A. Different free energy concepts and Fixman potentials

The table below shows the various notions of free energy in this thesis and surveys their related Fixman potentials (for a more detailed
overview, we refer to Section 3.5). As before ® : R™ — R* is a smooth reaction coordinate, where smooth is meant such that the level
sets ¥¢ = ®71(¢) are C?-submanifolds of codimension k in R™ for all regular values £ € R*. The Jacobian is abbreviated as Jo = D®.
Following the previous nomenclature, do labels the surface element (or Hausdorff measure) of 3 C R™, whereas dH denotes the surface
element of the phase space submanifold 3¢ x R™ C R"™ x R". Note that standard and geometric free energies coincide, if the reaction

coordinate is linear in the configurations. In this case also A = D = F — G below.
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B. Coordinate expressions

We introduce the local coordinate expressions and expressions for the metric tensor
that are used throughout this thesis. Let ¥ C R"™ be a smooth submanifold of
codimension k£ in R". Recall the definition of the normal bundle over ¥

NY ={(o,n)|oc € X,ne N,X} CR" xR"

with the natural diffeomorphism of N3 into R™ given by ¢ : (o,n) — o+ n. In a
sufficiently small tubular neighbourhood N¥. of ¥ with ||n|| < & we can pull back
the Euclidean metric, considering NY. as our configuration space. Then, given an
orthonormal frame {ny(o),...,ni(c)}, we can introduce local coordinates on NX. by

¢1:R" = NX, (x,y) — (o(x), yini(a(x))), (B.1)

By means of ¢; we can represent any point (o,n) € NX. in terms of the bundle
coordinates (z,y), hence any point ¢ € R™ close to the submanifold . We shall make
the arrangement that all coordinates that belong to ¥ are indexed by Greek letters
«, 3,7, ..., whereas the normal coordinates are indexed by Latin letters ¢,j,k,.. ..
Whenever it is necessary, we will use Latin indices ...,l,m,n that run over all
coordinates which, however, should become clear from the context.

We endow the tangent space TNE, with the standard bases 0/0z% € T, ,NX.
and 9/0y’ € T, ,NX. which give rise to local coordinates in the usual way. Let us
abbreviate z = (z,y). Then the local coordinate expression of the metric tensor is
obtained by pulling back the Euclidean metric by the map ¢ =t 0 ¢

k g4l
gij(2) = 5kl%%, L, kl=1....n

Hence the metric tensor takes the form

sy = ( )0l Az ). 2

where the matrix G(z) € R%*¢, d = n—k is the metric induced on ¥ by restricting the
Euclidean metric. Introducing the shorthand X, = 9o /9z* for the vectors tangent to
¥, we have Gop = (Xa, Xg). The matrix C(z,y) € R4*? has the entries

Cap = 2y" (dni(Xa), Xp) +y*y' (dni(Xa), dm(Xp))

where dn(X) = Vn - X denotes the directional derivative of n along X.?° Note that
we have exploited the symmetry (dng(Xa), Xg) = (Xa, dnig(Xg)) in the last equation.
Finally the elements of the off-diagonal matrix A(z,y) € R?** are given by

Aig =y’ (ni, dn;(Xg)) -

If the codimension of ¥ in R” is one, then the metric tensor takes a particularly simple
form, and the matrices G, C can be given a nice geometrical meaning;:

g(z,y) = ( G(z)(1 —OM(;c,y))‘z (1) )

where M denotes the matrix of the Weingarten map that is associated with the second
fundamental form of the embedding ¥ C R™ (cf. [81, 219)]). It is defined by

My = yGP {dni(Xg), X) -

29We will also sometimes use the common notation dn(X) = Vxn.
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The vanishing of the off-diagonal matrix A is related to the fact that the normal
connection is identically zero for submanifolds of codimension one. This can be seen
by differentiating the expression ||n;||> = 1 along 2

d
0= —lni(e®)?| = 2({dn(X),m),

dt =0
where o(t) is a curve in ¥ with tangent X at ¢ = 0. More generally, the coefficients
wi(X) = (dni(X),n;) are 1-forms which are called the normal fundamental forms.
By the same differentiation argument it is easy to check that these 1-forms are skew-
symmetric, wf = —w/. For the details the reader is referred to [181, 183].
Hamiltonian and Lagrange function We now state the local expressions of the
molecular Lagrangian and the corresponding Hamiltonian. Without loss of generality
we set the atomic masses to unity. The Lagrangian L : TNY. — R is considered first:

L(oyn,6,7) = % (6.7), (6,7)) — V(o).

