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Abstract

This dissertation is an investigation of the theory of the parqueting-reflection principle and its
applications to basic boundary value problems in some circular polygons.

The parqueting-reflection principle is applied to solve several boundary value problems for
particular domains whose boundaries are composed of circular arcs. It provides heuristic ideas
and procedures for constructing harmonic Green functions and harmonic Neumann functions,
which play important roles in dealing with Dirichlet and Neumann boundary value problems
for the Poisson equation. The parqueting-reflection principle also contributes a method to solve
Schwarz boundary value problems for the homogeneous and inhomogeneous Cauchy-Riemann
equations. The parqueting-reflection principle has been verified to successfully solve these bound-
ary value problems for many planar domains. However, this principle has not yet been well
explained or rigorously justified in theory. This dissertation dedicates to building a fundamental
theory for the parqueting-reflection principle and exploring new domains in which the principle
can be applied.

The main works of this dissertation are listed below.

We first discuss circle reflections in the extended complex plane and employ some matrix
techniques in dealing with circle reflections. These matrix tools bring some convenience for
the discussions and the computations. Some results on consecutive circle reflections are also
prepared for further discussions.

We next introduce the definition of parqueting-reflection domains, in which the parqueting-
reflection principle is supposed to be applicable. We prove that the parqueting-reflection princi-
ple succeeds in constructing the harmonic Green and Neumann functions for finite parqueting-
reflection domains. We also obtain some properties of the normal derivatives of harmonic Green
and Neumann functions on the boundary of the domains.

We then fully overview basic boundary value problems in disks and half-planes and unify the
harmonic Green and Neumann functions, the Schwarz integral formulas, the Poisson integral for-
mulas, and their boundary behaviors for disks and half-planes. On the basis of these discussions
and by means of the parqueting-reflection principle, we generally solve the Schwarz problems
for the Cauchy-Riemann equations and the Dirichlet problems for the Poisson equation in finite
parqueting-reflection bounded domains.

The last two parts of this dissertation are about the applications of the parqueting-reflection
principle to basic boundary value problems in a class of circular digons and a circular rectangle.
The circular digons with the intersection angles 7 /n for some positive integer n are verified to be
finite parqueting-reflection domains. We then solve the Dirichlet problem, Neumann problem,
and Schwarz problem for this class of circular digons by means of the parqueting-reflection
principle. We also verify that a circular rectangle is an infinite parqueting-reflection domain.
We succeed in constructing the harmonic Green function and then solving the Dirichlet problem
in this circular rectangle.

iii






Contents

|Acknowledgements| i
[Abstractl iii
1__Preliminaries| 1
|1.1  Difterential operators, function classes and integral representation formulas| . . . 1
[1.2  Some integral operators| . . . . . . . . ... 9
2__Generalized Circle Reflections| 15
2.1 Generalized circles . . . . . . . . . e 15
2.2 Reflections through generalized circles| . . . . . . . .. ... ... .. ... .... 16
[2.3  Inversive transformations and inversive group| . . . . . . . . . . ..o oo .. 19
2.4 Consecutive reflectionsl . . . . . . . . . . ... 21
|13 Parqueting-Reflection Principle| 25
[3.1 Parqueting ot C, via circle reflections| . . . . . . .. . ... ... ... ... ... 26
[3.2  Parqueting-reflection principle|. . . . . . . ... oo 28
[3.3 Invariant property of harmonic Green functions | . . . ... ... ... ... ... 36

4 Application of Parqueting-Reflection Principle to Basic Boundary Value Prob- |

[ Tems] 39
4.1 Basic boundary value problems in disks| . . . . .. ... ... ... ... .. 39
|4.2  Basic boundary value problems in halt-planes| . . . . . . .. ... ... ... ... 45
|4.3  Unitorm expressions for disks and halt-planes| . . . . . . ... ... ... .. ... 49

|4.4  Basic boundary value problems for finite parqueting-reflection bounded domains| 51

[> Boundary Value Problems in a Class of Circular Digons| 57
[p-1 Parqueting of C provided by Dag|. - - . o oo oo oo 58
E).2 Schwarz problem for inhomogeneous Cauchy-Riemann equation in Dyg| . . . . . 61
E5.3 Dirichlet problem for Poisson equationin Dyg| . . . . . . 00000000 63
[6.4 Neumann problem for Poisson equationin Dyg| . . . . . . . . .. ... ... .. 69

|6 Boundary Value Problems in a Circular Rectangle| 75
6.1 A family of circles {|z — mgi| =rg,ms =75 + 1}gez| . . - . . . . L 75
6.2 Parqueting of C, provided by Rl . . . . .. ... ... ... ... .. ... ... 79
6.3  Reflection images| . . . . . . . . . .. 82
6.4 Harmonic Green function of Bl . . . . . . . . .. . . .. ... ... 86
6.5  Poisson kernel of Bl . . . . . . . . . 90
6.6  Dirichlet problem in R . . . . . ... .. o 98

[Bibliography| 101

|[List of Symbols| 105

|[Zusammenfassung] I







Chapter 1

Preliminaries

This chapter is an overall review of function theory about the differential operators of
first and second order in a single complex variable, especially about the Cauchy-Riemann
operator and the Laplacian operator. Some functional tools, integral representation
formulas and integral operators are prepared for later discussions on several boundary
value problems.

1.1 Differential operators, function classes and integral rep-
resentation formulas

We denote the set of all complex numbers by C. A complex number z € C is usually
written as z = x 41y, where x,y € R and ¢ the imaginary unit. For the complex number
z = x + 1y, x is called the real part and y is called the imaginary part, they are denoted
by Re(z) and Im(z) respectively. The absolute value of z is defined by |z| = /22 + y?2,
the complex conjugate of z is denoted by z = x — iy.

We call D C C a regular domain if it is a connected, bounded open subset with
piecewise smooth boundary dD. Let D = D UdD denote the closure of D. Throughout
the whole thesis, we assume that domains are regular unless otherwise stated.

A complex-valued function in variable z is denoted by w(z) = w(z,y) + iv(z,y),
where u(z,y) and v(z,y) are two real-valued functions in variables x and y.

The complex differential operators of first order, % and %, are defined respectively
by :

910 0y 0 10 0
0z 2'0x Oy’ 0z 2'0x oy’
For a function w(z) with differentiable real and imaginary parts,

=l g +iloe — 3]
9z 299z Oy ox Oy’
ow 1.,0u Ov L 0v Ou
525[(%_@)H(%+6@)]'
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The complex derivatives %—f and %—%" are also called the Wirtinger derivatives of w. We

often use notations w, := %—‘Z” and ws = %" for convenience, in the same manner that f,
and f, denote the partial derivatives for a real-valued function f(z,y) in the variables
x and y. We also write the operators % by 0., and % by 0z for convenience.

Let D be a domain. We say that w(z) € C"(D;C) if u(zx,y),v(z,y) € C"(D;R),
i.e. both u(z,y) and v(z,y) have continuous partial derivatives up to order n in the
domain D. In the case of n = 0, C°(D;C) and C°(D;R), usually denoted by C(D;C)
and C(D;R) respectively, represent the complex and real valued continuous functions in
D respectively.

One of the fundamental theorems of calculus in two variables is the Green theorem,
or equivalently, the Gauss divergence theorem in two variables. See e.g. |29, Sect. 13.3.1,
Prop. 1].

Theorem 1.1.1 (Green Theorem). Let D be a bounded domain in R? with a positively
oriented, piecewise smooth boundary OD. Let P(z,y),Q(z,y) € C*(D;R) N C(D;R).

Then 5 op
/ Pdx + Qdy = // (Q — ) dxdy.
oD p\O0r 0Oy

Using complex derivatives, Green theorem can be easily restated in complex forms.

Theorem 1.1.2 (|2, Gauss Theorems|). Let D be a bounded domain in C with a
positively oriented, piecewise smooth boundary 0D. Let w(z) = u(z,y) + iv(z,y) €
C1(D;C)NC(D;C). Then

/BD w(z)dz = 2i /D wz(z)dzdy,
/8 ez = =2 /D w.(2)dady.

From now on, all the boundary integrals throughout this thesis are carried out along
the positive orientation of the boundary curves unless otherwise specified.

A class of functions that is closely connected to the first-order differential operator
with respect to Z is the class of holomorphic functions. A holomorphic function is a
complex-valued function that is, at every point of its domain, complex differentiable in
a neighborhood of the point. For one complex variable, w(z) is holomorphic in D if
ws; = 0 for all z € D. The equation ws = 0 can also be described in real form. A
function w(z) = u(x,y) + iv(x,y) is holomorphic in the domain D if and only if the
Cauchy-Riemann equations

ou  Ov ou v

—=— and —=-——

or Oy oy Ox
are satisfied in D. We call dz the Cauchy-Riemann operator.

For the complex-valued functions in one variable, the class of holomorphic functions
is equivalent to the class of analytic functions, i.e. functions that can be locally given



by convergent power series. The class of holomorphic functions on D is usually denoted
by H(D) or A(D).

Holomorphic functions play a core role in complex analysis. Among plentiful results
about holomorphic functions, Cauchy theorem and Cauchy integral formula are two
fundamental ones.

Theorem 1.1.3 (Cauchy Theorem). Let D be an bounded domain in C with a piece-
wise smooth boundary OD. Let w(z) be a holomorphic function on D. Then

/aD w(z)dz = 0.

Theorem 1.1.4 (Cauchy Integral Formula). Let D be an open bounded domain in
C with a piecewise smooth boundary 0D. Let w(z) be a holomorphic function on D.
Then for any z € D
1
o) - w()

" 2mi Jop (— 2

dc.

It is natural to consider analogously those functions which are related to %, the
conjugate operator of %. A function w(z) that satisfies the condition %—f = 0 for every
point in D is called an anti-holomorphic (or anti-analytic) function in D. We get an
anti-holomorphic version of Cauchy-Riemann equations, namely

ou v ou  Ov
—=—-—7- and —=_—.
Ox oy oy Ox
Anti-holomorphic functions are closely related to holomorphic functions. Via compar-
ing the two versions of Cauchy-Riemann equations, one can show that w(z) is anti-
holomorphic in D if and only if w(Z) is holomorphic in D¢, where D¢ is the conjugate
domain of D, i.e. the reflection of D at the real axis. Any anti-holomorphic function
can be obtained in this manner from a holomorphic function, and vice versa. Since a
holomorphic function can be expanded locally as a power series in the variable z, an anti-
holomorphic function therefore can be expanded as a power series in Zz in a neighborhood
of each point in its domain. We therefore have a criterion for anti-holomorphic functions
that is, a function w(z) is anti-holomorphic in D if and only if w(z) is holomorphic in
D.
The Cauchy integral formula can be generalized for the functions with continuous
first-order derivatives. It results in the Cauchy-Pompeiu formulas, which derive from
Pompeiu’s work, see e.g. [27], Section I.4.1.

Theorem 1.1.5 (Cauchy-Pompeiu Formulas). Let D be a regular domain. Let
w(z) € CYD;C) N C(D;C). Then for any z € D we have the representation formulas:

1 d 1 [ . do

we) = g [ w02 -1 [ w2 (1)
_ b 41 dog

wie) =g | Oz - - [ w02 (12)

where do: = d{dn denotes the area element with respect to the variable ¢ = § + ).



Remark 1.1.6. Gauss theorems imply that

1 ¢ 1 [  doc
3 [ w072 1 [ w07 = (1.3
L a1 dog _
i w02 =1 [ w0 =0 (1.4

if z¢ D.

We call C—iz the kernel function of d5 and Zle the kernel function of 9,.
Applying Cauchy-Pompeiu formulas to w,(2) and wz(z) produces four representation
formulas of second order for w(z) € C?(D;C) N CY(D;C). They are

1 d¢ 1 N
v =5mi op -z 2mi aDwC(OC—ZdC (1.5)
+1/ () 2 do |
™ JD << C—Z ¢
Y a1 g
we) =g [ wl@ S+ g | weOtolc — 2Pac -
+ 1 [ w(Ologi — =P,
1 a1 s
we) == g | w524 g | wezac -
1 C—=z )
+7r/Dw<§(C)C_ZdO'C,
_ U a1 e
W)= =g | w252 o | welCoslc —<Pac .

1
- ~(O)log|¢ — z|*doy.
+ W/DWCC(O 0g|¢ — z[*do¢

From these second-order representation formulas we obtain the kernel functions C:i,

N

log|¢ — 2|? and % for the operators 92, 9,05 and 9? respectively.

Via applying the iterating procedure of Cauchy-Pompeiu formulas, higher order rep-
resentation formulas of Cauchy-Pompeiu type can be developed. Kernel functions with
respect to high order differential operators are thus obtained, see [§].

Among the second-order differential operators 92, 9,05 and 92, we are mostly inter-
ested in 9,05 in this thesis. Note that

o 9?

48Z&Z:W+87y2

is just the 2-dimensional Laplacian operator. Therefore, 9,05 is also called the complex
Laplacian operator.



We recall that a real-valued function u(x,y) is harmonic in D if Au = % + ‘3273 =0
for any x 4 iy € D. Intrinsic connection between harmonic functions and holomorphic
functions is well known in complex analysis. The real part and imaginary part of any
holomorphic function are harmonic functions. For every harmonic function u(z, y), there
exists a conjugate harmonic function v(z, y) such that u(z,y) +iv(z,y) is a holomorphic
function.

Here we recall two basic properties of harmonic functions.

Theorem 1.1.7 (Mean Value Theorem). Ifu: D — R is a harmonic function and

B(a,r) is a closed disk contained in D, then

21
u(a) = 217r/0 u(a + re?)ds.

Mean value property is a key property of harmonic functions. The converse of Mean
Value Theorem is also true, namely, if v : D — R is a continuous function which has
the mean value property then u is harmonic in D.

Theorem 1.1.8 (Maximum Principle). Suppose that w : D — R is a harmonic
function. If there is a point zg € D such that u(zp) > u(z) for all z in a neighborhood of
zo, then u is a constant function.

We also call a complex-valued function w(z) complex harmonic, or harmonic in short,
if w,z = 0. Obviously, a complex harmonic function is a complex-valued funtion with
harmonic real and imaginary parts.

Formulas and show two integral representation formulas for 9,0z. Here-
after two modified versions are deduced. They are developed to deal with Dirichlet and
Neumann boundary value problems for Laplacian operator, see e.g. [7].

Employing the outward normal derivative d,, and the arc length parameter s for the
boundary curve 9D, we have

Oy ds = —i0.d¢ + Z(‘)Zdz for ¢ =((s) € OD.

Adding up ([1.6) and (1.8) gives

1
_471' oD

1
+ = =(Q)1L — z2do.
W/Dwgg(o og|¢ — z|*do¢

w(z)

w(Q)a Jogl¢ — =Pds; — 1 /a duu(C)lolc = s
(1.9)

Suppose that h(z, () is a harmonic function in the variable ¢ for every z € D. Via Gauss
theorem, we obtain that

71r/D we(Oh(z,¢)dog = % /D [0 (we(Oh(z, Q) = Oc(w(C)he (2, Q) Jdog
_ _2%, | welQh(, T+ w(Che(= e,



and a parallel version

= [ w@mte, 0o =~ [ [elclcn(z,0) — 0 (w(Ohelz. ) o

™
1 _

= | we(Qh(z,Q)d + w(Qhg(z, Ol

2w Jop
Adding these two formulas produces

» . (w(QBch(z,C) — By w(Q(z, ) dsc + /D w(Oh(z,Odog = 0. (1.10)

Then from formulas and we obtain that
w(z) =~ w(C) e (log[¢ — 2% + R(z,¢))ds¢
/ ¢)(log|¢ — z|* + h(z,¢))ds¢ (1.11)
+ = - / (¢ ) (log|¢ — 22 + h(z, ¢))doc¢

for every z € D and for any harmonic function h(z, () in variable (.
Given a harmonic function h(z, (),

—(logl¢ — = + h(=,)

is a fundamental solution for the complex Laplacian operator 9,0;. The choice of h(z, ()
can be adjusted to meet some boundary conditions. Hereafter we introduce two types
of adjustments.

Let D be a domain in the complex plane.

Definition 1.1.9. A real-valued function G1(z,(),z,{ € D,z # (, is called the har-
monic Green function of D, if for any z € D it satisfies the properties:

(G1) Gi(z,() is harmonic for any ¢ € D\ {z};
(G2) G1(2,¢) +log|¢ — z|? is harmonic for any ¢ € D;
(G3) (gng G1(z,¢) = 0.

Remark 1.1.10. Note that this definition has a slight difference with the classical
definition of Green functions. We call G(z, ) the Green function of D if G(z, () satisfies
(G1), (G3) and the condition that G(z, () +1log|¢ — z| is harmonic instead of (G2). The
relation G1(z,¢) = 2G(z, () holds. Also note that —1G(z, () is a fundamental solution
for 0,05.

Theorem 1.1.11 (See e.g. [4, Thm. 9]). The harmonic Green function G1(z,() of a
domain D satisfies the additional properties:



(7’) G1(27C) > 0; f07’ ZvC € Dr
(ii) G1(z,() is symmetric, i.e. G1(z,¢) = G1((, 2);
(iii) G1(z,() is unique if it exists.

Let D be a regular domain in C, G1(z, () its harmonic Green function, and w(z) €
C?*(D,C) N C(D,C). Via formula (1.11)) we obtain a modified version of the second
order representation formulas of Cauchy-Pompeiu type for w(z), that is the Green
representation formula:

1

w(z) = -~ aDw(C)augGl(Z,C)ng—i/chg(C)Gl(z,C)dag. (1.12)

Harmonic Green functions play an essential role in solving the Dirichlet boundary
value problem for the Poisson equation. The following result shows an important prop-
erty of harmonic Green functions, see e.g. (25, Thm. I. 21].

Theorem 1.1.12. Let D be a bounded domain with piecewise smooth boundary C' and
G1(z,() its harmonic Green function; let v € C(D;C). Then

1

u(z) = i Cw(()&,CGl(z, ¢)ds¢ (1.13)

is a harmonic function on D, where v denotes the outward normal vector on C' and s
the arc length parameter of C. If zg is a smooth point in C, then holds the boundary

property
lim u(z) = v(z0). (1.14)
Z—r20

Another important property of Green functions is that they are conformally invariant,
i.e. conformal mappings preserve Green functions.

Theorem 1.1.13 ([16, Thm. 10.5.3]). Let G and Q be regions such that there is a one-
to-one analytic function w = f(z) of D onto Q; let a € G and o = f(a). If g(z,a) and
v(w, &) are the Green functions for D and Q with singularities a and o respectively, then

9(z,a) =(f(2), f(a)).

Although the Green functions mentioned in the above theorem are in the classical
sense as shown in Remark[1.1.10} this conclusion also works for harmonic Green functions
defined by Definition We usually consider conformal mappings from a domain onto
the unit disk D, since the harmonic Green function for D is well known. In this situation,
we use the following result to show that harmonic Green functions are conformally
invariant.

Theorem 1.1.14 ([4, Thm. 9]). If ¢ is a conformal mapping from D onto the unit disk
D, then the harmonic Green function of D is

_ 2
! —qs(z)qs(o‘ |

G1(z ) = log | "5 —52)




The existence of conformal mappings from a simply connected domain onto the unit
disk is guaranteed by the famous Riemann mapping theorem. See e.g. [16, Thm. 7.4.2].

Theorem 1.1.15 (Riemann Mapping Theorem). Let D be a simply connected do-
main which is not the whole plane and let a € D. Then there exists a unique analytic
function f: D — D having the properties:

(i) f(a) = 0 and f'(a) £ 0;
(ii) f is bijective.

Conformal mappings could be used to obtain Green functions for particular domains.
However, it is generally difficult or too complicated to construct a conformal mapping
from a given domain onto the unit disc. Obtaining harmonic Green functions by con-
formal mapping method is therefore limited. Thereby we need to develop new methods
to compute the explicit expressions of Green functions. We will explore this topic in
Chapter 3.

Next part is about harmonic Neumann functions, which provide another type of
fundamental solutions for 0,05.

Definition 1.1.16. A real-valued function Ny(z,(), 2, € D,z # (, is called a har-
monic Neumann function of D, if for any z € D it has the properties:

(N1) Ny(z,() is harmonic for ¢ € D\ {z} and continuously differentiable for ¢ € D\ {z};
(N2) Ni(z,¢) +log|¢ — 2|? is harmonic for ¢ € D;

(N3) For ¢ = ((s) € 9D, the density function §(s) := 9, Ni(z,() is a real-valued,
piecewise constant function of s and has finite mass [, d(s)ds, where 9,, denotes
the outward normal derivative on 0D and s is the arc length parameter for 9D.

Remark 1.1.17. Harmonic Neumann functions are also called harmonic Green func-
tions of the second kind. Note that —%Nl (z,() is a fundamental solution for 0,05. For a
domain, the harmonic Neumann function is not uniquely determined by the conditions
(N1), (N2) and (N3). There might exist harmonic Neumann functions with different
density functions. For a fixed density function, two harmonic Neumann functions differ
by a constant. In some circumstance, we thus require an extra condition to obtain a
unique harmonic Neumann function for the domain, that is

(N4) [ 0(s)N1(2,¢)ds¢c = 0 (normalization condition).
From formula (1.11)) we obtain the Neumann representation formula:

1 1
wE) === [ Q0N Odsc+ 1 [0, uwlOM (. 0se

1

(1.15)
. /D wee ()N (2 O)dor.

™

Harmonic Neumann functions provide fundamental solutions for 0,05 and help to
solve Neumann boundary value problems for the Poisson equations. More discussions
on harmonic Neumann functions will be carried on in the later chapters.



1.2 Some integral operators

We start with the notion of Hélder continuity.

Definition 1.2.1. A function f of one real or complex variable z is said to satisfy a
Holder condition or to be Holder continuous in D if there exists H >0 and 0 < v < 1
such that

|f(21) = f(22)| < H|z1 — 22|*

for all 21,29 € D. Particularly, in the case of o« = 1, f is called Lipschitz continuous in
D.

For o € (0,1}, let Ho(f) = H(f; D,«) denote the infimum of those constants H
which satisfy the inequality in the definition. It is obvious that

Ho(f) = H(f: D.o) = sup V=S
21,290€D ‘2’1 22‘

The set of Holder continuous functions with respect to a on D is denoted by H(D).
Specifically, H*(D; C) means the class of complex-valued Holder continuous functions in
D, and H*(D;R) the class of real-valued ones. Obviously, if D is a bounded set, then a
Holder continuity with exponent a implies Holder continuity with any exponent 5 < «,
i.e. H¥(D) c H?(D) for any 3 < a.

Let I be a positively oriented, rectifiable curve in the complex plane and ¢ integrable

along I'. Then
1 d
o) = 5 [ 9102

- 211 T
is an analytic function in C, \I" vanishing at oo, where C, denotes the extended complex
plane C U {o0}.

In general ¢ does not exists for points in I'. We need the notion of Cauchy principal
value of the integral ¢(z) when z is in I'.

