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Abstract

We present a C++ implementation of an optimisation algorithm for computing the
smallest (w.r.t. area) enclosing ellipse of a finite point set in the plane. We obtain an
exact solution by using Welzl’s method [14] together with the primitives as described
in [6, 7]. The algorithm is implemented as a semi-dynamic data structure, thus
allowing to insert points while maintaining the smallest enclosing ellipse. Following
the generic programming paradigm, we use the template feature of C++ to provide
generic code. The data structure is parameterized with a traits class, that defines
the abstract interface between the optimisation algorithm and the primitives it uses.
The interface of the data structure is compliant with the STL.
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1 Introduction

We present a C++ implementation of an optimisation algorithm for computing the small-
est (w.r.t. area) enclosing ellipse of a finite point set in the plane. We implement the
algorithm of Welzl, with move-to-front heuristic [14], using the primitives as described
in [6, 7], resulting in an exact solution. The algorithm is realized as a semi-dynamic data
structure, thus allowing to insert points while maintaining the smallest enclosing ellipse.
It is parameterized with a traits class [4], that defines the abstract interface between the
optimisation algorithm and the primitives it uses. We provide a traits class implementa-
tion using the CGAL kernel [3] and, for ease-of-use, traits class adapters to user supplied
point classes. The interface of the data structure is compliant with the STL [13, 12].

The presented code will be part of release 1.0 of CGAL, the Computational Geometry
Algorithms Library [1].

The rest of the document is organized as follows. The algorithm is described in Section 2.
Section 3 gives a brief introduction to conics. Section 4 contains the specifications as
they appear in the CGAL Reference Manual [5]. Section 5 gives the implementations. In
Section 6 we provide a test program which performs some correctness checks. Finally the
code files are created in Section 7. For a more detailed overview, see the table of contents
starting on page 148.

2 The Algorithm

The implementation is based on an algorithm by Welzl [14], which we shortly describe now.
The smallest (w.r.t. area) enclosing ellipse of a finite point set P in the plane, denoted
by me(P), is built up incrementally, adding one point after another. Assume me(P) has
been constructed, and we would like to obtain me(P U {p}), p some new point. There are
two cases: if p already lies inside me(P), then me(P U {p}) = me(P). Otherwise p must
lie on the boundary of me(P U{p}) (this is proved in [14] and not hard to see), so we need
to compute me(P,{p}), the smallest ellipse enclosing P with p on the boundary. This is
recursively done in the same manner. In general, for point sets P,B, define me(P, B) as
the smallest ellipse enclosing P that has the points of B on the boundary (if defined).
Although the algorithm finally delivers a ellipse me(P, ), it internally deals with ellipses
that have a possibly nonempty set B. Here is the pseudo-code of Welzl’s method. To
compute me(P), it is called with the pair (P, (), assuming that P = {p1,...,p,} is stored
in a linked list.
me(P, B):

me := me((), B)

IF |B| = 5 THEN RETURN me

FOR::=1TOn DO

IF p; € me THEN
me :=me({p1,...,pi—1}, BU{p;})
move p; to the front of P
END
END
RETURN me
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Note the following: (a) |B] is always bounded by 5, thus the computation of me((), B) is
easy. In our implementation, it is done by the private member function compute_ellipse.
(b) One can check that the method maintains the invariant ‘me(P, B) exists’. This justifies
termination if |B| = 5, because then me(P, B) must be the unique ellipse with the points
of B on the boundary, and me(P, B) exists if and only if this ellipse contains the points
of P. Thus, no subsequent in-ellipse tests are necessary anymore (for details see [14]). (c)
points which are found to lie outside the current ellipse me are considered ‘important’ and
are moved to the front of the linked list that stores P. This is crucial for the method’s
efficiency.

It can also be advisable to bring P into random order before computation starts. There
are ‘bad’ insertion orders which cause the method to be very slow — random shuffling gives
these orders a very small probability.

3 Conics

For a given real vector R = (r,s,t,u,v,w), a conic C = C(R) is the set of homogeneous
points p = (z,y, h), h # 0 satisfying

R(p) := rz? + sy? + txy + uzh + vyh + wh? = 0, (1)
equivalently
2r 't u x
(,y,h) | t 2s w y | =0. (2)
u v 2w h

R is called a representation of C. Note that the homogeneous point (x,y,h) corresponds
to the Cartesian point (z/h,y/h) in the plane. Also, any Cartesian point p = (z,y) can
be identified with the homogeneous point (z,y, 1), in which case (1) assumes the form

R(p) = ra® + sy? + tey +uz + vy + w = 0, (3)

(z,y) ( 2; ;8 ) ( ‘;” ) + (2u, 20) ( "’y” ) + 2w =0. (4)

Thus, under the condition h # 0, homogeneous and Cartesian representation are equiva-
lent, and we frequently switch between them. !

C is called trivial if C = R? which is equivalent to R = 0. C is empty if C = 0, i.e. if (1)
has no real solutions z,y, h with h # 0 (which happens e.g. in case of R = (1,1,0,0,0, 1),
or R =(0,0,0,0,0,1)).

equivalently

!The reason for scaling equations (2) and (4) by a factor of 2 is purely technical — we want to argue
with division-free terms.



C is invariant under scaling its representation R by any nonzero factor. This means, a conic
has five degrees of freedom, and in fact it holds that any five points uniquely determine
a nontrivial conic passing through the points. Some care is in place: this does not mean
that five points uniquely determine the conic’s representation, up to scaling. For example,
the z-axis is a conic uniquely determined by any five points on it, but as a representation
we may choose {y = 0} or {y? = 0}. Recall that we have already seen two representations
of the empty conic which are not multiples of each other.

3.1 Conic Types

The number
2r t
det(R) := det ( b 9 ) (5)

determines the type of C(R). If det(R) > 0, C is an ellipse, if det(R) < 0, we get
a hyperbola, and for det(R) = 0, a parabola is obtained. While the trivial conic is a
degenerate parabola equal to the whole plane, any nontrivial one consists of at most two
simple curves. As a special case, there is a conic C = {p} for any point p = (zo,yo). It
can be specified as

C={(z,y) | (—z0)* + (y — y0)* = 0},
and a possible representation is R = (1, 1,0, —2x¢, —2yo, 22 +y2). This implies det(R) = 4,
so C is a degenerate ellipse, see Section 3.3.

Note that det(R) > 0 implies r, s > 0 or 7, s < 0 which is equivalent to

Mo ( 2t7’ 2ts ) (6)

being positive definite (z! Mz > 0 for  # 0) or negative definite (z7 Mz < 0 for = # 0).
In case of det(R) < 0, M is indefinite, meaning that 27 Mz assumes positive and negative
values.

3.2 Symmetry Properties
If the conic C(R) is not a parabola, the matrix
2r ¢
M= ( t 2s )

is regular, and C has a unique center of symmetry c, given as

c:_Ml(g).

With this definition, (4) can alternatively been written as
(p—c)TM(p—c)+2w—c' Mc=0, (7)

p = (z,y)T, from which the symmetry is obvious. In case of a parabola, we get an axis of
symmetry.
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3.3 Orientation and Degeneracy

An oriented conic is a pair Cg = (C(R),R), i.e. a conic with a particular representation.
Cr subdivides R?\C(R) into a positive side, formed by the set of points such that R(p) > 0,
and a negative side (R(p) < 0). Replacing R with —R leads to an oriented conic with
positive and negative sides interchanged. This concept of assigning positive and negative
sides is purely algebraic.

In addition, there is a geometric way of assigning sides to an oriented conic which does not
depend on R (like an oriented circle has a bounded side, independent from its orientation).
To this end, we define the convex side of a conic C as the the union of the convex connected
components of R?\ C. The non-conver side is then just the union of the non-convex
components. Figure 1 depicts the convex sides of an ellipse, hyperbola and parabola,
labeled with the letter ‘c’.

Figure 1: Ellipse, hyperbola and parabola with convex sides

A conic is defined to be degenerate if either its convex side or its non-convex side is empty.
Let us discuss the possibilities for this. First, the trivial conic is degenerate, with both
sides being empty. The empty conic is degenerate, with the non-convex side being empty.
An ellipse is degenerate if and only if it consists of just one point (and so the convex side
is empty). A hyperbola is degenerate if and only if it contains its center of symmetry c.
In this case, the hyperbola is a pair of lines crossing at ¢, and so the non-convex side is
empty. A degenerate parabola is either a pair of parallel lines or just one line. In both
cases, the non-convex side is empty.

In the non-degenerate case, the classification of points by positive and negative side co-
incides with the one by convex and non-convex side. In the degenerate case, this exactly
holds if positive or negative side disappear, like for a degenerate ellipse (but not for a
degenerate hyperbola).

An oriented conic Cx is said to have positive (negative) orientation, if and only if the convex
side coincides with the positive (negative) side. If neither is the case, the orientation is
zero. Thus, a degenerate ellipse has nonzero orientation, but a degenerate hyperbola has
not.

While it is clear that positive and negative side of a conic are only defined with re-



spect to some representation, it is interesting to note that even the partition of R? \ Cr
into positive and negative side does in general depend on R. Coming back to the conic
C = {y = 0} = {y? = 0}, the first representation of it leads to nonempty positive and neg-
ative side, while in the second one, the negative side is empty.

3.4 Ellipses and the Volume Formula

The volume of an ellipse £, Vol(€), is defined as the area of its convex side. If £ is
non-degenerate and presented in center form (7), consider the matrix

A= M/(2w — ¢ Mc).

It is easy to see that A is invariant under scaling R by any nonzero factor. The following
holds.

Lemma 3.1
T

Vdet(A)

For this note that det(A/) > 0 implies det(A) > 0.

Vol(€) =

4 Specifications

This section contains the specifications as they appear in the CGAL Reference Manual [5].

4.1 2D Smallest Enclosing Ellipse (CGAL_Min_ellipse_2<Traits>)

Definition

An object of the class CGAL_Min_ellipse_2<Traits> is the unique ellipse of smallest area
enclosing a finite set of points in two-dimensional euclidean space Es. For a point set
P we denote by me(P) the smallest ellipse that contains all points of P. Note that
me(P) can be degenerate, i.e. me(P) = 0 if P = 0, me(P) = {p} if P = {p}, and
me(P) ={(1 =AN)p+A¢|0<A<1}if P ={p,q}.

An inclusion-minimal subset S of P with me(S) = me(P) is called a support set, the
points in S are the support points. A support set has size at most five, and all its points lie
on the boundary of me(P). If me(P) has more than five points on the boundary, neither
the support set nor its size are necessarily unique.

The underlying algorithm can cope with all kinds of input, e.g. P may be empty or points
may occur more than once. The algorithm computes a support set S which remains fixed
until the next insert or clear operation.

Note: In this release correct results are only guaranteed if exact arithmetic is used, see
Section 4.3.

#include <CGAL/Min_ellipse_2.h>
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Traits Class

The template parameter Traits is a traits class that defines the abstract interface between
the optimisation algorithm and the primitives it uses. For example Traits::Point is a
mapping on a point class. Think of it as 2D points in the Euclidean plane.

We provide a traits class implementation using the CGAL 2D kernel as described in Sec-
tion 4.3. Traits class adapters to user supplied point classes are available, see Sections 4.4
and 4.5. Customizing own traits classes for optimisation algorithms can be done according
to the requirements for traits classes listed in Section 4.8.

Types
CGAL_Min ellipse 2<Traits>:: Traits

typedef Traits::Point Point; Point type.
typedef Traits::Ellipse Ellipse; Ellipse type.

The following types denote iterators that allow to traverse all points and support points
of the smallest enclosing ellipse, resp. The iterators are non-mutable and their value type
is Point. The iterator category is given in parentheses.

CGAL_Min_ellipse_2<Traits>:: Point_iterator (bidirectional).

CGAL_Min_ellipse_2<Traits>:: Support_point_iterator (random access).

Creation

A CGAL_Min_ellipse_2<Traits> object can be created from an arbitrary point set P and
by specialized construction methods expecting no, one, two, three, four or five points
as arguments. The latter methods can be useful for reconstructing me(P) from a given
support set S of P.

template < class InputIterator >

CGAL_Min_ellipse_2<Traits> min_ellipse( InputIterator first,
InputlIterator last,
bool randomize = false,
CGAL_Random& random = CGAL_random,
Traits traits = Traits())

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to mc(P) with P being the set of points in the range
[first,last). If randomize is true, a random permutation of P is
computed in advance, using the random numbers generator random.
Usually, this will not be necessary, however, the algorithm’s efficiency
depends on the order in which the points are processed, and a bad order
might lead to extremely poor performance (see example below).
Precondition: The value type of first and last is Point.

Note: In case a compiler does not support member templates yet, we provide specialized
constructors instead. In the current release there are constructors for C arrays (using



pointers as iterators), for the STL sequence containers vector<Point> and list<Point>
and for the STL input stream iterator istream_iterator<Point>.

CGAL Min ellipse_2<Traits> min ellipse( Traits traits = Traits());

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me(), the empty set.
Postcondition: min_ellipse.is_empty() = true.

CGAL_Min_ellipse_2<Traits> min_ellipse( Point p,
Traits traits = Traits())

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me({p}), the set {p}.
Postcondition: min ellipse.is _degenerate() = true.

CGAL_Min_ellipse_2<Traits> min_ellipse( Point p,
Point q,
Traits traits = Traits())

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me({p, q}), the set {(L —=A)p+ Aq |0 <A <1}
Postcondition: min_ellipse.is_degenerate() = true.

CGAL Min ellipse_2<Traits> min ellipse( Point pl,
Point p2,
Point p3,
Traits traits = Traits())

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me({pl,p2, p3}).

CGAL Min ellipse_2<Traits> min ellipse( Point pl,
Point p2,
Point p3,
Point p4,
Traits traits = Traits(Q))

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me({pl, p2, p3,p4}).

CGAL Min_ellipse_2<Traits> min_ellipse( Point pl,
Point p2,
Point p3,
Point p4,
Point p5,
Traits traits = Traits())

creates a variable min_ellipse of type CGAL_Min_ellipse_2<Traits>.
It is initialized to me({pl, p2, p3, p4,p5}).
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Access Functions

int

int

Point_iterator

Point_iterator

Support_point_iterator

Support_point_iterator

Point

Ellipse

Predicates

min_ellipse.number_of _points()

returns the number of points of min_ellipse, i.e. |P|.

min_ellipse.number_of_support_points()

returns the number of support points of min_ellipse,
ie. |S|.

min ellipse.points begin()

returns an iterator referring to the first point of
min_ellipse.

min_ellipse.points_end()

returns the corresponding past-the-end iterator.

min_ellipse.support_points_begin()

returns an iterator referring to the first support point
of min_ellipse.

min_ellipse.support_points_end()

returns the corresponding past-the-end iterator.

min_ellipse.support_point( int i)

returns the i-th support point of min_ellipse. Be-
tween two modifying operations (see below) any call
to min_ellipse.support_point (i) with the same i
returns the same point.

Precondition:

0 <% <min ellipse.number of support points().

min_ellipse.ellipse()

returns the current ellipse of min_ellipse.

By definition, an empty CGAL_Min_ellipse_2<Traits> has no boundary and no bounded
side, i.e. its unbounded side equals the whole plane Es.

CGAL_Bounded_side

min_ellipse.bounded_side( Point p)

returns CGAL_ON_BOUNDED_SIDE, CGAL_ON_BOUNDARY,
or CGAL_ON_UNBOUNDED_SIDE iff p lies properly inside,
on the boundary, or properly outside of min_ellipse,
resp.
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bool min_ellipse.has_on_bounded_side( Point p)

returns true, iff p lies properly inside min_ellipse.

bool min_ellipse.has_on_boundary( Point p)

returns true, iff p lies on the boundary of
min ellipse.

bool min_ellipse.has_on_unbounded_side( Point p)

returns true, iff p lies outside of min ellipse.

bool min_ellipse.is_empty()
returns true, iff min_ellipse is empty (this implies
degeneracy).

bool min_ellipse.is_degenerate()

returns true, iff min ellipse is degenerate, i.e. if
min_ellipse is empty, equal to a single point or equal
to a segment, equivalently if the number of support
points is less than 3.

Modifiers

New points can be added to an existing min_ellipse, allowing to build me(P) incremen-
tally, e.g. if P is not known in advance. Compared to the direct creation of me(P), this is
not much slower, because the construction method is incremental itself.

void min_ellipse.insert( Point p)

inserts p into min_ellipse and recomputes the small-
est enclosing ellipse.

template < class InputlIterator >
void min_ellipse.insert( InputIterator first,
InputIterator last)

inserts the points in the range [first,last) into
min_ellipse and recomputes the smallest enclosing
ellipse by calling insert(p) for each point p in
[first,last).

Precondition: The value type of first and last is
Point.

Note: In case a compiler does not support member templates yet, we provide special-
ized insert functions instead. In the current release there are insert functions for C
arrays (using pointers as iterators), for the STL sequence containers vector<Point> and
list<Point> and for the STL input stream iterator istream_iterator<Point>.
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void min_ellipse.clear()

deletes all points in min ellipse and sets it to the
empty set.
Postcondition: min_ellipse.is_empty() = true.

Validity Check

An object min_ellipse is valid, iff

e min_ellipse contains all points of its defining set P,
e min_ellipse is the smallest ellipse spanned by its support set S, and

e S is minimal, i.e. no support point is redundant.

Note: In this release only the first item is considered by the validity check.

Using the traits class implementation for the CGAL kernel with exact arithmetic as de-
scribed in Section 4.3 guarantees validity of min_ellipse. The following function is mainly
intended for debugging user supplied traits classes but also for convincing the anxious user
that the traits class implementation is correct.

bool min_ellipse.is_valid( bool verbose = false,
int level = 0)

returns true, iff min ellipse contains all points of
its defining set P. If verbose is true, some messages
concerning the performed checks are written to stan-
dard error stream. The second parameter level is not
used, we provide it only for consistency with interfaces
of other classes.

Miscellaneous
Traits min_ellipse.traits()
returns a const reference to the traits class object.
I/0
ostream& ostream& os << min_ellipse
writes min_ellipse to output stream os.
Precondition: The output operator is defined for Point
(and for Ellipse, if pretty printing is used).
istream& istream& is >> & min_ellipse

reads min_ellipse from input stream is.
Precondition: The input operator is defined for Point.
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#include <CGAL/IO0/Window_stream.h>

CGAL _Window_stream& CGAL_Window_stream& ws << min_ellipse

writes min_ellipse to window stream ws.
Precondition: The window stream output operator is
defined for Point and Ellipse.

See Also

CGAL Min circle_2 [8], CGAL_Min ellipse 2 traits_2 (Section 4.3),
CGAL_Min_ellipse_2_adapterC2 (Section 4.4), CGAL_Min_ellipse_2_adapterH2
(Section 4.5).

Implementation

We implement the algorithm of Welzl, with move-to-front heuristic [14], using the primi-
tives as described in [6, 7]. If randomization is chosen, the creation time is almost always
linear in the number of points. Access functions and predicates take constant time, in-
serting a point might take up to linear time, but substantially less than computing the
new smallest enclosing ellipse from scratch. The clear operation and the check for validity
each takes linear time.

Example

To illustrate the creation of CGAL_Min_ellipse_2<Traits>and to show that randomization
can be useful in certain cases, we give an example.

#include <CGAL/Gmpz.h>

#include <CGAL/Homogeneous.h>

#include <CGAL/Point_2.h>

#include <CGAL/Min_ellipse_2_traits_2.h>
#include <CGAL/Min_ellipse_2.h>

typedef CGAL_Gmpz NT;

typedef CGAL_Homogeneous<NT> R;

typedef CGAL_Point_2<R> Point;
typedef CGAL_Min_ellipse_2_traits_2<R> Traits;
typedef CGAL_Min_ellipse_2<Traits> Min_ellipse;

int main()
{
int n = 1000;
Point* P = new Point[ nl;

for (int i = 0; i < n; ++i)
P[ i] = Point( (i%2 ==0 7 i : -i), 0);
// (0,0), (-1,0), (2,0), (-3,0),

Min_ellipse mel( P, P+n); // very slow
Min_ellipse me2( P, P+n, true); // fast
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delete[] P;
return( 0);

4.2 2D Optimisation Ellipse (CGAL Optimisation ellipse 2<R>)

Definition

An object of the class CGAL_Optimisation_ellipse_2<R> is an ellipse in the two-
dimensional Euclidean plane Ey. Its boundary splits E9 into a bounded and an unbounded
side. Note that the ellipse can be degenerated, i.e. it can be empty, equal to a single point
or equal to a segment. By definition, an empty CGAL_Optimisation_ellipse_2<R> has
no boundary and no bounded side, i.e. its unbounded side equals the whole plane E,.
A CGAL Dptimisation_ellipse_2<R> equal to a single point p or equal to a segment s,
resp., has no bounded side, its boundary is {p} or s, resp., and its unbounded side equals
Eo \ {p} or Eg \ s, resp.

#include <CGAL/Optimisation_ellipse_2.h>

Types

typedef CGAL_Point_2<R> Point; Point type.

Creation
void ellipse.set()
sets ellipse to the empty ellipse.
void ellipse.set( CGAL_Point_2<R> p)
sets ellipse to the ellipse equal to the single point p.
void ellipse.set( CGAL_Point_2<R> p, CGAL_Point_2<R> q)
sets ellipse to the ellipse equal to the segment pg.
Precondition: p and q are distinct.
void ellipse.set( CGAL_Point_2<R> pl,

CGAL Point_2<R> p2,
CGAL_Point_2<R> p3)

sets ellipse to the ellipse of smallest area through p1,
p2 and p3.
Precondition: pl, p2, p3 are not collinear.

void ellipse.set( CGAL Point 2<R> pi,
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void

Access Functions
Equality Tests

bool

bool

Predicates

CGAL_Bounded_side

bool

bool

bool

CGAL_Point_2<R> p2,
CGAL_Point_2<R> p3,
CGAL Point_2<R> p4)

sets ellipse to the ellipse of smallest area through p1,
p2, p3 and p4.
Precondition: pl, p2, p3, p4 are in convex position.

ellipse.set( CGAL_Point_2<R> pl,
CGAL_Point_2<R> p2,
CGAL_Point_2<R> p3,
CGAL_Point_2<R> p4,
CGAL_Point_2<R> p5)

sets ellipse to the unique ellipse through p1, p2, p3,
p4 and p5.
Precondition: There exists an ellipse through p1, p2,

p3, p4, pS.

ellipse == ellipse?2

returns true, iff ellipse and ellipse2 are equal.

ellipse !=ellipse?2

returns true, iff ellipse and ellipse?2 are not equal.

ellipse.bounded_side( CGAL_Point_2<R> p)

returns CGAL_ON_BOUNDED_SIDE, CGAL_ON_BOUNDARY,
or CGAL_ON_UNBOUNDED_SIDE iff p lies properly inside,
on the boundary, or properly outside of el1ipse, resp.

ellipse.has_on_bounded_side( CGAL_Point_2<R> p)

returns true, iff p lies properly inside ellipse.

ellipse.has_on_boundary( CGAL_Point_2<R> p)

returns true, iff p lies on the boundary of ellipse.

ellipse.has_on_unbounded_side( CGAL_Point_2<R> p)

returns true, iff p lies properly outside of ellipse.
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bool ellipse.is_empty()
returns true, iff ellipse is empty (this implies degen-
eracy).

bool ellipse.is _degenerate()

returns true, iff ellipse is degenerate, i.e. if ellipse
is empty, equal to a single point or equal to a segment.

I/O
ostream& ostream& os << ellipse

writes ellipse to output stream os.
istream& istream& is >> & ellipse

reads ellipse from input stream is.

#include <CGAL/IO/Window_stream.h>

CGAL_Window_stream& CGAL_Window_stream& ws << ellipse

writes ellipse to window stream ws.

4.3 Traits Class Implementation using the two-dimensional CGAL Ker-
nel (CGAL_Min_ellipse_2_traits_2<R>)

Definition

The class CGAL_Min_ellipse_2_traits_2<R> interfaces the 2D optimisation algorithm for
smallest enclosing ellipses with the CGAL 2D kernel.

#include <CGAL/Min_ellipse_2_traits_2.h>
Types
typedef CGAL_Point_2<R> Point;

typedef CGAL Optimisation_ellipse 2<R> Ellipse;

Creation

CGAL_Min ellipse 2 traits_2<R> traits;

CGAL_Min_ellipse_2_traits_2<R> traits( CGAL_Min_ellipse_2_traits_2<R>);
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See Also

CGAL_Min_ellipse_2 (Section 4.1), CGAL_Min_ellipse_2_adapterC2 (Section 4.4),
CGAL Min ellipse 2 adapterH2 (Section 4.5), Requirements of Traits Classes for 2D
Smallest Enclosing Ellipse (Section 4.8).

Example

See example for CGAL_Min_ellipse_2 (Section 4.1).

4.4 Traits Class Adapter for 2D Smallest Enclosing Ellipse to 2D Carte-
sian Points (CGAL_Min_ellipse_2_adapterC2<PT,DA>)

Definition

The class CGAL_Min_ellipse_2_adapterC2<PT,DA> interfaces the 2D optimisation algo-
rithm for smallest enclosing ellipses with the point class PT. The data accessor DA [9]
is used to access the x- and y-coordinate of PT, i.e. PT is supposed to have a Cartesian
representation of its coordinates.

#include <CGAL/Min_ellipse_2_adapterC2.h>

Types

CGAL _Min_ellipse_2_adapterC2<PT,DA>:: DA Data accessor for Cartesian coor-
dinates.

CGAL_Min_ellipse_2_adapterC2<PT,DA>:: Point Point type.

CGAL _Min_ellipse_2_adapterC2<PT,DA>:: Ellipse Ellipse type.

Creation
CGAL _Min_ellipse_2_adapterC2<PT,DA> adapter( DA da = DAQ));

CGAL Min ellipse 2 adapterC2<PT,DA> adapter(
CGAL_Min_ellipse_2_adapterC2<PT,DA>);

See Also

CGAL_Min_ellipse_2 (Section 4.1), CGAL_Min ellipse_2_traits_2 (Section 4.3),
CGAL_Min_ellipse_2_adapterH2 (Section 4.5), Requirements of Traits Class Adapters to
2D Cartesian Points (Section 4.6).

