2 Entropy and evolution equations

In this section we introduce an entropy functional E with the nice property that its stationary
points are precisely solutions to the static Einstein vacuum equations (1.15). Furthermore, we
construct a parabolic flow which, in some sense, is the gradient flow to E. In the following
we will work on a smooth Riemannian manifold 3 of dimension three for notational simplicity.
Nevertheless all the forthcoming arguments are also valid for dimensions n > 3 with different
constants depending only on n. A sketch of this is given in section 2.3.

2.1 Entropy

We consider configurations (g,u, f) where g is a smooth Riemannian metric (corresponding to
the spatial part of the static Lorentz metric), u is a smooth function (such that e?* corresponds
to the lapse function), and f is a smooth function which can be viewed as a potential for suitable
diffeomorphisms. Given such a configuration, we define:

Definition 2.1 Let ¥ be a smooth Riemannian manifold. Then the entropy of a configuration
(g,u, f) € M(X) x C®(X) x C(X) is defined as follows:

E(g,u, f) == / (R — 2|du|? + |df|?) e fdV (2.1)
b
where R, |- |, and dV are with respect to g.

Since we are interested in the critical points of F, we compute the Euler-Lagrange equations.
Let (v,w,h) € Symy(X)p x C§°(X) x C5°(X) be a variation of (g, u, f) with compact support.
We want to compute

d
6E[gau7 f](’v,w,h) = DE[g,’LL, f](v,w,h) = %E(g+gv7u+5w7f+gh)\€=0

where DE is the Frechet derivative of E at the point [g, u, f] in direction (v,w,h). We use the
abbreviation ¢ for this operation in the following. The first step of the calculation is

6E[g,u,f](v,w,h):/E(5R—26|du|2+6|df|2) ede+/E(R—2du|2+|df|2)5(ede) :

We compute all variations individually and find, using the variation formula for R from Lemma
1.4 and some partial integrations, that

/(53) e~ lav :/ (—A(trv) + ViVjvij — Rijui) e fdV
) )

Z/ (—(tI‘ v)Ae_f —|-”Uijviv]'e_f — Rij’l)ije_f) dVv
2

= /E (U2 - {2Af = 2/df[*} + vij - {=Rij = ViV, [+ 0:f0;f}) e FdV .
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Using Lemma 1.4 again, the variation of the second term is given by
/E(6|Vf|2) e fdv = /25 (990;f0;f) e TV = /E (—vij0i fO; f + 20; fO;h) e~/ dV
= /E (vij - {=0ifO;f} — h- {2Af —2|df[*}) e~ TaV .
The third term yields in a similar way
/2—25(|du|2) e fdv = /E (2v;0;u0ju — 40;ud;w) e~ fav
= /E (vij - 20udju + 8w - {3 Au — L(du, df)}) e~ Tav .

We calculate the variation of the volume form e~fdV and get again from Lemma 1.4:

/25<6_de) :/E(“;”—h> e ldv .

The idea now is to combine several terms in the variation of the integrand into a term where

we can pull out a factor (“7“ — h) as in the evolution of the volume form. Following an idea

of Perelman in [Per02, §1], we then define the variation of f such that these terms vanish. We
collect from above:

§E[g,u, f)(v,w, h) = /Z (vij - {—Rij — ViV, f + 20;udju} + 8w - {2 Au— L(du,df)}) e TV
+ / (2 —h) - {2Af — |df|* + R — 2|du|*} e~ dV .
3

By defining h := (trv)/2 (which fixes the volume form e~/dV and therefore couples the variation
of f to the variation of g) we finally arrive at

dE[g,u, fl(v,w) = /E (vij - {—Rij — ViV f +20udju} + 8w - {3 Au — 3(du,df)}) e~ /av

(2.2)
where E is now a functional of ¢ and u alone since f is determined by g and u. From this
expression we can extract the gradient flow equations for the pair (g, ). To this end we introduce
the following weighted scalar product on the configuration space H := M(X) x C*(X) to be
able to define the gradient of E:

((g1,w1), (g2, u2)) :=/E(<g1,gg>+8<U1,uQ>)e‘de

where (-,-) denotes the pointwise Euclidean scalar product. Using the defining equation
DEL% u] (U7 w) = (grad E(97 U), ('Ua w)>H
for the gradient of F, we deduce the following flow equations from (2.2) and the definition of h

atgz‘j = (gradl E)ij = _2Rij + 481u8ju — 2viv]‘f
Owu = (grady E) = Au — du(Vf) (2.3)
hf=h=52=—Af— R+ 2|dul?
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after a multiplication by 2 for convenience. Since we aim for a system for g and u alone, we
have to eliminate the terms involving the function f. A second glance at (2.3) shows that we
can rewrite the equations for g and u as follows:

(9,59”' = —2Rij + 48,—u8ju - (£Vfg)ij
Ou = Au — (Lyyu) .