(1.16)

Definition 1.2.2. Let I' be a smooth curve in C. For a fixed point ¢ € ', let (+;¢) be
an integrable function on I' \ {¢} having a singularity at ( = ¢. Denote

Fe:=T\{C:|C—c|<¢€}
for e > 0. If
lim [ (¢ c)d¢
e

e—0

exists, then this value is called the Cauchy principal value of the singular integral, written
as

GPAw@@M,

or shortly as

Aw@@%-

9



Similarly, if D C C is a domain and ¢(-;¢) a function in D \ {¢} for some point ¢ € D
such that

/ o(z;¢)do,, D.:=D\{z:|z—c| <e},
D.
exists for any small enough positive number ¢, then
;e)do, = 1i ;o)d
/D ©(z;¢)do, lim . ©(z;¢)do,

is called the Cauchy principal value of the singular integral if the limits exists.

Theorem 1.2.3 (|4, Thm. 1]). Let T" be a simply closed piecewise smooth curve in C

and ¢ € H*(T"), then
1 d
o) = g [ P07

exists as Cauchy principle integral on T'.

Theorem 1.2.4 (Plemelj-Sokhotski). Let T' be a smooth simply closed curve, DT the
bounded domain with 9D =T, and D~ = Cy \ (DT UT). If p € H¥(T), then

o(2) 1A¢@>dg

= 2m C—z

has boundary values

¢t (1) = lim ¢(2), ¢ (7):= lim ¢(2)

D eD-
for T € I'. Moreowver,
§*(1) = 20(r) + (), 6 (1) = —5plr) + 6(r), (117

where ¢(7) is understood as Cauchy principal value.
Theorem 1.2.5 (Plemelj-Privalov). ¢1(7),¢ (1) € H*(T') if (1) € H*(T).

For proofs of the above two theorems, see e.g. Thm. 1.4 and Thm. 1.5 in [4]. The
result of Plemelj-Sokhotski can be generalized to domains with piecewise smooth curves.

Theorem 1.2.6 (See e.g. [20, Thm. 2.5.1]). Let I' be positively oriented, piecewise
smooth, simply closed curve and o(7) € H(T'), then, for 7 € ', ¢(z) has boundary values
¢t (1) and ¢~ (1), and the Cauchy principal value ¢(T) exists . Moreover,

6 0

o) = (1-5 ) e o), o) =-Femrom. @1y

where 0, is the angle spanned by the two one-sided tangents of I' at T towards the positive
side of .
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Let C}(D;C) denote the class of complex-valued functions in D which are continu-
ously differentiable and have compact support in D. Let L,(D;C) denote the class of
complex-valued functions in D which have finite LP-norm.

Definition 1.2.7. Let f(2), F(z) € L1(D;C). f(z) is called generalized (distributional)
derivative of F(z) with respect to d; if for all ¢ € C}(D;C)

/[)F(z)@zda+/[)f(z)g0(z)d0:0.

This derivative is denoted by 0zF = f.
The generalized derivatives with respect to z are defined in the same manner, we
denote 0, F = f if

/D F(2)p.do + /D F(2)p(2)do = 0.

If a function is differentiable in the classical sense, then it is also differentiable in the
distributional sense and both derivatives coincide (see e.g. 4], Page 82).

Definition 1.2.8. The integral operator given by

! doc.
1= 1 [ 107 ec

for f(z) € L1(D;C) is called the Pompeiu operator.

The Pompeiu operator is investigated in detail in Vekua’s book [27], it is closely
related to the theory of generalized analytic functions. Essential differential properties
of T are stated bellow.

Theorem 1.2.9 (See e.g. [4, Thm. 26)). If f(2) € L1(D;C), then for all p € C}(D;C)
[ @pEesian+ [ 1@e)do =0
D D
This theorem implies that for z € D

O=HTf)=f (1.19)

in distributional sense, hence the Pompeiu operator T' can be viewed as the right inverse
operator of dz. Besides, for z € C\ D, Tf is analytic and its derivative is

0.(Tf) = —i/Dﬂo(Cd_‘ﬁ)g.

Define the II operator by

1 do¢
Hf_ ﬂ_/Df(C)(C_Z)27ZED7
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where the integral on the right-hand side is understood as a Cauchy principal value. II

is a bounded linear operator on H*(D). The derivative of T'f with respect to z is
0.(Tf) =Tif (1.20)

in distributional sense. This is a deep result from [15].

Next part is about Schwarz operators.

Given a harmonic function, its conjugate harmonic function can locally be calculated.
Generally, the conjugate harmonic function is not a single-valued function, but it is true
when the domain under consideration is simply connected. Analogously, we can consider
the conjugate Green function. Let G(z,() denote the Green function of domain D, see
Remark Denote z = x + iy. Let H(z,() be the conjugate harmonic function
for G(z, () with respect to the variable z. Locally, namely in a neighborhood of a point
20 € D, H(z,() is determined via the Cauchy-Riemann equations, given by

200G oG
H(z,() = / (dx + dy> + const.
2 oy oz

The function H(z,() is single-valued when D is simply connected. The function
M(z,¢) := G(2,¢) +iH(z,()

is called the complex Green function for the domain D. This term was introduced by S.
G. Mikhlin [21]. It is analytic in z everywhere except at the point z = ¢ where it has a
logarithmic singularity. For more details see |18, p. 209] and [4, p. 32].

For any function u(x,y) which is harmonic in D and continuous in D,

0G
u(e.y) = aﬁfa(@dsg, €D, (1.21)
oD

where s is the arc length parameter and n the interior normal vector on 0D. A conjugate
harmonic function to u(zx,y) is

1 [ 0H(z,
v(z,y) = o / a(;COu(C)dSC, z e D. (1.22)
oD
The function
_ , _ 1 [ 0M(z0)
w(z) = u(z,y) +iv(z,y) = 2”@! Ine u(¢)ds¢, z € D, (1.23)

is analytic in D.
Definition 1.2.10. An operator

S:C(0D;R) — A(D) N C(D;C)

12



from the space of real-valued continuous functions on 9D into the space of analytic
functions in D which are also continuous on the closure D satisfying

Re(Sf) = fondD
is called the Schwarz operator.

If D has a Green function, then S is given by

(506 =55 [ %ﬁf(ods{. (1.24)

oD

Moreover, it is clear that S is determined only up to an additive imaginary constant.
This constant can be fixed by requiring

Im((5f)(20)) =0

for some given point zy € D.
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Chapter 2

Generalized Circle Reflections

In the extended complex plane, reflections through straight lines and inversions through
circles are well-known. We call a reflection through a straight line or an inversion through
a circle a generalized circle reflection, or shortly a circle reflection in many circumstances.
In this chapter, we are going to review some preliminary knowledge about circle reflec-
tions and also develop some techniques for circle reflections. We will see the expressions
of circle reflections in matrix form, and some results on consecutive circle reflections.
These preparation serve for further discussions in the later chapters.

2.1 Generalized circles

Let Co, denote the extended complex plane. It is the union of the complex plane and
an extra point, the point at infinity, denoted by the symbol oo, namely C,, = CU {o0}.
In Cy, we adopt the convention that 0-oco = 1, é = 0 and % = oo0. The extended
complex plane can also be equivalently identified as the complex projective line CP?,
whose points can be expressed as homogeneous coordinates, e.g. [z : w], where z,w € C,
and z, w cannot both be 0. If w # 0, the point [z : w| corresponds to the complex
number z/w, while [z : w] corresponds to oo if w = 0. Employing this model for C, can
bring us convenience for discussion in some situations.

Every straight line [ in the complex plane can be expressed as a subset in C of the
form

{zeC|bz+bz+c=0,be C\{0},ceR}.

The straight line [ can be embedded into the extended complex plane. It corresponds to
lU{oo} in Coo. We call I U {oo} an extended straight line.
A circle in the complex plane is determined by an equation

azZ +bz+bz+c=0,

where a € R\ {0},c € R,b € C and ac — bb < 0. By rewriting the equation as

; é_\/bg—ac
a la|
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\bb—ac
la| -
We call an extended straight line or a circle in C a generalized circle in C,. There is

a natural understanding of generalized circles on 2-sphere S2, another equivalent model
of Cs. The usual stereographic projection maps S? minus the North Pole onto C and is
naturally extended to a bijection S? — Co (the North pole is mapped to co). Under
the extended stereographic projection, circles on S? are mapped to generalized circles in
Coo. Specifically speaking, circles on S? that pass through the North Pole are mapped
to extended lines in C, and circles on S? that do not pass through the North Pole are
mapped to circles in C.

we see that the center of the circle is —g and the radius

Actually, we have uniform expressions for generalized circles in Co, by using homo-
geneous coordinates. Every generalized circle is a subset in C,, of the form

{[z : w] € Cso| a2z + b2w + bzw + cww = 0, a,c € R, b € C, ac — bb < 0}.

If a = 0, it is an extended straight line; otherwise, it is a circle. We immediately see
that a generalized circle in C, is determined by a matrix

<Z ﬁ), where a, c € R, b€ C, and ac — bb < 0,

a 2 x 2 Hermitian matrix with a negative determinant. We call it a matrix of the
generalized circle. It is easy to check that the matrix of a generalized circle is unique up
to a nonzero real scalar multiple. Let

H™ :={A € GLy(C)| A= A", det(A4) < 0}

be the set of all the 2 x 2 Hermitian matrices with negative determinants, where A*
means the conjugate transpose of A. We define an equivalence relation, denoted by rl-{;,
on H™:

A 2Z Bif and only if 3\ € R\{0} s.t. A = AB. (2.1)

It is obvious that there exists a one-to-one correspondence between the collection of all
generalized circles in C, and the set of all the equivalence classes in H™.

2.2 Reflections through generalized circles

The section is about reflections at generalized circles and their matrix forms.

Reflections at straight lines are basic and well-known. A reflection at a straight line
in the plane maps a point to an image point that lies on the perpendicular line through
the point, and these two points have equal distances from the straight line. We restate
below this content in complex form. The reflection at the straight line

l:={2€C|bz+bz+c=0,beC\{0},c e R}

16



is a transformation in C,, defined by

—%, if z € C,

00, if z = o0.

Ri(z) = {

An inversion at a circle is the parallel version of a reflection at a straight line. Specif-
ically speaking, the inversion at the circle
C:={z E(C’azE—FBz—i-bE—i—c:O,aER\{O},CER, beC,ac—bb<0}
is a mapping Io : Coo — C defined by
_ bz+c : b
e ifze C\{-2},
Io(z) = ¢ oo, ifz:—g,
b

-, if z = o0.

An inversion fixes the points in the circle, and switches the inside domain and outside
domain of the circle. A point and its image lie on the same straight line through the
center of the reflecting circle.

We can unify reflections at lines and inversions at circles by adopting the term re-
flections at generalized circles. Let A be the matrix of a generalized circle {[z : w] €
Coo‘ azZ + bz + bzw + cww = 0}. A transformation on C, given by

Ry Coo — Cq,
[z:w] +— [-bZ—cw:aZ+ bw]

is called the reflection at the generalized circle A. If a = 0, the generalized circle is an
extended straight line, the transformation R4 is just the reflection at the straight line.
If a # 0, the generalized circle is a circle in C, the transformation R4 is an inversion at
this circle.

For convenience, we employ some operations for homogeneous coordinates. The
multiplication of a homogeneous coordinate and an invertible matrix is defined naturally
as the usual matrix multiplication, namely,

[z : w] <Z Z) d:ef[az+cw:bz+dw].

The conjugate of a homogeneous coordinate [z : w] can be naturally defined by [z : w].
With the help of above operations for homogeneous coordinates, a reflection at a

generalized circle A = (gé), denoted by R4, can be written as

Ra([z : w]) = [-bZ — cw : azZ + bw)] = [z : w]AP, (2.2)

where P = (% {). Such expression will bring us some convenience for further discus-
sions.
We show below some fundamental results about reflections at generalized circles.
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Lemma 2.2.1. For any A € H™, the reflection R4 is a self-inverse transformation, i.e.
Ri 1s the identity transformation in C.

Proof. Let [z: w] € Coo, A= (4P) € H™. Then

R%([z: w]) = [z : wW|APAP = [z : w|APAP.

——_ (a b\ [0 1\ [a b0 1 bb—ac 0
APAP = (b c) (—1 0) <b c> (—1 0> - < 0 bb—ac>'
It follows that R%([z : w]) = [z : w]. Therefore R? is the identity transformation in
Coo- O

Theorem 2.2.2. Refiections in the extended complex plane map generalized circles onto
generalized circles. More specifically, the reflection at the generalized circle A maps the
generalized circle B onto the generalized circle AB™1A.

Proof. Let A and B be two matrices associated with two generalized circles. It means
that A, B € H™. Suppose [z : w]| is a point in the circle B and its image under the
reflection at the circle A is [u : v]. Because [z : w] satisfies the equality

substituting [z : w] by [u : v]JAP, where P = ( % §), gives

[u: v] APBPUAL m —0.

v
It is casy to verify that PBP? 2 B! thus
APBPTAT " AB~'A* 2L ABT'A.
It is easy to verify that AB~'A € H™ since A, B € H™. It follows that AB~'A is a

matrix corresponding to a generalized circle. So the point [u : v] is in the generalized
circle AB~!A. Hence reflecting the circle B at the circle A gives the circle AB7'A. O

Theorem 2.2.3 (Angle Theorem, [14, Thm. 5.1.5]). A reflection through any general-
ized circle preserves the magnitude of angles between curves but reverses their direction.

Theorems and give us fundamental properties of reflections. A reflection
at a generalized circle maps generalized circles onto generalized circles and preserves the
magnitude of angles.

18



2.3 Inversive transformations and inversive group

In this section we introduce a class of transformations generated by generalized circle
reflections. It includes generalized circle reflections, the well-known Md&bius transforma-
tions, and their compositions. We will see some connections between generalized circle
reflections and M&bius transformations and also their algebraic properties. For conve-
nience, we often use the term ‘reflections’ in short, instead of reflections at generalized
circles in Cqo.

Definition 2.3.1. A transformation T : Co, — C, is called an inversive transforma-
tion if it is a composition of some reflections.

From the definition we know that inversive transformations are those functions in
Coo which are generated by reflections.

Since every reflection preserves the magnitude of angles and maps generalized circles
onto generalized circles, the same is true for any composition of reflections. We therefore
have the following result.

Theorem 2.3.2 ([14, Thm. 5.3.2]). Inversive transformations preserve the magnitude
of angles, and map generalized circles onto generalized circles.

We consider a natural group structure for the set of all inversive transformations.
It is obvious that a composition of two inversive transformations is still an inversive
transformation. Every inversive transformation has an inverse since each reflection is a
self-inverse transformation by Lemma This lemma also implies that the identity
mapping is an inversive transformation. Therefore we have the following conclusion.

Theorem 2.3.3 ([14, Thm. 5.3.3]). The set of inversive transformations forms a group
under the operation of compositions of transformations.

We call this group the inversive group of C,,. It includes all reflections and their
compositions.
Let us review some knowledge about Mobius transformations.

Definition 2.3.4. A Mobius transformation is a function M : Co, — C of the form

az+b

M{(z) = cz+d’

where a, b, c,d € C and ad — bec # 0. We adopt the convention that

M(o0) =00, ifc=0,

M<—> = 00, M(oo):%, if e #0.



We can also use homogeneous coordinates to express Mobius transformations as

Mol =l () 5).

where (§ ) € GL2(C) is called a matrix associated with M. A matrix in GLg(C) deter-
mines a unique Md6bius transformation, but the inverse is not true. Matrices associated
with the same Mobius transformation can differ up to a nonzero scalar multiple in C*.
In other words, the family of all M&bius transformations is identified with

PSLy(C) := GL2(C)/C* = SLo(C)/{£Id}.
It is easy to check that
MjyoMp=Mpy and My'= My, VYA, B e GLy(C).
These facts induce the next result.

Proposition 2.3.5. All Mébius transformations in Co form a group under compositions
of transformations. It is isomorphic to PSLy(C) via My — A7L.

The set of all Mobius transformations is called the Mobius group.
The next part shows some connections between reflections and Moébius transforma-
tions.

Theorem 2.3.6. A composition of two reflections is a Méobius transformation. More
precisely, Rgo Rqa = Myp—1 for A,B € H™.

Proof. Let R4, Rp be two reflections at two generalized circles and A, B € H™ be re-
spective associated matrices. Then for every point [z : w] € Cu,

RpoRa([z:w]) = [z: w]APBP = [z : w]APBP.
Since the matrices A, B and P are all invertible, it follows that
APBP *_ AB™! € GL,(C).

Note that the relation ‘2—’ on H~ can be lifted to GL2(C). Therefore RgoR4 = M -1
is a Mobius transformation. O

Corollary 2.3.7. If two generalized circles A and B intersect at a right angle, then the
corresponding reflections R4 and Rp are commutative, i.e.

RAORB:RBORA.
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Proof. Because generalized circles A and B intersect at a right angle and the magnitude
of angles is preserved by reflection, so the image circle of B under the reflection at circle
A must be B itself. Then we have AB~!A 2_ B via Theorem m It follows that

AB™! L BA~L. Therefore from Theorem | we know that

RAORB :MBA—l :MAB—l :RBORA.
O

It is natural to ask if the inverse proposition is true, i.e., if any M&bius transformation
is a composition of two reflections. The answer is negative in general. For instance, the
dilation z — 2z can not be a composition of two reflections. Otherwise, there exist two

matrices A, B € H™ such that
-1 H™ 2 0
(20,

But we can verify that such A and B do not exist. Although not every Mobius trans-
formation can be decomposed into two reflections, we still have a weaker conclusion.

Theorem 2.3.8 (|14, Thm. 5.3.4]). Every Mdbius transformation is a composition of
reflections.

Therefore Mobius mappings are inversive transformations and the Mobius group is
thus a subgroup of the inversive group.

Theorem 2.3.9 (|14, Thm. 5.3.5]). Mdébius transformations preserve the magnitude and
orientation of angles, and map generalized circles to generalized circles.

From this theorem we know that Mdbius transformations are conformal mappings on
Coo which send generalized circles to generalized circles. Since Mobius transformations
preserve the orientation of angles but reflections reverse the orientation, we could make
the claim in Theorem [2.3.8| more precisely, that every Mobius transformation must be a
composition of an even number of reflections.

2.4 Consecutive reflections

In this section we consider a family of generalized circles generated by reflecting two
given generalized circles consecutively and investigate some properties of the family of
relative reflections.

Let Ag and A; be two generalized circles in C,,. We operate consecutive reflections
starting with the reflections at circle Ag and at circle A;. Let Agy1 be the image circle
of Aj_1 under the reflection at circle Ay; we also proceeds reflections in the opposite
direction, namely, reflecting Ay, at circle Ay generates the circle A;y_1. Then we obtain
a family of consecutive generalized circles, denoted by {Ax |k € Z}. We adopt the
convention that Aj not only represents a generalized circle but also a matrix associated
with it.
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Lemma 2.4.1. Let {A |k € Z} be a family of consecutive generalized circles generated
by Ag and A1. Then for any k € Z,

Ay = Ag(Agt A",

Proof. We apply induction on k to prove the conclusion. The formula holds for k£ = 0, 1.
Since Ay is the image of Ax_1 under the reflection at Ay, via Theorem we see
that

A1 = A Ay
= Ao(Ag A1) (Ao (At AP T A (A5 A
— AO(AalAl)k_H

holds for £ > 1. For k < 0, the circle A is obtained by reflecting Aio at the circle
Ap+1. Applying Theorem [2.2.2] again, we have

A = A1 A Ak
— AO(AalAl)k—H(AO(AalAl)k—i-Z)—lAO(AalAl)k—H
= Ap(AgtAy)*
for k < 0. So Ay, = Ag(Ay A1) holds for all k € Z. O

Theorem [2.2.2) and Lemma [2.4.7] imply the next result.

Corollary 2.4.2. Let {Ag |k € Z} be a family of consecutive generalized circles gener-
ated by Ay and Ay. Then Apy = AkAl;llAk for any k,1 € Z. It means that reflecting
the generalized circle Ay—; at Ay, gives the generalized circle Aj4;.

Theorem 2.4.3. Let { Ay | k € Z} be a family of consecutive generalized circles generated
by Ag and Ay. Let Ry, denote the reflection at the circle Ay, k € Z. Then Ry, o Ry, o
Ra, = Ra,_;,,, foralli,j k€ Z.

Proof. Let [z : w] € C. The transformation Ra, o Ra; o R4, maps the point [z : w] to
the point

[z : w]A;PA;PALP.
Note that
APAPAP P AATTALP.
Corollary guarantees that
A AT A = Ag(AgA1)'(Ag(AgAr) )L Ag(Apdy )k
= Ag(AgA;)i—i+k
= Ai_j+k-

Then we have
Ra, o Ra; o Ry, ([z 2 w]) = [zt w]Ai—j 1 P.
The transformation R4, o R4, o R4, therefore coincides with the reflection Ry, ;.. U
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Theorem [2.4.3] ensures that a composition of three reflections from a family of con-
secutive reflections is still a reflection in the family.

Corollary 2.4.4. Let {Ai |k € Z} be a family of consecutive generalized circles gener-
ated by Ag and Ay. Let Ry, denote the reflection at the circle Ay and {z; |k € Z} a
family of points in Cos such that z, = Ra, (2k—1) for all k € Z. Then Ra,(2x) = 2—k—1
and Ra, (zk) = z—k41 for all k € 7.

Proof. Theorem implies that
Ry ,oRp ,0--0Rj ,0Rs,0Ry 0---0Rg,0RA = Ry,.
Then we see that

RAO (Zk) = RAO ° RAk ~+oRa,0 Ry, (ZO)
=Rp ,---0oRg ,0Rs , 0Ru(20)
= Z—k-1-

The relation R4, (z;) = z_g4+1 can be verified similarly. O

Theorem 2.4.5. Let { Ay | k € Z} be a family of consecutive generalized circles generated
by Ao and Ay. Let Ra, denote the reflection at the circle Ay. Then

-k
(¢] = = .
RAZ RAI AZ\I(AOA1 1)l—k M 0A] 1

Proof. This theorem is an immediate result from Theorem and Lemma Just
note that
ApAyt = Ag(Ag T ADM(AG AN TIAGT = (Ao AT R

The next two results follow from Theorem 2.4.3 and Theorem [2.4.5

Corollary 2.4.6.

n+1

n M2 n is odd

HRAi::RAnO‘.'ORAloRA(]: AOAll 9

=0 RA%, n is even.
Corollary 2.4.7. R4, = MZOAl_l oRpy = Ry, 0 leAo_l,Vn € 7.

We are interested in the group generated by R4, and R4,. The above two corollaries
imply the next conclusion.

Corollary 2.4.8. The inversive group generated by R, and Ry, is equal to
{M)

n
0A1_17 MAOAl_l ORAO‘ n e Z}
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Chapter 3

Parqueting-Reflection Principle

The parqueting-reflection principle is introduced to solve several boundary value prob-
lems, e.g. Schwarz problems for the homogeneous and inhomogeneous Cauchy-Riemann
equations, Dirichlet problems and Neumann problems for the Laplace and the Poisson
equation, in particular domains whose boundaries are composed of circular arcs. Re-
search works on the parqueting-reflection principle are mainly contributed by H. Begehr
and his students. The parqueting-reflection principle has been verified feasible for many
domains, for instance, discs, half-planes, disc sectors, strip domains, half-strip domains,
cones, concentric rings, hyperbolic strips, et al., see e.g. [1, 5, 6, 9, (10 (11}, |12, |13, |17,
19} 23, 26, [28].

