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Abstract

This thesis is concerned with the long-term dynamics of irreversible Markov processes in
discrete and continuous state spaces. In the first part, we study how the long-term dynamics
of a reversible Markov process changes if an external force that destroys detailed balance is
added. We derive an intuitive and general comparison result in terms of commuting times
which indicates that under certain constraints the external driving force will always accelerate
the long-term dynamics.

We argue that non-trivial cycles in the probability flow are the key feature of irreversible
processes and explain two ways of obtaining cycle decompositions in detail. We study how
cycles can be used to construct reversible surrogates of irreversible processes that represent
the long-term dynamics more faithfully than simple symmetrization, and apply this to the
problem of module detection in directed networks. As a second application, we consider
the problem of computing transition pathways between metastable states. This is done by
considering the current of reactive trajectories which is computed by Transition Path Theory.
We show that this current has cycles if the dynamics is irreversible, and compare two possible
Hodge-Helmbholtz like splittings of the current into simpler parts. One method is based on a
projection, the second is based on cycle decompositions. We show that the second method
allows for a computation of the statistics of transition pathways.

In the second part, we study optimal control problems that arise if the external force can be
adjusted by a controller who wants to minimize a certain objective function. We focus on
linear quadratic (LQ) control problems and show that they are dual to sampling problems
which appear e.g. in Molecular Dynamics. A numerical method to approximately solve LQ
control problems is derived. The method uses a logarithmic transformation together with a
Galerkin projection onto a suitable space of basis functions. The result is a discretization of
the entire control problem that replaces the continuous dynamics by a discrete Markov jump
process, and preserves the most important structural properties. If the dynamics is metastable,
then we propose to utilize the metastable structure by choosing a committor basis, guided
by MSM theory. We derive error bounds for this choice which complement standard error
bounds from the theory of finite elements. The method is flexible and can also incorporate
other choices, e.g. piecewise polynomial or radial basis functions.

Throughout the thesis, we complement theoretical results with careful numerical experiments.

Key words: Irreversible Markov Process, Metastability, Optimal Control, Cycle Decompositions,
Transition Path Theory

iii






Zusammenfassung

Diese Arbeit behandelt die Langzeit-Dynamik irreversibler Markovprozesse in diskreten und
kontinuierlichen Zustandsrdumen. Im ersten Teil wird untersucht wie sich die Langzeit-
Dynamik eines reversiblen Prozesses unter dem Einfluss einer externen Kraft dndert, welche
die Reversibilitdt zerstdrt. Wir geben ein intuitives und allgemeines Resultat mithilfe von
commuting times an, welches zeigt dass die externe Kraft unter gewissen Zwangsbedingungen
stets fiir eine Beschleunigung der Langzeit-Dynamik sorgt.

Wir argumentieren, dass Zyklen im Wahrscheinlichkeitsfluss Schliisselmerkmale irreversibler
Prozesse sind und beschreiben zwei Methoden zur Zerlegung des Flusses in Zyklen im Detail.
Mit diesen Methoden werden reversible Ersatzprozesse konstruiert, welche die Langzeit-
Dynamik irreversibler Prozesse besser abbilden als einfaches Symmetrisieren. Dies wird
auf das Problem der Moduldetektion in gerichteten Netzwerken angewendet. Als zweite
Anwendung wird das Problem der Berechnung von Ubergangspfaden zwischen metastabilen
Mengen betrachtet. Dabei betrachten wir den Fluss reaktiver Trajektorien, der durch Transition
Path Theory gegeben ist. Wir zeigen, dass dieser Fluss bei irreversibler Dynamik ebenfalls
Zyklen enthélt, und vergleichen zwei Methoden, um den Fluss in einfachere Bestandteile zu
zerlegen. Die erste Methode basiert auf einer Projektion, die zweite auf Zyklenzerlegungen.
Wir zeigen, dass die zweite Methode geeignet ist, um die Statistik der Ubergangspfade zu
bestimmen.

Im zweiten Teil werden Optimalsteuerungsprobleme behandelt, welche entstehen, wenn
die externe Kraft von einem externen Agenten gesteuert werden kann. Wir beschranken uns
auf linear-quadratische (LQ) Kontrollprobleme und zeigen, dass diese dual zu bestimmten
Samplingproblemen z.B. in der Molekiildynamik sind. Eine numerische Methode zur Losung
von LQ Kontrollproblemen wird hergeleitet. Diese Methode benutzt eine logarithmische Trans-
formation zusammen mit einer Galerkin Projektion auf einen geeigneten Unterraum. Das
Ergebnis ist eine Diskretisierung des gesamten Kontrollproblems, welches die kontinuierliche
Dynamik mit einem diskreten Markovsprungprozess ersetzt und die wesentlichen struktu-
rellen Eigenschaften erhélt. Wenn die Dynamik metastabil ist, schlagen wir die Benutzung
einer Committorbasis im Sinne der MSM Theorie vor und geben Fehlerschranken an. Diese
Fehlerschranken ergidnzen Standard-Fehlerschranken aus der Theorie der finiten Elemente.
Die Methode ist flexibel und erlaubt die Benutzung anderer Basisfunktionen, z.B. stiickweise
polynome oder radiale Basisfunktionen.

In der gesamten Arbeit ergdnzen wir theoretische Resultate mit sorgfiltigen numerischen
Experimenten.
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Introduction

Many real world processes in physics, chemistry, geological sciences, material sciences, social
sciences etc. can be modelled by stochastic Markov processes. The randomness in these
models is often the result of microscopic degrees of freedom that are not explicitly represented,
e.g. the various chemical reactions that eventually lead to the formation of a seemingly random
decision in an individual, or a bath of water molecules that interact with a larger molecule or
colloidal particle. Often the models of interest operate on a vast range of time- and/or length
scales, and this proposes a serious challenge: Direct numerical simulations, for example, have
to resolve the smallest scales, but the processes of interest typically take place on the largest
scales and thus become rare events.

Stochastic processes are best understood in equilibrium. We will explain below in more detail
how the term ’equilibrium’ is used in this thesis, but in order to be in equilibrium, the process
must necessarily be (a) autonomous and (b) reversible. In other words, the dynamics that
govern the evolution of the process must (a) not change with time and (b) be invariant under
time reversal (in a statistical sense, see below). The questions considered in this thesis broadly
fit into one of the following two categories:

* How do the long-term dynamics of a reversible Markov process change when non-
reversibility is added?

» Can we utilise non-reversibility to accelerate the long-term dynamics?

Over the last years, the long-term dynamics of Markov processes in equilibrium has been
well understood. The key here is the self-adjointness of the associated transfer operator, and
the resulting spectral properties. We know that the slowest processes are described by the
dominant eigenvalues and eigenvectors of the transfer operator [HS06], and that they describe
metastable transitions between almost invariant sets. With Markov State Models (MSMs)
[SFHD99, DHFS00, SNS10, SNL*11], we also have an efficient tool for the computation of
these objects. By choosing a certain state space discretization, the part of the transfer operator
that governs the slowest processes is well approximated by a matrix. This matrix can be
sampled by many short trajectories and still allows for the computation of the long-term
dynamics that would otherwise require extremely long trajectories. If we move away from
equilibrium, however, all of this machinery breaks down.
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In fact, the non-equilibrium case is vastly more complicated, and a systematic understanding is
still missing. Even the term 'non-equilibrium’ has different uses in the literature. To appreciate
these differences, it is necessary to go from a trajectory-based description of the dynamics
to a density-based description. So let u;(x) be the probability density, assuming it exists, to
find the system at point x at time ¢. The typical situation is that u; — p in some sense as
t — 00, and U« is invariant under the dynamics. We then call the process ergodic and p
a steady state. Now take two regions A and B in state space and consider the probability
p(t, A, B) to observe the system in region A at time 0 and then in region B at time t. The
steady state (i, is an equilibrium state if and only if for any two regions A, B and any ¢ > 0,
the flow f (¢, A,B) = p(t, A, B) — p(t, B, A) is equal to zero when the system is in po, at time
0. The property p(t, A,B) = p(t, B, A) is called reversibility or detailed balance. The term
‘'non-equilibrium’ can therefore mean any of the following [CMZ11]:

(1) Non-autonomous dynamics: The dynamics is time-dependent, and a steady state
typically does not exist.

(2) Transient regime: A steady state U, exists and y; — oo, but for the times ¢ considered
1y is still different from poo.

(3) Non-reversibility: The dynamics is in a steady state p,, but some flows f (¢, A, B) are
non-zero, i.e. detailed balance is violated.

Situation (3) is sometimes called non-equilibrium steady state (NESS), and arises if the
stochastic process of our model fails to be reversible. This is the situation we will consider in
chapter 2.

At first glance, there seems to be a paradox: The fundamental laws of physics are all invariant
under time reversal, so why should our model break this symmetry? The answer is that
the scope of any model is limited: We cannot model every part of the system of interest
according to fundamental laws. Irreversibility can then enter in many ways, i.e. through coarse
graining or effective forces that are the result of an external environment which is not explicitly
modelled. We will take the mathematical viewpoint and simply assume that reversibility
fails and explore the consequences. One immediate consequence is the following: The flow
f(t, A, B) must be divergence-free, meaning that for any region A, the total flow into A must
equal the total flow out of A. If this were not the case, the probability of being in A would
either increase or decrease with time, in contradiction to the system being in the steady state
Uoo- For discrete state spaces, this means that f(¢, A, B) obeys Kirchhoff’s first law and must
be decomposable into elementary cycles. This observation was first made by Schnakenberg
[Sch76]. Many other authors have since then picked up the idea that these elementary cycles
encode important information about non-reversible processes [JQQ04, Kal06, Pol15]. In fact,
in the light of a widely used analogy between reversible Markov chains in equilibrium and
electrostatics, the appearance of cycles in f (¢, A, B) when reversibility no longer holds reminds
one of magnetostatics, which is hallmarked by cycles in the magnetic field. Cycles will be the
primary tool for studying non-reversible Markov chains in chapter 2.

2
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Why should one be interested in studying irreversible Markov processes? The answer is twofold.
First, many real world processes are simply best described by a non-reversible model, and
it is important to understand the properties of these models. Second, even if the model is
reversible, if we are interested in the long term dynamics then simply running the model itself
might be a bad idea. If the model is very metastable, then the long-term dynamics is hard to
sample from equilibrium simulations, and adding external forces might help to accelerate
the sampling. Indeed, a number of results [RS14, HHMS05, SSG10] suggest that a reversible
process is always ’slower’ than a large class of non-reversible processes that are obtained
by adding an external force to the reversible process. Here, slower’ means e.g. that the
second-largest eigenvalue of the transfer operator is closer to one. In this sense, simulations
of reversible processes are the worst choice if one is interested in obtaining information about
arare event. We discuss this aspect in chapter 2.

If adding an external force to a reversible process can accelerate the sampling of rare events, it
is natural to consider a scenario where an external controller can adjust the external force to
minimize a certain objective function. By solving the associated optimization problem, we
could then find the best force to add in order to achieve the best improvement in sampling.
This is the framework of Optimal Control Theory. Indeed, there is a duality principle based
on [DPMR96] that establishes a duality between a certain class of optimal control problems
and sampling problems in Molecular Dynamics (MD) [HS12]. Solving the optimal control
problem exactly provides a zero-variance estimator for the quantity one wanted to sample
[HS12]. To exploit this duality, we need to think about methods for solving optimal control
problems. This is the topic of chapter 3. One of the first steps in this direction was the seminal
work of Bellman [Bel56] who showed that the solution to an optimal control problem can be
found via a recursion principle that he called dynamic programming. The recursion principle
leads to the Bellman equation, which for continuous state spaces takes the form of a nonlinear
partial differential equation (PDE). This leads to an immediate problem: For large state spaces,
all of the established solution methods for PDEs fail because of the curse of dimensionality.
The same is true for other standard solution methods of optimal control problems, such as
value iteration and policy iteration, see e.g. [Kus01]. In order to make progress, we need a
method for solving optimal control problems approximately that uses the multiscale structure
of the problem. We will use MSM theory as a guide to construct such a method in chapter 3.

Organisation of the thesis. Figure 1 shows the structure of the thesis and the dependencies
of the different sections. Chapter 1 reviews background material on Markov processes and
the different concepts of metastability for such processes, before moving on to the somewhat
more specialised topics of Transition Path Theory, which is concerned with the computation
of rare event statistics, and Optimal Control. Chapter 2 is concerned with NESS for Markov
chains and develops the theory of cycle decompositions for these in section 2.1. This theory is
used to construct reversible surrogates of the NESS Markov chain in section 2.2, and we apply
these approximations to the problem of module detection in networks in section 2.3. As a
second application, we marry Transition Path Theory and cycle decompositions to compute
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transition pathways for NESS Markov chains in section 2.4. Chapter 3 begins by reviewing the
duality between control problems and sampling. In section 3.2, the MSM-based discretization
of the control problems considered in section 3.1 is developed. We close by discussing the
averaging method in section 3.3, which helps to reduce the problem size for very large systems.

- ' 2.2 Reversible ' 2.3 Application I: Modules
LAY Approximations in Directed Networks

1.3 Transition Path 2.1 Cycle 2'; ﬁﬂsvllcatlic;]nlllr: '\I'/rarnisblflon
Theory Decompositions athways SVEISIDIE
Markov Processes

1.1 Markov Processes

3.1 Optimal Control as

3.3 Multiscale Problems:
a Means to Accelerate e
MD sampling 9ing
/ 3.2 MSM Discretizations

1.4 Optimal Control of LQ Type
Control Problems

Figure 1 — Organisation of the thesis.

Main results. We highlight the main results. For more details and further references, see
the respective sections. Parts of these results are published in [BH14, SBHS13, BC14, HBS* 14,
CBS15, BCS15].

(1) In section 2.2.3, we prove a general comparison result about commuting times for a
non-reversible Markov process (X;),; with generator L and the reversible process (X}),
with generator L® = %(L + L7) obtained by symmetrisation. Here, L™ is the generator of
the time-reversed process, see section 1.1.1. Let A and B be two regions in state space
and define the commuting time T'(A, B) = E4[tp] + Eg[7 4] to be the average time to go
from A to B and then back to A. The result is that for any disjoint A and B,

T°(A,B) = T(A,B)

where T(A, B) and T°(A, B) are the commuting times for (X;), and (X}), respectively.
In words: (X}), is always slower than (X;);. Results in a similar spirit were found in
[RS14, HHMSO05, SSG10] for Markov diffusions and Markov chains. All of these results
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2)

3)

are more technical and use e.g. Large Deviation methods to provide comparisons
between the second largest eigenvalue of L and L* or the asymptotic variance of MCMC
estimators based on (X;); and (X}),. In contrast, the result presented here is in terms of
dynamical quantities and thus allows for a clear and direct interpretation. It also tells us
what to expect in terms of metastability.

In section 2.3, we use the theory of cycle decompositions for non-reversible Markov
chains that we adapt from [Kal06, JQQO04] to detect modules in directed networks. For
the purpose of this thesis, modules are metastable sets of a Markov chain that lives on
the network. Figure 2 shows an illustration of the structures one can expect to find. One
common definition of a module used in the network community is as a set of nodes
with high link density. By this definition, the blue, red and green structures in Figure
2 are modules. However, there is a topological difference between the green and the
blue and red structures: The shortest cycle connecting any two nodes A, B in the green
structure (the yellow ribbon in Figure 2) is very long. As a consequence, a random walker
following edge directions cannot spend much time in the green structure, but it can
spend long times in the red and blue structures due to the presence of internal cycles.

Figure 2 — Modules in a directed network.

Module detection is a huge area of research [For10, SLB12, SDYB12, DYB10, EL09,
New06, NBW06]. In a nutshell, existing topological methods do not pick up on the
difference between the green and the blue/red structures, while existing methods based
on random walks [DBCS11, SCB*14] are confined to reversible processes and thus to
undirected networks. Our method is a random walk based method that constructs
a suitable reversible surrogate of the non-reversible random walk via cycles. It can
differentiate between the green and the blue/red structures in Figure 2 by construction
since their metastability is different.

In section 2.4, we provide a new way to analyse the probability current of reactive
trajectories in Transition Path Theory (TPT) for irreversible processes. If identifying
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metastable sets is the first step to understand long-term dynamics, then understanding
the pathways along which the transitions between these sets happen is the second step.
This is the domain of TPT [VE06]. One constructs an ensemble of reactive trajectories,
which are trajectories that start in A and transition to B before returning to A. One
interesting quantity to compute is the probability current f, which is generated by
the reactive trajectories. If the dynamics is non-reversible, f,, contains cycles, and it
does make sense to look for a decomposition of f;; into simpler parts that allow for
a clearer interpretation of the underlying transition mechanism. This is illustrated in
Figure 3: It is clear that a transition from A € C; to B € Cs has to go via C,, with Cs
and C, representing detours. This is not obvious from f, but it is possible to find
a decomposition of the form f, = grad® + R where grad ® represents the transition

and R the detours. In section 2.4, we compare decompositions of this type based on
Hodge-Helmholtz decompositions with those based on cycles. This leads to new ways
of analysing irreversible Markov processes with TPT.

Figure 3 - Decomposition of the probability current f,, into the gradient of a potential ® and
arotation R.

(4) Insection 3.2, we develop a numerical method to approximately solve linear-quadratic
control problems. The method uses a logarithmic transformation to turn the Bellman
equation (which is a nonlinear PDE) into a linear PDE, and then discretizes the linear
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PDE with a Galerkin projection onto a suitable space of basis functions. After the
discretization, the logarithmic transform is inverted. The result is a discretization of
the entire control problem that replaces the continuous dynamics by a discrete Markov
jump process, and preserves the most important structural properties. If the dynamics is
metastable, then we propose to utilize the metastable structure by choosing a committor
basis, guided by MSM theory. However, the method is flexible and can also incorporate
other choices, e.g. piecewise polynomial or radial basis functions [Wen99]. The example
in Figure 4 shows that this method reproduces the effective potential, which is the
outcome of the control problem, remarkably well with as few as three basis functions,
even for a relatively complicated potential energy landscape with many local minima.
We give theoretical error bounds in section 3.2.2.

The most developed method for the discretization of optimal control problems is the
Markov chain approximation method (MCA) by Kushner, see [Kus01] and the references
therein. It replaces the continuous control problem with a control problem for a Markov
chain and can deal with a more general class of control problems. However, the dis-
cretization has to use a grid which renders the problem intractable in high dimensions,
and only weak convergence results are obtained. Our method includes MCA if we use
linear finite elements on a grid as basis functions in the sense that MCA discretizes
derivatives by finite differences whereas our method discretizes derivatives by finite

elements. In this case, we obtain strong convergence results.

Figure 4 — Left: Potential energy V' (blue), effective potential U (green) and MSM approximation
(red). Right: Committor basis based on the three main wells.

In terms of linear PDEs, Galerkin-based discretization methods are well known and
usually called finite elements in this context [Bra07]. Aside from the structural discretiza-
tion of the control problem, the novelty of our contribution lies in the identification
of the committor basis as an effective basis when metastabilities are present, and the
error bounds we compute in section 3.2.2. These complement standard error bounds
for finite element methods, which are usually given in terms of piecewise polynomial
functions on grids, as well as existing error bounds in the MSM literature [Sar11].






1] Background

1.1 Markov Processes

In this section we give a brief introduction to the mathematical theory of Markov processes.
For details see [SS13b].

We denote the state space by X. For us, X will always be either a countable set or a subset of R?
and we call X discrete in the former and continuous in the latter case. Let 28 be the o-algebra
of Borel sets on X. A stochastic process on X is a collection of X-valued random variables
(X{) teT where the time index set is either T = [0,00) (continuous time) or T = N (discrete time).
If no specification is necessary, we will often just write (X;);. The stochastic process (X;);
lives on the probability space (Q, %, P) where Q = {w : T — X} is the set of X-valued functions
onT, & is the o-algebra generated by the sets {X;!(B)|t € T, B € 8} and P is the probability
measure generated by the finite-dimensional distributions of (X;);, which are the measures

.....

Pty,.tu(B1 X B2 x ... x Bp) =P[X;, €By,..., Xy, € Bx], ti€T, B;e%. (1.1)

Note that for each fixed f € T, we have a random variable Q 5 w — X;(w). On the other hand,
for each fixed w € Q we can consider the function T 3 ¢ — X;(w) which is sometimes called
sample path, realization or trajectory of the process.

For every t € T we define the natural filtration &; c & of & with respect to (X;); to be the o-
algebra generated by the sets {X;1(B)|s€T,s < t, B € 98}. That is, &, contains all pre-images
of #8-measurable subsets of X under X; for times s < ¢. Intuitively speaking, %; contains all
events that can be decided given knowledge of X(w) for s < ¢, i.e. the 'past’ of X;. We say that
(Xy)r is a Markov process if the so-called Markov property is satisfied:

P[X;eB|Z]=P[X;€B|X;] VO0=<s<t VBeZ. (1.2)
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The Markov property says that the probability of events in the future of s € T depends only
on the 'present’ X;(w) and not on the history of (X;); before time s. It is often important to
guarantee that the Markov property holds even if the fixed time ¢ in (1.2) is replaced by a
stopping time. A random variable 7 : Q — T is called a stopping time if

r<sti={weQ:t(w)=<tleF VteT.

In other words, 7 is a stopping time if we can decide whether or not 7 < ¢ has occurred based
on the knowledge of the process up to time ¢ only. The process (X;), is said to have the strong
Markov property if (1.2) still holds with ¢ replaced by a stopping time 7.

A Markov process is called homogeneous if P [X;.;, € B|X;] =P[X}, € B|Xp] forall £, h € T and
all B € 28 holds. The motion of a homogeneous Markov process is completely described by its
transition function p : T x X x 8 — [0, 1] according to

p(t,x,B) =P[X;€ B| Xp = x]. (1.3)

We recall the most important properties of transition functions:

1. x— p(t,x, B) is measurable for fixed ¢ € T and fixed B € %.
2. B~ p(t,x,B)is a probability measure for fixed ¢ € T and fixed x € X.

3. We have the Chapman-Kolmogorov equation:
p(t+s,x,B) =f p(t,x,dy)p(s,y,B) Vt,seT, xeX, Be A. (1.4)
X

This follows from the Markov property (1.2).

Next we discuss invariant measures and ergodicity. A probability measure p is said to be
invariant w.r.t. (X;), iff

/p(t,x,B)u(dx)zp(B) VieT, Be . (1.5)
X

In this thesis, p will always denote a probability measure over X, that is, u(X) = 1. For a
measurable function u : X — R we denote the expectation value of u w.r.t. the measure u by

Eu[u]zfxu(x)u(dx).

The space of measurable functions u: X — R with E[|ul] < oo is denoted by L' (X, u). Then the
Markov process (X;); is said to be ergodic w.r.t. u if [Wal82]

1 T
Eylul = Th—IEo?/(; u(Xpdt Vu(—:LI(X,u) (1.6)

10
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holds for almost all initial values Xj. If T = N, then the integral on the RHS is replaced by a sum.
For an ergodic Markov process, averages over u can be replaced by long-time averages, which
is the foundation of Monte Carlo sampling and similar numerical methods. The existence and
uniqueness of an invariant measure p is a necessary, but not a sufficient condition for (X;), to
be ergodic, and for many real systems both ergodicity and existence and uniqueness of u are
very difficult to prove. In this thesis we will mostly deal with ergodic Markov processes.

1.1.1 Time-reversibility

We now discuss the very important concept of time-reversibility. Since we need the concept
of forward and backward dynamics to do so we need T to be symmetric around ¢ =0, so let
T =R or T = Z if the time horizon is infinite, orlet T=[-T,T] or T=ZU [T, T] for some T > 0
if the time horizon is finite. Let the process (X;); be homogeneous and ergodic with unique
invariant measure y, and let X; ~ u for all £ € T. We define the time reversal transformation
R:(Q,%) — (Q,%) by (Rw)(t) = w(—1) for all ¢t € T. Obviously R is invertible and Rl =R
Then the time-reversed process (X; ), is defined by' X; (w) = X_;(w), and we denote the law
of (X;), by P~ = PoR. We often call (X;), the forward and (X; ), the backward process. A
Markov process is called time-reversible or simply reversible if P =P~ i.e. if the laws of the
forward and backward process are the same. In particular, we have

P[X,€ A XoeBl=P [X,€ A Xo€ Bl =P[X; € AX; €B|=P[Xoe A X,eB]  (1.7)

forall A, B € % and all ¢ € T, where we used the definition of P7, X, and the homogeneity of
X;. The equation (1.7) can be written in terms of the transition function by using

P(X;€ A, XpeB]= f P[X; € Al Xy =x]u(dx) = f p(t, x, A)p(dx),
B B
which holds since Xy ~ u. Then (1.7) can be written as
pr(t, x, A)p(dx) = fA p(t,x, B)u(dx). (1.8)

If the transition function is absolutely continuous w.r.t. the Lebesgue measure? dx on X, that
is, if a density p(t, x, y) exists such that

P(t,x,A)=fp(t,x,y)dy VAc 2B,
A

then (1.8) simply reads p(dx)p(t, x,y) = u(dy)p(t,y,x) for all £ € T and p-a.e. x,y € X. This
equation is often called detailed balance. It turns out that detailed balance is both necessary

1 Another definition often used in the literature is X r =X7-¢ for T = [0, T'], which reduces to our definition for

homogeneous processes after a shift ¢ — ¢ — %
2If X is discrete, then the Lebesgue measure dx is replaced by the counting measure.

11



Chapter 1. Background

and sufficient for (X;), to be reversible®.

Finally, we introduce an information-theoretic characterization of reversibility. We define the
relative entropy of two probability measures p and v as

d
H(u,v) :f logd—t(x)u(dx) ifu<v, H(u,v)=+o0o otherwise. (1.9)
X

Let F, 1) be the o-algebra generated by {X; ! (B)|r € T,0 < ¢ < T, B € %} and denote by Pjq 7y

and P[_O'T]

sure associated to the paths of finite length [0, T'] 3 t — X;(w). Then the entropy production

the laws P and P~ restricted to o, 7}, meaning that e.g. P|o 7 is the probability mea-
rate ep is defined as
eP:%i_II_}o%H(P[OrT]’P[_O,T])' (1.10)

That s, ep is the rate of growth of relative entropy between P and P~ as the time interval [0, T']
considered gets larger. Being a relative entropy, ep is always positive and ep = 0 if and only
if P=P~ a.s.. In fact since H(u,v) is a distance measure* for the probability distributions p
and v, the entropy production rate can be seen as a measure for the distance between X; and
X; and thus as a measure for the degree of irreversibility of (X;),. In summary, we have the
following equivalent characterizations of reversibility for homogeneous Markov processes:

1. Symmetry under time reversal: The laws of forward and backward process are the same,
thatisP=P7,

2. Symmetry of two-point correlations: The relation P[X; € A, Xo € Bl =P[X; € B, Xy € A]
holds forall te Tand all A, B € 93,

3. Detailed balance: u(dx)p(t,x,y) = u(dy)p(t,y,x) holds for all € T and p-a.e. x,y € X,

4. Zero entropy production: ep = 0.

1.1.2 Transfer Operators

From here on we will need the weighted Banach spaces
LP(X,p) = {u:X — IR:[ lu(x)|P u(dx) <oo}, I<sp<oo (1.11)
X
and

L (X, w) :{u:X—»[R:,u—esssuplu(x)Koo}

xeX

3From detailed balance, it is not hard to show that the symmetry of the two-point correlations (1.7 also holds
for all finite-dimensional distributions (1.1) provided (X¢); is homogeneous, which implies P =P~

4The relative entropy is not symmetric, H(u,v) # H(v, ). Thus H(u,v) is not a metric, but it still provides a
useful notion of distance between probability measures.

12
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with the corresponding norms |lull, and ||ul« respectively. Due to Hoélder’s inequality
LiX,w) < LP(X,u) foralll < p< g <oo.

Unless stated otherwise we will let T = [0,00). The transition function introduced in (1.3) is
one way to completely characterize the dynamics of a homogeneous Markov process. Another
is via the family of Transfer Operators5 T, LY(X, W — LYx, 1), which are defined for £ = 0 as

(Tru) (x) = Ex[u(Xy)] =fxu(y)p(t,x,dy), 1.12)

where E,[u(X})] is the expectation value of u(X;) conditioned on X, = x. The operator Ty is
the identity, and from the Chapman-Kolmogorov equation (1.4) we get the semigroup property

T,Ts=TsTy=Tssy Vs, t€T,s t=0.

The invariance of the transition functions w.r.t. u (1.5) guarantees that || 7¢|l; = 1, thus the
family of Transfer operators is a one-parameter family of contraction operators, and as such it
can be written as T; = exp(tL) for an operator L: 2 < L' (X, u) — L' (X, ) which is defined as
Tru(x)— u(x
(L) (x) = lim ~L4) 1) (1.13)
tl0 t

and u € 9 if the limit in (1.13) exists. The operator L is called the generator of the Markov
process (X;);. If T =N, we simply set L = T; — I. The operators T; and L describe the evolution
of observables with time. This is summarized in the following theorem (for T = R):

Theorem 1.1 Let f : X — R be continuous and bounded and define u:T x X — R as u(t,x) =
E, [f(Xy)]. Suppose that u(t,-) € D for each t € T and that the map t — u(t, x) is differentiable.
Then u satisfies the backward Kolmogorov equation

ou

E =Lu on(0,00)xX, u(0,x)=f(x). (1.14)

The theorem follows from (1.13) and properties of the semigroup T;. We prove it in appendix
A. One typical situation where the assumptions of the theorem are satisfied is u € C L2(Tx X) in
the context of diffusions, see below and [@ks03]. The counterpart of Theorem 1.1 is concerned
with the evolution of probability densities:

Theorem 1.2 Suppose that the law of (X;); has a density v w.r.t. the Lebesgue measure, that
isP(X;eB)= f gV(x, )dx. Let Xo ~ vo. Then under some regularity assumptions, v solves the
forward Kolmogorov equation

ov

T =%v on(0,00)xX, v(0,x)=vy(x) (1.15)

5A priori, Ty is defined on L (X, ), but it can be extended to LP (X, y) forall p = 1.
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where £ is the formal L? -adjoint of L, that is Jx v(®) (Lw) (x)dx = [ (L) (x)u(x)dx.

Equation (1.15) is also known as the Fokker-Planck-equation. One usually needs stronger
assumptions on the coefficients of £ in order for (1.15) to hold than one needs for (1.14).
For example, in the context of diffusions (1.15) holds if v € C1?(T x X) and additionally the
coefficients of L, b(t,-) and o (t,-), are in C' (X) and C?(X) for every ¢ € T respectively. Cf. below
and [LM94]. It is therefore typically better to study the backward equation instead of the
forward equation.

The transfer operator point of view is most powerful if T; and L are regarded as operators on
the Hilbert space L?(X, u) equipped with the scalar product

(U, vy ::fxu(x)v(x)u(dx). (1.16)

Then the adjoint T;" of T; in L*(X, ) is equal to T}, the transfer operator of the backward
process X :

(1, Tyv) = Bulu(Xo) v(Xp)] = Bulu(Xg) (X2 )] = By [u(X;) v (X)) = (T} u, )

by using the definition of T, the fact that X; = X_, the homogeneity of X" and the invariance
of . Similarly, L* = L™, L™ being the generator of the backward process X;. If (X;); is
reversible, then T, and L are essentially self-adjoint operators on L2(X, 1), and consequently
o(Ty) c[-1,1] and o (L) < (o0, 0]. Furthermore, if (X;); is ergodic then the essential spectral
radius of T; is bounded away from one. Spectral properties of T; have important connections
to metastability, see section 1.2.

1.1.3 Markov Diffusions

In what follows X = R? and T = R. Markov diffusions are generalizations of Brownian Motion,
the prototypical stochastic process named after the erratic movement of pollen particles
observed by the botanist Robert Brown in 1827. A Brownian Motion or Wiener Process W;
on R? is a homogeneous Markov Process with independent gaussian increments W; — W ~
N(0, (t— s)I) and a.s. continuous sample paths. Here N(u, ®) denotes the normal distribution
with mean p and covariance matrix ®.

To describe diffusions we shall use the theory of Stochastic Differential Equations (SDEs) in
the It6 sense, for an introduction to SDEs and It6 calculus see [@ks03]. A Markov diffusion
(X); is defined as the solution to the SDE

dX;=b(X;, dt+o(Xs, )dW;,  Xo = xo. (1.17)

with W; being Brownian motion on R", the drift vector field b: R x T — R? and the diffusion
coefficient o : R x T — R%*™. The matrix-valued function a(X;, t) = %O'(Xt, Hol(X;, 1) is

14
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called the diffusion matrix. Existence and uniqueness of a solution to (1.17) is guaranteed
under mild regularity assumptions on b and o, see [@ks03]. We will always work with diffusions
where existence and uniqueness is guaranteed, and furthermore where (X;); is ergodic and
admits a unique invariant measure p.

In the following we shall assume that b and o do not depend explicitly on time, i.e. b(x, t) = b(x)
and o(x, t) = o(x). Then the generator of the diffusion (1.17) actson u € CS(IR{d) as

Lu) =Y b0 2% + Y a0 U Vs a: VP (1.18)
where V?u is the Hessian matrix of u and a : V2u denotes the trace of the matrix product
between a and V2. If the matrix a is positive-definite, that is

Y aij(x)éiEj>0 Ve RY,

ij
then L is elliptic. If a is positive-semidefinite, i.e. the above inequality is not strict, then L is
said to be semi-elliptic. If a constant 6 > 0 exists such that

Y aij(x)&iE > 01817 VEeR?, (1.19)
ij

holds for all x € D c R, then L is said to be uniformly elliptic on the domain D. If (X;);
has invariant measure p and this measure admits a density w.r.t. the Lebesgue measure
on R which we also denote by i, then the time-reversed diffusion (X7) , satisfies the SDE
[HP86, Met07]

Lo _ _ 2
dX; =b~(X;)dt+0o(X;)dW;, b; (x) =—b;(x)+ mvf (aij(0)px)). (1.20)
Since the diffusion coefficient ¢ is unchanged under time reversal, a Markov diffusion is
reversible iff b= b".

The solutions of stochastic differential equations can be used to describe solutions of certain
PDEs. The backward Kolmogorov equation (1.14) is the first example of this interplay, and
one might wonder if this can be generalized. This is indeed the case, and the most classical
example of this is given by the famous Feynman-Kac formula [@ks03]:

Theorem 1.3 (The Feynman-Kac formula.) Let g € CS (RY) and fecC (RY), and assume that
f is bounded from below. Put

u(t,x) =Ey

t
exp (_fo f(XS)ds) g(Xt)] . (1.21)
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Then u satisfies the PDE

au d d
E:Lu—fu on(0,00) xR”, u(0,x)=g(x), xeR". (1.22)
Moreover, if w € CL2(R x RY) is bounded on K x R% for each compact K c R and w solves (1.22),

then w = u.

