*(Q) asj— oo, P — 0 (3.3.44)

and

(bf(vjp) — ¢(v) asj— oo, P — oc. (3.3.45)

If, in addition, a function w satisfies (3-3.379) and (ZZ33), then the convergence re-
sults [3-974) and ([F-323) are also valid forv = w + 9 € w + (C=(D) ® Cg°(QHM)))
and v = w] + 0 =Is @ PPw+Is, @ PTo.

Proof. We split up the convergence error as
lv =2 < flo = 0P| + " = o). (3.3.46)

The first term on the right-hand side of [B:340) converges as P — oo because of
Theorem BZX1l Since C°°(D) is dense in all H*(D) (see 28, p. 119]), the conver-
gence of the second term as ) — oo under the assumptions B3210) and BIZY) is
well known (see [23, Theorem 16.2]). Due to ([338), the same holds for v = w + o
and ’UJP =1Is, @ PPw+Is, @ PF0.

It remains to show the consistency ¢! (v]") — ¢(v). Assume first that ¢(v) = oc.
Then we can find an open subset F; X Es C D X QM) with v(x, &) < u, for all
(z,€) € By x By and PM)(Ey) > 0, where Es contains a set of the form Hiw:l(a“ b).
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Due to h, — 0 we can find a j* such that N;NE; # 0 for all > 5*. We can also find a
P* such that for all P > P* the corresponding quadrature point set always contains
a T € E5, see Theorem [C2 This provides qbf(vjp) — 00 as J — 00, P — oo.

In the case ¢p(v) < oo, i.e. v(z,§) = v(z,&{(w)) > u, for all z € D and P-almost all
w € , we begin by estimating

0(0) = 6”@ = | [ [ (0w, €)dwap - D (p, 7))y
/Q/D wgp :DEZNJ ! !
<[] @(v(x,o)dﬂmgpw (2, 7)) | o

H S e | [ e @) de = 3 B0l )y

€Q pe'/\/.J
S/
D

" - P (z, T
i /D/Q e (x,€) = Y @ (x,m)Lx(¢) | dPd

reQFf

A3 0 /D (0P (2, ) dzr — 3 (0P (p, m)hy

reQFf PEN,

= (A1> + (AQ) + (Ag)

/Q (@(v(x,f)) - q)(vp(:c,g))) dP‘ dx

The integrand of the spatial integral in term (A;) can be estimated using the Lip-
schitz continuity of ® (with Lipschitz constant L) and the Cauchy—Schwarz inequal-
ity by

/Q (@(v(,9) — @(v"(z,£))) dP] < L/Q [v(z,€) = v" (2, )] dP

< Clv(z, &) — UP($,£)||L2(Q) —0
as P — o0o. Since this convergence is monotone, we can use the theorem of Lebesgue
(see, e.g., [109]), whence (A;) — 0.
Using the identity operator Id, we can rewrite
(A2) < |(Id® 77 —1d@1d)2 (") 11 (myeri ) < CllId® 7 —1d@1d)®(v")]|o,0.
(3.3.47)

Now apply Proposition ZZ7 with H; = L?(D), Hy = L*(Q), AL =1d, A% = o7,
which provides (42) — 0 as P — oo by means of Lemma B3R if we can show

o(v”) € L*(D) ® C2 o (D). (3.3.48)

Indeed, v € C*(D) @ Cg°(Q™M)) implies v € C*>(D) @ C2 ,(Q™M)), since v* is a
polynomial in Q) and thus @Z348), since ® is Lipschitz continuous.

For the sum in (As), note that ®(v” (-, 7)) is uniformly continuous on_ﬁ for each
Gaussian quadrature point 7, since v(-, 7) : D — [u,, 00) and v¥ (-, 7) : D — [u,, 00)
are (in case of v = w 4 @ this follows from B33M)). Denote by pit, pat, pss the
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vertices of t € 7,. Due to Z? 1 31(,{2 =1 on the element t, it holds

/Dcp(vp(x,w))dw > @@ (p,m)hy

pEN,

< Z/( > s (@) @(w” (2, 7)) @(Up(pitaW)N) dz

teT,

< 1Dl mas 207 (2,) ~ 907 (5 7)] 0
z,gef) !

as J — oo. In combination with B320) we have (A3z) — 0, and the proof is
complete. O

Now, we have all tools together to formulate the discrete version of the minimization
problem [B220). It reads

uf € IC;D : j(uf) + ¢f(uf) < J(w)+ ¢f(v) Yo € ICf. (3.3.49)

We will see that we can transfer most results from the continuous to the discrete
model. We begin with the most important one.

Theorem 3.3.10. With the assumptions of Lemma T30 and with the conditions
on kr and K as in Theorem BZL1, the discrete minimization problem (5-:3-49) has
a unique solution.

Proof. This follows from Proposition BEZI0 with V = S, ® 2P, C = ICf and

F=7J+ qﬁf . To show the coercivity of F', we proceed as in BZ21) using (B330)
instead of (BZZT3) and obtain

1
aillvllf o — e2flvllo —es — o0 (3.3.50)

T(0)+ 67 (0) > 5

as [|v|l1,0 — oo. The rest is clear. O

By means of Proposition BEZZTH it is easy to see that the minimization problem
B323) is equivalent to the variational inequality

ufEle: a(uf,vfuf)fé(vfu )+¢ (v) — fb (u; Py>o0 VUEICP (3.3.51)
In the following, we want to reformulate the discrete minimization problem (B:349)
in terms of variational inequalities and variational inclusions in consideration of the
boundary conditions as it was done for the continuous problem in Subsection B22Z3
We recall the canonical extension from Remark B2T9 and apply it to the functional
(bf with regard to the convex set ICf . Furthermore, we recall the definition of the
translation operator introduced in (BZ3T).

We now choose a fixed wf €S, ® Z¥ with
wf(PﬂT) =up(p,m) Vpe€ N]DVW e of

and set ul’ = wl + @F. The translated discrete convex set analogously to [BZ32)

is then given by

ICJ rp = ICfwaP ={v GSJD ® Z¥ :v(p, m) zucfwf(p,ﬁ)VpGJ\fJVWE Q.
(3.3.52)
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Again, as in Remark B231 we have in general KfFD ¢ Krp,-

Proceeding as in the derivation of Propositions B2220, BZ2Z2T and BZ2Z21, we can
now state their discrete counterparts.

Proposition 3.3.11. The minimization problem (3-379) is equivalent to

iy €87 @2V Jur(@)) + (6] )wr (@) < Tor (v) + () Jwr (v) Yo e8P @ 2"
(3.3.53)
and equivalent to the variational inequality

~P _ oD P P P ~p ~p

u, €S ®@Z7 0 a(w, +u;,v—1u,)—Lv—1,)
P, P P(, P ~P D P

+ ¢, (wy +v) = ¢, (wy, +4,) >0 YveS ®Z° (3.3.54)

and equivalent to the variational inclusion
a; €8y @2 0 € a(w) +ay,-) — () + 8¢ (w) + 1)) (3.3.55)

in (SJD ® ZP)/, always in the sense that the solution uf of (7-349) equals warﬁf.

The assertion in Proposition B3 IT remains true if one replaces the space SJD ®ZP
with the set ICfFD in B353) or B324).

Remark 3.3.12. Note that we can prove in the same way as in Proposition B22.22
an analogous well-posedness result for the discrete problem (B349).

Remark 3.3.13. Since we can interchange the sums and the subdifferential accord-
ing to [33, Prop. 1.5.6], the subdifferential 8¢f(vo) c(§® ZP)/ can be expressed

in view of (BZZ4) directly as

067 (vo)(v) = D> > 0@(vo(p, m))v(p, mhpne Vv ES, @ 2" (3.3.56)

TeQl Z)EN]

with domd¢! = dom¢?’. Note that the difference revealed in (BZE) does no
longer play a role in the discrete world.

3.3.4 A convergence result for the limit cases

In the last subsection, we derived the discretized problem [B3Z9) with the unique
solution uf € ICf . The next obvious step should be the proof that

uf —wu in HY(D)® L*(Q) as 7 — oo, P — o0, (3.3.57)

where u is the unique solution of problem (EZ26). This is true for the deterministic
Richards equation (CZIJ) with solution & € K and the solution 4, € K, of the
problem discretized with linear finite elements in S, i.e.

i, — @ in H'(D) asj— oo,

see [18, Theorem 2.5.9]. Analyzing the proofs of this theorem or of similar con-
vergence results (e.g. Y&, Theorem 1.6.2], |68, Theorem 1.13]), we can break them
down into two major components:

(i) There exist a set .# which is dense in H'(D) and a mapping r, : .# — S, for
which lim, o ¢,(r,0) = ¢(0) for all € ..
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(ii) If 9, € S, for all j and the sequence converges weakly to € H' (D) as 7 — oo,
then

liminf ¢,(0,) > ¢(d).
J—00

We try to transfer these two points into our setting. Concerning the consistency
condition (i), this is already done in Theorem BZ30 For the stability condition (ii),
a corresponding condition for the stochastic Richards equation would be

(ii") If vJP € S, ® ZP for all j and P and the sequence converges weakly to a
v € HY(D)® L?(Q) as g — oo, P — oo, then

liminf ¢’ (v)") > ¢(v).

P—oo

Condition (ii) can only be shown by an interplay of the convexity of ®, the piecewise
linearity of ¥, and the corresponding quadrature formula for ¢, which provides

by(0) = 9(0,) Vi, €5, (3.3.59)
and, together with the weak lower semicontinuity of giA),
liminf 6,(0,) > lim inf $(3;) > $().
However, the condition in the stochastic setting corresponding to (B35S
(bf(vjp) > qﬁ(UJP) V’UJP €S, ®2"

is false in general for P > 1, as can be seen by simple examples. Thus, it is not
clear under which assumptions (ii’) is valid or a proof for [B351) can be given.

It is, however, possible to show the convergence B3RT) in some special cases,
namely for the limit cases from Remark We carry out the proof within a
greater context by developing a convergence theory for stochastic obstacle problems
as will be defined in the following.

Consider the stochastic obstacle problem

wek: a(u,v—u)>lv—u) YveK (3.3.59)

on the convex set

K= {ve B(D) @ 12Q™) v > W ae in Dx 0} (3.3.60)

with an obstacle function ¥ € (H*(D) N C%(D)) @ (L*(QM)) 0 CO(QM))) which
satisfies ¥(-,£) < 0 in a neighborhood of 9D for all ¢ € QM) and ¥(z,-) < 0
outside a compact set C; € QM) for all z € D. Note that we take homogeneous
Dirichlet conditions for sake of simplicity. Recall from [BI22) and Remark
that (QM) PM)) and (Q,P) can be identified in L? sense. For the following re-
sults however, this background via the Karhunen—Loeéve expansion is not necessary
and we only assume for the rest of this section that (2D Bor(QMM)), PM)) is a
probability space with Q™) ¢ RM | where £(-) is a linear continuous functional on

V = H}(D) ® L>(Q™M)) and af(-,-) is a continuous and coercive bilinear form on
VxV.
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Theorem 3.3.14. The stochastic obstacle problem [ZZ24) has a unique solution.

Proof. We apply Proposition BZI0 with V' = H}(D) @ L2(QM), C = I@_ and
F(v) = +a(v,v) — £(v) and only have to check that the conditions on F and K are
satisfied. As in the proof of Theorem BZZTIl we detect that F' is strictly convex,

lower semicontinuous, proper and coercive.

Furthermore, it is clear that K is convex. To show the closedness of IC, one can
proceed as in Proposition EZ34 by replacing u, with ¥. Finally, K is nonempty
because ¥ := max(0,¥) € K due to the conditions on ¥. O

Proceeding as in Subsections B3l and B3 the discretized problem now reads

uf € Kf : a(uf,v - uf) >l(v— uf) Yo € Kf (3.3.61)

on the convex set

/Cf ={veS®2" vp,m)>W(p,m)Vp e N,Vr € QF}. (3.3.62)

We want to show that the discretized solutions uf converge to the solution u € K

as 7 — oo and P — oo. First, we state the following lemma. Recall the definition

of 2 from [ZZH).

Lemma 3.3.15. Under the above assumptions on K, the set 2 NK is dense in K.

Proof. The proof proceeds in the same way as the proof of Lemma I1.2.4 in |4]],
just by performing it in our tensor space instead of H} (D). We sketch it for com-
pleteness.

Let v € K. Lemma EZZH implies the existence of a sequence (), C 2 with
|0s, — v|l1,0 — 0. Defining

vy, := max(¥, 0y,),
the functions v;, also converge strongly to v, since v € K. Moreover, the conditions
on K imply that v, is a sequence in the set

€ = {’U cKn (CO(E) ® CO(Q(M))) : v has compact support in D x Q(M)} )
(3.3.63)

Therefore, it is sufficient to prove the existence of a sequence (v,), C 2 N K with
[vn = v[[10 — 0

for an arbitrary v € 4. To this end, we approximate v € ¢ as in the proof of
Lemma by the sum vy = vazl vPuf of functions v € H} (D) N C°(D),

A A

v € L2(QM)) N CO(Q(M)) with compact support, respectively, such that

lon —vll1,0 < €/2,
and take a sequence of mollifiers (¢2) € C$°(R?) and (¢%) € C5°(RM) with de-

creasing support and

[ supp() x supp(eyr) = {0}. (3.3.64)

n=1
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Let

N
by = D Q:: Dil_D/d/ (27/Q/d]P>(M)/7
= ownlelogl) =3 [ Rler @) [l arnie)

then 9, € C§°(R?) ® Cg°(RM) with
supp(@n) C supp(vn) + supp(y,) X supp(y,)
and |lvy — ¥nll10 < €/2 if n is large enough. Thus, ¥, — v in H}(R?) ® L%(RM)

and, due to ([E364) and the bounded supports, even in L= (R?) @ L>(RM). This
is still valid if @, is restricted to D x Q™) such that o, € 2.

Define Ds := {x € D : dist(x,0D) < §}. Take a compact set C5 € QM) which
is a superset of C; and the support of ¥, in QM)-direction and a § > 0 such
that ¥(x,&) < 0 and v = 0 in D5 x (QM\CF). Due to the convergence of @, in
L™ (R%) @ L>=(RM), there exists for all £ > 0 an ng = ng(e) such that

v(2,8) — e < Tp(a,€) <v(x,€) +¢ V(x,£) € (D\Dsja) x Cy (3.3.65)

and
On(2,6) = 02> W(x,§) Y(2,€) € D52 x (AMN\CY) (3.3.66)

for all n > ng. Take a function 0,, € Z with 6, > 0 in D x QM) and 0, (z,€) =1
for all (z,&) € (D\Djs/2) x C3. Finally, define vy, := 0y, + €6,,. Then, v;, € Z with

ve (2,€) > W(x,€) for all (x,¢&) € D x QM) by E36H) and E3560), and it is
[lvs, = v]l10 =0 ase— 0andn— oo, n > ng(e).

This concludes the proof. O

We now turn to the convergence proof.

Theorem 3.3.16. With the above assumptions on ¥ and the conditions (ZZZ3),
G5 Z7), and (ZZZ3) to the discretization and (Z3233), we have

uf —wuin HY(D) @ L2 Q™M) as g — 00, P — oo, (3.3.67)
where ul’ is the solution of [@ZLEN) and u is the solution of [EZXAT).
Proof. At the beginning, we show the following two approximation results:

(K1) If (v)),p is such that v} € Kf for all 3 and P and that it converges weakly
to v as ) — oo and P — oo, then v € K.

(K2) There exist a set .# which is dense in K and an operator r” : .# — KI” such

that [[r"v —v|[1,0 — 0 as 7 — co and P — oo for all v € ..

Let us first prove (K1). Consider a function ¢ = vazl ©P ot € 2 with ¢ > 0,
where oP € C§°(D) and ¢! € C5°(QM), and define gof by

of = > N oG, m1Lr = I | D 0(Gr, )1 | (3.3.68)

TeQP teT, tE€T,
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Here, G} is the centroid of the triangle t € 7, with vertices p1s, pas, pst. The triangle
inequality and the definition of the tensor scalar product provide

N
e —eFloo < D[0P =D 0P (Gore | ¢f
=1 teT, 0,0
Z P! ( @3 (7) Lo
=1 teT, 0,0
N N
<CY |l =Dl (G Z — Y L. ,
i=1 teT, L2(D) =1 TeQP L2(Q(D)

are bounded (the latter because it

since [[¢0]|1,0n) and [Syer, oP (GO (

2 D
is convergent). Now,

*Z%D(Gt)lt —0 asj— o0

b L2(D)

because of the uniform continuity of P (we even have convergence in L*°(D)) and

(10? - Z SD’?(/]T)EW = ||SD,L ]PSD,L ||L2(Q(1W)) — 0 as P — X0
neQP L2(Q()

with Lemma IR since ¢ff € C5°(QM)). Altogether, we have

e =) lloo — 0 as j— oo, P — oo. (3.3.69)

For the approximation of ¥ by WJP , we take piecewise linear interpolation in D and
Lagrange interpolation in QM) ie. W = Ig ® #PW. In particular, we have

Y(p,m) = LT/JP(p,ﬂ') Vp € N,Vr € QF.

One can approximate ¥ by the function ¥y = ZZ L UPT where P € C~(D)
and ¥ € Cg°(QM)), since C°(D) is dense in H'(D), analogously to Lemma
E2ZH By definition of the operator tensor product in ZJ), Zs, ® £ Wy is an
approximation of WJP . Moreover, we can reduce as above

N N
HISJ®']PWN_WNH070 < CZ H%D _ISJWZDHL2(D)+CZ HWZQ - jPWiQHLZ(Q(M)) :

i=1 i=1

where the convergence HWZ-D Is W — 0 as y — oo is clear [28, Theo-

i HL2(D)
rem 16.2] and the convergence

HWZQ - fPLT/?HLZ(Q(M)) —0 as P—

is provided by Lemma

Hence, we have
[ —Wlo0— 0 asj— oo, P — oc. (3.3.70)
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Now, let (vF), p C KF be a sequence converging weakly to v € H}(D) @ L*(Q*))

as 7 — 00, P — oco. Then, 369 and B370) imply

Jlgrolo (’UJP — WJP, gof)oﬂ =(v—",9)00- (3.3.71)
P—oo

Inserting (B36]), this can be rewritten as

(vff&"/f,saﬁo,o:/Q(M)/D(vf—gvf) > @G m1 Ly | dwdPDD.

TeQP teT,

We now exploit the exactness of the Gaussian quadrature for functions in ICP the
identity £, (<) = ¢ for m,¢ € QF and the exact quadrature formula for hnear FE

functions 5
/ wdr = Z w(pit)

(see [48, p. 34]) and obtain by the definition of K£F

( Q/J ,(pj) 0,0 = Z N Z gD(Gt,ﬂ')/(’UJP(m,TF) —wjp(x,ﬂ-)) dz
TeQP teT, ¢
_ It P
- Z Nr Z Gta Z pzta WJ (pztaﬂ-))
reQP teT, i=1
>0

for all ¢ € 2 with ¢ > 0. Letting 3 — co and P — oo provides by [B3.71)
/ /(U—Q/)goddeP’(M)EO VYo € 2 with ¢ > 0,
QM)

which implies v > ¥ a.e. in D x QM) Thus, (K1) is proven.

