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Abstract

The isomorphism SU(4) ~ O(6) is used to construct the form factors of the O(6)
Gross-Neveu model as bound state form factors of the SU(4) chiral Gross-Neveu
model. This technique is generalized and is then applied to use the O(6) as the
starting point of the nesting procedure to obtain the O(N) form factors for general

even N.
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1 Introduction

In the last decades integrable quantum field theories in 1+1 dimensions have been investi-
gated very intensively. One of the pioneers was Petr Kulish: An infinite set of conservation
laws for the sine-Gordon and the massive Thirring model was derived by Kulish and Nis-
simov in [I] (see also [2]). In [3], P. Kulish has shown that these conservation laws imply
the factorization of the S-matrix. He also made a seminal contribution in the algebraic
formulation of the nested Bethe ansatz: in [4] Kulish and Reshetikhin constructed the
nested version of the algebraic Bethe ansatz for a GL(N) invariant model. The “off-shell”
version of this nested algebraic Bethe ansatz was later developed in [5] to solve matrix
difference equations. This technique was applied in [0} [7, 8] to construct form factors for
the SU(N) chiral Gross-Neveu model.

In a previous paper [9] we constructed the O(NN) nested Bethe ansatz, which needs
deeper investigations. We introduced an intertwiner, which connects two different S-
matrices in the nesting procedure S(6, N) and S(f, N — 2). Then we applied this tech-
nique in [10] and [I1] to the O(NN) nonlinear o-model and the O(N) Gross-Neveu model
with even N, respectively. In the present article we will consider the form factors of
the O(6) Gross-Neveu model which will be the starting model for the nesting procedure
for the O(N) Gross-Neveu model. The O(4) Gross-Neveu-Model will be considered in
forthcoming papers.

Our results are related to the N = 4 supersymmetric Yang-Mills (SYM) theory. It
is known that the O(6) or SU(4) Bethe ansatz structure is connected to the N = 4
SYM theory, which, in turn, is equivalent by the AdS/CFT conjecture to the super-string
theory on the product space AdSs x Ss. This equivalence means that there is a one-
to-one correspondence between all aspects of the theories including the global symmetry
observables and the field content with correlation functions. In the N = 4 SYM theory
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there is an automorphism symmetry group of the supersymmetry algebra known as R-
symmetry, which causes the supercharges to change by a phase rotation. Thus for the
N =4 SYM theory the R-symmetry group is SU(4) ~ O(6). This group is part of the full
group of symmetry of the theory known as superconformal group and is given by S(2,2 | 4)
which also includes the conformal subgroup SO(2,4) and Poincare supersymmetry [12, [13].
Therefore all integrable structures associated with SU(4) ~ O(6) group are interesting
tools for this big AdS/CFT correspondence conjecture.

~ o o o
<+ 1 2 3

Figure 1: The isomorphism 0(6) ~ SU(4) in terms of the Dynkin diagrams

In [14] was shown that the isomorphism O(6) ~ SU(4), cf. Fig. [1] leads to an identity
between the O(6) Gross-Neveu model and the SU(4) chiral Gross-Neveu model. The
four right-handed (left-handed) O(6) kinks correspond to the four fundamental SU(4)
particles (antiparticles). The six fundamental O(6) particles correspond to the six SU(4)
bound states. In [I4] the isomorphism was shown for the S-matrices. In this article we
demonstrate the isomorphism for the form factors.

In [10] and [II] we constructed form factors for the O(N) o-model and the O(N)
Gross-Neveu model (for N even), respectively. For these constructions we used the nested
Bethe ansatz, which means that for the level N one needs the results from level N — 2,
etc. In [I0] we used the isomorphism O(4) ~ SU(2) x SU(2) as the starting point of
the nesting procedure for the O(N) o-model. The SU(N) form factors were constructed
in [I5, © [7, [8 16]. The results of the present article, which rely on the isomorphism
O(6) ~ SU(4) may serve as the starting point of the nesting procedure for the O(N)
Gross-Neveu model.

The article is organized as follows. In Section 2| we recall some results on the needed
S-matrices, in particular the bound state procedure. In Section |3| we recall results on the
SU(4) and O(6) form factors. We show that the form factors for O(6) vector particles
are to be identified with SU(4) bound state form factors. In Section {4] we apply these
results to some examples. In Section |5 we generalize the results to the so called ‘modified
form factors’. We prove that they can be used to start the nested ‘off-shell” Bethe ansatz
to solve the O(N) form factor equations. The appendix provides the more complicated
proofs of the results we have obtained and further explicit calculations.
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2 S-matrix

2.1 The SU(4) S-matrix

The S-matrix of the SU(4) chiral Gross-Neveu model for the scattering of two fundamental
particles (transforming as the SU(4) vector representation) is given by [17, 18], [19] 14! 6]

SEW(0) = bW (0) 1+ VW () P (1)
or in terms of the components
D C
U
A0 Op

with the rapidity difference of the particles 8§ = 615 = 6; —6,. The two S-matrix eigenvalues
are S;UW = pSU@ L SUM) with

0 — Lir
(370, s20) ( . 1) S, 2)
2

Unitarity can be written as

SU(4 SU(4
S2W(—6)s7 M (0) = 1.
The highest weight amplitude
F(1-52)T(F+355%)

SU(4) 0) = SSU(4) 0) = — 2im i 3
O =S O =t T g ®)

is essential for the Bethe ansatz which will be used to construct the form factors. In order
to simplify the formulae we extract the factor V™) () from the S-matrix and define