Harmonic Green functions and harmonic Neumann functions play important roles in
dealing with Dirichlet and Neumann boundary value problems for the Poisson equation.
The parqueting-reflection principle provides ideas and procedures on how to construct
the harmonic Green and Neumann functions for particular domains. If a domain can
provide a parqueting of the extended complex plane via reflections, a point in the do-
main generates a family of reflection images corresponding to the parqueting. These
reflection images are used to construct candidate functions for the harmonic Green and
Neumann functions and verify that these candidates are the required ones for the spe-
cific domain. Although the parqueting-reflection principle has been verified successful
in obtaining harmonic Green and Neumann functions for many particular domains, we
are not satisfied with the achievement. There might be a hidden theory that makes
the parqueting-reflection principle playing the role. We are interested in investigating a
theory behind the parqueting-reflection principle and exploring new domains to which
the principle can be applied.

In this chapter, we first introduce the notions of parqueting domains and parqueting-
reflection domains. Then we prove that the parqueting reflection principle succeeds in
giving harmonic Green and Neumann functions for finite parqueting-reflection domains.
We also obtain some results on normal derivatives of harmonic Green and Neumann
functions for finite parqueting-reflection domains.
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3.1 Parqueting of C,, via circle reflections

We call a curve in Cy, a circular arc if it is a segment of a generalized circle. From
now on, we focus on domains in C,, whose boundaries are composed of a finite number
of circular arcs. Particularly, we pay attention to circular polygons, which are simply
connected domains bounded by a finite number of connected circular arcs. In this thesis,
all half-planes and discs are viewed as circular polygons, they are just those domains
bounded by one generalized circle. We also adopt the terms circular digons, circular
triangles, circular rectangles, circular pentagons, and so on.

We have already discussed generalized circle reflections in the previous chapter. We
also need to consider reflections at boundary arcs of domains. When we talk about a
reflection at a boundary arc of a domain, it means the reflection at the circle defined by
that arc.

Now we introduce the concept of parqueting of the extended complex plane provided
by reflections.

Definition 3.1.1. Let D and D’ be two domains in C.,. We say that D’ is reflecting-
congruent to D if there exist a finite sequence of domains (Dg, D1, - ,Dy,), n € N
such that Dy = D, D,, = D’ and Dy is the image of Dy under the reflection through
a boundary arc of Dy for k=0, --- ,;n — 1. Every domain is considered to be reflecting-
congruent to itself.

From the discussions in Chapter 2, we know that a composition of an even number
of reflections is a Mobius transformation, and a composition of an odd number of re-
flections is a composition of the complex conjugate and a Mobius transformation. If D’
is reflecting-congruent to D through an even number of reflections, then there exists a
Mobius transformation ® : D — D/,

az+b a b

If D’ is reflecting-congruent to D through an odd number of reflections, then there exists
an inversive transformation ® : D — D/,

~ az + 3 <a I}

D(z) =
(2) vZ+6' )

> € GLo(C).

Definition 3.1.2. Let D be a domain in C,, whose boundary is composed of a finite
number of circular arcs. We say that D provides a parqueting of C,, via reflections if
there exists a family of domains {D;|i € I}, where I is an index set, such that

e D; is reflecting-congruent to D for all ¢ € I;
e D, N D; =0 for any two different indices i, j € I;

i€l
Such a domain is called a parqueting domain in C,.
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There are plenty of parqueting domains in C,,. Every disc, half-plane or half-disk is
a parqueting domain. It is easy to know that equilateral triangles, rectangles, hexagons,
half-hexagons, strip domains, half-strip domains, hyperbolic strips, ring domains, and
cones with an angle 27” for a positive integer n are all parqueting domains.

Definition 3.1.3. Let D be a domain in C,, whose boundary is composed of finitely
many circular arcs, say 9D = UgerCy, where [ is a finite index set. Let Ry denote the
circle reflection at Cy, k € I. The group generated by {Rj}rer is called the inversive
group of D, denoted by Inv(D) := (Ri|k € I).

Lemma 3.1.4. Let M(D) := {T € Inv(D)| T is a composition of an even number of
reflections }. Then M(D) is a normal subgroup of Inv(D), the index of M(D) in Inv(D)
s 2.

Proof. We define a mapping
¢ Inv(D) — {1, -1},
1 T € M(D
_ { . TeMD),

—1, otherwise.

It is easy to check that ¢ is a surjective group homomorphism. Then M(D) = ker(¢) is
a normal subgroup of Inv(D). The isomorphism

Inv(D)/M(D) ~ {-1,1}
implies that the index of M(D) in Inv(D) is 2. O

Remark 3.1.5. Every element in M(D) is a Mébius transformation, Every element in
Inv(D) \ M(D) is a composition of an odd number of reflections. There is a one-to-one
correspondence between M(D) and Inv(D) \ M(D). For every circular arc C of 9D, its
corresponding reflection R¢ satisfies that

ReM(D) = M(D)Re = Inv(D) \ M(D).

Definition 3.1.6. We call D a parqueting-reflection domain if

o Coo = U 7D
Telnv(D)

e I'(D)NT'(D)=0forall T, T € Inv(D), T #T".

Furthermore, we call D a finite parqueting-reflection domain if Inv(D) is a finite group,
otherwise, it is called an infinite parqueting-reflection domain.

Remark 3.1.7. Suppose D is a parqueting-reflection domain. Let z € D, P :=
{®(2)|® € M(D)}, and P := {®(z)|® € Inv(D) \ M(D)}. P U P is the set of re-
flection images generated by z corresponding to the parqueting. Let C be a circular arc
of 0D and R its reflection. R¢ induces a one-to-one correspondence between P and P.
If z € C, then ®(2) = (P o R¢)(z) for all & € M(D).
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There are many examples of parqueting-reflection domains. Disks, half-planes, half-
disks and cones or disk sectors with angles 7 for all positive integer n are finite parqueting-
reflection domains. In Chapter 5, we will verify that circular digons with angles 7 for all
positive integer n are also finite parqueting-reflection domains. It is easy to see that equi-
lateral triangles, rectangles, strip domains, half-strip domains, hyperbolic strips and ring
domains are infinite parqueting-reflection domains. We will see an infinite parqueting-
reflection circular rectangle in Chapter 6. Note that some parqueting domains are not
parqueting-reflection domains. For instance, cones or disk sectors with angles 27” where
n is a positive odd integer are not parqueting-reflection domains.

It is natural to ask which circular polygons are parqueting-reflection domains and
what criterion can determine parqueting-reflection domains. These questions are still
open.

3.2 Parqueting-reflection principle

Now we are ready to fully explain the parqueting-reflection principle. We show be-
low how to construct harmonic Green functions and harmonic Neumann functions via
the parqueting-reflection principle. We also prove that the parqueting-reflection prin-
ciple succeeds in giving harmonic Green and Neumann functions for finite parqueting-
parqueting domains.

Let D be a parqueting-reflection domain in the extended complex planes. Let I be
an index set, {®;|i € I} = M(D) the family of Mébius transformations in Inv(D) and
{®;|i € I'} = Inv(D)\M(D) the family of orientation-reversing inversive transformations
in Inv(D). Denote D; := ®;(D), D; = &Ji(D), i € I. Then D provides a parqueting of
Coo: o

el
Let z € D. z generates two families of reflection images

P={z:=®(z)|icl} and P={3:=;(z)|iel}

with respect to the parqueting. We know z; is a linear fractional function in z of the
form

a;z+b; (a; b
and z; is a linear fractional function in z of the form
~ = az+ B (a; B

= ®i(2) = ———, L . 2

B=8i0) = 220 () ) (32)

It could happen that z; or z; is co when the corresponding denominator is 0 for some
point z € D. Suppose that the expressions of z; and z; are given by the forms of (3.1))
and (3.2)) respectively. We denote the denominators of z; and z; by

Den(z;) :=c¢;z+d; and Den(z;) :=vzZ+9;
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respectively. These notations will be involved in later discussions.
Suppose D is a finite parqueting-reflection domain and it provides a finite parqueting

of Cs, namely, Co, = |J(D; U ﬁz), where I is a finite index set. Take a point z € D. z
i€l

generates two finite families of reflection images {z; = ®;(z)|i € I} and {z; = ®;(2)]i €

I}. From these reflection images we define two functions

F(z,0) :HE:j (3.3)
i€l v

Q2,0 = [J(¢ = 2)(¢ - 2). (34)
i€l

For a finite parqueting-reflection domain D, F (z,¢) is used to construct the harmonic
Green function which satisfies the conditions (G1)-(G3) of Deﬁnition and Q(z, () is
used to construct a harmonic Neumann function which meets the conditions (N1)-(N3)
of Definition

Lemma 3.2.1. For ( € D and z € 8D, F(z,¢) = 1 holds.

Proof. Suppose C' is a boundary arc of 0D and R¢ the reflection at C. From Remark
B.1.5 we see that

{®;li € I} = {®; 0 Re|i € I}.

Note that Ro(z) = z when z € C. Via a proper ordering of {2; = ®;(z)|i € I}, we can
make sure that
Zi = ®i(z) = ®;0 Ro(z) = ®i(2) = 2, Vi eI,

when z € C. Then

. (-5
F('Z?C):Hc_zi :1
i€l
for ( € D, z € C. The above conclusion holds for an arbitrary boundary arc, therefore
F(z,{)=1for ( € D, z € ID. O

Lemma 3.2.2. Suppose that D is a finite parqueting-reflection domain with a connected

boundary. Let Coo = | (E U 13@) Let z; € D; and z; € 13@ be the reflection images
i€l
Den(z;)

generated by a point z in D corresponding to the parqueting. Then V(z) = [] ‘Den(z-)
i€l ’

18 constant on 0D.

Proof. The domain D provides a finite parqueting of the extended complex plane; [ is a
finite index set. Since 0D consists of a finite number of boundary arcs, each domain D;
or D; contains the same number of boundary arcs. Let A(D) denote the set of boundary
arcs of all domains for the parqueting. A(D) is a finite set. If z € 9D, then the reflection
points z; and z; are located on A(D) for all i € I.
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We first show that V(z) is piecewise constant on dD. Suppose that C' is a boundary
arc of OD. If z € C, by reordering the domains {D;};c;, we can make sure that z; =
zi € A;, where A; is a boundary arc in A(D). Suppose the equation for A; is

;2% + Biz + Biz + v = 0.

‘We have B
~ BiZi + Vi
Zp= =
;% + Bi
for z; = z; € A;. Suppose
a;z + b;
2 = .
’ ciz+d;
Then
i = — .
ai(a;iz + b;) + Bi(ciz + d;)
We see that

Den(%;)| = |a;(aiz + b;) + Bi(ciz + d;)| = |Den(2;)||aizi + Bil.

It follows that
Den

|Den(2;)||a;Z; + B H
H |azzz + 5@

‘Den ) el

=15

el

Note that
wm+ B |Bil, a; =0,
v ! Vﬂiﬁ;:\ai%’ a; # 0,
when z; € A;. If z € C, then |a,;Z; + E\ is a constant which only depends on the arc A;
for any ¢ € I. Then V(z) is a constant on C' when z € C and thus piecewise constant
for z € OD.

Every two adjacent boundary arcs of 9D at least meet at a common point, then
constants of V(z) on two adjacent arcs must coincide. Because D has a path-connected
boundary, those piecewise constants for all boundary arcs of 0D must be the same.
Therefore V(2) is constant on 9D. O

Suppose D is a finite parqueting-reflection domain with a path-connected boundary.
Lemma [3.2.2] shows that V(z) = ‘Den(zi)
i€l

Den(z;)
by V(dD). Let

1 Den(z;) ¢ — z; Den(z;)
F(z0) = V(D) F(z ) oy Den(z;) GD H ¢ — 7 Den(z;)’ (3:5)

is constant on dD. Denote this constant

‘We use this function to construct the harmonic Green function for D.

30



Theorem 3.2.3. Let D be a finite parqueting-reflection domain with a path-connected
boundary. Then G1(z,() :=log|F(z,¢)|? is the harmonic Green function of D.

Proof. Let {z € D;|li € I} and {%; € D;|i € I} be the reflection images generated
by z € D with respect to the parqueting provided by D. Let D;, = D and z;, = z.
log |(¢ — ziy)Den(z;,)|? = log|¢ — 2| as a function in the variable z is harmonic in D
except for one point z = (. Suppose that

a;z + b; o o;Z + B
ciz+di’ ! %‘?—l—&‘.

2 =

For all i € T\ {ig}, log|({ —2;)Den(2;)|? = log|(c;2+d;)¢ — (a;z+b;)|? as a function in the
variable z is harmonic in D since ¢ # z; for z,{ € D. For alli € I, log |((—Z;)Den(%;)|? =
log |(7iZ + 6;)¢ — (c;Z+ B;)|? as a function in the variable z is harmonic in D since ¢ # Z;
for z,¢ € D. Then it follows that log |F(z, ¢)|? as a function in the variable z is harmonic
in D except for one pole z = ¢ and log |F(z,()|? 4+ log |¢ — z|? is harmonic in D.
Lemma 3.2.1and Lemma [3.2.2)imply that |F(z,()| = 1 for ¢ € D, z € dD. It follows
that log |F(z,¢)|> = 0 if z € OD. Therefore G1(z,() is the harmonic Green function of
D. O

Theorem shows that we can obtain the harmonic Green function Gi(z,() for
a finite parqueting-reflection domain with a path-connected boundary via parqueting-
reflection principle. For a finite parqueting-reflection domain D, the explicit expression
of the harmonic Green function is given by

— % Den(%)

1
G1(z,¢) =log VD) g g — i Den(z1)| (3.6)

We next investigate the normal derivatives of the harmonic Green functions for finite
parqueting-reflection domains.

Lemma 3.2.4. Let Cibe a generalized circle in the extended complex plane, whose

equation is given by a(( + b( + b¢ + ¢ = 0, where a,c € R,b € C and ac — bb < 0.

Let z € C and Z the image of z under the reflection at C. Let v; := % denote the
—ac

outward normal vector for ( € C. Then the outward normal derivative of the function
2

log‘gif on C is
5, log -z 2 (a_a<+b_ag+b>
N ¢—z Vbb — ac (-z (-z/)

12
Moreover, 0y, log ‘ g:i =0ifze C\{C}.
Proof.
¢—z)? aC+b ‘g—QQ
0y log’ =2Re | ——=0¢ log |——
‘ (-2 \/bb—acc (-2
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_ 2 Re(a(—l—ba(+b)'

V' bb — ac (-2 (-2
Note that
(a¢ + b)(al + b) = bb — ac,
(aZ+b)(az + b) = bb — ac.
Then
a¢+b a(aC +b)
(—% (aC+b)—(aZ+D)
a(a¢ + b)(al + b)(az + b)

[(a¢ +b) — (aZ + b)](al + b)(aZ + b)
a(bb — ac)(az + b)
(bb fiac)(aE +b) — (bb — ac)(aC + b)

_az+b
_E—Z
. _az+5
= =
We therefore see that
—z|? 2 aC+b al+b
(9V<log 2 O == S
¢— vV bb — ac ¢(—=z (—2
If z € C, then zZ = z. Therefore
¢ -7 2 (aC—i—b a(—i—b)
0y, log = - Re — — =0
‘ (—=z Vbb — ac (=2 C—2
for z € C'\ {C}. O

Proposition 3.2.5. Suppose that D is a finite parqueting-reflection domain with a path-
connected boundary. Let C be a circular arc of 0D, whose equation is given by aC¢ +
b +b( +c=0, where a,c € R;b € C,ac —bb < 0. Then

-2 aC+b al+b )
0y, G1(2,() = —F—— + = —al, 3.7
G0 = e P (T &0
for ¢ € C. Moreover,
_ 2 _al+b aC+d .
aI/CGl(Z?C) - \/ﬂ <a‘ C— 2 C—Z> ) fOTZ7< € 07 (38)
9y G1(2,() =0, for¢e C,z€dD\{(}. (3.9)
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Proof. From Theorem we know that the harmonic Green function for D is
2
1 H ¢ — % Den(z)
V(0D) t1 ¢ — z; Den(z;)
iel
Let Rc denote the circle reflection at C'. From Remark we know that R induces

a one-to-one correspondence between {z;}ier and {Z; };c;. Without loss of generality, we
assume that z; = Ro(z;) for all 4 € I. Then Lemma implies that

Gl (Zv C) = lOg

0 logc_ziz— 2 (a—a€+b—aC+b>
v C—z Vbb — ac -z (-7
for all ¢ € I. Thus for ( € C,
~ 12 = T
—Z -2 aC+b al+b
0y, G1(z 0, log = — ( + = —a>.
i P e R = P Ve

Assume that z;, = z € D and %, is its image under the reflection at C. When z
tends to C, z;, and z;, coincide, they are located on C. Actually, via reordering the set
{Zi|i € I} properly, we can make sure that z; = z; for all i € I when z € C. Then for
¢,zel,

2

_ ¢ =% |
0 G1(2,0) =Ou log | =2 + > log | C_Zz
1€I\{i0}
¢—%, 2 2 <a§—|—b a(—i—b)
=0,, log + — Z Re — —
¢ e / _ . — .
C ZZO bb — ac ZEI\{Zo} C Zq C Zi
¢ =%
— 20
=0y, log =
2 ( aC+b aC—l—b)
= a— -=.
v/ bb — ac C—z (—z

If z is in the boundary 0D but does not coincide with the point ¢, z; = z; for all i € I,
and there is no singular term in

aC+b al+Dd
ZR( ¢—7% C—%)’

el

namely, ¢ # z;,z; for all i € I. Therefore

B 9 aC+b aC+b)
8VCG1(z,C)—m;Re<g—z a C—z¢> -0
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The last part of this section is about the construction of harmonic Neumann functions
via parqueting-reflection principle for finite parqueting-reflection domains.

Lemma 3.2.6. Under the notations and assumptions as in Lemma we have

2a

ay<1og\<<—z><<—2>|2=ﬁ, for ¢(€C,z€C\C; (3.10)

ayzlog](g—z)(C—g)F:O, for ze C,¢eC\C, (3.11)
o 2 _a(+b  aC+b

,. 10g|(¢ — 2)(¢ ~ 2)| _W< R C_Z), forzCeC.  (312)

Proof. Since Z is the image of z under the reflection at C, z and Z satisfy the equation
azzZ+bz+bzZ+c=0,ie.

bz +c

az+b

z=—
Then for ( € C and z € C\ C,

By 1og (¢ — 2)(¢ — 2)|* =2Re <\/a§+7<9c: log [(¢ — 2)(¢ — 3)|2>
(a(—i—b a¢+b)

z

bb—ac

aC+b (a¢ + b)(az + b) )

bb—ac a(+b)z—|—b§+c

a(+b az+b>
¢
aC+b a(+b+a)

a{ + b az +b
ﬁ oxy

m

¥4

bb

\/ bb — ac
bb
bb

— ac

Because (az + b)(az 4+ b) = bb — ac and Z = z hold when z € C, then

Oy, log|(¢ = 2)(¢ = 2))* =

2 Re(_az—i—b az+b bb—ac)

Va2 T T F (az by
2
— %  _Rel-
\Vbb — ac e( ¢—=z2 (—z

=0
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for z € C'and ¢ € C\ C. Furthermore, if ¢ is also in C, then

aZ+b  —agii+b  aC+b  az+b
7 B e 2-C e
=7 _aC+g+a§+z 2=¢ (=2

In this case, the normal derivative with respect to z can be written as

12 2 az+b az+b
9o (¢ = (¢~ B =L e (1 T
_ 2 Re<_az+b_az+b_a)
Vbb — ac (—z C—2
_ 2 (a_ag+b_ag+b>
vV bb — ac ¢—z (-z)

Let
Q(2,¢) = Q(2,¢) [ [ Den(z)Den(%;) = [ [(¢ — 2i)(¢ — Zi)Den(z;)Den(Z).
iel iel
This function is used to construct a harmonic Neumann function of D.

Theorem 3.2.7. Suppose that D is a finite parqueting-reflection domain. Let N1i(z,() :=
—log |Q(2,¢)|2. Then Ni(z,() is a harmonic Neumann function of D.

Proof. Tt is obvious that Q(z,¢) = [[({ — z)(¢ — Zzi)Den(z;)Den(Z;), as a polynomial in
i€l

the variable ¢, has only one zero ¢ = z in D. It is easy to check that —log|Q(z, ¢)|? is

harmonic in D except for the point ( = z and

—1og|Q(z,¢)> + log |¢ — z|?

is harmonic in D.
Let C be a boundary arc of D and its equation given by

aCC+bl+bl+¢c=0,a,ceR,beC,ac—bb<0.

Since D is a parqueting-reflection domain, according to Remark[3.1.7] the circle reflection
at C, denoted by R¢, induces a one-to-one correspondence between {z;|i € I} and
{Zi|i € I}. Via reordering the set {Z;|i € I}, we can assume that z; = R¢(z;) for all
i € I. Then via Lemma we see that

2a

Vbb — ac

Oy, 1og |(¢ — 2i)(¢ — Zi)Den(z;)Den(%;)|* =
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for ¢ € C. Note that the terms Den(z;) and Den(%;) on the left-hand side of the above
equality do not affect the result of the normal derivative because they are functions in
the variable z. Hence

Oy N1(2, ) = =0, <log (H (¢ —2:) (¢ — Z)Den(Zi)Den(%V))

i€l
== 9 (log|(¢ = 2) (¢ = )")
i€l
B (3.13)

Vbb — ac

where #1 denotes the cardinality of I.

1 is a finite set, since D provides a finite covering of C,,. This means that the normal
derivative d,. N1(z,() is a constant on every boundary arc of dD. Thus it is piecewise
constant on 9D.

Therefore we have verified that

2
Ni(2,¢) = —log ] (¢ — 2:)(¢ — 2)Den(z;)Den(z;) (3.14)
el
is a harmonic Neumann function of D. O

From Theorem we know that the harmonic Green function Gi(z,() is sym-
metric in the variables z and . We expect that harmonic Neumann functions would
also possess this symmetry. We show a conjecture below.

Conjecture. The functions [] |(¢ — z;)Den(z;)| and [] |(¢ — z;)Den(z;)| are both sym-
metric in the variables z andli'{ !

If this conjecture is true, then |Q(z,()| is symmetric in the variables z and (, so is
Ni(z,¢). Since harmonic Neumann functions have been determined symmetric for many

domains, we believe that this conjecture holds for parqueting-reflection domains.

3.3 Invariant property of harmonic Green functions

We know that harmonic Green functions are conformally invariant from Theorem [1.1.14
We show below that they are also invariant under circle reflections. It thus means that
harmonic Green functions are invariant under inversive transformations.

Lemma 3.3.1. Let D and ) be domains in Cs such that there is a circle reflection R
sending D onto Q2. If h(w) is a harmonic function in 2, then the function h(R(z)) is
harmonic in D.

