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Zusammenfassung Die vorliegende Arbeit beschiftigt sich mit dem Beweis opti-
maler Fehlerschranken fiir die Diskretisierung H'-elliptischer Minimisierungsprob-
leme, deren Losungen Werte in einer Riemannschen Mannigfaltigkeit annehmen.
Die Diskretisierung wird dabei mithilfe Geoditischer Finiter Elemente durchgefiihrt,
welche eine unter Isometrien invariante Methode beliebiger Ordnung darstellen.
Der Diskretisierungsfehler wird sowohl intrinsisch in einer speziell eingefiihrten
Sobolev-Distanz als auch extrinsisch betrachtet und es werden optimale Abschiit-
zungen vom H'- und L*>-Typ hergeleitet, die in vorausgegangenen Arbeiten an-
derer Autoren experimentell beobachtet wurden. Unter Verwendung der Rothe-
Methode bestehend aus einem impliziten Eulerverfahren zur Zeitdiskretisierung und
Geoditischen Finiten Elementen zur Ortsdiskretisierung werden zusitzlich Fehler-
abschitzungen fiir L?-Gradientenfliisse H' -elliptischer Energien hergeleitet.

Kern der Arbeit bilden die Diskretisierungsfehlerabschidtzungen fiir Minimisie-
rungsprobleme in intrinsischen H'- und L?-Distanzen. Zu deren Herleitung werden
zunidchst inverse Abschitzungen sowie Interpolationsfehler fiir Geoditische Finite
Elemente und deren diskrete Variationen gezeigt. Unter Verwendung eines nichtlin-
earen Céa-Lemmas werden daraus H'-Diskretisierungsfehler fiir Minimierer H'-
elliptischer Energien hergeleitet. Mit Hilfe einer Verallgemeinerung des Aubin-
Nitsche-Lemmas werden sodann fiir (im Wesentlichen) semilineare Energien auch
optimale L?-Fehlerschranken gezeigt, wobei aus technischen Griinden die Dimen-
sion des Definitionsgebietes des Minimierers auf d < 4 beschrinkt wird. Alle Re-
sultate werden anhand von harmonischen Abbildungen in eine glatte Riemannsche
Mannigfaltigkeit, welche gewisse Kriimmungsschranken erfiillt, illustriert.

Die Ideen, welche zu Abschitzungen vom H'-Typ fiihren, wurden in Teilen schon
im Vorfeld in [GHS14] veroffentlicht.






Contents

0___Introductionl.......... ... 9
IL  Sobolev Spaces with Riemannian Manifold Targets| ................ 13
[L.1 Dafferent Definitions|. . ........ ... i 14
1.1.1  Sobolev Spaces with Metric Space Targets|............... 16
. obolev Spaces with Riemannian Manifold Targets|. . . . . ... 18
[1.1.3  Traces of Sobolev Maps|............................... 21
[I.1.4  Smoothness Descriptors|. .............................. 21
I D T P 27
1.2.1  LP-Distances for Manifold Targets|...................... 27
[.2.2 Metrics on the Tangent Bundle TM] . .................... 28
2. obolev Distances for Manifold Targets| ................. 35
|1.3 Scaling Properties|............cooviiiiiiiii i, 40
2 Geodesic Finite Elements and Approximation Error Estimates). . . . .. 43
2.1 Definition and General Properties|............................. 43
2.1.1 Inverse Estimates| ............ ... .. 48
[2.2  Interpolation Error Estimates|. ............ ... ... ... oo o... 53
2.2.1 A Bramble-Hilbert Lemma for Geode nite Elements. 53
[2.2.2 Interpolation Error Estimates for Geodesic Finite Elements|. 60
[2.23 Vector Field Approximation] . . ............c..ouuueenn... 62
iscretization Error Bounds for W' ~-Elliptic Problems of Secon

Di ization E Bounds for W'-*-Elliptic Probl f S d
L Order. . . oot 67
!> Discretization Error Estimates| .. ......................... 68
3.2__L>-Discretization Error Estimates . ............................ 74
4 L°-Gradient Flows for W'-Elliptic Energies| ...................... 83
4.1 Gradient Flow in Metric Spaces| .......... ..., 84
A2 Time DISCrefization]. . . . . ..o v v oot e e 92
4.3 Space Discretization| . ... 95




8 Contents
4.4 Discretization Error Estimatel. . ............................... 96
[ Example: Harmonic Maps| . ..ottt 99
[5.1  W'?-Discretization Error Bounds|. ............. ... ... ... ..... 100
(5.2 _L°-Discretization Error Boundsl. . . ..............oooiiiiiiin, 102
B3 Heal FIOW]. . . o vvoee e et 105
APPENAICeS| . . . ... 107
|A Estimates for the Exponential Map|............................... 109
[B~ A Linear System of Elliptic Equations]............................ 115
References]. . .. .......o.oiit e 121



Chapter 0
Introduction

The numerical approximation of maps between Riemannian manifolds that min-
imize a certain energy is a developing field. Non-Euclidean domains, e.g., sur-
faces or more generally embedded Riemannian manifolds, which arise from mea-
surements, assumptions, or solutions to geometric PDE-problems, have been stud-
ied quite extensively in [DDEOS, IDEO7, IDE12, IDE13]. Methods for manifold
codomains which for example arise from physically enforced symmetry, e.g., in
the context of Cosserat materials or liquid chrystals, are often ad hoc contruc-
tions specific to an individual energy and manifold [BPQ7, [Bar05, [IWG93| [Miin07,
MWNO9, IMNW 11, SVQ86, ISFR0]]. Recently, geodesic finite elements have been
developed and experimentally studied to address this shortcoming of other meth-
ods by providing an objective, i.e., isometry-invariant method of arbitrary order
[Sanl10l [San12| [San13| [SNB14]. With the exception of [BP07, Bar05], approxima-
tion error estimates for methods used for manifold codomains are rarely addressed
in the literature, even for simple energies. In this work, we aim to generalize some
results from the basic theory of finite element methods for the minimization of W12
elliptic energies to functions with Riemannian manifold codomains, in particular
concentrating on geodesic finite elements for the discretization. First results in this
direction have already been published in [GHS14]. We do not aim for completeness
but for a basis on which more advanced theory can be built.

We consider minimization problems of the form

u:Q —M, u = argminJ(w), (0.1)
weH

where Q C RY, M is a smooth Riemannian manifold, and J : H — R a nonlinear
functional. The domain H of J is a set of functions 2 — M of W!2 smoothness,
which we discuss in detail in Chapter I}

As the codomain M is a Riemannian manifold, we discretize (0.1) by geodesic
finite elements (GFEs), which are an adaption of Lagrangian finite elements of arbi-
trary order. Based on the Riemannian center of mass, they do not rely on an embed-
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ding of M into Euclidean space and in particular are equivariant under isometries of
M, which leads to the desirable property of objectivity.

The Riemannian center of mass has already been used for interpolation of values
on a manifold in [BFO1, Moa02l [PEAO6]. In [Grol3bl, interpolation errors have
been estimated in the L™ norm.

By construction, GFEs form a conforming discretization, i.e., the set S, of GFE
functions for a given grid is a subset of H (see [Sanl3l Thm. 5.1]). Restricting the
minimization problem (0.I) to Sj, then yields the discrete problem

ul" = argmin J(wh). 0.2)

WhESh

Details for a numerical solver for (0.2)) have been described in [[San12].
Besides the static solutions to (0.I) we will also consider corresponding -
gradient flows

W), V)2 @u)17m) = _$‘S:03(expu(t) (sV)) W eT,,H, (0.3)
and their discretization by a method of time layers consisting of an implicit Euler
scheme for the time discretization and geodesic finite elements for the space dis-
cretization.

While it is well-known that solutions to (0.3) may develop singularities in finite
time even for smooth initial conditions (see, e.g., [HWOS8| I[CG89, ICDY92, |Gro93])),
we will only do an a priori error analysis for smooth solutions. In [BarQS] harmonic
maps into spheres S> € R are approximated using first order finite elements while
constraining the vertex values to S2. It is shown that even for non-regular solutions,
there exists a subsequence of discrete solutions converging weakly to a harmonic
map. Similar results for geodesic finite elements would be intriguing but beyond the
scope of this work.

Note that the domain Q in and is always a subset of R?. For
the discretization of non-Euclidean domains there exist well-developed techniques
[DDEOS,IDEQ7, DE12,IDE13]]. In [[vD13]], the Riemannian center of mass is investi-
gated in the context of the discretization of non-Euclidean domains. A combination
of either of these methods with our techniques for manifold codomains is planned.

We want to point out that only smooth Riemannian manifolds are considered
as codomains in this work, although the construction of geodesic finite elements is
meaningful and natural even in a metric space setting, in particular in the context of
CAT (0)-spaces. At several instances the more general metric space view point will
be depicted. A full generalization, however, is not studied here.

We begin this work by introducing Sobolev spaces for manifold codomains. We
provide several different plausible definitions that we show to be equivalent for a nu-
merically relevant subset H of continuous W 1:2-functions. In particular, we measure
the regularity by a smoothness descriptor for manifold-valued functions introduced
in [GHS14] for this purpose. In order to measure errors, we introduce an intrinsic
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Sobolev distance which is equivalent to the error measured in an embedding for the
functions of interest.

In the second chapter we recall the definition of geodesic finite elements from
[Sanl12| |San13} |Gro13b| [IGHS14]. In particular, we reprove well-posedness of the
defining minimization problems by a simpler argument than the one given in
[San13]. As a tool for further analysis of geodesic finite elements, we will dis-
cuss inverse estimates that turn out to be more subtle than in the Euclidean case
as sufficiently high derivatives of geodesic finite elements do not vanish as those
of polynomials do. We then recall the interpolation error estimates published in
[GHS14] with some minor changes to the proof. Geodesic interpolation of vector
fields corresponds to variations in the set of geodesic finite elements. We will amend
the techniques of [GHS14] to obtain associated vector field interpolation error esti-
mates needed in Chapter for the proof of optimal L?-error estimates.

The third chapter is dedicated to discretization error estimates. Using a nonlinear
version of Céa’s Lemma combined with the interpolation error estimates of Chap-
ter we obtain for elliptic energies a W !-2-discretization error estimate for a solu-
tion restricted in a W 14-ball, as already described in [[GHS14]]. We then show that
this restricted solution indeed correlates to a local solution. This improves on the re-
sult in [GHS14]), where additional regularity of the continuous solution is required
for a corresponding result. For dimensions d < 4, we then continue with an analy-
sis of the L?-error for (morally) semi-linear energies. Using a generalization of the
Aubin—Nitsche lemma, we obtain optimal error estimates. Note that the results in
this chapter are not restricted to geodesic finite elements but can be applied to other
discretization methods as long as interpolation error estimates comparable to the
ones in Chapter[2|can be derived.

In the fourth chapter we discuss the discretization of the gradient flow (0.3) by
the method of time layers employing an implicit Euler scheme for the time- and first
order GFEs for the space-discretization. Using error estimates from [AGS06] for
the time discretization, we prove W12~ and L?-error estimates for the fully discrete
scheme.

We illustrate the discretization error estimates of Chapters [3| and [ in the fifth
chapter using the harmonic energy as an example. Under certain bounds on the
curvature of M, we obtain the optimal error bounds for the static problem, which
have been experimentally observed in [San12,|San13]]. The results for the harmonic
map heat flow are of a more speculative nature.

I thank my advisors Klaus Ecker and Ralf Kornhuber for their support, Oliver
Sander for suggesting the topic and day to day mentoring, Philipp Grohs and Oliver
Sander for the collaboration on [GHS14], and my family for everything else.






Chapter 1

Sobolev Spaces with Riemannian Manifold
Targets

In the context of finite elements for the approximation of elliptic and parabolic par-
tial differential equations, the concept of weak solutions and Sobolev spaces arises
naturally. In the course of this work we will discuss mainly partial differential equa-
tions whose solutions are mappings from some open subset Q € R¢ with piecewise
Lipschitz boundary d into a smooth Riemannian manifold (M, g) without bound-
ary.

In order to gain a deeper insight into the topic, we will also consider map-
pings into a metric space (X,d) without boundary and only later confine ourselves
to the special case of Riemannian manifolds. We will always assume that (X,d)
is a complete (or strictly intrinsic) length space, i.e., that for each pair of points
p,q € X there exists a connecting, length realizing rectifiable curve. We call these
curves geodesics. Note that completeness in the metric sense, i.e., the fact that ev-
ery Cauchy sequence has a limit, is related to the completeness of a length space.
Specifically, a complete metric space is a complete length space if and only if for
each £ > 0 and two points p,q € X there exists a finite sequence p = x1,...,Xx =¢
such that d(x;,x;+1) < € and Zé‘;ll d(xi,xi+1) < d(q,p) + € (see Corollary 2.4.17 in
[BBIOI1]).

We can define curvature in a length space in several equivalent ways. Here, we
will use local convexity and concavity of the distance d (cf. [BBIO1, [KS93]):

Definition 1.1. Let (X,d) be a complete length space. We say that X has nonpositive
curvature if for any three points p,q,r € X and a constant speed geodesic ¥, :
[0,1] — X connecting ¢ to r, i.e.,

d(q. %, (1) =td(q,r),  d(ry,(t)=(1-1t)d(gr) Vte[0,1],
the squared distance with reference point p, d*(p,-), is 2-convex along Yo, 1.€.,

d*(p, Y1) < (1=1)d*(q,p) +1d*(r,p) —t(1 —1)d*(q,r) ~ Vre[0,1). (1.1)

If the inverse inequality in (T.I)) holds, we say X has nonnegative curvature.

13
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Further, we say that X has curvature bounded from above, if there exists a 0 <
K € R such that

dz(p,yq,,(t)) <(1 —t)dz(q,p) —|—td2(r,p) — @t(l —t)dz(q,r) vt € [0,1]
(1.2)

holds locally in X, where C(K) is the convexity constant of the distance function on
the constant curvature space with curvature K.
X has curvature bounded from below, if there exists a 0 > k € R such that

PP 0) = (1 -0, ) 1)~ (1D r) e o.1]
(1.3)

holds locally in X, where C(k) is the concavity constant of the distance function on
the constant curvature space with curvature k.

In the following we will restrict ourselves to the special case of (X,d) being a
complete length space with curvature bounded from above and below. Note that
in this case (X,d) indeed is a manifold (M,g) possessing a C3-atlas such that in
its charts the metric d can be defined by the metric tensor g whose coefficients
are in class WP for every p > 1 (see [BBIOI]). This allows the formal definition
of Christoffel symbols, curvature tensor, and parallel transport having geometric
meaning (for almost all paths).

There are several different possibilities to define Sobolev spaces of functions
/192 — (M,g) in this context. Some of these definitions are even valid for complete
length spaces with non-positive curvature (NPC-spaces). In the following we will
discuss some of these definitions and their relations to each other. As our goal is
an a priori error analysis for the numerical approximation of solutions of PDEs, we
will then discuss the concept of distances implied by the Sobolev structure. We will
introduce an approximate distance yielding a notion of W!-error. We will see that
although it is not a distance in the strict sense, we recover several properties useful
for assessing the quality of numerical approximation.

1.1 Different Definitions

Recall the standard definition of Sobolev spaces, taking values in R”.

Definition 1.2. For k € N and 1 < p < +oo, the Sobolev space Wk*P(Q) is the set
of all functions f : £ — R such that for every multi-index ¢ with |&] < k the weak
partial derivative D% f is locally integrable and in L” (), i.e.,

WhP(Q) = {u € LP(Q): D%u e LP(Q)V|&| < k}.
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The Sobolev norm is defined by

poo\?
) , 1< p< oo
1 llwrr () = L (Q)

<z|a<k D%

maxg|<k HDO‘M

L=(Q)
Further, the Sobolev space W*?(Q,R") is defined by
WhP(Q,R") = {u = (U1, ) 114 € WRP(QR) Vi= 1n}

The corresponding Sobolev norm is defined by the usual combination of the com-
ponents u;, i.e.,

1

n g
Hl/l”Wk,p(.Q’Rn) = (Zi ||ui||l‘,7‘/k‘p(g)> :
i=

For the case p = 2, we write H*(£,R") and note that we have a scalar product

(D%u;, D%v;) 2.

-

<M7V>H’<(Q,]R”) =

a|<k

The definition of LP-functions can be generalized in a straightforward fashion to
functions taking their values in a complete length space (X,d) (see, e.g., [KS93]).

Definition 1.3. Let (X, d) be a complete length space and 1 < p < oo. We define
LP(Q,X):= {u : Q — X | u measurable, u(£2) separable ,

/ dP (u(x),Q) dx < e for some Q GX} .
Q
We further define a distance function dy» on L”(Q,X) by

dar,(u,v) ::/Qd”(u(x),v(x)) dx.

Remark 1.4. Tt is easy to see that dy» is indeed well defined for u,v € LP(Q,X),
as x — (u(x),v(x)) is a measurable function to X x X. Further, the definition of a
function u € LP(£2,X) is independent of the point Q € X in the definition, as the
triangle inequalities for d and the real-valued L”-distance imply for any other P € X
that

1
P

</de(u(x),P) dx)'l’ < </Q (d(u(x),0)+d(Q,P))” dx)
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< (/de(u(x),Q) dx)'l’+|£2|}’d(Q,P)
< oo,

The same argument also shows that dr» is finite for u,v € LP(Q,X), and that it
fulfills a triangle inequality.

Remark 1.5. Obviously, (L?(2,X),d;») is a complete metric space, if (X,d) is com-
plete. Note furthermore that Definition|1.3|also generalizes from subsets 2 C R to
any connected Riemannian manifold (29, gq).

While the definition of L” (2, X) is thus immediate, this is not true for W57 (Q, X).
In the following we will introduce an approach by Korevaar and Schoen [KS93|| that
works for X being a complete metric space. We will then discuss three other ways
conceivable for Riemannian manifolds and compare them.

1.1.1 Sobolev Spaces with Metric Space Targets

For the general setting of functions taking their values in a complete metric space
(X,d) a direct intrinsic definition of W!7(,X) was introduced in [KS93]. We will
recapitulate this definition in the following. Note that a similar approach was taken
independently by Jost [Jos94]. In [ChiQ7] it was proven that both approaches are
indeed equivalent.
Let (X, d) be a complete metric space and u € LP(£,X) for some 1 < p < . Let

further V : Q — R denote a smooth vectorfield on 2, and set for € > 0

Q. :={xeQ]|d(x,0Q2) > ¢},

QY ={xcQ|dx,0Q) > ¢e|V|.}.

Note that the map x — u(x+ €V (x)) is in LP(2},X) as

| e ev).Pyds= [ ar(u(y).P)|deudy (5(x))] dy
Qf y(2¢)
< oo,
where y : x — x+ €V(x) and P € X, and thus
detDy~ ' (y(x)) = (I +eDV(x)) " = (1+ewDV(x) + 0(e2)) .

This also implies

Jov dP(u(x),u(x+€V(x))) dx < C,

independently of €.
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Definition 1.6. The spherically averaged e-approximate energy density function is
defined on Q2 by

el S, 0) w do(w) forx e Q,
& -—
0 else,

where do denotes the (d — 1)-dimensional surface measure on dB;(0). Let v be a
Borel measure on the interval (0,2) with

2
v>0, v((0,2)=1, /O/I*I’dv(l)<oo.

Then the v, e-approximate energy density function is given by

fozem(x) dv(A) forx e Qy,
vee(x) ==
0 else.
Remark 1.7. By Tonelli’s and Fubini’s theorem, yeg is a real-valued L'-function
with

/ veg(x) dx < Ce™".
Qe

Indeed, in [KS93] the more general case of 2 being a Riemannian domain is dis-
cussed where the proof of the corresponding equation uses an orthonormal frame
and a partition of unity argument to simplify to the situation we reviewed here.

Remark 1.8. In [KS93]] it is mentioned that for smooth u : Q — R the energy density
corresponds to |Du|? in the following sense

lim yee (x) = C(d, p)|Du(x)|?,
e—0
Cld.p)=[ o' do(o),
JaB,(0)

where ® = (0',...,07"") € 9B,(0), and do denotes the (d — 1)-dimensional sur-
face measure on dBj(0). In particular, C(d,2) = w,;, where @, is the volume of the
unit d-ball.

For p = 2 this formula also holds for smooth Riemannian manifold targets. For
p # 2 however, this is not generally true.

Using the approximate energy density, one can define an energy, and conse-
quently the set W17 (Q,X).

Definition 1.9. Let 1< p<oo,u €~L”(Q,X), and v as above. For € >0 and f €
Cc(Q,R):={f €C(2,R) : suppf € Q} define

VE(f) = /Q F(0) vee () dx.
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The energy of u is then defined by

Bl = sup (1imsup Ee(7)).
feCe () =0
0<f<1

and we set
WhP(Q,X) = {u e LP(2,X) | yvE(u) < oo for some v}.

Remark 1.10. 1t is proven in [KS93] that the above definition is independent of the
choice of the measure v. Furthermore, each measure ,edx converges weakly to the
same ‘“energy density” measure de.

1.1.2 Sobolev Spaces with Riemannian Manifold Targets

We later concern ourselves mainly with metric spaces allowing a Riemannian man-
ifold structure. For such spaces M other constructions of W7 (Q, M) are possible.

The most common definition for Sobolev spaces with Riemannian manifold tar-
gets uses the Nash embedding theorem.

Theorem 1.11 (Nash Embedding Theorem). Let (M, g) be an n-dimensional Rie-
mannian manifold of class C*. Then there exists a C* isometric embedding 1 : M —
RN for some m = N(n).

For a proof see [NasS6].
Many authors (see e.g. [HWOS| |[Haj09, [HEI02, |Str85]]) use the Nash embedding
theorem to give the following definition of manifold valued Sobolev functions.

Definition 1.12. Let (M, g) be a n-dimensional Riemannian manifold of class C*.
Let 1 : M — RY be an isometric embedding into Euclidean space. We then define

WEP(Q,M) = {v e WP (Q RY) | v(x) € 1(M) ae.}.

Remark 1.13. If © and M are compact, then W*? (2,M) is independent of 1 (see,
e.g., [HWOS]). Thus, Definition is mostly used in this setting. Properties are
discussed in some detail in [HWOS]|] and [Haj09].

Under the same assumption Definition [I.12]is equivalent to Definition [I.9] (see
[KS93}, Jos08., [Haj09]).

An important question is whether Sobolev functions can be approximated by
smooth functions. For p > d, the result indeed follows by the Sobolev embedding
theorem (see, e.g., [Eva9g]).

Theorem 1.14 (Sobolev Embedding Theorem). Assume u € W*7(Q R).
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L.If kp < d, then u € L1(Q,R), g = dﬂ—’;p and there exists a constant C; =
Ci(k,d,p, Q) such that

[ulla@ ry < Cillullwer o m)-

_|d|_d
2. If kp > d, then u is indeed in the Holder space c L’J "’ﬂ(Q,R), where

{pJ +1 > zfp is not an integer,

0=
{any number in (0, 1), if% is an integer.
There exists a constant C) = Cy(k,d, p, Q) such that
Il s-14)-40 0 5y = AMlwri@my

For k = 1, p = d the answer is due to Schoen and Uhlenbeck [SUS83|.
Theorem 1.15. If p > d, then C' (2, M) ﬂWll P(Q,M) is dense in Wl1 P(Q,M).

If p < d, the corresponding result is no longer true in general. For a survey of
known results see [HWOS]].

For smooth functions u :  — M the definition of W7 (Q R) directly transfers
to sections u~'TM, i.e., to vector fields V : Q — TM such that V(x) € Tu(x)M for
almost every x € Q (cf. [JosO8]]).

Definition 1.16. Let (M, g) be an n-dimensional Riemannian manifold, u € C*(2,M),
andV € LP(Q,u"'TM), ie.,V :Q — TM with V(x) € T (xyM almost everywhere
in 2, and

p [ee)
/Q V@) < o

Let 1 € CZ(Q2,u"'TM). Then for o = 1,...,d the covariant derivative of 1 along
u is a vector field along u defined by

. 1 u(x+heq
Vaun () 1= lim = (250 (1 (e hea) = 1(3))

t—u(x+heg)

where eq € R? denotes the a-th Euclidean unit vector, and 7 ) is the par-

u
allel transport along the curve defined by ¢ — u(x + hey). In coordinates we can
write

(Va1 5200+ T ) () (),

where greek indices range from 1 to d, latin indices range from 1 to n, and we sum
over repeated indices.
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We say that V is in WP (Q,u~'TM), if the partial derivatives in the definition
of (VduV)]fx exist in a weak sense and are in LP(Q,u"'TM). We denote V,V :=
(VauV) -

Remark 1.17. If u is smooth enough, the Sobolev embedding theorem for vector
fields V € W&P(Q,u~'TM) follows from the Euclidean case. Indeed, for k = 1 we
consider f(x) := |V (x)|. Then f € L?(2,R), and we can estimate
(VaV(x),V(x))
Daf(x) = ——v 5 <[VaV(¥)|
1459

almost everywhere. The Sobolev embedding theorem for V' is then induced by the
one for f. For higher k, the theorem can then be proven analogously to the Euclidean
case (see, e.g., [Eva9s]).

