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Abstract

The inefficiency of using an unbiased estimator in a Monte Carlo procedure can be quan-
tified using an inefficiency constant, equal to the product of the variance of the estimator
and its mean computational cost. We develop methods for obtaining the parameters of the
importance sampling (IS) change of measure via single- and multi-stage minimization of
well-known estimators of cross-entropy and the mean square of the IS estimator, as well as of
new estimators of such a mean square and inefficiency constant. We prove the convergence
and asymptotic properties of the minimization results in our methods. We show that if a
zero-variance IS parameter exists, then, under appropriate assumptions, minimization results
of the new estimators converge to such a parameter at a faster rate than such results of the well-
known estimators, and a positive definite asymptotic covariance matrix of the minimization
results of the cross-entropy estimators is four times such a matrix for the well-known mean
square estimators. We introduce criteria for comparing the asymptotic efficiency of stochastic
optimization methods, applicable to the minimization methods of estimators considered in
this work. In our numerical experiments for computing expectations of functionals of an Euler
scheme, the minimization of the new estimators led to the lowest inefficiency constants and
variances of the IS estimators, followed by the minimization of the well-known mean square
estimators, and the cross-entropy ones.

Key words: adaptive importance sampling, stochastic counterpart method, Monte Carlo
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|§ Introduction

In this work we consider the problem of estimating an expectation of the form Eq, (£), where
Q) is a probability and Z is a Q; -integrable random variable. Such expectations are of interest
in a variety of fields. For instance, they arise as prices of derivatives in mathematical finance
[19], as committors in molecular dynamics [26, 42, 3], and as probabilities of buffer overflow
in telecommunications, system failure in dependability modelling, or ruin in insurance risk
modelling [5]. The Monte Carlo (MC) method relies on approximating such an expectation
using an average of independent replicates of Z under Q;. The inefficiency of the MC method
can be quantified using an inefficiency constant, also known as a work-normalized variance
[23, 20, 45, 6, 7]. We discuss such constants and their interpretations in more detail in Chapter
2. Efficiency improvement techniques (EITs) (the term having been proposed in [23]) try to
improve the efficiency of the estimation of the expectation of interest over the crude MC as
above, e.g. by using some MC method with a lower inefficiency constant. Popular statistical
EITs include control variates, importance sampling (IS), antithetic variables, and stratified
sampling; see e.g. [5, 20]. Control variates method relies on generating in an MC method
replicates of a control variates estimator, equal to the sum of Z and a Q; -zero-mean random
variable, called a control variate [5, 22]. In importance sampling (IS), for a probability Q,, called
an IS distribution, and a random variable L such that Eg, (ZL) = Eq, (£), called an IS density,
one computes in an MC method replicates of the IS estimator ZL, under Q,. IS has found
numerous applications among others to the computation of the expectations mentioned
above and is a useful tool for rare-event simulation [21, 5, 56, 10, 30, 37]. Adaptive EITs use
the information from the random drawings available to make the estimation method more
efficient, e.g. by tuning some parameter of the method from some set A c R’ For instance,
in adaptive control variates one typically tunes the parameter in some parametrization of
the control variates, while in IS — in some parametrizations b — Q(b) of the IS distributions
and b — L(b) of the IS densities. Adaptive IS and control variates can have a two-stage form,
in the first stage of which an adaptive parameter as above is obtained and in the second a
separate IS or control variates MC procedure is performed using this parameter. Typically in
the literature adaptive control variates and IS have attempted to find a parameter optimizing
(i.e. minimizing or maximizing) some function f : A — R. Frequently, such a function was
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the variance or equivalently the mean square of the adaptive estimator and it was minimized;
see e.g. 46, 30, 4, 37, 35] for adaptive IS and [22, 40, 32] for control variates. We say that two
functions f;, i = 1,2, are positively (negatively) linearly equivalent, if fj = af, + b for some
linear proportionality constant a € (0,00) (a € (—o0,0)) and b € R. In a number of adaptive IS
approaches it was proposed to maximize a certain function negatively linearly equivalent to
the cross-entropy distance (also known as Kullback-Leibrer divergence) of the zero variance IS
distribution (if it exists) from the IS distribution considered [47, 48, 43].

We define cross-entropy to be a certain function of the IS parameter, positively linearly equiva-
lent to the cross-entropy distance of the zero-variance IS distribution from the IS distribution
considered, even though this name is sometimes used in the literature as a synonym of the
cross-entropy distance [47, 14]. In addition to minimizing the mean square and such a cross-
entropy, in this work we also minimize inefficiency constant. To our knowledge, it is the first
time when inefficiency constant is being minimized for adaptive MC. One reason why many
previous works focused on the minimization of variance rather than inefficiency constant
may be that for some problems considered in these works the mean computation cost was
approximately constant in the function of the adaptive parameter and thus the inefficiency
constant and variance were approximately proportional. For instance, this is typically the case
in parametric adaptive control variates and in parametric IS for many problems of derivative
pricing in computational finance [19, 30, 37]. However, in numerous current and potential ap-
plications of IS in which the computation of a replicate of the IS estimator involves simulating
a stochastic process until a random time, the mean cost typically depends on the IS parameter
and the minimization of the variance and the inefficiency constant is no longer equivalent.
This is for instance typically the case when performing IS for pricing knock-out barrier options
in computational finance [19, 30]. Further examples are provided by the molecular dynamics
applications in which one is interested in computing expectations of various functionals of
discretizations of diffusions considered until their exit time of some set; see e.g. [56, 16] and
our numerical experiments. See also [21] and references therein for some examples from
queueing theory and dependability modelling.