SSU(4)(9) _ SSU(4)(9)/QSU(4)(9) _ BSU(4)(9)1 + ESU(4)(9)P (4)
with 1
~ 0 —5iT
bSU(4) 9) = ~SU(4) 9) = 2 )
(6) 0—%@'71" ¢ (6) 9—%2%

The S-matrix eigenvalue 577 (f) has a pole at # = i which means that there exist
a bound state of 2 fundamental particles, which transforms as an SU(4) anti-symmetric
tensor. This have to be identified with a fundamental particle of the O(6) model (see
below). The bound states of 3 fundamental particles (ABC) (with1 <A< B < (C <4)is

to be identified with an anti-particle of a fundamental particle D : (ABC') = D [20, 19, [6].
The charge conjugation matrix is

CaBcyp = €aBep (5)

where €4pcp is total anti-symmetric and €934 = 1.
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2.2 The O(6) S-matrix

The O(6) Gross-Neveu S-matrix for the scattering of two fundamental particles (trans-
forming as the O(6) vector representation) can be written as [21]

S9©(9) = 2O (H)1 + LCOBOP + d°O (K, (6)

or in terms of the components as

0 g
(SO@)Z (6) = b°9(0)5765 + °9(0)825% + d°D(9)C Cop = ><
o 01 0> 3
with the “charge conjugation matrices”
Cop = 0,5 and C* = §°7 (7)

in the complex basis (see [I1]). The three S-matrix eigenvalues are 52O = po® 4 O
and S = pO© 4 06 1 6490) with

0 +im 60— Lir
GO6) g0 gO©)) _ 31T 1\ o) g
GRS 6—in 0+ Lin )" ®)

Unitarity reads as
o(6 o(6
So,gr,)—(_e)so,i,)— (0)=1.

The highest weight amplitude is [21]

20(9) = 529(9) = LUz T+ ) T+ 5T — 5a8)
P+ 556)T (53— 350) T (5 2m0) T (5 + 3m:0)
For later convenience we introduce again
5909y = 59O (9)/a®© (9) = °©) (6)1 4 O ()P + d°©) (K (9)
with ~ 0 —Lir . 0 —Lim
OO = g VO = g 00 = o

2 2 2

Remark 1 Note, that the amplitudes b and & are the same for SU(4) and O(6).
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2.3 Bound state S-matrix

The S-matrix eigenvalue SfUM)(Q) of has a pole at § = %2’7? which means that two
fundamental particles A and B form an anti-symmetric tensor bound state (AB). The
S-matrix for the scattering of these bound states with fundamental particles is given by

122, [14]

C/ R’S’ RS RS/ 1At 1" !
Stsyc(Caza)Tis) = Tiip Gl (612) S5 (6) |, (10)
12= *7'77
c¢’ 1 Q1 ¢’ Q1
(RS) (RS)_ Arg” (R'S")
2 C A "
B B

where 612y = 3 (61 + 65) is the bound state rapidity and 6;5/i = 7/2 the bound state

fusion angle. The bound state fusion intertwiner Fglg ) is defined by

B A
i Res SE4Y (0 ZI‘B/A, RS) = iRS) . (11)
9—727r
R<S
A B

With a convenient choice of an undetermined phase factor one has
RS 1/4

Pis) =il(3) (2/m)"" (6507 — 6305) (12)
Applying formula twice we get the S-matrix for the scattering of two bound states.
For example we obtain

bSU bSU 4)bSU(4)bSU + bSU 4) SU(4)bSU bSU bSU(4 SU (4 bSU SU(4) _ _b0(6) (0)

where the arguments on the left hand side are to be taken as 6 + Z7T 0,0,0 — z7r There
are similar formulas for the other amplitudes. The result is the S-matrix for the O(6)

Gross-Neveu model up to a sigrfl] (see [14]).
We have the map Mg, from the anti-symmetric tensor SU (4) bound states to the

O(6) vector states (in the complex basis) (see [14] 6] [11])

SU(4) bound states } { O(6) vector states (13)

(RS) € {(12),(13),(14),(23),(24), (34)} o€ {l,2,3,3,2,1} ’
which means that the no-zero matrix elements are

Mgy = M) = M1y = My = My = My = 1.

!This is because the fundamental Gross-Neveu particles are fermions (see [14]).
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3 Form factors

The matrix element of a local operator O(x) for a state of n particles of kind «; with
rapidities 6;

(010() |01, 0,)0 = 0PI EO() 0y > 0y > >0, (14)

defines the generalized form factor F  (6), which is a co-vector valued function with
components F< (0).

Form factor equations: The co-vector valued function F©  (6) is meromorphic in all
variables 0, ..., 0, and satisfies the following relations [23], 24]:

(i) The Watson’s equations describe the symmetry property under the permutation of
both, the variables ¢;,6; and the spaces 4,7 = ¢ + 1 at the same time

FO

(c.s03,0,...) =F% (....0;,0;,...)Si;(6;)) (15)
for all possible arrangements of the 6’s.

(ii) The crossing relation implies a periodicity property under the cyclic permutation of
the rapidity variables and spaces

ULy [O(0) [ oy -y Yo
=FP (0) +im,0y,...,0,)0°Ct = FP (0,,...,0,,0, —ir)C" (16)

where 09 takes into account the statistics of the particle o with respect to OE| The
charge conjugation matrix C!'! will be discussed below.