Therefore these terms just describe the infinitesimal action of the 1-parameter family of dif-
feomorphism ®(¢) generated by the gradient vector field (Vf)(¢) on g and u. Applying these
diffeomorphisms yields the equivalent system

Og9ij = —2R;; + 40;udju
0w = Au (2.4)
Of = =Af +|df* = R+ 2|duf®

since Lysf = df(Vf) = |df|*. This follows from the general formula
(P gij) = " (Orgij + (Lx9)ij)
which in our case is given by
0 (®%gij) = ©* (—2R;; + 40;udju — 2V;V, f +2V;V, f) = —=20" R;; + 49 (Qjud;u) .

Here we use the linearity of the pullback and the formula for the Lie derivative of a Riemannian
metric (Lxg)ij = ViX;+V;X; with X = Vf. Since the Ricci tensor is equivariant with respect
to the action of the diffeomorphism group of ¥ and d commutes with pullbacks, we obtain

at(é*gij) = —2Rij(<I>*g) + 48i(<1>*u)8j(<1>*u).

This is (2.4) in the coordinates induced by ®(¢). As v and f are functions, the application of ®
to the other equations gives with a similar formula as above

(P u) = * (Qpu + (Lxu)) = " (Au—du(Vf) + du(Vf)) = (Au) o ®
(@ f) = (=Af +[df|* = R+ 2ldul*) o ® .
Now that we calculated the gradient flow, we can examine its stationary solutions which corre-

spond to critical points of the entropy E. The first two equations in (2.4) imply that a stationary
solution must satisfy

Rij = 28iu3ju
Au=0.

From (1.15) we know that these are the equations that characterize static Einstein vacuum
metrics given by (1.16).

Note that the results of this section are in perfect agreement with the work of Perelman in
[Per02] when we set u = const.
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2.2 The flow equations

Motivated by the entropy E in the last section, we study the system

O0rg = —2Rc(g) + 4du ® du

8tu = A%y (25)

for a Riemannian metric ¢g(¢) and a smooth function wu(¢) where some initial data (g,a) €
M(X) x C*(X) is given. We want to consider manifolds ¥ which either are closed or complete
and noncompact. Here du ® du is the tensor djudjudz’ ® da’ € Symy(X).

In the following we switch between (2.5) and the gradient flow (2.4). This is fine since the two
systems are equivalent as proven in the last section. Moreover, the entropy is invariant under
diffeomorphisms. We have F(g,u, f) = E(®*g,uo®, f o ®) for all diffeomorphisms ® of ¥.. This
allows us to use the variational structure on the one hand and to work with the easier to analyze
system (2.5) on the other hand.

We make the following general convention: Whenever in the following a pair (g,u)(t) is called
a solution then it will be a smooth solution to the system (2.5) for smooth initial data (g, @).

For convenience we introduce the symmetric tensor field Sy € Sym, (X)) and its trace S := g S;;:
Sij = Rij — 28iu8ju and S:=R-— 2|du|2 .
The evolution of the metric can then be written as

8tgij = —QSij and atgij = 2Si' .
Currently the following solutions are known to the author:

e If w = ¢ = const and ¢(t) is an arbitrary solution to Hamilton’s Ricci flow, then the pair
(g(t),c) solves (2.5).

e An arbitrary solution (g, u) of the static Einstein vacuum equations (1.15) is automatically
a stationary solution of the flow equations.

Special solutions of the system (2.5), where the geometry does not change substantially, are
called soliton solutions in the spirit of the definitions for the Ricci Flow [Ham95b, §2(e)].

Definition 2.2 A solution (g,u)(t) of (2.5) on [0,T] x X is called a soliton solution, if it varies
only along a 1-parameter family of diffeomorphisms or by scaling. It therefore satisfies

Org(t) = Lxwg(t) + c(t)g(t)
du(t) = Lxyu(?),

where X € X([0,T] x X) is the generator of the diffeomorphisms and ¢ : [0,T] — R. is the scaling
factor, depending on time only. If X = Vh is the gradient of a function h, the soliton is called
a gradient soliton. If ¢ # 0, the soliton is a homothetic (gradient) soliton. For ¢ < 0,=0,> 0
the soliton is shrinking, steady or expanding respectively.

(2.6)
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Lemma 2.3 Let (g,u)(t) be a soliton solution to (2.5). Then at each time it satisfies the (in

general weakly elliptic) system
2Rij - 461u8]u == —V,‘Xj - Vin - Cgij (2 7)
Au = du(X) . '

Vice versa, we can construct a solution to (2.6) from a solution (g,u) satisfying (2.7) and a
given time dependent X (t) € X([0,T] x ).

Proof:
The relation is given as follows. A solution (g, u)(t) to (2.6) satisfies at an arbitrary time %
—2Rc(to) + 4du(to) ® du(to) = 9eg(t) 1=ty = Lx(10)9(t0) + c(to)g(to)
Au(ty) = Opu(t) 1=, = Lx(t)u(t0),
which is (2.7) with ¢ := g(to), u := u(to), X := X (to) and ¢ := c(tp).

On the other hand, assume X (¢) is a given time dependent vector field and (g, u, X (0)) satisfy
(2.7). Setting g(t) := gof((l + ct)g) and u(t) := ¢fu, we can construct a solution to (2.6) on the
time interval [0, }c) if ¢ <0, or on [0,00) if ¢ > 0. Denoting by ¢; the one-parameter family of
diffeomorphisms generated by X (¢) satisfying ¢¢ = id, we compute:
X c

Deg(t) = @1 (B:[(1 + ct)gl + Lx oy [(1 + ct)g]) = m!J(t) + Lx)g(t)

dru(t) = pyu = Lxpult),
which is (2.6) with c(t) = 175

[

We will use both descriptions of soliton solutions in the following without further reference.