The backward Kolmogorov equation and the Feynman-Kac formula both consider parabolic
PDEs. Similar results exist for elliptic boundary value problems: Suppose we are interested in
the solution & of a PDE on a domain D c R?. Let (X;); be a Markov diffusion with semi-elliptic
generator L and initial condition inside D, and let 7 be the time X; hits the boundary 6D.
Then 7 is a stopping time, and we assume that 7 p is a.s. finite for all initial conditions x € D.
Then the following theorem holds [Dks03] (see [Kail2] or [FS06, App. D] for a detailed proof):

Theorem 1.4 (A Feynman-Kac formula for boundary value problems.) Let f = 0 be a con-
tinuous function onR%. Let g € C(0D) be bounded. Consider the boundary value problem

Lh(x)-f(x)h(x)=0 on D,
)lCer} h(x)=gW) y€oD. (1.23)

Then if a bounded solution h to (1.23) exists, it has the form

h(x) = Ey

exp(— fo 0 f(Xs)ds)g(XTD)]. (1.24)

We now give two examples for SDEs which occur frequently in Molecular Dynamics applica-
tions.
1. The overdamped Langevin equation is given by
dX;=-VV(X)dt+ v2edW; (1.25)

where V € C!(R%) is the potential and & > 0 the temperature. If V grows faster than linear
as || x| — oo, then the dynamics (1.25) is ergodic with invariant measure

p(x) = Z7le €'V, Z:fe‘flV(X)dx. (1.26)

The quantity Z is called the partition function. The generator of (1.25) acts on u € C?(R%)
as Lu = pu~'V-(uVu). The overdamped Langevin equation is an example of a reversible
dynamics.
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2. The second example is the famous Langevin equation

dXt = m_lPtdt
dp; ~(VV(X) +ym P dt+\/2yedw, (1.27)

R3? denote the position and momentum of d particles at time ¢, m is

where X;, P; €
the mass of the particles® and y the friction coefficient. The overdamped Langevin
equation (1.25) arises as the high-friction limit of (1.27). Langevin dynamics is ergodic

with invariant measure

_ 1
dutx,p)=e ¢ HoPdxdp,  H(x,p)=V(x)+ > plp. (1.28)
m

The function H : R% x R3¢ — R is called the Hamiltonian. Langevin dynamics is non-
reversible. The generator L of (1.27) acts on functions u € C?(R3% x R3%) like

Lu=¢eyApu+ m_lp-qu—VxV-Vpu—ym_lp-Vpu.

1.1.4 Markov Chains and Markov Jump Processes

If the state space X is discrete and T is continuous, we are in the realm of Markov jump
processes (MJPs). If T is also discrete, we are in the realm of Markov chains. In this section,
we will discuss the case where X = {1,...,d} is a finite set. This has the advantage that the
operators in question become finite matrices and thus many technical complications are
avoided. The function spaces L” (X, ) for 1 < p < oo all coincide with R4, and the transition
function (1.3) always has a density

p(t,x,y) =P[X; = y|Xo = x]. (1.29)

The equation (1.5) for the stationary distribution y becomes

Y. p(t,x, ) u(x) = p(y). (1.30)

xeX
As before, p gives rise to a scalar product (u, v), = ¥ xex #(x)u(x)v(x). The action of the

transfer operator (1.12) can be written as

Tru(x) =Elu(X)|Xo=x1= ) u(p)PX; =yl Xo=x]= ) u(y)p(t,x,), (1.31)
yex yex

61t is possible to consider different masses and friction coefficients for all particles, which we won’t do here to
keep notation simple.
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hence T acts as a matrix on u € R, and the components of T} are the transition probabilities
(1.29) which we shall always assume to be continuous at ¢ = 0, that is

lif(r)lp(t,x,y) =0xy Vx,yeX. (1.32)
t

This guarantees that the trajectories of (X;); are right continuous functions with left limits,
so-called cadlag functions. Trajectories of (X;), are piecewise constant with distinct jumps at

random times. From (1.30) we see that uTTt = uT

,i.e. pis aleft eigenvector to the eigenvalue
1 of T;. The semigroup of transfer operators T; becomes a semigroup of stochastic matrices,

i.e. matrices with row sum one, with generator

T,—1
L=lim—‘—.
tl0 t

(1.33)

The generator matrix L has row sum zero, and u” L =0, i.e. i is a left eigenvector of L to the
eigenvalue 0. The off-diagonal entries of L are all nonnegative and the diagonal entries are
given by lyx = =% yzx lxy. The reversed-time generator L~ = L* is given by L™ = D;tlLTD#
where D, = diag(p), this follows from (-, L(-));, = (L™ (), -) ;. In components,

I, = Mlyx Vx,yeX. (1.34)

()

Both L and L™ have the same stationary distribution p.

As we saw in section 1.1.2, the evolution of conditional expectations u(t,x) = Ex[f(X)] is
governed by the backward Kolmogorov equation (1.14). For Markov jump processes equation
(1.14) has the same form, but becomes a system of d coupled linear ODEs instead of a PDE.
The same is true for the Fokker-Planck equation (1.15). The operator appearing in (1.15) is
simply % = L. The Fokker-Planck-equation itself becomes

ov(t, x) B

o (LTv) (5, 0) = Y Lyav(t, y) + Lexv(E, X) (1.35)

y#x
and can be interpreted as a balance equation for the probability v(¢, x) = P(X; = x). Therefore,

lyx for y # x is the rate at which (X;); jumps from y to x, and Iy = — Y, Ixy is the escape
rate of state x.

To further illustrate this, let0 =) < f; < & <... < t; <... denote the sequence of jump times
of (X;);. Then X, := X(t,) defines a Markov chain which is called the embedded chain of the
jump process (X;) ;. The Markov jump process is then completely characterized by the chain
(Xn)n of states visited and the sequence of waiting times 7; = ¢;,; — t;. The embedded chain
(X7) 5 has a transition matrix Q with entries

Ly

X#
ey =PlXpor =yl Xy =21 =4 = 77 (1.36)

x=y.

(=)
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The waiting times 7; are exponentially distributed with parameter w, = E[7;|X; = x] = =1/ 1.

The ergodicity properties of Markov chains and Markov jump processes on finite state spaces
can be completely characterized by some simple structural properties. For a Markov chain with
transition matrix Q we say that x, y € X communicate if there are m, m’ € N such that (Q™), y>
0 and (Qm’) yx >0, i.e. y can eventually be reached from x and vice versa. Communication is
an equivalence relation and divides X into communication classes. If there is only one class,
then the Markov chain is called irreducible. A MJP is called irreducible if its embedded chain
isirreducible. An irreducible Markov chain on finite state space X is necessarily also positive
recurrent, meaning that for every x € X, E,[7] < oo where 7, = inf{n > 0: X}, = x} is the first
return time to x. The state x € X of a Markov chain is called periodic with period p if returns
to x must occur in multiples of p time steps. Formally, the period p of x € X is defined as

p=ged{n:(Q"),,>0}.
If p =1, then x is said to be aperiodic. If all x € X are aperiodic then the chain (X},), is said to
be aperiodic. For Markov chains, we have the very important ergodic theorem [Bré99]:

Theorem 1.5 (Ergodic theorem for Markov chains.)

(a) Let (Xp)y, be an irreducible positive recurrent Markov chain on X with stationary distri-
bution u and transition matrix P, and let f : X — R be such that E,[f] < co. Then for any
initial distribution vy, Py, -a.s.

1
Jim — n;f (Xn) =Eulf].

(b) Ifadditionally (X,), is aperiodic, then for any initial distribution vy,
: Tpn_ , T —
lim [lvg P"—p" =0

with ||pll := X cex 1)1,

Theorem 1.5 is the reason one calls a Markov chain ergodic if it is irreducible, positive recurrent
and aperiodic. This implies both (a) and the stronger property (b). MJPs cannot be periodic,
thus a MJP is called ergodic if it is irreducible and positive recurrent. The transition matrix
Q of an ergodic Markov chain has a simple eigenvalue 1 with the stationary distribution p
being the unique left eigenvector, u” Q = u”. The generator L of an ergodic MJP has a simple
eigenvalue 0 with the stationary distribution u being the unique left eigenvector, u’ L = 0.

We finish this section by noting that, like the forward and backward Kolmogorov equations,
the Theorems 1.3 and 1.4 discussed in section 1.1.3 also have analogues for MJPs. We first
present the analogue of Theorem 1.3:
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Chapter 1. Background

Theorem 1.6 (The discrete Feynman-Kac formula.) Let f, g € R%. Put

u(t,x) =Ex

t
exp (— fo f (Xs)ds) g(X;)] . (1.37)

Then u satisfies the ODE

0
a—L;zLu—fu on(0,00) xX, u(0,x)=g(x%), xeX. (1.38)

Moreover, if w € CYO(R x X) solves (1.38), then w = u.
As for the Kolmogorov equations, in the discrete Feynman-Kac formula the parabolic PDE
(1.22) is replaced by a system of d coupled linear ODEs for which existence and uniqueness is

simple. Next we present the analogue of Theorem 1.4:

Theorem 1.7 (A discrete Feynman-Kac formula for boundary value problems.) Let D c X
and f,g: X — R with f = 0. Consider the boundary value problem

Lh(x)-f(x)h(x)=0 xeD
h(x) =gx), x € X\D. (1.39)

Then the unique solution to (1.23) is

h(x) = Ey

exp(— fo ’ f(Xs)ds)g(XTD)]. (1.40)

Now the equation (1.39) is a linear system of equations instead of a PDE. We prove Theorem
1.7 in Appendix A. It also holds for Markov chains if we set L:= Q — 1.

1.2 Metastability

The concept of metastability is of central importance for this thesis, and it is a concept that is
particularly elusive. Although the intuition behind it is usually clear, the mathematical defini-
tion of metastability is not. Several different aspects of metastability exist, and accordingly
one finds several different definitions in the literature [BEGK02, BGK05, HS06, DSS12]. Here
we review some of them. A good overview can be found in [SS13b].

1.2.1 Metastable Sets

Perhaps the simplest aspect of metastability is that of an almost invariant set. A set Ac X
is called invariant for the timescale T if P[X; € A|Xp € A] =1forall 0 < ¢t < T, that is the
process (X;); is certain to remain in A over the timespan 7. The set A is called invariant if it is
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1.2. Metastability

invariant for T = co. Invariance is a very strict concept. For example, for an ergodic process
an invariant set A must necessarily have p(A) € {0, 1}, therefore invariant sets do not allow for
a decomposition of X into multiple sets of finite measure. It is therefore natural to relax the
condition of invariance to define metastable sets:

Definition 1.8 (metastable sets) The set A c X is called metastable for the timescale T if
pi(AA):=PX;eAlXpe Al=1 forall0<t<T.

This defines metastable sets as sets which are almost invariant with respect to the timescale
T chosen. Obviously pr(A, A) = 1 is a vague statement. However, the larger pr(A4, A) is, the
more metastable A is for the timescale T, and we are often interested in the most metastable
sets. Since metastability is defined relative to a timescale T, an obvious question is how to
choose T. Definition 1.8 becomes more restrictive the larger T is, so we will have fewer and
fewer metastable sets as T is chosen larger and larger. This hierarchical structure is natural
and reflects the multiscale structure of many dynamical processes. Usually we will select
an appropriate reference timescale ¢ and we are then interested in finding sets which are
metastable w.r.t. T > t¢. There are two alternative ways to characterize the metastability of a
set:

1. Large hitting times. Denote by 7p = inf{z = 0: X; € D} the hitting time of a set D c X.
Suppose A is a metastable set in the sense of definition 1.8 for some T > f¢, and let
D = A° be the complement of A. Since metastable sets are hard to leave, we expect the
mean time it takes to hit D from any x € A to be large, i.e. Ex[Tp] > t7 for all x € A. Of
course E,[Tp] depends on x. In some ideal cases, E,[7p] will be almost constant for
all x € A, but often this is only true for x sufficiently far away from 0 A or for very low
temperatures.

2. Small exit rates. With the same setting as above, suppose that we are in the situation
that E,[7p] is almost constant for all x € A. Then heuristically, the exit rate of A can be
defined as I'(A) = 1/E,[7p] and we expect I'(A) <« t}?l. More rigorously, it can be shown
[BBI12] that the distribution of the random variable 7p conditioned on x € A is asymp-
totically independent of x and exponential, hence P[tp = t|Xy = x] ~ exp(-T'(A)1),

which defines the rate I'(A), and indeed one has I'(A) <« tfl.

1.2.2 Metastable Partitions

The notion of metastable sets can be used to partition X. This is tied to the construction of
Markov State Models (MSMs) [Sar11]. A full partition of X is a collection of sets Aj,... A, with
AinAj=@and U;.Z 1 Ai = X. We can use definition 1.8 to evaluate the metastability of a full
partition:
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Chapter 1. Background

Definition 1.9 The metastability index D1 (A,,..., Ay) of the full partition Ay, ..., Ay, of X for
the timescale T is defined as
m

Dr(Ar,...,Ap) = ) pr(Ak, Ap). (1.41)
k=1

The partition Ay,... Ay, is called metastable for the timescale T if D7(Ay, ..., Ap) = m.

The metastability index can be used as an optimization criterion to find the best metastable
partition (A7,..., A},) = argmax, ., Dr(Ay,..., Ap) among all full partitions into m sets for
a given timescale T.

Full partitions suffer from a problem which is illustrated in Figure 1.1. Suppose the dynamics
(Xp) ¢ is a Markov diffusion given by (1.27) with the potential V shown in Figure 1.1. For
such a dynamics, deep wells are obvious metastable sets. But the assumption that the whole
energy landscape can be decomposed into deep wells is usually not valid, and in fact the exact
location of the boundary between A; and A in Figure 1.1 is largely arbitrary. In this situation
it is more meaningful to search for an incomplete partition of X, that is a collection Cj,...,Cy,
of disjoint sets such that the complement of C = U, C; is nonempty. The metastability of
an incomplete partition can be characterized via the mean hitting times in the following way
[BEGKO02]:

Definition 1.10 (Metastability of incomplete partitions) For an incomplete partition Cy,...,Cy,
of X, let C=UiZ, C;. We define the metastability of the set C; to be

_ supyexycExlrcl

pi=- , (1.42)
" infrec, Ex [Torc]

The partition Cy, ..., Cy, is called p-metastable if p := max; p; < 1.

In this definition, the time ¢ = sup,x\c Ex[7¢] is the maximum return time to one of the
metastable sets from outside and T; = infyec, Ex [TC\C,»] is the minimum time it takes to escape
C; and jump into any other metastable set C;. The metastability p; is the degree of separation
between the two timescales tr and T;. A large degree of metastability in the sense of Definition
1.10,i.e. a small p;, requires tg to be small, so the metastable sets have to be easy to reach, and
T; to be large, so transitions between different sets have to be hard. The key difference between
full and incomplete metastable partitions is the following: For the incomplete partition shown
in Figure 1.1, a transition from C; to C, is necessarily a transition from the left to the right well.
But in terms of the full partition shown in Figure 1.1, a transition from A; to A is any crossing
of the boundary between A; and A, and such boundary crossings may happen many times
without any true transition from the left to the right well. In other words: The sets Cj, ..., Cyy,
define the locations of the 'cores’ of metastable regions. For this reason they are also called
core sets in this context [DSS12, Sar11].
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1.2. Metastability

Ay A

Figure 1.1 — A metastable partition A;, A of the double well potential V. Because of the
extended transition region, the exact position of the boundary between A; and A, is largely
arbitrary.

1.2.3 Detecting Metastability

With the Definitions 1.8, 1.9 and 1.10 of metastable sets and metastable partitions, some
obvious questions remain: How does one detect a priori if a system is metastable or not?
How does one find metastable sets and partitions? How does one determine the number of
metastable sets in a partition?

Definition 1.10 indicates one possible answer to these questions via the hitting times: Select
some test set A c X, and compute the hitting times E, [T 4] for all x € X\ A, this can be done by
solving a linear system of the form (1.23). Then for the metastable decomposition Cj, ..., Cy, in
Definition 1.10, we expect that E,[7 4] is large and almost constant for all x € C;. Moreover, if
x; € C;and xj € C;j with i # j, we expect that generically Ey, [7 4] is very different from Exj [T Al
Generically here means that this property holds for many, but not necessarily all test sets
A c X. This way, hitting time distributions for different test sets may be used to detect the
metastable sets Cy,...,Cyy,, see [SS14].

Metastability is best understood if the dynamics is reversible. For reversible Markov diffusions
and MJPs it is known [BEGKO02, BGK05] that if a metastable decomposition in the sense of
Definition 1.10 exists, then the spectrum of the generator L has m dominant eigenvalues
0=A; > A2 >...> A, and the inverses of the dominant eigenvalues are asymptotically close
to the jumping timescales T; = infyec, Ex [Tc\¢;| from Definition 1.10 in a certain ordering.
Moreover, the location of the metastable sets is encoded in the eigenvectors of the m dominant
eigenvalues. In other words, for a reversible Markov diffusion or MJP, metastability can be
detected by examining the dominant spectrum of L.

A similar relation between metastable full partitions in the sense of Definition 1.9 and the
spectrum of the transfer operator Ty is known [HS06, Hui0O1]:

Theorem 1.11 Let Ay,..., Ay, beafull partition of X. Let Ty be reversibleand1 =11 > A, >...>
Am be the m dominant eigenvalues of T; with corresponding eigenfunctions u . Furthermore, let
a >0 besuch thato(T;) c [—a, alU{d,}U...U{L1}. Then the metastability index D((Ay, ..., Am)
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can be bounded by
Kidi+ ... KmAm+c<Di(A1,...,Ap) <A1 +... Ay (1.43)

wherex; = |Qu; |I§ andc=a(l —x«1)...(1 —xp). Q is the orthogonal projection onto the space

m
@:{ueLz(X,,u):u:Zci)(Ai, cl,...,cme[R{}.

i=1

Theorem 1.11 establishes a relation between the metastability index D(A;,... Ay;) of the full
partition Aj,..., A;, for the timescale t and the dominant spectrum of the transfer operator T
for the same timescale. Theorem 1.11 can be read in the following way: If T; has m dominant
eigenvalues close to 1, then we can find a partition into m sets which has a metastability
index close to m, namely the partition that minimizes the projection errors x; = | Qu; |I§ of the
eigenfunctions u; onto the space 2 of functions which are constant on the sets A;. In other
words, the sets A; should be selected so that the eigenfunctions u; are almost constant on the
Aj.

1.3 Transition Path Theory

As we saw in the last section, for a metastable Markov process several regions in state space
X might exist in which the process stays for a long time, such that transitions between these
regions become rare events. Often it is precisely those transitions one is interested in. This
is where Transition Path Theory (TPT) steps in as an exact theory to describe and bias on
the statistical ensemble governing those transitions. An introduction to TPT can be found in
[VE06, Met07]. Here we only give a short overview of the objects one is dealing with in TPT.

Fix two subsets A, B X with smooth boundaries, nonzero measure and An B = @. In TPT, A
is the reactant state and B the product state, and we are interested in reactions from A to B.
We usually think of A and B as well-defined metastable sets which are 'far apart’ in the sense
that the dynamical process (X;); we are interested in takes a long time to make transitions
between A and B, cf. Definition 1.10. However, TPT is still exact if this is not the case. Suppose
that T = R and that we have an infinitely long equilibrium trajectory T 3 ¢t — X;(w), which we
denote by X () for convenience. Now we define the stopping times

Thp(®) =inf{t'=t: X(t) e AUB}, T,5(0)=sup{r' <t:X () e AUB}. (1.44)

That is r;B(t) is the first time after time ¢ when X (¢) hits Au B and TIORS the last time
before time t when X(f) was in AU B. For the realization X () we define the set of reactive
times R as

teRe X(D¢AUB, X(Thz(0)€B, X(1,5(1) € A. (1.45)
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Figure 1.2 — An illustration of the ensemble of reactive trajectories in TPT. For the realization
X (t) shown, the part in red is a reactive piece.

In other words ¢ € Rif (1) X(¢) is neither in A nor in B, (2) the trajectory X(¢) followed into
the past starting at time ¢ hits A before B, and (3) the trajectory X (¢) followed into the future
starting at time ¢ hits B before A, see Figure 1.2 for an illustration. R is a disjoint union of
intervals, each interval representing one reactive piece. It is important to notice that Tz 5D,
7,50 and R depend on the realization X (¢) and are therefore random variables themselves.
In TPT one is interested in computing the following objects:

1. The probability density of reactive trajectories i (x). Assuming that it exists, pg(x) is
the probability density of finding X; at x conditioned on X; being reactive (that is, ¢
being in R). Formally,

f,uR(x)dx:P[XteCIteR] VC e A. (1.46)
c

2. The probability current of reactive trajectories /4p. This probability current is a vector
field on X with the property that if /45 is integrated over a surface dS which is the
boundary of a region S < X\ (AU B), we get the probability flux of reactive trajectories
across that surface. To make this definition precise we need to know what vector fields
on X are. We reserve that for later when we specialize to X being discrete.

3. The reaction rate k4. As stated above, the set R of reactive times is a disjoint union of
intervals where each interval represents one reaction. Let Nt be the number of reactions
or disjoint intervals in Rn [—T, T]. Then the reaction rate is defined as the limit
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1.3.1 Transition Path Theory for Markov Jump Processes

We now specialize to the setting of Section 1.1.4, that is X ={1,...,d} is finite and (X;); is a
Markov jump process on X with generator L. TPT for MJPs has been studied extensively in
[Met07]. A prominent role is played by the committor functions:

Definition 1.12 (Forward and backward committors.) Let 7 = inf{r = 0: X; € AU B} and
1~ =inf{t = 0: X; € AU B}. The forward and backward committor functions q* and q~ are
defined as

g (x)=P[X; € B|Xp = x], q-(x)=P[X; € AlXo = x]. (1.47)

By applying theorem 1.7 with f = 0 and g = 1p, we see immediately that the forward committor
is the unique solution of the linear system

(Lg"H(x)=0, xeX\(AUB)
g x)=0, xe€A (1.48)
g (x)=1, x€B.

Likewise, by applying theorem 1.7 to the reversed process X, with f =0and g =14, we see
that the backward committor is the unique solution of the linear system

(L*q™)(x) =0, xeX\(AUB)
qg (x)=1, xeA (1.49)
g (x)=0, x€B.

Since X is discrete, the probability density of reactive trajectories ug exists, and we are now in
a position to compute it. First, observe that yr(x) = 0 for x € AU B, hence we may assume that
x € X\ (AU B). Now we perform a Bayesian inversion:

HRIO=F18e =X T PlreR] e= A

But by the definition (1.45) of R and the homogeneity of (X;);,
PlteR|X;=x]=P[0€R|Xp = x] =P[X; € B, X;- € Al Xp = x]

with 7 and 7~ as in definition 1.12. By the same definition and the Markov property we finally
getP[teRIX; =x] = q*(x)g~ (x) and

UR(X) = Zg' gt (Du(x) g~ (),  Zz=PlteRI=Y q*(ux)q (x). (1.50)

xeX
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Now we come to the probability current of reactive trajectories. The discrete analogue to
vector fields are flows, that is, antisymmetric functions on X x X. We first define the probability
current of reactive trajectories between states x, y € X:

1
faB(x,y):= 1;%1 ;P[Xt =% Xes =y 60+ s1€R = g~ (Op) Ly g™ (). (1.51)

For a derivation of the last identity see [Met07]. The current f4p is antisymmetrized to give
the effective probability current

(faB(x, ) = fa (3, %)). (1.52)

DN =

fip(x,y) =

The effective probability current plays the role of J4p in discrete TPT. The fact that f, can be
negative does not mean that probability currents can be negative, rather the sign of f, indi-
cates the direction in which morereactive trajectories flow. Both f4p and f; have interesting
conservation properties. For any function F : X x X — R, we define the divergence of F by

divF:X—R, divF(x)=) F(x,y)-) F(yx). (1.53)
y y

The divergence of F at x measures the difference between the amount of flow transported by
F into x and the amount of flow transported out of x. Since divergence is unchanged under
antisymmetrization, div fa = div f,; and anything we say about the divergence of fyp also
holds for fXB. The current fyp is divergence-free on X\ (AU B):

div fap(x) =0 VxeX\(AUB). (1.54)

This follows from the committor equations (1.48) and (1.49). The fact that f4p is divergence-
free on x \ (AU B) reflects the fact that a reactive trajectory entering x € X \ (AU B) must also
leave x and stay reactive at the same time. This is not so on AU B, in fact A acts as a source
and B as a sink of reactive trajectories, and it can be shown [Met07] from (1.54) and (1.51) that
the reaction rate can be expressed as

kap = ) divfap(x)=—-) divfap(x)
xX€EA xX€B
= Y fapx,= Y. fasx ). (1.55)
xeA, yeX xeX,yeB

The reaction rate can also be expressed with f ., in the same way.

1.4 Optimal Control Theory

In this section we give a short and nontechnical introduction to stochastic optimal control
theory, following [FS06]. A complete theory of stochastic optimal control needs the theory
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of viscosity solutions which we omit, for details see also [FS06]. Optimal control theory is a
mathematical framework which models the following situation: Given a dynamical system
which can be influenced by an external controller, we seek to minimize an objective function
over all admissible controls. In stochastic optimal control, the dynamical system is a stochastic
process. In the following we describe the controlled processes and objective functions used in
this thesis in more detail and then describe the dynamic programming approach for solving
the resulting optimization problem formally. We finish by stating several verification theorems.

Let the controlled process (X}), be a stochastic process on the state space X whose evolution
is influenced by another stochastic process (u;) ; which takes values in the control space U.
We assume that U is a complete separable metric space. Often U = R¥ for some k > 0. We call
the process (u;); an admissible control strategy if

1. u,is F;-adapted’,
2. uryw)eUforeverywe QandeveryteT,

3. The evolution equation for X/ has a unique strong® solution.

The second condition says that we are only allowed to select controls from the control space
U, while the first condition says that we are only allowed to base or choice of u; at time s on
the history of (X}), from time 0 to time s. The third condition becomes meaningful once we
specify an evolution equation for X}*. The space of all admissible control strategies is denoted
by % . We call u € % a Markov control if u is of the form u; = a(t, X[”) for some function
a:TxX—-U.

We have to specify how the control u, influences the evolution of X/*. In specific examples, this
is done by specifying the evolution equation for X/, but the following construction can serve
as a guiding principle: Suppose that we have a family of infinitesimal generators L* indexed
by a € U. Then for a constant control strategy u = a € U, we let (X*) be a Markov process with
generator L%, If (i) is not constant, then the choice of generator at time s depends on u;.
We now give evolution equations for X}’ for the systems of interest in this thesis:

* Controlled Markov Diffusions. Let X = R". The controlled process X/ satisfies the
controlled SDE

dX"=b(t, X" u)dt+o(t, X", u)dw,,  X¢=x (1.56)

where W, is Brownian motion on R”, and b: TxR% xU — R% and ¢ : T x R% x U — R4*™

are the control-dependent drift vector field and diffusion coefficient.

7A stochastic process (ur)¢ is called &#;-adapted if the random variable u; is &;-measurable for every t € T.

8A strong solution to the SDE (1.17) is a stochastic process (X); that satisfies (1.17) with probability one, with
the Brownian motion W; given in advance. See [@ks03] for an account on weak and strong solutions. If (X ;‘) ‘ isa
MJP, the word ’strong’ is omitted.
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e Controlled MJP. Let X = {1,...,d} be finite and let L* be a generator matrix on X with
entries [(x, y; a) for every a € U. If the control u; = a is used at time s, then the jump rate
from x € X to y € X at time s is given by /(x, y; @). The probability v¥(x, t) = P(X}* = x)
evolves according to the controlled Fokker-Planck equation

ov¥(x, 1)

T D106y udvE (e, 1) + 10X, X u) v (x, B).

y#x

In both examples, X/ is not necessarily a Markov process. However, if (1), is a Markov control
policy, then X/ is a Markov process under some additional non-degeneracy assumptions, see
[FS06]. The goal of the controller is to minimize the objective function J* over all admissible
controls u € % . The most common objective functions are

1. finite time horizon: On a finite time horizon [0, T], the objective function J* with initial
data (t, x) has the form

T
JU(t,x) = Egx f (s, XY ug)ds+z(X}) (1.57a)
t

where E,[...] denotes expectation conditioned on X/ = x. The function f: [0, T] x X x
U — R s called the running cost, z: X — R the terminal cost and T > 0 the terminal
time. Both f and z are required to be measurable functions.

2. indefinite time horizon: Let A c X and let the stopping time 7 be the first exit time of X}
from A (of course T depends on u). Then J* has the form

T
J“(x) =Ey fo f(XE us)ds+z(XY) (1.57b)
with running cost f: X x U — R and terminal cost z: 0A — R.
3. infinite time horizon: Here we use either a discounted cost criterion
[e.0]
J¥(x) = By f e M (XY, ug)ds (1.57¢)
0
with discounting parameter A > 0 or an averaged cost criterion
1 T
J“(x) =limsupE, | = f f(X¥ us)ds|. (1.57d)
T—o0 T Jo

The solution of an optimal control problem is encoded in the following two key quantities:
The optimal cost-to-go or value function V and, if it exists, the optimal control policy u*:

V(t,x) = inf J*“(t,x), u* = argmin J*. (1.58)
ueu =24

Note that the optimization in (1.58) is carried out over all admissible control policies, which is
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an extremely difficult optimization problem. If one knows a priori that u* exists and is a Markov
control policy, then one can restrict the optimization to the much smaller space of Markov
controls, but this is not always possible. With dynamic programming which is described next,
the optimization over %/ can be reduced to a much simpler pointwise optimization.

1.4.1 Dynamic Programming

We review the dynamic programming principle for the case (1.57a) of a finite time horizon
problem, which associates the value function (1.58) of the optimal control problem with a
non-linear PDE. The discussion here is completely formal, we leave all mathematical rigour to
the presentation of the verification theorems in the next section, which state that solutions to
certain PDEs coincide with the value function of an optimal control problem.

Suppose that an optimal policy u™* exists, and take us;=a € U for t < s < t+ h and u, = u; for
t+h<s<T.Then
V(t,x) < J(t,x) =Egx

t+h
f £ X% a)ds+V (t+h, X" ,) (1.59)
t

Because u; = a is constant on [¢, t+h], (XS”)S is a Markov process with generator L% on [, £+ h].
Suppose that all the generators L* have a common domain of definition 2 and that V(¢,-) € 2.
Then by (1.13),

a : ]' u
L V(t,x)=1%E(Etx[v(t,xt+h)] )

Furthermore, if V (-, x) € C! then

1 ov(t,x)

i b (B [V B0 B (Ve X)) = 2
and

) t+h "

l}ll%lﬁEtxft f(sX¢ a)ds| = f(t,x,a).

Using all of this, we can subtract V(z, x) on both sides in (1.59), divide by % and take the limit
h — 0, which gives after collecting all the terms:

0< f(t,x,a) + + LYV (t, x). (1.60)

oV (t,x)
ot

On the other hand we expect that equality in (1.59) holds if u = u* on [t, T]. Let a* = E [u}|F;]
and note that a* € Uis a.s. constant since u; is %;-adapted. Then if ™ is continuous, we have

oV (t, x)

0=f(t,x,a*)+ + LY V(L ).
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1.4. Optimal Control Theory

This equality together with the inequality (1.60) yields the Bellman equation

) { ov(t,x) }
0=min< f(t,x,a) + + L%V (t,x) O<t=T,xeX. (1.61)
acU ot

For Markov diffusions, equation (1.61) is a nonlinear parabolic PDE in [0, T] x X together with
the terminal condition V (T, x) = z(x) for all x € X. For MJPs, (1.61) is a set of coupled nonlinear
evolution equations. The advantage of the Bellman equation is that the minimization over %
in (1.58) has been reduced to a pointwise minimization over U, which is a lot more feasible
computationally. Still, a direct solution of (1.61) is not feasible if X is high dimensional. The
Bellman equation also suggests that an optimal Markov control policy u; = a* (¢, X}*) should
exist, where the function a* should satisfy

a*(t,x) =argmin{f (s, x,@) + L*V(t,x)} 0<t<T,xeX. (1.62)
aeU
The derivation of (1.61) is formal in the sense that we made several strong and unjustified
assumptions, e.g. the existence of an optimal control, sufficient smoothness of V' and the
assumption that V(t,-) € 2 for all 0 < t < T. With some technical effort these assumptions can
be relaxed and the derivation made rigorous, see [FS06].

1.4.2 Controlled Markov Diffusions

We now specialise to the diffusion setting. Let (X}'), be a controlled Markov diffusion in R4
evolving according to the SDE (1.56). We let U = R* and recall that for any admissible u the
SDE (1.56) is required to have a unique strong solution. For any a € U, define the action of the
generator L* on g€ COI'2 (T x RY) as

L% (t,x) = b(t,x,q)-Vg +al(t,x,a): Vg (1.63)

where a(t, x,a) = %a(t, x,a)o L (¢, x,@). We now state a verification theorem that establishes
a link between solutions to the Bellman equation (1.61) and solutions to the corresponding
optimal control problem [vH07].

Theorem 1.13 (Verification, finite time horizon.) Let O = [0, T) x X. Suppose V € C L20) is
a solution to

oV (t, x)
0=
ot

+min{L*V(t,x) + f(t,x, @)}, (£,x)€O0,
acU (1.64)

VI(T, x) = z(x), xeX

and assume that |E[V (0, Xp)| < co. Denote by %, < % the class of admissible control strategies
u such that

t
f VV (s, X¥) 0 (s, X, us) dW
0
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Chapter 1. Background

is a martingale (rather than a local martingale). Then V (t,x) < J*(¢t, x) for every u € %y and all
(t,x) € O, where the cost function J* is given by (1.57a). If further a minimum

a*(t,x) =argmin{L*V(t,x) + f(t,x, @)}, (£,x)€0 (1.65)

aclU

exists and u} = a* (t, X¥) is in %o, then V(t,x) = J* (¢, x) forall (t,x) € O, and u* is an optimal
Markov control strategy for the control problem (1.57a).

With the verification Theorem 1.13 at hand, we know that once we find a solution to the
Bellman equation (1.64), we know that this solution coincides with the value function of the
finite time horizon optimal control problem (1.57a). Furthermore, if the minimum in (1.65)
exists and defines an admissible control strategy, then we know that an optimal control for
problem (1.57a) is given by the Markov control u} = a* (¢, X“). This approach is very practical
and suffices for this thesis. There is also a verification theorem for the case of an indefinite
time horizon [vHO07]:

Theorem 1.14 (Verification, indefinite time horizon.) Let A c X be open and bounded with
closure A. Suppose V € C?(A) is a solution to
0=min{L*V() + f(x,a)}, x€A
acU (1.66)

V(x) = z(x), x€0A.

Let X € A a.s. and let T be the first exit time of X;' from A. Denote by %y < % the class of
admissible control strategies u such thatt < oo a.s. and

E

T
f VV (s, X¥) 0 (s, X, us)dWs| =0.
0

Then V (x) < J“(x) for every u € Uy and all x € A, where the cost function J“ is given by (1.57b).
If further a minimum

a”(x) =argmin{L*V(x) + f(x,@)}, x€A (1.67)
aeU

existsand u; = a* (X;‘) isin, then V(x) = T4 (%) forallx € A, and u* is an optimal Markov
control strategy for the control problem (1.57Db).

Results similar to Theorem (1.13) and (1.14) exist for both the discounted cost and averaged
cost criteria for infinite time horizons, but these results are omitted here. They can be found
e.g. in [FS06].
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1.4. Optimal Control Theory

1.4.3 Controlled Markov Jump Processes

We know specialize to controlled MJPs. Let X = {1,...,d} and let L* be a generator matrix on
X with entries I(x, y; @) for every a € U. Denote by %, < % the class of admissible control
strategies such that for all functions ® : X — R and for any stopping time 7 the Dynkin formula
holds:

E, [®(X[)] =P(x) +Ey . (1.68)

T
f L“®(XMds
0

In [FSO06], the term ’admissible control system’ is used for the class %/. Essentially, the
martingale properties used to define %/, in the previous section together with the smoothness
assumptions on V are equivalent to (1.68). This allows us to carry the verification theorems
(1.13) and (1.14) over to the discrete case. Specifically, we have the following:

Theorem 1.15 (Verification, finite time horizon.) Let O = [0, T) x X. Suppose V € C°(0) is
a solution to

0= oV (t,x)

N a
P +I(£1€1&51{L V(t,x)+ ft,x,a)}, (t,x) €O,

(1.69)
V(T x)=z(x), X € X.