(iii) There are poles determined by one-particle states in each sub-channel given by a
subset of particles of the state in . In particular the function F2 (6) has a pole
at 612 = im such that

Res Flo,n(Hl, . ,Qn) =22 Clg F?)On<03’ . 7971) (1 - O'g)Sgn ce 323) . (17)

O1o=1m

(iv) If there are also bound states in the model the function F, QO (#) has additional poles.
If for instance the particles 1 and 2 form a bound state (12), there is a pole at
012 = in such that
Res F33 (61,02, 00) = Flo) a012),- - 0) Vargy (18)
12=1
where the bound state intertwiner F§122) is here given by and the values of
01, 02, (12 are given in general in [22, 14} 25].

2The statistics factor of is determined by the space-like commutation rule of the operator O and the
field which creates the particle 1.
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(v) Naturally, since we are dealing with relativistic quantum field theories we finally

have
FC (O +puy....00 +p) = FC (01,...,6,) (19)

if the local operator transforms under Lorentz transformations as O — e**O where
s is the “spin” of O.

For the SU(4) S-matrix 1' the bound state pole is at 6 = %z’w, ie. n= %71’

The general form factor formula: We write the general form factor F}°, (0) for n
fundamental particles following [23] as

FRO) =K. ] Fo) (20)

where F(6) is the minimal form factor function (see below). The K-function Ky , (6) is
given in terms of a nested ‘off-shell’ Bethe ansatz (see e.g. [10, 6] f]

K@) = [ v [ denhi.20°(0.2) 0a0.2) 1)
- cy' e

written as a multiple contour integral. The scalar function h(6, z) depends only on the
S-matrix and not on the specific operator O(z)

H H o(0; — zj) H 7(zi — zj) (22)
i=1 j=1 1<i<j<m

1
T(z) = ( By ( ) (23)

The dependence on the specific operator (9( ) is encoded in the scalar p-functionf] p© (9, z)
which is in general a simple function of ¢% and e*. The function ¢(f) and the mtegratlon
contours Cy depend on the model and are given below.

3.1 SU(4) form factors

Minimal form factor: Let S (f) be an S-matrix eigenvalue. The solution of Watson’s
and the crossing equations (i) and (ii) for two particles

F(0)=5(0) F(=9)

Flir +0) = F (in — 0) (24)

3 A more general form of the nested Bethe ansatz where the p-function depends on all level z-variables
is discussed in Section 3.1 of [G].

4How the statistics factors enter the periodicity rules for the p-functions is presented in Section 3.1 of
[6].
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with no poles in the physical strip 0 < Im# < 7 and at most a simple zero at § = 0
is the minimal form factor [23]. For the construction of the ‘off-shell’ Bethe ansatz the
minimal form factor for the highest weight eigenvalue of the SU(4) S-matrix a5Y™ () of
is essential. The unique solution (up to a constant factor) is

G G- 12

FSUM4) (9) _ 24r 2 iw (25>
G(i+37) G (- zi7)

where G (z) is Barnes G-function, which satisfies (see e.g. [26])

G(l4+2)=T(2)G(z).

The n-particle form factor for SU(4) is given by and the function ¢(6) in

and is (see [6]) .
P(0) =T (3+ L0)T (—90). (26)

21 21

The integration contour in for SU(4) is depicted in Fig.

0, + i
09n+%i7r 092+%i7r e

® 6,
@971 @92 o 0y — Lim

. J
) ) [ 61 — ur
o, —2ir o Oy — 2im

Figure 2: The integration contour for SU(4)

Nesting: The Bethe state in for SU(4) is written as
Ua(0,2) = Kj'(2) (0, 2) (27)

where A = (Ay,..., A,) with 1 < A; <4 and summation over all B = (By, ..., B,,) with
2 < B; <4 is assumed. The basic Bethe ansatz co-vectors (in the algebraic formulation)
2 e (V1-m) are defined as [0]




3 FORM FACTORS 10

The nested Bethe ansatz is obtained by writing for K(ﬁl)(g) of an ansatz as and

so on: for K(El)(g(l)) we have an SU(3) and for K(QQ) (2¥)) an SU(2) Bethe ansatz, which is
well known. The number m = n; in (28)) is the number of “weight flip” operators. These
numbers for the various levels of the nested Bethe ansatz satisfy [0]

(n_nlanl_n27n2_n37n3) :wO+L(171;171) (29)

where w? is the weight vector of the operator O and L =0,1,2,. ...

3.2 0O(6) form factors

Minimal form factors: The solutions of Watson’s and the crossing equations (i)
and (ii) for two particles with no poles in the physical strip 0 < Im# < 7 and at
most a simple zero at # = 0 are the minimal form factors [23]

<F0(6) 006) FO(G))““ ~(2tanhg (im —0) T (3 - 550) T (5 + 559) 1) pO@min
0 y £+ ) — - . ) — .
im—60 I'2(2)coshi(imr—6)
(30)
They belong to the S-matrix eigenvalues S(()) ©) and Sg © of . The full 2-particle form
factors are

1 )
FO(G) 0) — FO(G) min 0) . 31
+-0(6) sinh %(6 — %m) sinh %(9 + %m) w0 () (31)

They are non-minimal solutions of having a pole at § = 2im (see (5.10) and (2.16)
of [23]). For the construction of the ‘off-shell’ Bethe ansatz the minimal solution of the
form factor equation for the highest weight eigenvalue of the O(V) S—matrixﬂ

FOO) (9) = —q0©) (9) FO©® (—g) (32)

is essential. The unique solution (up to a constant factor) is

FOO () = ccosh L (im — 0) FPO™" () (33)
G(2z7r) ( 2z7r) G(All—i_%%)G(%_%iﬂ)
G(3+3) GG -35)GE+30) G (- 37)

The function ¢(f) in is the same as for SU(4) and the integration contours in
(21]) can be found in [11].