2.3 Entropy and evolution in arbitrary dimensions

Instead of specializing to dimension n = 3, we can write down a dimension dependent entropy
E, for a Riemannian metric g on an n-dimensional manifold X" and functions u, f € C*°(X"):

—1
Eulgou. )= | (R” 2|dul2+ldf|2> v .

n —

Repeating all calculations of the previous chapter and using the following dimension dependent
weighted scalar product on the configuration space H,,:

(oo, (i, o= [ ((onsge) + =D ua)) e av,

the gradient flow for F,, is given by:
Orgij = —2R;j + 2(::21)8,‘uaju
Ou = Au
Ohf =—Af+df>+ (R — 2=|dul®) .

Critical points of E,, satisfy the system (1.15) which was derived from the static Einstein vacuum
2u

equations via the conformal transformation § :=e»-2 - g.
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2.4 Warped product flows

Since (2.5) looks similar to the Ricci Flow of a warped product, this section is committed to
show that there is no direct connection. Although we restrict to n = 3 here, the argument is
the same for dimensions n > 3. At the end of the section we comment on the case of dimension
n = 2 where the situation is different.

Consider two compact Riemannian manifolds (B2, ) and (F*,0).

Given a smooth positive warping function ¢ : B> — R, one can form the warped product
manifold M* := B3 x,, F! with metric g = h + 1?6. The Ricci tensor of g is given by

0
=172
Rc(g) — Rc(h) 77Z} VW 8
0 0 0 —yp 1AM

where the derivatives are with respect to h. Assume that ¢ is a solution to
dg = —2Rc(g)
on M*. This induces the following coupled system for h and ¢ on B>:

Oth = —2Rc(h) + 24~ 'V

Op = 27T Ay (28)

which looks similar to the system (2.5). In fact, stationary solutions of this system can be
interpreted as solutions to the static Einstein vacuum equations [EK62, Theorem 2-3.3]. We
check if (2.8) and (2.5) are equivalent. Substituting w := ! - Inv with a constant 3 to be
determined, we get

Oth = —2Rc(h) + 28Viw + 26%dw @ dw
Ow = 27 (AMw + Bldwl?),
considering that w is time dependent. As in the elliptic case (1.14), we try to remove the Hessian
of w by a conformal transformation. For a second constant «, we make the ansatz h := e>* - h
and get
8ti~z = 8t (620“0 : h) = eZa‘”ath + 20(62&“)815&) -h
= 2 (=2Rc(h) + (28 — 20)Viw + (202 + 26%)dw ® dw
+ (dae ™ — 20)Alw + (4aBe™ — 202)|dw!? - h) .
We are forced to set a = (3 to eliminate the Hessian term. However, we are unable to get rid of

the last line since its vanishing would imply @ = In2 - w and that w would have to be constant.
The equation for w is given by

Ow = 2~ (Ahw + a|dw\%) =2e" (em“AEw —e Wh(Ve™,Vw) + oz|dw|%) = 2¢ Ay
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and we end up with the system
Oth = —2¢%w (Rc(ﬁ) —20%dw ® dw) + e (4ae™ ™ — 2a)(AMw + aldw|?) - h
Oyw = QeawAi‘w .

This is different from (2.5). Clearly the time dependence of the conformal transformation does
not allow the manipulation we did in the static case.

~ 2
In dimension n = 2 the conformal transformation h := en-2“ - h turning the Hessian term into
the squared gradient term does not exist. Therefore we cannot use this idea to show equivalence
of (2.5) and (2.8).

Since (2.8) is a Ricci flow though, it is possible to obtain an entropy for this system from
Perelman’s construction in dimension n = 4.

2.5 Evolution equations

The aim of the next two sections is to provide the evolution equations of all tensors related to
the solution (g, w)(t) which we are going to need later on. We begin with the scalar curvature:

Lemma 2.4 Let (g,u)(t) be a solution to (2.5). Then the scalar curvature of the evolving metric
g(t) satisfies the evolution equation

OR = AR + 2|Rc|? + 4| Aul? — 4|V?u|? — 8(Re, du ® du) .

Proof:
We use the variation formula from Lemma 1.4 to compute in normal coordinates

R = —A(—QR + 4|du|2) + VZ'V]‘(—QRU + 48iu8ju) — Rij(—QRij + 48iu8ju)
=2AR — 4Vivi(8ju8ju) —2V; VR + 4Vi(VjV,-u8ju + &uvjvju)
+ ZRinij — 4Rij8iu6ju .
The contracted second Bianchi identity (1.10) implies —V;(2V;R;;) = —V;(V;R) = —AR. In
addition, we can commute the second derivatives of u from (1.7) and find:
O:R =2AR — 8(Vivivj'uaju + VZ‘VjUViVju) — AR+ 4V¢V¢Vju8ju
+4V;ViuV;Vju + 4AuAu + 40;u(9;Au) + 2| Re* — 4R;;0;udju
= AR — 4(8;Au)diu — 4RjjijpOpudiu — AV, V juV,;V ju + 4| Aul? + 40;u(0; Au)
+ 2|RC‘2 — 4Rij8iu8ju

where we interchanged covariant derivatives using (1.6). Fortunately the third order terms in u
cancel. Remembering Rj;;, = R;, from (1.5), we get the desired result.