Two types of stochastic optimization methods have typically been used in the literature for
optimizing some functions f as above. Methods of the first type are stochastic approximation
algorithms. These are multi-stage stochastic optimization methods using stochastic gradi-
ent descent, in which estimates of the values of gradients of such f are computed in each
stage. See e.g. [32] for an application of such methods to variance minimization in adaptive
control variates and [4, 37, 35] in adaptive IS. One problem with such methods is that their
practical performance heavily depends on the choice of step sizes, and some heuristic tuning
of them may be needed to achieve a reasonable performance [32]. Stochastic optimization
methods of the second type rely, in their simplest form, on the optimization of b — f(b, w)
for an appropriate random function f: A x Q — R (where (Q, %, ) is the default probability
space and w € Q is an elementary event). The function fcan be thought of as an estimator or a
stochastic counterpart of f, and thus the methods from this class have been called stochastic
counterpart methods, alternative names including sample path and sample average approx-



imation methods [28, 32, 34, 53]. See Chapter 6, Section 9, in [53] for a historical review of
such methods, related to M-estimation and in particular maximum likelihood estimation in
statistics [55]. The most well-known example of an application of the stochastic counterpart
method to efficiency improvement are linearly parametrized control variates [5, 22, 40], in
which to obtain the control variates parameter one minimizes the sample variance of the
control variates estimator by solving a certain system of linear equations. See [46, 47, 48, 30]
for applications of the stochastic counterpart method to adaptive IS and [32] for an application
to nonlinearly parametrized control variates. In some works on adaptive IS it was proposed to
perform a multi-stage stochastic counterpart method (as opposed to the single-stage one as
above), in which the optimization result from a given stage is used to construct the estimator
optimized in the subsequent stage [46, 48]. As discussed heuristically in Section 2 in [46], such
an approach may be better than the single-stage one because the asymptotic distribution of
the optimization results of the estimators from its final stage may be less spread than when
using some default estimators in the single-stage case.

In this work we investigate single- and multi-stage stochastic counterpart methods minimizing
some well-known estimators of mean square [46, 30] and cross-entropy [47, 48], as well as
newly proposed estimators of mean square and inefficiency constant. In our theoretical
analysis we focus on the parametrizations of IS obtained via exponential change of measure
(ECM) and via linearly parametrized exponential tilting for Gaussian stopped sequences
(LETGS). Using IS in some special cases of the ECM and LETGS settings has been demonstrated
to lead to significant variance reductions e.g. in rare event simulation [10, 5] and when pricing
options in computational finance [30, 37]. We provide sufficient and in some cases also
necessary assumptions under which there exist unique minimum points of the cross-entropy
and mean square as well as of their estimators in the ECM and LETGS settings and we give
some sufficient conditions for these assumptions to hold in the Euler scheme case. It is well
known that for some important parametrizations of IS the minimum points of the cross-
entropy estimators can be found exactly, which makes these estimators more convenient to
minimize than the well-known mean square estimators, for the minimization of which one
typically uses some iterative methods. This is for instance the case in some special cases of the
ECM setting, in IS for finite support distributions (see examples 3.5 and 3.6 in [48]), and when
using the Girsanov transformation with a linear parametrization of IS drifts for diffusions [56].
We show that this is also the case in the LETGS setting.

An important contribution of this work is the definition of versions of single- and multi-stage
minimization methods of the above estimators in the ECM and LETGS settings whose results
enjoy appropriate strong convergence and asymptotic properties in the limit of the increasing
budget of the single-stage minimization or the increasing number of stages of the multi-
stage minimization. To ensure such properties of the multi-stage methods we use increasing
numbers of simulations in the consecutive stages and projections of the minimization results
onto some bounded sets. Furthermore, in the proofs we apply a new multi-stage strong law of
large numbers. For the cross-entropy estimators we consider their exact minimization utilising
formulas for their minimum points, and we prove the a.s. convergence of their minimization
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results to the unique minimum point of cross-entropy. We show that the well-known mean
square estimators in both settings and the new mean square estimators in the ECM setting are
convex and we prove the a.s. convergence of the results of their minimization with gradient-
based stopping criteria to the unique minimum point of mean square. For the new mean
square estimators in the LETGS setting and the ones of the inefficiency constant in the ECM
setting for a constant computation cost, we prove the a.s. convergence of their minimization
results to the unique minimum point of the mean square when using the following two-phase
minimization procedure. In its first phase some convex estimator of the mean square as above
can be minimized, and then, using its minimization result as a starting point, one can carry out
a constrained minimization of the considered estimator or an unconstrained minimization
but of an appropriately modified such estimator. For the inefficiency constant estimators
in the LETGS setting we propose a more complicated three-phase minimization procedure
with gradient-based stopping criteria, the first phase of which can be as above. We prove the
convergence of the minimization results in such a procedure to the set of the first-order critical
points of the inefficiency constant which have not higher values of the inefficiency constant
than in the minimum point of the variance, or even by at least some positive constant lower
such values if the gradient of the inefficiency constant in the minimum point of the variance
does not vanish.

Using the theory of the asymptotic behaviour of minimization results of random functions
from [51], we develop such a theory for the minimization results of such functions when
using gradient-based stopping criteria. We use it for proving the asymptotic properties of the
single- and multi-stage minimization methods of the estimators as above. To our knowledge,
previously in the literature only the strong convergence and asymptotic properties of the
single-stage minimization of the well-known mean square estimators were proved in [30],
but only in the limit of the increasing number of simulations, in the ECM setting for normal
random vectors, under stronger integrability assumptions than in our work, and using exact
minimization which cannot be implemented in practice as opposed to the minimization with
gradient-based stopping criteria considered in this work.

Another important contribution of this work is the definition of the first- and second-order
criteria for comparing the asymptotic efficiency of certain stochastic optimization methods
for the minimization of a given function. A method more efficient in the first-order sense
leads to lower values of the minimized function in the minimization results by at least a
fixed positive constant with probability going to one as the budget of the method increases.
The second-order asymptotic efficiency of the minimization methods in which such values
converge in probability to the same constant can be quantified using some parameters, like the
means, of some second-order asymptotic distributions of such values around such a constant.
We apply such criteria to comparing the asymptotic efficiency of the single- and multi-stage
minimization methods of the estimators discussed above. For these methods, the means of
the distributions as above can be potentially estimated and adaptively minimized.