3.3 Bound state form factors

The statistics factor of two fundamental particles in the chiral SU(N) Gross-Neveu model
[20, 19, 6] is o = exp (2mis), where s = $ (1 — &) is the spin. For SU(4) this means that

5The minus sign in is due to fermionic statistics of the fundamental particles (see also eq. 4.12
of [27]).
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the spin is s = 8, and the statistics factor is o = exp( m) In particular, the bound
states of two fundamental SU(4) particles are fermions because o = —1.

An n' = n/2-particle form factor for O(6) is calculated from an n-particle one of SU(4)
using the bound state formula (iv) of

FOO@)rg =2 Res ... Res F; V(0 (34)

a 1.
O10= 717r Gn_lnzawr

where Fi =T - .sz'fl 4, 1s the total intertwiner and w; = %(921-_1 + 0y;) are the
bound state rapidities.

Lemma 2 The bound state form factors defined by satisfy the form factor equations
(i) - (v) of - (@ The K-functions defined by (@) and satisfy, in particular

1.

1
KOO ()re =274 - - Res ... Res K579 (p)
o o 1§z’1<_][§n’ Qb(—w”)(b( wzg 1 ) 012= 7” 9n,1n:%z’7r o
(35)
2. the form factor equation (iii) in the form (see [11])
wﬁeir Ky (i) (w) = FO C12 H d(win + m)qg(wzg) )(Q) (1 — Sopr ... Sa3)
(36)

with © = w3, ... Wy

Proof. In Appendix E of [25] was proved that in general bound state form factors

satisfy the form factor equations. We use the variables u, o with § = %iwu, w = %i?TO.

1. Equation implies for the K-functions because from and we derive

FSUG) (o 4 Lir) (FSU@) (w))® FSUG) (0 — Lir) 1 (37
FO0) () C P(—w)p(—w + Lim)’

2. This follows from the general proof of (iii) in [25] and (37]). One can also prove it
directly from (iii) for FZU(@ (0), eq. and (up to a const.)

I o(wg)d(—wy £ gim) o y
e i i+ 2 5 i
1<zl<_][<n/¢( wij)P(—wij + i) 21_!]1_[2(25 i) 11 ¢(win + 3im)(win)

Lir and wyy = im.

1; _
7im, Oy = w; — 1

for ‘921_1 = w; + 1
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]
This lemma implies the following

Corollary 3 In [1]] we demonstrated that the isomorphism O(6) ~ SU(4), leads to an
equivalence between the O(6) Gross-Neveu model and the SU(4) chiral Gross-Neveu model
for the S-matrices. The results of this section show, that this is also true for the form
factors.

4 Examples of operators

We use the results of [6] and [11].

4.1 The current J*(z)

The SU(4) form factor: The SU(4) Noether current .J, ;(x) transforms as the adjoint

representation with weight vector w’/ = (2,1,1,0). Because the Bethe ansatz yields

highest weight states we consider the highest weight component
Th(x) = 0, (x)

where the anti-particle 4 is defined by and J(x) is the pseudo potential with the
p-function in (21)) (see subsection 4.3 of [6])

p(0,2) = o3 (Z0-xa"-% Z’(s))/ > (38)

The n-particle current form factor for SU(4) is given by and the nested ‘off-shell’
Bethe ansatz (21) with the p-function (38)). The numbers of “weight flip” operators in
the various levels of the nested Bethe ansatz are given by asn =44+4L, n =
24 3L, no =14 2L, ng = L. In particular we consider L = 0,ie. n=4,n1 =2, ny =1
and ng = 0. The Bethe state in (21]) is then

Ua(0,2) = K (2)25(0, 2)
K§@) = [ a6 -0y (39)
U (2.y) = 63,00,b(21 — y)e(z2 — y) + 0, 08,6(21 — )
(see also Fig. [3)). Below we use this formula to calculate the bound state form factor.

The O(6) form factor: The O(6) Noether current transforms as an antisymmetric

O(N) tensor with weights w” = (1,1,0). The bound state formula, applied to
with the p-function yields the O(6) current form factor for n/2 particles. In particular
we consider the case n = 4.
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Proposition 4 The bound state formula forn =4 and @ with the p-function
(@ yield the two particle O(6) form factor of the pseudo-potential J**(z) and the current
JE () = € J ()

1

FOO*" (9,.0,) = im (52,68, — 67 §°)) ————F° (0) (40)
162 1 2 1 2 COSh 5612
FOO (0,,05) = i (52,85, — 62.62.) 9(01)7,u(6:) FO© (8) (41)

which agrees with the results of [11).

Proof. We have n = 4, n; = 2, nys = 1 and n3 = 0. For convenience we use here
the variables u, v, w with § = iriu, z = iriv, y = imiw and calculate (always up to

2 2 2
constants)

Res Res KEUM)’J(Q) = Res Res/ dvh (u, v) p” (w, V)V 4 (u, v) (42)

u12=1ugqs=1 u12=1ugs=1 Ca

= Res Res Res Res h(u,v)p” (u,v)V4(u,v)
u12=1u3z4=1 vi=u2 vo=uy -
because the residues are obtained by pinchings at v; = us, v9 = uy which imply that the
S-matrices S(ug — v1) and S(ugq — v9) are replaced by the permutation operator (see Fig.
3). Using Yang-Baxter relations and the formula for the fusion intertwiner we obtain

1
|
w\\l

Figure 3: The Bethe state W4 (u,v) in for v = Uy, vy = uy.