Note that this is the ordinary Lagrangian (2.1) with M = 1, where the inner product
of tangent vectors in TN, is defined by
(X,Y),( X" Y)=(X+Y, X' +Y'),
where (-, -) is the usual inner product in R™. The local coordinate expression of L is
Ly, 8,9) = 5 (9(w9) - (9)7 (,9) — Vi), (B.3)
where V(z,y) = V(o(z) + y'n;(o(x))), and the metric tensor (B.2) can be written as

_ T
g:(G;Tc A)ZP.(GW—C AA 0>.pT

1 0 1
with the matrix

(3 1)

The inverse metric tensor then takes the form

gl_PT<(G+C_OAAT)_1 2)P1

with the inverse of P,

L (1 -A
P ().

Defining the conjugate momenta to (z,y) by

oL
a = [ = 1, ey d
to = gge @
L
’Uiza—.., Zzl,,k
oy
we obtain the Hamiltonian as the Legendre transform of L
1 _
H@%%WZg@@ﬂ)LWwFMMW+Vmw- (B.4)
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Calculation of the Christoffel symbols Our averaging results rely on local
coordinates. Hence we need to compute the (symmetric) Christoffel symbols

i _ Lo (%+agkl 3gjk)

k"9 02k " 9z 02!
with z = (z,y). Since we can assume that all curves (o(t),n(t)) stay close to ¥ it
makes sense to consider only terms up to zeroth order in y (linear terms have mean

zero anyway). At y = 0 the first @ < n — k Christoffel symbols read
a 1Ga6 <8Gﬁ5 + 8G’Y‘; _ 8G5’Y>

LA ox" 0zP 0z9 B5)
o i B.5
Tip = G185
e =0,

where ' are simply the Christoffel symbols that are associated with the metric G on
the surface X. The symmetric matrix that is associated with the second fundamental
form in the local coordinate basis X, = do/0z* has the entries

s = (dni(X5), Xg]) -

The remaining Christoffel symbols for the normal coordinates (i < k) are given by

Lap = —Sap

i L/ i
Fja = 5 (wlj'oc - wjoz) (BG)
]‘—‘;k == 0 .

Notice that I‘éa is skew-symmetric in the upper and lower indices, as follows from the
definition of the skew-symmetric coefficients of the normal connection

w;a = <dni(X06)7nj> .

C. More coordinate expressions and the mean curvature vector

We first address the problem how to parametrize the constraint manifold. A
submanifold ¥ of R™ defined by the vector-valued equation ®(¢) = 0 is properly
immersed, if D® has maximum rank, i.e., is non-singular almost everywhere on the
surface [182, 243]. According to Sard’s Lemma [174] this can be guaranteed by choosing
® : R" — R*, such that it belongs to the class C"~¥T1(R"). Then the points, at which
D® is rank-deficient, form a set of measure zero in R"~*, and the level sets ®~1(¢)
are regular submanifolds of codimension k£ in R"™. The following Lemma holds:

Lemma C.1. Let ¢* € X be any non-singular point, and let Us(q*) denote
a sufficiently small tubular §-neighbourhood including that point. Then there is
a parametrization of ¥ in Us(q*) given by {q',...,q¢" 7% f*, ..., f*} that is an
embedding, where f : R"™* — RF is the local inverse of ® as defined by ¢" *+ =
s ).

Proof. Let ¢* be a non-singular point of ¥, and consider the square k x k minor K of
D® which is made by, say, cropping the Jacobian’s first n — k columns. Suppose
det K # 0 at ¢ € X. Then the Implicit Function Theorem guarantees that we
can locally solve the equation ®(q) = 0 for the vector (¢"~**! ... ¢"), obtaining
smooth functions of the remaining coordinates. Let these function be denoted by
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gk = fYqt, ... q"F), such that ®(q',...,q" % fL,..., f¥) = 0. Consequently
o=1(q",....,¢" 7% f1, ..., f%)T is an immersion and moreover by the Inverse Function
Theorem and smoothness of f an embedding of ¥ into R™. O

Note that the specific choice of K does not affect our considerations, for we can
always choose a different parametrization &, with any k coordinates ¢! being functions
of the remaining n — k coordinates. For instance if ® is of class C*°, then so are the
transition functions ¢ = o o 5~ !. Thus ¥ will be globally smooth.