We now turn to (K2). In view of Lemma B3TH, we take .# = 2 N K and again
P—= Is, @ JF. Obviously, it is rfv € ICf for all v € ., since rfv(p,w) =
v(p,m) > ¥(p, ) for all p € N, and 7 € QF by construction.

We still have to show [|[rFv —vl1,0 — 0 as j — oo, P — oo. With v = ZivleDvQ

and rl'v = Z 1(Zs,vP) (I Pvf), we can estimate as above

N N
Iy v = vll10 < CZ [0 _I‘SﬂviDHHl(D) + CZ [ i = ]P”iQHLZ(mM)) ’
i=1 i=1

where the convergence HvD Is,v; D)~ 0 as ) — oo is again provided by |24,

Pllar o
Theorem 16.2] and the convergence HUZ fPU?HLZ(Q(M)) — 0 as P — o0 is again

ensured by Lemma 238 since vf? € C5°(QM)). This validates (K2).

This preliminary work done, we can turn to the convergence. We follow 48, The-
orem 1.5.2] and divide the proof of (B361) into three parts: first show the bound-
edness of (uf );, P, then the weak convergence, and finally the strong convergence of
this sequence.

We will now show that there exist constants C; and C5 independent of 53 and P
such that
luy I} 0 < Culluy [0+ Ce (3.3.72)
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for all y and P. By B3I, we have

a(ul ul) < a(ul wf) — eF —ul’) Wl e KT,
whence by means of the coercivity BZ1)
cluf 13 < Cllulllollvl o + 121l 10 + 0] lo) Vol € KF. (3.3.73)

Let v € # and v’ = r’v € KI". Since [|rFv—v]]1,0 — 0 due to (K2), we know that
[vF |10 is uniformly bounded by a constant Cs. Hence, B373) can be written as

1
1y 130 < < (CCs + DIl 10 + 1€1Cs) -

Thus, we have (B372), which implies [|u |10 < Cy for all j and P.

As second step, we prove that uf converges weakly to u. Since it was just shown
that u!” is uniformly bounded, we can exploit that Hj(D) @ L*(QM) is a Hilbert
space and state the existence of a subsequence (ui ) which converges weakly to a
u* € H}(D)® L*(QM). By (K1), we have u* € K. Now show that u* is a solution

of B35). For v € .# and v, =r;iv, we can state as above

a(ul?, ul?) < a(ul?,rliv) — (v — ). (3.3.74)

Ji? Ji

Since TJP "v converges strongly to v and u; Pi converges weakly to u* as j; — oo,

P; — oo, taking the limit in @374) prov1des

hmlnfa( Pi ulhy <a(u*,v) —lv—u*) Yve.A. (3.3.75)

]’J
P—»oo

On the other hand, it is

Oga(ui —u ,ui u*) = a(ul uf?) —a(ul u*) — a(u*, uP)Jra(u ,u’),

which can be rewritten as

a(uf}',u*) +a(u*,u£i) —a(u®,u") < af f,ui)

Taking the limit, we obtain

a(u*,u*) < 1§Ig10%f a(u f ,uf). (3.3.76)
P;—o0

Combining (E375) and @Z70), we have u* € K with
a(u* ;v —u*) > Lllv—u*) Yve.A.

From the density of .# and the continuity of a(-,-) and £(-), we can conclude
a(u*, v —u*) > llv—u*) YveKk. (3.3.77)

Since the solution of B351J) is unique according to Theorem BZ T we obtain
u* = u. Hence, u is the only cluster point of (uf ) in the weak topology. Conse-
quently, the whole sequence converges weakly to u.

As last step, we show that uf even converges strongly to u. With v € .#, we can

derive analogously to (B374)) that
a(uy,uy) < a(uy,ryv) = L(r)v —uy) (3.3.78)
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with rf v € K. By coercivity, we have moreover

0< c||uf —ullf, < a(uf - u,u;D —u) = a(u?,ul’) - a(u,uf) - a(uf,u) + a(u, u).
(3.3.79)
Since u;" converges weakly to u and rf v converges strongly to v by (K2) as 3 — oo

and P — oo, we can combine (B37R) and [B3J) and take the limit to obtain

P

0< clijminf Jul —ull? o < climsup |lul = ull] o < a(u,v —u) — (v —u) (3.3.80)
— 00 ’ 7—00 ?

P—oo P—oo

for all v € .. By density and continuity, (E3.80) also holds for all v € K. Taking
v =wu in (BZF), we obtain

: P
Tim [luf —ul

1,0 = 0)

P—oo

as stated. O

We apply this for the limit cases of the Richards equation.

Theorem 3.3.17. Let the discretization satisfy (Z323), (Z327), (Z3Z23), and
let (ZZ3FA) hold with Ty = 0. Moreover, let the function w be an element of

(HY(D)NC(D))& (L2 (QMNHNCO QM) and satisfy (F337)-(F338). If H = Hy
or H = Hy as defined in (LITI8) and (LI2Z0), respectively, then we have
uf —u in H(D)® L*(Q) asj— oo, P — oo, (3.3.81)

P

P . .
; € K, s the unique

where u is the unique solution of problem (ZZZA) and u
solution of the discretized problem ({3:349).

Proof. Recall from Remark B2ZZ32 that (B2226) can be written as a stochastic ob-
stacle problem

o€ Krp, : a(a,v—ﬂ)—g(v—a) >0 YveKr,
with 4 = w + @ and
Kr, ={veH. (D)®L*Q):v>u.—w}
from B2Z3A). Setting ¥ = u, — w, B3X) now follows from Theorem B3TA O

3.4 Numerical experiments

In this section, we turn to the error made by the discretization presented in this
chapter. In the following, we will disregard the error from the Karhunen-Loeve
expansion and the time discretization and solely concentrate on the error from the
PC and FE approximation.

At the beginning, let us recall known error estimates for the linear case. Consider
H = 0 with homogeneous Dirichlet conditions and 'y = ), which leads to the linear
diffusion equation

uw€ HY(D)® L*(Q) : a(u,v) =£(v) Yo € Hy(D)® L*(Q), (3.4.1)

confer Remark BZ2ZTAl This problem was examined in depth in Babuska et al.
L1, [12] including a theoretical analysis of the discretization error. Their result
reads as follows.
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Theorem 3.4.1. Let u be the solution of [34.1) with a functional {(v) = E[[, fv dz]
with a continuous and bounded f € L*(D) ® L*(Q2) expanded as in ([3-1.34) and let
a € (0,1). Assume that the KL expansion (ZII1) for K is strongly uniformly
coercive in the sense that there exists a constant C' > 0 such that

min (K(w,w) — VAo Gro (2)r, (w)) ~VArollgrol () ol = () > €

(z,w)EDXQ,

for all o = 1,..., M and differentiable on D in the sense that K, g, € C*(D) for
allr =1,..., M. Furthermore, let Assumption BT ZI hold with bounded intervals
Q. = &-(Q) and bounded density functions pdf,.(-). Then, u is analytic with respect
to & and there exist a constant C > 0, independent of 3 and P, and a constant
0 < B <1, only depending on o and C, such that

M
1
inf - <C|h,+= Pl 3.4.2
veé%zp lu—vl10< < )+ a;ff ( )
and
1 M
: 2 2P, +2

ve;jgzp |E[u] — E[]l|z2py < C (hj +o ;6 ) : (3.4.3)

We will see in the following that our numerical experiments suggest similar error
bounds for the stochastic Richards equation. To this end, we set up two test cases
in space dimensions d = 1 and d = 2 and solve them with the methods described
in Chapter @l Another numerical test with a stochastic obstacle problem showing
similar results was carried out in [31].

3.4.1 Results for one space dimension

We start with a very simple problem in one space and one stochastic dimension with
a smooth solution u. Nevertheless, it allows to draw some interesting conclusions
which will be supported by the results in Subsection

We choose n = 1073 [kg/ms], p = 10 [kg/m?], g = 10 [m/s], n = 1 as parameters in
a sandy soil on a domain D = (—10,10). Then, we utilize Brooks—Corey functions
with A = 2/3, 0, = 0.21, 05y = 0.95, p, = —1 as in the example in Section [Tl
The generalized saturation H(u) is given by ([CIIH) (see Figure [[H) with critical
generalized pressure u. = —4/3. The uniformly distributed permeability is given
by the Karhunen—Loéve expansion BLII) with M =1, & « % (—1,1), where the
expectation of K is modeled by K = 1.9 (0.95 — 2/200) and the eigenvalue \; and
eigenfunction g; are known analytically for the exponential covariance kernel

Vi (x,y) = exp(—|z — y|/20)

according to Appendix [Al Multiplied with an appropriate scaling factor, the per-
meability function satisfies

K(z,w) € [8.88-107%,2.92- 107 .

The exact solution is given by
u(t, r,w) = —1.1 4+ 0.01z 4+ 1073¢t(x? — 100) exp(&; (w)),

and we select the function f and corresponding Dirichlet boundary conditions such
that u(1,z,w) solves (B2ZZA) when performing a single time step with 7 = 1. Note
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Figure 3.3: Discretization error over the number of spatial unknowns N, for de-
creasing mesh size h, and fixed polynomial degree Py = 6 (left) and over increasing
polynomial degree Py =0, ..., 6, for a fixed grid with N, = 50 000 unknowns (right).
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Figure 3.4: L? error of the expectation value over the number of spatial unknowns
N, for decreasing mesh size h, and fixed polynomial degree Py = 6 (left) and
over increasing polynomial degree Py = 0,...,6, for a fixed grid with N, = 50 000
unknowns (right).

that u is smooth in = and &. We discretize the problem as described in Section
In spatial direction, we use an equidistant grid with IV, nodes and mesh size
h, = 20/(N, — 1), and in Q™) = [~1,1], we take a PC basis of one-dimensional
Legendre polynomials (see Appendix [B2) with maximal degree Fj.

We start with the question of the dependence of the discretization error on the
mesh size h;, and on the polynomial degree F. First, we fix the polynomial degree
Py = 6 and decrease the mesh size h,. As shown in the left picture of Figure B3l the
error |lu —ul[l1,0 (upper solid line with markers o) now decreases with order O(h;)
(upper dashed line) while the L? error [|u—u] [lo,0 (lower solid line with markers )
even behaves like O(h2) (lower dashed line). In the other setting on a fixed spatial
grid with N, = 50000, the right picture of Figure shows an exponential decay
of the error [Ju — ul’[|1 0 (solid line) of order O(F" 1) with § = 0.1 (dashed line).

Let us perform the same test scenario in order to investigate the error of the ex-
pectation value E[u]. For fixed Py = 6 and decreasing mesh size h,, the left pic-
ture of Figure Bl indicates that the error ||[E[u] — E[ul]||12(p) behaves like O(h?)
(dashed line), while we obtain an exponential decay of order O(3*/*+2) with 8 = 0.1
(dashed line) for a fixed spatial grid with N, = 50000 and increasing polynomial
degree Py = 0,...,6 in the right picture. Note that for Py > 4 a larger PC ba-
sis no longer reduces the overall error since the spatial error dominates the term
[Efu] — ]E[Uf]HLZ(D)-

These experimental results suggest that the theoretical error estimates in ([BZ2)
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—e— Polynomial Chaos
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Figure 3.5: L2 error of the expectation values over the number Nyic of deterministic
solves: Monte Carlo runs (solid lines), O(1/v/Nync) (dashed line), and polynomial
chaos (solid line with markers o).

and BZ3)) in Theorem BZT] for the linear case can possibly be extended to our
case of the stochastic Richards equation.

The last investigation is dedicated to the comparison between the polynomial chaos
and the Monte Carlo method. The Monte Carlo samples were drawn in Q)
i.e. after KL approximation, as will be described in Subsection LT3 We now start
three Monte Carlo runs, each of them consisting of Ny samples, and approximate
the expectation E[u] by the sample mean @, from [EL27). The error ||E[u]—u,|| 12(p)
is shown in Figure for all three Monte Carlo runs, where the left picture shows
the results for Nyc = 1000 and the right picture displays the same zoomed to the
interval [1, 7]. The dashed line in the left picture remarks the expected O(1/+/Nyc)
behavior as will be deduced in Subsection Moreover, we plot again the error
|E[u] —E[ul]||L2(py from Figure B but now over the number of (stochastic) degrees
of freedom. This comparison assumes that each (stochastic) degree of freedom,
which corresponds to a PC basis function, is equivalent to one deterministic solve
of the space-discretized Richards equation. As we will show in Section EE2 this
assumption is true for all PC bases mentioned in Subsection B3l (but not for the
classical PC basis {U§} for M > 1). Figure B3 displays a much higher efficiency
of the polynomial chaos approach in comparison with Monte Carlo with a factor of
about 108 for Py = 4. This is mainly a consequence of the smoothness of u, which
is exploited by polynomial chaos and not by Monte Carlo, and of the low stochastic
dimension M = 1.

3.4.2 Results for two space dimensions

We turn to a two-dimensional domain D C R? and consider the Richards equation
(CIII) without gravity, i.e. Vz = 0. This does not affect the generality of our
computations since this term only contributes to the right-hand side in the time-
discrete weak formulation [B2Z2).

Take A = 0.694 in the Brooks—Corey functions, which corresponds to a sandy soil.
Moreover, set 6,, = 0.0458, 0y = 1, p, = —1, which yields u, ~ —1.32446
by (CIId), and the function H(u) according to (CIIH). Furthermore, choose
D =(-1,1) x (=1,1) and a lognormal permeability with exponential covariance.
More precisely, let K = 3.9248 - 10712 exp(f(), where K is approximated by a
Karhunen—Loeve expansion

M
K =E[K]+ > VAg: ()6 (w)
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Figure 3.6: The exact solution u(l,z,w) for (& (w),&2(w)) = (0,0) (left) and
(€1(w), &2(w)) = (0.5, —2.6) (right).

Figure 3.7: The triangulations for =1 and j = 4.

with M = 2 and &, «x A47(0,1), cf. Remark The eigenvalues A, and
eigenfunctions ¢, are known analytically for the separable exponential covariance
kernel

Vi (2,y) = exp(—|z — y|1/40)

according to Appendix Al We define E[K] = 1.4 - (1 — 0.1|z|3) and can compute
that the permeability function satisfies

P (K(z,w) € [2.54-107"%,1.22- 107'"]) > 0.9946.

We define the exact solution as

—140.05(r — |z])- o <7
u(t,z,w) = ¢ (6(w) = (3 = &(w))? = 3&1(w) + 15) cos® (&2 (w)m/2),
—1— (26 (w) 4 & W) +4) 7" + (100 (Jz] —0.16 —0.2¢)) ", |z| > r

with r = r(t,&1,&) = 2(0.1 + 0.1t + 0.01]&; + &2|) and select the function f and
corresponding stochastic Dirichlet boundary functions such that w(1,z,w) solves
BZ2) when performing a single time step with 7 = 1. The solution u(l,x,w) is
illustrated in Figure Bf at two different realizations. Note that r determines the
boundary between the saturated and the unsaturated regime and that it varies with
w. The solution u is not differentiable at this boundary and beyond this boundary
the pressure is decreasing extremely rapidly, which is a typical behavior for such
problems, cf. the computations in ﬁé]

The problem is discretized as described in Section In spatial direction, we use
a sequence of triangulations 7, with mesh size h, = 277 as obtained by successive
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Figure 3.8: Discretization error over the number of spatial unknowns N, for de-
creasing mesh size h,, 3 =2,...,10, and fixed polynomial degree P, = 4 (left) and
over increasing polynomial degree P. =0, ..., 4, for fixed mesh size h = hiqg (right).
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Figure 3.9: L? error of the expectation value over the number of spatial unknowns N,
for decreasing mesh size h,, 3 =2, ..., 10, and fixed polynomial degree P, = 4 (left)
and over increasing polynomial degree P, = 0,...,4, for fixed mesh size h = hqg
(right).

uniform refinement of an initial triangulation 7y which comes from one uniform
refinement step applied to a partition of D into two congruent triangles, see Figure
B In Q) = R? equipped with the density functions of standard normal distribu-
tions, we take a tensor product PC basis with maximal degree P, and P, where the
polynomials ¥y, from B3H) are products of one-dimensional Hermite polynomials,

see Appendix [B1

We start again with the question of how the discretization error depends on the
spatial mesh size h, and on the polynomial degree P.. As in the previous example,
the left picture of Figure shows that for fixed polynomial degree P, = P, = 4
and decreasing mesh size h;, y = 2,...,10, the error |ju — UfHLO (upper solid line
with markers o) decreases with order O(h;) (upper dashed line) while the L? error
[u—ullo,0 (lower solid line with markers ) behaves like O(h?) (lower dashed line).
Now, we fix the mesh size h = hjy and increase the polynomial degree P, =0,....4
for r = 1,2, where we always take P; = P». Here, the right picture of Figure
shows an exponential decay of the error ||u — ul’||1 0. The dashed auxiliary line in
this picture indicates the order O(37*1) for 3 = 0.5.

The error of the expectation value E[u] is investigated in a similar way. As shown
in the left picture of Figure B, the error ||E[u] — E[ul’]|| 2(p) behaves like O(h3)
(dashed line) for decreasing mesh size h, and fixed P, = P» = 4, while the right
picture indicates an exponential decay of order O(3%/*2) with 3 = 0.5 (dashed
line) for fixed h = hyg. For P, = P, > 3, the spatial error starts to dominate
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Figure 3.10: L? error of the expectation values over the number Nyic of deter-
ministic solves: Monte Carlo runs (solid lines), O(1/v/Nyc) (dashed line), and
polynomial chaos (solid line with markers o).

again. These experimental results also suggest that the discretization error for the
stochastic Richards equation has similar estimates as given in Theorem BZT] for
the linear case.