Example

The following example illustrates the use of the traits class adapters with your own point
class. For the sake of simplicity, we expect a point class with Cartesian double coordinates
and access functions x() and y(). Based on this we show how to implement and use data
accessors.
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Note: In this release correct results are only guaranteed if exact arithmetic is used, so
this example (using inexact floating-point arithmetic) is only intended to illustrate the
techniques.

#include <CGAL/Min_ellipse_2_adapterC2.h>
#include <CGAL/Min_ellipse_2.h>

// your own point class (Cartesian)
class PtC {
/...
public:
PtC( double x, double y);
double x( ) const;
double y( ) const;
/...
};

// the data accessor for PtC
class PtC_DA {
public:
typedef double FT;
void get( const PtC& p, double& x, double& y) const {
x =p.x0; y=p.y0;

}
double get_x( const PtC& p) const { return( p.x()); }
double get_y( const PtC& p) const { return( p.y()); }
void set( PtC& p, double x, double y) const { p = PtC( x, y); }

s

// some typedefs
typedef CGAL_Min_ellipse_2_adapterC2 < PtC, PtC_DA > AdapterC;
typedef CGAL_Min_ellipse_2 < AdapterC > Min_ellipse;

// do something with Min_ellipse
Min_ellipse me( /*...%/ );

4.5 Traits Class Adapter for 2D Smallest Enclosing Ellipse to 2D Ho-
mogeneous Points (CGAL_Min_ellipse_2_adapterH2<PT,DA>)

Definition

The class CGAL_Min_ellipse_2_adapterH2<PT,DA> interfaces the 2D optimisation algo-
rithm for smallest enclosing ellipses with the point class PT. The data accessor DA [9] is used
to access the hx-, hy- and hw-coordinate of PT, i.e. PT is supposed to have a homogeneous
representation of its coordinates.

#include <CGAL/Min ellipse_2 adapterH2.h>

Types

CGAL_Min_ellipse_2_adapterH2<PT,DA>:: DA Data accessor for homogeneous
coordinates.
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CGAL_Min_ellipse_2_adapterH2<PT,DA>:: Point Point type.

CGAL_Min_ellipse_2_adapterH2<PT,DA>:: Ellipse Ellipse type.

Creation
CGAL_Min_ellipse_2_adapterH2<PT,DA> adapter( DA da = DAQ));

CGAL Min ellipse 2 adapterH2<PT,DA> adapter(
CGAL Min ellipse_2_adapterH2<PT,DA>);

See Also

CGAL_Min_ellipse_2 (Section 4.1), CGAL_Min ellipse_2_traits_2 (Section 4.3),
CGAL_Min_ellipse_2_adapterC2 (Section 4.4), Requirements of Traits Class Adapters to
2D Homogeneous Points (Section 4.7).

Example

The following example illustrates the use of the traits class adapters with your own point
class. For the sake of simplicity, we expect a point class with homogeneous int coordinates
and access functions hx (), hy (), and hw(). Based on this we show how to implement and
use data accessors.

Note: In this release correct results are only guaranteed if exact arithmetic is used, so this
example (using integer arithmetic with possible overflows) is only intended to illustrate
the techniques.

#include <CGAL/Min_ellipse_2_adapterH2.h>
#include <CGAL/Min_ellipse_2.h>

// your own point class (homogeneous)
class PtH {
/...
public:
PtH( int hx, int hy, int hw);
int hx( ) const;
int hy( ) const;
int hw( ) const;
/...
s

// the data accessor for PtH
class PtH_DA {
public:
typedef int RT;
void get( const PtH& p, int& hx, int& hy, int& hw) const {
hx = p.hx(); hy = p.hy(); hw = p.hw();

}
int get_x( const PtH& p) const { return( p.hx()); }
int get_y( const PtH& p) const { return( p.hy()); %}
int get_w( const PtH& p) const { return( p.hw()); }
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void set( PtH& p, int hx, int hy, int hw) comnst { p = PtH( hx, hy, hw); }
};

// some typedefs
typedef CGAL_Min_ellipse_2_adapterH2< PtH, PtH_DA > AdapterH;
typedef CGAL_Min_ellipse_2< AdapterH > Min_ellipse;

// do something with Min_ellipse
Min_ellipse me( /*...*/ );

4.6 Requirements of Traits Class Adapters to 2D Cartesian Points

The family of traits class adapters . . ._adapterC2 to 2D Cartesian points is parameterized
with a point type PT and a data accessor DA [9]. The latter defines the coordinates-based
interface between the traits class adapter and the point type. The following requirements
catalog lists the primitives, i.e. types, member functions etc., that must be defined for
classes PT and DA that can be used to parameterize ..._adapterC2.

Point Type (PT)

PT p; Default constructor.
PT p( PT); Copy constructor.
PT& P=q Assignment.

bool p==gq Equality test.

The following I/O operators are only needed, if the corresponding I1/O operators of the
optimisation algorithm are used.

ostream& ostream& os << p writes p to output stream os.

istream& istream& is >> &p reads p from input stream is.

Read/Write Data Accessor (DA)

DA:: FT The number type FT has to fulfill the re-
quirements of a CcAL field type.

DA da; Default constructor.

DA da( DA); Copy constructor.

void da.get( Point p, FT& x, FT& y)
returns the Cartesian coordinates of p in x
and y, resp.

FT da.get_x( Point p) returns the Cartesian x-coordinate of p.

FT da.get_y( Point p) returns the Cartesian y-coordinate of p.



20

void da.set( Point& p, FT x, FT y)

sets p to the point with Cartesian coordi-
nates x and y.

4.7 Requirements of Traits Class Adapters to 2D Homogeneous Points

The family of traits class adapters . .._adapterH2 to 2D homogeneous points is parame-
terized with a point type PT and a data accessor DA [9]. The latter defines the coordinates-
based interface between the traits class adapter and the point type. The following require-
ments catalog lists the primitives, i.e. types, member functions etc., that must be defined
for classes PT and DA that can be used to parameterize ... _adapterH2.

Point Type (PT)

PT p; Default constructor.
PT p( PT); Copy constructor.
PT& P=gq Assignment.

bool p==gq Equality test.

The following I/O operators are only needed, if the corresponding I/O operators of the
optimisation algorithm are used.

ostream& ostream& os << p writes p to output stream os.
istream& istream& is >> &p reads p from input stream is.

Read/Write Data Accessor (DA)

DA:: RT The number type RT has to fulfill the re-
quirements of a CGAL ring type.

DA da; Default constructor.

DA da( DA); Copy constructor.

void da.get( Point p, RT& hx, RT& hy, RT& hw)

returns the homogeneous coordinates of p in
hx, hy and hw, resp.

RT da.get _hx( Point p) returns the homogeneous x-coordinate of p.
RT da.get_hy( Point p) returns the homogeneous y-coordinate of p.
RT da.get hw( Point p) returns the homogeneous w-coordinate of p.
void da.set( Point& p, RT hx, RT hy, RT hw)

sets p to the point with homogeneous coor-
dinates hx, hy and hw.
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4.8 Requirements of Traits Classes for 2D Smallest Enclosing Ellipse

The class template CGAL_Min_ellipse_2 is parameterized with a Traits class which de-
fines the abstract interface between the optimisation algorithm and the primitives it uses.
The following requirements catalog lists the primitives, i.e. types, member functions etc.,
that must be defined for a class that can be used to parameterize CGAL_Min ellipse 2.
A traits class implementation using the CGAL 2D kernel is available and described in Sec-
tion 4.3. In addition, we provide traits class adapters to user supplied point classes, see
Sections 4.4 and 4.5. Both, the implementation and the adapters, can be used as a starting
point for customizing own traits classes, e.g. through derivation and specialization.

Traits Class (Traits)

Definition

A class that satisfies the requirements of a traits class for CGAL_Min_ellipse_2 must
provide the following primitives.

Types

Traits:: Point The point type must provide default and copy con-
structor, assignment and equality test.

Traits:: Ellipse The ellipse type must fulfill the requirements listed

below in the next section.

In addition, if I/O is used, the corresponding I/O operators for Point and Ellipse have
to be provided, see topic I/O in Section 4.1.

Variables

Ellipse ellipse; The actual ellipse. This variable is maintained by the
algorithm, the user should neither access nor modify
it directly.

Creation

Only default and copy constructor are required. Note that further constructors can be
provided.

Traits traits; A default constructor.

Traits traits( Traits); A copy constructor.

Ellipse Type (Ellipse)
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Definition

An object of the class Ellipse is an ellipse in two-dimensional euclidean plane Es. Its
boundary splits the plane into a bounded and an unbounded side. By definition, an empty
Ellipse has no boundary and no bounded side, i.e. its unbounded side equals the whole
plane [E,.

Types
Ellipse:: Point Point type.
Creation
void ellipse.set()
sets ellipse to the empty ellipse.
void ellipse.set( Point p)
sets ellipse to the ellipse containing exactly {p}.
void ellipse.set( Point p, Point q)
sets ellipse to the ellipse containing exactly the
segment pq. The algorithm guarantees that set is
never called with two equal points.
void ellipse.set( Point p, Point q, Point r)
sets ellipse to the smallest ellipse through p, q, and
r. The algorithm guarantees that set is never called
with three collinear points.
void ellipse.set( Point p, Point q, Point r, Point s)
sets ellipse to the smallest ellipse through p, q, r,
and s. The algorithm guarantees that this ellipse
exists.
void ellipse.set( Point p,
Point q,
Point r,
Point s,
Point t)

sets ellipse to the unique conic through p, q, r, s,
and t. The algorithm guarantees that this conic is
an ellipse.
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Predicates

bool ellipse.has_on_unbounded_side( Point p)

returns true, iff p lies properly outside of ellipse.

Each of the following predicates is only needed, if the corresponding predicate of
CGAL_Min_ellipse_2 is used.

CGAL_Bounded_side ellipse.bounded_side( Point p)

returns CGAL_ON_BOUNDED_SIDE, CGAL_ON_BOUNDARY,
or CGAL_ON_UNBOUNDED_SIDE iff p lies properly inside,
on the boundary, or properly outside of ellipse,
resp.

bool ellipse.has_on_bounded_side( Point p)

returns true, iff p lies properly inside ellipse.

bool ellipse.has_on_boundary( Point p)

returns true, iff p lies on the boundary of ellipse.

bool ellipse.is_empty()
returns true, iff ellipse is empty (this implies de-
generacy).

bool ellipse.is _degenerate()

returns true, iff ellipse is degenerate, i.e. if it is
empty or equal to a single point.

1/0

The following I/O operators are only needed, if the corresponding I/O operators of
CGAL _Min_ellipse_2 are used.

ostream& ostream& os << ellipse

writes ellipse to output stream os.

istream& istream& is >> & ellipse

reads ellipse from input stream is.

CGAL_Window_stream&
CGAL_Window_stream& ws << ellipse

writes ellipse to window stream ws.
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5 Implementations

5.1 Class Template CGAL Min ellipse_2<Traits>
First, we declare the class template CGAL_Min_ellipse_2.

Min_ellipse_2 declaration [1] = {
template < class _Traits >
class CGAL_Min_ellipse_2;

}

This macro is invoked in definition 150.

The actual work of the algorithm is done in the private member functions me and
compute_ellipse. The former directly realizes the pseudo-code of me(P, B), the latter
solves the basic case me((), B), see Section 2.

Workaround: The GNU compiler (g++ 2.7.2[.x]) does not accept types with scope oper-
ator as argument type or return type in class template member functions. Therefore, all
member functions are implemented in the class interface.

The class interface looks as follows.

Min_ellipse_2 interface [2] = {
template < class _Traits >
class CGAL_Min_ellipse_2 {
public:
Min_ellipse_2 public interface [3]

private:
// private data members
Min_ellipse_2 private data members [4]

// copying and assignment not allowed!
CGAL_Min_ellipse_2( const CGAL_Min_ellipse_2<_Traits>&);
CGAL_Min_ellipse_2<_Traits>&

operator = ( const CGAL_Min_ellipse_2<_Traits>&);

dividing line [163]

// Class implementation

//

public:
// Access functions and predicates

[/ mmmm

Min_ellipse_2 access functions ‘number_of...." [10]

Min_ellipse_2 predicates ‘is_..." [13]
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Min_ellipse_2 access functions [11]
Min_ellipse_2 predicates [14]

private:
// Private member functions

/] —mmmmmmmmmmmm e

Min_ellipse_2 private member function ‘compute_ellipse’ [24]

Min_ellipse_2 private member function ‘me’ [25]

public:
// Constructors

/] —mmmmmmm-

Min_ellipse_2 constructors [7]

// Destructor

/] —=——m
Min_ellipse_2 destructor [9]

// Modifiers

/] ===
Min_ellipse_2 modifiers [15]

// Validity check

A
Min_ellipse_2 validity check [18]

// Miscellaneous

A

Min_ellipse_2 miscellaneous [21]
s
}

This macro is invoked in definition 150.

5.1.1 Public Interface

The functionality is described and documented in the specification section, so we do not

comment on it here.

Min_ellipse_2 public interface [3] = {
// types
typedef _Traits
typedef typename _Traits::Point
typedef typename _Traits::Ellipse
typedef typename list<Point>::const_iterator
typedef const Point *

Traits;

Point;

Ellipse;
Point_iterator;
Support_point_iterator;
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WORKARQUND: The GNU compiler (g++ 2.7.2[.x]) does not accept types
with scope operator as argument type or return type in class template
member functions. Therefore, all member functions are implemented in
the class interface.

// creation
CGAL_Min_ellipse_2( const Point*x first,
const Point* last,
bool randomize = false,
CGAL_Random& random CGAL_random,
const Traits& traits Traits());
CGAL_Min_ellipse_2( list<Point>::const_iterator first,
list<Point>::const_iterator last,
bool randomize = false,
CGAL_Random& random = CGAL_random,
const Traits& traits Traits());
CGAL_Min_ellipse_2( istream_iterator<Point,ptrdiff_t> first,
istream_iterator<Point,ptrdiff_t> last,

bool randomize = false,

CGAL_Random& random = CGAL_random,

const Traits& traits = Traits())
CGAL_Min_ellipse_2( const Traits& traits = Traits());
CGAL_Min_ellipse_2( const Point& p,

const Traits& traits = Traits());
CGAL_Min_ellipse_2( const Point& p,

const Point& q,

const Traits& traits = Traits());
CGAL_Min_ellipse_2( const Point& pl,

const Point& p2,

const Point& p3,

const Traits& traits = Traits());

“CGAL_Min_ellipse_2( );
// access functions
int number_of_points ( ) const;

int number_of_support_points( ) const;

Point_iterator points_begin( ) const;
Point_iterator points_end ( ) const;

Support_point_iterator support_points_begin( ) const;
Support_point_iterator support_points_end ( ) const;

const Point& support_point( int i) const;



Smallest Enclosing Ellipses — An Exact and Generic Implementation in C++ 27

const Ellipse& ellipse( ) const;

// predicates
CGAL_Bounded_side bounded_side( const Point& p) const;

bool has_on_bounded_side ( const Point& p) const;
bool has_on_boundary ( const Point& p) const;
bool has_on_unbounded_side ( const Point& p) const;
bool is_empty ( ) const;

bool is_degenerate( ) const;

// modifiers

void insert( const Point& p);

void insert( const Point* first,
const Point* last );

void insert( list<Point>::const_iterator first,
list<Point>::const_iterator last );

void insert( istream_iterator<Point,ptrdiff_t> first,
istream_iterator<Point,ptrdiff_t> last );

void clear( );

// validity check
bool is_valid( bool verbose = false, int level = 0) const;

// miscellaneous
const Traits& traits( ) const;
*********************************************************************/

}

This macro is invoked in definition 2.

5.1.2 Private Data Members
First, the traits class object is stored.

Min_ellipse_2 private data members [4] + = {
Traits tco; // traits class object
¥

This macro is defined in definitions 4, 5, and 6.

This macro is invoked in definition 2.

The points of P are internally stored as a linked list that allows to bring points to the
front of the list in constant time. We use the sequence container list from STL [13].

Min_ellipse_2 private data members [5] + = {
list<Point> points; // doubly linked list of points

}

This macro is defined in definitions 4, 5, and 6.
This macro is invoked in definition 2.
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The support set S of at most five support points is stored in an array support_points,
the actual number of support points is given by n_support_points. During the compu-
tations, the set of support points coincides with the set B appearing in the pseudo-code
for me(P, B), see Section 2.

Workaround: The array of support points is allocated dynamically, because the SGI com-
piler (mipspro CC 7.1) does not accept a static array here.

Min_ellipse_2 private data members [6] + = {
int n_support_points; // number of support points
Point* support_points; // array of support points

}

This macro is defined in definitions 4, 5, and 6.

This macro is invoked in definition 2.

Finally, the actual ellipse is stored in a variable el1ipse provided by the traits class object,
by the end of computation equal to me(P). During computation, tco.ellipse equals the
ellipse me appearing in the pseudo-code for me(P, B), see Section 2.

5.1.3 Constructors and Destructor

We provide several different constructors, which can be put into two groups. The con-
structors in the first group, i.e. the more important ones, build the smallest enclosing
ellipse me(P) from a point set P, given by a begin iterator and a past-the-end iterator.
Usually this is implemented as a single member template, but in case a compiler does not
support member templates yet, we provide specialized constructors for C arrays (using
pointers as iterators), for STL sequence containers vector<Point> and list<Point> and
for the STL input stream iterator istream_iterator<Point>. Actually, the constructors
for a C array and a vector<point> are the same, since the random access iterator of
vector<Point> is implemented as Point*.

All constructors of the first group copy the points into the internal list points. If ran-
domization is demanded, the points are copied to a vector and shuffled at random, before
being copied to points. Finally the private member function me is called to compute
me(P) = me(P, ).

Min_ellipse_2 constructors [7] + = {
#ifndef CGAL_CFG_NO_MEMBER_TEMPLATES

// STL-like constructor (member template)

template < class InputIterator >

CGAL_Min_ellipse_2( InputIterator first,
InputlIterator last,
bool randomize = false,
CGAL_Random& random CGAL_random,
const Traits& traits Traits())

: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];
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// range not empty?
if ( first != last) {

// store points
if ( randomize) {

// shuffle points at random

vector<Point> v( first, last);

random_shuffle( v.begin(), v.end(), random);

copy( v.begin(), v.end(), back_inserter( points)); }
else

copy( first, last, back_inserter( points)); }

// compute me
me( points.end(), 0);

#else

// STL-like constructor for C array and vector<Point>
CGAL_Min_ellipse_2( const Point* first,
const Point* last,
bool randomize = false,
CGAL_Random& random CGAL_random,
const Traits& traits Traits())

: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// range not empty?
if ( ( last-first) > 0) {

// store points
if ( randomize) {

// shuffle points at random

vector<Point> v( first, last);

random_shuffle( v.begin(), v.end(), random);

copy( v.begin(), v.end(), back_inserter( points)); }
else

copy( first, last, back_inserter( points)); }

// compute me
me( points.end(), 0);
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// STL-like constructor for list<Point>
CGAL_Min_ellipse_2( list<Point>::const_iterator first,
list<Point>::const_iterator last,
bool randomize = false,
CGAL_Random& random = CGAL_random,
const Traits& traits Traits())

: tco( traits)

{
// allocate support points’ array
support_points = new Point[ 5];
// compute number of points
list<Point>::size_type n = O;
CGAL__distance( first, last, n);
if (n>0) {
// store points
if ( randomize) {
// shuffle points at random
vector<Point> v;
v.reserve( n);
copy( first, last, back_inserter( v));
random_shuffle( v.begin(), v.end(), random);
copy( v.begin(), v.end(), back_inserter( points)); }
else
copy( first, last, back_inserter( points)); }
// compute me
me ( points.end(), 0);
}

// STL-like constructor for istream_iterator<Point>

CGAL_Min_ellipse_2( istream_iterator<Point,ptrdiff_t> first,
istream_iterator<Point,ptrdiff_t> last,
bool randomize = false,
CGAL_Random& random CGAL_random,
const Traits& traits Traits())

: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// range not empty?
if ( first != last) {
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// store points
if ( randomize) {

// shuffle points at random

vector<Point> v;

copy( first, last, back_inserter( v));

random_shuffle( v.begin(), v.end(), random);

copy( v.begin(), v.end(), back_inserter( points)); }
else

copy( first, last, back_inserter( points)); }

// compute me
me ( points.end(), 0);

#endif // CGAL_CFG_NO_MEMBER_TEMPLATES

}

This macro is defined in definitions 7 and 8.

This macro is invoked in definition 2.

The remaining constructors are actually specializations of the previous ones, building the
smallest enclosing ellipse for up to five points. The idea is the following: recall that for
any point set P there exists S C P, |S| < 5 with me(S) = me(P) (in fact, such a set S
is determined by the algorithm). Once S has been computed (or given otherwise), me(P)
can easily be reconstructed from S in constant time. To make this reconstruction more
convenient, a constructor is available for each size of | S|, ranging from 0 to 5. For |S| =0,
we get the default constructor, building me(0).

Min_ellipse_2 constructors [8] + = {

// default constructor

inline

CGAL_Min_ellipse_2( const Traits& traits = Traits())
: tco( traits), n_support_points( 0)

{
// allocate support points’ array
support_points = new Point[ 5];
// initialize ellipse
tco.ellipse.set();
CGAL_optimisation_postcondition( is_empty());
}

// constructor for one point

inline

CGAL_Min_ellipse_2( const Point& p, const Traits& traits = Traits())
: tco( traits), points( 1, p), n_support_points( 1)



// allocate support points’ array
support_points = new Point[ 5];

// initialize ellipse
support_points[ 0] = p;
tco.ellipse.set( p);

CGAL_optimisation_postcondition( is_degenerate());

// constructor for two points
inline
CGAL_Min_ellipse_2( const Point& p,
const Point& q,
const Traits& traits = Traits())
: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// store points
points.push_back( p);
points.push_back( q);

// compute me
me( points.end(), 0);

// constructor for three points
inline
CGAL_Min_ellipse_2( const Point& pl,
const Point& p2,
const Point& p3,
const Traits& traits = Traits())
: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// store points

points.push_back( pl);
points.push_back( p2);
points.push_back( p3);

// compute me
me( points.end(), 0);
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// constructor for four points
inline
CGAL_Min_ellipse_2( const Point& pl,
const Point& p2,
const Point& p3,
const Point& p4,
const Traits& traits = Traits())
: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// store points

points.push_back( pl);
points.push_back( p2);
points.push_back( p3);
points.push_back( p4);

// compute me
me ( points.end(), 0);

// constructor for five points
inline
CGAL_Min_ellipse_2( const Point& pl,
const Point& p2,
const Point& p3,
const Point& p4,
const Point& p5,
const Traits& traits = Traits())
: tco( traits)

// allocate support points’ array
support_points = new Point[ 5];

// store points

points.push_back( pl);
points.push_back( p2);
points.push_back( p3);
points.push_back( p4);
points.push_back( p5);

// compute me
me ( points.end(), 0);
}
}

This macro is defined in definitions 7 and 8.
This macro is invoked in definition 2.
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The destructor only frees the memory of the support points’ array.

Min_ellipse_2 destructor [9] = {
inline
“CGAL_Min_ellipse_2( )
{
// free support points’ array
delete[] support_points;

}

This macro is invoked in definition 2.

5.1.4 Access Functions

These functions are used to retrieve information about the current status of the
CGAL_Min_ellipse_2<Traits> object. They are all very simple (and therefore inline)
and mostly rely on corresponding access functions of the data members.

First, we define the number_of_... methods

Min_ellipse_2 access functions ‘number_of_...” [10] = {
// #points and #support points
inline
int
number_of_points( ) const

{

return( points.size());

inline
int
number_of_support_points( ) const

{

return( n_support_points);

}

This macro is invoked in definition 2.

Then, we have the access functions for points and support points.

Min_ellipse_2 access functions [11] + = {
// access to points and support points
inline
Point_iterator
points_begin( ) const
{

return( points.begin());
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inline
Point_iterator
points_end( ) const

{

return( points.end());
}
inline

Support_point_iterator
support_points_begin( ) const

{

return( support_points);
}
inline

Support_point_iterator
support_points_end( ) const
{

return( support_points+n_support_points);

// random access for support points
inline

const Point&

support_point( int i) const

{
CGAL _optimisation_precondition(
(i>=0) & ( i < number_of_support_points()));
return( support_points[ il);
}

}

This macro is defined in definitions 11 and 12.
This macro is invoked in definition 2.

Finally, the access function ellipse.

Min_ellipse_2 access functions [12] + = {
// ellipse
inline
const Ellipse&
ellipse( ) const

{

return( tco.ellipse);

}

This macro is defined in definitions 11 and 12.
This macro is invoked in definition 2.
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5.1.5 Predicates

The predicates is_empty and is_degenerate are used in preconditions and postconditions
of some member functions. Therefore we define them inline and put them in a separate
macro.

Min_ellipse_2 predicates ‘is_..." [13] = {
// is_... predicates
inline
bool
is_empty( ) const
{

return( number_of_support_points() == 0);

inline

bool

is_degenerate( ) const
{

return( number_of_support_points() < 2);

}

This macro is invoked in definition 2.

The remaining predicates perform in-ellipse tests, based on the corresponding predicates
of class Ellipse.

Min_ellipse_2 predicates [14] = {
// in-ellipse test predicates
inline
CGAL_Bounded_side
bounded_side( const Point& p) const
{
return( tco.ellipse.bounded_side( p));

inline

bool

has_on_bounded_side( const Point& p) const
{

return( tco.ellipse.has_on_bounded_side( p));

inline

bool

has_on_boundary( const Point& p) const
{

return( tco.ellipse.has_on_boundary( p));
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inline

bool

has_on_unbounded_side( const Point& p) const
{

return( tco.ellipse.has_on_unbounded_side( p));

}

This macro is invoked in definition 2.