Hence we can define local coordinates {z!,...,2" %} with 2% = ¢ for a =
1,...,n — k, such that ¢ = o(z) is an embedding ¥ C R"™. Then we obtain from
implicit differentiation of the equality ®(z!, ..., 2" %, f1 ... f¥) =0

_ (9% 0% AffN I _ -kl
d¢—<@+a—ﬂ@>d$ —O, (f—q )

where the sum is taken overaw = 1,...,n—kand i =1, ..., k. Since the 1-forms dx® are
linearly independent, we demand that each of the brackets vanishes. For convenience
we may bring the last equation into matrix vector form. We have

Df = —(Dy;®)'D;®.

Here we used the symbol D; to denote the derivative with respect to the first n — &
coordinates and Dy for the remaining slot. Clearly K = Dy® is the invertible k x k
minor of D®. In particular in the codimension k& = 1 case, we can explicitly assert
Df = —(0®/9¢™)"1D;®. Finally we obtain the restriction of the Euclidean metric to
3 as the metric that is induced by the embedding of ¥ into R"™,

oft of!

— a 7\ — —_—
Gy = (00/02%,00/027) = b, +; e

which can be equivalently written in the form

G =1+ (D;®)"(Dy®) " (D2®)(D,®).

Mean curvature vector The map ® : R” — RF with the rank of D® equal
to k defines a foliation of R™ of codimension k by the collection of all connected
components ¥¢ = ®~1(¢), where £ varies throughout RF. In the calculation of the
optimal prediction equations in Section 3.3.1 we have utilized a relation between the
variation of the surface element do¢ with £ and the components of the mean curvature
vector of the leaf ¥¢. The justification is given now:

For each regular  value consider the normal bundle over ¥ = ¥:. We have seen
in Appendix B that in a sufficiently small tubular neighbourhood we can pull back
the Euclidean metric to the normal bundle NX. Using bundle coordinates (x,y) the
pulled-back metric takes the form (B.2), viz.,

o) = ( G(a;)l(;(;)(g,y) A(ai, 0) ) _

where the matrix G is the metric induced on ¥ by the embedding. By
dV = +/det g(z, y)dxdy

we define the volume element on NX. Since g(z,0) = G(z) ® 1 the surface element
dog = \/det G¢(z)dx of ¥ in can be expressed accordingly as

dog = +/det g(x,0)dx
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where the subscript ¢ is used to indicate the implicit dependence of the surface metric
on the foliation parameter £ (on the other hand, g(z,0) = G(x) ® 1 without subscript,
since the normal coordinate y = 0 takes over the role of the parameter &).

Given an orthonormal frame {n;(o),...,ng(o)} for the normal bundle we can
write the map ® in terms of the bundle coordinates ®(z,y) — & = (JLQ)(o(x))y,
where @ € R™"** is the matrix (ny,...,ny), and Jp = D® denotes the Jacobian. By
chain rule we can evaluate the derivative of the surface metric G¢

) 0
o det Ge(x) = (JgQ)”@\/det g(,0).

Here (JXQ)¥ are the elements of the inverse matrix (J2 Q)~!. Taking advantage of
the identity (det g)’ = detg - tr(g~'g’) we find

9 _ LT i 1 0y
a—gi\/det Ge = 2(Jq> Q)Y tr <g(x, 0) o |, det g(z,0)
=—(JgQ)7 tr (G7'6;) Vdet G.

From the particular form of the metric g(z,y) we can conclude that G™'&; with
S; = —Prdn;(-) are the matrices of the Weingarten maps with respect to the local
basis of the tangent vectors do/0z® € T, %, where Pr : T,R"™ — T, X is the tangential
projection. The trace gives the negative components of the mean curvature vector
S
H(o(x)) =Y ri(@)ni(z), ki =—tr(G7'S),
i=1

with respect to the normal coordinates y',...,y* (or the respective normal frame).
Accordingly 0;1/detGe = (JoQ)¥k; is the mean curvature with respect to the
foliation ®~1(¢). The dependence on ® via the Jacobian does not come as a surprise,
since, as is known, the mean curvature is an extrinsic curvature measure.