Res Res K37 (u) = ¢(uia)d(uzn) K5 (una)b(ura)p” (u, uz, us) (rfﬂrgl Ry A4) .

u12=11uzs=1

With we have (again up to constants)

il
v=
—~
|
S—
I
é\\
QU
g
r1
n
=
—~
|4
iy
|
g
S—
S~—
r1
n
=
+
ST
~—~
[
=
|
g
S~—
S~—
}1
N
ST,
—~
<
%)
|
g
S—
SN—
}1
—~
IN[JY)
+
N
—~
<
%)
|
g
S~—
S~—

1T (a+n)T(b+n) T(c) ['(c)T(c—a—0b)

Filabie) =Y e T Gy e Tl —wte (D)
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have been used. Similarly, we calculate Kéé) (v) and get Kgé)(y) = —Ké;) (v). Finally

using

4 12 13 13 12
Res Res K v, ( ) == KJ( ) (FA(411)42FA(431)44 - FE411)42FE431)44>

u12=1uz4=1
o= ¢(u14)¢(u32)r (% - iu24) r (_% + iu24) 5(u14)pj (w, ug, uy)
1 2
- sin L7o (F (z§1 - %10) r (_31 + %0))

2

Wlth 0 = U(12)(34) = U13 = Upq = Ujg — % = Uo3 + % The result follows then from ,

{0) and (). =

4.2 The iso-scalar operator O

The SU(4) n-particle form factor for the iso-scalar operator O(x) with weights w® =

(0,0,0,0) is given by and the nested ‘off-shell” Bethe ansatz (21)). The numbers of
“weight flip” operators in the various levels of the nested Bethe ansatz are given by
asn =4+4L,ny =3+ 3L, ny =24+ 2L, ng =1+ L. We propose for the iso-scalar
operator O(x) the p-function

With this p-function in the form factor equations (i) - (v) of (15) - (18) hold Wlth
0 — .j applied to

statistics factor o = —1 and spin s® = 0. The bound state formula ( 2
and with the p-function yields the O(6) form factor of the operator i (x) for
n/2 particles. In particular we consider the case L = 0, i.e n = 4, ny = 3, np = 2 and
nsg = 1.

Proposition 5 The bound state formula applied to (@ and with the p-function
yields the two particle O(6) form factors of ¥

F25,(8) = (0[4(0) [ pr,p2 )it o, = Canas 0(61)u(62) Fo(612) (45)
which means for the energy momentum opemtmﬁ A
Fyia,(0) = (O T"(0) | 1,12 )y = Canas0(01)7"ul(02) 3(p7 — p5) Fo(6hr2)
with Fy(0) given by (30) and which agrees with the results of [11).

Proof. The more general proof in Appendix [Al implies for v = 1/2

r(3—-ieyp(-14lw
Res Res F152’3]4 (91,... 0,) = const. (43 21”) ( 4+12W)F0(6) ().
912 fZ7r934 %7,71’ F(E_iﬂ)l—‘( _{_5%)

with w = 0(12) — 0(34). Together with and the claim follows. m

SThis follows from 8, T = 0 and T} = myn).
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4.3 The O(6) Gross-Neveu field 1(x)

The SU(4) form factor: We follow [6] and define the SU(4) operator O47 = [y, ¢7]
where ¢4 () is the fundamental field of the chiral SU(4)-Gross-Neveu model. It has the
weight vector w® = (1,1,0,0). We write the highest weight component [¢)!,1?] as O and
propose the p-function (see subsection 4.2 of [6])

2 m 3 n
70,2 = (170 2) = HER AR (46)

belonging to the & spinor components. The form factors are again given by and .
The numbers of “weight flip” operators in the various levels of the nested Bethe ansatz
are given by asn=24+4L, ny=1+3L, ny =2L, n3 = L.

The O(6) form factor: The fundamental O(6) field ¥* is fermionic and transforms as
the vector representation with weight vector w¥ = (1,0,0) [II]. It is given in terms of

OABbyand
Y = Mg TN [04, 9] .

The bound state formula ([34)) apphed to ) and ( . ) with the p-function yields
the O(6) form factor for n/2 particles. In particular we consider the case L = 0, i.e.
n=2 m=1

610=in2/3 = 012=i72/3 Jo

~ - 3 -
Res KSUWC7(9) =  Res / 236y — ) & (0, — 2) = (71O4) G g 2y
0

5 .3 5
— ¢ (012) ei<92_4(91+92)> , ]i{eS S.»ZélllAg ((912)
12=im2/3

where pinching at z = 6, was used. Therefore the O(6) one particle form factor of the
field is with 6 = £ (61 + 62) (up to const.)

FOOV™ (g) = 730 — ) (g)

as expected.