[

We continue with the Ricci curvature:
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Lemma 2.5 Let (g,u)(t) be a solution to (2.5). Then the Ricci tensor with respect to g(t)
evolves according to

atRij = ARij — 2Ripij + 2Rpiqj (qu — 28pu8qu) + 4A’U,Viv]‘u — 4vaiuvpvju .

Proof:
We use the variation formula

O Rij = —3Av;; — ViV + LgP(VpV viq + VpVivjq)
for the Ricci tensor from Lemma 1.4 and compute:
*%A(atgij) = ARij — 2A(8Zu8]u) = ARZ‘]’ — 2(szu)8]u — 28,u(AV]u) — 4VpViquVju .
The second term gives
—%Viv]‘(gpqatgpq) = ViVjR — 2V¢Vj (6pu8pu) = VZ'VJ'R — 4ViViju6pu — 4vaiuvpvju .
For the next term we need the Bianchi identity (1.10) to find

2971V, Vi (019iq) = —VpVjRip + 2V, (V;Viudpu + 0;uV,; Vyu)
= (—Vjvaip - Rpjz‘qqu — RpquRz‘q) + QvaiVjuapu + QViVjuAu
+ 2V, ViuVyViu + 20;uV ,V, Vju
= —%V]VZR — Rpiqupq — quRiq + (QVNJ-Vpuapu + 2Rpijq8qu8pu)
+ QA’LLVZ'VJ'U + QVPViquVju + QGZ‘U(AV]‘U)

where we also used (1.6). The same works for the fourth term

39" VpVi(0egjp) = —5ViViR — RpjiqRpq — RigRjq + (2V;ViVyudpu + 2RpjigOqudyu)
+ QAUV]‘VZ'U + QVPVjquViu + 28ju(AViu) .

All but the following terms cancel:
OiRij = AR;j — 2RipRjp — 2Rpijq Rpg + 4AuV;V ju — 4V, ViuV, Vju + 4R Opudyu

This proves the Lemma.

We also compute the evolution of the Christoffel symbols:

Lemma 2.6 Let (g,u)(t) be a solution to (2.5). Then the Christoffel symbols associated to g(t)
in a coordinate chart evolve according to

8tF§j = gkl (—VZ'R]'[ — VjR,‘l + VlRij + 4V¢Vju81u) . (2.9)
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Proof:
In normal coordinates the definition (1.3) and the variation formula for I" from Lemma 1.4 yield:

Ty = 59" (B:0u9;1 + 050190 — D1Drgis)
= %gkl (0; {—2Rj; + 40;udu} + 9; {—2Ry + 40,udu} — 9, {—2R;; + 40;ud;u})
= M (~ViRj + 2V, V udu + 20;uV;Viu — V; Ry + 2V,;Vudu + 20;uV ;Viu + ViR
— 2V Viudju — 20;uV,V ju)
= gkl(_Vz‘le —V,Ry+ VR + 4ViVju85u) .
In the last step, several terms cancel because of (1.7).

[

The next thing to look after is the evolution of the norm of the derivative of u. This evolution
equation will turn out to be very important in the subsequent considerations.

Lemma 2.7 Suppose (g,u)(t) is a solution to (2.5). Then the following evolution equations
hold for the derivative of u:

Htaiu = A@lu — Ripapu (2.10)
Opldul® = Aldul* — 2|V?u|? — 4|dul|* . (2.11)

In particular, the evolution of the norm does not depend on the curvature of g.

Proof:

Since u is a function, we can switch the time and space derivative and get
010;u = 0;0iu = V;VpVyu = V,V,,Viu + RippeOgu = Adju — Ripopu .

Knowing this, we calculate

O|du|® = (9¢gP"?)Dpudyu + 2(010yu)Fpu = —(DrGpq) Opudyu + 2(Adpu)dpu — 2Rpa0pudyu

= 2R, 0pudyu — 40,ududyud,u + (Aldul* — 2|V2u|?) — 2R,,0,ud,u
= Aldul* = 2|V2u|? — 4|dul* .

Here we used that

Aldul? = V,(2V,Vyudyu) = 2(Adpu)dpu + 2|V:ul? .

L]

As an application for (2.11), we can prove the equivalence of the metrics ¢g(t) on closed manifolds
M as long as the curvature stays bounded.

Lemma 2.8 Let (g,u)(t) be a solution to (2.5) on [0,T) x M for closed M with initial data
(§,1). Define co := supy, |da|3. Assume furthermore that the curvature satisfies |Rm|?(t) < ko
fort €0, T). Then all metrics g(t) are equivalent and we can estimate

e Tg(z) < g(t,z) < e“Tg(x) V(t,x) € [0,T) x M
for a constant C' = C(n, ko, co) depending only on n, kg, co. In fact C = 2n\/ko + 4cp.
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Proof:
The length of a time independent vector field V' € X' (M), measured by g(t), satisfies the evolution
equation

HVP=0g(V,V)=—-2Sy(V,V) .

