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Abstract

We develop a martingale approach for a class of singular stochastic PDEs of Burgers
type (including fractional and multi-component Burgers equations) by constructing a
domain for their infinitesimal generators. It was known that the domain must have triv-
ial intersection with the usual cylinder test functions, and to overcome this difficulty
we import some ideas from paracontrolled distributions to an infinite dimensional
setting in order to construct a domain of controlled functions. Using the new domain,
we are able to prove existence and uniqueness for the Kolmogorov backward equation
and the martingale problem. We also extend the uniqueness result for “energy solu-
tions” of the stochastic Burgers equation of Gubinelli and Perkowski (J Am Math Soc
31(2):427-471, 2018) to a wider class of equations. As applications of our approach
we prove that the stochastic Burgers equation on the torus is exponentially L?-ergodic,
and that the stochastic Burgers equation on the real line is ergodic.
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1 Introduction
The (conservative) stochastic Burgers equation#: Ry xT — R (oru: Ry xR — R)
du = Au + deu® + V20,&, 1)

where £ is a space-time white noise, is one of the most prominent singular stochastic
PDE:s, a class of equations that are ill posed due to the interplay of very irregular noise
and nonlinearities. The difficulty is that # has only distributional regularity (under the
stationary measure it is a white noise in space for all times), and therefore the meaning
of the nonlinearity d,u? is dubious.

In recent years, new solution theories like regularity structures [20,40] or para-
controlled distributions [26,33] were developed for singular SPDEs, see [38] for
an up-to-date and fairly exhaustive review. These theories are based on analytic (as
opposed to probabilistic) tools. In the example of the stochastic Burgers equation we
roughly speaking use that u is not a generic distribution, but it is a local perturbation
of a Gaussian (obtained from &). We construct the nonlinearity and some higher order
terms of the Gaussian by explicit computation, and then we freeze the realization of &
and of the nonlinear terms we just constructed and use pathwise and analytic tools to
control the nonlinearity for the (better behaved) remainder. This requires the introduc-
tion of new function spaces of modelled (resp. paracontrolled) distributions, which
are exactly those distributions that are given as local perturbations as described before,
and for which the nonlinearity can be constructed.

This point of view was first developed for rough paths, which provide a pathwise
solution theory for SDEs by writing the solutions as local perturbations of the Brownian
motion [37,47]. Rough paths provide a new topology in which the solution depends
continuously on the driving noise, and this is useful in a range of applications. But
of course there are also probabilistic solution theories for SDEs, based for example
on Itd or Stratonovich integration (strong solutions) or on the martingale problem
(weak solutions), and depending on the aim it may be easier to work with the pathwise
approach or with the probabilistic one.

For singular SPDEs the situation is somewhat unsatisfactory because while the
pathwise approach applies to a wide range of equations, it seems completely unclear
how to set up a general probabilistic solution theory. There are some exceptions, for
example martingale techniques tend to work in the “not-so-singular” case when the
equation is singular but can be handled via a simple change of variables and does not
require regularity structures (sometimes this is called the Da Prato-Debussche regime
[12,13]); see [52,53] and also [22,23] for a an example where the change of variable
trick does not work but still the equation is not too singular. For truly singular equa-
tions there exist only very few probabilistic results. Rockner et al. [56] constructed a
Dirichlet form for the CI>§ equation and used the pathwise results to show that the form
is closable, but it is unclear if the process corresponding to this form is the same as
the one that is constructed via regularity structures or even if it is unique.

Maybe the strongest probabilistic results exist for the stochastic Burgers Eq. (1):
First results, on which we comment more below, are due to Assing [1]. In Gongalves
and Jara [28] construct so called energy solutions to Burgers equation, roughly speak-
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ing by requiring that u solves the martingale problem associated to

du = Au+ 1in% Ay (U % p°)* + /20,E,
E—>

where p? is an approximation of the identity. This notion of solution is refined in [27]
where the authors additionally impose a structural condition for the time-reversed
process (uT—t)ref0,7]. and they assume that u is stationary. These two assumptions
allow them to derive strong estimates for additive functionals fo F (uy)ds of u via the
It6 trick. They obtain the existence of solutions in this stronger sense by Galerkin
approximation. The uniqueness of the refined solutions is shown in [34], leading to
the first probabilistic well-posedness result for a truly singular SPDE. Extensions to
non-stationary initial conditions that are absolutely continuous with respect to the
invariant measure are given in [30,35], and in [55] some singular initial conditions are
considered; see also [36] for Burgers equation with Dirichlet boundary condition.

The reason why the uniqueness proofs work is that we can linearize the equation via
the Cole—Hopf transform: By formally applying 1t6’s formula, we get u = 9, log w,
where w solves the stochastic heat equation d,w = Aw + \/Ewé , a well posed
equation which can be handled with classical SPDE approaches as in [17,46,54].
The proof of uniqueness in [34] shows that the formal application of 1t6’s formula is
allowed for the refined energy solutions of [27], and it heavily uses the good control
of additive functionals from the It trick. Since the Cole—Hopf transform breaks down
for essentially all other singular SPDEs, there is no hope of extending this approach
to other equations.

The aim of the present paper is to provide a new and intrinsic (without transfor-
mation) martingale approach to some singular SPDEs. For simplicity we lead the
main argumentation on the example of the Burgers equation, but later we also treat
multi-component and fractional generalizations. The starting point is the observation
that u is a Markov process, and therefore it must have an infinitesimal generator. The
problem is that typical test functions on the state space of u (the space of Schwartz
distributions) are not in the domain of the generator; this includes the test functions
that are used in the energy solution approach, where the term

t
lim [ [3y(us * p°)?1(f)ds
e—0 0

for a test function f is not of finite variation, which means that for ¢ (1) = u(f) the
process (¢(u;)); is not a semimartingale, and therefore ¢ cannot be in the domain of
the generator. This was already noted by Assing [1], who defined the formal generator
on cylinder test functions but with image in the space of Hida distributions. Our aim
is to find a (more complicated) domain of functions that are mapped to functions and
not distributions under a formal extension of Assing’s operator.

For this purpose we take inspiration from recent developments in singular diffu-
sions, i.e. diffusions with distributional drift. Indeed, Assing’s results show that we
can interpret the Burgers drift as a distribution in an infinite-dimensional space, see
also the discussion in [35]. In finite-dimensions the papers [6,9,24,25] all follow a
similar strategy for solving dX;, = b(X,)dt + dW; for distributional b: They identify a
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1070 M. Gubinelli, N. Perkowski

domain for the formal infinitesimal generator £ = 1 A +5-V and then show existence
and uniqueness of solutions for the corresponding martingale problem. So far this is
very classical, but the key observation is that for distributional b the domain does not
contain any smooth functions and instead one has to identify a class of non-smooth
test functions with a special structure, adapted to b. Roughly speaking they must be
local perturbations of a linear functional constructed from b. This is very reminiscent
of the rough path/regularity structure philosophy, and in fact [6,9] even use tools from
rough paths resp. paracontrolled distributions.

We would like to use the same strategy for the stochastic Burgers equation. But
rough paths and controlled distributions are finite-dimensional theories, and here we
are in an infinite-dimensional setting. To set up a theory of function spaces and distri-
butions we need a reference measure (in finite dimensions this is typically Lebesgue
measure), and we will work with the stationary measure of u, the law u of the white
noise. This is a Gaussian measure, and by the chaos decomposition we can identify
LZ(M) with the Fock space @zio L2(T™), which has enough structure so that we can
do analysis on it. In that way we construct a domain of controlled functions which are
mapped to L2 (1) by the generator of u, and this allows us to define a martingale prob-
lem for u. By Galerkin approximation we easily obtain the existence of solutions to
the martingale problem. To see uniqueness, we use the duality with the Kolmogorov
backward equation: Existence for the backward equation yields uniqueness for the
martingale problem, and existence for the martingale problem yields uniqueness for
the backward equation. We construct solutions to the backward equation by a compact-
ness argument, relying on energy estimates in spaces of controlled functions. In that
way we obtain a self-contained probabilistic solution theory for Burgers equation and
fractional and multi-component generalizations. As a simple application we obtain
the exponential L2-ergodicity of u on the torus, and the ergodicity of the stochastic
Burgers equation on R.

Finally we study the connection of our new approach with the Gongalves—Jara
energy solutions. One of the main motivations for studying the martingale problem
for singular SPDE:s is that it is a convenient tool for deriving the equations as scaling
limits: The weak KPZ universality conjecture [8,50,51] says that a wide range of inter-
face growth models converge in the weakly asymmetric or the weak noise regime to
the Kardar—Parisi—Zhang (KPZ) equation %, for which u = 9, 1. Energy solutions are a
powerful tool for proving this convergence, see e.g. [10,19,28,30,32]. For that purpose
itis crucial to work with nice test functions, and since there seems to be no easy way of
identifying the complicated functions in the domain of the generator of u with test func-
tions on the state space of a given particle system, our new martingale problem is proba-
bly not so useful for deriving convergence theorems. This motivates us to show that the
notion of energy solution is in fact stronger than our martingale problem: Every energy
solution solves the martingale problem for our generator, and thus it is unique in law.

All this also works for the fractional and multi-component Burgers equations. For
the fractional Burgers equation we treat the entire locally subcritical regime (in the
language of Hairer [40]), which in regularity structures would lead to very complicated
expansions, while for us a first order expansion is sufficient. Although by now there are
very sophisticated and powerful black box type tools available in regularity structures
that should handle the complicated expansion automatically [2,4,7].
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Our approach is somewhat related to the recent advances in regularization by noise
for SPDEs [14,15], where unique strong solutions for SPDEs with bounded measur-
able drift are constructed by solving infinite-dimensional resolvent type equations. Of
course our drift is unbounded and not even a function.

The lynchpin of our arguments is the Gaussian invariant measure 4, and in principle
our methods should extend to other equations with Gaussian invariant measures, like
the singular stochastic Navier Stokes equations studied in [27]. It would even suffice
to have a Gaussian quasi-invariant measure, i.e. a process which stays absolutely
continuous (or rather incompressible in the sense of Definition 4.2) with respect to a
Gaussian reference measure. But for general singular SPDEs we would have to work
with more complicated measures like the CD‘_,E measure for which we cannot reduce
the analysis to the Fock space. Currently it is not clear how to extend our methods to
such problems, so while we provide a probabilistic theory of some singular SPDEs
that actually tackles the problem at hand and does not shift the singularity away via
the Cole—Hopf transform, it is still much less general than regularity structures and it
remains an important and challenging open problem to find more general probabilistic
methods for singular SPDEs.

Structure of the paper Below we introduce some commonly used notation. In Sect. 2
we derive the explicit representation of the Burgers generator on Fock space and we
introduce a space of controlled functions which are in the domain of the generator.
In Sect. 3 we study the Kolmogorov backward equation and show the existence of
solutions with the help of energy estimates for the Galerkin approximation and a com-
pactness principle in controlled spaces, while uniqueness is easy. Section 4 is devoted
to the martingale problem: We show existence via tightness of the Galerkin approxi-
mations and uniqueness via duality with the backward equation. As an application of
our results we give a short proof of exponential L?-ergodicity. Finally we formulate
a cylinder function martingale problem in the spirit of energy solutions, and we show
that it is stronger than the martingale problem and therefore also has unique solutions.
In Sect. 5 we briefly discuss extensions to multi-component and fractional Burgers
equations. We do all the analysis on the torus, but with minor changes it carries over to
the real line, as we explain in Sect. 5.3, where we also prove the ergodicity of Burgers
equation on the real line. The appendix collects some auxiliary estimates.

Notation We work on the torus T = R/Z and the Fourier transform of ¢ € L?(T") is

Folki, ... ky) = ¢k, ... kp) = / e TRy (x)dx, keZ'.
’]l‘n
To shorten the formulas we usually write

kin =kt .o kn), X1 = (X1, .0, Xp)

and

/(-~-):=/(---)dx
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1072 M. Gubinelli, N. Perkowski

Moreover, we set Zg := Z\{0} and we mostly restrict our attention to the subspace
L3(T") := {(p € LA(T") : ¢(ki) = 0, Vk € Z”\Zg} .

The space Cf, (R™) consists of all C¥ functions whose partial derivatives of order up
to k have polynomial growth.

We write a < b or b 2 a if there exists a constant ¢ > 0, independent of the
variables under consideration, such that a < ¢ - b, and we write a >~ b if a < b and
b <a.

2 A domain for the Burgers generator

2.1 The generator of the Galerkin approximation

Consider the solution u”: Ry x T — R to the Galerkin approximation of the con-
servative stochastic Burgers equation

qu™ = Au" + Bp(u™) + vV20:E := Au" + 05Ty (Tut™)? + V208, (2)

where £ is a space-time white noise and

,u(x) = Z 2R [ (k)

[k|<m

is the projection onto the first 2m + 1 Fourier modes. Throughout the paper we write
w for the law of the average zero white noise on T, i.e. the centered Gaussian measure
on H1/2=(T) := Ue=0 H~1/2=¢(T) with covariance

f u(Pu(@uldu) = (f — £(0). g — §O) 12m,

forall f,g €U, HY/**(T).

Lemma 2.1 Equation (2) has a unique strong solution u™ € C(R, H~12=(T)) for
every deterministic initial condition in H~Y/?~(T). The solution is a strong Markov
process and it is invariant under . Moreover, for all @ > 1/2 and p € [1, 00), there
exists C = C(m, t, p,a) > 0 such that

E[ wp ||u;"||"a] cc( ).
s€[0,1]

Proof Local existence and uniqueness and the strong Markov property follow from

standard theory because written in Fourier coordinates we can decouple u™ = v +
Z™ = I,,u™ + (1 — I1,,)u™, where v™ solves a finite-dimensional SDE with locally

@ Springer



The infinitesimal generator of the stochastic Burgers. .. 1073

Lipschitz continuous coefficients and Z™ solves an infinite-dimensional but linear
SDE. Global existence and invariance of @ are shown in Section 4 of [27]. It is well
known and easy to check that Z has trajectories in C (R4, H™'/27(T)), see e.g.
[31, Chapter 2.3], and v has compact spectral support and therefore even v €
C(R4, C*°(T)). Thus u™ has trajectories in C(R4., H —1/2=(T)). The moment bound
can be derived using similar arguments as in [27]. The reason why v behaves nicely
is that B,, leaves the LZ(T) norm invariant since

1
(U, By (W) 201y = — (03 Tmtt, (Tt)?) 207y = —§<ax(nmu>3, )2y =0

by the periodic boundary conditions. To see the invariance of u we also need that
B, is divergence free when written in Fourier coordinates. See Section 4 of [27] or
Lemma 5 of [32] for details. O

We define the semigroup of ™ for all bounded and measurable ¢: H~'/>~ — R
as T"¢(u) := E,[e")], where under P, the process u™ solves (2) with initial
condition u.

Lemma 2.2 For all p € [1,00] the family of operators (T}");>o can be uniquely
extended to a contraction semigroup on LP (), which is continuous for p € [1, 00).