5.1.6 Modifiers

There is another way to build up me(P), other than by supplying the point set P at once.
Namely, me(P) can be built up incrementally, adding one point after another. If you
look at the pseudo-code in the introduction, this comes quite naturally. The modifying
method insert, applied with point p to a CGAL_Min_ellipse_2<Traits> object repre-
senting me(P), computes me(P U {p}), where work has to be done only if p lies outside
me(P). In this case, me(P U {p}) = me(P, {p}) holds, so the private member function me
is called with support set {p}. After the insertion has been performed, p is moved to the
front of the point list, just like in the pseudo-code in Section 2.

Min_ellipse_2 modifiers [15] + = {
void
insert( const Point& p)
{
// p not in current ellipse?
if ( has_on_unbounded_side( p)) {

// p new support point
support_points[ 0] = p;

// recompute me
me( points.end(), 1);

// store p as the first point in list
points.push_front( p); }
else

// append p to the end of the list
points.push_back( p);

}

This macro is defined in definitions 15, 16, and 17.

This macro is invoked in definition 2.

Inserting a range of points is done by a single member template. In case a compiler does
not support this yet, we provide specialized insert functions for C arrays (using pointers
as iterators), for STL sequence containers vector<Point> and list<Point> and for the
STL input stream iterator istream_iterator<Point>. Actually, the insert function
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for a C array and a vector<point> are the same, since the random access iterator of
vector<Point> is implemented as Point*.

The following insert functions perform a call insert(p) for each point p in the range
[first, last).

Min_ellipse_2 modifiers [16] + = {
#ifndef CGAL_CFG_NO_MEMBER_TEMPLATES

template < class InputIterator >

void
insert( InputIterator first, InputIterator last)
{
for ( ; first != last; ++first)
insert( *first);
}
#else
inline
void
insert( const Point* first, const Point* last)
{
for ( ; first != last; ++first)
insert( *first);
}
inline
void

insert( list<Point>::const_iterator first,
list<Point>::const_iterator last )

{
for ( ; first != last; ++first)
insert( *first);
}
inline
void

insert( istream_iterator<Point,ptrdiff_t> first,
istream_iterator<Point,ptrdiff_t> last )

for ( ; first != last; ++first)
insert( *first);

#endif // CGAL_CFG_NO_MEMBER_TEMPLATES

}

This macro is defined in definitions 15, 16, and 17.
This macro is invoked in definition 2.
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The member function clear deletes all points from a CGAL_Min_ellipse_2<Traits> object
and resets it to the empty ellipse.

Min_ellipse_2 modifiers [17] + = {
void
clear( )
{
points.erase( points.begin(), points.end());
n_support_points = 0;
tco.ellipse.set();

}

This macro is defined in definitions 15, 16, and 17.
This macro is invoked in definition 2.

5.1.7 Validity Check

A CGAL_Min_ellipse_2<Traits> object can be checked for validity. This means, it is
checked whether (a) the ellipse contains all points of its defining set P, (b) the ellipse is
the smallest ellipse spanned by its support set, and (c¢) the support set is minimal, i.e.
no support point is redundant. (Note: (b) and (¢) are not yet implemented. Instead
we check if the support set lies on the boundary of the ellipse.) The function is_valid
is mainly intended for debugging user supplied traits classes but also for convincing the
anxious user that the traits class implementation is correct. If verbose is true, some
messages concerning the performed checks are written to standard error stream. The
second parameter level is not used, we provide it only for consistency with interfaces of
other classes.

Min_ellipse_2 validity check [18] = {
bool
is_valid( bool verbose = false, int level = 0) const
{
CGAL_Verbose_ostream verr( verbose);
verr << endl;
verr << "CGAL_Min_ellipse_2<Traits>::" << endl;
verr << "is_valid( true, " << level << "):" << endl;
verr << " |P| = " << number_of_points()
<< ", |S| = " << number_of_support_points() << endl;

// containment check (a)
Min_ellipse_2 containment check [19]

// support set checks (b)+(c) (not yet implemented)

// alternative support set check
Min_ellipse_2 support set check [20]
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verr << " object is valid!" << endl;
return( true);

}

This macro is invoked in definition 2.

The containment check (a) is easy to perform, just a loop over all points in points.

Min_ellipse_2 containment check [19] = {

verr << " a) containment check..." << flush;
Point_iterator point_iter;
for ( point_iter = points_begin();

point_iter != points_end();

++point_iter)

if ( has_on_unbounded_side( *point_iter))
return( CGAL__optimisation_is_valid_fail( verr,
"ellipse does not contain all points"));

verr << "passed." << endl;

}

This macro is invoked in definition 18.

The alternative support set check is easy to perform, just a loop over all support points
in support_points.

Min_ellipse_2 support set check [20] = {
verr << " +) support set check..." << flush;
Support_point_iterator support_point_iter;
for ( support_point_iter = support_points_begin();
support_point_iter != support_points_end();
++support_point_iter)
if ( ! has_on_boundary( *support_point_iter))
return( CGAL__optimisation_is_valid_fail( verr,
"ellipse does not have all \
support points on the boundary"));
verr << "passed." << endl;

}

This macro is invoked in definition 18.

5.1.8 Miscellaneous

The member function traits returns a const reference to the traits class object.

Min_ellipse_2 miscellaneous [21] = {
inline
const Traits&
traits( ) const

{

return( tco);
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}

This macro is invoked in definition 2.

5.1.9 I/0

Min_ellipse_2 1/O operators declaration [22] = {
template < class _Traits >
ostream& operator << ( ostream& os,
const CGAL_Min_ellipse_2<_Traits>& me);

template < class _Traits >
istream& operator >> ( istream& is,
CGAL_Min_ellipse_2<_Traits>& me);

}

This macro is invoked in definition 150.

Min_ellipse_2 I/0O operators [23] =
template < class _Traits >
ostream&
operator << ( ostream& os,

const CGAL_Min_ellipse_2<_Traits>& min_ellipse)

{

{
typedef typename CGAL_Min_ellipse_2<_Traits>::Point Point;

switch ( CGAL_get_mode( os)) {

case CGAL_IO::PRETTY:
os << endl;
0os << "CGAL_Min_ellipse_2( |P| = "
<< min_ellipse.number_of_points()
<< n’ |S| =N

<< min_ellipse.number_of_support_points() << endl;
os < " P = {" << endl;

os << " "

copy( min_ellipse.points_begin(), min_ellipse.points_end(),
ostream_iterator<Point>( os, ",\n "))

os << "}" << endl;

os << " 8§ = {" << endl;

os << " "

copy( min_ellipse.support_points_begin(),
min_ellipse.support_points_end(),

ostream_iterator<Point>( os, ",\n "))
0s << "}" << endl;
os << " ellipse = " << min_ellipse.ellipse() << endl;

0s << ")" << endl;
break;
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case CGAL_IO::ASCII:
copy( min_ellipse.points_begin(), min_ellipse.points_end(),
ostream_iterator<Point>( os, "\n"));
break;

case CGAL_IO::BINARY:
copy( min_ellipse.points_begin(), min_ellipse.points_end(),
ostream_iterator<Point>( 0s));
break;

default:
CGAL_optimisation_assertion_msg( false,
"CGAL_IO: :mode invalid!");
break; }

return( os);

template < class Traits >
istream&
operator >> ( istream& is, CGAL_Min_ellipse_2<Traits>& min_ellipse)
{
switch ( CGAL_get_mode( is)) {

case CGAL_IO::PRETTY:
cerr << endl;
cerr << "Stream must be in ascii or binary mode" << endl;
break;

case CGAL_IO::ASCIT:

case CGAL_IO::BINARY:
typedef typename CGAL_Min_ellipse_2<Traits>::Point Point;
typedef istream_iterator<Point,ptrdiff_t> Is_it;
min_ellipse.clear();
min_ellipse.insert( Is_it( is), Is_it());
break;

default:
CGAL _optimisation_assertion_msg( false,
"CGAL_IO: :mode invalid!");
break; }

return( is);

}

This macro is invoked in definition 151.
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5.1.10 Private Member Function compute ellipse

This is the method for computing the basic case me(), B), the set B given by the first
n_support_points in the array support_points. It is realized by a simple case analysis,
noting that |B| < 5.

Min_ellipse_2 private member function ‘compute_ellipse’ [24] = {
// compute_ellipse
inline
void
compute_ellipse( )
{
switch ( n_support_points) {
case b5:
tco.ellipse.set( support_points[ 0],
support_points[ 1],
support_points[ 2],
support_points[ 3],
support_points[ 4]);
break;
case 4:
tco.ellipse.set( support_points[ 0],
support_points[ 1],
support_points[ 2],
support_points[ 3]);
break;
case 3:
tco.ellipse.set( support_points[ 0],
support_points[ 1],
support_points[ 2]);
break;
case 2:
tco.ellipse.set( support_points[ 0], support_points[ 1]);
break;
case 1:
tco.ellipse.set( support_points[ 0]);
break;
case O:
tco.ellipse.set( );
break;
default:
CGAL_optimisation_assertion( ( n_support_points >= 0) &&
( n_support_points <= 5) ); }

}

This macro is invoked in definition 2.
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5.1.11 Private Member Function me

This function computes the general ellipse me(P, B), where P contains the points in the
range [points.begin(),last) and B is given by the first n_sp support points in the array
support_points. The function is directly modeled after the pseudo-code above.

Min_ellipse_2 private member function ‘me’ [25] = {
void
me( const Point_iterator& last, int n_sp)
{

// compute ellipse through support points
n_support_points = n_sp;
compute_ellipse();

if ( n_sp == 5) return;

// test first n points
list<Point>::iterator point_iter( points.begin());
for ( ; last !'= point_iter; ) {

const Point& p( *point_iter);

// p not in current ellipse?
if ( has_on_unbounded_side( p)) {

// recursive call with p as additional support point
support_points[ n_sp] = p;
me( point_iter, n_sp+1);

// move current point to front

if ( point_iter != points.begin()) { // p not first?
points.push_front( p);
points.erase( point_iter++); }

else
++point_iter; }

else
++point_iter; }

}

This macro is invoked in definition 2.

5.2 Class Template CGAL Optimisation_ellipse_2<R>

First, we declare the class template CGAL_Optimisation_ellipse_2.

Optimisation_ellipse_2 declaration [26] M = {
template < class _R >
class CGAL_Optimisation_ellipse_2;



Smallest Enclosing Ellipses — An Exact and Generic Implementation in C++ 45

class ostream;
class istream;
class CGAL_Window_stream;

}

This macro is invoked in definitions 152 and 155.

Workaround: The GNU compiler (g++ 2.7.2[.x]) does not accept types with scope oper-
ator as argument type or return type in class template member functions. Therefore, all
member functions are implemented in the class interface.

The class interface looks as follows.

Optimisation_ellipse_2 interface [27] = {
template < class _R >
class CGAL_Optimisation_ellipse_2 {
friend ostream& operator << CGAL_NULL_TMPL_ARGS (
ostream&, const CGAL_Optimisation_ellipse_2<_R>&);
friend istream& operator << CGAL_NULL_TMPL_ARGS (
istream&, CGAL_Optimisation_ellipse_2<_R> &);
friend CGAL_Window_stream& operator << CGAL_NULL_TMPL_ARGS (
CGAL_Window_stream&, const CGAL_Optimisation_ellipse_2<_R>&);
public:
Optimisation_ellipse_2 public interface [28]

private:
// private data members
Optimisation_ellipse_2 private data members [29]

dividing line [163]

// Class implementation

//

public:
// Set functions
/] ===

Optimisation_ellipse_2 set functions [33]

// Access functions

/] —==—mmmmm oo
Optimisation_ellipse_2 access functions [34]
// Equality tests

Optimisation_ellipse_2 equality tests [35]

// Predicates
/] ——————
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Optimisation_ellipse_2 predicates [36]
};
}

This macro is invoked in definition 152.

5.2.1 Public Interface

The functionality is described and documented in the specification section, so we do not
comment on it here.

Optimisation_ellipse_2 public interface [28] = {

// types

typedef _R R;
typedef typename _R::RT RT;
typedef typename _R::FT FT;
typedef CGAL_Point_2<R> Point;
typedef CGAL_Conic_2<R> Conic;

[/ okt ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk s sk sk ke ke ke ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok
WORKARQUND: The GNU compiler (g++ 2.7.2[.x]) does not accept types
with scope operator as argument type or return type in class template
member functions. Therefore, all member functions are implemented in
the class interface.

// creation
void set( );
void set( const Point& p);
void set( const Point& p, const Point& q);
void set( const Point& pl, const Point& p2, const Point& p3);
void set( const Point& pl, const Point& p2,
const Point& p3, const Point& p4);
void set( const Point& pl, const Point& p2,
const Point& p3, const Point& p4, const Point& pb5);

// access functions
int number_of_boundary_points()

// equality tests
bool operator == ( const CGAL_Optimisation_ellipse_2<R>& e) const;
bool operator != ( const CGAL_Optimisation_ellipse_2<R>& e) const;

// predicates

CGAL_Bounded_side bounded_side( const Point& p) const;
bool has_on_bounded_side ( const Point& p) const;
bool has_on_boundary ( const Point& p) const;
bool has_on_unbounded_side ( const Point& p) const;
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bool is_empty ( ) const;
bool is_degenerate( ) const;
*********************************************************************/

}

This macro is invoked in definition 27.

5.2.2 Private Data Members

The representation of the ellipse depends on the number of given boundary points, stored
in n_boundary_points.

Optimisation_ellipse_2 private data members [29] + = {
int n_boundary_points; // number of boundary points
¥

This macro is defined in definitions 29, 30, 31, and 32.

This macro is invoked in definition 27.

In the degenerate cases with zero to two boundary points, the given points are stored
directly in boundary_pointl and boundary_point2, resp.

Optimisation_ellipse_2 private data members [30] + = {
Point boundary_pointl, boundary_point2; // two boundary points
¥

This macro is defined in definitions 29, 30, 31, and 32.

This macro is invoked in definition 27.

Given three or five points, the ellipse is represented as a conic, using the class
CGAL_Conic_2<R>. The case with four boundary points is the most complicated one, since
in general a direct representation with one conic has irrational coordinates [7]. Therefore
the ellipse is represented implicitly as a linear combination of two conics.

Optimisation_ellipse_2 private data members [31] + = {
Conic conicl, conic2; // two conics
}

This macro is defined in definitions 29, 30, 31, and 32.
This macro is invoked in definition 27.

Finally, in the case of four boundary points, we need the gradient vector of the linear
combination for the volume derivative in the in-ellipse test.

Optimisation_ellipse_2 private data members [32] + = {
RT dr, ds, dt, du, dv, dw; // the gradient vector
}

This macro is defined in definitions 29, 30, 31, and 32.
This macro is invoked in definition 27.

5.2.3 Set Functions

We provide set functions taking zero, one, two, three, four or five boundary points. They
all set the variable to the smallest ellipse through the given points. Note: The set function
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taking five boundary points only uses the fifth point from its input together with the two
internally represented conics to compute the ellipse. The algorithm in Section 2 guarantees
that this set function is only called an ellipse that already have the first four points as its
boundary points.

Optimisation_ellipse_2 set functions [33] = {
inline
void
set( )
{

n_boundary_points

1]
o

inline

void

set ( const Point& p)
{

]
-
.

n_boundary_points
boundary_pointl

]
el

inline

void

set( const Point& p, const Point& q)

{
n_boundary_points = 2;
boundary_pointl = p;
boundary_point2 q;

inline
void
set( const Point& pl, const Point& p2, const Point& p3)
{
n_boundary_points = 3;
conicl.set_ellipse( pl, p2, p3);

inline
void
set( const Point& pl, const Point& p2,
const Point& p3, const Point& p4)
{
n_boundary_points = 4;
Conic::set_two_linepairs( pl, p2, p3, p4, conicl, conic2);
dr = RT( 0);
ds = conicl.r() * conic2.s() - conic2.r() * conicl.s(),
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dt = conicl.r() * conic2.t() - conic2.r() * conicl.
du = conicl.r() * conic2.u() - conic2.r() * conicl.
dv = conicl.r() * conic2.v() - conic2.r() * conicl.
dw = conicl.r() * conic2.w() - conic2.r() * conicl.

}

inline

void

set( const Point&, const Point&,
const Point&, const Point&, const Point& p5)

{
n_boundary_points = 5;
conicl.set( conicl, conic2, pb);
conicl.analyse();

}

}

This macro is invoked in definition 27.

5.2.4 Access Functions

Optimisation_ellipse_2 access functions [34] = {
inline
int
number_of_boundary_points( ) const
{

return( n_boundary_points) ;

}

This macro is invoked in definition 27.

5.2.5 Equality Tests

Optimisation_ellipse_2 equality tests [35] = {
bool
operator == ( const CGAL_Optimisation_ellipse_2<R>& e)
{
if ( n_boundary_points != e.n_boundary_points)
return( false);

switch ( n_boundary_points) {
case O:
return( true);
case 1:
return( boundary_pointl == e.boundary_pointl);
case 2:

t(),
uQ),
v(),
w();

const

return( ( ( boundary_pointl == e.boundary_pointl)
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&& ( boundary_point2 == e.boundary_point2))
I ( boundary_pointl == e.boundary_point2)
&& ( boundary_point2 == e.boundary_pointl)));

case 3:
case 5:
return( conicl == e.conicl);
case 4:
return ( ( ( conicl == e.conicl)
&& ( conic2 == e.conic2))
[ ( ( conicl == e.conic2)
&% ( conic2 == e.conicl)));
default:
CGAL _optimisation_assertion( ( n_boundary_points >= 0)

&% ( n_boundary_points <= 5)); }
// keeps g++ happy
return( false);

inline

bool

operator != ( const CGAL_Optimisation_ellipse_2<R>& e) const
{

return( ! operator == ( e));

}

This macro is invoked in definition 27.

5.2.6 Predicates

The following predicates perform in-ellipse tests and check for emptiness and degeneracy,
resp. The way to evaluate the in-ellipse test depends on the number of boundary points
and is realised by a case analysis. Again, the case with four points is the most difficult
one.

Optimisation_ellipse_2 predicates [36] = {
inline
CGAL_Bounded_side
bounded_side( const Point& p) const

{
switch ( n_boundary_points) {
case O:
return( CGAL_ON_UNBOUNDED_SIDE) ;
case 1:
return( ( p == boundary_pointl) ?
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE) ;
case 2:

return( ( p == boundary_point1)
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| ( p == boundary_point2)
|| ( CGAL_are_ordered_along_line(
boundary_pointl, p, boundary_point2)) 7
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE);
case 3:
case 5:
return( conicl.convex_side( p));
case 4: {
Conic c;
c.set( conicl, conic2, p);
c.analyse();
if (! c.is_ellipse()) {
c.set_ellipse( conicl, conic2);
c.analyse();
return( c.convex_side( p)); }
else {
int tau_star = -c.vol_derivative( dr, ds, dt, du, dv, dw);
return( CGAL_static_cast( CGAL_Bounded_side,
CGAL_sign( tau_star))); } }
default:
CGAL_optimisation_assertion( ( n_boundary_points >= 0) &&
( n_boundary_points <= 5) ); }
// keeps g++ happy
return( CGAL_Bounded_side( 0));

inline
bool
has_on_bounded_side( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDED_SIDE) ;

inline
bool
has_on_boundary( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDARY) ;

inline
bool
has_on_unbounded_side( const Point& p) const

{
return( bounded_side( p) == CGAL_ON_UNBOUNDED_SIDE) ;
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inline
bool

is_empty( ) const

{

return( n_boundary_points == 0);

inline
bool

is_degenerate( ) const

{

return( n_boundary_points < 3);

}

This macro is invoked in definition 27.

5.2.7 I/O

Optimisation_ellipse_2 I/O operators declaration [37] = {

template
ostream&
operator

template
istream&
operator

}

This macro is invoked in definition 152.

Optimisation_ellipse_2 I/O operators [38] = {

< class _R >
<< ( ostream& os, const CGAL_Optimisation_ellipse_2<_R>& e);
< class _R >
>> ( istream& is, CGAL_Optimisation_ellipse_2<_R> & e);

template < class _R >

ostream&

operator << ( ostream& os, const CGAL_Optimisation_ellipse_2<_R>& e)

{
const
const
const
const
const

const
const
const

char*
char*
char*
char*
char*

charx
charx*
charx

const
const
const
const
const

head
sep
tail

empty
pretty_head
pretty_sep
pretty_tail
ascii_sep

empty;
empty;
empty;

switch ( CGAL_get_mode( os)) {
case CGAL_IO::PRETTY:
head = pretty_head;

"CGAL_Optimisation_ellipse_2( ";

n "n.
b ’

nmyn.
)"

non.,
3
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sep = pretty_sep;
tail = pretty_tail;
break;

case CGAL_IO::ASCII:
sep = ascii_sep;
break;

case CGAL_TIO::BINARY:
break;

default:

CGAL_optimisation_assertion_msg( false,
"CGAL_IO: :mode invalid!");
break; }

0s << head << e.n_boundary_points;
switch ( e.n_boundary_points) {
case O:
break;
case 1:
0s << sep << e.boundary_pointl;
break;
case 2:
0s << sep << e.boundary_pointl
<< sep << e.boundary_point2;
break;
case 3:
case b5:
0s << sep << e.conicl;
break;
case 4:
0s << sep << e.conicl
<< sep << e.conic2;
break; }
os << tail;

return( os);

template < class _R >
istream&
operator >> ( istream& is, CGAL_Optimisation_ellipse_2<_R>& e)
{
switch ( CGAL_get_mode( is)) {

case CGAL_IO::PRETTY:
cerr << endl;
cerr << "Stream must be in ascii or binary mode" << endl;
break;
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case CGAL_IO::ASCII:
case CGAL_TIO: :BINARY:
CGAL_read( is, e.n_boundary_points);
switch ( e.n_boundary_points) {
case O:
break;
case 1:
is >> e.boundary_pointil;
break;
case 2:
is >> e.boundary_pointl
>> e.boundary_point2;
break;
case 3:
case b5:
is >> e.conicl;
break;
case 4:
is >> e.conicl
>> e.conic?2;
break; }
break;

default:
CGAL_optimisation_assertion_msg( false,
"CGAL_IO: :mode invalid!");
break; }

return( is);

}

This macro is invoked in definition 153.

5.3 Class Template CGAL_Conic_2<R>

An object of the class CGAL_Conic_2<R> stores an oriented conic Cx = (C(R),R) by its
representation R. The template parameter R is the representation type (Cartesian or
homogeneous). In the sequel, a conic always means an oriented conic.

Conic_2 declaration [39] = {
template < class _R >
class CGAL_Conic_2;

}

This macro is invoked in definition 154.

The class CGAL_Conic_2<R> has several member functions, some of which can be considered
general purpose (and are declared public), others are more specialized and needed only by
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the class template CGAL Optimisation_ellipse_2<R> — they appear as private methods.
As a general rule, a method only qualifies for the public domain if it can be specified
without referring to particular values of R, in other words, if its behavior only depends
on the equivalence class of all positive multiples of R. For example, this holds for the sign
of R(p), p some point, but not for the value of R(p). As usual, there is an exception to
this rule: we have public methods to retrieve the components of the representation R.

All calls to member functions are directly mapped to calls of corresponding methods

declared by the conic class R: :Conic_2 of the representation type R.

Conic_2 interface and implementation [40] = {
template < class _R >
class CGAL_Conic_2 : public _R::Conic_2 {

friend class CGAL_Optimisation_ellipse_2<_R>;

friend CGAL_Window_stream& operator << CGAL_NULL_TMPL_ARGS (
CGAL_Window_stream&, const CGAL_Optimisation_ellipse_2<_R>&);

public:
// types
typedef _R R;
typedef typename _R::RT RT;
typedef typename _R::FT FT;

typedef typename _R::Conic_2 Conic_2;

// construction
Conic_2 constructors [41]

// general access
Conic_2 general access methods [42]

// type related access
Conic_2 type access methods [45]

// orientation related access
Conic_2 orientation access methods [47]

// comparisons
Conic_2 comparison methods [51]

// set methods
Conic_2 set methods [52]

private:
Conic_2 private methods [58]
s
¥

This macro is invoked in definition 155.
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5.3.1 Construction

We have a default constructor and a constructor to initialize a conic at coordinate level,
providing the components of a representation R. The orientation of the conic is determined
by R, as described in Section 3.3.

Conic_2 constructors [41] = {
CGAL_Conic_2 ()
{}

CGAL_Conic_2 (RT r, RT s, RT t, RT u, RT v, RT w)
: R::Conic_2 (r, s, t, u, v, w)
{}
}

This macro is invoked in definition 40.

5.3.2 General Access

We provide access to the coordinates of the representation R. Even if Cz was constructed
from some specific characteristic vector, the return coordinates do not necessarily belong
to this vector (but at least to a nonnegative multiple of it). For example, if the coordinates
are from some integer domain, the implementation might decide to divide all of them by
their ged to get smaller numbers. (In this implementation, this does not happen.)

Conic_2 general access methods [42] + = {
RT r () const

{

return Conic_2::r();
}
RT s () const
{

return Conic_2::s5();
}
RT t () const
{

return Conic_2::t();
}
RT u () const
{

return Conic_2::u();
}

RT v () const
{
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return Conic_2::v();

}
RT w () const
{
return Conic_2::w();
}

}

This macro is defined in definitions 42 and 43.
This macro is invoked in definition 40.

We can obtain the center of symmetry of Cz. Precondition is that C is not a parabola.

Conic_2 general access methods [43] + = {
CGAL_Point_2<R> center () const
{

return Conic_2::center();

}

This macro is defined in definitions 42 and 43.
This macro is invoked in definition 40.

The symmetry axis of a parabola and the two axes of an ellipse resp. a hyperbola require

irrational coordinates in general, therefore they cannot be added here without further
assumptions about the representation type R.

5.3.3 Type Related Access

Here we have access methods and predicates related to the type of Cr. We can either
directly retrieve the type or ask whether Cr is of some specific type. To realize the
former, we provide a suitable enumeration type.

Conic_type declaration [44] = {
enum CGAL_Conic_type

{
CGAL_HYPERBOLA = -1,
CGAL_PARABOLA,
CGAL_ELLIPSE

};

}

This macro is invoked in definition 154.