We show that if Q; (Z # 0) > 0 then there exists a unique IS distribution leading to the lowest



variance of the IS estimator, which we call the optimal-variance one. If additionally Z = 0,
Q1 a.s., then the optimal-variance IS distribution leads to a zero-variance IS estimator. IS
parameters leading to such distributions are called optimal-variance or zero-variance ones
respectively. We show that if there exists an optimal-variance IS parameter for the new mean
square estimators or a zero-variance one for the inefficiency constant estimators, then under
appropriate assumptions a.s. the minimization results of the exact single- and multi-stage
minimization of such estimators are equal to such respective parameters for a sufficiently large
simulation budget used. Furthermore, for the single- or multi-stage minimization of these
estimators with gradient-based stopping criteria we can have a faster rate of convergence of
the minimization results to such parameters than for the well-known estimators. We also show
that if there exists a zero-variance IS parameter, then, under appropriate assumptions, the
asymptotic covariance matrix of the minimization results of the cross-entropy estimators is
positive definite and is four times such a matrix for the well-known mean square estimators.

We provide an analytical example in which all possible relations between the asymptotic
variances (i.e. equalities and both strict inequalities) of the minimization results of different
types of estimators converging to the same point are achieved for different parameters of the
example, except that using the cross-entropy estimators always leads to not lower asymptotic
variance than using the well-known mean square estimators.

In our numerical experiments we consider an Euler scheme discretization of a diffusion in a
potential. We address the problem of estimating the moment-generating function (MGF) of
the exit time of such an Euler scheme of a domain, the probability to exit it by a fixed time,
and the probabilities to leave it through given parts of the boundary, called committors. Such
quantities are of interest e.g. in molecular dynamics applications; see [17, 27, 56, 26, 42, 3].
We use IS in the LETGS setting, for which under the IS distribution we receive again an Euler
scheme but this time with an additional drift depending on the IS parameter, called an IS drift.
For the estimation of the above quantities we use a two-stage method as discussed above, in
the first stage of which to obtain the IS parameter we use simple multi-stage minimization of
various estimators. In our numerical experiments, the minimization of the new estimators of
inefficiency constant and mean square led to the lowest variances and inefficiency constants
of the IS estimators, followed by the minimization of the well-known mean square estimators,
and of the cross-entropy ones. In one case, the minimization of the inefficiency constant
estimators outperformed the minimization of the new mean square estimators by arriving at
a lower mean cost and a higher variance but so that their product, equal to the inefficiency
constant, was lower. The variances and inefficiency constants of the adaptive IS estimators in
our experiments strongly depended on the parametrization of the IS drifts used and could be
reduced by adding appropriate positive constants to the variables Z as above. For a committor
we also performed experiments comparing the spread of the IS drifts obtained from single-
stage minimization, which yielded results qualitatively and quantitatively close to the case
when a zero-variance IS parameter exists as discussed above. We provide some intuitions
supporting the observed results.






A Monte Carlo method and inefficiency
constant

Let us further in this work denote N, = {p, p +1,...}, N =N, N} =Ny, and R, = (0,00). For a
set A€ B([R!) for some [ € N,,or Ae B(R) (where % (B) is the Borel ¢-field on B), the default
measurable space which we shall consider on it is (A4, 2(A)), further denoted simply as .#(A).
Consider a probability Q; on a measurable space A = (Q1,%#)) and let Z be an R-valued
random variable on % (i.e. a measurable function from .#; to .#(R)), such that Eq, (| Z]) < oo.
We are interested in the estimation of a := Eqg, (Z). The above defined quantities shall be
frequently used further in this work. In the Monte Carlo (MC) method, for some n € N,
one approximates a using an MC average &, := % Y | Z; ofindependent random variables
Zi, 1=1,...n, each having the same distribution as Z under @, shortly called independent
replicates of Z under Q. Variance of &, measures its mean squared error of approximation of
@, and for var := Varg, (Z) we have Var(@,) = %

When performing an MC procedure on a computer it is often the case that there exists a
nonnegative random variable C on .%; such that for generated independent replicates (Z;, C;),
i=1,...n, of (Z,C) under Q,, C; are typically approximately equal to some practical costs,
like computation times, needed to generate Z;. We call such C a practical cost variable (of
an MC step). Often we have C = pC for some p € R, which may be different for different
computers and implementations (shortly, for different practical realizations) considered and a
random variable C on #, called a theoretical cost (of an MC step), which is common for these
practical realizations. In case when the practical costs of generating Z; are approximately
constant, one can take C = 1. Arandom C can be e.g. the internal duration time of a stochastic
process from which Z is computed, like its hitting time of some set. For instance, when pricing
knock-out barrier options in computational finance using the MC method [19, 30] as such C
one can typically take the minimum of the hitting time of the asset of the barrier and the expiry
date of the option. We define a mean theoretical cost ¢ = Eq, (C) and a theoretical inefficiency
constant ic = cvar (whenever this product makes sense, i.e. when we do not multiply zero by
infinity in it), and the practical ones ¢ = Eg, (C) = pc and ic = ¢var = p-ic. For ¢ and var finite,
practical inefficiency constants are reasonable measures of the inefficiency of MC procedures
as above, i.e. higher such constants imply lower efficiency. The name inefficiency constant
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was coined in [6, 7], while in some other works such a constant was called a work-normalized
variance [45]. However, the idea of using a reciprocal of a practical inefficiency constant to
quantify the efficiency of MC methods was conceived much earlier, see [23] for a historical
review. Glynn and Whitt [23] proposed more general criteria for quantifying the asymptotic
efficiency of simulation estimators using asymptotic efficiency rates and values and the above
practical inefficiency constant is equal to the reciprocal of their efficiency value in the special
case of an MC method, in which the efficiency rate equals % See [20], Section 10 of Chapter 3
in [5], or Section 1.1.3 in [19] for accessible descriptions of their approach in the special case
of MC methods.

Further on in this chapter we provide some interpretations of inefficiency constants, both
from the literature and new ones, justifying their utility for quantifying the inefficiency of MC
procedures. The theorems introduced in the process will be frequently used further on in
this work. We focus on theoretical inefficiency constants (often dropping further the word
theoretical), but analogous interpretations hold also for the practical ones.