D. A co-area formula for Dirac’s delta function

We briefly outline how to write the conditional probability (3.6) as an ordinary surface
integral (3.7). Some definitions first: a function f : R™ — R is quickly decaying if
| l”1m 2%f(z) =0, Vae€ Ny,

where z® is declared component-wise [306]. Then the space of quickly decaying
functions f € C*°(R™) with quickly decaying derivatives is called Schwartz space
and is denoted by .7(R"). Let ® : R® — R* be a smooth function, such that the
fibres ¢ = ®71(£) are smooth submanifolds of codimension k in R™. Then for any
function f € .(R™) we define the Dirac measure 6(®(z) — &) by

F(2)6(®(2) —€)dz= [ f(volJs) *doe. (D.1)
R” Se

Here Jp = D® denotes the Jacobian of ®, and do¢ is the Hausdorff measure (surface
element) of ¥ C R". The matrix volume for the rectangular matrix Jo is given by

volJg(z) = y/det JE(2) Jo(2)

Without loss of generality we set £ = 0 and omit the argument £ from now on. In order
to show that the definition (D.1) makes sense let us introduce a non-negative function
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¢ : RF — R that has compact support and which satisfies ©(0) > 0. Moreover for
e > 0 we define the family of functions 6. (y) = e ~p(e71y). The following is standard:
for a test function h € .#(R¥) we introduce the Dirac distribution §(y) by

i [ Sh)dy = [ ()5 dy.

e—0

where the rightmost mtegral is defined as the point evaluation [307]

h0) = [ Hw)o) dy.

Here we face a slightly different problem: Using (D.1) we have to show that
lim 3:(®(2))f(2)dz = f(2)6(®(z)) dz. (D.2)

e—0 Rn R
By definition, the support of d. shrinks as € goes to zero. Therefore we can restrict
the integration domain to a tubular neighbourhood NX. of ¥ with local coordinates
given by the map ¢(z,y) = o(x) + y'n;(o(x)). Hence we have

lim / 3:(®(2)) f(2) dz

NE.NR™
= 1iII(1) f(z,9)d YV g(z, y)dzdy
E— R”

with the abbreviation /g = \/detg. Note that we have used the somehow abusive
notation f(z,y) for the pull-back (f o ¢)(x,y)). The matrix B = QT Jp € R*** with
Q = (n1,...,n%) stems from the local representation of (® o ¢)(z,y) = B(x)y. We
introduce a new variable ¢ by setting ¢ = B(z)y. Thus by the above definition of the
Dirac distribution §(¢) the last equation becomes

lim f(z, B(z)71¢)d.(¢)(det B(x)) ™t v/g(z, B(z)~1¢)dzdC

e—0 R»

= f(z, B(z)"*¢)d(¢)(det B(z)) ™' \/g(z, B(z)~1¢)dxd¢

R’n.
:/ f(z,0)(det B(z))"* /g(x,0)dz,
Rn*k

It follows from the particular form of the metric (B.2) that \/g(x,0) = \/G(x), where
G is the metric of ¥. Observing further that det B(z) = volJg(o(z)) we obtain

im z z)dx = Vi -1 o
i—»O NS.AR" 55((1)( ))f( )d /Zf( Oqu)) d ,

which gives the assertion (D.2). We conclude by noting that the definition (D.1) is
independent of the choice of any compactly supported function .

E. Three-scale problems

The common structure of the systems considered in Section 6 is that they involve
three time scales rather than two time scales as in typical slow-fast systems. Hence we
consider a generic three-scale system (for simplicity we assume that (z,y) € R x R)

e(t) = 2 Fwelt).uelt) + g(.)

elt) = —h(a0), ye(0) + 2 Wt
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which is basically the former slow-fast system after a rescaling of time according to
t — t/e, such that the right hand side of the slow equation has the same order of
magnitude as the diffusion term in the fast equation [23, 34]; see also [308, 298].

In order to derive the limit equation for e — 0, we shall employ a perturbation-like
argument. To this end consider the backward equation associated with (E.1):

O (x,y,t) = AV (x,y,t) (E.2)
with

A= €A+ e A+ As,
and the three generators

a?

Av = 50, + 9(2,9)9y

A2 = f(xa y)81

A3 = g(x7y)am .
Suppose that the fast process, generated by A;, has a unique invariant measure
o (dy) = p(z,y)dy, where the density p satisfies A;p = 0.

We expand the solution of the backward equation into a perturbation series
according to v¢ = vg + €v1 + €2vg + . .. choosing an initial density v(z,y,0) = v¢(z,0)
that only depends on the slow variable [35]. Plugging v¢ into (E.2) equating powers of
€ yields a hierarchy of equations, the first three of which are

672 : Al’UQ = 0, (E?))
e Aijv; = — Aoy, (E4)
60 . Aﬂ)g = at’Uo — A2U1 — Agvo . (E5)

As the operator A; acts on function in the fast variable only, and its kernel is one-
dimensional, we can conclude that vy depends on x only. In order to unveil the lowest
order time evolution (E.5) we define the projection IT : L?(u,) — ker(A;) C L%(ps)
onto the nullspace of A; as the map

(Iu) (z) = / u(e, y)pa(dy) (E.6)

In fact IT is the conditional expectation with respect to p;(dy). We address the next
equation (E.4). For it to be uniquely solvable in L?(u,), it is helpful to see that [309]

weran A, <= ue (kerA))" <= Iu=0.