Conic_2 type access methods [45] + = {
CGAL_Conic_type conic_type () const
{

return Conic_2::conic_type();
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bool is_hyperbola () const

{

return Conic_2::is_hyperbola();
}
bool is_parabola () const
{

return Conic_2::is_parabola();
}
bool is_ellipse () const
{

return Conic_2::is_ellipse();
}

}

This macro is defined in definitions 45 and 46.

This macro is invoked in definition 40.

We have three more predicates that — in combination with the above — yield a finer access
to the type, namely a test for emptiness, triviality and degeneracy, where both the empty
and the trivial conic are also degenerate.

Conic_2 type access methods [46] + = {
bool is_empty () const

{
return Conic_2::is_empty();
}
bool is_trivial () const
{
return Conic_2::is_trivial();
}
bool is_degenerate () const
{
return Conic_2::is_degenerate();
}

}

This macro is defined in definitions 45 and 46.
This macro is invoked in definition 40.

5.3.4 Orientation Related Access

We can retrieve the orientation of a conic as defined in Section 3.3. A notable difference
to the class CGAL_Circle_2<R> is that the orientation can be zero.
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Conic_2 orientation access methods [47] + = {
CGAL_Orientation orientation () const

{

return Conic_2::orientation ();

}

This macro is defined in definitions 47, 48, and 50.

This macro is invoked in definition 40.

The following methods classify points according to the positive and negative side of Cr.
We can either retrieve the oriented side directly or ask whether the point lies on some
specific side.

Conic_2 orientation access methods [48] + = {
CGAL_Oriented_side oriented_side (const CGAL_Point_2<R> &p) const
{

return Conic_2::oriented_side (p);

bool has_on_positive_side (const CGAL_Point_2<R> &p) const
{

return Conic_2::has_on_positive_side (p);

bool has_on_negative_side (const CGAL_Point_2<R> &p) const
{

return Conic_2::has_on_negative_side (p);

}
bool has_on_boundary (const CGAL_Point_2<R> &p) const
{
return Conic_2::has_on_boundary (p);
}
bool has_on (const CGAL_Point_2<R> &p) const
{
return Conic_2::has_on (p);
}

}

This macro is defined in definitions 47, 48, and 50.

This macro is invoked in definition 40.

Then we have the classification according to convex and non-convex side. Because this is
a natural generalization of the classification according to bounded and unbounded side,
we ‘extend’ the type CGAL_Bounded_side.
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Convex_side declaration [49] = {
typedef CGAL_Bounded_side CGAL_Convex_side;
const CGAL_Convex_side CGAL_ON_CONVEX_SIDE = CGAL_ON_BOUNDED_SIDE;
const CGAL_Convex_side CGAL_ON_NONCONVEX_SIDE =
CGAL_ON_UNBOUNDED_SIDE;

}

This macro is invoked in definition 154.

Conic_2 orientation access methods [50] + = {
CGAL_Convex_side convex_side (const CGAL_Point_2<R> &p) const

{

return Conic_2::convex_side (p);

bool has_on_convex_side (const CGAL_Point_2<R> &p) const
{

return Conic_2::has_on_convex_side (p);

bool has_on_nonconvex_side (const CGAL_Point_2<R> &p) const
{

return Conic_2::has_on_nonconvex_side (p);

}

This macro is defined in definitions 47, 48, and 50.
This macro is invoked in definition 40.

5.3.5 Comparison Methods

We provide tests for equality and inequality of two conics.

Conic_2 comparison methods [51] = {
bool operator == ( const CGAL_Conic_2<_R>& c) const
{
return Conic_2::operator == ( (Conic_2)c);
}
bool operator !'= ( const CGAL_Conic_2<_R>& c) const
{
return( ! operator == ( c));
}

}

This macro is invoked in definition 40.

5.3.6 Public Set Methods

Apart from the most basic way of constructing an oriented conic from the coordinates
of a representation, there are methods at a higher level, building a conic from points or
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other conics. Such methods appear here; they are not given as constructors, but as ‘set’
functions that modify an already existing conic. But of course, there is also a set function
that works on the coordinate level.

Conic_2 set methods [52] + = {
void set (RT r, RT s, RT t,
RT u, RT v, RT w)
{

Conic_2::set (r, s, t, u, v, w);

}

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.

Opposite conic. We can obtain the conic C_x of opposite orientation, having positive
and negative sides interchanged (convex and non-convex side stay the same, of course).
Note that if Cx has zero orientation, so has C_x.

Conic_2 set methods [53] + = {
void set_opposite ()
{

Conic_2::set_opposite();

}

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.

Pair of lines through four points. The method set_linepair builds the conic equal
to union of the lines p1p2 and p3py. This is either a degenerate hyperbola in case the two
lines are not parallel, or a degenerate parabola. The precondition is that p; # po and
p3 # pa. The positive side is the region to the left resp. to the right of both oriented lines

P1p2,P3p4-

Conic_2 set methods [54] + = {
void
set_linepair (const CGAL_Point_2<R> &pl, const CGAL_Point_2<R> &p2,
const CGAL_Point_2<R> &p3, const CGAL_Point_2<R> &p4)
{
Conic_2::set_linepair (pl, p2, p3, p4);

}

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.
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Smallest ellipse through three points. The following method set_ellipse gener-
ates the ellipse of smallest volume through p;,ps and p3. This is at the same time the
unique ellipse through these points whose center is equal to the center of gravity of the
points. Precondition is that pq, ps, p3 are not collinear. The orientation of the ellipse is
the orientation of the point triple.

Conic_2 set methods [55] + = {
void
set_ellipse (const CGAL_Point_2<R> &pl,
const CGAL_Point_2<R> &p2,
const CGAL_Point_2<R> &p3)

Conic_2::set_ellipse (pl, p2, p3);

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.

Some ellipse through four points in convex position. Another set_ellipse
method constructs an ellipse from four given points, that are assumed to be in convex
position (if not, the result will still be some conic through the points, but not an ellipse).
The result will be just some ellipse through the points; in particular, it will usually not be
the smallest one passing through the points. The orientation of the ellipse can be specified
and defaults to positive.

Conic_2 set methods [56] + = {
void
set_ellipse (const CGAL_Point_2<R> &pl, const CGAL_Point_2<R> &p2,
const CGAL_Point_2<R> &p3, const CGAL_Point_2<R> &p4,
CGAL_Orientation o = CGAL_POSITIVE)

Conic_2::set_ellipse (pl, p2, p3, pi, 0);

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.

Unique conic through five points. The method set generates the unique nontrivial
conic containing the points p1,p2, p3, p4,ps. Precondition is that all points are distinct.
The orientation can be specified but is automatically set to zero if the resulting conic has
zero orientation.

Conic_2 set methods [57] + ={
void set (const CGAL_Point_2<R> &pl, const CGAL_Point_2<R> &p2,
const CGAL_Point_2<R> &p3, const CGAL_Point_2<R> &p4,
const CGAL_Point_2<R> &p5,
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CGAL_Orientation o = CGAL_POSITIVE)
Conic_2::set (pl, p2, p3, p4, p5, 0);

}

This macro is defined in definitions 52, 53, 54, 55, 56, and 57.
This macro is invoked in definition 40.

5.3.7 Private Methods

Linear combination of conics. The linear combination of two conics Cg, and Cgr,
with coefficients a1, a9 is the conic with representation R := a1R1 + a2Rs. This is not a
geometric operation, because the result depends on R, R2 and not only on Cr, and Cr,.

Conic_2 private methods [58] + = {
void set_linear_combination (
const RT &al, const CGAL_Conic_2<R> &cli,
const RT &a2, const CGAL_Conic_2<R> &c2)

Conic_2::set_linear_combination (al, cl, a2, c2);

}

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.

Two pairs of lines through four points. The following method constructs two line-
pairs through four given points p1, p2, p3, p4, assumed to be in convex position. If the points
are enumerated in clockwise or counterclockwise order, these will be the line-pairs pyps U
papz and pzp3 U papr. Otherwise, points are renamed first to achieve (counter)clockwise
orientation. The two resulting conics are passed to the method by reference, and their
orientations depend on the points as described in the method set _linepair. If p1, po, p3, psa
are not in convex position, the method still computes two line-pairs through the points,
but it is not specified which ones. This is a static method.

Conic_2 private methods [59] + = {
static void set_two_linepairs (const CGAL_Point_2<R> &pl,
const CGAL_Point_2<R> &p2,
const CGAL_Point_2<R> &p3,
const CGAL_Point_2<R> &p4,
CGAL_Conic_2<R> &pairl,
CGAL_Conic_2<R> &pair2)

Conic_2::set_two_linepairs (pl, p2, p3, p4, pairl, pair2);

}

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.
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Some ellipse from two pairs of lines. We have a method to construct an ellipse
through p1,p2,p3,p4 in convex position, using two line-pairs through the points as ob-
tained from a call to the method set_two_linepairs with parameters pi,ps,p3, ps. The
orientation of the ellipse is not specified. In case the argument conics have not been con-
structed by the method set_two_linepairs in the described way, the resulting conic is
unspecified.

Conic_2 private methods [60] + = {
void set_ellipse (const CGAL_Conic_2<R> &pairil,
const CGAL_Conic_2<R> &pair?2)
{

Conic_2::set_ellipse (pairl, pair2);

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.

Conic from two conics and a point. Assuming that we already have two conics inter-
secting in four points, the following alternative set method is more efficient in constructing
the unique nontrivial conic through them and another point p. It accepts two conics Cg,
and Cg, and a point p, and computes some conic Cr that goes through Cz, NCr, U {p}.
The method may construct the trivial conic. This happens if one of Cgz, and Cr, is already
trivial, C(R1) = C(Rz2) holds, or if p € Cr, NCr,. In case of nonzero orientation, the actual
orientation of C is unspecified.

Conic_2 private methods [61] + = {
void set (const CGAL_Conic_2<R> &cl, const CGAL_Conic_2<R> &c2,
const CGAL_Point_2<R> &p)

Conic_2::set( cl, c2, p); analyse();

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.

Volume derivative of an ellipse. Given an ellipse £ with representation R and some
vector OR := (9r, 0s, Ot, du, dv, Ow), define

E(T) = Cryror-

For small values of 7, £(7) is still an ellipse. The method vol_derivative computes the
sign of

L NOUE(™)) =0

i.e. decides how the volume develops when going from £(0) ‘in direction’ 9R. If £ is not
an ellipse, the result is meaningless.
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Conic_2 private methods [62] + = {
CGAL_Sign vol_derivative (RT dr, RT ds,
RT dt, RT du,
RT dv, RT dw) const

return Conic_2::vol_derivative (dr, ds, dt, du, dv, dw);

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.
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A related method computes the value 7* such that Vol(€(7)) assumes its minimum over

the set T'= {7 | £(7) is an ellipse}. Precondition is that this minimum exists. If so, 7* is

a local extremum of the volume function. 7% might be irrational, but because the value is

only used for drawing the ellipse £(7*), a double-approximation suffices. As before, if £

is not an ellipse, the result is meaningless.

Conic_2 private methods [63] + = {
double vol_minimum (RT dr, RT ds,
RT dt, RT du,
RT dv, RT dw) const

return Conic_2::vol_minimum (dr, ds, dt, du, dv, dw);

This macro is defined in definitions 58, 59, 60, 61, 62, and 63.
This macro is invoked in definition 40.

5.3.8 I/O

Conic_2 I/0O routines [64] = {
template< class _R>
ostream& operator << ( ostream& os, const CGAL_Conic_2<_R>& c)
{
return( os << c.r() << 7 ? << c.s() << 7 ? << c.t() << ?
<< c.u() << 7 P K c.v() <’ 7 k< c.w());

}

This macro is invoked in definition 155.

5.4 Class Templates CGAL_ConicCPA2<PT,DA> and CGAL_ConicHPA2<PT,DA>

The two classes described in this section realize the functionality of the general class
Conic_2<R>, distinguished between Cartesian and homogeneous representation. Unlike it
is practice in the CGAL kernel, the template parameters are not field type and/or ring type
but point type and data accessor type. The reason is that the classes described here are
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also used to build traits class adapters for the class CGAL Min_ellipse_2<Traits>, where
the adapters themselves are templatized with a point type and a data accessor type.

To realize this scheme, the representation type R of the class Conic_2<R> is enhanced with
a data accessor class — it will be the canonical one, realizing access to the coordinates of
a CGAL_Point_2<R>.

ConicCPA2 declaration [65] = {
template < class PT, class DA>
class CGAL_ConicCPA2;

template < class PT, class DA>
class CGAL__Min_ellipse_2_adapterC2__Ellipse;

}

This macro is invoked in definition 157.

ConicHPA2 declaration [66] = {
template < class PT, class DA>
class CGAL_ConicHPA2;

template < class PT, class DA>
class CGAL__Min_ellipse_2_adapterH2__Ellipse;

}

This macro is invoked in definition 156.

5.4.1 Public Interface

The interfaces look similar to the interface of the class CGAL_Conic_2<R> in the sense that
for any public (private) member function of CGAL_Conic_2<R>, we have a corresponding
public (private) member function here. These are the high-level member functions.

In addition, there are private data members to store the conic representation and a couple
of additional low-level protected member functions. The reason for making them pro-
tected is that we do not want them to show up explicitly in the interface of the class
CGAL _Conic_2<R>, but on the other hand, friends of CGAL_Conic_2<R> should be able to
use them.

Note: We implement the classes in their interface to cope with insufficiencies of the GNU
compiler concerning scope operators in typenames. Because the implementations of most
member functions are very similar for both representations, we always write them down
in parallel.

ConicCPA2 interface and implementation [67] = {
template < class _PT, class _DA>
class CGAL_ConicCPA2

{
public:
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// types
typedef _PT PT;
typedef _DA DA;

typedef typename _DA::RT RT;

private:
// friends
friend class CGAL_Conic_2< CGAL_Homogeneous<RT> >;
friend class CGAL__Min_ellipse_2_adapterC2__Ellipse<PT,DA>;

// data members
ConicCPA2 private data members [69]

// private member functions
ConicCPA2 private member functions [101]

protected:
// protected member functions
ConicCPA2 protected member functions [71]

public:
// public member functions
ConicCPA2 public member functions [83]
s
}

This macro is invoked in definition 157.

ConicHPA?2 interface and implementation [68] = {
template < class _PT, class _DA>
class CGAL_ConicHPA2

{
public:
// types
typedef _PT PT;
typedef _DA DA;
typedef typename _DA::FT FT;
private:

// friends
friend class CGAL_Conic_2< CGAL_Cartesian<FT> >;
friend class CGAL__Min_ellipse_2_adapterH2__Ellipse<PT,DA>;

// data members
ConicHPA?2 private data members [70]

// private member functions
ConicHPA2 private member functions [102]
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protected:
// protected member functions
ConicHPA2 protected member functions [72]

public:
// public member functions
ConicHPA2 public member functions [84]
};
}

This macro is invoked in definition 156.

5.4.2 Private Data Members

An oriented conic Cr is stored by its representation R and certain derived data. These
data are

e the type of Cr,
e the orientation of Cx,

e degeneracy information, consisting of three flags indicating whether Cr is empty,
trivial or degenerate.

Although type, orientation and degeneracy information can be retrieved from R, it is more
efficient to store them, because for example, repeated convex side tests on the same conic
but with different points access these data over and over again.

ConicCPA2 private data members [69] = {

DA dao;

RT _r, _s, _t, _u, _v, _w;
CGAL_Conic_type type;

CGAL_Orientation 0;

bool empty, trivial, degenerate;

}

This macro is invoked in definition 67.

ConicHPA2 private data members [70] = {

DA dao;

FT _r, _s, _t, _u, _v, _w;
CGAL_Conic_type type;

CGAL_Orientation 0;

bool empty, trivial, degenerate;

}

This macro is invoked in definition 68.
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5.4.3 Low-level Private Member Functions

Let’s start with the low-level members that do not have a counterpart in the interface of
the class CGAL_Conic_2<R>.

Determinant. The function det just computes det(R) = 4rs — t2, and as mentioned in
Section 3.1, this value determines the type of the conic.

ConicCPA2 protected member functions [71] + = {
RT det () const

{
return RT(4)*sO)*r() - tO*t();

}

This macro is defined in definitions 71, 73, and 81.
This macro is invoked in definition 67.

ConicHPA2 protected member functions [72] + = {
FT det () comst

{
return FT(4)*sO)*r() - tO*t();

}

This macro is defined in definitions 72, 74, and 82.
This macro is invoked in definition 68.

Conic analysis. This method is the most important low-level method. It initializes the
derived data from the representation R, by first determining the conic’s type and then
handling the three possible types in a case statement.

ConicCPA2 protected member functions [73] + = {
void analyse( )
{
RT d = det();
type = (CGAL_Conic_type) (CGAL_sign(d));
switch (type) {
case CGAL_HYPERBOLA:
{
analyse hyperbola, homogeneous case [75]
}
break;
case CGAL_PARABOLA:
{

analyse parabola, homogeneous case [79]
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break;
case CGAL_ELLIPSE:
{
analyse ellipse, homogeneous case [77]
}

break;

}

This macro is defined in definitions 71, 73, and 81.
This macro is invoked in definition 67.

ConicHPA2 protected member functions [74] + = {
void analyse( )
{
FT d = det();
type = (CGAL_Conic_type) (CGAL_sign(d));
switch (type) {
case CGAL_HYPERBOLA:
{

analyse hyperbola, cartesian case [76]
}
break;
case CGAL_PARABOLA:
{
analyse parabola, cartesian case [80)]
}
break;
case CGAL_ELLIPSE:
{
analyse ellipse, cartesian case [78]

¥

break;

}

This macro is defined in definitions 72, 74, and 82.
This macro is invoked in definition 68.

Let us first deal with the case where C is a hyperbola or ellipse. Then we have seen in
Section 3.2 that C(R) has a center of symmetry ¢ and can be written in the form

{plp—c)"Mp—rc)+2w—c"Mc=0},

Moreover, C(R) is degenerate if the center lies on the conic. This is the case if and only if
z:=2w —c' Mc = 0. To compute this value z, we go back to the formulas of Section 3.2,
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where we have seen that

therefore

Me = (u,0)M™* ( “)

- det%M) (“’”)< i ; ) ( ; )

1
= Toi(30) (2u?s + 2v%r — 2uwt).

This means,

z=2 (w - detEM) (u?s + vir — uvt)) : (8)

To avoid divisions, we consider the value 2z’ = det(M)z/2 which satisfies
7' = det(M)w — u?s — v?r + uvt.

2" has the same sign as z in case of an ellipse, and opposite sign in case of a hyperbola.

To proceed further, we note that only a parabola can be trivial. Moreover, a hyperbola
cannot be empty (the matrix M is indefinite, therefore 7 Mz assumes arbitrary real
values). In case of an ellipse, M is either positive or negative definite, meaning r > 0 or
r < 0. In the former case, the ellipse is empty if and only if z > 0, in the latter case,
z < 0 leads to an empty ellipse. Summarizing, the ellipse is empty iff rz > 0, equivalently
rz' >0

Now consider orientation. A hyperbola is in positive orientation if and only if its center is
on the negative side, equivalently z < 0, or 2z’ > 0. Similarly, the orientation is negative in
case of 2/ < 0. For z = 2z’ =0, the hyperbola is degenerate, and so its orientation is zero.

A non-degenerate ellipse, on the other hand, has positive orientation if and only if its
center is in the positive side, equivalently, if z > 0, or 2/ > 0. This is equivalent to M
being negative definite, or r < 0. In case of the degenerate ellipse £ = {c}, we have
z = 2z' =0, and the orientation is positive if and only if the negative side is nonempty (the
positive side must agree with the empty convex side). As before, this is equivalent to M
being negative definite, or r < 0.

In contrast to this, the empty ellipse has positive orientation if and only if the negative
side is empty (the positive side must agree with the convex side, which is the whole plane
in this case). For this, we get the equivalent condition r > 0.

analyse hyperbola, homogeneous case [75] = {
trivial = empty = false;
RT z_prime = d*w() - uO*uO*s - vO*xvO*r() + uO*vO*t();
o = (CGAL_Orientation) (CGAL_sign (z_prime)) ;
degenerate = (o == CGAL_ZERD);

}

This macro is invoked in definition 73.
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analyse hyperbola, cartesian case [76] = {
trivial = empty = false;
FT z_prime = d*w() - uO*uO*s - vO*vO*r() + uOQ*xvO*t();
o = (CGAL_Orientation) (CGAL_sign (z_prime));
degenerate = (o == CGAL_ZERO);

}

This macro is invoked in definition 74.

analyse ellipse, homogeneous case [77] = {
trivial = false;
RT z_prime = d*w() - uQ*uQ*s() - vO*vO*r() + uO)*xv(*t();
if (CGAL_is_positive (r())) {
empty = CGAL_is_positive(CGAL_sign (z_prime));
empty ? o = CGAL_POSITIVE : o = CGAL_NEGATIVE;
} else {
empty = CGAL_is_negative(CGAL_sign (z_prime));
empty 7 o = CGAL_NEGATIVE : o = CGAL_POSITIVE;

}
degenerate = empty || CGAL_is_zero (z_prime);

}

This macro is invoked in definition 73.

analyse ellipse, cartesian case [78] = {
trivial = false;
FT z_prime = d*w() - uQ*uO*s() - vO*xvO*r() + uOQ*xv()*t();
if (CGAL_is_positive (r())) {
empty = CGAL_is_positive(CGAL_sign (z_prime));
empty 7 o = CGAL_POSITIVE : o = CGAL_NEGATIVE;
} else {
empty = CGAL_is_negative(CGAL_sign (z_prime));
empty ? o = CGAL_NEGATIVE : o = CGAL_POSITIVE;
}
degenerate = empty || CGAL_is_zero (z_prime);

}

This macro is invoked in definition 74.

In the parabola case, we proceed as follows, first observing that det(M) = 0 impliesr, s > 0
or r,s < 0. Assume that r # 0. Then the conic equation (1) can be solved for x, obtaining

_ —ty —u £ /2(tu — 2rv)y + u? — drw
= 5 :

x

The parabola is non-degenerate exactly if the factor (tu—2rv) is nonzero, where we obtain
a curved object. For tu = 2rv, the parabola is either empty (this happens for u? < 4rw
when the radicant becomes negative), a single line (if u> = 4rw), or a pair of lines (for
u? > 4rw). Let us treat the degenerate case first.

In the empty case, the parabola has only one nonempty side, and the orientation is de-
termined by w. w > 0 means positive orientation (because then the point (0,0) is on the
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positive side, which therefore equals the convex side in this case), w < 0 means negative
orientation. Because of u? < 4rw, the case w = 0 cannot occur.

In case of u? = 4rw, the conic is given by

_ ty +u. o
R(p) = (o +2=)?,

and the orientation is positive if and only if 7 > 0 (in which case every point p = (z,y) is
on the positive side, equivalently on the convex side).

For u? > 4rw, we get a pair of parallel lines, of zero orientation (because both positive
and negative sides are nonempty, while the non-convex side is empty).

We can argue completely similar in the case s # 0. Here we get a degeneracy exactly if
tv = 2su, and the discriminant v?> — 4sw determines whether the parabola is empty, equal
to one line or to a pair of lines.

If r = s =0 (implying ¢ = 0), we have the trivial conic if all other parameters are also
zero. The trivial conic has always positive orientation (because both positive and convex
side are empty). If u = v = 0 but w # 0, we get the empty conic, where the orientation
is given by w. In any other case, we obtain a single line, this time with zero orientation,
because it has nonempty positive and negative side but empty non-convex side.

Now consider the non-degenerate case. We claim that the orientation is positive if and
only if r; s < 0. To see this, note that in this case, the parabola can be written in the form

R(p) = —(vV=rz — V/=sy)? + uzx + vy + w.

R(p) is a concave function which implies that if R(p1), R(p2) > 0, then also R(p) > 0,
p a convex combination of pi,po. This means that the positive side is a convex set, thus
equal to the convex side.

analyse parabola, homogeneous case [79] = {
if (!CGAL_is_zero (r())) {
trivial = false;
degenerate = (tO*u() == RT(2)*rO*v();

if (degenerate) {
CGAL_Sign discr = (CGAL_Sign)
CGAL_sign(u()*u()-RT(4)*r O *w());
switch (discr) {
case CGAL_NEGATIVE:
empty = true;
o = (CGAL_Orientation) (CGAL_sign (w()));
break;
case CGAL_ZEROD:
empty = false;
o = (CGAL_Orientation) (CGAL_sign (r()));
break;
case CGAL_POSITIVE:
empty = false;
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o = CGAL_ZERO;
break;
}
} else {
empty = false;
o = (CGAL_Orientation) (-CGAL_sign (r()));

}
} else if (!CGAL_is_zero (s())) {
trivial = false;
degenerate = (tO*v() == RT(2)*sO*u());

if (degenerate) {
CGAL_Sign discr = (CGAL_Sign)
CGAL_sign(v()*v()-RT(4)*s () *w());
switch (discr) {
case CGAL_NEGATIVE:
empty = true;
o = (CGAL_Orientation) (CGAL_sign (w()));
break;
case CGAL_ZERO:
empty = false;
o = (CGAL_Orientation) (CGAL_sign (s()));
break;
case CGAL_POSITIVE:
empty = false;
o = CGAL_ZERO;
break;
}
} else {
empty = false;
o = (CGAL_Orientation) (-CGAL_sign (s()));

}
} else { // r=0, s=0
degenerate = true;
bool uv_zero = CGAL_is_zero (u()) && CGAL_is_zero (v());
trivial = uv_zero && CGAL_is_zero (w());
empty = uv_zero && !trivial;
if (empty)

o = (CGAL_Orientation) (CGAL_sign (w()));
else if (trivial)

o = CGAL_POSITIVE;
else

o = CGAL_ZERO;

}

This macro is invoked in definition 73.
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analyse parabola, cartesian case [80] = {
if (!CGAL_is_zero (r())) {
trivial = false;
degenerate = (tOQ*u() == FT(2D)*r(O*v());
if (degenerate) {
CGAL_Sign discr = (CGAL_Sign)
CGAL_sign(u()*u()-FT(4)*r O *w());
switch (discr) {
case CGAL_NEGATIVE:
empty = true;
o = (CGAL_Orientation) (CGAL_sign (w()));
break;
case CGAL_ZERO:
empty = false;
o = (CGAL_Orientation) (CGAL_sign (r()));
break;
case CGAL_POSITIVE:
empty = false;
o = CGAL_ZERD;
break;
}
} else {
empty = false;
o = (CGAL_Orientation) (-CGAL_sign (r()));

}
} else if (!CGAL_is_zero (s())) {
trivial = false;
degenerate = (tOxv() == FT(2)*sO*u());

if (degenerate) {
CGAL_Sign discr = (CGAL_Sign)
CGAL_sign(v()*v()-FT(4)*s O *w());
switch (discr) {
case CGAL_NEGATIVE:
empty = true;
o = (CGAL_Orientation) (CGAL_sign (w()));
break;
case CGAL_ZERO:
empty = false;
o = (CGAL_Orientation) (CGAL_sign (s()));
break;
case CGAL_POSITIVE:
empty = false;
o = CGAL_ZERO;
break;
+
} else {
empty = false;
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o = (CGAL_Orientation) (-CGAL_sign (s()));

}
} else { // r=0, s=0
degenerate = true;
bool uv_zero = CGAL_is_zero (u()) && CGAL_is_zero (v());
trivial = uv_zero && CGAL_is_zero (w());
empty = uv_zero && !trivial;
if (empty)

o = (CGAL_Orientation) (CGAL_sign (w()));
else if (trivial)
o) CGAL_POSITIVE;
else
o

CGAL_ZERO;

}

This macro is invoked in definition 74.
Conic evaluation. For Cr given by R = (r,s,t,u,v,w) and a point p = (z,y, h), the
homogeneous evaluation returns the value R(p) = rz? + sy? + tzy + uzh + vyh + wh?.