Then V (t,x) < J“(t, x) for every u € Uy and all (¢, x) € O, where the cost function J* is given by
(1.57a). If further a minimum

a*(t,x) =argmin{L*V(t,x) + f(t,x, @)}, (£,x)€O (1.70)

aclU

existsand uy = a*(t, X}") isin Uy, then V(t, x) = T (£, %) forall (t,x) € O, and u* is an optimal
Markov control strategy for the control problem (1.57a).

And for the indefinite time horizon case:

Theorem 1.16 (Verification, indefinite time horizon.) Let A c X. Suppose V: X — R isa
solution to

0=min{L*V(x) + f(x,@)}, x€A4
aeU 1.71)
Vi(x) = z(x), xeX\A.

Let X' € A a.s. and let T be the first exit time of X' from A and assume that 7 is a.s. finite for all
u€Uy. ThenV(x) < J“(x) for every u € %, and all x € A, where the cost function J“ is given by
(1.57b). If further a minimum

a*(x) =argmin{L*V(x) + f(x,@)}, x€A (1.72)

acU
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Chapter 1. Background

exists and u; = a* (X}') is in %, then V(x) = J¥ (x) forall x € A, and u* is an optimal Markov
control strategy for the control problem (1.57b).

We prove Theorem (1.16) in appendix A, the proof of Theorem (1.15) is analogous.
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4 Irreversible Markov Chains and Cycles

This chapter studies irreversible Markov chains as a prototype for non-equilibrium systems.
We use graph-theoretical representations of the transition matrix P of the Markov chain, and
the notion of cycle decompositions in particular, as our main tools. Both are introduced
in detail in section 2.1. We first give a purely algebraic construction to arrive at a cycle
decomposition in section 2.1.2, then we present a stochastic construction in section 2.1.3. We
then discuss the connections between cycle decompositions and reversibility (or irreversibility)
in section 2.1.4 and give connections to the entropy production rate functional in section
2.1.5.

The second part of the chapter is devoted to the construction of reversible surrogates to
irreversible Markov processes. We formulate the problem in section 2.2 and classify possible
solutions to a simple subproblem in section 2.2.1. The solution to the general problem via
cycle decompositions is constructed in section 2.2.2. Finally, a theoretical result that shows
that commuting times for reversible processes are always accelerated if a non-reversible term
is added is shown in section 2.2.3.

The third part of the chapter is concerned with applications and numerical examples. We
discuss two main applications: Module detection in section 2.3 and dealing with loops in
transition paths in section 2.4. Section 2.3 uses the ideas developed in sections 2.1 and 2.2.
Section 2.4 also uses TPT, which was introduced in section 1.3.

2.1 Cycle Decompositions

2.1.1 Coates Graph and Cycle Space

Here and in the rest of the chapter, we assume the state space X to be finite. This allows us to
give a graph-theoretical characterization of irreversibility in terms of cycles in a directed graph
which we associate to our Markov process. To set this up, first note that we are free to think
of any linear operator L on RX as a bilinear form L : R* x RX — R acting as L(v, w) = (v, Lw).
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Chapter 2. Irreversible Markov Chains and Cycles

Here, (v, w) = v’ w is the canonical scalar product on RX. By restricting this bilinear form to
the canonical basis on R*, we obtain amap L: X x X — R. The values L(x, y) = Lyy for x, y € X
are simply the entries of L viewed as a matrix. We will freely switch between these different
points of view. Now we make the following definition:

Definition 2.1 Let L be a linear operator on R*. The Coates graph of L is the directed graph
G(L) with vertex set X and edge set E = {(x, y)eXxX:L(x,y) > 0}.

Let (X,), be a Markov chain on X with transition matrix P and associated Coates graph
G(P). We now develop graph-theoretical interpretations of several properties of (X}), in
terms of G(P). These results generalize immediately to continuous time MJPs by replacing
G(P) with G(L). A first observation is that ergodicity translates into a form of connectivity: A
directed path in G is a sequence (xy, ..., x;) of nodes in G where every (x;, x;;+1) is an edge in
Gfori=1,...,s—1. We call the nodes x, y in G strongly connected if there is a directed path
from x to y and a (possibly different) directed path from y to x. x and y are called weakly
connected in G(P) if they are strongly connected in G(P + PT). Strong (weak) connectivity
is an equivalence relation and partitions G into equivalence classes which we call strongly
(weakly) connected components. We call G strongly (weakly) connected if it has only one
strongly (weakly) connected component (which then must be all of X). Then we have

Lemma 2.2 The communication classes of P equal the strongly connected components of the
Coates graph G(P). In particular, if P is ergodic then G(P) is strongly connected.

Proof: Two states x, y are said to communicate if there are natural numbers r, s such that
(P")xy > 0 and (P°)y, > 0. But then pyy,px,x;---Px,_,y > 0 for some sequence of nodes
X, X2,...,Xr—1, ), which implies that there is a directed path of length r from x to y in G(P). For
the same reasons, there is also a directed path of length s from y to x in G(P). This shows
that x and y are strongly connected if they communicate. The converse is trivial, hence com-
munication and strong connectivity are logically equivalent. If P is ergodic, then P must be
irreducible, hence it must have only one communication class, therefore G(P) has only one
strongly connected component. B

The study of non-ergodic Markov chains essentially reduces to the study of each communica-
tion class separately. We therefore assume ergodicity of (X}),, and thus strong connectivity of
G(P) from here on. In the rest of this section, we introduce the cycle and cocycle vector spaces
of general oriented graphs, following [Kal06] and [Pol15]. Cycles in the Coates graph G(P) will
play a prominent role later on if P is irreversible.

Let G = (V,E) be an oriented graph with edges E = {ej, ..., ¢ g }. The edge vector space R/Z!
is the space of formal linear combinations of edges (in an algebraic topology context, R'Z!
would be called the space of one-chains). We endow R'¥! with the standard Euclidean scalar
product ¢:,-). Since edges are oriented, every edge e has a unique source s(e) € V and a unique
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2.1. Cycle Decompositions

target t(e) € V. We identify s(e) and (e) with the associated canonical basis vectors in RV
and denote the boundary of an edge e by de = t(e) — s(e). By linear extension this gives us a
boundary operator 8: Rl — RV, We define the vector space of one-cycles as € = kerd, and
the space €* of cocycles as the row space of 3. We reserve the term cycles for elements of €
of the form ¢ =) ; s;e; with s; € {0, £1}. The coefficient s; is positive if the orientations of ¢ and
e; agree, negative if they are opposite and zero if e; is not present in c¢. Graphically, cycles are
sequences of edges such that for each incoming edge at a vertex x, there is an outgoing one.
The rows of 0 correspond to simple cocycles, which are minimal sets of edges that disconnect
G into two subgraphs. An example graph with some cycles and a cocycle is shown in Figure
2.1.

€2
/\ ‘\ 63 Y

©
W

Q)
\'I
)
o,
[ 4

Figure 2.1 — Example of an oriented graph G. Some cycles are ¢c; = e + €3, ¢2 = e; + €5+ e + €7,
c3=ep+e4—esand ¢4 = —e3 + e4 — e5. The dotted edges denote the cocycle ¢* = e4 + €5 — eg
whose removal disconnects the red vertex from the rest of G.

Notice that we distinguish between the cycles c3 = e; + e4 — e5 and ¢4 = —e3 + e4 — e5. This is
different from e.g. the treatment in [Sch76] and [Pol15], where —e denotes e with opposite
orientation, and e and —e cannot both be present in E. For us —e means that the edge e is
traversed in the opposite orientation, and there may or may not be another distinct edge €’ € E
which is e with that reversed orientation. This has the effect of regarding e.g. ¢; = e» + e3 not
as identical to zero, but as a cycle of length 2.

The dimension of €* is easily shown! to be | V| — 1. By the rank-nullity theorem the dimension
of € is equal to the Betti number b = |E| — | V| + 1. There is a canonical way to construct a basis
{¥1,---,Yp} of € [Sch76]: Let T < G be a spanning tree of G (that is, a subgraph of G that weakly
connects all vertices of G, but contains no cycles). See Figure 2.2 for an illustration. Edges of
G which belong to T are called cochords and denoted by {eu}L‘QII. Edges of G which do not

belong to T are called chords and denoted by {ea}gzl. Adding a chord e, to T encloses one

1The columns of 3 correspond to edges and every column has exactly one +1 (for its target) and one —1 (for
its source). Therefore, the rows of  sum to zero. Now let us remove the row corresponding to xp € X. We have
to show that the remaining |V| — 1 rows are linearly independent, i.e. that 0 = ¥y, @x0xe implies all ay = 0.
Pick any x* € X. Because G is strongly connected, there is a directed path (xg, X1, ..., X, x*) from xg to x* with
e; := (xj,x;+1) € E. The column corresponding to ey only has one +1 and no —1 because xg = s(eg) has been
removed. Therefore, ax, = 0. By induction, all @, =0 and finally @+ = 0.
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Chapter 2. Irreversible Markov Chains and Cycles

cycle vy which we orient in the direction of e,. The setI' = {yy,...,y} of cycles obtained in
this way is linearly independent because (es, Y ') = 0qq'- Since dim%€ = b, I is a basis of €.
We term I' the Betti basis of 6.

€2
€1 N b
,«" --------- ‘A "'\_’}/2/ “\
. 64

)
w

74

\]

2
—
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o (@)

(@)

V-.

Figure 2.2 — Oriented graph G with spanning tree T (dark edges) and chords e, ey, e3 (red
edges). The corresponding Betti cycles arey; = ej+es5+eg+e7, Y2 =ex+esand y3 = e3—es—eq.

2.1.2 Decomposing Flows in the Betti Basis

Let F: X x X — R be a flow?. Recall the definition of divergence in section 1.3. We call F

divergence-free if

divF(x) =) F(x,y)—Y_F(y,x)=0. 2.1)
y y

In physical terms, (2.1) expresses a conservation law: Since the flow into x balances the flow
out of x, the type of mass which is transported by F is conserved at x. In the context of
electrical networks, F would be an electrical current and (2.1) is called Kirchhoff’s current
law. Let R'Z! be the space of one-chains and % be the space of one-cycles of G(F). We can
associate a one-chain F to F by putting F =} , F(x, y)exy where ey, denotes the edge with
source x and target y. From (2.1) we get that

OF = nyF(x, y)0ey, = nyF(x, Y(y—x)= ;x ; —F(x,y) + ;F(y, x)|=0.

Hence F € ¢, and we can use the Betti basis to decompose F in terms of the Betti basis [Kal06]:

Lemma 2.3 (Cycle decomposition, algebraic version.) Let F : X x X — [0,00) be divergence-
free, and letT = {y1,...,yp} be the Betti basis of the space of one-cycles in G(F). Then there are

2In section 1.3, we required flows to be antisymmetric functions on X x X, which is standard. We drop this
requirement for the moment to be slightly more general.
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2.1. Cycle Decompositions

weights w(yga) > 0 such that

b
F(x,y)= ) 0(yod){exyYa) 2.2

a=1
holds for all x,y € X. The weights are given by w(y,) = F(s(eq), t(eq)) where ey is the chord
corresponding toy .

Proof: We associate the one-chain F =3, , F(x, y)exy to F. Since F is divergence-free, F € €
and can be expressed in terms of the Betti basis as

b
F=) 0{dYa 2.3)
a=1

with real numbers w(y,). We get (2.2) from (2.3) by taking the scalar product with exy on
both sides. If we take the scalar product with e, on both sides, we get w(y,) = <ea, F ) =
F(s(eq), t(eq)) since (eq,Yq') = O qar, and {(eq, F) > 0 because F > 0. B

Example. Consider the graph shown in Figure (2.2). The flow F(x, y) = uxpxy of the simple
random walk on this graph is given by

1
F= E(?)el+2€2+€3+e4+2€5+366+3€7).

The decomposition of F into Betti cycles shown in Figure 2.2 reads F = - (3y1 +2y2 +3), this
is (2.3). Note that the weights in (2.2) are positive, but the scalar products {exy,y) can be
either +1 (if the orientations of ey, and y, agree) or —1 (if they disagree). For example, the

flow through the edge es is (es, F) = 1—15 (3(es,y1) +2(es, y2) + (e5,73)) = 1—15(3 -1).

Computational aspects. To compute the cycle decomposition (2.2), we need to perform the
following steps:

1. Find a spanning tree T < G(F). Identify the chords {e,,a =1...b}.

2. For each chord e, find the sequence 1, = Zlﬂ‘ﬂl_l syey of cochords that connects (eg)

with s(ey). Then set yq :=eq + Aq4.

3. For each chord ey, compute the corresponding weight w(y) = (eq, F).

These steps are fairly easy to perform. The computationally most demanding part for large
graphs is the identification of the spanning tree T, which can be done e.g. by the Prim [Pri57]
algorithm in time @ (| E|log|X]). There are two major disadvantages of (2.2): (i) The Betti cycles
Y« and the weights w(y,) are not unique; they depend on the choice of spanning tree T'. (ii)
Since w(y4) > 0, we can interpret w as a probability distribution over I'. But the Betti cycles y,
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Chapter 2. Irreversible Markov Chains and Cycles

themselves are algebraic objects that do not allow for a stochastic interpretation. For example,
itis not possible for the Markov chain (X,,), to pass through all the edges of y3 in Figure 2.2
in the direction which is induced by y3 since e; and e5 can only be passed through in the
opposite direction. To remedy this, we now present a stochastic version of (2.2) due to Qian

JQQO04].

2.1.3 The Circulation Distribution

Let € be the space of one-cycles of G(P). We define a subset 6 < € of cycles that can be
given a stochastic meaning by

6o = {ce% :cissimple, ¢ = Zsiei with s; = {0,1}}.
l
Here simple means that ¢ has no self-intersections, i.e. there are no two edges in c that
have the same source or the same target nodes. We can denote a cycle ¢ € 6, unambigu-
ously by the sequence of edges that c visits, i.e. ¢ = [x,...,X)] is the cycle with edges
(x1,X2),..., (Xp-1,Xp), (xp, x1). The orientation of ¢ € €, always agrees with the orientation of
its edges, therefore we may introduce the passage functions that describe which nodes and
edges are part of c as follows:

1 ifxisanodeinc, 1 if(x,y)isanedgeinc,
Je(x) = ) i Ty = ) . (2.4)
0 otherwise 0 otherwise

The two passage functions are related by the balance property

Y I, y) =Y Ty, x) = Jo(x). (2.5)
y y

For any cycle c € €y, it is possible for the Markov chain (X,), to pass through all the edges of ¢
in the direction and order induced by c. These passages can be counted given a realization
(Xn)1=n<t oflength T of (X},),,. The sequence (X3, X»,..., X1) of states visited by the realization
forms a path in G(P) which has a finite number of self-intersections or recurrences. Each
recurrence corresponds to a cycle in G(P) that has been passed through by (X,;)1<,<7. For each
cycle ¢ € 6y we can count the number of times NCT it has been passed through by (X;)1<1<7-
To make this precise, we introduce the derived chain (1), associated to (X), which takes
values in the space of finite ordered sequences of elements in X. (17,), acts as a memory which
allows us to detect when recurrences occur and which cycles are completed. We set N/ := 0
for all c € 6y and n; := X;. The other values of (1), are constructed iteratively together with
the passage counts N/ as follows:

e Ifn;=(1,...,¥s) and X;41 # yy forall 1 = [ < s, then set ;11 := (y1,-.., Vs, Vs+1) With
Vs+1:= Xi1.
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2.1. Cycle Decompositions

n 1 2 3 4 5 6 7 8

X, 1 4 2 3 2 6 7 4

Mn @O @G,49 1,42 1,4,2,3) (1,4,2) (1,4,2,6) (1,4,2,6,7) (1,4)
Cycles [2,3] (4,2,6,7]

Table 2.1 — The first few states of the Markov chain (X,), and the derived chain (n;),, and the
cycles passed through by (X},) ;.

e Ifn; =(y1,...,¥s) and X;41 = y; forsome 1 < [ < s, then the cycle ¢ := [y, ..., ys] has been
completed. We set NCT — NCT+ land ;41 := (y1,---, ¥0)-

In table 2.1, an example of this construction is shown. Now we set wr(c) := N, CT /T for all c € 6,

and 67 :={c€ 6y : wr(c) > 0}. Both wr and €1 are ¥ p-measurable random variables, and
Qian et.al. [JQQO04] have shown the following:

Lemma 2.4 (Cycle decomposition, stochastic version.) The sequences of random variables

(€1)ren and (w 1) Ten converge almost surely. With €, := UT_, 61 and v :=limy_.wr, we
have
LxPxy = Y. Wool)]c(x,y) Vx,yex, (2.6)
CEBno
Px= Y. Wool€)Jc(x) VxeX. 2.7)
CEBno

Furthermore, for any c = [x1,..., X;s] € 6o the weight weo(c) is given by

D({xlr---)xs})
oo = Px1xoPxoxz o Pxs 1 xs Pxsxi = o~ 7 v 2.8
Weol€) = PP - ProasPion "5 =y @8

where D ({xy,..., xs}) is the determinant of the matrix I — P with rows and columns indexed by
{x1,..., x5} deleted (we set D(X) = 1 by convention).

Example: In the graph shown in Figure 2.2, 6y = {c1, ¢z, c3} with ¢; = y1, ¢2 =2 and ¢3 =
e1 +e» + e3 + eg + e7. The corresponding weights for the simple random walk are given by
Weo(€1) =2/15, o (c2) = 1/15 and weo(c3) = 1/15, and (2.6) for the flow F(x, y) = puxpxy of the
simple random walk reads F = % (2c1 + 2+ c3).

Note that (2.7) is an easy consequence of (2.6) and (2.5) and can be traced back to the fact
that we only allow positive coefficients s; in ¢ =) ; s;e; for ¢ € €. The function w, is termed
circulation distribution by Qian. wx(c) can be interpreted as the probability that (X,),
completes the cycle ¢ with its next step if it was initialized in equilibrium. Both ws, and €
are unique, and (2.8) shows that w(c) is the product of the transition probabilities along the
edges of ¢ times a normalization constant times the minor D ({xy, ..., xs}) which accounts for
the excursions (X;,), is allowed to take while completing c. For example, while completing the
cycle [4,2,6,7] the realization in table 2.1 performs the excursion (2,3, 2).
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Chapter 2. Irreversible Markov Chains and Cycles

Computational aspects. The uniqueness and stochastic meaning of (2.6) are the advantages
of (2.6) over (2.2). However, (2.6) is hard to compute: 6, is much larger than the Betti basis T,
and computing it directly amounts to finding all simple cycles in the directed graph G, which
is at least an NP-hard problem. Here is the reason: If one has a list of all simple cycles in G,
one may take the largest one(s) and check if it is a Hamiltonian cycle (a cycle visiting every
node exactly once). But the problem of determining if a directed graph G has a Hamiltonian
cycle is already NP-hard. In addition, for every ¢ € 6, a different minor of I — P must be
computed in order to obtain w.,(c) according to (2.8). In practice, we will always work with
a finite realization (X;)1<,<7 and sample wt and 67 according to the algorithm presented
above.

2.1.4 Cycle Decompositions and Reversibility

We study the effects of time reversal on the cycle decompositions (2.2) and (2.6). Let u be
the unique invariant distribution of P and D/, be the diagonal matrix with diagonal entries
given by p. We form the probability flow matrix F = D, P whose components are given by
Fyy =P(X; = x, Xu+1 = y). Note that u > 0 by ergodicity, so that Fyy = pxpyxy > 0iff pyx, >0,
therefore G(P) = G(F). Let P~ be the transition matrix of the time-reversed Markov chain
(X;)n. In components, py, = % Pyx- The probability flow matrix F~ = D, P~ associated to
P~ is just the transpose of F. The Coates graph G(P™) is G(P) with the orientations of all
edges reversed. We denote by e~ the edge e with reversed orientation, thatis s(e”) = f(e) and
t(e”) = s(e). Similarly, we denote by ¢~ € € the cycle ¢ with reversed orientation, that is if
c=);siei thenc™ =} ;s;e; . The space of one-cycles of G(P7) is €~ ={c” : c€ €}.

If T is a spanning tree of G(P) with chords e,, then T~ is a spanning tree of G(P~) with
corresponding chords e,. Correspondingly, if I' = {yy,...,y} is a Betti basis of €, then '™ :=
{y1,---,7,} is a Betti basis of €. We write the one-chain F~ € ¢~ in terms of I'"” as

b b b
EF =) (e F )¥a=2 (e F)Ya= ) 0ya)Ya-
a=1 a=1 a=1
Thus F—~F~ =Y, 0(ya) [Ya —Yg], OF in components
b
ny - F;y =HxPxy —HyPyx = Z U)(Ya')<exy;7’af ~Ya)- (2.9)

a=1

If P is reversible, then F is symmetric and the LHS of (2.9) is identically zero. Edges in G(P)
then come in pairs {e, e}, and for any Betti cycle y, € T', one of the following must be true:

* The chord e, is such that e, € T. Then vy, is equal to the cycle e, + e, so that y, =v,.

* The chord e, is such that e, ¢ T. Then e, is itself a chord, and the corresponding Betti
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2.1. Cycle Decompositions

cycleis yg, so that y, and y;, are both in I'. Furthermore,
0=(eae, F~F )=} 0(ya)(ewYa ~Yg) = 0(Ya) ~0(yg)
a/

so that w(yq) = w(yy).

As a consequence, we have I' = I'” and w(yq) = w(yy) for all y, € T if P is reversible. The
converse follows directly from (2.9). On the other hand, from (2.6) we get

HxPxy —HyPyx = Z Woo(C) []c(x;J/) —Je- x)] .
CEbo
If we extend the function we, t0 o U 65, by putting w(c™) =0for all ¢~ € 6\ 6, then we
can write the last equation as

LxPxy = ByPyx = Y [Woo(€) = Woo(c ) Jc(xX, y). (2.10)
CEbo
If P is reversible, we can verify that w..(c) = W (c™) holds for all ¢ € €4 by inspecting (2.8):
For ¢ = [x1,..., x|, we write P(¢) = px,x, Pxo x5 - - - Px,_, x, fOI the product of the transition proba-
bilities along the edges of c. Then

woo(c) — px1x2px2x3"'pxs—lxspxsxl — P(C)
Woo(CT)  Proxey Prxorxes - Proxy Py, P(CT)

(2.11)

which equals one by detailed balance if P is reversible. On the other hand, if ws(c) =
Weo(€7) Ve € 6o, then P is reversible since the RHS of (2.10) is identically zero. In summary,
the following conditions are all equivalent characterizations of the reversibility of P:

1. Detailed balance holds: uypxy = puypyx forall x, y € X.
2. The matrix F = D, P is symmetric.
3. Iff T is a Betti basis of G(P), then ' =I'" and w(y,) = w(y,) forall y, €.

4. The circulation distribution is symmetric under time reversal: W, () = Woo(€7) V€ € Goo-

2.1.5 Cycle Decomposition and Entropy Production

Recall the definition (1.10) of the entropy production rate functional ep in section 1.1.1. For
Markov chains with transition matrix P and invariant distribution y, we can write the entropy
production rate as

ﬂxpxy) 2.12)

ép=_— Z (,uxpxy_ﬂypyx)l()g(
HyPyx

2 x,yeX
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Chapter 2. Irreversible Markov Chains and Cycles

if the weak reversibility condition pyp,, >0 < uyp,x >0 Vx,y € X is satisfied (otherwise
ep = +oo by definition). Qian [JQQO04] has shown that ep can also be expressed in terms of the
circulation distribution wq, as

1 _ Woo(C)
ep—icgéfwmaﬂ—me:Dkg(wmw_J (2.13)

which shows that ep measures the degree to which w, is antisymmetric under orientation
reversal ¢ — ¢~. In terms of the Betti basis, we can express ep as

(Ya)

ep = Z w(}/a)log( Ya ) (2.14)
a= P(yq)

Equation (2.14) shows that for ep = 0 it is enough that w(y4) = W (Y,) for all Betti cycles

Ya, We do not need weo(€) = W (c7) V€ € €. We prove equations (2.12), (2.13) and (2.14) in

appendix A.

Example: Biased RW on a circle. As an example, we consider a biased random walk on a
circle with n nodes. The transition probabilities of the RW are given by py x+1 = %(1 + a) with
0 < a < 1. The Coates graph G(P) is the graph with n nodes and 2n edges shown in Figure 2.3.
The invariant distribution is g = 1 (1,...,1)”. By using (2.12) one readily checks that ep only
depends on a and is given by

l1+a
ep(a) = alog(m) (2.15)

with the extremal cases ep(0) = 0 (the reversible case) and ep(1) = +oo (where weak non-
reversibility fails). We now check (2.14). If we pick the spanning tree T shown in Figure 2.3,
then I consists of two cycles v, and y; = y; oflength n with corresponding chords e, and e;
and n — 1 cycles of length 2. The cycles of length 2 do not contribute to (2.14), therefore

P(y,) P(y))
+ 1 .
piyy T80

ep =w(yr)log
From Lemma 2.3 we see that the weights are given by w(y,) = ﬁ (1+a) and w(y;) = ﬁ (1-a).
We furthermore have P(y,) = zln 1+a)" and P(y;) = Zi,, (1 - a)". Plugging everything in, we get

A+a)" 1 (1—a)"_a10 1+a
1-a)” 2n A+a)” 81 4

ep= L 1+a)lo
P—Zn g

which agrees with (2.15). Now we check (2.13). The class 6 for this graph consists of y;, y;
and 7 cycles of length 2 which do not contribute to (2.13). Hence

Woo(Yr)
woo(Yl) ’

ép = [woo(Yr) - woo(yl)] IOg
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2.2. Reversible Surrogates

We now need to compute wo(yr) and ws(y;) according to (2.8). We have D({x1,...,x,}) =
D(X) = 1 by definition, hence woo (yy/+) = P(yl,r)Z‘1 with Z =}, D({x}). Because of symmetry,
the minors D({x}) are all equal, and because D = I — P is a tridiagonal matrix they can be
computed easily. One obtains

I+a)"-0-a)" Py,)—Ply)
2"a B a

D({x}) =

and putting everything together:

P(y,) al 1+a)" 1+a

[PUr)=Plro]log e v =7 108 G = @los T,

r= nD({ )

which also agrees with (2.15).

6'7; ______ R
S R D
el A 1
A - al
o
: T
|4

Figure 2.3 — Coates graph of the biased random walk on a cycle with n states. The only
nontrivial cycles are produced by the chords e, and e;.

2.2 Reversible Surrogates

When studying an irreversible process (X;), it is often natural to ask for some other reversible
process (X}); that approximates (X;);. Of course one wishes as many structural properties as
possible to be inherited by (X});. In the context of Markov processes, we call (X}), a reversible
surrogate of (X;), if (X}), is a reversible Markov process on the same state space and with the
same invariant distribution as (X;);. If (X;) is a Markov chain with transition matrix P, then
the transition matrix P* of (X7), has to satisfy uxpy, = pypy, for all x, y € X, where p is the
invariant distribution of P.

We can reformulate this in terms of the flow Fy, = py pyy as follows: A reversible surrogate of
F is a flow F* that

(@) is symmetric, F* = (F$)7,
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Chapter 2. Irreversible Markov Chains and Cycles

(b’) has the same out-flow as F at every vertex x: 2y F;y =px =%, FxyVxeX

It is clear from section 2.1 that if F is decomposed into cycles according to (2.3) or (2.6), then
the irreversibility of F is the degree to which either the Betti weights w(y,) or the circulation
distribution w(c) are not symmetric under orientation reversal of y, resp. c¢. If we have
a strategy for curing this asymmetry for each cycle independently, then we have a general
strategy to construct F°. In the next section, we examine possible strategies to symmetrize
flows cycle by cycle. This is used in section 2.2.2 to discuss reversible surrogates of general
Markov chains.

2.2.1 Reversible Surrogates of Unit Cycle Flows

Let ¢ = [x1,..., X5] be a simple cycle with associated one-cycle ¢, and let F = ¢ be a flow® of
unit one along c. Note that F is invariant under the right-shift R : [xy,..., xs] — [x2,..., X5, X1].
We now pose the following problem: Find a flow F* on X = {x3,..., x} that has the following
properties:

(a) F®issymmetric, F* = (F 9T,

(b) ZyF)ﬁy =1forall xe X.

(c) F?isinvariant under R.
Here (a) and (b) correspond to (a’) and (b’), and we require the additional property (c) because
F also possesses (c) and we want F* to inherit as many structural properties as possible. F*
also has a cycle decomposition, and the cycles making up F* can be given by any sequence
of the form [y1,..., y;] with [ < s and pairwise different y; € {x,..., xs}. Call such a sequence

[y1,..., y1] amotif. An example of a motif and the action of R on it are shown in Figure 2.4. We
can use any motif [y, ..., y;] to construct a flow F* that satisfies (a)-(c) in the following way:

Choose 1 < I < s and a motif m = [yy,..., y;]. Average with respect to R:
m=m+Rm+...+R 'm. (2.16)

Then we let F* to be a flow of unit 1/2] through m and the reverse m™:
Fs[m]zi[n_wm‘]. (2.17)

That F* as constructed in (2.17) is symmetric and invariant under R is clear by construction.
That leaves to check (b). Pick any x € X. As we rotate the motif m with R, every node y; in m
will coincide with x once. Therefore, [ out of the s terms in (2.16) contribute to the out-flow of

3We use the identification of flows and one-cycles explained in section 2.1.2.
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140

- e -symmetrization
-e-original
mixing with loops
mixing without loops
100 _-o-8-o.

120

80

hitting time

60

Figure 2.4 — Left: The cycle ¢ =[xy, ..., x;] (black edges), the motif m = [y, y», y3] (red edges)
and the rotated motif Rm (red dotted edges). Right: Hitting time signatures of different
reversible surrogates.

x and we get }.,, myy = . The same applies for m~, and we get
) F§ ml =~ [+ =1
Y -

which is (b). Thus indeed, a reversible surrogate F* can be constructed from any motif
m=[y1,...y;l via (2.17). There are very many different motifs (though some might lead to the
same F*[m]): After averaging with R, there is one motif for [ = 1, (s — 1)/2 motifs for = 2 and
(s — 1)! motifs for [ = s, one of which coincides with the original cycle ¢ = [x;,..., x;]. Motifs
can also be combined to give even more ways to construct F°. However, some choices are
clearly simpler than others. Table 2.2 shows the simplest motifs one might choose and the
corresponding flow F°.

Clearly the simplest choice is m = [x;], but the resulting flow F* = I is trivial and the Coates
graph G(F?) is disconnected, so we have to discard that option. Another very simple choice
is m = [x1,..., x,]. This amounts to F* = § (F+ FT), i.e. standard symmetrization. The next
simplest choice is to use some motifs of length I = 2. There are (s — 1)/2 different motifs of
length 2, corresponding to diagonals of different length in G(F*). The simplest choice is to use
all of them, this leads to F;y = sTll 1-6 xy) and to G(F %) being the complete graph on s nodes
without selfloops with each edge carrying a flow of 1/(s — 1) such that the total out-flow of any
node is 1. We refer to this as mixing without selfloops. If one includes all motifs of length 1
and 2, then Fy,, = % and G(F?) is the complete graph on s nodes with selfloops with each edge
carrying a flow of 1/s. This is referred to as mixing with selfloops.

At first glance, it seems that mixing changes the original flow F much more dramatically
than symmetrization, but this is deceiving. Since we are interested in dynamical properties
of the original, non-reversible process (X;);, we consider the hitting time h(x) = E, [T xl] of
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Chapter 2. Irreversible Markov Chains and Cycles

strategy motifs taken F’ Coates graph of F*
G O
static [x;] Fi=1 C )
O O
O

mixing without | all %! different

Fi,=2501-6
selfloops [x, x}] xy = 571 xy)
mixing with | [x;] and all %1 dif- s =1
selfloops ferent [x;, x;] o
symmetrization | [xi,..., X;] Fs=3(F+F")

\

\/

Table 2.2 — Some motifs and the corresponding flows F*. For simplicity, edge directions are
not shown in the Coates graph (all edges appear in pairs of opposite directions).

state x; as a dynamical signature. In Figure 2.4 on the right, h(x) is shown for s = 20 for the
original process and the reversible surrogates obtained by symmetrization, mixing with and
mixing without self-loops. The hitting time of the original process is simply i (x;) =s—i+1
for i # 1. For mixing without self-loops, h(x;) = s—1 for i # 1 and for mixing with self-loops,
h(x;) = s for i # 1. This is still very close to the hitting times of the original process, and
more importantly it has the correct linear scaling with s. In contrast, the hitting time of the
reversible surrogate obtained by symmetrization is completely off. It is given by the parabola
h(x;) = %32 —-(i-1- %)2 for i # 1, which is much larger than the hitting time of the original
process, and more importantly it scales quadratically with s, while the hitting time of the
original process scales linearly with s.

What can one learn from this for general Markov processes? The hitting times are dynamical
signatures of what we want to call the mobility of a stochastic process, i.e. its ability to reach
other states quickly. Strong cyclic flows strongly increase mobility locally, i.e. between the
states along the cycle. This is an inherent feature of non-reversible dynamics that we have to
reproduce if we want to construct a reversible surrogate. We have seen that for one cycle, the
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2.2. Reversible Surrogates

reversible surrogate obtained by symmetrization is far less mobile. This is in fact a general
result that holds for arbitrary non-reversible Markov chains, we discuss this in section 2.2.3.
The reversible surrogates constructed by the mixing with and without self-loops strategies
emulate the strong mobility of the non-reversible process by adding many new edges in the
interior of ¢. This changes the structure of G(P) significantly and it will not be a faithful
representation of all the dynamical properties of the original irreversible process (this is likely
to be impossible), but both strategies do give faithful representations of the hitting times we
are interested in. In section 2.2.2, we will discuss how reversible surrogates of general Markov
chains can be constructed using cycle decompositions and the mixing with self-loops strategy
for each cycle. In section 2.2.3, we discuss the relationship between certain hitting times of
(X¢)¢ and (X;)} for the symmetrization strategy in more detail.