Proof This uses the invariance of © and follows by approximating L? functions with
bounded measurable functions. To see the continuity for p € [1, oo) we use that in
this case continuous bounded functions are dense in L? (u). m]

Our next aim is to derive the generator of the semigroup 7" on L?(y). For that
purpose let f1, ..., f € C°(T), let ® € CIZ, (R", R), the C2 functions with polyno-
mially growing partial derivatives of order up to 2, and let ¢ € C be a cylinder function
of the form ¢ (u) = ® (u(f1), ..., u(fn)). Let us introduce the notation

Lop@) ==Y " ;@ W(f1), ..., u(f)u(A f;)
i=1

+ YGRS u(F)) O fir O fi) 12y

i j=1

G" o) =Y 5 PW(f1), .., u(fu))(Bu(w), fi) p2my = / By (1) (x) Dy (u)dx,

i=1 T

where

Dop(u) =Y i ®@(f1), ..., u(fu) fi(x)

i=1
is the Malliavin derivative with respect to x, and

L£" = Lo+ g".
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1074 M. Gubinelli, N. Perkowski

Then Itd’s formula gives

dg (u") = L (ul") dr + Y 0@ () (f0). ... ul (f) AM,(£).

i=1

where M ( fi)isacontinuous martingale under P,,, with quadratic variation (M (fi)); =
2||0x fi ||L2(T)t and therefore fo iz i P (f1), ..., uf (fn))dM(f;) is a martin-
gale under P,,. Consequently, we have

t
") — u) = /0 I3 (L™ @) (u)ds

forallu e H-1/2—,

To extend this to more general functions ¢ and to obtain suitable bounds for £y
and G" we work with the chaos expansion: Every function ¢ € L?(x) can be written
uniquely as ¢ = Zn>0 W, (@), where @, € LZ(T”) is symmetric in its n arguments
and W, is an n-th order Wiener—Ito integral; recall that L2 o™ = {p € L3(T") :
@(k) = OVk € Z"\’Z}. Moreover, we have

o220 = D nlonlTs pny,

n>0

see [42,49] for details. If ¢, € L(Z)('JI‘”) is not symmetric, then we define W, (¢,) :=
W, (@), where

GnXt, X)) = D uCat)s s Xo(m)

oEL,

is the symmetrization of ¢, . Here ¥,, denotes the group of permutations of {1, ..., n},
and || @y, || 22¢rny =< ll@nll2(pny by the triangle inequality.

Convention In what follows, a norm || - || without subscript always denotes the L (1)
norm, and an inner product (-, -) without subscript denotes the L*> () inner product.

Lemma 2.3 Let ¢ € C with chaos expansion ¢ = ano W, (¢n). Then

Lop =Y Waagn) =Y W (08 ++82,) ).

n>0 n>0
Proof The proof is the same as for [34, Lemma 3.7]. O

Let us write o™ for the inverse Fourier transform of 1|.,<,;, and f, := f(x —-).

Lemma 2.4 For ¢ € C with chaos expansion ¢ = ano W, (on) we define

gKWn(‘pn) =nWyti (/ 3x/0;"(5),0§" ® :O;n ® @n(x, )) ) 3)

8
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G" W, (gn) =2n(n — HW,_y (/ 0y ()5 (Vg @ @alx, y, ~)> , @
)C,y,S

for which G"¢ = g%%p + G™@. Moreover, we have for all (symmetric) ¢,11 €
L3(T"Y) and ¢, € L5(T")

Wat1(@n+1), gzr_z Wa(@n)) = (G2 Wit 1(@n+1), Walen)).

Proof Since ||p!" ||i2 ™= Il o™ ||i2 ™ does not depend on s and thus vanishes under

differentiation, we have

Bu()(x) = W ( [aronre p;"ds) + [ ol s s
A ( / B0l (5)pl" pz’ds)

and then, since D, W,(¢,) = nW,_1(¢n(x,-)) [49, Proposition 1.2.7] and by the
contraction rules for Wiener—It6 integrals [49, Proposition 1.1.3],

/ By (u)(x) Dy Wy (@)

X

—n f Wy ( f axp;"(sxp;")@z) Wo1 (60 (r, )

=nWu1 (f 3x,0;"(S)(P§")®2®§0n(X,'))
+2n(n — HW,_ </ oy ()P (Mpy @ pn(x, y, ~))

+nn—1Dn—-2)W,_3 (/ oy ()P (WP (@Den(x, y, 2, -)) .

s V.2,

Let us look more carefully at the last term on the right hand side. Note that

O o' (s) = —0s 0y (x) and ¢, is symmetric under exchange of its arguments. There-
fore, by symmetrisation,

/ Ay () Py (VP52 Pn (X, ¥, 2,7
X,¥,2,8
=/ (=35 05" (X))o (V) o (D@nlx, y, 2, )
X,¥,2,8
1
= —5/ A (" ()l (M P (D)) en(x,¥,2,-) =0
X, ¥,2,8

by the periodic boundary conditions. We deduce that the last term in the decomposition
of [, By (u)(x) Dy Wy (p,) vanishes.
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1076 M. Gubinelli, N. Perkowski

It remains to show that —g,,t is the adjoint of G,,: Since ¢, 4 is symmetric in its
(n + 1) arguments, we have (@nt1, V) p2(petty = (@n+1, 1/~f)Lz(Tn+1) for all yr, where
V¥ is the symmetrization of 1/, and therefore we do not need to symmetrize the kernel
of G W,,(¢,) in the following computations:

(Wit1(@n+1), gil Wi (on))

— (4 1) / Gt () f 0, P (5) D™ (1) 00" (r2) @ (X P3ns 1)
:n+1 X,8

=+ 1)!/ §0n+1(r1:n+l)n/ ;Ofcn(s)%sp;"(Vl)psm(rz)fﬂn(x, I3n1)
Tlin+1 X,s

n!2(n + Dn / <Pn+1("1:n+1)PT (S)avp;" (rl)p;n (r2)@n(x, r3:n41)

"lin+1,x,s

=n2(n+ l)n/ Pn+1(x, Y, r2:0) p7 ()05 o5 () " (V)@ (P11,

lin,x,y,s

where in the last step we renamed the variables as follows: r; <> x,rp — y,r; — ri_|
for i > 3. The claim now follows by noting that p;'(s) = p¢"(r1) and dsp" (x) =
—0,p¥(s), and thus

(Wit1(@n+1), gj_l W (@n))

=—n2(n+ Dn / Aoy ()05 (W Pg (r1)n+1(x, ¥, 72:0)Pn (F1:0)
X,y,8

Flin
= —(G Wi 1(@nt1), Wn(pn)).
O

Remark 2.5 Note that the proof did not use the specific form of p” and the same
arguments work as long as p” is an even function.

For m — o0, the kernel for G™ W,,(¢,,) formally converges to

/ Ox (Bx (MSx (r1))gu(x, ¥, ran—1) _/ 3 (M)8x (r)o1@n(x, y, ran—1)
X,y X,y
= —01@u(r1, 11, r2:m—1)s

where § denotes the Dirac delta. For sufficiently nice ¢, this kernel is in Lg(']l‘"’l).
On the other hand, the formal limit G4 W), (¢,,) has the kernel

/ 00 (32 ()85 (r))gn (X P3ms1) = — [ 8 (r1)82(r2) s (. P3ms1)
= _37"1 (r2)81¢n(r2:n+1)7

whichis neverin L(Z)(T"+l ), no matter how nice ¢, is. The idea is therefore to construct
(non-cylinder) functions for which suitable cancellations happen between L and the
limit G of G” and whose image under the Burgers generator £ belongs to L?(11).
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It will be easier for us to work on the Fock space: For n € N let L%’S (T") be the
symmetric functions in Lg(']l‘”) and let

I =TLXT) = é (L%(T”)/L%,S(T”)) ,
n=0

where L%(’]I‘”) / L% ;(T™) are the equivalence classes in L%(’]I‘”) for the equivalence
relation that identifies two functions with the same symmetrization. We equip I'L?
with the norm

oIz =Y nlI@ll o = D0t Y IFG 0P,
n

n keZ

where we applied Parseval’s identity. The space I'L? is isomorphic to L?(x), so in
what follows we will often identify ¢ € I'L? with an element of L?(x), and vice versa,
without explicitly mentioning it. For simplicity we will usually write ¢, € L%(T")
for the n-th kernel of an element in the Fock space and rL? = @20:0 L%(T”), etc.,
omitting from the notation that we actually mean equivalence classes.

Definition 2.6 The number operator (or Ornstein-Uhlenbeck operator) N acts on
Fock space as (N'¢), := ng,. With a small abuse of notation, we denote with the
same symbols L, Lo, G'', G the Fock version of the operators introduced above in
such a way that on smooth cylinder functions we have:

L0y Walgn) =Y Wal(Lo@). G Walgn) =D Wa((GLo)).  (5)

n>0 n>0 n>0 n>0

Lemma 2.7 In Fourier variables the operators Lo, G'', G are given by

F(Lo@ln ki) = —(2ki > + - + [270kn )G (k1:n),
F(GL (ki) = = — DLy ko, oy 4ol <m 270 L (k1 4 k2)Pp—1 (k1 + k2, k320),
F(G" ki) = =2mdkin(n+ 1) Y Ligpipligl<m@nt1(Ps 4, kan),
p+q=ki
(6)
respectively, where the functions on the right hand side might not be symmetric, so
strictly speaking we still have to symmetrize them.

Proof The Fourier representation for £y is obvious. In the following we often use
without comment that o™ is an even function, i.e. p!"(x) = p7'(s). The kernel for
(G} @)n+1 has the Fourier transform

n/ 6_2”””/ Ox P ()05 (r1) 0" (r2)on (X, r3in41)
T+l xS

zn]llkll,\kzlsm/ / 3xp;n(s)e*ht(kl+k2)sf2mk3:n+|~r3:n+1
F3n4+1 Y X,8
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1078 M. Gubinelli, N. Perkowski

% Z ezﬂl(€1x+g2:n"'3:n+l)¢n (z)
4

—n Lty ol kol <m 270 (k1 2) D / eI AT G () k3 y1)
1 x

=Lk, ko, oy ko | <m 270 L (k1 + k2) @ (k1 + k2, k3:041).

To derive F(G"¢),—1, note that

/ 6_2””"1”*”':"*‘/ Aoy (8)pg (NP (r)en (X, y, F2n—1)
Flin—1 X,y,8

=27tk —1 12— —2mikys
=]1|k1|5m/ e Tz ]/ e Y () p) (V) Pn (X, ¥, P2in—1)
2in—1 X,y,8

=27k —1 2 —
— ﬂlkllfm/ e TLR2:n—1"12:n—1 /
2:in—1 X,y

7 ipliglem(=2mip)e T PFD g (xy 1)

prq=ki

== Z Liky 11 pl1g1<m 27t pPu (P 4 kain—1)
p+q=ki

=— > L ipliglzm TP + Déu(p. g, kan-1)
p+q=ki

== Z Lk 11 pllg<m T k100 (P, @, k2in—1),
P+q=ki

from where our representation for G” follows. O

2.2 Estimates for the Burgers drift
Here we derive some estimates for the Burgers drift. We work with weighted norms

on the Fock space. We define for suitable functions f the operators f(AN) and f(Lo)
by spectral calculus, which is a complicated way of saying that

SN = fM@n,  F(f (L k) = f(=12k|*)@n (k).

Lemma 2.8 Fix w: Ng — Ry and let ¢ € T L?. Then the following two bounds hold
uniformly in m:

lwN) (L)Y 24G" gl < lwN — DN (=Lo) ¢, (7
forally > 1/4, and
lwN)(—Lo)” 4G" 0|l < llwNV + DN (=Lo) ¢, ®)
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forally < 1/2. Moreover, we have the following m-dependent boundfory € [0, 1/2]:
lwW\)Y(=L0)” 126" gl < m' Il + 1) + wWN = DN (=Lo) ¢ll.  (9)

Proof 1. We start by estimating G” uniformly in m. Observe that, by the Cauchy—
Schwarz inequality together with Lemma A.1 (which we can apply since y > 1/4),

2

Z l\kll,\P\s|q|Sm¢n+l (P, q, k2:n)
p+q=ki
N PP kD)
p+q=ki
Y PP+ D Gnr1 (P q. ko)
prq=ki
SUF+ k)TN PP+ i+ KD G (P2 q. ko).
p+q=ki

Therefore,

SR A kD TP EG ki) P
kln
3 i 1> 2
S n Lk 1pllgl<mPnt1(Ps 45 k2:n)
~ 24 ... 213/2-2 1h1pllgl<m®n n
(ki + ki) ! p+q=ki

N 42 Z e +k2(P +@P k3 + A+ kD |G (P g, ko)
ki:n pHq=k;

X
x+C

For C > 0 the function x +— is increasing, and since k12 <2 p2 + 2q2, we

have

K2 _ 2p* +24° - P +q’
kf+- k2 T 2p2+2¢7 + ks k2T PP k4 kD

This leads to
SO+ kD TFG ) ki) P
kl:n

2 2
SO rra PP+ +ka++ k)Y
A R R R N

kin ptq=
|@n+l ([7, q, k2:n)|
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2 2
D D - S R E N P ST
k2 l n+1 Pn+1(K1:n+1
kln+l n+1

<3 YU+ D a1

kl:n+l

where in the last step we used the symmetry of ¢, in the variables ky.;.
Therefore, uniformly in 7, we have that

lwN)(=Lo) 4G7 @I = > “ntw(n)® Y “(kf + -+ + k) 3 F(G" @) ki) P

n>0 ki:n

< X:n!w(n)zn3 Z kF + -+ ka D |Gt krns)
n>0 kint1

< ntwen = 1202 303 4+ kD (G ki) P
n>1 ki

= lwWN = DN (=Lo) ¢l|*.

2. To derive the corresponding bound for G'', we apply Lemma A.1 in the fourth line
below (using that 2y —3/2 < —1/2since y < 1/2):

P R s R VA (DM (S

kln
S Y Mkl lbol o <m0 + -+ kD7 T2k 4 kaP@n1 (k1 + ko, k3|
kl:n
SnEY Y UG D TG (L k)
C,k3. k1 +ky=L
P (K4 ) T G (€ k)
Lk3:n
Sn Y UG+ kD Gn1 G-I
kim—1

Since g_”; ¢o = 0 we only have to consider n > 2 and thus we can bound the factor
n by 2(n — 1) and we obtain the following estimate:

lwN)(—L0)” 246" ol < llwN + DN (=Lo) ¢|l.

