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Chapter 1

Introduction

Mathematical modelling and computational simulations are important tools in many
scientific and practical engineering applications. However, simulation results may
differ from real observations, due to various uncertainties that may arise from model
inputs representing physical parameters and material properties, external loads, ini-
tial or boundary conditions. Therefore, the problem of identification, quantifica-
tion and interpretation of different uncertainties arising from mathematical models
and raw data is becoming increasingly important in computational and engineering
problems.

One example of a problem involving uncertainties that is often considered in the
literature (e.g. [29, 85, 86]) is the leakage of radioactive waste from a geological
repository to the groundwater. The movement of groundwater through soil and
rocks can be described by Darcy’s model for the flow of fluids through a porous
media
A
n

where v denotes the filtration velocity, A is the permeability tensor, 7 is the fluid
viscosity, u is the pressure, p is the fluid density, g is the field of external forces and
D c R d=1,23. The complete system of equations for incompressible fluids also
includes the incompressibility condition

(Vu—pg) inD, (1.1)

vV =

V-v=0 inD (1.2)
and appropriate boundary conditions. Equations (1.1) and (1.2) lead to the problem
—V-(AVu)=f inD, (1.3)

with f := —pV - (Ag), complemented with appropriate boundary conditions as
before.

The permeability tensor A plays the role of a source of uncertainties in this problem.
Usually, the measurements for A are only available at a few spatial points and are
often inaccurate, which makes approximation of the tensor field quite uncertain.
One of the attempts to address this uncertainty problem is to model A as a random
field over a probability space, and to estimate averaged properties of the random
field, such as the mean and correlation function, from measurements. In this work
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we only consider scalar-valued permeability coefficients, i.e. A can be represented
as A = al, where « is a scalar-valued random field and I is the unit tensor. In
practically relevant problems it is often the case that the correlation length of the
field « is significantly smaller than the size of the considered domain D, which leads
to a large number of random variables needed for an accurate parametrization of the
random field.

A quantity of interest for problems with random input data might be an approxima-
tion to the expected solution, or to the expectation or higher moments of an output
of interest defined by a functional of the random solution.

Various approaches have been developed in order to tackle the problem of uncer-
tainty quantification in different mathematical models that include random input
data, and in particular problems of the form (1.3). An overview of existing meth-
ods can be found in e.g. [67]. Polynomial chaos (e.g. [94, 95]) is a spectral method
utilizing orthogonal decompositions of the input data. This method exhibits a poly-
nomial dependence of its computational cost on the dimension of the probability
space where the uncertain input data is defined. Stochastic Galerkin methods (e.g.
[10, 70]) are an intrusive approach that utilizes ideas of the well known Galerkin
methods, originally developed for deterministic equations, for approximating so-
lutions in the probability space as well. Stochastic Galerkin methods appear to be a
powerful tool, however, they place certain restrictions on the random input data, e.g.
linear dependence of random fields on a number of independent random variables
with bounded support. Moreover, the computational cost of the methods depends
exponentially on the number of random variables parametrizing the random fields.
Stochastic collocation methods (e.g. [9]) are another approach that assumes depen-
dence of the random inputs on a number of random variables, however, it allows
this dependence to be nonlinear. Further, the random variables may be correlated
and have unbounded support. Stochastic collocation methods, as well as polyno-
mial chaos and stochastic Galerkin methods, suffer from the so-called “curse of di-
mensionality”, i.e. their performance depends on the dimension of the probability
space where the uncertain input data is defined. This restricts the application of all
three types of methods to problems where the input data can be parametrized by
few random variables.

A class of methods that are insensitive to the dimensionality of the probability spaces
are Monte Carlo (MC) methods. While the classical MC method is very robust and
extremely simple, its convergence is rather slow compared to the methods men-
tioned above. Sampling of stochastic data entails numerical solution of numer-
ous deterministic problems which makes performance the main weakness of this
method. Several approaches have been developed in order to improve efficiency of
the standard MC method. Utilizing deterministically chosen integration points in
MC simulations leads to quasi-Monte Carlo methods (e.g. [42, 63]) that exhibit an
improved order of convergence. A variance reduction technique known as multi-
level Monte Carlo (MLMC) method, first introduced by Heinrich for approximat-
ing high-dimensional integrals and solving integral equations in [53] and extended
turther by Giles to integration related to stochastic differential equations (e.g. [40,
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41]), combines the MC method with multigrid ideas by introducing a suitable hi-
erarchy of subproblems associated with a corresponding mesh hierarchy. MLMC
methods allow a considerable improvement of efficiency compared to the classical
MC method and have become a powerful tool in a variety of applications. We refer
to the works on MLMC methods applied to elliptic problems with random coeffi-
cients [14, 28, 29, 87], random elliptic problems with multiple scales [2], random
parabolic problems [13] and random elliptic variational inequalities [16, 60].

The efficiency of MLMC applied to random partial differential equations (PDEs) was
further enhanced by a number of scientific groups working on different aspects of
the approach. Optimization of MLMC parameters and selection of meshes from
a given uniform mesh hierarchy reducing the computational cost of the MLMC
method were performed by Collier et al. [30] and Haji-Ali et al. [51]. The advan-
tages of MLMC and quasi-Monte Carlo methods were combined by Kuo et al. [64,
65]. Haji-Ali et al. [50] proposed a multi-index Monte Carlo method that can be
viewed as a generalization of MLMC, working with higher order mixed differences
instead of first order differences as in MLMC and reducing the variance of the hier-
archical differences. In some cases the multi-index Monte Carlo method allows an
improvement of the computational cost compared to the classical MLMC method,
see [50]. Further, the ideas of multi-index Monte Carlo were combined with the ideas
of quasi-Monte Carlo methods by Robbe et al. in [77]. Finally, multilevel ideas were
combined with stochastic collocation methods by Teckentrup et al. in [88].

Another approach to reduce the computational cost of MLMC methods is to use
adaptive mesh refinement techniques. Time discretization of an Itd stochastic dif-
ferential equation by an adaptively chosen hierarchy of time steps has been sug-
gested by Hoel et al. [54, 55] and a similar approach was presented by Gerstner and
Heinz [38], including applications in computational finance. Several works were
recently done in this direction for MLMC methods with application to random par-
tial differential equations. Eigel et al. [35] suggested an algorithm for constructing
an adaptively refined hierarchy of meshes based on expectations of pathwise lo-
cal error indicators and illustrated its properties by numerical experiments. Elfver-
son et al. [36] suggested a sample-adaptive MLMC method for approximating fail-
ure probability functionals and Detommaso et al. [33] introduced continuous level
Monte Carlo treating the level as a continuous variable as a general framework for
sample-adaptive level hierarchies. Adaptive refinement techniques were also com-
bined with a multilevel collocation method by Lang et al. in [66].

In this thesis we introduce a novel framework that utilizes the multilevel ideas and
allows for exploiting the advantages of adaptive finite element techniques. In con-
trast to the standard MLMC method, where levels are characterized by a hierarchy
of uniform meshes, we associate the MLMC levels with a chosen sequence of toler-
ances Tol;, I € IN U {0}. Each deterministic problem corresponding to a MC sample
on level | is then approximated up to accuracy Tol;. This can be done, for example,
using pathwise a posteriori error estimation and adaptive mesh refinement tech-
niques. We emphasize the pathwise manner of mesh refinement in this case, which
results in different adaptively constructed hierarchies of meshes for different sam-
ples. We further introduce an adaptive MLMC finite element method for random
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linear elliptic problems based on a residual-based a posteriori error estimation tech-
nique. We provide a careful analysis of the novel method based on a generalization
of existing results, for deterministic residual-based error estimation, to the random
setting. We complement our theoretical results by numerical simulations illustrat-
ing the advantages of our approach compared to the standard MLMC finite element
method when applied to problems with random singularities. Parts of the material
in this thesis have been published in [61].

This thesis is organized as follows. Chapter 2 contains the formulation of random
elliptic variational equalities and inequalities, the two model problems that we con-
sider throughout the thesis. We postulate a set of assumptions for these problems
that guarantee the well-posedness of these problems and the regularity of solutions.
We further specify the quantities of interest derived from the random solutions to
the introduced problems and give some examples of random fields appearing in the
problem formulations.

In Chapter 3 we present an abstract framework for adaptive MLMC methods to-
gether with error estimates formulated in terms of the desired accuracy and upper
bounds for the expected computational cost of the methods.

The general theory presented in Chapter 3 is applied to MLMC finite element meth-
ods for random linear elliptic problems in Chapter 4. In the case of uniform re-
finement we recover the existing classical MLMC convergence results (e.g. [28, 87])
together with the estimates for the expected computational cost of the method. Then
we introduce an adaptive MLMC finite element method and formulate assumptions
for an adaptive finite element algorithm, which provide MLMC convergence and
desired bounds for the computational cost. Further, we introduce an adaptive algo-
rithm based on residual a posteriori error estimation and demonstrate that it fulfills
the assumptions stated for the adaptive MLMC finite element method.

In Chapter 5 we compare the performance of the classical uniform and the novel
adaptive MLMC finite element methods by presenting results of numerical simu-
lations for two random linear elliptic problems. Our numerical results show that
for problems with highly localized random input data, the adaptive MLMC method
achieves a significant reduction of computational cost compared to the uniform one.

Finally, in Chapter 6 we present a practically relevant problem of uncertainty quan-
tification in wear tests of knee implants. Since the mathematical problem that de-
scribes the wear tests is formulated on a 3-dimensional domain with a complex ge-
ometry, construction of an uniform mesh hierarchy required for the standard MLMC
finite element method appears to be problematic. The coarsest mesh in the hierar-
chy should resolve the geometry of the domain, whereas the finest mesh should be
computationally feasible in terms of size. The framework of adaptive MLMC meth-
ods is a natural choice in this situation. We apply an adaptive MLMC finite element
method utilizing hierarchical error estimation techniques to the pathwise problems
and estimate the expected mass loss of the implants appearing in the wear tests.



Chapter 2

Random Variational Problems

In this chapter we introduce two problems that are considered throughout the thesis.
The random linear elliptic problem described in Section 2.2 is the primary problem
for the theoretical analysis presented in Chapter 4. The random variational inequal-
ity introduced in Section 2.3 is important for the practical application presented in
Chapter 6. Some comments on the existing analytical results for this type of problem
are stated in Chapter 4.

2.1 Notation

In what follows let D C R? be an open, bounded, convex, polyhedral domain. The
space dimension 4 can take values 1,2, 3.

Let L7 (D) denote the space of Lebesgue-measurable, p-integrable, real-valued func-
tions on D with the norm defined as

1
(/ |v(x)|pdx>p, if 1<p<oo,
D

esssup,.p [v(x)|, if p=oco.

HUHLP(D) =

The Sobolev space H*(D) := {v € L2(D) : D*v € L?(D) for |a| < k} C L%(D), k €
IN U {0} consists of functions with square integrable weak derivatives of order |a| <
k, where « denotes the d-dimensional multi-index, and is a Hilbert space. The inner
product on H*(D) is defined as

(0, W) yr(py = / Y D%(x) - D*w(x) dx,
P lul<k
and induces the norm
[oll) = (0,0) by
Note that L2(D) = H°(D).

With C§°(D) denoting the space of infinitely smooth functions in D with compact
support, we denote its closure under the norm || - || g1 (py by H}(D).
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We will also make use of the Sobolev spaces W¥* (D) defined by W& (D) := {v €
L*(D) : D*v € L*(D) for |a| < k}, k € N with the norm

Ollwkeo(my := max esssup |D*v(x)]|.
[ollwsn(p) = max esssup|D*o(x)

Let C¥(D), k € N U {0} denote the space of continuous functions which are k times
continuously differentiable with the norm

lollciy = 3 sup|D*o(x)].

0<|a|<k xeD

Forareal 0 < r < 1and k € N U {0} we introduce the Holder space C*"(D)
equipped with the norm

[D*o(x) — D*a(y)|

oIl ckr ) = 7]l ck(py + max su
chr (D) ck(o) T2 x,ye% x—y
X7y

Let (), A, IP) be a probability space, where () denotes a non-empty set of events,
A C 2%is a g-algebraon Q and P : A — [0,1] is a probability measure. The space
(Q), A, P) is called separable if there exists a countable family (A,)$°_; of subsets of A
such that the o-algebra generated by the family (A, )$_; coincides with A.

The expected value of a measurable random variable ¢ : () — R is defined as

E[e] = [ &(w)dP(w),
and its variance is defined as

V[¢] = E[(¢ ~ E[¢])?].

Let B be a Banach space of real-valued functions on the domain D with norm || - || .
We endow the space B with the Borel sigma algebra to render it a measurable space.

A random field f : Q — Bis called simple if it is of the form f = Y\, ¢4 v, N € N,
where A, € Aand v, € Bforalln = 1,...,N. Here ¢4 denotes the indicator
function of the set A, i.e. P4(w) =1,if w € A, and P4 (w) =0, if w ¢ A. A random
tield f is called strongly measurable if there exists a sequence of simple functions f,,
such that lim, . f, = f pointwise in ().

For the given Banach space B, we introduce the Bochner-type space L*(Q, A, IP; B)
of strongly measurable, p-integrable mappings f : (3 — B with the norm

</Q Hf(w)llﬁd]l)(w))l/p, if 1<p< oo,

esssupcol f(@)ls,  if p=oco.

1 fllLr(o,ap;8) =
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In order to keep the notation short we use the abbreviation LP(€); B) :=
LP(Q, A, P; B) and LP(Q) := LP(Q;R). We use the convention 1 = 0 when talking
about the orders of LP-spaces.

We will often restrict ourselves to a Hilbert space H and the Bochner space L2(Q); H).
It is easy to see that L?((); H) is also a Hilbert space with the scalar product

(@ @) i = [ (0(,@),w(,0)n dPw),  owe X(Q;H)

The expected value of an H-valued random variable f is defined as
Efl:= [ f(-w) dP(w) € H.

For positive quantities a and b we write a S b if the ratio a/b is uniformly bounded
by a constant independent of w € (). We writea ~ bifa Sband b S a.

2.2 Random elliptic variational equalities

For a given w € () we consider the following random elliptic partial differential
equation subject to homogeneous Dirichlet boundary conditions

-V (a(x,w)Vu(x,w)) = f(x,w) forx €D,

2.1
u(x,w) =0 for x € oD. @1)

Here « and f are a random coefficient and a source function respectively. We restrict
ourselves to homogeneous Dirichlet boundary conditions for ease of presentation.

We let real-valued random variables &, and amay be such that
Amin (W) < a(x, w) < amax(w) a.e.in D x Q. (2.2)

If realizations of the random coefficient « are continuous, the random variables & m;n
and amay can be defined as

Amin(W) = mina(x,w), &max(w) = maxa(x,w), (2.3)
xeD xeD

and are finite a.e. in Q).

We impose the following assumptions on the random coefficient « and on the ran-
dom right hand side f. This set of assumptions is rather usual in the context of
random elliptic PDEs, similar ones were made e.g. in [28, 87].

Assumption 2.2.1. (i) &min > 0 a.s. and ﬁ € LP(Q) forall p € [1,00),

in

(ii) & € LP(Q; WE*(D)) for all p € [1,0),
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(iii) f € LPf(Q; L*(D)) for some py € (2, 0].

Remark 2.2.1. We notice that in order for Assumption (2.2.1) (ii) to make sense the
function « : QO — W (D) must be Bochner-integrable. Therefore, it includes the
assumption that the mapping Q > w + a(-,w) € WV®(D) is strongly measur-
able. Note that strong measurability of « implies its measurability, see [84, Lemma
9.12]. As for Assumption (2.2.1) (iii), it includes the assumption that the mapping
Q 5w+ f(-,w) € L?>(D) is measurable, which implies strong measurability, since
L%(D) is separable [84, Theorem 9.3].

Let us notice that Assumption 2.2.1 (ii) implies that amax € LP(Q) forall p € [1, 0).
It also implies that realisations of the random coefficient a are in W (D) a.s., which
together with convexity of the spatial domain D yields that they are a.s. Lipschitz
continuous [37, Theorem 4.5], [52, Theorem 4.1]. Assumption 2.2.1 (iii) implies that
realisations of the random right hand side f are a.s. in L?(D).

We will work with the weak formulation of problem (2.1). For a fixed w € (), it takes
the form of the random variational equality

u(-,w) € HY(D) : a(w;u(-,w),v) =L(w;v), VYoeH)D), (24)

where the bilinear and linear forms are given by

a(w;u,v) = /

Duc(x,w)Vu(x) -Vo(x) dx, {(w;v):= /Df(x,w)v(x) dx. (2.5)

Assumption 2.2.1 (i-ii), the Poincaré and Cauchy-Schwarz inequalities ensure that
forall v, w € H}(D) and almost all w € Q) there holds

ca(@) o)l py < alwiv,0),  a(w;v,w) < amax(@) 0]l o) 0[] 11 ()

where 0 < ¢;(w) and amax(w) < o a.s., i.e. the bilinear form a is a.s. pathwise coer-
cive and continuous with coercivity constant ¢, (w) = amin(w)cp, where cp depends
only on D, and continuity constant amax (w).

Proposition 2.2.1. Let Assumption 2.2.1 hold, then the pathwise problem (2.4) admits a
unique solution u(-,w) for almost all w € Qand u € LF(Q; HY(D)) forall p € [1, py).

Proof. Assumption 2.2.1 in combination with the Lax-Milgram theorem [49, The-
orem 7.2.8] yields existence and uniqueness of the solution to (2.4) for almost all
w € O and it holds

1
ca(w)

[u(, ) (py < 1£ (o )lliap)- (2.6)

Measurability of the mapping Q0 > w — u(-,w) € H}(D) is provided by [73, The-
orem 1]. Assumption 2.2.1 (i, iii) together with (2.6) and Holder’s inequality imply
Hu||Lp(Q;H3(D)) < coforall p € [1,py), see cf. [28]. O

Regularity results similar to the following can be found e.g. in [42, 65].
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Proposition 2.2.2. Let Assumption 2.2.1 hold and u(-,w) denote the solution to (2.4) for
some w € Q. Then u(-,w) € H*(D) almost surely and there holds

1 la(:, w) [l
“min(w) ’X%nin(w)

@) ey < ( )Hf(-,w)HLz@),

where the hidden constant depends only on D.

Proof. Since a(-,w) € WY*(D) a.s. and the domain D is convex, the solution u(-, w)
belongs to H?(D) for almost all w € () according to standard well known results
(see [20, 49]). Moreover, we have

1

D‘min(w)

lAu( @) < (\rf<-,w>nL2(D> T uw-,w)HLw<D>\rVu(-,w>\rLz<D)>.

Equivalence of the norms ||v|| ;2 py and || Av| ;2 (p) for allv € H*(D) N Hy(D) and (2.6)
imply the claim. O

Remark 2.2.2. In the case when there exist real values &y, and amax such that
0 < min < a(x, W) < max < 00 ae. inD x Q,

Assumption 2.2.1 (i) also holds for p = co. The arguments of Proposition 2.2.1 lead
in this case to u € LF(Q; H}(D)) for all p € [1, ps] and Proposition 2.2.2 holds as
well. We complement the set of Assumptions in this case by letting p = oo in As-
sumption 2.2.1 (ii).

2.3 Random elliptic variational inequalities

For a given w € () let us consider the random obstacle problem subject to homoge-
neous Dirichlet boundary conditions

2.7
forx € D, @7)

for x € aD.

Here « is a random coefficient, f is a random source function and x is a random
obstacle function.

In addition to Assumption 2.2.1 we make the following assumption on the obstacle
function.

Assumption 2.3.1. (i) x(x,w) <0 a.e.inD x Q,
(ii) x € L7 (Q; H*(D)), where py is as in Assumption 2.2.1 (iii).
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For a fixed w € () the weak form of problem (2.7) takes the form

u(-,w) € K(w) : a(w;u(-,w),v—u(-,w)) > (w;v—u(-,w)), Vo € K(w),
2.8)
where
K(w):={ve€ H}(D): v > x(-,w) a.e. inD},

and the bilinear and linear forms are defined as in (2.5).

Note that problem (2.8) can be reformulated such that xy = 0 by introducing the new
variable w = u — x.

Similar to the linear case, well-posedness of the random variational inequality (2.8)
can be shown under Assumptions 2.2.1 and 2.3.1, see [60, Theorem 3.3, Remark 3.5].

Proposition 2.3.1. Let Assumptions 2.2.1 and 2.3.1 hold. Then the pathwise problem (2.8)
admits a unique solution u(-,w) for almost all w € Q and u € LP(Q; H{(D)) for all
p e [Lpy)

Further, we have H?-regularity of the solutions to (2.8), see [60, Theorem 3.7, Remark
3.9] for the proof.

Proposition 2.3.2. Let Assumptions 2.2.1 and 2.3.1 hold and u(-,w) denote the solution
to (2.8) for some w € Q. Then u(-,w) € H?(D) almost surely and there holds

1 e, w)l[wie(p)
Amin (W) w2 (w)

)y < ( )|\f<-,w>r|Lz<D>,

where the hidden constant depends only on D.

Remark 2.3.1. If Assumption 2.2.1 is modified according to Remark 2.2.2, it is possi-
ble to show that u € LP(Q; Hj(D)) for all p € [1, ps] and Proposition 2.3.2 holds.

Problem (2.4) can be viewed as a special case of problem (2.8) with y = —oo and
K = H} (D), but we keep them separate for easier referencing.

2.4 Quantities of interest

We consider two types of quantities of interest for both problems (2.4) and (2.8). First
we seek the expectation of the solution

E[u] = /Q u(-, w) dP(w). (2.9)

Secondly, we might be interested in some property of the solution derived by a mea-
surable functional Q(w;u) : Q x H}(D) — R that defines an output of interest.
We assume that for almost all w € Q) the functional Q(w;-) is globally Lipschitz
continuous.
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Assumption 2.4.1. (i) There exists a real-valued positive random variable Cg, such
that for almost all w € () there holds

1Q(w;v) — Q(w; w)| < Co(w)|lv—wllg(p), Vo,w e Hy(D).