The following interpretation of inefficiency constants was given in Section 2.6 in [7]. The ratio
of positive finite inefficiency constants ic of different sequences of MC procedures as above
(indexed by the numbers 7 of replicates used in them) is equal to the limit of ratios of their

mean costs 7ec¢ corresponding to the minimum numbers of replicates 7. = [*¢*] needed to

var

reduce the variances o of the MC averages &; below a given threshold € > 0 for e — 0.

Consider a function f : R2 — R, such that for each x,y € Ry, f(x,¥) = f(y,x) and for each
a€Ry, af(x,y) = flax,ay). Let g : R%2 — [0,00) be such that g(x, y) = %, so that g(x,y) =
g(y,x)and g(ax,ay) = g(x,y), a € R,. Forinstance, f(x, y) can be equal to max(x, y), min(x, y),
or %, in which case g(x, y) can be interpreted as the relative difference of x and y. For some
0 > 0, we say that x, y € R, are §-approximately equal, which we denote as x =5 y, if g(x, y) < 6.
Note that x = y implies that x = y. The below simple interpretations of inefficiency constants
were given in sections 1.9 and 2.6 of [7] in the special case of f = min as above. For two MC
procedures for estimating a, one like above using 7 replicates and an analogous primed one,

assuming that ic,ic’ € Ry, from an easy calculation we have

var

n 1C ! ./
85 7)=8ne,nc) 2.1
ar "c
and
(nc ic)_ (Var var’) 2.2)
e 8w ’

In particular, the ratio of positive finite inefficiency constants of these procedures is 6-
approximately equal to the ratio of the variances of their respective MC averages for 6-
approximately equal respective mean total costs and it is also §-approximately equal to the
ratio of their average costs for §-approximately equal variances of their MC averages.



Let (Z;,C;), i € N, be independent replicates of (Z, C) under Q;. Before providing further

interpretations of inefficiency constants, let us recall some basic facts about MC procedures

as above. From the strong law of large numbers (SLLN), for &, = %Z?zl Z; it holds a.s.

lim,,—.co @, = @, and if var < oo, then from the central limit theorem (CLT), v/n(@, — a) =
A (0,var). Consider the following sample variance estimators

n

ZZ-@2), neNy. (2.3)

1
vary, = (—
n-1n;3

k
iz
If var < 0, then from the SLLN a.s. lim,,_.o, Var,, = var and if further var > 0, then from Slutsky’s
lemma (see e.g. Lemma 2.8 in [55])

I

—(@p—a)=> A(0,1), (2.4)
vary,

which can be used to construct asymptotic confidence intervals for a, as discussed e.g. in
Chapter 3, Section 1 in [5].

ForneN,,let¢, = %Z?:l C; and for n € N, let ic,, = ¢,var,,. Assuming that ¢, var < oo, from
the SLLN, a.s. lim,,—oo &, = ¢ and lim,,_.o ic, = ic. Let S,, = ?:1 C;, n €N (in particular Sy = 0),
so that S, is the cost of generating the first n replicates of Z. For t € R,, consider

Ny=sup{neN:S§, <1}, (2.5)
or
Ny=inf{lneN:S, = t}. (2.6)

The above defined N; are reasonable choices of the numbers of simulations to perform if we
want to spend an approximate total budget ¢ (like e.g. some internal simulation time) on the
whole MC procedure. Definition (2.5) ensures that we do not exceed the budget ¢. Under
definition (2.6) we let ourselves finish the last computation started before the budget ¢ is
exceeded and thus we do not waste the computational effort already invested in it. Note that
under (2.6) we have N; > 0, t € R,, which does not need to be the case under (2.5). If C < oo,
Q; a.s., then a.s. C; < oo, i € N, and thus under both definitions a.s.

lim N; = oo. 2.7)

t—oo

For some subset A of some set D we denote 14 or 1(A) the indicator function of A, i.e. a
function equal to one on A and to zero on D\ A. For a real-valued random variable Y we denote
Y, =YUY >0) and Y_ = -Y1(Y <0). We have the following well-known slight generalization
of the ordinary SLLN (see the corollary on page 292 in [8]).

Theorem 1. Ifan R-valued random variable Y is such thatE(Y_) < oo, then for,Y,,..., iid.

9



Chapter 2. Monte Carlo method and inefficiency constant

~Y, a.s.

n
lz Y; — E(Y) e RU {o0}. (2.8)
i=1

Let ¢ > 0 (in particular we can have ¢ = co). Then, from the above lemma a.s. lim,,—. % =c
and thus

lim S; = oo, (2.9)

n—oo
so that under both definitions a.s.

N,<oo, t=0. (2.10)
From renewal theory (see Theorem 5.5.2 in [11]), under definition (2.5) we have a.s.

N, 1
tim M- 1 @1

t—oo [ c

Since, marking N; given by (2.6) with a prim, we have N; < N; < N;+1, (2.11) holds also when
using definition (2.6).

Let us further consider general N U {oo}-valued random variables N, t e R;. Let m e N, and
Y be an R™-valued random vector such that [E(Yl.z) <o0,i=1,...,m,with mean y=E(Y) and
covariance matrix W = E((Y — ) (Y — u)T). Let X1, X,... beiid. ~Y. Let i, = % ?:1 Xi,
n € N;. For the string A substituted by each of the strings «, var, ic, ¢, and yu, for p =2 for 1
substituted by var or ic and for p = 1 otherwise, consider an estimator A; of A corresponding
to the total budget ¢ € R, and with an initial value 1y, where 1y € R" for A substituted by u
and Ag € R otherwise, defined as follows

Ae= AN, Ny €Np) + AgT(N; € N,y). 2.12)

We shall need the following trivial remark.

Remark 2. Foreach k € Ny, let T} be an a.s. N-valued random variable (i.e. P(t; €N) = 1) and
leta.s. limy_ o, T = co. Let further ay, k € N, be random variables such that a.s. limy_., ai = a.
Then, a.s. limy_.o, 1(tx €eN)a;, = a.