3. If we use the cutoff in m to gain regularity in k, we getfory < 1/2(so2y —1 < 0):

SR+ A+ kDTG O ki)
kl:n

S0P Lkl bkt =m KT+ -+ kP 7k + ko P |@n1 (ki + ko, ks
kl:n
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_ 2 2, 2,42 2 \2y-1
=n E : E Ly 1eal 11 +e21<m (€7 + €5 + k3 + -+ k)
kin—1 G1+La=k;

K 1Gn—1 (kin—1)|?
<n’m Z (k% +- krzz—l)zy_lk%|¢"_1(k1:"_1)|2
kl:n—l

Sam Y UG+ k) a1 ki)

kin—1

and thus [|[w(N)(=L0) 7 G|l S m' 2wV + DN (=Lo) 7T/ 2g).
By making similar use of the cutoff 1, 4)<m, We also obtain the claimed bound
for G™: We estimate

2

D Nlipllglem@ni1 (P k)| Smo D7 (a1 (p.q. ko) P,
p+a=ki P+q=ki

and then proceed with the same arguments as in Step 1 above; note that for C > 0 the
function x W is increasing provided that 1 — 2y < 1,i.e.y > 0. |
Remark 2.9 For later reference we note that a slight variation of the first estimate in
Step 1 of the proof gives for all 8 > 1/4 and k € Zj:

2

Y bani (g k)| SEDVP N (0P 44D 10nr1 (P g ko).
pta=ki pHq=ki
(10)

Remark 2.10 When studying fluctuations of Markov processes, the graded sector con-
dition is sometimes useful. This condition assumes that there exists a grading of
orthogonal subspaces L?(u) = @,,~(Ax, such that on each A, the quadratic form
associated with the full generator can be controlled by the one associated with its sym-
metric part, see [43, Chapter 2.7.4] for a precise definition. At first glance this might
seem tailor made to describe our situation. However, for the graded sector condition
we would need

Hn, G gn1)] S (L + )P I (=L0) 2 0u I (—L0) g1

for some B < 1, see [43, eq. (2.45)] while by Lemma 2.8 we can only take 8 = 1.
Therefore, the condition just barely fails in our setting. On the other hand, we can take
1(—L0)*@, || on the right hand side, and we will leverage this gain in regularity. And
while we can allow § = 1, for 8 > 1 the computations in Sect. 3.1 would not work.

Corollary 2.11 Let

Draive (L™) := {{ € TL? 1 |IN(—L0) ol + [[(—Lo)g|l < oo},
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1082 M. Gubinelli, N. Perkowski

and let L™ be the infinitesimal generator of the continuous contraction semi-
group (T");=0 on L2, with domain D(L™). Then Dpaive(L™) C D(L™) and
£m|Dnaive(£m) = ‘Cm :
Proof Let u™ be the process from Lemma 2, with initial condition ug = u. If ¢ €
cn Dnaive (ﬁm): then

t t
T () — p(u) = E, [ /O c%(u;”)ds} /O T (L") (u)ds.

For general ¢ € Dhpaive(L™) the identity "¢ — ¢ = fot T (L™ p)ds holds by
approximation (with a Bochner integral in L(x) on the right hand side), using our
m-dependent estimate (9) for G™. By Lemma 2.2 the map s — T,"L"¢ € L% ()
is continuous, and thus t_l(T,mgo —¢) — L™¢ in L*(u) as t — 0. It follows that
@ € D(L™) and L7 = L. O

As the notation Dyyive (L) suggests, we will later introduce another, smaller
domain D(L™) on which we have better estimates.

2.3 Controlled functions

Lemma 2.8 gives bounds for G"¢ that are either in distributional spaces, or they
diverge with m. Therefore, we can only define the limiting operator G with values in
distributional spaces:

Definition 2.12 Fix w: Ny — Ry and y > 1/4. We define the bounded linear oper-
ator

G w\)T' 1 = Lo) 'TL? - wN) N (—=Lo)Y*'TL?, G_g = lim G"g,

m—00

where with the dominated convergence theorem it is not difficult to see that the conver-
gence holds in w(N) "' N (=Ly)3/4YT'L?. For y < 1/2, we also define the bounded
linear operator

Gy w71 = L)' TL? — w\) TN (=LY ITL2, Grp = lim Gy,

again with convergence in wN) TN (=L)* YT L% In particular, we get for § > 0
andG:=G_+Grand g € rL%

=L)"Y+ Goll S IN(=Lo) o).

The problem is that Go lives in a distributional space and not in I'L%. But on the
other hand we do not care so much about G itself and we are mainly interested in the
sum £ := Lo+ G. To construct a domain that is mapped to I'L? by £ we will consider
functions ¢ for which Gg and Ly have some cancellations, so in particular Lo will
be a distribution and ¢ will be non-smooth.
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This problem has some similarities to the problem of constructing a finite-
dimensional diffusion with distributional drift b and additive noise. In that case the
formal generator is %A +b -V, and we can construct a domain by solving the resolvent
equation (A — %A)u = b - Vu + v for suitable v and for A > 0.

In our case we could start with a nice function ¥ € I'L? and try to solve the
resolvent equation for A > 0:

h—L)p=Gp+v & o=0—L) 'Gp+(—Lo) 'y

Then we would get Lo = Ag — ¥, and the right hand side is in T L for ¢, ¥ € T'L2.If
we only consider the regularity with respect to Lo and for now we ignore the behavior
with respect to A/, then the resolvent equation is actually in the “Young regime”:
Gy is well defined whenever ¢ € (—Lo)~/2I'L?, and then G loses (—Lg)3/4+?
“derivatives”, for any § > 0. So if § < 1/4, then (A — L)~ ! gains enough regularity
to map back to (—Lo) /2" L%. But in this formal discussion we ignored the behavior
with respect to A/, and we are unable to close the estimates because G introduces
growth in A/ which cannot be cured by applying (A — L)~ !: Indeed, we actually have
Gy € N(—=Lo) /4T L? and not G € (—Lo) /4T L2

To overcome this problem, we introduce an approximation G~ of G which captures
the singular part of the small scale behavior of G by letting

]:(g>(p)n(k1:n) = ]1|k1:,,|oozN,,~7:(g</))n(k1:n)

for a suitable (N -dependent) cutoff N, to be determined. The advantage of G™ is that
the cutoff 1k, |..>n, allows us to “trade spare regularity” in (—Lo) against regularity
in V. Using G~ we introduce a controlled Ansatz of the form

9 =(—L0)'G g+ ¢*, (11)

where ¢ will be chosen sufficiently regular. Note that this is essentially the resolvent
equation for A = 0 and ¢ = (—Eo)wﬁ, except that we replaced G with G~. A use-
ful intuition about the Ansatz (11) is that, starting from a given test function (pﬁ, it
“prepares” functions ¢ which have the right small scale behavior compatible with the
operator L.

We start by showing that for an appropriate cutoff N, we can solve Eq. (11) and
express ¢ as a function of ¢F.

Definition 2.13 A weight is a map w: Ny — (0, co) such that there exists C > 0
with w(n) < Cw(n+1i),fori € {—1, 1}, uniformly in n. In that case we write |w| for

the smallest such constant C.

Lemma 2.14 Letw be aweight, lety € (1/4,1/2], andlet L > 1. For N, = L(l—i—n)3
we have

lwWN)(—L0) (—=L0) G0l < wl L™ wN) (—=Lo) ¢ll. (12)
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1084 M. Gubinelli, N. Perkowski

Thus there exists Lo = Lo(|lw|) such that for all L > Lo, and all ¢* with
lwN)(—Lo)Y 9| < oo, there is a unique solution K¢ to

K¢* = (—L0)7'G" K¢ + ¢*
inwN) "N =Ly) YT L2, and K¢* satisfies
lw N (—L0) K| +|w| ™ L2 w (V) (= L0)” (Ko —¢) || S IlwN)(—Lo)? ¢|.
We also write ¢~ = Ko* — ¢ = (—L0)'G" K" -

Proof 1. We start by estimating G (which is defined like G, only with G in place
of G):

D NF (L) 7 G ki)

kl:n
ki + ko)? .
< 2 (ky 32
~ N k§l. ]l\klznchNn (klz T kyzl)z_ZV |@n—1(k1 + ko, k3.,)|
2 Z% 2
<n Lieriloo Nu/2 [@n—1(C1n=DI,
ll;p [€1:n—1looVIPI=Np/ (6, _p)2 +]72 —I—Z% T +g5_1)2—2y n n

where we used the change of variables £1 = k; + k2, p = ko, and €o4; = ki4i
fori > 0, and we used that |p| Vv [€; — p| > N, implies |p| V |€1]| = N, /2. Since
(L1 —p)*+p? >~ 03+ p* we canreplace (¢ — p)> +p*+ L3+ --+£2_ )=~
by (p2 + 6% +- 4+ Zi_l)_(z_zy). And since 1 — 2y > 0, we have

G4+ O <@+ +E_DYPP+ G+ +2 D7 (1

n—1

We now use the symmetry of ¢,_1(£1.,—1) in £1.,—1, before applying (14) and
Lemma A.1, to derive the estimate

162

2 1 A 2

n Tieriloovipl=N, /2 [@n—1(L1:0—1)]
I N G P e

G4+,
S Ll viplzNa/2 1 = [@n—1(Crn—1)I?
~ n—11loo —{Nn 2 2 2 2-2 :
Lin—1,p (p +£1 + +£n*1) v

2 2
Cth g |Gn—1(L1n—1I?
PG+ T

n—1

=n Z Lipi=Nus2 + Lier1loe=Na/2)
Lin—1.p

1 Lie1ils=N, /2 /2 02 25 ¢ 2
< Lml z ( ot —_ ) | 1( 1' l)l
~ Z Z 2 2 2 1 n—1 Pn n
(|P>Nn/2p (Zl +.“+£n—1)1/2

Lin—1

Sn Y N @A+ ) g () P

Lin—1
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Thus, with our choice of N,, = L(1 + n)3,
lw(NY(—=Lo)Y (—L0) " 'GLoll S wIL™ 2w\ (—=Lo) @l (15)

2. Next, we bound G~ . We apply (10) with 8 = y (here weneed y > 1/4)to estimate

D IF(=Lo) 7 G @)n ki)
kl:n
2

]llk. loo>N, I’l4k2 R
ST g S e
~ 24 .4 g2)22 n+1(P> 4> K2:n
ki (kl + +kn) 7 [?+61=k1

41,201.2\3/2-2y—1
]]‘|kl:n|ooZNnn k] (k]) / v

<
~ 2 _
; (ki + -+ k>

Y PP+ onr1(ps g, k)P
pta=ki

gz Nt (K)2 .
SY o X W hen (g kel
_ (k1 + +k7) _
ki:n p+a=ki

SN Y @+ 2 )T G L)

[1:71+l
which together with N, = L(1 + n)? leads to the bound
lwN)(=L0) (—L0) "G ¢l S wIL™ 2 [wN)(—Lo) ¢l (16)

The claimed inequality (12) now follows by combining (15) and (16).
3. Consequently, for given ¢* € w(N)~1(—=Lo) "V T'L?, the map

W wW) H(=L)T'TL? 5 ¢ > (L)' Y + ¢F € wN) ™! (L) VT L?
satisfies for some K > 0

lwN) (—L0) W W) < [wN) (L)Y (—Lo) ' Gl + lwN)(—Lo) ||
< K|wlL™ 2w\ (L) ¥l + lwN)(—Lo)Y ¢¥|| < oo.
In particular, ¥ is well defined, and if L is large enough so that K |w|L~1/? < 1/2,

then W is a contraction leaving the ball with radius 2||w(N)(—Lo)" ¢*|| invariant.
Therefore, it has a unique fixed point Cp® which satisfies

lw N (—L0)” KoFIl < 2w (N (=Lo) 9.

Since Kot is a fixed point, we also get

lwN)(—Lo)Y (Kg* — oM = wN)(—Lo) (—Lo) ' G K¢
S wIL™ Y2 wN) (= L) ¢

O
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1086 M. Gubinelli, N. Perkowski

Remark 2.15 The lemma shows that for all ¢ € w(N) ™! (=L)"Y T'L? we can define
¢f := ¢ — (—Lo)"'G” ¢ and then

lwN) (L) @% ]| < lwN)(—Lo) ¢l

However, this only works up to y = 1/2, so no matter how regular ¢ is, the (spatial)
regularity of ¢ is limited in general. The key point of Lemma 2.14 is that it identifies
a class of ¢ for which ¢ has arbitrarily good regularity.

Remark 2.16 The cutoff N, for which we can construct K¢? depends on the weight
w via |w|; we say that the cutoff is adapted to the weight w if the construction of
Lemma 2.14 works. If we consider weights w(n) = (1 + n)%, then |w] is uniformly
bounded in |a| < K, for any fixed K, and we can find one cutoff which is adapted to
all those weights. This is the situation that we are mostly interested in.

Remark 2.17 The bound (12) also holds for G™~, which is defined analogously
to G~. Therefore, we can also construct a map K”: w(N)~1(=Ly)YTL> —
w(N)~1(=Lo) YT L? that associates to every ¢ € w(N) ™1 (—Lo) YT L? a unique
K™Mef € w(N)~1 (=L)"Y T'L? with

K"p? = (=Lo)~'G" K" ¢" + .

Let us write G = G — G~ The following proposition gives a bound for LI¢* in
terms of goj. By Remark 2.17, similar bounds hold for £ IC’”(pﬁ, uniformly in m.

Proposition 2.18 Let w be a weight, let y > 0, and let the cutoff N, be adapted to w
and (w(n)(1 + n)°/2>*77),, and let § > 0. Consider

¢ e w\)N(=Lo)T'TL2 N wWN) (A + N) 2777 (— L)~/ L2,
We set ¢ == K@*. Then Lo = Lop® + G=¢ is a well defined operator, and we have
W) (L) G0l S w1+ MNP (—Lo) HH0F(a7)

Proof We treat G and G= separately (both with their obvious definition). We also
assume that § € (0, 1/4], but once we established the bound (17) for such § it holds
of course also for § > 1/4.

1. To control g_fgo, we bound

S+ kD FGFn ki)
kl:n

S Lty en, 07 + -+ kD 1kt + Kal? |61 Gkt + Ko, k30|
ki:n
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4 _ N
S0P LNy N 02 (et + koD NT91G, (K + ko, kw1
kl:n
244y —48 ~
SN TN G 4l P16 k)
k]:n—l

andsince N, ~ (n+1)* we get [w(N)G @l < lwN)(1+N)2HTY (—Lo)1/4+2
¢|l. Applying Lemma 2.14, we can estimate the right hand side by [|w(N)(1 +
N2V (— L) V4392 |, because we assumed that § € (0, 1/4].

2. Next, let us estimate G=¢. As usual we apply (10), this time with 8 = 1/4 +§ >
1/4, to bound

D UG+ D | FGE@)n ki)

kl:n
2
S+ DY D oem TR+ kD7 Y a1 (pLq. ko)
kin prq=ki
S+1? Z Uik oo <N KT (KT 4 -+ + k) [y |74
kl:n
Y P+ o (g ko)
p+q=ki
244 N
§ (n + 1)4+2)/Nn+ 14 Z (E% + 4+ £r2,+1)1/2+28|‘pn+1(£1:n+l)|2,
el:n+1

from where we deduce as before that [|[w(M)G=¢| < [lwN)YWN + 1)%/2+7r
(=Lo) /00
To simplify the notation we write from now for y > 0

ay) =9/2+7y. (18)

Lemma 2.19 For a given weight w and a cutoff as in Proposition 2.18 (for y = 0),
we set

Dyy(L) = (K¢ : ¢* € wN) T (=Lo) ' TL> NwW) ™' (1 + M) (=Lo)~/*TL?).
Then Dy, (L) is dense in w(N)~'T L2 More precisely, for all

v e wWN) H(=Lo) 'TL2 N w11+ M) 2 (=L£o)~ /7T L2,
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1088 M. Gubinelli, N. Perkowski

and for all M > 1 there exists o™ € Dy, (L) such that

lwW\)(—L0)' (™ = )| S M2 lwWN)(—Lo) Y|,
lw ) (—L) 2™ || < wN)(—Lo)' 2y,
lw\)LeM | S M2 (lwN)(—Lo)¥ |
F lwW\YWN + DY (=Lo) Py )).