2.2.2 Reversible Surrogates of General Markov Chains

In section 2.2.1 we discussed different symmetrization strategies for a unit flow F = c along a
cycle c. Here, we will discuss the 'mixing with selfloops’ strategy for general Markov processes.
For a single loop, it consisted of replacing F with F* given by F*(x,y) = \ITI Je(x)J(y) where
Jo(x) is the passage function introduced in (2.4) and |c| denotes the length of the cycle ¢, i.e.
the number of non-zero coefficients s; in c =}_; s;e;. Now let F: X x X — [0,00) be a general
divergence-free flow. By (2.3) we can write F = 22:1 o (Ya)Ya as alinear combination of unit
flows along Betti cycles y,. Applying mixing with selfloops to every one of them gives

w (Ya)
|Ya|

b
Fy(x,y) = 21 Jra Ty, () Vx,y€X, (2.18)
a=

the index b denotes that Fl‘j is constructed by using the Betti basis (as such, Fl‘j is basis-
dependent). On the other hand, if F(x, y) = uxpxy then we can use (2.6) to write F as a linear
combination of unit flows along cycles ¢ € 6, and applying mixing with selfloops to every
€ € B gives

Weo(C)

Fy ()= ) o
CEbBo

JeX)Jc(y) Yx,yeX, (2.19)

the index co denotes that the circulation distribution w is used to construct F3 . F3 (x,y)
enjoys the additional property that, due to (2.7) and }_ yIc(y) = lcl,

Y EL(6 Y= Y 0oo(Q)]e(x)=py VxeX. (2.20)
y

CEGCy

This enables us to write F3 (x, y) = u. P35 (x, y) where the loop transition matrix PJ_ is given
by

1 -
PLy =— ¥ 2295 05 vayex. 2.21)

X cE6 |C|
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Chapter 2. Irreversible Markov Chains and Cycles

By construction, PJ_ is reversible with respect to the stationary distribution y, thus PJ_ is a
reversible surrogate of the non-reversible transition matrix P. This is a special feature of the
stochastic cycle decomposition (2.6): From (2.18) we obtain

b
fix:=Y Fp(, ) =Y o(ye)Jy,(x) VxeX (2.22)
y a=1

similar to (2.20), enabling us to write F} (x, y) = fixP; (x, y) with a reversible transition matrix
P}. On the other hand, the decomposition of F(x, y) = pixpxy according to (2.2) leads to

b b
pe=) ) o(ya){exyYa) = Y @ (Ya) Jy, (0)sy, () (2.23)
Yy a=1 a=1
where sy, (x) € {-1,0, 1}, as follows: If y, passes through x € X then there must be exactly two
edges e; and e with (ey/2,7q) # 0 that are incident to x. The value of sy, depends on the
relative orientations of these edges and y,:

1 if{er,ya) =(€2,7a) =1,
Sy, (X) =3 —1 if(e1,y4) = (€2, 7a) = —1, (2.24)
0 if{e1,ya)=—(e2,ya) ==l

In other words sy, (x) = £1 if e; is incoming to x, e, is outgoing from x and their orientations
agree (disagree) with y4, and sy, (x) = 0 if e; and e, are either both outgoing from or incoming
to x. By comparing (2.22) with (2.23), we see that the invariant distribution f of P} is in general
different from the invariant distribution p of P. In other words, P} is not a reversible surrogate
in the sense that was discussed in section 2.2.1, but PS  is. This is the disadvantage of the
algebraic cycle decomposition (2.2) compared to the stochastic one (2.6).

2.2.3 Reversible Processes are Always Slower than Irreversible Processes

In this section we compare an irreversible ergodic Markov process (X;); with generator L
and invariant distribution p with the corresponding reversible process (X;); with generator
LS = % (L+ L7), which also has the stationary distribution y, and we assume that (X f) ¢ is also
ergodic. There are several results in the literature indicating that (X}), is always 'slower’ than
(X¢) ¢ For diffusions, it was shown in [RS14] that the asymptotic variance of MCMC estimators
based on (X;); is strictly smaller when compared to those based on (X f) ¢ for a large class of
observables f, provided a non-degeneracy condition on the added irreversible drift holds. In
[HHMSO05] it was shown that under similar non-degeneracy conditions, the absolute value
of the second-largest eigenvalue of L is strictly larger than the absolute value of the second-
largest eigenvalue of L%, indicating a faster convergence rate towards u. For Markov chains,
similar results on the asymptotic variance were given in [SSG10], and the irreversible terms
added to L® were characterized in terms of additional flows along cycles in G(L*).
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The result we give below complements these findings in terms of commuting times. First we
will need some language from potential theory. We assume that X is finite. Let A, B < X be
disjoint and let

To=inf{t>0: X, € A}, 1p=inf{r>0:X,;€ B}
be the first hitting times (after time ¢ = 0) of A and B. We define the equilibrium measure

P,.[tg>1R] forxeA,
eap={ AT . (2.25)
0 otherwise

which is the probability of escaping A from the point x € A, and the capacity of A and B

cap(4,B) = ) p(x)eap(x) (2.26)
x€A
which is the total rate of escape to B if starting from A. It is not hard to see [BEGK02] that
eap(x) = (Lg")(x) for x € A with the forward committor g* as in (1.47), and that cap(A, B)
equals the reaction rate k4p that was defined in (1.55), thus potential theory uses the same
objects as TPT. Following [Slo13], we establish a relation between first hitting times, capacities
and the committor function via the last exit biased distribution on A, which we define as

_ px)e,p(x)
vap(x) = cap(A B)

with e,p(X) =P [ta>18]=(-L"q ) (x) being the equilibrium potential of the reversed pro-
cess®. v »p is the distribution of the points on 0 A that (X, ), visits last before escaping to B, or
equivalently the distribution of points on 0 A that (X;); visits first when coming from B. Now
we define the mean hitting time of B when starting in A and the commuting time T (A, B)
between A and B as

Ealrgl= ) vap(0Exltpl, T(A B)=Ealr]+Eglral. (2.27)
X€EA
The distribution v 45 is concentrated on the boundary of A. Defining E 4 [T ] by averaging
E, [tp] with respect to v4p leads to the following intuitive definition of T(A, B): Given a
realization (X,)o< <7, define a discrete process (X;)o< ;< taking values in {a, b} by the following
set of rules: (i) (X,); only changes when (X;); enters AU B, (ii) when X; € A then X, = a, (iii)
when X; € B then X; = b. See also Figure 2.5. If we let NT, be the number of times (X;),
switches from a to b in time T, then a.s.
T(A,B) = lim L
T—o0

T
NAB

4The extra minus sign in eZ B (x) = (=L~ g7)(x) results from the fact that the boundary conditions for q+ and
g~ are flipped.
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(Xt

Figure 2.5 — Visualization of the discrete process (X;);: The trajectory of (X;), is green if X; = a
and red if X; = b. The support of the distributions v 4 and vp4 is illustrated in blue.

Also note that in the most interesting case where A is a metastable set, E, [75] is almost
constant on A and it does not matter how we average it over A. With our choice of v 45, we
have the following relation between the hitting time E4 [z 5], the capacity cap(A, B) and the
backward committor g~ according to [Slo13]:

Lemma 2.5 The mean hitting timeE 4 [Tg] of B when starting in A is given by

Ealrpl = S Y ux) g (x). (2.28)
cap(A, B) 13

As a consequence,

T(AB) = (2.29)

cap(A,B)’
We prove Lemma 2.5 in appendix A. The main result of this section is the following theorem:

Theorem 2.6 Let L be the generator of an ergodic Markov process on X and let L° = %(L +L7).
Let A, B c X be disjoint and let q be the forward committor of L® with source A and target B.
Denote by cap®(A, B) and T*(A, B) the capacity and commuting time of L®, respectively. Then

cap(A,B) = cap®(A,B) and T(A,B)<T*(A,B). (2.30)

The inequalities are strict unless Lq— L*q = 0.

According to Theorem 2.6, the commuting time between any two sets A and B is always smaller
for the non-reversible process (X;); when compared to its reversible counterpart (Xf) ¢. This
can also be read the other way around: If one adds a non-reversible perturbation 6 L = D;l H
to L’ such that HT = —H is an antisymmetric matrix®, then T(A, B) always decreases and
cap(A, B) always increases. We prove Theorem 2.6 in appendix A using variational formulas

5This guarantees that L= LS + D;l H satisfies L® = % (L+L7).
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for the capacities. For non-reversible processes, we have the following saddle point formula
for cap(A, B) [Slo13]:

cap(A,B)= inf sup {-2(L f,h),—<(h,—L°h),} (2.31)
fE AB I’lE(gAB

where ¥ap = {h: X — R: hy = const,hg = const} and A ={h:X—1[0,1]1: ha=1,hg =0}.

For reversible processes, we have the simpler variational formula [Slo13, BEGK02]

N _ _7Ss
cap (A,B)—fg%B(f, L fu. (2.32)

The infimum in (2.32) is attained for f = g*. The infimum in (2.31) is attained for f = %(cf“ +
1-g7).

2.3 Application I: Modules in Directed Networks

In the previous sections we studied graph-theoretical properties of the Coates graph G(P) of
a Markov transition matrix P. This can also be turned around: Starting from a graph G, one
may look for a suitable transition matrix P or generator L such that G(P) resp. G(L) equals
G. This defines a Markov process (X;); on the graph G; in this context one often says that
(X1); is arandom walk on G. For example, if G is represented by an adjacency matrix A such
that Ay, = 1 if the edge (xy) is present in G and Ay, = 0 otherwise, then we may define the
transition matrix P of the simple random walk on G by setting

Axy

Pxy=—— VxyeX (2.33)
dy

where d; =}, Ayy is the out-degree of x € X. The main idea behind the study of random walks
on graphs is that one may infer structural properties of G by studying dynamical properties
of (Xy)¢. This connection is well established in the case of undirected networks, i.e. where A is
symmetric. In this case P is reversible and one knows that the stationary distribution of (2.33)
is given by the out-degree u, = Z~'d, with Z = ¥, d,. Further, one knows that if there is a
subset C c X such that nodes in C have many more connections to other nodes in C than to
nodes outside of C, then C is a metastable set of (2.33). In fact, one can check that

Z 1 erC,yeEC Axy

P(X;€C|Xp€eC) = S Axy =1 (2.34)

P(XO € C) x,y€C erC,yeX Axy '

If there are many more connections within C than between C and X\ C, then this number will
be close to one. Such densily connected subsets C are called modules, and their identification
is of great interest in the network literature. An algorithm that finds an incomplete partition
{Cy,..., Cp} of network modules by detecting the m most metastable sets with MSM techniques
was presented in [DBCS11, SCB* 14]. The input parameter m is inferred from the spectrum
of P. We refer to this algorithm as MSM clustering. MSM clustering and a few other popular
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clustering methods are explained in more detail in appendix B.

In the case of directed networks where A is not symmetric, (X;);, is irreversible and much less
is known about properties and the detection of metastable sets of (X;);. This problem can
be circumvented by using a reversible surrogate (X f )¢ of (X{)¢, but the relationship between
metastable sets of (X f) ¢+ and metastable sets of (X;); and/or specific structures in G is often
not clear. For example, if (X f )¢ is obtained by symmetrizing (X;);, i.e. (X f ); has the transition
matrix PS = % (P + P7), then we know from section 2.2.3 that the commuting times between
any two subsets A, B c X are slower for (X}), then for (X;),, and we have already seen in section
2.2.1 that this effect can be severe. We therefore expect (X}), to have more metastable sets
than (X;);, and we expect clustering algorithms based on (X}); to show an overpartitioning
effect. Two examples of overpartitioning are shown in Figure 2.6. On the left, the barbell graph
is shown which consists of two loops of length n glued together. The loops themselves are
metastable sets of (X;);, but a typical clustering (here obtained by the infomap algorithm
[DYB10]) obtained from the symmetric process (th)t partitions the loops further. These
smaller subsets are metastable sets for (X f) , but not for (X;);. The effect grows as n gets larger,
as we have seen in section 2.2.1. The graph in Figure 2.6 on the right has three subsets C;, C»
and Cs with high link densities, and all three are metastable sets for (Xf) +. However, Cs is not
a metastable set for the process (X;); which follows the link directions. In fact, (X;); can stay

\gj )
Figure 2.6 — Two examples of overpartitioning. Left: Overpartitioning of large cycles in the
barbell graph. Clustering produced by Infomap [DYB10]. Right: The set Cs is a metastable

set for the symmetric random walk (X}),, but not for (X;),. Clustering produced by MSM
clustering of PS.

for at most 6 consecutive steps in Cs before it is forced to go out.

(O

In this section we propose to use the reversible process (X}), with transition matrix P35, from
(2.21) or P; to detect modules in G. This work has been published in [CBS15, BC14]. We have
seen in section 2.2.3 that the mixing along cycles which is performed in the construction of
PS, and P} can help to overcome the slow mixing behaviour and hence the overpartitioning
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effect of the symmetric process. Additionally, in [BC14] it has been argued that the quantity

PP, ) = ) w“(c)]c(x)]c(y) (2.35)
C€E6C lcl

is a measure of communication, similar to the commuting time, between x and y as seen
by (Xy)¢. Indeed, (2.35) sums over all ¢ € €, passing through x and y, which are ways to
commute from x to y and then back to x. Each such commuting cycle c is weighted by
Woo(c) which measures how often (X;); completes ¢ and thus how important cis to (X;); asa
communication channel, and by the length |c| so that short commuting cycles are preferred.

In the context of module detection however, the main question we have to answer is if there
is a relation between metastable sets of (X}), and subsets of nodes in G with an interesting
structure. The following lemma will help answering this question in the affirmative:

Lemma 2.7 Let (X;); be a random walk on the graph G. Let w, be the circulation distribution
andyq be the Betti cycles with weights w (yq) of (X¢)¢. Let C < X. If (X3); is the reversible
surrogate of (X;); with transition matrix P, (2.21), then

Y xeCoyeC Leetn, S22 T (X) Je(¥)

P(Xls € CIXS eC)=1- PG (2.36)
erc,yex Zce‘g Icl ]c(x)]c(y)
If (X}); has the transition matrix Pg, then
T eecyec i Y0 g 1, 0)
PO eCIXSeC)=1— —— X manl Iral 70e 777 (2.37)

Y xecyex ooy S Iy, 01y, ()

We prove Lemma 2.7 in appendix A. The structural similarity between (2.34) and (2.36) resp.

(2.37) is clear: The adjacency matrix Ay, has been replaced by ES (x,))=% €y Deol€) == ] (x) ()

el
resp. Fg(x, y) = Z a=1 “’l(ﬁ) Jy,(xX) ]y, (y). However, (2.34) only holds if A is symmetric, while

(2.36) and (2.37) hold for general networks G. Structurally, (2.34) compares the number of
links between x and X\ C with the total number of links leaving x for any node x € C, so C

is metastable if it has many more internal than external links. On the other hand, (2.36) and
(2.37) compare the number of cycles connecting x and X\ C with the total number of cycles
at x for every x € C, so a metastable set of (X}), is a set with very many internal cycles and
few cycles connecting C and X\ C. Cycles are weighted according to we, resp. o (yq). This
becomes even more apparent with the following corollary of (2.36): Let €X'\C c 6, be the
subset of cycles ¢ € €, that leave the set C. Then

2 xeC Zce%gg\c Woo(€)Je(X)
Y xeC Zce‘goo Woo(€)J(X) .

P(X;eCIXjeC) =1~

For example, the set Cs in Figure 2.6 on the right does not have any internal cycles ¢ € €.
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Depending on the spanning tree chosen for the construction of the Betti basis, there are
some Betti cycles y, which lie completely in Cs, but their coefficients w (yq) should be small
compared to the coefficients of the external cycles. We will see this in more detail in section
2.3.2.

So far we have established a relation between metastable sets of (X f)t, where (th)t is the
Markov chain with transition matrix PJ_ or PZ, and subsets of nodes of G with an interesting
structure. We also have a way to detect these metastable sets with MSM clustering once P2,
resp. P, is known. That leaves us with the task of computing Py, reps. P;. We discuss this in
section 2.3.1 before moving to numerical examples in section 2.3.2.

2.3.1 Computational Aspects

Computing P5_.. A possible way to compute PJ_ is via its definition (2.21). This requires
knowledge of € and w.. There is an immediate problem: As we discussed in section 2.1.3,
a direct computation of 6, and w, is NP-hard and thus numerically infeasible. A possible
remedy is to approximate 6, and w., by sampling €1 and w for some finite time T > 0; as
we know from section 2.1.3 these approximations converge almost surely to 6 resp. Weo.
An algorithm to sample €7 and w from a realization (X,)1<,<7 has also been discussed in
section 2.1.3. We state the algorithm again for convenience:

Algorithm 1 (sampling the cycle decomposition):
(i) Initialization: Set 67 = @, NI =0 for all c € €, and n; = X;.
(i) fori=2to T:

(@ Ifn;i=(n1,...,ys) and X;41 # y;forall1 <1 < s, then set ;i :=
V1r-.or Ysr Ys+1) With yep1 := X4,

(b) If n; = (y1,...,¥s) and X;41 = y; for some 1 < [ < s, then the
cycle ¢ := [yj,..., ys] has been completed. Set €r — €1 U {c},
NCT — NCT+ land 141 := (y1,---, Y1)-

Algorithm 1 requires to store a list of all the cycles that have been found, and in (b) one has to
check if the newly found cycle is already in the list or not. That makes the algorithm inefficient
both from the perspective of storage and computation time. It is more efficient to directly
sample an approximation Py, of P3,, which can be done by utilizing the following Lemma:

Lemma 2.8 (Sampling P3) Let P3.: R* — R* be the matrix with components

_ Nr(x, )

Pr(x,y) = N () Vx,yeX, (2.38)
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~ T
where N7(X,y) = Y cee; %JC(X)]C(J/) and Nt (x) is the number of times (X;,)1<n<T passes
through x. Then Py is a reversible transition matrix with stationary distribution pr(x) =
Nr(x)/T, and P3.(x,y) — P3,(x,y) a.s. as T — oo.

Proof: We first show the identity

Y Nr(x,y)= Y NlJe(x)=Nr(x), (2.39)
y

CEGT

which proves that PST has row sum one. With pyr(x) = Nr(x)/T, (2.39) together with the fact
that NT(x,y) = NT(y, x) Vx,y € X also shows that ,uT(x)P}(x,y) = uT(y)PST(y,x) Vx,y € X.
Thus P3, is reversible with stationary distribution p7. The first equality in (2.39) follows from
>y Jc(y) = lcl. The last equality is true for the following reason: Suppose X; = x and X; = x
with j > i are two successive visits of x. Then either n;_; contains X; = x, in which case adding
X; = x triggers the completion of the cycle ¢ = [Xj,..., Xj_1] with J;(x) =1, or ;-1 does not
contain X;, in which case there must be a i < j’ < j such that X triggered the completion of a
cycle ¢ containing X;. In both cases, two successive visits of x correspond to the completion
of one cycle ¢ with J.(x) = 1.

Finally, to show that Pj.(x, y) — P3,(x,y) as T — oo, write (2.38) out:

T 1 NT 1 wT(c)
P » = —-—= c c = c c .
(%, Nr) CEE%T T Tel Je(xX)Jc(y) ) CEE% o] Je(x)]:(y)

Then wr — W and €7 1 € a.s. by Lemma 2.4, and pr(x) — p(x) a.s. by the ergodic theorem
1.5 (take f=1,). &

Lemma 2.8 provides us with a way of sampling P3., all we need to do is obtain the counts
Nr(x,y) for all x, y € X from the realization (X,;)1<n<7. The algorithm 2 we present below does
exactly that.

Algorithm 2 (sampling P7}):
(i) Initialization: Set n7; = X; and Nr(x, y)=0forall x,y e X.
(ii) fori=2to T:

(@ Ifn;=(n,...,ys) and Xj1 # y; forall 1 <[ < s, then set ;41 :=
(V1y-+4» Vs Ys+1) With ygiq:= Xj41.

(b) If n; = (y1,...,¥s) and X;41 = y; for some 1 < [ < s, then the
cycle ¢ := [y;,...,ys] has been completed. We set N7(x,y) —
Nr(x,y) + g forall x, y € cand 41 := (y1,-., Y0)-
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Algorithm 2 is asymptotically optimal in terms of both data storage and computation time: For
data storage, the only additional data besides the counts N (x, y) themselves that needs to be
stored is the current state of the derived chain 7. Since 77 can contain at most |X| elements, the
cost of storing n is @ (| X|) and is therefore negligible to the cost of storing the counts Np(x, ),
which is @(]X|?) in the worst case. For the computation time let us examine the number N(T)
of operations performed by the algorithm as a function of T. Foreach 1 <i < T, X; has to
be compared to all elements in 7; to determine if we are in (a) or (b), for a total of Zl.Tzl [n;l
operations. Every time a cycle c is completed, we are in (b) and need to perform |c|? additions.
Finally, n; needs to be updated to ;4 for a total of T operations. In total,

T
N =Y Inil+ Y, NclP+T
i=1 cEbGT
<IXIT+IXI Y, Nllel+T
CECgT
=Q2IX|[+DT.

The last line follows from ¥ e, Nl ¢l = ¥ ¥ cee, N Jo(x) = £ Nr(x) = T, see also (2.39).
This shows that N(T) is ©(T), which is asymptotically optimal since every element of (X;,)1<n<T
has to be accessed at least once.

Convergence of P}, — P5,. While Lemma 2.8 guarantees a.s. convergence Pj — PJ as
T — oo by Theorem 1.5, it does not give information about the rate of convergence. If the
samples Xj,..., X7 where drawn independently, we could apply the law of large numbers to
the random variables w7 and u7, which would give a convergence with 1/ T'/2. In practice,
the correlations between the X; induced by the Markov chain result in a convergence rate for
both ur and wr that is dominated by the second-largest eigenvalue of PS5 [SNS10]. If PS has
strong metastabilities, this convergence rate can be slow. If the stationary distribution  is
already known, one can use e.g. || — pr |l where || - || is any vector norm as an indicator for
convergence of P3_.

Time series perspective. Networks are often constructed from data. For example, let Y1,..., Yr
be a time series of observations with Y; c X. After a suitable discretization, we may assume
the observational space X to be discrete and define the counts Nr(x) = ZiTzl 0(Y; = x) and
Nr(x,y) = Zl.T:‘ll O0(Y; =x,Y;41 =y) forall x, y € X. If we assume that the time series (Y;); was
generated by a Markov chain on X, then the Maximum-Likelihood estimator of the transition
matrix of that chain is given by

Nr(x,y)

PN = N

Vx,yeX.

Finally, we may construct the transition network of (Y;); [DZD*10], which is just the Coates
graph G(P). With this perspective, detecting modules in G really means detecting structure in
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the data (Y;);. Then that same data can and in fact should be used as input for computing Py,
with algorithm 2, and the inherent finiteness of (Y;); removes the issue of convergence of Pj,
to some PS, since PS5 is inaccessible and the observational window [0, T'] is dictated by the
data. Since algorithm 2 is asymptotically optimal, computing P3. is as fast as computing P. We
conclude that time series analysis is the most natural use case for module detection with P3..

Computing P;. We can compute P; from its definition P (x, y) = ﬂ;ng(x, y) with fi given by
(2.22) and Fls)(x, ¥) given by (2.18). This requires the computation of the Betti basis {y1,...,yp}
and the corresponding weights w (yq). We discussed in section 2.1.2 that this can be done
in a computationally efficient way. The most demanding part is to find a spanning tree T
in the graph G. We use the Prim algorithm [Pri57] for this, which is ¢ (|E|log|X]|). The Prim
algorithm is capable (at no additional cost) of finding a minimal spanning tree, i.e. a tree T
that minimizes R(T) := ) .cr r(e) where r : E — [0,00) are custom edge weights. We utilize this
to find a unique spanning tree T instead of having to chose one arbitrarily. More specifically,
we let (e) be the resistance r(€) = (Kse) P(s(e) t(e)))_l. The minimal spanning tree returned by
the Prim algorithm has the property that the total resistance of the cochords is minimized, or
equivalently that the total resistance of the chords is maximized.

Figure 2.7 — Left: The barbell graph with minimal spanning tree T, chords e;, e and e; and
corresponding cycles y1, y2 and ys. Right: G(P3,), modules detected by MSM clustering (red
and blue nodes) and two sets C; and C, whose metastability index we compute (red and blue
shaded regions).

2.3.2 Numerical Examples

Barbell Graph. Our first example is the barbell graph G with 27 nodes and uniform edge
weights. Figure 2.7 shows G together with a minimal spanning tree T on the left. We have
three chords ey, e; and e3 corresponding to the Betti cycles ¥y, 2 and y3. The weights are
all equal and given by w(y1) = w(y2) = w(y3) = m One readily sees that € = {y1,Y2,Y3}
and w(y;) = w(y;). Hence in the particular case here, the algebraic and stochastic cycle

decompositions are exactly equal.
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In Figure 2.7 on the right, G(PS,) is shown. The weights correspond to F3 (x, y). Not surpris-
ingly, MSM clustering detects two modules which correspond to the clusters of red and blue
nodes shown. We can compute the metastability index of e.g. the red cluster C; according to
(2.36):

w(y2)
p1(C1,C) =P(XS € ClIXS€C) =1~ ] NI S
w(y2)+w(y)-n 2(n+1)

In Figure 2.8, we show the metastability index p;(C, C) as defined in Definition 1.8 for different
times ¢ and C = C; (red) and C = C, (blue). p;(C, C) is computed for the process with transition
matrix PS5, (square markers) and for the symmetric process with transition matrix P* = %(P +
P7) (solid lines). The full cycle C; is very metastable for both processes. On the other hand, for
the half-cycle C, the metastability index p;(C», C2) measured by P*® decays a lot slower than
p:(Cy, Co) measured by P35,

0'20 20 40 60 80 100

Figure 2.8 — Metastability index for C = C; (red) and C = C, (blue), computed with P3 (square
markers) and P°® = % (P + P7) (solid lines).

Two or Three Modules? Our next example is the graph that already showed up in Figure 2.6.
It is shown again in Figure 2.9 together with the minimal spanning tree T and two possible
clusterings: One with three modules C;, C; and Cs on the left, and one with only the two
modules C; and C, and a larger transition region on the right. MSM clustering of the symmetric
process with transition matrix P° produces the three modules. MSM clustering of P, and P,
produces the clustering with two modules. Cs is not a module for P$, because there are no
internal cycles ¢ € 6 in Cs, cf. (2.36). In fact every cycle passing through Cs also has to pass
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through C; and C,. Cs is not a module for P} because examining the spanning tree T reveals
that most chords in Cs3 correspond to Betti cycles that also pass through C; and Cs, and only a
single chord corresponds to a Betti cycle that lies completely in Cs.

T
%{jﬁ% S

Figure 2.9 — Directed graph G with minimal spanning tree T (black edges). Left: Clustering
with P* produces three modules Cj, C, and Cs. Right: Clustering with P35 or PZ produces two
modules C; and C,. Grey nodes are in the transition region.

In Figure 2.10 we examine this further by studying the metastability index p;(C, C) for different
times ¢t and C = C; (red), C = C, (blue) and C = C; (green). The metastability index was
computed for the simple random walk with transition matrix P given by (2.33) (solid lines), the
symmetrized random walk with transition matrix P = %(P + P7) (round markers) and finally
the random walk with transition matrix P; with T =108 (square markers, results for Pls7 are
similar). The sampling error induced by the finite sampling time T was monitored by the error
lp—prl andis |u—prlh = 0.0036.

For all three processes, C; and C, are metastable sets. The metastability indices of P and
PS_ are in good agreement while the metastability index of P? is significantly higher. This is
consistent with the observations in section 2.2.3. For Cs, the metastability index of P has a
sharp drop and reaches zero for ¢ = 6, reflecting the fact that the simple RW is forced out of Cs
after at most 6 steps. For P3_, p;(Cs, C3) is also very small and never larger than 0.5. In contrast,
p:(Cs, C3) decays much slower for the symmetric process given by P%, e.g. ps(Cs, C3) = 0.45 is
still an order of magnitude larger than the equilibrium probability P, (X; € C3) ~ 0.04.

Langevin Dynamics. Our next example uses the cycle decomposition to analyse a Markov
State Model (MSM) of the Langevin System (1.27)

dX, = m 'P,dt
dp, —(VV(X) +ym P dt+\/2yedW, (2.40)
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0 10 20 30 40 50

Figure 2.10 — Metastability index for C = C; (red), C = C; (blue) and C = Cs (green) computed
with P (solid lines) PS, (square markers) and P = 1 (P + P7) (round markers).

with one-dimensional x and p coordinates and double well potential V(x) = (x*> — 1)2. So far
MSMs have been considered mostly for reversible processes, Langevin dynamics however is
non-reversible. Figure 2.11 shows the phase space of this system together with some periodic
orbits of the associated Hamiltonian system. In this case the process has two metastable sets
around the minima x, = +1 of the potential Vand p =0. Weset m=1,e=0.2and y = 0.2, so
that the Langevin dynamics is still 'close’ to the associated Hamiltonian system

i=p  p=-V V), (2.41)

i.e., if we start the Langevin process in (xg, pg) with energy Ey = H(xp, po) < 0.9 then the
dynamics will approximately follow the periodic orbit H(x, p) = Ep (with x <0if xy <0 and x >
0 if xp > 0) of the associated Hamiltonian system for some time interval of order 1. Therefore
the typical transition from the vicinity of one of the wells across the energy barrier at x =0
towards the other well will look as follows: first the trajectory will orbit the initial well for some
period of time before it crosses the barrier and starts to orbit the target well until it finally hits
the close vicinity around the respective energy minimum.

For this Langevin process MSM building is done as follows [BPN14, SS13a]: We construct a
uniform box covering of the essential state space [—1.8,1.8] x [-1.8,1.8] where the invariant pdf
is larger than the square root of the machine precision. We took square boxes B;,i =1,...,n of
size Ax =0.2 and Ap = 0.2. Next, M = 1000 trajectories of length ¢ = 0.25 were started in every
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Figure 2.11 — Some periodic orbits of the system with Hamiltonian H = %pz + V(x). The
coloring is according to the energy Ey = H(x, po)-

box (distributed due to y), and the transition matrix
P; iz

was constructed, where m;; is the number of trajectories starting in B; and ending up in B;.
The length ¢ = 0.25 of the trajectories is very small compared to the expected transition time
(which is larger than 100 here) and still shorter than the period of the periodic orbits of the
associated Hamiltonian system. MSM [SS13a] theory tells us that the leading eigenvalues
of the transition matrix P are very close approximations of the leading eigenvalues of the
Langevin transfer operator and thus allow for an approximation of the transition statistics
between the metastable wells.

The metastable sets C; and C, found by MSM clustering of the loop transition matrix P3_ are
shown in Figure 2.12 on the left. They respect the rotational symmetry (x, p) — (—x, —p) that
the Hamiltonian system (2.41) enjoys. In Figure 2.12 on the right, we show the committor
function ¢, (x) = P(X; € C1|Xp = x) corresponding to the left set C;. The functiong; determines
the degree to which the nodes in the transition region X\ (Ul”i 1 C;) are affiliated to C;. We
observe that g; picks out the separatrix, i.e. the curve Ey = 1 which separates orbits that are
restricted to one of the minima and orbits around both minima, in the following sense: Boxes
inside the separatrix either have ¢, (x) = 0 or ¢q; (x) = 1, while boxes outside have q; (x) = 0.5.
This is in perfect agreement with the intuition that the Langevin system is still close to the
Hamiltonian system. Note that detailed balance is strongly violated here: In the p < 0 half-
plane, transitions from right to left are vastly more probable than transitions from left to right.
In the p > 0 half-plane, the situation is the other way around. This is also reflected by ¢q; in
(2.12b), which is closer to one in the p < 0 half-plane and closer to zero in the p > 0 half-plane.
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A clustering based on P* = %(P + P7) could not reflect this.

-1.5 -1 -0.5 0 0.5 1 1.5
X

(@) (b)

Figure 2.12 — Clustering results for the Langevin system. (a) MSM clustering for PS5, cluster
centers C (left) and C, (right). (b) MSM clustering for P, affiliation g, and separatrix Ep = 1
(blue curve).

Timeseries example. Our final example is a time series {Xj,..., X7} of seismic events in
California from 1952 to 2012, obtained from the SCEC®. See [AS06, AS04, DGP08, FDK13] for a
discussion of several approaches to analyse seismic data using recurrence networks, including
the approach based on a discretization of the observational space that we use here. Only
events with magnitude larger than m, = 2.5 are considered (these are 48669 events). The ob-
servational space X is the rectangle from 32° to 37° in latitude and —122° to —114° in longitude,
and we partition X into 4000 quadratic boxes S; of length Al = 0.1°. Finally, the boxes which
don’t see any events are discarded. The transition matrix thus constructed corresponds to a
network with 2175 nodes and 28839 edges.

A Matlab implementation of algorithm 2 constructs P} in 2.05 seconds on a laptop. MSM clus-
tering takes 7.6 seconds. This clearly shows that performance is not an issue when algorithm 2
is used on time series data. The detected modules are shown in Figure 2.13, where a node x
receives the color of module C; if the corresponding committor function g; satisfies g;(x) = 0.8,
and is colored grey if g;(x) < 0.8 for all modules C;. In fact the latter is the case for 80% of the
nodes, but these correspond to only 25% of all events. This illustrates that the incomplete
partition constructed here correctly reflects the uncertainty coming from limited data. A full
partitioning, which is obtained by most of the available clustering algorithms, e.g. Markov
Stability [SDYB12] or Infomap [DYB10], would have to cluster the grey nodes as well, even
though not enough data is available to do so. 9 modules are found, all of which correspond
to important faults or groups of faults, the largest one containing the San Andreas fault. This
demonstrates that this method can successfully uncover structure in the dataset {X,..., Xt} -
in this case, the presence of geological faults that influence the earthquake pattern.

6Southern California Earthquake Center, www.scec.org
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Figure 2.13 — Quaternary faults [USG] in Southern California and the clustering of the SCEC
time series found by CMSM. Node size is proportional to the number of events, color indicates
the modules found.

2.4 Application II: Transition Pathways in Irreversible Markov Pro-
cesses

In section 2.3, we studied how metastable sets of a non-reversible Markov process can be
found. In this section, we are interested in the transition mechanism between sets. So let
A, B c X be two disjoint sets. We think of A and B as dynamically separated metastable sets,
but this is not necessary. The transition mechanism from A to B is completely described by
the TPT current of reactive trajectories J4p (or fap in the discrete case) that was introduced
in section 1.3. We will see below that for reversible processes, J4p is a gradient vector field
with the forward committor function g* as potential. This greatly simplifies the study of
the transition mechanism. For non-reversible processes, J4p also has rotational parts and
it makes sense to ask for a decomposition of J4p into a part with a gradient structure and a
purely rotational part. The gradient part may then be studied in isolation to understand the
transition mechanism. We discuss two approaches to this problem: A geometrical approach
via a projection analogous to a Hodge-Helmholtz decomposition in section 2.4.1 and a purely
dynamical approach via a decomposition of the ensemble of reactive trajectories into an
ensemble of directed pathways and an ensemble of cycles. The former approach is easier to
compute but we shall see that it lacks a stochastic interpretation. The latter approach uses the
cycle decompositions from section 2.1. It is computationally more demanding, but it has a
clear stochastic interpretation and allows us to give correct stochastic weights to all possible
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directed pathways from A to B.

2.4.1 Hodge-Helmholtz Decomposition

Let X c R?. Recall that the probability current of reactive trajectories J 45 introduced in section
1.3 is a vector field J45 : X — R% on X. To understand the structure of the transition from A
to B in more detail, it is helpful to decompose J 45 into simpler parts. The basic idea here is
the concept of Hodge-Helmholtz decompositions: Let F be a vector field on some bounded
domain D c R3. Then F can always be decomposed into a gradient and a rotation:

F=V®+VxR. (2.42)

The gradient part V® is rotation-free (V x (V®) = 0) while the rotational part V x R is divergence-
free (V- (V x R) = 0). The potential ® can be computed by taking the divergence of (2.42), which
yields the Poisson equation V- F = A® together with appropriate boundary conditions on 0D
for®and R,e.g. 7i-R=0and 7i- V® = 7i - F, where 7 is the normal vector of 6D.