Proof. Let g(z) := h(R(z)). Then with w = R(z)

0.9(z) = Owh(w)0,R(2) + Ogh(w)0,R(z),
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02,9(2) =02, h(w)0zR(2)0.R(2) + Onsh(w)OzR(2)0.R(2)
+ Owh(w)0L R(2) + 0%, h(w)0:R(2)0, R(z) (3.15)
+ 92 _h(w)0:R(2)0.R(z) + Ogh(w)0*% R(2).

Note that 0,R(z) and 0zR(z) are both 0, since R(z) is of the form

bz+c

R(z) = —.
(2) az+b

Since h(w) is harmonic in €2, 82_h(w) = 0. Then the right hand side of the equality
(3.15) is 0. Therefore g(z) is harmornic in D. O

Theorem 3.3.2. Let D and 2 be domains in Co, such that there is a circle reflection R
sending D onto Q. Let Hi(w,w) be the harmonic Green function for Q. Then G1(z,() :=
Hy(R(z),R(C)) is the harmonic Green function for D.

Proof. For a fixed point ( € D, let w := R(¢) € Q. Since H;(w,w) is harmonic in Q\ {w}
as a function in the variable w, Lemma implies that G1(z,() = Hi1(R(2), R(()) is
harmonic in D except for the point ¢. Since Hi(w,w) + log |w — w|? is harmonic in €2,
from Lemma [B.3.1] we also know that

Hi(R(2), R(C)) +log|R(2) — R(C)* = G1(2,¢) +log |R(2) — R(C)I”

is harmonic in D. Assume that the circle reflection R is given by

-
R(z) = —21¢
az+b
then
- 2
bz+c b(+c
log |R(2) — R(¢)|? =1 S T
og|R(z) Q" =lo P S
- 2
ac — bb
=1 log |z — ¢|*.

Note that the first term of the right-hand side in the above equality is harmonic in D,
hence G1(z,() +log |z — ¢|? is a harmonic function on D. The last step is to verify that
G1(z, () vanishes when z tends to the boundary dD. This is guaranteed by the facts
that H;(w,w) vanishes when w tends to the 02 and R sends the boundary 0D onto the
boundary 0f2. O
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Chapter 4

Application of
Parqueting-Reflection Principle to
Basic Boundary Value Problems

This chapter is an investigation of the application of parqueting-reflection principle to
some basic boundary value problems in parqueting-reflection domains. First we discuss
basic boundary value problems in disks and half-planes. We overview some well-known
results about Schwarz operators, Pompeiu operators, Poisson integral formulas, har-
monic Green functions, Poisson kernels and harmonic Neumann functions for disks and
half-planes respectively. With the help of Schwarz and Pompeiu operators, we solve
the Schwarz problems for the inhomogeneous Cauchy-Riemann equation in disks and
half-planes. With the help of harmonic Green functions, Poisson integral formulas and
Neumann functions, we solve the Dirichlet and Neumann problems for the Poisson equa-
tion in disks and half-planes. On the basis of the discussions for disks and half-planes, we
unify the expressions for Schwarz operators, Poisson integral formulas, harmonic Green
functions and harmonic Neumann functions of disks and half-planes. At the end, we gen-
erally solve the Schwarz problems for the inhomogeneous Cauchy-Riemann equation and
the Dirichlet problems for the Poisson equation in finite parqueting-reflection bounded
domains.

4.1 Basic boundary value problems in disks

Let D(a,r) = {z]|z —a|] < r}, a € C, r € Ryp be a disk in the complex plane,
and let ' denote its boundary circle. D(a,r) is a parqueting-reflection domain. Let
z € D(a,r) and 2y its reflection image under the circle reflection at I'. It is obvious that
(20 — a)(Z —a) =12, ie.

T2

Zre = @ + ——.
zZ—a
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Applying the Cauchy-Pompeiu formula, we have

_! ¢ 1 () Joc.
wi) = 5 [z -1 [ w0

1 a1 dor
0— ¢ 1 (¢
w(C) (Lwﬂw4>

2T r (—2e @ ¢ — 2re

(4.1)

(4.2)

for w(z) € CY(D(a,r); C)NC(D(a,r); C). Inserting the formula of 2., using the relation
(¢ —a)({ —a) = r? for ¢ € T, and taking the complex conjugate for the formula (4.2)

lead to
_ L s E2Ta df _l — zZ—a
0= 27 Fw<C)C—zZ—a W/D(a,r)wg( )r2—(z—a)(2—a)dac'
Note that
S
(—a (—a

for ( € T', then adding formula (4.3]) to formula (4.1)) gives

z—2a d d
w(2) = [ Rew(@) 2 S [ i)

1 weld) (e a)ugQ) ) )
W/Dm,r) (Cz TR -aC-a) doc

Let s be the arc length parameter of I', then

o
r (—a’

Formula (4.4 can also be rewritten as

w(z) =g [ Rew(©) s+ 55 [ Im(w(O)ase

1 wz(¢) (2 — a)wg(C) ) U
7T/D(am (C—Z +r2—<z—a)(5—ﬁ) dot-

(4.4)

(4.5)

Formulas (4.4) and (4.5)) are called the Cauchy-Schwarz-Pompeiu formulas of D(a,r).
Applying (4.5) for z = a and taking the imaginary part of both sides implies that

| wel¢)  we©)

1

:27rr (—a (—a

27 D(a,r)

i-Im(w(a)) = — /F Im(w(¢))dse — — ( - = ) doy¢ (4.6)
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Subtracting 7 - Im(w(a)) from formula (4.5)) induces

w(2) :ﬁ /F Re(w(())c—zz__zmdsC + i - Tm(w(a))

B welQ) | (2= g
s (C = eac-w) " (47)

(z
+ ! (uT(O — wC(C)) dO'C.

% D(a,r) C(—a (—a

Before dealing with the Schwarz problems for the Cauchy-Riemann equation in disks,
we first review the Schwarz operators for disks and their essential properties.

The Schwarz operator for the unit disk is well-known, see e.g. [2], [22]. By means
of conformal mappings, the formula for the unit disk can be generalized to any simply
connected domain. So it is easy to determine the Schwarz operator for the disk D(a,r),
which is given by

1 Ctz=2ay 1 [ ¢tz=2a d
Se(z) : ©(¢) ¢~ 2) 5T om FSD(C) (—z C—a

~ 277 Jp
For p(z) € C(I';R), S¢(z) provides an analytic function in D(a,r) with the property

(4.8)

Re(S¢) =¢ on I’ (4.9)

in the sense of
lim Re(S¢(z)) = ¢(2).
z—T

The kernel function
(+2z—2a
(—=z
is called the Schwarz kernel of the disk D(a,r).
The Schwarz operator S helps to solve the Schwarz problem for analytic functions.
We immediately obtain the following result.

Theorem 4.1.1. The Schwarz problem for analytic functions in D(a,r)
Ozw =0in D(a,r), Re(w)=vonl, Im(w(a))=c

is uniquely solvable for v € C(I';R) and ¢ € R; the solution is provided by

1 (+2z—2a d¢ i
w(z) = 5] /Fv(C) =7 -4 + ic. (4.10)

Theorem 4.1.2. The Schwarz problem for the inhomogeneous Cauchy-Riemann equa-
tion in D(a,r)

Ozw = fin D(a,r), Re(w)=vyonT, Im(w(a))=c
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is uniquely solvable for f € L,(D(a,r);C), p > 2, v € C(I';R) and ¢ € R, the solution
s provided by

w(z) :1./F7(OC+<Z__Z2G Cd_ca +ic
_1/ <f<<> (+z-2a, f(C)r2+(z—a>(C—a)>dG<_
D(a,r)

(4.11)

27 (—a (—=z (—ar2—(z—a)(—a)
Proof. Let u(z) denote the third term on the right-hand side of (4.11)).

oL FQ¢tz=2  FOr+GE-aC-a)
7 2”/<w><<—@ (=2 {-ar— (- a)(C—a))dC

_ 1 Q) g, L -af©
oo /D(a,r) C_Zd ¢ ™ /D(a,r) r2 — (Z—a)(Z—E)d ¢ (412)

L (f0T@),,
+27T/D(a,r) (C_a Ca>d ¢

The first term on the right-hand side of (4.12)) is T'(f(z)), where T is the Pompeiu
operator. Recall that 0z(T'f(z)) = f(z). Note that the second term on the right-hand

side of (4.12]) is

1 -a)f . _1 O 4,
WLW) —(z—a)(C — ﬂ” Wéww—%dc

It is holomorphic in D(a,r). Then dzu = f. Thus dzw = dzu = f follows from Theorem
When z tends to the boundary I', 2, coincides with z. It implies that

lim Re(u(z)) =0.
z—TI
z€D(a,r)

Then Re(w) =~ on I'. Tt is obvious that Im(w(a)) = ¢. Therefore, w(z) given by (4.11))
is a solution to the Schwarz problem. Uniqueness of solution is ensured by the fact that
the boundary problem

Ozw =0in D(a,r), Re(w)=0onT, Im(w(a))=0
has only the trivial solution. O

The harmonic Green and Neumann functions of D(a,r) can be obtained via applying
the parqueting-reflection principle (Formulas (3.6)) and ( - Let

—a)(z—a)—1r?
Ga(2.¢) =1log | € T)((C_Zf ,

Ni(2,¢) = —log|(¢ = 2) (¢ — a)(z —a@) — )|

2
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We can verify directly that Gi(z,() is the harmonic Green function of D(a,r) and
Ni(z,¢) a harmonic Neumann function. From Formula (3.7]) we obtain that

a,,gel(z,g)z_% (2:2’42:‘;—1).

The Poisson kernel for the disk D(a,r) is given by

p(z,Q) =

(-2 (-z

We see that the Poisson kernel is the real part of the Schwarz kernel.
Applying Theorem [1.1.12|for D = D(a,r) solves the Dirichlet problem for harmonic
functions in D(a,r).

Theorem 4.1.3. The Dirichlet problem for harmonic functions on D(a,r)
wyz =01in D(a,r), w=~vyonl

is uniquely solvable for v € C(I';R), the solution is provided by

w(z) ! /FW(C) (C—a +C—G_1) dse. (4.13)

" 2 (—z2 (-%z

Formula (4.13]) is called the Poisson integral for disks. It is a generalization of the
well-known Poisson integral for the unit disk, see e.g. [3].

Theorem 4.1.4. The Dirichlet problem for the Poisson equation in D(a,r)
wyz = fin D(a,r), w=~vyonl

is uniquely solvable for f € Ly(D(a,r);C), p > 2 and v € C(I';R), the solution is
provided by

w&)—llv@ﬂc_a+c_a—1m%

2rr -z _z
—a)(Zz—a)—r
- = f({)log doe.
™ ~/D(a,7’) ( T(C - 2) ¢
Proof. This theorem results from Theorem and the properties of harmonic Green
functions. 0

We can compute the normal derivatives of Ny(z, () directly. We see that

2
Oy N1(2,¢) = — p for( e,z € D(a,r), (4.15)
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al,le(z,C):—%, for 2 € T, ¢ € D(a,r), (4.16)
_2,2(¢c-a T-a
aVZNl(Z’C)__r+r<C—z+§z 1), for z,{ €T (4.17)

These results are used to solve the Neumann boundary problem for the Poisson equation
in D(a,r).

Theorem 4.1.5. The Neumann boundary problem for the Poisson equation in D(a,r)
wyz = fin D(a,r), Oy,,w=~vyonl

is solvable for f € Ly(D(a,r);C), p > 2 and v € C(I';R) if and only if

/F A()dse = 4 /D Qs

The solutions are of the form

w(z) =c — ﬁ /Fwo log |(¢ — 2)((¢ — a)(z — @) — r?)|" ds¢
1

™

(4.18)

+ / F(Olog (¢ — 2)((¢ - a)(z —a) — r?)[* do,
D(a,r)

where ¢ is an arbitrary constant in C.

Proof. Since —%Nl(z, () is a fundamental solution to the Laplacian operator and the
boundary integral is a harmonic function, (4.18) provides a solution to the Poisson
equation. We only need to check the boundary behavior of w(z). For z € T,

o) =g [ 100N 0t~ [ 1M o
1 (—a (—a
“gr [0 (= T2 1)

(4.19)

- 271”" (/F Y(¢)ds¢ —4/D(w) f(C)dUc>
=7(2) — 2%4 </F7(C)d5g‘ _4/9( )f(C)d0<> :

The last equality is guaranteed by the Poisson integral (4.13)). Therefore 0,,w =~y on I’
if and only if

/F WOdsc=1 [ f(Qda.

D(a,r)

44



4.2 Basic boundary value problems in half-planes

This section is an investigation on the Schwarz problem, Dirichlet problem and Neumann
problem in half-planes. For the case of the upper half-plane, they have already been
well discussed, see e.g. [17]. We will deal with these topics for general half-planes.
The expressions for the Schwarz kernel, the harmonic Green function, the harmonic
Neumann function and the Poisson kernel will be given and these functions serve to
solve the corresponding boundary problems.

A straight line in the complex plane can be given by the equation:

bz + bz +c =0, where b € C\ {0},c € R.

Let L be the straight line determined by the above equation. Let zy := —% € L. For

z € L, we have Re(b(z — z0)) = 0. The straight line L has a parameterization:

c b
s)=——=+1i—s, sE€R.

For {(s) € L we have
bd¢ — bd¢ = 2i|b|ds, bd(¢ + bd( = 0.
Let Q := {# € C|bz + bz + ¢ < 0} be the domain bounded by L. We see that

Re(b(z — 29)) < 0 for z €  and b/|b| is the outward normal vector on L. Let z € Q and
Zre its image under the reflection at L. It is easy to check that
bz +c

Rre = —— = -

b

According to the parqueting-reflection principle, we can obtain the harmonic Green
function for €:

2

| +bz 4
G1(z,(¢) = log ‘b((—z)
We see that
1 b 1 b b
_iﬁngl(z,O = —Re <‘b‘0CG1(z,C)> = m <C — + C_Z>
for ( € L.
Given v € C(L;R) and v(z) = O(|z|™%) for a > 0 , the formula
_ 1 b b\ d¢
u(z)—m/L’Y(C)<C_Z+C_Z>b (4.20)

provides a harmonic function in the half-plane 2 with the boundary data . Formula
is called the Poisson integral formula for the half-planes. On the basis of the
harmonic Green function G1(z,(¢) and the Poisson formula for €2, the explicit
solution to the Dirichlet problem for the Poisson equation can be obtained.
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Theorem 4.2.1. Let f € L,(;C), p> 2, v € C(L;C) and v(z) = O(|2|%) for > 0.
The Dirichlet problem for the Poisson equation in €

Wz =fim), w=~yonlL

has a unique solution

w(z)=21m./L’Y(C)<CEZ+Cb )—/f 'bC+bz$c

Via the parqueting-reflection principle, we also obtain a harmonic Neumann function
of 2, namely,

doc.  (4.21)

Ni(z,¢) = —log|(¢ — = (bC—i—bz—i—c)‘ :

We can verify that

Oy N1(2,¢) =0, for(eL,z€q, (4.22)

0y, N1(2,() =0, forze L,(e€Q, (4.23)
2 b b

0y, N1(z,Q) :m <C — + C—z) , forz,(eL. (4.24)

Theorem 4.2.2. Let f € L,(;C), p> 2, v € C(L;C) and v(z) = O(|2|7%) for o> 0.
The Neumann boundary problem for the Poisson equation in the half-plane Q

Wz = finQ, O, w=~vyonlL
is solvable, the solutions are of the form

2 [bld¢

1

(4.25)
+i[ﬁ«M%M<—@wﬁ+m+@f¢%

where cg is an arbitrary constant in C.

Proof. (4.25) is given by

we) et oo [AOMEONE - 2 [ oM o,
Let ) Bld
u2)i= 1 [ 2Omi o,

S RIGAACLES
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It is obvious that u(z) is a (complex valued) harmonic function in €, i.e. u,z = 0. Since
—%Nl(z,g) is a fundamental solution to the Laplacian operator 0,0z, it follows that
v,z = f in . So we have w,z = f. Formulas and are used to verify the
normal derivative of w(z) on the boundary.

0(:) = 1= [ 10030 ~ 2 [ (00,3 0o

= 4
1 b b d¢
= o 7(¢) ( + > 7
S, (—2 (—2z) b
= ().
The last equality is guaranteed by the Poisson integral formula (4.20)). O

Suppose that w(z) € C1(;C), w(z) = O(|z|7®) for z € L, a > 0 and wz € L,(Q; C),
p > 2. Consider the Cauchy-Pompeiu representation formula for half-planes:

1 ¢ 1 o doe Jw(z), z€Q,
5 w02~ 1 [ w0 —{0’ o (1.26)

When z € €, its reflection image z,e ¢ Q. Applying the Cauchy-Pompeiu formula for z
and 2z, gives

1 d 1 d

w(z) = gm/Lw(C)CfZ - W/QwC(C)CfCZ, (4.27)
_ 1 4 1o doc

0=5_— Lw(ou% W/gsz(OCerzljc’ (4.28)

Taking the complex conjugate for both sides of (4.28]) and subtracting it from (4.27))

produces

_ L w(¢) (@) S\ 1 we(§)  bug(Q)
w(z)—2m, L(C—zd<+b§—|—bz+cd<> 7T/Q<C—z bz—l-gz-i-c dog

v L, _ bl
Comi g Re(w(c)) <C —z * b + bz + c> (4.29)
1 d¢ bd¢ |
+g LIm(w(O) <C—Z_bc—|—b2—|—6>

1 we(Q)  bug(Q)
7T/Q<CZ b +bz+c doc.

Note that for ( € L

¢ b A bdC 2d¢
(—=z bZ—ng—}—c_C—Z b(z — () C—2z’
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¢ bd( _BdC + bd( B
(=2 bl+bz+c b—2)
Applying these two relations to (4.29) produces that, for z € Q,

1 d¢ 1 (we(Q)  bwe(C)
w(z) = — LRe(w(C))C_Z 7r/Q<C—z R doe. (4.30)

For w(z) € C1(Q;C), w(z) = O(|z|7%) for z € L, @ > 0 and wz € L,(Q;C), p > 2,
Formula holds. It is called the Cauchy-Schwarz-Pompeiu formula for half-
planes. It helps to solve the Schwarz problem for the inhomogeneous Cauchy-Riemann
equation in a half-plane.

For ¢ € C(L;R) and ¢(z) = O(]z|~%), a > 0, the Schwarz operator

L [ ¢(C)

ELC_Z

Sy = d¢ (4.31)

provides a holomorphic function in 2 which satisfies the boundary behavior Re(Sy) = .
This formula is called the Schwarz integral for half-planes.

Theorem 4.2.3. Let f € L,(2,C), p > 2, v € C(L;R) and v(z) = O(J]z|7%), a > 0.
The Schwarz problem in §2

Ozw=finQ, Re(w)=~vonlL

is solvable, the solutions are of the form

’IU(Z) = 1/ mdc - 1/9 < f(C) b (C) ) dag + ’iC(), (4.32)

m Jr (— 2z T C—z_bz+5z+c

where ¢g is a real constant.

Proof.

_1 [ 29
S’y_ﬂ'l LC—ZdC

is holomorphic in 2 and Re(Svy) =« on L. It is easy to check that

1 bf(¢)
7T/Q bz—i-gz—i—cdac

is holomorphic in €. From the properties of the Pompeiu operator we know that

(1] )

Note that B%C = —% for z € L, thus

£(©) bf(<) _
e (/Q (C—Z B bC—I—bz—i—c) dag> =0
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for z € L. Therefore a function of the form (4.20) is a solution to the Schwarz problem.
Moreover, every solution is of this form, since the Schwarz problem

O:w=0in§, Re(w)=0onL

has only purely imaginary constant solutions. O

4.3 Uniform expressions for disks and half-planes

It has been mentioned in Chapter 2 that circles and straight lines in the complex plane
can be viewed as generalized circles in the extended complex planes. Therefore a disk
or a half-plane is actually a domain in C,, which is bounded by one generalized circle.
In this section, on the basis of the previous discussions about disks and half-planes, we
are going to demonstrate uniform expressions of harmonic Green functions, harmonic
Neumann functions, Poisson integrals and Schwarz integrals for disks and half-planes.
Let D := {z € C| a2z + bz + bz + ¢ < 0}, where a is a non-negative real number,
beC,ceRand ac—bb < 0. D is a domain bounded by a generalized circle C in Cg.
The associated matrix of C is _
<a b> cH-
b ¢ '

Denote by D the image of D under the reflection at C. Then D and D provide a covering

of Coo, ie. Coo = DU D. Obviously, D is a simply connected finite parqueting-reflection
domain. We can apply the parqueting-reflection principle for constructing the harmonic
Green and Neumann functions.

Let z be a point in D and 2, € D the reflection of z. Tt is already known that

bz +c
a2+5'

Zre =

On the basis of CC__Z;e, we construct the function

Flo.0) = az§+bz+5c+c_
(<) Vbb — ac(¢ — 2)
We see that ( 7) | 7’
Claz+b)+bz+c 'C—zre az+b
F(z, 0] = = — )
(2, Q) =2 e B s

Since Z = z when z is on the boundary C, it follows that
|F(2,¢)] =1for z € C.

The harmonic Green function of D is
Gl(zv C) = log’F(27 C)’2
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In the case of a > 0, G1(z,() is actually the harmonic Green function for the disk

D(— bV bb—ac

PR ), while in the other case of a = 0, it is the harmonic Green function for
the half-plane {bz + bz + ¢ < 0}.
According to Lemma [3.2.4

By G (2,C) =0 log CC — \/a%
:8,,C log ¢ = Zre i
(—z
2 aC+b al+b
_\/bg—ac <C_Z " -z _a).
The Poisson integral
u(z) = % /CV(C) <a§_+: + C?_Jrzb - a> agdfr ; (4.33)

provides a harmonic function in D with the boundary data u = v on C if  satisfies

proper conditions. This formula unifies (4.13]) and (4.20]).

Via the parqueting-reflection principle, a harmonic Neumann function of D is given
by ~
Ni(2,¢) = —log (¢ — 2)(a¢Z + ¢ + bz + ¢ *.

From (3.13)) we know that

2
8V4N1(27C) - - ¢

Vb — ac’
Since Ni(z,() is symmetric in ¢ and z, it follows that
2a
Vb — ac’

In the case of z,( € C, we can verify that
2a 2a aC+b al+b
- \/bg—ac+ \/bg—ac (CC_Z " CC—Z —a>.

Unifying Schwarz operators for disks and half-planes, we obtain the Schwarz operator
for D

for(€ C,z € D. (4.34)
&,le(z,g) = —

forz € C,{ € D. (4.35)

8VZN1(Z’ C) =

(4.36)

1 2b d
S1=gm | 0= EEER 2

- 2mi Jop
We require that v(z) € C(0D;R) if a # 0, and y(z) € C(OD;R), v(z) = O(|z|7%), a > 0
if @ = 0. The function S~ is holomorphic in D and satisfies the boundary behavior

(4.37)

Re(Sv) =+~ on 0D.
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The above conclusions about disks and half-planes are fundamental. More general
results regarding parqueting-reflection domains are based on these conclusions. Particu-
larly, the Poisson integrals and Schwarz integrals of disks and half-planes play important
roles. We will see their contribution in the proof of two theorems in the following section.
These two theorems ensure the feasibility of the parqueting-reflection principle in solving
the Dirichlet and Schwarz boundary value problems for parqueting-reflection domains.