(ii) Co € LPe(Q) for some pg € (2,00].
We then seek the expected value

EQ(51)] = [ Qwin(,w)) dP(w), (2.10)

where u(-, w) denotes the solutions to (2.4) or to (2.8) for w € Q.

2.5 Log-normal random fields

Before we introduce log-normal random fields we give a brief introduction to uni-
formly bounded random fields.

Uniform random fields

Let a € L2(Q; L?(D)) be an uniformly bounded coefficient with the mean E[], i.e.
there exist real values &min, &max such that

0 < min < a(x, W) < max < 00 a.e.inD x Q,

Then the field a fulfills the stronger version of Assumption 2.2.1 (i), described in
Remark 2.2.2.

We assume that the probability space ((2, A, IP) is separable, which implies separa-
bility of L2(Q) [23, Theorem 4.13] and L?(Q); L2(D)) = L*(Q) ® L?(D) [85, Section
3.5]. We then assume that for each w € Q) the random field «(+, w) can be represented
as the series

o]

a(-,w) =Ea] + Y &u(w)pm, 2.11)
m=1
where (¢ )men is an orthogonal functions system in L?(D) and (&) men are mutu-

ally independent random variables, distributed uniformly on the interval [—3, 1].

Let us assume that E[x] € W' (D) and that (@, )men C WY (D). If we have

o]

Z [ @mllwr=(py < oo,

m=1

then the expansion defined in (2.11) converges uniformly in W' (D) for all w € Q)
(see [80, Section 2.3]). If we in addition assume that || Va||;~py € L*(Q), then the
uniform random field « also satisfies the stronger version of Assumption 2.2.1 (ii),
described in Remark 2.2.2.
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Log-normal random fields

The so-called log-normal fields are of the form a(x, w) = exp(g(x, w)) for some Gaus-
sian field ¢ : D x QO — R. Note that ¢ € L2(Q;L?*(D)). We again assume that
(Q, A,P) is separable, which implies L2(Q); L*(D)) = L2(Q) ® L?(D). Without loss
of generality we restrict ourselves to Gaussian random fields with zero mean, i.e.
E[g] = 0. We also assume that g fulfills

E[(g(x,) — g(x',-))%] < Cglx — |5, Vx,x' €D, (2.12)

with some positive constants S, and C,.

The two-point covariance function of the Gaussian field g is defined as

re(x,x") :=E[g(x,-)g(x’,-)], x,x €D.

It can be shown (cf. [67, Section 2.1.1]) that under the above mentioned assumptions
on the random field g the function r¢ is continuous on D x D and

2
/D/Drg(x,x’) dx dx' < oo.

We further restrict ourselves to random fields with isotropic covariance functions,
ie.

re(x,x") =ko(|x —x'|), x,x" €D, (2.13)
for some k, € C(R™).

The following result is known as the Kolmogorov continuity theorem and provides
regularity of path realizations of the fields g and «, see [42, Proposition 1].

Proposition 2.5.1. Assume that a Gaussian random field g fulfills (2.12) with constants
Bs € (0,1] and Cy > 0, and its covariance function fulfills (2.13). Then there exists a
version of ¢ denoted by § (i.e. §(x,-) = g(x,-) a.s. forall x € D), such that §(-,w) €
CY (D) for almost all w € Q and for any 0 < t < By < 1. Moreover, &(-,w) =
exp(§(-,w)) € C* (D) for almost all w € Q.

We will identify &« and & with each other. Proposition 2.5.1 provides Holder conti-
nuity of realizations of the log-normal field «. Therefore, the definition (2.3) makes
sense for this type of random field. According to [27, Proposition 2.2], ﬁ, Xmax €
LP(Q)) for all p € [1,00). Since amin > 0 a.s. by definition of log-normal fields, it
provides the validity Assumption 2.2.1 (i).

We introduce now the Karhunen-Loeve (KL) expansion, which serves the purpose
of parametrizing a log-normal field by a set of Gaussian random variables, and give
some of its properties. We cite [4, 27, 39, 67, 80] for details.

Since the covariance function r, is positive definite and symmetric by definition, and
continuous and hence square-integrable under the above mentioned assumptions,
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the linear covariance operator with the kernel Tes defined as
C:12(D) = L2(D), (Co)(x) = / ro(x, x')o(x') dx,
D

is symmetric, positive semi-definite and compact on L?(D). According to standard
results from the theory of integral operators (see e.g. [32, Chapter 3]), its eigenvalues
(Am)men are real, non-negative and can be ordered in decreasing order

M2A 2 =0,

and there holds -
Z A2, < 0.
m=1

The eigenfunctions (@ )men form an orthonormal basis of L?(D).

According to Mercer’s theorem [4, Theorem 3.3.1], the covariance function (2.13)
admits the spectral decomposition

re(x,x") = Y Apom(x)ou(x’), x,x' €D,
m=1

which converges uniformly in D x D.

The field g can be then expanded into the KL series (see [39, Section 2.3.1] for details),
ie forallx € D

0w) = ¥ VAndu(@lgn() in2(@)

and the series converges uniformly almost surely [85, Theorem 11.4]. The sequence
(&m)men consists of random variables defined as

1
Cm = \/T—m(gz ®m)12(D)s

m € IN.

The variables (¢ )men have zero mean, unit variance and are mutually uncorre-
lated. Since the field g is Gaussian, the variables ({,;)men are also Gaussian and
mutually independent.

For each w € Q) the KL expansion of the realization a(+, w) of a log-normal field then
takes the form

a(,@) = exp ( L VAnlu(@)gm). (2.14)
m=1
If we assume that (@) men C WH(D) and

Y. vV Aull@mllwre(py < oo,
m=1
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then the expansion defined in (2.14) converges in WL*(D) a.s. (see [80, Section 2.4]).
If we additionally assume that ||Va|[;~p) € LP(Q) for all p € [1,00), Assump-
tion 2.2.1 (ii) also holds.

Remark 2.5.1. Pathwise evaluations of log-normal random fields with the Matérn
covariance function, given by

1-v |
) )

where I'(+) is the gamma function, K, (-) is the modified Bessel function of the second

kind, v is the smootllness parameter, 0? is the variance and A¢ is the correlation
length, belong to C! (D) a.s. (see [42, Remark 4]) when v > 1.

_ / _ /
Nk 'K, otk
A
C

2
) = 2
re(|Jx =x'[) =0 T . Y

The KL expansion, truncated after a finite number of terms Nk, € IN, is known to
provide the optimal finite representation of the random field g in the sense of the
following proposition, see [92, Theorem 1.2.2].

Proposition 2.5.2. Among all truncated expansions with N1, € IN terms approximating
the random field g that take the form

NkL

gNKL(x’w) = Zl \/Eéjm(wmm(x),

where () men is a system of mutually orthogonal functions in L*(D), the KL expansion
minimizes the integrated mean square error

/DE[( 3 mém%(x))z} dx.

m=Ngp,+1
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Chapter 3

Abstract Adaptive Multilevel
Monte Carlo Methods

In this chapter we introduce abstract multilevel Monte Carlo methods for approxi-
mating the expected solution to variational equalities of the form (2.4) or variational
inequalities of the form (2.8), and for approximating expected outputs of interest
for these problems. We present a set of assumptions for the spatial pathwise ap-
proximations to the solutions, together with convergence results and bounds for
the expected computational cost of the MLMC methods provided by these assump-
tions. The framework presented in this chapter extends the range of methods that
can be utilized for constructing the pathwise approximations to adaptive finite ele-
ment methods, as will be shown in Chapter 4.

We let Assumption 2.2.1 hold for both types of problem. In addition we let Assump-
tion 2.3.1 hold for problem (2.8). Then, according to Propositions 2.2.1 and 2.3.1, the
solutions 1 to problems (2.4) and (2.8) belong to L?((; Hj(D)) for all p € [1,py),
where py is defined in Assumption 2.2.1 (iii). Particularly, since p¢ € (2, %], we have
u € L2(0; H{(D)).

We omit the dependence of u on the spatial variable and use the notation u(w) for
u(-, w) in this chapter.

3.1 Approximation of the expected solution

In this section we construct an approximation to the expected value E[u] introduced
in Section 2.4. We concentrate here on the discretization in the stochastic domain and
only make some assumptions on the approximation in the spatial domain; the latter
will be discussed in detail in Chapter 4. We use multilevel Monte Carlo methods for
integration in the stochastic domain.

In order to introduce the multilevel Monte Carlo method we first define the Monte
Carlo estimator

M
Em[u] == % ;ui € L2(O; HY(D)), (3.1)
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where u;, i = 1,..., M, denote M € IN independent, identically distributed (i.i.d.)
copies of u.

The following lemma provides a representation for the Monte Carlo approximation
error, see [14, 16, 61].

Lemma 3.1.1. The Monte Carlo approximation Eys[u] defined in (3.1) of the expectation
IE[u] satisfies

B[] — Epa[u] =MV,

2
220y

where
V[u] = IE[HMH%-H(D)] - ||1E[M]||%_11(D)

Proof. Since the (u;)M, are ii.d., we have

B 2
1 M
H]E[Ll] - EM[”]H%Z(Q;H(I)(D)) = E ]E[u] M Zui ]

1y R
= E MZ(]E[u]—ui) ]

I H1(D)

= o DML E (B[] — uil2n )|
1

= —E |[E[u] - ul}: )]

= (Bl o)) = B0 ) -

Remark 3.1.1. It is easy to see that
Vi) = E{luln ) ~ 1E oy < Bl o) = 1B ppmscony

We will use this relation later for proving convergence of multilevel Monte Carlo
methods.

Now, we introduce spatial approximations for u(w), w € Q. We do not specify
how these approximations can be constructed and only state a set of assumptions
for them.

For given initial tolerance Tolp > 0 and reduction factor 0 < g < 1 we define a
sequence of tolerances by

Tol; :=qTol;—1, 1€ NN. (3.2)

For each fixed w € Q) we introduce a sequence of approximations i;(w), | € N U
{0} to the solution u(w) and assume the following properties.
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Assumption 3.1.1. For all | € N U {0} the mappings Q > w — i;(w) € H}(D)
are measurable, and there exists Cg;s € L?(Q)) such that for almost all w € Q the
approximate solutions if;(w) satisfy the error estimate

lu(w) = i1 ()| 1Dy < Cais (w) Tol;.

Note that Assumption 3.1.1 implies
lu = | 212 (py) < NI Caisll2(0) TOL, (3.3)

foralll € NU{0}.

Given a random variable {, we shall denote the computational cost for evaluating {
by Cost(().

Assumption 3.1.2. For all I € IN U {0} the approximations ii;(w) to the solutions
u(w), w € Q can be evaluated at expected computational cost

E[Cost(i;)] < CeostTol; "

with constants 7, Ceost > 0 independent of [ and w.

Now, we are ready to introduce the inexact multilevel Monte Carlo approximation
to [E[u]. For an L € IN we define

L
EMiy) =Y Em, [ — 4], (3.4)
1=0

whereii_; :==0and M; € N, | =0, ..., L. Note that the numbers of samples M; may
be different for different /, and that the samples on different levels are independent.

The following proposition presents a basic identity for the approximation error of
the MLMC estimator, see [16].

Proposition 3.1.1. The multilevel Monte Carlo approximation (3.4) of the expected solution
E[u] with M; € N, 1 =0,..., L, satisfies

L
[Efu] — E* 2] B oy = 1l — ) B oy + 3 M7V — 7). (35)
=0
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Proof. Since the expectations on different levels are estimated independently, we
have

L1~ 2 _ ~ 2 ~ L~ 2
[t = B gy = VD]~ B o+ VL]~ B g
L 2
= ||E[u — ] H%{l(p) + (|Y_ (B — Ep) (i1 — i1yq]
=0 L2(;H} (D))

L
= B[ — @]l o) + Yo I (B = Ena) [ — -1l F2 00 0y
=0

L
= | E[u — ar]|[}ppy + Y M V(@ — d4).
1=0

O]

Proposition 3.1.1 shows that the error of the multilevel Monte Carlo estimator has
two components, one of which depends on the discretization of the random solu-
tions and the second one represents the sampling error and includes a variance-like
operator.

We finally state a convergence theorem for the inexact multilevel Monte Carlo meth-
ods described in this section. The proof follows the same steps as the proofs of
similar results [29, 41], see also [61].

Theorem 3.1.1. Let Assumptions 3.1.1-3.1.2 hold. Then for any Tol > O there exists an
L € N and a sequence of integers { M, }-_ providing

[E[u] - EL[ﬁL]HLZ(Q;H}](D)) < Tol,

and the estimator E"[iiy ] can be evaluated at expected computational cost

O(Tol~?), v <2,
E[Cost(EL[d;])] = { O(L2Tol~2), =2,
O(Tol™7), v > 2,

where the constants depend only on g, 7y, Ceost, Tolo, ||u ||Lz(Q;HS(D)) and || Cais| 12(0)-

Proof. We set L to be the smallest integer such that L > log,(Tol, 1271/ ZHCdiSHZZl(Q) Tol),

which ensures Tol; <2~V ZHCdisHL_zl(Q) Tol < Toly_1. Proposition 3.1.1, together with
Jensen’s inequality, Remark 3.1.1, the Cauchy-Schwarz and triangle inequalities, the
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choice of L and (3.3), provides

L
= |E[u— a1]l[3ppy + 3 My VIE — i
1=0

< (E[flu — arllmpy))* + ZM iy, — upl”iz(Q;Hé(D))

Efu] = EX L] 12 1 0

2

IN

| — ﬁLHiz o) T ZM (= ull 2oy oy + 14 = Tl 2y 0y))

IN

2Tl + My! (HCdISHLZ TOlO"‘H”HLZ o))

+(1 4372 Cais 72y Ty M Tolf.

Now, we choose M) to be the smallest integer such that
My > CoTol 2,

where Cp = 4({|Cyis|| r2() Tolo + [[u] 12 QHl(D)))2. We choose the values for M, | =
1,... L differently for d1fferent values of 7.

For v < 2 we set M, to be the smallest integer such that
M > Cig'T ! Tol 2, 1=1,...,L,

with C1 = 4] Cais 3, ) (1= 4+') 1 = 1)(1+g1)2Tol3. Then we have

| AN

] — B [@L]1172 0,0

1Tol* + }LTolz + Tl (1+q71)?| Catis |72y C1 ' Tl Zq% < Tol?.
For v = 2 we set M to be the smallest integer such that
M; > GLgTol 2, 1=1,...,L,

with Cp = 4| Cgss|? 120 (1 + q~1)2Tol3. Then the error can be bounded as follows

[ ]HL2QH1 S

%TolZ + 1 Tol” + Tol* (14 97 )?(| Cas|72() 5 ' Tolg < Tol,

1] —

Finally, for v > 2 we choose M; to be the smallest integer such that

M, > Cyg 2 lg" 0172, 1=1,...,L,
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with C; := 4]|Cdis||%2(0)(1 - q#)*l(l + g~ 1)2Tol3. Then

<

1] — B [@L]1122 0, ) <

L —
STol + { Tol? + Tol? (1 + g )| Cai |20y C5 " ol ) g7 < Tol%
1=0

We set Tol_; = 0 and utilize Assumption 3.1.2, then the expected computational
cost of the MLMC estimator is bounded by

L L
E[Cost(E"[ii])] < Ceost )_ My(Tol,; " + Tol, ") < Ceost(1447) Y_ M;Tol, 7.
1=0 =0

Now, we denote C; := max{Cy, C;}, i = 1,2,3 and consider different values of .

For v < 2 we have

L L
E[Cost(E[i11])] < Ceost(1+ ") (C1Tol, " Tol 2 E CIZTYI + Z Tol, ) <
1=0 1=0

~ _ 2—
Ceost(1+ ") (C1Toly"(1 =g 2" ) 1 Tol 2 + 2%6177“@15”22(0)(1 —g") " Tol™),
fory=2

E[Cost(E“{111])] < Ceost(1 + 42) (CaTolg L(L +1) + 242|220y (1 — 7)) Tol 2,

and for y > 2
Lig = —2m g—yn 2 2 L -2
IE[Cost(E™[iir])] < Ceost(1+g7)(C3Toly“Tol 722 ¢ 7|\Cdis|\ Z z
L
+Y Tol ") <

=0
- L ) .
Coost (14 47)(CsToly 22 47| Cai | oy (1 — 7 7 )
+ 2%q77||cdis|\zz(0)(l —g") ") Tol ™.
O

Remark 3.1.2. If we let the stronger set of assumptions described in Remark 2.2.2
hold, it is enough to assume p¢ € [2, 0] in order for Theorem 3.1.1 to hold.
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3.2 Approximation of the expected output of interest

In this section we approximate the expected output of interest E[Q(u)] defined in (2.10).
As in the previous section, we concentrate on the approximation in the stochastic do-
main using the multilevel Monte Carlo method.

The Monte Carlo approximation to E[Q(u)] is defined by

1 M
Em[Q(w)] = 77 ) Qw), (3.6)
i=1

where, again, M € Nand u;,i =1,..., M areii.d. copies of u.

It is well known and easy to verify that the Monte Carlo approximation (3.6) has the
properties

E[Em[Q(u)]] = E[Q(u)], V[Em[Q(u)] = M™'V[Q(u)]. (3.7)

We follow the previous section and assume that for each w € () we possess se-
quences of approximations ;(w), I € IN U {0} which fulfill the following assump-
tion.

Assumption 3.2.1. For all | € N U {0} the mappings Q > w — i;(w) € H}(D)
are measurable, and there exists Cyjs € LP4s(Q)) for some pgss € [2, py) such that for
almost all w € Q) the approximate solutions 7 (w) satisfy the error estimate

Ju(w) — i) (w) |41 (py < Cais(w)Tol;.

Note that Assumption 3.2.1 implies
[t = | Ly ;13 (D)) < NI Caisll v Toll, (3.8)

forall p € [1, pgis] and for all I € N U {0}.

We also assume that the approximations 7 (w) satisfy Assumption 3.1.2 and that the
cost of computing the quantity of interest Q(if;(w)) is negligible compared to the
cost of computing the function #f;(w) foralll € NU {0} and w € Q.

For a given L € IN we introduce the multilevel Monte Carlo approximation to

E[Q(u)] as .
EMQ(an)] =Y Em [Q(m) — Q(i1-1)], (3.9)
=0

where weset Q(7i_1) :=0and M; € N, | =0,..., L. Again, the numbers of samples
M) may be different for different levels .

We are interested in the so-called mean square error (MSE) defined as follows

2(EVQ(m)]) = E | (EIQw)] - E'lQwm)])’|.
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The following proposition states a basic representation for the MSE of the MLMC
estimator, see e.g. [29].

Proposition 3.2.1. The multilevel Monte Carlo approximation (3.9) of the expected output
of interest E[Q(u)] with M; € N, | =0,..., L, satisfies

e2(E*[Q(L)]) = (E[Q(u) — Q(iiL)])* + foW [Q(@) — Q(@1)].  (3.10)
=0

Proof. Using (3.7), (3.9) and independence of samples on different levels we have
@ (E'[Q(i)]) = (E[Q(w)] — B[Q(#L)])* + V[E[Q(#1)]]
L
= (E[Q(u) — QL))" + }_ VIEm[Q(i) — Q(a1-1)]]

I=0
L

= (E[Q(u) — Q(aL)])* + Y M, 'V[Q(m) — Q1))

1=0
O
We are now ready to state a convergence theorem for the inexact multilevel Monte

Carlo methods, for approximating the expected output of interest introduced in Sec-
tion 2.4.

Theorem 3.2.1. Let Assumption 2.4.1 hold and py € (2%, oco]. Further, let Assumption
3.2.1 hold with pgs = 2% and let Assumption 3.1.2 hold. Then for any Tol > 0 there
exists an L € IN and a sequence of integers { M}, such that

e(EMQ(i1)]) < Tol,

and the estimator EL[Q(#i1)] can be evaluated at expected computational cost

O(Tol72), v <2,
E[Cost(EL[Q(i)])] = { O(L2Tol2), =2,
O(Tol™7), v >2,

where the constants depend only on q, 7y, Ceost, Tolo, ||t russ (ymy(py)r || CatisllLrais ()
ICallrre oy

Proof. We set L to be the smallest integer such that
L> lqu(TOZ()_12_1/2HCQHZplg(Q) HCdiSHE/‘}dis(Q) Tol), which ensures

L’Q
the Cauchy-Schwarz, triangle and Holder’s inequalities, (3.8), Assumption 2.4.1 and

Tol, < 271/2||Cql| ) (Q)HCdiSHZ,,ldis(Q)Tol < Tol—1. Proposition 3.2.1, together with



3.2. Approximation of the expected output of interest 23

the choice of L, yields
Q) = (EIQ() ~ Q)]+ 1My *V(Q(m) - Q1)
< 1006) = Q) )+ 1 M 1) ~ Q-1
< Q) - o+ ZM Q@) - Q) 22(q
Q) — Q1) Baey)

< 1Call o (gl Caisl s () TOIE

L
+ (144712 HCQHLPQ )HcdiSH%Pdis(Q)IZ;MflTOZIZ
=0

—_

< STol* + My 1HCQHLPQ (HcdisHLVdis(Q) Toly + H“HLPdis(Q;Hg(D)))Z

N

L
+ (1472 Callro o I Catis I e () 3 My TolF.
=1

Finally, we choose M to be the smallest integer such that
M() > C()TOZ_Z,

where Cy = 4”CQ”U’Q a) (|| Cais | Lrass (o) Tolo + ||u||LPdis(Q;H3(D)))2. We also set M; to
be the smallest 1ntegers such that

Clq%ﬂlTol_z, ¥ <2,
M; > { CoLg? Tol 2, v =2,
2— “yL Y42

Cyg 2 lg 2 'Tol™2, ¢ >2,
forl =1,...,L, where
Cr = 4]Col210 0y I CalFras oy (1 = 7 ) ™ = 1) (1 + 712 Tol3,
C —4HCQHLPQ )”CdisH%Pdis(Q)(l+q_1)2TOZ§/
Cs := 41Coll}ro ) | Cats s (0 (1 = q'7) 7 (1447 Tolf.
The rest of the proof is then almost identical to the proof of Theorem 3.1.1. O

Remark 3.2.1. If we let the stronger set of assumptions described in Remark 2.2.2
hold, it is enough to assume pf € [2%, co| in order for Theorem 3.1.1 to hold.
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Chapter 4

Multilevel Monte Carlo Finite
Element Methods

In this chapter we introduce and investigate two multilevel Monte Carlo methods
that fit into the framework described in Chapter 3. We first overview well estab-
lished multilevel Monte Carlo finite element methods [2, 14, 16, 28, 60, 87] and then
introduce a novel method that combines the ideas of MLMC and adaptive finite ele-
ment methods and present a theoretical analysis for this method. We concentrate on
the elliptic variational equalities introduced in Section 2.2, i.e.

u(-,w) € HY(D) : a(w;u(-,w),v) =L(w;v), Yov € H}(D), 4.1)

where the bilinear and linear forms are defined in (2.5). We let Assumption 2.2.1
hold throughout the chapter. The analysis presented in this chapter simplifies in a
transparent way when elliptic problems that fulfill the set of stronger assumptions
discussed in Remark 2.2.2 are considered.