When we have a.s. (2.7), (2.10), and for some A as above, a.s. lim,, .o 2 n = A, then from Remark
2, a.s.

lim A, = A. (2.13)
t—oo
Lemma 3. Let a,, n €Ny, beN, -valued random variables such that for some t, € Ry, ne Ny,

10



such thatlim,_. t;; = 0o, for some b € R, we have % LA hen,

Y Xi—w

N = AN (0,W). (2.14)

Proof. Using Cramér-Wold device (see page 16 in [55]) it is sufficient to consider the case of
m = 1, which let us assume. For W = 0 we have a.s. X; = g, i € N4, so that the thesis is obvious.
The general case with W > 0 can be easily inferred from the special case in which y =0 and
W =1, which can be proved analogously as Theorem 7.3.2 in [11]. O

Consider the following condition (which for ¢ € R, follows e.g. from (2.11) holding a.s.).

Condition 4. It holds c € R, and

N; p 1
Nep 2l (2.15)
t c

For a,b € R, by a A b we denote their minimum and a v b — their maximum.

Theorem 5. Under Condition 4 we have

V(i — @) = N0, cW). (2.16)

Proof. For each t € Ry, let M; = (1(IN; # c0) Nt) v 1, which is an N -valued random variable,
equal to Ny when N; € N;. From Condition 4, it holds

lim P(M; = N;eN,) =1 2.17)
t—oo
and thus
M 1
U A (2.18)
r c

Thus, from Lemma 3
Ry =/ M(lipg, — 1) = N (0, W). (2.19)

Let B; = 1(N; € N.)R; = 1(N; € N,)v/N;(f; — ). From (2.17), R; — R; 2 0. Therefore, from
(2.19) and Slutsky’s lemma, R, = .4 (0, W), and thus

VER; = N (0,cW). (2.20)

Let G, = Vt(fi, — ) and G; = 1(N; € N;)G;. Then, G; - G, LA 0, so that to prove (2.16) it is
sufficient to prove that

G, = N (0,cW). (2.21)

11



Chapter 2. Monte Carlo method and inefficiency constant

From (2.17), the continuous mapping theorem, and Slutsky’s lemma, S; := 1(N; € N;) C_Jt\/, LA

1. Thus, (2.21) follows from (2.20) and the fact that from Slutsky’s lemma
VeR, -G, = eR,(1-Sp 2 o. (2.22)
O
In the below theorem and remark we extend the interpretations of inefficiency constants
provided at the beginning of Section 10, Chapter 3 in [5] (see also [20] and Example 1 in [23]).

Theorem 6. Ifvar < oo and Condition 4 holds, then
V@, —a) = N(0,ic). (2.23)

Ifwe further havevar > 0 and a.s. (2.7) and (2.10), then

,/,i(at—a):ﬂ(o,l). (2.24)
1Cy

Proof. Formula (2.23) follows immediately from Theorem 5 and (2.24) follows from (2.23),
(2.13) holding a.s. for A = ic, and Slutsky’s lemma. O

Remark 7. Let X ~ A (0,1) and let for f € (0,1), zp be the -quantile of the normal distribution,
leP(X<zp) = p. Lety € (0,1) and p, = zl_%, so thatP(|X| < py) = 1—y. Assuming (2.24), for

the random interval I, ; = (@ — py\/ iCT’, a;+ py iCT’) we have
lim P(a € Iy 1) = P(X| < py)=1-v, (2.25)
t—o0

i.e. Iy is an asymptotic 1 —y confidence interval for a. It follows that ic; and @, can play
the same role when constructing the asymptotic confidence intervals for a for t — oo, as Vary,
and &, do for n — oo as discussed below (2.4). For C = 1, both approaches to constructing the
asymptotic confidence intervals are equivalent.

12



8] Importance sampling

Background on densities

Consider a measurable space . = (D, 92), let u; and p, be measures on %%, and let A€ 2. We
say that u; has a density L (also a called Radon-Nikodym derivative) with respect to y on A,
which we denote as L = ( s L) 4, if L is a measurable function from .% to .#(R) such that for

eachBe 9, u1(AnB) = fLﬂ(A NB)du,. If L= (d“1 )4, then for each measurable function f
from . to .#(R) such that that 1, f is nonnegative or u;-integrable, it holds

fﬂ(A)fdul = [ﬂ(A)depz. (3.1)

Such an L is uniquely defined p, a.e. on A, i.e. for some L' : . — .%(R) we also have L’ = ( 7 ul A
onlyif L' = L, up a.e. on A (i.e. if up({L' = L} n A) = u»(A)). Furthermore, such an L is y; a.e.
nonnegative on A. We say that y; is absolutely continuous with respect to uy on A, which we
denote as 1) <4 Uy, if for each B € &, from u,(An B) = 0 it follows that u; (AN B) = 0. We say
that y¢; and u, are mutually absolutely continuous on A if y; <« 4 g2 and p» < 4 11, which we
also denote as ] ~4 . If L= (Z—Z;) A exists, then it holds p; <4 y2. We say that a measure p
on . is o-finite on A if A is a countable union of sets from & with u-finite measure. Note that
if p is a probability distribution then it is o-finite on A. From the Radon-Nikodym theorem, if
(1 and p, are o-finite on A and u; <4 o, then L= (dul ) 4 exists.

Lemma@8. LetL= (d“‘)A Then, py ~ 4 p2 only if uo({L = 0y N A) =0, in which case

UL #0) (d,uz)
=22 (3.2)
L dun ),
Proof. If uo({L=0}n A) =0, then for B € 2, from (3.1),
fﬂ(AmB)dm:fLﬂ(LL# 0)1](ArwB)duz=f1](LL7'E O)H(AOB)dul (3.3)

13



Chapter 3. Importance sampling

so that we have (3.2) and y; ~a p2. On the other hand, since pj({L = 0} n A) = [LI({L =
0}n A)duy =0, if uo ({L =0} N A) > 0 then we cannot have u, <4 ;. O

For A= D we omit A in the above notations, e.g. we write (1 < Uz, g1 ~ t2, and L = Z—Z;. We
say that g is a random condition on & if {x € D : q(x)} € 2. Often the event {x € D : gq(x)}
will be denoted simply as {g} and we shall frequently write g in the place of {g} in various
notations.