When looking for decompositions of the type (2.42) for J4p, we have to make additional
assumptions on the dynamics. We first consider the case of Markov Diffusions on X c R?,
Then we consider the case of MJPs on discrete state spaces, that is we look for decompositions
of the type (2.42) for the effective probability current f,, introduced in (1.52).

Markov Diffusions

Let (X;); be a diffusion on X c R4 with generator L given by (1.18). Let A and B be two disjoint
closed subsets of X with smooth boundaries. The probability current J 45 is given by [Met07]

Jap(x) =g~ (0g T (0J(X)+q (Dux)ax)Vg*(x)— g px)ax)Vg~ (x) (2.43)

with the equilibrium current J(x) = p(x)b(x) = V- (a(x) ,u(x)). We assume that the diffusion
matrix a is either symmetric positive definite (denoted by a > 0) or symmetric positive semidef-
inite (denoted by a = 0). We show in appendix A that if (X;); is reversible, J4p reduces to

Jag(x) = u(x)a(x)Vg* (x), (2.44)

that is J4p is u(x)a(x) times a gradient vector field with potential g*. This motivates the
following definition:

Definition 2.9 A Hodge-Helmholtz decomposition of the probability current of reactive tra-
jectories J o : X < RY is given by a potential ® : X c R and another vector field R : X c R? such
that

Jap(x) = u(x)a(x)V®(x) + R(x) VxeX (2.45)
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wheredivR=0onX andiis-R=7ip-R=0 with iy and rig being the unit normal vector fields
ondA and 0B. We write Jo(x) := p(x)a(x)VO(x).

We collect some properties:

Theorem 2.10 The decomposition (2.45) has the following properties:

(i) The Potential ® solves the following Dirichlet problem with Neumann boundary condi-

tions:
L'®=0 on X\ (AUB),
fia- (aVO®) =Tia-(aVq™) ondA, (2.46)
fig- (aV®) =-fig-(aVq") onodB.

If a> 0 then there is a (up to an overall additive constant) unique weak solution ® to
(2.46) in the Sobolev space H! (X\ (AU B)), and ® achieves its minimum on 0 A and its
maximum on 6B.

(ii) If (Xy)¢ is reversible, then ® = q° and R = 0 are solutions for (2.45).

(iii) Lety:[0,T] — X be a path so that for every t € [0, T, the tangent vector y(t) is parallel
to Jo(y(1)). Ifa =0 then ® is nondecreasing alongy. If a > 0 then ® is strictly increasing
alongy.

Proof:

(i) To compute the potential ®, we take the divergence of (2.45). For x € X\ (AU B) we know
that div /4 (x) = 0. On the other hand, the divergence of the RHS of (2.45) is given by

div(p(x)a(x)ve(x) =Y v

y(x)z aij (X)V/ D (x)
J

02D (x)
ax,-axj

=Y (Vo) V! (sx)aij0) + po) Y aij ()
7 i i
= ,u(x)bs(x) VO + u(x)a(x): szb(x)

with, in view of (1.20),

(bj )+ b} ().

N |~

1 .
bi(x):=——) V'(ux)a;j(x)) =
J (x) ; (/J tj )
Putting this together, we obtain that

div(p(x)a(x)Ve(x) = p(x)L’*®(x)  VxeX\(AUB)
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with the symmetrized generator L° = % (L+ L7). Together with the boundary conditions
obtained by multiplying (2.43) with 7i4 resp. 7ip, this gives (2.46). If a is positive definite
then L’ is elliptic and (2.46) has a unique weak solution (up to an additive constant)
in the Sobolev space H 1(X\ (AuB)) [Bra07, Bral2]. Furthermore, by the maximum
principle for elliptic operators, ® achieves its maximum and minimum on d AU dB. Let
X be the maximum of ® and suppose that x,s € 0 A. Then by the Hopf Lemma [EL98],
either @ is constant (But that would imply V® = 0 and thus div/4p = 0 on X by (2.45).
Hence unless k4p = 0, @ is not constant.) or 7ia(xys) - V@ (xps) < 0. Since a is positive
definite, this implies that 724 (xp) - (@(xp) V@ (xp)) < 0. On the other hand, since 0 A is
the surface where g™ = 0, either Vg™ (xp7) =0 or Vg™ (xp) is parallel to 74 (xp;). Since a
is positive definite, this implies 7i4(xps) - (cz(xM)Vc;lJr (xM)) =0, in contradiction to (2.46).

(i) If (X;); is reversible, then ® = g° solves (2.46) since then g* = g and g~ = 1 - ¢°.
Furthermore, by (2.44) and ® = g°, we have J45 = Jp and by (2.45), we have J4p = Jo + R.
Thus R =0.

(iii) Since y(¢) is parallel to Jo(y(?)) for every t € [0, T], there is a scalar function a : [0, T] —
(0,00) so that y(f) = a(t) Jo(y(2)). Let ;= ®(y(¢)) and &(x) = VO(x). Then

B, = VO(y(1)7(0) = a(OVO(y (1) -Jo(y (1) = a®p(y(®) Y. aij (y(0) & (y(0) & (y(0).
ij

Since a >0 and p > 0, a = 0 implies ®, = 0 so that ® is non-decreasing, and a > 0 implies
@, > 0 so that @ is strictly increasing. B

Theorem (2.10) gives a way to compute ® by solving (2.46) and guarantees weak uniqueness of
the solution in the case where a > 0. It also allows for an interpretation of the decomposition
(2.45). Firstly, in the reversible case we obtain ® = g* and R = 0. Thus the appearance of the
rotation R is due to nonreversibility. R is divergence-free and thus the surface integral of R over
any dividing surface between A and B is zero, so R does not describe how reactive trajectories
are transported from A to B. The gradient part J shows the opposite behaviour: The potential
® is a harmonic function of the elliptic operator L?, and differs from g° only in the boundary
conditions in (2.46). If a > 0, then by Theorem (2.10) @ is strictly increasing along flowlines of
Jo. Since @ achieves its minimum at 0 A and its maximum at 0B, this means that flowlines of
Jo go from 0 A to 9B, they do not form cycles and they cross every equipotential surface of ®
exactly once. So Jp does describe the transport mechanism of the reactive trajectories from A
to B.

These properties show that Jo is very similar to J4s, the reactive current of the symmetrized
process with generator L°. But note that by Theorem 2.6 kap = k5, so Jo will generically
transport more flow from A to B than J4s. This is achieved by stretching the potential @ relative
to g°, allowing for a comparatively larger gradient. That this really happens becomes clear in
Theorem 2.14 which discusses the discrete case and shows that ® = (kap/ k3 3) ¢° when A = {a}
and B = {b} are single points. Note the similarity to the construction of reversible surrogates in
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section 2.2.1: In order to emulate the stronger mobility of a non-reversible process, we had to
add additional edges. Here, we have to allow for more flow to pass along the existing edges in
order to emulate the stronger reaction rate of the non-reversible process.

Markov Jump Processes

Let (X;); beaMJPon X ={1,...,n}, and let A and B be two disjoint subsets of X. The discrete
analogon of the vector field J 43 is the effective probability current f : X x X — R introduced
in (1.52). In order to talk about Hodge-Helmholtz decompositions of fXB, we need discrete
gradient and divergence operators. The divergence was introduced in (1.53). We define a
discrete gradient operator:

Definition 2.11 (Discrete gradient.) Let L be the generator of a MJP on X ={1,..., n}. For any
(x,y) e Xx X let

1
c(x,y) = 5 (Hx Ley + 1y lyx)

be the capacity of the edge (xy). For a function f : X — R, let the gradient of f be the function
grad f: X x X — R given by

1
grad f(x,y) = Ecs(x, V(W - f).

This definition is motivated by the following observation: If (X;); is reversible, then f,,
reduces to [Met07]

1
figx,y) = E,lexy (" (») -gq*(x)) =gradq™ (x, ), (2.47)

thus f 5 is a gradient flow with potential g, in perfect agreement with the diffusion situation.
Note that grad f is an antisymmetric function on X x X, and we have the following Lemma:

Lemma2.12 Forany f: X — R, we have
divgrad f = D,L°f
where L® = % (L+L).
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Proof: Let x € X. We compute

divgrad f(x) = Zgrad flx,y) - Zgrad fyx) = ZZgrad fx,y
y y y
=Y S [fy)-fx]
y

= ZﬂXL;yf(y)
y

using (1.53), the antisymmetry of grad f and definition 2.11. &

We now make the following definition, in analogy with definition 2.9:

Definition 2.13 A Hodge-Helmholtz decomposition of the effective current f,,: X x X — R
is given by a potential @ : X c R and a flow R : X x X — R such that

fXB (x,y) =grad®(x, y) + R(x, y) Vx,yeX (2.48)

anddivR =0 on X.

Note that there are no additional boundary conditions for R in (2.48). The reason for this is
that in contrast to the diffusion case, (2.48) together with div R = 0 already leads to an equation
for ® which has a unique solution. This also means that in general R(x, y) # 0 for x € A and
y ¢ Aor x ¢ Band ye B. Again we collect properties of this decomposition:

Theorem 2.14 The decomposition (2.48) has the following properties:

(i) If (Xy); is ergodic then ® and R are unique up to an overall additive constant in ®. The
potential ® solves the linear system

0 xe X\ (AuUB),
L’'®d=b,  bx) =1 (Lg")x) x€A (2.49)
-(L7q7)(x) xeB.
In addition, ® achieves its minimum on A and its maximum on B.
(ii) If (Xy)¢ is reversible, then ® = q° and R = 0.

(iii) If A={a} and B = {b} are singletons, then

. kap

= (2.50)
kp

where kap =Yy Halayq” (y) and kg =¥, ptalyy, G°(3).

(iv) If(xy,...,xT) is a path in G(L®) such that grad ®(x;, x;4+1) >0 foralli=1...T -1, then ®

is strictly increasing along (x1,...,XT).
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Proof:

®

(i)

(iii)

In complete analogy with the diffusion case, we obtain the equation that ® must solve
by taking the divergence of (2.48). From (1.51) and (1.54), we obtain for the divergence
of the LHS

0 x€X\(AUB),
divfp(0) =4 ¥ peleyq* (y)  x€A, (2.51)
-Xyq WNpylyx x€B.
The divergence of the RHS of (2.48) gives D,JLSfD in view of Lemma (2.12). If we divide
both sides by D, and use the definition of L™, we obtain (2.49). Since (X;), is ergodic,
the kernel of L® is given by the constant functions on X. Thus the solution to (2.49) is
unique up to a constant. By (2.49) and the maximum principle for the operator L° <0,

the potential ® must achieve its maximum and minimum on AU B. Suppose x € A is
the maximum of ®. Then

L°®(x)=) Ly, ®() = ) Ly, (P() - @) <0.
y V#EX

On the other hand,

b(x)=Lq*(x)=) Ly(qa"(-q*x)=0
y#x

since q+ (x) =0, in contradiction to (2.49).

If (X;); is reversible then g* = g° and g~ =1 - g*, so ® = g° solves (2.49). On the other
hand, f, = gradg* by (2.47), thus R = 0.

If A={a} and B = {b}, then by (i) and (1.55), @ solves L*® = b with

0 xe X\ (AuUB),
pxb(x)={kap x=a,

_kAB x=b.

On the other hand, the committor function g° solves (1.48) with L replaced by L*, which
can be written as L°q® = b® with

0 xe X\ (AUB),
peb’ () =Lk, x=a,
-kyg x=0b.

This shows (2.50).
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(iv) Clear from definition (2.11). B

Theorem (2.14) guarantees that the decomposition (2.48) always has a solution up to an overall
additive constant in @ as long as (X;); is ergodic. It also shows that the interpretation of
the diffusion case (2.45) carries over to (2.48). Again R = 0 in the reversible case, so that the
appearance of R can be attributed to the non-reversibility of (X;);. Since divR =0 on X, the
total flow transported by R across any dividing surface between A and B is zero, so R does
not describe the transport mechanism of reactive trajectories from A to B, but additional
rotations instead. The potential @ again differs from g° only due to the different boundary
conditions in (2.49). If A and B are singletons, then (2.50) shows that ® and ¢g° are equal
up to a multiplicative constant given by the fraction of the reaction rates ks and k) ;. This
multiplicative constant is always larger than one and stretches ® compared to g° so that grad ®
can transport the rate ksp = kfw' The situation A = {a} and B = {b} can always be reached
by lumping the states in A to a single state {a} and the states in B to a single state {b}: Let
T=X\(AUB). We set tig =Y rea x> b = Y xeB Mx and define the lumped generator L on
T u{a} U {b} by setting

l_xy:lxy Vx,yeT,
- 1
lay:_ Zuxlxy VyE-l]—,
a xeA
l_xb = Z lxy VxeT.
YEB

It can be checked easily that lumping preserves f,,(x,y) forall x,y € T and that f;,(a,y) =
Yxeafip(x,y) forall y e T aswellas fy,(x,b) =Y yep f15(x,y) forall x e T.

The following Lemma is a corollary of Theorem 2.14.

Lemma2.15 Ler® be the potential of f 7, as in (2.48), and write grad ® = § (grad @, — grad ®_)
wheregrad®, = 0 and grad ®_ = 0 are the positive and negative parts of grad ®. Then the Coates
graph G (grad ®..) is a directed tree with all of its roots in A and all of its leaves in B, and ® is
strictly increasing along paths in G (grad @..).

Proof: By (iv) in Theorem (2.14), G(grad ®. ) is cycle-free, and @ is strictly increasing along
paths in G(grad®.). If x is a root in G(grad®, ), then grad®(y,x) < 0 for all y € X, and
there must be an x’ € X with grad ®(x, x) > 0. Thus divgrad®(x) > 0. Likewise, if x is a leaf
in G(grad®. ) then divgrad®(x) < 0. By (2.48) and (2.51), divgrad ®(x) = div f,(x) = 0 if
x€ X\ (AU B), divgrad®(x) > 0 if x € A and divgrad ®(x) < 0 if x € B. Thus all the roots are in
A and all the leaves arein B. B
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Examples

Barbell Graph. As our first example we consider the Barbell graph G that was shown in
Figure (2.7). We define a random walk on G that goes with probability p = 0.8 along edge
directions and with probability (1 — p) against edge directions. We select the source A = {a}
and target B = {b} as shown in Figure 2.14. The resulting effective current f, is also shown
in Figure 2.14. The dotted lines transport almost no current, so that f,, is concentrated on
a single pathway from a to b. A typical reactive trajectory uses this pathway. In Figure 2.14
on the right, the potential ® and the splitting of f,, into grad® and R are shown. We observe
that grad @ uses the loops in both directions with equal preference. The fact that one of the
directions is actually preferred is encoded in R. In other words: The flowlines of grad ® do not
coincide with typical pathways of reactive trajectories.

N N N

______ » °

Figure 2.14 - Left: The effective current f, on the barbell graph with source A = {a} and target
B = {b}. The dotted edges carry almost no current. Right: Gradient flow grad ® (green edges)
and rotation R (red edges). Thickness denotes magnitude of flow. The colorscale of the nodes
indicates the value of ®.
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Figure 2.15 - Transition tube graph. Left: Effective current. Edge thickness is proportional to
the magnitude of the current. Right: Node coloring indicates ®. Edge directions according to
grad ®. Edge thickness is proportional to grad ®. Edge color is proportional to R.

B
®

Transition tube with vortices. The next example is a graph G which represents a short
transition tube with 4 additional vortices. We construct this by starting with the simple RW
(2.33) on the undirected graph G and then adding a strong preference to travel along the
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vortices in the direction shown in Figure 2.15, which results in the current f,, shown on
the left. On the right we show the splitting of f,, into grad® and R. The color of the edges
is proportional to R while the thickness is proportional to grad ®. The rotation R picks the
vortices out. We observe that grad @ is larger for the outer pathways than it is for the central
pathway and, as in the barbell graph example, grad® passes through the vortices in both
directions - in the direction given by f 1, and against it. The potential ® itself is also shown in
Figure 2.15, and it is monotonically increasing from the left to the right.

Random block model. Our next example is a simple random walk on a random graph G
generated by a so-called random block model. Given parameters m, ny, p; and p,, the
random block model first groups the n = mnj, nodes into m blocks Cy, ..., Cy, of nj, vertices
each. Then the model decides independently for each directed edge if it is present or not. In
the simplest version of the model, edges that connect nodes in the same block (i.e. interior
edges) are present with probability p;, while edges between blocks (i.e. exterior edges) are
present with probability p,. We make the additional modification of only allowing exterior
edges between a specified central block C,;,, and any other block C;. This arranges the blocks
in a star-shaped fashion, see Figure 2.16.

A b [:] o o o o

0.8

Cz@ L 0.6
<
0.4
0.2 a a o o
Ce s s 4 s 6 7 s o 1o

(@)

@ "
Figure 2.16 — Left: A realization of the random block model with m =5, n, =50, p; = 0.5 and
Po =0.0016, with a random source node A in block C; and a random target node B in block
Cs selected. Node color is according to g™, with red denoting g* (x) = 1 and green denoting

q* (x) = 0. Node size proportional to ug(x) (log scale). Right: Dominant eigenvalues of the
transition matrix P (2.33) for this model.

For p; > p,, the block model produces a directed graph G with a pronounced modular
structure. The simple random walk (2.33) on G is expected to display strong metastability
with metastable sets Cy, ..., C,,;. As an example, we consider the parameters m = 5, n; = 50,
pi; = 0.5 and p, = 0.0016. This produces 5 well connected blocks Cj, ..., Cs with on average 4
connections per direction between the central block C, and the other blocks’. Figure 2.16

"There is a small probability that the random graph G created by the block model is not strongly connected, so
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shows an example realization. Figure 2.16 also shows the dominant spectrum of the transition
matrix P of the simple RW on G given by (2.33). As expected, there are 5 eigenvalues close to
one which shows that P displays very strong metastability.

Now we study transitions from C; to Cs by selecting a random node in C) as the source A and
arandom node in Cs as the target B. Figure 2.16 shows the forward committor g* (colour of
the nodes) and the probability of reactive trajectories ug given by (1.50) (size of the nodes).
We see that g™ is almost constant on Cj, Cs and C» U C3 U Cy4. Most of the reactive trajectories
are in Cy, followed by Cs. This further confirms the presence of strong metastability. A typical
reactive trajectory first equilibrates in Cj, then transitions to Cs, equilibrates in C, UC3UCy and
finally transitions to Cs where it goes to B. Since it cannot go from Cs or Cy to Cs, transitions
C, —C3—Cs or Cy — Cy — C5 are detours that we would like to separate from the actual transition
C; — C, — Cs. We may conclude that grad @ describes the transition from A to B, but grad ® is
positive on edges where the reactive trajectories themselves cannot go.

Figure 2.17 - The decomposition (2.48) of f, (top) into grad® (bottom left) and R (bottom
right) for the random block model. Colour according to g* with red denoting g* (x) = 1 and
green denoting g™ (x) = 0. Node size proportional to the total amount of flow passing through
the node (log scale). Edge color proportional to the total amount of flow passing through the
edge (log scale).

that the simple RW on G would not be ergodic. If this happens, we discard G and redraw.
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In Figure 2.17, the effective current f, and its splitting into grad ® and R according to (2.48)
is visualized. For all the plots in Figure 2.17, the color of the edges is proportional to the
logarithm of the amount of flow the edge transports, from light grey (small) to black (large).
The color of the nodes corresponds to g*. The potential ® and g* are indistinguishable. The
size of the nodes corresponds to the total traffic, i.e. the total incoming flow, the node sees,
again on a logarithmic scale. We see that the effective current f, is large on all exterior edges
between C,, C3 and Cy4, indicating a lot of traffic between C,, C3 and C, before the transition
to Cs is made. The edges from Cs to C; also carry a lot of current. In contrast, grad® only
goes from Cj to C, and than to Cs. All exterior edges between C; — C, and C, — Cs5 are now
oriented in the direction of the reaction, and there is almost no traffic between C,, C3 and Cs.
The rotation R captures back and forth transitions between C, and C;, Cs, Cy, and Cs.

Langevin system. The last example is the Langevin system (2.40) from section 2.3.2. Recall
that with the parameters from section 2.3.2, the Langevin system is close to the correspond-
ing Hamiltonian system. For the Hamiltonian system, the energy H(x, p) = ﬁ p?+V(x)is
conserved. For the Langevin system, E,[H;] is conserved and E[|H; — Hy|] varies slowly:
The system will sample constant energy surfaces quickly, but take a long time to reach
energies which are significantly higher or lower. We study reactions from the right basin
A={09=<x<1.1,-03<p<=<0.3}totheleftbasin B={-1.1<x=<-0.9,-0.3<p <0.3}. Togo
from the right basin to the left basin, the system must first increase its energy from Hjy = 0 to
Hj» = 1 to reach the separatrix, then it must travel to the left and finally decrease its energy
from H;/» = 1to H; = 0. Therefore we expect the potential ® to coincide with H in the right
well and with —H in the left well. Figure 2.18 shows ® and the contour lines of H, and the
result indeed confirms our expectations exactly.

Figure 2.18 also shows the splitting (2.48) of f, into grad ® (green arrows) and R (red arrows).
The rotation R essentially coincides with the flow of the Hamiltonian system itself. That is,
R describes the fast dynamics within regions of constant energy. The gradient flow grad ®
is approximately symmetric with respect to the momentum flip p — —p. In particular, the
total flow crossing the x = 0 hypersurface in the p > 0 region is very similar to the total flow
crossing x = 0 in the p < 0 region. In contrast, a typical reactive trajectory would cross the
x = 0 hypersurface many times, but it would almost always cross from right to left in the p <0
region and from left to right in the p > 0 region, and it would almost always make its last
crossing in the p < 0 region. This shows that we cannot interpret grad ® as i.e. the flowlines of
reactive trajectories after their detours have been removed.

2.4.2 Transition Pathways and Cycles

Parts of the work presented in this section are published in [BCS15]. The numerical results of
section 2.4.1 all indicate one drawback if we wish to interpret the decomposition (2.48): The
potential part grad ® is insensitive to the edge orientations of f ;. This renders a stochastic in-
terpretation of the splitting (2.48) impossible. By this we have the following in mind: Consider
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Figure 2.18 — Langevin system. Top: Potential ® and contour lines of H. For the boxes at the
boundary, ® could not be computed reliably due to lack of data. Bottom: Gradient flow grad ®
(green arrows) and rotation R (red arrows). The length of the arrows is proportional to the
magnitude of flow transported. The size of the arrows representing grad ® has been enlarged
by a factor of 2 relative to R for visibility.

some way to interpret grad ® as the probability flow generated by an ensemble of 'pruned’
reactive trajectories. By the properties of grad @, the pruned reactive trajectories will have no
cycles and will produce the same reaction rate k 45. However, other statistical properties of the
ensemble of pruned trajectories might be completely different when compared to the original
ensemble of reactive trajectories. For example, pruned trajectories might perform transitions
frequently that are extremely unlikely or even outright forbidden for the reactive trajectories.
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The numerical results in 2.4.1 indicate that this behaviour of grad ® is generic. As a way out, we
will now discuss an alternative to the Hodge-Helmholtz-decomposition presented in section
2.4.1 that constructs the ensemble of pruned reactive trajectories explicitly and therefore has
a direct stochastic interpretation. The cycle decompositions of section 2.1 provide the tool for
achieving this.

To set things up, we make the following definition, following [Met07]:

Definition 2.16 A reaction pathway is a nonintersecting directed path in G ( f;B) that starts
in A and ends in B.

The idea here is the following: A single reactive trajectory (A, x1,..., X, B) can always be
decomposed into one uniquely defined reaction pathway and several cycles. This can be done
via the algorithm presented in section 2.1.3. The only difference is that we have two different
kinds of 'cycles’: Reaction pathways and cycles in the transition region T = X\ (AU B). The
corresponding decomposition of f;, into a current generated by reaction pathways and a
current generated by cycles will be given by Lemma 2.4.

In order to use Lemma 2.4, we need to construct a Markov chain (XZ%),, with transition matrix

P® and invariant distribution p* such that uf pf, gives the current f . However, f; is not

divergence-free in A and B, but pﬁy has to be divergence-free everywhere in order to use

Lemma 2.4. As a first step we therefore map all of AU B to a single state s and define a lumped
flow F® on T U {s}, as shown in Figure 2.19. The next Lemma tells how this is done.

Figure 2.19 — Left: Transition region T (grey), source A (green) and target B (red). Right: The
lumping procedure consists of keeping T and mapping all of AU B to a single node s.

Lemma 2.17 Let thelumped flow FX on T U {s} be defined by

max{fap(x,y) - fap(y,%),0} x,y€eT
FR(%,9) ={ T uea fas(@y) x=syeT (2.52)
2 pes faB(X, D) xeT,y=s.
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Then 5 (FR(x,y) - FR(y,x)) = f1,(x,y) forall x,y € T, and F® is divergence-free on T U {s}. In
addition, the total outflow 2y FR(s, ¥) of s equals ksp.

Proof: % (FR (x,y)— FR 62 x)) = fXB (x,y) for all x,y € T is clear. The outflow of FR from s is
given by

Y FRs,»= Y fapl@y) =kas
y acA,yeX

and equals the inflow of F® into s:

ZFR(x,s): Y fag(x,b) = kag.
X

xeX,beB

Thus div FE(s) = 0. It remains to show that div F&(x) = 0 for x € X:

divFfx) = Y (FRu,p) - FR(y,x)

yeTuU{s}
=Y (fap(x, y) — fas(y, 0)) + FR(x,5) - F*(s, %)
yeT
=Y (fa, ) = fa0)) + Y. fap(, )= Y fap(3,x)
yeTl yeB yeA
=Y (fax,») = fap(y,0)) =0
yex

since fyp is divergence-free on X\ (AU B). &

Thus FR describes the transport of reactive trajectories from A to B in the same way [ 15 does,
but it transports them from s back to s instead. Every reaction pathway (x4, x1,...,X,, XB)
corresponds to a simple loop (s, x1,..., Xy, ) in G(F®) which passes through s. The next step
is to define a transition matrix PR on T U {s} and a corresponding stationary distribution u
such that ,uR (x) pR (x,y) = FR(x, y) for all x # y € T u{s}. This can indeed always be done, as
the next lemma shows.

Lemma 2.18 Define

Y, FR(xy)  xeT,
wRon =% J’R (2.53)
1= geTp™(x) x=5
and
R
D x#yeTulsh,
pRxy =10 x=yeT, (2.54)

1 _ZyGT PR(S,J/) X=y=S.
Then PR is a transition matrix with stationary distribution u® and u®(x)PR(x,y) = FR(x, y)
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Chapter 2. Irreversible Markov Chains and Cycles

holds forall x # y € T U {s}.

Proof: That }_ y PR(x, y)=1land ¥ ety ,uR (x) = 1is clear from the definition. ,uR (x) pR(x, y) =
FR(x,y) for all x # y € T U {s} follows directly from (2.54). We show that uF is the stationary
distribution of PR: For y e T U {s},

Y R pRe,y =pfmpfen+ Y FRx,p)
X x;éy

=1f R,y + Y FRy0
X£y

=1f R,y + Y L opty 0 =t
X#Y

using the results above and the fact that F is divergence-free. This finishes the proof.

Note that we needed to include a self-loop at the state s, clf. Figure 2.19. This ensures that the
process (X f) ¢ spends the appropriate amount of time in the non-reactive state s and that the
overall transition rate k4p is correctly given by the outflow of s. There is no need to include
self-loops for any other state x € T.

The transition matrix P¥ constructed in Lemma 2.18 is the generalization of the 'no detour
transition path process’ to non-reversible processes that was constructed in [CVE14] for
reversible ones. In fact, the name 'no detour process’ is only justified in the reversible case,
where the current FR of PR equals gradg* and thus the trajectories produced by PR are
directed pathways from A to B along which g* always increases. In the non-reversible case,
paths generated by P% indeed perform detours in the form of loops, which we proceed to
remove in what follows.

Now we are ready to use the cycle decomposition (2.6) for uR (x) pR(x, ¥). This will decompose
the flow F®(x, y) into simple cycles in the graph G (FR). We can write the set 6, of simple
cyclesin G (F R) as 6o = {[STUES, U ‘601 where €3 is the set of cycles that contain the node s
and at least one node in T and therefore correspond to reaction pathways, and 6. is the set of
cycles that do not contain s and therefore correspond to detours of the reactive trajectories.

Theorem 2.19 The decomposition formula
FRx,y) = 0pf 1) = Y 0e@Jcx 1)+ Y, wolc)e(x,y) (2.55)
CECS, cEBL
= F’(x,y) + R(x, )
holds for all x # y € T U {s}, and has the following properties:
() Zce‘ggo Woo(€) = kAB

(ii) If (X;); is reversible, then €. = @ and thus R =0.
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Proof: The decomposition (2.55) is a consequence of (2.6) and€x, = {[s]} U €S, UEL. We show
(1) and (ii):

(i) We use Lemma 2.17, equation (2.55) and the fact that J.(s,y) =0forall ce %OE and all
y €T to write

kap=Y FRs 1) =Y Y 0c@Jc(s))= Y, wool0)]e(s).

yeT YET ceE;, CcEE,
But by definition J.(s) = 1 for all ¢ € €3, which shows (i).

(i) If (X;); is reversible, then we know from section 2.4.1 that f, = gradg* and G(f;)
contains no cycles. Then the only cycles G (F¥) can have must pass through s. B

The weights w (¢) for the reaction pathways ¢ € €3, have the following interpretation: Sup-
pose X(f =sandlet7 =inf{r>0: Xf = s} be the next time the state s is visited. By definition,
this completes a cycle in 63, and the probability that the completed cycle is c is given by
Woo(€)/ kap. Thus ws(c) endows €5, and thus the space of reaction pathways, with a prob-
ability distribution. If we generate a long realization of the process (XX), that gives many
transitions from s back to s, remove all detours (i.e. all loops in T) and then compute a
histogram of the different reaction pathways that have been used by (XZ),, then this his-
togram converges to w«(c)/ kap as the length of the realization goes to infinity. This follows
from the properties of the circulation distribution discussed in section 2.1.3. Note that the
ensemble of trajectories generated by (Xf) ¢ is very different from the ensemble of reactive
trajectories: They have the same effective current, but the trajectories generated by (Xf) f
are typically much shorter since they cannot go back and forth along the same edge (which
reactive trajectories can do).

Comparison with the Hodge-Helmholtz decomposition. With (2.48) and (2.55) we have
two different decompositions of the effective current f;; on our hands®. Both decompositions
are unique and split up f,, into a part responsible for the transition from A to B - in the case
of (2.48) this is grad ® while in the case of (2.55) this is the flow F? carried by the reactive
pathways %€, - and an additional rotational part R. Both decompositions share the property
that R = 0 iff (X;); is reversible. The difference is that the decomposition (2.48) is based
on a projection and thus neither R nor grad ® have an immediate stochastic interpretation.
Indeed grad ® > 0 on edges where no reactive trajectory can go, and thus grad® cannot be
interpreted as a flow of pruned reactive trajectories. In contrast, this is exactly what F” is by
construction: If all the reactive trajectories are pruned so that only the directed pathways from
Ato B remain, then their flow is given by F”. Consequently, F” (x, y) > 0 only on edges (x, y)
where f;(x, y) > 0. On the downside, the decomposition (2.55) is much harder to compute
than (2.48) which only requires to solve a linear system, and F” cannot in general be written

8Recall that by lemma 2.17, F® antisymmetrized essentially equals fXB.
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Chapter 2. Irreversible Markov Chains and Cycles

as the gradient of a potential ®, which is desirable because it gives us a reaction coordinate
to monitor the transition from A to B (namely ®). If one wishes to obtain such a reaction
coordinate, then ® from (2.48) is our best answer. If one wishes to know which reaction
pathways are actually used during that transition, then (2.55) gives the answer. We will now
look at examples to highlight this.

Examples

We start with a tutorial example. Consider a system with source A = {1}, target B = {5} and
transition region T = {2,3,4}. The effective probability current is shown in Figure 2.20. The
reaction rate is given by k4p = k and equals the flow from 1 to 2. At node 3, a fraction of § of
the incoming current is rerouted to 2 via 4, the rest is pushed onward to 5. The lumped flow
FR is shown on the right in Figure 2.20. It is given by

1
—k
-0 k
k 2 »e B
A \/5 .
%k
1-9

Figure 2.20 — Left: Effective current f, of a tutorial example network. Right: The lumped
current F¥ of the same network.
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Thus according to P®, from 3 one goes next to 4 (and thus uses the loop) with probability §, and
one goes to 5 and arrives at the target with probability 1 — 6. The decomposition (2.55) is given
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in terms of €3, = {[1,2,3]} with weo ((1,2,3]) = k and €L, = {[2,3,4]} with we ((2,3,4]) = 125 k.
We can make out two regimes: If § > 1/2 then w ([2,3,4]) > 0w ([1,2,3]), and rotation in T
dominates. If § < 1/2 then wy ([2,3,4]) < ws ([1,2,3]), and the reaction from A to B dominates.

The analysis so far assumed that k is independent of §. But actually k depends on d because «,
which is the probability of being in the non-reactive state s, stays fixed as 6 is varied. Therefore

k=(1-a) %‘;, and accordingly

1-6

W ([1,2,3]) = (l_a)2+6’

0
2,3,4)=01-a)—.
Weo ([ D=0-a) 545
Not surprisingly, k = wo ([1,2,3]) is maximized for 6 = 0 and becomes vanishingly small as 6
approaches one. On the other hand, wy ([2,3,4]) = 0 for 6 = 0. w ([2,3,4]) grows monotoni-
cally with 6 and reaches its limit value of %(1 —a) for 6 =1, where T and s disconnect.

Now we revisit the examples from section 2.4.1. In all of them, the lumped flow F¥ is first
constructed from [, using the procedure described above, then the splitting of F Rinto FP
and R according to (2.55) was studied by sampling a random walk of length N = 10° from PF,
which is long enough to obtain convergence for the quantities of interest (i.e. the probabilistic
weights w.(c) of the most important pathways) in our examples.

Barbell graph. We revisit the barbell graph from Figure 2.7. As in section 2.4.1, we define
arandom walk on the barbell graph that goes with probability p = 0.8 along edge directions
and with probability (1 - p) against edge directions. The resulting effective current f;, was
shown in Figure 2.14 and is shown again in Figure 2.21. One observes that f,, has no cycles,
hence €, = ¢ and consequently R = 0 and F? = FE. The set €2, has four elements that we
may denote as {(t?),(th), (bt), (bb)} where (t?) is the path from a to b that uses the top arc
in the left loop and in the right loop, (¢b) is the path that uses the top arc in the left and the
bottom arc in the right loop, and so on. Almost all of the current is transported by (bt).

Figure 2.21 — The effective current f, on the barbell graph with source A = {a} and target
B = {b}. The dotted edges carry almost no current.
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Figure 2.22 - Transition tube graph. Node coloring indicates g*. Edge directions according to
FP. Edge thickness is proportional to the magnitude of F”. Edge color is proportional to the
magnitude of R.

Transition tube with vortices. Now we revisit the transition tube graph with additional
vortices from Figure 2.15. In Figure 2.22, the splitting of f, into the potential part F P and the
rotation R is shown. The edge thickness is proportional to F”, the edge color is proportional
to the magnitude of R with large values in red and small values in green. The only difference
to the splitting shown in Figure 2.15 is the way the red edges, i.e. the edges in the vortices, are
used by F” resp. grad ®. The red edges which allow transport from A to B are used by F”, the
others are not used. This is because F” by construction has to respect the sign structure of
f4p- In contrast, grad ® reverses the orientation of the red edges which do not allow transport
from Ato B.