4.1 Notation

We consider partitions of the spatial domain D C R? into non-overlapping subdo-
mains. We require these subdomains to be simplices, i.e. line segments if d = 1,
triangles if d = 2, or tetrahedra if d = 3. The union of such subdomains is labelled
T . We denote a simplex by T and call it an element.

We call a partition 7 admissible if any two elements in 7 are either disjoint or their
intersection is a vertex or a complete edge (d = 2,3) or a complete face (d = 3).
Admissibility of a mesh means that this mesh does not contain hanging nodes, i.e.
nodes that not only exist in element corners, but also on element edges or faces, see
Figure 4.1. In the case d = 1 any partition is admissible.

Let £ denote the set of interior nodes in the case d = 1, the set of interior edges in
the case d = 2 and the set of interior faces in the case d = 3. Forany E € £,d > 1
we set hg = |E| 71, where | - | denotes the (d — 1)-dimensional Lebesgue measure.
In what follows we call an E € £ a face for all values of d.
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FIGURE 4.1: An example of a hanging node (e).

We define the shape parameter of a mesh 7 as

max l, d=1,
T, T,eT hT2
CT = T]mTﬁé@ T
max &(), d=2,3,
TeT hr
where diam(-) denotes the Euclidean diameter of an element, iy := |T|# and |- |

denotes the d-dimensional Lebesgue measure. We call a partition shape-reqular if
its shape parameter is bounded from above. In the case d = 2, shape-regularity of a
partition means that the smallest angles of all elements in this partition stay bounded
away from zero.

Note that if a 2- or 3-dimensional partition 7 is shape-regular then forany Ty, T, € T

such that T) N T, # @, and for any Ej, E; € £ such that E; N E; # @, the ratios Z%,
2
Z% and Z—i", where i,j € {1,2}, are bounded from above and below by constants
2 j

dependent only on C7.

We call a sequence of nested partitions 7o C 71 C ... shape-regular if C;;, <T < oo,
k € NU {0} for some I only dependent on 7.

We further denote the union of elements sharing a face E € £ and sharing at least
one vertex with T € T by ¢ and ¢r respectively.

Finally, let | 7| denote the number of elements in a given partition 7.

4.2 Uniform multilevel Monte Carlo finite element methods

In this section we introduce well established multilevel Monte Carlo finite element
methods, based on a hierarchy of uniform meshes [2, 14, 16, 28, 60, 87], and trace
how they fit into the framework described in Chapter 3.

We start by deriving spatial approximations of solutions to the pathwise weak prob-
lem (4.1). We consider a sequence of partitions (7x))renugoy of the spatial domain
D into simplices. We assume that 7y, is admissible and shape-regular and (7x))ken
is constructed by consecutive refinement by bisection [68, 76] preserving shape-
regularity, i.e. there exist I' > 0, such that C7,, < T forallk € NU{0}. We also
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have \
he =2"%hy, keN, (4.2)

where h := maxrer, hr, k € NU {0} and b > 1 denotes the number of bisections
applied to each element.

Remark 4.2.1. “Red” refinement [12, 15] can also be utilized for uniform mesh re-
finement, which leads to (4.2) with b = d.

We now define a sequence of nested first order finite element spaces
S(o) CS(l) c---C S(k) c...,

where
S = {v € Hy(D)NC(D): v|r € Pi(T), VT € T}, (4.3)

where P (T) denotes the space of linear polynomials on T. Since the meshes (7 )renugoy
are shape-regular, and the dimensions of the spaces S coincide with the numbers

of interior vertices in the corresponding meshes, the relation dim§ ;) >~ | 7| holds

for all k € N U {0}, where the constants depend only on the shape regularlty pa-
rameter I'.

We consider the pathwise approximations u)(-,w) € S, k € N U {0}, character-
ized by

u(k)(-,w) SEIPE a(w;u(k)(-,w),v) = {(w;v), Vo€ Sy, weQ, (44)

where the bilinear form a and the linear form ¢ are as in (2.5).

Analogously to the infinite dimensional case, for almost all w € () the variational
equation (4.4) admits a unique solution u (-, w) according to the Lax-Milgram the-
orem and there holds

41 (- ) 11 (D ()Ilf( @) ll2(p)- (4.5)

Furthermore, we have ug) € LP(Q;Sy)) for all p € [1,ps), where py is defined in
Assumption 2.2.1 (iii), and in particular the solution mapping Q > w — uy(w) €
Sk C Hy(D) is measurable.

The finite element solutions admit the following a priori error estimate.

Lemma 4.2.1. The error estimate
(-, w) = ug) (- w)lgrpy < Cun(w)hy (4.6)

holds for almost all w € ), where

cun<w>::cun(“m(“’));( L O )l >0

Dtmin(a)) &min (w) lxmm(

and cyn > 0 depends only on D and the mesh shape-regularity parameter T'.
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Proof. Assumption 2.2.1 provides a.s. H>-regularity of pathwise solutions U (w),
see Proposition 2.2.2. According to well known results ([20, 49], see also [28, Lemma
3.7, Lemma 3.8]), we have

1
Kmax(w) \ 2
() — sy () 1y < hk(m((wg) ) o)

where ¢y, > 0 depends only on D and the mesh shape-regularity parameter I'. In-
corporating the estimate from Proposition 2.2.2 yields the claim of the lemma. [

Finiteness of ||Cun||1r(q) forall p € [1, pf) follows from Assumption 2.2.1 and several
applications of Holder’s inequality, see Proposition C.0.6 for details.

We can choose T(O) such that iy = Tolp and define an uniform MLMC hierarchy
according to

SO = S(O), Ug == u(o),

4.7)
51:= Sy, =), LEN,
where k; is the smallest integer such that
2-ik < gl (4.8)

and 0 < g < 1is the reduction factor from (3.2). The choice (4.7) and Lemma 4.2.1
provide the a priori estimate

[, w) = (-, @)1 (p)y < Cun(w)Toly, (4.9)

for the finite element solutions u;(-, w), w € Q.

Remark 4.2.2. It is possible to weaken Assumption 2.2.1 (ii) and extend the MLMC
method to the case where the realizations of the random coefficient « are only Holder
continuous, as it was done in [28, 87]. However, we adhere to this stronger assump-
tion and the resulting estimates in order to be able to compare the results of this and
the following sections.

Usually, the solutions u (-, w) are computed only approximately. We denote the al-
gebraic approximations of u;(-,w) by (-, w) and require that for almost all w € Q)
and all/ € N U {0} the approximations #;(w) fulfill

[ur (-, w) = (-, @) || g py < Tol,. (4.10)

This can be achieved by performing sufficiently many steps of any iterative solver
(e.g. [20, 22]) for elliptic problems that converges for almost all w € Q).

Finally, measurability of O 3 w — (-, w) € §; is inherited from u; for all I €
IN U {0}. Assumptions 3.1.1 and 3.2.1 then follow from (4.9), (4.10), the triangle
inequality and Proposition C.0.6 with Cgis = Cun + 1 and any pgis € [2, py)-
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Remark 4.2.3. In practical applications the coefficient « is often represented as a se-
ries (e.g. (2.11) or (2.14)) that needs to be truncated in order to be feasible for numer-
ical simulations; this leads to an additional truncation error. Furthermore, in order
to solve problem (4.4) one typically needs to approximate the integrals appearing in
the bilinear and the linear forms by some quadrature, because the exact evaluation is
generally impossible. This again leads to an additional error. In this and the follow-
ing sections we do not take into account the quadrature and the truncation errors.
Instead, we cite [28, 86], where some analysis is done for these types of error.

Multigrid methods [20, 22] have linear complexity in the dimension of the finite
element spaces for computing a approximate solution at a mesh level k. Thus, they
have linear complexity in | 7|, i.e.

Cost (i) (w)) < Cua(w) | Tl

for all k € N U {0} and almost all w, where Cyig depends only on T, amin, &max. We
make the following assumption.

Assumption 4.2.1. E[Cyg| < oo.

For uniform meshes, |7(,| is bounded by Iy, 4 and thus by Tol,; 4, up to a constant
that depends only on D. Thus, the multigrid methods satisfy Assumption 3.1.2 with
v = d and a constant C.os that depends only on D, I and E[Cpc].

We are finally ready to state convergence theorems for the uniform MLMC-FE meth-
ods. The following theorem follows from Theorem 3.1.1 and the results presented in
this section.

Theorem 4.2.1. Let Assumption 2.2.1 hold, u(-,w), w € Q) denote the solutions to prob-
lem (4.1) and i)(-,w), w € Q) denote the algebraic approximations to the finite element
solutions defined in (4.7), that fulfill (4.10). Finally, let a multigrid method be used for
the iterative solution of the pathwise discretized problems of the form (4.4) and let Assump-
tion 4.2.1 hold. Then for any Tol > O there exists an L € IN and a sequence of integers
{M;}]-_, providing

| E[u] — EL[ﬁL]HU(Q;Hg(D)) < Tol,

and the estimator E"[ii] can be evaluated at expected computational cost

O(Tol72), d<?2,
E[Cost(EL[i])] = { O(L2Tol?), d=2,
O(Tol™7), d>2,

where the constants depend only on q,d, T, D, Toly, E[Cmc], || uHLz(Q;Hé(D)) and || Cun | 12(0y)-

Finally, the following theorem follows from Theorem 3.2.1 and the results presented
in this section.

Theorem 4.2.2. Let Assumption 2.2.1 hold, u(-,w), w € Q) denote the solutions to prob-
lem (4.1) and i1;(-, w), w € Q) denote the algebraic approximations to the finite element so-

lutions defined in (4.7), that fulfill (4.10). Let Assumption 2.4.1 hold and pf € (2%, 00].
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Finally, let a multigrid method be used for the iterative solution of the pathwise discretized
problems of the form (4.4) and let Assumption 4.2.1 hold. Then for any Tol > 0 there exists
an L € N and a sequence of integers { M, }-_, such that

e(EMQ(iL)]) < Tol,

and the estimator EL[Q(ii1)] can be evaluated at expected computational cost

O(Tol2), d<2,
E[Cost(EL[Q(i11)])] = { O(L2Tol2), d=2,
O(Tol~7), d>?2,

where the constants depend only on q,d, T, D, Toly, E[Cumg], ||Co HL"’Q(Q)/ HuHLPun(Q;Hé(D)),
[ Cun | Lrun () a1 pun = 2%_

Remark 4.2.4. Note that using duality arguments (see e.g. [28, 87]) it is possible to
obtain pathwise estimates of the kind

1Q(w;u(-, w)) — Qw;ui (-, w))| < Co(w)Cais(w)Tolf,

where &« > 1, for almost all w € ), when uniform MLMC hierarchies are used.
Therefore, it is possible to obtain a sharper error bound for the uniform MLMC-FE

methods for approximation of expected outputs of interest (see e.g. [28, Theorem
4.1]).

Remark 4.2.5. Similar arguments can be used for analysing the uniform MLMC-FE
methods for the variational inequality (2.8). Assumptions 2.2.1 and 2.3.1, together
with application of an iterative solver [31, 44, 59, 69, 89] that converges for almost all
w € Q) for computing if;(w), provide Assumptions 3.1.1 and 3.2.1 for problem (2.8),
see [60, 61] for details. Assumption 3.1.2 does not hold for non-linear problems in
general. For problem (2.8) the expected computational cost for computing 7; for all
I € NU{0} can be bounded by

IE[Cost(ii;)] < Ceost(1 + log(Tol;%))¥Tol, ™. (4.11)

Standard monotone multigrid (STDMMG) methods [59, 69] provide (4.11) under
certain assumptions with 4 = 4 in d = 1 space dimension, with y = 5ind = 2
space dimensions, and a suitable constant C..st independent of /, see [60, Section 4.5],
[11, Corollary 4.1]. In spite of computational evidence, no theoretical justification of
mesh-independent convergence rates seem to be available for d = 3. The logarithmic
term in the cost in (4.11) results in a logarithmic term in the bound for the cost of
MLMC method, see [61, Theorem 3.2].

4.3 Adaptive multilevel Monte Carlo finite element methods

In this section we introduce an adaptive version of multilevel Monte Carlo methods
and show how they fit into the framework described in Section 3. We consider a
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sequence of nested finite element spaces (S ) (w))renugo}, defined as in (4.3), associ-
ated with a corresponding sequence of partitions (7x)(w))renugoy, Which, for each
fixed w € (), is obtained by successive adaptive refinement of a given admissible
and shape-regular partition 7o) (w) = 7o) with corresponding mesh size hy. We set

S(o)(w) = S(O)/ w € Q.

For each fixed w € () we apply an adaptive algorithm providing a hierarchy of sub-
spaces S(i)(w) and corresponding approximations u (-, w), solutions of the prob-
lem

u(k)(-,w) € S (w) : a(w;u(k)(-,cu),v) = {(w;v), Vv € Sy (w), (4.12)

where the bilinear form a and the linear form ¢ are defined in (2.5).

As shown before, problem (4.12) admits a unique solution u ) (-, w) according to the
Lax-Milgram theorem for almost all w € () and there holds

1
ca(w

iy (s )11 (py < ) 1f () ll2(py- (4.13)

In what follows we assume convergence of the pathwise adaptive algorithm con-
trolled by an a posteriori error estimator.

Assumption 4.3.1. For all k € N U {0} and almost all w € () we have
[Ju(-, ) =y (4 0)llm )y < Caa(W)7 (@) () (- @), (4.14)

where Cyq € LP4(Q) for some paq € [2,py) and 57, () (4(x) (-, w)) is an a posteriori
error estimator that satisfies

k—o0
M () (g (-, @) = 0.

Note that this assumption suits the requirements for both MLMC methods presented
in Chapter 3, although for the MLMC methods for approximation of the expected
solutions we only need p,q = 2.

We can choose 7 () and corresponding S ) such that

Ca a
ho NCaalliraa () Toly, (4.15)

B ||CunHU“ad (Q)
which, according to Lemma 4.2.1, yields

| Cadll Lraa (0
(-, @) — ) (- )|y < Cun (@) 7LD g (4.16)

H Cun H Lfad (Q)
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Then, having an algorithm that fulfills Assumption 4.3.1 at hand, we can define a
hierarchy of subspaces and corresponding solutions according to

So(w) = S(O)/ M0(~,w) = u(o)(-,w), (4 17)
Sl(w) = S(k](w))(w), ul(-,w) = u(k,(w))(-,w), [ €N,
for almost all w € ), where k;(w) is the smallest natural number such that
ity oy @) (B () (- @) < Toly, (4.18)

and Tol; is chosen according to (3.2). Condition (4.18) together with (4.14) provides

u(, w) —u (-, w) |l mpy < Cad(w)Tol,. 4.19)

In contrast to the uniform case, Assumption 4.3.2 is not provided by [73, Theorem
1] for I € N as in Proposition 2.2.1 in the adaptive case, because solutions (-, w)
are sought in random spaces S;(w). Therefore, we shall assume that the solutions
corresponding to the levels | € IN are measurable.

Assumption 4.3.2. For all | € N the solution map Q > w — u(-,w) € H}(D) is
measurable.

Using the arguments from Section 4.2, we also require that for almost all w € Q)
the approximations i (-, w) to u; (-, w) fulfill (4.10), which again can be achieved by
iterative solvers [20, 22] converging for almost all w € Q).

As in the uniform case, measurability of QO 3 w — (-, w) € H}(D) is inherited
from u;. Assumptions 3.1.1 and 3.2.1 follow then from (4.10), (4.16), (4.19) and the

triangle inequality with Cg;s(w) = max{Cyn(w) Mﬂ, Caq(w)} +1.

” Cur\HLPad (Q)

We will leave Assumption 3.1.2 open for now, because, although multigrid meth-
ods can be applied for solving pathwise discretized problems with computational
cost bounded by Cumc (w)| 7k, (w)) (w)], there is no obvious relation between Tol; and
| T(k,(w)) ()| and it has to be investigated further.

We now state convergence theorems for the adaptive MLMC-FE methods. The fol-
lowing theorem follows from Theorem 3.1.1 and the results presented in this section.

Theorem 4.3.1. Let Assumption 2.2.1 hold and u(-,w), w € Q) denote the solutions to
problem (4.1). Let Assumption 4.3.1 hold and (-, w), w € Q) denote the algebraic ap-
proximations to the finite element solutions defined in (4.17), that fulfill (4.10). Finally, let
Assumptions 4.3.2 and 3.1.2 hold. Then for any Tol > 0 there exists an L € IN and a
sequence of integers { M, }I_, providing

[E[u] - EL[ﬁL]HLZ(Q,-Hg(D)) < Tol,
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and the estimator E"[ii;] can be evaluated at expected computational cost

O(Tol ), v<2,
E[Cost(E"[i1])] = { O(L?Tol72), v =2,
O(Tol™7), v > 2,

where the constants depend only on g, 7y, Ceost, Tolo, E[Cymc], ||u| 12(QsH} (D)) 4nd [Cadllr2(02)-

The following theorem follows from Theorem 3.2.1 and the results presented in this
section.

Theorem 4.3.2. Let Assumptions 2.2.1 hold and u(-,w), w € Q) denote the solutions to

problem (4.1). Let Assumption 2.4.1 hold, ps € (2 pg‘iz,oo] and Assumption 4.3.1 hold

with paq = 2%. Further, let 1) (-, w), w € Q) denote the algebraic approximations to the
finite element solutions defined in (4.17), that fulfill (4.10). Finally, let Assumptions 4.3.2
and 3.1.2 hold. Then for any Tol > O there exists an L € IN and a sequence of integers
{M,}L,, such that

e(EL[Q(iiL)]) < Tol,

and the estimator EL[Q(di1)] can be evaluated at expected computational cost

O(Tol™2), v <2,
E[Cost(EX[Q(i1L)])] = { O(L2Tol2), 4 =2,
O(Tol™7), v >2,

where the constants depend only on g, <y, Ceost, Tolo, E[Cma], [14]| 1ras (;m13 (D)) | Cad |l raa (02)
HCQHL”Q(Q)'

In the following subsections we describe adaptive algorithms based on a posteriori
error estimation that can be used for adaptive multilevel Monte Carlo methods. We

provide an example of such algorithms that in combination with multigrid methods
ensures the validity of Assumptions 4.3.1,4.3.2 and 3.1.2.

4.3.1 Adaptive algorithms based on pathwise a posteriori error estima-
tion

In this section we present the concept of adaptive algorithms based on a posteriori
error estimation. We closely follow [25] where a general framework for adaptive
algorithms based on a set of axioms for the utilized error estimators is introduced.
The following standard loop is the basis for a general adaptive algorithm.

’—>| solve |—>|estimate|—>| mark |—>| refine |—‘

FIGURE 4.2: Standard loop for a general adaptive algorithm.
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We consider an a posteriori error estimator that can be represented as

N

”ﬁk)(W)(”(k)('/w)) = (T TZ:( )UT(u(k)(-,w))2> , (4.20)
€ (k) (w

where
nr(-) : Sy(w) = [0,00) forall T & Ty(w)
are local error contributions that can be used as refinement indicators.

If Assumption 4.3.1 holds, Algorithm 1 almost surely provides adaptive solutions
U (-, w), such that [[u(-,w) —ug (-, w)[|gpy < Caa(w)e forany e > 0.

Algorithm 1 Pathwise Adaptive Finite Element Algorithm

1: Input: T(g), w, 6 € (0,1], ¢

2: Initialize 7o) (w) = T(o)

3 fork=0,1,... do

4 Compute finite element solution u ) (-, w)

5 Compute 57 (ug) (-, w)) forall T € Ty (w)

6 if 77 () (4 (,w)) < ethen

7: stop algorithm

8: end if

9:  Determine set M y)(w) C Ty (w) of minimal cardinality such that
9’727(k)(w)(u(k)(vw)) < Y rug(,w)) (4.21)

TGM(k) (w)

10:  Refine at least the elements T € M) (w) to generate 7T(;,1)(w)
11: end for
12: Output: u(k)(-,w) or Q(u(k)(-,w)), k=0,1,... /kend

Condition (4.21) is known as the Dorfler marking strategy [34] with parameter 6 and
it is the essential component of the part mark in the loop presented in Figure 4.2. The
parameter 6 may depend on w if desired. We will discuss the parts estimate and
refine in more detail in the next sections.

Remark 4.3.1. In practical realizations of Algorithm 1 the subsets M (w), k =
0,1,... may be required to be only of almost optimal cardinality, i.e. they should ful-
fill | M gy (w)| < Crnin| Sy (w)|, where Sy (w), k = 0,1,... are the sets of minimal
cardinality. In this case we assume that Cpin > 0 is independent of w and k for all
w € O and k € NU{0}. Determining a set of true minimal cardinality in Algo-
rithm 1 in general requires sorting the local error contributions which results in log-
linear complexity, whereas a set of almost minimal cardinality can be determined in
linear complexity, see [82, Section 5].
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4.3.2 Mesh refinement

For the step refine of the refinement loop we need to provide a procedure for con-
structing the mesh 7(; 1) from the current mesh 7). We omit the dependence of
meshes on w € () for brevity here. We restrict ourselves to the newest vertex bisec-
tion refinement technique [17, 26, 82, 83] for d = 2,3 and the extended bisection for
d = 1 presented in [8].