5 0O(6)~SU(4) as a start of level iteration for O(N)

5.1 The modified n-particle K-function for O(6)

The O(N) Gross-Neveu form factors are given by the ‘off-shell’ nested Bethe ansatz [L1].
Therefore we need the higher level O(N — 2k) Bethe ansatz for k =1,...,N/2 — 3. The
last one is of O(6) type. For this discussion it is convenient to introduce the variables
u,v with 0 = invu, z = iryw with v, = 2/(N — 2k — 2). For the O(N — 2k) S-matrix
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S®) () we write

S®(u) = S8 /5% = bu)1 + &(uw)P + di(u)K (47)
U N —1 ~ o 1

S u—lu—1/y

and define the higher level K-functions

KO =88 [ o [ o o) W0y @)

U (u,0) = K (@) (89) (w,v)

with u = uy, ..., up,, v ="11,..., Uy, and my = niy1. The basic Bethe ansatz co-vectors
((i)(k))g(g, v) are defined analogously to . The function h(u,v) is given by and
(23) where ¢ (6) is replaced by

G, (0) =T (1-3v+:50)T (—50), v =1 =2/(N - 2)

T 2m

The higher level K-functions Kgﬂ) (u) for k > 0 satisfy the equations

(1))
k S(k
(ii) *) . _
Kl(k)nk (ur 4+ 2/v,ug, . .. ,unk)a?Cll = Kgc_?nkl(ug, ey Upy,s up)CH (50)
(iii) ®)
k T - 7 k
Res Kf)nk (Ul, R ,Unk> = H (b,,(uﬂ + 1>§Z§V('U,Z'2)012K§”?nk<U3, Ce ,unk) . (51)

ui2=1/vy i3
The normal form factor equations (i) - (iii) for O(IN — 2k) are similar to these higher
level equations. There are, however, two differences:

1. The shift in (ii)® is the one of O(N) but not that of O(N — 2k).

2. There is only one term on the right hand side in (iii)®*).

In particular for k = N/2 — 3 = 1/v — 2 we have v, = 1 and Kg)(g) = Ko?(m’”(g) is

of O(N — 2k) = O(6) type, which means in particular that the S-matrix and the Bethe
state are the ones of O(6). We call K5 a modified O(6) K-function.



5 O(6) ~ SU(4) AS A START OF LEVEL ITERATION FOR O(N) 17

ou +2/v—1
o u,+2/v—1 ouy+2/v—1 142

o ®w  Ou,

oun—l OU2—1
»>- f OU1—2/V
Uy — 2/V o uy —2/v
OU1—4/V
up, —4/v o uy —4/v

Figure 4: The integration contour C,, in . The bullets refer to poles of the integrand
resulting from ¢(u; —v;) and the small open circles refer to poles originating from b(u; —v;)
and ¢(u; — vj).

5.2 The modified n-particle K-function for SU(4)
Replacing in and
Qg(e) _>Q~5V( ) F(l——V—l— 2;10) ( 2#19)

we obtain the modified n-particle K-function for SU(4) which satisfies the form
factor equation (ii) (see (16))) not for the shift 6, — 6, + 2mi but for 6; — 6; + iw/v and
in (iii) (see (7)) the second term on the right hand side is missing. Again we use for
convenience the variables u and v with = imvu, z = imvv, then the K-function (the
integration contour is shown in figure 4)

K3 (u,v) :/ dyﬁﬁ(ﬁy(ui — ;) [T 7 (0o, ) W au, 0) (52)
A ...

i=1 j=1 i<j
satisfies for v < £ not the form factor equations (i) and (iii) of - but the modified
ones

(i),

KO0y + 2/v,us, i) o OCH = K08 (s, .ty 1y ) G (53)

1..n

(iii),

n 4

Res Res Res KU (y) = b (i) 123 K5 0\ (0 54
u34esluzge—slulze—s (_) g£|2:¢ (uj)81234 T (g) ( )

with @ = us, ..., u,.

The proofs of these equations are quite analogous to the ones in [6] for the normal
SU(N) K-functions for N = 4.
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5.3 n’=n/2 bound states of SU(4) particles:

We apply the bound state formula (iv) to an n-particle modified K-function of SU(4) and
define correspondingly to for v =2/(N — 2) an n’ = n/2-particle O(6) K-function

1 v
KO©O(o)I% = H _ Res ... Res KZU(4)’ (w)  (55)

reisiew Pr(—0i) by (—0g + 1) w2=l woi=

2
lemma [2] we prove

with 0; = L (ug;_1 + ug;) and the intertwiner I‘i =T%4, - .sz’il 4,- Correspondingly to
Lemma 6 The K-function defined by satisfies the modified form factor equations

KO(G)vy( .. 04, Oj . ) = KO(6)7V( .. O]'7 O ... )S’O(G)(Oz])

Kl.é(Gzaj’V(Ol + 2/7/’ 02, .. >On’)Ch = Kzo.‘(.?@)/lu(oﬂ <o+ On/y Ol)CH

Res Kf_(,i)/y(Q) = (;V(Oil + 1)<;u(01'2)012K3O,,(6)’V(Q)

n!
with 0 = 03,...0p.

Proof. We follow here the proof of Proposition 7 in [25]. For (i), and (i), the proofs
are again obvious. To prove (iii), one follows Appendix E of [25] taking into account that
also in there is only one term on the right hand side. =

Corollary 7 The K-function defined by satisfies the higher level equations (i)*) -
(i) *® or (4.13) - (4.16) of [11] for k = N/2 — 3, i.e. v, = 1/2. Therefore it serves as
a starting of the nesting for the construction of an O(N)-Gross-Neveu form factor for
arbitrary even N > 6.