Remark 1.18. If p > d every map in W!»(Q,M) can be described as a pointwise
small deformation of a smooth function. Thus, W' (Q, M) can be locally modelled
as a Banach manifold over the space of W!-deformations, i.e., W'=1’(Q,Lfl ™).
More on this construction can be found in [Pal68]].

Remark 1.19. If p > d, we have equivalence of the characterization of W' (Q, M)
described in Remarkto Deﬁnitionand Deﬁntionm Indeed, u € W,"?(Q, M)
with p > d implies that « is continuous and hence the image of Q is contained in a
compact ball Bg in M. By Remark the definition of W,'” (Q,Bg) is indepen-
dent of 1. Note however that the radius R depends on u.

Although W'2(Q, M) is only a manifold for d = 1, we can nevertheless consider
the W'2-norm for vector fields along functions in W14(Q, M) if ¢ > max{2,d} as
those functions are continuous and thus local charts can be used to define covari-
ant derivatives. For this norm we can show the following version of the Poincaré
inequality.

Lemma 1.20 (Poincaré Inequality). Let u € W'4(Q, M) with g > max{2,d}, and
assume that W : Q — u='TM with W|;o = 0. Then we have

d
W iriy SCQ) Y [ 1VaW (00 d.
o=l

with C2(82) the Poincaré constant of the domain Q.
Proof. By the Poincaré inequality for f : x > [W (x)[g(u(x)) € R we get
2

df

dx®

d
W2 (0 um1rm) = /_Q W ()2 dx = 17 < () Y

a=1 L2

Using the Cauchy inequality for g we may then calculate
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df ‘ <W(x)vvocw>g(u(x))
—(x)| = < AVaW () i) »
ax' W () () Ve lguto)
and the assertion follows. O

1.1.3 Traces of Sobolev Maps

In the following we will mostly concern ourselves with functions u : £ — M that are

continuous. Thus, we do not really need to concern ourselves with traces of Sobolev

maps. For completeness we nevertheless repeat a short overview given in [HWOS].
Recall that

W' 5P (00Q,RY) =

1
)P 5
c17(9Q,RV) : (// dd> ool
{g ( ) ||g||LP(a_Q 20Jaa - y|P+m T Tormoy dxdy
(1.4)

The trace operator tr : C'(2,RY) — C'(d2,R") be extended to a continuous and

1
surjective operator tr: W7 (Q,RV) — W'" (92, RV) (see, e.g., [Eva9s]).
Definition (1.4) can be extended to manifolds analogously to Definition by
setting

Wl_%’p(a.Q,M) = {g € Wl_%’p(B.Q,]RN) : glx) eMforae xe 8.(2}. (1.5)

1
Then the trace of a map u € W7 (2, M) is always contained in W'~ #"” (92, M) but
1
the map tr: W' (Q, M) — W' »”(9Q,M) is in general not onto. This is also the
case for continuous maps, and the question if tr is onto for given manifold and p is
largely open. In [HWOS]| an overview of known results is given.
Given boundary and homotopy data ¢ : Q — M, we set qu P(£,M) to be those

functions v € W*P(Q, M) such that tr(v) = tr(¢) and v and ¢ are of the same homo-
topy class, i.e., there exists a continuous homotopy connecting v and ¢.

1.1.4 Smoothness Descriptors

We want to characterize Sobolev functions by having finite energy. If the function
we study is continuous, we can make sense of weak covariant derivatives by using
local charts on the target manifold (M, g). This restriction to continuous functions is
the reason why Definition|[T.12uses the Nash Embedding Theorem rather than local
charts. In the case where weak covariant derivatives can be defined, any given char-
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acterization should be equivalent to the Sobolev norm in the defining embedding.
This makes it necessary to track more terms than the usual Sobolev energy con-
sists of in the Euclidean setting. To this purpose we define the so-called smoothness
descriptor (cf. [GHS14]).

For covariant differentiation we cannot use the usual multi-index notation as co-
variant derivatives do not commute. In the following we use for multiple covariant
derivatives the multi-index notation

VP = Vaug, - Vaug, dug, Be{l,....d¥* keN,, (1.6)

where dug = du(%), and V4, denotes the covariant derivative along u as defined

in Definition
For a shorter notation we set || = dim 8 and

d):={1,....d}.

Additionally, we set VBu:=1cRif |ﬁ| = 0. For a subfamily & = (B;j)jes of a
multi-index 8 = (B;)ie; we use the notation & C 8. We set B\& = (B;)iep\s-
Analogously to the Euclidean setting, we set for k > 1

[VEul| 1 = Z/Q|Vﬁu(x)|pdx . (1.7)
|Bl=k’

This term is an obvious candidate for a Sobolev half-norm. However, recalling Def-
inition [T.12] we see that in light of the chain rule the correct notion of Sobolev half-
norm has to include lower order terms in order to be equivalent to |1 o l/lka,p(QiRN).
This motivates the following definition.

Definition 1.21 (Smoothness Descriptor). Let k > 1, p € [1,e0]. The homogeneous
k-th order smoothness descriptor of a function u € C(2,M) "W*P(Q, M) is defined
by

1/p

bpo)i=| ¥ /Qfllivﬁfu(x) ax|
1 J=

P mj .
ﬁje[d] I, j=1,
):.l/.:]mj:k

P
8(u(x))

with the usual modifications for p = co. For k = 0, and a fixed reference point Q € M,
we set

o oli)i= ( [ drlut).0) ax) "

Further, we set
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6 u) '= min 6 olu).
0.p. () = min B,y 0:0(u)

The corresponding inhomogeneous smoothness descriptor is defined by

1

ko »
Gkvpﬁg(u)::< 91'[,7,779(”)) )

i=0

In Definition the condition u € C(2,M)NW*?(Q M) can be interpreted
in terms of weak derivatives in coordinates (cf. [JosO8[]). We will see in Propo-
sition that for continuous functions finiteness of the smoothness descriptor
(when defined) is indeed equivalent to finiteness of the Sobolev norm in an iso-
metric embedding, and thus there is no ambiguity in the definition of W*?(Q, M)
(if kp > d). In fact, the definition itself of the smoothness descriptor is motivated by
Proposition which follows from the chain rule. Technically, the first order and
kth order terms are enough to characterize the smoothness descriptor. Indeed, these
terms bound all all other terms of the smoothness descriptor as well as terms that
scale similarly.

Proposition 1.22. Let u € C(Q,M)NW*P(Q, M), and let & be a multi-index in the
sense of (L.O) with |a| =1+1,0<1<k—1. Then

1 1
(/ |Va‘u|1]prl dx) ! <C </ |VEulP dx—i—/ |du|*P dx) ! ,
Q Q Q

where
8 p
Vku p dx: / Vﬁu X d_x
/.Q' | Z_ Q‘ ( )g(uw
|Bl=k
k k B »
dul™ dx = /deux dx.
/g' | 3 Z, o _:1‘ ( )g(u(x))
Bild), j=1,.k "7

In particular this implies

1 . . 1
(/ |V ulP dx+/ |dul|*P dx) ’ <bpo)<C </ |VEulP dx+/ |du|*P dx) "
Ja Q ’ Q Jo

Proof. Set W :=d%u € W<=1P(T,u='TM). By the Gagliardo-Nirenberg interpo-
lation inequality, we can estimate for || =/

k—1—
—1

. i 1
k—1 =1
vﬁwnwc(nv WIETIWIET + W] )
LI+1 LT+

Using Young’s inequality with = 1% =y + (kﬁ)l(l’frl y = 1 and Holder’s inequality,

we can estimate
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B 1y I+1
VWl gy <€ (I WIE + IWILEE ) + 1 g

I+1

=Ty (1 I+1
<SCUIVE W + Wl |-
Thus, we have indeed shown

a k % I+1 %
v ullleTpl <SCIViullp +lldully, ) <CO 7

Lk | —

This implies the assertion. O

In the Euclidean setting, i.e., M = R", the smoothness descriptor does not coin-
cide with the Sobolev norm, as already shown in [GHS14]. Instead, they relate in
the following way.

Proposition 1.23. Let u € W*P(Q,R"), k > 1. Then

A k k
ulpa < 6pa() < C (Julpa+ ldull g0 ) < Clulf, o

Proof. The proof follows by Proposition and the Sobolev embedding theorem.
O

We can compare the smoothness descriptor of a function u € C(Q,M) ﬂWlk‘P (Q,M)
to the smoothness descriptor of the embedded function 1 ou € W*P(Q,RN).

Proposition 1.24. Let (M, g) be compact and of class C*, and 1 : M — RN an isomet-
ric embedding of class C* such that 0 € 1(M). Then for k > 1 there exist constants
C3,Cy4 depending on ||1||« such that

C3 9‘1(7,,!9(1 ou) < ék,ng(u) < C49‘k7,,’g(l ou) (1.8)
holds for all u € W*P(Q,M)NC(2,M). For kp > d we have
Wlk’p(.(LM) = {v €C(Q2,M) : 6 pa(v)is well-defined and < 00}, (1.9)

which is independent of 1.

Proof. First note that as 1 is assumed to be isometric, we have
91 ,0,Q (l o M) = 61 ,0,2 (l/t)

for all o € N such that the terms are finite for u € W5 (Q, M). The chain rule directly
implies

L

l
Vi(tou) = Z ((V’l)wt)HV Tu(x),
Biela™i, j=1..0 Jj=1

1 -
Ljmimi=*
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and thus

toulip.e < Clltllcp.aw).

Note that indeed all terms of the smoothness descriptor appear on the right hand
side when applying the chain rule. Applying Proposition [I.22]then yields the upper
estimate in (I.8).

The lower estimate follows by the same argument applied to 1!, where ||t ™! || «
can be estimated using the implicit function theorem, since |1 ~!||o1 = 1.

In order to show (1.9), we still need to estimate the terms of order k = 0.

1

0,.0(t00) < [ Ji(u(x) ~1(Q)|1" dx
< [ dru(n, 0 ax
Q
for all Q € M. This implies
9.0’[,’9 (l o I/t) S éo’p’Q (M)
Furthermore, if M is compact, we have
[toullipary) < bop.a(tou)+C(M).

As M is compact, the distance on M is Lipschitz continuous with respect to the
embedded distance, i.e., there exists a constant C such that

d(p,q) <Cli(p) —i(@)lgv ~ VP,gEM.

Indeed, if this did not hold, there would exist sequences p; and g; with

d(pj,q;)
li(p;) —i(q;)|ry

As 1 is an embedding, this can only happen if d(p;j,q;) — 0, and as M is compact
this implies p;,q; — P € M. Locally near P, we can find a map y : B,(1(P)) — RV
with

V(x) = (1, 59,0,...,0) & x€B,(1(P))N1(M).
This defines a smooth local projection map

”w(}’ly---7}’n7)’n+la~--ayN) = ‘I’il()’ly---7J’n707-~~a0)~

Given p and ¢, we can define a connecting path by

a(r) = (" omy)((1-1)1(p) +1(1(q))), (1.10)
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and obtain

1 1
d(p.g) < [ a0l dr < [ID( omy)| i(a) = 1(p)l i <Cla(g) ~1(p).

Hence, we can estimate
1
. P
o)< . ) ax)
Q
<Clltoullppiory)-

The identity (I.9) now follows from Proposition[I.23]as we obtain the estimates

O, (1) < C([t]lct) O p.o(tou) < C([ltllce) toulli pq

and

lvoullepe < C(t.M)6p.0(u).
O

For vector fields a similar construction can be introduced. Note that, while vector
fields are a linear concept in the sense that u~!TM is a vector space for each u, we
can also view them as functions in the tangent bundle. Thus, they are dependent on
their base functions and do not form a vector space.

Definition 1.25. Let u € WX (Q,M)NC(Q,M), and V € W*P(Q,u='TM), where

for kp > d
+1 forkp=d
forkp < d.

b=

AT T

We define a k-th order homogenous smoothness descriptor for vector fields by

Ocp.a(V) = IVlLa(am Okp.0(u)
1/p

+ Z » /Q WBOV(X) ‘g(u(x)) H Wﬁju(x) \g(u(x)) dx )
0<o<k, Bjela)™ j=1
Z?:Omj:k

where
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1.2 Distances

Core to this work are error estimates and thus distances. Closely related to the con-
cept of distance is the concept of geodesic. As it is essential for our work we will
specify what we mean by a geodesic in the following although it is a well-known
concept and a working definition has already been given in Definition[I.1]

Definition 1.26. Let (X,d) be a metric space, and let ¥: I — X be an absolutely
continuous curve, i.e., ¥ € AC(I,X). We set

Note that this limit exists for L'-a.e. € I, and t — |’|(¢) belongs to L' (I, R) (see,
e.g., [AGS06]). The length of 7y is then defined as

L(y) = [ 1710 dr.
We call ¥ € AC(I,X) alength minimizing geodesic connecting p € X to g € X if

ye argmin L(@).
aEeAC(I.X)
a(0)=p,a(l)=¢

We call y € AC(1,X) a geodesic if ;) is a length minimizing geodesic for small
enough intervals [¢,s] C I. We say that ¥y € AC(I,X) is a constant speed geodesic
connecting p € X tog € X, if

d(y(s),y(t)) = s —tld(p.q)
L'-ae. inl.

Remark 1.27. In a Riemannian manifold a first variation shows that constant speed
geodesics ¥ correspond to solutions of the geodesic equation, in coordinates
_a dy dy’ _

Nk k
(Ve?) = g + 1oy o -—- =0

1.2.1 LP-Distances for Manifold Targets

We have already defined the L?-distance for metric space targets, and thus for Rie-
mannian manifolds, in Definition [I.3] We want to compare geodesics on M with
geodesics in LP(Q,M). For this purpose we need the concept of geodesic homo-

topy.
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Definition 1.28. Let u,v € C(2,M). We call a continuous map I' : Q X[ — M a
geodesic homotopy connecting u to v if for every x € Q the track curve 7, defined
by %(#) :=I"(x,t) is a constant speed geodesic connecting u(x) to v(x).

For u,v € LP(Q,M) a geodesic homotopy is defined by requiring the above for
almost every x € Q.

We can identify L”-geodesics with geodesic homotopies in the following way.

Lemma 1.29. Let u,v € LP(Q,M)NC(Q2,M) and I" be a geodesic homotopy con-
nectingutov. ThenI (t,-) € LP(Q2,M) for everyt € [ and I : I — LP(Q,M) defined
by I'(t) :=TI'(t,-) is a constant speed geodesic with respect to the LP-distance.

Proof. Letu,v € LP(Q,M)NC(2,M). Let I be a geodesic homotopy connecting
utov,andlet Q € M. To see that I'(z,-) € LP(2,M) for every r € I, we estimate

| a((0,0) dx < [ (@0n(e).u(v) +d(u(x).Q))” dx
< [ @0@).u0) +d(u(x),Q))" dx

< oo,

Thus I'(z,-) € LP(Q2,M) for every t € I.
Set I'(¢) :=I'(t,-). To show that I is a constant speed geodesic with respect to
the LP-distance, we calculate for 0 < s <t < 1

i (F(s),F (1)) = (/Q @ (T(5,%),T(1,%)) dx) !

= (/Q (t —5)PdP (u(x),v(x)) dx)ll’
= (t —s)dr (u,v).

Thus I is indeed a constant speed geodesic in L (Q2,M). O

1.2.2 Metrics on the Tangent Bundle TM

The difference of two (close enough) points on a manifold is characterized by the
vector (p,log » q) € TM, where log »  Binj(p) = TpM denotes the inverse of the expo-
nential map exp,, : T,M — M, and inj(p) stands for the injectivity radius at p € M.
The difference of two functions u,v € C(£2,M) is then characterized by the point-
wise difference (u(x),log, ) v(x)) € TM. In order to characterize the distance be-
tween the differentials of two functions u,v € C' (2, M), i.e., (u(x),d%u(x)), (v(x),d%v(x)) €
TM, we consider the tangent bundle itself as a manifold.
There are several natural metrics on the tangent bundle. A complete classification
has been provided in [KS97]. We will only introduce two classical constructions,
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namely the Sasaki metric, which is a Riemannian metric on 7TM, and the horizontal
(or complete) lift, which is a pseudo-Riemannian metric on 7M.

Let 7: TM — M denote the canonical projection. Denote by (TU, &K, EX) the
natural tangent chart, i.e., unbarred indices k = 1,...,n correspond to indices in the
base M, barred indices k = 1,...,n correspond to indices in the fibers of 7M.

The tangent bundle of TM at any point (p,V) splits into the horizontal and the
vertical subspace with respect to V

Ty TM = Hp vy ©Vipv),

where the vertical subspace is defined as the kernel of d7,, ).
For any vector W € T,,M there exists a unique vector Wh(p,V) e H, y) such that

dt(W") = W. This vector W" is called the horizontal lift. In local coordinates, W
can be expressed as

Wh = Efw, —VITEE W

The vertical lift of W is the vector W¥(p, V) € V{,, yy such that W"(d f) = W f for all
functions on M. In local coordinates

WY = &R
Note that the horizontal and vertical lifts define isomorphisms between the vector
spaces T,M and H, y), and T)M and V|, v repectively.
1.2.2.1 The Sasaki metric

The Sasaki metric g5 on TM is derived from the metric g by

oQ
<

? ,V)(thyh) :gP(X7Y)7
o (X7, Y1) =0,
gfpv)(vayv) ng(X,Y).

l}

o

It is a Riemannian metric on TM. In local coordinates it is defined by

S = <V“Vb12’fllljgk1+gij V“Q’fgkj)
(P.V) V“FI}gki 8ij '

a

Remark 1.30. As a Riemannian metric the Sasaki metric induces the distance

5D ((p.Yp). 0,Vy) = inf (L) + 17,V ~ Vol )
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for (¢,V,),(p,V,) € TM, where the infimum is taken over all smooth curves con-
necting p and g in M, and ngﬁq : TyM — T, M denotes the parallel transport along 7.

Remark 1.31. Geodesics of g5 are in general complicated objects. Especially the
projections onto the manifold are in general not geodesics in M. This property of
geodesics in the tangent bundle projecting to M-geodesics is desirable for a host of
reasons, among them a natural splitting of distances into a part on M and a vector
part.

Remark 1.32. A restriction to manifolds, where g5-geodesics project onto g-geodesics
is not reasonable. In [BBNVO03] in fact a classification of all such manifolds is given.
To do this, the authors consider curves in the unit tangent bundle 7M correspond-
ing to a base curve y in M and a unit vector field I" along the curve. The geodesic
equation of g5 reads

V=—|V|Pv,

where ||V is constant. Given (p,V,) € (TMy,g%), and (Wi,Wa) € T,y ) TM =
(T,M)?, g5-geodesics starting in (p,V,,) in direction (W), W,) arise in three different
types, namely

1. If Wy =0, then (7,I") is a so-called vertical geodesic, and y(t) = p and I is a
great circle in T,M,.

2. If W, =0, then (y,I") is a so-called horizontal geodesic, and ¥(¢) is a geodesic in
M and I'(¢) a parallel vector field along 7.

3. If Wy #£ 0 and W, #£ 0, then (y,I") is a so-called oblique geodesic.

In [BBNVO03], the authors have shown that all g5-geodesics project to a geodesic or
a great circle if and only if the manifold M is either flat or a two-dimensional space
of constant curvature.

1.2.2.2 The horizonal lift

The horizontal lift g” on TM is derived from the metric g by

h h
g(p,V)(Xh7Y ):Ou
g?py) (vayh) = g[)(X7Y)7
h vV oy
g(p,V)(X 7Y ):O

It is a (non-degenerate) pseudo-Riemannian metric on TM of signature (n,n). In
local coordinates it is defined by

h <V“Fa]f-gkj + VeIt g gij>

8on T \ g 0
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Note that the horizontal lift of a Riemannian metric coincides with the so called
complete lift [KS97,|CE97].

Lemma 1.33. Let (p,V,) € (TM,g"). Geodesics of g" correspond to Jacobi fields
along geodesics in M. The exponential map on TM is defined by

h exp(pv) (Wi, Wa) = (exp,(W1),dexp,(W1)(Wa) + daexp,(W1)(V))

Jor (Wi, W) € T(, v ) TM = (T,M)>. Its inverse is defined by

"og (v, (4:Vq) = (log, q,d1og, q(V,) + dalog,q(V,))
for (q,V,) € TM such that d(p,q) < injy(p).

Proof. It is known that geodesics in TM with respect to g" project over geodesics
in M and define Jacobi fields along them (see, e.g., [CF97]).
Consider then the family of geodesics

c(t,s) = expexpp(sV,,)(t(Wl +5sWh)).
Set y(r) = ¢(¢,0), and
d
J(t) = %p:oc(t’s) = dexp,(tW))(tW2) +da exp, (tW1)(V).

Then (7,J) is a g-geodesic, and

(1,7)(0) = (p,Vp)
(7,4)(0) = (Wi, Wa).

The definition of exp follows. As the chain rule implies

(dexp,(log,q))~" =dlog,q,
drexp,log,q = —dexp,(log,q) d2log, q,

we can directly calculate the logarithm as the inverse of the exponential map. [

Remark 1.34. The horizontal lift arises naturally when we consider the change of
the distance between two curves ¥ and (l in M as we can calculate

2

2
logy) 1(0)] = | "loggo0)) (4(0). £(0)), -

dt 1=0 g

As g is only a pseudo-Riemannian metric, it is not meaningful to consider
lengths with respect to g”. We can however consider the g5-length of g”-geodesics
and - as an approximation - of the g"-logarithm.

Lemma 1.35. Let (p,V),),(q,V,) € TM, such that d(p,q) < inj,(p), and
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1

H qu || PHg |Rm\£d2(p,q)

where Rm denote the Riemannian curvature tensor. Let (7,J) : I — TM be the g"-
geodesic connecting (p,V,) to (q,V,). Set

h[)z((pavp)v (‘Ivvq)) = SE(%J)»

where SE(y,J) denotes the energy

B = [5G0, G0 dr

and

"D ((p.Vy). (4.Vy) = "o, (@ Vo) 25,

Then there exists a constant Cs depending on the curvature of M such that

CiSth(([%Vp)v(qqu)) S hDZ((p,V) (Q7 )) <C5 hD ((p,Vp),(q,Vq)). (111)

Further, we can estimate

%SDZ((p»Vp)»(q,Vq)) < "D*((p.Vp),(4,Vy)) <4°D*((p. V), (a,Vy))-  (1.12)

Proof. First note that the base curve ¥ of the g-geodesic (¥,J) is a g-geodesic, and
that J is a Jacobi field along y. We can write

S0 V) Ve) = E0) = [ 1O+ W01
and
"D*((p,Vp), (g, V. )):thog(p,vp)(q,Vq)llﬁs(,,yp):||?(0)||§+||J'(0)||§~

Note that ||7(¢)]| is constant in 7. We consider

d o 0),J0)
SOl = 7ol
RO, H0)H0.0)
7)1
As J is a Jacobi field, and [|J(0) [+ [l/(D)[* < W by Rauch comparison

(see, e.g., [Jos08l Chapter 5.5]) there exists a constant C(M) such that
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C(M)
)] € =—————— Vtel.
|Rm|wd(p,q)
Thus, we can estimate for any #,s € [
@) = [17(s ||+/ — |/ (z) dz

< IIJ'(S)||+K [Rm oo [J(0)] [[7(0)]> d=
<[V (s)l[+C(M)d(p,q)lt —s|.

Using Young’s inequality, we can estimate
1
BV (0.a)) = Elpa) + [ IO ds

< (1 +*fc<M)> Pp.q)+ oo
< <1+fc<M>> D((.Vy), 4.V)
Analogously, we can estimate
D5V, (0.Vy) = () + [ O
< <1+\6@C(M)> P(p.q / ()| de
< (chw)) D(p.Vy), 4.V,

This concludes the proof of (T.11).
To see (I.12)), note that we can write

"D*((p.Vp): (4. Ve)) = I"log v, (4. Va)llgs
= |[log, qll3, + Hdlogpq( V) + dalog,a(Vy)l3 )
= |[1og, qll3,)
+17gpVeg = Vp + (dlog, g — 74p) (Vg) + (Id + da IngCI)(Vp>||§(p)

where 7., denotes the parallel transport along the geodesic connecting p and g.
To obtain the estimate from below, we observe using Proposition [A-T]

"D*((p.Vp) (4. Vq)) = || log, ql|* + HﬂquVq*Vsz
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2 (dlogy g ~ Ty oy PVl i + dolog, gl IV,|1?)
> llog, 4l + 5 Vo~ Vol
A (A IAD
>

(Il 10gp9||2 + [|7p Vg — VP||2)

2 SDZ((P,Vp)v(‘LVq))-

N ==

Analogously, we can estimate from above
"D (P V). (4:V)) < [[log, dlI* + 2174 pVy = V|
+4(|ldlog, g — mgsp*IVyl* + 11d + dalog, q[*[[V,)II)
< |[1og, gl + 214 Vy = V|
+|Rm e[| Tog,, gl|* (I Vgl +[1V;]1%)
< 2(|I1og,, g1 + 1 7g-5pVy = VilI?) -

For any smooth curve y connecting p and g the change of the parallel transport
along the closed curve consisting of the geodesic between p and ¢ and the curve y
can be estimated by the curvature and the area enclosed (see, e.g., IMTW73l Chapter
11.4]),1i.e.,

Vg = Tepsg s pVall < IRm [[ood (p, @) L(Y) [V | < L(¥).