Let us now consider the set of admissible refinements of the initial partition 7 g,
T:={T: T isadmissible refinement of 7y},

obtained by the fixed types of refinement for different values of 4

Each step refine consists of two substeps. The first substep produces the mesh
’T(k L1y where the subset M) C 7Ty is refined. The second step which is called
closure aims at eliminating hanging nodes that appeared after the first substep, i.e.
closure provides 71) € T.

One of the important properties of the chosen mesh refinement types is that they
allow the following closure estimate for partitions produced by Algorithm 1.

k—1
Tl = 1T0)| < Cmesn Y M3, (4.22)
i=0

where the constant Cp,es, > 0 depends only on T(O). Since 7—(0) is chosen indepen-
dently of w in Algorithm 1, the constant Cpesn does not depend on w either. This
property means that the cumulative number of elements added by closure is con-
trolled by the total number of marked elements. This result has been shown for
d = 1in [8] and for d = 2 in [57]. In the case d = 3 this result can be found
in [83] under the assumption of appropriate labelling of faces of the initial partition
T(0)- 1t is, however, not clear whether such a labelling exists for an arbitrary initial
mesh. Property (4.22) plays an important role in convergence proofs for adaptive
algorithms. This result also holds when b > 1 number of refinements are applied to
each marked element in one refinement step, see [26].

The newest vertex bisection technique in the cases d = 2,3 guarantees that all el-
ements that arise during refinement can be classified into a finite set of similarity
classes that only depend on the initial partition 7g), see [83]. This implies that the
class of partitions T is shape-regular, i.e.

Cr<T, VT E€T,

with a fixed I' > 0 that depends only on 7). An analogous result can be found for
the extended bisection technique for d = 1 in [8].
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4.3.3 Pathwise residual-based a posteriori error estimation

In this section we introduce residual-based a posteriori error estimation [5, 17, 26,
62, 72] adapted to the random problem (4.1). Following the framework developed
in [25], we show a set of properties of the residual error estimators that provide
sufficient conditions for convergence of the adaptive Algorithm 1 based on this type
of error estimation when the mesh refinement introduced in Section 4.3.2 is utilized.
Furthermore, these properties allow one to derive the order of convergence of the
algorithm; this is done in Section 4.3.5.

All results presented in this section are generalizations of existing results for residual-
based error estimation for deterministic linear elliptic problems to random problems
of the form (4.1).

In this section we denote the first order finite element space defined onamesh 7 € T
as in (4.3) by S7 and consider the finite element solution 17 (-, w) of the problem

ur(-,w) € Sy a(w;ur(-,w),v) = l(w;v), Voe Sy, weQ, (4.23)

with the bilinear form a and the linear form /¢ as in (2.5).

Let us introduce the so-called energy norm || - ||, induced by the bilinear form a(w; -, -)
defined in (2.5), given by

N—

|v]la = a(w;v,v)
for a function v € H} (D).

The energy norm is a common norm used in the literature on finite element methods
for elliptic PDEs and it is equivalent to the H'-norm on H} (D). Pathwise ellipticity
of the bilinear form a implies this property in the case when the energy norm satisfies
upper and lower bounds with random coefficients, i.e. when

¢ (@) ol py < Ilolla < anim(@) o/l (o), u € Hy(D) (4.24)

holds for all w € Q).

realizations a(-, w) are Lipschitz continuous and f(-,w) € L?(D).

We start by introducing basic results that help to derive the residual error estima-
tor. These results are well-known and we cite [5] and [90] for the proofs in the case
a(x,w) = 1in D x Q. We provide, however, the more general result here for com-
pleteness.
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Proposition 4.3.1. Let 7 € T. Then almost surely, it holds that

cl/2(w)
g sup /f(x,w)w dx—/ a(x,w)Vur(x,w) - Vw dx
D‘max(w) ZUEH&(D) ( D D >

”w”Hl(D)Zl

< lu(- w) —ur(, @)l

1
< ———  sup /f(x,w)w dx—/ a(x,w)Vur(x,w) - Vw dx).
ca’*(w) weH} (D) ( D D >

||w||H1(D):1
Proof. Letv € H} (D). Then by (4.24) we have

o] = / a(x,w)Vo-Vodx <  sup a(x,w)Vo - Vw dx [[v g p)
D weH} (D) b
”w”Hl(D):l
L sup a(x,w)Vo-Vwdx ||v||
T a*(w) weHi(D) 7P /

HwHHl(D):l

Continuity of a(w; -, -) and (4.24) provide

sup a(x,w)Vo - Vwdx < amax(w)  sup [0l g oy l|wl] gy
weH} (D) D weH} (D)
HwHHl(D>:1 Hw”Hl(D):l
Xmax (W)

= amax (@) 2] g py < [2]a-

T a(w)

Now, setting v := u(-,w) — uy(-,w) and using the identity

/ a(x,w)V(u(x,w) —uy(x,w)) - Vw dx
D

= /Df(x,w)w dx — /Doc(x,w)VuT(x,aJ) -Vwdx, Yw e H}(D),
we obtain the result of the proposition. O

According to Proposition 4.3.1, the energy norm of the error is, up to w-dependent
multiplicative constants, bounded from above and below by the norm of the residual
in the dual space of H}(D).

We denote the outer unit normal to the boundary 9T of an element T € 7 by nr.
We also assign a unit normal of arbitrary orientation to every face E € £ and denote
it by ng. Let us now introduce the following L?-representation of the residual. For
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almost all w € Q and any w € H} (D) there holds

/Df(x,w)w dx — /D a(x,w)Vur(x,w) - Vw dx

—/fxwwdx—Z/ a(x,w)Vur(x,w) - Vw dx

TeT
= /Df(x,w)w dx — T;{ /aTtx(x,w)VuT(x,w) ‘nrw dx

/ V- (a(x,w)Vur(x,w))w dx} (4.25)
= / (x,w) + V- (a(x,0)Vur(x,w)))w dx
TeT

- ¥ [Je@nw)Var(x,w) - new dx

Ece
=Y | Rr(wyur(x,w))wdx+ ) / Re(w; ur(x, w))w dx,
TeT /T Ecg
where
Rr(w;0) == (f(,w) + V- (a(-,w)V0))|r, TET, (4.26)
Re(w;v) = —(Je(a(-,w)Vo) -ng)|e, E€E, (4.27)

are the element and the jump residuals for a function v € St respectively. Here
J&(-) stands for the jump across the interior face E in direction of the unit normal ng
associated to this face, defined as

Je(v)(x) == tlgg}r v(x —tng) — tlg(ﬂ v(x+tng), x€E.

Note that the expression J£(-) - ng does not depend on the orientation of ng.

Now, we define a residual-based error estimator that takes the form (4.20) with local
contributions given by

1t (w;v) = B3| Ry (w; ) |77 + hrlIRE (w3 0) 12 57rp)- (4.28)

Note that 77(w;-), T € T depend on w because of the random functions a and f
that enter the definition.

Monotonicity of the local mesh sizes provides monotonicity of the error estimator,
ie.
ny(w;v) <nr(w;v), weQ, (4.29)

for any v € S, where T € T is a refinement of 7.

The following result provides reliability of the error estimator. We again cite [5] and
[90] for proofs for the deterministic Poisson problem.
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Lemma 4.3.1. Let 7 € T, then there holds

lu(, @) — ur (@) o) < cadl(w)w(w;w(-,w)) (4.30)

mm

for almost all w € Q), where c,q > 0 depends only on I', D and the dimension d.

Proof. We omit the dependence of u and u7 on their arguments here for brevity.
We fix aw € H}(D) and let Ir : H}(D) — St be the quasi-interpolation opera-
tor defined in (A.1). Then, using Galerkin orthogonality [49, Relation (8.2.3)], the
Cauchy-Schwarz inequalities for integrals and sums and the properties of the quasi-
interpolation operator (A.2)-(A.3) we have:

/Df(x/w)w dx — /D a(x,w)Vuy -V dx

:/fx,a) (w—Irw)d /ocwauT V(w — Iyw) dx
D
=) /RT w; ur)(w — Iyw) dx + Z/RE w; ur)(w — Iyw) dx
TeT Ecg
< Y IRr(w;ur) 2 llw = Irwll 2y + Y IRe(w;ur) |2 1w — Irwl| e
TeT Ecé

1
S Y IR (w; up)lzeryhr|wll e gy + Y IRE(w; )2 i3 ]| i1 g
TeT Eeg

1
<{ ¥ BIRe(@ur) 2oy + X hrlRe(@sur) [Bage b

TeT Ee&

L Il + Nl

TeT
where the hidden constant depends only on I'.
Observe that the shape-regularity of 7 implies
1
{ Il + E 10l §* S Il
TeT

where the hidden constant depends only on I' and the dimension d and takes into
account that every element is counted several times.

Combining these estimates with the equivalence of the error in the energy norm and
the residual stated in Proposition 4.3.1, we obtain

1

[u(,w) —ur(,0)lle S 7707 (Wur(,w)), (4.31)
D‘min(w>
which together with (4.24) yields the claim of the lemma. O

Lemma 4.3.1 together w1th Assumption 2.2.1 (i) provides the first requirement of
Assumption 4.3.1, since -~ € LP(Q) forall p € [1,0).

N|—=
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We are also interested in a stronger result than provided by Lemma 4.3.1. The fol-
lowing lemma states the so-called discrete reliability of the error estimator.

Lemma 4.3.2. For all refinements T € T of a partition T € T the localized upper bound
CZ

rel 2 . )
min (@) Te;\f il 63

7 () = 7 () By ) < =

holds for almost all w € ), where C,q) > 0 depends only on I', D and the dimension d.

Proof. The claim of the lemma is a direct consequence of [26, Lemma 3.6]. According
to the proof of this result, we have

a(eT(vw),eT(vw))Sle( Y W%(w;MT(vw))> IVer( w)llizemr,

TeT\T
where the constant C,; depends only on I' and we denote e (-, w) = us(-,w) —
u7 (-, w). Together with coercivity of the bilinear form a(w; -, -), it implies the claim
of the lemma. O

The first and second parts of the following lemma provide stability of the error esti-
mator on non-refined elements and a reduction property on refined elements respec-
tively. Both of these properties are important for the convergence of the adaptive
algorithm.

Lemma 4.3.3. Let T € T be a refinement of a partition T € T, then for almost all w € Q
(i) for all subsets S C T N T of non-refined element domains it holds

Y trer(wiug(,w)) = (1+06) ) nter(wiur(,w))
TeS TeS

< (146N Chpllal, ) [fneplur (@) = ur (- 0)Fnp), (433)
(ii) for the refined element domain it holds

Y, i wur(hw) = (1+8)prea Y, n7(wsur(,w))
TeT\T TeT\T

< (14570l @) ooy 167 ) = w7 (-, ) o ), (439)

where § > 0 is arbitrary, 0 < prq < 1 and the constant Cgp, > 0 depends only on T, hy
and the dimension d.

Proof. The proof is based on the proofs of corresponding deterministic results in [26,
Proposition 3.3, Corollary 3.4].
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First, we show that forany T € 7, 7 € T and for any two discrete functions v, w €
S+ there holds

(i) = (14 ) (@;w) < (1+ 5 AN, By 10— wl2ngpy  (435)

where § > 0, and A > 0 is a constant that depends only on I" and k.

Using the triangle and Young’s inequalities we obtain

(@) < (148 (w;w)
(1467 (IBIV - (2, 0) V(0 = 0) o) + hrlIRe(@;0 = ©)Fapp) ) 4:36)

with any 6 > 0.

Now, we show the bounds for the second term on the right hand side in (4.36). Since
v —w € S7,we have

IV - (a(-, @)V (0 =) llr2(r) = [IVa(, @) - V(o = w)]2(r)

(4.37)
< |[Va(, )|l V (v = w) 12T

Let T’ be a neighbour of T with a common face E, then using the inverse inequal-
ity (A.12), we obtain

IRe(w; 0 — ) 208) = | @ 0) V(0 — 0)]r — () V(0 — 0) 1) - nellgace)
_1

suac,w)mmm(hTzuvw— 0)ll2r) + |V (0 — >Hm))

(4.38)

with the hidden constant dependent only on I'.
Substituting (4.37) and (4.38) into (4.36) we obtain (4.35).

Now, we apply (4.35) to functions #+ and u7 (we again skip the arguments of the
functions for brevity) over T & T NT,sum over a subset S of non-refined elements
and use the finite overlap property of patches ¢r. Then we obtain

Z 77Te7’ (1+9) Z ’7Te7' w; uT)
TeS TeS
< (1407l ) By 7 = w7l ), (439)

where the constant Cg,, > 0 depends on A and the dimension d. Recall that

Nrei(w;ur) = nre7(w;ur),
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for any T € S. Incorporating this relation into (4.39) we obtain (i). Note that in a
similar way one can obtain a relation symmetric to (i), i.e.

Y Ber(wing) — (1+06) ¥ iiopl(wing)
TeS TeS

< (146N Cpllal, @)y llur = urlinp), (440)
which holds forallS € TN T.
Analogously we obtain

Y, ni(wiug) —(1+68) Y, ni(wur)
TeT\T TeT\T

< (1460l @) By 7 — w7 o) (441)

with the hidden constant that depends only on A and the dimension d. For an el-
ement T € T \ T we define the set 7r := {T" € 7 : T’ C T}. Since uy € Sy,
Rg(u7) = 0 in the interior of T. Therefore,

_b
Y. i (wur) <27 ing(w;ur), (4.42)
TeTr

because refinement by bisection provides h1 = 2~ ihr.
Finally, (4.41) and (4.42) imply (ii), where p,eq = 27 1. 0

Lemma 4.3.4. Let ug(-,w), k € NU{0}, w € Q be the solutions obtained by Algo-
rithm 1 with the residual error estimator defined in (4.26)-(4.28), then there holds

Coo
o) ) (@t (@), (443)

— 42
amin

N
;; [ (ig1) (- 0) = ugy (W) H%{l(p) <

forany k, N € N U {0}, N > k, where the constant Cqo > 0 depends only on T', D and the
dimension d.

Proof. Forany i € N U {0} and almost all w € ), Galerkin orthogonality [49, Rela-
tion (8.2.3)] provides

(s w) = gy (@) 7 = ul @) = e (w)llz = g (@) = up (@) 7
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Then, utilizing (4.24) and (4.31) we have

IN
1=

141y (o ) — gy (-, ) |13

N
ca(w) Z H”(iﬂ)(‘rw) - “(z‘)('/w)H%p(D)
i=k

Il
LR

(v w) =g ()3

I
=
g

=

I
LR

— llu(y @) = i) (@) [2)

which concludes the proof. O

Lemmas 4.3.1-4.3.4 are the analogues of the deterministic conditions for a posteriori
error estimators presented as axioms in [25]. According to [25], the properties of an
error estimator stated in the axioms, together with the mesh refinement described in
section 4.3.2, are sufficient for convergence of the adaptive Algorithm 1. Therefore,
we are finally ready to state the convergence theorem.

Theorem 4.3.3. Forall 0 < 6 < 1, Algorithm 1 with the residual error estimator defined
in (4.26)-(4.28) and mesh refinement described in Section 4.3.2 converges almost surely in
the sense that there exist 0 < peony(w) < 1 and Ceony(w) > 1 such that

n%k+j)(w)(w;u(k+j)('/w)) < Cconv(w)pjconv(w)iy%k)(w)(w;u(k)(-,w)), Vk,j € NU {0}

for almost all w € Q, where Peony(w) and Ceony(w) depend only on T, hy, d, b, D, 6,
Apmin (w) and Hoc(-,w)HWLoo(D).

Proof. Lemmas 4.3.1, 4.3.3 and 4.3.4 provide the sufficient conditions for [25, Theo-
rem 4.1 (i)] which states the convergence. O

Theorem 4.3.3 yields the second requirement of Assumption 4.3.1, i.e.

N (@) (w; e (-, w)) X2 0, which together with Lemma 4.3.1 provides the follow-
ing result.

Theorem 4.3.4. Forall 0 < 6 < 1, Algorithm 1 with the residual error estimator defined
in (4.26)-(4.28) and mesh refinement described in Section 4.3.2 fulfills Assumption 4.3.1
with C,q = cadw;—m and all p.g € [2,p ), Where c,q depends only on T', D and d.

Proof. Theorem 4.3.3, Lemma 4.3.1 and Assumption 2.2.1 (i) provide the result of the
theorem. O

Following [5, 17] we now introduce oscillations of a function v € St and list some
of their properties that will be required for showing the order of convergence of
Algorithm 1. Let 71, denote the operator of L” —best approximation onto the set of
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polynomials of order < m over a domain that will be clear from the context. Then
we can define oscillations of v € S by

osct(w;v) = h||(id — 713,) (Rr(w; 0)) 1 fa(p) + hr || (id — 713) (Re(w; 0) 29710

oscT w; U Z OSCT w; v
TeT

where m, n € INU {0} are fixed approximation orders. As well as the error indicators
n7(w;-), T € T, the oscillation terms oscy(w;+), T € T depend on w through the
random functions « and f. Observe that

oscr(w; v) < yr(w;v) (4.44)

forallT € 7,7 € T,almostall w € Qand any v € St.

Now we are ready to introduce the lower bound, or efficiency, for the H'-error. We
cite [5, 90] for proofs of the bound for the deterministic Poisson problem that serve
as basis for the proof of the following lemma.

Lemma 4.3.5. For any partition T € T and almost all w € Q) there holds

(W ur (W) S tmax(@)|[u(, @) = ur (-, )| (p) + oser(w;ur(, w)), (445)

where the hidden constant depends only on I, the dimension d and the approximation orders
m, n.

Proof. In this proof we again omit the arguments of the functions u and ut for
brevity We fix an arbitrary element T € 7 and insert the function
wr = 7%,(Rr(w;uTt))pr, where ¢r is the element bubble function defined in (A.4)

with supp wr C T, into the L?- representation of the residual (4.25) as a test function.
Then we have

/ Ry(w;ur)wr dx = / a(x,w)V(u—ur)- Vwr dx.
T T

We add [ (72, —id) (Ry(w; u7))wr dx on both sides and obtain

/T(ni(RT(w;uT)))zlpT dx:/sz(x,w)V(u—uT).VwT dx

/T (id — 722) (Rp(w; ur))wr dx.  (4.46)

Properties (A.6)-(A.7) of the bubble function ¢ and the Cauchy-Schwarz inequality
imply

[ (@ Re(@;ur))pr dx 2 1 (Re(@iur) e, (447)
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[ ae@)V (u—ur) - Vor dx < [la(,0)V (1 = ur) lzgn) I Veor iz

< tmax(@)hg |1 = g | ) | 705, (R (w5 ur)) 127, (4:48)

| [ tid =72 (Rr(w; ur)yr dx] < (id = ) (Re(@w; w7 ) izl 121,
< |I(id — 73,) (Rr(w; ur)) | 2r) 1725 (R (w; ug)) | 2r), - (4:49)
where the hidden constants depend only on the shape-regularity I' and the order m.
Relations (4.46)-(4.49) provide
hrl| 7 (R (w; 7)) 121y S ttmax (@)l = 17 ||y + hr || (id = 723,) (R (w5 7)) |27
4. 50)

Now, we fix an arbitrary face E € £ and insert wg := 712(Rg(w;ur))pr, where
Y is the face bubble function defined in (A.5), into the L2- representation of the
residual (4.25) as a test function, which gives

/E (ﬂ%(RE(aJ;uT)))Zl[JE dx = / a(x,w)V(u—ur) - Vwg dx
—Z/ (Rr(w; ur))we dx

TedE

- ) / (id — 72) (R (w; ut))wg dx

TedE

(4.51)

~ [ (id = ) (Re(wiur) o dx.

Properties (A.8)-(A.10) of the face bubble function r and the Cauchy-Schwarz in-
equality imply

[ (FiRe(@iur)) e dx 2 |17 (Re(wir )|, @52)

/ a(x,w)V(u—ur)- Vwg dx

E

_1
S max (@)l ? [lu — “THHl((pE) Hnrzz(RE(wi“T))HU(E)r (4.53)

) / (Rr(w; ut))we dx‘

Tegr

1
S 3l (Re(w;ur)llize) Y 170 (Re(w;ug)) lizr),  (4.54)
T€¢E
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| [ (id - ) (Re(up) o dx|

Tegr

< 12|72 (Re(w; ur))llrzey Y I1(id = 723,) (Rr(w; ur)) |12y, (4.55)
T€¢E

) /E(id — 13) (Re(w; ur) yw dx‘
< ||(id = 73) (Re(w; ur) [l 2g) | 7057 (R (w; ur)) | 2(E), (4:56)

where the hidden constants depend only on the shape-regularity I' and the orders
m, n.

Together with (4.50), relations (4.51)-(4.56) provide

1
hi |l (Re (w5 u7)) | 2(e) S tmax (@) 14 = 7 || 11 gy

+he Y |l(id — 72) (R (w; ur Nle2(r —I—]’lZH(ld 72)(Rg(w; ur))l2py-  (4.57)
TEd:

Finally, (4.50) and (4.57), the triangle and Young’s inequalities, shape-regularity of
the mesh 7" and the finite overlap property of patches ¢, E € £ prove the lemma.
O

Another property of the oscillations that is used later for deriving the order of con-
vergence of the adaptive method is presented in the following proposition.

Proposition 4.3.2. Forall T € T,7T € T and v,w € S there almost surely holds
oscr(w;v) < oser(w;w) + hrlla(, w)|wie |0 — @l g1 pr) (4.58)
where the hidden constant depends only on I' and the dimension d.