(19)

If w = 1, we simply write D(L).
Proof Let v be as in the statement of the lemma. Since such i are dense in
w(N)~ITL? it suffices to construct ™ such that the inequalities (19) hold. For

this purpose we apply Lemma 2.14 to find a unique function ¢ € w(N)~!T"'L? that
satisfies

M (k1) = Lipjo =, F(—L£0) " Go™)n (k1n) + Yn (k1n),

and for which the first two estimates in (19) hold by Lemma 2.14. To see that (pM €
Dy, (L) note that

o' (ki) = F(=L0) 7' ") krn) + @3 F ki),
where
On"F (kin) = Yn (ki) = T, <lbtoe <mn, F(—L0) ™' G (k1)
In particular we have LoM = G=pM 4 LM%, and by Proposition 2.18 it suffices to
estimate @™ in w(N) "1 (=Lo) "' TL2 N wN) =1 (1 + N)~%/2(=Ly)~V/2T'L2. The

first contribution 1 satisfies the required bounds by assumption, so it suffices to show
that the second contribution, denote it as WM , satisfies

lwN)Y =Ly M| < MY wWN) (1 4+ N2 (L) 2y,

20
lwWNYN + D2 (—=Lo) 2y M| < w4+ N2 (L) Py 0

But

F(=L)Y ") nlkin) = =N, <kl <18, F(Go™ ) (ki)
so that we can estimate this term similarly as in (9). If the cutoff M N,, was independent
of n, we would get w(N)(=Lo)YM || < (MN)' 2wV + N)(=Lo) M|
from (9), so after including the factor N, >~ (1 + n)3 into the weight we get

lwN)Y =Ly M| < MY wWN) (1 4+ N2 (—Lo) 2o,
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and then the first estimate of (20) follows from (13). Similarly

|F((—Lo) Py, ) | 2 (k4 -+ k) ™ Ny <o <, [F(GO™ ) o) 12
< NUF(=Lo) V4G M), k)
+ NP F(=L0) PG oM ki) P

and since N,, >~ (1 + n)3 we get with (7), (8) that

lwWN) (1 4+ N2 (L) 2y M|
SNwWIA + M (—Lo) V2 + (1 + N2 (L) 72 1pM |,

which together with (13) yields (20) and then (19). O

Remark 2.20 As discussed before, our analysis also works for £™ and we define
Dy (L) := (K" ¢" : ¢* € wN)(—=Lo) 'TL? N w1 + M) 2 (=L£o)" /2T L2,

For w = 1 we also write D(L™), and in that case D(L™) C Dhpaive (L™) for
the domain Dyaive (L) of Corollary 2.11: Indeed, we have ||(—Lo) N K" ¢?| <
I1(—L0) />N ¢ || by (13). Moreover,

(=L))o | < 1(=Lo)(=L0) "' G™ ™ K™% || + [ (—Lo)p" |,

and the second term on the right hand side is finite by assumption. For first term on the
right hand side we apply the m-dependent estimate (9) (which also holds for G ™)
and then (13) to bound

1G™> KM% || < m' 2| (=Lo) 2" @ | < m 2 [(—L0) 207

Remark 2.21 The same construction works for the operator LB = Lo+21Gfor A € R.
For A # 1 the intersection of the resulting domain D(£™)) with D(L) consists only
of constants.

Lemma 2.22 For any ¢ € D(L), we have
(0, Lo) = =II(=Lo)*p]* <0,

and therefore the operator (L, D(L)) is dissipative.

Proof For ¢ € D(L) we have Lop € T'L? and ¢ € (—Lo)~ /(1 + N)~IT'L? by
assumption. So Definition 2.12 with § = 0 (for G_) respectively § € (0, 1/4] (for G1)
gives Go € (—Lo)'/?I'L?. Therefore, we can conclude by approximation in the chain
of equalities

(@, Lo) = —lp, (—L0)p) + (9, Gp) = — (g, (—L0)p) = —II(—Lo) " *¢lI?,
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since all the inner products are well defined. Here we used the antisymmetry of the
form associated to G (see Lemma 2.4):

(p,Go) = (o, G"@) = (G"p, 0) = —(Go, ¢).

lim — lim
m—00 m—00

O

Remark 2.23 We can introduce another dissipative operator £~ given by L~ = Lo —
G = £ on the domain D(L£7). Then if ¢ € D(L) and ¥ € D(L™) we have
Lo, Go, Loy, G € (—L)Y2TL? and ¢, ¥ € N + 1)~ 1(=Ly)"/2I'L? so the
identities Lo = Lop + G, L™ = Loy — GY hold (as distributions) and

(¥, Lo) = (W, Lop) + (Y. Go) = (¥, Log) — (G¥. @) = (L™V, 9).

As a consequence L~ C L* and symmetrically £ C (£7)*. The closed operators
L*, (L7)* are dissipative and satisfy

L* (L) < Lo

in the sense of quadratic forms and on their respective domains.

For finite m the operator (L™)™ := Loy — G™ is defined on Dyyive (L") 7) =
Dhaive (£™) and it is the restriction of the adjoint (ﬁm)* of L™ to this domain. Indeed,
(£™)* is the infinitesimal generator of the time-reversed process (uy_,);e(0,7] for
T > 0, and this time-reversed process solves Burgers equation with a minus sign in
front of the nonlinearity (see [27,34]). So the claim (L™)~ C (ﬁm)* follows by the
same arguments as for the forward equation.

3 The Kolmogorov backward equation

So far we constructed a dense domain D(L) for the operator L. In this section we will
analyze the Kolmogorov backward equation d,¢ = L¢. More precisely we consider
the backward equation for the Galerkin approximation (2) with generator L™, and we
derive uniform estimates in controlled spaces for the solution. By compactness, this
gives the existence of strong solutions to the backward equation after removing the
cutoff. Uniqueness easily follows from the dissipativity of L.

3.1 A priori bounds

Recall that 7™ is the semigroup generated by the Galerkin approximation u™, the
solution to (2). First, we consider ¢" () = T" ¢, for ' € Dnaive(L™), and we
derive some basic a priori estimates without using our controlled structure. Roughly
speaking our aim is to gain some control of the growth in the chaos variable n by
making use of the antisymmetry of G. In the following Sect. 3.2 we then estimate the
regularity with respect to (—Lg) by using the controlled structure.
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The infinitesimal generator of the stochastic Burgers... 1091

So let 5 € Daive (L") C D(ﬁm) and let 9™ (1) = T/"¢;' be the solution to
the backward equation 9,¢™ () = ﬁmwm (7). Unfortunately, we do not know yet if
@™ (t) € Dpaive(L™) for t > 0, and we have no explicit expression for L™ ¢™ (1),
which makes it difficult to derive estimates.

To circumvent this problem we introduce suitable cutoffs: Let w: Ng — R4 be
compactly supported and let K > 0, so that w(N) 1z, <k is a bounded linear operator
and it commutes with the Fréchet derivative. Then

1 R
531 lw )L 2o <k @™ O = (W)L £ 1<k @™ (1), W)L 2y <k L7 0™ (1))

= (W2 (ML 2o <k @™ (1), L™ (1))
= (L™ (W N) L gy <k @™ (1)), " (1)),

where (ﬁm )* is the adjoint of Lm, By the discussion in Remark 2.23 we have (ﬁm)* Y=
(L™ for all ¥ € Draive ((L™)7) := Dhaive(L™). And since wz(N)ﬂ|£0|§K(pm ()
has only finitely many Fourier modes it is of course in Dpaive (L™). This leads to

1
zat||w</\f)1lwo|5wm||2 = ((Lo — G") W (M) o<k @™, ¢™)
= —[(=L)PwM) T g <k @™ I
—(G" (W)L o<k ™), ™),

where we used that — Ly is a positive operator which commutes with w (N i 2o1<k-
Letnow K > m, soin particular G" 1., <x = G, and let w be compactly supported
and such that w(n)w(n +i) = wn +1i) fori € {—1,0, 1} (i.e. w = 1 on a set that
is slightly larger than the support of w). Then we get, using the “skew-symmetry” of
g™ (Lemma 2.4),

(G WML 2o < 0™ @™)

= (G (W (N)p™), ™) + (" (w* (N )e™), ¢™)

= (G (W (N)P™), ™) + (W N + DG™ (DN )™), ¢™)
(GT W N)P™), ™) — (DN)e™), G (w? (N + De™))
= —(G" (RN + 1)g™), ™),

where h(n) = w?(n) — w2(n — 1). So letting K — oo, we see that

1
K lw\)e™ 12 = — (L) PwN)e™ 12 + (G (N + De™), ™). (21)

Lemma3.1 For all a € R, there exists C = C(a) > 0 such that for all ¢ €
(1 +N)"“T'L? and for ™ (t) = Ty

(1 + M) ™ ()|I* < Ce' N1+ N) i |12, (22)
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1092 M. Gubinelli, N. Perkowski

as well as
/0 eTNA+ N (—Lo) Pe" @) IPde < I+ N) g |17 (23)

Proof 1. Unfortunately we cannot directly take w(n) = (1+4n)“ in the considerations
above, because this w is not compactly supported. But there is an alternative
representation of the norm ||(1 + N)* - ||: Let (p;)i>—1 be a dyadic partition of
unity, i.e. there are radial functions p_p, p € C2°(R) such that with p; := p (271,
for i > 0, we have supp(p;) N supp(p;) = @ for |i — j| > 1, and such that
Zl-z_l pi(x) = 1. We also assume that p is supported in {|x| € (%, %)} and that
Die ,oiz(x) =~ 1; see [3, Chapter 2.2] for a construction of such a dyadic partition
of unity. In what follows we write i ~ j if 20 ~ 27 je. if li — j| < L for some
fixed L > 0. Then we have for € R and ¢ € I'L?:

Y 22Nl = Y 22N nalpi (1) enll g2 pny

i>—1 i>—1 n>0
=yl +m) Y o) el
n>0 i>—1
~ (1 20 2 — 1 No, 2
= Yl 4 )N @all oy = 10+ M0,
n>0

where we used that ) ; ,oi2 (n) >~ 1. In other words, it suffices to show the claimed
bounds for the norm Y., 2% p;(N) - ||%.

2. First assume that ga(’)” € Dpaive (L™ N (1 + N)~*T'L2. The starting point of our
estimate is the identity (21) whose right hand side we have to control. We use the
uniform bound (8) for G' and get for g: Ny — R which satisfies g(n) # 0
whenever h(n +1i) #0,i € {—1,0, 1}:

HGT (RN + D™, ™)
< gAY (=L0) T GT (RN + D™l x 1§ (—Lo)' ™|
S g + DTN (=Lo) (W + D™ || x 18N (—Lo) o™ ||

gIN+1) x |lgN)Y(=Lp) 2o™).

Young’s inequality for products bounds the first term on the right hand side by

gIN+ 1)

< BlIlgN)(—=Lo) 2™ + 67!

s

( hN + DN )2 "
N+ Dg)12) ¢
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The infinitesimal generator of the stochastic Burgers... 1093

for all 6 > 0. With another application of Young’s inequality this yields

(G @™ h(N)e™)

2

’

RN + DN )2 .

—Lo)2m 2
< 8llg\) (=L ?¢™| +C<)" w+1>gw>1/2

for all § > 0, where § is not the same as in the previous inequality, and C(8) > 0.
Now we take w = p; and g = } ., ;< p; and obtain for n >~ 2'

‘ M+ Dn |+ Dl = |Goin+ 192 — o )D)n]

g+ 1gm)'/?

< (i) + pi(n + )i+ 1) = pi(W)n
<Y pimymax{llp’ lloo. 10 lec)27n £ 3 ().

j~i ji

Forn % 2! we simply have h(n+1)n/(g(n+1)g(n)'/?) = 0. So together with (21)
we obtain that for all § > 0 there exists C = C(8) > 0, independent of i, such
that

1 t
SN OI + /0 Lo (N (= L) 2™ (5)2ds

1 t
< S+ [ 83 I, (L0 e lPds

j~i

f C Y llpj(N)e™(5)]*ds.

J~i

Consequently, for any § > 0 and o € R there exists anew C = C(§, &) > 0 such
that

1 . t .
3 X 2 Uagm O + [ Y N L0 2 ) s

i>—1 0 ;>

l
<5 3 2 Un NI + 5 / 2 2 (N (—Lo) " (5) s

i>—1 i>—1

+c / 224, (M) s) 2. 4)

l>1

Now we take § = 1/2 to bring the second term on the right hand side to the left
hand side.

3. For ¢y’ € Dpaive (L") N (1 +N)~2T L2 the first bound (22) now follows from (24)
and Gronwall’s lemma (and the equivalence of the norms addressed in point 1.
above). For general ¢! € (1 +N)"*T'L? let f((gagl’N)n)(k) = L =N g k),
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1094 M. Gubinelli, N. Perkowski

s0 ¢y N € Dpaive (L™ N (1 + N)~*T'L? and now we use the fact that " is a
continuous linear operator and apply Fatou’s lemma to deduce that

I+ AT 2 < Tim [[(1+ A)*T 5 |2

2

< lim Ce'C|(1 4+ NN |
N—o0
< Ce' (1 + N @ ||

4. To derive the second bound (23) for ¢’ € Dyaive (L™) N (1 + N)"@T' L2, observe
that

1 1
3 (e—f05||p,-</v)¢m<r)||2) = e‘fciatnpi N)™ ()12
1
Ce—'Cznpi MN)™ (1)1,
and thus (24) yields

1 . ! .
TS 2PN O + fo e 2H N i (N (—Lo) 2™ ()12 ds

i>—1 i>—1

1 . ! .
<= > 22N I + 8 fo e " 22 0 (W) (= Lo) 2™ (5) 1 ds.

i>—1 i>—1

[\

Now we take again § = 1/2, bring the integral term from the right hand side
to the left, and send ¢+ — oo to deduce (23). The extension to general ¢’ €
(1 + N)~T"L? follows from Fatou’s lemma, as in step 3.