4.4 Basic boundary value problems for finite parqueting-
reflection bounded domains

Suppose D is a finite parqueting-reflection domain, it provides a finite parqueting of C,

namely, Coo = |J (DU ﬁk), where I is a finite set. Let 2 € D. z generates two families
kel
of finite reflection images {z|k € I} and {Z|k € I}.

From discussions in Chapter 3, we know that G1(z, () = log |F'(z, {)|* is the harmonic
Green function of D, where F(z,() is given by (3.5). We use this harmonic Green
function to solve the Dirichlet problem for the Poisson equation in D.

| 2

Theorem 4.4.1. Suppose D is a finite parqueting-reflection bounded domain and G1(z, ()
its harmonic Green function. Let f € L,(D;C), p > 2, and v € C(0D;C). Then the
Dirichlet problem

wyz=finD, w=~vyondD

h(lS a U'rﬂque SOlUt’éOn
z) = _71 (9 G z dS — *1 G d(7 4 38
’U}( ) 1 ’Y(C) Ve 1( 7C) ¢ / f(C) 1(Z,C) ¢ ( . )

where s is the arc length parameter on dD.

Proof. Via the maximum principle of harmonic functions we know that the Dirichlet
problem
w,z =0in D, w=0o0ndD

has only the trivial solution. Then the Dirichlet problem for the Poisson equation in D
has a unique solution if it is solvable.
Since —%Gl(z, () is a fundamental solution to 0,0z, we have

0.0: (-1 [ 110611 ) = 1

From Theorem [I.1.12] we know that
1
- v, 9 d
[ 00,6100

provides a harmonic function in D with the boundary value v on 0D. Therefore

1
4t Joap

Q)0 Gz, s — /D F(O)G1 (2, ¢)dar

w(z) =

o1



is a solution to the Dirichlet problem.

We could also verify the boundary data of w via the the results from Proposition

and the Poisson integral formula (4.33)). Let C' be a circular arc of 9D and its
equation is given by al(( + b( + b + ¢ = 0, where a,c € R,b € C,ac — bb < 0. Then

_ 1
ti (55, 7€0961(2.00sc)

T a¢ +b af%—g_ d¢
g -/07“)(4_,2*42 a>a<+b

O]

Parqueting-reflection principle can also be used to solve the Schwarz problem for the
inhomogeneous Cauchy-Riemann equation in D:

Ozw=f inD, Re(w)=~ ondD,
where f € C(D,C), v € C(0D;R).

Denote
® (2k) :% . CdCZk’
B g [ 075
Ty(zk) - = —i/DCf_(Cikd%
Ty(Zk) - = i/ljgf_(%gdffc

Suppose that D provides a parqueting of the extended complex plane,

kel

Let {zr}rer and {Zj }rer be the reflection images corresponding to the parqueting. Let
Dy, = D and z, = z € D. We know that 2z, ¢ D for all k € I\ {ko} and 2, ¢ D for all
k € I. We also know that 2 is a linear fraction in z and Zj, is a linear fraction in Z. Via
Cauchy integral formula we see that

1 d¢
5 (o) = 57 [ HOZ2

is holomorphic in D, i.e.

0z(®+(2x,)) =0, forze D, (4.39)
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and

(I)W(Zk) =0, Vke I\ {ko}, (4.40)
. (3) =0, Vkel (4.41)

From the properties of the T" operator mentioned in Chapter 1, we see that

(T (21,)) = < <— - ) = f, (4.42)
0:(Ty(2)) =0, Vk eI\ {ko}, (4.43)
8:(T;(Zr) =0, Vkel. (4.44)

Construct a function

w(z) =Y (By(zk) — 5 () + Ty (k) — Ty (3))
kel

2 [0 (25 25) i [ (£ - L e

kel

We show below that w(z) provides a solution to the Schwarz problem in D.

Theorem 4.4.2. Suppose D is a finite parqueting-reflection bounded domain, it provides
a finite parqueting of the extended complex plane, Coo = |J (Dy U lA)k) A point z € D
kel
generates two families of reflection images {zx|k € I} and {Zx|k € I}. Then for f €
L,(D,C), p>2 and vy € C(OD;R), the Schwarz problem
ozw=f inD, Re(w)=+v ondD

is solvable, the solutions are of the form

d¢
27”2/6@ < —2k+C—Ek>

hel o (4.45)
%/( — _gk>da¢+z'co,

where ¢y 1s a real constant.

Proof. Suppose that Dy, = D and zj, = z. From Formulas (4.39)—(4.44) we immediately
see that

Oow = Za?(q)v(zk) — 0 (Z) + Ty(z) — T (Z1)) = 0:(Ty(21,)) = f-

kel

We next verify that w(z) satisfies the boundary condition.
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Suppose C'is a boundary arc of 9D and aCC + b¢ + bC + ¢ = 0 gives the equation of
C, where a,c € R,b € C,ac—0bb < 0. Via a proper ordering of {Zx|k € I}, we can ensure
that 2z, = 2, for all k¥ when z tends to C. Then we see that

w15 ()
(o (H5 L))
=0.

In the case of ( € 9D\ C,

1 d d¢
?%Rezm(/”“WQC *C)

_ 1 d¢ d¢ _

-z (—7%
aD\C

In the case of ( € C, since 2z, = z, ¢ C for k € I\ {ko} when z tends to C, we also have
. 1 d¢ d¢
1 —
ti ke (g 10 (55 +

— C—@)) =0, Vk € I\ {ko}.

We only need to investigate the boundary integral on C' for the terms zj, and zj,. For
z,( € C, we have a(( +b{ +b( + ¢ =0, azzZ+ bz +bzZ+c=0and z = z. Then

d¢ N d¢ :a§+b d¢ +af+5 d¢

(-2 (-2 (—za(+b (—-zal+b
_(aC+b aC+b d¢

_<<—z_¢—z>a<+b

al+b az+b d¢

:<C—z_z—C>aC+b

_aC+taz+2b d¢

C—z al+b
Then from the Schwarz integral formula we know that

: 1 d¢
lim Re <2m./cv(é) (C

—Zko Z CE))
STy
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_ 1 al +az+2b d¢
_Re<2m'/c”“) = a<+b)

Therefore we see that

1 d d¢
;%Re(w(z)) = lim Re <2m /C’y(C) (< _iko + C_C%» =7(2).

This boundary behavior works for any boundary arc of 9D, thus the boundary condition

li —
im Re(w) =+
holds.

Since the boundary problem

Ozu=0 in D, Re(u)=0 ondD

has only trivial solutions, namely, u(z) must be a pure imaginary constant. Therefore
every solution to the Schwarz problem differs from w(z) by a purely imaginary constant.
O]

From Theorem [3.2.7] we see that the parqueting-reflection principle can be used to
construct harmonic Neumann functions for finite parqueting-reflection domains. Har-
monic Neumann functions help to solve the Neumann boundary value problems for the
Poisson equation. Although we do not have a general conclusion for the Neumann
problems in finite parqueting-reflection domains, we still see many successful examples
that harmonic Neumann functions produce explicit solutions to the Neumann problems
in particular domains. We will see in the next chapter that the parqueting-reflection
principle also works for solving the Neumann problems for a class of circular digons.
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Chapter 5

Boundary Value Problems in a
Class of Circular Digons

A circular digon in C, is a domain whose boundary is composed of two circular arcs
of C,, with two intersection points, it is a circular polygon with two circular arcs and
two vertices. Figure demonstrates all the four cases of circular digon domains.
They are lune domains, circular segment domains, lens domains and cones, respectively
corresponding to Figures [5.1a] [5.1D] [5.1c and [5.1dl In the last case, as seen in Figure
the two boundary rays of a cone are considered to intersect at the corner point and
at infinity.
We focus on a class of circular digons. Let

Doy :={2€C|22-1<0,z2zsin(a — ) + zsinf + Zsinf — sin(a + 0) > 0},

where 0 < a < 7, 0 < 6 < m. D,y is a circular digon with the two corner points
vy = e and two boundary arcs

Co = 0Dy N{zZsin(a — ) + zsinf + Zsinf — sin(a + 0) = 0},
Cq = aDa,g N{zz =1}

Cy and C intersect at the corner points v; and v_ with the intersection angle 6. Cy is a
part of the unit circle {|z| = 1}. If @ =60, {zsinf + Zsinf —sin(a+ 0) = 0} is a straight

D D U

(a) (b) (c) (d)

Figure 5.1: Four cases of circular digons
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Figure 5.2: D, ¢ in the case of o > 0

line and C) is the straight line segment connecting vy and v_. In this case, D, looks
like Figure If a« # 6, Cy is a part of the circle whose center is ¢y := sin 0/ sin(f — «)
and radius is ro := sina/|sin(f — «)|. If o > 6, the domain D, ¢ is a lune domain, while
for a < 0, Doy is a lens domain. Figure depicts the details of D, g in the case of
a> 0.

In this chapter, we show that D, g is a finite parqueting-reflection domain when
¢ = 7, n € N*, where N* denotes the set of positive integers. We obtain the harmonic
Green and Neumann functions for D, via parqueting-reflection principle. With the
help of harmonic Green and Neumann functions, we solve the Dirichlet and Neumann
boundary value problems for the Poisson equation in D, g. We also solve the Schwarz
boundary value problem for the inhomogeneous Cauchy-Riemann equation in D, g via
parqueting-reflection principle. Parts of the results are published in [19].

5.1 Parqueting of C,, provided by D, g

In this section, we are going to investigate the parqueting of the extended complex plane
s

provided by D, g in the case of § = 7, n € N*.

Let Do := D, g. Reflecting Do at C; generates a new circular digon, denoted by
Dy, and 0D1 = Cy U Cs, where Cy is the image of Cy under the circle reflection at
C}. Carrying out consecutive reflections in anticlockwise direction produces a family
of circular digons {Dj}reny and a family of circular arcs {Ci}ren. (Reflecting Dy at
Cry1 gives Dgy1.) The circular digon Dy is bounded by Ci_1 and Cj, namely 0Dy =
Cr_1 U Cy. This family of circular digons share the common corner points v4. Since
circle reflections preserve angles, every two adjacent circular arcs C_1 and C}, intersect
at vy with the same angle #. In the case of § = 7/n, after operating 2n — 1 steps of

circle reflections, Cb, coincides with Cy and Ds, turns out to be Dy. More generally,
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Contr = Cx and Doy = Dy, for all £ € N. The circular arcs Co,C1,- - ,Coy—1 thus
divide the extended complex plane into 2n domains, which are just Dg, D1, -+, Dap—1.
Therefore the family of domains {Dg, D1, -, Da,—1} provides a parqueting of C,

namely,
2n—1

Coo = |J Di, DN Dy =0 for j #k.
k=0
So we have verified that D, ¢ is a finite parqueting domain.
The following lemma provides the associated matrices for the circular arcs {Cj }ren.

Lemma 5.1.1. Let A be an associated matrixz of C. Then

- (—sin(a+ (k—1)0) sin(k —1)6
Ay 2 ( sin(k — 1)6 sin(a — (k — 1)9)) ) (5.1)

where “2_ 7 is the equivalence relation on H™ defined by (12.1)).

Proof. We proceed with the proof by induction on k. It is easy to see that

0= (M0 o) (s )

1 0\ v (—sina O
Al_(o —1)N< 0 sina>'

So Ap and A; both satisfy formula (5.1]). Suppose that

_ [—sin(a+ (k—3)0) sin(k — 3)0

and

and
_ [—sin(a+ (k —2)6) sin(k — 2)6

Because C}, is obtained by reflecting C_s at Cj_1, via Theorem we validate that
Ap = A1 A Ay

Ho <— sin(a + (k —1)6) sin(k —1)60 >
sin(k — 1)6 sinf — (k—1)0) )~

O

Let Ry, denote the circle reflection at Cy, k € Z. Let Inv(D, ) be the group generated
by Rg and R;, the two circle reflections respectively at the two boundary arcs Cy and
C) of the circular digon D, 9. Let M := R; o Ry. From Corollary we see that

Inv(Deag) =< Ro, Ry >= {M*, M"* o Ry| k € Z}.
s

Particularly, we see a result below for the case § = 7, n € N*.
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Lemma 5.1.2. If0 = 7 for some n € N*, then
Inv(Deayg) =< Ro, Ry >= {M"*, M* o Ry| k =0,1,--- ,n — 1},
where M = Ry 0 Ry.

Proof. The matrix associated with Cy is

Ap = (Sizgg(g)e) - Sisfilr(légi‘ 9)> ’

and the matrix associated with C; is

1 0
e (1),

M = Rj o Ry is a Mobius transformation, we also denote the matrix of M by M. Then
Theorem [2.3.6| implies that

M = AgArt = <sin(a+e) sin(0) > |

—sin(f) —sin(a —6)

It is easy to determine the eigenvalues of M, which are A\ = sin(a)eie and Ay =
sin(a)e™™. Then we see that

(7 nme) = (U )
=Gty (5 )

if 0 = 7. Tt follows that M™ = Id. The Mobius transformation M generates a cyclic
group of order n. Therefore

Inv(Dy ) =< Ro, Ry >= {M* M" o Ro| k=0,1,--- ,n—1}.
O

We already know that the family of domains {Dg, D1, -+, Da,_1} provides a par-
queting of C if § = 7, n € N*. Note that Dy = Rp(Dy_1). Theorem implies
that

ok
M*(Do) = | [ Rj | (Do) = Da,
j=1

2k—1
(M* o Ro)(Do) = | T Ry | (Do) = Dok,
j=1
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for k=0,1,---,n— 1. Note that D_; = Da,_1 and Do = D, . Then

{9(Dap)lg € Inv(Dag)} = {M*(Do), (M* o Ro)(Do)|k = 0,1,--- ,n — 1}
= {D()? D17 T 7D2n—1}~
We have thus verified that D, ¢ is a finite parqueting-reflection domain.
Let z9 = z € Dy. The family of reflections { Rx|k € N} produces a family of reflection

images {zx|k € N}, zp = (R o Rg—10---0 Ry)(20) € Dg. Particularly, 21 = Ry(z9) =
1/z € D;. Via Theorem Lemma and Formula (2.2)), we deduce that

Rip1(1:2]) =[1: 2| Appy <_01 (1)> = [—zsin(a — kf) — sin k6 : zsin k6 — sin(a + k)],

0 1

Ren(lz: 1) = 5 a0

Therefore, we have

> = [Zsinkf + sin(a — k0) : Zsin(a + kb) — sin k0)].

—zsin(a — kf) — sin k6
zsin k6 — sin(a + k)

29k = Rk+1(21) = (52)

and
Zsin k# + sin(a — k0)
zZsin(a + k) — sin k6’

Zok+1 = Riq1(20) = (5.3)

Remark 5.1.3. In the case of # = 7/n, the relation 29, = 2 holds. Besides, 2z =
Zon—k—1 holds when z is in the circle Cpy, while 29, = 29141 holds when z lies on the
circle (.

5.2 Schwarz problem for inhomogeneous Cauchy-Riemann
equation in D,y
Since the circular digon D, ¢ is a finite parqueting-reflection domain, applying Theorem

to Dg9, we solve the Schwarz problem for the inhomogeneous Cauchy-Riemann
equation in Dy g.

Theorem 5.2.1. Giwven f € Ly(Dqp;C), p > 2 and v € C(0Dy0;R), the Schwarz
problem
Ozw=f inDyg, Re(w)=rv ondDyg

1s solvable and the solutions are of the form

_in—l dg dz >
w(z) —kazz()/waﬂv«) (s

15 O Q) .
szzo/l)w(C = >d0<+zc,

— 2k (= Zokt1

where ¢ is a real constant.
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We show below the derivation of the Cauchy-Schwarz-Pompeiu integral formula for
D, ¢ by using parqueting-reflection principle.

According to the Cauchy-Pompeiu formula, for a function w(z) € C(D,4,C) N
C(Dg 4, C) the formula

1 d¢ 1 do, w(z), for z € Dy,
ot | O [ e S - " (55)
T JoDg 4 C—2 TJp., (—=z 0, for z ¢ Dq g
holds. If z € D, g, among the reflection images zo, - - - , z2,—1, only zp is located in D, g,
all the other reflection images are outside D, y. Thus we have
1 d¢ 1 do w(z), k=0,
[ w0 = (5.6)
T JaD, C—2zk  7Jp,, ¢ — 22k 0, k=1,---,n—1,
1 d 1 d
— w(C)C—/ ’LU*(C)L:O, fork=0,---,n—1. (5.7)
2mi Jop, C—2k+1 T Jp,, ¢ — 22k41

Taking the complex conjugate of the formulas for z9x41 produces

1 ——  d¢ 1 —— d
i ol )C_/ Wi O= % —0, fork=0,---,n—1. (58)
210 Jop, C—Z2kr1 T JDay ¢ — Zokt1

Lemma 5.2.2. Let C := {¢ € C|a(C + b + bl + ¢ = 0} be a generalized circle, where
0<a€R,beC,ccR andac—bb< 0. Let s be the arc length parameter of C, and let
R denote the reflection at C. Let z € C and ze = R(z). Then for ¢ € C'\ {z}, we have

d¢ az+b d¢ az+b ds

-z (—za+b 'C—2 /i —ac

Proof. We have

-
tre = R(z) = — <
az +b
via the definition of circle reflections. If a({ + b + b + ¢ = 0, then
d¢ d¢

holds. Therefore

dc aC+b d¢ aC+b  dC az+b dC
_& 7o R - . (5.9)
¢ — Zro (—ZeaC+b btc  bztca(+b (—za(+Db

aC+b az+b

If a > 0, C is a circle, and
d¢ . ds

=1 —
aC+b vV bb — ac
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holds. Actually, this relation is also true for the case of a = 0. In this case, C is a
straight line, and we have

d¢ .ds
— =i
b [bl
The second equality in the conclusion is thus guaranteed. O

Let Ry denote the circle reflection at Cy and R; denote the circle reflection at C;.
Via Corollary we see that the reflection images satisfy the relations Ry (z) = z_k—1
and Ry (zx) = z_g41 for k € Z. Note that zp = zo,+k holds. It follows that

Ro(zok+1) = 2on—2k—2, Ri(zop41) = 22n—2k, k=0,---,n— 1

If ¢ € Cy, i.e., {(sin(a — )+ (sinf + (sinf — sin(a + ) = 0, applying Lemma
to the the family of formulas (5.8)) we see that

2mi ¢ — 2on_ok_2 sin(a — 0)¢ + sin 6
1 — 2z d¢ —— do¢ (5.10)
e / e / we(0)= —0
2mi Je, wl )C—Zzn 2% G Dao C( )C—sz+1
for k=0,---,n— 1. Rewriting the formulas (5.6)) produces
1 w(O) sin(aw — 0)¢ +sin 6 d¢
271 Jo, ¢ — 2ok sin(a — 0)¢ +sin 6
(5.11)

i Q % _ l . do-(: _ w(z)a k= 07
"o clw(OC—sz ¢ W/Da’(,wC(OC—sz_{O, k=1,---,n—1.

Adding these two sets of formulas (5.10) and (5.11)) produces the Cauchy-Schwarz-
Pompeiu representation formula for D, g:

1 i, sin(a — 0)(¢ + 2ox) + 2sin 6
w(z) =g /Co Re(w(()) 2 C— o ds¢
1 = ¢+ 2o nsin(a — 0)
+gp [, Re(w(O) 3 Tk - 00 /C mO)dse (312
TS S C S e vq
+ z% Im(w({))dsC = /Daﬁ kzo << e T sz+1> doe.

5.3 Dirichlet problem for Poisson equation in D, g

In this section we apply the parqueting-reflection principle for constructing the harmonic
Green function for D, ¢ and then solve the Dirichlet problem for the Poisson equation in
D, . Although the harmonic Green functions for finite parqueting-reflection domains
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have already been generally investigated in preceding chapters, it is still worthy to show
the details for this particular domain D, ¢ here.
Let

n—1 . .
C — Zok41 zsin k6 — sin(a + k0)
H —zok Fz0) kI;[O Zsin(a + kf) — sin k6’
where

n—1

H Z¢sin(a + k0) — (2 + () sin kf — sin(a — k0)
g ZCsinkf + 2 sin(a — kf) — (sin(o + k) + sin k6

F(Z7C) -

(-1 ﬁ zZ¢sin(a + k0) — (2 + () sin kO — sin(o — k0)
(—z P 2(sinkf + zsin(a — k6) — Csin(a + k) + sin k6’

It is obvious that log|F(z,()|? as a function in the variable z is harmonic in Dy g \ {¢},
and log |F'(z,¢)|*> + log |¢ — z|* is harmonic in D,y. Before showing that log |F(z,()[?
vanishes on the boundary 0D, g, we firstly investigate some properties of F(z, ().

n—1 . -
Lemma 5.3.1. If 0 =7, then [T | =1 hold for z € ODyp.

Proof. In the case of z € Cp, zZsin(aw — 0) 4+ zsinf + zZsinf — sin(a + 0) = 0 and

|zsin(a — ) + sin | = sin « hold. Substituting z by —zsinf+sin(a+0)

m, we see that

n

1:[ zsin k@ — sin(a + k6)

1—[1 zsin k6 — sin(a + k)
zZsin(a + k) — sin k6

s =0 | Znia ) amg Sin(a+ kO) — sin ko
B = zsin kf — sin(a + k0) zsin(a — 6) + sin 6
N o zsin(k + 1)0 — sin(a + (k + 1)0) sin a

—sina
zsinnf — sin(a + nd)

nh—m —sin «

zsinm — sin(a + 7)

1.

In the other case of z € (', the relation zzZ = 1 implies that

— | zsink — sin(a + k6)

Py Zsin(a + k) — sin k6

‘ n—1

B H zsinkf — sin(a + k0) |
B Py sin(a + kf) — zsinkf|

The conclusion holds for both cases. O

From Remark [5.1.3| we know that lim f(z, () = 1. Then Lemma |5.3.1| ensures

Z—)@Da’g

that lérg |F(2,¢)| = 1. Thus, log |F(z,¢)|? vanishes on the boundary. Therefore the
zZ—r

harmonic Green function of D, g is obtained, as stated in the following theorem.
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Theorem 5.3.2. The harmonic Green function of Dy g is G1(z,() = log |F(z,()[?.

We next discuss the Poisson kernel for D, g.