From (2.11) we get |du|?(t) < sup,; |dii|3 = co for all t € [0,7) by the maximum principle since
M is closed. This implies the bound

1Sy = |Re — 2du @ du| < |Re| + 2|du|® < n|Rm| + 2|du|*> < ny/ko + 2¢q |
and we can estimate
09 (V, V)] < 21Sy(V, V)] < 20SylIVI* < 2nv/ko + deog (V. V) -
Using Gronwall’s inequality, this implies
TGV, V) < e gV, V) < gV, V) < (Vi V) < e“Tg(V V)

Therefore ¢(t)(V, V) is uniformly bounded from above and below on [0,7’), and all metrics g(t)
are equivalent.

[

We continue with the computation of the evolution of the Hessian of w.

Lemma 2.9 Suppose (g,u)(t) is a solution to (2.5). Then the Hessian of u(t) satisfies the
evolution equation

at(VNju) = A(VZV]’LL) + 2Riquvpvqu — Ripvj'vp’u - ijVNpu — 4\du|2VNju . (2.12)

Proof:
We calculate

8t(VNju) = 8t (618Ju — Ffj(f“)ku) = VNj (atu) — (8,5115)616’&
and consider the two terms separately. The first comes down to
VNj (&gu) = VNijVku =V (Vkvjvku + Rjkkp(?pu)
= Vi ViViVju + Rikjpvpvku + Ripip Vi Vpu — Viijf?pu - R;pViVyu
= VkV;NNju + VkRikjpapu + Rikjpvkvpu + Rikjpvpvku — Rz-ijVpu
- Viijﬁpu - ijVinu
= A(VN]u) + Vkijikapu + 2Rik]‘pvkvp’u — RiijVpu — Viijapu — ijvivpu
using (1.6), (1.5) and the symmetry of the Riemann tensor. We get for the second term:
—(&J‘Z)aku = gkl (Vile + VjRil - leij — 4ViVju81u)8ku
= ViRjkaku + VjRikau — VkRZ-j@ku — 4V¢Vju|du|2 .
After some rearranging we obtain altogether
8t(VNju) = A(VZVJu) + 2Rz‘quvpvqu — Ripvj‘vpu — ijVNpu — 4viVju‘du|2
+ (_kajpki + VjRip — VpRz‘j)apu
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since two terms already cancel. Finally, due to the contracted Bianchi identity (1.9) the last
line vanishes. This proves the claim.

L]

To compute the evolution of Sy, we also need the equation for du ® du.

Lemma 2.10 Let (g,u)(t) be a solution to (2.5). Then the symmetric tensor (du ® du)(t)
satisfies the evolution equation

at(@u@]u) = A(@Zuaju) - 2VpViquVju - Ripajuapu - ijaiuapu .

Proof:
Since

A(@luaju) = (A&Zu)ﬁju + QVPVZ-quVju + &u(Aﬁju)

holds, we can use (2.10) to prove

O (&uaju) = (8t81u)8]u + @u(ata]u) = (Aﬁ,u + Rippqaqu)aju + 8Z’LL(A8]’LL + ijpqaqu)
= A(azuaju) — QVpViquVju — Ripaiuapu — ijajuapu

as required.
We can now compute the evolution of Sy:

Lemma 2.11 Let (g,u)(t) be a solution of (2.5). Then the tensor Sy and its trace S evolve
according to

8,581‘]‘ = ASZ‘]‘ — Riijp — ijSip — 2Rpijq5pq + 4AuVNju (2.13)
S = AS + 2|8y> + 4| Aul? . (2.14)

Proof:
We combine Lemma 2.5 and Lemma 2.10 for the two parts of Sy to get
8tSij = ARU — 2Ripij — 2Rpiqupq + 4AuVNju — 4VpViquVju + 4Rpijq8pu8qu
— 2A(82u8]u) + 4VpVZ-quVju + 2R,-p8ju6pu + 2ij8iu('9pu
= A(Rl] — 26Zu8]u) + 4Auvivju — Rip(ij — 28ju8pu) — ij(Rip — 28¢U8pu)
— 2Rpijq(Rpg — 20,udqu) .

Taking the trace of (2.13) with the inverse of the evolving metric, (2.14) follows.
This implies the following result on closed manifolds:

Lemma 2.12 Let (g,u)(t) be a solution of (2.5) on a closed manifold M. If S > 0 holds at
t =0 then also for allt > 0 as long as the solution exists.
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Proof:
Since S satisfies the evolution equation

(0 — A)S =2[Sy> +4|Au* > 0,

an application of the maximum principle shows that S(t) is bounded from below by its initial
value for all ¢ > 0 as long as it exists.

L]

2.6 Monotonicity of the entropy

We prove in this section that the entropy E(t) of a solution is increasing in time. Furthermore, a
solution with constant entropy must be a special geometry as described in Definition 2.2. Note
that the following lemma is still true on a complete manifold 3 as long as the integration by
parts can be justified.