Proof. We closely follow the derivation of (4.35) (see [26, Proposition 3.3]). The tri-
angle inequality together with linearity of L>—projections provide

oscr(w; v) < oser(w;w) + hr||(id — 75,) (V - (a(-, ) (0 = w))) 127
1 .
+h3]|(id — 71 Re(w; 0 — ) | r29rrp)- (459
We use (A.13) in order to obtain the following estimate

1(id = 71,) (V- (& (-, ) (0 = w))) | 27y < [1(id = 7557) Va (-, @) || o () | V (0 = ) [| 2y
< |[Va(, )|y V(0 = w) || 2¢r)-  (4.60)
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Using the inverse inequality (A.12), (A.14) and shape-regularity of 7 we have
| (id — ”%)RE(‘U)U —w) HLZ(E)
1 1
S | (id — ”f)“('/w)HLW(T) (hT2 V(v - w)HLZ(T) + hop? V(v — W)HLZ(T')>

1
< ]’Z%HVlX(,aJ) ||L°°(T) ||V(ZJ - ZU) ||L2(¢E)’
(4.61)

where T’ is the neighbour of T with a common face E.

Now, (4.60) and (4.61) substituted into (4.59) prove the claim of the proposition. [

Remark 4.3.2. All pathwise results in this subsection hold not only for globally Lip-
schitz realizations a(-,w), w € Q, but also for realizations that are only piecewise
Lipschitz over 7y, as well as for non-convex spatial domains D.

4.3.4 Measurability of solutions

In this section we address the question of measurability of the solution mappings
Q3w u € HY(D) forl € N.

We first show measurability of the mappings Q) > w — ug(,w) € Sy (w) C
H{ (D), where u (-, w), k € N denote the solutions obtained by Algorithm 1.

Lemma 4.3.6. The mappings Q0 3 w — ugy(w) € Sy (w) C H(D) are measurable for
all k € IN.

Proof. According to the result of [48, Theorem 2.3], which is obtained for a more
general case of variational inequalities but also holds in the special case we con-
sider, measurability of the set-valued mappings Q) 5> w +— S (w) C H{ (D) implies
measurability of the mappings Q > w — uy (-, w) € Sy (w) C H(D) for all
k € N. In this case the mappings Q 5 w — 77, () (W; U (-, w)) € [0,00) are
also measurable, because the 777, («) (w; U (-, w)) have an explicit formula defined
in (4.26)-(4.28) that includes only deterministic manipulations applied to measur-
able functions. Note that the element sizes hr(w), T € T)(w) are random, but are
determined by the spaces S;)(w).

Taking into account that S(g) is constant for all w € () and that the corresponding
set-valued map is trivially measurable, by induction it suffices to show that () >
w — Sy (w) C H(D) implies measurability of QO 3 w + S(.q)(w) C Hy(D) for
any k € N U {0}.

Given T, we can define a vector of all elements (T;);en, such that any partition
T € T can be represented as 7 = Ujen Tie! (T), where e (T) = (el (T))ien is
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the indicator vector defined as

I(T) = {1, if T,eT,

0, else.

Let (A;)ien denote the collection of all finite element basis functions corresponding
to all partitions 7 € T, i.e. for every 7T the finite element space S(7") can be repre-
sented as S(7°) = span{A;e;(S(T)), i € N}, where e(S(7)) = (¢;,(S(T)))ien is the
indicator vector defined as

1, if /\Z‘ES(T),
0, else.

ei(S(T)) = {

Since any Sy (w), k € N U {0}, w € Q) can be represented as

S (w) = span{Aie;(S)(w)), i € N}, inorder for the mapping QO 5 w + Sy (w) C
H} (D) to be measurable, it suffices to show that the indicator vector e(S (k)) is mea-
surable. Notice that there is a deterministic one-to-one correspondence between the
indicator vectors e(Sx)) and ™ (7). Therefore, it suffices to show measurability of
the latter.

Summarizing, having measurability of e* (7)) we would like to show measurability
of eT(T(k +1))- Without loss of generality we assume that for all w € Q) the elements
in e" (7 (w)) are ordered according to the decreasing order of corresponding

Nt (w; uge (-, w)), where 51, (w; g (-, w)) are set to 0 for T; & Ty (w).

Each refinement step providing a mesh 7, 1)(w) given T (w), w € €, consists of
two substeps. The first substep is based on the Dérfler marking and the second sub-
step performs closure. Let us denote the uniform refinement of 7;)(w) by T(‘,g‘(w)

The indicator vector eT (T(‘]g‘) inherits its measurability from the ™ (7)), because it
is obtained in a deterministic procedure. Now, we denote the refinement of 7;)(w)
obtained by adaptive refinement based on the Dérfler marking by T(]kD) (w). The co-
efficients of e’ ('T(]kj) (w)) can be represented as

T (TR (@) = M (T (@) (H (612 () (0 ()

m
+ 1 (L gy () = 1, 1) ()
]:

'HO(QWZT(@(W)(“(k)(‘rW)) - ﬂ%(“(k)(‘rw))))
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where m is such that T; C T,, and Hy(-) and H;(-) are piecewise constant functions,
defined as

Ho(Z) =

H1 (Z) =

1, if
{, if z>0, (4.62)

1, if z>0,
0, if z<0,

0, if z<O.

Since all components of e™ ( 7'(],3)) can be represented as compositions, sums and mul-
tiplications of measurable functions, they are measurable themselves. Finally, in the
closure step we obtain the refinement 7, 1)(w) from the 7'(],?) (w). Since closure is

a deterministic procedure, the coefficient vector e (T(k+1)) inherits its measurability
from eT(’T(]kD) ), which concludes the proof. O

Now, we are able to show measurability of the mappings Q > w — (-, w) €
H{ (D), where u(+, w) are the solutions chosen according to (4.18).

Theorem 4.3.5. The mappings Q) > w — u;(-,w) € H} are measurable for all | € N, i.e.
Assumption 4.3.2 holds.

Proof. According to Lemma 4.3.6, the mappings Q0 > w — up(,w) € Syy(w),
where U (k) (-,w), k € IN denote the solutions obtained by Algorithm 1, are measur-
able. Moreover, the mappings QO 5 w — 77, () (WU (-, w)) € [0,00), k € N
are also measurable (see the proof of Lemma 4.3.6). The solutions u;, I € IN can be
represented as a sum of multiplications and compositions of measurable functions

up =y uHi (7, (5 ug—1y) — Tol)) Ho(Toly — 117, (-5 1)),
k=1

where Hy(-) and H;(-) are defined in (4.62), and, therefore, the mappings Q) 5 w —
u;(-,w) € H} are measurable. O

Hence, we showed that Algorithm 1 with the residual error estimator defined in
(4.26)-(4.28) fulfills Assumption 4.3.2. The only missing property required for the
adaptive MLMC methods introduced in this chapter is a bound for the computa-
tional cost, i.e. Assumption 3.1.2.

4.3.5 Convergence order of the adaptive algorithm

In this section we analyse the order of convergence of Algorithm 1 when the residual-
based error estimation introduced in Section 4.3.3 is used. Since mesh refinement in
the algorithm is steered by the error estimator for a fixed w € (), the convergence
in terms of the number of elements in the resulting meshes is closely related to the
behaviour of the estimator #7(w;u7(-,w)). The best possible convergence order
0 < s < oo obtained by adaptive mesh refinement can be characterized by

; ‘y = i NS ; ‘y 7
7o (W5 U, (@) | B, sup min nr(w;ur (-, w))
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where T(N) :={7 € T:|T|—|To| <N}, N €N.

The condition |17, (w; ur,,, (-, w))|B, < oo implies 117, () (wW; U7 (w) (W) = O(NT?)
for the optimal triangulations 7opt(w) € T(N), where the constant in O(-) may,
however, depend on w € Q).

The following theorem shows quasi-optimal convergence of the adaptive Algorithm 1,
i.e. if the decay order s is achieved when the optimal meshes are chosen, this order
will be realized by the adaptive Algorithm 1. This result is adopted from [25, Theo-
rem 4.1].

Theorem 4.3.6. Algorithm 1 with the residual error estimator defined in (4.26)-(4.28), mesh
refinement described in Section 4.3.2 and any Dorfler marking parameter 6(w) that fulfills

. 3,00y \ 1 . L
0 < b(w) < 0*(w) = (1 + CgtabCrzel#(w()D)) , provides almost surely quasi-optimal

convergence of the estimator in the sense

- N (w) (@5 Ui (4, @)
- (\7—(k)(w)’ - ’720)|)_S

S COpt (w) |177;)pt (w; u%pt(" C(])) |IBs
(4.63)

e300 s+3 ,
forallk € N, s > 0, where Copt(w) =1+ (ﬁ + WM) * the hidden constant
in the left inequality depends only on the bisection depth b and the hidden constant in the

right inequality depends only on b, s, d, hy, Cesh, Cmin, I and D.

|177:)pt ((U, u%pt (.’ (U)) |]B

Proof. We follow the deterministic results in [25], the random analogues of which
are presented in Appendix B. We fix an arbitrary w € (2 and k € IN. The proof holds
for almost all w € Q.

We suppose that the right hand side of (4.63) is finite, otherwise the upper bound
holds trivially.

201,00 )\ ~1 .
We choose 0p(w) := (1 + Cimb@ilig#@?) (1—671) < 1 with some 6 > 1. Then
Proposition B.0.1, together with the discrete reliability (4.32) and stability (4.33) of

the error estimator, implies that there exist a k(w) > 0, such that the implication

(@t (-, @) < K@) (o (@510 (@) =

QWZT(k)(w)(W}”(k)('/w))S Y i (wiug(hw)) (4.64)
TE’T(]()((AJ)\T

holds for all 0 < 8 < 6y and all refinements 7 € T of Ty (w). Moreover, k(w) can
be represented as (see the proof of Proposition B.0.1)

1 2 2 Ha”%/\/l,ooa))
1— 90 (1 + (1 +0 )Cstabcrelﬁ)
K(w) =

min (

1+6 !

(4.65)

and it holds that 0 < x(w) < 1.
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Substituting 0 into (4.65), we can see that

(1+6)(1+ 2, C2 Ll

rel (XZ (w)

K(w) = ) > 6%(1 4 0).

o I o,
stab —rel az (w)

5-1462C2

This, together with the monotonicity (4.29) of the error estimator guaranteed by
Proposition B.0.2, ensures that there exists a certain refinement 7*(w) € T of T (W)

for which the set of refined elements T (w) \ T*(w) C Tk (w) satisfies

1 _1

[T (@) \ T ()] < co(@) 175, (w5 075, (- ) g 117, (@501 (@), (466)

where the constant cp(w) depends only on x(w) and s. Since x(w) is bounded from
above and below by constants independent of w, ¢p(w) is uniformly bounded from
above by a constant that we denote by comax- By Proposition B.0.2, the set 7y (w) \
T*(w) also satisfies the Dorfler marking condition (4.21) for all 0 < 6 < 6y(w).
Therefore, we have

Mo (@)] S [Ty (@) \ T (w)], (4.67)
where the hidden constants depend only on Cpin from Remark 4.3.1.

Utilizing the closure estimate (4.22), together with (4.66) and (4.67), we then have

= m\»—\

k—1 1 K=
|T(k)(w)|_|7-(0)|§;)|/\/l( w)| S 7 (Wi, (- w))lg, Z (i (w)),

(4.68)
where the hidden constants depend only on Cyhesh, Cmin, €0,max and s.

The stability (4.33) and reduction (4.34) properties of the error estimator imply (see
Proposition B.0.3) the estimator reduction

M () (@i 1) (5 @) < 0117 (0 (@i ta(a (@) +€1(@) 1 i) (- @) =g (-, @) |,
(4.69)
for all k € N U {0} with constants
pri=(1+8) (1~ (1= prea)d) >0, c1(w) = 2(1+35)Chpllallfyimpy >0,

where § > 0 can be chosen sufficiently small such that p; < 1,and 0 < 8 < 6p(w).

(1—prea)®
We le 5 = % thel‘l

1 _ _
0<pr=1-3(1-pra)f <1, c1(w)= 2(207 (1= pred) " = 1) Coap &l fy10 ) > O-
According to Proposition B.0.4, the estimator reduction (4.69) implies

Z 17'27—(1‘)(‘0) (w;u(i)(.,aJ)) < C2(CU)177—(k)(w) (w;u(k)('rw))/ (470)
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where
x(@) = (pr+aw) 50 )1 -p)
i (W)
let] 100
:2(1_pred)71971_1+8CQOC§tab(1_pred) 29 Zazwi(w) (4.71)
el g0 (>
4Cq0Cstab(1_pred)_19 ! 062 (w))~
In turn, (4.70) implies (see Proposition (B.0.5)) that
k—1 Y .
Y17 (o (Wit (0 @) < sl G (@5 (@), (472)
i=0
1
where ¢3(w) = (1+ c2(w))V2(1 = (14 ¢; N (w)) V)1 = el

(It ea (@) V2= 5 (@)

1/2s

By using monotonicity properties of the function x*/<°, which is convex/concave for

different values of s, one can show that

a3(w) < {25(1+C2(W))1+215,

v5)
v

_1

25(1+ c2(w))ic, *(w),

95}
A
NI NI—

Now, combining (4.72) with (4.68), we obtain
[T (@) =1 Tio)| S €3(@) 1750, (3 7, (, ) E 517, (o) (@3 01y (- 0))-

Note that since c;(w) > 1, there holds

1

S(w) < (1+C2( ))SJFE/ s>
1+ S+2( ), s

7

(4.73)

A
NI= N=

Substituting (4.71) into (4.73) one can derive that c§(w) < Copt(w) for any s > 0.
Hence, we obtained the upper bound in the statement of the theorem.

To prove the lower bound in (4.63) we now suppose that the middle part of (4.63) is
finite, otherwise the bound holds trivially. Let N € IN be arbitrary, and let k be the
largest integer such that 7;)(w) € T(N). Then, by definition of T(N) and properties
of refinement by bisection, we have

N < | Ty (@)] = [Ty < 21T (@) = | Tioyl,
which leads to

Tg?)N nr(w;ur (-, w)) S ([T (@) = [T0) ) 175 (@) (@i wgy (@),
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which concludes the proof. O

Let us notice that 8* in Theorem 4.3.6 depends on w € () and in general does not
have a uniform lower bound. In what follows we fix

-1
[|a leoo
0 1+ C3 czi 1—671, 4.74
(w) ( + stab “-rel “min(w) ( ) ( )

for some é > 1.

According to the reliability property (4.30) of the error estimator, the convergence
order of the estimator directly implies at least the same convergence order for the
error. However, according to the efficiency property (4.45), overestimation may oc-
cur and the error may decay faster than the estimator. The following proposition
provides a relation between convergence of the error estimator 77 (w; ur(-,w)) and
convergence of the so-called total error (see [26]) that includes the H 1_error and the
oscillations.

Proposition 4.3.3. For a given T € T there a.s. holds

tr(wiur(,w) 5 b (Ceql@)[u(sw) = ollmp) +oser(w;v)), (4.75)

nt () = ollnio) + osr (i) S (s 4 1) ar(wing (@), 679

it (@ (@
where Ceq(w) = S5 4 (859 4 1) Jla(, ) | yae )

min w) min w

Proof. We follow the deterministic result in [25, Theorem 4.4]. The efficiency (4.45),
oscillations property (4.58), Céa’s lemma [28, Lemma 3.8] and triangle inequality
provide (4.75). Indeed,

nr(w;ur (W) S tmax(w)|[u(-, @) = ur(, w)|lmp) + oser (w; ur (-, w))

< rf‘fggw))uw ©) = 9l + 16C @)oo — 167 () 1) + 0507 (@ 0)
8312 () a2 ()
S S ) ol + el (m/(w 1) o= ) Loy

+ oscr(w;v),
forallv € S(T).
The reliability (4.30) and (4.44) imply (4.76). O

According to Proposition 4.3.3, the condition |17, (w; u7,, (-, @))|B, < o0 is equiva-
lent to |u(-, w),a(-,w), f(-,w)|a, < oo, where

U, :=sup min inf N°(|lu—o ) +oser(w;v
e fla, = sup min inf N(lu — ol +oser (w;0))
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Note that the approximation class As; = {(u,a,f) : |u,a, f|a, < oo} involves
non-linear interactions between u and the functions f, a through the oscillations.
Therefore, characterization of this class is far from trivial and is still available only
partly in the literature, see Remark 4.3.4 below.

Although Theorem 4.3.6 provides quasi-optimal convergence of the error estima-
tors, one does not always know what the optimal order is. The following theorem
states that convergence of the adaptive finite element method is at least as good as
convergence of the uniform one.

Theorem 4.3.7. For all k € IN and almost all w € Q, Algorithm 1 with the residual error
estimator defined in (4.26)-(4.28) and mesh refinement described in Section 4.3.2 produces
Ty (w) and corresponding u (-, w), N (@) (w; g (-, w)), such that

1

N7 (w) (Wit (@) S Cr (@) (| Ty (W) | = [Til) 7,

D‘mm

lleell oo
where Cpp () = Copt (@) (amax<w>cun<w> + (1+ T2 £ >HL2<D>).
Proof. According to Theorem 4.3.6 we have

opt (@) (I Ty ()] = [ Tio) ) [175g0 (@ 75, (-, ) [,

—S .
O - NS ; ‘y .
pt (@) (| Ty (W) = [T ) sup min, nr(w; ur (-, w))

N (w) (@it (@) S C
C

The efficiency (4.45) of the error estimator provides

sup min N° w;u < sup min N°(&max u(-,w)—ugy(-,w
NEETET( N nr(w;ur (-, w)) NEETET( N (amax(w)[[u(-, @) = ug (-, @) || g (py
+ oscr(w;ur (-, w))). (4.77)

We choose the 7yn € T of minimal cardinality obtained by uniform refinement of
7’(0) such that |7yn| > N, then Lemma 4.2.1 yields

(-, @) = uz, (@)l (D) S Cun(@)NTHE, (4.78)
Using the oscillations property (4.58) with v = uy. (-, w), w = 0 and (4.5) we have
oscr,, (w7, (@) < hun (| (id = 73) (@)l 12(0) + lllwrm o) 4720 (- @) 1)

N (14 0 ) 47

Since Tun € T(N), combining (4.77)-(4.79) we have

el o
sup min Ni w;u < Amax (W) Cyn (w —|—<1—|—)
sup min N (w307, )) 5 () Con(0) + (142N £ ) 1

which proves the theorem. O
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Returning to the multilevel Monte Carlo method, one can show using Theorem 4.3.7
that Assumption 3.1.2 holds with the appropriate constants when the adaptive Algo-
rithm 1 with residual-based error estimation and multigrid methods are used. Note
that Algorithm 1 includes the computation of the solutions and error estimators for

allk=0,...,k(w).
Algorithm 1 terminates when the condition (4.18) is fulfilled, which implies

Mg (@) k(@) (@) < Toly <nig @) (k@)1 (@) (4:80)

Incorporating the result of Theorem 4.3.7, we obtain

Tol; < Cr2 (@) (| Tikyw)-1) (@) = [T(0y]) 7,
which yields

Ttk (@) < 22| Tk ) 1) (@) | < 27| Ty | + 2°Ca (w) Tol 2.

According to (4.15), the uniform partition 7o) fulfills [7g)| =~ Toly 9, with the hid-
den constant that depends only on the size of the domain D, the dimension d,
[Cadllraa () @and [[Cunl[rraa(q)- Then, taking into account that Toly? < Tol ™ for
alll € N, we have

Titan (@) ] S (1+ Cla (@) Tol; (@.81)

Theorem 4.3.7 also yields the relation
Ty ()| S [Toyl + Cde(w)n}(f)(w)(u(k)(-,w)),

for all k € IN U {0}, which, in combination with the convergence stated in Theo-
rem 4.3.3, relation (4.80) and properties of geometric series, provides

kl(w)—l

L 17w)] < k@) T |+ Chal@)CUR ez, (s ()

kl(w)—l

Y el )
k=0

< k()| Tio)| + Cla (@) CY2, (w) (1 — p%2, (w)) " Tol 7.
(4.82)

The definition of the residual-based estimator (4.26)-(4.28), together with the triangle
and Young’s inequalities and (4.5), provides

H"‘HWL“’(D)
“min(w)

170 (1) (w)) S Co(w) = (1 + )Hf(vw)HLz(D), (4.83)

where the hidden constant depends only on hy, D and the dimension 4. Since
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Copt(w) > 1 for all w € Q) (see Theorem 4.3.6), we have Co(w) < Cyz2(w) by defini-
tion of Cpp2 (w).

Now, combining (4.80) and the result of Theorem 4.3.3, we have

k —
Tol}? < Ceonv(@)pcind ™ (@)1, (o) (-, ),

which together with (4.83) yields

k(@) =1 <10, () (oo <o><-,w>>Tol%)
) (Ca

< 1OgPC()nv Conv ) To l2> (4 84)

< §1n<p;om<w>> 1c§4§v< >c;zz<w>Tolfd.

We again utilize multigrid methods [20, 22] for computing the approximations ;) (w)
to the solutions u ) (w), w € Q, k € NU {0}. The multigrid methods have linear
complexity in |7y (w)]| at the mesh level k, i.e.

Cost (i) (w)) < Cuma(w)| Tk (@)], (4.85)

for all k € N U {0} and almost all w € Q), where Cyi; depends only on T, amin and
&max. The error estimators can be computed with the cost

Cost (7, (i) (- @))) < Cy| Ty (w)], (4.86)

where C, depends only on the dimension d. Then, utilizing (4.81), (4.82), (4.84),
(4.85) and (4.86), we have

k;(w)—l

Cost (il (w)) < Cume(w)| Tk w)) (@) + (Cy+ Cumc (@) Y [T (w)]

k=0

< (Cua (@) (1 + Ca(@)) + (Cy + Cuc (@) (1+ Cha (@) Culw)) ) Tol;*,
(4.87)

where Cy(w) == In(ozL, (w))1C2 (w) + C¥2 (w d/2 (w))~L
IO pconv

Note that the random variables Cyig and C, depend only on amin, ®max, HD(HWLoo(D)
and some deterministic constants. We make the following assumption in order to
be able to bound the expected computational cost for computing solutions (-, w),
w e Qforalll e NU{0}.