ConicCPA2 protected member functions [81] + = {
RT evaluate (const PT &p) const

{

RT x, y, h;

dao.get (p, x, y, h);

return r()*xxx + sQ*y*xy + tOQ*x*xy + u()*x*h + v()*y*xh + w()*hxh;
}

}

This macro is defined in definitions 71, 73, and 81.
This macro is invoked in definition 67.

The Cartesian version is obtained for h = 1, i.e. it computes the value R(p) = rz? + sy? +

tzy + uzr + vy +w.

ConicHPA2 protected member functions [82] +
FT evaluate (const PT &p) const

1l
—

{

FT x, y;

dao.get (p, x, y);

return r()*x*x + sQOxy*y + tOQ*xxy + uO*x + vO*y + w(Q;
}

}

This macro is defined in definitions 72, 74, and 82.
This macro is invoked in definition 68.
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5.4.4 Construction

The construction from the representation proceeds by first setting the vector components
and then analysing the conic to obtain the derived data.

ConicCPA2 public member functions [83] + = {
CGAL_ConicCPA2 ( const DA& da = DA()) : dao( da) { }

CGAL_ConicCPA2 ( RT r, RT s, RT t, RT u, RT v, RT w,
const DA& da = DA(Q))
: dao( da), _r(r), _s(s), _t(t), _uCu), _v(v), _w(w)

analyse();

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [84] + = {
CGAL_ConicHPA2 ( const DA& da = DA()) : dao( da) { }

CGAL_ConicHPA2 ( FT r, FT s, FT t, FT u, FT v, FT w,
const DA& da = DA(Q))
: dao( da), _r(r), _s(s), _t(t), _uCu), _v(v), _w(w)

analyse();

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.5 Data Accessor

ConicCPA2 public member functions [85] + = {
const DA& da() const
{

return dao;

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [86] + = {
const DA& da() const
{



78

return dao;

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.6 General Access
The coordinate access is straightforward.

ConicCPA2 public member functions [87] + = {
RT r() const { return _r;}

RT s() const { return _s;}
RT t() const { return _t;}
RT u() const { return _u;}
RT v() const { return _v;}
RT w() const { return _w;}

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [88] + = {
FT r() const { return _r;}

FT s() const { return _s;}
FT t() const { return _t;}
FT u() const { return _u;}
FT v() const { return _v;}
FT w() const { return _w;}

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

To obtain the center, recall from Section 3.2 that it is given by the point

== () =gt (5 o ) () ==zt (=it ).

In the homogeneous representation, the value — det(M) serves as the h-component of the
center, in the Cartesian representation, we divide by it.

ConicCPA2 public member functions [89] + = {
PT center () comst
{
CGAL_kernel_precondition (type !'= CGAL_PARABOLA);
PT p;
RT two = RT(2);
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dao.set( p, twoxsO*u() - tO*xv(), tworxrO*v() - tO*u(), -det());
return p;

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [90] + = {
PT center () const

{
CGAL_kernel_precondition (type != CGAL_PARABOLA);
PT p;
FT two = FT(2);
FT div = -det();
dao.set( p, (twoxsO*u() - tO*v()) / div,

(twoxr()*v() - t(O*u()) / div);

return p;

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.7 Type Related Access

Because the conic stores its type and degeneracy information, this is straightforward.

ConicCPA2 public member functions [91] + = {
CGAL_Conic_type conic_type () const

{
return type;
}
bool is_hyperbola () const
{
return (type == CGAL_HYPERBOLA);
}
bool is_parabola () const
{
return (type == CGAL_PARABOLA);
}

bool is_ellipse () const

{
return (type == CGAL_ELLIPSE);
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bool is_empty () const

{
return empty;
}
bool is_trivial () const
{
return trivial;
}
bool is_degenerate () const
{
return degenerate;
}

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [92] + = {
CGAL_Conic_type conic_type () const

{
return type;
}
bool is_hyperbola () const
{
return (type == CGAL_HYPERBOLA);
}
bool is_parabola () const
{
return (type == CGAL_PARABOLA);
}
bool is_ellipse () const
{
return (type == CGAL_ELLIPSE);
}
bool is_empty () const
{
return empty;
}

bool is_trivial () const

{
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return trivial;

}
bool is_degenerate () const
{
return degenerate;
+

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.8 Orientation Related Access

ConicCPA2 public member functions [93] + = {
CGAL_Orientation orientation () const

{

return o;

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [94] + = {
CGAL_Orientation orientation () const

{

return o;

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.

This macro is invoked in definition 68.

The orientation queries just evaluate the conic at the given point, using the private method
evaluate. Recall that p is in the positive resp. negative side iff R(p) > 0 resp. R(p) < 0.

ConicCPA2 public member functions [95] + = {
CGAL_Oriented_side oriented_side (const PT& p) const

{
return (CGAL_Oriented_side) (CGAL_sign (evaluate (p)));
}
bool has_on_positive_side (const PT& p) const
{
return (CGAL_is_positive (evaluate(p)));
}

bool has_on_negative_side (const PT& p) const
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{
return (CGAL_is_negative (evaluate(p)));

}
bool has_on_boundary (const PT& p) const
{

return (CGAL_is_zero (evaluate(p)));
}
bool has_on (const PT& p) const
{

return (CGAL_is_zero (evaluate(p)));
}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [96] + = {
CGAL_Oriented_side oriented_side (const PT& p) const

{
return (CGAL_Oriented_side) (CGAL_sign (evaluate (p)));
}
bool has_on_positive_side (const PT& p) const
{
return (CGAL_is_positive (evaluate(p)));
}
bool has_on_negative_side (const PT& p) const
{
return (CGAL_is_negative (evaluate(p)));
}
bool has_on_boundary (const PT& p) const
{
return (CGAL_is_zero (evaluate(p)));
}
bool has_on (const PT& p) const
{
return (CGAL_is_zero (evaluate(p)));
}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

Then we have the convex side queries. Under nonzero orientation, the side is determined
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by a conic evaluation. If the orientation is zero, we know that the non-convex side is
empty, see Section 3.3.

ConicCPA2 public member functions [97] + = {
CGAL_Convex_side convex_side (const PT &p) const

{
switch (o) {
case CGAL_POSITIVE:
return (CGAL_Convex_side) (-CGAL_sign (evaluate (p)));
case CGAL_NEGATIVE:
return (CGAL_Convex_side) ( CGAL_sign (evaluate (p)));
case CGAL_ZERO:
return (CGAL_Convex_side) (
-CGAL_sign (CGAL_abs (evaluate(p))));
}
// keeps g++ happy
return( CGAL_Convex_side( 0));
}
bool has_on_convex_side (const PT &p) const
{
return (convex_side (p) == CGAL_ON_CONVEX_SIDE);
}
bool has_on_nonconvex_side (const PT &p) const
{
return (convex_side (p) == CGAL_ON_NONCONVEX_SIDE);
}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [98] + = {
CGAL_Convex_side convex_side (const PT &p) const
{
switch (o) {
case CGAL_POSITIVE:
return (CGAL_Convex_side) (-CGAL_sign (evaluate (p)));
case CGAL_NEGATIVE:
return (CGAL_Convex_side) ( CGAL_sign (evaluate (p)));
case CGAL_ZERO:
return (CGAL_Convex_side) (
-CGAL_sign (CGAL_abs (evaluate(p))));
}
// keeps g++ happy
return( CGAL_Convex_side( 0));
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bool has_on_convex_side (const PT &p) const

{
return (convex_side (p) == CGAL_ON_CONVEX_SIDE);
}
bool has_on_nonconvex_side (const PT &p) const
{
return (convex_side (p) == CGAL_ON_NONCONVEX_SIDE);
}

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.9 Comparison Methods
We provide tests for equality and inequality of two conics.

ConicCPA2 public member functions [99] + = {
bool operator == ( const CGAL_ConicCPA2<_PT,_DA>& c) const
{
// find coefficient != 0
RT factoril;

if ( ! CGAL_is_zero( r())) factorl = r(); else
if ( ! CGAL_is_zero( s())) factorl = s(); else
if ( ! CGAL_is_zero( t())) factorl = t(); else
if (! CGAL_is_zero( u())) factorl = u(); else
if ( ! CGAL_is_zero( v())) factorl = v(); else
if (! CGAL_is_zero( w())) factorl = w(); else

CGAL_optimisation_assertion_msg( false, "all coefficients zero");

// find coefficient != 0
RT factor2;

if ( ! CGAL_is_zero( c.r())) factor2 = c.r(); else
if ( ! CGAL_is_zero( c.s())) factor2 = c.s(); else
if (! CGAL_is_zero( c.t())) factor2 = c.t(); else
if ( ! CGAL_is_zero( c.u())) factor2 = c.u(); else
if ( ! CGAL_is_zero( c.v())) factor2 = c.v(); else
if ( ! CGAL_is_zero( c.w())) factor2 = c.w(); else

CGAL_optimisation_assertion_msg( false, "all coefficients zero");

return( ( r(O*factor2 == c.r()*factorl)
&& ( s()*factor2 == c.s()*factorl)
& ( t()*factor2 == c.t()*factorl)
&& ( u()*factor2 == c.u()*factorl)
& ( v()*factor2 == c.v()*factorl)
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&& ( w()*factor2 == c.w()*factorl));

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [100] + = {
bool operator == ( const CGAL_ConicHPA2<_PT, DA>& c) const
{
// find coefficient != 0
FT factoril;

if ( ! CGAL_is_zero( r())) factorl = r(); else
if ( ! CGAL_is_zero( s())) factorl = s(); else
if ( ! CGAL_is_zero( t())) factorl = t(); else
if ( ! CGAL_is_zero( u())) factorl = u(); else
if ( ! CGAL_is_zero( v())) factorl = v(); else
if ( ! CGAL_is_zero( w())) factorl = w(); else

CGAL _optimisation_assertion_msg( false, "all coefficients zero");

// find coefficient '= 0
FT factor2;

if ( ! CGAL_is_zero( c.r())) factor2 = c.r(); else
if ( ! CGAL_is_zero( c.s())) factor2 = c.s(); else
if ( ! CGAL_is_zero( c.t())) factor2 = c.t(); else
if ( ! CGAL_is_zero( c.u())) factor2 = c.u(); else
if ( ! CGAL_is_zero( c.v())) factor2 = c.v(); else
if ( ! CGAL_is_zero( c.w())) factor2 = c.w(); else

CGAL_optimisation_assertion_msg( false, "all coefficients zero");

return ( ( r()*factor2 == c.r()*factori)
&& ( s()*factor2 == c.s()*factorl)
&& ( t()*factor2 == c.t()*factorl)
&& ( u()*factor2 == c.u()*factorl)
&& ( v()*factor2 == c.v()*factori)
&& ( w()*factor2 == c.w()*factorl));

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

5.4.10 Private Methods

A main difference between the public and the private set methods is that the private ones
do not analyse the conic. If a conic is constructed in a sequence of calls to set functions, it
is more efficient to do an analysis only once for the final result, rather than analysing any
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intermediate result. Therefore, the private set functions also do not allow to specify an
orientation, because in order to orient the conic, an analysis would be necessary. Under
this scheme, caution is in place, of course: a conic constructed from a private set method
is not fully initialized, and calls to type and orientation related access functions return
undefined results. friend classes need to care for this, whenever they call a private set
method.

Linear combination of conics. ConicCPA2 private member functions [101] + = {

void
set_linear_combination (const RT &al, const CGAL_ConicCPA2<PT,DA> &ci,
const RT &a2, const CGAL_ConicCPA2<PT,DA> &c2)

{
_r=al *x cl1.r() + a2 * c2.r();
s =al *x cl.s() + a2 *x c2.80);
_t =al *x cl.t() + a2 *x c2.t();
_u=al * cl.u() + a2 * c2.u();
_v=al *xcl.v() + a2 *x c2.v();
_w=al *x cl.w() + a2 * c2.w();

}

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA2 private member functions [102] + = {
void
set_linear_combination (const FT &al, const CGAL_ConicHPA2<PT,DA> &ci,
const FT &a2, const CGAL_ConicHPA2<PT,DA> &c2)

{
_r=al *x cl.r() + a2 * c2.r();
s =al *x cl.s() + a2 % c2.80);
_t =al * cl.t() + a2 * c2.t();
_u=al % cl.u() + a2 * c2.u();
_v=al x cl1.v() + a2 * c2.v();
_w=al *x cl.w() + a2 *x c2.w();

}

This macro is defined in definitions 102, 106, 108, 110, 112, and 115.
This macro is invoked in definition 68.

Two pairs of lines through four points. Here is the method to get two line-pairs
from four given points. It just brings the points into (counter)clockwise order and then
calls the set_linepair method for their two conic arguments, supplying the points in the
right order. The reordering needs access to the orientations of certain point triples. For
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points p; = (x;,yi,hi), © = 1...3, this orientation is given by the sign of the determinant

r1 T2 I3
det [ v1 w2 w3 |,
hi ho hs

see Lemma 5.1 below. The following macros define this determinant (the Cartesian version
is obtained by setting h; = 1,1 =1...3).

h_orientation [103] (¢3)M = {
(CGAL_Orientation) (CGAL_sign
(~hol*x03*yo2+hod*xo1*yo2
+hol*x02xyo3-ho2*xol*xyod
+ho2*x03*yol-hod*xo2xyol) )

}

This macro is invoked in definitions 105, 105, and 105.

corientation [104] (¢3)M = {
(CGAL_Orientation) (CGAL_sign
(—=x03*yo2+x01*yo2
+x02%yo3-x01*yo3
+x03*yol-x02%yol))

}

This macro is invoked in definitions 106, 106, and 106.

ConicCPA2 private member functions [105] + = {
static void set_two_linepairs (const PT &pil,
const PT &p2,
const PT &p3,
const PT &p4,
CGAL_ConicCPA2<PT,DA> &pairl,
CGAL_ConicCPA2<PT,DA> &pair2)

RT x1, yi1, hl, x2, y2, h2, x3, y3, h3, x4, y4, h4;
const DA% da = pairl.da();

da.get (pl, x1, yil, hl);

da.get (p2, x2, y2, h2);

da.get (p3, x3, y3, h3);

da.get (p4, x4, y4, h4);

CGAL_Orientation sidel_24
side3_24

if (sidel_24 !'= side3_24) {

// (counter)clockwise order

pairl.set_linepair (pl, p2, p3, pd);

pair2.set_linepair (p2, p3, p4, pl);
} else {

CGAL_Orientation sidel_32 = h_orientation [103] (‘3’, ‘2’, ‘1’);

h_orientation [103] (‘2’, ‘4", ‘17),
h_orientation [103] (‘2°, ‘4", ‘3");
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if (sidel_32 != side3_24) {
// pl, p2 need to be swapped
pairl.set_linepair (p2, pl, p3, p4);
pair2.set_linepair (pl, p3, p4, p2);
} else {
// p2, p3 need to be swapped
pairl.set_linepair (pl, p3, p2, p4);
pair2.set_linepair (p3, p2, p4, pl);

}

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA2 private member functions [106] + = {
static void set_two_linepairs (const PT &pil,
const PT &p2,
const PT &p3,
const PT &p4,
CGAL_ConicHPA2<PT,DA> &pairl,
CGAL_ConicHPA2<PT,DA> &pair2)

FT x1, y1, x2, y2, x3, y3, x4, y4;
const DA% da = pairl.da();

da.get (pl, x1, y1);

da.get (p2, x2, y2);

da.get (p3, x3, y3);

da.get (p4, x4, y4);

CGAL_Orientation sidel_24
side3_24
if (sidel_24 !'= side3_24) {
// (counter)clockwise order
pairl.set_linepair (pl, p2, p3, pd);
pair2.set_linepair (p2, p3, p4, pl);
} else {
CGAL_Orientation sidel_32 = c_orientation [104] (‘3’, ‘2, ‘1’);
if (sidel_32 != side3_24) {
// pl, p2 need to be swapped
pairl.set_linepair (p2, pl, p3, pd);
pair2.set_linepair (pl, p3, p4, p2);
} else {
// p2, p3 need to be swapped
pairl.set_linepair (pl, p3, p2, pd);
pair2.set_linepair (p3, p2, p4, pl);

c-orientation [104] (‘27, ‘4’, ‘1’),
c_orientation [104] (‘2, ‘4, ‘3’);
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This macro is defined in definitions 102, 106, 108, 110, 112, and 115.
This macro is invoked in definition 68.

Some ellipse from two pairs of lines. Assuming that we have constructed two line-
pairs Cr,,Cr, using the method set_two_linepairs with points pi,p2,ps,ps in convex
position, an ellipse through the points can be obtained as a linear combination Cgr, R =
AR1 + Ro, where

A = det(Ra) — 2(r182 + 1ra81) + tita,
p = det(Rq) — 2(risg + r2s1) + tite,
Ty ..., w; the components of R;,4 =1...2.

ConicCPA2 private member functions [107] + = {
void set_ellipse (const CGAL_ConicCPA2<PT,DA> &pairl,
const CGAL_ConicCPA2<PT,DA> &pair2)

{
RT b = RT(2) * (pairl.r() * pair2.s() + pairl.s() * pair2.r()) -
pairl.t() * pair2.t();
set_linear_combination (pair2.det()-b, pairl,
pairl.det()-b, pair2);
}

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA2 private member functions [108] + = {
void set_ellipse (const CGAL_ConicHPA2<PT,DA> &pairl,
const CGAL_ConicHPA2<PT,DA> &pair2)

{
FT b = FT(2) * (pairl.r() * pair2.s() + pairl.s() * pair2.r()) -
pairl.t() * pair2.t();
set_linear_combination (pair2.det()-b, pairl,
pairl.det()-b, pair2);
}

This macro is defined in definitions 102, 106, 108, 110, 112, and 115.
This macro is invoked in definition 68.

Conic from two conics and a point. If Cg,,Cr, are two conics, p some point, it is
easy to see that the conic Cr with

R = R2(p)R1 — Ri(p)R2

is a conic containing the set (Cg, NCg,) U {p}. Exactly this conic is constructed here.
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ConicCPA2 private member functions [109] + = {
void set (const CGAL_ConicCPA2<PT,DA> &cli,
const CGAL_ConicCPA2<PT,DA> &c2,
const PT &p)

set_linear_combination (c2.evaluate(p), cl, -cl.evaluate(p), c2);

}

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA?2 private member functions [110] + = {
void set (const CGAL_ConicHPA2<PT,DA> &cli,
const CGAL_ConicHPA2<PT,DA> &c2,
const PT &p)

set_linear_combination (c2.evaluate(p), cl, -cl.evaluate(p), c2);

}

This macro is defined in definitions 102, 106, 108, 110, 112, and 115.
This macro is invoked in definition 68.

Volume derivative of an ellipse. Let r(7),s(7),t(7),u(7),v(7),w(r) denote the pa-
rameters of £7). Omitting the parameter 7 for the sake of readability, we have

r = rg+ 70r,
= 59+ 705,
= to+ 7O,
ug + 70U,

= v+ 700,

E ¢ & « o
Il

= wy + TOW,

ro,-..,wo the representation of £, dr,..., 0w the given values OR.

Recall that

Vol(€(r)) = m//det(M /(2w — ¢ Mc).
This implies

Sgn(é%:\ﬂﬂ(g(T)HTo> ::——sgn(é%:det(Al/(2u;—-éTAch‘T:0>.

We have det(M/(2w — ¢! Mc)) = d/2?, where
d = det(M)=4drs— 2,

1
z = 2w—c Mc=2 (w - E(UQS —uvt—l—02r)> ,
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see also (8). Hence
—2:4—(]2, q = dw —us + uvt — vr.
z

It follows that

o B d?(3d'q — 2dq')\ / /
sgn (a—T w(f:(ﬂ)) = —sgn (4—q3> = —sgn (3d'q — 2dq¢') sgu(q).

Consider the term 3d'q — 2dq’ = 0. We have

d = a27'2 +a17'+a(),
qg = b7 + bat? + by + b,
where
ay = 40rds — o2,
a1 = 4rgds + 4so0r — 2ty0t,
ayg — 4’)”080 - t%,
by = (40rds — Ot*)ow — u?ds — Ov*Or + Otdudv,
by = (4rgds + 40rsy — 2tg0t)0w + (40rds — Ot*)wy — 2ugduds
—0u?sy — 2ug0v0r — Ov?ry + (ugdv + duwy) Ot + duduty,
by = (4roso— t%)aw + (4rg0s + 40rsg — 2t0t)wy — u%@s
—2upO0usg — vgar — 200vTy + UeeOt + (ugdv + duvy)to,
bp = (4roso— t%)wo — u%so — vgm + ugvoto
Furthermore,
3d'q — 2dq' = e3> + et + T + o,
with
c3 = —3a1b3 + 2a2b,
Cop = —6@0()3 — ale + 4&2()1,
cT = —4a0b2 + a1b1 + 6&2()0,
chp = —2@0()1 + 3@1()0.

The desired sign of the volume derivative is obtained by evaluating the expression

—sgn(3d'q — 2dq’) sgn(q)

at 7 = 0, where we get 3d'q — 2dq’ = c. Moreover, since ¢ = det(M)(2w — ¢ Mc)/2 with
det(M) > 0, the sign of ¢ is positive if and only if 2w — ¢! Mc is positive, equivalently if
the ellipse £(0) is in positive orientation (see also the description of the method analyse).
This means, in case of positive orientation, the sign of —sgn(3d'q —2dq’) sgn(q) equals the
sign of —cg, otherwise, we return the sign of ¢y. To compute ¢y, we only need the values
a1, ag, by, by from above.
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ConicCPA2 private member functions [111] + = {
CGAL_Sign vol_derivative (RT dr, RT ds, RT dt,
RT du, RT dv, RT dw) const

{
RT al = RT(4)*r()*ds+RT(4)*dr*s()-RT(2)*t () *dt,
a0 = RT()*rO*sO)-tO)*t(),
bl = (RT(4)*r()*s (O -t (O *t())*dw+(RT(4)*r () *ds+RT(4) *dr*s () -
RT(2)*t () *dt)*w()-u()*u()*ds -
RT(2)*u()*duxs () -v()*v () *dr-RT(2) *v () *dv*r ) +u() *v () xdt+
(uO)*dv+duxv () ) *t (),
b0 = (RT(4)*r()*s()-t(O)*t())*w()
—uO*¥u)*sOQO-vO*vO*rO+uQ*xv()*t (),
c0 = -RT(2)*a0xbl + RT(3)*alxb0;
return CGAL_Sign (-CGAL_sign (c0)*o);
}

}

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA2 private member functions [112] + = {
CGAL_Sign vol_derivative (FT dr, FT ds, FT dt,
FT du, FT dv, FT dw) const

{
FT al = FT(4)*xr()*ds+FT(4)*dr*xs()-FT(2)*t () *dt,
a0 = FT(4)*rO*sO)-tO)*t(),
bl = (FT(4)*rO*sO-t O *t())*dw+(FT(4)*r () *ds+FT(4)*dr*s () -
FT(2)*t O *dt)*w()-u()*u()*ds -
FT(2)*u()*du*xs () -v () *v () *dr-FT(2) *v () *dv*r ()+u() *v () *dt+
(uO)*dv+duxv () ) *t (),
b0 = (FT(A)*rO*sO-tO*xt))*w()
—uO*uQ)*sO-vO*vOQ*rOQ+uQ*v(*t(),
c0 = -FT(2)*a0*bl + FT(3)*alxb0;
return CGAL_Sign (-CGAL_sign (c0)*o);
}

}

This macro is defined in definitions 102, 106, 108, 110, 112, and 115.

This macro is invoked in definition 68.

To find the value 7* such that E(7*) is the ellipse of smallest volume, we apply the Cardano
formula to find the roots of the polynomial p(7) = 373 + c272 4+ ¢17 +¢g = 0. This is done
by the function CGAL_solve_cubic which returns all (at most three) real roots. We then
select the one which leads to largest (positive) volume.

Here is an outline of the Cardano formula, for the polynomial p(7), assuming that c3 # 0.
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1. Divide by c3 to normalize the equation, leading to
p(r) =7+’ + T+, vi=cie, i=0,...,2

2. Eliminate the quadratic term by substituting 7 := z — 72 /3. This leads to

% 2 1

3 3
p(r) =2 +azx+b, a=m 5 5= 2 ~ 32+ %0

If a = 0, p has only one real root, namely x; = v/—b, so let’s assume a # 0.