IS and zero- and optimal-variance IS distributions

If for some probability Q, on A, Q1 Kz Q2, then for L = (%)Z;&O we have a = Eqg,(ZL).
Importance sampling (IS) relies on estimating a by using in an MC method independent
replicates of such an IS estimator ZL under Q.. The variance of the IS estimator fulfills

Varg,(ZL) = Eq,(ZL)*) - a* =Eq, (Z°L) - a®. (3.4)

Condition 9. It holds Q) < 729 Q2 and for some L = (%)Z#O we have Varg, (ZL) = 0 or equiv-

alentlyQ, a.s. ZL=a.

Theorem 10. Condition 9 holds only if it holds with 'for some’ replaced by 'for each.

Proof. Let L be as in Condition 9 and L' = (%)Z#O. Then, L =L/, Q2 a.s. on Z # 0 and

0=ZL=ZL on Z=0. Thus, from Q, a.s. ZL = a it also holds Q, a.s. ZL' = a. O
Condition 11. It holds Q,(Z #0) > 0.
Condition 12. It holds Q,(Z #0) > 0 and either Q, a.s. Z=0o0rQ; a.s. Z<0.

Theorem 13. If Condition 12 holds, then for a probability Q* given by

aQ* 7

-z 3.5
a0, a (3.5)
Condition 9 holds for Q, = Q™. Furthermore, Q* (Z #0) =1 and Q* ~ 749 Q, with
=1z 2002 = (42 3.6)
T Z  do* 770 .

Proof. Condition 12 implies that Q* is well-defined. Furthermore, Q*(Z # 0) = Eg, (%) =1
and from Lemma 8 we have (3.6). In particular, ZL* = a, Q* a.s., that is Condition 9 holds for

Q2=0Q". O

Lemma 14. Assuming Condition 11, if there exists a probability Q, fulfilling Condition 9, then
Condition 12 holds and such Q, is equal to the probability Q* as in Theorem 13.

14



3.2. IS and zero- and optimal-variance IS distributions

Proof. Let conditions 9 and 11 hold. Then, @, a.s.

a dQy
1z # O)Z =UZ #0)L=(==—)zzo0- 3.7

dQ>
Thus, from Condition 11, Eg, (1(Z # 0) %) = Q1(Z # 0) > 0, which implies that a # 0. From (3.7)
and Lemma 8 we have Q) ~z4 Q2 and £ = (j%f)z#o. Thus, Q2(Z #0) =Eg, (Z #0)2) =11

and % = %' In particular, Q; a.s. Zsgn(a) = 0 and thus Condition 12 holds and Q. = Q*. O

Theorem 15. If Condition 12 holds, then the probability Q* as in Theorem 13 is the unique
probability Q, for which Condition 9 holds.

Proof. Since Condition 12 implies Condition 11 and Theorem 13 implies the existence of Q»
fulfilling Condition 9, from Lemma 14, Q, = Q*. O

We shall call the probability Q* as in Theorem 13 the zero-variance IS distribution. Assuming
that L= (g%) 720, from (3.4),

Varg, (| ZL|) = Eg, (Z°L) — (Eg, (1Z]))?, (3.8)
and thus
Varq, (ZL) = Varg, (| ZL|) + (Eg, 1 Z])* - a* = (Eg, (1Z1))? - a?, (3.9)

with equality holding only if Condition 9 holds for |Z] (i.e. for Z replaced by |Z| and in
particular for a replaced by Eq, (| Z])). Let Condition 11 hold. Then, Condition 12 holds for | Z]
and from Theorem 15, Q* as in Theorem 13 but for Z replaced by | Z|, i.e. such that

aQ* 12|

4 3.10
dQ, [Eq,(Z]) (5.10)

is the unique probability @, for which Condition 9 holds for | Z|. The fact that Condition 9

holds for | Z] for such a Q* is well-known, see e.g. Theorem 1.2 in Chapter V in [5], but the

uniqueness result is to our knowledge new. Furthermore, we have
Eg, (1Z]) dQ

L":=1(Z #0) = (

. 3.11
Zl aQ~ 270 (3.11)

Note that from Condition 9 holding for |Z| and (3.8), Q* a.s. (or equivalently @; a.s. on Z # 0)

|ZIL* =Eq, (1Z]) = \/Eq, (Z2L"). (3.12)

We call such a Q* the optimal-variance IS distribution. Under Condition 12 the optimal-
variance IS distribution is also the zero-variance one. In some places in the literature our
optimal-variance IS distribution is called simply the optimal IS distribution (see e.g. page 127

15



Chapter 3. Importance sampling

in [5]). However, since as argued in Chapter 2 it may be more optimal to minimize inefficiency
constant than variance and the optimal-variance IS distribution does not need to lead to the
lowest inefficiency constant achievable via IS, calling it optimal may be misleading.

Mean cost and inefficiency constant in IS

LetL= (%) z+0 and let C be a nonnegative (theoretical) cost variable on . for computing
replicates of ZL under Q,. We shall consider C to be the same for different Q, under consid-
eration. The mean cost under Q; is Eg, (C) and such a (theoretical) inefficiency constant is

Varg, (ZL)Eg, (C) (3.13)

(assuming that it is well-defined).

Note that if the zero-variance IS distribution Q* exists and the mean cost Eqg- (C) is finite, then
the inefficiency constant under Q* is zero.

The below theorem provides an intuition why in our numerical experiments in Chapter 10,
for some a € [0,00) and s € R,, for a nonincreasing function f(x) = 1(x < s) + a and a strictly
decreasing one f(x) = exp(—sx), and for Z = f(C), we observed mean cost reduction after
changing the initial distribution to a one in a sense closer to the respective zero-variance IS
distribution Q*.

Theorem 16. Let f: ¥ (R) — #([0,00)), Z = f(C), Eg,(Z2) € Ry, and Eg, (C) < oco. Let Q* be the
zero-variance IS distribution.

1. If f is nonincreasing, then
Eg+(C) < Eg, (O), (3.14)

and if further for some 0 < x1 < xp < 0o we have f(x1) > f(x2), Q:(C € [0,x1]) >0, and
Q1(C € [x2,00)) > 0 (which is the case e.g. if f is strictly decreasing and C is not Q; a.s.
constant), then the inequality in (3.14) is sharp.