Lemma 2.13 Let (g,u, f)(t) be a solution to (2.3) for t € [0,T) on a a closed manifold M.
Then the evolution of the entropy is given by

HE(g,u, )(t) = 2/M(ISz/+ V2f? 4 2|Au — du(Vf)P) e TV >0 .

In particular the entropy is nondecreasing. Equality holds if and only if the solution is a gradient
soliton. In this case (g,u, f)(t) satisfies at all times t:

Sy+Vif=0 and Au—du(Vf)=0.

Proof:
Using the variation formulas from Lemma 1.4, we compute

HE(t) = /M(atR + |V f|* = 20| dul?) e~ TadV + /M(R+ IVfI? = 2|du|?) 9, (e dV)
=0

= /M(_A (9 0vgi5] + ViV(0hgij) — Rij(0r9i5) — 0196;0:f 05 f + 2V (0, f)Oi f
+ 2(8tgij)8iu8ju — 4Vz(8tu)81u) e fav .
Integration by parts gives
8tE(t) :/ (—(gij&ggij)Ae’f + &tgijvivje’f - Rij((‘)tgij)e’f - &ggij@ifajfe*f
M

— 28tf(Afe_f + 3if8¢e_f) + 2(8tgij)8¢u8jue_f + 48tu(Aue_f + aiuaie_f))dv.
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Inserting the evolution equations (2.3) yields

O E(t) = /M {2(5 +AN(df? = Af) = 2(Sy,df @ df) — 2{V*f,df @ df) +2(Sy, V*f)

+ 2|V2f12 + 2|Re|? + 2(Re, V2 f) — 4(Re, du @ du) + 2(Sy, df @ df)
+ 2(V2f,df @ df) + 2(Af + S)(Af — |df)?) — 4(Re, du @ du) — 4(V?f, du @ du)

+ 8|du ® dul?® + 4|Au — du(V f)*| e Fav
— /M {2|Rc|2 +2|V2£12 + 212du @ du|?* + 4|Au — du(V f)?
+ 4(Re, V2 f) — 4(Re, 2du @ du) — 4(V2f,2du @ du)| e~/ dV
=2 /M [[Re+ V2 f — 2du ® du|? + 2|Au — du(V f)[*] e dV .

This is what we wanted to prove.

2.7 Evolution of the curvature tensor

We take upon ourselves the task to compute the evolution of the Riemann tensor. Since the
calculation using Lemma 1.4 is lengthy, we rather use equation (1.4) and Lemma 2.6.

Lemma 2.14 Let (g,u)(t) be a solution to (2.5). Then the evolution of the curvature tensor as
a (1,3)-tensor is given by
RSy = g (ViV,Rj — ViViRj, — V;V, Ry + V;V(Rip + AV;V,uV;Viu — 4V, V,uV,;V,u
- gpq (Rijlqur - Rijrpqu + 4Rijlp8quaru)) ’
(2.15)
and as a (0,4)-tensor by

O¢Rijiy = ARyjp + 2(Bijrt — Bijik — Bajk + Bikji) — RijpiRip + RijipRip + RpjriRpi + RipraRyp;
+ 4(V,'Vkuvj'vlu — Vivluvj'vku) .
(2.16)

Here the tensor B = {Bjji} is defined as Bijp := g"" 9%° Rpiqj Ryks1. For its properties we refer
to [Ham82, §7] where it was first introduced.
Proof:

From (1.4) we find that in normal coordinates

Ry =0Tk — 0,1},
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holds. Using the evolution equation for the Christoffel symbols in Lemma 2.6, we compute

@Rfﬂ — g, (=VjRy — ViRjr + V,Rj + 4V;V ud,u)
— 9" 0;(=ViRiy — ViRir + V, Ry + 4V;Viud,u)
= ¢ (=ViV; Ry — ViViRjr + ViV, Ryt + AV, Y, Viudu + AV;VuV, V,u
+V,;ViRyy + VYV Riy — VY, Ry — 4V, ViV udyu — 4V, VuV,;V,u) .

This is (2.15), taking into account that (1.6) implies

(ViV; = V,;Vi)Riy = RijipRpr + RijrpRip
(VZV] - VJVZ)((?ZU) = R,»jlpapu .

To prove the equation for the (0,4)-Riemann tensor, we contract with the metric to find

OrRijrr = O(grpRiy) = (Orgp) Ry + gpOe Ry = —2Rip Ry + 40pudpuRy,
+ (ViViRj; — ViViRj, — ViV Ry + V;ViRi, — RijipRpr — RijipRip)
+ 4(Rijlp8pu8ku + VNkuVleu — VNluViju)
= ViViRj — ViViRjr — VjVi Ry + ViViRix — Rijpi Rip — RijrpRyp
+ 4(V;VuV,;Viu — ViViuV;Viu)

since we have the equalities
4Rfj18ku(9pu = 4R} jpOkudpu = —4R;j1,0pudpu
_Rkprjl = —Rijpi Rip = Rijip Rpke -
Using the identity

ViViRj — ViViRj, — V;Vi Ry + V;V Ry,
= ARyjp + 2(Bijr — Bijik — Bijk + Bikji) — RpjriRpi — RipraRp;
from [Ham82, Lemma 7.2] which is valid for an arbitrary Riemannian metric, the desired conclu-

sion follows. It should be noted that the right hand side of (2.16) only contains terms quadratic
in the curvature and the Hessian of u. This fact will be useful later.