Thus, we can estimate

179V = Vpll < 17 p Vg — 4, Vall < LYV + 175,

Vo=V Il
This implies the estimate from above in (1.11]). O

Obviously, "D and D are not distances but are compatible with one. We define
the following notion of approximate distance.

Definition 1.36. Let S be a set and D : S X § — R be a positive definite mapping.
We say that D is an inframetric on S, if D is symmetric and there exists a constant
Ce > 1, such that D fulfills a Cs-relaxed triangle inequality

D(x,y) <Cs(D(x,2)+D(z,y))  Vx,y,z€S.
If D is only symmetric up to a constant C7, i.e.,
D(x,y) <CiD(y,x) ~ Vx,y€S,

we call D a quasi-inframetric.
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Remark 1.37. Lemma implies that although "D and "D are not distances,
they form (quasi)-inframetrics on those subsets U of TM, where for any pair
(P V). (¢.Vy). we have d(pq) < iny(p). and [V [+ [V, < ey In
particular, positive definiteness follows by estimating from below by $D. More-
over, "D is symmetric, and hp is symmetric on U up to the constant 2+/2. Further,
hD fulfills a relaxed triangle inequality on U with respect to the constant 2v/2, which
also implies a (21/2C2)-relaxed triangle inequality for "D.

The length of g"-geodesics is of particular interest, as the derivatives of geodesic
homotopies are g”-geodesic homotopies in the following sense.

Lemma 1.38. Let u,v € C'(Q,M) such that d;~(u,v) < inj,,(p) for all points p €
u(Q)Uv(Q) CM. Let T : I x Q — M be the geodesic homotopy connecting u to v.
Then I'(t,-) € C'(2,M), and for any & € {1,...,d} the curve d®T (-,x) : I — TM
describes a g"-geodesic in TM connecting d*u(x) to d*v(x).

Proof. The geodesic homotopy I is defined by I"(f,x) = exp,,(y)(t10g, ) v(x)). As
we stay within the injectivity radius, exp is a diffeomorphism. Thus, by the chain
rule, ['(¢,-) € C'(Q,M) and d*I"(-,x) : I — TM is well defined. Obviously, the
vector field J := d*I"(-,x) connects d%u(x) to d*v(x) along y:=I'(-,x). We need
to show, that J is a Jacobi field. We calculate

J":ViViVLy

dt  dt  dx@
=V.V .4, V,
4V vV aY
— V.V —R(V \% A\
4 VaVay ( a7, aV)Vay
:—R(],’J'/)j/. O

Remark 1.39. Geodesic homotopies also inherit the weak differentiability of their
endpoint functions. Indeed, if exp and log are in C* in their arguments and M
admits a C*-embedding into Euclidean space, u,v € WkP(Q M) N C(2,M), and
dr=(u,v) <injy,(p) forall p € u(Q2)Uv(2) C M, then the geodesic homotopy con-
necting u to v lies in W*?(Q,M)NC(£2,M). This follows by the chain rule.

1.2.3 Sobolev Distances for Manifold Targets

Definition [I.12] implies a notion of Sobolev distance implied by an embedding 1 :
M — RN

dWll"’(_Q,M)(”’ v) = [[tou—1ovlyirqry- (1.13)

Geodesics for this distance depend on the embedding. Our goal is to introduce an
equivalent concept which is intrinsic. In particular we like to keep one class of dis-
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tance realizing curves for all W5?-distances. We start by considering smooth func-
tions.

Definition 1.40. Let u,v € C'(Q,M), and consider d%*u, d*v for a = 1,...,d as
vector fields along u and v, respectively. Then we set

d
D)= X [ D)), (10, ()

h[)fﬁp(u,v) :

d =
P ((u(x),d%u(x)), (v(x),d*v(x))) dx
L [, ", duta) 09, a2

d
DY (u,v) = Zﬁ/ﬂ "DP((u(x),d*u(x)), (v(x),d*v(x))) dx.

Proposition 1.41. Ler ¢ > max{2,d}, and let K and L be two constants such that

L <inj(M) and KL < i We set

We = {veW"(Q.M) : 6 40(v) <K}, (1.14)

and denote by Hll(”zL’q a L-ball w.rt. L’ in Wlé’q, i.e., for all pairs u,v € H11<”2L’q holds
dpscomy(u,v) < L, where

quqz ford =1
5= % ford=2
2, ford>2.

Then 5Dy 2(u,v), "D12(u,v), and "D1 5(u,v) as defined in Definition are
equivalent on H 11(’2L’q. In particular, "D 1,2 defines a quasi-inframetric on Hy L’q (cf.

Definition[I.36)).

Proof. The proof follows along the same argumentation as that of Lemma |1.3
Holder’s inequality is used to replace the W!>-bounds by the weaker ones that

functions in H}(‘;ZL"] fulfill. More specifically, we estimate terms of the form

1

2
IRl (o0 (010 ) R o) o)

SdL’(u7V)7
where
1 1 1
ro 2 q s’

and thus
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o ford=1
r= % ford =2
2 ford >2.

Note that s is defined in such a way that we can estimate
dpr(u,v) <C"Dyo(u,v).
by the Sobolev embedding theorem. O

Proposition |1.41|essentially states that "D; , inherits on H, 11<2Lq the properties "D
has on a suitable ball in TM. As hD%_rz(u, v) is realized by geodesic homotopies, i.e.,

~ l .
B ) = NGO 7 4

where I is the geodesic homotopy connecting # and v in Hll(’zL’q, Proposition m
includes an estimate along geodesic homotopies of the form

max TG0 lwi2go,r()-1rary <€ tg[%ﬂ} I Collwr2 @, -1rm) 4%,

where the constant depends on the curvature of M. In particular, we obtain a similar
result for parallel vector fields along I".

Lemma 1.42. Let u,v € H ’ ’q as defined in Proposition and let I' be the

geodesic homotopy connectmg utov. Consider a parallel vector field V € W' (Q x
I,IT'TM)NC(Q2 < I,I~'TM) along I. Then there exists a constant Cg depending
on the curvature of M, the Sobolev constant, and d such that

1+C8tHV('7O)HWLZ(.Q,F(-J)*]TM) <IVEDlwiz@ren-11m)
<(1 +Cst)”V('aO)HW'J(Q,F(-J)*]TM)
holds forallt € I.

Proof. AsV is parallel, ||V (-,2)[|;2(.r( ) -17m) is constant. Thus, we just need to
consider

d
Z [VaarVv(, ||L2 Qr()-1T™M)

We calculate
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d d
*Uz(l‘) =2 Z / <VdaFV,V1‘—VdaFV> dx
dt a=172

d
=2) / (VaarV,R(I",d*T")V) dx
a=17%
d .
<2 Y [Rmle | [VoerV]| 1] T V] .
a=1

Using Holder’s inequality, we can estimate

d

U (0) <2Vd|Rm e |[d*T a1l [V U (1),

where

as in the proof of Proposition[[.41] We can rewrite this to

d
LU= Vd|Rm |.C(M)KL|V | -

< VAC(M) |V 1.

Note that the right hand side is constant in ¢, as V is parallel. Thus we can estimate
for any ¢, s € I using the Sobolev embedding theorem

VOl +U @) <[V (s)ll2 +U(s) +VdCM)||V (s)ler |t —s|
< (1+VdC(M)C1) (U(s) + [V (5)] 1)
This implies the assertion. O

It follows that "Dj 5, and thus "D 5, is equivalent to the norm implied by an
embedding 1 on the restricted ball H ,1<2Lq

Proposition 1.43. Let u,v € H11<’2L’q as defined in Proposition andlet1: M —

RN be a smooth isometric embedding. Then there exists a constant Cy depending on
the curvature of M, ||t||c2, and K, such that

ltou—1 OV||W1,2<_(21RN) <G hEI,Z(“vV)~
If additionally dy~(u,v) < inj,,, there exists a constant Cq such that
"Dy 2 (u,v) < Crol[tou—1 ovllwi2(qrY)-

Proof. To see the first estimate, we set
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ﬁ(x7t) = l(F(x7t))a

where I denotes the geodesic homotopy connecting u« to v. Then

1 . .
ltou=tovlsgan < [ [ IBIE+1D:BI? dva
1
< [ LR 209.F P+ 2 2R VTP dx ds

1
g/ /||F||2+2\\fo|\2dxdt
0 JQ
1 % .. q 24
+z|d21|§/ </ ||vxr||qu> (1= ax) © ar
0 Q0

1
§2(1+C|d21|§,K2)/ / 1| + [IV.I|1? dox d.
0 JQ

For the second estimate, note that Proposition [T.41]implies for any homotopy y
connecting u to v

- 1 ) )
"D, (u,v) < C /0 | P+ 191 ax .

As u and v are close, we can connect them pointwise by curves defined by (I.10)
using a local projection map 7. Then chain rule implies

1
/0 /Q |62+ IV,at|[2 dx di < € (14 D2 (1~ o m)|2K2) o — 10|12 ),

which concludes the proof. O

Remark 1.44. In this section we have defined th,z(u, v) as the W!2-length of the
direction of a geodesic homotopy connecting u to v at 0. Geodesic homotopies are
families of geodesics in M. Thus, ”D172(u, v) is a simple intrinsic concept.

We have also shown that "D 5(u,v) is equivalent to the Sobolev distance for
Wl1 P (£,M) on arestricted ball H 11<2Lq In the following chapters we will always con-
sider functions in such balls. We will omit the superscript 4 from now on and write
D instead of th,z- In view of the equivalence statements in Propositions m

and [T.43]this is justifiable.

As a quasi-inframetric D1 » fulfills a relaxed triangle inequality, i.e., there exists
a constant such that

Dio(u,v) < C(Dia(u,w)+Dia(w,v))

holds for any three functions u,v,w € H Il(iq (cf. Proposition .
Additionally we will need the following triangle inequality with respect to the
smoothness descriptor.
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Proposition 1.45. Let u,v € H ,l(’sz’q as defined in Proposition Then there exists
a constant C such that

9'17279(1/) < 91727Q(u)+CD112(u,v). (1.15)
Proof. Letu,ve H ,1(”2L’q, and let I be the geodesic homotopy connecting u to v. Then

R R L 4.
O12.0(V)—0ip.0(u) = A 591,2,9(F(I))df
<C hDLQ(uN)

<CDi(u,v). O

Remark 1.46. All proofs in this section can be done for general p instead of p =2
as well. In particular, we have to choose ¢ > max{p,d},

L4 ford < pl

= ﬁ ford =
§-= qp p
qfqd ford > p,
and
I R
r’p q s

For the case p = g > d, we can set r = s = oo and still obtain the same results.

1.3 Scaling Properties

In the classical error analysis of numerical discretization schemes, the homogeneity
of the Sobolev half-norms with respect to scaling of the domain € R is utilized.
In [[GHS14] a similar behavior of the smoothness descriptor and the Sobolev infra-
metric Dy j, is shown, which we repeat here for completeness.

Definition 1.47. Let 77, 7> be two domains in Ré,andF: Ty > Tha C”-diffeomorphism.
For I € Ny we say that F scales with & of order / if we have

sup
x€D

8EF_1(x)‘ <CH  forallpeld], k=0,...,1,
|det(DF (x))| ~ h~¢ for all x € T} (where DF is the Jacobian of F),

d
—Fx)|<Ch! forala=1,...,d.

ox%

sup
xe€Ty

Note that as derivatives commute the multi-indices defined by (I.6) can be equiva-
lently replaced by ordinary multi-indices for RY.
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Such F arise as transformations of an element of a discretization of Q to a refer-
ence element and back. The smoothness descriptor scales in the following manner.

Lemma 1.48. Let T}, T> be two domains in R%, and F: Ty = T a map that scales
with h of order 1. Consider u € W*P(Ty,M) with 1 <k <1 and p € [1,%)|. Then

»
Oc.p.1, (woF ') < ch (Z o p7T1 )

<ch 5 Ok.p.1; (1).

Proof. The proof follows directly by chain rule and the transformation of the inte-
grals. The details can be found in [GHS 14]. L]

The smoothness descriptor for vector fields scales similarly.

Lemma 1.49. Let Ty, T, be two domains in R, and F:Ti > T a map that scales
with h of order 1. Consider u € W*P(Ty,M) with 1 <k <1 and p € [1,], and
V € WEP(Ty,u='TM). Then

1

»
Orpn(VoF ) <C e <Z ®l p7T1 >

<CH 10,1 (V).

Proof. Again, the proof follows directly by chain rule and the transformation of the
integrals. O

Remark 1.50. In Lemmas and the homogenous smoothness descriptor is
bounded by the inhomogenous one.

The third assumption of Definition is not needed for the proof of Lem-
mas and It is needed for the following ‘inverse’ estimate for the Sobolev
error measure Dy p.

Lemma 1.51. Let T1, T, be two domains in R and F: Ty = Th a map that scales
with h of order 1. Consider u,v € W' (T;,M) N C(Ty,M) with p € [1,c]. Then
d
dpp(u,v) <Chrdpp(uo F~ ' voF1)
d
Dy p(u,v) < Chﬁ_lDl,p(qu_l,voF_l).

Proof. The proof follows directly follows from Definition [I.47] the chain rule, and
integral transformation. O

The same argument also provides the following inverse estimates for the smooth-
ness descriptor.
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Lemma 1.52. Let Ty, T, be two domains in R, and F:T) — D a map that scales
with h of order 1. Consider u € W'“P(Ty,M) with p € [1,c0]. Then

; —1+4 5 ~1
Qlﬁp’Tl(u) <Ch pel,p,Tz(qu ).



Chapter 2

Geodesic Finite Elements and Approximation
Error Estimates

Geodesic finite elements have been introduced as a means to interpolate data in a
Riemannian manifold [Grol3b], and approximate solutions of minimization prob-
lems over functions with Riemannian manifold targets [[Sanl2l|San13]. An analysis
of the interpolation error has been given in [GHS14]].

In the following we will recall the definition of geodesic finite elements and
some of their properties. The structure of standard finite elements usually allows
a class of inverse estimates. Their translations to geodesic finite elements will be
discussed in Section We will then recall the interpolation error estimates pub-
lished in [[GHS14]] with some minor changes, leading to a Bramble—Hilbert Lemma
for geodesic finite elements. Lastly, we will consider discrete variations of geodesic
finite elements which induce geodesic vector field interpolation. Corresponding in-
terpolation error estimates will be derived.

Note that all estimates will be in terms of the smoothness descriptors as intro-
duced in Section and the Sobolev distance D , motivated in Section

If not stated otherwise, 2 will denote a bounded domain in R? with Lipschitz
boundary, and (M, g) will denote a (smooth) Riemannian manifold with curvature
bounded from above and below.

We will need some estimates on the derivatives of the exponential map exp,, :
T,M — M and its inverse log, : Byy;(,) — T,M. The notation used and the estimates
themselves can be found in Appendix

2.1 Definition and General Properties

Let T C R? be a reference element, e.g., the reference simplex

d
T := {x:(xl,...xd)ERd D x% >0, Zxaf 1}~

43
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Definition 2.1. We say that a conforming grid G for the domain  C R? is of width
h and order m, if for each element T}, of G there exists amap Fy, : T, — T that scales
with & of order m.

For a given order parameter m, leta; € T, i =1,...,l denote a set of Lagrangian
nodes, and let 4; : T — R denote Lagrangian polynomials of order m such that

A’i(aj):(si‘ VISI,],SL

and

Ax)=1 VxeT.

l
=1

The following generalization of geodesic interpolation was given and motivated
in [Sanl3].

Definition 2.2. Let {A;,i = 1,...,/} be a set of m-th order scalar Lagrangian shape
functions, and letv; € M, i =1,...,l be values at the corresponding Lagrange nodes.
We call

Y M xT—M

!
Y(vi,...,vi3x) :argminZ:li(x)al(v,‘,q)2 (2.1)
geM =1

m-th order geodesic interpolation on M.
The set of all such functions will be denoted by P, (T, M).

It is easy to verify that this definition reduces to m-th order Lagrangian interpo-
lation if M = R" and d(-,-) denotes the standard distance.

For manifolds with either negative sectional curvature or certain restrictions on
the curvature and the v;, well-posedness of the definition for m = 1 is a classic result
by Karcher [Kar77]. For m > 2, where the A4; can become negative, well-posedness
has been proven in [San13]]. We will do a simpler proof of well-posedness here as
it will include a bound on the diameter of interpolating functions, which will be
needed later.

Lemma 2.3. For i = 1,...,1 let v; € M with d(vi,v1) < p foralli=1,...,1. Then
there exists a solution Y (vi,...,vu;X) to the minimization problem @) for all x,
and there exists a constant C11 < 6l max; || A;|| depending on the shape functions A;
such that for each x € T all solutions Y (v1,...,vp;x) lie in B, p(v1).

If p is small enough depending on the curvature, the solution vi(x) :=1 (vy,...,v;;x)
is unique and vy : T — M is smooth.

Proof. We denote by F; : M — R the squared distance function to v;, i.e., F;(q) :=
d*(vi,q). Further we set F : T x M — R
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1
=Y Xi(x)Fi(q)
i=1

Let C,, > 1 be a bound for the shape functions of order m, i.e., |4;(x)| < C,, for all
i=1,....,land all x € T. Then

F(x,v1) Ai(x)d*(vi,vi) < Culp?.

MN

i=1

Let g € M with d(q,v1) > 6Cp,lp. Then for this ¢ we have

1 P d(g,vi) p 1
1- <1- < <1+ <1+ )
6le d(Qavl) d(‘]avl) d(%vl) 6le
and thus
2 .
L Paw)| 1, 1y 1
d*(q,v1) 6C,,1 6C,,l 2C,,1

Therefore, we have for such g

-

Fixg) = L AW @)
_y (1 (1 Llan)
‘pf’ q’IC O ﬂ@mﬂ>
: dz(('bvi)
qul < ; < dz(%vl)))
> ;d (q,v1)
> 18C21%p?
> F(x,vy).

Note further, that for p with d(p,v;) < 6Cplp, we have

I}
Z)L, Yd*(p,vi) > —2C,l(1 4 6C,l)*p2.
=1

As M is complete, B := Bec,,ip(v1) is compact. Thus, there exists at least one mini-
mizer of F(x,-) in B, and all minimizers are in B.

In general this minimizer is not unique. If we assume that (14 6C,,/)p < inj(v;)
for each i, then the functions F; are smooth, and

dFi(q)(V) = 2(log,, g.dlog, q(V))
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d*Fi(q)(V,W) =2 ((dlog, q(V),dlog, q(W)) + (log,, ¢,d*log, q(V,W)))..

Thus, at ¢ = v;, we have sz,-(v,-) = 2g,,, where g,, denotes the metric of M at v;. By
continuity, there exists a constant 0 < § < inj(v;) such that

|d*Fi(q) — 284l < ==— Vg € Bs(vi).

2Cl

If we assume (14 6C,,l)p < 8, this implies for all g € B strict convexity of F(x,-)
atg,ie.forVeTyM

d*F (x,q)(V,V) ZA q)(V,V)

=2V}~ Z&-(X)(qu —d*F(q))(V,V)
i=1
> 2|V [* = Cul||d*Filg) — 284l [VI?
3
> 2|V
vl
The strict convexity then implies uniqueness of the minimizer. As F is smooth in B,

and d?F is invertible as a small perturbance of the metric (in particular ||d>F(q) —
284 I < %), smoothness of v; follows by the implicit function theorem. O

Since the values of 1" are defined as solutions of a minimization problem, we can
also characterize them by the corresponding first-order optimality condition (see,
for instance, [Kar77]]).

Lemma 2.4. The minimizer ¢* := Y (v1,...,vu;x) is (locally uniquely) character-
ized by the first-order condition

M-

Ai(x) log «vi=0 € T+M. (2.2)
1

Proof. Letq" ==Y (vi,...,vm;x), V € T=M, and W (t) = exp,«(tV). Then

d

= o DAL (1)

- 22% (x)(log,.q",dlog, q"(V))

=2 Ax){log, 4, (dexpy (log, 4°) ' (V)
—221 (dexp,,(log,, ¢")(log,,q"),V)

:—221 (log,«vi, V),
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-1
where we have used dlog,q = (dexp,(log,q)) . the Gauss Lemma

(V,W) = (dexp,(V)(V),dexp,(V)(W)) YW,W e T,M,

and
d
dexpp (logp q) (logp q) = E =1 expp (t logp q) = logq p-
Thus (2.2) corresponds indeed to the variational formulation of (2.1J). [

As in the linear setting, we define global finite elements as continuous functions
that are interpolants on each grid element.

Definition 2.5 (Geodesic finite elements). Let M be a Riemannian manifold and G
a grid for a d-dimensional domain 2, d > 1. A geodesic finite element function is a
continuous function v;, : 2 — M such that for each element T of G, vy, |7 € P,,(T, M).
The space of all such functions will be called Sj'.

Remark 2.6. Geodesic finite elements can be used to interpolate continuous function
vEC(2,M). Indeed, if Gy is a grid for £ of width & and order m (cf. Definition[2.1)),
by continuity of v there exists an /g such that for all 4 < kg the interpolation nodes
for each element are contained in a ball of radius p, and thus interpolation v; € S}
is well-defined.

Note furthermore that we can always control the diameter diam(v;(7},)) of the
image of an element 7}, of G, und v; by choosing &g small enough.

Already in [San12] it was observed, that geodesic finite elements are conforming
and objective. We state the result here for completeness.

Lemma 2.7 (Properties of geodesic finite elements). Geodesic finite elements are
1. locally smooth on each triangle
Pn(T,M) C C*(T,M).
2. conforming
St whe(Q,M) c W2(Q,M)NC(Q,M),

where WP (Q, M) is defined in Deﬁnitionm
3. objective, i.e., if ¢ : M — M is an isometry, then for vi,(x) =1 (vi,...,Vm;X)

O(vn(x) =T (9(v1),-, 9 (Vin): ).

Proof. 1. The local smoothness of geodesic interpolants is already discussed in
Lemmal[2.3]
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2. A function vj, € §}! is piecewise smooth and globally continuous. Let t : M — RN
be a smooth embedding. Then 1 ovj, is a piecewise smooth and globally contin-
uous function from 2 C R? to R. This implies t ov, € WH=(Q,RY), and thus
v EWL=(Q,M).

3. Objectivity follows directly by the invariance of the distance d under isometries.

O

2.1.1 Inverse Estimates

We want to use the structure of geodesic finite elements to investigate so-called
inverse estimates. By this term we mean estimates of higher order derivatives by
lower order ones.

Throughout this section, let 2 C R4 be a domain, G a grid of width % and order
mon £ (cf. Definition , T, € G an element of the grid, and 7 C R the reference
element. Moreover let p > 0 be small enough such that geodesic interpolation is
well-defined and unique for values on M that lie within a ball of radius p on M (cf.

Lemmal[2.3).

Remark 2.8. For finite elements in the Euclidean setting, i.e. piecewise polynomials,
the (m + 1)th derivative vanishes on each element, i.e., for v € B, (T,R") we have

D" y(x) =0.

Furthermore, due to the finite dimension of P, (T,R"), we have for v € B, (T,R"),
0<j <k and p,q € [0,]

1DV o7 ey < C DV o enys

and thus for v, € B, (T}, R") by rescaling

j—ktd(1-1 ~
104l ) < €10 G0) D0y

Globally, we obtain for finite elements 7, € S,

. jktd(1-1 i
1Dl ey < 1) D5 g g

where the mesh dependent norm

1

7
D751 (o ey = ( ) IID%Z«T,IRw) !

TeG

is well-defined for functions in S, even though they are in general not globally in
W7P(Q,R") (see, e.g., [Bra07])).
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We would like to obtain similar estimates for geodesic finite elements.
Functions v € P,,(T,M) are defined as solutions to a minimization problem. In
order to obtain bounds on the derivatives, we will first characterize these derivatives.