2. If f is nondecreasing, then
Eg+ (C) = Eg, (O), (3.15)

and if further for some 0 < x; < xp < 0o we have f(x1) < f(x2), Q1(C € [0,x]) > 0, and
Q1(C € [x2,00)) > 0, then the inequality in (3.15) is sharp.

16



3.4. Parametric IS

Proof. From (3.5) we have

Eg, (f(C)O)
Eg«(C) = —————. 3.16
0+ (C) Eo, (/(O) (3.16)
For C; and C; being independent replicates of C under Q;, we have
1
Eg, (f(C)C) —Eg, (C)Eg, (f(C) = E[EQ‘ (f(C1) = fIC(C1 = Cp)), (3.17)

which is nonpositive if f is nonincreasing and negative under the additional assumptions of
point one, or nonnegative if f is nondecreasing and positive under the additional assumptions
of point two. From this and (3.16), the thesis easily follows. O

Parametric IS

For some nonempty set A, let us consider a family Q(b), b € A, of probability distributions on
A . Typically, we shall assume that for some [ € N

Aec BRY. (3.18)

Consider a function L: A x Q; — R, for which we denote L(b) = L(b, ), b € A. If the following
condition is fulfilled, then for each b € A one can perform IS using the IS distribution Q(b) and
density L(b) as in Section 3.2.

Condition 17. It holds L(b) = (%)Z#O, be A.

For x; and x; being two o-fields, measurable spaces, or measures, by x; ® x, we denote their
product o-field, measurable space, or measure respectively, while for n € N, by x? we mean
such an n-fold product of x;. The following conditions will be useful further on.

Condition 18. We have (3.18) and L is measurable from ¥ (A) ® A to ¥ (R).

Condition 19. We have (3.18) and a probability P1 on a measurable space 6, and ¢ : € ®
F(A) — A aresuch that foreachbe A

@(b)(B)Z[P’l(f(',b)_l[B]), Be %, (3.19)
or equivalently, for each random variable X ~ Py, {(X, b) ~ Q(b), b € A.

Remark 20. Let conditions 17, 18, and 19 hold and let b be some A-valued random vari-
able, which can be e.g. some adaptively obtained IS parameter. Let ; ~P1, i € N, be i.i.d.
and independent of b. Then, from Fubini’s theorem it follows that the random variables
anp= %Z?ﬂ (ZL(b))(&(Bi, b)), n € Ny, are unbiased and strongly consistent estimators of a, i.e.

E(@,) =a, neN,, anda.s. lim;, .., &, = a.
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Chapter 3. Importance sampling

In the further sections we shall often deal with families of distributions and densities satisfying
the following condition.

Condition 21. A set By € % is such that we have Q(b) ~p, Q, and L(b) = (%)Bl, be A.

Let us formulate separately the special important case of the above condition.

Condition 22. Condition 21 holds for By = Q,, or equivalently Q(b) ~ Q, and L(b) = d‘i}%ﬂ,
be A.

The following condition will be useful to avoid different technical problems like when dividing
by L or taking its logarithm.

Condition 23. It holds L(b)(w) >0, b€ A, w € Q;.
Condition 24. Condition 21 holds, Q1 {Z #0}\ B1) =0, and Q(b)({Z #0}\ B;) =0, be A.

Remark 25. Note that for Z such that Condition 24 holds, we have Q(b) ~ z+oup, @1, b€ A, and

dQ,

Lb) =(——
(D) (d@(b)

)Buiz#0;, bDEA, (3.20)

so that Condition 17 holds.

Definition 26. We say that b* € A is a zero-variance (optimal-variance) IS parameter if Condi-
tion 12 (Condition 11) holds and Q(b*) is the zero-variance (optimal-variance) IS distribution.

Note that in the literature the name optimal IS parameter is sometimes used for the parameter
minimizing the variance b € A — Vargp) (ZL(b)) of the IS estimator (see e.g. [35]), which may
be not equal to an optimal-variance IS parameter in the sense of the above definition.

The below theorem characterizes the random variables Z as above for which there exists a
zero-variance IS parameter, under some of the above conditions.

Theorem 27. Let us assume Condition 21. Then, Condition 24 holds and there exists a zero-
variance IS parameter by (for which we denote Q* = Q(by)), only if forsomeb, € A, Q(b2)(By) =1
and for some e R\ 0,

B B
Z =1, 1(L(by) #0) o Q; as. (3.21)

Furthermore, in the latter case we have 8 = a and Q(b2) = Q™.

Proof. Let us first show the right implication. From Condition 24 and Q* = Q(b,) it follows for
b> = by that Q(b2)(B1) = Q" (B1) = Q*(Z 0N By) = Q*(Z # 0) - Q(b2) ({Z # 0} \ By) = 1. From
(3.6), Q" a.s. L(by) Z = 1(Z # 0)a, which from Q* ~ 7 @; holds also Q; a.s. Thus, since from
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3.4. Parametric IS

Condition 12 we have a # 0, it holds Q; a.s. that if Z # 0 then also L(b,) # 0. Therefore, we
have Q1 a.s. Z=1(Z #0A L(by) # O)ﬁa. Thus, from Condition 24,

1
Z =1p, sz)ﬂ(Z #Z0AL(b) #0)a, Q) as. (3.22)

From Condition 21, Q* ~p, @, and thus from Lemma 8 and (3.5), 0 = Q; ({L(b2) =0} N B;) =
Q1({Z =0} n By), so that from (3.22) and Q; (Z # 0) > 0 we have (3.21) only for § = a.