As expected, the set 61 has four members with large weights which correspond to the four
vortices shown in red in Figure 2.22. The other members in €. are 3 orders of magnitude less
likely, and correspond to slightly longer versions of the vortices that also use a few of the green
edges. The most important pathways in €3, are the central, top and bottom pathway which
are visible in Figure 2.22. They are all equally likely and together they carry more than 82% of
the reactive flow, that is, more than 82% of the reactive trajectories used one of these three
pathways.

Random block model. We revisit the random block model from Figure 2.16. On the same
realization that was studied in Figures 2.16 and 2.17, the current F” carried by directed
pathways from A to B was sampled. The result is shown in Figure 2.23. The result looks similar
to grad ® shown in Figure 2.17: There is almost no flow in C3 and C,4, and no flow back from
Cs to C, or from C, to C;. This is to be expected: If a trajectory is e.g. in Cs, it must come from
and go back to C,. Because of the strong metastability, it is very likely to loop back on itself in
C, before going to Cs. Then all the states it has visited in C3 become part of a loop which gets
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Figure 2.23 — Current F” (x, y) carried by directed pathways in (2.55). Colour according to g*
with red denoting g™ (x) = 1 and green denoting g* (x) = 0. Node size proportional to the total
amount of flow passing through the node (log scale). Edge color proportional to the total
amount of flow passing through the edge (log scale).

erased. The biggest difference between F” and grad @ is that F” uses only the exterior edges
which are present in G and point in the direction of the reaction, while not using edges that
point in the direction opposite to the reaction. In contrast, grad ® changes the orientations
of exterior edges so that they all point in the direction of the reaction, and then it uses all of
them.

Langevin system. We revisit the Langevin system from section 2.3.2. We use the same
parameters as for the numerical study in sections 2.3.2 and 2.4.1, so that the discussions
therein apply. In particular, the Langevin system is close to the Hamiltonian system, the
energy H(x, p) = ﬁ pz + V(x) is a slow variable, and a typical reactive trajectory consists of
many orbits around A followed by a transition from the x > 0 to the x < 0 half-plane followed
by many orbits around B. Because of the dynamics (2.40), all reaction pathways must cross
from the x > 0 to the x < 0 half-plane in the p < 0 region.

Figure 2.24 shows the splitting of f; into F? (blue arrows) and R (red arrows). And indeed,
the only qualitative difference of this splitting to the one shown in Figure 2.18 is that F¥ crosses
the x = 0 plane only in the p < 0 region whereas grad ® crossed the x = 0 plane with equal
probability in the p < 0 and the p > 0 region. In this respect, F* captures the behaviour of the

85



Chapter 2. Irreversible Markov Chains and Cycles

2
1.5F : ) NI ]
. . '< - \ ‘\ ! v .
i Lo oL N ]
1 LT LD \? b
. - p v / /4 \% \ W ! .
0.5- ’ % o /// % X il
. .7 /A// /‘ PNV -
o . /M/‘ S ”Q‘ LN . il
o ﬁ - ? \\\\ N //
A PRERN v TN\t g
05 i NN M; S
. U N U U
-1t i - o« N \ N \:v‘ - 4
i . . ~ AN } = ~- -
o . \\ ..
-1.5+ N N b
2t . . . . . . Lo . . .. B
_2.5 L L L L L L L
-2 -1.5 -1 -0.5 0 0.5 1 15 2
X

Figure 2.24 - Langevin system. Productive flow F? (blue arrows) and rotation R (red arrows).
The length of the arrows is proportional to the magnitude of flow transported. The size of the
arrows representing F¥ has been enlarged by a factor of 2 relative to R for visibility.

reactive trajectories and may tell which reaction pathways the reactive trajectories are using,
whereas grad ® does not.

To obtain further insight into the structure of 6., we show the empirical distribution of cycle
lengths d(n) = chgl W (€)6 (Ic| = n) in Figure 2.25. The number Nd(n) is the number of
times a cycle which has length 7 and is in ‘5012 was passed through by the realization (X;,)1<n<n
oflength N that we use to sample. The distribution d(n) has a pronounced global maximum at
n =5 and another local maximum at n = 10. These correspond to orbits with winding number
one and two respectively: The Hamiltonian system completes an orbit with winding number
w in time ¢ = w. Since the discretization time step is ¢ = 0.25 and the Langevin system is close
to the Hamiltonian system, we expect orbits of winding number one to take 4 — 5 steps and
orbits of winding number two to take 9 — 10 steps. To confirm this intuition, we order the
members of ‘601 according to we(c) in descending order. Figure 2.24 shows the cycles ¢, ¢4,
c13 and c;5 on the right and confirms that these are orbits around A or B with winding number
one. All other cycles ¢; with 1 < i <20 also correspond to similar orbits, but they are not shown
since they would overlap with the other cycles.

Common observations. When comparing the numerical results for the decomposition
(2.48) with those for the decomposition (2.55), we can make the following common observation
for all the examples studied here:

(i) The support of R is essentially the same for both decompositions, but the magnitude of
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Figure 2.25 — Langevin system. Left: Distribution d(n) of lengths of cycles in €. Right: The
sets A and B (light yellow) and the cycles c;, ¢4, ¢13 and ;5.
R is different,

(ii) edge directions in G (grad ®) may be different from edge directions in G () while edge
directions in G (F”) and G(f;) are always the same,

(iii) while F is by construction a current generated by pruned reactive trajectories, grad ®

cannot be interpreted as such.

These observations lead to the conclusion that the splitting (2.48) is more geometrical, i.e.
dictated by the graph topology and the metric given by the capacities ¢*(x, y), while the
splitting (2.55) is more dynamical, i.e. dictated by properties of actual realizations of (X},) .
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8] Optimal Control Theory in Molecular
Dynamics

In chapter 2, we have seen that numerical estimators based on reversible processes often dis-
play strong metastabilities which results in poor convergence properties. In particular, section
2.2.3 showed that these metastabilities can always be reduced by adding a non-reversible
force. In this chapter, we study problems where the additional force term can be adjusted by
an external controller that wishes to minimize a certain objective function. These optimal
control problems have already been introduced in section 1.4. Now we restrict our attention
to a special class of control problems, so-called linear quadratic (LQ) control problems, which
are dual to sampling problems in e.g. Molecular Dynamics applications. Solving the optimal
control problem exactly solves the sampling problem in the sense that it gives rise to a zero-
variance estimator. The duality between control and sampling is explained in detail in section
3.1.

The remainder of the chapter is devoted to the approximate solution of LQ control problems.
We have to perform a discretization in order to be able to do numerics. We choose a Galerkin
method in conjunction with a logarithmic transformation. After the discretization, a control
problem for a discrete Markov jump process is obtained. The method is explained in section
3.2. We prove error bounds in section 3.2.2 and study examples in section 3.2.4.

Section 3.3 is concerned with the method of averaging [PS08]. In large and complex systems
with metastabilities, one usually has few slow and many fast variables. The method of averag-
ing allows to reduce the problem size by averaging over the fast variables. We demonstrate in
section 3.3 that the method also applies to LQ control problems. The averaging method is one
way to arrive at discretizations of the type studied in 3.2 which are numerically tractable and
still capture the important slow degrees of freedom, even for larger systems. As an example,
we study alanine dipeptide in section 3.2.4.
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3.1 Optimal Control as a Means to Accelerate MD Sampling

In this chapter, we are concerned with the following problem: Given a (possibly large) state
space X with a dynamics governed by a Markov process (X;); on X and a target region A c X
which we assume to be a closed set with smooth boundary A, we are interested in the
hitting time 7 4 = inf{z > 0: X; € A}. In particular, we are interested in the statistics of 74 (i.e.
mean, variance, higher moments) conditioned on Xj € B in a situation where the starting
region B is strongly dynamically separated from A so that transitions from B to A are rare
events. This is a typical situation in Molecular Dynamics. Here the space X = R3N is the
configuration space of a large molecule with N atoms, (X;); describes the dynamics of the
molecule in its environment (e.g. a water bath), and the regions A and B correspond to two
different molecular conformations, i.e. different geometric configurations of the molecule
which influence its chemical behaviour. For example, A might be an unfolded and B a folded
structure. Transitions between A and B are rare events since they happen on a time scale
which is several orders of magnitude larger than the simulation time scale one is forced to use.

One way to obtain statistics of a bounded random variable Z is to compute its cumulant
generating function or free energy

vs[Z] = —logE [e™*#] 3.1)

which, by using the Taylor formula around s = 0, admits a moment expansion of the form

2
yslZ] :sE[Z]—%E[(Z—E[Z])Z] +... 3.2)

so that we can compute the nth moment M,[Z] = E[(Z - E[Z])"] of Z by taking the nth
derivative of y¢[Z] around s = 0:

n

n-1 d
MylZ]=(-1) —;slZ] . (3.3)
dsn s=0

If we therefore know y[Z] for all values s in a small neighbourhood around s = 0, then at
least theoretically we can compute all moments of Z from (3.3), which gives us complete
information about the statistics of Z. In the case we are interested in, Z =74 and E[...] is
expectation conditional on Xy € B. In order to be slightly more general, we will seek the
function

V(x) := —elogE,

exp (—E_lf Af(Xs)ds)
0

(3.4)

for x € B, a temperature parameter € > 0 and some measurable and nonnegative function
f :X = [0,00). The cumulant generating function (3.1) of Z = 74 is obtained from (3.4) by
taking f = slx and averaging V(x) over x € B. In the situations we are interested in, V(x)
will always be approximately constant for all x € B so that the averaging step isn't necessary.
Conditioning on a single x € B has advantages that will become clear shortly.
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One way to compute V (x) would be through sampling: Suppose we have obtained N realiza-
tions (Xi”)) ¢ of the dynamics (X;),; with X(()") = X, e.g. via numerical integration. Let Tff) be the
value of 7 4 for the nth realization. Then a naive estimator of V (x) would be

N Txl)
Vix) = —slog% ) exp (—e_lfo f(Xs(”))ds). (3.5)
n=1

However there are three problems with the estimator (3.5): (i) By our assumption, transitions
from B to A are rare and thus difficult to observe in a numerical simulation, (ii) because of
the nonlinearity of the logarithm, the estimator (3.5) is biased, (iii) because of the exponential
inside the expectation value in (3.4) which gives large weights to realizations where the value
of the integral inside the exponential is small, the estimator (3.5) has a large variance.

We will instead pursue an entirely different way of computing V (x) in this chapter: It will be
shown below that V(x) can be interpreted as the value function of an optimal control problem.
The rest of the chapter is then devoted to the development of techniques for solving this
optimal control problem approximately. For concreteness, we will assume that the dynamics
(X;) is a Markov diffusion (1.17) on X = R4 with a generator L given by (1.18), i.e. (X;) evolves
according to the SDE

dX,=b(X)dr+o(X)dW;, Xo=x (3.6)

with W, being Brownian motion in R”, drift b : R — R and diffusion coefficient o : R —
R*™_We further assume L to be uniformly elliptic, see (1.19). As a consequence, the bilinear
form

EMaw =Y. aij(0En;  VENER? 3.7)
i,j

is an inner product on R? for every x € X. Consider the following optimal control problem:

LQ control problem. Minimize the functional

J*(x) = Ex

fom (f (X¥) + i|us|2) ds] (3.8)

over all u € %, with the space of admissible control strategies % as in Theorem 1.14 and
control space U =R"™, subject to the dynamics of the controlled process (X}*), satisfying the
SDE

ol (X} w

dXx; = (b(X;‘) + de+oXHdw,,  Xi=x. (3.9)

1
V2e
Thus the control enters linearly in the dynamics (3.9) and quadratically in the cost (3.8). The

factor 1/4 in (3.8) is merely convention. The quadratic penalization term in (3.8) equals the
relative entropy H(Q, P) between the reference measure P of the uncontrolled diffusion (3.6)

91



Chapter 3. Optimal Control Theory in Molecular Dynamics

and the probability measure Q of the controlled process (3.9), as can be shown using Girsanov’s
theorem [@ks03, Thm. 8.6.8]. In other words, it holds that (cf.[HS12, HBS*14]):

1 (74
Eq [—f Iuslzds
4 Jo

cf. the definition (1.9) of the relative entropy.

:Eflogj—ng =eH(Q,P),

The rigorous statement of the duality result that now follows requires several strong assump-
tions, in particular the existence of a classical solution to a linear elliptic PDE. We first state
and prove the result and then comment on the assumptions.

Theorem 3.1 (Duality between control and sampling problem.) Let (X;); be a Markov dif-
fusion on X = R? evolving according to the SDE (3.6) with uniformly elliptic generator L. Let
A c X be closed with smooth boundary and such that the hitting timet 4 =inf{t > 0: X; € A}
is a.s. finite and x := sup yex\ 4 Ex [T 4]l <00. Assume further that L, Aand K = f 20 with K >0
are such that the PDE

Lox) - f(0)p(x) =0  on X\ A,
dy)=1  yedA. (3.10)

has a bounded solution ¢ € C> (X\ A). Let V : X\ A — R be given by

V(x) = —¢logE;

exp (—5_1/ Af(Xs)ds)
0

ThenV € C*(X\ A), and V = infycq, J" is the value function of the LQ control problem (3.8),
(3.9). The minimizer u* = argmin J* is unique and given by the feedback law

u; =a* (X}, a* (x) = —vV2e 26 TvV(x).

The strategy u* is in %o if Ex [T o] < oo under (X*), and u} < K’ forall t <7 o and some K' > 0.
If this holds then u* is an optimal Markov control strategy, i.e. we have V(x) = J* (x) and
V(x) < J“(x) forall u € U,.

Proof. By the Feynman-Kac formula (1.23) in Theorem 1.4, the solution ¢ to (3.10) is given by

d(x) = Eq exp(—g_lf Af(XS)ds)], (3.11)
0
and it follows that
V(x) = —elogo(x). (3.12)

Next we show that ¢ is uniformly bounded away from zero: From f < K, Jensen’s inequality
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and the assumption « := sup ,¢x\ 4 Ex [T 4] < 0o, we have
¢(x) = Ex [exp (—E_IKTA)] > exp (—E_IKEx [Tal) = exp (—E_IKK) >0,

thus ¢ is uniformly bounded away from zero, and since ¢ € C? (X \ A), we can take derivatives
in (3.12) and conclude that V € C?(X\ A). From (3.12), we obtain by the chain rule and (1.18)

L
sf =—LV+e H(VV,VV) . (3.13)

Now consider the relation

1 1
-1 . T 2
- (VV,VV =miny{—a-0' VV+—|a|”;, 3.14
( )a(x) GERM { \/E 4| | } ( )
which holds in view of a = %aaT. If we combine (3.10) with (3.13) and (3.14), we see that V
solves the boundary value problem

. 1 T 1 5
min<{LV(x)+ —a-c" VV+ f(x)+—|a|*; =0 on X\ A,
a(—:[Rm{ (x) NeTS f(x) 4| | }

V(y)=0  yedA. (3.15)

Now the statements of the Theorem all follow from the verification Theorem (1.14). The
only thing left to show is that the minimum a*(x) exists and the corresponding Markov
control strategy u; = a* (X} is in %,. That the minimum exists and is equal to a*(x) =
—V2e 26TV V (x) is clear from (3.14). To show that u} € %, we need that 7 4 < co a.s. under
(X2"),, which holds by assumption, and E [ ;4 VV (X¥) - o (X%) dW;] = 0. The latter follows
from the assumption u; < K’ for all t < 74 [vVH07]. B

Remark: On the assumptions in Theorem 3.1. The question of existence of a classical
solution p € C 2(X\ A) to the PDE (3.10) is difficult in general. We are guaranteed existence of a
classical solution ¢ if one of the following sets of assumptions holds:

(i) a, band f arein C*°(X\ A), the boundary 0 Aisin C*°, and A is such that X\ A is bounded
[EL98]. The latter may be achieved by setting A:= A’ U E where E is the exterior of the
bounded region of state space we are interested in, and A is the compact target region
we want to reach. We have different options of specifying boundary conditions on
0A" = 0 AU AE. We may use Neumann boundary conditions on E, i.e. replace (3.10) with

Lo(x)—e L f(x)p(x) =0  on X\ A,
d( =1 yedA, (3.16)

0p
— =0 OE.
dn(y) ye
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This translates to Neumann boundary conditions g—‘rf =0on E in (3.15). Alternatively
we may put Dirichlet boundary conditions ¢(y) = exp(—&~'C) for y € OE with some
C > 0, which leads to Dirichlet boundary conditions V(y) = C for y € 6E in (3.15). If E is
sufficiently far away and such that the probability of reaching E before A is negligible,
then these modifications to (3.10) do not change the solution ¢ much in the region of
interest.

(ii) Instead of (3.10), we may consider the following parabolic PDE on Q = O x [#y, t;) with

bounded O c X:
0
L(/)—E_lf(p:a—(f on OX [tO) tl);
Gy, 1) = exp(—e 1g(y)) y€ao,telty, t),
Gy, 1) =exp(-£1C) yeO.

Here, C > 0 is some (possibly large) constant. Then a solution ¢ € C 1’Z(Q) N (,b(Q) exists
[FS06] which is given by a Feynman-Kac formula similar to (1.22). The functional J“ to
be minimized in the control problem changes to

J*(x) = Ex

f (f(XS”) + l|us|2)ds+z(x,,r)]
0 4

where 7 is the first exit time of Q, z(y, f) = g(y) for y€ 00 and z(y, ;) = C for y € O. As
before, we may separate 00 = 0 AU OE where 0 A is the boundary of the target region
and OF is the boundary of the region of interest in the state space X, and we may set
g(y) =0for ye 0A and g(y) = C for y € 0E. Formally, we may take the limit #; — oo
to recover (3.16). For very large f; exiting Q is the same as exiting O, and ¢ becomes
time-independent.

Concerning the additional assumptions needed to ensure that u; € %, we have that since
a* =—v2e0TVVisin C}(X\ A), the condition u} < K for all < T automatically holds if we
restrict X\ A to a bounded region by one of the procedures outlined above. The condition that
E, [T 4] < oo under (X!'), also automatically holds in this case, this follows from the uniform
ellipticity of a [VHO7].

Special case: Overdamped Langevin dynamics. An interesting special case is when the
dynamics of the uncontrolled process is given by the overdamped Langevin equation

dX, = -Vu(X,)dt + V2edW, 3.17)

that was introduced in (1.25). We denote the potential by v in order to avoid confusion with
the value function V. The control space R” equals the state space R? here. The generator L
acts on functions u € C?(X) as Lu = eAu— (Vv) - Vu, and is uniformly elliptic with o = v/2¢1
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and a = €1 > 0. The controlled equation (3.9) in Theorem 3.1 becomes
dX; = (-Vu (X}) +uy)dt + vV2edW,.

The HJB equation (3.15) becomes

1
min{L“V(x)+f(x)+Z|a|2} =0 on X\A4,

aeR?

V(iy)=0 yE€OA.

with L* = L+ a - V. The optimal control u* is given by u} = a* (X¥) with a*(x) = -2VV (%),
and thus the optimally controlled process (X;); evolves according to the SDE

dX; = -VU (X])dt+v2edW; (3.18)

with the effective potential U(x) = v(x) + 2V (x).

3.1.1 Duality Between Control and Path Sampling for Jump Processes

The duality result of Theorem 3.1 between a path sampling problem and an optimal control
problem via alogarithmic transformation also holds for Markov jump processes. This construc-
tion goes back to [She85], and we repeat it here in condensed form, see also [FS06, Sec. V1.9].
In the following, let (Xt) =0 be an ergodic MJP on the discrete state space X ={1,...,n} with
infinitesimal generator G € R™*", and define the stopping time 7 4 = inf{t > 0: X, € A} to be
the first hitting time of a subset A c X. Consider the following optimal control problem:

LQ control problem for MJPs. Minimize the functional
A TA ~ A A
JV () =E; U {fXD) + k(X! vs)}ds (3.19)
0

over all controls v € % with % as in section 1.4.3. The controls v take values in the control
space U = {a: X — (0,00)}. The function f : X — R is assumed to be nonnegative. If v = a for
s € [t, 1), then the generator of the controlled process (X ), for times s € [, ') is given by
Gija())
a_ ra A a _ J
The control-dependent costs k(i, @) in (3.19) are given by
(Ga) (D)

k(i,a) = e(G*(oga)) (i) — € —. (3.21)
al(i)
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The next lemma records some important properties of the control problem (3.19), (3.20). This
will also make the connection to the continuous case clear.

Lemma 3.2 Let the LQ control problem (3.19), (3.20) be defined as above.

(i) Let G be reversible with unique stationary distribution u. Then u*(i) = Zglaz(i)u(i),
with Z, an appropriate normalization constant, is the unique probability distribution
such that G* is reversible with stationary distribution pu®.

(ii) Let P denote the probability measure on the space of trajectories generated by X, with
initial condition Xy = i, and let Q be the corresponding probability measure generated by
X;’ with the same initial condition Xé’ = i. Then Q is absolutely continuous with respect
to P and the expected value of the running cost k is the relative entropy (1.9) between Q
and?P,ie.,

= flog d?dé =eH(Q,P)

TA
EA k(XY vods
Q Uo §0 dp

whereE...] is the expectation over all realizations of X [ starting at XO” =1.

Proof. We first show (i). By assumption we have u(i)G;; = u(j)Gj;. Now, let 1% be such that
,u“(i)G;."]. = ,u"‘(j)G;?‘l.. We will show that u® has the proposed form:

_a®() p() pr )

a(j) p*@ . a(j) p*a@) .
— Gij=—F—— Gji= - - -
K Gij a(i) p) HIDG, a2(i) u(i) pe(j)

(oA a __
HEDG =20 )

1*(HGj;
But since ,u“(i)Gg‘j = u%( j)G;?‘l., we must have

[1§)) _ ne@@)
u(Naz(j)  p@a?()

Vi#j.

u* (i)

This can only be true if the quantity Z;! := TR
Z a?(j)u(j) as desired. The constant Z, is uniquely determined by the requirement that
1% be normalized. Finally, from reversibility it follows directly that p® is also a stationary

distribution of G?%.

is independent of i. This gives pu%(j) =

To show (ii), note that the running cost k(i, @) can be written as

{a(]) log@—l]+l}, (3.22)

k@) =22 Gii 4y |8

J#i

the integral of which is the relative entropy between Q and P (see [DPMRY6, Sec. 3.1.4]). The
absolute continuity between Q and P simply follows from the fact that a in the definition of
G“ was required to be component-wise strictly positive. B
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Lemma 3.2 explains the rather unusual form (3.21) of the control-dependent cost k(i, @): As
for the continuous problem (3.8), (3.9), the expectation value of k is just the relative entropy
between the probability measures Q of the controlled process (X/), and P of the uncontrolled
process (X;);. In the continuous case the relative entropy had the simple form of a quadratic
penalty term. Here it is more complicated, but structurally still the same.

Lemma 3.2 also shows that the generator G? is still reversible for all controls a € U. In partic-
ular, note the following: Suppose p is of the form u(i) = Z !exp (—&~! #(i)) of a Boltzmann
distribution for some potential # : X — R. Then the stationary distribution of the optimally
controlled process is given by

u® (i) o exp (=& (0() +2V (D)),

i..e u“* is a Boltzmann distribution in the effective potential U = # +2V. This is in complete
analogy to the continuous case, clf. (3.18). We have the following duality result:

Theorem 3.3 (Duality for MJPs.) Let (X 1)t be an ergodic MJP on X=11,..., n with generator
G, 14=inf{t>0: Xt € A} for some Ac X andf:f( — [0,00). Let € > 0. Define

1 (74
exp(—;/o f(XS)ds)].

Then V is the value function of the LQ control problem (3.19), (3.20). The optimal control
v* = argmin JV exists and is unique, and is given by

V(i) = —clogE;

vi=a*(X)), a*()=exp(-e'V(@).

Proof. Consider the linear boundary value problem

Y Gijd() - fi)di)=0, ieX\A
i (3.23)
di)=1, icA.

By Theorem 1.7, the unique solution to (3.23) is given by

A 1 74, o
¢(i) =E; exp(——f f(Xs)ds)
£Jo

and thus V = —¢log¢, and by multiplying (3.23) with ¢~'(i), we see that V satisfies the
equation

exp(V/e)Gexp(-V/ie)—e ' f=0, ieX\A
V(i)=0, i€A.
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The exponential term in the above equation for V can be recast as
exp(V/e)Gexp(-V/e) =g} miIOl{—(Ga V(@) + k(i, @)} (3.24)
a>

using the identity minyE[R{e_V + ay} = a—aloga for a > 0 and the definition (3.21) of k(i, a).
As a consequence, (3.23) is equivalent to

min{(G*V)(i) + k(i,@) + f()} =0, ieX\A
ael (3.25)

V(i)=0, ieA.
which is the dynamic programming equation of a Markov decision problem. It readily follows
from (3.24) that the minimizer in (3.25) exists and is given by a* = exp(—e~'V). The rest
follows from the verification theorem 1.16. B

3.2 MSM Discretizations of LQ Type Control Problems

3.2.1 Galerkin Projection Point of View

In this section we will develop a discretization for the LQ control problem (3.8), (3.9) discussed
in Section 3.1. The discretization will approximate the continuous control problem with a
control problem for a Markov jump process on finite state space. We will focus on overdamped
dynamics (3.17). Overdamped dynamics is reversible, we thus study reversible dynamics with
external control. This work has been published in [SBHS13, BH14].

Because of the nonlinearity of the problem, a general theory for discretizing continuous
optimal control problems is unavailable. However, we saw in Section 3.1 that for the control
problems we are interested in, a logarithmic transform to a linear PDE (3.10) is available. For
linear PDEs, discretization theory in terms of Galerkin projections onto finite-dimensional
subspaces of the PDE solution space exists. Our strategy will therefore be the one indicated
in Figure 3.1, where the term 'linear PDE’ refers to the PDE (3.10), and the term ’constrained
linear system’ refers to the linear system (3.23).

In the first part of this section, we will develop the Galerkin projection for general subspaces
and obtain some control of the discretization error. To refine this control, we specify the
subspace D we project onto. As the state space is unbounded and possibly high-dimensional,
a grid-based discretization is prohibitive. Here we suggest a meshless discretization based on
an incomplete partition of state space into so called core sets, that are the metastable regions
of the uncontrolled dynamics. We will prove an error bound which gives us detailed control
over the discretization error, even if very few basis functions are used. We should mention
that clearly other choices are possible, such as radial basis functions or moving least-squares,
but for metastable and high-dimensional systems like in molecular dynamics or chemical
reaction kinetics using core sets and the associated basis of committor functions is beneficial.
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continuous discrete

Galerkin projection constrained
linear system

log trafoT log trafo l

Optimal Control ? Optimal Control
Problem for SDE Problem for MJP

linear PDE

Figure 3.1 — Discretization of continuous control problems via a logarithmic transform.

In the second part of this section, we will develop the stochastic interpretation of the resulting
matrix equation as the backward Kolmogorov equation of a MJP. We will study the resulting
discrete control problem and make a connection to Transition Path Theory [VE06] and core
set MSMs [SNL*11].

3.2.2 Galerkin Projection of the Dirichlet Problem

We consider the boundary value problem

(L-e'f)p(x)=0, xeX\A

(3.26)
d(x)=1, xedA.

with L = €A —Vv-V being the uniformly elliptic generator of (3.17) and f : X — [0, K] bounded
and continuous. We declare that ¢|4 = 1, so that the domain of ¢ is X. In order to be able
to apply theorem 3.1 and to have a problem which is amenable to numerical discretization,
we think of X as being bounded and impose homogeneous Neumann boundary conditions
ap .

55 =0on 0X, see Figure 3.2.

Following standard references (e.g. [Bra07]) we construct a Galerkin projection of (3.26). For
this purpose, we introduce the I?-based Sobolev space H' with norm bl g = IIVuIIi + ulli
and the Hilbert spaces V = {y € L>(X, ), |w ] ;n < oo} and Vp = {y € V, |54 = 0}. We further
define the symmetric and positive bilinear form

B:VxV—-R, By =e (fw)+eVp, V).
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X\ A

Figure 3.2 — The domain X and target set A.

Now if ¢ is a solution of (3.26), then it also solves the weak problem!

Bp,p) =0 YyeV,. (3.27)
A Galerkin solution ¢ is now any function satisfying

B, ) =0 Ve Dy, (3.28)

with Dg being a suitable finite dimensional subspace V}. Specifically, we choose basis func-
tions yx1,..., Yn+1 with the following properties:

(§1) The functions y;: X —Rarein V.
(§2) The y; form a partition of unity, thatis ). l.:+11 xi=1

(S3) The y; satisfy y,+1la=1and y;la=0forie{l,...,n}.

All elements of Dy :=lin{y,..., x»} will satisfy homogeneous Dirichlet boundary conditions
in (3.26), and we will sometimes write D := y,+1 ® Dy and think of the Galerkin solution (/3 as
an element in D. Now define the matrices

o fxju . £<VXi»vXj>y

AR T T,

INeumann boundary conditions of the form g—(ﬁ = g on X only contribute to the RHS of (3.27) with a term

(8N, W) 12(gx) [Bra07]. For homogeneous Neumann boundary conditions gy = 0 and therefore this contribution is
identically zero.
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Setting ¢ = ¥°; ¢, 1i, the weak form (3.28) becomes a matrix equation for the unknown coeffi-
cients ¢;:

n+1 .

Y (Kij—€'Fij)$pj=0, iefl,..n}

] (3.29)
(Z)VH—I = ]-y

which is the discretization of (3.26).

In order control the discretization error of the Galerkin method, we choose anorm |- || on V
and introduce the two error measures:

1. The Galerkin error € = ||¢p— (Z)II, i.e. the difference between original and Galerkin solution
measured in || - ||.

2. The best approximation error €9 = infyep ¢ — ||, i.e. the minimal difference between
the solution ¢ and any element i € D.

In order to obtain full control over the discretization error, we need bounds on &, and we will
get them by first obtaining a bound on the performance p := €/¢¢ and then a bound on &.
The latter will depend on the choice of subspace D. For the former, standard estimates assume
the following | - |[-dependent properties of A:

(i) Boundedness: (¢, ) < a1 ll¢lllly] for some a; >0

(ii) Ellipticity: for all ¢ € V holds %B(¢, ) = a2l ¢l for some ay > 0.

If both (i) and (ii) hold, Céa’s lemma states that p < g—;, see e.g. [Bra07]. For the energy norm
||(p||123 := B(p,¢) we have a1 = a, = 1 and therefore p = 1, thus the Galerkin solution ¢ is the
best-approximation to ¢ in the energy norm.

Performance bound

The next two statements give a bound on p if errors are measured in the L?-norm. In this case,
9(-,-) is still elliptic but possibly unbounded. Later in this section, we will specify the bound
on g for a specific Galerkin basis.

Theorem 3.4 Let 98 be elliptic. Further let

Q: L*(X,w) — Do < L* (X, ), Quw =Y {xi, whyi
i=1
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be the orthogonal projection onto Dy. Then

, (€)? 1 1QBA-QvI,
P =— 51+—zsup—2
€9 a5 veV lvllg

where B = €' f — L is the linear operator associated with ¢ — (-, ).
Proof. In Appendix C.

Remark 3.5 Note that |QB(1 - Q)vl, < IQBv|, is always finite even though B is possibly
unbounded since v e V < L2(X, ) and Q is the projection onto a finite-dimensional subspace of
L*(X, ).

The bottom line of Theorem 3.4 is that if B leaves the subspace D almost invariant, then ¢
is almost the best-approximation of ¢ in || - | ,. The following lemma gives a more detailed
description. In the following, we will write ||- || = || - || I for convenience.

Lemma3.6 Let Q' =1- Q and define
— L —— 1,.-1
6L-—m]§1XIIQ Lykl, 6f.—mIgXIIQ e fxll

to be the maximal projection error of the images of the yi’s under L and f. Then

n
IQBQ I =1Q"BQl < B1+857)y/—
where m is the smallest eigenvalue of M.

Proof. The first statement is true since A is essentially self-adjoint. For the second statement,
first of all

1Q*BQI=1Q ™ f-DQI = Qe £QI + 1Q Q|
holds from the triangle inequality. We now bound the term involving L. Notice that for
$=X;pixicD:
1Q Lpll = 1Y ¢:Q Lyil =6.Y Ipil = 6lIpll1.
i i

Then, with M := xir xjduij:

LL L b
10* 101 = sup 1Q ¢||IISSup 1Q </>||IIS5LSup ol

o=¢y+p.ev Il oep Nyl $er \ (b, DY

A similar result holds for the term involving f. The statement now follows from a standard
equivalence between finite-dimensional norms, [|¢[l; < v/72llpll2, and the fact that M is sym-
metric, which implies that (¢, $) s = T Mp = m$pT ¢ = mlPl3. W
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To summarize, Theorem 3.4 and Lemma 3.6 give us a formula for the projection performance
p which states that

2

p =1+ —(6L+5f)2

n
m a3

How large or small 6 ¢ is will depend on the behaviour of f, e.g., if f = const then 6 = 0. Both
6y and & are always finite even though L is possibly unbounded.

Choice of basis functions and bound on &,

Case A: Linear basis functions. We let the y; be piecewise linear basis functions. Specifically,
in d = 1 we use the Lagrange basis on a regular grid with grid points x; and grid spacing h,
given by

1+ 5 (0—x;) X€lxi-1,%)
Xi(0)=31-F(x—x;) Xx€[x;,%i+1),
0 else.

See also Figure 3.3. The derivatives of these basis functions are particularly simple. A simple
computation shows that

(lerVX]>,u _ £

Kiis1=-¢ Qi [exp (=& (0(xi21/2) — V(1)) + G (hP)] (3.30)
where x;1+1/2 = Xx; + h/2, and
QirXjdp _ 1 1 2
Fjix1 = ———— =~ f(xiz172) exp (€ (v(Xjx1/2) — v(x7))) + O (h?) (3.31)

with F;; =1-F; ;41 — F; j—1. It follows from standard finite element theory [Bra07] that the L?
best-approximation error € is given by

€0 =CH? (3.32)

with a constant C > 0.

Case B: Committor basis functions. We now generalize results [DSS12] on the approxima-
tion quality of MSMs for reversible equilibrium diffusions and estimate the best-approximation
error g for the case that the subspace D is spanned by committor functions associated with
the metastable sets of the dynamics. To this end suppose that the potential V(x) has n+ 1
deep minima x1,...,%x,+1. Let Cy,...,Cy41 be convex core sets around xi, ..., x;+1 and such
that A = Cy4+1. We write C = U;’jll C;and T = X\ C and introduce 7¢ = inf{t =0: X; € C}. We
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Cy Cy Cs

Ti—1 X Tit+1 Tit2

Tit+1/2

Figure 3.3 — Left: Lagrange basis functions y; and y;+;. Right: Committor basis associated to
the core sets Cy, C», Cs.

take y; to be the committor function associated with the set C;, thatis
xi(x) =P(X;, € Ci| Xo = x). (3.33)

See also Figure 3.3. These y; satisfy the assumptions (52)—(S3) and (S1) except on the core set
boundaries, which is a set of measure zero. Since we do not have a grid parameter, by which
the approximation error can be controlled, standard PDE techniques for bounding & fail.
Indeed, typically we will have very few basis functions compared to a grid-like discretization.
The following theorem gives a bound on €.