3. Define
D := (a/3) + (b/2)?

and let v be any number such that
u? = —b/2 + VD.
Note that u? is a solution of the quadratic equation
2 a\3
+be—(5) =o.
T T 3

This means, if a # 0, then also u # 0. If the discriminant D is negative, u is a
complex number, otherwise it must be chosen as the real number

w:=\/—b/2+VD.

4. Let u be of the form v = ur — usi (we possibly have u; = 0). p has always a real

root, given by
a
= (1~ g7

5. If D > 0, the two other roots are complex. If D < 0, p has two more real roots,

given by
; (1-anr)
py = —5|1— ) (ur —urv3),
2\ 3l
1 a
ry3 = —= 1——) (’U,R—FU[\/g).
2( 3|

If D =0, we have u; = 0 and these two roots coincide.

It follows that if D > 0, the roots of p can be found by using only / and /" operations
over the real numbers. If D < 0, it can be shown that this is not possible, and we need to
approximate the values ug,us in some other way. For this, we need to solve the equation

u?=C:=—b/2+ivV—D
for u. Expressing C in polar coordinates (r, ¢) we get
r = [|O| =Vt?/4-D =+/~(a/3)?,

_b2
[ty

cosp =
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where 0 < ¢ < 7 because of /—D > 0. Therefore, a possible choice for u is u = (r', ¢')
with

o= —a/3,
b/2
¢ = acos (——) 3.
i)’
This gives
up = 1 cosd,

! _: /
uy = r sing,

Note that this implies ||u||? = —a/3, showing that the roots of p(z) assume the form

ry = 2’LLR,
zy = —(ug—urV3),
r3 = —(UR-i-uI\/g).

If u3 is real, however, this is not true, and we really need to evaluate the factor

cw:(l—aﬁp>=(l—§%>

in this case to obtain the roots of p(x). In any case, we originally wanted to have the
roots of p(7). Using the substitution formula 7 = x — 72/3, these roots are given by
T :(I,‘i—’}/g/?),i = 1,...,3.

The function CGAL_solve_cubic returns the number of distinct real roots of p(7) = c37% +
com? + 1T + ¢g = 0 and stores them consecutively in r1, r2 and r3. Precondition is that
p(7) is not a constant function.

function CGAL_solve_cubic [113] Z = {
int CGAL_solve_cubic (double c3, double c2, double cl1, double cO,
double &rl, double &r2, double &r3)

if (¢3 == 0.0) {
// quadratic equation
if (c2 == 0) {
// linear equation
CGAL_kernel_precondition (cl != 0);

rl = -c0/ci;
return 1;
}
double D = cl*cl-4*xc2xcO;
if (D < 0.0)
// only complex roots
return O;

if (D == 0.0) {
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// one real root

rl = -c1/(2.0%c2);

return 1;
}
// two real roots
rl = (-cl + sqrt(D))/(2.0%c2);
r2 (-c1 - sqrt(D))/(2.0%c2);
return 2;

// cubic equation
// define the gamma_i
double g2 = c2/c3,

gl = c1/c3,

g0 = c0/c3;

// define a, b
double a = gl - g2xg2/3.0,
b = 2.0%g2*g2#g2/27.0 - gl¥g2/3.0 + g0;

if (a == 0) {
// one real root
rl = cbrt(-b) - g2/3.0;
return 1;

// define D
double D = axa*a/27.0 + b*b/4.0;
if (D >= 0.0) {
// real case
double u = cbrt(-b/2.0 + sqrt(D)),
alpha = 1.0 - a/(3.0*u*u);
if (D == 0) {
// two distinct real roots
rl = wu*alpha - g2/3.0;
r2 = -0.5%alpha*u - g2/3.0;
return 2;
}
// one real root
rl = uxalpha - g2/3.0;
return 1;
}
// complex case
double r_prime

sqrt(-a/3),

phi_prime = acos (-b/(2.0*r_prime*r_prime*r_prime))/3.

u_R
u_l

r_prime * cos (phi_prime),
r_prime * sin (phi_prime);

95
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// three distinct real roots

rl = 2.0%u_R - g2/3.0;

r2 = -u_R + u_I*sqrt(3.0) - g2/3.0;
r3 = -u_R - u_I*sqrt(3.0) - g2/3.0;
return 3;

}

This macro is invoked in definition 154.

Here comes the actual computation of the volume minimum. To this end, we com-
pute the coefficients c3,c2,¢1,cp and find the roots of p(7). Among the roots we then
select the one which leads to the smallest volume, equivalently to the largest value of
det(M/(2w — ¢ Mc)) = d®/4q?. The coefficients of d and ¢ have been computed before
in order to find the roots, so we can directly evaluate the determinant, using double
approximations of the coefficients.

ConicCPA2 private member functions [114] + = {
double vol_minimum (RT dr, RT ds, RT dt, RT du, RT dv, RT dw) const
{
RT a2 = RT(4)*dr*ds-dt*dt,
al = RT(4)*r()*ds+RT(4)*dr*s()-RT(2)*t () *dt,
a0 = RT(4)*rO*sO)-tO)*t(),
b3 = (RT(4)*dr*ds-dt*dt)*dw-du*du*ds—-dv*dv*dr+du*dv*dt,
b2 = (RT(4)*r()*ds+RT(4)*dr*s()-RT(2)*t () *dt) *dw+
(RT(4)*dr*ds-dt*dt)*w()-RT(2) *u() *du*xds—-du*du*s () -
RT(2) *v () *dv*xdr-dv*dv*r ()+ (u() *dv+du*xv () ) *dt+du*xdv*t (),
bl = (RT(D)*rO)*sO-t()*t())*dw+ (RT(4) *r () *ds+RT(4) *dr*s () -
RT(2)*t () *dt)*w()-u()*u()*ds -
RT(2)*u() *du*s () -v () *v () *dr-RT (2) *v () *dv*r O +u() *v () *dt+
(uO)*dv+duxv () ) *t (),
b0 = (RT(D)*rO*sO-tOQ*tO))*w()
—uO*uQ)*sO-vO*vOQ*rO+uOQ*v(*t (),
c3 = -RT(3)*al*b3 + RT(2)*a2xb2,
c2 = -RT(6)*a0*b3 - alxb2 + RT(4)x*a2xbl,
cl = -RT(4)*a0*b2 + al*bl + RT(6)*a2*b0,
cO0 = -RT(2)*a0*bl + RT(3)*al*b0;

if (cO0 == 0) return O0; // E(0) is the smallest ellipse

double roots[3];
int nr_roots = CGAL_solve_cubic
(CGAL_to_double(c3), CGAL_to_double(c2),
CGAL_to_double(cl), CGAL_to_double(cO0),
roots[0], roots[1], roots[2]);
CGAL_kernel_precondition (nr_roots > 0); // minimum exists
return CGAL_best_value (roots, nr_roots,
CGAL_to_double(a2), CGAL_to_double(al),
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}

CGAL_to_double(al), CGAL_to_double(b3),
CGAL_to_double(b2), CGAL_to_double(bl),
CGAL_to_double(b0));

This macro is defined in definitions 101, 105, 107, 109, 111, and 114.
This macro is invoked in definition 67.

ConicHPA2 private member functions [115] + = {
double vol_minimum (FT dr, FT ds, FT dt, FT du, FT dv, FT dw) const

{

FT a2
al
a0
b3
b2

bl

bo

c3
c2
cl
cO

FT (4)*dr*ds-dt*dt,

FT(4)*r () *ds+FT(4) *dr*s()-FT(2) *t () *dt,
FT(D)*rO*sO-tO*t,

(FT(4) *dr*ds-dt*dt) *dw-du*du*ds—-dv*dv*dr+duxdv*dt ,
(FT(4) *r () *ds+FT (4) *dr*s () -FT (2) *t () *dt) *dw+
(FT(4)*dr*ds-dt*dt)*w () -FT(2) *u() *du*ds-du*du*s () -

FT (2)*v () *dvxdr-dv*dv*r () +(u() *dv+du*xv () ) *dt+du*xdv*t () ,
(FT(4)*r O *s () -t () *t () *dw+(FT (4) *r () *ds+FT (4) *dr*s () -
FT(2)*t O *dt)*w()-u()*u()*ds -

FT(2)*u () *duxs () -v()*v()*dr-FT(2) *v () *dv*r () +u() *v () *dt+
() *dv+duxv () *t O,

(FT(A)*rO*s(O)-tO)*t())*w()
—uOD*uQ)*sO-vO*vO*rOQ+uQ*xv(*t (),

-FT(3)*al*b3 + FT(2)*a2*b2,

-FT(6)*a0*b3 - al*b2 + FT(4)=*a2x*bl,

-FT(4)*a0*b2 + alxbl + FT(6)*a2*b0,

-FT(2)*a0xbl + FT(3)*al*xb0;

+

// Is E(0) is the smallest ellipse?
if ( CGAL_is_zero( c0)) return O;

double roots[3];
int nr_roots = CGAL_solve_cubic

(CGAL_to_double(c3), CGAL_to_double(c2),
CGAL_to_double(cl), CGAL_to_double(c0),
roots[0], roots[1], roots[2]);

CGAL_kernel_precondition (nr_roots > 0); // minimum exists
return CGAL_best_value (roots, nr_roots,

}

CGAL_to_double(a2), CGAL_to_double(al),
CGAL_to_double(al), CGAL_to_double(b3),
CGAL_to_double(b2), CGAL_to_double(bl),
CGAL_to_double(b0));

This macro is defined in definitions 102, 106, 108, 110, 112, and 115.
This macro is invoked in definition 68.
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The function CGAL_best_root returns the value in its argument array which leads to the
largest determinant d®/q?. A precondition was that an ellipse of smallest volume exists,
so the largest determinant must be positive.

function CGAL_best_value [116] = {
double CGAL_best_value (double *values, int nr_values,
double a2, double al, double a0,
double b3, double b2, double bl, double b0)

{
bool det_positive = false;
double d, q, max_det = 0.0, det, best;
for (int i=0; i<nr_values; ++i) {
double x = values[i];
d = (a2*x+al)*x+al;
g = ((b3*x+b2)*x+bl)*x+b0;
det = dxd*d/(qxq);
if (det > 0.0)
if (!det_positive || (det > max_det)) {
max_det = det;
best = x;
det_positive = true;
}
}
CGAL_kernel_precondition (det_positive);
return best;
}

}

This macro is invoked in definition 154.

5.4.11 Public Set Methods

Here is the set method at coordinate level.

ConicCPA2 public member functions [117] + = {
void set (RT r_, RT s_, RT t_, RT u_, RT v_, RT w_)
{
_r=r_; _S =s_;
analyse();

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [118] + = {
void set (FT r_, FT s_, FT t_, FT u_, FT v_, FT w_)
{
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analyse();

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

Opposite conic. The method set_opposite just flips the representation R and the
orientation, all other derived data are taken over.

ConicCPA2 public member functions [119] + = {
void set_opposite ()
{
r=-r(0; _s = -s0; _t=-t0O; _u=-u0; _v=-vO; _w=-w();
o = CGAL_opposite(orientation());

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [120] + = {
void set_opposite ()
{
r=-r(); _s =-80; _t = -t0; _u=-u0; _v=-vO; _w=-w();
o = CGAL_opposite(orientation());

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

Pair of lines through four points. Given p; = (z1,y1,h1), p2 = (2,y2, h2), p3 =
(23,y3,h3), pa = (%4,Y4, ha), we develop a formula for representing the pair of lines pips,
p3ps (forming a degenerate hyperbola) in the form of (1). To this end, let p = (z,y,h) be
any point and define

Ty Tj X
pi,pj,pli=det [ 1 y2 y |. (9)
hi hs h

It is well known that [p;,p;,p] records the orientation of the point triple: let £ be the
oriented line through p; and p;. Then the following holds.

Lemma 5.1

to the left of >0
p lies on ¢ < [pi,pj,p]y =0
to the right of <0
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In particular, p lies on pips U p3ps iff [p1,p2,p][ps, ps, p] = 0, and this expression turns
out to be of the form (1), where Maple gives us the concrete values of r, s, ¢, u, v, w. Note
that we must have p; # py and p3 # ps4 to obtain reasonable results (and this was a
precondition).

r = (yrhe — h1y2)(ysha — h3ya),

hi1zo — 21ho)(hszs — 23hy),

hi@s — z1h2)(ysha — haya) + (y1he — haya)(hszs — z3h4),
—y1%2 + 21Y2) (Ysha — haya) + (y1he — h1y2) (—yszs + 23Y4),
—y122 + 21Y2) (h3ws — 23ha) + (h122 — 21ho)(—Y304 + T3Y4),

—y1Z2 + T1Y2) (—Y3T4 + T3Y4).

E @ 2 & »
Il
~ A~~~/

ConicCPA2 public member functions [121] + = {
void
set_linepair (const PT &pl, const PT &p2, const PT &p3, const PT &p4,
const DA &da = DA())

{
RT x1, yi1, hl, x2, y2, h2, x3, y3, h3, x4, y4, h4;
da.get (pl, x1, y1, hil);
da.get (p2, x2, y2, h2);
da.get (p3, x3, y3, h3);
da.get (p4, x4, y4, hd);

// precondition: pl != p2, p3 != pd
CGAL_kernel_precondition
( ((x1xh2 !'= x2xh1) || (y1xh2 != y2xhl1)) &&
((x3*%h4 != x4%h3) || (y3*h4 != y4*h3)) );

RT h1x2_x1h2 = hl*x2-x1%h2;
RT h3x4_x3h4 = h3*x4-x3%*h4;
RT y1h2_hily2 = y1xh2-hlx*y2;
RT y3h4_h3y4 = y3*h4-h3%*y4;
RT x1y2_y1x2 = x1*y2-y1*x2;
RT x3y4_y3x4 = x3%yd-y3*x4;

= ylh2_hly2
= hi1x2_x1h2
= hi1x2_x1h2

r y3h4_h3y4;
s

t

u = x1y2_yl1x2

v

W

h3x4_x3h4;
y3h4_h3y4 + ylh2_hly2 * h3x4_x3h4;
y3h4_h3y4 + ylh2_hly2 * x3y4_y3x4;
h3x4_x3h4 + hi1x2_x1h2 * x3y4_y3x4;
x3y4_y3x4;

= x1y2_y1x2

* XK X X X *

= x1y2_y1x2

analyse();

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.
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For the Cartesian representation we proceed completely similar, replacing values hq, ..., hq

by 1.

ConicHPA2 public member functions [122] + = {

void

set_linepair (const PT &pl, const PT &p2, const PT &p3, const PT &p4,

const DA &da = DA())

{
FT x1, y1, x2, y2, x3, y3, x4, y4;
da.get (pl, x1, y1);
da.get (p2, x2, y2);
da.get (p3, x3, y3);
da.get (p4, x4, y4);
// precondition: pl != p2, p3 != p4
CGAL_kernel_precondition
C ((x1 '=x2) || (y1 !'=y2)) &&
((x3 = x4) || (y3 !'=y4)) );
FT x2_x1 = x2-x1;
FT x4_x3 = x4-x3;
FT yl_y2 = yl1-y2;
FT y3_y4 = y3-y4;
FT x1y2_y1x2 = x1*y2-yl*x2;
FT x3y4_y3x4 = x3*y4-y3*x4;
_r = yl_y2 * y3_y4;
_s = x2_x1 *x x4_x3;
_t = x2_x1 % y3_y4 + yl_y2 * x4_x3;
_u = x1y2_y1x2 * y3_y4 + yl_y2 * x3y4_y3x4;
_v = x1y2_y1x2 * x4_x3 + x2_x1 * x3y4_y3x4;
_w = x1y2_y1x2 * x3y4_y3x4;
analyse();
+

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

Smallest ellipse through three points. Given p; = (z1,y1,h1), P2 = (22,y2, h2),
and p3 = (z3,ys3, hs), we give a formula for representing the ellipse of smallest volume
containing p1,p2, and p3 in the form of (1). For this, we use the following well-known
formula for this ellipse in case of Cartesian points.
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Lemma 5.2 Let q1,q9,q3 be non-collinear Cartesian points. Then the smallest ellipse
containing qi,qe2,qs can be written as the set of points q = (x,y) satisfying

(g—c)"M(g—c)=1, (10)
where
1< 2
0252% Mﬁl:gZ(qz‘—C)(%—C)T-
=1 i=1

To apply this Lemma to points (p1,p2,p3), we define ¢; = (z;/hi,yi/hi), i =1,...,3 and
observe that (10) can be written as

" Mqg—2¢"Mc+c"Me—1=0,

from which a representation in form of (4) is obtained via

2r 1 =M, Y = —Me¢, 2w:=c Mc—1.
t 2s v

Using Maple [2], we get the following values for R = (r,s,t,u,v, w).

r = 3(yth3h3 — yihah3yshy — y1h3hayshy + yshih3 — y2hihsyshy + y3hih3)/d,
s = 3(x?h3h3 — xihoh3zohy — z1h3hazahy + x3hIh3 — xoh?ihawshy + 23h303)/d,
t = 3(=2z1h3h3yr + z1heh3yshy + z1h3hsyshy + m2hi b3y ho

— 2z5hTh3ys + wahihayshs + z3hih3yihs + z3hihoyshs — 2z3hTh3ys)/d,
u = —3(yshihsws — yahihsyszs — yohiyshozs + yshihszy

+ y3hihamy + yThoh3wa + yih3haas — yrhoh3ysa:
— y1h3yahizo — y1h3haysz1 — y1hyshizs + y3hihiz)/d,
v = —3(—z1hah3y1m2 — 21h3hsy1ms + 2T hoh3ys — z1h3y2hazo
+ 2t h3hays — 21h3yshizs + w3k hiyy — m2hThsyaxs
+ w3hihsys — wahiyshews + a3hihiyy + 3hihays)/d,
w = 3(z2hszshoyi — z1hohszsyiys — z2hihszsyiys + z3hihoyiys
— z1hohszoy1ys + T3h hayrys — zohizshoyiys + T1hszshiys
+ 23 hohsyays — T1hsTahiyeys — z1hazshiyays + Trhozohiy3)/d,

where
2
r1 T92 I3
0 = |det| v1 w2 ys3
hi hy h3

= (—h1z3y2 + T1Y2h3 + hiz2ys — T1y3he + hozsyr — Tay1hs)?.
After precomputing the values
"L‘z?a y7,27 $Zh27 yzhu h127

for i = 1,...,3, the components of the vector 0R/3 are easy to obtain. Note that this
vector is a legal representation of the ellipse if 6 # 0. This is the case if and only if
p1,p2,ps are non-collinear, see Lemma 5.1. Moreover, one can show that the formulas
above determine an ellipse of negative orientation, regardless of the point triple orientation.
This means, if the orientation was positive, we still need to flip the representation.



Smallest Enclosing Ellipses — An Exact and Generic Implementation in C++ 103

ConicCPA2 public member functions [123] + = {
void set_ellipse (const PT &pl, const PT &p2, const PT &p3)

{

RT x1, yi1, hl, x2, y2, h2, x3, y3, h3;
dao.get (p1l, x1, y1, hil);
dao.get (p2, x2, y2, h2);
dao.get (p3, x3, y3, h3);

// precondition: pl, p2, p3 not collinear

RT det

—h1*x3%y2+h3*x1*y2+h1*x2%y3-h2*x1*y3+h2*x3*yl-h3*x2*yl;

CGAL_kernel_precondition (!CGAL_is_zero (det));

RT x1x1 = x1xx1, ylyl = ylxyl,
X2x2 = x2%x2, y2y2 = y2*y2,
x3x3 = x3*x3, y3y3 = y3xy3, // x_i"2, y_i"2
x1hl = x1xhl, ylhl = yilxhi,
x2h2 = x2%h2, y2h2 = y2xh2,
x3h3 = x3*h3, y3h3 = y3*%h3, // x_i h_i, y_i h_i
hihl = hilxhil,
h2h2 = h2xh2,
h3h3 = h3*h3, // h_i"2
two = RT(2); /] 2

r = ylyl1*h2h2%h3h3
h1lh1xy2y2xh3h3

s = x1x1x*h2h2¥h3h3
h1h1*x2x2*h3h3

y1hi*y2h2*h3h3 - ylh1*h2h2xy3h3 +
hih1*y2h2+y3h3 + hih1¥h2h2%y3y3;

x1h1*x2h2*h3h3 - x1h1*h2h2*x3h3 +
hlh1*x2h2*x3h3 + hlh1*h2h2*x3x3;

t = -two*x1*y1*h2h2+%h3h3 + x1hl*y2h2+%h3h3 + x1h1*h2h2+y3h3 +

y1h1*x2h2*h3h3 -two*hlh1*x2*y2¥h3h3 + hlh1*x2h2*y3h3 +
y1h1*¥h2h2*x3h3 + hlh1l*y2h2*x3h3 -two*hlh1*xh2h2%x3*y3;

-(h1h1*y2y2*x3h3 - hlh1*x2*y2+%y3h3 - hlhlxy2h2*x3*y3 +
x1h1*h2h2%y3y3 + hlh1*x2h2*y3y3 +ylyl*x2h2*h3h3 +
y1lyl*h2h2*x3h3 - x1*yl*xy2h2xh3h3 - ylh1*x2*y2*h3h3 -
x1*xy1*¥h2h2*y3h3 - ylh1*h2h2*x3*y3 + x1h1l*y2y2*h3h3);

-(h1h1*x2x2*%y3h3 - hlhl*x2*y2*x3h3 - h1lh1*x2h2*x3*y3 +
y1h1*h2h2*x3x3 + hlhl*y2h2*x3x3 +x1x1%*y2h2*h3h3 +
x1x1%h2h2%y3h3 - x1*yl*x2h2*¥h3h3 - x1hl*x2%y2*¥h3h3 -
x1xy1+¥h2h2*x3h3 - x1h1*h2h2#x3*y3 + ylh1*x2x2*h3h3);

y1ly1*x2h2*x3h3 - x1*yl*xy2h2*x3h3 - ylh1*x2*y2*x3h3 +
y1hl*xy2h2*x3x3 - x1*yl*x2h2*y3h3 + ylh1*x2x2%y3h3 -
y1h1*x2h2%x3*y3 + x1hl*y2y2+*x3h3 + x1x1*y2h2*y3h3 -
x1h1*x2*xy2xy3h3 - x1hl*y2h2*x3*y3 + x1h1*x2h2*y3y3;
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type = CGAL_ELLIPSE;

degenerate = trivial = empty = false;

o = CGAL_NEGATIVE;

if (CGAL_is_positive (det)) set_opposite ();

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

As before, the Cartesian version is obtained by setting hi, ho, hg to 1.

ConicHPA2 public member functions [124] + = {
void set_ellipse (const PT &pl, const PT &p2, const PT &p3)
{
FT x1, y1, x2, y2, x3, y3;
dao.get (pl, x1, y1);
dao.get (p2, x2, y2);
dao.get (p3, x3, y3);

// precondition: pl, p2, p3 not collinear
FT det = —x3*y2+x1*y2+x2%y3-x1*y3+x3*yl-x2*yl;
CGAL_kernel_precondition (!CGAL_is_zero (det));

FT x1x1 = x1xx1, ylyl
x2x2 = x2*x2, y2y2
x3x3 = x3*x3, y3y3
two = FT(2);

yilxyl,
y2xy2,
y3xy3, // x_i"2, y_i"2

r = ylyl - ylxy2 - yl*xy3 +
y2y2 - y2*y3 + y3y3;

s = x1x1 x1*x2 - x1*x3 +
x2x2 - x2*x3 + x3x3;

t = -twokxl*yl + xl*xy2 + x1*y3 +
y1xx2 -twoxx2*y2 + x2%y3 +
y1*x3 + y2*x3 —-two*x3*y3;

u = -(y2y2*x3 - x2xy2*xy3 - y2*x3*y3 +
x1xy3y3 + x2*%y3y3 + ylyl*x2 +
ylyl*x3 - xl*yl*y2 — ylxx2xy2 -
xlxylxy3 - yl*x3xy3 + xl*y2y2);

v = -(x2x2*%y3 - x2%y2*x3 - x2*x3*y3 +
y1*x3x3 + y2*x3x3 + xlxlx*y2 +
x1x1*y3 - xl*xyl*xx2 — x1*x2*y2 -
xlxyl*xx3 - x1*x3*y3 + yl*x2x2);
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_W = ylyl*x2*x3 - x1*yl*xy2*x3 - yl*xx2*y2*x3 +
y1lxy2*x3x3 - x1*xyl*x2%y3 + yl*x2x2%y3 -
y1*x2*xx3*y3 + x1*xy2y2*x3 + xlxl*y2*y3 -
x1xx2%y2%y3 - x1*y2*x3*y3 + x1*x2*y3y3;

type = CGAL_ELLIPSE;

degenerate = trivial = empty = false;

o = CGAL_NEGATIVE;

if (CGAL_is_positive (det)) set_opposite();

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.

Some ellipse through four points in convex position. This method builds on the
private method to obtain an ellipse from two pairs of lines through the four points. For
constructing this pair, we also have a method available.

ConicCPA2 public member functions [125] + = {
void set_ellipse (const PT &pl, comst PT &p2,
const PT &p3, const PT &p4,
CGAL_QOrientation _o = CGAL_POSITIVE)

{
CGAL_ConicCPA2<PT,DA> pairl, pair2;
set_two_linepairs (pl, p2, p3, p4, pairl, pair2);
set_ellipse (pairl, pair2);
analyse();
if (o !'= _o) set_opposite();

}

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [126] + = {
void set_ellipse (const PT &pl, const PT &p2,

const PT &p3, const PT &p4,
CGAL_Orientation _o = CGAL_POSITIVE)

{
CGAL_ConicHPA2<PT,DA> pairl, pair2;
set_two_linepairs (pl, p2, p3, p4, pairl, pair2);
set_ellipse (pairl, pair2);
analyse();
if (o != _o) set_opposite();

}

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.
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Unique conic through five points. Using the previously defined methods, we im-
plement the method to compute the unique nontrivial conic through five given points
p1,DP2,P3,P4,P5. For this, we first compute the two conics C; = pips U p3ps and
Cy = p1ps U pap3, using the set_linepair method. This gives two conics having the
points p1, p2, p3, p4 in common. It follows that any linear combination of them goes through
P1,D2,P3, P4 as well. A particular linear combination is given by

C := Ca(p5)C1 — C1(ps5)Ca, (11)

and it has the property that C(ps) = 0, i.e. C goes through p1,...,ps. In case all points
are distinct, this is the unique nontrivial conic through the points.