O

Corollary 3.2 For a and C as in Lemma 3.1 and for ¢y € Dpaive(L™) with (1 +
N LM € T'L? we have both

I+ A 8,0™ ()1 = I(1+ ML (1)]1> < Ce' N1+ N Lg%, (25)
as well as

I+ (=L0) P ) S Cre' N A+N) L6 P+ 1 A+N)* (= Lo) 1%
(26)

Proof We use that 0,¢™ (¢) = 0, T" ¢ = Lm T" gy = T" L™ @' Then (25) directly
follows from (22), while (23) gives

/0 e+ N (L) 28,0™(0)]12dr < ClI(1+ N Lo |12,
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The infinitesimal generator of the stochastic Burgers. .. 1095

and therefore
(1 + M) (—Lo) 2™ (1)1

t 2
S H/ (1 + M) (—L0) 850" ($)ds ||+ [I(1+ N)*(=Lo)' 5117
0

t
= t/ 1L+ N (—L£0) P2, ()12ds + [ + 1) (—Lo) 2! |2
0

t
sw”/e”%ﬂ+NYG£MW%W%m%wMH+NWG£W”mH
0
< Cte' (1 + N Lo 1> + 111+ N (—Lo) 2 1%

This is the claimed bound (26). O

3.2 Controlled solutions

The estimates (25) and (26) give bounds for ¢ (t), d,¢™ (¢), and ﬁmwm (¢) that are
uniform in m and locally uniform in ¢. This allows us to show that ¢" (¢) € Dyaive (L™)
forallt > 0:

Lemma3.3 Leto > 1 and let
o e (14+N)%(1 = Lo) 'TL2N (1 4+ N) 2711 = Lo)TV/’TL? C Doaige (L™).

Then " (t) := T{"¢y € Dhaive(L™) for all t > O, and in particular ﬁmwn’ (1) =
L™ ().
Proof With the decomposition L™ = Ly + G" and the m-dependent bound (9) for
g™ we get

I+ ML | S I+ N)Logg' Il + 111+ N)(—Lo) gl < o0

and therefore (25) shows that (1 + A )ﬁ’"(p’” (1) € TL%. Another application of (9)
yields
16" ™ ()] S m' 2 IN(—Lo) o™ )]
SNA+ ML G+ 1L+ N (—L0) gl < oo

where the second estimate follows from (26) apd we hid the factor (Cze’€)/? inside
the implicit constant. So far we showed that £L"¢™ (1), G"¢™(t) € I'L?. Moreover,

we know for any test function ¥ € Dpaive (L") = Dhaive (L™)7) C D((Lm)*):
((ém —GMe" (1), V) = (o™ (1), ((ﬁm)* +3G"Y) = (" (1), Loyp).

Therefore, ¢ (t) € D(Ly) and L™ (1) = (ﬁm — G™)¢™(t). But using the Fourier
representation of Ly it is easy to see that this is a self-adjoint operator, and therefore
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1096 M. Gubinelli, N. Perkowski

we have ¢ (1) € (1 — Lo)~'T"L?. Since we already saw that ¢ (¢) € (1 +AN)2(1 -
L0)~2T'L?, we indeed have ¢" (1) € Dpaive (L™) and the proof is complete. O

Our aim is now to use our a priori estimates on ¢ (¢) to construct solutions of the
limiting backward equation d;¢p = L¢ that are in the domain D(L) from Sect. 2.3.
Therefore, let us define

P =" = (=Lo) TG, 27)
so that ™ = K" @™ ",

Convention Throughout this section we consider a cutoff N, in Lemma 2.14 that is
adapted to the weight (1 + N)P for any B that we encounter below.

Lemma 3.4 The a priori estimates from the previous section give for ¢5' € D(L™) C
Draive (L™):

(1 + M) (—Lo) 2™ (1))
< e’ + DA+ N (Lo FIl + 11+ N2 (—Lo) 2ol R ). (28)

Proof 1t follows from (26) and Lemma 2.14 that

(1 + A (—Lo) 2™ 2 (1)
S A+ M (=L 2™ )1 + 1(1 + M) (—Lo) 2™ g™ (1)
SN+ ML PP 4 111+ N (—Lo) el
< (te'C + DI+ M (—Lo)gg 17 + 111+ N2 (= L) 2 F|2),

where in the last step we applied Proposition 2.18. O

Unfortunately this estimate is not enough to show that ¢ € D(L™), which requires
a bound on [[(—Lo)@™ % + (1 + N> (—=Lo)/?>¢™EF||. And in fact we will need
even more regularity to deduce compactness in the right spaces. So let us analyze the
equation for ¢"%. For that purpose we want to commute the time derivative 3, with
(—L0)~'G™ ™, so let us first show that (—Ly)~'G™” is a continuous linear operator:
Since [ki:nl2 > |ki:nloo we can bound (=Lo) ™"/ 1y, 1 =n, by N,' < (1 +m)72,
and thus

I=L0)~'G" "¢l < (1 + N (—Lo)™2G"™ g
Sm A+ M) 2l < m' gl

where the second inequality is a variation of (9) with y = 1/2: Since we did not
make use of any cancellations when proving (9), we can simply ignore the additional
indicator function in G™~ compared to G™ and in that way we get the same bound
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for G"™ . Consequently, (—ﬁo)*lgm» commutes with the (Fréchet) time derivative
and we get
o™t = L™ — (—Lo) ' G g™
= Log™* +G"7¢" — (=Lo)T'G" 04"

The second term on the right hand side can be controlled with (17), which gives for
y>0and§ >0

(29)

1L+ M) (=Lo)” G™ 59" || S NI+ N)THD) (—Lo) VA2 5
so together with our a priori bound (28) we get

up_ (1 + AN (=Lo) G™ =™ ()] S1 11 4+ NYFD (—Lo)gp ¥
tel0, T

+ (1 AR (L) 2.

(30)
The remaining term (— L) ™' G™ > 3,¢™ is more tricky. We can plug in the explicit form
of the time derivative, 9,9 = G™=¢™ + Lo¢™ ¥, but then we have a problem with the
term Lo@™ * because it is of the same order as the leading term of the equation for "%
Therefore, we would like to gain a bit of regularity in (—Lo) from (—Lo)~'G" >, and
indeed this is possible by slightly adapting the proof of Lemma 2.14; see Lemma A.2
in the appendix for details. This gives for y € (1/2,3/4)

11+ M) (=L0)” (—Lo) ' G" 9™
S IA+ M2 (=Lo)? =G =™ + Log™ )|
< ” (1 _|_ N)D(+3/2+D(()/71/4) (_EO)]/4+5¢m,ﬁ ”
A+ N2 (L) ™A,
Recall that (y) = 9/2 4 7y, and therefore 3/2 + a(y — 1/4) < a(y) and the first
term on the right hand side is bounded by the same expression as in (30). For the
remaining term we apply Young’s inequality: There exists p > 0 such that for all
ee 0,1
(1 4+ N2 (= Lo)7H A mF|
S €PN+ NP (=L0)' 2™+ ell(1+N)* (=Lo) T Fp™ . (31)

The first term on the right hand side is under control by our a priori estimates, and as

the following lemma shows the second term on the right hand side can be estimated
using the regularizing effect of the semigroup (S;);>0 = (e’ Loy >0 generated by Lo.

Lemma3.5 Lety € (3/8,5/8). There exists p = p(«, y) such that for all T > 0
sup (11 + MY (=L) Y @™ @)l + (1 + N (L) do™ (1))
t€l0,T]
St 4+ NP (—Lo) 7 o). (32)
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Proof The variation of constants formula gives ¢ %(r) = Sﬂpg1 Ty fot S50y —
L0)¢™*#(s)ds, and by writing the explicit representation of S, and Ly in Fourier
variables we easily see that

I+ M) (=L Syl S 7P I+ Ny |

for all B > 0. Since y + 1/8 € (1/2,3/4) we can combine this with our previous
estimates, and in that way we obtain for some K, K7 > 0 and for ¢ € [0, T']

I+ M) (=L0) 7™ O S 11+ N (—Lo) 7 0|
t
+ / (t = )" FVEIA + M (=Lo) (05 — Lo)e™ F (5) lds
0
< KN+ N (=L)" g5 Il + K7 (1 + &) (1 + NP (Lo |
+ KT8 sup [[(1+N)*(=Lo) TV g™ (5)]I.
s€[0,T]
The right hand side does not depend on ¢, and therefore we can take the supremum
over ¢ € [0, T, and then we choose ¢ > 0 small enough so that KT'/3¢ < 1/2 and
we bring the last term on the right hand side to the left and thus we obtain the claimed

bound for the spatial regularity. For the temporal regularity, i.e. for 3;¢"%, we simply
use that

dq™F = Log™* + (3 — Lo)e™F,

and then we apply the previous bounds to the two terms on the right hand side. O

For s, ¢t € [0, T] we now interpolate the two estimates
114+ A (=L0)” (0" H(0) = "™ H NI S 1t = 51 x I+ NP (=Lo) 7 g |
and
(L4 A (=Lo) T (@2 (1) = @™ H NI S 11+ AP (=Lo) T g |
to obtain some « € (0, 1) such that
11+ A (=Lo) 7™ (1) = ™ F NI S 1t = I (1 + AP (=L0) 7 05l
For o > 0 we introduce the space

U= |J Ka+N) 7@ (—Ly)~"""rL? crL?, (33)
y€(3/8.5/8)

where p(a, y) is as above, and U := Ugp ¢ = Um>9/2 Uy:
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Theorem 3.6 Let o > 0 and ¢o € Uy. Then there exists a solution

g e|JC®y, 1+ N (=Ly)"'TL?)
§>0

of the backward equation
de =Ly, ¢0) =g (34)

For ¢y € U we have ¢ € C(Ry, D(L)) N C'(R, I'L?) and by dissipativity of L the
solution ¢ is unique in this space.

Proof Take ¢y € U, and denote (pg =K lgo € (1 + N)"P(=Ly)~""YTL? for
some y € (3/8,5/8) and p = p(«a, y). Consider for m € N the solution ¢™ to
09" = L™M@™ with initial condition ¢ (0) = IC’"(pg. It follows from a diagonal
sequence argument that bounded sets in (1 + N)~%(—L)~!7"/2I'L? are relatively
compact in (1 + MY~ (—£)~ITL? for § > 0. Therefore, (q)’"*ﬁ)m is relatively
compactin C(R, (1+N) %3 (—L0)~'T'L?) (equipped with the topology of uniform
convergence on compacts) by the Arzela—Ascoli theorem. Let ¢* be a limit point and
define ¢ = KgF. To see that 9,9 = L, note that (along a convergent subsequence,
which we omit from the notation for simplicity)

1
90 = (0) = lim ("0 = ¢"(0) = lim_ fo L™ (5)ds

t
~ lim / (Log™(s) + G™ =<K (5))ds
m—0o0 0
t
= lim /(Eown(s)—f-gm’ﬁcmwﬁ(s))ds
m—0o0 0
t
_ / (Lo (s) + G=Kg* (5))ds,
0

where the second-to-last step follows from our uniform bounds on Ly, G™ =, K and
the convergence of ¢ % to ¢, and the last step follows from our bounds for G=, K
together with the dominated convergence theorem. If @ > 9/2, then ¢ € D(L) by
definition, see Lemma 2.19. Moreover, in that case Lo € C(R, I"LZ) and since
() — o(s) = f; Lo(r)dr we get ¢ € C'(R,, T'L?). In this case we have

eI = 2((1), Lot)) <0,

by the dissipativity of £ (Lemma 2.22). Therefore, any solution i satisfies || ()] <
lleoll, which together with the linearity of the equation gives uniqueness. O

4 The martingale problem

Our next aim is to construct a process (u;);>0 with infinitesimal generator given by
(an extension of) £. We will do so by solving the martingale problem for L.
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Let S’ denote the Schwartz distributions on T.

Definition 4.1 Let u = (u;);>0 be a stochastic process with trajectories in C(Ry, S)
and such that law(u;) < u for all # > 0. We say that u solves the martingale problem
for L with initial distribution v if

1. ug ~ v, and
ii. for all ¢ € D(L) and ¢t > 0 we have fot |Lo(us)|ds < oo almost surely and the
process

t
@(ur) — @(uo) —/0 Lo(ug)ds, =0,

is a martingale in the filtration generated by (u;).

Note that, since ¢ and L¢ are not cylinder functions, we need the condition
law(u;) < w in order for ¢(u;) and L¢(u;) to be well defined.

The following class of processes will play an important role in our study of the
martingale problem.

Definition 4.2 We say that a process (u,);>0 with values in S’ is incompressible if
law(u;) <« p forall t > 0 and for all T > O there exists C(T) > 0 such that for all
peTlL?

sup Eflg(us)] = C(D)ell.

t<T

We will establish the existence of incompressible solutions to the martingale prob-
lem by a compactness argument. The duality of martingale problem and backward
equation yields the uniqueness of incompressible solutions to the martingale problem.
Since the domain of L is rather complicated, we then study a “cylinder function mar-
tingale problem”, a generalization of the energy solutions of [27,28,34], and we show
that every solution to the cylinder function martingale problem solves the martingale
problem for £ and in particular its law is unique.

4.1 Existence of solutions

Here we show that under “near-stationary” initial conditions the Galerkin approx-
imations (u™),, solving (2) are tight in C(R,, S’), and that any weak limit is an
incompressible solution to the martingale problem for the generator £ in the sense of
Definitions 4.1 and 4.2. The following elementary inequality will be used throughout
this section.

Lemma4.3 Let u™ be a solution to (2) with dlaw(ug')/du = n € L?(w). Then we
have for any measurable and bounded or positive ¥V: C(R4,S’) - R

IE[W @™)]] < InIE [ @™,
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where P, denotes the distribution of u™ under the stationary initial condition ug ~ p.
In particular, u™ is incompressible.

Proof The Cauchy—Schwarz inequality and Jensen’s inequality yield

1/2
E[W (u")] = / E, [ (™) () (du) < [l ( / Eu[wwmnzumm)

< [nlIE,[%@™)*]1"/>.

Recall that D, denotes the Malliavin derivative with respect to .

Lemma 4.4 Let u™ be a solution to (2) with dlaw(ug')/du = n € L%(w). Let ¢ €
D(L™) and consider M™% = o) — o(uy) — fot Lo )ds. Then M™% is a
continuous martingale with quadratic variation

t
(M™9), = / Ep(up(s))ds, where Ep = 2/ |0, Dyg|*dx. (35)
0 T
Moreover, for w: Ng — Ry we have
lw\)YEP' 21l = V2w = D(—Lo) e (36)

Proof Let ¢ be a cylinder function with finite chaos expansion (i.e. ¢, = 0 for all n
and all sufficiently large ) and finitely many Fourier modes (i.e. ¢, (k) = 0 for all
sufficiently large |k|). Then it follows from It6’s formula that M™% is a martingale
with quadratic variation given by (35), and the Burkholder—Davis—Gundy inequality
gives forall T > 0

Elsup | M, |1 < E[(M™%) )] < B [(M™) 712 = InI T2 )1 E) /).

t<T

(37

Moreover, for any w: No — R, we get the following equality for the “weighted
energy’:

lwN)(Ep)?1* = Z/T lw(N)dy Dyl *dx

00
= 2/1; (Z(”l — D'wn — 1)2n2||ax§0n()€, r2:n)||i%(Tn])) dx

n=1

oo
=2 ntw(n =170y 12wk 2|Gn (ki)

n=1 ki:n
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o0
=2 ntwn — D> 27kt > + - + [27kn |2 |G (krn)

n=1 ki:n

= 2[lw(N — D(=Ly) . (38)

If ¢ € D(L™) C Dpaive(L™) C (—Lo)™2(1 + N)~'T'L?, where the first inclusion
holds by Remark 2.20, then we consider the function ¢ with finite chaos expansion
and finitely many Fourier modes, given by

F@M), (k) := 1y g1 < @n (k).