Assumption 4.3.3. Cyig, Cy € LP(Q)) forall p € [1,00).
We are then ready to state the following theorem.

Theorem 4.3.8. Let Algorithm 1 with the residual error estimator defined in (4.26)-(4.28),
mesh refinement described in Section 4.3.2 and
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. 21,00\ 1 y .
0 < 0(w) < 0*(w) = (1 + CgtabCfd#(w()D)) be utilized for constructing the path-
wise hierarchies of spaces Sy (w), k € INU {0}, let Assumption 4.3.3 hold and py €
(max{d,2},oo|. Then multigrid methods applied for iterative solution of the pathwise dis-
cretized problems of the form (4.12) fulfill Assumption 3.1.2 with v = d and a constant Ceost

that does not depend on 1 € N U {0} and w € Q.

Proof. According to Proposition C.0.7, || C4, (w)) || 1r(q) < oo forall p € [1, "). Then
relation (4.87), Assumption 4.3.3 and Holder’s inequality imply

E[Cost(fi(w))] £ (€ + E[Cua] + |Cuallm I Cfe (@) (@
+ CylICellim @ lIC (@)l
+ HCMGHL*?(Q)HCIXHL”B(Q)”C‘[iﬂ(w))HLP(Q))TOlz_d/

where p € [1,%), p1 = %, -+ % = + and the hidden constant depends only on

b/ d/ D/ hO/ F/ ||Cad||LPad (Q) and ||Cun||LPad

==

0)- This concludes the proof. ]

—

As it is seen in the proof of Theorem 4.3.8, it is possible to weaken Assumption 4.3.3
and only assume that Cyig € LPMS(Q)) and C, € LP«(Q)) for some pumc, pa € (1, 00).
For the sake of simplicity however, we have chosen to use Assumption 4.3.3.

Remark 4.3.3. If we let the stronger set of assumptions described in Remark 2.2.2
hold, Cymg, Co € L*(Q)) and it is enough to assume p [&S [d, 0] in Theorem 4.3.8.

According to Theorem 4.3.8, in order to have Assumption 3.1.2 fulfilled for adaptive
MLMC methods described in this section, we need to strengthen Assumption (2.2.1)
(iif). Particularly, in order to have the result of Theorem 4.3.2 we need to require
pr> max{Z%,d}.

Although Assumption 3.1.2 is fulfilled for both classical and adaptive finite element
methods, the constant Ceost corresponding to one of the methods might be larger
than the constant corresponding to the other. This depends on properties of the ran-
dom solutions. If the random solutions exhibit locally rapidly changing properties,
the adaptive finite element method might perform better than the classical uniform
method.

Remark 4.3.4. In case when the functions (-, w) are piecewise polynomials over 7y
(not fulfilled for log-normal fields), it is possible to characterize the class As in terms
of standard approximation classes [26, Lemma 5.3]

. 1 . . .
As:=={u € Hy(D) : sup min vésr,‘(fn N*[|u =0l (p) }

As = {f € L*D): in  N°||(id — 7, .
if (D) sup min | (id — 755) f [l .20y }

The class As can, in turn, be characterized by some particular Besov spaces in the
case d = 2, see [17, 18]. Therefore, the theory of adaptive methods presented in this
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thesis can be extended in this case to a larger class of problems, which is beyond the
scope of this work.

Remark 4.3.5. In the case when one is interested in an expected output of inter-
est and this output is described by a linear continuous functional, it is possible to
improve both the theoretical guarantees and practical performance of the adaptive
MLMC-FE method by utilizing goal-oriented error estimation [46, 71, 75]. Based on
the results in [71] it is likely possible to extend the results presented in this section
to adaptive FE algorithms based on goal-oriented error estimation. Some numerical
results for a method combining the MLMC ideas and pathwise goal-oriented error
estimation are shown in [33].

Remark 4.3.6. All results in this section are presented for problem (4.1). As for prob-
lem (2.8), there exist convergent adaptive FE methods based on residual error esti-
mation [21] and hierarchical error estimation [81] for variational inequalities. The
order of convergence is, however, still an open question in both approaches, which
makes the analysis of the computational cost of the methods difficult.

To summarise, we have shown that our assumptions required for convergence of
the adaptive MLMC-FE methods introduced in Section 4.3 can be fulfilled by Al-
gorithm 1 with the residual-based error estimator defined in (4.26)-(4.28) and mesh
refinement described in Section 4.3.2. Theorem 4.3.4 provides the validity of As-
sumption 4.3.1. Theorem 4.3.5 shows that Assumption 4.3.2 is fulfilled. Finally, As-
sumption 3.1.2 holds under Assumption 4.3.3, according to Theorem 4.3.8.

4.4 Level dependent selection of sample numbers

The multilevel Monte Carlo methods described in Sections 3.1 and 3.2 cannot be im-
plemented according to Theorems 3.1.1 and 3.2.1, because the numbers of samples
on each level introduced in the proofs and the spatial error estimation depend on
constants that are usually not available in practice. We will follow the heuristic ap-
proach suggested by Giles in [41, 40] and give two versions of the multilevel Monte
Carlo algorithms corresponding to Sections 3.1 and 3.2 respectively.

Approximation of the expected solution

The algorithm is based on the identity (3.5) and aims at approximating E[u] up to a
tolerance Tol, i.e

Utilizing (3.5), one can achieve (4.88), for example, requiring
Tol
Elu—1 < —, 4.89
B~ 2l < 2 (4.59)

L 2

_ . 5 Tol
Y MW — i) < —— (4.90)
1=0
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It is not possible to verify (4.89) directly because it includes the unknown u. We
assume that for each / € IN and for almost all w € () there holds

11 (@) = (@) 0y < (@) = 2 (@), @91)

where g is as in (3.2). Then, utilizing Jensen’s inequality, the triangle inequality
and (4.91), we have

[ — ][l py < Elllu = arlm o)) = Ell EiZp (@ = @) o))
< B[R 3 = allmpy) < (071 = 1) El|laL — el g p))-
Therefore, in practical computations, condition (4.89) can be replaced by

_ _ _ 1
Bl ~ 2uallnp)] < (37 = 1) Tol @.92)

In order to ensure (4.90) and define the number of samples on different levels we
solve the following optimization problem

minyg, Yo MiE[N],

(4.93)
s.t. Yo M MV iy — it 4] = Tol?/2,
treating the M as continuous variables, where Nj(w) = dimS;(w).
The solution of this problem is given by
L —
_ Vil — ;4]
opt 2 = . l -1
MOt = 2To] l;) VI — 11BN ~EN (4.94)

We replace E and V in (4.92) and (4.94) by computable sample approximations Ey
and V) obtained from M samples and obtain

N ~ _ 1
En, [lie — e allmpy) < (7" = 1)ﬁT0L (4.95)

Vi, [ — 1]

E TN (4.96)

L
M?pt = 2Tol 2 ZO \/VM]. [11,‘ - ﬁi—l]EM,- [NJ
i=

Now, we are ready to list the multilevel Monte Carlo algorithm for approximating
the expected solution, see Algorithm 2.

Note that in the uniform case there is no need to compute the average partition
sizes in (4.96), because they are constant for each level. Furthermore, evaluation of
samples in Algorithm 2 in the adaptive case is performed by applying Algorithm 1.
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Algorithm 2 Adaptive MLMC algorithm for expected solution

1: Input: 7o, q, Tol, Min;
2: Initialize L := 1, set M; := Mjni, [ = 0,1
3: while not converged do

4: Evaluate required samples
5. Compute / update Vi, [il; — 6;_41], [ =0,...,L
6: Compute optimal M?pt, I =0,...,Laccording to (4.96)
7: Evaluate additional samples
8: Check convergence according to (4.95)
9: if not converged then
10: Set L := L+ 1and M} := Mjnit
11: end if

12: end while
13: Compute EL[ii;] according to (3.4)
14: Output: EL[i1;]

Approximation of the expected output of interest
The algorithm for approximating the expected output of interest is based on the

identity (3.10) and aims at approximating the mean root square error e(EL[Q(iiL)])
up to the tolerance Tol, which can be done by enforcing the inequalities

(4.97)

- Tol?
> MVIQ(@) - Q(ay)] < - (4.98)
1=0

We make an assumption similar to (4.91), namely that for each I € IN and for almost
all w € Q) there holds

1Q141) — Q)| < q|Q() — Q(i-1)]. (4.99)
Then, condition (4.97) can be replaced by
E(|Q(#) - Q1)) < (37" ~ 1) Tl (4.100)

We ensure condition (4.98) by solving the optimization problem
miny, Yo MIE[N]],

(4.101)
s.t. o MV[Q() — Q(i—1)] = Tol?/2.
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The solution is given by

B _ o2y 0@, V
M} = 210l )\ /VIQ(m) — Qla-1)JEIN] BN 109

We replace E in (4.100) and (4.102) by a computable sample approximation Ey; with
M samples. Abusing the notation we use V) to denote a sample approximation of
V with M samples here and use this approximation in (4.102). Therefore, we have

Eu 1Q(m) = Q1) < (47! = 1) T, (4103)
Opt _ 512 : ) — Ol 7V [Q) — Q(i-1)]
MO = 27Tol i_zo\/vM,.[Q( ) — Ol 1_1)]EM,.[N1]\/ BTN, . (4.104)

The multilevel Monte Carlo algorithm for approximating the expected output of
interest is listed in Algorithm 3.

Algorithm 3 Adaptive MLMC algorithm for expected output of interest

1: Input: 7y, q, Tol, Minit

2: Initialize L := 1, set M; := Mjni;, [ = 0,1
3: while not converged do

4: Evaluate required samples

5: Compute / update Vi, [Q(i7;) — Q(#;-1)], I =0,...,L
6: Compute optimal MlOpt, [ =0,...,L according to (4.104)
7: Evaluate additional samples
8: Check convergence according to (4.103)
9: if not converged then

10: Set L := L+ 1and My := Mjnit

11: end if

12: end while
13: Compute EL[Q(iI} )] according to (3.9)
14: Output: EL[Q(iir)]

Again, the partition sizes in (4.104) are constant for each level in the uniform case,
therefore the averages do not need to be computed. In the adaptive case, Algorithm 1
is used for evaluation of the samples in Algorithm 3.
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Chapter 5

Numerical Experiments

In this chapter we investigate the MLMC methods presented in Sections 4.2 and 4.3
from a numerical perspective. We use the algorithms presented in Section 4.4.

5.1 Poisson problem with random right-hand side

We first consider the Poisson problem

a(w;u(-,w),v) =L(w;v), Vv € HY(D), (5.1)

where D = (—1,1)? and <p denotes the trace map that associates w € H!(D) to
the restriction yp(w) in H/2(dD). The bilinear and the linear forms are defined as
in (2.5) with the coefficient a(x, w) = 1 and the uncertain source term

flx,w) = e PO (4B2]x — Y ()2 — 4p). 52)
The uncertain inhomogeneous boundary condition is given by
up(x,w) = e’mx’y(“’”z, x €9D, we Q.

Here B is a positive constant and Y = (Y3, Yz)T is a random vector which compo-
nents are uniformly distributed random variables Y3, Y> ~ U(—0.25,0.25). For each
w € () the pathwise solution to (5.1) is given by

u(x,w) = e_m"_y(“’)‘z, x € D. (5.3)

The stronger version of Assumption 2.2.1 described in Remark 2.2.2 is satisfied for
this problem. Therefore, the solution is unique and we have spatial regularity in
the sense that u(-,w) € H?(D) for almost all w € Q. However, u(-,w) exhibits
a peak at (Yj(w),Y2(w)) € D that becomes more pronounced with increasing f3,
thus leading to a larger constant Cy, in the uniform error estimate (4.6). We have
ps = o0 and Cyn, Coq € L” (Q)) in this toy problem. We are interested in the expected
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solution E[u] and compare the performance of MLMC finite element methods based
on uniform and adaptive refinements for § = 10, 50, 150.

Pathwise adaptive refinement is performed as described in Section 4.3, with the ex-
act finite element solution replaced by an approximation provided by an iterative
method to be described below. Since selection of 7y according to (4.15) is difficult
in practice, we choose the initial partition 7 ) that consists of 128 congruent triangles
for both uniform and adaptive MLMC and set

Tolo := |17, (-5 (o)) 1200,

where we approximate the L?(())-norm by a Monte Carlo method with 1000 sam-
ples. We choose Tol; according to (3.2) with g = % This choice guarantees

[l = w1l 2 ;3 () < I Cadll () Tol,

foralll € IN U {0} in the adaptive case. The accuracy criterion (4.18) then takes the
form

MG (@) (@5 U )) (@) < Toly = g7, (5 1000) 200 (5:4)
and is used as the stopping criterion on each level in the adaptive MLMC method.

Discretized equations of the form (4.4) and (4.12) are solved iteratively by the classi-
cal multigrid method with Gaufi-Seidel smoothing. The accuracy condition (4.10) is
replaced by the stopping criterion

1), w0) — @ ()l < aigTols, (55)

where ﬁ{ denotes the j-th multigrid iterate and 0,; = 0.001 is a safety factor that

accounts for estimating the algebraic error ||u;(-, w) — (-, @) ||y (py by Hﬁ{(-,w) -
_j—1

“i (w) HHl(D)-

The implementation was carried out in the finite element software environment
DUNE [19]. As a mesh manager we utilized the module dune-alugrid [6]. We used
the dune-subgrid module [45] for the evaluation of the sum of different approximate
evaluations of u;(w) on different grids. Due to the incompatibility of dune-subgrid
and refinement by bisection implemented in dune-alugrid we utilized local “red”
mesh refinement [12, 15] with hanging nodes [43, Section 3.1]. Our results show,
however, that the adaptive Algorithm 1 converges also when this type of refinement
is used.

We used the Dorfler marking strategy (4.21) with 6 = 0.5.
For all simulations we set the initial number of samples Miy;; = 50.

The cost for the evaluation of 7;(-,w) € S; in the uniform case is set to the corre-
sponding number of unknowns N; = dim S; multiplied by the number of multigrid
iterations v (7 (-, w)) performed for computing the solution that fulfills (5.5), i.e.

Costun (i1 (-, w)) = Ny (il (-, w)) + Ni_av (i1 (-, ).
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FIGURE 5.1: Errors achieved by uniform and adaptive MLMC against
Tol~! for the Poisson problem with random right-hand side.

Let us notice that in the adaptive case seeking a solution that satisfies (5.4) is an
iterative process and involves solving the problem (4.12) forallk =0, ..., k;(w). We
therefore set the cost for the evaluation of (-, w) € S;(w) to be

(@)
Z Nk (,U)),

Costag (1 (-

where Ni(w) = dim Sg(w) and v (i (-, w)) is the number of multigrid iterations
performed for computing different (-, w), k = 0,...,k/(w). We note that this
definition of the cost does not take into account the cost of computing the error esti-
mators and mesh handling. The computational cost for the adaptive MLMC method
with L levels is then given by

L M k(w)
COSt<EL[uL Z Z Z ﬂ ),i('/w)>l (56)
1=0 i=1 k=0
which reduces to
Mo
Cost(EM[i1L]) = No Y v(ilo;(-, w))+

i=1
L M, M,
Z <N121/(ﬁ11( w))+ N4 ZV -1,i (- )))
=1 i=1 i=1

in the case of uniform refinement.

Figure 5.1 illustrates the convergence properties of uniform and adaptive MLMC
methods for different values of B by showing the realised error against the inverse
of the required tolerance Tol. Here, the error ||E[u] — EX[i]]] [2(Q;H}(D)) 1S approx-
imated by a Monte Carlo method utilizing M = 10 independent realizations of
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FIGURE 5.2: The values of Vj, [u; — u;_1] against levels [ for Tol =

0.05 (left) and the optimal number of samples against levels I for

Tol = 0.05, 0.2 (right) for uniform and adaptive MLMC for the Pois-
son problem with random right-hand side with g = 150.

|E[u] — B[] w1(p)- For all values of B, both uniform and adaptive MLMC match
the required accuracy To! as indicated by the dotted line, thus confirming our the-
oretical results (cf. Theorems 4.2.1 and 4.3.1) also in this slightly more general case
of random boundary conditions. Due to limited memory resources the accessible
accuracy of the uniform MLMC is exceeded by the adaptive MLMC for = 150.

We now investigate the corresponding computational effort in terms of required
numbers of samples and mesh sizes. Figure 5.2 (left) shows an example of the values
of V[u; — u;_1], approximated by sample averages with M; samples, against levels
I for uniform and adaptive MLMC with Tol = 0.05 and 8 = 150. We illustrate the
results only for one value of 8, because the qualitative behaviour of the values is the
same for all values of B considered in this section. For both methods the values of
Vi, [uy — uj—1] decrease as Toll2 indicated by the dotted line, in agreement with the
theoretical results (see Remark 3.1.1). We also see that the values of Vjy, [1; — u;_1]
corresponding to the levels of the adaptive MLMC are smaller than the ones corre-
sponding to the levels of the uniform MLMC for almost all values of /. The effect of
this difference is seen on the right side of Figure 5.2 showing the optimal numbers
of MLMC samples M, (sometimes smaller than Miyit), computed according to (4.96),
against the corresponding levels | = 0,...,L. We note that the optimal numbers
of samples corresponding to Tol = 0.05 are obtained from the same runs of uni-
form and adaptive MLMC methods as the results on the left side of the figure. We
see that the numbers of samples required for the adaptive MLMC are smaller than
for the uniform MLMC. Moreover, in this particular example the adaptive MLMC
requires fewer levels than the uniform method. This indicates that the values of
Em, [|liiL — @i -1][ g (p)] (see (4.95)) for the adaptive MLMC method are smaller com-
pared to the values for the uniform MLMC method. We also present the optimal
numbers of samples corresponding to Tol = 0.2, to illustrate that this effect applies
to other values of Tol as well.
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TABLE 5.1: Average number of unknowns on different levels of uni-
form and adaptive MLMC with Tol = 0.05 for the Poisson problem
with random right-hand side, f = 10.

l 0 1 2 3 4 5
uniform | 289 1089 4225 16641 66049 263169
adaptive | 289 811 1837 7255 30057 124199

TABLE 5.2: Average number of unknowns on different levels of uni-
form and adaptive MLMC with Tol = 0.05 for the Poisson problem
with random right-hand side, g = 50.

l 0 1 2 3 4 5 6
uniform | 289 1089 4225 16641 66049 263169 1050625
adaptive | 289 440 1042 2568 8541 34137 141349

Tables 5.1, 5.2 and 5.3 report on the average mesh sizes or, equivalently, the average
number of the unknowns N;;(w) among i =1,..., M, on the levels | =0, ..., L for
one run of the uniform and one run of the adaptive MLMC methods with Tol = 0.05
for p = 10, 50, and 150. The mesh sizes in the adaptive MLMC for all values of
are considerably smaller than for the uniform MLMC and this difference becomes
more noticeable for larger values of f. Even though most of the work in MLMC
methods is performed on coarser levels, this already indicates a gain of efficiency
by adaptive mesh refinement. Note that the adaptive MLMC reached the desired
tolerances already on level L = 6 in the case p = 150.

Figure 5.3 presents an example of partitions and corresponding solutions obtained
for one sample and different levels in uniform and adaptive MLMC methods. It is
clearly seen that adaptive meshes are better suited for problems with locally chang-
ing behaviour of solutions.

Finally, we expect from Theorems 4.2.1 and 4.3.1 that the average computational cost
of both uniform and adaptive MLMC asymptotically behaves like O(L2Tol~2). Fig-
ure 5.4 shows the average of Cost(EL[ii;]), as defined in (5.6), against the inverse of
the required accuracy Tol together with the asymptotic behaviour (dotted line). The
average cost behaves as O(Tol~2) for both uniform and adaptive MLMC methods,
which is better than predicted. As in Figure 5.1, the average is taken over M = 10
runs. Observe that the adaptive MLMC always outperforms uniform MLMC and
that the gain increases with . These experiments confirm that adaptive MLMC can
substantially reduce the computational cost in the presence of random singularities.

TABLE 5.3: Average number of unknowns on different levels of uni-
form and adaptive MLMC with Tol = 0.05 for the Poisson problem
with random right-hand side, f = 150.

l 0 1 2 3 4 5 6 7
uniform | 289 1089 4225 16641 66049 263169 1050625 4198401
adaptive | 289 364 638 1553 4832 17758 67596
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level 1

FIGURE 5.3: Examples of partitions 7; and solutions u; corresponding
to one sample and different levels in uniform and adaptive MLMC
methods with Tol = 0.05 for the Poisson problem with random right-

hand side, g = 150.
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FIGURE 5.4: Average computational cost of uniform and adaptive
MLMC against Tol~! for the Poisson problem with random right-

hand side.
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5.2 Poisson problem with log-normal coefficient and random
right-hand side

In this section we consider the problem
u(,w) € HY(D) :  a(w;u(-,w),v) = L(w;v), Yo e HYD) (5.7)

with D = (0,1)% in d = 2 space dimensions. The bilinear and the linear forms are
again defined as in (2.5). We consider a log-normal coefficient a(x, w) = exp g(x, w),
where g(x,w) is a Gaussian random field with zero mean and exponential covari-
ance function

)
re(x,x") = exp (—Hx /\x Hl) , (5.8)
C

where|| - ||; denotes the /'-norm in IR?> and Ac is the correlation length. We fix
Ac = 0.3. The field a is parametrized with the KL expansion. We follow [29],
where analytical eigenvalues and eigenfunctions are found for the covariance op-
erator with the kernel defined by (5.8). We truncate the KL expansion after 40 terms.
The uncertain source term f is defined as in (5.2) with = 150 and Y = (Y3, Y2) ",
where Y1, Y, ~ U(0.25,0.75).

Assumption 2.2.1 (i) is satisfied for this problem, we also have Lipschitz continuity of
pathwise realizations of «, but we need to assume its Bochner integrability indicated
in Assumption 2.2.1 (ii). Assumption 2.2.1 (iii) is fulfilled with p; = co. As in the
previous section, the solution is unique and we have spatial regularity in the sense
that u(-,w) € H?(D) for almost all w € Q.