Finally, let us compare the polynomial chaos approach with the Monte Carlo method.
We fix the mesh size h = hi1g and start three runs of the Monte Carlo method. The
errors of the sample mean ([ETZT) as approximation of E[u] in [| - ||2(p) norm over
the number Nyic of deterministic solves are shown as upper solid lines in Figure
BI0 where the dashed line remarks the expected O(1/v/Nymc) behavior as will be
deduced in Subsection We compare it with the error of the polynomial chaos
approach (lower line with markers o), where we assume again that each stochastic
degree of freedom is equivalent to one deterministic solve. Similar to the example
with d = 1, we observe a much higher efficiency of the polynomial chaos approach.
Here, the factor is about 20 for P, = P, = 3, which is however worse than the
corresponding result in Subsection B2l for two reasons: first, the spatial error pre-
vents a higher accuracy, and secondly, the convergence rate of the polynomial chaos
method depends on the dimension M, which is not the case for Monte Carlo. The
results demonstrate again the advantage of the polynomial chaos approach.
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Chapter 4

Numerical solution

In this chapter, we present our approach for the numerical treatment of the discrete
minimization problem

uy € KV T )+ ¢ (ul) < T(v) + ¢ (v) Ywek) (4.0.1)

introduced in (BE3T), where J, ¢ and K are defined in EZZ), B333) and
B330), respectively. We start in Section 21l by giving an overview over the most

commonly used methods for stochastic partial differential equations which feature
the stochastic input noise in a parameterizable form as the Karhunen—Loeve expan-
sion in Section Bl Our new approach is presented in Section It is based on a
successive minimization in direction of the nodal basis functions in form of a Block
Gauf3—Seidel method, where, in each block, an inner minimization in stochastic di-
rection is performed in accordance with the form of the stochastic basis functions.
The outer iteration in spatial direction is extended to a monotone multigrid ap-
proach in order to obtain a more efficient method, which is done in Section
Moreover, we present some first numerical results concerning convergence rates for
the previously described methods. We conclude this chapter by describing some
post-processing steps for the calculation of moments and probabilities from the
computed solution in Section B4l

4.1 Common methods for SPDEs

As in Remark BZ2ZT4 we assume that ® and H are continuous and defined on the
whole real line and that, for sake of notation, up = 0. In that case, the discrete
version of problem [BZ2]) reads

ul €SP @2 aul v) = L)+ Y > Hul (p,m)v(p, m)hpne =0
TEQP pEN,
s el WoeSP®2ZP (4.1.1)
according to Proposition B3Il and Remark Recall that the permeability

function K in the definition BZ4) of the bilinear form a(-,-) is approximated by a
truncated KL expansion of the form BI1T).

In this section, we discuss the application of the most commonly used methods
in this context to I, viz. the stochastic Galerkin approach, the stochastic
collocation approach and the Monte Carlo approach. By doing this, we also set
some notation for the following sections.
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4.1.1 Stochastic Galerkin method

The stochastic Galerkin approach has gained much attention in the last few years
since the work of Ghanem and Spanos [47], who called it “stochastic finite elements
method”. In the broader sense, this term denotes the discretization in Section
B3 which employs a standard (finite element) approximation in space and an ap-
proximation with global polynomials (PC) in the stochastic domain. We, however,
will denote by this term the method of projecting the terms on the PC basis in
order to compute their coefficients. This is the standard method for all kind of
linear stochastic PDEs (cf. [11, 29, B2, 138, 164, [77, 1101, [113]) and stochastic ODEs
(cf. 107, [114]), but is also used for a variety of nonlinear problems (cf. |63, [73, 82]).
Denoting by {s\”} = {s)} ¢ AP the nodal basis in SP with cardinality N, = [AP|
and by {¥;} the PC basis in Z”, the solution u!” of (EI]) has the representation

> uist? (2) Ui (E(w)), (4.1.2)

N, P
1=1 k=0

and we aim at computing the coefficients u;;. Therefor, we insert [EL2) and test

functions of the form
v(@,6(@)) = 5§ ()T (¢(w))
into the weak formulation ([EIT]).

For the bilinear form a(-, ), we obtain

a(uf,v) =1,E [/D KVusv dx]

=71,E l/D (R(m) + Z \/)\_Tgr(‘r)€7">

/ K(2)Vs (2) Vs (2) d:c) B[V, V]
D

(/D gT(x)ngj)(x)ngj)(x) d:z:) E[grlllkllll]> :

I
3
M\‘Z
+ |M*o
Mz =
é N

and the right-hand side reads
L(v) = [/ H (- 1)vdx} + 7, E [/ K kr(H (wp— 1))pgezVUd:E]
// H (up—1(z,€)) s (2)0,(€) dzdP + (4.1.4)

Tn/Q/D (K(z) +Zx/§gr(z)§r> kr (H (un,l(z,g)))pgezvsgﬁ(z)%@ de dP,

where the argument wu,_1(z,£) has the form

N, P

Un—1(x,&(W)) = ZZ Up—1 sz () Wk (§(w)).

i=1 k=0
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Remark 4.1.1. Since the function H in (L) couples the variables z and w,
we need a simultaneous quadrature in D and Q in order to calculate £(v). We
compute the spatial integral separately on each triangle t € 7, and apply there a
usual quadrature scheme (see |2, Section 25]), where, at each quadrature point,
a Gaussian quadrature with points QF is employed for the integral over Q (see

Subsection B3TI).

Remark 4.1.2. For the treatment of Neumann boundary conditions, the approach
is still working. If ¢(v) contains further terms, e.g.

E{/Df(z,w)v(z,w)d:c} or E[ (e, wyv(z,w)do|

I'n

the procedure is just the same as in ([ETZ).

Looking at T3], we note the benefit arising from the tensor product structure
of HY(D) ® L?(Q)) and from the property of the KL expansion of separating the
functions g, depending on z € D and &, depending on w € ). The spatial integrals
and the expectation values can therefore be calculated independently of each other.
This gives rise to the block matrix A € RNo(PHDXN,(P+1) with

A= ([Aij]kl)i,j,k,l for i, ] = 1, .. .,Nj and k, l= 0, . . .,P, (415)

which consists of N7 blocks A;; € RP+DX(PH1) " The entry [A;;]w is given by
[Aijlk = T << /D K(2)Vs (2) Vs (z) dz> E[¥, 0]
M
+3 VA ( / gr(x)VSEJ)(x)Vsy)(z)dx) E[grxpk\pl]>, (4.1.6)
r=1 D

where the spatial integrals are approximated by means of a quadrature formula.
The stochastic integrals, however, are known exactly: on the one hand, it holds
E[UT;] = 0y due to B3), on the other hand, we have by [BIZH)

E[& U, W) = A & (W) ¥k (E(w)) Vi (§(w)) dP(w)
:/Q /Q YrVr(y1, - yn)Vi(yr, - -, yan)pdfy (yo) dys - - - pdf pr (yar) dyas

= ([, prroniwopatonan) TI [ wiwoviwopd. e,

S#ET

with ¥, = Hiw:l Yy according to (BZH). The integrals over Q for s # r are again
either zero or one, whereas the integral over €2,. in the parentheses can be calculated
by an exact Gaussian quadrature with points @ (the integrand is a polynomial
of degree at most 2P, + 1). Note that it is sufficient to generate only once the
one-dimensional integrals and to store them for the rest of the time.

Remark 4.1.3. A short way to represent the stiffness matrix A is to use the matrix
Kronecker product. The matrix A is then written shortly as

M
A:EO®FO+ZET®F'N

r=1
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o 2 4 6 8 10 12 14 16 18 20 22 0 5 10 15 20 25 30 35
nz=81 nz =156

Figure 4.1: Sparsity pattern of each nonzero matrix block A;; for Py = P = 4 in
case of classical PC (left, P + 1 = 21) and tensor product PC (right, P + 1 = 36).

where the matrices E, € RYs*™: are built up by the spatial integrals and the ma-
trices F, € R(PHUX(P+1) are built up by the stochastic integrals for all 0 < r < M.
This underlines the aforementioned fact that both integrals can be calculated inde-
pendently of each other. This has the advantage that in case of basis changes in S,
for example due to a restriction or prolongation in multigrid approaches or due to
adaptive refinements of the grid, it is only necessary to update the matrices E, and
to rebuild A by the Kronecker product; and vice versa for changes in Z¥.

Definition 4.1.4. We denote by af(-, -) the approximation of the bilinear form
a(-,-) by quadrature in the spatial domain D as described above and by £'(-) the
approximation of the linear form ¢(-) by quadrature as explained in Remark EETT1

These considerations provide the sparsity structure of the stiffness matrix A. Re-
garding A just consisting of the block matrices (A;;); ;, it possesses the same pattern
as in the deterministic finite element context, i.e.

A #0=p;, p; etforat e,

The pattern arising from the expectation values is always the same within each
matrix block A;; # 0, but it is depending on the used PC basis functions. For
the biorthogonal basis {W;} = {U}, each block is diagonal. For {¥;} = {¥¢} or
{¥} = {¥L}, we have sparse blocks; a typical pattern is displayed in Figure Bl

Remark 4.1.5. In Remark B-T.20) we discussed the case of non-independent &,.
The suggestion of applying a nonlinear transformation G to a Gaussian expansion as
in BTZ0) causes difficulties. Since the functions gy, and &, are coupled via G, one
cannot separate the spatial and stochastic integrals as in ([EI3)). A simultaneous
quadrature over D and () is necessary, and the diagonal or sparse structure of the
blocks A;; is destroyed.

For the representation of the variables &. in a PC expansion as in (BIZI), the
separation of the integrals persists, but the resulting matrix blocks are dense (cf. the
sparsity patterns depicted in [32]), since expectation values E[¥¥;¥,,] instead of
E[£, U, ¥] are obtained in ([ELH).

Furthermore, we define the block vectors u € RN(P+1) and b € RV(P+1) Both
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vectors consist of N, blocks u; € RPT1 and b; € RPF1, respectively, according to

u=| u | = and b= b; |, (4.1.7)

where the entries of b are
b = €7 (s wy,). (4.1.8)

In the linear case, i.e. for H = 0, the problem [LTI) can be written as linear system
ue RNPHD) . Ay =b. (4.1.9)

The matrix A is obviously symmetric. Moreover, it is positive definite, if the ap-
proximate bilinear form al’(-,-) is coercive, i.e. if there exists a ¢ > 0 such that

af(v,v) >dvli, WweS ®z2". (4.1.10)

This follows by [28, Theorem 27.1] from the coercivity condition BZ) if the
quadrature scheme used in Definition EET4] is exact for constant functions. Re-
garding the discretization error in the linear case, there exist theoretical estimates
from [11], which we already cited in Theorem B2l

We return to the nonlinear case H # 0. Applying the stochastic Galerkin approach
to the sum in (I, we obtain

SN H@ (p,7)o(p, 7y

TEQP peEN,
NJ

= > > HY D s 0)Wr(m) | 5 (0)Wi(m) s

T€QP peN, i=1 k=0

Z (Z“pﬂc‘l’k )‘I’Z(F)hpjnw (4.1.11)

TeQP

forall j =1,...,N,and [ = 0,..., P. This means that the nonlinear function H
couples all entries of the vector block uj, and it is far from obvious how to compute
the coefficients wu;; of the solution. In Section EEZ we present an approach to
overcome this difficulty.

Remark 4.1.6. Even if H is a “nice” function like a polynomial of low order, we
obtain expressions which are hard to deal with; e.g. for H(z) = 22 the term @11
reads after reordering

Z Z Z Up; kU W () W (1) W () Ry 1

TEQP k=0 m=0

Thesum Y op Wi ()W, (7) ¥ ()0, as approximation of E[W,W;¥,,] is in general
not zero for k # m and the Gaussian quadrature is no longer exact. Debusschere
et al. [3(] propose a reprojection onto Z¥ with accepting an approximation error
for operations on PC functions, but it is clear that this approach is limited (cf. [81]
for an illustrative example).
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4.1.2 Stochastic collocation

An alternative to the stochastic Galerkin approach in Subsection EETTlis the stochas-
tic collocation approach, which became popular in the mid of the first decade in this
century by the works of Xiu and Hesthaven [112] and Babuska et al. [13], although
its idea was already used earlier, e.g. as “Nonintrusive spectral projection” in [74].
It combines the advantages of Monte Carlo methods and the stochastic Galerkin
method. On the one hand, it shows similar convergence results as the latter having
its high resolution by exploiting the interpolation properties of multivariate poly-
nomials. On the other hand, it is straightforward to implement like Monte Carlo
algorithms, since it requires only the solution of corresponding deterministic prob-
lems at each collocation point. In this subsection, we describe the method and give
a short overview over known convergence results with an emphasis on the choice of
collocation points.

We imply again the assumptions on H as in Remark B2ZZT4] which led to the varia-
tional equality (B2Z28). In view of (B2I.ZH), we can regard this equality as a problem
in D in dependence of an M-dimensional parameter y € Q) and consider the so-
lution » as a function u : Q) — H} (D), where we use the notation u(y) to
highlight this dependence. Equation [B228) is then equivalent to the problem of
finding a function u : QM) — H} (D) such that

9p8Y (u(y)) + a¥(uly),v) — #(v) =0 Yo € HE (D), ae. in QM (4.1.12)

with
&Y (u(y)) ::/Dq)(u(y))dz and &J(by(u(y)):/DH(u(y))vd:c, (4.1.13)
a?(u(y),v) = Tn/DK(~,y)Vu(y)Vvd:c, (4.1.14)

Y (v) ::/DH(un,l(y))vdx+Tn/DK(~,y)kT(H(un,l(y)))pgeZVvdz.
(4.1.15)

We first introduce a semi-discretization in D with finite elements as in Subsection
and obtain by projecting equation [ELIZ) onto the subspace SJD and approx-
imating the functional ¢¥ analogously to (B333) and [B3EH) an approximation
uy : QM — 8P for each y € QM) as the solution of

> H(uy(p,y)v(p)hy + a¥(uy(y),v) = 4 (v) =0 Vo €SP, (4.1.16)
pEN,

The next step consists in choosing a collocation point set C = {y(k)}k:1 ,,,,, N in
QM) This is the crucial part of this approach and we will specify it below. We
now solve the problem [EZITH) in each collocation point y = y®*) and denote the
solution by w, (-, y(k)) € SJD . Note that the whole problem is naturally decoupled in
this approach and that we work with N¢ deterministic problems.

The last step is to take the Lagrange polynomials £, ) for each collocation point
and obtain the approximation

Nc
u§ (@) =Yy, y™) Ly (y) (4.1.17)
k=1
as a function in SJD ® span{ﬁyu), ey Eymc)}.
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It remains to specify the set C. The minimal requirement is that the Lagrange
interpolation is feasible, i.e. that there exists a unique polynomial p such that
pye) = f(yr), 1 < k < Ng, for any f : QM) — R. This property is called
poisedness of C and is nontrivial in the multivariate case M > 1 (see [94] and the
references therein). The first natural idea is to use univariate point sets C, with
Ne,. collocation points in each dimension and to build tensor product polynomials.
This is done by first associating to a vector of indices (k1,...,kr) a global index

k = ki + Ne, (k2 — 1) + N, Ney (ks — 1) + ...

for a point y*) = (y(LE) (k)Y ¢ QM) and calculating L, as the product

M
L, (y) = H Ly k, (yr)
r=1

of one-dimensional Lagrange polynomials £, ; with ET,j(y(T’l)) = §; for 5,1 =
1,...,Ne, representing a basis of the space Pol™»~!(£,.). An obvious choice for
the collocation points is then taking the zeros of the corresponding orthogonal poly-
nomials. With Ne. = P.+ 1 for all 1 <r < M, we arrive at

Span{ﬁy(l), ceey Ey(Nc)} =zF (4.1.18)

with Z¥ from (@3I). In this way, this stochastic collocation method can be
seen as stochastic Galerkin method with biorthogonal polynomials {W%}, which
was first discovered in [13]. A drawback of this idea consists again in the “curse of
dimensionality” because of

M
Ne =[] Ne., (4.1.19)
r=1

see columns with label [{W%}| in Table B3 This initiated the investigation of sparse
grid schemes like Stroud cubature (used in [112]) or constructions by the Smolyak
algorithm (examined in [87] and [114]).

We cite some known results about the error for the linear case H = 0. For tensor
product polynomials with the zeros of orthogonal polynomials as collocation points,
it is in view of [IIR) not surprising that one can prove the following analogue to

Theorem BLZT1

Theorem 4.1.7 ([13]). Under the assumptions of Theorem[F-4.1] there exist positive
constants o, and C, independent of 3 and N¢, such that

M
lu —uC|10 < C (hj + Zew’r> . (4.1.20)

r=1

In case of unbounded €., the convergence rate in [I20) deteriorates slightly and
can be estimated as

M
[ — 4|10 < C (hj +>° \/PTe—aNPT>
r=1

under some further assumptions, see |13] for details.

For sparse grids with a Smolyak formula based on Clenshaw—Curtis abcissas, Nobile

et al. [87] proved the following error of the solution ujsm.
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Theorem 4.1.8. Let u € H} (D) @ CO(QM)). Then, under the assumptions of
Theorem [F41), there exist positive constants a and C, independent of j and the
number Nsm of collocation points, such that

||’LL — ’U,jsmHHl(D)@Loo(Q(M)) S C (hJ + N;n:+log(2kl)) . (4121)

It thus features only an algebraic instead of an exponential error decay in stochastic
direction, but on a distinctly smaller point set than ILIJ). Further research
indicates that sparse grids are preferable for large M, while the tensor product
collocation is superior for long correlation lengths and anisotropic products, i.e. if
the numbers P, vary for different 1 < r < M. On top of that, both methods clearly
outperform the Monte Carlo method. For more details, we refer to [87, Section 5].

To close this subsection, we underline the fact that this collocation approach can be
applied in our nonlinear case as seen above and that it can be generalized straight-
forward to variational inequalities and minimization problems in which we are in-
terested. Indeed, if we define for all y € Q™) the convex set

Ky(y) == {v(y) €S, :v(p,y) > uc¥p € Ny A v(p,y) = up(p,y) ¥p € N} (4.1.22)

and the functional

JY(v) = %ay(v,v) —Y(v) Yve HY(D) (4.1.23)
as well as
¢(v) = > O(v(p,y)hy V() €S, (4.1.24)
peEN,

as discretization of ¢¥ defined in [EIIJ), then the semidiscretization of (BZZH)
reads

u, QM = Ky (y) 1 TY(uy(y) + 0¥ (uyly) < TY(0) + ¢Y(v) Yo € Ky(y).
(4.1.25)

For the derivation of [LI.ZH), we refer to the considerations in Section B3 and also
the discretization in the deterministic case in |1§, Section 2.5].

We continue this point in Subsection EZ2, where we show that our solution method
can be regarded in special cases as a collocation.

4.1.3 Monte Carlo method

For sake of completeness, we outline the Monte Carlo method as applied to the
stochastic Richards equation and compare it with the methods presented in the last
two sections. The method was developed in the 1940s [8] and can be applied in a
huge variety of fields due to its simplicity. For its use in hydrological context, we
refer as example to [39] and [44] and the references therein.

In contrast to Remark EZ37 we now apply this method to problem [Z3J) after
approximation of K by the Karhunen-Lo¢ve expansion as done in Section Bl
Note that the Monte Carlo method does not allow to compute the approximate
solution uf € S, ® ZP of @IL), i.e. a representation as a function on D x QM)
but only approximations of the moments of u as discrete functions on S, ¢ H!(D),
i.e. for functions which correspond to E[(ul)"] for n > 1. We will concentrate
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in the following on the approximation of E[u] although the computation of higher
moments (as will be defined in Section EE4) is immediate.