To construct the form factors of the O(N) Gross-Neveu model for the operators
Ynp, J;“B and ¢* with weight vectors w = (0,0,...,0), (1,0,...,0) and (1,1,0,...,0),
respectively, we need for the starting of the nested Bethe ansatz the modified O(6) one
for the iso-scalar with weight vectors w = (0,0,0). Therefore we generalize the construc-
tions of Subsection from v = 1/2 to general v and prove

Lemma 8 The bound state formula applied to the modified SU(4) K-function (@
with the p-function

P (g7 Vv, W x) = 67:7”/(% Z?ﬁl ui*Z?il U’i+ZiL:1 IZ) —1 (56)
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for L = 1,2,... (see (29)) yields the modified O(6) K-function for the iso-scalar for
n' = 2L particles. This means that for L = 1 the the bound state formula yields the
modified O(6) two-particle K-function

2 2

I (1 — lV — l1/012) r (—%V + %I/Olz)
I'(14+v—14vow) D (v+jron)

Ka1a2 <017 02) = Calag (57>

This is the higher level K-function needed as the starting for the nested O(N) Bethe ansatz

(see [11)]).

The proof of this lemma can be found in Appendix [A] It follows the main result of
this article:

Corollary 9 For all O(N) Gross-Neveu form factors of operators O(x) with weights
w® = (wi,wy,0,...,0,0) the start of the nesting is obtained by with the p-function

(@) and the bound state formula .

Conclusions:

The form factors for the SU(N) chiral Gross-Neveu model were constructed in [15] [, [7,
8, [16]. In [10] we used the isomorphism O(4) ~ SU(2) x SU(2) as the starting point of
the nesting procedure to construct the O(N) o-model form factors. Up to now we were
not able to do the analog for the O(N) Gross-Neveu model. However, the fundamental
particles of the O(6) Gross-Neveu model may by identified with the bound states of the
SU(4) chiral Gross-Neveu model [I4]. Using this identification we showed in the present
article how to use the O(6) functions as the starting point of the nesting procedure to
construct the O(N) Gross-Neveu model form factors (for N even). In a forthcoming article
we will consider the O(4) Gross-Neveu model. Also the asymptotic behavior of the form
factors and the short distance behavior of the correlation functions will be investigated.
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AC-100 project. A. F. acknowledges financial support from CNPq (Conselho Nacional de
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Freie Universitat Berlin grant 01000/20000000.

Appendix

For simplicity the equations in the following are mostly written up to inessential constants.
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A Proof of Lemma

Proof. We have n = 4, n; = 3, ny = 2 and n3 = 1. For convenience we use again the
variables u, v, w, z, 0 with 0 = imvu, M = irve, 23 = irvw, 2% = itve, w = iTvo.
We prove that for n = 4 (with 01 = (u1 + u2)/2, 09 = (ug + uy)/2)

1
EZ®" (o) = = _ Res Res 13" (u)
o ¢l/(_012>¢l/<_012 + 1) uig=lugs=1 =

with the p-function implies

I (1 — %V — %VOlg) I (—%V + %VOlg)

I'(14+v—3von) T (v+ Fvop)

KO (017 02) Calag

alaga

We calculate the residues (first for p = 1) of the component with A = (1,2,3,4) (using
pinching at vy = us — u; — 1, vy = ug — uz — 1)

ui2=1ugq=1 u12=1 uzs=1 vi=us vo=uy

X = Res Res Kﬂgi )(g) / dvs Res Res Res Res h(u,v) Uig34(u,v) (A.1)

:/ dvs Res Res Res Res h(u,v) Kg)(v)qD%M(g,y)

u12=1 u34=1v1=ug voa=uq

_ [5 (20 /cu dush, (u, v) <K§§21('1_1) - Kéi%(g)) b(uy — vs) é (uz — vs)]

V1=U2,V2="U4
ui=uz+1luz=us+1

with h, (u,v) = Res Res h(u,v). It was used that for vy = uy and vy = uy (see Fig. )

V1=U2 V2=U4q

v1] va| v3 —

Ul u2| u3| u4

Figure 5: The Bethe state ¥4 (u,v) in for an iso-scalar operator where A = (1,2,3,4)
and v — Ug, Vg —> Uy.

Res.1 Res D, (u, up, uy) = 0P (652078 — 6,265°) b (uy — ug) b (uy — v3) & (ug — v3)
u12 ugq=1
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and therefore

(1) B
K (uz, ug, v3) Res1 Res D594 (W, Uz, g, v3)
u12=1 uzq=1

= (Kégi(%uz;, v3) — K (us, ua, U3)> b (ur — ua) b (ur — v3) & (uz — v3)
further with 0 = 012 = U9y = V19

X(0) = Res Res Kf;éfl )(g)

ui2=1ugs=
4

/de H Ouls = v)7(012) T Buls = v3)7 (0137 (v29)

=1
zj;é2 142

X (Kéézl(ug, Uy, V3) — Kz(ig),(ug,u4,vg)> b(ug — uy) 5(u1 — v3) € (uz — v3)
with vy — ug, V9 — uyg, Uy —> us + 1, ug — ug + 1. We get X as

CT(1- (1 +0)T (dr(o—1)

sin %mjo

Y (o) = / dvsé (—uy + v3) (KQ%ZI(UQ,UAL,U?,) — Kéi%(ug,u4,vg)>
Cu

Y (o)

where it was used that for v; = us, Vo =uy, U1 =us+ 1, ug =uy +1

7 ¢u(U1 - Ul)(gz/(ul - Uz)&/(uz - Uz)&/(uzz - Ul)(gu(luﬁ - vz)qu(uz; - Ul)

b N ~ ~
(ur — uy) b (U1 — V2) By (—v1 + o)
1
— sin v (ug — Uz)r (I+iv(—us—1+w)) T (—iv(us+1—u))

and

= 1.