Theorem 3.7 Let Q be the orthogonal projection onto the subspace D spanned by the committor
functions (3.33), and let ¢ be the solution of (3.26). Then we have

0= 1QF¢ll, < 1Pl + (M2 [kl flloo + 21 PPl oo]

where | - = || - |y, ¥ = sup,eyExltcl, and P is the orthogonal projection onto V. = {v €
L2(X, W), vlc, = const on every C;} < L*(X, ), with P =1-P.

Proof. In AppendixC.2. &

In Theorem 3.7, x is the maximum expected time of hitting the metastable set from outside
(which is short). Note further that PLc/) =0on T. The errors ||PL(/)|| n and IIPL(,Z)IIoo measure
how constant the solution ¢ is on the core sets. Theorem 3.7 suggest the following strategy to
minimize &: (i) Place a core set C; in every metastable region where ¢ is expected to be almost
constant, (ii) place core sets in regions with high invariant density u in order to minimize p(T).
This strategy requires knowledge of the invariant density y. Identifying the metastable regions
requires additional dynamical information. If this is not available, then a good guess is usually
to use the deepest wells of p.

Theorem 3.7 together with Theorem 3.4 gives us full control over the discretization error €.
These error bounds are along the lines of MSM projection error bounds [SNS10], [DSS12].
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Remark 3.8 It would be nice to have an error estimate also for the value function. In general
such an estimate is difficult to get, because of the nonlinear logarithmic transformation V =
—elog¢ involved. However we know that ¢ and its discrete approximation are both uniformly
bounded and bounded away from zero. Hence the logarithmic transformation is uniformly
Lipschitz continuous on its domain, which implies that the L? error bounds holds for the value
function with an additional prefactor given by the Lipschitz constant squared; for a related
argument see [HLPZ14]

3.2.3 Interpretation in Terms of a Markov Decision Problem

We derive an interpretation of the discretized equation (3.29) in terms of a MJP. We introduce
the diagonal matrix A with entries A;; = }.; F;j (zero otherwise) and the full matrix G =
K- 1(F-A), and rearrange (3.29) as follows:

n+1 N
2 (Gij=e7'Nij)$j =0, ie{l,...n)
)y (3.34)

J)n+1 = 1’

This equation can be given a stochastic interpretation. To this end let us introduce the vector
e R™! with nonnegative entries 7; = (y;, 1) and notice that )_; 7; = 1 follows immediately
from the fact that the basis functions y; form a partition of unity, i.e. }_; x; = 1. This implies
that 7 is a probability distribution on the discrete state space X =1{1,...,n+1}. We summarize
properties of the matrices K, F and G:

Lemma 3.9 LetK, G, F and n be as above.

(i) K is a generator matrix (i.e. K is a real-valued square matrix with row sum zero and
positive off-diagonal entries) with stationary distribution nt that satisfies detailed balance

~

JIl'KijZT[jKji, i,jEX

(i) F =0 (entry-wise) withn;F;j =n;Fj; foralli,je€ X.
(iii) G has row sum zero and satisfies t1* G = 0 and niGij=n;Gj; foralli,je€ X.

(V) Ifllflloo < —32% foralli # j, then G;; =0 foralli # j. In this case equation (3.34)

admits a unique and strictly positive solution ¢ > 0.

Proof. (i) follows from }_; x;(x) = 1 and reversibility of L: We have }_; m(i)K;j = Y ;{xi, Lx jdu =
(L xj>p = 0 and w(D)K;j = X, Lx jdp = {Lxi» Xjou = 7®(j)Kj;. (ii) follows from f(x) being
real and positive for all x. As for (iii), G has row sum zero by (i) and the definition of A.
n(i)G;; = m(j)Gj; follows from (i), (ii) and the fact that A is diagonal, and 7’ G = 0 follows
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directly. For (iv), first note that by the assumption on | f o, we have

Fij=e Y fxpus I flooxi X jhu<—eVxi, Vi ju=Kij,

so that G;; = 0 for all i # j. Existence, uniqueness and strict positivity of the solution ¢ to
(3.34) then all follow from Theorem 1.7. &

It follows that if the running costs f are such that (iv) in Lemma 3.9 holds, then G is a generator
matrix of a MJP that we shall denote by (X 10, and by Theorem 1.7, (3.34) has a unique and
positive solution of the form

$(i)=E

TA R
exp (—e_lf f(Xs)ds)
0

X():i]

with f(i) =A;;and 74 = inf{r = OIX[ =i+ 1}. We can then apply the Duality Theorem 3.3 to
interpret V= —slog(f) as the value function of the Markov decision problem (3.19), (3.20). This
completes the construction of the discrete control problem. Note that in general® G # K, but
both K and G are reversible with stationary distribution 7.

Elber’s milestoning process

The discretized equation admits a useful stochastic representation, by which its coefficients
can be computed without knowing the committor functions. Define the forward milestoning
process X? to be in state 5(; = i if X, visits core set C; next, and the backward milestoning
process X; to be in state X; =i if X; came from C; last. Then the discrete costs can be written
as

A 1 -
f)= ;m, Y an= f Vi) fx)dx=E,[f(X)|X; =] (3.35)
t J

where v;(x) = H;IX iDux) =PX, = xIX; = i) is the probability density of finding the system
in state x given that it came last from i. Hence f(i) is the average costs conditioned on
the information Xt‘ =i, i.e. X; came last from A;, which is the natural extension to the full
partition case where f(i) was the average costs conditioned on the information that X, € A;.

The matrix K;; = nl.‘l (xi, Ly ) is reversible with stationary distribution
mi =y 1) =Pu(X; =1)

and is related to so called core MSMs. To see this, define the core MSM transition matrix

+
t+1

P? with components Pl?]. =PX
M;j =P(X; = jIX; =i). Then, it is not hard to show that for reversible processes we have

= jIX{ = i), and the mass matrix M with components

2In case of a full partition, U;C; = X, the y; become stepfunctions and K = G is the generator of a full partition
MSM. Our method then becomes a finite volume method. Stepfunctions are not regular enough to be in V however.
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P}, = w7, T x Y and Myj = 77 (xi, ¥ j)u so that
K= 3o Lyjdp =limg—o 1 (PT = M).

Thus K is formally® the generator of the Pt. If the core sets are chosen as the metastable states
of the system, K can be sampled directly from X7. See [SNS10, SNL*11] for more details on
the construction and sampling of core MSMs. F can also be sampled using

Fij=E, [f(Xt)X{X;:j}‘X; - i] (3.36)

Therefore, as in the construction of core MSMs, we do not need to compute committor
functions explicitly.

3.2.4 Numerical Results

We will present two examples to illustrate the approximation of LQ-type stochastic control
problems based on a sparse Galerkin approximation using MSMs.

1D triple well potential

To begin with we study diffusion in the triple well potential which is presented in Figure 3.5a.
This potential has three minima at xy;,; = ¥3.4 and x» = 0. We take X = [—4,4] and choose
A= [x9—0,xp+0] with 6§ =0.2 as the target set and the running cost f = fy = const, such that
the control goal is to steer the particle into Cy in minimum time. In Figure 3.5a the potential v
and effective potential U are shown for € = 0.5 and f; = 0.08 (solid lines), cf. equation (3.18).
One can observe that the optimal control lifts the second and third well up such that the
system is driven into Cy quickly.

First we validate our method with a convergence test using linear finite elements as basis
functions y;. To do so, we compute a reference solution ¢ of (3.29) using linear finite elements
on a uniform grid with spacing i, = 107, The resulting interpolation ¢; = ¥'; y:$(i) is very
close to the true solution ¢ of (3.26). We also compute a reference solution for the value
function V; =3; x; V(i) with V = —elog(ﬁ and for the optimal control u; = —2VV;. Then we
compute coarser solutions ¢y j, using various grid spacings 1 = h = 10~ and compute the >
error ||¢r,, — ¢rlly, and L2 errors for Vy and u; similarly. The result is shown in Figure 3.4. The
L2 error of ¢} 1, is quadratic in h, as expected from the theory. Additionally, the L? error of V; j,
is also quadratic in h which, given that the transformation between ¢ and V is nonlinear, is
surprising. The error of uy j, is only linear in h; as expected one order of convergence is lost
due to the fact that u; is the gradient of V7.

Next we use a committor basis. In accordance with the strategy to minimize minimize & in

3The PT do not form a semigroup since M # 1, thus K cannot be interpreted as i.e. the generator of X;.
However, the entries of K are the transition rates between the core sets as defined in transition path theory [VEO06].
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Figure 3.4 — L? error of ¢; j,, V7 5, and uy j, using linear finite elements (dashed lines) and using
the committor basis (circles).

Theorem 3.7, we placed core sets C; = [x; — §, x; + 0] in each of the three wells of the potential
shown in Figure 3.5a, resulting in the set of three basis functions shown in Figure 3.5b. The L?
errors achieved by solving (3.29) in this basis are shown as circles in Figure 3.4. We observe
that the 3 committor functions achieve the same performance as linear finite elements with
grid spacing h = 0.2, which corresponds to = 40 basis functions. Theorem 3.7 gives &9 < 0.08,
while the actual error is one order of magnitude smaller. The dashed line in Figure 3.5a gives
the approximation to the effective potential U calculated in the committor basis, which is in
good agreement to the reference solution. In Figure 3.5c¢ the optimal control u (solid line) and
its approximation u; (dashed line) are shown. The core sets are shown in blue. The jumps in
uy at the left boundaries of the core sets are due to the fact that the committor functions are
only piecewise C'.

The computations so far require explicit knowledge of the basis functions y; to compute the
matrices K and F. For high-dimensional systems the committor basis is usually not explicitly
known. To mimic this situation, we construct a core MSM to sample the matrices K and F.
100 trajectories of length T = 20.000 were used to build the MSM. In Figure 3.5d, the optimal
cost starting from the rightmost well V' (x;) and its estimate using the core MSM are shown for
€ = 0.5 and different values of f,. Each of the 100 trajectories has seen about four transitions.
For comparison, a direct sampling estimate of V' (x;) using the same data is shown (green).
The direct sampling estimate suffers from a large bias and variance. In contrast, the MSM
estimator for V (x;) performs well for all considered values of o. The constant C which ensures
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¢ >0 when f; < C is approximately 0.2 in this case. This seems restrictive but still allows to
capture all interesting information about ¢ and V (x;).
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Figure 3.5 — Three well potential example for € = 0.5 and fy = 0.08. (a) Potential v(x) (blue),
effective potential U = v + 2V (green) and approximation of U with committors (dashed red).
(b) The three committors. (c) The optimal control u(x) (solid line) and its approximation
(dashed line). Core sets are shown in blue. (d) Optimal cost V (x;) for € = 0.5 as a function of
fo- Blue: Exact solution. Red: Core MSM estimate. Green: Direct sampling estimate.

Rugged 1D triple well potential

We now make the potential in Figure 3.5a rugged by adding a sinusoidal function. This is
an important test case since in many applications, in particular in MD, potential energy
landscapes are not smooth and instead have many local minima. We choose the same control
target, the same parameters and the same core sets Cy, C; and C, as in the previous section. As
before, we compute a reference solution on a uniform grid with grid spacing h, = 10~4. Then
we compute coarser solutions with linear finite elements, and we compare with the committor
basis based on the three core sets Cy, C; and C,. The rugged potential v(x), the effective
potential U(x) = v(x) + 2V (x) and the approximation computed with the committor basis are
shown in Figure 3.7a. Qualitatively, the solution computed from the committor basis seems
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to perform quite well and is able to track both the large-scale behaviour and the small-scale
oscillations of U(x).

0
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L2 error
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committor basis
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Figure 3.6 — L2 error of ¢b7 ;,, V75, and u; j, using linear finite elements (dashed lines) and using
the committor basis (circles) for the rugged potential. The right set of circles corresponds to
the small committor basis with 3 basis functions. The left set of circles corresponds to the
larger committor basis with 15 additional basis functions.

Finally, we want to investigate if it is possible to improve upon the performance of the com-
mittor basis by enlarging it. To do so, we put 13 further core sets C?, ... sz (the upper index
should indicate that these are "level 2’ core sets) equidistantly in the region X\ (Co U C; U Cy).
No information about the position of the local minima is used when placing the additional
core sets, since it is unrealistic to assume that this is possible. The level 1 and level 2 core sets
are also shown in Figure 3.7a. Then, a larger committor basis is computed based on the level 1
core sets Cp, Cy, C, together with the level 2 core sets Cc?,... sz.

The numerical errors for the finite element method and both the small and large committor
basis are all summarized in Figure 3.6. We observe that the linear finite elements perform a
lot worse when compared to the results for the smooth potential in Figure 3.4: The quadratic
(for ¢ and v) resp. linear (for u) convergence only happens for 4 < 107}, and we loose two
orders of magnitude in accuracy for the same value of # when compared to Figure 3.4. This
is because the small oscillations in the potential happen on the length scale 4 = 107}, and
in order to achieve good accuracy, the linear basis functions y; ; have to resolve them. In
contrast, the results computed with the small committor basis do not loose much accuracy
when compared to the smooth potential. In terms of the error in ¢, the small committor basis
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achieves the same performance as linear finite elements with i = 0.2, as before. In terms
of u, the performance is as good as linear finite elements with z = 0.1. In terms of V, the
performance is as good as linear finite elements with i = 2-1072, corresponding to ~ 400 basis
functions. The rugged potential is an example of a dynamics with slow and fast variables. We
study these systems in more detail in section 3.3.

12

101

0 4
(©) (d)

Figure 3.7 — Rugged three well potential example for € = 0.5 and f = 0.08. (a) Potential v(x)
(blue), effective potential U = v + 2V (green) and approximation of U with small committor
basis (dashed red). First level core sets Cy, C;, C» are shown in blue, second level core sets
Cg, v sz are shown in red. (b)-(d) Comparison of reference solution (green line) with small
(red dashed line) and large committor basis approximation (blue dashed line). (b) Optimal
control, (c) value function, (d) solution ¢ of the boundary value problem.

Note however that the bound given by Theorem 3.7 does decrease by adding more core
sets: Theorem 3.7 gives £¢ < 0.1 for the small committor basis, and €9 < 0.012 for the large
committor basis. In summary, the small committor basis still performs well for the rugged
potential. However, while adding more core sets and thus basis functions decreases both the
bound on &g given by Theorem 3.7 and the actual error in ¢, we cannot guarantee that the
error in V and/or u also decreases.
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When using the large committor basis, the error in ¢ decreases, but the error in u and V
increase. To see why this happens, we compare the reference solution and the approximations
given by the small and large committor basis for u, V and ¢ in Figures (3.7b) - (3.7d). We
can see that the control oscillates very strongly, and while the approximation from the large
committor basis can track the oscillations a bit better outside the core sets, it also forced to
zero more often, i.e. on all the additional core sets. The value function improves near Cj if
one goes to the large committor basis, but deteriorates around C,. This is understood if one
considers the error in ¢, which is the error that is controlled by Theorem 3.7: The increase in
error near C, is of the order 10~ and is barely visible. In contrast, the decrease in error near
Cy is of the order 10! and vastly outweighs the increase near C,. The problem for the value
function is the large relative error near C, since ¢ becomes very small, while the Galerkin
discretization only controls the absolute error.

Alanine dipeptide

As a second, non-trivial example we study conformational transitions in Alanine dipeptide
(ADP), a well-studied test system in molecular dynamics. We performed an all-atom simula-
tion of ADP in explicit water (TIP3P) with the Amber FF99SB force field [HAO" 06] using the
GROMACS 4.5.5 simulation package [VDSLH"05]. The simulations were performed in the
NVT ensemble, where the temperature was restrained to 300 K using the V-Rescale thermostat
[BDPO7]. 20 trajectories of 200ns with 100ps equilibration runs were simulated. Covalent
bonds to hydrogen atoms were constrained using the LINCS algorithm11 [HBBF97] (lincs iter
=1, lincs order = 4), allowing for an integration timestep of 2 fs. The leap-frog integrator was
used. Lennard-Jones interactions were cut off at 1 nm. Electrostatic interactions were treated
by the Particle-Mesh Ewald (PME) algorithm12 [DYP93] with a real space cut-off of 1 nm, a
grid spacing of 0.15 nm, and an interpolation order of 4. Periodic boundary conditions were
applied in the %, y, and z-direction.
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Figure 3.8 — (a) Alanine dipeptide. (b) Free energy g; = —logn;.
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In Figure 3.8a, a cartoon of the molecule is shown. The full system including the water
molecules has about 4000 degrees of freedom. However, it is well known that the conforma-
tional dynamics, which are the slowest dynamical processes in the system, can be monitored
via the backbone dihedral angles ¢ and . The dynamics along the other degrees of freedom
happens on much faster time scales. We show in section 3.3 that this time scale separation
implies that the value function is essentially a function of ¢ and ¥ and constant in all other
directions. We will use this to build a Markov State Model which partitions the ¢ — y-plane.

Validation of the MSM approximation

We construct a full partition MSM using a uniform clustering into 36 x 36 boxes A; of size
10° x 10° in the ¢ — w-plane, and we use characteristic basis functions y;(x) = 14, for the
discretization®*. Figure 3.8b shows the free energy g; = —logn; = —logP[X, € A;] together with
the three largest molecular conformations a, § and L,. The missing boxes have not seen any
data. The slowest dynamical process is the switching between the left-handed L, structure
and the right-handed a and § sheet structures. As is customary in MSM theory [SNS10], we
estimate the slowest implied timescale (ITS) as follows: For different lagtimes 7, we construct
the MSM transfer operator PiTj = ni_l (xi» T* x j)u and compute

T

h(r)= _log/ll(r)

where 1, (1) is the 2nd largest eigenvalue of P*. The result is shown in Figure 3.9a. We observe
a plateau for 6ps < 7 < 30ps which indicates that the time-discrete snapshots X; = X,,; are
well described by a Markov chain with transition matrix P* for T = 6ps. The plateau is used
to compute #; = 1560ps + 6ps. For smaller values of 7, X7 is not Markovian due to recrossing
effects. For this reason we also cannot sample K directly and have to work with the finite-time
transfer operator P’ instead. Before proceeding to the optimal control problem, we study
the effect of this time discretization on the mean first passage time (MFPT) #(x) = Ex[74up]
where 74p is the first hitting time of @ U . Since the «, § and L, conformations are very
metastable, £(x) is almost constant on L, and #;, = E[#(x)|x € L] can be computed from #;
via 11, = ty/mqup where m4yp = 0.96 is the invariant measure of the @ and  conformation
combined [SNL*11]. This gives tr, = 1626ps + 6ps.

On the other hand, let N;U p= infin>0: X; € au f}. If the chain (Xﬁ) n is Markovian, then the
time-discrete MFPT 7% (x) = E, [TN;U ,B] satisfies the matrix equation

(P"-Di" =-7toutside auB, I=0inaup. (3.37)

4Let C; c A; be a core set in cell A;. The characteristic basis functions can be obtained from the committors by
expanding C; to fill out all of A;. This basis is used to construct full partition MSMs and produces particularly
simple sampling formulas. The characteristic functions are not in V, but the sampling results are similar to what
one would obtain using committors with cores C; which fill out most of A;.
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Additionally, since 7oup € (T(N] | g D,TN] ﬁ]’ we should expect that
t; =E[i"()|x€Ly| =1, +cT, c<L (3.38)

In Figure 3.9b, fza obtained by solving (3.37) is shown as a function of 7 together with 77 . A
linear interpolation using the values for 6ps < 7 < 30ps where the Markov assumption holds
gives 77 = ° + 0.87 with #° = 1628ps, which is consistent with (3.38). This shows that the
time discretization introduces only small, controllable errors for 7 = 6ps. In the following,
we will work with 7 = 10ps. Notice that the time discretization amounts to the replacement
K—171(P"-Din (3.29).
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Figure 3.9 - (a) Slowest implied timescale ¢, (7) (red) and average using the values for 6ps <7 <
30ps (green). (b) Time-discrete MFPT tT as a function of 7 (red), linear interpolation of tT
(blue) and the reference value f, (green) The confidence interval of ¢ is shown as dashed
lines.

Controlled transition to the a-helical structure

Next we consider an optimal control problem for steering the molecule into the a-structure.
We choose as the target region A = a and define running costs in the (¢, ) variables as
f,v)=fo+ filly —vw, |2 where || - || is a simple metric on the torus, and we choose fy = 0.01
and f; = 0.001 representing a mild penalty for being away from the target region in the -
direction. We discretize this control problem using the same partition and time discretization
as for the MSM construction in section 3.2.4 and sample P’ and F from the MSM data. The
resulting value function V = log¢ is shown in Figure 3.10a. Since the basis functions y; are not
differentiable and some data is missing in V, we have to construct an interpolation V; (¢, )
from the point data V to obtain an estimate for the optimal control force u(¢p, ¥) = =2V V; (¢, ).
An interpolation based on a Delauney triangulation which is C! everywhere except at the data
points is shown in Figure 3.10b.

To demonstrate that adding the control force u(¢, 1) has the effect of speeding up the transi-
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tion from L, to a, we would have to implement it in the MD simulation software. We leave that
for future work. We can make a prediction of the anticipated effect within the MSM framework:
In accordance with (3.20), we compute the transition matrix P. of the optimally controlled
process by P;* (i, j)= PT(i,j)z*—((]i)) with a* = (Z) for i # j. The discretized MFPT vector 7* of the
optimally controlled process can be computed from the Matrix equation

(Pl.-1)t" =-7outside @, *=0ina.

The result is shown in Figure 3.10c and gives a speed up compared to 7, of one order of
magnitude. A larger speed up could easily be achieved by increasing f. In Figure 3.10d we
show the free energy of the controlled process in log scale, which according to Lemma 3.2 is
given by g% = —logn® =logZ,- —2V —logm. Observe that the L, and 8 conformations are
now much less populated compared to the equilibrium distribution in Figure 3.8b: As in the
1D example, the control mainly has the effect of lifting the wells which are not in the target
region up such that they become less metastable.

3.3 Multiscale Problems: Averaging

In this section, we discuss the averaging approach for MJPs® as it was described in [PS08]
and apply it to the optimal control problems discussed earlier. This approach is useful when
systems with many degrees of freedom and a strong time scale separation into a 'slow’ and
a 'fast’ dynamics are considered. One can then average over the fast dynamics in order to
obtain a reduced problem in terms of a MJP that only acts on the slow dynamics. This is the
justification for working in the (¢, ¥)-space in the numerical example discussed in section
3.2.4: The Markov Model of the Molecular dynamics simulation of ADP does exhibit a strong
time scale separation with the slow variables being the dihedral angles ¢ and . We follow the
reference textbook [PS08]. See also [PW14, HP14] for further details.

Following [PS08], we consider a MJP on finite state space X with a generator G that admits a
separation of the form

1
G=-Gp+(G&
£

with a small parameter 0 < € <« 1 that controls the time scale separation. We will let X be
indexed by two variables x and y with x standing for the slow and y for the fast variables. The
leading order contribution Gy corresponds to fast ergodic dynamics in y with x frozen.

The precise situation is as follows: The state space is X = X x X,. We assume X to be finite
and denote by || || = || - o the sup-norm on X. We let g((x, x),(y, ")) be the element of G
associated with a transition from (x, y) € Xy x X, to (', ) € Xy x Xy, and similarly for Gy and

SEverything discussed in this section works for Markov chains as well, if one replaces the generator by P — I.
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Figure 3.10 - (a) Optimal control V for steering into the a-structure. (b) Interpolation Vi (¢, )
obtained from V via a Delauney triangulation, and a steepest descent path from L, to a.
(c) MFPT to the a@ conformation for the optimally controlled process. (d) Free energy g“* =
—logn® of the optimally controlled process.

G;. We now assume that the elements of Gy and G; are of the form

8o((x, 1), X,y =ao(y,y'; x)8 xx (3.39)
g1(x, ), (1, ¥ =ar(x, x5 )6y (3.40)

where ay(y, y'; x) denotes the entry corresponding to a transition from y to y’ of a generator
Ap(x) that acts only on X, for fixed x € X,. Similarly, a;(x,x';y) denotes the entry of a
transition from x to x’ of a generator A; (y) that acts only on X, for fixed y € X,,. We assume
the family of generators Ay(x) to be ergodic for every x € Xy, such that Ag(x) has a one-
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dimensional left and right nullspace for every x € Xy, characterized by

Y ao(y,y’;01(y) =0, (3.41)
y!
Y ue Wy x)ao(y, y'; x) =0. (3.42)

y

Next we introduce the averaged generator G; on X by:

S, x) =) p 0 a(x, x5 ). (3.43)
y

In [PS08], the following averaging result is proved:

Theorem 3.10 (Averaging for MJPs) Let (X;,Y;); be a MJP on X = Xy x X, with generator
G= %Go + G with Gy and G, given by (3.39) and (3.40). Then as € — 0, (X;); converges in

distribution® to a Markov chain (X;); on Xy with generator G given by (3.43).

One should note that (X;); is not a Markov process, only (X;, Y;); is. Theorem 3.10 now states
that (X;); can be approximated by a Markov process (X;); on Xy. The proof is done by applying
the method of averaging to the backward Kolmogorov equation (see (1.14))

ou

E =Lu on(0,00)xX, u0,x,y =f(x1y). (3.44)
for u(t,x,y) = E(x ) [f(Xt, Yt)]. One shows that u is approximated by uy(x,y) = up(x)1(y)
which is governed by the averaged equation

Iug =Gu
or v

In applications, we cannot compute G from (3.43) since we do not have access to the con-
ditional distributions pu*(y; x). However, from a realization of (X;, Y;); we can construct an
estimator for G using the X; component only. This is because for £ < 1 the fast variables
sample 1> (y; x) on the fast time scale where X; = x stays approximately constant. The MSM
transfer operator that was constructed for the ADP example in section 3.2.4 is effectively
P” = exp(rG), with the slow variable space being the space of dihedral angles (¢, v).

In the following, we will show a similar averaging result for discrete control problems. The
idea is to use the duality theorem 3.3 and the Feynman Kac formula (1.39) to express the value
function of the control problem in terms of the solution ¢ to a boundary value problem of the
form (3.29). For boundary value problems, we can establish the following averaging result:

61.e. the finite-dimensional distributions (1.1) of (X;) converge weakly to the finite-dimensional distributions
of (X¢)¢.
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Theorem 3.11 (Averaging for BVPs). Let A= Ay x 1, < X, x X, and let ¢ be the solution to the
boundary value problem

(G-f)p=0  onX\A
b=g onA

(3.45)

with functions f : X — [0,00) and g : A — [0,00) such that g(x,y) = go(x)1(y), and generator
G= %Go + Gy with Gy and G, given by (3.39) and (3.40). Let T be the first hitting time of A
under G = %Go + G and suppose that there is C > 0 and €y > 0 such that supy , Eyy [TZ] <C
holds for all 0 < € < €. Then for € < €y, |¢p— Pl < C'e with C' independent of €, where
bo(x,y) =wo(x)1(y) and y is the solution to the boundary value problem

(G- f)wo=0 onXy\ Ay

(3.46)
Yo =80 on Ay
with G given by (3.43) and
f0) =) p®y;0f(x, ). (3.47)
¥

Proof. First we derive (3.46). We insert the ansatz ¢ = ¢ + €¢; into (3.45) and compare
coefficients. This gives

Gopp=0 onX\A, Po=g onA (3.48)
G()(/)l + Gl(,bO - f(,b() =0 onX\A, (;bl =0 onA. (3.49)

We introduce the orthogonal projection P (w.r.t. the euclidean scalar product (u, v) = u’ v)
onto the space {v € R*: v =0 on A} and use the notation

G=
N O

v ol

for a matrix G : RX — RX where H = PGP, M = PGP~ and so on. In this notation, the matrix
Gy is of the form

H 0
0 O

since in order to go from A = Ay x 1, to X\ A one needs to change the x-variable, but by (3.39)

Go =

the x-variable is left unchanged by Gy. We can therefore rewrite equation (3.48) as

{0

which has the solution ¢ (x, y) = ¥ (x)1(y) with boundary condition v (x) = go(x) for x € A,.

Pdo

H 0
Pty

0 1
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We rewrite (3.49) in the same manner:

(I; (1: _ (P (L1<P0—f</>0))

- 0
The second equation has the unique solution P*¢; = 0. In order for the first equation Hy =
P(Li¢po — fpo) to have a solution ¢ := P¢,;, the Fredholm alternative [PS08] implies the
solvability condition

Py
P+¢y

P(Lipo - fepo) Lker(H').
By our assumptions, the nullspace ker (HT) is characterized by

Y EPye®)gox, y), (x,y)) =0
XeX\ Ay, yEX,

for any vector ¢ = {c(x)} on Xx \ Ax. Thus imposing the solvability condition gives

0= Y  pP@xc)[(Gido— fepo)(x,))]. (3.50)

XeXx\Ay, yEX,,

From (3.40) and ¢(x, y) = wo(x)1(y), we have

(Gi1po) (X, 1) = Y g1((x, ), (', yNpo(x', ) = a1 (x, x'; Yo (x).
x/'y/ x'

Therefore (3.50) is equivalent to

0= )  p2xcx)
XeX \Ay,yEX,

= ) ¢

xeX \Ay

Y a1 (x, x5 y)wo(x) - f(x, Y)wo(x)

Y &1, XV o(x) — F)wox)

x!

where the last line follows from the definitions of the averaged generator (3.43) and the

averaged costs (3.47). Since c is an arbitrary vector in RX:\4x the sum in the last line has to

vanish componentwise. This together with the boundary condition y(x) = go(x) implies
(3.46).

Now we have to show that [[¢p — ¢yl < C'e. To do this, we insert ¢ = ¢g + £¢p1 + 1 into (3.45), use
(3.48) and (3.49) and arrive at

(G=fir+e(Gip1—fp1) =0 onX\ A, r=0 onA.
With the shorthand b := Gy¢; — f ¢, this becomes

(-G+ fir=eb onX\A, r=0 onA.
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Taking norms on both sides gives )L{n 7l < €llbll where /1],0,1 is the smallest eigenvalue of the
operator P(—G + f)P where P is orthogonal projection onto the space {v: X — R: v|4 = 0}. Let
22 (X) be the space of probability measures on X. By the Perron-Frobenius theorem, Afn has
a positive eigenvector that we can characterize by a variational formula due to Donsker and
Varadhan [DV75]:

AL = inf sup (Z (_—iu)(x)v(xHEv[f])

veZ(X\A) >0, ula=0\xex\A

-Gu

> inf sup ). (—) (xX)v(x) =: A2,
VePONA) uz0,ula=0xex\A\ U

Here, the inequality holds because f = 0. A% is the smallest eigenvalue of P(—G)P and can

be bounded by 19, > 1/ supy ,Exy [75] = C~!, see [Bov09]. This can also be seen by inserting

u=E, [T‘Z] into the variational formula above. Putting everything together gives

€ €
Irll = Fllbll < A—Ollbll <eC| bl
m

m

and thus [[¢p— ¢oll = llepr + rll < ellp1ll + 117l < € (11l + ClIbIl) which finishes the proof. B

The conditions in theorem 3.11 demand that transitions from X\ A to A happen on the slow
time scale, and that boundary conditions encoded by g do not vary along the fast time scale.
This is satisfied e.g. if A= AjuU...UA; isaunion of metastable sets A; and g = g114,+---+gn1la,
is constant on the A;. The control problems we considered in section 3.2.2 are a special case of
this situation. With the help of theorem 3.11, we get the following averaging result for control
problems:

Theorem 3.12 (Averaging for control problems.) Let V = inf,cq, JV be the value function of
the LQ control problem’ (3.19)-(3.20) for a MJP (X;, Y;); on X = X x Xy with cost function

I (x, Y= Exy

T
foA{f(XS”,Ys”)+k(XS”,YS”, vo)bds+z(Xr,)|,

target region A = Ay x 1y, c X, control-dependent costs k as in (3.21) and terminal costs z (XT A).
Let G = %Go + Gy with Gy and G, as in (3.39)-(3.40). Then fore < 1, |V — Wl < Ce where
Vo(x,y) = Vo(x)1(y) and Vy is the value function of an LQ control problem for a MJP (X;); on
Xy with averaged cost functional

() = By [ fo M UFED + R v ds+2(%r,) (3.51)

with f given by (3.47), control space U = {a : X, — (0,00)}, modified generator G* given by
GY(x,x") = G(x, x")a(x")/ a(x) with G given by (3.43), and control-dependent costs k(x, @) given

“In order to not confuse the multiscale parameter € with the temperature parameter in (3.19)-3.20), we set
temperature to one here.
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by

k(x, @) = (G* (loga)) () — CPW.
a(x)

Proof. By the duality theorem 3.3 and theorem 1.7, V = —log¢ and ¢ is the unique solution of
the boundary value problem

(G-f)¢=0  onX\A
b=g onA

with g(x,y) = go(x)1(y) and go(x) = —logz(x). By theorem 3.11, ¢ = ¢pg + O (¢) with ¢po(x, y) =
Wo(x)1(y), and v solves the averaged boundary value problem

(G- f)wo=0 on Xy \ Ay

Yo =80 on Ay.
By applying theorem 3.3 again, we see that V) := —log, is the value function of the averaged
control problem (3.51). Set Vy(x, y) = Vo(x)1(y). Since ¢ is bounded away from zero, we have
fore <1
IV = Voll = |[logpo —log (o + b1 + G (%)) || = g% +0(%)| = Ce + O (€2).
0

This finishes the proof. B

Theorem (3.12) tells that under the same assumptions as for theorem (3.11), the value function
V can be approximated to lowest order in ¢ by a function V, which is constant along X, and
W itself is the value function of an averaged control problem. Recall that the optimal strategy
for the problem in theorem 3.12 was a™ = exp(~V) = ¢, hence a* = a; + 0 (¢) with a; being
constant along X, as well. Therefore, the modified generator Gj?;, = Gyxya™(y)/a*(x) only
modifies G; and leaves Gy invariant. In other words: Only transitions along the slow variable
are affected by the control a*, while transitions along the fast variable are unchanged. Note
also that we make no assumptions on f, in particular f is allowed to vary along X,,.

Example. Asan example, we revisit the random block model from section 2.4.1. We choose
the parameters n;, = 5, m = 100, p; = 0.4 and p, = 1073. We arrange the 5 blocks Ay,..., A5 on
aring and only allow external edges between neighbouring blocks. We also disallow edges
from A; to As, such that a transition from A; to As has to happen via A,, As, A4. The resulting
graph is shown in Figure 3.11.

We construct a generator G = %Go + G; on this graph, where Gy describes transitions within the
blocks and G; describes transitions along edges between blocks. We can describe the position
of the MJP on the graph by two coordinates (x, y), where the slow coordinate x € {1,..., np} is
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Figure 3.11 — Blockmodel with 5 metastable sets A;-As. The control target is A = As. Nodes
are colored according to the value function. Node size is proportional to u. Edges are colored
according to how their transition rates are modified by a*: For red edges G)‘f;, > Gyy. For blue

edges G;‘; < Gyy.

the index of the block and the fast coordinate y € {1,..., m} is the position within the block.
We set € = 0.01. To demonstrate averaging, we study the LQ control problem of theorem
3.12 with target region A = As, no terminal costs and normally distributed running costs
f(x) = N(fo, fo/2) with fy = 10. In Figure 3.12, the resulting value function V and the averaged
value function Vj, are shown. Indeed V is almost constant within blocks, with fluctuations of
order €. Vj, which is computable from a 5 x 5-system, approximates V' almost perfectly.