[

Using the formula in this lemma, we we can deduce an evolution equation for the norm of the
curvature tensor as defined in (1.2).

Lemma 2.15 Let (g,u)(t) be a solution of (2.5). Then the norm of the Riemann tensor satisfies
the evolution inequality:

di|Rm|? < A|Rm|? — 2|[VRm|? + C|Rm|> + C|Rm||V?u|? + C|du|?| Rm|? (2.17)

where C' is a numerical constant depending only on the dimension.



2.7 Evolution of the curvature tensor 21

Proof:
We will use the notation A * B introduced earlier. Thus we can express (2.16) as

O Rijii = ARyji + Rm x Rm + Vu x V2u .
A computation in normal coordinates yields:
Oi|Rm|* = (019") RavijRevij + - - - + (0:9°") Ravij Ravit + 2(0¢ Ravij) Ravij -

Note that we replaced g by d as soon as it is not differentiated and used the symmetry properties
of Rm. The first term computes to

((9tga°) RopijRevij = (2RaC — 48au86u) RapijRepij = Rex Rm x Rm + du * du * Rm * Rm
< C|Rm[* + C|du|*| Rm/|?

by the Cauchy-Schwarz inequality. The next three terms can be estimated analogously. The
last one comes down to

2(0 Ravij) Rabij = 2(ARapij) Rapij + 2(Bm % Rm)apij Ravij + 2(V2u * V2 )pij Rabij
= A|Rm|?* — 2|[VRm|* + Rm + Rm * Rm + V?u * V2u x Rm
< A|Rm[* — 2|VRm|? + C|Rm|?> + C|Rm||V?u|? .

Together these inequalities imply (2.17).

Doing a similar calculation for the Hessian of v we find:

Lemma 2.16 Let (g,u)(t) be a solution to (2.5). Then the norm of the Hessian of u satisfies
the inequality

| V2ul? < AIV2ul?* = 2|V3u|? + C|Rm||V?ul? 4 C|dul*|V?ul? . (2.18)
Proof:
The proof is similar to the one of the previous lemma. A computation gives:
| Vul* = (0:g™)ViVjuVViu + (9,¢7") ViV juV;Viu + 2(8,V;Vju) ViV ju .
Using the evolution equation (2.12) for the Hessian
o(ViVju) = A(V;Vju) + Rm x VZu + Re * Viu + |dul* * V2u |
we conclude from the Bochner formula that

01| V2ul? < Re x Vu * V2u + du * du x Vu * V2u
+ A|V2ul? — 2|V3u)? + C|Rm||V?ul? + C|dul?|V*ul?

holds as required.

As a first application we prove:



22 2 ENTROPY AND EVOLUTION EQUATIONS

Proposition 2.17 Let (g,u)(t) be a solution to (2.5) for t € [0,T) on a closed manifold M
with initial data (§,7%). Assume that |[Rm|? < ko holds on [0,T) x M. Define ¢y := maxyy |di|3
and sg := maxps |@2ﬂ|3 where | - o and V are with respect to §. Then there exists a constant
¢ = ¢(n) depending only on n such that the Hessian of u(t) satisfies:

IV2u?(t) < so+c(n)(Vko + ) o VEE0,T) .
Proof:
Recall from (2.11) that the exterior derivative of u satisfies the evolution equation
(0 — A)|du|? = —2|V?u|? — 4|dul* < 0.
Therefore, using the maximum principle, we can bound |du|? by its initial value:

|d,u|2(t) < |du\2(0) < sup|dﬂ|3 =g vVt e [0,T) . (2.19)
M

Combining the evolution equations for |du|? and |V?u|? from (2.18), we find that
(0 — A)(IV?ul® + Mdul?) < (C1|Rm| + Ca|dul?* — 2X)|V?ul?

for constants Cy, Co depending on n. Choose the constant 2) bigger than Cy|Rm| + Ca|du|? <
C1 - Vko + Cy - ¢p using the curvature bound and (2.19). Then the right hand side is negative,
and by the maximum principle we conclude for all ¢ € [0,T") that

IV2ul?(t) < [V2ul*(0) + A|du|*(0) < so + A(n, ko, co) - co < C(n, ko, co, So) -

[

To prove a priori estimates for solutions (g, u)(t) of (2.5) it is very useful to collect the component
functions of Rm(g) and V?u in a vector valued function ® as follows:

O := (Rijri, VpVgu), i, 5,k l,p,g=1...n. (2.20)
We estimate ® using the Euclidean vector norm in a single point p € X:
B2 = [Rml2 + |Vul2

which is the representation of the norm (1.2) in normal coordinates around p. Combining exactly
these two tensors is a result of examining the scaling properties of |Rm|? and |V2u|? since both
scale like A=3 under the scaling §(t) := Ag(%). We extend these definitions accordingly to higher
derivatives of Rm and V2u. This construction simplifies further calculations significantly. Since
(2.17) and (2.18) have the same structure, we can combine them to an inequality for d;|®|%.