~<Z~5u(u1 - U:{)CEV(UQ - Us)c%u(uzz, - 03)%1/(“4 - Us) b (Ul - U3) (Us - U3)
¢u(U1 - U3)¢u(—01 + U3)¢V(U2 - U3)¢u(—U2 + Ug) c (_U4 + U3)

Therefore we have

, B F(}—%V{l—FO))P(%I/(O—l))
° ¢u(—0)¢p,(—0 + 1) sin 27vo

Y (0) = Cuia,Y (0) .

o
B
I
4
8

Co

/ dwh (v, w) K2 ()D& (v, w)

(I)(l) gégés(y w) _ 501502(1)1 + 502501(1)2
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b,y = B(vl — wy) 5(1}1 — w2)1~)(v2 —wy) ¢ (vg — wy) € (v3 — wy)
Dy =b(vy —wy) b (vy — wa) & (vy — wy)
X (5 (vg — wa) b (v3 — wy) & (v — wy) + & (vy — wy) & (v — wl))

and
K& (w) = / ded, (wn = )b, (ws — @) (8(ws — @)elws — 1) + 5wy — 1)) (A2)

w

= ((551 — 55’) T (—%I/ + %I/wlg) r (1 — %I/ — %Vwm)
which follows from
(/ +/ ) dzl'a—2)I'(b—2)' (c+ 2) [ (d+ 2)
a Cb

F'(c+a)T' (d+a)T (c+b) T (d+0b)
I'(c+d+a+b) '

1
21

Therefore
Ky, (0) = / dwh (v,w) T (—1v + Lrwis) T (1 - Lv — fvwny)
¢
X (5%25%3 — 5%25%3) ((I)l — (I)g)
because (534 — 627) (651052®1 + 65205 ®o) = (03,048, — 64,03,) (@1 — @») and

_ . [3(’01 — wl)i)(vl — ’wg) 6(’02 — wl) 5(1)2 — wg) 6(1)3 — U)l) 5(1}3 — ’wg)
(I)l (I)2 a E(wl — UJQ) 6(7}3 — 1)2) ’

Finally exchanging the integrations

Y (o) = / dvsé (—uy + v3) (K%i(ug,m,vg) — Ké}lé(uz,u4,v3))
c

U

- [ ot (4 + )T )

b (Ul — ’(Ul) B (Ul — UJQ) é(UQ — U)1> 5(7)2 — U)Q)

Co
2 2 7
X [HH¢V<UZ_wJ> 6(11)1—’11]2) ]

i=1j=1

X /cw dvsé (—uy + v3) (51/(@3 _ w1)<5l,(v3 B wg)é (vs _ézl;)_é(z:j)— wy)

the vs-integration can be done as above in ((A.2))

/ dU3<5u(U3 - wl)&u(’U:& — wy)¢ (v3 — wy) ¢ (v3 — wy) = F(—%V + %lez)r(—%V - %un)

Cw
(A.3)
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and therefore (for vy = ug, Vo = Uy, 0= Uy — uy)

Y (o /dw<HH¢V — )

=1 j=1

with

= ;w (Sin %m/w) r (—

n (C.10) of [I1] was shown that

/C dwjf[l (ﬁgu(vl — ;) (V2 — ;) (vz — wj)) @ (w12, k) = K(v1, k) (A4)

v

with
(w.k) = - (Nl—w)K(w k+1)
Gu(w)gp(—w) (w+1/v —k —1)
. T(—tv—tvu)T (—dv+ Lvu)
KO = T = o) T~ Tk )

Note that for k =1/v —2

v = 1/v—12).
(w) sin 7w (w — 1) sin 7w (w + 1) o (w, 1/ =2)

Similarly to (A.4) we have herd'|

/ ﬁ ( (v1 —wy) (vl — wj) qby(vg w;)¢ (vg — wj)> U (w2)

_(0 k=1/v—2) Ko,k =1/v —2)
(o= =2

1)sinimv (0 + 1) COS TV — COS VO

sm

(A.5)

with 0 = 019 = ug4 = v12. The arguments are as follows: The function Y (0) satisfies the
equations with the S-matrix eigenvalue 5'(? ©) of @D Therefore the minimal solution is
Y™in(0) = K(0,1/v —2)sin 37w (0 — 1) sin 37w (0 + 1). Pinching at wy; — vy — 2/v,wy —
vo and produces a double pole at 0 = 1, wich implies .

"This result was in addition checked with Mathematica.
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Now we consider the p-function in (A.1)), then (up to a constant)

Y,(0) = K(o,k =1/v —2).

This result is obtained by applying to the equations which correspond to (A.2]) and (A.3))
the formula

1
%(/G—F/Cb)sz(a—z)F(b—z)F(c+z)F(d+z)f(z)
=I'l-c—d—a-0bT(c+a)l'(d+a)l'(c+b)I'(d+0)
y (f(a)81n7r(c+b)sm7r(d+b) _f(b>sm7r(c+a)sm7r(d+a)>

wsinm (a —b) wsin (a — b)

where C, encloses the poles of I'(a — z) and f(z + 1) = f(z) holds. m
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