Then M converges to ¢ in (1 — Lo)™'/2(1 + M)7'TL> N (1 — Lo)~'TL? =
Dhaive (L™). So (37) together with (38) (for w = 1) shows that the continuous martin-
m M . . 1 . .
gales M™% converge uniformly on compacts in L' (IP) to a continuous martingale
M™% with quadratic variation given by (35). Moreover, we have for fixed t > 0

M
M =L'— lim M™?
M— o0

M— o0

t
=L'— lim <(pM(u;") - (pM(u(’)") - / L'm(pM(u;")ds>
0
t
= o) — ¢(uy) —/0 L@ (uy)ds,

where the last step follows from the incompressibility of #™ and because ¢ converges
in Dpaive (L™) to ¢. Since M™% and the process on the right hand side are both
continuous, they are indistinguishable.

It remains to show that (38) also holds for the limit ¢ of ¢ . This follows from two
applications of the monotone convergence theorem because on both sides of (38) the
number of positive terms that are summed up increases if we increase M. O

We need to control higher moments to prove tightness, and the following classical
result is useful for this purpose.

Remark 4.5 Let p > 2 and define ¢, := +/p — 1. It follows from the hypercontractiv-
ity of the Ornstein—Uhlenbeck semigroup that |||¢|?/?||> < ||cﬁ,\/ @||P forall p € I'L?;
see [49, Theorem 1.4.1].

In Lemma 2.19 we defined a domain D,,(L) of functions that are mapped to
w(N)~'T'L? by £. From now on, we write Dyp(L) =Dy (L) for w(n) = ¢, with the
constant ¢, > 0 of Remark 4.5.

Theorem 4.6 Let n € L?(w) and let u™ be the solution to (2) with law (ug') ~ ndpu.
Then (u™)en istightin C(Ry, 8"), and any weak limit is incompressible and it solves
the martingale problem for L with initial distribution ndu.
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Proof 1. We first consider p > 2 and ¢ € D;,(L"™) and we derive an esti-
mate for E[|p(u]") — @u}")|”]. For that purpose we split p(u]") — @) =
f; LM ou)dr 4 M;"? — M{"?, and observe that by Lemma 4.3 and Remark 4.5

e (e T

<t =sIPIL" Pl < 1t — SI”IICé\,Cﬁ'"§0IIP~
Next, we bound the martingale term with the Burkholder—Davis—Gundy inequality
and (36):

t p/2 ' p1/2
EHM,’"""—M;”"HP]SE[( / &p<u§”>ds) ]SEM[( / &o(u;")ds> ]

St —sIPPIEPP PN < It — 51PN Ep) 2P
<1t —sIPP A (—Lo) )P

t
/ L"ow)dr

t
/ L"ow)dr

2. Let now ¢ € cz_[fv(—ﬁo)_lFL2 N cz_[f\[(l + N)22(—L£0) V2T L2. We apply
Step 1 and (19) to find for all M > 1 a function o™ € D, (L™) with

Ello") — p)|"]
SElle)) — o™ @)1P1+ Elle@) — o™ @lh)]?]
+Ello™ @) — o™ @11
Sl — @M 1Pl + 1t — sIP/2 100 (—L0) 2oM 1P + It — 1P I3 L™ |17
S N3 @ — @™)IP + 1t — 1721150 (—Lo) 2™ |17 + 1t — s|P (1 LM 1P
< MTPRY 0P + 1t — 51723 (—Lo) 2ol
+ 1t = sIPMPPR (| (— Lol + lleds (1 + N (—Lo) /Pe)P).

For |t — s| < 1 we choose M = |t — s|~! and see that the right hand side is of
order |t — s|p/ 2 The law of the initial condition @(ugy') does not depend on m,
sofor p > 2and ¢ € cz_lf\/‘(—ﬁo)_ll"L2 N cglf\[(l + N2 (L)~ V2IL? it
follows from Kolmogorov’s continuity criterion that the sequence of real valued
processes (@ (u™)),, is tight in C(R,, R). This space contains all functions of
the form ¢(u) = u(f) with f € C°°(T), where u(f) denotes the application of
the distribution u € S’ to the test function f. Therefore, we can apply Mitoma’s
criterion [48] to deduce that the sequence (u™) is tight in C(Ry, S').

3. It remains to show that any weak limit u of (#™) is incompressible and it solves
the martingale problem for £ with initial distribution ndu. As ugy ~ ndpu, also
any weak limit has initial distribution ndu. To see that u is incompressible, note
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that for ¢ € I'L?:

Ello @)l < lim inf Eflo )11 < Inllliell.

implies that for ¢ € I'L? and for any bounded cylinder function v/

lim sup |E[@(u,)] — E[o(ui")]] < E[|(¢ — ¥) ()]

m—00

+lim sup {|E[v (u)] — E[y¥ u/)]| + Ell(¢ — v) @)1}

Sl — vl

Since the bounded cylinder functions are dense in L2, the left hand side must
equal zero. The same argument also shows that limsup,,_, ., ‘E [ f; go(ur)dr]

—E [ f ; (p(u’r”)dr] ) = 0 and then that for ¢ € D(L) and for bounded and contin-
uous G: C([0,s],S") — R:

t
E I:((p(”t) —o(us) — f £‘P(Mr)dr) G((ur)re[o,s])i|

t
— lim [(mu;“)—w(u;")— / cq)(u:")dr) G((u:"»e[o,so].

m— 00

This is not quite sufficient to prove that the left hand side equals zero, because u”
solves the martingale problem for £™ and not for £. But for ¢ € D(L) there exists
@ with ¢ = K", so let us define ¢ = K"¢". It follows from the dominated
convergence theorem and the proof of Lemma 2.14 that || —¢|| — Oasm — oo.
Moreover, LM @™ = ﬁ()(,oti + Qm’<ICmgoﬁ, and therefore another application of
the dominated convergence theorem in the proof of Proposition 2.18 shows that
IL"e™ — Lo|| — 0. Hence, the incompressibility of u™ yields

t
Jim E [(w(u’,”) — o) - / zw(uf”)dr) G((u;"»e[o,sp}
t
= lim E [(so’"(ui”) — ") — f Emw’"(u’r”)dr> G((u;"»e[o,s])} =0,

which concludes the proof.
O

Remark 4.7 For simplicity we restricted our attention to 7 € L?(u). But the same
arguments show the existence of solutions to the martingale problem for initial con-
ditions ndu with n € L9(un) for g > 1. The key requirement is that we can control
expectations of ™ in terms of higher moments under the stationary measure P, and
this also works for n € L9 (). Forg < 2 we would simply have to adapt the definition
of incompressibility and to restrict our domain in the martingale problem from D (L)
to D,/ (L), where ¢’ is the conjugate exponent of ¢. On the other hand the uniqueness
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proof below really needs 7 € L? because we only control the solution to the backward
equation in spaces with polynomial weights, but not with exponential weights.

4.2 Uniqueness of solutions

Let n € I'L? be a probability density (with respect to ). Let the process (u;);>0 €
C(R,4, S") be incompressible and solve the martingale problem for £ with initial
distribution uo ~ ndu. Here we use the duality of martingale problem and backward
equation to show that the law of u is unique and that it is a Markov process with
invariant measure /.

In Lemma A.3 in the appendix we show that for ¢ € C(Ry, D(£))N c! R4, I'L?)
the process ¢(t, u;) — ¢(0, ug) — fé(E)s + L)p(s, ug)ds, for t > 0, is a martingale.
This will be important in the proof of the next theorem.

Theorem 4.8 Let n € T'L? with n > 0 and f ndu = 1. Let u be an incompressible
solution to the martingale problem for L with initial distribution uy ~ ndu. Then u
is a Markov process and its law is unique. Moreover, (L is a stationary measure for u.

Proof Let ¢g € U and let ¢ € C(R4, D(L)) N C' (R4, T'L?) be the solution to
d;¢p = L¢ with initial condition ¢(0) = ¢g, see Theorem 3.6. Then Lemma A.3
shows that

Elgo(u)] = Ele(r —t, up)]
t
=E [sv(t —0,u0) + / (=0t —s5,us) + Lo — 5, us))dS]
0
= Elp(r, u(0)] = (@(1), n)

is uniquely determined. Here we used that if | — 9;¢(t —s) + Lo (t —s)|| = 0, then by
assumption also E[| — 0,0 (t — s, ug) + Lo(t — s, ug)|] = 0. It is easy to see that { is
dense in D(L£), and since D(L) is dense in I'L2 and E[|y (u;) — ¥ (u)|] < |1y — V],
the law of u, is unique.

Next, let ¥r; be bounded and measurable and let Yy, € U. Let 0 < #; < 1, and let
02 = Ly with initial condition ¢, (0) = y». Then

El1 e )2 (usy)] = Elyr (ur) @2 (t2 — 12, us,)]
n
=E [I/fl (ur,) {wz(tz —t,upy) + / (=0 + L)pa(ta — 5, us)dSH
n
= E[V1(ur)e2(t2 — t1, ugy)1

Since we already saw that the law of u(#;) is unique, also the law of (u;, us,)
is unique (by a monotone class argument). Iterating this, we get the uniqueness
of law(us, ..., u;) forall0 < 1 < --- < t,, and therefore the uniqueness of
law(u; : t > 0).

To see the Markov property, let 0 < ¢t < s,let X bean F; = o(u, : r < t)
measurable bounded random variable, and let ¢y € U. Let ¢ be the solution to the
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backward equation with initial condition ¢(0) = ¢o. Then

E[X@o(us)] = E[Xo(s — s, uy)]

=E [X <(p(s —t,uy) + fs(—a, + Lyp(s —r, ur)dr)]
t

= E[XQD(S - t? ul‘)]’

which shows that E[¢g(us)|F:] = (s — t,ur) = E[@o(us)|u;]. Now the Markov
property follows by another density argument.

To see that u is stationary with respect to w it suffices to consider the Galerkin
approximation with initial distribution law (u') = . This is a stationary process and
it converges to the solution of the martingale problem, which therefore is a stationary
process with initial distribution . O

Remark 4.9 The strong Markov property seems difficult to obtain with our tools: If
T is a stopping time, then there is no reason why the law of u, should be absolutely
continuous with respect to u, regardless of the initial distribution of u. Since such
absolute continuity is crucial for our method, it is not clear how to deal with (4 4);>0.

Definition 4.10 Forr > 0 we define 7T; as the continuous extension to I'L? of the map
U gy o) e TL?,

where ¢ solves the backward equation with initial condition ¢g. Since (7;") is a
contraction semigroup on I'L? for all m, Fatou’s lemma yields that [le(*)|| < llgoll-
So T; indeed exists and is unique.

Proposition 4.11 The operators (1;):>0 define a strongly continuous contraction semi-
group on T L? and
t
Tip=¢ +/ TsLods, t >0,
0
for all ¢ € D(L). The Hille-Yosida generator L of (Ty); is an extension of L, and
D(L) is a core for L (i.e. L is the closure of L).

Proof To see the semigroup property, let n € I'L? be such that ndu is a probability
measure. Let u# be the solution to the martingale problem for £ with initial distribution
ndu. We showed in the proof of Theorem 4.8 that for ¢ € U we have (T;p, n) =
E[¢(u;)] and almost surely E[¢ (u;45)|Fs] = Trp(uy), and thus

(Trts59, n) = Elpurys)] = E[Elg ()| Fs]l = E[Tro(us)] = (Ts(Tr9), n).
Since Ty, Ty, and Ty are contractions, and since U C L2 is dense, the equality
holds for all ¢ € rL2. By linearity it extends to all n € L2, and therefore (7)) is a

semigroup.
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It also follows from the martingale problem that for ¢ € D(L)

t
Tﬂp:gp—{—f TsLods, t>0
0

and this also proves the strong continuity of  — T;¢. By approximation the continuity
extends to 1 — Ty forall € I'L2. .

We conclude that 0, T;¢|;—9 = Ly for ¢ € D(L), and thus L is an extension of L.
Moreover, Theorem 3.6 shows that T;: U{ — D(L) for all t > 0. Since Y C D(L)
and U/ is dense, D(L) is a core for L by Proposition 1.3.3 in [18]. O

4.3 Exponential ergodicity

The Burgers generator formally satisfies a spectral gap inequality and thus it should
be exponentially L?-ergodic (see e.g. [39, Chapter 2] for the definition of the spectral
gap inequality and its relation to exponential ergodicity). Indeed, the symmetric part
of L is Lo for which the spectral gap is known, and its antisymmetric part G should
not contribute to the spectral gap inequality. Having identified a domain for £, we
can make this formal argument rigorous. We remark that the ergodicity of Burgers
equation was already shown in [41], even in a stronger sense. The only new result here
is the exponential speed of convergence (and our proof is very simple).

Consider ¢ € U and let (p(r)) be the unique solution to the backward equation
with ¢(0) = ¢ that we constructed in Theorem 3.6. From Proposition 4.11 we know
that T;¢ = ¢(¢) for the Burgers semigroup, and from Lemma 2.22 we obtain

1
Ea,ngo(t)nz = —I(=L0)?p(0)|%.

Assume that f odu = @9 = 0 for the zero-th chaos component, which by construction
holds whenever (K ~'¢)o = 0. Using the stationarity of (u,) with respect to 1 we see
that then also (¢(7))o = 0. Recall that F(¢(¢)), (k1.,) = 0 whenever k; = O for some
i, which leads to

I(=Lo)2p)11> = 127 P llo ()17,

and thus 9, ||¢(1)[|> < —872||¢(1)||?. Therefore, Gronwall’s inequality yields
_ A2
ITipll < e lgll. (39)

This holds for all ¢ € U with [ ¢du = 0, but since the left and right hand side can
both be controlled in terms of |¢|| it extends to all ¢ € I'L? with f edu = 0.
There are two interesting consequences:

1. The measure u is ergodic: Recall that the set of invariant distributions of a Markov
process is convex, and the extremal points are the mutually singular ergodic mea-

sures. Moreover, j is ergodic if and only if for all A C 8’ with T;1 4 HZ% 1, for

@ Springer



1108 M. Gubinelli, N. Perkowski

t > Owehave u(A) € {0, 1}, see [16, Theorem 3.2.4]. But from (39) we know that

Tla — pn(A)in L2(n) ast — oo, s0if Ty1a "= 14 we get 14 “=" 1u(A)
and thus u(A) € {0, 1}. Therefore, u is ergodic and in particular there exists no
invariant distribution that is absolutely continuous with respect to w, other than u
itself.