As it is mentioned in Remark 4.2.4, it is possible to obtain a sharper bound for the
error provided by the uniform MLMC than presented in this thesis, using duality
arguments. The similar error bound shown for the adaptive method is, however,
sharp. Improving the error bound for the adaptive MLMC method engaging dual-
ity arguments would require goal-oriented error estimation, which stayed out of the
scope of this work. However, for some functionals, such as some particular norms
of the pathwise solutions, one can expect the adaptive method to perform at least as
well as the uniform one. In this section we consider the expected output of interest
E[Q(u)], where Q(u) = [[u|;2(p)- This output of interest formally fulfills Assump-
tion 2.4.1 with Co = 1 and pg = oo, since

1Q(u) = Q)| = [llull2(py = lolli2py| < llu =0l 2y <l =0l gy, (5.9)
for any u,v € H}(D). We are interested in comparing the performance of MLMC
finite element methods based on uniform and adaptive refinements.

As in the previous section, pathwise adaptive refinement is performed as described
in Section 4.3 with the exact finite element solution replaced by an approximation
provided by an iterative method to be described below. The initial partition 7y con-
sists of 32 congruent triangles for both uniform and adaptive MLMC and

Tolo = |77, (- #(0) 1200
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FIGURE 5.5: The values of Ej, [|Q(u;) — Q(u;_1)|] against levels [ for
Tol = 0.0001 for uniform and adaptive MLMC for the problem with
log-normal coefficient and random right-hand side.

where we again approximate the L2(Q))-norm by a Monte-Carlo method with 1000
samples. The accuracy criterion (4.18) then takes the form of (5.4) with Tol; defined
according to (3.2) with g = 3.

The discretized equations of the form (4.4) and (4.12) are solved iteratively by the
classical multigrid method with Gauf3-Seidel smoothing and the stopping criterion
(5.5).

For this example we used bisection refinement implemented in dune-alugrid with
2 bisections applied to each element that is marked for refinement, for both the uni-
form and adaptive methods.

Recall that, according to Theorem 4.3.8, the value of 6 for the Dorfler marking strat-
egy (4.21) that guarantees convergence of the adaptive algorithm (Algorithm 1) is
random and depends on ||a[[y1.~(py and amin(w). However, we chose 6 = 0.5 to be
constant for the results below, for simplicity.

For all simulations we set the initial number of samples to be Mjnit = 50.

We define the computational cost for MLMC methods with L levels by (5.6), as in
the previous section.

Figure 5.5 illustrates the behaviour of the expected value of |Q(u;) — Q(u;_1)| ap-
proximated by a sample average Eyy,, against levels | corresponding to uniform and
adaptive MLMC with Tol = 0.0001. Although, according to (5.9) we have

1Q(u1(w)) = Qur—1(w))| < [Jur(w) — -1 (W) (D)
< Ju(w) — u(w) || g (py + lu(w) — u—1(w) || g1 (py (5.10)
< Cais(w) (1 4+ g7 ") Tol
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FIGURE 5.6: The values of Vj, [Q(u;) — Q(u;_1)] against levels ! for
Tol = 0.0001 (left) and the optimal number of samples against levels
I for Tol = 0.0001, 0.0004 (right) for uniform and adaptive MLMC for
the problem with log-normal coefficient and random right-hand side.

for almost all w € Q, which implies E[|Q(u#;) — Q(u;_1)|] = O(Tol;), we actually
observe that E[|Q(u;) — Q(u;_1)|] behaves as O(Tol?). This, however, corresponds
to the behaviour, predicted in the uniform case in [86, Proposition 4.4.], where the
duality arguments are taken into account

Figure 5.6 (left) shows the values of V[Q(u;) — Q(u;_1)] approximated by sample
averages Vj;, (wWe emphasize that we abuse the notation, denoting both sample ap-
proximations to V and V by V), in this chapter) against levels / for uniform and
adaptive MLMC with Tol = 0.0001. Since

VI[Q(u;) — Q(ur-1)] < E[(Q(wy) — Q(ui—1))%,

the relation (5.10) yields that V[Q(u;) — Q(u;—1)] = O(Tol?). However, our numer-
ical results presented in Figure 5.5 show that a stronger result than (5.10) can be ob-
tained and a faster convergence of V[Q(u;) — Q(u;_1)] can be expected. We observe
in Figure 5.6 (left) that for both methods the values of Vj;, [Q(u;) — Q(u;_1)] decrease
as O(Tol}), as indicated by the dotted line. This behaviour complies with the numer-
ical results reported in Figure 5.5. We also see that the values of Vi, [Q(u;) — Q(u;-1)]
corresponding to the levels of adaptive MLMC are smaller than the ones correspond-
ing to the levels of uniform MLMC for almost all values of I. Figure 5.6 (right) shows
the optimal numbers of MLMC samples M;, computed according to (4.104), against
the corresponding levels | = 0, ..., L for two different values of Tol. We see that the
numbers of samples required for adaptive MLMC are in most cases smaller than the
numbers required for uniform MLMC.

Table 5.4 presents the average mesh sizes corresponding to differentlevels/ =0, ..., L
for uniform and adaptive MLMC methods with Tol = 0.0001. As in the previous sec-
tion (see Figure 5.3) we observe a considerable reduction of mesh sizes correspond-
ing to the adaptive MLMC method, compared to the uniform MLMC method.



72

Chapter 5. Numerical Experiments

uniform

adaptive

TABLE 5.4: Average number of unknowns on different levels of uni-
form and adaptive MLMC with Tol = 0.0001 for the problem with
log-normal coefficient and random right-hand side.

l 0 1 2 3 4 5 6
uniform | 81 289 1089 4225 16641 66049 263169
adaptive | 81 146 344 1118 4324 15280 61369

level 1 level 3 level 5

FIGURE 5.7: Examples of partitions 7; and solutions u; correspond-
ing to one sample and different levels for the uniform and adaptive
MLMC methods applied to the problem (5.7) with Tol=0.0001.
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FIGURE 5.8: Average computational cost of uniform and adaptive
MLMC against Tol ~! for the problem with log-normal coefficient and
random right-hand side.

Figure 5.7 illustrates an example of partitions and corresponding solutions obtained
for one sample and different levels in uniform and adaptive MLMC methods, which
again demonstrates the advantage of adaptive mesh refinement.

Finally, according to Theorems 4.2.2 and 4.3.2 the average computational cost of
both uniform and adaptive MLMC asymptotically behaves as O(L*Tol~2). How-
ever, since we observe a faster convergence of the values V[Q(u;) — Q(u;_1)], ac-
cording to e.g. [28, Theorem 4.1] we can expect that the computational cost behaves
like O(Tol~2). Figure 5.8 plots the average of Cost(EL[ii.]) as defined in (5.6) over
M = 10 realizations against the Tol !, together with the asymptotic behaviour (dot-
ted line), which corresponds to the predicted one. Again, adaptive MLMC outper-
forms uniform MLMC, which confirms its advantages in the presence of random
singularities.
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Chapter 6

Uncertainty Quantification in Wear
Tests of Knee Implants

In this chapter we present a practically relevant problem that includes uncertain
parameters and apply the adaptive MLMC method introduced in Section 4.3 for
quantification of uncertainties.

6.1 Motivation

Total knee replacement surgery is one of the common and every day performed op-
erations in Germany. The knee implants used in such surgeries consist of two parts.
During the surgery the two implant parts are attached to two bones, namely to the
femur and the tibia, replacing the femoro-tibial joint of the human knee. The mate-
rial properties of the two implant components differ: the femur part is much harder
than the tibial plateau, which is usually made of a soft polyethylene. The repeated
contact of implant components during knee movements causes the soft material to
be worn down, and small polyethylene particles from the tibial component to de-
tach themselves. The detached particles stay in the knee joint which might lead to
inflammation and osteolysis [47] which necessitates secondary surgery.

In order to be able to predict the amount of material abrading during daily activities
and to keep this amount under the critical values, in vitro testing of the implants is
required before they are approved for the market. Such tests are performed in knee
wear testing machines, see Figure 6.1. An implant design process might include
numerous in vitro tests, each of which is very time consuming (one test might last
up to several months) and costly.

Computer simulations of the wear tests can help to accelerate the implant design
process. Some of the mechanical tests that must be performed before an implant is
approved for use can be replaced by numerical simulations. The run times for these
simulations are expected to be considerably less than the time needed for the corre-
sponding mechanical tests. Moreover, the simulations do not require real implants
but only their geometry and they can be run unsupervised on a computer, which
considerably decreases the expenses required for the implant design.
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FIGURE 6.1: A knee wear testing machine, digital
photograph,  Questmed GmbH, accessed 6 June 2018,
<http:/ /www.questmed.de/>.

Several mathematical models for the numerical simulation of the wear tests have
been developed in the recent years (e.g. [1, 24, 74]). We concentrate here on the
model developed in [24] for a load-controlled testing gait cycle for normal walking,
precisely described in the document [56] published by the International Standards
Organisation. One of the open problems that appear in the setup of wear tests and,
therefore, also in the numerical simulations, is that the initial positioning of the two
implant parts with respect to each other is not specified in [56] and is, therefore, a
source of uncertainty. It is also not always possible to ensure the precise application
of the external forces prescribed in [56]. Additionally, some model parameters might
have to be estimated and are, hence, not precise. In this thesis we address these
problems by introducing a random formulation of the problem that describes the
tests and apply the adaptive MLMC method for approximating the expected wear.

6.2 Mathematical model

In this section we introduce a mathematical model for one type of mechanical wear
tests, described in [56]. During the tests the implant parts (see Figure 6.2) are placed
into a knee wear testing machine, where external forces are applied to the tibial
part in order to imitate the stresses incurred during normal walking. Each such test
consists of five million gait cycles. The loads applied to the implants during one gait
cycle are given in [56] for 100 time steps. The mass loss of the tibial component is
monitored during the tests.
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FIGURE 6.2: Femoral (upper) and tibial (lower) components of the
knee implants.

We first introduce the deterministic model developed in [24] and then extend it to a
random framework that takes into account the uncertainties in the initial position of
the implant parts, in the applied forces and in the model parameters.

The femoral and tibial components are modelled as linear elastic bodies. The femoral
part is made of a much harder material than the tibial component, and it is reason-
able to assume that it behaves as a rigid body. Nevertheless, it is modelled as an
elastic body as well, because, as mentioned in [24], the rigid body assumption leads
to only little computational savings. Since the deformation of the implant compo-
nents remains small, the linearised model of elasticity is chosen. Furthermore, a
quasi-static approach, assuming that the forces applied to a system vary slowly over
time, is utilized. As a result, at each moment of time the contact of two bodies can
be described by a system of static equations.

We cite [58, 78] for more detailed introductions to deterministic contact problems.
Let us denote the domain occupied by the femoral component by D; and the do-
main occupied by the tibial part by D,. The domains D; and D, are bounded, open,
connected subsets of IR3. The boundaries of the domains dD; and 9D, are assumed
to be piecewise Lipschitz continuous. The boundary 9D; is partitioned into three
open disjoint parts

0D; =TpUTnUTyc,

and the boundary dD; is partitioned into open disjoint parts

oD, = TR U TZ,N U rzrc.

Dirichlet boundary conditions are prescribed on I'p, Neumann conditions on I'y n,
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I'; n and Robin type conditions on I'r. The boundary parts I'; ¢ and I'; ¢ are the
contact boundaries, which is where the contact is expected to occur. More precisely,
while the actual zone of contact is an unknown of the problem, the model contains
the assumption that it is a subset of I'1 c UT'> .

Under applied loads, the two bodies deform and take on new configurations. The
deformation of the bodies is specified in linear elasticity by their displacement func-
tionsu; : D; — R3and up : D, — R3.

We consider a homogeneous, isotropic, linearised Saint Venant-Kirchhoff material,
i.e the strain-displacement relation corresponding to the small strain assumption is
defined as e(u) := 1/2(Vu+ (Vu)') and the constitutive equation for the stress
tensor is given by o(u) = Ce(u), where C is the forth-order Hooke tensor. The
linearised elastic equilibrium for the displacement u := (uy, up) is given by

—dive(u) = 0 in D:=DyUDy,
=0 on FD,
c(lun+Ku = fg on Tg,
clun = 0 on I'y:=T;NyUlN,

6.1)

where n denotes the outer unit normal field on 9D, K is the stiffness tensor and
fr € (L?(T'y))? is the Neumann load.

In order to model contact between the two bodies, this system is supplemented by a
non-penetration constraint on I'y ¢, k € {1,2}. We introduce a homeomorphism & :
I'i c — T'yc which we call the contact mapping. It forms an a priori identification of
points on I'; ¢ and I', ¢ which may come into contact with each other. We take ® to be
the normal projection of I'; ¢ onto I'; ¢ and assume that I'; ¢ and I'; ¢ are chosen such
that construction of ® is possible. The contact mapping allows to define the initial
gap function g : T'; ¢ — R with ¢(x) = |®(x) — x| and the relative displacement

[u]e = ui|r,. — w2, 0 D,

where o denotes function composition. The non-penetration condition for two bod-
ies in the framework of small deformations then takes the form

[ulp-ny <g on Tic, (6.2)

where n; is the outer unit normal to dD;.

We set
H (D) := {v € HY(D) : yp(v) =0ae.onTp},
where p denotes the trace map that associates v € H!(D) to the restriction yp ()

in HY/2(T'p).

The variational formulation of the two-body contact problem (6.1)-(6.2) then takes
the form
ucKk: a(u,v—u) > {(v—nu), Vv e K, (6.3)
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o)

FIGURE 6.3: Transformation of domains.

with the bilinear form

a(v,w) = /De(v) :C:e(w)dx+ rR(Kv)w dx, v,we (HY(D))?,

the linear form

L(v) = 5 frvdx, vE€E (Hl(D))3

and the set of admissible displacements
K:={ve (Hp(D))’ : [vlo-m <g ae onTic}.

We note that K is a closed and convex subset of (HL,(D))?3.

Let us now extend the problem formulation (6.3) to the case when the domains and
the external forces are random.

We first assume that we have measurable mappings Q) > w +— p, € SE(3) and
Q 3 w — fr(w) € (L*(uoIr))% where SE(3) is the group of all 3-dimensional
rigid body transformations and by ., I'r we denote the boundary transformed by
the rigid body motion .

We now assume that the position of the tibial component is random and perturbed

by a rigid body transformation y, i.e. it occupies the domain Dz(w), where D, =
1wD7. For convenience of notation we define y,, as

_ [id, ifxeD,
Ho = Hw, ifxEDz,

where id is the identity transformation. Then D(w) = u,D and D; = D; = p,D;.
We note that D = u;'9D(w), Tp = uy'fp(w) and Tx = ug'Tr(w). In what
follows we denote I'y 5 (w) = ug'Tin(w), Tic(w) = uy'Tic(w), k € {1,2} and
note that the sets I'y y and I'y ¢ now also depend on w € (), because the contact area
is random.
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We apply standard techniques in order to formulate the random problem on the
reference domain D. The random bilinear form is defined as

a(w; v, w) = / £o(V): C:ep(w)dx+ | (Kv)wdx v,we (H'(D))?®, (64)
D I'r

where £, (v) :=1/2(Ju(w) " "Vv+Vv'],(w)™") and J,(w) is the Jacobian matrix of

the transformation y,. We note that ], (w) is an orthogonal matrix with determinant

1, because ji, and the identity are rigid body transformations.

The linear form is defined as

Uw;v) = /FR fr(w)op,vdx, ve (H (D)) (6.5)

We introduce the contact mapping ®,, : I'1 c(w) — I c(w) and the corresponding
initial gap function g, : I c(w) — R with g,(x) = |®,(x) — x|. The relative
displacement with respect to ®,, is then defined as

[We, = wilr, () = W2lr,c(w) © Ho' © Pw © -

Then the random variational pathwise formulation for a given w € () reads

u(-,w) € K(w) : a(w;u(-,w),v—u(-,w)) > lw;,v—u(-,w)), Vv € K(w),
(6.6)
where

K(w) = {v e (H5(D))? : [v]o, - fi1(w) 0 e < g © few, ae. on Ty c(w)},

and fi; (w) is the outer normal to dD; (w).

Again, for each fixed w € ) the set of admissible displacements K(w) is a closed
and convex subset of (H!(D))3.

The problem is, therefore, formulated as a random variational inequality, similar to
the one introduced in Section 2.3. We do not perform any theoretical analysis for the
problem (6.6). We assume this problem is well-posed.

Given partitions 7y (w) of the domain D for a fixed w € ), we denote the

keNU{0}
first order finite element subspace of (H},(D))? defined on () (w) by S (w) for
any k € N U {0}. Discretization of the problem (6.6) in a space Sy, C H}(D),
together with the mortar approach introduced in [93] for the variationally consistent
discretization of the non-penetration condition, leads to the problem

up (- w) € Ke(w) : a(w;upy(,w),v—ug(,w)) > v-uy(,w)), VveK(w),

(6.7)
where

Ki(w) =A{v € Sy (w) : Aa([V]e, -hu(w) o pew) < Aa(wopw), VA4 € Mi(T1c(w))},
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the bilinear and the linear forms are defined as in (6.4)-(6.5) and M (T c(w)) is the
dual mortar basis corresponding to the space S (w), see [93] for the definition and
details.

Quantity of interest

The quantity of interest in the simulations of the mechanical tests is the expected
wear or, in other words, the expected mass loss of the tibial component. Given a
solution u(-,w) to (6.6) for fixed w € ), we utilize Archard’s wear law [7] as a
model for the wear. In the quasi-static context the wear depth on the contact surface
is given by [24]

w(a(,w)) = kp(u(- w))s(a(, w)), (6.8)

where k is a material constant, p(u) = —3tr(o(u)) is the pressure and s is the sliding
distance, i.e. the relative movement of the two implant components. The model
parameter k can be estimated from experimental data. Due to uncertainties that
appear in the estimation, we model k as a random variable.

The total mass loss is then given by
Qwear(u('/w)) = / w(u(-,w)) dx,
Ty c(w)

and we are interested in [E[Quwear (u)]. We assume that Quear fulfills Assumption 2.4.1.

In order to approximate E[Qwear(u)] we apply a slightly modified version of the
adaptive MLMC-FE method introduced in Section 4.3. It is sometimes difficult to
achieve a balance between the statistical and the discretization errors in (3.10) when
trying to bound the mean square error of an MLMC-FE method. One of the possible
reasons is that high resolution meshes required for balancing the statistical error are
not computationally feasible. This is also the case in the simulations of the wear
tests. Therefore, instead of the bound for the MSE of the form

e(EL [Qwear(ﬁL)]) S Tol

we aim at the bound

L
“(E[Qwear<u) - Qwear(ﬁL)])Z + (1 - 0‘) Z Mflv[Qwear(ﬁl) - Qwear(ﬁl—l)] S TOZZ

1=0
(6.9)
with some « € [0,1]. Note that « = 0 corresponds to the case when we are only
interested in the discretization error and in the case « = 1 we are only interested in
the statistical error of the applied MLMC method.
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B

FIGURE 6.4: Illustration of the components characterizing the trans-
formation p,.

6.3 Numerical results

Finally, we report on some implementation details and numerical results for approx-
imating the expected wear.

The values of the material parameters that define the tensor C (i.e. Young’s modu-
lus and Poisson ratio) are taken from [3]. The tensor K and the boundary patches I'p
and I'g for the femur and tibial components are defined in [56] and discussed in more
detail in [24]. We define the random load fr by perturbing the values given in [56],
which we denote by fiﬁ'o, for each time step. We set fg = fR(fiﬁo, ¢1,82,83,84,C5,C6),
where &; ~ U(a;, b;),i = 1,...,6 and the values a;, b;, i = 1,...,6 are chosen such
that the direction and the absolute value of fi£° are perturbed in a suitable range. The
maximum absolute deviation of |fz| around E[|fg|] = |fi°] is set to 1-1072|f°|. The
tirst component that defines the transformation y, is a random translation of the tib-
ial (lower) component of the implant in the XY-plane. The values of the vector that
defines the translation are uniformly distributed within a circle with radius 3. The
second component that defines y,, is a rotation with respect to the axis illustrated in
Figure 6.4. The values of the angle that defines the rotation are uniformly distributed
on the interval (—37-1072,37 - 1072). Thus, we set o, = Hw(&7, s, &), where
& ~ U(a;, b;) with suitable a;, b;, i = 7,...,9. A value for the coefficient k from (6.8)
can be found in [74]. However, it is not clear, whether this value was obtained from
laboratory experiments, from numerical simulations, or from some other source. We,
therefore, set k = &9[mm>/Nm], where &1 ~ U(1.75-1077,2.25-10"7) and Ek]
equals the value presented in [74].

Since solving the discrete problem (6.7) for a fixed w € () for every of the 100 time
steps for five million gait cycles is a computationally demanding task, we divide the
wear test into 10 blocks. For each of the blocks the finite element solution and the
corresponding wear are computed for the first cycle and then the wear is extrapo-
lated for the remaining cycles as described in [24]. For each of the cycle batches the
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FIGURE 6.5: Initial meshes for the femoral (left) and the tibial (right)
components of the knee implants.

geometry of the tibial component is updated according to the computed depth of the
wear.

The geometry of the bodies in our simulations corresponds to the commercially sold
implant “Genius Pro (Fixed Bearing, PCL retaining)”. The tetrahedral domain par-

titions consisted of 8745 elements for the femoral component and 5038 elements for
the tibial component, see Figure 6.5.

The implementation of the deterministic solver producing the values of the wear
for a fixed w € () given partitions of the domains D; and D, was done in DUNE
[19]. This implementation was provided by Ansgar Burchardt and Oliver Sander
(co-authors of the article [24]), together with the initial partitions that resolve the

geometry of the implants. The code was parallelized using OpenMP, allowing for
the computation of 100 independent time steps of each cycle in parallel.