We sample independent and identically distributed (i.i.d.) realizations in the prob-
ability space L2(QM) Bor(QM)), PAM)) from @I22) and denote the samples by
Yn, n = 1,..., Nye. Using the discretizations and notations from Subsection EET.2
we now have to solve Ny independent problems

uy(yn) € Kyyn) = T (uy(yn)) + 07" (wy(yn)) < T (v) + @7 (v) Vv € Ky (yn)

(4.1.26)
for all n = 1,..., Nmc. We collect the solutions u,(y,) € S, and compute the
sample mean

1 Nuc
Uy 1= —— Uy (Yn)- 4.1.27
2= g 1) (4.1.27)

By the strong law of large numbers [78, Section 16], the sample mean @, converges al-
most surely to E[u] provided that the finite element discretization converges, cf. Re-
mark EEZ7 This is a result of the splitting

Elu] — @, = (E[u] — E[u,]) + (Eu,] — @,) = E, + Euc, (4.1.28)

where u,(y) € S, is the finite element approximation of u(y) € K.

As in the previous subsections, we first consider the linear case with homogeneous
Dirichlet boundary conditions and H = 0, which leads to the problem of finding a
uw:Dx QM R with

u(y) € HY(D) : a¥(u(y),v) = ¢Y(v) Vv € H}(D) (4.1.29)
for almost all y € Q). Babuska et al. [L1] proved the following result.

Theorem 4.1.9. Let u be the solution of {1.29) with ¥(v) = [, f(y)vdz for a
continuous and bounded function f € L?*(D)® L?(Q). Let K € L?(D)® L*(Q) with

P(wEQ:K(-,w)Ecl(ﬁ) and max|VK(x,w)| <Cl) =1
z€D

for a constant Cy. Assume that there exists a constant Co > 0, independent of Nyc
and 7, such that

Nyc - E [||E[u3] - ﬂ]HiZ(D)} < Cy for all Nuc and .

Then for any given € > 0 there exists a constant C > 0 which is independent of €,
Nume and g such that

3
B[] = |22y < C (hf + = ) (4.1.30)
MC

with a probability greater than 1 — Cy/e2.

Comparing this result with (Z3) in Theorem BZI clearly indicates that the
stochastic Galerkin (as well as the stochastic collocation) approach outperforms
the Monte Carlo method for the linear case and moderate dimensions M. For more
information, see the discussions and numerical experiments in [12, Sections 8 and

9].
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We return to our nonlinear variational inequality and consider the Monte Carlo
error Eyc from [ET2Y). Note that this error is a random variable because @, is
random. Thus, we consider

2

B{Efic) = Bfu® - 57— EWulE | w(m)| + 5—E (Zuxyn))

We exploit that the realizations are i.i.d. and deduce

E[El%/lc] = E[UJ]Q - QE[%P + N%/IC (Z E[“J]) + Z (E[Ui] - E[“J]2)
_ Nuc u?] — E[u,)?) = ar[u
= S (B0) — Elw]?) = g Varfu)

which means that the expected L? error

Nuc - E [ Buclliao)| =B [lusllfao| = 1BL]I3z o)
of the Monte Carlo method is only depending on the variance of u,.

For further analysis, we need the theorem of Berry—Esseen [35, Section XVI.5].

Theorem 4.1.10. Let X1, Xo,... be i.i.d. random wvariables with finite moments
IE[X1]] < o0, 02 := E[(X1 — E[X1])?] € (0,00) and fi3 := E [| X1 — E[X1]]3] < o0
on (2, E,P). Denote by

1 v 2
Py x> — e V2 de
o1 =/
the cumulative distribution function of the standard normal distribution 4 (0,1)
and consider the random variable
S o= )
ovn
Then, the convergence of the distribution of S} to .A°(0,1) according to the central
limit theorem can be estimated by

0.8]i3
P(S* < z) — < _
ilégl (S <) = Poa(z)] < 3

We apply this theorem to our problem and detect that the right-hand side of [ETL3TI)
is nearly zero if

(4.1.31)

E [|UJ - E[UJ”B}
E [(u; — Efu,])?]

2
Nyc > 3

In this case, one obtains

pM) <|E[u | — @] < wo—r ) ~ ®o,1(z0) — Po,1(—0) = 2801 (20) — 1 (4.1.32)
for an arbitrary zo > 0 with o? := E [(u, — E[u,])?]. By this way, we constructed a
confidence interval with level z¢ for the estimation of the function E[u,]. Moreover,
by replacing 0‘J2 with the sample variance

1 Nmc
2 § = \2
S, = = u n) — U s
7 NMC -1 n:1( ](y ) ])

we obtain a termination condition for the Monte Carlo method. Finally note that
(ET3D) is only depending on the variance and on the number Nyc of Monte Carlo
iterations and not on the dimension M of the sample space.
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4.2 Nonlinear Block Gauf3—Seidel and minimiza-
tion

In this section, we present the main ingredients of our method to solve the dis-
crete convex minimization problem EILT). An outer iteration employs a division
of the space S, and is a successive minimization in direction of the single nodal
basis functions, which gives rise to a nonlinear Block Gauf3—Seidel relaxation and is
a straight generalization of the method for the deterministic Richards equation in
|18]. In contrast to the deterministic approach, we do not arrive at one-dimensional
problems but at a minimization within the space ZF. We examine several pos-
sibilities to solve the inner minimization. In case of tensor product PC functions
{®} = {¥!}, we present a transformation of the inner minimization, which results
in decoupled one-dimensional minimization problems, and we show its connection
to stochastic collocation. We emphasize the nature of this approach which turns
out to be robust with respect to the slope of H and which remains feasible in case
of piecewise smooth ® and in the limit cases (CITIN) and ([CT20).

4.2.1 Nonlinear Block Gauf3—Seidel

We start with a nonlinear Block Gaui-Seidel method in S, ® Z. This method will
work as a smoother for the multigrid method which will be presented in Section B3
As defined in Subsection B33 we look at nodes p € N, where N, has the cardinality

N, =|N,]|, and regard the corresponding nodal basis functions s,(,]) € A,. Then, we
introduce for i = 1,..., N, the splitting

N]
S, ® 2" = ZV} with V; = span{sgi)} ®zF (4.2.1)

i=1

of S, ® ZF into N, subspaces of dimension P + 1. Analogously, we define for
t=1,..., N, the splitting

N]
P _ P
ICJ - Z ICM’
i=1
of the convex set le into N, subsets
P P
K=K, NV,

Observe that this division of IC;D is only possible due to the special structure of this
set and the fact that

550 (pj) = bij.
Moreover, the element v € KI” can be written as v(z,{(w)) = 25\21 vi(x, &(w)) with

v; € Kf ;» and the functional qﬁf is decoupled in spatial direction with

N, N, P
oP0) =33 e ilpn ) b= Y @ (Zvim@ hoitin (4.2.2)

i=1 reQP 1=1 reQ¥ k=0

according to (B333) and B334).

Then, starting with a given iterate w§ = (uf)” € ICf, we compute a sequence of

intermediate iterates wy = wy_;+9v/,i=1,...,N,, by solving a sequence of convex
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minimization problems of finding corrections

oy €V with w) | +0) € KJ: J(wy_, + )+ ¢) (w}_, + 1))
< J(wi_,+v)+ gbf(wf_l +v) YweV, with wi ; +ve IC;D (4.2.3)

and define the next iterate by

NJ
M (D)) = WD)y =wf = W)+ . (4.2.4)
i=1
By construction, we have monotonically decreasing energy
T (wy) +é3 (wy) < T (wi_y) + 7 (w_y). (4.2.5)

In light of Theorem B30 each subproblem (E2Z3) is uniquely solvable, which
means that equality holds in [2ZH) if, and only if, w? = w?_;. This leads to

TMPL (W) + 6P (MP () = T(w) + 6P (w) & MP(w)=w  (4.2.6)

as a characterization of the fixed points of Mf . Furthermore, we assume that the
iteration operator ./\/ljD is continuous, i.e.

wp —w = M (w)) = MP(w) (4.2.7)

as n — oo. In Remark EE2Z0 it will be shown that condition EZ7) is actually
satisfied by the iteration operator. Finally, we note that the minimization problems
[EZ3) can be rewritten as the variational inequalities

vy € V; with w;’_lJrT);’GICf: a(wy_y + 7,0 —77) —L(v—70])

+ ol (Wi +v)— o (wf_, +0)) >0 YveV; with w/ ; +vekl (4.2.8)

according to Proposition B:3T11

The following global convergence theorem is a generalization of a result for the case
of one-dimensional V; which can be found in |48, Theorem V.3.1] or [68, Theo-
rem 2.1]. We adapt the proof of the latter to our block case. However, we remark
that the proof in [48] goes without condition ZT) and can be generalized to the
block case in the same way as it is done here.

Theorem 4.2.1. We assume the conditions given in Theorem B3I Then, for

any initial iterate (uf)o € ICf, the sequence of iterates ((uf)”)IDO provided by the

nonlinear Block Gaup-Seidel relazation method [f-Z3)) converges to the solution ul
of the discrete problem ([-0]).

Proof. For sake of notation, we use the abbreviation FJP =J +q§f . The proof is then

divided into three steps. First, we show that the sequence of iterates ((uf )”)V> 0

is bounded. This can be seen by contradiction, since [|(ul’)”| — oo would imply
FF ((ul’)”) — oo by B330), but it holds

for all v > 0.
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P
J

a convergent su_bsequence ((uf )”’“) £>0 with

Since ((u )”)V> o 1s bounded in the finite-dimensional space §; ® ZP | there exists

(uf)”’“ —ueS,®2"

as k — co. We have u* € KI', because (ul)” € KIF for all k > 0 and K is

closed. We now prove as second step that v* must be a fixed point of Mf . The
monotonicity ([EZH) implies
P Py, P Pyvi+1\ __ P P Py, P Py,
E ((“J) k“) < Fj ((U’J ) ) =F, (Ma ((“J) Y)) < E ((“J) “)
for all k > 0. The continuity of MI" and F” on KI yields
Ef (M7 () = Ff (u"),
and we conclude from [EZH) that M (u*) = u*.
Finally, we show that all fixed points u* of /\/lf are equal to the solution uf of the

problem [EILT). In this step, we make use of the structure of our functional qﬁf . In
view of ([EZH), each local variational inequality can be written as

vy € Vi with w_, +9/ € KV a(wf_, +0],0—0)) — (v — )
+ Z P ((wiufl + ’U)(piaﬂ-)) hpinﬂ' - Z ¢ ((wiufl + ’Diu)(piaﬂ')) hpﬂ?w > 0
TeQP TeQl
Vv e V; with wy_; +v € ICf (4.2.9)

for all i =1,...,N,. For the fixed point u*, all local corrections v; of u* must be
zero, which means that the inequality in [EZJ) reads

a(u,v) = L)+ > B (W +0)(pi, ™)) hpitie — Y (w5 (pi, 7)) By > 0.
e e (4.2.10)

Now consider some arbitrary but fixed ¥ € S, ® Z¥ with representation (B331))
and insert the interpolation

P P
v =TIy (0—u*):= Zf}iksfg{_)\lfk — Zufksffi)\lfk
k=0 k=0

in (EZTI0) to obtain

alu*, Ty, (5 — u)) — £(Iv, (5 —u"))+

P P
PR (Z aks;i’(pi)\llk(w)) hpie — > @ <Z u;‘ksg)(pi)\llk(w)> hp, i > 0.

TeQFP k=0 TeQFP k=0

Adding up all these local inequalities for ¢ = 1,..., N,, this results in

a(u*, o —u*) = (o —u*) + ¢) (0) — ¢) (u*) > 0
according to @ZZ). Since ¥ € S, ® ZF was arbitrary, we see by Iall) that u* is
equal to the unique solution uf .
P
v>0 J "
Hence, the whole sequence must converge to uf , and the proof is complete. O

We have shown that each convergent subsequence of ((ujD )”) converges to u
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Remark 4.2.2. Note that we did not assert global convergence in Theorem EEZT]

for all initial iterates (u!’)? € S, ® Z”. In fact, for v = 0 and i = 1 the functional
¢ in [EZJ) is equal to oo if the condition (uf)?(p;,m) > u. is not satisfied at
points p; with j > i = 1. However, if one takes successively the local problems

: : Py1 P PO P
[EZT) instead of [EZ), then one arrives at (u; )" € K even for (u;)” ¢ K. In
this sense, we can define the iteration operator ./\/ljD 1S5, ® 28 - IC;D and obtain
global convergence on the whole space S, ® Z%.

Remark 4.2.3. In Theorem EE2ZTl we did not distinguish between nodes p; € /\ij
and p; € N;\N,”. Indeed, for p; € NP we set wf(pi,-) = P¥ (up(ps,-)) according
to Remark and have all corrections v} € V; equal to zero for v > 0.

Now we turn to the practical realization of the correction problems [EZ3]). Due to
Remark EZ3 we henceforth only consider points

pi € /\/}\/\/‘JD-

We switch to matrix notation with a stiffness matrix A defined in [IH) and block
vectors u and b introduced in (E:EZI) Denote by w € RN:/(P+1) and v € R+ the
coeflicient vectors of w;_; and v}, respectively, and by v € RN:(P+1) the long block
vector with v; = v and v; =0 for i # j. Then, we can rewrite {@Z3)) as

N, P
1
arg min —(W+V)TA(W+V)—(W+V)Tb+Z Z P Z(wik + i) k(7)) | hp, e
VERPHL i=1 rcQP k=0
N, P
subject to Z Z Wik + Vik)$s (])\Ifk IS ICP
1=1 k=0

We eliminate all constant terms which do not contribute to the minimization and
obtain equivalently with A := A;;

arg min %VTA\’/ + I ([Aw]; — b;) + Z o <Z([WZ + v]k)\Ilk(ﬂ)> hp M

JERP
VERPH TeQl k=0

subject to Z w; + V] ks(J)\Ilk € ICP (4.2.11)

We now introduce the local evaluation matrix B € RIX(P+1) with entries
Brk = VIn¥Ui(n) forme QY k=0,...,P. (4.2.12)

This matrix will play an important role in the further considerations. For now, it
simplifies (EZT) in view of the definition of K7’; as

1 _
arg min 5vTAv HVI (AW = b))+ Y @ ( [B(w; + v)]w) R i

GeRP+1
veR TeQP

1
AValLs

B(w; + V)], >u. VreQf. (4.2.13)

subject to
™

In the following two subsections, we solve this minimization problem depending on
the used stochastic basis functions.
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4.2.2 Transformation of the tensor product PC

Throughout this subsection, we will concentrate on the tensor product PC basis
{U,} = {¥%} with (B3Z3). Then, the matrix B defined in [EZZTJ) is quadratic (we
continue however for sake of comprehensibility using indices 7 and k to distinguish
between the quadrature points and the PC modes) and has the following properties.

Proposition 4.2.4. Let [ZZZ3) hold and {¥V} = {¥%}.
a) B is an orthogonal matriz with BTB = BBT = 1.

b) The rows c, € REFL of B are the eigenvectors of A, i.e. Acy = finCr.

Proof. The entries of BTB are given by

BBl = Y \/n—wm\pk(w)qfl(w):/Qq/kq/ldpzékl,

TeQP

since the Gaussian quadrature is exact. This yields in particular BB =1, i.e.

b

BB |ne = > Wi(m)Wi(S)y/lm /s = O (4.2.14)

=0

For part b), we define by K and §, the values of

_ 2
Tn K(z) Vs(]i) (z)) dz
/supp<s;?> ( g )

and
2
v 9:(2) (Vs)(@)) " da
supp(s;]i))
for r = 1,..., M, respectively, approximated by the quadrature formula used in

(ETH). Note that Vsz(fi) is constant. Then the entries of the diagonal block A = A;;
read

M
Aw = KE[U, 0] + > GBS, T, D). (4.2.15)

r=1

We use again the exactness of the quadrature to obtain

P
Acrle = > K | Y U()Ti(o)ns | i Vi(r)

=0 seQr
P M
+3 D00 | Y STV | i Wa(m)
=0 r=1 seQP
P
S OGN <Z \m<g>wz<w>m\/n7>
ceQP =0
+ D GV <Z Wl(Cﬂ’l(ﬂﬁx/ﬂ) :
ceQP r=1 =0
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We apply [EZTI4) and get

M
[Aca]s = (K +y gm> Uy (1) /T

r=1
= Mﬂ'[cﬂ']ka

where p, denotes the approximation of K(p;,7) in the parentheses. O

Remark 4.2.5. Proposition EZA is also valid if we use an exponential KL expan-
sion from BI33). In this case, the block entry Ag; from [EZIH) now reads

A=Y KWk(<)(s)n,
seQP

where K. is the value of

/supp(sgj) exp <K(z) + TZMl \/xgr(zk) (vsz()gi) (z))2 &

approximated by the quadrature formula used in ([EEL0). Then, the same calculation

as in Proposition EEZA shows Acy = firCr with pr = K.

Note that
B~!'=B" and BT =8B (4.2.16)

follows from part a) in Proposition EEZ4l Thus, we have found an eigenvalue de-
composition of A = A;;, which reads

B~TAB~! = BABT = diag(u1, ..., un) =: D;. (4.2.17)

We introduce the new vector to € R™ which represents the evaluation of the new
iterate at the points (p;, 7) for m# € QF; more precisely, it is

P
W= BW; +9)]x = /x> _[W; + V]s U (). (4.2.18)
k=0
In the new variable to, the minimization EZZI3)) reads
1 _
arg min —(B_lm — Wi)TA(B_lm —w;) + (B_lm — Wi)T([AW]i — b))+
weRM

Wy >u. Vre ol

1 1
Q| —1, | hp,Nr subject to
2 (\/777r ) ? NG

TeQP T

Again eliminating all constant terms and reordering leads to

I Y PP A S Th-T A 1
argmin —w" (B™" AB™ )w+ro' B™" ([Aw]; —b; — Aw;) + ®
o eRHI 2 ﬂ_gF VNr

. >u. Vre o,

m7f> hpinw

subject to
s

which can be rewritten by virtue of [EZZTIH) and EZT7) as
arg min lmTD'm +rolr + Z P (L

3
weRl 2 reoP N

subject to

mﬂ') h;Di Nr

. >u. VreQf (4.2.19)

™
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Figure 4.2: Possible intersections of H and Gp; =

with -

By [EZTJ), we achieved our aim of decoupling within the block at each spatial
node p;. Recalling the multifunction H = 0® defined in BZZ3)), the entries of tv
are the solutions of II = P + 1 scalar inclusions

hyp e =~ 1
0 € pptor +r, + 22 H (—mw) (4.2.21)
V1 1
for all m € QF or }
0 € prn/eYn + tx + hpi /T H (Y, (4.2.22)
where we used the rescaling
1
Yp = ——10, (4.2.23)

and where the constraints in [ZZTIJ) just reduce to
Yr > Ue (4.2.24)

for all 7 € QF. We can interpret y, as the intersection point of the real linear
function

jezs I
Gpjn 1T+ ——T —

by, hp, V=

with the multifunction H such that EZZ2) can be written as

yr ER: Gy, x(yr) = H(yr). (4.2.25)

Observe that the linear functions G, » are strictly decreasing since both p, and
hyp, are positive numbers. Thus, equation EZZZH) always has a unique solution.