ConicCPA2 public member functions [127] + = {
void set (const PT &pl, const PT &p2, const PT &p3, const PT &p4,
const PT &p5, CGAL_Orientation _o = CGAL_POSITIVE)

{
CGAL_ConicCPA2<PT,DA> cl; cl.set_linepair (pl, p2, p3, pd);
CGAL_ConicCPA2<PT,DA> c2; c2.set_linepair (pl, p4, p2, p3);
set_linear_combination (c2.evaluate (p5), cil,

-cl.evaluate (p5), c2);

analyse();
// precondition: all points distinct <=> conic nontrivial
CGAL_kernel _precondition (!is_trivial());
if (o != _o) set_opposite();

}

This macro is defined in definitions 83, 85, 87, 89, 91, 93, 95, 97, 99, 117, 119, 121, 123, 125, and 127.
This macro is invoked in definition 67.

ConicHPA2 public member functions [128] + = {
void set (const PT &pl, const PT &p2, const PT &p3, const PT &p4,
const PT &p5, CGAL_Orientation _o = CGAL_POSITIVE)

{
CGAL_ConicHPA2<PT,DA> cl; cl.set_linepair (pl, p2, p3, pd);
CGAL_ConicHPA2<PT,DA> c2; c2.set_linepair (pl, p4, p2, p3);
set_linear_combination (c2.evaluate (p5), cil,

-cl.evaluate (p5), c2);

analyse();
// precondition: all points distinct <=> conic nontrivial
CGAL_kernel _precondition (!is_trivial());
if (o !'= _o) set_opposite();

}

This macro is defined in definitions 84, 86, 88, 90, 92, 94, 96, 98, 100, 118, 120, 122, 124, 126, and 128.
This macro is invoked in definition 68.
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5.4.12 I/O

ConicCPA2 I/0 routines [129] = {
template< class _PT, class _DA>

ostream& operator << ( ostream& os, const CGAL_ConicCPA2<_PT,_DA>& c)
{

return( os << c.r() << 7 ? << ¢c.s() <<’ " k< c.t() << ?
<< c.u() << 7 P K c.v() 7 7 k< c.w());

template< class _PT, class _DA>
istream& operator >> ( istream& is, CGAL_ConicCPA2<_PT, DA>& c)
{

typedef CGAL_ConicCPA2<_PT,_DA> Conic;

typedef typename _DA::RT RT;

RT r, s, t, u, v, w;
is >> r >> 8 >> t >> u >> v >> w;
c.set(r, s, t, u, v, w;

return( is);

}

This macro is invoked in definition 157.

ConicHPA2 I/0 routines [130] = {
template< class _PT, class _DA>

ostream& operator << ( ostream& os, const CGAL_ConicHPA2<_PT,_DA>& c)
{

return( os << c.r() << 7 ? << ¢c.s() << 7 " k< c.t() << ?
<< c.u() << ? 2P < c.v() <7 7P < c.w());

template< class _PT, class _DA>
istream& operator >> ( istream& is, CGAL_ConicHPA2<_PT, DA>& c)
{

typedef CGAL_ConicHPA2<_PT,_DA> Conic;

typedef typename _DA::FT FT;

FT r, s, t, u, v, w;
is >> r >> 8 >> t >> u >> v >> w;
c.set( r, s, t, u, v, w;

return( is);

}

This macro is invoked in definition 156.
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5.5 Class Template CGAL_ Min_ellipse_2_traits_2<R>

First, we declare the class templates CGAL_Min_ellipse_2_traits_2 and
CGAL_Min_ellipse_2.

Min_ellipse_2_traits_2 declarations [131] = {
template < class _Traits >
class CGAL_Min_ellipse_2;

template < class _R >
class CGAL_Min_ellipse_2_traits_2;

}

This macro is invoked in definition 158.

Since the actual work of the traits class is done in the nested type E11ipse, we implement
the whole class template in its interface.

The variable ellipse containing the current ellipse is declared private to disallow the
user from directly accessing or modifying it. Since the algorithm needs to access and
modify the current ellipse, it is declared friend.

Min_ellipse_2_traits_2 interface and implementation [132] = {
template < class _R >
class CGAL_Min_ellipse_2_traits_2 {

public:
// types
typedef _R R;
typedef CGAL_Point_2<R> Point;

typedef CGAL_Optimisation_ellipse_2<R> Ellipse;

private:
// data members
Ellipse ellipse; // current ellipse

// friends
friend class CGAL_Min_ellipse_2< CGAL_Min_ellipse_2_traits_2<R> >;

public:
// creation (use default implementations)
// CGAL_Min_ellipse_2_traits_2( );
// CGAL_Min_ellipse_2_traits_2(
CGAL_Min_ellipse_2_traits_2<R> const&);
};
}

This macro is invoked in definition 158.
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5.6 Class Template CGAL_Min_ellipse_2_adapterC2<PT,DA>

First, we declare class templates CGAL_Min_ellipse_2, CGAL_Min ellipse_2_adapterC2
and CGAL__Min ellipse_2 adapterC2__Ellipse.

Min_ellipse_2_adapterC2 declarations [133] = {
template < class _Traits >
class CGAL_Min_ellipse_2;

template < class _PT, class _DA >
class CGAL_Min_ellipse_2_adapterC2;

template < class _PT, class _DA >
class CGAL__Min_ellipse_2_adapterC2__Ellipse;

}

This macro is invoked in definition 159.

The actual work of the adapter is done in the nested class E11ipse. Therefore, we imple-
ment the whole adapter in its interface.

The variable ellipse containing the current ellipse is declared private to disallow the
user from directly accessing or modifying it. Since the algorithm needs to access and
modify the current ellipse, it is declared friend

Min_ellipse_2_adapterC2 interface and implementation [134] = {
template < class _PT, class _DA >
class CGAL_Min_ellipse_2_adapterC2 {
public:
// types
typedef _PT PT;
typedef _DA DA;

// nested types
typedef PT Point;
typedef CGAL__Min_ellipse_2_adapterC2__Ellipse<PT,DA> Ellipse;

private:
DA dao; // data accessor object
Ellipse ellipse; // current ellipse
friend

class CGAL_Min_ellipse_2< CGAL_Min_ellipse_2_adapterC2<PT,DA> >;

public:
// creation
Min_ellipse_2_adapterC2 constructors [135]

// operations
Min_ellipse_2_adapterC2 operations [136]
+;
¥

This macro is invoked in definition 159.
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5.6.1 Constructors

Min_ellipse_2_adapterC2 constructors [135] = {
CGAL_Min_ellipse_2_adapterC2( const DA& da = DA(Q))
: dao( da), ellipse( da)
{1}
}

This macro is invoked in definition 134.

5.6.2 Operations

Min_ellipse_2_adapterC2 operations [136] = {
CGAL_Orientation
orientation( const Point& p, const Point& q, const Point& r) const

{
typedef typename _DA::FT FT;

FT px;
FT py;
FT qgx;
FT ay;
FT rx;
FT ry;

dao.get( p, px, py);
dao.get( q, gx, qy);
dao.get( r, rx, ry);

return( CGAL_static_cast( CGAL_Orientation,
CGAL_sign( ( px-rx) * ( qy-ry)
- ( py-ry) * ( gx-rx))));

}

This macro is invoked in definition 134.

5.6.3 Nested Type Ellipse

Min_ellipse_2_adapterC2 nested type ‘Ellipse’ [137] = {
template < class _PT, class _DA >
class CGAL__Min_ellipse_2_adapterC2__Ellipse {
public:
// typedefs
typedef _PT PT;
typedef _DA DA;
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typedef CGAL_ConicCPA2< PT, DA> C(CT;
typedef typename _DA::FT FT;
private:
// data members
int n_boundary_points; // number of boundary points
PT  boundary_pointl, boundary_point2; // two boundary points
CT conicl, conic2; // two conics
FT dr, ds, dt, du, dv, dw; // the gradient vector
public:
// types

typedef PT Point;

// creation
CGAL__Min_ellipse_2_adapterC2__Ellipse( const DA& da)
: conicl( da), conic2( da)

{1}
void
set( )
{
n_boundary_points = 0;
}
void
set ( const Point& p)
{
n_boundary_points = 1;
boundary_pointl = p;
}
void
set( const Point& p, const Point& q)
{
n_boundary_points = 2;
boundary_pointl = p;
boundary_point2 = q;
}
void
set( const Point& pl, const Point& p2, const Point& p3)
{

n_boundary_points = 3;
conicl.set_ellipse( pl, p2, p3);
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void
set( const Point& pl, const Point& p2,
const Point& p3, const Point& p4)

{
n_boundary_points = 4;
CT::set_two_linepairs( pl, p2, p3, p4, conicl, conic2);
dr = FT( 0);
ds = conicl.r() * conic2.s() - conic2.r() * conicl.s(),
dt = conicl.r() * conic2.t() - conic2.r() * conicl.t(),
du = conicl.r() * conic2.u() - conic2.r() * conicl.u(),
dv = conicl.r() * conic2.v() - conic2.r() * conicl.v(),
dw = conicl.r() * conic2.w() - conic2.r() * conicl.w();
}
void

set( const Point&, const Point&,
const Point&, const Point&, const Point& p5)

{
n_boundary_points = 5;
conicl.set( conicl, conic2, p5);
conicl.analyse();

}

// predicates
CGAL_Bounded_side
bounded_side( const Point& p) const

{
switch ( n_boundary_points) {
case O:
return( CGAL_ON_UNBOUNDED_SIDE) ;
case 1:
return( ( p == boundary_pointl) ?
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE) ;
case 2:
return( ( p == boundary_point1)
| ( p == boundary_point2)
|| ( CGAL_are_ordered_along_lineC2(
boundary_pointl, p,
boundary_point2, conicl.da())) ?
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE) ;
case 3:
case 5:
return( conicl.convex_side( p));
case 4: {

CT c( conicl.da());
c.set( conicl, conic2, p);
c.analyse();
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if (! c.is_ellipse()) {
c.set_ellipse( conicl, conic2);
c.analyse(Q);
return( c.convex_side( p)); }
else {
int tau_star = -c.vol_derivative( dr, ds, dt,
du, dv, dw);
return( CGAL_static_cast( CGAL_Bounded_side,
CGAL_sign( tau_star))); } }
default:
CGAL _optimisation_assertion(
( n_boundary_points >= 0) &&
( n_boundary_points <= 5) ); }

// keeps g++ happy
return( CGAL_Bounded_side( 0));

}
bool
has_on_bounded_side( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDED_SIDE);
}
bool
has_on_boundary( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDARY) ;
}
bool
has_on_unbounded_side( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_UNBOUNDED_SIDE) ;
}
bool
is_empty( ) const
{
return( n_boundary_points == 0);
}
bool
is_degenerate( ) const
{

return( n_boundary_points < 3);
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// additional operations for checking

bool
operator ==
const CGAL__Min_ellipse_2_adapterC2__Ellipse<_PT,_DA>& e) const
{
if ( n_boundary_points != e.n_boundary_points)

return( false);

switch ( n_boundary_points) {

case O:
return( true);
case 1:
return( boundary_pointl == e.boundary_pointl);
case 2:
return( ( ( boundary_pointl == e.boundary_pointl)
&& ( boundary_point2 == e.boundary_point2))
(I ( boundary_pointl == e.boundary_point2)
&& ( boundary_point2 == e.boundary_pointl)));
case 3:
case b5:
return( conicl == e.conicl);
case 4:
return( ( ( conicl == e.conicl)
&& ( conic2 == e.conic2))
Il ( ( conicl == e.conic2)
&& ( conic2 == e.conicl)));
default:

CGAL_optimisation_assertion(
( n_boundary_points >= 0) &&
( n_boundary_points <= 5) ); }

// keeps g++ happy
return( false);

// 1/0
friend
ostream&
operator << ( ostream& os,
const CGAL__Min_ellipse_2_adapterC2__Ellipse<_PT,_DA>& e)
{
const char* const empty = ",
const char* const pretty_head =
"CGAL_Min_ellipse_2_adapterC2::Ellipse( ";
const char* const pretty_sep =", ";
const char* const pretty_tail = ")";
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const char* const ascii_sep =" ";

const char* head = empty;
const char* sep = empty;
const char* tail = empty;

switch ( CGAL_get_mode( os)) {
case CGAL_IO::PRETTY:

head = pretty_head;
sep = pretty_sep;
tail = pretty_tail;
break;

case CGAL_IO::ASCII:
sep = ascii_sep;
break;

case CGAL_IO::BINARY:
break;

default:

CGAL_optimisation_assertion_msg(
false, "CGAL_IO::mode invalid!");
break; }

0os << head << e.n_boundary_points;
switch ( e.n_boundary_points) {
case O:
break;
case 1:
0s << sep << e.boundary_pointl;
break;
case 2:
0s << sep << e.boundary_pointl
<< sep << e.boundary_point2;
break;
case 3:
case b5:
0os << sep << e.conicl;
break;
case 4:
0s << sep << e.conicl
<< sep << e.conic2;
break; }
os << tail;

return( os);
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friend

istream&

operator >> ( istream& is,
CGAL__Min_ellipse_2_adapterC2__Ellipse<_PT, _DA>& e)

{
switch ( CGAL_get_mode( is)) {
case CGAL_IO::PRETTY:
cerr << endl;
cerr << "Stream must be in ascii or binary mode" << endl;
break;
case CGAL_IO::ASCII:
case CGAL_TIO::BINARY:
CGAL_read( is, e.n_boundary_points);
switch ( e.n_boundary_points) {
case O:
break;
case 1:
is >> e.boundary_pointil;
break;
case 2:
is >> e.boundary_pointl
>> e.boundary_point2;
break;
case 3:
case 5:
is >> e.conicl;
break;
case 4:
is >> e.conicl
>> e.conic?2;
break; }
break;
default:
CGAL_optimisation_assertion_msg(
false, "CGAL_IO::mode invalid!");
break; }
return( is);
}

}s
}

This macro is invoked in definition 159.
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5.7 Class Template CGAL_Min_ellipse_2_adapterH2<PT,DA>

First, we declare class templates CGAL_Min ellipse_2, CGAL Min ellipse_2_adapterH2
and CGAL__Min ellipse_2 adapterH2_ _Ellipse.

Min_ellipse_2_adapterH2 declarations [138] = {
template < class _Traits >
class CGAL_Min_ellipse_2;

template < class _PT, class _DA >
class CGAL_Min_ellipse_2_adapterH2;

template < class _PT, class _DA >
class CGAL__Min_ellipse_2_adapterH2__Ellipse;

}

This macro is invoked in definition 160.

The actual work of the adapter is done in the nested class E11ipse. Therefore, we imple-
ment the whole adapter in its interface.

The variable ellipse containing the current ellipse is declared private to disallow the
user from directly accessing or modifying it. Since the algorithm needs to access and
modify the current ellipse, it is declared friend

Min_ellipse_2_adapterH2 interface and implementation [139] = {
template < class _PT, class _DA >
class CGAL_Min_ellipse_2_adapterH2 {
public:
// types
typedef _PT PT;
typedef _DA DA;

// nested types
typedef PT Point;
typedef CGAL__Min_ellipse_2_adapterH2__Ellipse<PT,DA> Ellipse;

private:
DA dao; // data accessor object
Ellipse ellipse; // current ellipse
friend

class CGAL_Min_ellipse_2< CGAL_Min_ellipse_2_adapterH2<PT,DA> >;

public:
// creation
Min_ellipse_2_adapterH2 constructors [140)]

// operations
Min_ellipse_2_adapterH2 operations [141]
+;
¥

This macro is invoked in definition 160.
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5.7.1 Constructors

Min_ellipse_2_adapterH2 constructors [140] = {
CGAL_Min_ellipse_2_adapterH2( const DA& da = DAQ))
: dao( da), ellipse( da)
{3}
}

This macro is invoked in definition 139.

5.7.2 Operations

Min_ellipse_2_adapterH2 operations [141] = {
CGAL_Orientation
orientation( const Point& p, const Point& q, const Point& r) const

{
typedef typename _DA::RT RT;

RT phx;
RT phy;
RT phw;
RT qhx;
RT ghy;
RT qhw;
RT rhx;
RT rhy;
RT rhw;

dao.get( p, phx, phy, phw);
dao.get( q, ghx, ghy, ghw);
dao.get( r, rhx, rhy, rhw);

return( CGAL_static_cast( CGAL_Orientation,
CGAL_sign(  ( phx*rhw - rhx*phw) * ( ghy*rhw - rhy*qhw)
- ( phy*rhw - rhy*phw) * ( ghx*rhw - rhx*qhw))));

}

This macro is invoked in definition 139.

5.7.3 Nested Type Ellipse

Min_ellipse_2_adapterH2 nested type ‘Ellipse’ [142] = {
template < class _PT, class _DA >
class CGAL__Min_ellipse_2_adapterH2__Ellipse {
public:
// typedefs
typedef _PT PT;
typedef _DA DA;
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typedef CGAL_ConicHPA2< PT, DA> C(CT;
typedef typename _DA::RT RT;
private:
// data members
int n_boundary_points; // number of boundary points
PT  boundary_pointl, boundary_point2; // two boundary points
CT conicl, conic2; // two conics
RT dr, ds, dt, du, dv, dw; // the gradient vector
public:
// types

typedef PT Point;

// creation
CGAL__Min_ellipse_2_adapterH2__Ellipse( const DA& da)
: conicl( da), conic2( da)

{1}
void
set( )
{
n_boundary_points = 0;
}
void
set ( const Point& p)
{
n_boundary_points = 1;
boundary_pointl = p;
}
void
set( const Point& p, const Point& q)
{
n_boundary_points = 2;
boundary_pointl = p;
boundary_point2 = q;
}
void
set( const Point& pl, const Point& p2, const Point& p3)
{

n_boundary_points = 3;
conicl.set_ellipse( pl, p2, p3);



120

void
set( const Point& pl, const Point& p2,
const Point& p3, const Point& p4)

{
n_boundary_points = 4;
CT::set_two_linepairs( pl, p2, p3, p4, conicl, conic2);
dr = RT( 0);
ds = conicl.r() * conic2.s() - conic2.r() * conicl.s(),
dt = conicl.r() * conic2.t() - conic2.r() * conicl.t(),
du = conicl.r() * conic2.u() - conic2.r() * conicl.u(),
dv = conicl.r() * conic2.v() - conic2.r() * conicl.v(),
dw = conicl.r() * conic2.w() - conic2.r() * conicl.w();
}
void

set( const Point&, const Point&,
const Point&, const Point&, const Point& p5)

{
n_boundary_points = 5;
conicl.set( conicl, conic2, p5);
conicl.analyse();

}

// predicates
CGAL_Bounded_side
bounded_side( const Point& p) const

{
switch ( n_boundary_points) {
case O:
return( CGAL_ON_UNBOUNDED_SIDE) ;
case 1:
return( ( p == boundary_pointl) ?
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE) ;
case 2:
return( ( p == boundary_point1)
| ( p == boundary_point2)
|| ( CGAL_are_ordered_along_lineH2(
boundary_pointl, p,
boundary_point2, conicl.da())) ?
CGAL_ON_BOUNDARY : CGAL_ON_UNBOUNDED_SIDE) ;
case 3:
case 5:
return( conicl.convex_side( p));
case 4: {

CT c( conicl.da());
c.set( conicl, conic2, p);
c.analyse();
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if (! c.is_ellipse()) {
c.set_ellipse( conicl, conic2);
c.analyse(Q);
return( c.convex_side( p)); }
else {
int tau_star = -c.vol_derivative( dr, ds, dt,
du, dv, dw);
return( CGAL_static_cast( CGAL_Bounded_side,
CGAL_sign( tau_star))); } }
default:
CGAL _optimisation_assertion(
( n_boundary_points >= 0) &&
( n_boundary_points <= 5) ); }

// keeps g++ happy
return( CGAL_Bounded_side( 0));

}
bool
has_on_bounded_side( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDED_SIDE);
}
bool
has_on_boundary( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_BOUNDARY) ;
}
bool
has_on_unbounded_side( const Point& p) const
{
return( bounded_side( p) == CGAL_ON_UNBOUNDED_SIDE) ;
}
bool
is_empty( ) const
{
return( n_boundary_points == 0);
}
bool
is_degenerate( ) const
{

return( n_boundary_points < 3);
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// additional operations for checking

bool
operator ==
const CGAL__Min_ellipse_2_adapterH2__Ellipse<_PT,_DA>& e) const
{
if ( n_boundary_points != e.n_boundary_points)

return( false);

switch ( n_boundary_points) {

case O:
return( true);
case 1:
return( boundary_pointl == e.boundary_pointl);
case 2:
return( ( ( boundary_pointl == e.boundary_pointl)
&& ( boundary_point2 == e.boundary_point2))
(I ( boundary_pointl == e.boundary_point2)
&& ( boundary_point2 == e.boundary_pointl)));
case 3:
case b5:
return( conicl == e.conicl);
case 4:
return( ( ( conicl == e.conicl)
&& ( conic2 == e.conic2))
Il ( ( conicl == e.conic2)
&& ( conic2 == e.conicl)));
default:

CGAL_optimisation_assertion(
( n_boundary_points >= 0) &&
( n_boundary_points <= 5) ); }

// keeps g++ happy
return( false);

// 1/0
friend
ostream&
operator << ( ostream& os,
const CGAL__Min_ellipse_2_adapterH2_ _Ellipse<_PT,_DA>& e)
{
const char* const empty = ",
const char* const pretty_head =
"CGAL_Min_ellipse_2_adapterH2::Ellipse( ";
const char* const pretty_sep =", ";
const char* const pretty_tail = ")";
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const char* const ascii_sep =" ";

const char* head = empty;
const char* sep = empty;
const char* tail = empty;

switch ( CGAL_get_mode( os)) {
case CGAL_IO::PRETTY:

head = pretty_head;
sep = pretty_sep;
tail = pretty_tail;
break;

case CGAL_IO::ASCII:
sep = ascii_sep;
break;

case CGAL_IO::BINARY:
break;

default:

CGAL_optimisation_assertion_msg(
false, "CGAL_IO::mode invalid!");
break; }

0os << head << e.n_boundary_points;
switch ( e.n_boundary_points) {
case O:
break;
case 1:
0s << sep << e.boundary_pointl;
break;
case 2:
0s << sep << e.boundary_pointl
<< sep << e.boundary_point2;
break;
case 3:
case b5:
0os << sep << e.conicl;
break;
case 4:
0s << sep << e.conicl
<< sep << e.conic2;
break; }
os << tail;

return( os);
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friend

istream&

operator >> ( istream& is,
CGAL__Min_ellipse_2_adapterH2__Ellipse<_PT, _DA>& e)

{
switch ( CGAL_get_mode( is)) {
case CGAL_IO::PRETTY:
cerr << endl;
cerr << "Stream must be in ascii or binary mode" << endl;
break;
case CGAL_IO::ASCII:
case CGAL_TIO::BINARY:
CGAL_read( is, e.n_boundary_points);
switch ( e.n_boundary_points) {
case O:
break;
case 1:
is >> e.boundary_pointil;
break;
case 2:
is >> e.boundary_pointl
>> e.boundary_point2;
break;
case 3:
case 5:
is >> e.conicl;
break;
case 4:
is >> e.conicl
>> e.conic?2;
break; }
break;
default:
CGAL_optimisation_assertion_msg(
false, "CGAL_IO::mode invalid!");
break; }
return( is);
}

}s
}

This macro is invoked in definition 160.
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6 Tests

We test CGAL_Min_ellipse_2 with the traits class implementation for optimisation
algorithms, using exact arithmetic, i.e. Cartesian representation with number type
CGAL_Quotient<CGAL Gmpz> or CGAL Quotient<integer> and homogeneous representa-
tion with number type CGAL_Gmpz or integer.

Min_ellipse_2 test (includes and typedefs) [143] = {
#include <CGAL/Cartesian.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Min_ellipse_2.h>
#include <CGAL/Min_ellipse_2_traits_2.h>
#include <CGAL/Min_ellipse_2_adapterC2.h>
#include <CGAL/Min_ellipse_2_adapterH2.h>
#include <CGAL/IO/Verbose_ostream.h>
#include <assert.h>
#include <string.h>
#include <fstream.h>

#ifdef CGAL_USE_LEDA_FOR_OPTIMISATION_TEST
# include <CGAL/leda_integer.h>

typedef 1leda_integer Rt;
typedef CGAL_Quotient< leda_integer > Ft;
#else
# include <CGAL/Gmpz.h>
typedef CGAL_Gmpz Rt;
typedef CGAL_Quotient< CGAL_Gmpz > Ft;
#endif
typedef CGAL_Cartesian< Ft > RepC;
typedef CGAL_Homogeneous< Rt > RepH;

typedef CGAL_Min_ellipse_2_traits_2< RepC > TraitsC;
typedef CGAL_Min_ellipse_2_traits_2< RepH > TraitsH;

}

This macro is invoked in definition 161.

The command line option —verbose enables verbose output.

Min_ellipse_2 test (verbose option) [144] = {
bool verbose = false;
if ( ( argc > 1) && ( strcmp( argv[ 1], "-verbose") == 0)) {
verbose = true;
--argc;
++argv; }

}

This macro is invoked in definition 161.
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6.1 Code Coverage

We call each function of class CGAL_Min_ellipse_2<Traits> at least once to ensure code
coverage.

Min_ellipse_2 test (code coverage) [145] = {
cover_Min_ellipse_2( verbose, TraitsC(), Rt());
cover_Min_ellipse_2( verbose, TraitsH(), Rt());

}

This macro is invoked in definition 161.