Proposition 2.9. Let v € P,,(T,M) and ¢ a multi-index in the sense of Section
with |6t =k, 0 <k < m+ 1. Then the Oith derivative of v can be written as

[ ~
VO (x) = Y Ai(x)(Id + dalog, ) vi) (V¥v(x)) (2.3)

i=1
Y
B

ca
2<|B|<k

1
Z a\B, (VB 0g, () vi — da log, ) v,-(vﬁv(x)))

1

1 .
+ Z )(Id + dalog, vi) (VPv(x))

_|_
Ql
>
/—\
\_/
=
Qo
Uga
E\

Proof. Consider (2.2)) for v

-~

0=) Ai(x)log,)vi.

1

Differentiating yields (2.3), where we used that that Y/ ;2i(x) = 1, and hence,
Y DPA;(x) = 0 for all B #0. O

The shape functions 4; : T — R are polynomials. Thus, their (m + 1)th order
derivatives vanish.

Example 2.10. Letd = 1 and m = 1. We consider v € P;(I,M). Then v is a constant
speed geodesic (see, e.g., [San10]). It is well known, that the second derivatives of
geodesics vanish.

In general, however, we cannot expect the (m+ 1)th order derivatives of a func-
tion v € P,,(T,M) to vanish. Particularly, if a map v: T — M with a 2-dimensional
image fulfills V?v = 0 this already implies that the image is flat.

Remark 2.11. It is not meaningful to aim for estimates in terms of Sobolev half-
norms. Consider for d > 2, a,f3 € [d], v € Pi(T,M), and a smooth isometry ¢ :
M — M the following derivative

VBVE(pov) =d?¢ (V“V,Vﬁv> +do¢ (V'BVOCV> .
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For an objective method all estimates should change equivalently under isometries.
Thus, we will phrase estimates in terms of the smoothness descriptor as it is com-
patible with the chain rule by definition (cf. Section [I.1.4). Note that this is even
true, if we just expect the same kind of compatibility with embeddings of M into
Euclidean space instead of isometries on M.

In order to obtain an estimate for the higher order smoothness descriptor of a
geodesic interpolant u;, we cannot simply use the fact that the m + 1-th derivatives
of the shape functions A; vanish. Instead, we will need to estimate the smoothness
descriptor of the geodesic interpolant #; by the smoothness descriptor of the contin-
uous function u it interpolates.

Proposition 2.12. Let M possess a C*-atlas with kp > d, and let m > k — 1. Then
there exists a constant Cy, such that for all u € W5 (T, M) with u(T) C B, C M

gk,p(ul) <Cpn 61@1)(”)7
holds for the interpolation u; € P, (T,M) of u.

Proof. Assume the converse, i.e. for every K > 0 there exists a set of points
{u;(K)} C B, on M and a function vK € WEP(T, M) with v&(a;) = u;(K) for
i=1,...,1, such that

. 1 .

ek,p(VK) < X Gk,p(VK)~
This implies that for each K there are at least two distinct points in {u;(K)}. As
{ui(K)} C Bp and B, is compact, we can assume w.l.o.g. that the sequences of
points converge

ui(K) — u; for K — o

foralli=1,...,I. Let u} € P,,(T,M) denote the interpolation of {u}}. As the inter-
polation operator 1" is C™ in all its arguments as evident from the implicit function
theorem (cf. [San13]]), we can estimate

Op(vI') < COrp(uf)

independently of K. Further, Lemma shows that vK (T'),u} C Bc . Let& : Bcp —
R" be a local chart for M. As & is continuous, we have for @;(K) := & (u;(K)),
4;(K) — 6 == &(u¥) in R" for K — o0 and all i = 1,...,I. The regularity & € C¥
implies 7K := & ovK € WhP(T,R™). The X are a Cauchy sequence in W (T, R"):

l
||‘3K - ﬁLHW"‘P(T,]R”) <C <|‘7K - ﬁL'W"-I’(T,R”) + Z ‘(‘71( - ﬁL)(ai”)
i=1

]
<C <|‘;K|Wka(T,R”) 19 o () + Y 8 (K) — ﬁi@))

i=1
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c ¢ & .
<c <K+K+izlu,~<l<>—ui<m|>
— 0, as K, L — oo,

where we have used [ o V]yip i) < Okp7(§0v) < C O pr(v) (see Proposi-
tions and [1.24).

Thus, the ¥ converge to a limit v* € Wk? (T,R™). As kp > d, the Sobolev em-
bedding implies that #% converges to v* pointwise, and in particular v*(a;) = iif for
i=1,...,1. Further, 6 , 7 (") — 0 for K — oo implies that v* is constant. This is a
contradiction. O

As the homogeneous smoothness descriptor consists of mixed order derivatives,
inverse estimates are more complicated than those for standard Sobolev half-norms.
An exception are the first order smoothness descriptors. Analogously to the Eu-
clidean case, we have the following first order inverse estimates.

Proposition 2.13. Let v € P, (T, M) with v(T) C By, p small enough (cf. Lemmal2.3),

and in particular p < —————— Let p,q € [1, 0. Then there exist constants C
p P Jramm i Letpa e el 13
and C14 such that
01 p7(v) < Ci3 00471:0(v), (2.4)
61,p.7(v) <Cia 61 47(v) (2.5)

where Q is the v; such that Qo’p,T;v, (v) is maximal.
Thus, after rescaling we have for v, € P (Ty,,M)

01,7, () <CH G0 Gy o(v), 2.6)

. 11y .
61,15, (Vi) < chira) 01.4.1,(Vh)- 2.7)

Globally, for v, € S}, we can then estimate

: —14d(1 -1 .4
9171,79 (Vh) <Ch (3= Qg](tg])) 90,q7Q;Q(V)7 (2.8)
01 p.0(vn) < cr'Gd) 01 4.0(vn). 2.9)

Proof. Asv € P,(T,M), we can estimate for all p,q € [1,c0] and v;
G.OﬂaTWj(v) <C mlax 80,p,75v; (V)- (2.10)
Indeed, we have shown in Lemma[2.3] that

60,0070, (V) = me_l()zgd(v(x),vj) < C maxd(vy,v;).
' xe i

Norm equivalence in R/ yields
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l
B0 o (v) <CY d(v,v1) < C /Q (d(1,7()) + (), ) dx < C max 17 ()
i=1
This implies (2:10).
Consider (2.3) for k =1

d%v(x) =

-

Ai(x)(1d + da log,, () vi) )+ Z daAi(x)log, )

We estimate using (A.T)
|d%v(x |—le HR\ d(v(x),vi)|d“v(x \+Z|3a v(x),vi).

Using d?(v(x),v;) < p? < m, we obtain

|d%v(x |<2Z|3a X)ld (vi,v(x))-
Integration and (2:10) yield the estimates.
Lemmas|[T.48]and [T.52]then imply the rescaled estimates. O
Similarly to Proposition[2:13] we can obtain higher order inverse estimates.
Proposition 2.14. Let v € P,,(T,M) withv(T) C By, p small enough (cf- Lemma,
and in particular p < Let p,q € [1,00]. Then there exists a constant

S
T VIRl 1Al
C\5 such that

6257 (v) < 675, 7 (v)+Cis 0147 (v). 2.11)

If we additionally assume that Fh_l : T — Ty, scales with order 2, we have after
rescaling for vy, € Py (T, M)

e.zﬁpﬁTh(Vh) <C 912,2p,Th (Vh) +Ch 1+d(1’ ‘1) 61 .7 (Vh) 2.12)
Proof. Inequality Z.11) follows from (2:3)) and (2.10) in the same manner as Propo-

sition
To see (2.12), we estimate using Lemma|[T.4§|

. _ohyd . _ . _
62,p,1,(vi) <Ch 2+"(92pT(VhOF D461 p7(vioF, 1)
<ch* (e1 2p7 (Vo Fy ) +2C14 61 g r(vio Fy 1)) .

Applying Lemma|[T.48]again yields 2.12). O
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2.2 Interpolation Error Estimates

In Euclidean theory interpolation error estimates for finite element approximations
of real valued functions on a reference element T are closely related to the Bramble—
Hilbert Lemma. Throughout this section we will assume p > 0 to be small enough
such that Lemma [2.3] and Propositions [2.12] and [2.13] hold for the interpolation of
values on a manifold that lie within a ball of radius p.

Lemma 2.15 (Classical Interpolation Error Estimate). Let (im+ 1)p > d, u €
WmHtLP (T R), and let u; € P,(T,R) be the nodal interpolation of u. Then there
exists a constant C independent of u, such that

e = urllyr27 ) < CID" ull 27 ).

There are several possible ways to prove Lemma [2.15] (see e.g. [Bra07, [Cia78])).
In [Bra0O7] the equivalence of the norms

!
Wl = Wlwmeo r) + Zi v(@) ~ [¥llwnioioz)
i=
is shown and employed for the difference v = u — u;. One of the main obstacles to
generalize this method of proof to the manifold setting is the fact that differences
are realized through vector fields, and as such depend on the base function u. A
generalization of the mentioned norm equivalence is possible as u~!TM is a vector
space, but the constants arising implicitely depend on the function u. We, however,
require scalable estimates. Other methods of proof lead to similar difficulties.

To overcome this problem a direct estimate using a Taylor expansion was chosen
in [GHSI4] to estimate the L2- and the W12- errors (measured in Dy ; cf. Sec-
tion [T.2.3)) of geodesic interpolation in terms of the smoothness operator. The scal-
ing properties described in Section [I.3]then yield estimates of the same order as the
estimates in the Euclidean setting.

We will repeat this approach, and then generalize it to the approximation of vec-
tor fields by vector fields which arise as discrete variations of geodesic finite ele-
ments. This will later enable us to prove optimal L?-error estimates for geodesic
finite element solutions of W !2-elliptic minimization problems.

2.2.1 A Bramble-Hilbert Lemma for Geodesic Finite Elements

We will present a generalization of Lemma [2.15]to geodesic finite elements. The
result and the proof presented are very similar to the one in [GHS14], but with a
slightly better control over the nonlinearity in the W !7-estimate.

As we will use a Taylor expansion to obtain the interpolation error estimates, we
need the following technical tool in order to estimate the remainder terms. It can
also be found similarly in the appendix of [GHS14].
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Proposition 2.16. Ler f € LP(Q,R), B a multi-index with \B| =k> %. Then

< C(diam(Q)) | fllzr (@ r)-
LP(Q.R)

H / 1 panef ar
0

Proof. We assume w.l.o.g. that Q is contained in a ball of radius 1. Using polar
coordinates (®,r) € S9! x (0,1), we write

p 1 1 p
- / / < / rktkl|f(trw)|dt> as(w) dr
LP(2R) 0 Jsd-1 0

:/O'I/SIH </0'rrk1|f(m)|dr)p dS(o) dr.

Using Holder’s inequality on the inner integral, we obtain

H/Oltk1|f(tx)|xB dt

1 Y
H / A () 6P dr
0 LP(QR)
1 r i1 T kp—d p—1
g/ </ / T4 |f(rw)|”d1dS(w)> (/ T p=1 d‘L’) dr
0 \Js¢1Jo 0
.
askp >d. O

We now prove an interpolation error estimate for geodesic finite elements.

Lemma 2.17. Let kp > d, m > k— 1, and u € W*P (T, M) with u(T) C B, C M. Let
ur € Py(T,M) denote the geodesic interpolation of u. Then there exists a constant
Ci6 such that

dpp (s ur) < Cr6Cru(T) Ok .7 (1) (2.13)
1

Dy pr(u,ur) <Cig (C{],u(T) +C§,L,(T)) " Ok pr(u), (2.14)
where

C1u(T):= sup sup [d’log,q]
1§]§k peuy(T)
geu(T)
Cou(T):= sup sup Hdgdjlogqu,
1<j<k—1 peuy(T)
geu(T)

and the constant C¢ depends on the shape functions A;, and but is independent of u
and M.

Proof. The proof is based on the first order condition (cf. Lemma|2.4))
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i
Z Ai(x) 10g,, (x) u(a;)) =0
i=1
for all x € T. We can rewrite this to
l
l0g,, 0 4(x) = Y Ai(x) (10g,, 1) (4(x)) — logy, ) (w(@)) ).
i=1

Setting

G(xay) = logul(x) M(y)7

and performing a Taylor expansion of G in the second argument, we obtain

AT
G(x,a)= Y %%"‘G(x,x)—i—Rk(x,x,ai)
|| <k :

almost everywhere in T, where

k
al

Rk(x,z, a,-) = Z

|&r|=k

ool ~
(a; _Z)a/o (1 —t)k’layf"G(x,z—H(ai —z))dt.
Thus, we can write

!

- IOgu/(x) u(x) = Z Ai(x) (G(x,a;) — G(x’x))

i=1

! g x)¥ !
¥ 200 0386 e 0) + Y AR a0,

I<|o|<ki=1 : i=1

As the shape functions are exact on polynomials of degree less then k — 1, we have
for each & with |o¢| < k—1

1 o
ai—x
Z?L,(x)( l(’)’c‘ ) dyG(x,x) =0
i=1 :
It remains the expression
i
—log,, () Z),, YRy (x,x,a;). (2.15)

i=1
After a suitable translation, we may assume a; = 0, and estimate (almost everywhere

inT)
ol
IR (x,x,0)] < x‘%/tk*1
. 0

|| =k

3%Glx,1x)| di

2 ~
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1 o -

<Y 2t [T dlom g u(e) | [T IVPuteo)] dr
|G]=k =" 0 1<o<k, Bjeld]™i Jj=1
Z?:]mj:k
o1 0 - .

<Ck)Cru(T) Y *TT VP u(ix)|xP dr. (2.16)

1<0<k, Bield]™ " 0 j=1

Z;’.:lmj:k

Integration yields

-~ (e} - - P %
<CAKCL(T) Y (/T</Oltkll_ll|vﬁfu(tx)|xﬁdt> dx>
Jo\bht L

1<o<k, Beld]™
o —
):j:1 mj=k

< C(A,k,T)Cyu(T) Z (/ fI |V5ju(tx)|17 dx) » |

lgagk,ﬁje[d]mj szl
Z?:lmj:k

where the last estimate follows from Proposition[2.16] Recalling the definition of the
smoothness descriptor (cf. Definition[T.21) this proves (2.13). Let € be a multi-index
with [€] = 1. To obtain (2.14), we split V¢log,, ,) u(x) in the following way:

VE10g,, () u(x) = da10g,, () u(x) (Vur (x)) +dlog, (o u(x) (Veu(x))

l
= Y 2i(x) (da10g oy () (Vs () — 2o,y () (Vi (x)

1
+dlog,, (yu(x) (Véu(x)) — ; 9°Mi(x) log,, (v u(ai).
We set
H(x,y) :=d>log, u(y)(Veu (x)),
and write
1 )
Velog, ) = YL (o) (H(x,9) - H(w.a) + 3 ( H0)(G(w) - G(x,ai»)
= = y=x

We can handle the H term as we did the the G term before, using a Taylor expansion
of H up to k — 1 to obtain
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l
Y M) (H(x,x) —H(x,a)) = = Y. LR (x,x,a),

-2 3y6‘H(x,tx)‘ dt

k—1 4 ! — 0 é
< ¥ [ L ddslog, g u)] Vi) |H\vﬁfurx>|dr

|&|=k—=1 " 1<0<k—1, fjelal™i j=1
Z‘/’-:lmj:kfl
k=1 5 (' k2 z o
< Cou(T) o /Oz Y V) [IVPu() ar
[G|=k—1 " ) 1<o<k—1, fjelal™i j=1
Z?:lmj:kfl

(2.17)

Continuing as before, we need to estimate terms of the form

~ 1 -
A= / |V"u1(x)\/ 725 Y H\Vﬁfu tx)| dt | dx
Q 0

1<o<k— lﬁe[d] jJ=
Z’j’ ymj=k—1

Using Holder’s and Young’s inequality, we obtain

1
. kp 1 . 0 o
A< </ |V (x)| <P dx) [ / 2% Y [1IVFiu(ex)| dr
Q 0

1<0<k—1, Bjeld]™i J=1

4 —f— k
):jzlmjfk 1 Lﬁ(Q,R)

. 1 -
<C| O pr(ur)+ / 2% Z | | \Vﬁfu tx)| dt
0

1<o<k—1, el J=

k,
L9 mj=k—1 L2 oR)

We can again use Proposition withk=k—1,p= kkp 7 to estimate



58 2 Geodesic Finite Elements and Approximation Error Estimates

_k
k-1

1 =
/ ey H|VBJM 1x)| dt
0

1<o<k— 1;3 eld™i J=

1 Lﬁ
):’] 1 mj=k— LT (QR)

<c Y H VBiu(x)

1<o<k—1, efa™ J=1
Z;’ lmJ—k 1

<C Qk,p,T(u)v

kp_
LP-1(TR)

where we used Proposition[I.22]for the last estimate.
Proposition [2.12]then implies

l
” Z A'i(x) (H(x,x) _H(xvai)) ||LF(T,u;1TM) <C CZ-,M(T) 6.k,p,T (M)

For the remaining terms we can write

l
PN <; Ai(y)(G(x,y) = G(Wf)))

ly=x

:—86<ZA Rk X,y,d ))

ly=x
:_Za% X)RY (x,x,a;) (Z?L )OLRY xy,a,)>
ly=x

The first term can be estimated as before. As described in [GHS14]] the second term
can be rewritten as

l

I ai—v)%
_Z)Li(y)ale(c;(xa%ai) _le(y)af <G(x7ai)_ Z (la'y)a;xG(xmy))

i=1 i=1
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I G-y o
“Y a0 ¥ Gy,
i=1 |6 =k—1 :

Thus, we obtain

[
o (Z{ Ai()(G(x,y) = G(x,ai))>

[y=x
L l (a;i— x)b‘c Lo
==Y O°N(x)RY (x,x,a:) + Y Ai(x) 0 G (x ),
i= =1 a1 %
and
— Z .
& | L A()(Glxy) —Glx,a) <CCrLu(T) Ok pr(u),
=1 =2l Lo (1 ' M)

which concludes the proof. O

Remark 2.18. When estimating the remainder terms of the Taylor expansions in the
above proof, the smoothness descriptor arises naturally when using the chain rule
for derivatives of the auxillary functions G and H in (2.16) and (2.17), respectively.
In the Euclidean setting M = R” the inverse of the exponential map log corresponds
to simple subtraction, and thus only the first derivative of log contributes to the con-
stants, which implies Cy ,(T) = 1, C; ,(T) = 0. If we consider this before taking the
supremum in (2:16) and @2.17)), we also see that the Sobolev half-norm captures all
derivatives of u on the right hand side. Thus, we retrieve the standard interpolation
error estimate for finite elements (cf. Lemma[2.13)).

Remark 2.19. In [GHS14] the constant C; ,(T) depends on derivatives of log up to
(k + 1)th order, while in Lemma only derivatives up to kth order appear. In
particular for k = 2 this yields geometric constants, i.e., using the estimate on the
derivatives of log in Appendix [A] we can estimate

C1u(T) < sup max{1+C(Rm)d*(p,q),C3(Rm)d(p,q)} < 1+Cp?,

peuy(T)
geu(T)

Cou(T) < sup C3o(Rm)d(p,q) < Cp,

peuy(T)
qeu(T)

if p is small enough depending on C3p(Rm), the constant in Proposition This is
consistent with the intuition that in very small neighborhoods the constants behave
like in the flat case.

Furthermore, the proof in [GHS14] uses that u; has uniformly bounded deriva-
tives independent of « and M, which is valid in view of Proposition [2.13] and the
condition on p. In the approach presented above, derivatives of u; need only be
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as good as the ones of u (cf. Proposition [2.12). This difference in the approach to
[GHS14] makes generalizations to higher derivatives possible, although we will not
include these estimates in this work.

As in Euclidean theory, Lemma[2.17)lets us state a Bramble—Hilbert Lemma for
geodesic finite element interpolation.

Corollary 2.20. Let kp > d, m > k—1, and Y denote a vector space with norm || - ||.
Let L: W*P(T,M) — Y be a map such that P,,(T,M) C ker L, and assume that
forallu € WoP(T, M) the map Ly, : W' (T,u='TM) — Y defined by L,(V) = Lu—
L(exp, V) is bounded, i.e., ||Ly(V)|| < |Lull IV llwtr(7.u-1701)- Then

1] < ClIL[| O p.7(v)

for all v € W*P(T, M) with v(T) C Bp.

Proof. Letv € WEP(T, M) with v(T) C Bp. Then the interpolation v; € P,,(T, M) is
well defined, Lv; = 0, and log,,v; € W‘?P(T7 vl TM). By definition of L,, we have

ILv]| = |ILv = Lyi|| = [ILv — L(exp, log, v;)|| = [|L, (log, v/)|

<Lyl 1og, villwir(r-17ar)-
Lemma then yields the assertion. O

Remark 2.21. The Euclidean result analogous to Corollary namely a bound on
linear functionals, is used in [[Cia78] to discuss the effect of numerical integration
in the application of finite element methods to elliptic second order problems. The
question whether Corollary [2.20] can fulfill the same role in the study of geodesic
finite elements will not be answered in the course of this work, but is of interest
in view of so-called variational crimes, in particular quadrature error estimates (cf.
[Str72]).

2.2.2 Interpolation Error Estimates for Geodesic Finite Elements

Lemma[2.17|bounds the interpolation error on a reference element 7. We now derive
estimates for domains in Q C R¢ discretized by a conforming grid of width & and
order m (cf. Definition 2.T).

By scaling we have the following local estimate.

Theorem 2.22. Let T be a reference element, and Tj, € R? be a domain such that
there exists a map Fy, : Ty, — T that scales with h of order m (cf. Definition[I.47). Let
kp>d, m>k—1, and u € W-P(T;,, M) with u(T,) C B, C M.

Then there exists a constant Cy7 such that we have for the geodesic interpolation
ur € Py(Tj,,M) of u the elementwise estimates



2.2 Interpolation Error Estimates 61

dpp(u,ur) < Ci7 h* Cu(T) O 1, (1)
Dy p(u,ur) < Ci7 (Cru(T) +Cru(T)) W' 6 7, (1)

Proof. Setii:=uo Fhfl, and note that the geodesic interpolation of # has the repre-
sentation

ﬁ]ZM[OFI:I.

Using the scaling Lemmas[I.5T]and[T.48]together with the estimate on the reference
element in Lemma yields the assertion, taking into account, that

Cru(Th) = Cra(T)
Cou(Th) = Co4(T).

As in standard theory a global estimate follows by summation.

Theorem 2.23. Suppose G is a conforming grid of width h and order m for the
domain Q C R?. Let kp > d, m > k—1, and u; € SI'(2,M) be the geodesic finite
element function interpolating u € Wo (Q M) on G.

If h is small enough depending on M, then

dpp (u,ur) < Cr7 Cyg.1 (u) H* 6, o (u)
Dy p(u,ur) < Cry BN (Cu 6.1 () + Cu g2 (w) Bk p.a(u),

where Cy7 is the constant in Theorem|2.22)

CM7G,,-(u) ‘= sup Cl,u(Th)

ThEG
fori=1,2, and
lim Cy 1 (1) = sup sup ||dj logqq||
h—0 1< j<kqeu(Q)
limCygo(u) = sup  sup |dad’ log, q||.
h—0

1<j<k—1geu(Q)

Proof. As u is continuous, we can choose & small enough depending on the curva-
ture of M such that the restrictions u7;, on each element 7}, of G fulfill the assump-
tions of Theorem [2.27] Summation then yields the result. The continuity of u also
implies that the sets u(7},) and u;(7},) converge to single points as 4 — 0, which
implies the limit behaviour of the constant. O
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2.2.3 Vector Field Approximation

The variation of geodesic interpolants through geodesic interpolants induces a nat-
ural definition of the interpolation of vector fields along a geodesic interpolant.
Definition 2.24. Let ¥ € B,(T,M), and let Vi € Ty(4,)M be vectors given at the La-
grange nodes. Set v;(f) := expjq,) (tV') fori=1,...,l. The interpolating vector field
Vi along ¥ is then defined by

Vi(x) = %\,ZOT(\/](Z‘),...,vl(t);x).

We denote the space of all interpolating vector fields along ¥ by IV (T, 9~ TM).

Note that the interpolating vector fields are generalized Jacobi fields in the same
sense as geodesic finite elements are generalized geodesics.

Remark 2.25. The interpolation of vector fields along a discrete function ¥ is well
defined as long as geodesic interpolation of the points exp;,, (tV?) is well defined
and smooth for small ¢. Smoothness also follows by smoothness of the geodesic fi-
nite element interpolation. Indeed, we can differentiate (2.2)) for Y’ (vy (¢),...,vi(¢);x)
with respect to ¢ and obtain

1 1
=Y Ailx (1d +dalogyy, \9,-> (Vi(x) + Y di(x)dlogy 0i(V)  (2.18)
i=1

i=1

. .. . ~ 1 . . . ‘o
as an implicit formula for V;. For diam(¥(T)) < TR this yields in partic

ular

Vi(x)] < Cmax|Vi|. (2.19)
1

Note further that for a constant function ¥, vector field interpolation corresponds to
polynomial interpolation in R”".