As an example, we choose H as defined in the setting leading to Figure[[Hin Section
[T using Brooks—Corey parameters. As it can be seen in Figure E2 we have to
distinguish three cases:

(1) If Gp, =(ue) < Oy, (see bottom line g), then set y. = u. due to [EZZ).

101



(2) If Gp, =(—1) > O (see top line g¢), then

1
K/ N

Yr = (re + /N hp,Onr) -

(3) Otherwise (see middle line g,,), we have u. < yr < —1. We solve this numer-
ically (up to machine precision) with the bisection method.

Remark 4.2.6. Using @2Z10), EZIY), @2Z2J) and the definition
H := diag(ni,...,mm)

of the scaling matrix H € R we retransform the vector y = (y1,...,yn) accord-
ing to

V= BTH%y — w;.
This shows that the correction v depends continuously on w and y. Furthermore,
y also depends continuously on w by the definition of r and Proposition BZZ22 be-
cause, using the antiderivative of G, », EEZZH) can be written as a one-dimensional
minimization problem

L pix Fr
arg min —M—yQ—i— y+ P(y).

y 2 hpi hpi Valks

Altogether, v depends continuously on w and the operator ./\/ljD thus depends con-
tinuously on w?, as claimed in [E27).

We now resume the collocation idea from Subsection Taking the zeros of the
orthogonal polynomials of order P, + 1 in each dimension 1 < r < M and using the
tensor product approach, we have

C=0" with N =1l (4.2.26)

We thus switch the notation for the collocation points from y*) to = and apply the
usual nonlinear Gau—Seidel method (see [4§]) with subspaces V; = span{s,(fi)} to
the minimization problem (EEZIZH). Each correction step analogously to ([EZ3) in
order to solve [LIZH) then reads

vy (m) € V; with wi_(m) + 7/ (w) € K,(n) :
T (Wi (m) + 0] (7)) + 67 (wi_y (1) + 0 (7)) < T™(wi_y (7) +0) + 6] (w1 (1) + )
Yo e V; with wi_,(m) +v e ,(m) (4.2.27)

with intermediate iterates wY (7) = w_,(7) + 8/ (7) and an iteration
M (wg (7)) = wiy, (m) = wg () + Z oy (). (4.2.28)

We define the stiffness matrix A™ = (af;); ; € RN*No with
ay; =a” (sz(-J)(z), 5§J) (z)) (4.2.29)

and the vector b™ = (b7); € R™ with

bT = (™ (ng> (x)) (4.2.30)
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in analogy to LX) and (LX), respectively. To evaluate the spatial integrals

in @EZ29) and [EZ3M), we use the same quadrature formulas as in (ELH) and

Remark EETT] respectively. Furthermore, we denote by w™ = (wf); € RY: and

vT = (v]); € R™s the coefficient vectors of wy_, (w) and o (), respectively. Then,
with ideas similar to those which led to @EZT3) and EZZZI), the correction step
(EZZ0) can be rewritten as a scalar inclusion

0 € afvf — bF + [A™W™); + hy, H(wT + vT) (4.2.31)

for each m € QF see [18, pp. 104-105] for a strict derivation. The constraint has
now the form

w] + o > u,. (4.2.32)

It turns out to be convenient to work with a scaled form B € RIX(P+1D) of the
< 1
matrix B by taking B := H72B or, equivalently,

Bﬁk = \I/k(Tr).

Then, we can state the following result.

Proposition 4.2.7. With the notations and assumptions of this subsection, one
Gauf-Seidel iteration {2-28) for all m € QF = C is equivalent to one Block Gaufi-

Seidel iteration {{.27).

Proof. We want to reformulate the inclusions in @EZZZTI). First, we show
fr = al;. (4.2.33)

Using the representation [EZZTH), the orthonormality of the basis {¥}, the exact-
ness of the quadrature and the identity ([EEZI4), it holds

Hr = [BABT]TWT

=S (BB + 36 [ X0 «u @)W | | iy U)W (n)

=0k r=1 ceQP

Jr Z S (Z\Pk(ﬂ)\ljk(g)\/ﬁ_wm> (Z‘Pz(ﬂ)‘l’z@\/ﬂ\/ﬁ)

=0

In the same way, one can show
[Bb;]r = /N bI. (4.2.34)

Using EZ33) and [EZ34), the scalar inclusion [ZZZI]) can be rewritten in view of
EZTY) and EZZ) as

0 € af[BV]x — \/NxbF + pir [Bw;]r — [BAW,;]x + [B[AW];] _ + Ay, « /m-H ([EVB(WI + \7)] 7r) )

(4.2.35)
The third and fourth term on the right-hand side of [Z2Z3H) cancel, because [EEZT1)
provides

,U,ﬂ-[BWi]ﬂ- = [DlBWZ]ﬂ' = [BAWZ]F
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Finally, observe that the diagonalization in ZZI1) also works if A;; is not a block
on the diagonal. With the same arguments as in the derivation of ([Z33), we
therefore obtain

N] N] NJ
BAWL], = |BY Ajw;| = [D (BA;BT)Bw;| = > af;[Bw..
j=1 . j=1 . j=1

Altogether, =Z3H) can be reformulated as

NJ
0 € iir | afi[Bvilx — b7 + > al;[Bw,lx + Dy, H ([Bwi]

j=1

+[Bv] ) |. (4.2.36)

™

Comparing EZ30) with the inclusion EZ3T]) of the collocation approach, we detect

that we have [Bv;], = vT if [Bw,], = w? for all 1 < j < N,, taking into account

that the constraints in @ZT3)) and EZZ3Z) also correspond in this case. Since the

computation in ([ZZ3H) is realized for all 7 € QF independently of each other, we

furthermore conclude

Bw; = (w}r)wegp V1<j<N, = Bv;=])rcor.

This means that the intermediate iterates wY (r) = w?_, (7) + oY (x) for all 7 € QF

from @Z2M) and the intermediate iterates wy = wy_; + v} from [EZ3) correspond

via the transformation of its coefficient vectors by B, if w?_, () and w?_; do. Thus,

the iterations defined in ([EEZ2ZR) for all # € QF and @ZA) correspond, as claimed.
O

We can use these results for gaining an insight into the relationship between the
stochastic Galerkin approach and stochastic collocation. Applying the former to

EILT) results in

1o T 1
argmin v Av —v' b+ Z Z <I>< = [Bvi]w) R M

veRNs (P+1) PiEN,\NP 7eQP
1

subject to v(p;, m) = Bvil, > uc Vpi € N\N Vr e QF, (4.2.37)

s

see the derivation of [EZTJ), while the latter can be written as

1
argmin -(v))TA™VT — (v)TbT + Y @ (o) by,
vT eRNs pie./\/j\/\/]D

subject to v (p;) = v > u. Vp; € N)\W (4.2.38)

for all 7 € QF where N, is the number of nodes in J\/j\J\fJD. In our setting, both
methods are indeed equal.

Theorem 4.2.8. Consider the convexr minimization problem
wek: Ju)+ou) <TW)+¢v) Yvek (4.2.39)

as in (ZZZA). Let (SG) be the stochastic Galerkin approach for problem [{-2-39)
with {Uy} = {¥t} and [EZZ3) on the discretized problem [f-01)). Let (SC) be the
stochastic collocation approach for problem ([7.2.39) with [{.2.20)) on the discretized

problem ([f-1.23).
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If the same quadrature formulas are used in the computation of the spatial integrals
n [(.1.0) and {{.2.29) on the one hand and the same quadrature formulas are used
for the spatial integrals in Remark 1.1 and in (£2.30) on the other hand, then
(SG) and (SC) are equivalent.

Proof. Let B € RVIXN,(P+1) he the block diagonal matrix, where the entries
B;; = B € RM™(P+1) are defined in [EZIZ). With the transformation v = By, the
minimization [EZ3T) can be written as

1 1
argmin Zv” (BABT) v—o"Bb)+ > > @ <—nm) P
pERM T PiEN,\WP reQP s

1
subject to ——b;r > u. Vp; €N, NPvr e QF. 4.2.40)
\/T]_ .7\ J (

s

As shown in the proof of Proposition EEZ1 it holds

HEABTL } = HBABTH = afj0n (4.2.41)
and
[[Bb], ], = [[Bb],],, = v/b] . (4.2.42)

Observe that we rearranged the block matrices and block vectors on the left-hand
side of @ZA) and [EZZZ) having block indices 7, ¢ and inner indices i,j. The
rearranged matrix BAB” is now block diagonal, and we can thus reformulate [EZZ20)
as finding

1 1
argmin —vl Ao, — /0L b™ + g D (— [Uw]i) Pop, M
orer®s 2 PiEN,\NP i

. 1
subject to \/—_ [0x], > u. Vp; € /\/}\/\/;D

s

for all 7 € QF, independently of each other. We define v™ = \/%UW and obtain

argmin 7, vOTA™T — (v¥)Tb™ 4 Z D (v]7) hy,
vreRY PiEN,\N'P

subject to v] > u. Vp; € /\/'J\/\/'JD
for all 7 € QF, which is equivalent to [EZ3J). O

Remark 4.2.9. There are several factors which lead to the result of Theorem EEZ8
First, the conditions B323) and EZ2ZH) ensure that the number of collocation
points and the number of quadrature points and the number of polynomials coin-
cide. Secondly, the approximation (bf of the convex functional defined in B333)
is based on the quadrature scheme which is used for the collocation. Finally, the
approximation IC;D from B330) for the convex set also suits the pointwise view of
the collocation approach.

Note that by the considerations of Section B2 the equivalence of the stochastic
Galerkin and the stochastic collocation approach can be stated for a whole class of
stochastic variational inequalities

ueK: alu,v—u)—Lv—u)+dv) —d(u) >0 Yvek

105



if the convex functional ¢ has the form ([BZIZ). In this way, we generalized the
result for the linear case from [13, Section 2.1]. The same result can be obtained if
the biorthogonal PC basis {¥)} = {¥%} is used directly, cf. Forster and Kornhuber
B7).

4.2.3 Block minimization

The approach in the former subsection cannot be applied for the classical PC basis
{Ui} = {TF}. The only assertion from Proposition BL2Z4] which is still valid in
this case is BTB = I. Due to P + 1 < II, the matrix B € R (F+1 is no longer
quadratic, and even if one tries to replace the inverse in [EZI) by the Moore-
Penrose pseudoinverse BT € RIZHDXIT (see [49] for definition), the resulting matrix

(BJr)TABJr c RHXH

is not diagonal, but a dense matrix with rank P 4+ 1 < II. Since the basis {U§} is
smaller than {¥!} for equal P, = P, it is however of interest albeit a decoupling in
stochastic direction is not possible. In this subsection, we give a short idea of what
are the main challenges one has to deal with in this case.

The starting point is the minimization problem EZIJ). In terms of convex opti-
mization, it is of the form of finding a v € R”*! which fulfills

min J(v)  subject to gr(v) <0, (4.2.43)
where J is given by

J(v) = %’UTA’U + ol ([Aw]; — b;) + Z D (
TeQr

B+ o), )

Nr
and the constraints g, are given by

»
G () = ue — \/% [B(wi + )] = ue — ];)(wik + v) W ()

for all # € QF. The constraint functions §, are linear and the energy function
J is convex. There exists a variety of methods to solve this problem; however,
many optimization algorithms like, e.g., widely used SQP (see |44, Section 5.5]) as
generalization of Newton’s method are not applicable, since J ¢ C3(RPH).

If the saturation H is continuous, then ® is differentiable and hence J € C*(RF+1).
In this case, a promising way is to define the Lagrange function L : RP+1 xR — R
by

Lw,A):=J@) + Y Arir(v) (4.2.44)

TeQP

and try to solve the Karush—-Kuhn—Tucker (KKT) conditions of [EZZJ) given by

VoL(v,A) =0, (4.2.45)
A>0,g(v) <0, \'gv) =0. (4.2.46)
This can be done by penalty methods or barrier methods (see [42] and [111]). Note

that all these methods have in common that the utilization of the gradient of L
implies that there are O(|QF|) evaluations of H in each iteration step for solving
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(EZZH)-[EZAd). Thus, we cannot expect that we can solve the minimization prob-
lem (XT3 faster by using the classical PC basis {U)} = {¥¢} than if using the
bases {U;} = {Ut} or {¥)} = {Wb}.

This is substantiated by another approach recently presented in [52]. We write the
minimization problem EZZI3) as

v e RPHL . J(v) < T(v) Vw e RPF! (4.2.47)
with

T () := %vTAv +ol (AW = b)) + > @ (

Blw; + vm) e,
WEQP

1
Vi

where the constraints

1
[B(w; + )] > uc (4.2.48)
i
are incorporated in ® by extending the function by ®(u) = +o0 for u < u., cf. Re-
mark BZT3 The domain of 7 is a polyhedron, since [EZAY) can be rewritten as

(Crs V) > Uen/Thw — (W) V€ QF,

where ¢, are the rows of B as in Proposition E2Z4 Now, ZZ7) can be solved
in a Gauf—Seidel-like way if one can find a suitable finite set of search directions
S ={v1,...,v5} C RP*H! reflecting the shape of dom 7. As shown in [52], it is very
costly to find S, and this set can be quite large. If, however, we have {0} = {¥!}
or {W;} = {W}, then we can just use the set § = {1, ..., 1wy} C RP*H!1 =R and
obtain again the method described in Subsection In this way, one can see
that the tensor product PC bases with P + 1 = II are the most appropriate ones
for our problem.

4.3 Monotone multigrid method

In this section, we present monotone multigrid methods with constrained New-
ton linearization which improve the solution method from Section This idea
originates from Kornhuber [69] basing upon earlier works [68] and we show that
it can be applied in our context. It is presented in our hydrological setting with
Brooks—Corey functions and their limit cases in analogy to [1&].

4.3.1 Multilevel corrections

With the Block Gaufi—Seidel method and the approaches to solve within the single
blocks as described in Section EZ2, we developed a method to solve problem (EILT).
It however turns out to be inefficient in general, since it is well known that even
in the linear case with qﬁf = 0 and no constraints, the convergence rates of the
normal Gauf3—Seidel method already deteriorate when passing to more and more

refined spatial triangulations 7,. This is due to the form of the subspaces V; in
EZT)), where only high frequency functions s,(fi) with small support are involved
in spatial direction. Thus, the application of ./\/lf rapidly reduces high frequency

contributions of the error (ul’)” — u? but hardly affects low frequencies.

A possible remedy is to extend the set of search directions by functions of larger
support in an ordered subset

RY = (r’l’,...,r}’VRy)
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of S, for any v > 0. The first IV, functions are chosen as

N

v _ G0 -
rifs](gi), 1=1,...,N,,

and represent the fine grid functions, whereas the functions 7} for i > N, are suitable
functions with larger support.
This gives rise to an extended relazation method by performing a successive mini-
mization
W e VY with w! = wly oY € KD s J(wi, + )+ oF (wly + oY)
< J(wi_,+v)+ gbf(wf_l +v) YveV? with wy ;+ve€ IC;D (4.3.1)

in the subspaces V;* := span{r}} ® Z analogously to [EZ3J). Denoting by !
the smoothed iterate from EZD), i.e.

T = w, = MY ((W)).

the next iterate now reads

N, Npv
W) =w, = @)+ o+ Y o =CPY (ME((Wh)Y)) =CPrab).
i=1 i=N,+1

In general, an exact evaluation of the coarse grid correction C JP ’”(af ") is too costly in
practice due to the form of the nonlinearity qﬁf such that one contents oneself with an

approximation CJP v of éf Y. The decisive condition to ensure the convergence of the
extended relaxation method nevertheless is surprisingly simple and thus powerful
and consists of the monotonicity

T (€ (w)) +¢) (€% (w)) < T(w) + ¢} (w) Vw € K. (4.3.2)

Theorem 4.3.1. Let the assumptions of Theorem [.2-1] and condition [{-3-3) hold.

Then, for any initial iterate (ul)? € KT, the sequence of iterates ((uf)”)y>0 pro-

vided by the extended relaxation method
" = M ((w))")
(uf) = CP (@P)

converges to the solution ul of the discrete problem [-U1).

Proof. The proof is almost literally the same as the proof for Theorem EZT] if
condition [@32) is added to the monotonicity E2ZH). O

Note that the coarse grid corrections alone do not need to be convergent. This
provides flexibility for the construction of CJP Y. We resume this part after some
remarks.

Remark 4.3.2. If one assumes the monotonicity in each correction step, i.e.
T (W) +¢3 (w)) < T (wi_y) +é5 (wi_y) Vi=1,...,Npw
for all v > 0, then it can be seen by

T (@) + o () ) < TW)) + ¢y (w)) < T ((u))) + 67 ((u))”)
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and the continuity of J + qbf on le that the whole sequence (wY)y>0,i=1,....Np Of
intermediate iterates converges with

v P -
w; —u, asv—oo,fori=1,..., Npv.
In either case, it holds
ﬂf”’ — uf as v — 0. (4.3.3)

Remark 4.3.3. In the linear case with qﬁf = 0 and no constraints and with an
appropriate coarsening of the spatial grid, we can use a Gaufl—Seidel iteration also
for the coarse corrections and obtain a multigrid algorithm for PDEs (cf. e.g. [56])
for the outer (spatial) iteration. In our SPDE context, this multigrid idea was
first investigated by Le Maitre et al. [75] (who used an SOR solver for the inner
(stochastic) iterations) and extended by Elman and Furnival [34].

4.3.2 Constrained Newton linearization with local damping

In the following, we use the convex function ® : R — R U {+o0} given by ([CIID)
with p, = —1 using the Brooks—Corey parameter functions with the extension
®(u) = 400 for u < wu. according to Remark BZTA In order to incorporate
Dirichlet boundary points, we define the point-dependent convex functions

D
By O (u) for p € NJ[}NJ
X{up(p.m)} forpeN]
with the subdifferentials

D
00, 0P (u) for p € /\/};J\/J
OXfup(pmyy  forp € N7,

where

R ifu=up(p,m)
OX{up(p,m)} + U {9

else.

Note that for p € N;\N” the function ®,, . is infinitely times differentiable on the

intervals I; := (u., —1) and Iy := (—1,00). Thus, we call (p,7) € N, x QF a critical

node of v € ICf if p is a Dirichlet node or if v(p, 7) takes a critical value, i.e.
’U(pvﬂ-) € {’U,C, 71}

We define by /\/'J'(U) the set of critical nodes of v. Accordingly, the complement

Ny (v) == (N x QF)\N7 (v) is the set of regular nodes of v.