Hence orthogonality to the kernel amounts to averaging of Aswvg to zero under the fast
dynamics, which can be equivalently expressed by IIA3I1 = 0, because the kernel of
A is one-dimensional. If the centering condition (6.11) holds, this condition is clearly
satisfied, such that we can invert 4; on the second equation:

v = —AIIAQ’UQ.
If we insert this expression into the evolution equation (E.5), and apply the orthogonal
projection onto the nullspace of A;, we obtain the diffusive limit equation

Owvo(w,t) = Avg(z,t)  with A = AT — LA A P AT (E.7)

In view of the fact that A and Az are first-order differential operator, and .4; does not
involve any x-derivatives at all, we can interpret the last equation again as a backward
equation in L'(dz) with a generator that can be cast into standard form

A= A(x)0? + B(2)0: ,
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and to which the following It6 stochastic differential equation is associated [33]

#(t) = B(x(t)) + 2A@([0)W (L) .

We will show below how the coefficients A, B are to be computed. Generally speaking,
the procedure works by solving (E.4) which is an ordinary differential equation:

AT Aovg = AT f (e, y)0pv0 =: w(z, y) o,
where the function w(z,y) solves the cell problem

Ayw(z,y) = f(z,y) with w(z,-) € (ker A;)" . (E.8)
Note that the initial conditions and the respective integration constants of the cell

problem are chosen such that w(z,-) does not lie in the nullspace of A;. Solving the
equation subject to consistent initial conditions, A can be written as

Avy = — / F (@ yyw (e, y) e (dy) 2vo
(E.9)

+/(9(way) — f(2,9)0:w(x,y)) pre(dy) Oxvo

using the definition of the conditional expectation with respect to p,. It remains to
show that the covariance matrix of the diffusion is positive definite. Indeed by means
of (E.8) the first term under the integral can be rewritten as the quadratic expression

[, y)w(z,y) = wz,y) Arw(z,y),
which is strictly negative, since the spectrum of A;, considered on functions that are
orthogonal to the kernel of A;, lies entirely on the negative real axis.

Integral representation of the averaged generator FExtracting the coefficients
a,b by solving the cell problem (E.8) may not be possible in general. An alternative
approach [25] uses an explicit integral representation A~!. Thus let g(x,-) be
orthogonal to the kernel of L?(j,), i.e., IIg = 0. Then the function

G(z,y) = — /OOO exp(tA1)g(z,y) dt

is an integral representation of A 'g, for
A1G = —/ .Al exp(t.Al)g dt
0
——/Ooge (tA1)gdt
= ) dt Xp(tA1)g
=(1- tlim exp(tAi))g,

and A; is negative-definite for all functions g € (ker.4;)". Hence exp(tA;) — 0 and
woy) == [ exp(tAn)f(wy)de.
0

which gives upon substitution into (E.9)
Avg = / f(z,y) /0 b exp(tA1) f(x,y) dt pe(dy) 0vo
+ / F,y) 0, /O " exp(tAN) f (2, ) db o (dy) Davo
+ [ 96e.) 12 (dy) 0100
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Exploiting the semigroup property of exp(t.A;) the coefficients become

A@) = [ fa) [ B o 0) dtnela)
Ba) = [ (ste0)+ 1e0) [ B0 0) 1) ala).

where y,.(t) denotes the fast process at time ¢ starting at y,(0) = y, and E,, labels the
average over all realizations up to time ¢ conditional on the initial value y.