Remark 2.26. Geodesic vector field interpolation is defined by variation of geodesic
interpolants. However, we can also see it as a variational form of geodesic interpola-
tion on TM with respect to the pseudo-Riemannian metric defined by the horizonal
lift g" (see Section . By this we mean that if (1;, V') denote values in TM, u;
the geodesic interpolation of u; in M, and V; the interpolation of the V' in the sense
of Definition [2.24] we have

l
ZAI IOg (g (x),Vy (x ))(Mi,vl)

i=1
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Note that we do not obtain a minimization formulation of geodesic vector field in-
terpolation as "g is only a pseudo-metric.

Having defined geodesic vector field interpolation, we discuss interpolation error
estimates. In particular, we prove an analogon of Lemma [2.17]for vector fields.

Lemma 2.27. Let kp >d, m > k— 1, and (u,V) € W*P(T, TM) with u(T) C Bp C
M. Let (uy,Vr) denote the geodesic interpolation of (u,V). Then there exists a con-
stant C1g depending on the shape functions but independent of u and M such that

I hlog(ul,\/[)(ua )lzerrmy < Ci8 Cugrt (T) (Bkpr () +Opr(V))  (2.20)
| "108 4y v V) oz ray < Cis Cupi 1 (T) (Bpr (W) + Ok pr (V) (221)
where Cy, 11(T) is the supremum of derivatives up to k+ 1th order of the log.

Proof. The proof is analogous to the one of Lemma[2.17] We replace the first order
condition by the one derived in Remark [2.26] Instead of the auxillary function G :
T? — TM, we obtain G := (G, G>) where the G, : T?> — TM are defined by

Gl (x,y) = logul(x) M(y)
GQ(X,)’) = dlogu/(x) u(y) (V(y)) +d; logu](x) u(y) (Vl(x))

After a Taylor expansion of G, we need to estimate for |G| = k
198G(x.y)l s <€ (105G (x,)], +10FGalx,y)ly ) -

As Gj is already discussed in Lemma[2.17] we just estimate the corresponding term
for G,:

9 Ga(xy)|<C ) [ld°dalog,u(y)|| [Vi(x) IHIVB’M
1<0<k, feld]™i
Zﬁzlmj:k
+C Y [ld7 M og,wmu0)] V() IHIVﬁ’u
1<0<k, feld]™i
):;’.:lmj:k

+C Y a7 log,, o ul)| VRV (y IHIV% )|
ogogk./}je[d] J Jj=1
Z?‘:Omj:k

<SCCuri(T) Y, Vilx) |H|Vﬁfu

1<0<k, feld™]

Z?:]mj:k
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CCun(™) Y |v<x>ﬁ|vﬁfu<y>

1<o<k, Bjeld]™]
o —
):jzl mjfk

+CCurt(T) Y vhy(y |H\Vﬁm
0<o<k, Eje[d] j
):?:Omj:k

We can estimate ||V~ < C||V||r~ in view of (2.19). Doing so, then proceeding as
in the proof of Lemma2.17} and recalling the definition of ® , 7(V) yields
I hlog(u,,V,)(“aV)”LP(T,TM) < CCu(T) bk p.r (u)
+C okt () (IV =170y B () + O (V))

and thus (2.20).
To see (2.21), we decompose the second component of V¢ "log

)(u, V) for
|€] = 1 as follows

ur, Vi

ve (dlogu,<x>u<x><v<x>>+dz log,, ) u(x)(Vi(x)))

I
Z ) (Ga(x,y) Gz(x,a,-))b,:x

i=1

+

1

Ai(Hy (x,x) — Hy (x,a;) + Hy(x,x) — Hy(x,a;) + H3(x,x) — H3(x,a;)),

!
i=1

where

Hi(x,y) = da10g,, (o () (VV (x))
Ha(x,y) = d310g,, (o u(y) (Vi(x), Vur (x))
Hj (x’y> = dzdlogm(x) u(y) (V(y)7 Vzul(x))'

We can estimate
IVVI) < C (VI = rurran) + IV O [VEur (x)]).
Proceeding as in the proof of Lemma[2.17]yields the assertion. O

The error || hlog<u17V1) (4, V) |lw1.(7,7ar) can be split into two parts, one consisting
solely of the interpolation error of the function u, and one homogenously depending
on the vector field V. An estimate for the vector field component only should also
be homogenous in V. This amplification of the estimates (2.20) and 2.21) can be
obtained by scaling.
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Corollary 2.28. Letkp >d, m >k—1, and (u,V) € W*P (T, TM) with u(T) C By C
M. Let (ur,Vr) denote the geodesic interpolation of (u,V). Then there exists a con-
stant Cyg such that

[[d10g,, () u(x)(V () + d210g,, () wl) (Vi) [y 10701 70
< Cio (W llis@u 173 Bp ) + 6 p0(V)) - 222)
Proof. Lemma[2.27]implies
108, 1(3) (V () + 2108 GV ) g 170
< C 8 () + € IVl 17a0)Bhp.0 () + O pa(V)) . 223)
In particular, the terms
r (V) i= [|dlog,, o u(x)(V (x)) +dalog,, o u(x) (Vi) 1o g1y
(V) = (IV =@ 173080 () + O pa (V)
are homogenous, i.e.,

r (AV) = |Mr1 (V)
r(AV) =|Alrn((V)

for A € R. Setting A := C 6, 7 (u) we can rewrite (2.23)
ri(V) <A+nr(V).
Then for A > 0, we have

Ar (V) =n (AV) SA-FFQ(A,V) ZA—i-/'L}’Q(V)7

and thus,
A
rnv)< 7 + (V).
For a fixed V and A — o this implies the assertion. O

As for functions, we obtain local and global estimates for discretized domains
via the scaling properties.

Theorem 2.29. Suppose G is a conforming grid of width h for the domain  C R%.
Letkp >d, m>k—1, and (u,V) € WEP(Q,TM). If h is small enough depending
on M, for the geodesic interpolation (uy,Vr) of (u,V) holds
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hll hIOg(u,,V,)(uav)HLl’(T,TM) + thg(ul,Vl)(u7V)|W1~P(T,TM) < CZOhk*l@k,p,T(uaV)
(2.24)



Chapter 3

Discretization Error Bounds for W'2-Elliptic
Problems of Second Order

As in Chapter we consider a smooth Riemannian manifold (M, g) with curvature
bounded from above and below, and a bounded domain Q in R? with Lipschitz
boundary. For a given order parameter m, let G be a conforming grid of width /& with
a reference element 7', elements denoted by 7}, and the mth order geodesic finite
element space denoted by Sj' (cf. Deﬁnition@. We will often drop the superscript
m in the notation.

We consider the minimization of W!-2-elliptic energies J in H C W!2(Q,M)

ueH: J(u) <J) YWweH. 3.1)
Let uy;, be the corresponding geodesic finite element solution
up € Sy J(up) < J(vp) Vv, € Sy (3.2)

Our goal is to show a priori discretization error bounds in this setting. In partic-
ular we show an estimate of the form

h Dy 2 (u,up) +dpa (u,up) < C I,

where 2k > d, and the solution u € W*2(Q,M). We expect these results due to
numerical tests in [[San13]].

The first corresponding error estimate for Dy »(u,u;,) was given in [GHS14]. In
order to deal with the nonlinearity of M, the error estimate is first shown in a re-
stricted set of functions, namely in a W !4-ball for g > max{2,d}. This in particular
leads to the same restriction of the discrete functions. We then show, that we can
choose ¢ and the ball’s radius such that the discrete solution u;, lies in the interior
of the ball. This corresponds to an estimate without the additional restriction. While
in [GHS14]] additional regularity is needed for a corresponding estimate, we do not
have this restriction here.

We will continue with an analysis of d, 2 (u,u;,). In particular we aim for a gener-
alization of the Aubin—Nitsche lemma to the manifold setting. The Aubin—Nitsche
lemma uses the H?-regularity of the so-called adjoint problem and the interpolation

67
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error estimate for its solution. This imposes a restriction on the dimension to d < 4,
as we only provided interpolation error estimates for this case in Chapter [2] Note
further that the Aubin—Nitsche lemma is only suitable for quadratic energies, and
the manifold introduces a nonlinearity. We will assume that the energy is “predom-
inantly quadratic”, which we define as a bound on the third variation. For d < 4 this
condition can be interpreted as semi-linearity of the corresponding PDE. Under this
condition, we can then indeed generalize the Aubin—Nitsche lemma, and obtain an
estimate in a restricted space.

It might be useful for the reader to keep the harmonic energy in mind while
reading through the assumptions of the theorems. Indeed, we will show in Chapter[3]
that the harmonic energy fulfills the assumptions needed.

3.1 W!2.Discretization Error Estimates

In order to obtain a bound on Dy »(u, uy), we follow the classical Galerkin approach,
i.e., we consider a generalized version of Céa’s lemma, show that we can apply it
to an elliptic energy, and then combine this with the approximation error estimates
of Chapter [2| This leads to W!2-error bounds for discrete functions restricted in a
Wl4-ball. Note that this result and the procedure have already been described in
[GHS14].

As a priori first derivatives of geodesic finite elements may deteriorate with a
negative power of the mesh size & (as standard finite elements for Euclidean space
do), this restriction is problematic. In order to overcome this, in [GHS14] a depen-
dence of the radius of the W !4-ball on the mesh size is allowed, which then yields an
unrestricted result provided that the continuous solution « fulfills stronger regularity
assumptions. We will prove a similar result without these additional assumptions.

In order to formulate Céa’s lemma in a metric space (H,D) we need to specify
the assumptions on the energy functional.

Definition 3.1. Let (H,D) be a metric space, vo,v; € H, and y: [0,1] — H a curve
connecting vg to vi{. We say that an energy functional J : H — R is A-convex with
respect to D along ¥ for some A € R if

~ ~ N A
J(y(@)) < (1 —1)J(vo) +1I(v1) — Et(l —1)D*(vo,v1) Veel0,1]. (3.3
We call J just A-convex if for every vo,v; € D(J) ={v € H: J(v) < oo} there exists
acurve y: [0,1] — H with y(0) = vy and y(1) = v; such that J is A-convex along 7.
Let u € H be a minimizer of an energy functional J and V C H. If there exists a
A > 0 such that
~ ~ A5
J0)=3(w) < 5D (vu) VeV, (3.4)

we call J quadratically bounded in V with respect to D and A.
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For convex and quadratically bounded energies with positive constants A and A,
we can now state the following.

Lemma 3.2 (Céa’s Lemma in Metric Spaces). Let (H,D) be a metric space, and
u € H be a minimizer of the functional §J : H — R. Consider a subset V- C H such
that w € argmin, .y, J(v) exists. We assume that J is quadratically bounded inV C H
around u with respect to D and A > 0, and that for any v € V there exists a curve Yy
in H connecting u to v along which J is A-convex with respect to D for some A > 0.
Then we can estimate

D (wyu) < % iggDz(v, u). (3.5)

Proof. Note that (3.3)) implies for any € (0,1)

J(u) <tIJW)+ (1 —1)J(u) — %t(l —t)Dz(v,u)

and thus

Letting ¢+ — 0, we obtain

30) -3 > 202

for any v € V. Using (3.4) we obtain forallv e V

2 D) < 30w) — 300) < 30) ~ 3(w) < S D200

which concludes the proof. O

Remark 3.3. We do not need D to be a metric as we do not use any properties of
metrics in the proof. In particular, we consider the quasi-inframetric D > (cf. Sec-
tion[T.2.3) instead of a metric D, and set

H :=W,(Q,M) (3.6)

for some g > max{2,d}, where ¢ denotes suitable boundary data (see Section
for the precise definition). Note that H C C(Q,M) N\W!2(Q,M).

To continue, we need to specify what we mean by a W!2-elliptic energy func-
tional J : H — R.

Definition 3.4. We say that J : H — R is W!2-elliptic with respect to geodesic
homotopies, if it is twice continuously differentiable along geodesic homotopies,
W12 coercive, i.e., there exists a constant A > 0 such that for all v € H and
V € W, ?(Q,v"'TM) we have
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2

d ~
A ||V||€Vl‘2(.Q,v*1TM) < F‘Szo‘j(expv(sv))a (37)

and W12-bounded, i.e., there exists a constant A > 0 such that for all v € H and for
all V,W € W, (Q,v"'TM) we have

d2
dr ds|(rs)=(0,0)

J(exp, (sV+rW))| <A Vw2 17m) W lwi2 @ 17m)-
(3.8)

We now apply the Céa-Lemma to a subset of H ;g%q as defined in Proposition
endowed with the quasi-inframetric D; ». We will see that A-convexity (3.3) along
geodesic homotopies and quadratic boundedness (3.4) follow from ellipticity.

Lemma 3.5. Let g > max{2,d} and H be defined by (3.6). Assume that u € H is a
minimizer of J : H — R w.r.t. variations along geodesic homotopies in H, and that
J is elliptic along geodesic homotopies starting in u.

For K > 6 40(u), L <inj(M), and KL < \RIle

asin Proposition and set

Hyp:=HNHy

let Wé’q and Hllgi’q be defined

12q

Consider a subset V C Hy 1 such that

w = argminJ(v)
veVv

exists.
Then

A
Dy z(u W) (1 -|—C8) \/;32€D172(M,V) 3.9)

holds, where D\ 3 is defined as in Section[I.2.3| and Cy is the constant appearing in
Lemmall.42)

Proof. In order to apply Lemma[3.2we need to show that the ellipticity of J starting
in u implies convexity (3.3) with respect to D , along geodesic homotopies as well
as quadratic boundedness in V.

Let v € V, and let I, denote the geodesic homotopy connecting u to v. As u is a
stationary map for J, we can write

ld
30) =3 = | —I(I(1)) di

0
1
—/ SAE) di— [ LI dr

td2
_//dt2 ) ds dt
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= / d[2 (L(¢)) dr.

Using the ellipticity and Lemma[[.42] we obtain the estimate

Iw)—3(u <A/ (I—=1)] HWIZQFV( - ITM)dt
<A / (1=1) dr (14+Cy)*D} 5 (u,v)
i |

1
- EA(l +Cg)2D%72(u,v),

which shows that J is quadratically bounded with respect to Dy » and (A (14 Cs)?).
In order to see the convexity, we set f(s) := J(I;(s)). Then the ellipticity and
Lemma|1.42|imply f € C2([0,1],R) with

1

() > mefz(u,v).
Hence, we obtain
A
f() (A1 =0)f(0)+1f(1)— WD%Q(%V)

for all # € [0,1], which means J is (A(1+4Cs)~?)-convex along geodesic homo-
topies.
The application of Lemma [3.2]then proves (3.9). O

We can now combine this version of Céa’s lemma with the approximation error
estimates of Chapter[2]in order to obtain a discretization error bound in the restricted
space S}’ NHk .

Theorem 3.6. Let 2k > d, g > max{2,d}, and m > k — 1. Assume that u € HN
Wk*z(Q ;M) is a minimizer of J : H — R w.r.t. variations along geodesic homotopies
in H, and that J is elliptic along geodesic homotopies starting in u.

For a conforming grid G of width h and order m (cf. Definition[2.1)) set V; := H N
Sp. Assume that the boundary data ¢ is such that Vj, is not empty.

Let K be a constant such that

K> C12614,0(u), (3.10)

where Cy is the constant of Proposition [2.12] and 6 the smoothness descriptor
defined in Deﬁnitionl@ Assume that h is small enough such that uy € Hy 1, where
Hg 1 is defined as in Lemmal?jl

Then the discrete minimizer

up = argmin J(vy)
vpEVNHEk 1,
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fulfills the a priori error estimate
Dio(uup) < Coth 620 (u). 3.11)
If the error is measured in an isometric embedding 1 : M — RN, we have
[tou—10 uhlel(Q’RN) < CH! Oc20(tou) <C ! I ou||l,§’p79. (3.12)

Proof. Assumption (3.10) and & small enough imply that u; € Vj, N Hk 1. Thus, we
can apply Lemma [3:5]and Theorem 2.23]to obtain the estimate (3.11).

The bound (3.12) then follows from Propositions[1.43] [1.24] and[1.23] O

Remark 3.7. The assumption of Theorem [3.6] that the boundary data ¢ can be rep-
resented exactly in S, may be waived and replaced by a standard approximation
argument for u, interpolating smooth boundary data.

Note that Theorem [3.6]just provides a discretization error bound in the restricted
set Vj,.k 1. In particular, this includes the a priori assumptions

0140 <K
dL.c(u,uh) <L

for KL < =L, ¢ > max{2,d}, and

[Rm o’

S
Y

ﬁ ford:1
5= % ford =2
q{—qd ford > 2.

We need to show that we indeed stay away from these a priori bounds to obtain a
true error estimate.

Theorem 3.8. Let 2k > d, k > 2, and m > k — 1. Assume that u € HNW*2(Q, M)
is a minimizer of § : H — R w.r.t. variations along geodesic homotopies in H, and
that J is elliptic along geodesic homotopies starting in u.

For a conforming grid G of width h and order m (cf. Definition2.1) set V;, := H N
Sy. Assume that the boundary data ¢ is such that V), is not empty.

If h is small enough, there exists a q > max{2,d} and constants K and L, such
that the minimizer uy, in Vy.x 1 as in Theorem @l is indeed a local minimizer in Sy,
which fulfills

Dy (u,up) < Cooh* 1650 (). (3.13)
Measured in an isometric embedding 1 : M — RY, we have

[tou—touylyizgpny <CH ' Oao(ou) <CH ioulf 0. (3.14)
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Proof. We have to show that we can choose ¢, K, L, and & such that we can apply
Theorem 3.6 and

1.0 un) < K
de(u,uh) <L

hold for the discrete solution uy,.
By Proposition [I.45]and Remark [T.46] we can estimate

9.1,‘179 (up) < 917[],_() (u) +CD17q(u, up),
de(u,uh) < CDl,q(u,uh).

Thus, if we can show that there exists a ¢ > max{2,d} such that
Dy g(u,up) < ch’

holds for the solution in the restricted set V). ; for some 6 > 0, the assertion fol-
lows.
Let r > max{2,d} be such that W&? c W ie.,

oo for2(k—1)>d
ri={ % for2(k—1)=d
o for2(k—1)<d

for any small € > 0. Note that indeed r > d in the case 2k > d > 2(k—1).
We have for all max{2,d} <g<r

S—k+1 k=18
Dy g(u,up) <h Dia(u,up) +h Dy p(u,up)
k—1-6

k—=1-6 . .
<ChOGa0u)+Ch F Goo)+h F 6 ,.0(u),

e

We can use the inverse estimate in Proposition 2.13]to get

where

1

. Y
Orralun) <Ch d<q r>91,q,(2(uh) SCh*d(%H.

Thus, we obtain

k=1-8 _,4(1_1
Dyl < € (1 4047y,

As for all max{2,d} < g < r we have
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2
k-1)—L >4
q—2

there exists a & > 0 such that

k—1—5_d(1_1>>Q
M g r

The assertion follows by choosing K, L and & such that the assumptions of Theo-
rem [3.6|are fulfilled, and then applying said theorem. O

Remark 3.9. Note that while Theorem looks like corresponding results for the
Euclidean case (see e.g. [[Cia78]), the nonlinearity induced by the manifold is hid-
den in the smallness of the mesh size A. This corresponds to the intuition that a
Riemannian manifold behaves almost like flat space in small neighborhoods.

3.2 L2-Discretization Error Estimates

Our goal in this chapter is to show that for W!2-elliptic minimization problems the
L2-discretization error is in O(h).

We recall the Aubin—Nitsche lemma for the approximation of a quadratic mini-
mization problem in H = H} (2, R) by standard finite elements. This means that we
consider the energy J(v) = 3a(v,v) — (f,v), the variational equalities

ueH: a(u,v) = (f,v) Vv E€H,
u, € Sp: a(up,vi) = (f,vn) Yy, € Sy,

and the adjoint problem
weH: a(v,w) = (g,v) Vv EH,

where g := u — u;,. We assume H?-regularity of the adjoint problem, i.e., [w|;2 <
C||g|l;2- Using Galerkin orthogonality and the H'-ellipticity of a(-,-), we can then
estimate

|l — ”hHiz = (g,u—up) = alu—up,w) = alu—uy,w—wy)
S Allu—uplgr[w—will
< CHMul e b w2
< CHMu o || — w2
We want to emulate this proof for the L%-error for geodesic finite elements.
However, this proof of an L-error estimate only works for quadratic energies

as J above, i.e., for so-called linear PDEs. Since sets of functions into a manifold
do not form a vector space, the entire concept of linear PDEs is meaningless in
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this setting. Euclidean techniques to obtain error estimates for nonlinear energies as
found in [[DR8&0]] rely on the deformation to a linear PDE and weighted norms. A
generalization of these to geodesic finite elements is desirable, in particular since
they also provide L™-error estimates. We, however, follow our general approach to
geometrically generalize the concept of linearity rather than use a linearization. A
combination with a deformation argument in order to obtain error estimates for more
general energies is conceivable, but beyond the scope of this work.

In particular, we will assume that the energy is “predominantly quadratic”. Note
that this is still a restriction on the energy, i.e., the PDE, not on the manifold. We
mean by “predominantly quadratic” the following bound on the third variation of
the energy.

Definition 3.10. Let ¢ > max{d,2} and J : H — R be an energy functional. We say
that J is predominantly quadratic if J is C* along geodesic homotopies, and for any
veHN Wé’q, and vector fields U,V along v

833U, V.V)| < CKM)||Ulwio@17an IV 120 (3.15)

volrMm)»

where p is such that W22 Cc WP i.e.

oo ford =1
pi=¢! ford=2
% ford > 2,

with € > 0 arbitrarily small.

Remark 3.11. In the Euclidean case M = R", quadratic energies are obviously pre-
dominantly quadratic, as the third variation vanishes. As long as the coefficient func-
tions of a semi-linear PDE coming from a minimization problem are smooth enough
and bounded, the third variation of the energy will have a bound of the form

830U, V,V)| <C /Q UI(V] + |[VV)? dx.

Thus, for d < 4 a such an energy is also predominantly quadratic.

The leading term of the third variation of the energy for a typical quasi-linear
equation, e.g., the minimal surface energy for graphs J(u) = [ \/1 + |Du|? dx, has
the form

1853 (U.V,V)| < C / VU |VV ] dx.
Q0

Thus, for d = 1 such an energy is predominantly quadratic.

For a Riemannian manifold M, the harmonic energy is predominantly quadratic,
if d < 4 (see Chapter [3).
We consider the variational formulation of the problems (3.1)) and (3.2)
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ucH: 7 3(exp,( V() =0 YW e W, 2 (Q,uT'T™M),  (3.16)
=
and
d
up € S": @ Os(expuh“(zvh(-))):o YWV, € IVo(Q,u, ' TM), (3.17)
1=

where IVy (€2, u;lTM ) is the set of all interpolating vector fields along u;, as defined
in Definition with boundary values 0. The concept of Galerkin orthogonality
can be generalized as follows.

Proposition 3.12. Let u and uy, be solutions to (3.16) and (3.17), respectively, and
let I be the geodesic homotopy joining u and u,.

Then for the parallel transport V,(t) along I' of any discrete vector field Vj,, €
IV(Q,u, ' TM) holds

1 .
| 3w ie.re) ar—o.
Proof. Indeed, as Vj, is parallel along I', and « and u, fulfill (3.16) and (3.17)), re-
spectively, we have
1 d N
A 27 O3, ) (Valr, ) = 83(L(2,-)) (dVa(r, ) dr

=63 (un (")) (Va(1,-)) = 63 (u(-)) (Vi (0,-))
=0. O

1 .
/ 82T (1)) (Va(t), I (1)) dt = /
0

We now define a generalization of the adjoint problem in this context. As the
manifold M induces a nonlinearity, we need to linearize the energy in order to obtain
a bilinear form. Let u and u;, be the solutions to (3.16) and (3.17), respectively. The
resulting linearized problem is: Find (w,W) € W'2(Q,TM) such that

823 (W) (W, V1) + 83(w) (Va) = — (Vi log,, un —10g,,4) 120 - 17m1) (3.18)

holds for all tangent vectors (Vi,V2) € Ty, wyTM = (W'(Q,w~'TM))2. This bi-
linear form, the second variation of the energy, acts on deformations of functions,
i.e. on vector fields. We therefore call it the deformation problem.