Now, consider a regular node (p,7) € /\/'Jo(ﬂf”’) for a given smoothed iterate
We can find real numbers

—~P,v
U] .

fﬂf”” (p7 7T) < ﬂ;’,u(p, 7T) < @ﬁf"’ (pa W)

such that on the neighborhood [fﬂpwu(p7ﬂ->,¢ﬂj1’,v(p7ﬂ->] of @™ (p, ) the function

®,  is twice differentiable with
|(I)Z,7r(zl) - q)g,w(z2)| < LZ,W|21 - 22| Vz1,22 € [Eﬁ;’"/ (pa ﬂ-)aaﬁf”’ (pa ﬂ-)]

and a pointwise Lipschitz constant Ly . > 0. For instance, for ﬁf”’(p, ) € I; we
set

(2o r (P ), e (p, )] = [(ue + 057 (p, ) /2, (85 (p, ) — 1)/2]
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and for ﬂf”’(p, ) € Iy we set
[grw (P, 7). Pgrw (pym)] = [(=1 uy (p,m))/2,2|a) (p, )| + 1.

Furthermore, we set

e

Pyrw (P, T) = Pgrw (pym) = 45" (p, 7)

for (p,m) € N7 (al™) and define the closed and convex set

IC%P,V ={weSs 2" L (p,7m) <w(p,7m) < ¢ﬂf,u(p,7r) Vp € N,¥r € QF}.
(4.3.4)

The special form of (bf given by B333) allows us to write
(bf(w) = Ggrw (w) + const. Yw € Kap (4.3.5)
with the smooth functional

¢af,u Tw Z Z O (w(p,7))hpne Yw € Kﬂf,u. (4.3.6)

(p,m)END (1))

Let us now consider the constrained minimization of the smooth energy J + ¢ p.
Uy P S ICaP,u : j(uﬂp,u) + (bﬂp,u(’uap,u) < j(’l}) + (bﬁp,u (’U) Yo € K:ﬂp,u. (437)

By [E33), we have dist(u}, K r.) — 0 as v — oo, which means that the solutions
J
of @3) tend to uf . Thus, we are interested in approximate solutions of the
constrained minimization problem [ 3. Since the critical nodes of @ do not
contribute to ¢ r. according to [EIH), we can regard ¢ r. as being smooth on a
J J

neighborhood of ﬂf ¥ and we can thus apply the Taylor expansion to obtain

— 1% — 1% — 174 1 — 174 — 1% — 1%
Gare (W) & Gy (U]) + @ (A7) (W = 6) + S e (1)) (w — 0w — ™).

This enables us to approximate J + ¢, r» by the quadratic energy functional 7 r..
J J
defined as

1

Typ (w) = §aaf,u(w, w) — Eaf,u(w) =
1 _Pu _Puv —Puv\/-P,v
5 (0w, w) + @l n (@) (w,w) ) = (0w) = ¢ po @+ ¢l (@) @)
(4.3.8)
and we can regard the quadratic obstacle problem
waf,u S Kﬂf,u : jﬂ;—’,u(wﬂf’,u) < jaf,u(v) Yv € Icaf,u (4.3.9)

as a constrained Newton linearization of [E3).

This obstacle problem is now solved by an ezxtended underrelazation, where we
minimize successively in the subspaces V¥ = span{r?}® Z” fori = N,+1,..., Ng.
More exactly, we solve the (P + 1)-dimensional problems

vy € Dy Typw (wi_y +v7) < jﬂf,y(w;:l +v) YveDy (4.3.10)
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with constraints D C V}” satisfying

0eDy c{veVy wi +vek,r.}. (4.3.11)

We show how to solve this in case of the tensor product PC basis {¥;} = {U4}. To
this end, we take the assumptions and notations from Subsection and assume
that we have a sequence of (nested) triangulations 7y, T1,...,7, of D resulting
from uniform refinement, i.e. each triangle t € 7, is subdivided into four congruent
subtriangles constituting 7,41, 2 = 0,...,7— 1. This procedure also provides nested
sets of nodes Ny C --- C N, and a nested sequence Sy C --- C S, of subspaces of
S, which correspond to the levels 2 = 0,-- -, 5. We define the multilevel nodal basis

as
— 1 1 0 0
As = (s, ..., 1@{3 89U ;JN Vs s,
which consists of all Ng = N, + - -- 4+ Ny nodal basis functions from all refinement
levels such that
ry =35, i=N,+1,...,N,+ Ns. (4.3.12)

2

Observe that the functions are ordered from fine to coarse and that the nodal basis
functions on the finest grid are part of the coarse grid correction.

The stiffness matrix A and the vector b are defined as in [@ITH) and ELF]), re-
spectively, in dependence of the underlying spatial grid, the same holds for the
diagonal matrix D; from ZIZ). Due to the Kronecker product structure of A
according to Remark EET33, the restriction and prolongation between different grids
can be performed in the usual way, see [34] for details, whereas the vector b needs
a recalculation with the new basis functions.

Now, let v € RP*! be the coefficient vector of v¥ € DY with

P
Z vk Wi (m)ry (p)

k=0

and b = Bv € R its local evaluation by means of the matrix B from @ZZIZ). Then,
inserting [E3) into E3IM), passing to matrix notation, omitting all constant
terms, and using [EZI6H) and EZID), we can rewrite the minimization problem

EZTD)-E3T) as

1 L
argmin = [ v”'Do + ZZ H’(ﬁf’y) ( —Uw> (r (p))*hpie
UERH 2 Py /]771'

(p,m)ENT (a;"")

— [ v"Bb —oTBAW — DN H' (@) )oar (P)wi_y (b, m)hpy/Tln

(p,m)ENP (@)

= > > H@ el 0)hp /i + Y Y H (@l )orr (p)al™ (p, m)hp /i

(p.m)EN ()" “) (p.m)ENT (a]")
(4.3.13)

with constraints

Pyrw (P, ) = wi_y (p,7) < — =017 (p) < Py (py7) —wi_y(pym).  (4.3.14)



At this point, we have IT = P 4 1 constrained one-dimensional quadratic problems

which are uncoupled. As in Proposition EZ7 we can deduce the analogy in each

step with the constrained minimization of the smooth energy J™ + gbgp,y and its
J

Newton linearization 1

™ — _ 4T R us .

ape = gape ) = e O
for all 7 € QF as resulting from the stochastic collocation approach, cf. Re-
mark E30 This enables us to transfer the basic theory from Kornhuber [69] to our
case. In particular, there exist damping parameters 97 = € [0, 1] (see [69, Section 4])

such that

T (W (7)) + ¢grw (Wi (7)) < T (wi_y (7)) + d7rw (wi_y (7)) (4.3.15)
if
wy (m) = wi_4(m) + 19;-’7771);’(#) vr e QF (4.3.16)

in the collocation approach, which means

wi (p,m) = wi_y(p, ) + 9] r ——=0x77 (p)

1
Vali
in our setting. Defining

W

K2

= mgnﬂzﬁ (4.3.17)
and using the identity
Bw]; +9YH %0 = B([w]; + 9%v),
it is easy to see that the next iterate defined as
wy = wi_; +95vy (4.3.18)

provides the energy reduction

TW) + Gy () < T(h 1) + by () ). (4.3.19)
With this choice of 97, we obtain the monotone coarse grid correction

N,+Ns
crr@bty =alr + Y oy (4.3.20)
i=N,+1

with local damping, which satisfies condition ([EE32) and preserves therefore global
convergence in light of Theorem B3l

In order to obtain optimal numerical complexity with O(XV, - II) point operations
for each iteration step

(UP>11+1 _ C]P,u (Mf ((uf>u)) ,

J

the implementation as a multigrid V-cycle in which calculations of corrections on a
level » € {0, ..., } only require to access information on nodes p € N, is necessary.
To this end, we introduce new local coarse grid obstacles gi’, ¥, € V¥ which satisfy

gﬂf’,u(pa ﬂ-) - w;/—l(pvﬂ-) S y:(pa ﬂ-) S 0 S Ely(var) S @ﬁ;’"/ (pa ﬂ-) - w;/—l(pvﬂ-)
Vp € N,¥r € QF.

112



The inductive construction of such obstacles presented in |68, Section 3.1.3] can be
used immediately in our setting by just performing it successively for each fixed
7 € QF. The local constraints DY in the local problems ([BZ3I0) are then given by

Dy ={veVy ¢/ <v<i;}, i=N,+1,...,N,+ Ns,

and the constraints @3I4) in the uncoupled problem read

Y (pm) < 17UWT§'(P)SE;-/(]),7T). (4.3.21)

™

By using these constraints, we have found a v-independent coarse grid correction
C]P’Std = CJP’” and call this iteration the stochastic version of the standard monotone
multigrid method (sSSMMG)

() =7 (M ((@))) . v =0, (43.22)

At this point, several remarks are in order.

Remark 4.3.4. This method has the drawback that it provides, due to the defini-
tion of K r.v, the trivial correction vy = 0 whenever
J

((intsupp(r})) x QF) N N (al™") # 0. (4.3.23)

The same problem occurs in the deterministic case [18, p. 114], where a possible

remedy is a modification of the basis functions s,(f) € As. This leads to the truncated
monotone multigrid method (TMMG), see [68] for details.

Note that EZLZ3) holds already if there is only one 7 € QF such that ﬂf”’(p, )
takes a critical value for a p € int supp(r?). Thus, it is advisable to concentrate on
the uncoupled constraint @3T4]) whenever transferring ideas of the TMMG method
to our setting.

Remark 4.3.5. The choice [E3T1) of the damping parameter ¥/ seems to be
stricter than necessary. Another possibility consists in taking the diagonal matrix
Oy = diag(0y,) € R and to retransform it. Note that the matrix

6Y =B '0YB = BTHZOYH 7B,
which then occurs as damping in the coarse grid correction step
w! = w?_| + 6! (4.3.24)
instead of [E3IY), is no longer diagonal.

Remark 4.3.6. In this remark, we enlighten the coarse grid correction from the
stochastic collocation approach mentioned in ([EZ3XTH). Let @!>¥(7) be the smoothed

iterate at 7 € QF from ([EZA) or @Z2ZR), which is the same according to Theo-
rem Defining

Koro (1) = () €8, 9o (0,7) < wlp,m) < Pyre(p,m) Vo €N} (4.3.25)
and

o E @ (w(p,m))hy Vw(-,m) € K rw(T), (4.3.26)
J 7
p with
(p,w)E/\/jo(ﬂjP’")
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the Newton linearization jgpwu of the smooth energy J™ + (bg p. reads
J J

T 0) 1= T 0, 0) = € 0) 1= 5 (07 () + (9 (@ () 0 0)

= (07 (w) = (@7r ) @ () + (67 ) @ () @ (), w)) . (4.3.27)

Using the same nodal basis [E312), one can see analogously to Proposition EEZT]
that the minimization

waf,u(ﬂ-) € ICH;D,U(W) : ;p,u(wﬂ?u (M) < TTeu(v) Vv e Icaf,u(ﬂ-) (4.3.28)

7

can be written equivalently as @3 I3)-E3TA). This justifies the derivation of
E3T9) from E3IH).

Comparing the new coarse grid corrections in the iterates [EE3I6) and [E3IF), one
can see that they are no longer identical (after transformation). This is due to
([E3TD), which also causes the inconvenience described in the second paragraph of
Remark EE34 This difference is resolved if one takes the damping matrix 6% as in

@3z

From a computational point of view, it is however expedient to solve directly the
minimizations [E32ZN) for all 7 € QF and to retransform the solution to the PC
basis afterwards. This procedure allows in particular the use of existing numerical
multigrid solvers for deterministic problems without extensive changes in the code.

Remark 4.3.7. The results in this section can be applied to many other functions ®
without any changes. We refer to [69] for the treatment of more general functions
and to [68] for the case of more than two critical values.

Remark 4.3.8. We close this section with a look at the limit cases for the Brooks—
Corey parameter functions as introduced in (LITI8) and (CI20). As mentioned in
Remark B22Z332 the function @ is then linear on the interval [u,.,c0), and we obtain
with the subdifferential

0 for u < u.
O®(u) = H(u) = { (—o0,0] for u = u, (4.3.29)
O for u > u,.

a linear constrained problem, where u. € {—2,—1} according to the considered
setting. Using 329) in @Z2H), the one-dimensional problems illustrated in Fig-
ure become very easy. Furthermore, since u. remains the only critical value, we
can choose as the constraint set the whole convex set K" from [BZ30), i.e.

Ic,af,u = Kf.
Moreover, by the linearity of ® with ®” =0 and ®(0) = 0, we have
¢l po (a)yw = Gyr (w),

from which follows that the constrained Newton linearization E3ZI0) is just the
original problem 31 with R = As due to

Tapw =T + ¢prw =T + ¢ (4.3.30)

on IC;D ; consequently, [E3I3) reduces to EZIJ). In particular, damping is no
longer necessary and we end up with a block version of a usual multigrid method
for a linear constrained problem.
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4.3.3 Numerical results

The similarity of the nonlinear fine grid solver and the coarse grid correction in our
sSMMG method with their deterministic counterparts within a stochastic colloca-
tion approach suggests that we can transfer known robustness and efficiency results
(see Kornhuber [68] and following works) of the deterministic standard monotone
multigrid method to our case. In order to underline this, we will investigate the
convergence rates observed when applying our method to the two-dimensional test
problem from the previous chapter.

Recall the setting of Subsection BZ2 We employ a tensor product PC basis created
from Hermite polynomials in Z7 and a nested sequence of triangulations 7, with
corresponding nodal bases for finite element spaces &;. We use the sSSMMG solver
as a V(3,3) cycle with 3 pre-smoothing and 3 post-smoothing steps, where the fine
grid smoother ./\/lf is the nonlinear Block Gaufi—Seidel method with transforma-
tion from Subsections and the coarse grid correction C JP std s defined in

Subsection EE32 with damping matrix © from E32d). We take the solution from
former time step as initial iterate (uf )0 and perform multigrid iterations v = 0,1, ...
until the relative accuracy condition

*

NPy = @P)y 1
2 < TOL 4.3.31
[CRER (4.3.31)

with TOL = 1072 is satisfied, where we utilize the energy norm

12 :=a(v,v) YveS, @2 (4.3.32)

I

In order to determine the average convergence rate g, we take the geometric mean
of the relative corrections in relation to the previous corrections, i.e.

4 @D N7 () = el
(H - (uf>v2||a> ‘( [CRRICHaP ) '
(4.3.33)

We want to carry out a comparison with usual standard monotone multigrid method
(SMMG) from [6§] if applied within the stochastic collocation approach from
In this case, we solve for each 7 € C = QF, where QF is the quadrature point set
corresponding to Z¥| with the SMMG method in a V (3,3) cycle until the accuracy

condition . i
[[(uy)” () — (uy)” ~'(m)
[ (wy)”" ()]

is satisfied for iterates (u,)”(w) € S,. Here, we use the norm

< TOL (4.3.34)

a,m

2 =a"(v,v) WES,

and the average convergence rates

0" = <|(UJ)V* (m) — (ug)”*_l(ﬂ)lla,w)ﬁ
[ ()t () = (uy)0(7)[a,r
instead of [E332) and E333), respectively. Note that this is done independently

for each m € C such that we obtain different number of iterates v* = v*(7) and
different convergence rates o™ for different collocation points.

First, we take fixed PC order P = P, = 3 and vary the maximal refinement level ;.
Comparing the convergence rates of the sSSMMG method with the minimal and
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7 || min @" | 0 | max 9" |
4 0.036 | 0.143 | 0.142
5 0.181 | 0.272 | 0.254
6 0.253 | 0.362 | 0.357
7
8

0.333 | 0.482 | 0.490
0.476 | 0.667 | 0.671

Table 4.1: Convergence rates for varying maximal refinement level ;.

maximal convergence rates of the SMMG in the collocation approach, we detect in
Table BTl that ¢ and max, o™ develop more or less identically. This suggests that
convergence results for SMMG can be transferred to the sSSMMG method.

P

o | 1 | 2 | 3 | 4 | 5 | 6
0.373 1 0.396 [ 0.359 [ 0.369 | 0.371 | 0.363 | 0.366
0| 0.475 | 0.491 | 0.475 | 0.478 | 0.477 | 0.489 | 0.477
0.373 | 0.400 | 0.373 | 0.391 | 0.385 | 0.393 | 0.391
0.367 | 0.370 | 0.367 | 0.343 | 0.362 | 0.360 | 0.346
1 || 0.490 | 0.474 | 0.490 | 0.489 | 0.482 | 0.478 | 0.488
0.380 | 0.393 | 0.405 | 0.400 | 0.387 | 0.401 | 0.418
0.342 [ 0.372 | 0.336 | 0.342 | 0.342 | 0.347 | 0.340
p, 2| 0487 | 0.489 | 0.487 | 0.482 | 0.487 | 0.492 | 0.487

0.421 | 0.404 | 0.436 | 0.439 | 0.421 | 0.445 | 0.465
0.364 [ 0.367 | 0.336 | 0.333 | 0.341 | 0.335 | 0.347
3 || 0.507 | 0.487 | 0.508 | 0.482 | 0.501 | 0.490 | 0.491
0.464 | 0.417 | 0.480 | 0.490 | 0.464 | 0.488 | 0.507
0.362 | 0.358 | 0.344 | 0.340 | 0.343 [ 0.325 | 0.335
4]/ 0.496 | 0.484 | 0.498 | 0.487 | 0.493 | 0.497 | 0.493
0.504 | 0.419 | 0.531 | 0.534 | 0.504 | 0.541 | 0.563
0.354 [ 0.359 | 0.354 | 0.334 | 0.338 | 0.345 | 0.336
5 || 0.509 | 0.503 | 0.526 | 0.486 | 0.503 | 0.488 | 0.501
0.559 | 0.434 | 0.588 | 0.592 | 0.559 | 0.607 | 0.630
0.357 [ 0.353 | 0.341 | 0.325 | 0.338 | 0.334 | 0.326
6 || 0.501 | 0.495 | 0.504 | 0.484 | 0.498 | 0.500 | 0.494
0.650 | 0.432 | 0.664 | 0.662 | 0.650 | 0.662 | 0.675

Table 4.2: Convergence rates for varying maximal polynomial degree P; and Ps.

Another interesting result is given in Table EE2l where we fix the maximal refinement
level 3 = 7 and solve the problem for different PC orders P; and P,. Recall that
the size of the PC basis is (P + 1) - (P> + 1) and that we can connect a quadrature
point set QF to each of these basis sets. In each field of Table EZ2, one can read the
following information:

min o™
0
max 9"

Hence, p with values 0.47-0.52 remains almost constant for different polynomial
degrees and is therefore mainly dependent on the refinement level 7 and the problem
— like its deterministic counterpart. For the collocation, the values of min, o™ are
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also almost constant for different collocation point sets while max, o™ is increasing
as |C| becomes larger. This is a consequence of the fact that deterministic problems
are solved for more and more extreme collocation points 7w with corresponding
K(-,m) the larger |C| is.

Note that the collocation approach solves successively for each m € C and treats all
single problems in an equal way by solving them up to a precision determined by
E33d). If, however, one wants to compute moments like E[u], the values of the
solution u(r) for such extreme 7 only contribute to a more and more negligible ex-
tent to this evaluation, since the quadrature weights corresponding to these points
tend to zero. On the other hand by the definition of the norm [E332), this dis-
tinction into more important and less important collocation and quadrature points
is detected by the sSMMG method and part of the stopping condition EZ3T),
which prevents the increase of the convergence rates for large P,, as can be seen in
Table This underlines the efficiency of the sSMMG solver and points the way
of how to make the collocation approach more efficient: it is expedient to perform
each SMMG step parallel for all w € C, to create after each multigrid step the ap-
proximated function as in [EIT7) and to use a weighted norm which is equivalent
to [E332) to determine the stopping condition for all multigrid iterations.