Let p(z,¢) := —%81,46’1(2, (), where z € Dy g and ( € 0D g. It is called the Poisson
kernel of D, 9. We can calculate the expression of p(z,() directly. First, we obtain that

n—1 : 3
B zsin kO — sin(a + k0)
0cG1(2,0) = — kz—:_o 2(sinkf + zsin(a — kf) — sin(a + k6) + sin kO

n—1

N Z Zsin(a + k@) — sin k6
% sin(a + k) — zsin kf — ¢ sin kO — sin(a — k6) "

On the boundary arc Cy C {¢ € C|((sin(a —6) +(sin@ + (sin @ — sin(a +6) = 0}, the
outward normal vector is

¢sin(a — 6) +sind
- sin «

VC: N

and the outward normal derivative is

Oy, = — (Csm(a —0)+ smHaC N Csin(a — 0) + Smeﬁc) |

sin o sin o

Especially, Cp is a line segment when o = 6. In this case we have v, = —1 and
Oy, = —0¢ — 0.
We can check that

(sin(a — 0) + sin 0 zsin kO — sin(a + k0)
sin v 2(sinkf + zsin(a — kf) — (sin(a + k@) + sin kO
_sin(a — 0) zsin(a — (k+1)0) +sin (k + 1)6
T sina zCsinkf + zsin(a — k0) — Csin(a + k0) + sin k6

Replacing ¢ by %m :

Zsin(a + k) — sin k6
Z¢sin(a + k0) — (Z + () sin k — sin(a — k0)

gives

Zsin(a + k@) — sin k6
~ ZCsin(k+ 1)6 — zsin(a + (k + 1)8) + Csin(a — (k + 1)0) + sin (k + 1)6
y Csin(a — ) 4 sin @
sin o

9
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which implies that

(sin(a — 0) 4 sinf zZsin(a + k) — sin k6
sin «v Z¢sin(a + k0) — (Z + () sinkf — sin(o — k0)
Zsin(a + k@) — sin k6
z¢sin (k + 1) — zsin(a + (k + 1)0) + (sin(a — (k + 1)0) + sin (k + 1)0
|¢ sin(a — 6) + sin ]2

sin? o

Zsin(a + k@) — sin k6
Z(sin (k +1)0 — zsin(a + (k + 1)0) + ¢sin(a — (k + 1)0) +sin (k + 1)0°

Let [ :=n —k — 1. Since nf = w, we have

¢sin(a — 6) 4 sin 6 zsin(a + kO) — sin k6
sin « zZ¢sin(a+ kf) — (2 + ¢) sin kO — sin(a — k0)
B zZsin(a — (I +1)0) +sin (1 +1)0
 ZCsinlf + zsin(a — 1) — Csin(a + 10) +sinlf’

Then it follows that

¢sin(a — 6) 4 sin 6

s 9cG1(z,¢)
_ _ nsin(a +22R ' zsin(o'z—(k+1)9)+§in(k+1)9 . ‘
sin« z(sinkf + zsin(a — kf) — (sin(a + k@) + sin k0

Thus in the case of ¢ € Cp, the Poisson kernel of D, ¢ is

p(2,0)
_— %a,,gc;l(z, Q)

e <Csm(a - 0) + sin HagGl(z, C))
sin a
_ ~ nsin(a +2ZR ' zsm(o‘z—(k—i—l)e)—i—ém(k—i—l)é? . ‘
sin « 2( sinkf + zsin(a — k#) — ( sin(« + k@) + sin kO

66



On the other boundary arc C1, the outward normal derivative is d,, = (0; + 584-. Then

(OcG1(, Q)

n—1

z( sin k — (sin(a + k)

- kzo 2(sink + zsin(a — kf) — (sin(a + k@) + sin k6

= zZ¢ sin(a + kf) — ¢ sin k6
D — . .
s sin(a + k) — Zsin kO — ( sin kO — sin(a — k0)

(i1 e 14 zsin(a — k) + sin k6
— z(sin k@ + zsin(a — k0) — ¢ sin(a + k) + sin k6
N i, zZsin(a + k) — sin k6
= zsin(a 4 k6) — 2 sin kO — sin kO — ( sin(a — k0)
Lk S i, zsin(a — k) + sin k6
— 2(sin k@ + zsin(a — k0) — ¢ sin(a + k) + sin k6
- Zsin(a — 10) + sin 160
+

— Z(sinlf + zsin(a — 1) — sin(a + 16) + sin 10

n—1 . .
zsin(a — k@) + sin k6
S 2 .
n kZORe <ZCSiH7€9 + zsin(a — k0) — (sin(a + k6) + sink@)

Thus in the case of ¢ € (1, the Poisson kernel of D, g is

p(z,¢)
= — Re((9:G1(2,())

n—1

— zsin(a — k6) + sin k6
—n —2 '
n ;::0 Re <z( sin k@ + zsin(a — k0) — (sin(o + k6) + sin k:9>

Remark 5.3.3. The definition of p(z,() can be extended to Dyg X 0Dqp. When
z € 0D, p, we have 0:G1(z,() = 0 because G'1(z, ) vanishes on the boundary. Therefore
p(z,¢) = 0 holds when z,{ € 0D, ¢ and z # (.

Further investigation about the boundary behavior of the Poisson kernel p(z, () is
necessary. Let go(z, () be the harmonic Green function for the domain

{¢ e C|¢sin(a—0) + (sinf + (sin — sin(a + 6) > 0},
and po(z,¢) be the corresponding Poisson kernel. It is easy to check that

ZCsin(a — 0) + zZsinf + Csin 6 — sin(a + 6) |2
(z—=()sinc

gO(Zv C) = log

)
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1 _ sin(a —6)

po(2,¢) = —3 bego(z,C) =

9 Re <zsin(a —6) —i—sin@)

sin « (z—()sina

Denote the harmonic Green function and the Poisson kernel for the unit disk {¢ €
(C{ || < 1} respectively by g1(z,¢) and pi(z,¢). It is well known that

2

zZ(—1
=1
91(2,¢) = log ol
1 ¢ ¢ z
=—=0 = = —1=1-2R .
P 0 = —g0(e.0) = Zs 4 = (=)
With these notations, a boundary property of p(z, () is shown in the next lemma.
Lemma 5.3.4.
lim p(z,¢) = lim po(z,¢), if ¢ € Co,
Z*)Co Z%Co
ZEDaﬂ ZEDa’g
lim p(za C) = lim p1<Z>C)7 Zf C € Cl
z2—Cy z—C1
2€Dq 0 2€Dq9

—Z sin f+sin(a+6)
zsin(a—6)+sin 6

Proof. If z tends to Cy, replacing z by gives

0:G1(2,¢) — 9cgo(2C)

n—1

__Z zsin(a+ (kK —1)0) —sin (k — 1)0
B — z( sin(a+ (k —1)8) — zsin (k — 1)0 — ¢ sin (k — 1)0 — sin(a — (k — 1)0)

n—2

N Z zZsin(a + k@) — sin k6
— zZ¢sin(a + k) — zsin kO — ( sin kO — sin(a — k)

=0.

Hence 9,,G1(z, () — 0y go(2,() = 0 when z tends to Cy. Likewise, if 2 tends to C1, then
via substituting z by 1/z, we see that

0cG1(2,¢) — 0cg1(2, C)

n—1

L Z zsin k6 — sin(a + k0)
N < 2(sinkf + 2 sin(a — k) — (sin(a + k) + sin k6

n—1

N Z zZsin(a + k@) — sin k6
= Z( sin(a + k6) — Zsin k6 — ¢ sin kO — sin(a — k0)

=0.

Hence &,CGl(z, () — 8V<g1(z, ¢) = 0 follows when z goes to C.
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By the above discussion, we deduce that, for ¢ € Cy
lim p(Z7C) = lim pO(ZaC)a
Z—)Co Z—)Co
ZGDDL,Q ZEDa,G
while for ¢ € C4
lim p(z,¢) = lim pi(z,Q).
Z~>01

Z%Cl
ZeDa’g ZEDa’g

Then the following result is obtained from Remark and Lemma
Theorem 5.3.5. Given v € C(0D,0;C), the boundary behavior

1 .
i oo [ (@ Odse =)
ZEDQ’G aDa,Q

holds for any Z € 0D 4.

With the properties of Green function and the result of Theorem the Green
representation formula succeeds in giving the solution to the Dirichlet boundary problem
for the Poisson equation in the domain D, g, as shown in the next theorem.

Theorem 5.3.6. The Dirichlet problem w.z = f in Dyg, w = v on 0Dqyg for f €
L,(Da6;C), p>2, v € C(0Dy,,C) has a unique solution, which is provided by
1 1
w(z) = 10 G2 0dsc = - [ 1(OG = aean
«,l

471' 8Da,9

5.4 Neumann problem for Poisson equation in D, g

To construct a harmonic Neumann function for D, g, we start with a function given by

n—1

Q(z,¢) = [ (¢ = 22)(¢ — 22r41)-

k=0

Via multiplying @ (z, () by the product of all the denominators appearing in the zj terms,
we obtain a new function

n—1

Q(z,() = H (Z¢sin(a + k0) — (2 + ¢) sin kO — sin(« — k6))
k=0
n—1
X H (2¢sinkf + zsin(a — k0) — (sin(a + kO) + sin k6).
k=0
From Theorem we know that Ni(z,() := —log |Q(2,¢)|? is a harmonic Neumann

function for D, ¢.

We see below some properties of the normal derivatives of Ni(z, () on the boundary
0D 0.

69



Lemma 5.4.1.

0, Ns(,0) %(‘;_9)7 for z € Co,¢ € Dag \ {2z},
V. 2, = D,o
1 —2n, for z € C1,¢ € Do\ {2}

Proof. The outward normal derivative can be calculated straightforwardly. Note that

n—1

¢sinkf + sin(a — k)
LN ) = : 3 1 i
9:N1(2,¢) kzo 2(sin kO + zsin(a — k0) — ¢ sin(a + k) + sin kO

B nz:l Csin(a + k) — sin k6
— z(sin(a + k) — (z + () sinkf — sin(a — k6)

In the case of z € C1, zZ = 1 holds and we have

20,N1(z, ()

n—1

o Z z( sinkf + z sin(a — k)
B 2(sin kO + zsin(a — k0) — ¢ sin(a + k) + sin k6O

k=0

B nil 2(sin(a + kf) — zsin ko
= 2Csin(a + k6) — (z + ¢) sinkf — sin(a — k6)

__Tf 14 ¢sin(a + kO) — sin k6

N 2(sinkf + zsin(a — kf) — ( sin(a + k@) + sin k6
(sin(a + kf) — sin ko

Z( sin(kf) + Zsin(a — k) — (sin(a + k@) + sin k6

n—1
, (sin(a + k0) — sin k0
=—n—2 1 .
" ZZ o (zCsink0+zsin(a — kO) — (sin(a + k0) + sin k6

Thereby for z € C; and ( € Dyg \ {2}, the normal derivative of Ni(z, () with respect
to z is

al/le(27<) = Zale(Z7C) + Z82]\71('27C) = QRG(Zale(Z,C)) = —2n.

In the other case of z € Cy, the operator of outward normal derivative is

sin o sin «v

B, = — <zsin(a —0) +Sin98z n zZsin(a — 0) +sin062> .

Note that
zsin(a — 6) 4 sin 6 (sin kB + sin(a — k)
sin 2(sinkf + zsin(a — kf) — (sin(a + k@) + sin k6
_sin(a —0) (sin(a+ (k—1)0) —sin(k —1)6
- sina 2(sinkf + zsin(a — kf) — Csin(a + k) + sin k6
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Replacing z by %m -
Csin(o + ko) — sin ko

2Csin(a + k0) — (z + ¢) sinkf — sin(a — k6)

gives

(sin(a + k6) — sin k@
zZCsin (k + 1) + zsin(a — (k + 1)8) — Csin(a + (k + 1)0) + sin (k + 1)0
Zsin(a — 6) 4 sin 6

X

sin o
Then we have
zsin(a — 0) + sin Csin(a + kf) — sin k6
sin & z(sin(a + kf) — (z + ) sin kf — sin(a — k6)

B Csin(a + kB) — sin k6
ZCsin (k + 1) + zsin(a — (k + 1)0) — Csin(a + (k + 1)0) 4 sin (k +1)8

Hence
zsin(a — 6) 4 sin 6
sin av

8ZN1 (Zv C)

n—1

_ _nsin(a—0) Z (sin(a+ (k—1)0) —sin (k — 1)0
B sin «v ‘ 2(sinkd + 2 sin(a — k) — (sin(a + k) + sin k6

Z Csin(a + k6) — sin k6
P z(sm (k+1)0 + zsin(a — (k+1)8) — ¢sin(a + (k +1)0) +sin (k +1)0

_ nsin(a (sin(a+ (k—1)0) —sin (k —1)0
= -2 I
sin «v ! Z o <z( sin k6 + zsin(a — k0) — ¢ sin(a + k) + sin k6

follows, from which we know that, for z € Cy and ( € Dy g \ {2},

zsin(a — 6) +sin 6
sin «

2nsin(a — 6)
sina

0y, N1(z,() = —2Re < 8ZN1(z,§)> =

O]

Remark 5.4.2. Let o(s) := 0,,N1(2,(), 2 = 2(s) € 0Dqp and ¢ € Dy \ {2}, where s
is the arc length parameter. Then restating the result of Lemma gives
{Z"Si.n(a_e), for z(s) € Cy,

Sisege?

ols) = —2n, for z(s) € C;.

Formula (3.13]) implies that

2715‘1%’1(06—9)’ fOr C E CO’

d,. N 7 — sin o
Mi(z¢) {—Zn, for ¢ € C1.
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Therefore o(s) = 0, N1(z, () holds for ¢ = ((s) € 9Dy 9. Moreover, we have

L (s)ds——i 2nsm(a—9)/ ds—Qn/ ds
47 8Da’90 N 47 sin av Co lel}

1
=— E(ém(a —60) — 4na)

=1.

Remark 5.4.3. We are not sure if our Neumann function Nj(z,() satisfies the nor-
malization condition (N4) in Remark [1.1.17, However, we conjecture that the integral
faD , o(s)N1(z,()ds¢ is constant for z € Dy g. If this conjecture can be verified, sup-

pose that the constant is K, then Ni(z,() — K will be the unique harmonic Neumann
function of D, g satisfying the normalization condition.

Lemma 5.4.4. For ¢ € Cy,

i e (- 2Oy (2, 0)) ol o)) - 2,

z—Co sin av sin o
2€D4 9

while for ( € C1,
lim {Re(z0,Ni1(z,()) —p1(2,Q)} = —n.

zﬁCl
ZGDa,g

Proof. For ¢ € Cy,

zsin(a — ) + sin
sin o

zsin(a — 0) + sin 6
(z —()sina

azN1(27<) =2 +T0(Z,C),

where

n—1

— ¢sin kO + sin(a — kO)
T =
0(2,¢) ; 2(sinkf + zsin(a — k) — ¢ sin(a + k@) + sin k6

-2

Csin(a + kf) — sin k6
z(sin(a + kf) — (2 + () sin kf — sin(a — k6)

k=0

From the proof of Lemma we see that Tp(z, () tends to

(n—1Dsin(a—0) _ 2 Csin(a+ (k — 1)0) — sin (k — 1)0
sin «v — Z tm (z( sin k6 + zsin(a — k@) — ¢ sin(a + k@) + sin k9>
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when z tends to Cy. Hence

zsin(a — 60 sin @

lim Re (— ( - )+ 0:N1(z, C))
2—Co sin av
ZEDmg

. zsin(ow — 0) +sinf n — 1)sin(a — 60

_ i 9ReZSH ). ( ). ( )

z—Co (z—=()sina sin o
ZeDa’g

) nsin(a — 6
= lim po(z,¢) + 7.( )
z2—Co Sin &
ZGDa’g

For ¢ € C1,
2z

—¢

Zale(Z,C):_Z _Tl(Z>C)7

where
n—1 : ;
¢sin kb + sin(a — kb)
T = E
1(2,¢) £~ 2(sinkd + zsin(a — kf) — (sin(a + k) + sin kf

n—1

Csin(a + kf) — sin k6
2Csin(a + kf) — (z + ) sinkf — sin(a — k6)

k=1
When 2z tends to C1, T1(z,() turns out to be

n—1

. (sin(a + k0) — sin k0
(n—1)+2i) Im < ) )

z(sinkf + zsin(a — kf) — (sin(a + k@) + sin kO

which is also shown in the proof of Lemma Therefore for ( € Cf,

z

li N- =— lim 2 —(n—-1)= 1 —n.
g, Rele0:M(z0)) == g, 2ec—7 — (=)= fig, mizo)—n
2€Dq 9 2€Dq 9 2€Dq0

O]

Now we are ready to solve the Neumann boundary problem for the Poisson equation
in Dygp.

Theorem 5.4.5. For f € L,(Dqp;C), p > 2 and v € C(0Dqyy9,C), the Neumann
boundary problem

w.z = f inDyp, Oy, w=r ondD,gexcept for the two corner points,

1s solvable if and only if

/ A(¢)ds; = 4 / £(C)dédn.
aDa’g Da’g
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The solutions are of the form

w@) =et o [ AOMEOdsc -1 [ FOM( Odgan,
Do

A Jo Dao i
where ¢ is an arbitrary constant in C.

Proof. We know that —%N 1(z,¢) is a fundamental solution to the Poisson equation, and
the boundary integral [, , Y(¢)N1(z, )ds¢ is harmonic in D, g. It immediately implies

that w,z = f. The normal derivative of w(z) is

1
 Arx

O = 1 [ 400 Qs =~ [ 00Nz Qdn

On the basis of Lemma [5.4.1] and Lemma if z € Cy,

lim 8, w(z) = ~(3) 4 2nsnle—0) (1 /8 Qs - 1 /D f(<>d§dn) ,

2% sin o 47 T
ZEDOL,G

if z e Ch,

1 1
lim Gy, w(z) = (%) - 2n <47r /8Da’9 7(Qds¢ - — /DM f(C)d£d77) :

ZEDOL’G

Then 0, , w(z) = v(2) on 0D, ¢ if and only if

/ Y(C)dsc = 4 / F(O)dédn. (5.13)
(9Dayg Da’g

Hence the function w(z) solves the Neumann problem if and only if the solubility con-
dition is satisfied.

Suppose ¢(z) also solves the Neumann problem, then ¢(z) — w(z) is harmonic in
D, and its normal derivative vanishes on 0D, . It implies that ¢(z) — w(z) must be
a constant.

To sum up, if the Neumann problem is solvable, all the solutions are of the form

1 1
w) =et o [ AOMEOdc -1 [ HOM(z. e
T aDa,O T Da,@
where ¢ is a complex number. O
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Chapter 6

Boundary Value Problems in a
Circular Rectangle

We have shown that the parqueting-reflection principle can be used to construct har-
monic Green and Neumann functions for finite parqueting-reflection domains and also
help to solve Schwarz Problem and Dirichlet problem for finite parqueting-reflection do-
mains. Although it is still unclear if the parqueting-reflection principle generally works
for infinite parqueting domains, we have seen some successful examples, see e.g. |5l |10,
23, 26]. In this chapter, we show an example of infinite parqueting-reflection domains
and verify that the parqueting-reflection principle method is feasible for this example.

The four circles |z — 1| = /2, |z + 1| = V2, |z — V/3i| = v2 and |z +V/3i| = V2 in
the complex plane bound a circular rectangle

R:={zcC||lz+1]| < V2 < |2+ V3il},

see Figure We are going to show that R is a parqueting-reflection domain, apply the
parqueting-reflection principle for constructing the harmonic Green function of R and
then solve the Dirichlet problem for the Poisson equation in R.

6.1 A family of circles {|z — myi| = rr,mi =12 + 1}ez

Lemma 6.1.1. The image of the circle Cy := {z € C||z — mqi| = ri,m? = r? + 1}
under the reflection at another circle Co := {z € C| |z — mai| = ro,m3 = 73 + 1} is the
circle Cy := {z € C||z — mai| = r3,m3 = r3 + 1} with the relations

— aymsg + 51 . — s

3= 5 ———— R S —
Bimg +ay’ |Bima + a1’

where cy = mimo — 1, 81 = mq1 — mo.

Proof. By Lemma we see that the matrix associated with Cjs is

1 ime 1 a1 img
—iMQ 1 —im1 1 —imz 1
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lz-1=V2
lz+1=V2

’Z+i\/§‘=\/7

Figure 6.1: Circular rectangle R

,H; < (m1 — mg)mz + (mlmQ — 1) ((mlmg — 1)m2 + (m1 — mg))Z)
—((mimg — V)mg + (my — m2))i  (m1 —ma)mg + (myme —1) )~

Here ““_” means the equivalence relation on H™, as introduced in Section Let

a1 :=mymo — 1, 81 := m1 — mo, and m3 := gi#ﬁfi The center of C3 is

-1 _
(mlmg )mz + (m1 77”L2)Z -

(m1 — Tng)mg + (mlmg — 1)

and the radius is

/ m? —1(m2—1 rir2

—ma)mg + (mymg — 1)| a |B1ma + aq]|

O]

By this lemma, we see that reflecting the circle |z++/3i| = /2 at the circle |z—+/3i| =

V2 results in the circle |z — %ﬂ = g Let my = /3, r1 = V2, my := %, and

ro 1= @ By operating consecutive reflections in the upward direction of R, a family of
circles {|z — myi| = rk, mi = r2 + 1}gen+ is produced. More specifically, reflecting the
circle |z—myi| = ry at the circle |z—my11i| = 741 results in the circle |z—myy 21| = rgpo.
Lemma [6.1.7] ensures that

agmp1 + B

2 2
my =71, + 1, mpya = )
Brmip1 + ay,

where ap = mpmgr1 — 1, B = mp — mgy1, kK € N*.
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Remark 6.1.2. Actually, we can verify that g—: is constant, namely,

V3
q::&:ﬁ—:— for k € N*.
ap O 2
It follows from
apmer1+B8e 2
Ok+1 M 1Mp42 — 1 . Me+1 Bremip41+ag 1 . ak(mk+1 B 1) _ Gk
= = = 5 =
Rl Myl — Mpy2 — QM1 tBe m2,, —1 3
Br+ + + Mgy — g Be(mj,, —1) B

We thus have an iterating formula for my, namely, for £ € N*,

mg +¢q

_— 6.1
qgmg + 1 (6.1)

mg41 =

Lemma 6.1.3. The sequence (my)gen+ decreases monotonically to the limit 1. More-
over,
0<mpyr —1<(1—q)*(my—1),

where q = @, for all k € N*.
Proof. Remark immediately implies that

meta | (1—q)lm—1)

Cogmy + 1 gmy +1

Mg — 1

It is easy to see that mj; — 1 > 0 for all £ € N* by induction. Then the estimate

(1—q)(mx—1)

p— <(1=g¢q)(my—1)

miy1 — 1 =

follows. It shows that the sequence (my — 1)ken+ is monotonically decreasing with limit
0, which implies the conclusion. ]

We consider analogously the consecutive circle reflections in the downward direction.
Reflecting the circle |z — v/3i| = v/2 at the circle |z + v/3i| = /2 results in the circle
|z + %z\ = ? Let m_1 := —V/3, r_1 == V2, m_o = —%, and r_y = g
Consecutive downward reflections produce a sequence of circles {|z — m_xi| = r_g }ren~
with the relations

mzk = r%k +1,

- _ (magm_(ern) — Dy + (Mg —m_h41)
2T (g — M_ (1)) M—(kt1) + (M_pm_ggry — 1)

The iterating formula implies that

Mok = Mo(ky)) Mo —mey V3 _ g, Vk € N,

1-— M_kM_(k41) 1l —m_im_y 2
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Then we have

—M—_f + ¢ . m_(k+1) + 4
Mm_(k+1) = —————, Or equivalently, m_j = ——————
gm_j —1 qm_(g+1) + 1
for k € N*. Moreover, we can verify the relations
m_p = —my,Vk € N* (6.2)

by mathematical induction.
Actually, from the iterating formula (6.1) and the first term mq, an explicit formula
for my, can be derived.