Remark 3.13. One can easily check by inserting test vector fields of the form (V;,0)
that the solution (w, W) of (B.18)) projects over the solution u of (3.1)). Thus, (3.18)) is
equivalent to the system consisting of (3.1)) and finding W € W'2(Q,u~'TM) such
that

823 (w)(W,V) = —(V,log, un) 2 -1ray YV EWH(Q,u™'TM).  (3.19)

One major difference to the Euclidean setting is that if we interpolate the solution
(u, W), we obtain a discrete vector field not along u;, but along u;. In order to obtain
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a discrete vector field along uy,, and thus a valid test vector field for (3:17), we need
to first transport the W to u;, and then interpolate along u,.

In order to preserve bounds through this transport, we will need the following
technical estimate.

Proposition 3.14. Ler g > max{d,2}, and a,b be as in Definition for k=2,
p=2ie,

oo ford <4
a:=<6 ford =4
2 ford >4,

and

Let ' be a geodesic homotopy such that T'(s) € HNW?>?(Q ,M). We set K| =
maxXg 917%9 (F(S)), and Kz = maxXg 927/,79 (F(S))
Then there exists a constant Cy3 depending on K1, K>, and M such that

©22,0(W(1)+ WDl aa,ray-17a 8260 (1) < C3W(O) w22 (0,r0)-17m)
(3.20)

holds for any parallel vector field W (s) € W>2(Q,I(s)"'TM).

Proof. Note that the choice of g, a, and b, allows for the following estimates

V= <ClIViwia
VI 2 SCV]Iye22
W a2

Ve < C IV [lw22-

As W is parallel along I", we can use Lemma[I.42]to obtain

O12.0 (W(1))+ ”W(l)”LG(Q,F(I)*ITM)GQJJ-,-Q (ra)<c HW(O)”Wz»z(_Q,F(O)*lTM)'
We still need to estimate

1
2

d
@2,2,Q(W(1)) = <Z HlVaW(l)| |dar(1)|||22(97R)+W(1)|%/2.2(_Q,r(1)ITM)>
a=1

SCIWD) | 2 6140 (1) +C [W(1)|y20.
wha2
The first term can be estimated using Lemma[[.42] again.

We cannot directly apply Lemma|l.42]to the last term [W (1) y22(q r(1)-17m> but
as in the proof of Lemma[T.42] we can differentiate to obtain
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d
o W) lw22(a.re)y-11m

<C(M) <92,b,Q(F(t))||1'"(t)||L°°IIWllLﬂ+91,q,9(F(t))F(t)LwIW(t)II |2 >

wa2

Using Lemma [T-42]and the estimates on I", we obtain

d
GV O < (IWOL + WO, 2 )
<CIWO)llyaa.

We insert this estimate into

Ld
W(Dlw220,r¢)-1rm) = W (O)lw22(0.r0)-17m) +/0 E‘W(mwlz(g,r(z)*lrm dt
< CIWO0)lw22(0.ro)-1ra)>
which yields the assertion. O

We can now prove the L2-error estimate.

Theorem 3.15. Let d < 4 and the assumptions of Theorem [3.8| be fulfilled. Let ad-
ditionally J be predominantly quadratic in the sense of Definition with respect
10 q chosen as in the proof of Theorem[3.8}

Assume that the discrete solution uy, fulfills on each element Ty, € G

022,17, (un) < K> (3.21)

for a constant K>.
Finally, suppose that (3.19) is H?-regular, i.e., that the solution W fulfills

Wllw22(0u-17m) < C 1108, unll 2@ u170)- (3.22)
Then there exists a constant Cog, such that
dp2(u,up) < Cua hk@kz,zﬁ (u).
Proof. We insert V := log, u, into (3:19), and obtain
dzz (u,up) = — 83 (u) (W, log, up,),

where W is the solution of (3.19).

Let I" denote the geodesic homotopy joining u and uy,, and W (¢) the parallel
transport of W along I'. Let W(1); be the interpolation of W (1) along u;, and let
W;(t) denote its parallel transport. Note that W;(0) is not the interpolation of W
along u.

By Proposition [3.12| we have
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dfa ;) = —8°3(u) (W, log, ) + / S ) W), (1) d
= [ [ ST ECWO+ (1= W) ds
_/ / §3(r Wi(s)+ (1—;) (s),°(s),I"(s)) ds dt
+/0 /0 ?523(F(S))(W1(S)—W(S)J'"(S))ds dt. (3.23)

We can estimate the second integral in (3.23)) using the ellipticity assumption (3-8))

/1/t1523(r(5))(W1(5)*W(S),F(s))ds dt
<A / 19506 =W ) 1200017 1T iz 1) s .

As the vector fields Wy, W, I are parallel along I'", we can further estimate using
Lemmall.42|

1 t
[ [ 38506 00s) - W(s). 1 (5) ds
0 JO
<C HW(l)I *W(l)”Wl.Z(_Q_’u;]TM)”logu ”h”Wl»z(_Q,u—'TM)'

Corollary 2:28] Proposition [3.14] and Assumption (3.2I) imply on each element
T, €G

IW =Wy

<Ch (@225, (W) + W (W) =gy tag 8221, (1))
<Ch ||W||W2~2(Th,u’1TM)'

Summing over all elements and using the H>-regularity we obtain
W =W lly12 0 17ary) < € IW lw22@u- 17y < € hdpa (u,up).

Thus, we obtain using Theorem 3.6

/ /0 =8*3(I(5))(Wi(s) = W(s),I"(s)) ds dt < C h* dpz(u,up) 62,0 (u).

In order to estimate the first integral term in (3.23) we use that J is predominantly
quadratic. Since p > d in Definition [3.10| we can estimate

[TWr+ (1 =)W (yip < C[[W]y1p SCO220(W).
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Thus we obtain using the H>-regularity of the deformation problem (3.19)

1833 (s)) (tWs + (1 — )W, I, )|
< C(K,M)||log, unlly 2 (TIWillyrp + (1= 2)[Wly1)
<Ch*200,.0(u) Grp0(W)

<CH* 200, o (u) dpa (u,up).
Note that 2k — 2 > k for k > 2. This yields the assertion. O

Remark 3.16. Theorem [3.13] assumes (3:21), i.e., a bound on second derivatives of
the discrete solution u;,. This is a strong restriction on the set of discrete functions, as
we can in generally not show convergence of the second derivatives. This restriction
can possibly be avoided by using that u;, solves (3.2).

Remark 3.17. Theorem [3.13] is restricted to d < 4. This is due to the lack of an
interpolation error estimate for vector fields unless W22 c Y.
Assume for d > 4 that there exist estimates of the form

IW =Wy 7
<Ch (@2,27Th(W(1))+|\W(1)||La(Th,uh,lTM)92,,,,Th(uh)), (3.24)

with a and b defined as in Proposition [3.14] and
||WI||1,17 < C“W”l,p (3.25)

for p = %.

Under these additional assumptions we can replace (3:21) by
6201, (up) < K, (3.26)

and Definition [3.10]by the condition

|53J(v)(U, V.V)| <C(K,M) HU||W1~I’(Q7V’1TM) ”VHWI*Z(Q,V’ITM) HVHL’(_Q,V’ITM)
3.27)

forv e HﬂWIyq, g > max{2,d}, p <r <d. Note that (3.27) is again in R” fulfilled
for semi-linear PDEs.
Using (3.27) and LP-interpolation with € = h then yields

(83 (s) (Wit (1 = W, I )|
< C PO 12 (IWillyr2 + (1= 2) W y12) ( [TO) = + 1 F [T ©)ly12)

<C hz(k_1)+1_;sz (u,uy,).
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Ask > % and d > r, we have k — § > 1. Thus, we obtain also for d > 4
|833(C(5))(tW; + (1 = )W, T, )| < C Brd2 (u,up,).

In total, if one can show (3.24) and (3.25) for example by adapting techniques from
Clément interpolation to this case, the L%-error estimate follows for arbitrary dimen-
sions. Unfortunately, this is beyond the scope of this work.

Remark 3.18. In [Grol3allGHS 14] it is proposed to replace exp and log by so-called
retraction pairs, that may lead to numerically easier implementation of geodesic fi-
nite elements. Similar to [GHS 14, Theorem 5.6.], we believe that our results remain
valid for general retraction pairs as long as they fulfill the estimates on the first and
second derivatives proven in Appendix [A]for log.






Chapter 4
L*-Gradient Flows for W !2>-Elliptic Energies

Let J: W'2(Q,M) + (—oo,00] be a proper W!2-elliptic functional (cf. Defini-

tion [3.4).

We consider the L?-gradient flow

d - _
W (1), V)2 0u0)-11m) = _a“:od(expu(t)(sv)) VeWw"(Q,u(t)”'T™),
“.1)

with some initial condition u(¢) = ug, and Dirichlet boundary conditions on
(note that these single out a homotopy class; see Section [I.1.3). We assume that
there exists a solution u € L>((0,T),H>*(Q,M))NW'=((0,T),L*(2,M)).

We want to approximate a solution to by the method of time layers, i.e., we
will discretize time by an implicit Euler scheme and then approximate the resulting
time discrete problems using geodesic finite elements.

We are interested in a priori discretization error estimates in the time step width
7 and the spatial grid parameter h.

The time discretization by the implicit Euler scheme for a given partition {0 =
fo<t <...<ty <T} with T; =, — t;_ leads to variational equalities of the form

d
= J(expyi(sV)) 4.2)

! logyi U1, v ——
T ds|s=0

i >L2(_Q,(U")'TM)

for all V € Wh2(Q,U%~1TM). This can be equivalently written as an energy mini-
mization problem

Ulew'(Q,M): 3, yio1(V) — min,

where

1 i1\ L~
Jppi1 (V)= Z—szz(%Ul H4+3(v). (4.3)
1

83
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We define the discrete solution u;(¢) by piecewise constant interpolation
u(t)=U" Ve (i,

We then use geodesic finite elements to approximate u; by a fully discrete solution
Ut p-

It is well-known that solutions of (@.I]) can blow up in finite or infinite time (see
e.g. [HWOS8 ICG89,ICDY92, IGro93|| for the harmonic energy). In order to discretize
the problem and show a priori discretization error bounds, however, we will always
assume global existence and smoothness of the continuous solution up to some time
T. A reverse statement, i.e., that we can find such a smooth continuous solution
whenever we have a proper discrete solution, as well as numerical studies of the
behaviour of discrete solutions approaching a singularity, are of great interest but
beyond the scope of this work.

In order to analyze the discretization error of the method of time layers, we
will first look at generalized gradient flows in metric spaces. We will see that
we can use known results from this field to obtain discretization error estimates
for dj2(u(t),us(t)) and Dy (u(r),us(t)) for every ¢. The theory for elliptic prob-
lems as outlined in Chapter will then provide estimates for d;> (u(t),uz;(t)) and
D2 (u(t), e p(1)):

For simplicity we restrict ourselves to first order geodesic finite elements and
hence dimension d < 4.

4.1 Gradient Flow in Metric Spaces

In this section we will consider gradient flows in metric spaces following the expo-
sition in [AGS06]. We will restate and reprove some of the results in [AGS060] as
we need to customize them to our setting later.

Let in the following (S,d) be a complete metric space and J : S +— (—co, +oo] a
proper, coercive, L.s.c. functional, i.e.,

weDF),r>0: m:=inf{J(w): wes, dw,v) <r}>—oo, 4.4)
d(up,u) =0 = liriinfﬁ(un > J(u), 4.5)
n—soo

where D(J) :={v €S : J(v) < oo} denotes the domain of J. Assume furthermore
that J¢ ,, is defined by

1
Jew(v) = - d?(r,w) +3(v) (4.6)
is (A + 7~ !)-convex with respect to d (cf. Definition for every T > 0 such that
At >—1.
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Remark 4.1. If J is A-convex along geodesics, then Jz ,, is (A + 7~ 1)-convex along
geodesics if d*(w,-) is 2-convex along geodesics, i.e., if (S,d) is nonpositively
curved. For the positively curved space of probability measures endowed with the
[2-Wasserstein metric it is shown in [AGSO06] that the squared distance is 2-convex
along a class of so-called generalized geodesics that are then used instead of ordi-
nary geodesics.

In order to state the gradient flow problem in this setting we need some basic
tools from the analysis in metric spaces which can be found in [AGS06, Chapter 1]:

1. A metric version of Rademacher’s theorem states, that for any absolutely contin-
uous curve v : (a,b) — S the limit

exists L!-almost everywhere, and

a0 < [ Wi ar

2. The function g : S — [0, 4] is called the strong upper gradient of J if for every
absolutely continuous curve v the function g ov is Borel and fulfills

1
U@OD—3W@DM§[g@UDWWHdK
This implies that if (gov)|V/| € L (a,b), then Jov is absolutely continuous and

[Fov)I(r) < g(v())VI(r)

almost everywhere.

3. The function g is called a weak upper gradient if only the second inequality holds,
where (Jo v)’ denotes the approximate derivative if Jov is a function of bounded
variation.

4. A canonical choice of weak upper gradient is the local slope

PN (
WM@%—&ﬁy d0w)

5. For any A-convex J the local slope is also a strong upper gradient and it is lower
semi-continuous.

Definition 4.2. A curve u is of maximal slope with respect to an upper gradient g if

3 W PO+ gl P dr < 3(u) 3 )

almost everywhere with s < 7.
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For a strong upper gradient, a curve of maximal slope fulfills the equality, i.e.,

%/; [/ [2(r) + 103> (u(r)) dr = F(u(s)) — J(u(r)).

Existence of curves of maximal slope is proved in [AGS06] by showing the exis-
tence of a continuum limit of an implicit Euler scheme.

Given an initial datum ug € S, a partition P, = {0 =1y <1 < ... <ty < T} with
T, =1, —t,—1, and an approximate initial datum U? , we define recursively

U'eS:  Jp iU <31 (V) WV ES, (4.7)

where Jr w is defined by (.6). Existence and uniqueness of the U" is discussed and

affirmed if U° € D(J) and 27 > —1. A discrete solution u can then be defined by
piecewise constant interpolation

Ucst)y=U" Ve ('
In this setting the following theorem was proven in [AGS06].

Theorem 4.3. Let (S,d) be a complete metric space and J : S+ (—oo, +o0| a proper,
coercive, l.s.c. functional, such that J¢,, is A-convex for some A € R. Then for each

uo € D(J) there exists a unique limit

u(t) = lim (qb%)n lug),

n—eo

where ®;[v] := argmin, g Jr,(u).
Further, u is locally a Lipschitz curve of maximal slope with u(t) € D(|dJ|) C
D(3) fort > 0 fulfilling for A > 0 the a priori bounds

3(u(0)) <30) + 5. d(vu0) Hv e D)
93P (1)) < [93P () + 5 (vyue) v € D).
In particular, u is the unique solution of the evolution variational inequality
——d*(u(t),v) + %ldz(u(t),v) +3u@) <JIW) L'-a.e. t>0,VveD(J)
(4.8)

among the locally absolutely continuous curves such that lim,_o u(t) = ug. The cor-
responding flow operator generates a A-contracting semigroup, i.e.,

d(u(t),v(t)) < e Md(ug, vo) Yug,vo € D(J).

In particular, the following theorem on optimal a priori error bounds is proven in
[AGSO06]:
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Theorem 4.4. Let (S,d) be a complete metric space and J : S+ (—oo, +o0] a proper,
coercive, L.s.c. functional, such that Jz , is A-convex for some A > 0. Let u denote the
unique solution of @38) and let U be a discrete solution associated to a partition
P.={0=1y<t; <...<ty <T}with T :=sup, T,. Define

_log(1+A71)

Api= ——.
T

Lett € (0,T) and let U? = ug € D(J), then there exists a constant Cs such that
P0).u() < Cos7 ()~ i ) e 2. “9)
If up € D(|93|) we have

2
P(U-1),u()) < c26%|33|2(u0>e*%f. (4.10)

Note that we restricted ourselves to stating the result for A > 0. For A <0 similar
results can also be found in [AGS06].

The discretization scheme (4.7) is used in [AGSOQ6] to address the existence of
the solution to the continuous problem. As we are mainly interested in error bounds
we will only review the proof of [4.4] here and simplify it by using the results of
Theorem[d.3] while in [AGS06] these actually follow from the convergence of (@.7).
Although still quite voluminous, we recapitulate the proof here in detail instead of
just citing the result, as we need to adapt it later (see Corollary {.10).

Proof. The proof relies on a Gronwall-type argument.
Note that the U" are defined by a convex minimization problem (4.7). We can
thus estimate for any V

1+A1,

1_ 2 n
2 t(1—=1)d“(U",V)

3Tn,U”71 (Un) S (] _t>3Tn,Un71 (Un) +t3’tn,Un71 (V) —_

for all t € (0,1). Dividing by  and letting ¢ — 0 yields the variational inequality

1

1
5 (d>(U",V)—d>(U" V) + E7Lc12(U",V) <JIV)=Jg, 1 (U"). (411)

In order to obtain a corresponding variational inequality along the discrete solution
ug, rather than evaluating functionals along an interpolation of the functions (U"),
the values of the functionals in R are interpolated linearly, i.e., we set

,—t t—1t,—
(V)= —d (U V) + T—“dz(un,w t € (tat,tn]
n n
N P T
Jelt) = 23U ) —E3WU) 1€ (et )

Tn Tn
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Using this notation, we obtain for all # € (0,7)\P; the discrete variational inequali-
ties

S a2+ %dz(U”,V) +3:() = 3(V)

1
<Je(t) = Jg, g1 (U") = ERf(t) YW eD(J) (4.12)

by simply rewriting @TT). Setting §2(t,s) := d>(t;u(s)) we obtain from (#.8)

%%52(;,@ 1 %d%(t;u(s)) —J2(t) +J(u(s)) <0
and from {.12)
%%52@) + %dz(U”ju(s)) +3e(1) = J(uls)) < %RTW

Adding these, we obtain

d

Zaz(t’t) +2A8%(t,1) < Re(t) + A (8%(t.1) —d*(U",u(t))) .
Note that for t € (f,—1,,)

Tn (52(1‘,1‘) _dz(Unvu(t)))
(tn —1) (@ (U (1)) = > (U" u(1))
(tn —1)d(U",U™) (d(U" ", u(t)) +d(U",u(t)))

< (tn —t)d(U”17U”)\/

t,—t
=1t

IN

oAU u(1)) 4 —d(Un, u(1))?
t—th_1 t,—t

dU™ 1, U"8(t,1).

:T}’l

A Gronwall-type lemma [AGS06, Lemma 4.1.8] then yields for any ¢ > 0

1

s 2 t
HS(t,1) < (dZ(UO,uo)Jr sup [ eR(r) dr> +2 / Ae*Dq(s) ds, (4.13)
5€[0,£] /0 0

where De(t) = 1 tﬁ‘[;_’ld(U"_l,U”) for ¢ € (ty—1,t,). We need to estimate the

terms appearing on the right hand sight. Note that since A; < A we obtain analo-
gous bounds by replacing A by A;.

We assume from now on that U® = u. Furthermore, we will make the simplifi-
cation that t = ty. Inequality then reads
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N 2 IN
NG (UN uty)) < | sup / MR dr | +2 / A" Do (s) ds, (4.14)
SE[O,ZN] 0 0

Recalling the definition of R;, we can write for ¢ € (f,_1,1,]

Re(t) =2(J2(t) =I5, 01 (U"))
t"—t

a2Un U\ t—t,
:2 ~ Un—l o~ Un _ ? _ n d2 Un Un—l .
- (J( )—3(U" 2t 2 oo
As
~ n—1 ~ n dz(Un’Unil) ~ —1 ~ n
IO =3 5e = e (U =3 g (UY) 20,
n
we can estimate
"In n
/ 1 eZATrRT(r) dr < em”t”/ I(Rf(r))Jr dr (4.15)
t’l* t”7
dZ U Unfl
< Tnezhl" (J(Unl) —:j(U") _ ( 2> )) )
Tn

Note further that since J is l.s.c. and convex, we have for any u,v € §
~ ~ ~ Ao
3(u) =3(v) < [93|(w)d(u,v) = 5 d"(u,v) <
and thus
1
J(u) — inf3(v) < — 19313 (u).
3(u) = inf3(v) < 5|97 (u)

Since U" minimizes J; ;»—1, we can estimate for any V € S

S(Un) —J(V) < 2% (dZ(V7 Unfl) —dz(U”,U”’l))
< %d(V, U (@v,urh+dun,uth)).

Dividing by d(V,U") and letting V — U", we obtain the slope estimate

dun.yr-1
231 < LU
T
Combining this with @.16) yields

dZ(Un’Unfl)

72 ves

> 93P W™ 2 24 (3(0") _ inf:z(v)) L @
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We rescale J to have

inf 3(v) = 0.
)
Inserting into (.13) yields
In
| Relr) dr < men (3 - (14 25)3(0"). @.18)
tn*

The convexity of J, ;»-1 implies for the minimizer U" that
A 1 2y yrn—1 ~(TTI ~(rn—1
0= {5+ Jrd (U U ) +3(U") =3(U")
forallz € (0,1). Letting t — 1 yields

(3+1) e on-3w+awn <o (4.19)

Combining this with @.17) yields

3(Unfl) —3(U”)
Tn

> (145 Y10apwn = 21 (1453 ) swn)
and thus
WY > (144023,

By concavity of the logarithm, we have

1 A
< e MW, 4.20
1+ A7, =¢ ( )

This implies
e2krt"3<Un) < 62171”727LTT,,3(Un71) _ e2lrt”’13(Un7]).

Using this we estimate

tll
/ EMTR(r) dr
t

n—1

A
< et (14 A1,) ( C 3w+ 53U —G(U">)

Tiany (ESTAE
< Tn(l —|—/1’L'n) (;L,L.neﬂ,ftn,lc‘(Unfl) _|_e2l¢t,,,1‘~j(Un71) _eZATt,,J(Un)>

< ‘L'n(l —l—lfn) (},Tm’}(UO) +62171n—|3<Un71) _eZArtn"}(Un)) )
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Summing up, we obtain

/0 " PR () dr < (14 27) (14 )W) — I (0Y))
<t(14+A7)(1+A1y)J(U°). 4.21)

For the second integral term in (#.14) note, that

In _
2 lrl’D ( )dr_d(Un 1 Un / r dl"< }Lrlnrd(Uﬂ 1 Un)
Iy a1 \/ r_tn 1

Summing up, we obtain

N
2 / " D) dr < o Y Mmawrt un)
0 -2 n=1

1
2

N
T et g2 pn—1 pyn
<7T-VN nd(U U
<IN <,§f W, >>
By @19) and @17), we can estimate

1+ A7, _ N _ ~ ~ ~
P U U) T (U =T (U") S IO = (14A5)I(U").
Inserting yields
1
n( 2N Y _ N :
2/ M Dy (r 2<1+}L Zrne”f’" (3" 1)_(1+lrn)d(U"))>

As in @21)) we can estimate

1
2 / YD) dr < rg (2en(1+ Aty)I(U))? | (4.22)
0

Combing (4.14) with @.21)) and @.22) yields (@.9) for r = ty. We omit the proof for
general ¢t € (0,T), which can also be found in [AGS06].
To obtain (#.10), note that if Uy € D(]dJ|), we can estimate from (@.13) using

(#.17), @.16), and @.20)
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In
/ eZA’rRT(r) dr

-1
dZ(Un, Unfl)

< T,,eMT’"(J(U”’l)—J(U")— >
n

)

2
T 224, | PN P -
<7 Tin - l] — l}

2
< T?n <)~Te—211tn,1 ‘83|2(Un—1) _’_eZMt,,,l |aJ|2(Un—l) _ eZkrtn ‘83‘2(U71)>
instead of (4.18). Proceeding as before, we then obtain
oo T 270
/ Re(r) dr < S |OIPUO)(1+ A) (4.23)
0

instead of @.21). Analogously, we obtain

i T 1+ Aty 1 =
Acr 2 ~12(770 ~1(770
g <=7T|N d U — < —ty7|dJ|(U").

instead of @.22)) as lliﬁtg < ¥ This concludes the proof of Theorem O

4.2 Time Discretization

In the context of gradient flows on Riemannian manifolds, i.e., Problem , we
want to use Theorem 4.3 in order to obtain error estimates for the time discretized
solution.

First, we need to choose the correct metric space to work in.

Proposition 4.5. Let M be complete and q > d. Set H = WI;Z (2,M). Then (H,d;»)
is a complete metric space.

Proof. By the Rellich-Kondrachov compactness theorem Wég (Q,RN) withd 12(Q.RV)
is a complete metric space. Since M is complete, (H,d;») inherits this property. []

Remark 4.6. We will assume that J is W!2-elliptic and bounded from below. Note
that these are stronger assumptions than (@.4) and @.3). In particular the w2
ellipticity of J implies strong L2-convexity along geodesics by the Poincaré inequal-
ity, i.e.