4.4 Post-processing

The results presented in this chapter allow the approximation of the function
u(r,&(w)) € HY(D) ® L*(Q) and its representation as

N, P
u(@, W) =D > uis) ()W (¢(w)) € S, ® 2" (4.4.1)
=1 k=0

Whilst the pointwise knowledge of u in = € D is of main interest, it is hardly
relevant to know the specific value of u in a certain w € €2; instead of that, we
want to be able to compute statistics and probability density functions and to
make statements about certain probabilities. In this section, we will show how
appropriate and powerful the PC representation [ZT]) is to achieve this goal.

We start with some elementary definitions which can be found in textbooks in
statistics like [3€]].

Definition 4.4.1. Let X be a random variable on 2. Then

X =E[X"]

my,

is called the moment of order n of X and
X . n
pn = E[(X - E[X])"]

is called the central moment of order n of X if the respective expectation values
exist.

The most common statistics which describe the nature of X besides the expection

value m3 = E[X] are the following.
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Definition 4.4.2. Let X be a random variable on 2. Then we call

Var[X] :=E [(X — E[X])?]

_ E[(X —E[X])?]
M xR
o] o= E[(X - E[X)}2

E[(X ~ E[X])7

the variance Var[X], the skewness v1[X] and the kurtosis v2[X] of X if the respec-
tive expectation values exist and the denominators are not zero.

Obviously, these values can be rewritten according to

Var[X] = p3° =my — (m)?, (4.4.2)
X 3
_py omg =3mg'mg +2(my)
L 7 S s sy e SRR (443)
()2 (my — (my")?)? ' o

The statistics from Definition are hence known once either the moments or
central moments have been computed.

Writing the solution v from EZII) as

P
u(z,€W)) = uk(@)Pi(EW)), (4.4.5)

k=0

it is easy to see that the moments of order n of u(x,-) are given by

(@) = E 3. z(Huk )El:[\I/k

k1=0
For {U,} = {U§} or {¥} = {PL}, the central moments are computed in one go,
since

pin(x) = E[(u(@, ) = Elu(z, )" = Y - Y (H %-(@) =

ki=1  kp=1 \i=1

(4.4.6)

n

[[%

i=1

due to B3I and E[u(x, )] = up(x). Here, the expectation values on the right-
hand side of @ZH) can be calculated once and stored for the rest of the time.
Observe that E[Uy, ] and E[¥g, Uy,] in the case n = 1 and n = 2 are already known
from the assembly in Subsection EETJl whereas the expectation values for higher
order n, for example E[Uy, Wy, Uy ] for k1, ke, ks =0,..., P in the case n = 3, have
to be computed by now using quadrature formulas of appropriate order.

In our hydrological setting, we are rather interested in the statistics of the physical
pressure p(x,) = £ (u(z,-)) than in the corresponding values of u. Since the
Kirchhoff transformation x is not linear in general, a direct conversion from, say,
Var[u](z) to Var[p](z) is not possible (cf. @3)). Rather, we compute the moments

mh (@) =B [p" (2, )] = B (57 (u(z,)"]

directly be means of high-order stochastic quadrature and obtain the desired values

a (E12)-EZD).
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In order to answer questions like (Q3) from the introduction, it is moreover essential
to know at arbitrary x € D the probability density functions pdfy : R — R and
pdf? : R — RT, which are defined such that

b b
Pla < u(z,) <b) = / pdfi(s)ds and Pa <p(z,-) <b) = / pdf?(s)ds,

respectively, or, equivalently, the corresponding cumulative distribution functions
cdf? : R — [0,1] and cdf? : R — [0, 1] with

cdf(y) = P(u(z,-) <y) = /_y pdf®(s) ds, (4.4.7)
cdff (y) = P(p(z,-) <y) = /jl pdf?(s) ds. (4.4.8)

A direct estimation of pdf} from the representation [ZZH) is possible in special
cases, for instance if the underlying random variables &, from [BITIl) are Gaussian,
cf. [102] and the references therein; our approach, however, should work for arbitrary
& and for the density functions of u as well as of p = k= !(u). To this end, we
introduce for fixed € D a partition A = {4;,...,An} of the space QM) and
approximate the functions u(z,-) and p(z,-) by step functions with values u(zx, a;)
and p(x,a;) for certain points a; € A;. An estimation of the distribution functions
is then obtained by

cfi(y) = > PM(4) and cdff(y)= Y PM(4,).
A;eA A;eA
w(z,a;)<y p(z,a:)<y

The functions pdf}, and pdf? can then be derived by virtue of [EZ1) and EZLS).

At the end of the following chapter with a hydrological example, the described post-
processing methods will be applied and will provide further insights for the analysis
of the problem.
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Chapter 5

A hydrological example

This final chapter is devoted to the application of the presented results to a typical
hydrological problem. Our computations are carried out on a realistic geometry,
and we describe which further numerical challenges are connected with it. Then,
we use measured data to create the Karhunen—Loeve expansion for the permeability
and solve the Richards equation over a certain time interval. Our aim is to point
out the benefits and the limits of the polynomial chaos approach and our solution
method.

5.1 Line smoothers for an anisotropic grid

We consider the bend of a river passing through a landscape. In horizontal direction
the region is of the size 1500 x 1500 [m?], while in z-direction the geometry is
depending on the surface of the landscape and the aquifers and is varying between
4 and 14 [m]. This is depicted in Figure Bl where the river is colored in blue and
the z-direction is scaled (throughout this chapter) by the factor 20.

We take a spatial grid as it is often utilized in the hydrological context. Recalling
the coordinates © = (x1,z2,z) € D from Chapter [l the coarse grid consists of
hexahedra and is constructed in the following way: first, create a regular two-
dimensional grid in the horizontal x;-7e-plane consisting of 30? squares with size
50 x 50; then divide the line along the z-axis at each grid point (21, x2) into intervals
in order to create grid points (z1, 2, 2z;) With zmin = 21 < 22 < ... < 27 = Zmax-
We obtain a total of 312 -7 = 6727 nodes and 302 - 6 = 5400 hexahedral elements
in six layers on top of each other, see Figure The fine grids are obtained by
uniform refinement and feature the following size:

| level 3 || # elements | # nodes |

0 5400 6727
1 43200 48373
2 345600 366 025
3 2764800 | 2845969

The form of the Richards equation and the structure of the grid need further at-
tention. First, we detect that the convective part in BZZ) can cause stability
problems. This is often solved by upwind schemes and artificial viscosity (see |61,
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Figure 5.1: The computational domain in original scale (left) and scaled in z-
direction (right).
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Figure 5.2: The coarse grid.

Chapter 9]). For the deterministic Richards equation and under consideration of the
special form of the grid, where nodes lie on top of each other on lines parallel to the
z-axis, we refer to the investigations in ﬂﬂ] Since these modifications only affect
the spatial discretization of the differential operators, we can adopt this approach
immediately to our case, see the assembling procedure in Subsection EETT1

Secondly, observe that the elements are anisotropic, because h, < hy, = hg,, if A,
denotes the maximal diameter of an element parallel to the z-axis. As can be seen
by transformation, this is equivalent to an anisotropic problem on an isotropic grid,
since

“Usizy ~ Usgzy — Uz = 0 in 0,1
yields the same discretization as
Uz — Ugpzy — Uz =0 in [0,1]2 x [0, V€]

for the simple Laplace’s equation. It is known (see @, Chapter 10]) that conver-
gence rates for multigrid solvers with Gaufi—Seidel pre-smoothers tend to 1 as ¢ — 0.
A possible remedy proposed in M] are line smoothers in direction of the anisotropy.
We will extend this idea to our case with obstacle conditions and stochastic coor-
dinates for the coarse grid corrections as described in Subsection

At the beginning, we define a line ./\/Z[i] as the set of nodes p € N, having the same
1 and xo coordinates, see the marked nodes in Figure Let Nz[] denote the
number of lines and ny] the number of nodes in J\/;[i]. For example in our coarse
grid » = 0, we identify N([)] = 312 lines each consisting of n([)i] = 7 nodes. Define

R’;’[i] = {51(]) : sz(f)(q) =0 for all ¢ ¢ M[i]}
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Figure 5.3: The line smoother solves along the z-axis.

as the set of nodal basis functions corresponding to the line N;m. We want to
apply the line smoother in the coarse grid correction CJP ¥ and solve the quadratic
obstacle problem E3M) by a successive minimization as in [E3ZI), but now in
the subspaces Vjj; = span R % 2P for all lines [i]=1,..., NJ obtaining iterates
wﬁ] = wﬁ_l} + vﬁ] and for all levels + = 3,7 — 1,...,0. The only modification
compared with the method described in [EZI0)-E3ZD) is that we now encounter

blocks of size (P+1) - n!” and that we have to solve within this block in a way that
the energy reduction property E3I9) is still valid.

To this end, denote by A? and b? the matrix and vector to a_r. (-,-) and £ r.(-)
J J
from (EZIH), respectively, and by A™? and b™? the matrix and vector to their
counterparts a’ﬁrf,,,(-, -) and E%() from (E3ZT), respectively. We assume again
that we have a tensor product PC basis {¥;} = {¥%} and adopt the notation from
Subsections EEZ1] and with the modification that the block diagonal matrix B
with entries B;; = B € RIX(P+1) s now of the size B € R™ Txnll(P+1)  The

minimization problem [EZI0)—-EZTI) within the introduced subspaces Vi is

1
argmin = (w +v)TA?(w +v) — (w + v)Tb?
vern P+
subject to ¢ _p. (p,T) < wii_y;(p, ™) + vp(p, 7) < @ajp,u(p,ﬂ) vr e QP Wp € N,
(5.1.1)

where the long block vector v € RM:(P+1) as coefficient vector of vﬁ] has the block
entry vi; = V and vj;) = 0 for [j] # [i]. In the same way as in the derivation of

E3ZT3), (ETT) can be rewritten with v = Bvy;) as

aremi %”fTr (BAGB"]or =T [B (o], — 1A%wl) |

v, ER™
1

V=

subject to Py (pj, ™) — wii_qy(pj, ™) < [0]; < @af,u(pj, ™) — wi_q (pj, )

Vp; € NI (5.1.2)

for all 7 € QF | since we have again the uncoupling in the quadrature points 7 € QF,
and which is (up to a scalar factor) the same as the minimization problem from the
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collocation approach reading

1 T ¢ T T\T P TPy, T
g SO AT v = ()7 (b5 = [ )

SubjeCt to £,a;:’vu (p]7 7T) - wﬁ'fl] (p]7 7T) S UE] (p]7 7T) S @ﬂf”/ (pja ﬂ-) - wﬁ',l] (p]7 7T>
Vp; € N1 (5.1.3)

with v as coeflicient vector of v (7), see the arguments in the proof of Theorem

E2ZRY The matrix {EA&MET} = [A™?] i € R xn describes a’fp,y(sj(fj)l,s}(,%)
g U

for nodal basis functions 51(911‘)1 , 51(9?2 e RV in the one-dimensional vertical line AJ

and is thus (after ordering) a tridiagonal matrix T™[4. This means that whether us-
ing the stochastic collocation or the stochastic Galerkin approach with transforma-
tion, one ends up for each 7w € OF and each line ./\/l[z] with a quadratic minimization
problem of the form
1 . _
argmin v Ty — Ty (5.1.4)

ve]R"a[bi]

with constraints as in (EI2) or (BI3), respectively. This can be solved by any
adequate descent method provided that it yields the energy reduction

J (wiy) + Gyrv (wpy) < T(wi_yy) + Pyr (whi_yy)- (5.1.5)

For our computations, we solve (B2L4) by an iteration (v¥), by taking a variant
of the truncated nonsmooth Newton multigrid method from [51, Section 6] with
a projected GauB-Seidel method as pre-smoother, a linear correction c® which is
obtained by the solution of

Tfr,[i]ck _ rTr,[i] . -I-ﬂ',[i]vk—l7

and a damping in order to provide (). Finally incorporate the constraints
yj”,, E;j from ([EZZT) for all p; € ./\/;M into the current block iteration step to reduce

numerical complexity. With these modifications to our sSSMMG method, we observe
in the following computations average convergence rates ranging from 0.9 to 0.95.

5.2 Solution of the Richards equation

In this final section, we present an example of the stochastic Richards equation for
the three-dimensional domain introduced at the beginning of this chapter.

We solve for the pressure p, which is given in meters of water column and set
atmospheric pressure equal to 0 [m]. We use the Brooks—Corey model from Section
[T corresponding to sandy soil with A = 1, e(A\) = 5, u, = —1.25, 6, = 0.2,
Oy = 0.95. The bubbling pressure is given by —0.1[m]. Since we normalized
py = —1[m] throughout this thesis, we introduce the dimensionless factor p, such
that p,py = —0.1[m]. Consequently, the Kirchhoff transformation to obtain the
generalized pressure u reads u = k(p/p,) and p = p,x~1(u). Other parameters in
our model are n = 0.35, p = 103 [kg/m3], g = 10 [m/s], and n = 1073 [kg/ms)].

Our goal is to model the infiltration of river water into a dry soil. Figure B4
shows the deterministic initial condition p®(z) = p(t = 0,z). In the riverbed, the
pressure is equal to the water column above, i.e. equal to the difference between the
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initial solution

Figure 5.5: The function exp(K).

water table of the river and the ground. The water table is modeled with a linear
incline along the course of the river and is constant in time. Thus, we use Dirichlet
boundary conditions in the riverbed which are constant in ¢t. The remaining top
surface is modeled with Dirichlet boundary conditions equal to the atmospheric
pressure (we will not consider seepage faces which can be modeled by Signorini
boundary conditions, cf. ﬂﬂ]), and the same pressure can be found in the soil layers
directly below the surface. The rest of the soil has the initial pressure —5 [m], which
means that it is completely dry. Finally, all remaining boundaries (the vertical ones
and the one at the bottom of our domain) have Neumann conditions fx = 0.

Let us now create the stochastic permeability K. We assume a lognormal distri-
bution as it is usually done in hydrology (see the references in Remarks 23§ and

BI27) and consider
K (z,w) = exp (I_((x) + Vg (@), @)) (5.2.1)

with normally distributed &, o 4#7(0,1). In order to calculate the eigenfunctions
gr, knowledge of the covariance structure is needed. Frequently used in hydrology
(see e.g. [44, 7d, flod, [iod)) is the exponential covariance kernel from Appendix [Al

For our three-dimensional domain D with points = (21,22, 2) and & = (&1, &9, 2),

take
- x1 — 312 To — Tol? z—3|? 1/2
Vi (z,Z) =exp | — (' : 5 1 +| 2 5 2 +| 5 | ) . (5.2.2)
Y1 72 V3

As correlation lengths, we estimate from the data y1 = 200, vo = 150, 3 = 5, which
is in accordance with estimates from other measurements (cf. m, Section 6.1]). The
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Figure 5.6: The eigenfunctions g, r =1,...,4.

next step is to assemble the matrices in the generalized eigenvalue problem
Vg = AMg

from [BI36). This is done on level 3 = 0 such that V is a dense 6727 x 6727-matrix.
Using common eigenproblem solvers, one obtains the following eigenvalues:

A1 =1328177
A2 = 955317
A3 = 884811
A= 691483
As = 617473
Ae = 514826

We decide to truncate the expansion for all A\; < A;/2, which means M = 4.
Note that the numerical complexity increases rapidly with M and that less strict
truncations (e.g. A\; < A\1/10 with M = 26 or \; < \1/100 with M = 143) would lead
to stochastic dimensions where the polynomial chaos approach is no longer superior
to the Monte Carlo method. The corresponding eigenfunction g, are normalized
and interpolated to the refined grids, see Figure 6 Finally, the function K (z) is
given by the measured data, where we have exp(K (z)) = 1073 [m?] on the surface
and a variation exp(K(x)) € [2.5-107195.5-1071% [m?] in the remaining soil, see
Figure BR Altogether, the stochastic permeability K (z,w) varies over a broad
range and satisfies

P (K(z,w) € [7.9-107"%,1.1-107%]) > 0.989

outside the surface.

For the time evolution, we fix a constant time step size 7 = 100[s]. As spatial
grid, we choose the uniformly refined grid with 3 = 2 such that we perform our
multigrid solver on three different grid levels. In order to choose the dimension of
the PC basis, we proceed by applying an adaptive algorithm following an idea in
ﬂﬂ, Section 9.3]. Start with P, = P, = P3 = P4 = 0, shortly (0,0,0,0), solve the
Richards equation for the first time step, and compute Ey = E[u]. Then, carry
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Figure 5.10: E[p] and Var[p] at ¢t = 1 000.
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Figure 5.14: E[p] and Var[p] at ¢ = 15 000.
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Figure 5.15: v1[p] and ~2[p] at ¢ = 15000.

out the same for P, = 1 and P, = P; = P, = 0, shortly (1,0,0,0), and obtain
E) = Efu]. If

FE1— FE

| E1 — Eollz2(p) - TOL.

1 Eollz2(p)

accept this step and compute Fy = E[u] for the PC basis set (1,1,0,0), otherwise
reject this step and compute E; = E[u] for the set (0,1,0,0). In the following,
increase successively the polynomial degrees in each dimension r = 1,...,4 until

| Ei — Ei—1ll2(D)

< TOL
I Ei-1llz2(p)

for all possible steps i. Doing this for TOL = 5-107%, we end up with the set
(3,1,1,1), i.e. we have P, = 3, P, = P3 = Py = 1, which means P + 1 = 32.
Consequently, the total number of degrees of freedom is 366 025 x 32 = 11712 800
for each time step.

Figures EZHRTA show the results of the time evolution until 77 = 15000 [s] at
selected time steps. The left pictures always display the expectation value E[p] and
the right pictures the variance Var[p]. We changed the angle of view and cut the
spatial domain into slices to focus on the relevant processes in the soil.

One can observe in the left pictures that the infiltration mainly takes place be-
low the riverbed (where the maximal pressure difference can be found) and that
this infiltration proceeds in vertical direction due to the gravitational parts in the
Richards equation. For ¢ > 5000, the soil below the riverbed is fully saturated and
water flows in adjacent regions (in horizontal direction). One can also detect an
infiltration in the remaining parts of the domain outside the riverbed, which takes
place on a larger time scale and which is depending on the size of the permeability
(it is higher in the southern part of the domain, here at the right-hand side of the
pictures). Looking at the evolution of the variance in the right pictures, it is clear
that it is zero at the Dirichlet boundaries and in the region where the pressure
remains equal to —5. Apart from that, the variance is also small in regions which
are already saturated, e.g. in the soil below the riverbed for ¢ > 5000, while we
observe the greatest variance near the saturation front, where the determination
whether the soil is saturated or not strongly depends on the randomness of the
stochastic permeability K. A comparison of the variance for ¢ = 1000 in Figure
ETd and ¢ = 10000 in Figure LT3 also suggests that the variance is higher the
faster the saturation front is moving. This answers questions (Q1) and (Q2) from
the introduction.