The implementation was further extended by adaptive mesh refinement, producing
the hierarchies 7(;)(w) based on hierarchical error estimation as presented in [78].
We used a heuristic approach for the refinement that was performed once for one
whole gait cycle of the wear tests, based on the error indicators averaged over all
time steps in the cycle. The refinement for the next cycle was then started from the
last refined mesh obtained from the current cycle and not from the initial mesh. This
approach allowed for some unnecessary computations to be eliminated. Since the
wear only appears on the softer tibial component, the mesh corresponding to the
femoral part of the implant was not refined. We used “red-green” mesh refinement
as implemented in dune-uggrid [79] and set the Dorfler marking parameter 6 = 0.2.

We assume that the adaptive algorithm based on hierarchical error estimation and
the described heuristics fulfills Assumption 4.3.1.

The discretized equations of the form (6.7) were solved using the interior point
solver implemented in IPOPT [91]. This solver is not optimal in the sense of com-
putational cost, which behaves only like O(NZ(w)), where Ni(w) = dim (S (w)),

k € NU{0}. We take this into account when computing the numbers of samples
corresponding to different levels.
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FIGURE 6.6: An adaptively refined mesh corresponding to the tibial
component of the knee implant with the values of |u;(w)|[m], w € Q,
I=2.

We utilized Algorithm 3 for the adaptive MLMC-FE method, where condition (4.103)
is replaced by

1
V2

and the formula for the number of samples (4.104) is replaced by

EML HQWear(ﬁL) - Qwear(ﬁLfl) H S (lfl - 1) Tol

L
]\/IlOpt = 2(1 — DC)TOZ_Z Z \/VMi[Qwear(ﬁi) — Qwear(ﬁi—l)]EMi [le]
i=0

VM; [Qwear(ﬁl) - Qwear(ﬁlfl)]
Em, [le] '

which ensures (6.9).

We set
Toly := |77 (- w0) |l 12(q)

where the L2(Q))-norm was approximated by a Monte Carlo method with 100 sam-
ples. The values of Tol; were chosen according to (3.2) with g = % We assume that
the solutions u;(w), w € O, 1 € N U {0} fulfill Assumption 4.3.2.

The initial number of samples was set to Minit = 50, the tolerance Tol = 0.8 and the
parameter &« = 0.01. The resulting adaptive MLMC method consisted of L = 3 levels
with My = 339, M; = 286, M, = 206, M3 = 113.

The computations corresponding to different samples on different levels were run in
parallel on the hybrid x86 and GPU cluster Allegro at Freie Universitdt Berlin with
MLMC post-processing.
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FIGURE 6.7: Wear mean and standard deviation over cycle numbers
obtained by the adaptive MLMC method.

Figure 6.6 presents an adaptively constructed mesh and the corresponding absolute
value of the solution obtained for one sample by the adaptive algorithm based on
hierarchical error estimation described in this section. We see that the areas with
higher absolute values of displacement are adaptively refined.

Finally, Figure 6.7 illustrates the expected total wear measured in milligrams over
5 million cycles obtained by the adaptive MLMC method. We present the MLMC
approximation of the wear mean Eyear := EL[Quear(fi1] together with the standard
deviation owear = (Vm[Qwear(tir)]) %, where V) is a sample based approximation of
the variance. The mean wear lies in the range of results obtained in [24] with dif-
ferent meshes. Hence, providing estimates of the uncertainty, the results presented
in Figure 6.7 complement the results presented in [24], where single deterministic
problems were solved.

In this chapter, we successfully applied the adaptive MLMC method for uncertainty
quantification to a practically relevant problem. Since application of the uniform
MLMC method is computationally infeasible for the considered problem due to the
dimensionality and the complicated geometry of the spatial domains, this demon-
strates a wider applicability of the adaptive MLMC method.
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Appendix A

Appendix

In this appendix we list some results from the finite element theory that are used in
some of the proofs in Section 4.3.3.

Quasi-interpolation operator

For a partition 7 € T we denote the set of its interior vertices by Ny For any
p € Nint let A, € S(T) denote the first order nodal basis function associated to this
vertex.

The quasi-interpolation operator I : L'(D) — S(T) is then defined as

Irv = Z A

p— | vdx, (A1)
peMnt |¢P| ¢}7

where ¢, denotes the union of elements of 7 sharing the vertex p € Ny and | - |
denotes the d-dimensional Lebesgue measure.

Forallv € H}(D) and all T € T the quasi-interpolation operator satisfies the fol-

lowing local estimates

v = I7ol[ 2y < cihr ol ggpr) (A.2)

1
o= I7vl[1287) < 2l ][0l () (A3)

where the constants ¢y, c2 > 0 only depend on the shape-regularity parameter C7 of
T, see [90].

Bubble functions

For any element T € 7 we define the element bubble function as

ypro=ar [ [ Ap, (A4)

peT

)27, if Tisatriangle,
= 256, if T is a tetrahedron.
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The face bubble function is defined for any face E € £ as

lI)E = ,BE H )Lp, ﬁE = (A5)

{4, if E is a line segment,
pEE

27, if Eis a triangle.

For every polynomial degree k € IN U {0} the following inverse estimates hold for
all polynomials ¢ of degree k

crill el < Hlpj%"QDHLZ(T)/ (A.6)

1V ($r0)ll2ir) < coxh I ollir) (A7)
callellae) < HlIJ%(PHLZ(E)/ (A.8)

1V (@) | 2ggn) < corhy *lollze), (A.9)
1969l 2ps) < coxtlollize), (A.10)

where the constants ¢k, cok, C3k, Cak, C5x > 0 depend only on the degree k and the
shape-regularity parameter C7 of T, see [5].

Inverse inequalities
Let T € T and E € T, then for all v € S(T) there holds,
IVoll2ry < cahp[[o]li2m) (A11)

||VUHL2 < C4]’l 2 ||VZJHL2 (A12)
where the constants c3, ¢4 > 0 depend only on the shape—regularity of T, see [20].

Properties of LP-best approximation operator
Let T € T,v € L*(T) and ¢ be a polynomial of order n € N U {0}. Let 7}, denote

the operator of L¥ —best approximation onto the set of polynomials of order < m,
where m > n, over T. Then there holds

I1Gd — 723,) (09) [l 27y < [ (id = 73— )0l (ry @l 2 - (A.13)

Forallv € L*(T) and m € IN U {0} there holds

I1(id = 725,) 0l o7y < Brl| VOl oy (A.14)
see [26] for both results.
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Appendix

In this appendix we list some of the results from [25] adapted to the residual error es-
timators defined in (4.26)-(4.28) for the solution of the random problem (2.4). These
results are used in the proof of Theorem 4.3.6. Our goal is to trace how the appearing
constants depend on w € (). In the case when the dependency of the constants is
explicitly stated in the original results in [25], we list the random versions of these
results without proofs. For some of the results we only sketch some parts of the
original proofs concerning the constants. We adopt the notations of the Section 4.3
here.

The following proposition follows from [25, Proposition 4.12], the discrete reliabil-

ity (4.32) and the stability property (4.33) of the residual error estimator.

Proposition B.0.1. Let T € T, then for almost all w € Qand for all 0 < 6y < 6% (w) =
”“HZ 1,00 -1 .

(1 + CgtabCfd#w()D)> there exists some 0 < k(w) < 1 that depends only on Cgp,

Crel, &min(w), ||&][wie(py and o, such that the implication

N7 (wiur(,w)) < e(w)p(w;ur(-,w)) =
o7 (wiur(,w) <} ni(wur(,w)) (B1)
TeT\T
holds for all 0 < 6 < 6y and all refinements T € T of T.

Proof. We omit the arguments of 17 and u+ for brevity.

Letus fixa 0 < 6y < 6*(w) and define x(w) as

1 2 2 ”‘J‘Hi\/l,w(D)
1— 90(1 +(1+6 )Cstabcrelﬁ)
r(w) = 1406

min (

(B.2)
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Relation (4.40) provides

nr(wiur) = Y nilwur)+ Y. nier(w;ur)

TeT\T TeTnT
< Y np(wiur)+(146) Y. nros(wug)
TeT\T TeTnT

+ (146 ) Cp (s ) ey le7 = 7 13 )
with any 6 > 0.

Incorporating (4.32), together with the assumption of the implication (B.1), we obtain
17 (wiur) < (14 8)r(w)ny (w;ur)+

[£Y .
<1 + (1 + 51)C§tabclgelzww> Z 77%(“% MT)' (B?’)
“min(w) TGT\T

Definition of x(w), (B.2) and (B.3) provide the result of the implication (B.1) for all
6 < 0.

Note that for each 6y the parameter § can be chosen sufficiently large, such that
0<x(w) <1 O

The following proposition follows from [25, Lemma 4.14] and the monotonicity of
the residual error estimator (4.29).

Proposition B.0.2. Let |57, (w;ur,, (-, w))||lB, < oo, T € T and assume that for an
w € Q) the implication

3-(w g (-, w)) < x(w)f(wur(,w)) =
0o (W) (winr(,w)) < ) yi(wiur(,w))
TeT\T

holds for a particular choice of 0 < x(w), 6o(w) < 1 and all refinements T € T of T. Then
there exists a certain refinement T*(w) € T of T, such that

1

TAT (@) < col@) [17op (@i rop () .77 (@inr (@), (B4

where co(w) depends only on x(w) and s. The set T \ T*(w) also satisfies the Dirfler
marking (4.21) for all 0 < 6 < 6p(w).

The following proposition follows from [25, Lemma 4.7] and the stability (4.33) and
the reduction (4.34) properties of the residual error estimator.
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Proposition B.0.3. Let ug)(-,w), k € NU{0}, w € Q be the solutions obtained by
Algorithm 1 with the residual error estimator defined in (4.26)-(4.28), then there holds
M () (@5 (1) (4 @) < PUTT (o) (@i (-, @)
+c1(@) |ty (5 w) = ey (@) 1y, (B5)

where
pr=(1+0)(1—(1—pra)f) >0, ci(w)=2(1+6"Chpllaliymp) >0

with sufficiently small § > 0 such that pq < 1.

The following proposition follows from [25, Proposition 4.10], Proposition B.0.3,
(4.43) and the reliability property (4.32) of the residual error estimator.

Proposition B.0.4. Let u (-, w), k € NU{0}, w € Q be the solutions obtained by
Algorithm 1 with the residual error estimator defined in (4.26)-(4.28), then there holds

Z UZT(i)(w) (w;ug (- w)) < Cz(w)UZT(k)(w)(w;M(k)(',w)), (B.6)

forall k € IN, where c3(w) = <p1 + c1(w)

min (

Cqo _
a? qw)>(1_p1) L

Proof. The estimator reduction (B.5) together with the property (4.43) implies

Z 17 () (@5 1) (-, @) <

i=k+1
N
; (ngr(if])(w)(w,‘M(H)(vw)) + Cl(w)”u(i)(vw) - ”(i—l)(‘rw)H%{l(D)) <
i=k+1
- 2 qu 2
Z Plﬂﬁifl)(w)(w/'”(i—l)('/w)) +c1(w)a2 (w)UT(k)(w)(W}u(k)(‘/w))~

i=k+1 min

Taking the limit N — co and rearranging some terms lead to

Cqo
(1=p1) ¥ o @) < (o1 ea(e@) 3 2 Vi @i, ))
i=k+1 amin(w)
which concludes the proof. O

Finally, the last proposition follows from [25, Lemma 4.9] and Proposition B.0.4.

Proposition B.0.5. Let u (-, w), k € NU{0}, w € Q be the solutions obtained by
Algorithm 1 with the residual error estimator defined in (4.26)-(4.28), then for all s > 0
there holds

k—1
)y ’7}01)@) (wu (-, w)) < c3(w )’771/(5 (Wi (@), (B.7)
i=0
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forall k € N, where c3(w) = (1 + c2(w))VZ(1 = (14 ¢, (w)) V%)~

Proof. According to the proof of [25, Lemma 4.9], the result of Proposition B.0.4 im-
plies that

M7 (@it geriy (@) < C4(W)Pi(w)7727(k) (w;ugy (-, w)) (B.8)

holds for all i,k € N U {0}, where 0 < ps(w) = (1+c;(w))™! < 1and cs(w) =
1+ c2(w) > 0. In turn, (B.8) implies (B.7) with c3(w) = c4(w)V/%(1 — b/ *(w)) 7,
which concludes the proof. O
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Appendix

In this appendix we show that some constants obtained in Chapter 4 are finite and
are, therefore, well defined.

Proposition C.0.6. Let Assumption 2.2.1 hold, then the Cyn defined in Lemma 4.2.1 fulfills
[Cunllrr(y < oo forall p € [1,pf), where py is as in Assumption 2.2.1 (iii).

Proof. By the definition of Cyn, it can be represented as

Cun(w) = Caa (W) If (- @)l 12(p)/ C1

1
fmax (w) \ 2 1 e[ wies (D)
Cor(w) < ( max > < L ‘
w1 () Xmin (W) Umin(w) a2 (w)
Assumptions 2.2.1 (i-ii), Holder’s and the triangle inequalities imply that C,; €
Q) forall g € [1,00). Indeed, we have

where

Démax i H“Hv;lm(m) < Omax || 2 1 n H“HV;IL“’(D) <
lxmm [Xmm %min L1(Q) #min [|L9(q) || #min %min L29(Q)
e || (]2 o] L)
o + ||« A Leo < oo
max|l129(0) i || 21 () tmin || 20(0) L4 (0;Wl>=(D)) &min || £31()
for all finite g > 1. Then (C.1) and Hoélder’s inequality lead to
HCunHLF’(Q) < HCMHM(Q) ||fHL”f(Q;L2(D))/
where % = % + pl—f, which provides the claim of the proof. O

Proposition C.0.7. Let Assumption 2.2.1 hold and let pg > d, then the Cyp from Theorem
4.3.7 fulfills ||C || o () < oo forall p € [1, 3}

Proof. By the definition of Cj;., it can be represented as

Crz(w) = Cap(@)If (- @)l12(p)s (C2)
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where, using the formula for 6(w), (4.74) and the relation s = %, we have

2 4 6
C 2(60) < <1+ <1+ H“HWl,oo(D) n H‘XHWLw(D) " HIXHWLW(D));-@))'
A (@) | k(@) | #(@)
3/2 5/2
(1 I8y Wl Il
DCmin(w) [X?I)n/li(w> ‘an/lﬁ(w)

Assumptions 2.2.1 (i-ii), Holder’s and the triangle inequalities imply that Ci/z €
L1(Q)) for all g € [1,00) and d = 1,2,3 (see the proof of Proposition C.0.6 for a
similar implication). Then (C.2) and Holder’s inequality lead to

d
Cw,z

IChalluoy < |

v If

d
Lsd(O;12(D))

where 1 = % + Land p < s, since g can take any finite values larger than 1. Since

p
€ LP(Q) for p < py, we require sd < pg, which implies p < s < 2/, O
P = pf q Ps P P d
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Zusammenfassung

Die Quantifizierung von Unsicherheiten ist heutzutage ein wichtiger Teil in vie-
len Anwendungen aus der Mathematik, da mathematische Modelle oft unbekannte
Parameter erhalten, die im Allgemeinen nicht genau durch Experimente bestimmt
werden konnen. In dieser Arbeit beschiftigen wir uns mit Problemen, denen el-
liptische partielle Differentialgleichungen mit zufélligen hoch-dimensionalen Koef-
fizienten zu Grunde liegen. Wir interessieren uns fiir Anndherungen von dem Er-
wartungswert von der Problemslosung oder einem Output des Interesses, welcher
durch ein Lipschitz-kontinuierliches Funktional von der Losung gegeben ist.

Monte Carlo Methoden sind Sampling Verfahren, deren Rechenkosten dimensions-
unabhingig sind. Deswegen sind diese in Kombination mit den Methoden der
Finiten Elemente fiir die in dieser Arbeit betrachteten Probleme gut geeignet. Allerd-
ings, ist die Konvergenz von den Monte Carlo Methoden langsam und deswegen
werden fiir eine hohe Genauigkeit viele Stichproben benétigt. Da jede Stichprobe
einer partiellen Differentialgleichungen entspricht, deren Losung oft kostspielig ist,
sind die Rechenkosten von den Monte Carlo Finite Elemente Methoden die Haupt-
schwiche von diesen Verfahren. Multilevel Monte Carlo Finite Elemente Methoden,
in denen die Stichproben auf Ebenen einer Gitterhierarchie verteilt werden, erben
die Vorteile von den Monte Carlo Methoden, sind jedoch viel effizienter, da ihre
theoretischen Rechenkosten assymptotisch mit den Rechenkosten fiir ein determin-
istisches Problem, das einer Stichprobe entspricht, vergleichbar sind.

In dieser Arbeit stellen wir eine Verallgemeinerung von den multilevel Monte Carlo
Verfahren vor, in welcher die Ebenen durch eine Abfolge von Toleranzen charak-
terisiert sind. Wir préasentieren ein abstraktes Framework fiir das neue so-genannte
adaptive multilevel Monte Carlo Verfahren, zusammen mit einer Reihe von Annah-
men, die zur Konvergenz und zu optimalen Rechenkosten des Verfahrens fiithrt. Wir
zeigen weiter, dass das klassische multilevel Monte Carlo Finite Elemente Verfahren
als Sonderfall von dem neuen adaptiven Verfahren betrachtet werden kann. Der
Ansatz des neuen Verfahrens ermoglicht aufferdem die Anwendung von a poste-
riori Fehlerschétztechniken, welche die Losung von den deterministischen Proble-
men der Stichproben beschleunigen konnen. Wir prasentieren eine adaptive mul-
tilevel Monte Carlo Finite Elemente Methode fiir lineare elliptische Probleme, die
auf a posteriori Residuum-Fehlerschidtzung basiert. In einer theoretischen Analyse
zeigen wir dann, dass dieses Verfahren alle Annahmen des abstrakten Frameworks
erfiillt. Vorgefiihrte numerische Beispiele demonstrieren die Vorteile von der neuen
adaptiven multilevel Monte Carlo Finite Elemente Methode im Vergleich mit dem
klassischen Verfahren.

Schliefslich, prasentieren wir die Ergebnisse einer Anwendung des neuartigen adap-
tiven Verfahrens fiir die Quantifizierung von Unsicherheiten in Abriebtests von Knie-
implantaten und demonstrieren damit dessen breitere Anwendbarkeit.
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List of Abbreviations

a.e.

a.s.

i.i.d.

FE

KL

MC
MLMC
MLMC-FE
MSE

PDE

almost everywhere

almost surely

independent identically distributed
Finite Element

Karhunen-Loéve

Monte Carlo

Multilevel Monte Carlo

Multilevel Monte Carlo — Finite Element
Mean Square Error

Partial Differential Equation






List of Symbols

E[]
£

energy norm

approximation class
o-algebra on ()
bilinear form

approximation class
number of bisections

w-dependent constant in (4.14)

w-dependent constant in Theorem 4.3.3

constant in Assumptions 3.1.2

w-dependent constant in Assumptions 3.1.1 and 3.2.1
w-dependent constant in (4.75)

w-dependent constant in Theorem 4.3.7

space of k times continuously differentiable functions
Holder space

constant in (4.22)

w-dependent multigrid constant

constant in Remark 4.3.1

w-dependent constant in (4.63)

constant in (4.43)

constant in (4.32)

constant in (4.33) and (4.34)

shape-regularity parameter of 7

w-dependent Lipschitz constant in Assumption 2.4.1
w-dependent constant in (4.6)

constant in (4.86)

computational cost

w-dependent coercivity constant

spatial open, bounded, convex, polyhedral domain
space dimension

expected value
set of interior faces of 7
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36

53

49
27

31
43
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35
29
34
50
42
40
40
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11
27
56
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ng
nr

oscy(w; +)

osct(w; -)

Pad
Pdis

facein £
MLMC estimator
MC estimator

random source function

Sobolev space

Sobolev space with zero trace on 0D
sizeof E € £

maximum element size of 7y
sizeof T € T

refinement level corresponding to uniform MLMC level /
refinement level corresponding to adaptive MLMC level [

Lebesgue space

Bochner space of B-valued random variables
Bochner space of R-valued random variables
linear form

set of marked elements defined in Algorithm 1

arbitrary unit normal to E
outer unit normal to 0T

oscillations associated with mesh T~
oscillations associated with element T

probability measure
Lebesgue space order for Cpq
Lebesgue space order for Cgjs
Lebesgue space order for f
Lebesgue space order for Cg

functional that defines an output of interest
MLMC tolerance reduction factor

element residual
jump residual

first order finite element space defined on 7y

first order finite element space defined on 7y (w)

finite element space corresponding to uniform MLMC level [
finite element space corresponding to adaptive MLMC level [
first order finite element space defined on 7

25
17
15

Q1

25
27
26

37
37

44
44

31
21

11

10
16

38
38

27
31
28
32
36
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T set of admissible refinements of 7 g, 35
T partition of D 25
|T] number of elements in T 26
T k times uniformly refined partition of 7 26
T (w) k times adaptively refined partition of 7 31
Topt optimal partition 49
T element of 7 25
Tol, MLMC tolerance 16
u(w;-) € H}(D), solution to a random PDE 8,10
ug(w;+) € Sy or € Sy (w), finite element solution 27,31
u(w;-) € S;or € §;(w), finite element solution 28,32
i (w; ) approximation to u(w; -) in abstract MLMC 16
it (w; -) algebraic approximation to u;(w; -) 28
ur(w;-) € S, finite element solution 36
V[ ] variance 6
V[ variance-like operator 16
Wk*(D)  Sobolev space 6
o random coefficient 7
Kmax w-dependent upper bound of « 7
Xrmin w-dependent lower bound of « 7
r shape-regularity parameter for sequence 7o C 77 C ... 26
0% order in Assumption 3.1.2 17
n7(+) error estimator corresponding to partition 7 31
n7(w;-) residual-based error estimator corresponding to partition 7 38
nr(-) error indicator corresponding to element T 34
nr(w;-) residual-based error indicator corresponding to element T 38
0 Déorfler marking parameter 34
¢ real-valued random variable 6
¢E union of elements sharing face E € £ 26
ot union of elements sharing at least one vertex with T € T 26
Qconv w-dependent constant in Theorem 4.3.3 43
Pred w-dependent constant in (4.34) 40
Q set of events 6

w event from Q) 6
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