(@) < (1—l)3(F(0))+f3(F(1))—zcj(_q)t(l—t)dfz(F(O)I(l))-

The convexity of J:,, depends not only the convexity of J but also on the convex-
ity of the distance d;>. In view of Remark[4.1] d;» is 2-convex if M has non-positive



4.2 Time Discretization 93

curvature. In this case Jz,, is (1 + 77 1)-convex along geodesic homotopies with
respect to d;», where A= ﬁ

In general, we can discuss convexity of the energy functionals with respect to
three different notions, namely L?-convexity, W !?-convexity and a mixed W !-2—-L2-
convexity.

Definition 4.7. We say that an energy functional J : H — R is (A1, ,)-W!2-L2-
convex along a curve I' : [0,1] — H if

3 < (1-N3(0) + 13 (1)
211 (DR A(T(0), T(1) + Ada(T(0).0(1) Vi€ [0.1],

where D1 > is defined in Section

Proposition 4.8. Let the sectional curvature of M be bounded from above by ko <
C%‘ Set H = W,ig (R2,M) and assume that J is W'--elliptic.

Then Je,w(v) as defined by @3) is (A, %)-W"Z—Lz-con\/ex along geodesic ho-
motopies. In particular, this implies A-W'-2-convexity and %—Lz—convexity.
Proof. Let w,vo,vi € D(J). Let I' : [0,1] — H denote a constant speed geodesic
homotopy with I'(0) = vy and I'(1) = vy. Let furthermore o(s,-) be a constant

speed geodesic homotopy with a(s,0) = I'(s) and a(s,1) = w. Then

d
LSO = [ (20(s.0).V.9.a(s.0)) dx
and
d* 1
ﬁidZQ(F(S),W)

:/ |vsa,a(s,0)|2dx_/ Rm(d,a(s5,0), ds0x(s,0), 3y x(s,0), y x(s,0)) dx
Q0 Q

z/ |Vsc9,oc(s,0)|2dx—ko/ 10,a(s,0)| [sx(s,0)| dx.
Q Q

If k9 < 0, then this shows convexity of dzz. If 0 < kg, we estimate for € > 0 and
re|0,1]

d* 1 r— €koCy . 1—-r ko
s PO = (RN R+ (1 - 1) e

Choosing € = % andr=1-— @ implies
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r— €koCy 1
———=——ko>0
) G
1—r _ ki() —0,
G 4e
which yields the assertion. O

Remark 4.9. Note that the results of [AGS06| as described in Section are also
true for convexity along non-geodesic curves. This is even used in [AGS06] for
metric spaces with concave distances. In view of the upper and lower curvature
bounds we already used for the elliptic theory in Chapter [3] we will not generalize
in this direction.

We can now state the following corollary of Theorem[4.3]

Corollary 4.10. Let the sectional curvature of M be bounded from above by ko < CLZ

Set H = W,ég (2, M) and assume that § is W'2-elliptic and bounded from below.
For ug € D(|93)), letu € L*>((0,T),H)NW'>((0,T),L*(2,M)) be a solution {@.1).
For a given partition P = {0 =1y <t) < ... <ty < T} with T =t, —t,—| we set

U° = ug and define recursively

U" = argminJ; yn-1(V).
VeH

Then there exist constants Cy7 and Cyg such that for t,, € P;
dp2(u(t,),U") < Cyy 7, (4.24)
Dlﬁg(u(tn),U") < (Cog \/E 4.25)

Proof. In view of Remark [4.6] and Proposition .8 we can apply Theorem [4.4] di-
rectly to obtain (#.24)) if M has non-positive curvature.
For positive, bounded curvature, we can repeat the proof for Theorem [4.4] with

the %-Lz-comexity of J¢ . The constant C»7 will then depend on #(Z)CZ

Using W1 2-ellipticity rather than L2-convexity we can obtain (#.25). For this let
I” be the geodesic homotopy connecting u(z,) to U". Then

1
AR5 (u(0),U") < [ ST E)I6).1°0)) ds
= [ Ly )r () ds
— 53((t,)) (log ) U") + 83(U") (logyn u(t,))
= (4l (), 108, U")y2 + ( Toggn U™ logymultn)) 2

< (WOl + 307,07 ) ) dis(ute). 0"
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1
< (IOl + 00 01-1)+ 269) ) i ). U,

Using (4.24), we obtain (4.25]), where the constant Crg depends on Cp7 and the
Lipschitz constant of u. O

4.3 Space Discretization

Let H = Wéz;’) (£,M) with ¢ and K as in the proof of Theorem Let WeH. We
use first order geodesic finite elements as space discretization for the problem

wr = argminJ w(v). (4.26)
veH

This leads to the discrete problems

Wep = argminJew (vi), 4.27)
VhEVh

where VA = HNS),.

If we assume that M fulfills curvature bounds, we can show that J¢w is elliptic,
i.e., that it fulfills and (3.8). We have seen already in Proposition #.8] In
particular, we have observed that a mixed error measure of the form D}, + 77! dzz
is natural to the energy Jr w.

Proposition 4.11. Let ko, k; > 0 such that the sectional curvature of M is bounded
from above by ko, and from below by —k\. Assume that ko < ﬁ, where C(Q)
denotes the constant in Poincaré’s inequality.

If 3 is W'2-elliptic with constants A and A, then there exist constants C(koy) and

C(ky) such that I w fulfills

. i d> . e
AL |12 +Clko)T M IT7 < 220w (5) SAL|[j12+Clika) e TI7-
(4.28)
Proof. The result follows directly from Definitions [I.1and O

We could indeed infer the W!2-ellipticity of Jew from Proposition by
using Poincaré’s inequality. However, this would lead to an upper ellipticity con-
stant degenerating with smaller 7, while the ellipticity constants min{A,C(ko)} and
max{A,C(k;)} for the mixed norm |- |7, 4+ 7~'|| - |7, are independent of 7.

We can obtain optimal error estimates under the additional assumption that 4> <
k7 for some k sufficiently small. This essentially uses the fact that we gain an
additional order of / in the L?-error that compensates for the 7~ !-weight of this
term.
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Lemma 4.12. Assume that d < 4 and let J : H — R be an W'?-elliptic energy func-
tional. Let we € HNW?2(Q,M) be a solution to {#.26).

For a conforming grid G of width h and order m = 1 (cf. Definition [2.1)), set
Vi :=HN Sy, and let wyj, be a solution of @.27).

Under the assumptions of this section and h? < k1, we have

dpp (We,We ) <C (T+ h?)
Dio(We,Wep) <C(VT+ h).

Proof. We can use the mixed error measure Di , + 7~ 'd7, in the Céa lemma. In
particular, for the solutions w; and w¢ j, of {#.26)) and (@.27) we obtain the estimate

D%,Z(W‘vaf,h) + TﬁleZ (W‘anr,h) <C (D%,Z(W‘an‘t,l) + TﬁleZ (WT7 Wr,l))

<C (W +7ht).

The assertion follows. O

4.4 Discretization Error Estimate

We will now discuss the error estimate for the fully discrete time layer scheme
consisting of the implicit Euler method and geodesic finite elements.
The fully discrete scheme is given by

Uz, =argming (4.29)

U5,
vheV"

T.h

Theorem 4.13. Let d < 4, M be complete with bounded curvature, J be w2
elliptic, and suppose that for any W € H and T there exist a minimizer of J¢w,
that has a bounded smoothness descriptor 6, 5 ¢ independent of 7.

For a conforming grid G of width h and order m = 1, set Vj, :== HN S},.

Let . ={0=1ty <11 <...<ty < T} be a uniform partition of (0,T) with
T=t,—t,_ and h* < k7.

Given ug € D(|03|), let u € L*((0,T),H>*(Q2,M))NW'=((0,T),L*(2,M)) be
a solution @.1)), and let U, be defined by @#.29).

Then there exists a constant Cyg such that for t, € Py

dp2 (u(ta),Upy) < Coo (T+h7) (4.30)
Dia(u(ty),Up,) < Coo(V/T+h). 4.31)
Proof. In order to obtain an error estimate for the fully discrete scheme, we intro-

duce the following two semi-discrete schemes.
Given U° = ug, we define
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Uy = argming
VeH

o1 (V) (4.32)

and given U;’;l €V}, we define
V' =argminJ_,.-1(V).
ven  “Urh (
Lemma[@.12]implies
Dy, (V" UL + 7 dp (Vi UL, < C (P + 1Y),
and using the condition h? < kT, we thus obtain consistency

dp (VU2 < CV/Th, (4.33)
Dio(V",U!,) < Ch. (4.34)

We now compare V" and U. First note that if W,V € H and W; € H denotes the
minimizer of J; w, the W!2—L?-convexity shown in Proposition yields

~ ~ ~ A _
JewWe) < (1=1)Jew(We) +13ew (V) — 51(1 —1) (D72 (VW) + 77 d}, (V. Wy)) .
Rearranging, dividing by ¢, and then letting ¢+ — 0 we obtain

A 1
5 (DE2(VsWo) + 7715 (Vi We)) <3(V) = 3(We) + 5 (da(W,V) = da (W, Wi))

forallV € H. As V" and U} are minimizers of J Ly and J 1, respectively, we
T

. . 2
obtain the estimates

% (DI, (V.V") + 17 L (V,vm))
<3(V)—3(v")+ % (dzz(U;”,’ll,V) —dL U ,V”)) WV e H,
and
2

5 (Dla(vUn) + 7 ldp (vV,Un))
1
<IV)=3W) + 5 ([dp(Uy V) —dp (UL U7) W EH.

Inserting V" as test function for U} and vice versa, we obtain
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A (D}, v U v)
1
< o (dB(Uz U2 ~ B V) + s v —dh e un)
<t ld,(Ur V) daurt v,
Young’s inequality implies

Dy, (UL V) + 1 dn (U V) < Ctldp (U ol . (4.35)

Combining the (approximate) triangle inequalities for d;» and D;, with @33),

#34), and @33) yields
d2(U2,U}) <dp (U7, V") +dpa (V' UE,) < Cdp (U~ U, +CV/eh,
and
D1 (U2,UL,) < CDio(UR V") +C Dio(V',UL,) < C T2 dpp (U2 U +Ch.
Assuming that Ugh is the GFE interpolation of U?, we have
dp (U7, Ug,) <C I,
and thus, using again K < T,
dp(URUE,) SCHP+CT
Di(U,Uf)y) SCh+C V.
Combining these estimates with Corollary [4.10} we obtain
dpp (u(ta),Ug,) < dpa (u(tn), UF) +dpp (U, U7,) < C (W +7)

Di(u(ty), Uy ) < C(Dia(u(ty),Ur) +D12(U7,Uy,)) <Ch+C VT
O



Chapter 5
Example: Harmonic Maps

In the study of discretization error bounds for geodesic finite elements in Chapters 3|
and ] we have made some fairly strong assumptions on the problem. In this section
we will illustrate the results of these chapters by applying them to the minimization
of the harmonic energy. In particular, we will show that under certain assumptions
on the manifold, the harmonic energy fulfills the assumptions of Theorems [3.6]
[3.15] and [.T3] such that we obtain a priori discretization error bounds.

The study of more general energies is left to future work.

Let  C R? be a bounded domain with dQ be in C? and (M, g) a smooth Rie-
mannian manifold. We discretize Q by a grid G of width & and order m (cf. Def-
inition . Let ¢ : Q2 — M be continuous. For simplicity we assume that ¢ can
be attained exactly by mth order geodesic finite elements. This restriction can be
waived by suitable approximation arguments. For ¢ > max(2,d), we set

Wy = {veW"(Q,M) : 0 40(v) <K, voo =0} (5.1

We study the harmonic energy J : W!2(Q,M) — R defined by

N 1

1 d aui auj
= Ea;/ﬂgij(u(x))ﬁ(x)ﬁ(x) dx.

The theory of stationary points of this energy, so-called harmonic maps, is well-
developed (see e.g. [EL78l [EL88| JosO8]]). The corresponding Lz—gradient flow has
been studied, e.g., in [Str85, [ES64} [Har67, ICG89L ICDY 92! IGro93]]. A more recently
published survey can be found in [HWOS].

The harmonic energy has been studied numerically using geodesic finite ele-
ments in [Sanl2]] and [Sanl13|]. Other discretization methods have been employed in
[BPO7, Bar10} [Alo97, [LL&9].

99
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5.1 w!2.Discretization Error Bounds

The harmonic energy can be viewed as the standard example for an elliptic energy.
As such it has also served as an example in [GHS14]] and the content of this section
can also be found there.

Lemma 5.1. Let g > max{2,d}, WI}% be defined by 5.1), and 3 : W' (Q,M) — R
be defined by (5.2). Assume that either M has nonpositive sectional curvature, or
that

1—K?||Rm||4Ci(q,2)* >0 (5.3)

holds, where Ci(q,) denotes the Sobolev constant for the embedding W1(Q) C
2
Li2(Q).
~ T .. . . . l.q
Then J is elliptic in the sense of Definition along geodesic homotopies in Wy .

Proof. The following calculations are standard (see e.g. [EL78| Jos08]).
Let u € W,izg, and let I : (—1,1) — W,ég, denote a geodesic homotopy with
ro)=u,ie.,

I'(t,x) = €XPu(x) (tV(x)),

where V € Wy (Q,u™ ' TM).
We calculate the first variation of Jj along I”

R dl
OJ(u)(V) = ZE/Q |Vr(t7x)|§(1"(t,x)) dx\f=0

_ /Q (Vatt, ViV g(u(y)

Letc: 1,12 — W;:; denote a family of curves, such that ¢(z,-), and c(s,-) are
geodesic homotopies for each ¢ and s, and ¢(0,0) = u, i.e.,

c(t,s) = expy () (tV (x) +sW(x)),
where V,W € Wol’q(.Q ,u”'TM). We calculate the second variation of J

823 (u)(V, W)
a1 )
= dsdi 2 /Q IVe(t,5,2) g c(r,5.0)) 4¥11.59)=(0.0)
_4d
T ds

:/Q (VXVSc(t,spc),VXV,c(t,&x))g(C([’sﬁx)) dx|(1.5)=(0,0)

_/Q<ch(t,s,x),R(ch(t,s,x),Vsc(t,s,x))Vtc(t,s,x)>g<c(t7s1x)) dx|(;.5=(0,0)

/Q (Vxe(t,s,x),ViVic(t,s,x) >g(c<,7sﬁx)) dx|(1.5)=(0,0)
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:/Q <VXW(-X)7VXV(-X)>g<u(x)) d.x
_ /Q (V (3, ROV (), W ()V () ) -

Using Holder’s inequality and the Sobolev embedding theorem, we can easily see
that J fulfills (3-8) with A = 1+ K?||Rm [|,Cy (¢, £)?. If M has nonpositive sectional
curvature, the curvature term has a sign, so that we obtain (3.7) with A depending on

the Poincaré constant C; of the domain Q given by A = % Otherwise, we obtain
2

(3-7) analogously to (3:8) with A = c%% (1—K?||Rm [|,C3C1(g,2)%) > 0. Thus, J is
indeed elliptic. O

Remark 5.2. Note that under the curvature assumptions on M of Lemma [5.1] sta-
tionary points of J are indeed stable critical points. The assumed upper bound for
positive curvature is fairly strong and may be weakened.

The discretization error bounds presented in Chapter [3|always assume existence
of solutions with a certain regularity. The topic of existence and regularity of har-
monic maps is extensively studied in the literature. For an overview see for example
[EL78, [EL88, [ HWOS8]. In particular, we have the following.

Lemma 5.3. A harmonic map u :  — M with continuous boundary data ¢ is in
C=, if either M has nonpositive sectional curvature, or if d € {1,2}, or if the image
of ¢ is contained in a geodesically convex ball.

We can now prove the following convergence theorem for the discretization of
harmonic maps by geodesic finite elements.

Theorem 5.4. Let u be a local minimizer of the harmonic energy J on W(;’Z(.Q,M),
where M has either nonpositive sectional curvature, or (5.3) holds. If M does not
have nonpositive sectional curvature, we additionally assume that either d € {1,2},
or that ¢ (Q) is contained in a geodesically convex ball.

For m > 1 fulfilling 2(m+ 1) > d let G be a conforming grid of width h and
order m.

If h is small enough, there exists a local minimizer uy, of J in Sy, subject to the
boundary condition fulfilling

Dy o(u,up) <CH" Bpy12.0(u). (5.4)
Measured in an isometric embedding 1 : M — RY, we have

[tou—toupllyrzqry) < Ch"Opi12.0(tou) <ChH"|1 ou||2ﬂ7p,9- (5.5)

Proof. As u is smooth by Lemma [5.3] we can apply Theorem 3.8 with k =m + 1.
O

Remark 5.5. In [Sanl2], Theorem@]is numerically confirmed for a test case with
M =S% d =3, and m = 1. Note that the assumptions of Lemma did not hold
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there. Higher order geodesic finite elements have been studied in [Sanl13]]. Theo-
remﬂis numerically confirmed for a test case with M = S?, d =2, and m € 1,2,3.

5.2 [*-Discretization Error Bounds

The harmonic energy for functions into R” is the prototypic example of a quadratic
energy and thus of a linear second order PDE. We now want to show that it fulfills
all the assumptions of Theorem [3.15] for a certain class of manifolds M. Note that
Theorem is only valid for d < 4. In view of Remark we consider the
case d > 4 for the technical prerequisites although they do not lead to an L>-error
estimate as long as there is no suitable interpolation theory for W22-vector fields in
this case.

In Section [3.2] we restricted ourselves to predominantly quadratic energy func-
tionals (cf. Definition [3.10). The harmonic energy belongs to this group.

Lemma 5.6. Let g > max{2,d}, and let Wé% be defined by (5.1). Consider the har-

monic energy 3 : W'2(Q M) — R defined by (5.2). Assume that Rm and VRm of
M are bounded.
Then, if d < 4, J is predominantly quadratic in the sense of Definition on

Wi, Ifd > 4, 3 fulfils @27) on W,

Proof. We need to consider third variations of J. Let ¢ : [—1,1]* — Wéz denote a
family of curves defined by

c(t,5,7) = expy ) (tU (x) +5V (x) + W (x)),
where U,V,W € W, (Q,u~'TM). We calculate
3w (U,V.W)

o1 5
= drdsdti/g |Vc(t7s,r7x)|g(c(z,s,r,x)) dxl(t,s,r):(0,0,())

= /Q (ViVaVie(t,s,1,%), Vi Ve (t,8,7,)) g c(t,5,r)) X[ (1,5,1)=(0,0,0)
+/Q<vatc(t7‘97rvx)aVrvxvsc(tvsvrax)>g(c(l,s,r,x)) dx\(t,sA,r):(O,O,O)
+/Q<VSVXVZC(t’s»rﬂx)vv)fvrc(l‘vsv’”ax»g(c(m,r,x)) dx\(t,sAr)z(QO,O)

+./-Q<VVVSVXVfC(t757rax)avxc(tvsvrax)>g(c(t,s,r,x)) dx\(t,s,r):(0,0,0)
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_ /Q Rm(W, du,U,VV) dx + /Q Rm(W, du, V,VU) dx
+ /Q Rm(V,du,U,VW) dx+ /Q Rm(V,VW,U,du) dx
- /Q VRm(du,V,U,du,W) dx.
For W =V and using the bounds on Rm and VRm, we obtain
18%3(u)(U,V, V)|

<c (/ |du|2|U\|V|2dx—|—/ \du| VU \V|2dx+/ \dul |VV| U] |V|dx>.
0 JQ Q

Let p be defined as in Definition Ford < 4,setr=p,ford >4setr=d.
Then we can estimate using Holder’s inequality and the W'-bound on u

1833(u) (U, V. V) < ClIUlyip |V w12 |V -
This implies the assertion. O

We also need to show H2-regularity of the solution W € Wy *(2,u~'TM) of the
deformation problem

VW, VV)dx= | Rm(du,W,V,du)—(V,U)dx YV ewl? Q.u'TMm),
0
Q Q
(5.6)

where U € L*(Q,u"'TM).

Lemma 5.7. Let g > max{2,d} and W,é% be defined by (5.1). Assume that Rm of M
is bounded, and let u € WI;Z NW?22(Q,M) be a harmonic map.
Then the deformation problem is H?-regular in the sense of (3.22).

The proof is discussed in Appendix [B] We need also to show that the discrete
minimizer uy, of J in ), fulfills the a priori bound (3.21). We restrict ourselves to
certain cases that are easy to show.

Proposition 5.8. Ler m > 1 and 2(m+1) > d. If d = 1, set m = 1. Define b as in
LemmaB 14 as

2 ford<4
b=<3 ford=4
4 ford>4,

and let g > max{2,d} fulfill g > 2b.
If d > 1, we pose the additional assumption on the grid G on 2 that Fh_1 T —T,
scales with order 2 for all elements T,
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Forv e C*(Q,M), and v, € Sy, ﬁW,i’q with dps(vy,,v) < L, where s is defined as in
Proposition we assume the relation

Dio(v,vi) < Ch"Opp1 0.0 (u). (5.7)
Then there exists a constant K depending on v and K but independent of h such that
625,71, (V) < K2

on every element Tj, € G.

Proof. As b < g itis enough to estimate 9.27;,77,1 (vi).
For d = m = 1 the estimate is trivial as 62 7, (vi) = 91241}1 (vi) < K? (cf. Exam-

ple2.10).

For d > 1, we use Proposition[2.14]and 2b < g to estimate

R . —d(l -1y
92,b,T,,(Vh)§C91212b7Th(vh)+Ch 1-d(3 b)el_’z?Th(vh)

<CK? +Ch_1_d(%_%)9.1‘2jh(vh).
We apply Proposition[T.43]to estimate
h_l_d(%_%>91727rh (vh) < Ch_l_d(%_%)9.172]h (V) +Ch_1_d(%_%>D172(v, vh)
< Chilid(%iaelﬁmjh (V)|Th|% +Ch*1*d(%*%)D172(v, Vi)

Note that the elements of the grid scale with |T},| ~ h?. Using this and assumption
(3-7), we obtain

d_1

6251, (vi) <CK*+Chb Il et aa Y

We have
0 ford=2
1 _
g 1= ? ford =3
b 5 ford=4
1 ford >4,
and m > % — 1. Asm > 1 is an integer, this is enough to show that m — % + % —1>0.
Thus, the estimate follows. O]

We can now state the following optimal discretization error bound for harmonic
maps.

Theorem 5.9. Let d < 4, m > 1 with2(m+1) >d, and m =1 if d = 1. Assume that
G is a conforming grid of width h and order m, such that F,:l : T — Ty, scales with
order2ifd > 1.

Let u be a local minimizer of the harmonic energy J on WI’Z(_(LM ), where M has
either nonpositive sectional curvature, or (3.3) holds. If M does not have nonpositive
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sectional curvature, we additionally assume that either d € {1,2}, or that ¢(2) is
contained in a geodesically convex ball.
If h is small enough, there exists a local minimizer uy, in Sy, such that

dp2 (u,u) <CH" 0015 0 (u) (5.8)
holds.

Proof. Set k =m+ 1, and choose ¢ > 4 admissible in the proof of Theorem [3.8
Note that for d = 1,2, this simply implies g < eo. Only in the case d =3, m =1, g
has to fulfill a stronger upper bound, namely g < 6.

Theorem Lemmas 5.6 and Proposition [5.8] then show that we can
apply Theorem [3.15] O

Remark 5.10. The numerical experiments in [Sanl3] confirm the result of Theo-
remfor a test case with M = §2, d =2, and m € 1,2,3. In [San12], the result
(5:8) has also been observed for M = 2. d=3,andm=1.

5.3 Heat Flow

The L2-gradient flow of the harmonic energy (5.2), also called harmonic map heat
flow

W (),V)20.u0)-17m = J(expy(y (sV)), (5.9)

ds |s=0
has been extensively studied in the literature. It is well-known that for a general
target manifold M and d > 2 solutions to may blow up in finite time (see, e.g.,
[CG89,|CDY92! IGro93]).
For manifolds of non-positive curvature, however, we have the following result
[Ham75].

Lemma 5.11. Let M have non-positive curvature, ¢ denote smooth boundary data
on 0, and let ug be smooth initial data assuming the boundary data on 0.
Then there exists a unique smooth solution u € C*(2 x [0,00), M)NC(Q x [0,00), M)
to assuming the boundary and intial data and fulfilling uniform bounds.

We discretize (5.9) by the methods of layers we introduced in Chapter 4]

Remark 5.12. In order to apply Theorem 4.13| we need the existence and the H>-
regularity of minimizers of J;w = J + Tlfdzz (W,-) J at W € H. Furthermore, the
H?-bound has to be independent of 7.

Typically, standard theory for the harmonic map heat-flow uses heat-kernels in-
stead of the outlined procedure (see, e.g., [Ham75, ICS89]). A detailed regularity
analysis for minimizers of J; w is outside of the scope of this work. We are, how-

ever, confident that future work will indeed close this gap.
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We obtain the following discretization error bound.