This variability near the saturation front and the resulting asymmetry of the dis-
tribution can also be measured by the higher moments ~;[p] and y2[p], see Figure
ETH for ¢ = 15000. The reason for the special form of these moments is elucidated
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Figure 5.16: y — pdfZ(y) Figure 5.17: y — cdff(y)

if we plot the probability density function at a point Z, which is located 10 m south
of the river bank and approximately 3.50 m below the surface. As shown in Figure
BET8 where the solid blue line indicates ¢ = 15000, the density function has two
peaks, which corresponds to the fact that the soil can be still unsaturated (with a
pressure p(Z,w) &~ —5) or already saturated (with a pressure p(Z,w) > —0.1). The
value P(p(z,-) € [—4.9,—0.1]) < 0.03 supports the observation that the infiltration
proceeds very fast at the saturation front with corresponding steep gradients in
spatial direction.

We are now ready to answer question (Q3) from the introduction. Observe first
that the expectation value alone—which can also be computed by Monte Carlo
methods—does not provide information about this task, since we obtain

E[p](t =5000,Z) = —3.604,
E[p](t = 10000, z) = —0.650,
E[p](t = 15000, z) = —0.157,
which could suggest that the soil is still unsaturated. Consulting the cumulative
distribution functions cdf(-) in Figure BT for ¢ € {5000, 10000, 15000}, which
are generated by the representation of p(t, z,w) in the stochastic domain by means
of polynomial chaos, however, one can read
P(soil saturated in z at ¢ = 5000) = P(p(5000,z,-) > —0.1)
=1 —cdf2®%")(_0.1) ~ 43.6%,
P(soil saturated in Z at ¢t = 10000) ~ 79.1%,
P(soil saturated in Z at ¢t = 15000) ~ 94.0%

immediately. Finally, question (Q4) can be answered in the same way.

These results show that the methods developed in this thesis can be applied to
realistic hydrological problems.
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Appendix A

Exponential covariance

We consider the exponential covariance kernel
Vi (21, 72) = exp(—|z1 — 22[/7) (A.1)

with a parameter v > 0. This kernel represents Markov processes and is used
extensively to model processes in various fields [115, Section 31]. The parameter
denotes the correlation length since the correlation between two points z1, zo € D
attenuates rapidly for small . In the limit v — 0, the corresponding process tends
to white noise [115, Section 14].

We derive the eigenvalues and eigenfunctions of the operator (BII3)) for the kernel
@A) in the one-dimensional case D = (—a,a), i.e. solve

/ el g, (25) dwy = Avgr(a1).
We split up the integral according to
/ e~ @=T2)/7g (15) dao +/ e /7g (15) dzy = A\rgr(x) (A.2)
and differentiate twice with respect to x to obtain
L [" -z L Py /
- 5 e gr(z2) dag + 5 e gr(z2)dza = Arg,.(x) (A.3)

and ) )
M\ gr(z) — =gr(x) = \pgll (). A4

Introducing the new variables

2 1
V7= - = A5
s ’y)\r ,72 ? ( )
we can write (Al as
9/ (x) +97gr(x) = 0.
All solutions of this ordinary differential equation have the form
gr(x) = ay cos(Vrx) + B sin(d,x), (A.6)
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and we take the boundary conditions

1 1
gr(a) + =gr(a) =0, g.(—a) = —g(—a) =0 (A7)

v Y
derived from ([A2) and [A3) into account. Combining ([(AF) and (A7) and dividing
the equations by the factor cos(d,a), we deduce that the (normalized) eigenfunctions

gr are given by
sin(9,x)
e sin(219197<a)

_ pl
9gr (‘T) - cos(ﬁrmT)
[at sin(;ﬁo:a)

where 4,. are the solutions of the transcendental equations

if r is even

if r is odd,

1
Y + —tan(dra) =0 for r even (A.9)
Y

1
— — Y, tan(d,.a) =0 for r odd. (A.10)
v
The corresponding eigenvalues are given by
B 2
- 2 1
7(197‘ + 72)

due to [(AT)). We can easily notice from [(A0) and [(AI0) that

T

(r—17m rr

[ ,— =1,2,...
E[ 2a 2a] vr

such that we can estimate

2 2
A < _ 8a’y (A.11)

Y

" A > 2 _ Sk (A.12)
(@ s) e

2a

These calculations can be adapted to arbitrary intervals D = (a,b) by translating
and to d dimensions by taking products if the covariance kernel remains separable,

e.g. in the case
d
Vi) = o (< 3l 3
i=1

for z = (z1,...,2q), T = (%1,...,%4) € D = Hle(ai,bi) Cc R4
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Appendix B

Orthogonal polynomials

We summarize the definitions and properties of some important orthogonal poly-
nomials. For theoretical background, we refer to the monograph [41].

Denote by {Qr(z)} the set of orthogonal polynomials with regard to a nonnegative
integrable function on R called the weight function w: R — R, i.e.

[ @i d = e
I
where I C R is the support of w.
The polynomials Qi are given by the three-term recurrence relation
Qrr1(x) = (axz + bx)Qr () — cxQr—1() (B.1)

with initial conditions @_1(z) = 0 and Qo(x) = 1. Another possibility to determine
the “classical” polynomials is Rodrigues’ formula

k
o) = s (u) (P)))

with a polynomial P(z) which is at most quadratic and standardization factors dy.

B.1 Hermite polynomials

Consider the normal distribution 4°(0,1) with density function

w(z) = \/12_;%2/2. (B.2)

The corresponding orthogonal polynomials {Qr} = {Hy} are called the Hermite
polynomials given by the recurrence relation

Hj41(z) = 2Hy(z) — kHg—1 (2)
or the formula
Hy(z) = (71)19 z2/2£ —z2/2
k() = e Pl .
They have the support I = R and satisfy

/jo Hy (z)H; (2)w(z) dz = k!oy.
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The polynomials up to order six read

Ho(z) =1,

Hi(z) = =,

Hy(z) = 2% — 1,

Hs(z) = 2 — 3u,

Hy(x) = 2* — 62% + 3,

Hs(z) = 2° — 102® + 15z,
He(x) = 2% — 152 + 4522 — 15.

For the normal distribution .4 (i, 0?) with expectation yu, variance o2 and density
function

w(z) = e 27 (B.3)

scale the Hermite polynomials

) (@) = <xau>'

B.2 Legendre polynomials

Consider the uniform distribution % (—1,1) with density function

w(x) = 3

on I = [—1,1]. The corresponding orthogonal polynomials {Qx} = {Ley} are called
the Legendre polynomials given by the recurrence relation

2%k +1

k
Lek+1(1') = meek(I) — —Lekfl(.fC)

kE+1

or the formula
Ley(z) = L4 ((z* —1)F)
2k k! dzk '

The orthogonality condition reads

1
1
L L der = ——6
[1 e (2)Le(2)w(x) dz STERRLE
and the first polynomials up to order six are given by

Leo(l') = 1,
Lei(z) =z,

Les(z) = %(3:02 —-1),

Leg(x) = %(5x3 — 3z),

Ley(z) = 2(35:04 — 3022 + 3),
Les(z) = é(63:c5 — 702° + 157),

1
Leg(z) = 1—6(231z6 — 3152* + 10522 — 5).
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For the uniform distribution % (a,b) on the more general support I = [a, b], take

the density
1

w(y) = 3—
and scale the polynomials by y = b_T“:c + “TH’.

B.3 Jacobi polynomials

Consider the beta distribution B(a, B; —1,1) with density function

B (a+ 0 +2) (1
20T (o + 1)I(B + 1)

w(zx) — )1 +2z)° (B.4)

on the support I = [—1,1]. The parameters «, 8 > —1 determine the shape of the
distribution and T'(-) denotes the gamma function interpolating the factorial. The
name of the distribution derives from the beta function

I'()T'(y)

Ble) = Iz +y)

used as the normalization factor in ([Bl). The corresponding orthogonal polyno-

mials {Qx} = {Jagf’ﬁ )} are called the Jacobi polynomials given by the recurrence
relation (BJ]) with

2k +a+B+1)2k+a+3+2)

T Okt Dktatfrl)
52—042
bk:_(2k+a+ﬂ)(2k+a+6+2)ak’
B 2(k+a)(k+5)
Cp = ag

2k+a+p)2k+a++1)

or by Rodrigues’ formula

_1\k k
(1 — $)0‘(1 + x)ﬁJaé‘l-ﬂ)(ag) — (2k1k)| ;1? ((1 _ x)kJra(l + w)kJrﬁ) .

Then, we obtain the orthogonality condition

1
/ Ja{® ) (2)Ja\*?) (2)w(x) da
-1
_ Dla+k+DI(B+Ek+ DI (a+B+2) 5
T K@kta+ S+ D@+ B+k+ Dl(a+ HI@+1)

For « = B = 0, we recover the Legendre polynomials, more precisely we have

Jaéo’o) = Leg.

For the beta distribution %(«, §;a,b) on the more general support I = [a,b], take
the density

M'a+5+2)

w(y) - (b — a)o““ﬁ“‘ll"(a T 1)1—‘(6 T 1) (b - y)a(y - a)ﬁ

and scale the polynomials by y = b_T“m + “T*‘b.
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B.4 Laguerre polynomials

Consider the gamma distribution ¢ («) with density function

—T

_° .
Ia+1)

(e

w(x) =

on the support I = [0,00). The parameter o > —1 determines the shape of the
distribution and I'(-) denotes the gamma function interpolating the factorial. The

(@)
k

corresponding orthogonal polynomials {Qr} = {La, "} are called the Laguerre poly-

nomials given by the recurrence relation

o 2k+a+1—xz_ (o k+a. (a
Lau,(ch)1 (z) = TLaL§C )(ac) T 1Lau,(ci)1 (x)
or by Rodrigues’ formula
T .—a gk
() ex d —x, k+a
Lak (I)ZT@(G SC+).

The Laguerre polynomials are orthogonal according to

1T(a+k+1)

(a) a)
L L =
/0 a;, (z)La;,” (z)w(z) dz B T+ D) Okl

and the first polynomials up to order 3 are given by
La{™ (z) =1,
Laga)(z) =—z+a+l,

Lal® (z) = 1 (2® = 2(a+2)z + (@ +2)(a+1)),

— N

Laf” (z) = —(=2® + 3(a + 3)a? — 3(a + 2)(a + 3)z + (a + 1)(a + 2)(a + 3)).

[=p}

If X « (), then it has the expectation value E[X] = a+ 1. In order to satisfy
condition (FITY) in the Karhunen—Loeéve expansion, one can scale y = x — (o + 1).
Note that the gamma distribution is bounded from below and hence a practical
approximation of the normal distribution since the distribution of (X — E[X]) con-
verges to A (0, + 1).

136



Appendix C

Gaussian quadrature

We recall the notation from Appendix We assume that the moments

M, ::/Rx”w(ac)dx (C.1)

exist and are finite. Moreover, for sake of simplicity, let the (possibly unbounded)
support I of the weight function w(z) be a connected interval.

In order to approximate the integral

/If(z) w(z) dz, (C.2)

we take as usual the sum

with quadrature weights 7; given by

ngk) = /Egk) () w(z) dz,
I

(k)

where 7;" are certain points in the interval I and Egk) are the Lagrange polyno-

mials with Egk) (wj(»k)) = 0;;. The Gaussian quadrature now consists in choosing

as evaluation points 7T§k) the zeros of Qy, i.e. of the orthogonal polynomial with
respect to w(-). This is possible due to the following theorem.

Theorem C.1 ([41]). All zeros ﬁfk) of Qr are real, simple, and located in the
interior of the support interval I. Furthermore, the zeros of Qr+1 alternate with
those of Qy, i.e.

(k) (k+1).

1 1
af ) < 7™ <t <7 < <n® < r M

It is well known that the weights ngk) are always positive and that this quadrature
has order 2(k+1), i.e. it computes polynomials of degree 2k+1 exactly, see [91, The-
orem 3.6.12]. To perform the Gaussian quadrature, we only need to know the zeros
and the weights. They can be computed directly from the orthogonal polynomials,

see [31l, Subsection 9.3.2], or by the recursion formula (Bl with the coefficients of
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the corresponding orthogonal polynomials. For the classical polynomial sets, these
values are tabulated [98] or can be computed by codes like GAUSSQ [1I].

For the next results, we concentrate on weight functions which satisfy the moment
estimate

m, < C R?™ (2n +1)! (C.4)

with constants C' and R. The first useful theorem states that the zeros of the
orthogonal polynomials are “dense” in I.

Theorem C.2 ([105]). Let condition [CA) hold for certain constants C and R.
Then for any given interval (a,b) C I, there is a number N such that there are

quadrature points 7T§k) with Wfk) € (a,b) for allk > N.

The next theorem states under which conditions on the integrand f we achieve
convergence of the quadrature.

Theorem C.3 ([107]). If the moments satisfy condition [(CZ) for certain constants
C and R, then the quadrature formula [C23) converges to (CQ) for any integrable
function f satisfying the inequality (for sufficiently large x)

orlel

|f(z)] < [z
where r =1/R and 0 < o < 1.

In special cases, we can say even more. According to Uspensky [105], we obtain
convergence if
v’
|f(:L'>|<W, 0<a<l,

for the weight function w(x) = e or, more generally,
2

x
€202

|f($)|<W, 0<Oé<1,

for the density (B3) of .4 (0,0?).
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List of Symbols

Miscellaneous

—~

%y ')0,05 ('5 ')1,0
a')X

.,.>

/<'ﬂ'>V

'|p

1+ 10,05 [~ [l1.0
- 1lx

A®B

E®F

TRy

XY

1()

1x(")

2X

<

Greek letters

v

Ny Mr;

Gma GM
9 9%

1, Vg

A, A]D
As

Hn

Hr

scalar product on tensor space
scalar product on X
Euclidean scalar product
duality bracket

p-norm in R¢

norm on tensor space
norm on X

operator tensor product
Kronecker product
tensor product

tensor space

constant one function
indicator function on X
power set of X

covariance parameter

skewness of random variable X
kurtosis of random variable X
Dirichlet boundary

Neumann boundary

Kronecker delta

boundary of D

directional derivative of F'
subdifferential of F

viscosity

quadrature weights

saturation

minimal/maximal saturation
damping factor

Kirchhoff transformation

pore size distribution factor
eigenvalues in the KL expansion
nodal basis on level j
multilevel nodal basis

central moment of order n of random vari-

able X B
eigenvalue of A
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()

{wih (v} (v}
Q

QM)

Q,

Roman letters
d('v ')7 a’('v ')7 aﬂf!” ('ﬂ )

ay(-,-),aﬂ(-,-),agf,,,(-,-)
A A, AT

b, b™

B,B,B

Bla, B;a,b)

Bor(X)

Cr

cdfy(+), edf® ()

c
C(QM), G o (1)

Co(X)
C*(X)

CK(', )
Ck

chv

d
dom A
dom F'
dom OF

random variables from the
Loeéve expansion

quadrature points

cardinality of or

density of the water
convergence rate

positive weight function

sigma-algebra generated by random vari-

able X

time step size

convex functional

convex functional

discrete convex functional

discrete convex functional

constraints in the Newton linearization

antiderivative of H, convex function
characteristic function of the set
constraints in the Newton linearization
orthogonal polynomials

obstacle function

polynomial chaos basis

sample in

sample space

stochastic space

stochastic space Q, = &.(Q)

bilinear form
bilinear form

stiffness matrix
coefficient vector

local evaluation matrix
beta distribution

Borel sets on X

row of B

cumulative distribution function of random

variable u or p
collocation point set

space of continuous, bounded (and decreas-

ing) functions on QM) w.rt. o

space of smooth functions with compact

support

space of k times continuously differentiable

functions

correlation of K

correlation operator w.r.t. K

coarse grid correction

spatial dimension

domain of an operator (Chapter B)
effective domain of a functional (Ch. B)
domain of a subdifferential
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=
e
o

N
T~
KR

ISaERS S
<

Iéa ’Ca ICFD

K.

K ()

Kmim Kmax
KE, Ky

K3, K§

5() (), Ly ()

0, (), e ()

LQ(O, )

1)

spatial domain

special diagonal matrix

tensor space of smooth functions with com-
pact support

constraint set

Brooks—Corey factor

vector in direction of gravity

set of events

expectation of random variable X
source function, right-hand side function
function on I'y

gravitational constant

eigenfunctions of the KL expansion
gamma distribution

piezometric head

mesh size on level

weighting factor to a node p

generalized saturation

scaling matrix

limit cases of H

trace space

Sobolev space with homogeneous Dirichlet
boundary conditions on I'p

Sobolev space of functions D — L?(X)
Sobolev space

Hermite polynomials

identity matrix

Lagrange interpolant operator

linear interpolation operator

quadratic functional

quadratic functional

Jacobi polynomials

relative permeability
permeability

expectation of permeability K(-)
convex set (obstacle problem)
convex set

hydraulic conductivity
truncated KL expansion of K (-)
bounds of permeability K (-)
discrete convex set

discrete convex set

linear functional

linear functional

L? space of functions (0,7) — X

L? space w.r.t. measure

space of Lebesgue integrable functions
Lagrange polynomials

Laguerre polynomials

Legendre polynomials

moment of order n of random variable X
length of Karhunen-Loeéve expansion

141

—
€

2HEE7F BF

:El*
EP)

BEREASE
LR

B BEBJ

EEBBBQE
HE B

H

Rl

5 £ 62

B

(2

%ﬂ,mmm
33

62, 010

07

(5, 46, 10

00, 0T

(I8¢

3 12

62, 37

34

T3
73



Pv
pdf(-), pdf,.(-)
pdf; (), pdfy(-)

P
PaPO;PT
(M)

Block Gaufi—Seidel iteration operator
outer normal

porosity of the soil

normal distribution

cardinality of NV,

set of nodes on level j

set of critical /regular nodes

number of Monte Carlo iterations

node in the triangulation 7,

pressure

initial condition

bubbling pressure

probability density function of £ and &,
probability density function of random
variable u or p

probability measure

size of PC basis

probability measure on QM)
projection operator to Z¥

distribution of random variable X
space of polynomials of degree < k defined
on X

time cylinder

quadrature point set

multilevel basis function

nodal basis function on level
support of a function f

finite element space on level j
time variable

triangle in 7,

time step

trace operator on I

end time

triangulation of D on level
generalized pressure
coefficient vector

initial condition

critical generalized pressure
function on I'p

discrete solution

Block Gauf3—Seidel iterate
uniform distribution
coefficient vector

water flux

covariance of K

covariance operator w.r.t. K
variance of random variable X
coefficient vector
intermediate iterate

point in D

vertical coordinate
polynomial chaos space
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