As a consequence, the generator G of the resulting optimal strategy a* only modifies jump
rates along edges between blocks. In Figure 3.11, the coloring of the edges indicates how
their jump rates are modified by a*. Red edges have increased jump rates, blue edges have
decreased jump rates. As expected, jump rates on clockwise edges are increased while jump
rates on counterclockwise edges and jump rates from As back to A; are decreased.
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20
14.4
15+ 14.3° y
14.2:
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V 10/ ]
57 4
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Figure 3.12 — The value function V for the full problem (blue line) and the averaged value
function Vj (red dotted line).
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Conclusion and Outlook

In the introduction, two questions were asked:

(1) How do the long-term dynamics of a reversible Markov process change when non-
reversibility is added?

(2) Can we utilize non-reversibility to accelerate the long-term dynamics?

We will now interpret the results of the thesis in order to give partial answers.

It is clear that we cannot expect a general answer to question (1): Without further constraints
on the type of non-reversibility added, anything could happen. The most general answer to
question (1) given in the thesis is in Theorem 2.6 in section 2.2.3. It compares a reversible
and ergodic Markov process (X;), which has stationary distribution y and generator L® with a
non-reversible Markov process (X;), which is obtained from (X}), by adding a term 6 L to the
generator. The generator L = L*+0 L of (X;); has to satisfy L = %(L+L‘). For finite state spaces,
this is satisfied if 5L = D,,' H with H = —H' an antisymmetric matrix. Theorem 2.6 now states
that (X7}), is always slower than (X;), in the sense that T*(A,B) = T(A, B) forany A,Bc X. In
other words, adding the non-reversible term 6 L = D;l H will always decrease the commuting
time for any pair of regions A, B. If A and B are metastable sets then the commuting time
T(A, B) is a way to quantify their degree of metastability. Theorem 2.6 therefore tells us that
(X7) will always be less metastable than (X f )¢

Theorem 2.6 was stated and proven for finite X, but the tools used to prove it - potential theory
and the variational formulas (2.31) and (2.32) - also exist for diffusions on continuous X. A
possible generalisation of Theorem 2.6 to this case can therefore be expected.

Note that we cannot use any antisymmetric matrix H to construct L = L® + D;l H. L must still
be a generator matrix, in particular all the off-diagonal entries of L have to be nonnegative.
But if H is a suitable antisymmetric matrix, then we automatically have div H = 0 and this
guarantees that we can decompose G(H) into cycles. Since cycles in G(H) must be cycles in
G(L®) (otherwise L= L* + Dlle would have negative off-diagonal entries), a way to construct
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a suitable H is to look for cycles in G(L?). This highlights another important feature of non-
reversible processes: The appearance of non-trivial cycles in the probability current. Section
2.1 compared two possible ways for finding these cycles: An algebraic construction in Lemma
2.3 and a probabilistic one in Lemma 2.4. Throughout the thesis, cycles appeared in many
places that hint at their importance:

* Expressions (2.13) and (2.14) for the entropy production rate (1.10) in terms of cycles.

¢ If one wants to find a suitable H so that L = L’ + D;lH satisfies the conditions of
Theorem 2.6, one needs to find cycles in G(L?).

* Module detection for irreversible processes: With the help of Lemma 2.7, we defined
modules as subsets with many internal and few external cycles and identified them with
metastable sets of the loop transition matrix P3, (2.21) in section 2.3.

* The TPT current of reactive trajectories f,, has cycles if the dynamics is irreversible.
These cycles cloud the interpretation of £, as describing a transport mechanism, and
we would like to remove them. This was addressed in section 2.4.

In summary, we may answer question (1) in the following way: The long-term dynamics is
almost always accelerated if non-reversibility is added. If one wants to understand the precise
mechanisms, then cycles are the key.

In order to give an answer to question (2), we need to specify what exactly we want to accelerate.
We shall be interested in two kinds of observables: Equilibrium observables, which are of the
form ¢(f) = Eu[f(Xy)] with X; ~ y and a measurable and bounded function f: X — R, and
path observables of the form v [F] = E[F] where the function F : QO — R depends on the whole
realization of (X;);. What we want to accelerate is the time a numerical method needs to
compute ¢(f) or w(F) to a certain accuracy.

Since sampling from an equilibrium distribution ¢ converges with a rate that is given by the
second-largest eigenvalue which in turn corresponds to a pair of regions A and A€ such that
T (A, A°) is maximal, Theorem 2.6 gives an answer to question (2) for equilibrium observables.
The answer is that, within the confinements of Theorem 2.6, we can add any non-reversible
term to a reversible process, it will always accelerate the sampling. This is consistent with
results in [SSG10]. The question of howe.g. 6L = D;l H should be chosen best is not answered.
It might be possible to formulate an optimization problem to answer this question, but we
leave that for future work (see below).

For path observables, Theorem 2.6 does not help since the dynamics and therefore v (F)
change under the addition of 6 L. In order to compute the unmodified observable v (F) under
the modified dynamics, a reweighting procedure is needed. In section 3.1, it was explained
that for path observables of the form

exp (fOTf(Xs)ds)]

1//(-75) =Ey
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such a reweighting procedure is given in terms of the solution to an optimal control problem.
Here, T was the first hitting time of a region A c X, and we are interested in situations were
the initial state x € B and A and B are metastable sets. With the optimal control formulation,
we can compute the optimal way to accelerate transitions from B to A by adding a control u;.
Under the optimal control u;, a zero variance estimator for v is obtained [HS12].

In section 3.2, a numerical method to solve the resulting LQ control problems numerically was
constructed based on Galerkin projections. An L? error bound on the performance p = €/ ¢
was given in Theorem 3.4 that complements Céa’s lemma [Bra07]. Bounds on &g for standard
choices of basis functions, e.g. piecewise polynomial or radial basis functions, can be found in
the literature [Bra07, Wen99]. We gave special attention to the committor basis and bounded
g for this choice in Theorem 3.7. We have shown that the committor basis is extremely sparse
and still very accurate, provided the core sets are placed in the metastable wells. Doing this
however requires prior knowledge about the location of these metastable regions.

In MSM theory, the elements of the MSM transition matrix

o Xir PTxjdu
Y Dy

cannot be computed numerically due to the high-dimensional integrals involved and must
be sampled instead. The same is true for the matrices K and F that we construct with our
method in (3.29) if a committor basis or a basis of indicator functions of a full partition of
state space is used. The benefits of using such a discretization for our method are the same as
for MSM theory: Instead of having to sample ¥ using few long trajectories, which would be
extremely difficult, we can sample K and F using many short trajectories.

Outlook

We give a short account on questions left unanswered and possible future directions, without
an effort of completeness:

(1) The duality Theorem 3.1 holds for general Markov diffusions of the form
dXt = b(Xt)dt + O'(Xt)th

However, we construct the Galerkin discretization method in section 3.2 for the case
of X; being reversible with b(x) = —VV (x) only. This is in accordance with the focus of
the thesis on studying how reversible processes change if non-reversibility (in this case
control) is added. The technical reason for this limitation is that then the generator L
of the process is self-adjoint in L?(u) with scalar product ¢, -,) w» which leads to better
properties for the Galerkin projection. However, it should be possible to extend the
Galerkin projection formalism to the case where L is not self-adjoint, which enables the
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)

3)

4)

128

study of control applied to irreversible processes.

In section 2.4, we studied transition pathways between two metastable regions A and
B for irreversible processes with the help of TPT. It would be interesting to see how
this system would react if a control is introduced, e.g. to accelerate the transition from
Ato B. In principle, it should be possible with the methods presented in section 2.4
to compute for every reaction pathway how it reacts to the control, e.g. it might shift
slightly or the proportion of reactive flow it carries might change.

Theorem 2.6 does not tell how 6L = D;lH should be chosen in order to optimally
accelerate the commuting time T'(A, B). This question can be formulated as an optimal
control problem in the following way: Consider the extended state space X¢ = X ® {0, 1}.
We denote a state in X° by (x, s) and think of s = 0 as signifying ’(X;); has not yet reached
B’ and of s =1 as signifying ’(X;) ; has reached B’. In other words, we define a process
(X7), on X¢ by X7 = (Xy, s;) where the dynamics of X, is Markovian with generator L and
St = 1{s>1,) where 7 is the first hitting time of B. Now let 7¢ = inf{t >0:X/€Ae {1}} be
the first hitting time of the state A® {1} < X° that denotes return to A after B has been
visited. With appropriate running costs k(x, u), we may now think of minimizing the
functional

J*(x) = Ex [fo (f(X9) + k(XY us)) ds

under the constraint that L* = L+ D,;' H with H=—H". For the choice f = 1 and initial
point x € A, the functional J“(x) is essentially T (A, B) plus an additional control penalty
term. This is not an LQ control problem however, so new solution methods must be
sought.

If we want to go beyond LQ control problems, then obtaining a linear PDE by logarithmic
transformation will no longer be possible in general, and we are forced to work with
the nonlinear control problem directly. A possible avenue for doing this is approximate
policy iteration, see [Ber11] and the references therein for a description of this method
in the context of Markov chains. We now outline how this method would look like in
the context of diffusions. The starting point is ordinary policy iteration [Kus01], which
begins with an initial Markov control policy uy and then iterates the following two steps:

* Policy evaluation: Given a Markov control policy u,, determine the cost J, = J“».
If J* has the form (1.57b) for the indefinite horizon problem, then this can be done
by solving the linear PDE

0=L"J,(x)+ f(x,un(x), x€A,
Jn(x) = z(x), x €0A.

4.1)

* Policy improvement: Compute a better policy u,+; by finding the minimizer in the
Bellman equation (1.66) with the value function V replaced by the cost J,, of the



current policy u,. For the indefinite horizon problem with cost function (1.57b),
policy improvement takes the form

Up+1(x) = argmin{LYJ,,(x) + f(x, @)}, x€ A. 4.2)
acl

Policy evaluation is usually more difficult than policy improvement (solving a PDE vs.
pointwise minimization). The appeal of policy iteration is that it replaces the nonlinear
Bellman equation (1.66) with an iterative scheme were a linear PDE (4.1) must be solved
at each iteration step. The idea of approximate policy iteration is now to replace the diffi-
cult step (4.1) by an approximation obtained by projecting (4.1) onto a low-dimensional
space of ansatz functions. This is precisely the Galerkin projection formalism that was
developed in section 3.2. With the ansatz space D = {y1,..., x»} and Q being the projec-
tion onto D, approximate policy iteration begins with an initial Markov control policy
up and iterates the following two steps:

* Approximate policy evaluation: Given a Markov control policy u,, determine the
approximate cost J n = QJ, by solving

w, X L"xpu w, X fGun)y

OZiu'lj +rln, Lin = , "=

(4.1

* Policy improvement: Compute a better policy u,41 by finding the minimizer in the
Bellman equation (1.66) with the value function V replaced by the approximate
cost J, of the current policy u,. For the indefinite horizon problem with cost
function (1.57b), policy improvement takes the form

Un+1(x) = argmin {L% ], (x) + f(x, @)}, x€ A. 4.2)
acU

The approximate policy evaluation step (4.1’) requires solving a linear system as well as
sampling of L“» and r%». This sampling can be performed with the techniques discussed
in section 3.2.3. Approximate policy iteration is not restricted to LQ control problems,
but for LQ control problems the policy improvement step (4.2") becomes particularly
simple, namely 1,4 (x) = —\/ES’I/ZUTV],I (x), cf. Theorem 3.1.

Figure 4.1 shows some preliminary results for the triple well potential with 20 evenly
spaced gaussian basis functions as ansatz functions. The 'do nothing’ policy 1y = 0 was
chosen as starting policy. In Figure 4.1 on the right, the error of the iterates || J* — ji || U
is compared with the best approximation error || J* — QJ*[|,. One can observe that the
error decreases very fast initially, but then it starts oscillating instead of converging.
This is due to the projection in (4.1°). Oscillations around a limit cycle are typical for
approximate policy iteration [Ber11].
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35 ! : ; ; . . . !

17 = QI
— 117~ Jil

Figure 4.1 — Approximate policy iteration, preliminary results for the triple well potential. Left:
First six iterates J x (blue), value function V = J* (green) and best approximation QJ* (red).
Right: Error of the iterates J; compared to the best approximation error.
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LY\ Appendix A

A.1 Proofof theorem 1.1

We present the proof of theorem 1.1. Let g(x) = u(t, x) for ¢ € (0,00). Since f is bounded,
feL™®(X,w and u(t, x) = (Tt f)(x). Since ¢t — u(t, x) is differentiable, we have

ou L out+hx)—ult,x) . (TepHX) = (T fH(x)
— = lim = lim
ot h—0 h h—0 h
T (Tp(Te N (x) = (Tr f)(x) ~ lim (Thg) (x) —g(x).
h—0 h h—0 h

Since g = u(t,-) € 9, the last limit on the RHS exists and equals Lg = Lu(t,). This proves the
assertion. B

A.2 Proof of theorem 1.7

We present the proof of theorem 1.7. Existence and uniqueness of the solution to (1.39) holds
as follows: Note that we can write (1.39) as

(Lp-fp)hp=b (A1)

where Lp, fp and hp are L, f and h restricted to D respectively (i.e. columns and rows
corresponding to X\ D have been erased) and b is the vector one obtains by plugging the
boundary conditions h(x) = g(x) into equation (1.39), i.e. b(x) =X yex\p Lxy&(y). Because Lis
a generator matrix, L < 0 and Lp < 0, and since f = 0 the matrix Lp — fp < 0 is negative definite
and therefore invertible, so that (A.1) has a unique solution.

Now we show that (1.40) is a solution to (1.39). To do so, we use the characterization of the MJP
{X¢}+ by the embedded chain (X},), and the sequence of waiting times (7). Let Xo = x € D (if
x € X\ D, we immediately have h(x) = g(x)). We use the law of total expectation to rewrite h(x)
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by conditioning on 79 = 7 and X = y # x, this implies X; = x for 0 < ¢ < 7 and X; = y. Then,

IM)=L[PmFﬂ%=ﬂZPMFﬂ%=ﬂ
0 y;ﬁx

xE, |exp (—fo Df(Xs)dS)g(XTD)

T0=71,X1 =y|dr

Since the 7; are exponentially distributed, P[tg = 7| Xp = x] = Ae~7 with A = —1,.. Further-
more, P[X; = y|Xo = X] = gxy = lxy/(~lxx) by (1.36). The exp (- [y ...) part of the integral in
the conditional expectation is &;-measurable and, since we condition on &, can be pulled
outside the conditional expectation. This results in

h(x) = f e"”leyexp(—f f(x)ds)
0 0

y#EX

xEy dr

exp (—f:D f(Xs)dS) g (Xzp)

T0=7,X1=Y)

Since {X;}; is a homogeneous Markov process, we can restart it at ¢ = 7 with initial condition
X =y, and then the conditional expectation above equals /(y). We end up with

h = ¥ Lyh(y) [ e 0 Tdr = ¥ 1y hey)

y#£X V#X A+ f(x) .

This can be rearranged to give, in view of 1 = — [,

F@Rx) =Y Leyh(y) + Lech(x) = (L) (x)
V#EX

which is (1.39). &

A.3 Proof of theorem 1.16

Let u € %. Since V solves the Bellman equation (1.71) and u; € U for all 0 < s < 7, we have
LYV (X$)+ f(X¥ us) =0, 0ss<Tt. (A.2)

Now use the Dynkin formula (1.68):

B[V (5] = Voo + k[ [ 1V (x2)as
0

>V(x)-E, [[()Tf(Xs”, Us) ds] )
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Because of the boundary condition in (1.71) we have E, [V (X¥)] = Ex [z (X})], hence

V(x) <E,

T
f F(XE us)ds+z(XF) | = T (x).
0
This proves the first part of the assertion. For the second part, let u; = a* (X;’) with a*(x)
given by (1.72). Then the inequality (A.2) becomes an equality, and therefore V(x) = J u* (x).m
A.4 Expressions for the entropy production rate

We first show (2.12). Recall that ep =lim7_ %H(P[O,T] P
now show that

[_O,T])' Let vy (1) = P(X; = x). We will

T-1
H(P[O,T],P[_O,T]) = ;) ep (1) (A.3)

with the transient entropy production rate at time ¢ given by

(ﬂxpxy). (Ad)

1
ep()== ) [vi(D)pxy—vy(t)pyx]|log
2 yPyx

x,yeX

Equation (2.12) follows from (A.3) and (A.4) since lim;_., [[v(¢) — ¢l = 0 by the second state-
ment in the ergodic theorem 1.5 and by the fact that if a sequence of real numbers converges as
My —oo | = fool = 0, then also lim,—oo | Fy — fool = 0 for F:= ¥ f;. To show (A.3), we note
that the probability to observe the trajectory (xp, x1,..., xr) under the forward and backward
dynamics is given by

Pio,11(X0, .-+, X7) = Vg (0) Pryy « - - gy xp

P[_O,T] (X0,...» XT) =Vy, (O)p;()x1 ...p;T_le

I
= Pxrxr_r - PxixgVxo (0)£
Xo
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Therefore,

H (P[O,T]»P[_O,T]) =Ep, 1,

log .uxo pxoxl te prfle ]

:uxT prXT—1 ce pxlx()

T-1
Hx Pxoxin
=) Ep log ————
;) o1 Mxpo Pxpeix,
T-1
Hxp
=) > P(xt=x,xr+1:y)(log u xy)
=0 x,yeX HyPyx
T-1
Hxp
=Y Y vx(t)pxy(log a xy)
=0 x,yeX HyPyx
T-1
=) ep(n)
=0

which is (A.3).
Next we show that (2.13) follows from (2.12). By inserting (2.10) into (2.12), we have

ep== > > [woo(C)—woo(C‘)]]c(x,y)log(%).

2 X, YEX CE6o yPyx

This can be rearranged as

1 _ P(c)
ep= 566%00 [Weo(€) =W (C )]log(P(c_)).

Now we use (2.11) to arrive at (2.13). Finally, we show that (2.14) follows from (2.12). An
equivalent way of writing (2.12) is

(,prxy).

ep= lo
P Z HxPxylog iy Pyx

x,yeX

We can express this in the edge basis for the one-cycle F =}, , uxpxyexy and insert (2.3):

(e.F) b (e.F)
ep= e,F log( — ): o(yqd ey log( — )
Z e Bog| 7= ) = 2, 2 e e ra)los| 7 T
Let us write e 11y if (e,y4) =1 and e 1] yq if {¢,y4) = —1. Note that (e, F) = F(s(e), t(e))
where s(e) is the source and t(e) the target of e. Then the last equation becomes

b
ep=)_ w(yq)

a=1

F(s(e), t(e))) (F (t(e), s(e)))
log| —————|+ ) log|—————1|.
e%ﬂ, Og(F(t(e),S(e)) e%ﬂ 8\ F(s(e), t(e))

This can be rearranged to give

(P(Ya))'

b
ep= ) w(yqlog P0)

a=1
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whichis (2.14). B

A.5 Proofof Lemma 2.5

In view of a theorem similar to theorem 1.7 (see for example [BEGK02, @ks03]), the function
h(x) = Ex [7g] solves the boundary value problem

Lh(x)=-1, x¢B,
h(x)=0, x€B. (A.5)

Then, using that e, (0 =(-L"qg7)(x) holds for all x € A, we get

Y e g(h(x) =— )Y px)(L g )X hX) =—(L" g, h)y

xX€EA xX€EA

where the last step is true because (L™ g7)(x) =0 for x € X\ (Au B) and h(x) =0 for x € B. We
proceed by using (A.5):

(L™g" hyu={q ,Lhyy ==Y px)g~(x)+ Y_ p(x)q~ (x)(Lh)(x).
x¢B X€EB

The last term is zero since g~ (x) = 0 for x € B. Putting everything together, we arrive at

Y pxe p()h(x) =) px)g (x).

xX€eA x¢B

Dividing both sides by cap(A, B) gives (2.28). Equation (2.29) follows by adding up (2.28) and
(2.28) with A and B interchanged, which replaces g~ with 1 — g~ on the RHS of (2.28). B

A.6 Proof of Theorem 2.6

Recall the variational formula (2.31) for cap(A, B). For any f € /45, we have

hsup {=2(L" fhyy—(h, =Ly} =2 =217 f, Hu—<f,—L° g
€948

by choosing h = f € Gap. But (L™ f, /) ={f,Lf)p = (f,L*f),. Hence

sup {-2(L" f,h)y—<(h,—L°h)} =(f,—L° )y VfeFup.
hebap

Taking the infimum over all f € #4p gives in view of (2.31) and (2.32)

cap(A, B) = cap®(A,B)
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which is (2.30). To show strictness, we write g* = g + § g with 6g(x) =0 for all x € AUB and
then we write cap(A4, B) as

cap(A,B)=(q",-Lq" ), =(q",—-L°q )y =(q+64,-L (g +5 @)

Using the fact that (6q, —L*q),, = 0 since (L°q) (x) = 0 for x ¢ (AUB) and 6 q(x) = 0 for x € (AUB),
we obtain

cap(A, B) = cap®(A,B) +(6q,-L°0 q) . (A.6)

Since L° is ergodic, —L° = 0 with ker L® being the space of constant functions on X. Since
dq=0on (AU B), we have that § q is not constant and therefore (6q,—L*6g), > 0 as long as
dq(x) # 0 for some x € X. We demonstrate that this is indeed the case: g* solves the linear
system

0=Y Lyy(q)+8q(y) VYxeX\(AUB).
yeX

If we take into account that Lg(x) = 0 for x € X\ (AU B) and rearrange terms, we get

Y Lo8q)+ Y (Lo~ Ly a) =0 ¥xeX\(AUB).
yex yex

Since g = 0 on Au B, this can be rearranged to

Y. Lyybq(y)=b(x) YxeX\(AUB)
yeX\(AUB)

with b(x) = _Zyex (ny - Lfcy) q(y), or shortly ﬁ6q = b where L is L restricted to X\ (AU B).
The matrix — L is a non-singular M-Matrix, which follows from —Le > 0 where e is the vector
whose components are all one [PB74]. By the properties of non-singular M-matrices, L is
invertible and ker . = {0} [PB74]. Therefore § g =0 if and only if b = 0, which is equivalent to
Lg-L°g=0.1

A.7 Proofof Lemma 2.7

We prove (2.36), (2.37) follows analogously. From the definition of conditional expectation,

PX;eClX;eC)=—— P’(x,7)=1- ——— P (x,7)
1 0 P(Xg € C) x'yzecux o0 y P(Xg € C) xec;yecux o0 y

B ZxEC,yC{C HxPcfo(x, _V)
erC,yeX uxP3(x, J/)'

Now insert (2.19) to obtain (2.36). B
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A.8 The Current of Reactive Trajectories /

We show that (2.44) follows from (2.43). First of all, in view of (1.20),
%u(x) (b(x)+ b~ (x)) = V- (alx)u(x))

so that the equilibrium current J(x) becomes
J(x) = p(0)b(x) = V- (a(x)p(x)) = %,U(x) (b(x) - b~ (x)).

If (X;); is reversible then b = b~ and thus J(x) = 0 for all x € X. Furthermore, g~ =1-¢g" in
this case. Thus (2.43) simplifies to

Jap(x) = (1-g* () px)a(x)Vg™ (x) + gt () px)a(x)Vg™ (x)
=ux)ax)Vg*(x)

which is (2.44). R
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Appendix B: Module Detection Meth-
ods

B.1 MSM Clustering

Recall Definition 1.10 of an incomplete metastable partition. The goal of MSM clustering is to
find core sets Cj, ..., Cy, such that the metastability index

(B.1)

su Exlt
p =maxpj, pi = - Prexic Exl7c] '
i lnfxecl. Ex [TC\CL_]

is minimized. This is an NP-hard problem which can only be solved with a heuristic which we
now explain, for more details see [DBCS11, SCB* 14]. The heuristic behind MSM clustering is
to separate the problem into two subproblems:

(1) Separate the state space X into the union of the cores C = |J; C; and the transition region
T=X\(C,

(2) Find a full partition of C into m core sets Cy, ..., Cy,.

By examining (B.1), we see that we should choose C in step (1) in such a way that tp =
sup,ex\c Ex[Tcl is small, i.e. C is always reached quickly from T. To select such a C, one starts
with a uniform distribution py on X, propagates p for some time with the dynamics and
then identifies regions where probability has accumulated. More algorithmically, we select a
lagtime parameter a > 0 and set

Co={xe€ X:PLug(x) > po(x)}

where P, is the transition matrix of the RW process (X;); with lagtime a. This condition is
more restrictive the larger a is. We comment on the choice of parameters below. For step (2),
we consider the RW process (X;); on C, only, that is we construct the transition matrix

Pa(x,y) =) P(x,2)qy(2), x,y€Cq

zeX
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where g, (z) is the probability that z is the next node in C, that is hit by (X;); conditioned
on Xy = y. P, describes the dynamics of (X;); restricted to C,. To compute P,, we must
compute k = |Cq| committor functions g,. With P, at hand, we need to specify the number
m of core sets we want to partition C, into. Some hard clustering method, e.g. [DHFS00],
can then be used to partition C, into the core sets Cj, ..., C;;. As a final step, MSM clustering
computes m committor functions g;(x) = P(X; = C;| Xy = x), where 7 = inf{r > 0: X; € Cgy}, as
fuzzy affiliation functions that tell how much any node x € X is affiliated with each of the
cores C;. All committor functions are computed by solving linear systems of the form (1.48).

MSM clustering requires the specification of two input parameters m and a. The larger a
is, the more modules one will find, so different values of @ can be used in order to find a
hierarchy of different clusterings. One way to obtain a good value for m once « is selected is
the following: For some not too large k, compute the k largest eigenvalues 1; =1>...> A of
P,. Select min such a way that the gap Ay, = A, — 4,41 is maximal.

B.2 Alternative Module Detection Methods

Module detection in networks is a huge area of research, see e.g. [Forl0, SLB12, SDYB12,
DYB10, EL09, New06, NBWO06]. A comprehensive review of the different approaches that exist
in the literature would be well beyond the scope of this thesis. A nice review can be found in
[For10, vL07]. We will focus on methods based on random walks and describe a few of the
most important ones briefly.

Modularity Optimization. This is one of the most popular methods, originally developed by
Newman [New06]. Given a full partition of X into m sets A;,..., A;;, we define the modularity
of the partition to be

Q=) [PuX1€A;Xo€ A) —Pu(Xy € APu(Xo € A)]. (B.2)
i=1

To find the best partition, Q is optimized over all full partitions A,,..., A;; of X. The optimiza-
tion problem is NP-hard, but fast greedy heuristics exist [NBW06]. Modularity optimization
is a one-step method, and if we apply it to an irreversible process with transition matrix P, it
effectively performs a symmetrisation P* = %(P +P7).

Markov Stability. Markov stability (MS) [LDB09] is a state-of-the-art approach for com-
munity detection based on revealing communities at different scales by looking at how the
probability flow spreads out over time. At the heart of MS is stability function

m

r() =) [Pu(X;€ Aj, Xo€ A) —Pu(X; € ADPu(Xo € A)], (B.3)
i=1
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which is optimized for every fixed t > 0 over all full partitions Aj,..., A in the same way as
the modularity function Q (in fact Q = r(1)). For any fixed ¢ > 0, r(¢) encodes information
about paths of length ¢, and the method uses ¢ as a resolution parameter: The optimization of
r(t) is carried out for all values of ¢ in the desired range, and one searches for communities
which persist for a range of values of t.

Infomap. Infomap [DYB10] is a popular method for detecting communities, relying on the
idea that community structure can be used to describe the position of a random walker on
the network compactly by reusing codewords in different communities. Given a full partition
Ay, ..., Am, Infomap computes the average description length [ that a two-level code would
need to describe a realization (X;)1</<1 of length T of the RW. The code uses an alphabet
to describe the position of the random walker within each module A; (and compression is
achieved because this alphabet is smaller then the alphabet we would need to describe a
position in all of X), and it uses special codewords for jumps between modules. Compression
is maximal if these jumps are rare, so the modules found by Infomap are typically metastable
sets.

Infomap can deal with directed networks and performed very well in a recent benchmark
[LF09] with clique-like communities, but despite its information-theoretic origin it is inher-
ently a one-step method and as such it can fail at detecting non-clique-like communities
[SDYB12] by displaying an overpartitioning effect.
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C.1 Proofof Theorem 3.4

Here we give the proof of Theorem 3.4 from Section 3.2.2. For ease of notation, let [ - | = || - [l ;.

Proof. Let ¢ be the solution to (3.27), and write ¢ = Q¢+, = ¢y +¢p, with ¢, € DL. The
first step is to show that [[¢ — ¢l = infyep lp — |, i.e. the infimum in the definition of &g is
attained at ¢p). But this is clear since for any ¥ € D, by orthogonality we have

lp—wll* = llpy —w+pol* =l —wl*+lpLl?
which attains its minimum of £ = || || for ¢ = ¢y, By (3.27), ¢, solves the equation
B, ) = B, v)+B(pL,w) =0 YyeD,

and if we write ¢ = X7, (/3;‘ xi + 1xn+1 with n unknown coefficients (/3:‘ (note that a general
element of D is of this form), this takes the matrix form

where in components we have B’,-j =B(xixj) ci = —BpL,xi) = —(¢p1,Byi)y and F; =
—(Xi»BXn+1)y- On the other hand, the Galerkin solution ¢ = Y; Py satisfies B = F by
3.28, hence we obtain

B@*—¢) =c. (C.1)
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Now we can write

2= gyt —plF=lgy—plIF+ gLl
= <Z(<Z>?—(f>i))(i,2_(<ﬁ;—<ﬁj)%j> +€5
i J

I

o]
|

= @ -PTMEP*-P)+e)

where Mij ={Xi,xj)u- The scalar product {-,-),, on Dy < V induces a natural scalar product on
R” by the isomorphism ¢ — ¥ ; ¢; 7::

<Z</3iXi»Z</3}Xj> = ¢ MY =:(p, I um
1 7] u

2

The error & is exactly 8(2) plus the distance between Galerkin solution and best approximation

measured in this scalar product. There is also a natural bilinear form inherited from %8 on R":

A

B (Z(f)ixi,Zd}}Xj) =¢"BY = (b, M By
i j
The Matrix M~ B is symmetric since 28(-,-) is symmetric. Moreover, since (-, -) is elliptic,

(b, M "By = A

Z@i%i:Z@j%;’)Eaz <Z<ﬁi%i,z<ﬁm> = ax($,P)m (C.2)
i j 1 J

I

In particular, M~! B is positive, hence it has a positive and symmetric square root S = M~'B.
Now, for any ¢ € R” it holds by virtue of (C.2),

.. 1o oy ns 1 oan an
G P = —(M By =—(Sp,SP)m
oo ao
1 oan oo i ann | U
< ¥<s¢,M IBS(,D)M:?(M 1BG, M1BP) . (C.3)
2 2

Now we apply the inequality (C.3) to (f)* - (,B and use (C.1):

1 o o
e <eg+—(M e, M o). (C4)
a
2

Now for some final simplifications, note that the orthogonal projection Q onto Dy can be
written as

n
Q=Y M xjviuxi-
ij=1
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Using this we can write

(M‘lc, M‘lc)M

DM cj =3 (i BoLuM;;(x ) BoL)
ij ij

<ZM{j1(Xj»B¢L>yXi,B¢L> =(QB¢pL,Bdi)y
ij

I

(QB¢p1,QBp1)y
To arrive at the final result, notice that

(QB¢',, QB¢ )y
¢' eD* @
(QBQ*¢',QBQ ¢ )y
= Sup / /
¢' €D+ <(pj_’(bj_>,u
(QBQ*¢',QBQ ¢,
sup
eV (@ Py
= 1QBQ 1%L, d1)u

IA

(QBd1,QBp1 )y ) ROy

) AL, p1du

IA

) (PP

Plugging these inequalities into (C.4) and dividing by 8(2) completes the proof. B

C.2 Best-approximation error bound

In this appendix, we prove lemma 3.7:

£0=11Q ¢l = 1Pl + (M2 [kl flloo + 21 P lloo] -

Recall that x = sup,.yEx[7¢l and P is the orthogonal projection onto the subspace V; =
{v e L?(X, ), v = const on every C;} c L?>(X, ). Note that PX¢ = 0 on C. The errors | P1¢||
and || P* | measure how constant the solution ¢ is on the core sets. We write || - || = | - Iy
throughout the proof for convenience.

Proof. The proof closely follows the proof of theorem (12) in [Sar11]. The first step of the
proof is to realize that the committor subspace D where Q projects onto can be written as
D={vel?(, W), v =conston every C;, Lv = 0 on C}. To see this, note that the values v takes
on the C; can be used as boundary values for the Dirichlet problem Lv =0 on T. A linear
combination of committor functions is obviously a solution to this problem. But the solution
to the Dirichlet problem must be unique, otherwise one can construct a contradiction to the
uniqueness of the invariant distribution, see [Sar11].

By definition we have || ngb | < llp—I¢p| for every interpolation I¢p € D of ¢p. With the definition
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of P from above, we will take g = I¢ such that

Lg=00onT, g=P¢donX\T. (C.5)
Now D c V, therefore g € V, and Pq = q. Therefore (C.5) is equivalent to

PLPg=00onT, g=PponX\T. (C.6)
Now define e:= P¢ — q. Then we have

PLPe=PLP(P$— q) = PLP¢— PLPq = PL$— PLP*¢— PLPq
and by (C.6) and since L = f¢p on X\ A>T, we have

PLPe= Pf(,b—PLPL(/)onTT, e=0on X\T. (C.7)

Therefore, e € Eg = {v € L*(X, W), v =0on X\ T} and with ® being the orthogonal projection
onto Eg, e has to fulfil

OPLPOe=0OPf¢p—OPLP .
Since ®P = PO = 0, this can be written as
Re:=OLOe=0fdp—-OLP .

The operator R = ©LO is invertible on Eg: If this wasn’t the case, there would be a nontrivial
solution v to

Lv=0onT, v=0onX\T.

But the solution to this boundary value problem is again unique, and hence there is only the
trivial solution. This gives

e=R'Ofp-R'OLPLy, (C.8)

and |[R7Y| = ﬁ where A is the principal eigenvalue of R. Due to an estimate by Varadhan we
have

_— = SupEx[Tx\T] =K,
|/10| xeT

see e.g. [Bov09]. To complete the derivation we need to focus on the second term in (C.8).
Since R~! is an operator on Eg, we can write it as R"'@LP1 ¢ =: ©g, where the function Og
solves

OLOg = ROg = OLP ¢ < OL[Og — PLp] =0
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by the definition of R and ©g. Therefore w := ©g — P ¢ solves the boundary value problem
Lw=00onT, w=-P-ponX\T (C.9)

which implies that || w]l < IIPL(pIIOO, this follows from Dynkin’s formula or Lemma 3 in [Sar11].
Finally,

10gll < (M2 10g oo < LM Y2(IPL Pllo + 1 W) < 20T 2 PPl

holds by the triangle inequality and the above considerations. Now focus on the first term in
(C.8). Note that by the maximum principle, ¢ achieves its maximum of 1 on the boundary of
X\ A>T, therefore maxyet [¢p(x)| < 1. Then we have

18 £l < u(M'? Iflloomax|p(0)] < LMY2] Flloo.
Now putting everything together, we arrive at
IR IO fpll+ IR OLP @]

kO fopll +1Og]l
LMY [xll flloo + 21 P Plloo] -

llell

IA

IA

IA

Finally, note that by the triangle inequality

1Q ¢l <lip—qll < llp— PPl + IPdp— gl = | P pll + | el

which completes the proof. B
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