Min_ellipse_2 test (code coverage test function) [146] = {

template < class Traits, class RT >

void

cover_Min_ellipse_2( bool verbose, const Traits&, const RT&)

{
typedef CGAL_Min_ellipse_2< Traits > Min_ellipse;
typedef Min_ellipse::Point Point;
typedef Min_ellipse::Ellipse Ellipse;

CGAL_Verbose_ostream verr( verbose);

// generate ‘n’ points at random

const int n = 20;
CGAL_Random random_x, random_y;
Point random_points[ n];
int i;

verr << n << " random points from [0,128)°2:" << endl;
for (i =0; i < n; ++i)
random_points[ i] = Point( RT( random_x( 128)),
RT( random_y( 128)));
if ( verbose)
for (1 =0; 1 < n; ++1i)
cerr << i << ": " << random_points[ i] << endl;

// cover code
verr << endl << "default constructor...";

{
Min_ellipse me;
bool is_valid = me.is_valid( verbose);
bool is_empty = me.is_empty();
assert( is_valid);
assert( is_empty);
}

verr << endl << "one point constructor...";

{
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Min_ellipse me( random_points[ 0]1);

bool 1is_valid = me.is_valid( verbose);
bool is_degenerate = me.is_degenerate();
assert( is_valid);

assert( is_degenerate);

}
verr << endl << "two points constructor...";
{
Min_ellipse me( random_points[ 1],
random_points[ 2]);
bool 1is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == 2);
}
verr << endl << "three points constructor...";
{
Min_ellipse me( random_points[ 3],
random_points[ 4],
random_points[ 5]);
bool is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == 3);
}
verr << endl << "four points constructor...";
{
Min_ellipse me( random_points[ 6],
random_points[ 7],
random_points[ 8],
random_points[ 9]);
bool is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == 4);
}

verr << endl << "five points constructor...";
{
Min_ellipse me( random_points[ 10],
random_points[ 11],
random_points[ 12],
random_points[ 13],
random_points[ 14]);
bool 1is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == 5);
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verr << endl << "Point* constructor...";
Min_ellipse me( random_points, random_points+9);
{
Min_ellipse me2( random_points, random_points+9, true);
bool is_valid = me .is_valid( verbose);
bool is_valid2 = me2.is_valid( verbose);
assert( is_valid);
assert( is_valid2);
assert( me .number_of_points() == 9);
assert( me2.number_of_points() == 9);
assert( me.ellipse() == me2.ellipse());

verr << endl << "list<Point>::const_iterator constructor...";
{
Min_ellipse mel( me.points_begin(), me.points_end());
Min_ellipse me2( me.points_begin(), me.points_end(), true);
bool is_validl = mel.is_valid( verbose);
bool is_valid2 = me2.is_valid( verbose);
assert( is_validl);
assert( is_valid2);
assert( mel.number_of_points() == 9);
assert( me2.number_of_points() == 9);
assert( me.ellipse() == mel.ellipse());
assert( me.ellipse() == me2.ellipse());

verr << endl << "#points already called above.";
verr << endl << "points access already called above.";

verr << endl << "support points access...";

{
Point support_point;
Min_ellipse: :Support_point_iterator
iter( me.support_points_begin());
for ( i = 0; i < me.number_of_support_points(); ++i, ++iter) {
support_point = me.support_point( i);
assert( support_point == *iter); }
Min_ellipse: :Support_point_iterator
end_iter( me.support_points_end());
assert( iter == end_iter);
}

verr << endl << "ellipse access already called above...";
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verr << endl << "in-ellipse predicates...";
{
Point P;
CGAL_Bounded_side bounded_side;
bool has_on_bounded_side;
bool has_on_boundary;
bool has_on_unbounded_side;
for (i =0; i < 9; ++i) {
p = random_points[ i];
bounded_side me .bounded_side( p);
has_on_bounded_side = me.has_on_bounded_side( p);
has_on_boundary = me.has_on_boundary( p);
has_on_unbounded_side = me.has_on_unbounded_side( p);
assert( bounded_side !'= CGAL_ON_UNBOUNDED_SIDE);
assert( has_on_bounded_side || has_on_boundary) ;
assert( ! has_on_unbounded_side); }

verr << endl << "is_... predicates already called above.";

verr << endl << "single point insert...";
me.insert( random_points[ 9]1);

{
bool 1is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == 10);

}

verr << endl << "Point* insert...";
me.insert( random_points+10, random_points+n) ;

{
bool is_valid = me.is_valid( verbose);
assert( is_valid);
assert( me.number_of_points() == n);

}

verr << endl << "list<Point>::const_iterator insert...'";
{
Min_ellipse me2;
me2.insert( me.points_begin(), me.points_end());
bool is_valid = me2.is_valid( verbose);
assert( is_valid);
assert( me2.number_of_points() == n);

verr << endl << '"clear...";
me2.clear();
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is_valid = me2.is_valid( verbose);
bool is_empty = me2.is_empty();
assert( is_valid);
assert( is_empty);

verr << endl << '"validity check already called several times.";

verr << endl << "traits class access...";

{
Traits traits( me.traits());

}

verr << endl << "I/0...";

{
verr << endl << " writing ‘test_Min_ellipse_2.ascii’...";
ofstream os( "test_Min_ellipse_2.ascii");
CGAL_set_ascii_mode( os);
0s << me;

}

{
verr << endl << " writing ‘test_Min_ellipse_2.pretty’...";
ofstream os( "test_Min_ellipse_2.pretty");
CGAL_set_pretty_mode( o0s);
08 << me;

}

{
verr << endl << " writing ‘test_Min_ellipse_2.binary’...";
ofstream os( "test_Min_ellipse_2.binary");
CGAL_set_binary_mode( os);
08 << me;

}

{
verr << endl << " reading ‘test_Min_ellipse_2.ascii’...";
Min_ellipse me_in;
ifstream is( "test_Min_ellipse_2.ascii");
CGAL_set_ascii_mode( is);
is >> me_in;
bool is_valid = me_in.is_valid( verbose);
assert( is_valid);
assert( me_in.number_of_points() == n);
assert( me_in.ellipse() == me.ellipse());

}

verr << endl;

}

This macro is invoked in definition 161.
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6.2 Traits Class Adapters

We define two point classes (one with Cartesian, one with homogeneous representation)
and corresponding data accessors.

Min_ellipse_2 test (point classes) [147] = {
// 2D Cartesian point class
class MyPointC2 {

public:
typedef ::Ft FT;
private:
FT _x;
FT _y;
public:
MyPointC2( ) { }
MyPointC2( const FT& x, const FT& y) : _x( x), _y(y) {2}

const FT& =x( ) const { return( _x); }
const FT& y( ) const { return( _y); }

bool
operator == ( const MyPointC2& p) const
{
return( ( _x == p._x) && ( _y == p._y));

friend

ostream&

operator << ( ostream& os, const MyPointC2& p)
{

return( os << p._x << ? ? K< p._y);

friend

istream&

operator >> ( istream& is, MyPointC2& p)
{

return( is >> p._x >> p._y);
};

// 2D Cartesian point class data accessor
class MyPointC2DA {
public:
typedef ::Ft FT;

const FT& get_x( const MyPointC2%& p) const { return( p.x()); }
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const FT& get_y( const MyPointC2%& p) const { return( p.y()); }

void
get( const MyPointC2& p, FT& x, FT& y) const
{

x = get_x( p);

= get_y( p);

}
void
set ( MyPointC2& p, const FT& x, const FT& y) const
{

p = MyPointC2( x, y);

};

// 2D homogeneous point class
class MyPointH2 {
public:
typedef ::Rt RT;
private:
RT _hx;
RT _hy;
RT _hw;
public:
MyPointH2( ) { }
MyPointH2( const RT& hx, const RT& hy, const RT& hw = RT( 1))
: _hx( hx), _hy( hy), _hw( hw) { }

const RT& hx( ) const { return( _hx); }
const RT& hy( ) const { return( _hy); }
const RT& hw( ) const { return( _hw); }

bool
operator == ( const MyPointH2& p) const
{

return( ( _hx*p._hw == p._hx*_hw)

&& ( _hy*p._hw == p._hy*_hw));

}
friend
ostream&
operator << ( ostream& os, const MyPointH2& p)
{

return( os << p._hx << ? ? << p._hy << ’ ?’ << p._hw);
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friend
istream&
operator >> ( istream& is, MyPointH2& p)
{
return( is >> p._hx >> p._hy >> p._hw);

};

// 2D homogeneous point class data accessor
class MyPointH2DA {
public:
typedef ::Rt RT;

const RT& get_hx( const MyPointH2& p) const { return( p.hx()); }
const RT& get_hy( const MyPointH2& p) const { return( p.hy()); }
const RT& get_hw( const MyPointH2& p) const { return( p.hw()); }

void
get( const MyPointH2& p, RT& hx, RT& hy, RT& hw) const
{
hx = get_hx( p);
hy = get_hy( p);
hw = get_hw( p);
}
void
set ( MyPointH2& p, const RT& hx, const RT& hy, const RT& hw) const
{

p = MyPointH2( hx, hy, hw);

};
}

This macro is invoked in definition 161.

To test the traits class adapters we use the code coverage test function.

Min_ellipse_2 test (adapters test) [148] = {
typedef CGAL_Min_ellipse_2_adapterC2< MyPointC2, MyPointC2DA >
Adapter(C2;
typedef CGAL_Min_ellipse_2_adapterH2< MyPointH2, MyPointH2DA >
AdapterH2;
cover_Min_ellipse_2( verbose, AdapterC2(), Rt());
cover_Min_ellipse_2( verbose, AdapterH2(), Rt());

}

This macro is invoked in definition 161.
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6.3 External Test Sets

In addition, some data files can be given as command line arguments. A data file contains
pairs of ints, namely the x- and y-coordinates of a set of points. The first number in the
file is the number of points. A short description of the test set is given at the end of each
file.

Min_ellipse_2 test (external test sets) [149] = {
while ( argc > 1) {

typedef CGAL_Min_ellipse_2< TraitsH > Min_ellipse;
typedef Min_ellipse::Point Point;
typedef Min_ellipse::Ellipse Ellipse;

CGAL_Verbose_ostream verr( verbose);

// read points from file
verr << endl << "input file: ‘" << argv[ 1] << "’" << flush;

list<Point> points;

int n, X, y;
ifstream in( argv[ 11);
in >> n;

assert( in);
for (int i = 0; 1 < n; ++i) {
in >> x >> y;
assert( in);
points.push_back( Point( x, y)); }

// compute and check min_ellipse

Min_ellipse me2( points.begin(), points.end());
bool is_valid = me2.is_valid( verbose);

assert( is_valid);

// next file
--argc;
++argv; }

}

This macro is invoked in definition 161.

7 Files

7.1 Min_ellipse 2.h

include/CGAL/Min_ellipse_2.h [150] = {
Min_ellipse_2 header [165] (‘include/CGAL/Min_ellipse_2.h’)



Smallest Enclosing Ellipses — An Exact and Generic Implementation in C++ 135

#ifndef CGAL_MIN_ELLIPSE_2_H
#define CGAL_MIN_ELLIPSE_2_H

// Class declaration

//
Min_ellipse_2 declaration [1]

// Class interface
//
// includes

#ifndef CGAL_RANDOM_H

# include <CGAL/Random.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

#ifndef CGAL_OPTIMISATION_BASIC_H

# include <CGAL/optimisation_basic.h>
#endif

#ifndef CGAL_PROTECT_LIST_H

# include <list.h>

#endif

#ifndef CGAL_PROTECT_VECTOR_H

#include <vector.h>

#endif

#ifndef CGAL_PROTECT_ALGO_H

#include <algo.h>

#endif

#ifndef CGAL_PROTECT_IOSTREAM_H

#include <iostream.h>

#endif

Min_ellipse_2 interface [2]

// Function declarations
//
// 1/0
/] ===
Min_ellipse_2 I/0O operators declaration [22]

#ifdef CGAL_CFG_NO_AUTOMATIC_TEMPLATE_INCLUSION
# include <CGAL/Min_ellipse_2.C>
#endif

#endif // CGAL_MIN_ELLIPSE_2_H
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end of file line [164]
}

This macro is attached to an output file.

7.2 Min_ellipse 2.C

include/CGAL/Min_ellipse_2.C [151] = {
Min_ellipse_2 header [165] (‘include/CGAL/Min_ellipse_2.C’)

// Class implementation (continued)

//

Min_ellipse_2 1/O operators [23]

end of file line [164]
}

This macro is attached to an output file.

7.3 Optimisation_ellipse_2.h

include/CGAL/Optimisation_ellipse_2.h [152] = {
Optimisation_ellipse_2 header [166] (‘include/CGAL/Optimisation_ellipse_2.h’)

#ifndef CGAL_OPTIMISATION_ELLIPSE_2_H
#define CGAL_OPTIMISATION_ELLIPSE_2_H

// Class declaration

//
Optimisation_ellipse_2 declaration [26]

// Class interface
//
// includes

#ifndef CGAL_POINT_2_H

# include <CGAL/Point_2.h>

#endif

#ifndef CGAL_CONIC_2_H

# include <CGAL/Conic_2.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

Optimisation_ellipse_2 interface [27]



Smallest Enclosing Ellipses — An Exact and Generic Implementation in C++ 137

}

// Function declarations
//
// 1/0
/==
Optimisation_ellipse_2 I/O operators declaration [37]

#ifdef CGAL_CFG_NO_AUTOMATIC_TEMPLATE_INCLUSION
# include <CGAL/Optimisation_ellipse_2.C>
#endif

#endif // CGAL_OPTIMISATION_ELLIPSE_2_H

end of file line [164]

This macro is attached to an output file.

7.4 Optimisation_ellipse_2.C

include/CGAL/Optimisation_ellipse_2.C [153] = {

}

Optimisation_ellipse_2 header [166] (‘include/CGAL/Optimisation_ellipse_2.C’)

// Class implementation (continued)
//
// includes

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

Optimisation_ellipse_2 I/0O operators [38]

end of file line [164]

This macro is attached to an output file.

7.5 Conic_misc.h

Here we collect all types and functions that are independent of the representation
type R. These are the declarations of the enumeration types CGAL_Conic_type and
CGAL_Convex_side, and the functions in connection with the solution of cubic equations.

include/CGAL/Conic_misc.h [154] = {

Conic_2 header [167] (‘include/CGAL/Conic_misc.h’)

#ifndef CONIC_MISC_H
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}

#define CONIC_MISC_H
Conic_2 declaration [39]
Conic_type declaration [44]

Convex_side declaration [49]

function CGAL_best_value [116]
function CGAL_solve_cubic [113]

#endif // CONIC_MISC_H

end of file line [164]

This macro is attached to an output file.

7.6 Conic_2.h

This file contains the implementation of the class CGAL_Conic_2<R>. Depending on the
loaded representation classes, the representation specific classes CGAL_ConicCPA2<PT,DA>
and/or CGAL_ConicHPA2<PT,DA> are included before that.

include/CGAL/Conic_2.h [155] = {

Conic_2 header [167] (‘include/CGAL/Conic_2.h’)

#ifndef CGAL_CONIC_2_H
#define CGAL_CONIC_2_H

#ifndef CGAL_REP_CLASS_DEFINED

# error mno representation class defined

#endif // CGAL_REP_CLASS_DEFINED

#ifdef CGAL_CARTESIAN_H
# dinclude <CGAL/ConicHPA2.h>
#tendif

#ifdef CGAL_HOMOGENEOUS_H
# include <CGAL/ConicCPA2.h>
#tendif

Optimisation_ellipse_2 declaration [26]

// Class interface and implementation
//
// includes

#ifndef CGAL_POINT_2_H

# include <CGAL/Point_2.h>
#endif
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Conic_2 interface and implementation [40]

// 1/0

/] —=-

#ifndef CGAL_NO_OSTREAM_INSERT_CONIC_2
Conic_2 I/0O routines [64]

#endif // CGAL_NO_OSTREAM_INSERT_CONIC_2

#endif // CGAL_CONIC_2_H

end of file line [164]
}

This macro is attached to an output file.

7.7 ConicCPA2.h

include/CGAL/ConicCPA2.h [157] ={
Conic_2 header [167] (‘include/CGAL/ConicCPA2.1h’)

#ifndef CGAL_CONICCPA2_H
#define CGAL_CONICCPA2_H

// Class declarations

//
ConicCPA2 declaration [65]

// Class interface and implementation
//
// includes

#ifndef CGAL_CONIC_MISC_H

# include <CGAL/Conic_misc.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

ConicCPA2 interface and implementation [67]

// 1/0

/==

#ifndef CGAL_NO_OSTREAM_INSERT_CONICCPA2
ConicCPA2 I/0 routines [129]

#endif // CGAL_NO_OSTREAM_INSERT_CONICCPA2

#endif // CGAL_CONICCPA2_H
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end of file line [164]
}

This macro is attached to an output file.

7.8 ConicHPA2.h

include/CGAL/ConicHPA2.h [156] = {
Conic_2 header [167] (‘include/CGAL/ConicHPA2.h’)

#ifndef CGAL_CONICHPA2_H
#define CGAL_CONICHPA2_H

// Class declarations

//
ConicHPA2 declaration [66]

// Class interface and implementation
//
// includes

#ifndef CGAL_CONIC_MISC_H

# include <CGAL/Conic_misc.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

ConicHPA?2 interface and implementation [68]

#ifndef CGAL_NO_OSTREAM_INSERT_CONICHPA2
ConicHPA2 1/0 routines [130]
#endif // CGAL_NO_OSTREAM_INSERT_CONICHPA2
#endif // CGAL_CONICHPA2_H
end of file line [164]

}

This macro is attached to an output file.

7.9 Min_ellipse_2_traits_2.h

include/CGAL/Min_ellipse_2_traits_2.h [158] = {
Min_ellipse_2 header [165] (‘include/CGAL/Min_ellipse_2_traits_2.h’)

#ifndef CGAL_MIN_ELLIPSE_2_TRAITS_2_H
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}

#define CGAL_MIN_ELLIPSE_2_TRAITS_2_H

// Class declarations

//
Min_ellipse_2_traits_2 declarations [131]

// Class interface and implementation
//
// includes

#ifndef CGAL_POINT_2_H

# include <CGAL/Point_2.h>

#endif

#ifndef CGAL_OPTIMISATION_ELLIPSE_2_H

# include <CGAL/Optimisation_ellipse_2.h>

#tendif

Min_ellipse_2_traits_2 interface and implementation [132]

#endif // CGAL_MIN_ELLIPSE_2_TRAITS_2_H

end of file line [164]

This macro is attached to an output file.

7.10 Min_ellipse_2_adapterC2.h

include/CGAL/Min_ellipse_2_adapterC2.h [159] = {
Min_ellipse_2 header [165] (‘include/CGAL/Min_ellipse_2_adapterC2.h’)

#ifndef CGAL_MIN_ELLIPSE_2_ADAPTERC2_H
#define CGAL_MIN_ELLIPSE_2_ADAPTERC2_H

// Class declarations

//
Min_ellipse_2_adapterC2 declarations [133]

// Class interface and implementation
//
// includes

#ifndef CGAL_CONICHPA2_H

# include <CGAL/ConicHPA2.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>

#tendif

template < class PT, class DA >
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bool
CGAL_are_ordered_along_lineC2( const PT& p, const PT& g, const PT& r,
const DA& da)

{

typedef typename DA::FT FT;

FT px;

FT py;

FT qgx;

FT qy;

FT rx;

FT ry;

da.get( p, px, py);

da.get( g, gx, qy);

da.get( r, rx, ry);

// p,q,r collinear?

if ( ! CGAL_is_zero( ( px-rx) * ( qy-ry) - ( py-ry) * ( gx-rx)))
return( false);

// p,q,r vertical?

if ( px !'= rx)
return( ( (px < gx) && ( gx < rx))

[l ¢ ( rx < gx) && ( gx < px)));

else

return( ( Cpy <qy) & ( qy < ry))
[l ¢ Cry < qy) & ( gy < py)));
}

Min_ellipse_2_adapterC2 interface and implementation [134]

// Nested type ‘Ellipse’
Min_ellipse_2_adapterC2 nested type ‘Ellipse’ [137]

#endif // CGAL_MIN_ELLIPSE_2_ADAPTERC2_H

end of file line [164]
}

This macro is attached to an output file.

7.11 Min_ellipse_2_adapterH2.h

include/CGAL/Min_ellipse_2_adapterH2.h [160] = {
Min_ellipse_2 header [165] (‘include/CGAL/Min_ellipse_2_adapterH2.h’)

#ifndef CGAL_MIN_ELLIPSE_2_ADAPTERH2_H
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#define CGAL_MIN_ELLIPSE_2_ADAPTERH2_H

// Class declarations

//
Min_ellipse_2_adapterH2 declarations [138]

// Class interface and implementation
//
// includes

#ifndef CGAL_CONICCPA2_H

# include <CGAL/ConicCPA2.h>

#endif

#ifndef CGAL_OPTIMISATION_ASSERTIONS_H

# include <CGAL/optimisation_assertions.h>
#endif

template < class PT, class DA >
bool
CGAL_are_ordered_along_lineH2( const PT& p, const PT& g, const PT& r,
const DA& da)
{
typedef typename DA::RT RT;

RT phx;
RT phy;
RT phw;
RT qhx;
RT ghy;
RT qhw;
RT rhx;
RT rhy;
RT rhw;

da.get( p, phx, phy, phw);
da.get( g, ghx, ghy, ghw);
da.get( r, rhx, rhy, rhw);

// p,q,r collinear?
if (! CGAL_is_zero(
( phx*rhw - rhx*phw) * ( ghy*rhw - rhy*ghw)
- ( phy*rhw - rhy*phw) * ( ghx*rhw - rhx*qhw)))
return( false);

// p,q,r vertical?
if ( phx*rhw != rhx*phw)
return( ( ( phxxghw < ghx*phw) && ( ghx*rhw < rhx*ghw))
[l  ( rhx*ghw < ghx*rhw) && ( ghx*phw < phx*ghw)));
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else
return( ( ( phy*ghw < ghy*phw) && ( ghy*rhw < rhy*ghw))
[l ¢ ( rhyxghw < ghy*rhw) && ( ghy*phw < phy*ghw)));
}

Min_ellipse_2_adapterH2 interface and implementation [139]

// Nested type ‘Ellipse’
Min_ellipse_2_adapterH2 nested type ‘Ellipse’ [142]

#endif // CGAL_MIN_ELLIPSE_2_ ADAPTERH2_H

end of file line [164]
}

This macro is attached to an output file.

7.12 test_Min_ellipse_2.C

test/Optimisation/test_Min_ellipse_2.C [161] = {
Min_ellipse_2 header [165] (‘test/Optimisation/test_Min_ellipse_2.C’)

Min_ellipse_2 test (includes and typedefs) [143]

// code coverage test function

/] —=mmmmmmmm e
Min_ellipse_2 test (code coverage test function) [146]

// point classes for adapters test

/] —mmmmmmmmmmm e
Min_ellipse_2 test (point classes) [147]

// main

/] -

int

main( int argc, char* argvl[])

{
// command line options
/] e
// option ‘-verbose’

Min_ellipse_2 test (verbose option) [144]

// code coverage

/] ——==mmmm o
Min_ellipse_2 test (code coverage) [145]

// adapters test
/] ——————————=
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Min_ellipse_2 test (adapters test) [148]

// external test sets

/] ===
Min_ellipse_2 test (external test sets) [149]

return( 0);

}

end of file line [164]
}

This macro is attached to an output file.

File Header

A formatted file header allows easy identification of the files. It is parameterized with the
title of the implementation, the product file name, the source file name, the author name,
and the RCS variables Revision and Date of the source file.

file header [162] (¢9)ZM = {
//
//
// Copyright (c) 1997,1998 The CGAL Consortium
//
// This software and related documentation is part of an INTERNAL
// release of the Computational Geometry Algorithms Library (CGAL).
// It is not intended for general use.

//

[/ mmm e e e
//

// release : $CGAL_Revision: CGAL-wip $
// release_date : $CGAL_Date$

//

// file 2 02

// source : web/o4d.aw

// revision : o8

// revision_date : ©9

// package : $CGAL_Package: ¢3 WIP $

// author(s) : 0h

// o6

//

// coordinator 2 o7

//

// implementation: ol

//

}

This macro is invoked in definitions 165, 166, and 167.
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dividing line [163] ZM = {
//
}

This macro is invoked in definitions 2 and 27.

end of file line [164] ZM = {
// EOF
}

This macro is invoked in definitions 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, and 161.

Min_ellipse_2 header [165] (¢1)M = {
file header [162] (‘2D Smallest Enclosing Ellipse’,‘¢l’,
‘Optimisation’,‘Optimisation/Min_ellipse_2’,
‘Sven Schonherr <sven@inf.fu-berlin.de>’,
‘Bernd Gartner’,
‘ETH Zurich (Bernd Gartner <gaertner@inf.ethz.ch>)’,
‘$Revision: 4.1 $’‘$Date: 1998/03/30 14:21:11 §’)

}

This macro is invoked in definitions 150, 151, 158, 159, 160, and 161.

Optimisation_ellipse_2 header [166] (¢1)M = {
file header [162] (‘2D Optimisation Ellipse’,‘c1’,
‘Optimisation’,'Optimisation/Min_ellipse_2’,
‘Sven Schonherr <sven@inf.fu-berlin.de>’,
‘Bernd Gé&rtner’,
‘ETH Zurich (Bernd Gartner <gaertner@inf.ethz.ch>)’,
‘$Revision: 4.1 $’‘$Date: 1998/03/30 14:21:11 §’)

}

This macro is invoked in definitions 152 and 153.

Conic_2 header [167] (¢1)M = {
file header [162] (‘2D Conic’,‘ol’,
‘Optimisation’,'Optimisation/Conic_2’,
‘Bernd Gértner <gaertner@inf.ethz.ch>’,
‘Sven Schonherr’,
‘ETH Zurich (Bernd Gartner <gaertner@inf.ethz.ch>)’,
‘$Revision: 4.1 $’,‘$Date: 1998/03/30 14:18:08 §$’)

}

This macro is invoked in definitions 154, 155, 156, and 157.
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