F. Van Kampen’s approximation

We shall demonstrate how studying the normalized deviations leads to a three-scale
problem of the type (E.1). To this end consider the scaled deviation

g (t) — xé(t) — .I(t)
€ \/E .
For the sake of convenience we restrict our attention to the case £ € R. We augment

the system (6.1) by the (redundant) differential equation (6.3) for &. In other words,
we replace (6.1) by the joint system for (z,&.,y.) € R x R x R:

i = — 0,G(x) + oW

ée B %am (V(‘Tv ye) - G(‘T)) - aiv(x7y5)§5 + O(EOO)

1 o .
= — =0,V (2 ) + — W, .
Y GU(xy)—i_\/E 2

Clearly the averaged equation for x is decoupled from the rest, but we keep it, since
otherwise the system would become time inhomogeneous. The associated backward
equation then has the form

atue ({E, 67 Y, t) = Aeue(xv 67 Y, t)

(F.1)

with
A= e " Ay + e V2 Ay + Ag ;

where the single generators are given by
2
o
A = 785 — 0,V (z,y)0,
A2 = _am (V((E, y) - G(.’IJ)) 65
2
As = 0% = (0.V () + B2V (2. 9)€) 0,

In contrast to the previous section the nullspace of A; now consists of function
that depend on z as well as ¢ (the slow coordinates). Accordingly the projection
I : L?(p;) — ker.A; maps to functions g(z,&). Quite remarkably the operator A
meets the solvability condition IIAIT = 0. The powers of /€ in the backward equation
suggests that we shall expand its solution as follows

U€:U0+\/EU1/2+€’LL1+... .

Equating powers of /€ yields a hierarchy of equations, the first three of which are
el Ay =0,
e Ay yn = —Agug,

0 . —
€ : Alul = 8tu0 — A2u1/2 - AguO .
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Repeating the procedure from the last section taking into account the solvability
condition and the fact that the projection II commutes with the Ornstein-Uhlenbeck
generator Ajg gives the familiar limit equation

deup = Aug  with A = —TLA AT AT 4 TTA3IT .

By running through the calculation from the last section, Appendix E, it can be
shown that the term containing Afl yields the diffusion expression for the normalized
deviation ¢ without further drift (see below), whereas the rightmost term yields the
averaged equation for the slow variable z and the drift G ()¢ of the error. That is,
A turns out out to be the generator of the skew system (6.6).

Calculation of the diffusion coefficient Consider the family of cell problems
(E.8) for functions w(z,¢,) € (ker.A;)". In particular we take a look at

fa&y) =2 <A("”)2y2 -z 1n/\(a:)>

2

from Example 6.1 above. The cell problem is then independent of &,
o? d*w dw o N (x)
——— —yA2)?— 2N ()M z) — = =0
P+ (PN - S

Hence w(z, &, y) = w(z,y). The solution of the homogeneous problem is easily found:

oVE Ci@) o TA@y]
2 Ax) o

where C7,(C5 are integration constants, that may or may not depend on the slow
variable z, and erfi[z] is the complex error function that is defined by

wo(z,y) = C2(x) +

erfi[z] = —ierfliz] with erf[z] = 2 /Z exp(—¢?)d¢.
V7 Jo
Variation of constants including the solvability condition (6.11) finally leads to
oy Ci(x Az 1N(x
Q@ 0] L 1K oy

where the integration constant Cj(x) is arbitrary, and Ca(z) is determined by the
requirement ITw = 0. That is, Ca(x) is found to be

% N (z)

4 A(z)3~
Intriguingly the solvability condition does not rely on Cy(z) at all. For this reason we

may fix C; = 0 without any loss of generality. In fact, the computed coefficients do
not depend on C1(z) anyway. By this we obtain the diffusion coefficient in (6.9),

w(z,y) = Ca(x) +

02 (:E) =

ot "(z)\ 2
Aw) == [ st - T (352) (F3)

Remark F.1. Consider again the problem of inverting Ay. Clearly the result of this
operation is defined only up to functions that vanish under the action of Ay,

v = AflAgvo + ¢ with ¢ € ker Ay,

where the additional function ¢ accounts for the indeterminacy of inverting Ay . Gladly
this does not change the diffusive limit equation as long as the solvability condition
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IIASIT = 0 is met, for then also ILA2¢ = 0, and so the indeterminacy disappears from
the effective equation. See also [85].

However we have to be very careful in relaxing the centering condition (6.11).
To see what can happen consider the cell problem, and do not assume that Asvy be
orthogonal to the kernel of Ay; but then projecting equation (E.4) to the nullspace of
Ay yields a contradiction, for I1A, = A1l and therefore

0= HAwl = HAQU() 75 0.

Of course the solvability condition ITASII = 0 is somehow weaker than the centering
condition (6.11). Nevertheless the last equation clearly shows that the perturbation
series breaks down, if the right hand side of equation (E.4) has a component in the
nullspace of Ay. In fact I1A2Il = 0 can be considered a consistency condition for the
whole ansatz to make sense.
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