2. We can solve the Poisson equation &p = forall ¥ e I'L? with [ ¥du =0by

setting ¢ = fooo T;dt, which is well defined by (39). Here L is the Hille—Yosida
generator and we do not necessarily have ¢ € D(L).

4.4 Martingale problem with cylinder functions

The martingale approach to Burgers equation is particularly useful for proving that the
equation arises as scaling limit of particle systems. The disadvantage of the martingale
problem based on controlled functions is that, given a microscopic system for which
we want to prove convergence to Burgers equation, it may be difficult to find similar
controlled functions before passing to the limit. Instead it is often more natural to
derive a characterization of the scaling limit based on cylinder test functions. Here
we show that in some cases this characterization already implies that the limit solves
our martingale problem for the controlled domain of the generator, and therefore it is
unique in law. The biggest restriction is that we have to assume that the process allows
for the It6 trick:

Definition 4.12 A process (u;);>0 with trajectories in C(R4, 8’) solves the cylinder

function martingale problem for L with initial distribution v if ug ~ v, and if the
following conditions are satisfied:

i. E[le)|] < |l¢|l locally uniformly in ¢, namely u is incompressible;
ii. There exists an approximation of the identity (p®) such that for all f € C*°(T)
the process

t
M) =) = o)~ tim [ Lou(yds
—0Jo
is a continuous martingale in the filtration generated by (), where
Lou(f) = Lou(f) + (3 * ), f)p2my;

moreover M/ has quadratic variation (M 5y =2t)8, f ||2L2.
iii. The It6 trick works: for all cylinder functions ¢ and all p > 1 we have

t
]E|:sup / o(ug)ds
<7 |Jo

Remark 4.13 In [27,28] so called stationary energy solutions to the Burgers equation
are defined. The definition in [27] makes the following alternative assumptions:

p
} S TP (—Lo)™ ).
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i’. For all times ¢ > 0 the law of u, is u;
ii’. the conditionsinii. above hold, and additionally the process lim,_, ¢ fot Lug(f)ds
has vanishing quadratic variation;

iii’. for T > 0 letit, = ur—; then M; = ii,(f) — fio(f) + limeso [ L5045 (f)ds
is a continuous martingale in the filtration generated by (i,), with quadratic
variation (M7); = 2t[|9, f|2,.

Clearly i’. and ii’. are stronger than i. and ii., and it is shown [34, Proposition 3.2] that
any process satisfying i’., ii’., iii’. also satisfies the first inequality in

E | sup
1<T

~ TP e) (—Lo)' Pl (40)

t
/ Low(us)ds
0

p
} S TP ERPH > S TP ey ()17

where the second inequality uses Remark 4.5, and the third inequality is from (36). If
[ ¢du = 0, we can solve the equation —Lyy = ¢ and then (40) applied to ¥ gives

1
E | sup / o(ug)ds
t<T [JO

i.e. a stronger version of iii. Therefore, we also have uniqueness in law for any process
which satisfies i’., ii’. and iii’., or alternatively i., ii., and (40).
Note that the constant cé\lc in iii. is not a typo. This is what we get if we consider

p
] S TP (= L) Pg)P,

a non-stationary process whose initial condition has an L?-density with respect to
and we apply Lemma 4.3 to pass to a stationary process that has the properties above.

In what follows we fix the filtration F; = o (uy : s € [0, t]), t > 0, and we assume
that u solves the cylinder function martingale problem for £ with initial distribution
V.

Lemma4.14 Let ¢(u) = ©(u(f1),...,u(fx)) € C be a cylinder function. Then the
process

t
MY = g(u;) — o) — lim / L" o (us)ds
m—00 0
is a continuous martingale with respect to (F;), where for By, (u) := 0,1, (T, u)3:

k
L") = Lop(u) + ZaiCD(M(fl), o u(FO) (B, fi) p2(m)-
i=1
Proof Let us write
t
ul"(f) = uo(f) +/ us(Af)ds + A™ + m/f
0

t

t .
= Mo(f)+/0 Ms(Af)dS-f-/O <Bm(us),f)L2(']I‘)ds+Mtf’
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for f € C°°(T). Then by Itd’s formula the process
t r k s
p@uy") — ¢(ug) —/O Lo (ug)ds —/0 Zaiq)(uﬁ"(ﬁ),--.,uf’(.fk))dAs’ ’
i=1

isamartingale. In [34, Corollary 3.17] itis shown thatforalla < 3/4andall 7 > Oand
p € [1, 00) we have B[|| A" /1 — AT || {10, 71.)] — O for the limit A/i of A™-/i. Here
C*([0, T], R) is the space of «-Holder continuous functions. Strictly speaking [34]
only consider the approximation 3, (IT,,u)? of the nonlinearity, but it is not difficult
to generalize the analysis to 9, IT,, (IT,,u)2. In particular, we have

o

Moreover, we can interpret fot Zle Py (f1), ..., u’S"(fk))dAT’ﬁ as a Young
integral. Therefore, Theorem 1.16 in [45] together with the Cauchy—Schwarz inequal-
ity yields

d

k
S BN @@ (f). - u™ (fi)
i=1

t t
mlgmmE[‘w(u;’l>—w(u6")— /0 Lo (u)ds - (w(u:)—go(um— [0 ﬁofp(uods)

t k t k .
/0 SO (f), -l (fi)dAT T — /0 S0P (fi). . ug(fi))dAL
i=1 i=1

= i=

|

— F U1, DN 0.1 ) EUA™ 1 go,71.1"

forf > 1 —aand o < 3/4. Since 0; ® is locally Lipschitz continuous with polynomial
growth of the derivative and we may take § < «, and since u™ converges to u in
LP(C%([0, T, R)), the first expectation on the right hand side converges to zero. The
second expectation E[||A™ fi ”%‘“([O,T],]R)] is uniformly bounded in m, and therefore
the left hand side converges to zero. Similar arguments show that

¢ k X
/O S 8D ug (i) ug(fid Al
i=1

R

lim E |:
m—o0

.k
~ [ S a0wt. . foaal
i=1
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and since all the convergences are in L' we get that

‘ r k
MY = ¢(u;) — p(uo) — fo Log(us)ds — fo N 0@ us(f1). ... us(f))dAS
i=1

i=

t ¢ k
= o) — @(uo) — /0 Lop(ug)ds — mlilnoo/o Z ;i ®(us(f1)s ..., Ms(fk))dAgn’fi
=1

1=
is a continuous martingale. O

While it may not be obvious from the proof, here we already used that the It6 trick
works for (u;). Indeed, Corollary 3.17 of [34] crucially relies on it.

Theorem 4.15 Let u solve the cylinder function martingale problem for L with initial
distribution v. Then u solves the martingale problem for L in the sense of Sect. 4.1,
and in particular its law is unique by Theorem 4.8.

Proof Lety € D(L) and define oM via ]—'(go,[l”) (k) = Lp<mLixj<m@n (k). In particular,
@M € C and by Lemma 4.14 the process

M t
M = o™ (uy) — M (ug) — lim / L7 oM (u)ds
m— 00 0

is a martingale. By construction E[|o™ (u;) — o™ (uo) — ¢(u;) — ¢(ug)|] — 0 as
M — o0, so if we can show that
E

then the proof is complete. We saw in the proof of Lemma 4.14 that the integral

fot L™ oM (us)ds converges in L' as m — oo, and therefore we can exchange the

limit in m with the expectation. So it suffices to show that the right hand side of the
lim lim E

following inequality is zero:
t
[ / (L" M —Ew)(ux)ds]
M— 00 m—>00 0
S dim - dim [[(—Lo)” 2 (L"eM — Lo)|
M—o00 m—00

S Jim - tim [1[(=£0)2 (0" = @)l + 1 (=L0) 2@ oM — Go)II.

t t
lim / /jm(pM(uS)ds—/ Lo(ug)ds
M—00 m—00 [q 0

lim IE|:

For the first term on the right hand side this follows from the fact that || (—Lo)' 29|l <
[ (—L0)"/?¢"| by Lemma 2.14 and from the dominated convergence theorem. For the
second term on the right hand side we have by the triangle inequality and Lemma 2.8
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I(=L0) " 2(G™ ™ — Gp)|l < II(—Lo) " 2G™ (M — @)
+ 1(=Lo)~2(G™ — o)l
SI=L) PN @M — )l + 1(=L0)"2(G™ = Dol

The first term vanishes as M — oo. The second term vanishes by the uniform estimates
of Lemma 2.8 together with the dominated convergence theorem. O

5 Extensions

The uniqueness in law of solutions to the cylinder function martingale problem is
not new, the stationary case was previously treated in [34] and a non-stationary case
(even slightly more general than the one covered here) in [35]. This was extended to
Burgers equation with Dirichlet boundary conditions in [36]. However, these works
are crucially based on the Cole—Hopf transform that linearizes the equation, and they
do not say anything about the generator L. In the following we show that our arguments
adapt to some variants of Burgers equation, none of which can be linearized via the
Cole-Hopf transform. In that sense our new approach is much more robust than the
previous works.

5.1 Multi-component Burgers equation

Let us consider the multi-component Burgers equation studied in [21,44]. This equa-
tion reads for u € C (R4, (S")?) as

d
dud = A+ Y Paclad) +VIAE L i=1, .,
J.j'=1
where (él, e, éd) are independent space-time white noises and we assume the so

called trilinear condition of [21]:

i i )
Fiyp =Ty =T

i.e. that I" is symmetric in its three arguments (i, j, j'). Under this condition the product
measure /L®d is invariant for u, also at the level of the Galerkin approximation, see
Proposition 5.5 of [21]. We can interpret ®? as a white noise on L(z)({l yeo,d}xT) ~
L3(T, RY), equipped with the inner product

d d
(f &) r2rxq1,...ap = Z(fi, g2 = Z(f(i, ), 80, ) 2T

i=1 i=1

and where we assume that f(i, 0) := ]?"(O) = 0 for all 7, and similarly for g; see
also Example 1.1.2 of [49]. To simplify notation we write Ty = T x {1,...,d}
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from now on, not to be confused with T¢. Cylinder functions now take the form
Q) = ®(f1),...,u(fr) for ® € CHRY) and f; € C®(Ty) = C®(T,R),
where the duality pairing u(f) is defined as

d d
u(f) ="y u'(fy=Y u'(fa, ),
i=1 i=1

and in what follows we switch between the notations fi(x) = f(i,x) depending
on what is more convenient. The chaos expansion takes symmetric kernels ¢, €
L%(']I‘Z) as input, and the Malliavin derivative acts on the cylinder function ¢(u) =
S f1), ..., u(f) with fj € C*(Tz) =~ C*(T,R?) and ® € C;(R’) as

J
Dep = Dixyg = Y 9;®@(f). ... u(f)) fi(x)

j=1

J
= Zaqu(u(fl), s u(f) fi(),
j=1

where from now on we write ¢ for the elements of Ty. As for d = 1, we also have
D Wy (¢n) = nW,_1(ga(Z, -)). Let us write formally

d
B)(©) = Ba(i.x)= Y Tdewlul))
1

J.Jj'=
d .
=W, Z [ 0x (8(jx) ® 8wy | »
J.Jj'=1

where 8(;x)(iy) = 1;=;6(x — y). Then the Burgers part of the generator is formally
given by

Go(u) = (B(u), Do) 12, = /{ B()(¢)De(u)ds.

This becomes rigorous if we consider the Galerkin approximation with cutoff IT,,,
but for simplicity we continue to formally argue for m = co. We have the following
generalization of Lemma 2.4:

Lemma 5.1 We have G = G4 + G_, where

d
G+ Wulpn) =nW,qg ([ Z F;‘j/ax(s(jx) ® a(j’x)) ® on((ix), )) s
(ix)

J.j'=1
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G- Wy (pn)
d .
=2n(n— HW,—y / Z L0 (B (1222)8jrxp) ® @n((i1x1), (i2x2), ) | -
(i1x1),(i2x2) Jii=

Moreover we have for all ¢, € L>(T"t') and ¢, € L*(T"):

(Wa1(@ng1), g+Wn((pn)> = _(g—Wn+1((pn+l), Wi (@n)).

Proof This follows similarly as in Lemma 2.4, making constant use of the trilinear
condition for I O

The Fourier variables now are indexed by Zo x {1,...,d} =: Z4, and we write
(ik) or « for the elements of Z;, and

f) = fik) =/e_27”kxf(i,x)dx, K = (ik) € Zg.
T

We have for ¢ = Y, Wy (¢n):

ol =" n! " 1@a)*.

KEZZ
Lemma 5.2 In Fourier variables the operators Ly, G+, G_ are given by

F(Lo@n (k1) = — (21 |* + - - - + [27kn |*) P (K1:0),

d
F(Gi@nlern) = —(n— 1) T4 2milks + k2)@n (i (ki + K2), K3ng1),
i=1

d
F(G-@nlkrn) = =2mtkin(n+ 1) Y T 3" 6,((ip), (129), k2n41),
J1.p=1 ptq=ki
respectively.
Proof The proof is more or less the same as for d = 1. O

In other words, G4 and G_ are finite linear combinations of some mild variations of
the operators that we considered in d = 1. In particular they satisfy the same estimates
and we obtain the existence and uniqueness of solutions to the martingale problem for
L = Lo+ G+ + G_ as before, and also for the cylinder function martingale problem.

5.2 Fractional Burgers equation

In the paper [27] the authors not only study the stochastic Burgers equation, but also
the fractional generalization

oru = —A% + Bxuz + Aa/zs’
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for6 > 1/2 and A = —A. They define and construct stationary energy solutions for
all 6 > 1/2, and they prove uniqueness in distribution for 6 > 5/4. Here we briefly
sketch how to adapt our arguments to obtain the uniqueness for & > 3/4, also in
the non-stationary case as long as the initial condition is absolutely continuous with
density in L?(u). Unfortunately we cannot treat the limiting case # = 3/4 which
would formally be scale-invariant and which plays an important role in the work [29].

In Section 4 of [27] it is shown that, just as for & = 1, the white noise is an invariant
measure for p. By adapting the arguments of Lemma 3.7 in [34] we see that the
(formal) generator of u is given by

L=Ly+G,
where
F(Lo@)n (k1) = —(127k1 [2 4 -+ 1270kn ) (Kk1:0).-

Up to multiples of N we can estimate (—Lg) by (—L0)? and vice versa, so we would
expect that (L) ! gains regularity of order (—Eo)’g. We saw in Lemma 2.8 that
G loses (—Lo)>* regularity, and therefore it is canonical to assume 6 > 3/4. To
construct controlled functions we only need to slightly adapt Lemma 2.14 and to
replace (—Lo) ™! by (—L)~". For simplicity we restrict our attention to & < 1 because
this allows us to estimate

(ki 4+ kP < K+ KD e (=L))ol < 1(=Lo) Yol
1)

Lemma5.3 Let 60 € (3/4, 1], let w be a weight, let y € (1/4,1/2], and let L > 1.
For N, = L(1 + n)3“=3) we have

lw\) (L)Y (—=Le) "Gl S 1wIL22 JwN)(—Lo) ¢l (42)

where the implicit constant on the right hand side is independent of w. Therefore, the
construction of controlled functions ¢ = K¢* = (—E@)_lgiw + ¢ for given ¢t
works as in Lemma 2.14.

