Appendix C

Geometric Graphs

We will be dealing primarily with cylindrical graphs, but first we must define
precisely what we mean by that. There are at least two ways to deal look
at this concept, each with their advantages. An alternate method is covered
in Appendix D. The method we shall be employing takes a more geometric
point of view, where we shall be defining a graph in terms of ‘reference
slices’. A similar derivation to ours may be found in [5].

C.1 Local Graphs

First, suppose that we have a function o : Q — R such that Vo # 0,Vx € Q,
where V is the gradient on R"*! and Q ¢ R"*! is some open set. Now, let
M; be a surface evolving by mean curvature flow, that is

dx
i <
7 (%)

where x is the position vector on M; and H is the mean curvature vector at
X.
Let us define the reference slices, with which we shall be comparing M.

Definition C.1 (Reference Slices). Let o be a function with non-vanishing
gradient in an open set Q C R™! and let £ be some fixed vector in R**1,
then denoting o¢(x) = o(x—§), we define the reference slice M} (&) centered
at € by

MJ(€) ={xe R"™ i oe(x) =p}, p>0 (C.1)

Now, on {2, since ¢ has non-vanishing gradient, we may define the unit
normal wg on M (§) by

we(x) = Be(x)Voe(x) (C.2)

where B¢ = [Vog(x)| ™t
We shall also define the gradient function v¢ (relative to &) on M; N
by

7
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Definition C.2 (Gradient Function).
ve(x,t) = (v,we) ™', x€MNQ (C.3)

The gradient function holds the essence of what to us will signify a graph.
We shall say that M; N Q is a local graph over M} (§) if ve(x,t) < oo for
all x € M; N Q. In other words, the normal vectors of M} (§) and M; are
nowhere perpendicular.

Thus, we are ready to define a local graph:

Definition C.3 (Local Graph). If for every xo € M; there exists a vector
£ € R"! and an open neighborhood © C R™*! of x( such that

Be <oo, x€
vg <oo, x€QNM,

then we say that M, is a local graph (with respect to the reference slicing
M7 (§)). Furthermore, if we may choose £ independent of xp, then we call
M, an entire graph (in which case we may extend 2 to cover all of M;).

It is not immediately clear whether an entire graph will, under evolution
by (MCF), remain an entire graph for all future times. In fact, it is not even
clear whether a local graph will remain a local graph. It could degenerate
to a local entire graph, or worse.

Another quantity that will be interesting for us will be the ‘height’ of M,.
We define the height function ug (relative to &) on M; N by the restriction
of o to My N2, that is

Definition C.4 (Height Function).
ug(x,t) = 0g(x), xe€ M NN (C4)

We return now to our question of whether we may express M; as a local
graph over My (§) if it was initially one. To answer this, we are going to
need to derive the evolution equations of the quantities ug and vg.

C.2 Evolution Equations

Let us now compute these equations, noticing that we may for simplicity
without any loss of generality assume that on the neighbourhood €2 that we
are working on, set € = 0. Thus, we denote oy = o, Gy = B, up = u and
Vg = V.

We define the tangential gradient V on M; as the projection of the
gradient on R"*! onto the tangent space of M;. Thus we compute for v the
identity
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5" <°E> )

and thus the Laplacian of u is given by
Au = divy, Vu

1. =
= —wdlthI/-FleMt Vo (C.6)

1 —
=3 (H,w) + divy, Vo

Now, since divgn+1 X = divyn X + (VoX,w), and also divgat:r X =
divy, X + <V,,X,u> for X a vector-field defined ambiently on R™*!, we
have

divy, X = divyn X + (Vo X, w) — (V, X, V) (C.7)

and so, we compute

divyy, Vo = divym Vo + <VwVU, w> — <V,,ﬁa, 1/>

1 1 1 Lo
= B divym w — @w(ﬁ) + TﬁQV(/B) - B <VV“"’V> (C.8)

1

5 [Haag = Vu(B) x|

where x = <vyw, 1/> and H My 1s the mean curvature at x of M.
Finally, we compute the time derivative of u, finding where X = H

du

TR
= <va, X> (C.9)
- 5 (o)

and thus we have

Proposition C.5. The evolution equation of the height function on My N
18
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Height estimates are going to be very important to us in this study, giving
decay and growth bounds, and many will come from maximum principle type
arguments on this equation. We will also require estimates on the gradient
function, since it is one of our aims to show that the surfaces under (MCF)
actually do remain graphs over the cylinder.

Proposition C.6. The gradient function v on M;N$Q) satisfies the evolution
equation

d
(dt —A> v=—|APv — 207 Vo2 + v*(Hx — w(H)) (C.11)
Proof. Again, we proceed similarly to [3], and calculate where X = H
d
d—: =X (v,w)!
= 02 [(Vxv,w) + (v, Vxw)] (C.12)

= —v*(VH,w) + Hv*x
Now, computing the Laplacian,
Av = —0?A (v, w) 4 207 Vo ? (C.13)

Focusing on the first term, using normal coordinates and the fact that
[w,Ti] =0 (see Appendix B) we calculate
A{v,w) =11 (V,w)
=T (<§.,-Z.V,w> + <V,§Tiw>)
= <ﬁ7iﬁnl/, w> +2 <vnu,ﬁnw> + <u,§7i§ﬂ.w>
= (Av,w) + 2 {7k, Vrw) + (¥, Vo Ve, i) by GW(i)
= <VH — |A|2V,w> + 2hg <Tk,§w'ri> by Proposition A.7
+ <V,§w <*hiiV + (WTZ.T@-)T)> and GW(II)
= (VH,w) — [APv™" + hirw(gin)
— hii (v, V) —w(hi) (v,v) + <u,ﬁw (WTZ.TZ-)T>
= (VH,w) — [APv™" — hipw(g") — g™ w(hir)
= (VH,w) — |APv™! — w(H)
(C.14)

since in normal coordinates <u,ﬁw (VTiTi)T> vanishes.

We note here that w(H) measures the rate of change of mean curvature
as we deform M, in the direction of w. Later, in the case of cylindrical
graphs, we shall calculate w(H) explicitly. O