Theorem 5.13. Assume that M is complete and has nonpositive curvature which is
bounded from below. For d < 4, J defined by (5.2)), and ug € C*(Q2,M) let u be a
solution (3.9).

Consider a uniform partition P = {0 =1y <t < ... <ty < T} of (0,T) with
T =ty — ty,—1. Assume that for any W € H there exist a minimizer of Jrw = J +
Tlrdzz (W,-), which is bounded in H*2(Q,M) independent of T.

Let m = 1, G a conforming grid of width h < \/K7, and set V}, := Wlé’(;) (Q,M)N
Sy, with K and q as in the proof of Theorem Consider U?, defined by [#.29).

If h is small enough, then we have for t, € P;

dp2 (u(t),Up) < Coo (T+H?) (5.10)
Dy (u(ta),Ug),) < Cao(V/T+h). (5.11)

Proof. In view of Lemmas [5.11] and [5.1I] we can directly apply Theorem &.13|to
obtain the assertion. O

Remark 5.14. No numerical studies using geodesic finite elements for gradient flows
have been conducted so far. An experimental validation of Theorem[5.13]is planned.
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Appendix A
Estimates for the Exponential Map

In this appendix we will introduce some notation and estimates for the exponential
map that are used throughout the main chapters of this work.
The exponential map is defined by

exp,, : TyM — M, exp,(V) =w (1),

where 9y is a geodesic with ¥/ (0) = p, #(0) = V. We denote the inverse of the
exponential map by

log:M> —TM,  log(p,q)=log,p=exp,"p.

The differential of the exponential map is defined by

dexp,V : TyM — Texp,vM, dexp,V(W) = Oexpp(V +1W).

d
dt=
For the differential with respect to the base point of exp we write d;exp, i.e., for
V,WeT,M

dzexppV(W) = v,

@ W
dt 1—0 EXPyw (1) Tty (0)—ww (1)
where W denotes the parallel transport along Yy .

For the bivariate logarithm log : (p,q) — log, p we denote the covariant deriva-
tive with respect to the first and second component by d; and d,, respectively.

It is well known (see, e.g., [Jos08]]) that

J(s) :=dexp,(sV)(sW).

defines for V,W € T,M the Jacobi field along the geodesic y(s) := exp,,(sV) with
J(0) =0and J(0) = W. Jacobi field theory can be used to compare the derivative of
log to parallel transport along ¥ and the identity map between tangent spaces. For
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the reader’s convenience we shall here prove these elementary estimates. A similar
proof can be found in the appendix of [Kar77].

Proposition A.1. Let p,q € B, C M with p small enough. Let Rm denote the Rie-
mannian curvature tensor of M, and assume Rm to be bounded. Then

1
|d2log, g +1d]| < 5 |R|.. d*(p.q) (A1)
1
|d1og, ¢ = 7ypll < 5 IRl d*(p,), (A2)

where Ty ., : TyM — T,M denotes parallel transport along a geodesic.

Proof. We only prove (A.I) as (A.2)) can be proved analogously.
Let W € T,M. Then

W +dalog, g(W) = J(1) —J(1),

where J is the Jacobi field along the geodesic ¥ connecting ¢ to p with J(0) = 0 and
J(1)=W.Define f : I — T,M by f(t) = 1) (J(t) —tJ(t)). Then

W +dylog,q(W) = f(1) — f(0)
1

:/0 dif(t) dt
1 .

= /0 ! (—tJ(1)) dt

B /ol 1 R(JI (1), 7(1)) 7(2) di.

Thus, we obtain
1
W +dalog, q(W)| < Rlud*(p.q) | 1l1(0)|ar.

We assume that the sectional curvature of M is bounded by K > 0, and if K > 0, we
further assume d(p,q) < 5. Set

L . .
se(t) = | & sin(v/Kt) ifK>0
t if K=0.

Then sk (¢||7(0)||) > O for all # € (0,1]. Thus by Rauch comparison (see, e.g.,
[JosO8]]), we have

@) < UM, gy gy

— sk (I7O)1D)

and thus
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|
W +dalog,, g(W)| < 3 |R|d” (p,q) W],

O
Second derivatives of the logarithm fulfill similar bounds.
Proposition A.2. Let p,q € By C M with p small enough. Then
|43 10g,, gl = C30 d(p.9), (A4)

where C3y depends on Rm and VRm.

Proof.

(A3): LetV € T,M and W € T;M, and let (t) = exp, (tlog,, q). We consider the family
of curves given by

C([,S, r) = expexpp(sV) <t10gexpp(SV) equ(rW)) :

Then ¢(#,0,0) = ¥(¢), ¢ is a geodesic in ¢ for all r and s, and the vector fields

J (1) : V,c(t,0,0)

are Jacobi fields along y with

These Jacobi fields further fulfill
. 1
1.0)] = g, (V)] < (14 5 Rl (p.0) ) V]
3 1
90| = s tog p¥)| < (14 3 Rled(p.a) ) W1

Assuming d(p,q) < 55, we have (as in the proof of (A.T))

W@ < VI
()] < [W],

and hence

O < WO+ [ Wil®)] de < 3 (24 (14 2[Rl (p,) V]

D= =

) < WAV [ (@) e < 3 (2 0120 0) Rled () W,
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Set X () := V,V,c(t,0,0). Then

dardlog,q(W,V) = VV,V,c(0,0,0)
=V,V,V,¢(0,0,0) + R(V,c(0,0,0), V,c(0,0,0))V,c(0,0,0)
= X(0) +R(7(0),4(0))J,(0)
=X(0).
Further, X(0) =0 € T,M, and X (1) = 0 € T,M. By deriving the previous equality
by T again, we obtain an ODE for X
X(t) = V,V,V,V,c(t,0,0)
= VYV, V,0(1,0,0) + Vi (R(y{(1), 4y (1)), (1))
= ViV, V,V,e(£,0,0) + R (8), 7(0)J: () + Vi (R(y(1), J5(1) ) (1))
= VRO, ,(0))70) + V3R((1), 45 (1)
+2R(y(1),J,(6)) () +R(7(1), X (1)

, We can estimate

(1)) +2R(¥(t), J5(1)) (1))
NT(@).

~

Assuming d?(p,q) < 2\R|

11X lleo < 2VRIFP Il +21RIT (V1] + 617 ]) + %\Xl
< 2AVRIAI I+ 5 1K
from which follows
X [l < AVRIF 1|+ 4RI (1S5l 1]+ ][] )
Thus, we obtain
1X]l. < C(IRI,[VRd(p.q) [V| [W].

Set now f(t) := 1) (X(t) + (1 —1)X(t)). Then

dadiog, (W V) = X(0) = ~(1(1) ~ 10) = - [ (1~ yz&() ar,
and thus

1o
|dadlog, g(W,V)| < 5[IX]l. < C(IRI,[VR])d(p,q)[V] [W/.

(A.4): The proof is analogous to the previous one: We set for V,W ¢ T,M

c(t,s,r) :==exp, ((1—1)log,exp,(sV +rW)).

The Jacobi fields J; and J, then fulfill
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J5(0) =V, Jy(1)=0
J-(0) =W, J.(1)=0.

Setting X (¢) := V,V,c(¢,0,0), we obtain the same differential equation for X as
above, and X (0) = d*exp,,(0)(W, V) = 0 and X (1) = 0. Thus, we obtain

X1l <C(IRI,IVR)d(p,q) [V| W/,
and hence

IX(0)]] < C(IRI,|VR])d(p,q) V] [W].
We can calculate

drdlog, q(W,V) = V,V,V,¢(0,0,0)
= X(0) +R(J5(0),7(0))J-(0)
=X(0) +R(V,7(0))W,

which implies (A.4). O






Appendix B
A Linear System of Elliptic Equations

Let M be a smooth manifold, Q C R? a domain with smooth boundary. In the con-
text of Section[5.2] we consider problems essentially of the form

Wew,?(Q,u'TM): / (VW,VV) dx = —/ (V,Fydx WV eWy*(,u”'TM),
Q Q
B.1)
where F € L?(Q,u'TM), and u € W,i’q(.Q,M) with ¢ > max{2,d}.
This system is closely related to the concept of linear systems of elliptic equations
in divergence form. In particular, one can use coordinates to write the covariant

derivatives in terms of ordinary derivatives and Christoffel symbols and obtain a
linear system of elliptic equations of the form

/Q all W' IV + b5 9pVI W b AW VI 4 by W VI 4 £V dx =0
with
a:.xjﬁ =5%g,;
El‘-xj = 5“Bgikf,,],€jdaum
bij = 8P gLk dqu™dgu”

m

fi = g FF,

where greek indices denote coordinates on Q2 C R4, 1atin indices denote coordinates
on M, and we sum over repeated indices. We can check that if U € L*>(Q,u"'TM),

andu € Wlé’q with ¢ > max{2,d}, we have for the coefficients
b; € L

g
b,‘jELZ,
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fi€ L2

This means that one can apply standard theory for linear systems of elliptic equa-
tions (see, e.g., [LU68]) to obtain an estimate of the form

IWllw22(0 gy < ClIF |2,

where W is the coordinate vector for W. If u € W>?(Q, M), with b as in Lemma(3.14}
we can then estimate the covariant norm by the coordinate one and obtain

||W||W2~2(_Q,u*1TM) < C||F||L2'

While this procedure is a straightforward application of standard theory it does not
fit with the general spirit of this work to use intrinsic concepts. Thus we will include
a direct proof for interior H-regularity for problems of the type (B-1).

We will follow the proof in [Eva98] for linear elliptic equations.

Theorem B.1. Let u € Wi (Q,M) with ¢ > 2max{2,d}. Let F € L*(Q,u™'TM),

and let W € W'2(Q,u='TM) solve (B.I). Then for each subset Q' € Q we have
IW lw22@ratrany < o1 (IF 2@ + IW lizauiran)

where C31 depends on M, ', Q and K.

Proof. First note that by setting V = W in (B.I)), we can directly estimate

2
Wl i2@u-1ray < 1Fl2@um 1o IW 2@ 1ra)

and thus

1
IWlwe@raimn < 5 (IFlz@ucirmn + W@ ) B2)

To obtain estimates for the second covariant derivatives, we introduce the covariant
difference quotient for a vector field V along u

1 u
DEV(x) = - (nu(x+£eaw(x>\/(x+sea) —V(x)) ,

where 7/, . denotes the parallel transport along the curve 7 — u(x+1t(y —x)),

—u(y
and x and € are such that x,x+ €eq € Q. The expression D%, behaves like a difference

quotient in the sense that

lim DV (x) = VoV (x),

=0

if the limit exists.
We can estimate for V € WH2(Q,u~'TM)
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! 2 2
£
Y /Q IDLVI* dx < ClIVVIIZ2 g 1rmy (B.3)
a=1

for Q' € 2, and & < §dist(Q, Q).
Let Q' € Q" € 2, and let & be a smooth cut-off function with

1 on Q'
p— <
§ {O on RN\Q" 0<g<l

We set
V(x) = —Dg* (§°DEW ().

Then V € Wy * (2,4~ ' TM). Inserting V into (B-I), we obtain

- ): / (VW (). VgD (E2D5W () dx = [ (DG (E2DEW (x)),F (1) .
(B.4)
We define an approximate Riemannian curvature tensor by
Rm® (d%u,dPu,X,Y) = (R€(d%u,dPu)X,Y) = (DEVEX,Y) — (VgDEX,Y)

and remark that
/Q<Dgx,y> dx— —/Q<X,D;SY> dx

if either X or Y has compact support.
We can rewrite (B.4) to
Loy 2
— Z /Q (VW (x),VgD,* (E°DGW (x))) dx
d , d
Z/ (VDEW (x), E2VDEW (x)) dx+ Z/Q<ngﬁw@),z.§ dPEDEW () dx
B=1 B=1
+ Z / Rmfe(dau,dﬁu,ézDzW(x),VﬁW(x)) dx
—17€
d
+Y Aszs(dau,dBu,W,§2VﬁDaW) dx,

and thus obtain
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M=

/_Q (VEDEW (x),E*VgDEW (x)) dx

B=1
:/Q<D E(E2DEW (x)) dx—Z/ VpDEW (x),28 aPE DEW ()> dx
d
- Z/Rm’g(dau,dﬁu,ézDaW(x),VﬁW(x)) dx
p=17
d
_ Z/QRmf(d“u,dﬁu,WgZVﬁDgW) dx
d
- Z/QRmS(d“u,dﬁu,W,zé dPE DEW (x)) dx.
Note that

Dgf (&Y (x)) = E(x)DG Y (x) + (§ (x — €ea) + & (1)) DG 8 (x) Ty, _gpsuiY (¥)-

Hence, we can estimate
): NASIEATCIRE
. 5 d .
< [ B OEWW)IFW] dx+C Y [ EIVEDEW W] [1D5W ()] d
. L.
< 2
+ Y [ ERm e a%ul [dPul [D5W (o)l [VpW ()] dx
B=1
d 2
+ Y [ &R | aul] [dPu] W] [VDEW]| d
B=1
d
£ % [ iR %l [aPul W] 1D5W (5] d
p=1

Under the assumptions of the theorem, we can estimate use Holder’s and Young’s
inequalities to absorb the higher derivatives into the left hand side
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d
Y [ IvpDiw ()P ax
p=1

d
<cy (nFnizm,ulmwvwizm,ulmﬁnwm )
B=1 L4 (Qu~'TM)
d 2 2
<CY (IF12 1 +IW Bz iran))
B=1

Summing over & and using the W!-2-estimate (B-2) for W yields the assertion. [






References

AGSO06.

Alo97.

Bar05.

Bar10.

BBIO1.

BBNVO03.

BFO1.

BPO7.

Bra07.

CDY92.

CF97.

CG89.

Chi07.

Cia78.
CS89.

DDEOS.

DEO07.

DEI2.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows in metric spaces
and in the space of probability measures. Springer, 2006.

Francois Alouges. A new algorithm for computing liquid crystal stable configurations:
the harmonic mapping case. SIAM J. Numer. Anal., 34(5):1708-1726, 1997.

Soren Bartels. Stability and convergence of finite-element approximation schemes for
harmonic maps. SIAM J. Numer. Anal., 43(1):220-238, 2005.

Soren Bartels. Numerical analysis of a finite element scheme for the approximation of
harmonic maps into surfaces. Math. Comput., 79(271):1263-1301, 2010.

Dmitri Burago, Yuri Burago, and Sergei Ivanov. A course in metric geometry, vol-
ume 33. American Mathematical Society Providence, 2001.

Jiirgen Berndt, Eric Boeckx, Péter T. Nagy, and Lieven Vanhecke. Geodesics on the
unit tangent bundle. P. Roy. Soc. Edinb. A, 133(06):1209-1229, 2003.

Samuel R. Buss and Jay P. Fillmore. Spherical averages and applications to spherical
splines and interpolation. ACM T. Graphic., 20:95-126, 2001.

Soren Bartels and Andreas Prohl. Constraint preserving implicit finite element dis-
cretization of harmonic map flow into spheres. Math. Comput., 76(260):1847-1859,
2007.

Dietrich Braess. Finite Elemente: Theorie, Schnelle Loser und Anwendungen in der
Elastizitdtstheorie. Springer, 2007.

Kung-Ching Chang, Wei Yue Ding, and Rugang Ye. Finite-time blow-up of the heat
flow of harmonic maps from surfaces. J. Differ. Geom., 36(2):507-515, 1992.

Biagio Casciaro and Mauro Francaviglia. A new variational characterization of Jacobi
fields along geodesics. Ann. Mat. Pur. Appl., 172(4):219-228, 1997.

Jean-Michel Coron and Jean-Michel Ghidaglia. Explosion en temps fini pour le flot
des applications harmoniques. C.R. Acad. Sc. Paris, 308:339-344, 1989.

David Chiron. On the definitions of Sobolev and BV spaces into singular spaces and
the trace problem. Commun. Contemp. Math., 9(04):473-513, 2007.

Philippe G. Ciarlet. The finite element method for elliptic problems. Elsevier, 1978.
Yunmei Chen and Michael Struwe. Existence and partial regularity results for the heat
flow for harmonic maps. Math. Z., 201(1):83-103, 1989.

Klaus Deckelnick, Gerhard Dziuk, and Charles M. Elliott. Computation of geometric
partial differential equations and mean curvature flow. Acta Numerica, 14:139-232,
2005.

Gerhard Dziuk and Charles M. Elliott. Finite elements on evolving surfaces. IMA J.
Numer: Anal., 27(2):262-292, 2007.

Gerhard Dziuk and Charles M. Elliott. A fully discrete evolving surface finite element
method. SIAM J. Numer. Anal., 50(5):2677-2694, 2012.

121



122

DE13.
DR&0.
EL78.
ELSS.
ES64.

Eva98.
GHS14.

Gro93.
Grol3a.
Gro13b.

Haj09.

Ham75.

Har67.
HéI02.

HWO0S.
Jos94.

Jos08.
Kar77.

KS93.

KS97.

LL89.
LU6S.

MNWI11.

Moa02.
MTW73.
Miin07.

MWNO09.

References

Gerhard Dziuk and Charles Elliott. 1.2-estimates for the evolving surface finite element
method. Math. Comput., 82(281):1-24, 2013.

Manfred Dobrowolski and Rolf Rannacher. Finite element methods for nonlinear el-
liptic systems of second order. Math. Nachr., 94:155-172, 1980.

James Eels and Luc Lemaire. A report on harmonic maps. B. Lond. Math. Soc.,
10(1):1-68, 1978.

James Eels and Luc Lemaire. Another report on harmonic maps. B. Lond. Math. Soc.,
20(1):385-524, 1988.

James Eels and Joseph H. Sampson. Harmonic mappings of riemannian manifolds.
Amer. J. Math., 86:109-160, 1964.

Lawrence C. Evans. Partial Differential Equations. AMS, 1998.

Philipp Grohs, Hanne Hardering, and Oliver Sander. Optimal a priori discretization
error bounds for geodesic finite elements. Found. Comput. Math., pages 1-55, 2014.
Joseph F. Grotowski. Finite time blow-up for the harmonic map heat flow. Calc. Var.
Partial Dif., 1(2):231-236, 1993.

Philipp Grohs. Geometric multiscale decompositions of dynamic low-rank matrices.
Comput. Aided Geom. D., 30:805-826, 2013.

Philipp Grohs. Quasi-interpolation in Riemannian manifolds. IMA J. Numer. Anal.,
33(3):849-874, 2013.

Piotr Hajtasz. Sobolev mappings between manifolds and metric spaces. In Sobolev
Spaces In Mathematics I, volume 8 of International Mathematical Series, pages 185—
222. Springer New York, 2009.

Richard S. Hamilton. Harmonic maps of manifolds with boundary, volume 471.
Springer, 1975.

Philip Hartman. On homotopic harmonic maps. Canad. J. Math., 19:673-687, 1967.
Frédéric Hélein. Harmonic Maps, Conservation Laws and Moving Frames. Cambridge
University Press, second edition, 2002.

Frédéric Hélein and John C. Wood. Harmonic maps. In Handbook of global analysis,
pages 417—491. Elsevier, 2008.

Jiirgen Jost. Equilibrium maps between metric spaces. Calc. Var. Partial Dif., 2(2):173—
204, 1994.

Jiirgen Jost. Riemannian geometry and geometric analysis. Springer, 2008.

Hermann Karcher. Mollifier smoothing and Riemannian center of mass. Commun. Pur.
Appl. Math., 30:509-541, 1977.

Nicholas J. Korevaar and Richard M. Schoen. Sobolev spaces and harmonic maps for
metric space targets. Commun. Anal. Geom., 1(4):561-659, 1993.

Oldfich Kowalski and Masami Sekizawa. Natural transformations of Riemannian met-
rics on manifolds to metrics on tangent bundles — a classification —. Bull. Tokyo Gakugei
Univ., 40:1-29, 1997.

San-Yih Lin and Mitchell Luskin. Relaxation methods for liquid crystal problems.
SIAM J. Numer. Anal., 26(6):1310-1324, 1989.

Olga A. Ladyzhenskaya and Nina N. Ural’tseva. Linear and Quasilinear Elliptic Equa-
tions. AP, 1968.

Ingo Miinch, Patrizio Neff, and Werner Wagner. Transversely isotropic material: non-
linear Cosserat versus classical approach. Continuum Mech. Therm., 23(1):27-34,
2011.

Maher Moakher. Means and averaging in the group of rotations. SIAM J. Matrix Anal.
Appl., 24(1):1-16, 2002.

Charles W. Misner, Kip S. Thorne, and John A. Wheeler. Gravitation. W. H. Freeman,
1973.

Ingo Miinch. Ein geometrisch und materiell nichtlineares Cosserat-Model — Theorie,
Numerik und Anwendungsmaoglichkeiten. PhD thesis, Universitit Karlsruhe, 2007.
Ingo Miinch, Werner Wagner, and Patrizio Neff. Theory and FE-analysis for structures
with large deformation under magnetic loading. Comput. Mech., 44(1):93-102, 2009.



References 123

Nas56. John Nash. The imbedding problem for Riemannian manifolds. Ann. Math., 63(1):20—
63, 1956.

Pal68. Richard S. Palais. Foundations of global non-linear analysis. Benjamin, 1968.

PFAO06. Xavier Pennec, Pierre Fillard, and Nicholas Ayache. A Riemannian framework for
tensor computing. Int. J. Comput. Vision, 66(1):41-66, 2006.

San10. Oliver Sander. Geodesic finite elements for Cosserat rods. Int. J. Num. Meth. Eng.,
82(13):1645-1670, 2010.
Sanl2. Oliver Sander. Geodesic finite elements on simplicial grids. Int. J. Num. Meth. Eng.,

92(12):999-1025, 2012.

Sanl3. Oliver Sander. Geodesic finite elements of higher order. IGPM Preprint 356, RWTH
Aachen, 2013.

SFR90.  Juan C. Simo, David D. Fox, and Mustapha S. Rifai. On a stress resultant geometrically
exact shell model. Part III: Computational aspects of the nonlinear theory. Comput.
Methods Appl. Mech. Engrg., 79(1):21-70, 1990.

SNB14.  Oliver Sander, Patrizio Neff, and Mircea Birsan. Numerical treatment of a geometri-
cally nonlinear planar Cosserat shell model. arXiv: 1412.3668, 2014.

Str72. Gilbert Strang. Variational crimes in the finite element method. In The mathemat-
ical foundations of the finite element method with applications to partial differential
equations, pages 689-710. Univ. Maryland, Academic Press, New York, 1972.

Str85. Michael Struwe. On the evolution of harmonic mappings of Riemannian surfaces.
Comment. Math. Helv., 60(1):558-581, 1985.

SU83. Richard Schoen and Karen Uhlenbeck. Boundary regularity and the Dirichlet problem
for harmonic maps. J. Differ. Geom., 18:253-268, 1983.

SVQ86. Juan C. Simo and Loc Vu-Quoc. A three-dimensional finite-strain rod model. Part II:
Computational aspects. Comput. Methods Appl. Mech. Engrg., 58(1):79-116, 1986.

vD13. Stefan W. von Deylen. Numerical Approximation in Riemannian Manifolds by Karcher
Means. PhD thesis, Freie Universitit Berlin, 2013.

WG93.  Peter Wriggers and Friedrich Gruttmann. Thin shells with finite rotations formulated in
Biot stresses: Theory and finite element formulation. Int. J. Num. Meth. Eng., 36:2049—
2071, 1993.



	Introduction
	Sobolev Spaces with Riemannian Manifold Targets
	Different Definitions
	Sobolev Spaces with Metric Space Targets
	Sobolev Spaces with Riemannian Manifold Targets
	Traces of Sobolev Maps
	Smoothness Descriptors

	Distances
	Lp-Distances for Manifold Targets
	Metrics on the Tangent Bundle TM
	Sobolev Distances for Manifold Targets

	Scaling Properties

	Geodesic Finite Elements and Approximation Error Estimates
	Definition and General Properties
	Inverse Estimates

	Interpolation Error Estimates
	A Bramble-Hilbert Lemma for Geodesic Finite Elements
	Interpolation Error Estimates for Geodesic Finite Elements
	Vector Field Approximation


	Discretization Error Bounds for W1,2-Elliptic Problems of Second Order
	W1,2-Discretization Error Estimates
	L2-Discretization Error Estimates

	L2-Gradient Flows for W1,2-Elliptic Energies
	Gradient Flow in Metric Spaces
	Time Discretization
	Space Discretization
	Discretization Error Estimate

	Example: Harmonic Maps
	W1,2-Discretization Error Bounds
	L2-Discretization Error Bounds
	Heat Flow

	Appendices
	Estimates for the Exponential Map
	A Linear System of Elliptic Equations
	References