Lemma 6.1.4. For k € N*, my = gr\/g;% and m_p %

Proof. The iterating formula (6.1)) can be rewritten in the form of homogenous coordi-
nates as

(Mgt 2 1] = [my < 1] <(11 (i) :

s 1] = 1] q)k

q 1

Then we have

By the Jordan normal decomposition

Log\_ (=2 2\ (1-q¢ o0 _v2
qg 1 @g 0 1+g¢ V2

the calculation for the matrix power can be easily achieved, namely,

Nlro
G
[\ no

)

<1 q)kl _ <—\§§ ?) ((1 — gt 0 k_1> (‘? ?)
1) U )G
_ 1 <(1 +o (- gt - (1 q)k‘l)
21+ ' =1 -9 QA+ ' +(1-9")"
Then we have
(L) 4 1y 4 (L2t 1]
T DT U (EDT

V3

5> and my = V/3 results in the formula

2+v3)* 1 +1

Inserting ¢ =

my = . 6.3
R T (63)
From the relation m_j = —m;, we immediately get the formula
2 3 2k—1 1
= BV (6.4)

1 (2 + \/§)2k71'
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Because the circle |z—1| = /2 is both perpendicular to |z—m1i| = r; and |[z—m_yi| =
r_1, 50 it is perpendicular to |z —myi| = ry, for each k € Z\{0}. Analogously, |z+1| = v/2
is perpendicular to |z — myi| = ry, for each k € Z\ {0}. These facts are based on angle-
preserving property of circle reflections, and they will be applied in the following sections.

6.2 Parqueting of C, provided by R

Let
Cl:={zeCl|lz—1|=Vv2}NR,
Cl:={2€C|lz+1]=V2}NR,
C1:={z€C||z—V3i|=V2}NR,
C_1:={2€C|lz+V3i|=V2}NR,

denote respectively the four boundary arcs of R, namely, OR = C,UCFUC_1 UCy. Let
Doy = R. Reflecting Dg at its upper boundary C; produces a new circular rectangle,
denoted by Dq. Suppose that C(l), Cy and C_p are reflected respectively to Cl, O7 and
Cy, then 9D = C’i U C] U Cy U Cy. Operating consecutive reflections in the upward
direction results in a family of circular rectangles { Dy }ren+. Let C’,lC UC, UCLUCiia
denote the boundary of Di. We next repeat the procedure of consecutive reflections in
the downward direction. Reflecting Dy at its lower boundary C_; produces a circular
rectangle, say D_1, 0D_1 = C*; UC", UC_; UC_y. Consecutive reflections in the
downward direction generate a family of circular rectangles, say D_g, k& € N*. Let
Cl_k UCT, UC_;UC_i_1 be the boundary of D_j;. With the above notations, C}, is a
circular arc of the circle |z —myi| = 1, for k € Z\ {0}. On the basis of the orthogonality
for the boundary arcs of R, the two circles |z — 1| = v/2 and |z + 1| = v/2 are mapped
respectively to themselves under the reflection at circle |z—myi| = 7, for each k € Z\{0}.
This implies that C'/,lc is a circular arc of the circle |z — 1| = v/2 while C}, is a circular arc
of the circle |z + 1| = /2 for each k € Z. we therefore see that

Dy ={z€C||lz+1| < V2, |z —myi| < g, |2 — mpy1i] > re41},
D_={z€C|lz£1| < V2, [z +myi| <rp, |z +mpp1i] > rppa},

for k € N*.

From Lemma and the fact m_p = —my, we know that the sequence (my)gen=
decreases monotonically to the limit 1 and (m_g)gen+ increases monotonically to the
limit —1. It then implies that the sequences (rg)ren+ and (r_g)ren+ are both decreasing
with limit 0. When & tends towards +oo, the centers of circles |z — myi| = r converge
to the point ¢ and theirs radii decrease to 0, in the meantime, the centers of circles
|z +myi| = r converge to the point —i. Note that ¢ and —i are just the two intersection
points of the two circles |z + 1| = v/2. Thereby we see that a family of domains { Dy, }rez
provides a parqueting of the lens domain

Lo:={zeC||lz+1] <V2},
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namely,

The orthogonality of the two circles |z — 1| = v/2 and |z + 1| = /2 guarantees a
parqueting of the extended complex plane provided by Lg. Let
Ly :={zeC||lz -1 <V2, |2+ 1| > V2},
Ly:={2€C||z—1] > V2, |2+ 1| > V2} U {00},
Ly:={zeC||lz—1]>V2, |2+ 1| < V2}.
We see that L; is the reflection of Ly at the circle |2 + 1| = v/2, Ly is the reflection of
Ly at the circle |z — 1| = /2, and L3 is the reflection of Lo at the circle |z + 1| = v/2.
Actually L3 can also be produced by reflecting Lg at the circle |z — 1| = /2. Then
the four domains Lo, L1, Ly and L3 build a parqueting of the extended complex plane,

namely,

Coo =LoUL{ULyU Ls.

Based on the above investigation, a parqueting for C, can be achieved by reflections
starting from the initial domain R. Let Dé denote the reflection of Dy at the circle
|z — 1| = V/2, D} denote the reflection of Dy, at the circle |z + 1| = v/2, and D}, be the
reflection of D} at the circle |z — 1| = V2. All these domains are determined, namely,

Di={zeCllz+1| < V2 < |z —1], |z + V3i| > V2, |z — V3i| > V2},
Dy={z€Cllz—1] < V2 < |z+1|, |z + V3i| > V2, |z — V3i| > V2},
Dy ={zeC|lz+1] > V2, |2+ V3i| > V2, |z — V3i| > V2} U {0},

and for £ € N*

D ={z€Cllz+ 1| < V2 < |z =1, |z — myi| < rg, |2 — mps1i| > 1441},

Dl_k ={zeCllz+1| <V2<|z—=1|, |2+ myi| < rp, |2+ mps1i| > i1},

Dy ={z€Cllz—1| < V2 <|z+1], |z — myi| <1k, |2 — mps1i| > 141},

D, ={z€C|lz—-1] < V2 < |z +1], |z 4+ mpi| < i, |2+ mpgd] > e}

Dy ={z€C|lz£ 1| > V2, |z — myi| < ry, |2 — mppai| > rpga},

D' ={z€Cllz£ 1| > V2 |z +myi| <7k, |2+ mpgi] > rp4a}.
Therefore the circular rectangle R generates a parqueting of the extended complex plane,
namely o

Coo = | J(DxUDLUD; U D).
kEZ

Figure [6.2] demonstrates this parqueting.
Let 1;, T;., T, and Ty denote the reflections respectively at the boundary arcs Cj, C,.,
Cy and C_; of the circular rectangle R. Denote Inv(R) := (1}, T;, Ty, Ty) the inversive
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Figure 6.2: Parqueting generated by R

group generated by 1;, T)., T, and Ty. Let My := T, o Ty, Mo := T, o T;. Since the
two circles |z & iv/3| = v/2 lie outside each other, from Corollary we know that
M generates an infinite cyclic group. Since the two circles |z 4 1| = /2 are orthogonal,
then Lemma implies that M2 = Id. Because the two circle |z 4 iv/3| = /2 are
orthogonal to the other two |z & 1| = v/2, Corollary implies that

Tyoliy=TioTy, TyoTl,=T,0T,, TyoT;=Toly, TyoT, =T, 0Ty
Then we can determine Inv(R), namely,

M{“, M{“oTu7
Tyo ME, TyoMfoT,,

Inv(R) = Tro]\If“'7 TTOM{“oTu7
Myo Mf, MyoMfoT,),_,
It is easy to check that
M{(R) = Doy, M o Ty(R) = Daj1,

Tio Mf(R) = Db, TioMFoT,(R)=Di.,,,
T, o Mf(R) =Dy, Tpo Mf o Tu(R) = Dy iy,

’ ’

Mo MF(R) = Dy, Mo MF(R)oT,(R)= Doy

Therefore we conclude that R is an infinite parqueting-reflection domain.
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6.3 Reflection images

Let zp = z € Dy. The reflection of zy at the circle |z — myi| = ry is

miizg — 1
21 = —— € Dy.
zo +mit

Let zp denote the reflection of z,_1 at the circle |z — myi| = r; for k& € N*. We have

2z, € Dy, and the relation
mgtzp—1 — 1
Zk = ——————--—

Zho1+ Myt
Then L ) )
p Mpy192k — 1 agzp—1 + Bl 2k—1+ qi
k1l = — - = : = — -
Zk + M1t —Brizg-1 o —qizg_ +1

Denote that
1 —q
A= .
(qi 1 )
From the iteration for z; we see that
[z0k : 1] = [20 : l]Ak,

o 1= [ 0 =g 1] (M)

-1 mqe

By determining the Jordan normal form of A, it is easy to compute the matrix powers
of A, that is

Then we obtain that

i[(3ED)F 4 1]z — [(220)F — 1
T T o i(E)F 1)

il(my + DD 4 (my — 1]z — [(ma + DEEDF — (my — 1))
P omn + DR = (ma — 1% + ilma + DOZDF 4 (my — 1))

Inserting the values of m; and ¢ results in

. i[(24+V3)2F + 1]z — [(2 + V3)%F — 1] 6.5)

T2+ VIR 1)z +i[2+V3)% + 1) '
. (24 V3P + 1)z — [(2+ V3)* ! — 1] (6.6)
T+ VB — 1)z 442+ V3)% 4 1) '

Let
24+V3)F+1

Vg = m7
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with the convention that vy = oco. Then

122 — 1
2o = —————, 6.7
. (6.7
iYor+12 — 1
tgpay = RHET 2 6.8
e = 2HE— (65)

for k € N.

Remark 6.3.1. From the formulas of mj and +x, we deduce that

mE = Y2k—1, M-k ="Y_(2k—1), Vk€ENY (6.9)
Y= —Y, VkEZ \ {0}; (6.10)
Y+ 1
L N YA 6.11
Tkt Yk + N ( )

The last relation can be verified directly via the expression of 7.

Analogously, we deal with the reflection points in the downward direction. Let
Z_(k+1) be the reflection of z_j at the circle |z +myy1i| = 7541 for k € N. Then

; _ impzoy — 1 e, sy = M 1Z_(gy1) — 1
D e i T T i
We thus have 4
Z—(k+1) T 4
Z_(k-1)=—— =

_iqz_(k_H) —|— ]_ ’
Then

[20 : 1] = [Z,Qk : 1]Ak,
[z-1 1] = [2_(2h41) 1]A*%.

By the formula of A*, we have

. ) —1 N .
Z_2k + 172k Z_(2k+1) T 172k

The above two formulas and Remark imply that

_ yopz—okp — 1 . 1Y2kZ—(2k+1) — 1

iy2kz0 + 1 iy_opz —1

2 ok = : _ , 6.12
T o+ Y2k 2t UY-2k (6.12)
. _ fykzi+ 1l iyekpZo A+l iy—(2k+1)2 — 1 (6.13)
TR ik Bt iveksr 2 1Y~ (2k+1)
We can unify the expressions for z; and z_j, namely,
j -1
sop = RET 2 g ez (6.14)
Z + 19k



s — 1
L N (6.15)

2k+1 = — s
+ Z+ iVopt1

The image of z;, under the reflection at the circle |z — 1| = v/2 is

1zt !
= e D;.
Then the formulas for zfc are given by
Lo TR Ok e g (6.16)
€K7 + €2k
g = X Okl g (6.17)
€2k+12 + €2k+1
where € = 1 + iy%. In particular, zé = gﬂ
The image of z;, under the reflection at the circle |z + 1| = v/2 is
-7+ 1
r= "2 ey
Zr+ 1
The formulas for z;, are given by
= HET% ey, (6.18)
€212 — €2k
P w7 vk € Z. (6.19)
€2k+1% — €2k+1
In particular, zy = _;_‘*'11
Reflecting 2 at the circle |z — 1| = /2 gives
1
/ /
=—— € D.
%k P k
The formulas for z; are given by
= 2% ez, (6.20)
—iyor2 + 1
/ Z + 1Y2k+1
z =——" VkeZ. 6.21
Y (6:21)
In particular, z{, = —%.
Moreover, we have the relations
22t = —1=2z2, VkeL (6.22)

Lemma 6.3.2. Let w, € {zk,z,lf,z,z,z,’g}, k€ Z. Then for z € R
lw_ +i] <3(1—q)

lwy, — | < 3(1—q)?, 5

for k e N*.
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Proof. When z € R, wy, is located inside the circle |z — myi| = 7, i.e. |wg — mpi| < ry
for k € Z\ {0}. Lemma implies that

|wi, — 1| < |wg, — myi| + (mg — 1)

<y/mi—1+ (my—1)

<Vmp —1(vVmi +1+vVmg —1)
<3(1-¢q)2

for k € N*. Analogously, Lemma and the relation m_j; = —my, imply that
lw_p, + i < Jw_g —m_gi| + |1 +m_y|
< W+ (mg — 1)
<3(1—¢q)?
for k € N*. O
Lemma 6.3.3. i) In the case of z € C}, we have
o= 2tk = 4 € {|z— 1] = V2}
for k € Z. In the case of z € Cfj, we have
o=tk = 2 € {lz+1] = V2}

fork e Z.

it) Let {wy ez € {{2k thez, {24 thez, {25 toez, {2} hez }- Then, in the case of z € Cy,
we have

wap = Wakt1 € {|2 — Mag41t] = rops1}s
W_(2p+1) = W_(2k42) € {2+ Mag2i| = rog2}

for k € N, while in the case of z € C_1, we have

Wop 11 = Wakt2 € {]2 — Magy2i| = ropia},
w_zk = W_(241) € {2 + makt1i] = rok1}

for k e N.

Proof. i) Denote the two circles {|z + 1| = v/2} respectively by C* and let T+ be the
circle reflections corresponding to C* respectively. According to the parqueting provided
by R, C'/,lC is a circular arc of C~ and Cj, is a circular arc of Ct for k € Z. Obviously
2L € C,i when z € Cé . It follows that zfﬁ =T7(2r) = 2z € C~ when z € Cé. Let Ay
be the image of C’IQ under the reflection 7F. Since the two circles C* are orthogonal,
T maps the circle C~ onto itself. Then the circular arc Ay = TH(C}) is a part of the
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circle C~. When z € G}, z = TT(z) is located on C~ and z}, = T~ (2}) = 2z} € C.
The claim for the case of z € C} is thus verified. The discussion for the case of z € C}
is similar.

ii) Let C* denote the circle {|z—my| = r} and T}, the corresponding circle reflection,
k € Z\ {0}. In the case of z € C1, 2o, € C** and z_(g441) € C~** for k € N.
Then zop41 = Tors1(22) = 225 € C?*F and z_(9519) = T (2612) (32— (2k+1)) = Z—(2k+1) €
C~(k+2) follow. In the case of z € C~1, Zoke1 € C?F*2 and z_g, € C~ (k1) for
k € N. In the case of z € C_1, from the parqueting provided by R we see that zo;10 =
Topt2(22k11) = zone41 € CPT2 and z_(op11) = T-(2k41)(2—2k) = 2-2k € C—(2k+1) for
keN.

Note that the two circle C* are both orthogonal to C* for any k € Z\ {0}. It implies
that z, z,lc, 2y and z; are located on the same circle if z € Cy or z € C_;. The relations
for {zx }rez also work for {z,lf}kez, {2} }rez and {z} }rez. Therefore the verification for
part ii) is complete.

O

6.4 Harmonic Green function of R

According to the parqueting-reflection principle, we construct a formal function

/
H ¢ — Z2k+1 C Zopt1 G — Zék ¢ — 2y,

7 1 .
ez & 2% — Zop C— 2y, 1 C— 2ok
As a function in the variable (, ﬁ’(z, () has the poles

/ l r
22k> 29k #ok+415 #2k+1> k ez,

and the zeros
/ l r
22k+15 29k 415 P2k P2y K € L.

The next lemma ensures that F(z, () is well-defined.

Lemma 6.4.1. The infinite product ﬁ(z, ¢) converges absolutely for z # ¢, z,{ € R.

Proof. 1t is sufficient to show that the infinite product [ [;., fﬁ’““ is absolutely conver-

gent for any {wy trez € {{zk tkez, {2} ez, {24 hez, {25 kez}- We know that the infinite
product [[,c, C wz’““ is absolutely convergent if and only if the series ) ,CGZ(C_W‘“+1 -1)

C—wag
(—w
is absolutely convergent, see [24]. Then it is sufficient to prove that >, o [>7—2 = — 1|
and ) ;o |C21Ul;7f’;1 — 1| are both convergent. Using the estimates in Lemma [6.3.2] we
have
|war, — wakr1| < Jwak — i + [war 1 —i| < 6(1 — q)"
and .
€ = wak| 2 € =] = Jwap — 1] > =

86



when k is large enough. We thus see that

C— Wapt1 ‘ _ |war — wop1| 12 (1— o)t
¢ — wak ¢ —war| T [C

It follows that the series ), |% — 1] converges. Applying again the estimate for

w_ in lemma we obtain that

(—w_gp—1 ' _ w_gk —w_gp| 12 (1— gt
¢ — wogk [ —w_gi| 7 [C+1
. . . . . C—w_ok_
It immediately implies convergence of the series ), C_Ti’;kl — 1. O

Lemma [6.3.3] immediately leads to the following results.

Lemma 6.4.2. For z € OR,( € R\{z} the function F(z,¢) has unit modulus, i.e.
|F(2,¢)| =1 forz € dR,( € R\{z}.

In Section [6.3]| we have seen that all the reflection points are linear fractions in the
variable z or Z. For some particular terms, denominator of the corresponding linear
fraction may turn out to be zero, which means the reflection point is infinity. This
can only happen for the reflection point z{ in the domain Dj, since D{, is unbounded
while the other domains for the parqueting are bounded. Actually, from the formula
zy = —% we see that z) = co when z = 0. On this basis, we somehow need to deal with
the denominators in linear fractions of the reflection points. Therefore we modify the
function F(z,¢) by multiplying with the formal product

V() = H Z+ivoky1 —12k412 T 1 €07 + € €17 — €9k
- . . P 3
z+ 1Yok —iY2k2 + 1 €212 + €kl E2kt12 — €2k41

keZ
whose terms appear in the denominators of z, z,i, 2y, and z;.

Remark 6.4.3. Note that 79 = oo does not cause problems for the clarity of the
expression of V(z). The factor for k =0,

€Z+€ €@z—¢€  (141400)Z+ (1 —ioo) (1 —ioc0)z — (14 i00)
z4+iv) —ivz+1 2z + 00 —iocoz + 1

should be interpreted as w

Considering the function V' (z) makes sense due to the following conclusion.

Lemma 6.4.4. The infinite product V(z) converges absolutely and the function has
unitary modulus on the boundary of R, i.e.

|[V(2)| =1 for z € OR.
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Proof. In the case of z € C}, we have (z — 1)(Z — 1) = 2. Let

AL(z) = Z+iYok4+1  €2kZ + €2k BL(z) = —1Yop412 + 1 €z — egp
L . ) - . .
Z+ Yok €212 + €2pt1 —iyorz + 1 €py12z — €op41

Inserting z = £t into A} (z) and Bj(z) results in

]Aé(z)\ _ €2k+1%2 + 6Q.k:—i-l 2(2’ + Z")/Qk)i _ 1,
(Z — 1)(2 + Z’}Qk) (Z — 1)(62k+12’ + 62k+1)

Bl = | ek 20 hae D))y
(z = D)(—ivarz + 1) (2 — 1)(€ak+1% — €2k+1)

Thus |A}(2)BL(2)| = 1 for z € C}, k € Z. Therefore for z € C}

V()= ][ 14k(x)Bi(2)| = 1.

kEZ

In the case of z € Cj, we have (z + 1)(Z 4+ 1) = 2. The verification is similar to the
first case. Let

Z+1 €22 — € —1 Z4+1 ez + e
Ar(z) = 2kt €2k % priy) = N2k 2k 2k
Z+ 1Yk €k+1% — €2k+1 —iy2kz + 1 €opt12 + €11
Inserting z = ;‘fll into A} (z) and Bj(z) one can deduce that

A (2)] = 1 =B (2)].

Hence

V()| = [T 14k (=)Bi(2)| = 1

keZ

holds for z € C}.
In the case of z € C1, the relation (z — i;)(Z +i7y1) = 2 holds. Let

Z + 1Y2k41 —1Y2k412 + 1 €2k2 + €2k €rZ — €9
Ap(z) = Clias ein , Br(z) = —— ——— .
z+ive  —iyekrz + 1 €2k 12 + €2kt 1 €2k 412 — €2k 41
Inserting z = Z;fz;ll into Ag(z) results in
Ap(z) = (Z+iyort 1) Z+iv)  (—iyar1Z + 1)(Z +i71)

i 4 y2e)Z — (L+mvek) (L +71726)Z + il +v2r)

Remark ensures that yor11 = % holds. Then

|z — i’yl|2
A(2)| = —————
| ( )’ h/l 2k|2
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iy12+1

follows. Inserting z = =5

into By(z) produces

By(2)] = ’ [(r1v2r + 1) — iy +ver)]z — [(v1v2r + 1) + (71 + ya2r)]
(26412 + €2p41)(—2 +im1)

" ’ [(v1v2k + 1) il +v2)l2 + [(1v2s + 1) — il + y28)]
(€2k12 — €241)(—2 + i)

_Im + Yo |?
|z —im[?

Therefore

2)| =[] |4k(2)Bi(2)| =

keZ
holds for z € Cj.
In the case of z € C_1, the relation (z 4 iv1)(Z — i71) = 2 holds.We rewrite V' (z) as

2) =[] 4k(2)Bi(2)

kEZ
where
AL () = zZ+ i'}"2k—1 —ijzk—15+ 17 BL() = €22 + €21 €Kz — €2k '
z4ivar  —ivaz +1 €2k—1% + €2k—1 €2k—12 — €2k—1
Via inserting z = ”Qj;ll into A} (z) and Z = Zerzz 71 into By (z), one can verify that
44(2)By(2)| = 1
for z € C_1,k € Z. Therefore |V (z)| = 1 also holds for z € C_;. O

We modify the function F (z,¢) by multiplying with V'(z). Let

F(z,¢) = F(z,Q)V(2).