Lemma 2.18 Let (g,u)(t) be a solution to (2.5) and let ® be defined as in (2.20). Then its
norm satisfies the inequality

X|®)? < A|B)? - 2|VE|? + C|®2 + C|dul*| D (2.21)

where V® is the collection of first derivatives of Rm and V?u and C depends only on n.
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[

These results can be extended to higher derivatives of ®. To this end we derive evolution
inequalities for the derivatives of Rm and V2u.

Lemma 2.19 Let (g,u)(t) be a solution to (2.5). Then the covariant derivatives of the curvature
tensor satisfy for all k > 0 the evolution equations:

O VFRm = AVFRm + Y VRm«VPRm+ Y Voux vy
a+pB=k a+pB=k
+ Z du * V2T « VP Rm + Z V2o « V2HBy « VY Rm.
a+B=k-1 a+B+y=k—2

(2.22)

Proof:
We prove (2.22) by induction. The case k = 0 is proven in (2.16). Assume for the induction
step that the equation is already true for V¥ Rm. We then proceed

OV Rm = V(0,V*Rm) + o, x V*Rm
= V(AV’“Rm + > VORmx« VI Rm+ Y Vux vy
a+p=k a+p=k

+ Z du * V2 « VP Rm + Z V2T, « VA2, V’YRm>
atB=k-1 a+B+y=k—2
+ VRm * V¥Rm + du * VZux V*Rm .

Here we used (2.9) to compute the evolution of the connection and interchanged derivatives:

V(AA) =V,;V,V,A=V,(V,V,A)+ Rm« VA= A(VA)+ V(Rmx A) + Rm VA
=A(VA)+VRm+x A+ Rm=x«VA .

These commutatation relations hold for an arbitrary tensor A. Using the product rule, we see
the correctness of (2.22) for V**!Rm.
L]

Lemma 2.20 Let (g,u)(t) be a solution to (2.5). Then the norms of the derivatives of Rm
satisfy for all k > 0 the evolution inequalities:

9 |V*Rm|* < A|VFRm|? — 2|VF 1 Rm|? + C{ > IV*Rm||V’Rm||V* Rm|

a+B=k
£ 20 [Vl R+ S [dul[ Ol [V Rm[T Rim| (g g9
a-tf=k a+p=k—1

+ ) |V2+au|V2+5u||V7Rm||VkRm+|du|2|VkRm2}.
a+p+y=k—2
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Proof:
Considering that

O:|[VFRm|? = (2Rc — 4du @ du) * VFRm « VERm + 9,V*Rm « V¥Rm,

the lemma follows directly from the previous lemma and the Cauchy-Schwarz inequality.

L]

Lemma 2.21 Let (g,u)(t) be a solution to (2.5). Then for all k > 0 the evolution of V*tFu is
given by

B,V 2Hey = AV Ry, 4 Z V2t « VP Rm + Z du * V2o 5« 2Py,
a+B=k a+p=k—1

+ Z V2t « V2P 5« V2T Ty + |du|2 S VET2y
a+f+y=k—2

(2.24)

Proof:
The idea is the same as above. We proof (2.24) by induction where the claim for V2*% is proven
in (2.12). Plugging in the induction hypotheses for V>**u, we compute

O (VVHHFu) = V (9, V) + T x V3 oy = AV3THy + VRm + V2 + Rm o« 3Ty
+ Z (VHO‘HU * VORm 4 V¥ oy « VﬁHRm)

a+0=k

+ Z (VQu % V2T 5 V2B 4 du + V2HoH 5« V2H5y,
a+pB=k—1

+ du * V2T « V2+ﬁ+1u) + Z (V2+°‘+1u * V2B 5 V217y

a+fB+y=k—2
+ V2+au * V?-h@-l—lu % v?—i—’yu 4 V2+o‘u % v2+[3u " V2+’Y+1u)

+ V2 s du « VEFu + |dul? - V3

This can be rearranged to yield the claim for V2+(k+1)q,

Using the Cauchy-Schwarz inequality again, we compute:

Lemma 2.22 Let (g,u)(t) be a solution to (2.5). Then the norms of the covariant derivatives
of u satisfy for all k > 0 the inequality

|V Ru? < A|VZHRy|? — 2| V2R Ly 2 4 C{ > IVEul| VP Rm|[ V|

a+pB=k

k
Y [du V|V [V Ry (2.25)
a+p=k—1
+ ) |V2+au||V2+'8u||V2+7u|V2+ku|+|du|2|v2+ku|2}.
ot-B4y=k—2



2.7 Evolution of the curvature tensor 25

Evidently, the equations (2.23) and (2.25) have the same structure. Therefore we can combine
them into an inequality for V*®.

Lemma 2.23 Let (g,u)(t) be a solution to (2.5) and V*® be as defined in (2.20). Then the
derivatives of ® satisfy for all k > 0 the inequality

9| VED|2 < A|VFE®|2 — 2|VF D)2 + C’{ D IVeR|VIRIVER 4+ Y |dul| V| VIR| V|
a+p=k a+fG=k—1

+ ) |V"‘¢>||V5<I>|V7<1>||Vk¢>|+|du|2|vk<1>|2}
a+pB+y=k—2

where C = C(n) is a constant depending only on the dimension.