Proof We treat Qj_ and G~ separately. We use (41) and that 1 — 2y > 0 to estimate
the G7 term as in the proof of Lemma 2.14:

D IF (=LY (—Lo) ' GreIn ki)

kl:n
G+ + 0 DY
UpPP+1€1? + -+ [yt

Sy MipizNa/2 + Lieg laezNa/2)

~ 2
2)29_1 |‘Pn71(£1:n—1)|
Lin—1.p
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1
< 346 [€1:n—1l00=Nn 2. 2 \2yn ) 2
~n 2 (Nn (f% 53_1)29_3/2 (&9 D)V on—11n-1)|

Lin—1

Sn SONTH@ At ) ot G D P

Lin—1

where the third step follows from Lemma A.1 (and here we need 6 < 3/4).
For the G_ term we have by the same arguments as in Lemma 2.14 and using (41)
and that 6 > 3/4

D O IF(=Lo) (—Lo) ' G @)u ki)

ki:n

Liiynloo=N, n*(k?)3/? R
< LinlooZVn 1 2 + 252y L q. ko 2
<2 e 3 P+ D Gus1(pyq k)

ki:n p+q:k1
—40 4 2 2 N2y 2
< N7Vt @A 4 G 1fn Ern)
Ling1
and from now on the proof is the same as for Lemma 2.14. O

Proposition 2.18 remains essentially unchanged in the fractional setting, because
for ¢ = Ko® we have Lo = G=¢ + Ly¢". The only difference is that, since we still
want to measure regularity in terms of (—L), we have [|Lo@?|| < N0 (=Lo)p? ||
by Holder’s inequality. Also the proof of Lemma 2.19 carries over to our setting. And
also the analysis of the backward equation is more or less the same as before. The
main difference is that now we only have a priori estimates in w (N YN (—=Lo)"2rL?
and no longer in w(N)~!'(—Lo)~'/2I'L2. But for the controlled analysis it is only
important to have an a priori estimate in (—=L£p)Y/4=3 L2, because that is what we
need to control the contribution from G=. So since 6/2 > 3/8 > 1/4 the same
arguments work, and then we obtain the existence and uniqueness of solutions to the
backward equation and to the martingale problem by the same arguments as for 6 = 1,
and also the cylinder function martingale problem has unique solutions.

5.3 Burgers equation on the real line

The stochastic Burgers equation on Ry x R has essentially the same structure as the
equation on Ry x T. The only difference is that now we have to work with Fourier
integrals instead of Fourier sums, which might lead to divergences at k >~ 0. But since
most of our estimates boil down to an application of Lemma A.1, and this lemma
remains true if the sum in k is replaced by an integral, most of our estimates still work
on the full space. In fact all estimates in Sect. 2 remain true, but some of them are
not so useful any more because we no longer have ||¢|| < |[(—Lo)Y ¢|| for y > 0 and
J ¢du = 0. But we can strengthen the results as follows (with the difference to the
previous results marked in blue):
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e In Lemma 2.14 we can use the cutoff 1,,,|..>n, to estimate

w1 = Lo) (—Lo) ' Gl
S NwN)Y(=L0)Y (=L0) ' G ol S lwIL™ 2w (N (—=Lo) ¢l
< [wl L™ lw\)Y(A = Lo) ¢l

and thus

lwN) (1 — Lo) K| + L2 lw(N)(1 — Lo)Y (Ke* — P
< w1 = Lo)Y ¢

Similarly, we get in Lemma A.2 the better bound
w1 = L£6) (—L0) " G0l < [wlllwN) (1 + N2 (=Lo)? "o

e In the proof Proposition 2.18 we used the bound (kf o I Dy <N, <

n2v N:y, and of course this works also with (1 + kf +-+ k,zl)zy, so that we get
the slightly stronger result

lwN) (1 = L£6) Gl < wN) (1 4+ N2V (= L) V407

e The definition of the domain in Lemma 2.19 is problematic now, because it does
not even guarantee that D(L) C I'L2. So instead we set

Dy (L) = {K¢" : ¢* € wN) 1 (=L0)"'TL2 NwW\) (A + M) 7V2(1 = Loy /’TL?),
and then we get from the stronger version of Lemma 2.14 the better estimate

lwN)Y(1 = L)' 2 (@™ — )l S M2 lwN) A = Lo) 2y,
w1 = L) 2o | < TwN)Y(A = Lo) 2y

e The analysis in Sect. 3.1 does not change, and Lemma 3.1 together with Corol-
lary 3.2 give as an a priori bound on || (14+A)* (1—Lo)'2¢™ | and || (1+N)*8,¢™ |
in terms of ¢}’

e Inthe controlled analysis of Sect. 3.2 we can strengthen the bound from Lemma 3.4
to control ||(1 + A% (1 — Ly)'2¢™*| in terms of (p(r)"’n, and this is sufficient to
control (1 — L)Y G™ =¢™. Throughout, we replace all bounds for terms of the
form (—Lp)? (-) by corresponding bounds for (1 — Ly)” (-). Here we need the
strengthened version of Lemma A.2 mentioned in the first bullet point, and we
also use that ||(1 + M)*(1 — Lo)AS,y | < ¢~ v DA + Ny ).

e The existence proof for strong solutions to the backward equation was based on the
fact that, on the torus, bounded sets in (1 + A) (1 — Lo)~YT'L? are relatively
compact in (1 + MY (1 = L) 7' TL?if k' < Kk and y’ < y. But on R this
is false, for example the Sobolev space H'!(R) is not compactly embedded in
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L%(R). On the other hand, bounded sequences in any separable Hilbert space have
weakly convergent subsequences, and in Lemma A.4 we prove a version of the
Arzela—Ascoli theorem for the weak topology. So we let

Uy = U K+ N)yP@rq -y~ =rrr?> crr?,
y€(3/8,5/8)

and we replace the compactness argument in the proof of Theorem 3.6 by a weak
compactness argument. By the Fatou property of the norm under weak conver-
gence, we deduce that any weak limit point ¢* of (¢"%),, is in C(Ry, (1 +
N~ (—L£y)~'T'L?). Moreover, the weak convergence is sufficient to identify
o) — @0) = fot([,o(pﬁ(s) + G=K¢*(s))ds, where ¢ = K¢F. After that, the
arguments are the same as on T.

o Existence and uniqueness for the martingale problem are shown in exactly the same
way as on the torus, the only difference is that we have to use the stronger version
of Proposition 2.18 to approximate cylinder functions by functions in D(L).

e The cylinder function martingale problem is more complicated: In the proof of
Theorem 4.15 we used that || (—Lo)~/2Ge| < [(—L)'/?¢||, which is no longer
true on the full space. But we can decompose G = G_ 4+ G, and estimate the
contribution from G_ by directly using Lemma 2.8 for y = 3/4, without applying
the 1t6 trick (it follows from Young’s inequality for products that D(£) C (1 +
N)Y~1(=L£0)73/4T' L?). And for G, we can use the It6 trick together with the bound
I(=L0)" 2G40l < I(=L0)*¢ll < I(1 = Lo)/?¢]|, where the right hand side
is under control.

In that way all results from Sects. 2.3—4 apart from Sect. 4.3 carry over to Burgers
equation on R. Of course, the exponential ergodicity of Sect. 4.3 does not hold on the
full space, because Lo no longer has a spectral gap.

But we can still prove a qualitative ergodicity result. By (the full space version of)
Lemma 2.22 we know that

(@, Lo) = —II(=Lo) ol1%,

for all ¢ € D(L). By (the full space version of) Proposition 4.11, the Hille-Yosida
generator L of the semigroup (7;) is the closure of L. So for all (NS D(L‘) there exists
a sequence (¢™) C D(L) such that 9™ — ¢ and Lo — L(p in T L2. Then Fatou’s
lemma gives

(0, —Lp) = lim (M, —LoM) > |(=L0)?0|?.

M—o00
Soifgp € D(ﬁ) is such that p-almost surely ﬁw = 0, then
0= (¢, —Le) = I(—L0) eI,

and therefore (—L0)'/?>¢ = 0. With the Fourier representation of £ this easily implies
that ¢ — [‘@dpu = 0, i.e. the only functions ¢ € D(L) with Lo = 0 are constants. If
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@ € T'L? is such that T, = ¢, then ¢ € D(ﬁ) and [Z(p = 0, and therefore the only
invariant functions for T; are constants. This proves ergodicity by general principles,
see [16, Theorem 3.2.4].

As far as we are aware, the ergodicity of the stochastic Burgers equation on R is a
new result. For more regular noise, the ergodicity on R was recently shown by Bakhtin
and Li [5] and by Dunlap et al. [11]. Both of these works prove a one-force-one-solution
principle, which is stronger than ergodicity.
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Appendix A: Auxiliary results

The following simple estimate is used many times, so we formulate it as a lemma.

LemmaA.l Let C > 0,a > 1/2, and k € 7 be such that k* + C > 0. Then

a a a—l
2 (i) =X (rrammrre) sleve)
p*+q*+C ~\p*+k-p)?+C k*+C

p+q=k

Proof Since p* + (k — p)*> ~ p? + k%, we have

1 @ _ e 1 a
2 ) <) Geve) @
—~\p*+(k—p)?+C o \»+k+C

:(1<2+C)“/0oo ﬁ dy

kZ+C

2 4l o0 1 a
= (k C) 42 dy,
w+o /0 <y2+1> Y

and since 2a > 1 the integral on the right hand side is finite and our claim follows. O
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Lemma A.2 In the context of Lemma 2.14 let now y € (1/2,3/4). Then we have
lwWNY(=L0)” (=L0)7'G7 |l S Twllw NN (=Lo)” ).

Proof In Step 1 of the proof of Lemma 2.14 we derived, for all y € R, the estimate

lwN)(=L0) (—L0)"'GTel> $ D ntwm)n D Loy, levipl=N,

n>2 Lipn—1,p
2 2
y G+ +0
P46+ 6 )7

|¢3n—1(£l:n—l)|2~

If2 — 2y > 1/2 (which is equivalent to y < 3/4), it follows from Lemma A.1 that

G4+

Zn!w(n)2n Z L1 il VipI=N, |@n—1 (L1
n o] —4Vn 2 2 2 2-2 ’
n>2 Cinet.p R R

G+ 02
<Y nlwn)’n ! 2 Gn1 (LI
Z Z (Z%_,_,,,_,_g%il)yzfzy n n

n>2 Lin—1

=Y A+ Dwen+ D2+ 1) €+ 4+ )7 721G, (Crn)

n>1 Ly

< JwPlwN + DN (=Lo)” V4|2

For (—L£L0)~'G” ¢ we argue similarly as in Step 2 of the proof of Lemma 2.14: We
apply (10) with B8 = y — 1/4 > 1/4 (here we need y > 1/2) to estimate

D IF(=Lo) 7 G @)nkin)
kl:n
< Z ]]'lkl:n‘ooann‘tk% :

(kf 4 -+ + k)22

472 1.2\1-2
]l|k1:n|oc2Nnn kl (k]) v

<
~ % k3 + - + k)T

<t Y @4+ 0 )T PG L),

el:n-%—l

Z ¢n+1(pa kaZ:n)

p+q=ki

>+ a7 g1 (p.q. ko))
p+q=ki

kl:n

whichleads to [|w(N) (= L) (—L0)"'G7 ¢l < lw|[lwN)YA+N)32(=Lo)? Vg
O

LemmaA.3 Let g € C(Ry,D(L) N C'R,, I'L?) and let u be an incompressible
solution of the martingale problem for L. Then

t
@(t,ur) — (0, uo) — / (95 + L)p(s, ug)ds, =0,
0
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is a martingale.

Proof We discretize time: Set #y = kt/n and

n—1

(t, ur) = @(0,10) = Y (@it ty,y) — @k, gy + 9t g, — @ik, )]
k=0

1

N et et )y o)

= Z 05 (s, ug )ds + Lo(t, ug)ds + M, — M .
k=0 -1k

173
Now for [s]" = min{# : tx > s} (which depends on n because the #; depend on n)

o2 e

n—1 T 1
Z/ asgo(s,utkﬂ)ds—/ s (s, ug)ds
k=0 V1 0
!
5/0 B8, (s, usn) — (s, ) 1ds,

and

E[[9s9(s, ugsyr) — 95@(s, us)[1 < Ell9s@ (s, usp) ] + Ell 959 (s, us)[]1 < 1959 (s)l

is bounded in [0, 7]. Moreover, by approximating d;¢(s) in I'L?> with continuous
functions, we get lim,,_, oo E[|05¢ (s, u[sn) — 95¢(s, us)|] = O for all s, and therefore
by dominated convergence

} —o.

n—1
>
k=0

Since ¢ € C(Ry, D(L)) we know that Lo € C(Ry, I'L?) and thus, using once more

the incompressibility,
n—1
> / =0.
k=0 "%

The convergence of the Lebesgue integrals is in L', and therefore the martingale
property is inherited in the limit:

Ti+1

t
asw(s,uzw.)ds—fo ds(s, us)ds

lim E |:
n— 00

Tk+1

t
‘Cgo(tka Ms)ds - / ‘Cgo(sv us)ds
0

lim E |:
n— 00

n—1

) Tk+1
0= lim B u) —¢0,u0) — Z [L s @ (s, Uy, )ds +/

k=0 Ik

Tit1

l:QD(l‘k, u?)ds]:|

t
=K |:§0(t! ut) - QD(O, MO) - / [8s90(5a MS) + l:QD(S, MS)]dS] s
0
and similarly for the conditional expectations. O
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Lemma A.4 (“Arzela—Ascoli theorem for the weak topology™) Let H be a separable
Hilbert space, let T > 0, and let X C C([0, T, H) be a family of functions which is

(i) uniformly bounded, i.e. sup,cjo 718Up pex | f ()]l < 00, and
(i) uniformly equicontinuous, i.e. limg_o Sup pc - SUP|,_g <, | /(1) — f(s)|| = 0.

Then for any sequence (fy)nen C X there exists a subsequence (fy,)ken and an
f e C([0, T], H), such that forall h € H:

lim sup [(f(¢) = fu, (1), h)| = 0. 43)
k=00 ¢e[0,T]

Proof Let (t,,)men be a dense subset of [0, T']. By uniform boundedness together with
a diagonal sequence argument we can find a subsequence ( f;;; )ken Of (f)neny C X
such that for all m the sequence f, (f,,) converges weakly to some f(¢,) € H.
Moreover,

ILf (tm) = f &)l = li](n_l)gréf I fux tm) — fu ()l < sup — sup  [lg(r) — g(s)Il,

QEX |t—s|=<|tym—t,|

so the uniform equicontinuity of X implies that f is uniformly continuous on the dense
set (t,,) C [0, T]. Therefore, ithas aunique continuous extension to all of [0, 7], which
we still denote by f. Now we apply the same arguments as in the standard proof of the
Arzela—Ascoli theorem, based on the equicontinuity of X, to see that the convergence
in (43) holds. O
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