The function F(z,() is well-defined and has the expression:

H ¢(z + ivok+1) — (iV2k4+12 — 1) ((—ivop41Z + 1) — (Z + iv2p41)
C(z 4+ iy2k) — (iyorz — 1) C(—ivarz + 1) — (2 + iy2k)

kez
y C(e2rZ + €21) — (—€2kZ + €21)
Cleaht12 + Err1) — (—€2ry12 + €241)
y C(E2rz — €ea) — (€212 + €21)
C(Ehy12z — €ant1) — (€2k412 + E2kp1)
17 (Z A1) Fivop 1 (C —2) (= Z) —iyang1(CZ+ 1)
=11
wep (2D +inaw(C—2) (€ —2) —ivar(Cz+1)

€0 (CZ — 1) + &5 (¢ + 2) €r(CZ — 1) — eop (¢ +Z)
€o1(C2 — 1) + &1 (C+ 2) epr1(Cz — 1) — a1 (C + 2)°
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Remark 6.4.5. From the constructions of F(z,¢) and F(z,(), we see immediately that
F(z,¢) has poles at the points ( = sz,Zék,ZékH,ngH and has zeros at the points
C = Zokt1, 2y H,zék,zgk, k € 7Z. Moreover, one can verify directly that the function
F(z,() is symmetric in z and ¢ via using the relation y_j = —7x.

Theorem 6.4.6. The harmonic Green function of R is G1(z,¢) = log |F(z,()|?.

Proof. For z € R, from the parqueting generated by R we have seen that all the reflection
points except zp = z are outside the domain R. Then Remark implies that F(z, ()
as a function in the variable z has only one pole z = { for ( € R. From the expression
of F(z,¢) we thus see that log|(z — ¢)F(z,¢)|? is harmonic in R. In addition, Lemmas
and ensure that G1(z,() =0 for z € OR. Therefore G1(z,() is the harmonic
Green function of R. 0

6.5 Poisson kernel of R
Let v1,v9,v3 and vy denote the four corner points of R. The Poisson kernel for the
domain R is defined by
1
p(za C) = _§8VCG1(27 C)

for 2 € R, € OR\{v1,v2,v3,v4}, where v denotes the outward normal vector and 9,
is the outward normal derivative operator on JR. Note that

8”@” = Vgag + 7(82 =2 Re(ygag).

This formula is used to calculate the normal derivative.
Since the boundary OR consists of four circular arcs C(l), Cy,C—1 and (1, the outward
normal derivative has to be calculated respectively for the four parts. The formula

8:G1(2,¢) =8¢ log |[F(z,C)|? = 8¢ log | F(z, C)|?

¥ ( L S SR
P G G I Gk R R Q91
1 1 1 1
+ I l r r )
C—zy (=g G2y C— 2y,

will be used.

. . 1 1
Remark 6.5.1. It is easy to check that all the series ), (74_@“1 — 7C—sz)’ > kez (
1 11 11
= C*Zék)’ > ez (C—Zék C—Z’2k+1) and ) ez (C*ZSk C7275“1) converge absolutely

via applying Lemma m Therefore 0¢G1(z, () converges absolutely.

We discuss below the Poisson kernel respectively for the four boundary arcs.
Case 1. ( € C'(l). B
In this case, the relation (¢ — 1)(¢ — 1) = 2 holds, the outward normal vector is

Ve = % and the outward normal derivative operator is d,, = V2Re((¢ — 1)9;). Hence

p(2.¢) = ~HRe((C ~ DA (=.Q)).
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Lemma 6.5.2. Let {wk}kez c {{Zk}k627 {zé}kez, {Z;;}kez, {Z];}keZ}- Then

192
wp—12 -2/ < ————— ||z —1* -2
o= 1P =2] < Sl — 1P =2
holds for z € R, k € Z.
Proof. Applying the formula ‘
o = 1yorz — 1
Z + Y2k
gives
r2
oo — 112 — 92 2k
“% | ’ ‘Z+Z’yk|2|‘ ‘
Analogously, by inserting
22k+1 = 727%“2 -1
Z 4 ivokt1
we have )
—1
2 Tok+1 2
Zog+1 — 1|7 — 2| = . z— 17 = 2|.
“ " | ‘ ‘Z_272k+1|2“ | }
In general, we have

||z — 1> — 2| = —2|.

z—1
|z + (_1)1%'%’2“

The formula Ak
2 3 1
o= CAEVITHL g

(2+V3)k -1

implies that
6

Yo —1=(wl+ Dl -1 < (m+1)

2
(2 +V3)Ik — 1 < 2+ V3 -1

For z € R, the estimate

. . 1
|2 ki > [z i | — (= [wl) > V2 — (V3 -1) > B
holds. Then we have
24
g — 12 =2l < —F——— ||z - 1* -2
o= 17 2] < ol 1P 2
forz€e R, k € Z.
Applying the relation zj = —i, we see that
2 2
|2k]? [T — (=1)kiryyz|?
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With the estimate

(=DF

z 41—
Yk

11— (=1)Fivez| = |yl
> |2+ (= DFim | — (71 — |jk|>
>V2 - (V3-—)

>1
47

Sl

the inequality
6
||z — 112 — 2|

9
2 —1P -2 —

follows.
Applying the relation
2= Ztl
k -1
results in
2|z — 117 =2
Jef - 12 o) = 10
|z — 12

By the fact that each z is located inside the circle |z 4 1| = /2, the estimate |z — 1| >
2|z +1]>2—-v2> % follows. Thus we have
192
! 2 2
zp — 1 =2 < z—1]"=2|.
[l = 17 = 2] (2+¢$W—1“ |

Analogously, by applying the relation

r —2Zr +1

R = — 1
zr+ 1

and the estimate |2 + 1| > 2 — |z, — 1| > 2 — v/2 > 1, we show that

2 _ _1‘2_2‘ 192 2
|l — 1" — 2| = EE <(2+V®WM_JV—1|—2L

To sum up, we have shown that
192
wp — 12 -2 < —————— ||z — 1> -2

forz€e R, k € Z.
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Lemma 6.5.3. On the boundary part Cé except for the two corner points, the Poisson
kernel satisfies that

S O = S W
p(z,()—ﬂ<<_z+cz 1)—1—0(2 |z —1]9) (6.23)

forzeR,CEC(l).

Proof. On the basis of the absolute convergence of 0;G1(2,(), we can rewrite (¢ —

1)0:G1(z,¢) as

(-1 ¢—-1

— (¢ — - - —1)k-1 -
(C=DE—, C—zé)HC 1)ke§Z*( 1) (C_Zk: Q—ZL)
_ k=1 1

+(C 1)§ ( 1) (C_z;g C_z]:)7

keZ

where Z* denotes the set of nonzero integers. Since the relation (¢ —1)(¢ —1) =2, i.e.
((—(C—(C—1=0, holds for ¢ € C’(l), substituting sz by 2+l gives

Zr—1

(-1 ¢-1 (-1 -1

_ Y A Zet+1
C—z ¢ 2L C— 2k C—%_l

_ g1 €-DE -1

-z C-DEm-1) -2

L1 GenE-nE-D
(=2 (-1 -DE-1)-2(¢-1)
_ - +E
C_Zk C—Zk
_C—-C—-C+z+z—2Z
a ¢ — 2k /?
2|z — 12
e

Especially, we have

¢—1_g—1_2—|z—1|2_g—1+ﬁ
(-2 (-2 [C—2P (-2 (-2

Lemma ensures that | — zi| has the limit |¢ — 7| when k tends to oo, while it has
the limit |¢ + 7| when k tends to —oo. Then we see from Lemma that

-3 (— Ly—o@-:-1p).

ez ST G
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we can show that

Analogously, via substituting z; by iﬂﬁi
Zkf

(-1 (-1 _ 2—|z—1]?

C—z C—2 (=7

Again Lemma and Lemma [6.5.2| guarantee that

<<n§ijl, Ly —o@-:-1p).

_ _ ‘s
kezZ % O

Therefore on Cé except for the two corner points

1

p(Z7C) = _ERe((C - 1)8CG1(Z7 Q))
BN a e
= 2<C—Z+C—Z 1>+O(2 \ 119).

O

Case 2. ( € (y. B
In this case, the relation (¢ + 1)(¢ + 1) = 2 holds, the outward normal vector is

ve = %, the outward normal derivative operator is J,, = V2Re((¢ + 1)9¢) and the

Poisson kernel is p(z, () = —%Re((( —1)0:G1(z,()). Since the computation in this case

is analogous to the case of Cé, we just list the following two parallel lemmas omitting
the proofs.

Lemma 6.5.4. Let {wk}kgz S {{Zk}k627 {Z;g}kEZa {Z]Z}kGZv {Z],g}kGZ}' Then

192

holds for z € R, k € Z.

Lemma 6.5.5. On the boundary part Cjy except for the two corner points, the Poisson
kernel satisfies that

1 (¢+1 (+1
”@C*‘v§<<—z+c—z

for z € R and ¢ € C except for the two corner points.

- 1) +0(2—|z+ 1) (6.24)

Case 3. ( € (. B
In this case, we have the relation (¢ —+/37)(C++/3i) = 2. The outward normal vector

is ve = —C_\/\ggi, the outward normal derivative operator is 0, = —v2Re((¢ — v/3i)d;)

and the Poisson kernel is p(z,() = %Re((( —V3i)0:G1(2,()).
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Lemma 6.5.6. Let {wk}kez c {{Zk}k627 {zé}kez, {Z;;}kez, {Z];}keZ}- Then

D

keZ

1 1

— = O(|z — mqi|* — 12
C— w1 C—wo ( | 2

holds for ¢ € R,z € R\{(}.

Proof. Lemma implies that |( — wy| tends towards |¢ £ | when k goes to £o00. So
we only need to show that

> waki1 — wor| = O(|z — mail* — 7). (6.25)
kEZ
Applying the formulas z| = ;—kl, 2k = j:i—ﬂ and z] = %ﬁl, we obtain that
S |20k+1 — 22k
A P P

2|2k 1 — 22k
|20k — 1| 22k41 — 1|

2|2k 41 — 2okl
2ok + 1|[20p41 + 1|

l l
|sz+1 — Zop| =

|Z§k+1 - ng’ =

By the fact that |z;| tends towards 1 when k goes to +00 and |zj, 1| > 3 which is seen
from the proof of Lemma we only need to verify the estimate for the case
wg = Zg.

Inserting the formulas

_dyokz — 1 _y2k1Z2 — 1

2o = ———— and 2pqp1 = —

z + ik Z + 1Y2k+1
results in

|2ok+1 — 2ok
_ |i(Yor+1 — Y2k)2Z + (Vort172k — 1)z — (21726 — 1)Z 4+ i(V2n41 — V2r)|
Z + ivar+t1]]2 + iy2k]

Note that

Yokt+172k — 1 yok1v-ok + 1
Yok+1 — Yok Y2k+1 T V—2k
follows from Remark [6.3.11 Then

-7 = —my

[Vor+1 — Yok | . o
z — Zok| = - - 2z +1miz —imiz + 1
Foak41 = 22k |Z 4 ivor1|2 4 ivorl | ' ' |
[Vor+1 — Yor|

=— ; ‘|z—m1i|2—r%|.
|Z + ivor41|]|2 4 ivar|
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From the formula of v; we see that

2 2 4
2+V3)2H —1  (2+3)2% -1 = (24 V3)2k — 1

In the proof of Lemma we have already shown that |z £ iyg| > % for z € R. Hence

the series
Z |’Y2k+1 - 72k\
e |Z + ivort1l|2 + iv2r

\’szﬂ - ’Y2k\ = ‘

converges. It follows that

> lzokrr — 2l = Oz — mail* = r7).
k€EZ

O]

Lemma 6.5.7. On the boundary part C1 except for the two corner points, the Poisson
kernel satisfies that

L ¢ VBi (VB .32 —
p(z,¢) = \/§<CZ+C—z 1>+0(| V3i|? - 2) (6.26)

for z € R and ( € C1 except for the two corner points.

Proof. We can rewrite (¢ — v/3i)0:G1(z,() as

(—V3i (—V3Bi

¢—2 (—=z
C—V3i  (—Ei C—V3i (=G
+k§*(<_2’2k+1 C—sz)—i_kezz(C—ZékH C—Zék)

kEZ C_Zék-irl ¢ — 2 kEZ C— e =

Lemma[6.5.6]implies that each of the four sums in above expression is at most a positive
constant multiple of |z — myi|?> — 7% for ( € C1,2 € R. For the first term, by using

Na A _ VBiz—1 _ : 2
(C—\/gz)(C—i-\/gz)anndzlfmfﬁz%—m,

C—VBi C(—VBi _ ((-VB)E+VBI) (- V3
¢—21 (—z (C—V3i)(Z+V3i)—2 (—=2
_ Z+V/3i (=3
(Z+V3i)— (C+V3i) (—=

(S VBE (= VEi

- <Z—E " <—z)
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is seen. Thus we have

Re((¢ — V3i)0:G1(z,¢))

1 C—VBi (VB /32 —
- \/§<<Z+C—Z 1)+0(| V3il2 - 2)

p(z,¢) =

Sl

O]

Case 4. ( € C_;.
In this case, the relation (¢ + v/3i)({ — v/3i) = 2 holds, the outward normal vector

is ve = _(%51‘7 the outward normal derivative operator is 8,, = —v2Re((¢ + v/3i)d;)

and the Poisson kernel is p(z, () = %Re((( +/31)9:G1(z,0)).

Lemma 6.5.8. Let {wk}kez S {{Zk}k627 {Z]lg}kEZ, {Zz}k627 {Z];}kEZ}- Then

Z 1 1

ot C—wy ¢ — Wwok—1

holds for ¢ € R,z € R\{(}.

=0(]z+ m1i|2 — r%)

Proof. The verification is analogous to the proof of Lemma One only needs to
show that

> a1 — 2] = Oz + muil* = r7).
kEZ

Combining the relations

|2ok—1 — 2ok
_ li(yar—1 —y2k)2Z + (y2r—172k — 1)z — (y2r—172k — D)Z + i(y2k—1 — Y21)|
|Z + ivak—1]]2 + iy2k]

and

Yok—1Y2ek —1  vi—okver +1

= =71 ="M

Yok—1 — Y2k Y1—2k + V2K

results in
Zok—1 — Zok| = = !"Vqu _ 7%‘, |2Z —imyz +imiZ + 1]
1Z + ivor—1||2 + iy2k]
”721@71 - ’Y%\

== - ‘|Z+m1i|2—7“%|.
1Z + ivor—1]|2 + iy2k|

It follows that

> a1 — 2] = Oz + mail* = r7).
keZ
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Lemma 6.5.9. On the boundary part C_1 except for the two corner points, the Poisson
kernel satisfies that

L [CH+VEBE (VB . 2
p(z,¢) = ﬁ<<_z + = 1>+0(| +V3i)? - 2) (6.27)

for z € R and ( € C_1 except for the two corner points.

Proof. We can rewrite (¢ + v/3i)0:G1(z,() as

(+V3i  (+V3Bi
¢—21 =2
CH+V3i  (+V3i (+VBi  (+V3i
+k§*(C—Z2k—1 C—Z2k)+k€Z(C+Z§k_1 C—Zék)
+/3i +/3i +/3i +/3i
_Z(g zl_c zz)_Z(C l_g Z)

ten S P G Ay ez C—2y1 G 2y

Lemma implies that each of the four sums in above expression is at most a positive
constant multiple of |z + myi|? — r} for ¢ € C_1,2 € R. For the first term, by using

N (C ) — _ Bzl _ : 2
(C+\/§Z)(C_\/§Z)—2and Z—l—m——\/gl"Fm,

C+ /3 c+\/§z’_1 C—V3i  (+V3i
- =1 ()
(—z1  (—=z (-7 (-2

is deduced. Thus

P(2,0) = "= Re((¢ + V3G (=.0))

1 <+x/§i+<+\/§i
V2 )\ (-2 (—z

[\

- 1) + O(|z + V3i|* - 2).

6.6 Dirichlet problem in R
On the basis of previous results on the harmonic Green function and the boundary

properties of the Poisson kernel for R, the Dirichlet problem for the Poisson equation in
R can be solved.

Theorem 6.6.1. The Dirichlet problem for the Poisson equation in R:

wyz=f in R, w=r ondR,
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where f € L,(R;C), p > 2, v € C(OR,C), is uniquely solvable. The solution is provided

by
1

w(z) = o -

O 0ds = 1 [ FOG (= e,

where p(z, () and G1(z,() are respectively the Poisson kernel and harmonic Green func-
tion of R.

Proof. We only need to verify the boundary behavior of the solution. Denote the circle
C(a,r) :==A{]z—a|=r},a € C,r > 0and D(a,r) the corresponding disk. From Theorem
we know the Poisson integral formula for the disk D(a,r) and also the boundary

property 7
1 _ o
ILHE 2777‘/ ’Y(C)(E_Z+C a_1>d5C:’Y(5)
ze%(é,r) C(a,r) C —F

for v € C(C(a,r);C), Z € C(a,r). Note that the Poisson kernel for D(a,r) satisfies the
boundary behavior

C_a+§_f—1:0, for z,¢ € C(a,r) and z # (.
C—z (-%
It follows that for a circular arc T' C C(a,r),
) 1 (—a (-a s
im0 (2 S -1 dse =00 (6.29)

z€D(a,r)

Since the harmonic Green function G(z, () vanishes on the boundary, we know that

o 1 :
zli}ng(Z7 C) N _5 zli%lRaycGl(/% C) =0
2ER 2€ER

This property can also be verified by the boundary behavior of p(z,() given by the
relations (6.23)), (6.24)), (6.26) and (6.27]).

We keep the notations C'(l), Cy, C1 and C_; as the boundary arcs of our circular
rectangle R. Note that C} C C(1,v/2), Cy € C(—1,v/2), C1 € C(v/3i,+/2) and C_; C
C(—+/3i,+/2). The relations (6.23)) and (6.28) imply that

lim ]/ Y(Q)p(z, ¢)ds¢
OR

24)2606 2m
ZER

— lim L L=t ¢t s 12
S e S = R

ZER

L 1 (-1 ¢-1_
_pi%%Zvﬁnl%y“)<C—z_FC—z 1>dsC

ZER
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_ 1 (-1 ¢-1
zgé%m@w[%wo<C—z+c—z 1>®<
zER

=7(2).

Analogously, applying the relations (6.24), (6.26)), (6.27)) and (6.28)) respectively for the
boundary arcs Cjj, C1 and C_1, we obtain that

1
A on afev(C)p(Z7C)d8<
z€ER
. 1 C+1 (+1 )
= 1 + = —-1])d
zelz%lcg 22 /cg () <C -z (-z 5
zZER
=7(2),

1
lim — z,()ds
&MW@c

z—ze(C 2
z€R

- 1 -1 /,ﬂ0<g_¢m+<_”@ﬁ—gd%
Cy

im
2—Z€Ct 24/27 ¢—=2 (—=z
zER

=v(%),

and
1
lim

z—zeC_1 2
zER

_ ”/»mc*@+“ﬁﬂgm
C_1

/wmmm
OR

= 11m
z—zeC_1 227 (—=z (—z
2€R

=7(2).

Therefore, the boundary behavior of the solution for each boundary arc has been verified.
O
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Zusammenfassung

Diese Arbeit beschéaftigt sich mit dem Spiegelparkettierungsprinzip und seinen Anwendungen in
grundlegenden Randwertproblemen in einigen kreisformigen Polygonen.

Das Spiegelparkettierungsprinzip wird verwendet, um mehrere Randwertprobleme fiir bes-
timmte Bereiche zu l6sen, deren Grenzen aus Kreisbogen bestehen. Es liefert Ideen und Ver-
fahren zur Konstruktion harmonischer Green-Funktionen und harmonischer Neumann-
Funktionen, die bei der Behandlung von Dirichlet- und Neumann-Randwertproblemen fir die
Poisson-Gleichungen eine wichtige Rolle spielen. Das Spiegelparkettierungsprinzip tragt auch
eine Methode zur Losung des Schwarzschen Randwertproblems fiir die homogenen und inho-
mogenen Cauchy-Riemann-Gleichungen bei. Das Spiegelparkettierungsprinzip hat sich bei der
Losung dieser Randwertproblemen fiir viele spezielle Bereiche bewéahrt. Die Theorie dahin-
ter und fiir welche Gebiete dieses Prinzip generell funktionieren kann, ist jedoch noch ein
Mythos. Daher sind wir daran interessiert, die verborgene Theorie hinter dem Spiegelparket-
tierungsprinzip zu untersuchen und neue Bereiche zu erkunden, fiir die das Prinzip funktionieren
kann.

Wir diskutieren zunéchst Kreispiegelungen in der erweiterten komplexen Ebene und entwick-
eln auch einige Techniken im Umgang mit Kreispiegelungen. Wir verwenden Matrixwerkzeuge
und sehen, dass die Formulierung mit Matrizen eine gewisse Bequemlichkeit fiir die Diskussionen
bieten. Einige Ergebnisse zu konsekutiven Kreispiegelungen werden fiir weitere Untersuchungen
aufbereitet.

Als néchstes fithren wir die Definition von Spiegelparkettierungsgebieten ein, einer Klasse
von Gebieten, fiir die Spiegelparkettierungen durchfiihrbar sind. Wir beweisen, dass es dem
Spiegelparkettierungsprinzip im Allgemeinen gelingt, die harmonischen Green- und Neumann-
Funktionen fir endliche Spiegelparkettierungsgebiete zu konstruieren. Wir erhalten auch einige
Ergebnisse iiber die Normalableitungen von harmonischen Green- und Neumann-Funktionen an
Gebietsrandern.

Wir untersuchen auch grundlegende Randwertprobleme in Kreisen und Halbebenen. Wir
besprechen die Schwarzsche und die Poissonsche Integralformeln und ihr Randverhalten auf
verallgemeinerten Kreisen. Mit Hilfe der Schwarzschen Integralformeln und den Eigenschaften
des Pompeiu-Operators 16sen wir das Schwarzsche Randwertproblem fiir die Cauchy-Riemann-
Gleichungen in endlichen spiegelparkettbeschréinkten Gebieten. Mit Hilfe harmonischer Green-
Funktionen und Poisson-Integralformeln 16sen wir auch die Dirichlet-Probleme fiir die Poisson-
Gleichungen in endlichen spiegelparkettbeschréinkten Gebieten.

Die letzten beiden Teile dieser Arbeit beschéftigen sich mit der Anwendung des Spiegelpar-
kettierungsprinzips fiir grundlegende Randwertprobleme einiger kreisférmiger Polygone. Kreis-
digonen, deren Randbogen sich an den beiden Eckpunkten mit einem Schnittwinkel 7 fiir
eine beliebige positive ganze Zahl n schneiden, werden als endliche Spiegelparkettierungsge-
biete verifiziert. Mit Hilfe des Spiegelparkettierungsprinzips werden das Dirichlet-Problem, das
Neumann-Problem und das Schwarz-Problem fiir diese Klasse von Kreisdigonen gelost. Wir
verifizieren auch, dass ein bestimmtes kreisférmiges Rechteck ein unendliches Spiegelparket-
tierungsgebiet ist. Es gelingt uns, die harmonische Green-Funktion zu konstruieren und dann das
Dirichlet-Problem im Kreisrechteck zu l6sen. Da wir mit Erfolg Beispiele fiir die Anwendung des
Spiegelparkettierungsprinzips zur Losung einiger Randwertproblem in unendlichen Spiegelpar-
kettierungsgebieten behandeln, ist es lohnenswert, die Theorie des Spiegelparkettierungsprinzips
fiir den Fall von unendliche Spiegelungen weiter zu untersuchen.
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