For the left implication note that for Z as in (3.21) Condition 24 holds. Furthermore, from
Condition 21 and Lemma 8,

Q(b2) (B N {L(b2) #0}) = Q(b2)(By). (3.23)
From (3.21), (3.23), and Q(b,)(B;) = 1
a =Eqp,) (ZL(b2)) = pQ(b2)(By N{L(b2) #0) = B #0, (3.24)

so that Condition 12 holds. We have

dQ(b») 1 Z doQ*
=1(B)UL(b2) #0 === , 3.25
40, (BO(L(b2) # )L(bz) ) (3.25)

where in the first equality we used Condition 21, Q(b,)(B;) = 1, and Lemma 8, in the second
(3.21), and in the last (3.24) and (3.5). O

Remark 28. From the discussion in Section 3.2, the optimal-variance IS distribution for Z is
the zero-variance one for | Z|. Thus, from the above theorem for Z replaced by | Z| we receive a
characterization of variables Z for which there exists an optimal-variance IS parameter under
certain assumptions.
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The minimized functions and their
estimators

The minimized functions

For some nonempty set A, consider a family of probability distributions as in Section 3.4 for
which Condition 17 holds. Assuming Condition 23 and that

Eg, (ZIn(L(b)))-) <oo, beA, (4.1)
we define a cross-entropy (function) ce: A — RU {oo} as
ce(b) =Eq,(ZIn(L(b))), beA (4.2)

(see the discussion in Chapter 1 regarding its name).

Remark 29. Let us discuss how ce(b) is related to a certain f -divergence of the zero-variance IS
distribution from Q(b). For some convex function f : [0,00) — R, the f -divergence d(PP1,[P,) of a
probability P, from another oneP; such thatPy <« P, is given by the formula

e (P2
d(P;,Py) =Ep, (f(duml))' (4.3)

Such an f -divergence is also known as Csiszdr f-divergence or Ali-Silvey distance [43, 2, 38].
From Jensen'’s inequality we have d(P,[P,) = f(1), and if f is strictly convex then the equality in
this inequality holds only if P, = P». For example, for the strictly convex function f(x) = xIn(x)
(which we assume to be zero for x =0), d(P1,P») is called Kullback-Leibler divergence or cross-
entropy distance (of P, from Py), while for f(x) = (x? — 1), d(P1,[P,) is called Pearson divergence.
For d denoting the cross-entropy distance, let us assume Condition 12, so that the zero-variance
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Chapter 4. The minimized functions and their estimators

IS distribution Q* exists, Q* < Q(b), be A, and

x dQ* dQ*
dQ(b), =E —1
(Qb), QM) Q(b)(d@(b) n(d@(b)

4.4
d@(b))) (4.4)

dQ*
a0, ) +In(L(D))),

)

= Eg- (In(

=E (z(l(
- Qla n

where in the last equality we used (3.5) and

( Q" ) = do”
dom) 77" dg,

Assuming that Z = 0, we have

L(b). (4.5)

*

E (Zln(d
Q1 do,

)) =Eg, (ZIn(2)) - aln(a). (4.6)

From xIn(x) = —e™ ! we have Eg,(ZIn(2)) = —e 1 Assuming further that

Eg, (ZIn(2)) < oo, 4.7)
we receive from (4.4) that

d@Q(b), Q") = a }(Eg, (ZIn(2)) — aln(a) + ce(b)). (4.8)

If (4.8) holds as above for each b € A, then b — ce(b) and b — d(Q(b), Q%) are positively linearly
equivalent (see Chapter 1). Note that from the discussion leading to formula (4.8) and from
d(Q(b),Q*) =0, a sufficient assumption for (4.1) to hold is that we have Z = 0 and (4.7).

We define the mean square of the IS estimator as

msq(b) = Equ) (ZL(B)?) =Eg, (Z*L(b)), be A, (4.9)
and such a variance as

var(b) =msq(b) —a?, be A. (4.10)

Remark 30. Assuming that Condition 11 holds, for Q* denoting the optimal-variance IS distri-
bution as in Section 3.2 and d denoting the Pearson divergence as in Remark 29, from (4.5) and
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(3.10) we have for be A

* |Z] 2
d(@Qb), =E ————L(b)) -1
Q) @) = Equy (7 L)~

—;(ms (b) — (Eg, (1Z1))%) 4.11
= & 0z 4 0 “.11)

__ ) )
= To qzp YD)+t = €, UZD)).

Thus, in such a case be A — d(Q(b), Q") is positively linearly equivalent to msq and var.

Let C be some [0, oo]-valued theoretical cost variable on A . Let ¢(b) = Eg;) (C) be the mean
cost under Q(b), b € A.

Condition 31. For each b € A, it does not hold c(b) = co and var(b) = 0, or c(b) = 0 and
var(b) = oco.

Assuming Condition 31, we define a (theoretical) inefficiency constant as
ic(b) = c(b)var(b), be A. (4.12)

Frequently, the proportionality constants p of the practical to the theoretical costs of the
IS MC as in Chapter 2 can be chosen the same for different IS parameters b € A, so that the
practical and theoretical inefficiency constants are proportional and their minimization is
equivalent.

Estimators of the minimized functions

Consider a family of probability distributions as in Section 3.4 and let us assume that condi-
tions 17 and 18 hold. Consider a measurble function f : .¥#(A) — % (R) and for some peN,,
consider

esty: S (A A= FSR), neN,, (4.13)

called estimators of f, where est, (b, b) is thought of as an estimator of f(b) under Q(b")",
b,b' € A, n€N,,. In all this work, for b’ € A, we denote Q' = Q(b') and L' = L(b). We say that
some est,, as above is an unbiased estimator of f if

f(b) =Egn(est,(b',b)), b',be A. (4.14)

Let us further in this section assume the following condition.

Condition 32. We have b’ € R! andx,x»,..., areiid. ~Q and®, = (ki) neNy.
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Chapter 4. The minimized functions and their estimators

We call the estimators est,,, 7n € N p» strongly consistent for f if for each ', b€ A, a.s.
lim est, (b, b)(&,) = f(b). (4.15)
n—oo

For a function Y on Q, (like e.g. Z or L), we define such functions Y1, ..., Y, on Qf by the
formula

Yilw) =Y (w;), o=, €Q), (4.16)

and whenever Y takes values in some linear space we denote
12
YVn==2 Y. (4.17)
niz1

For the cross-entropy as in the previous section, assuming (4.1), we have
ce(b) =Eg (L' ZIn(L(D))), (4.18)

so that for n € N, from Theorem 1, its unbiased strongly consistent estimators are

N 12
ce,(b',b) = (' ZIn(L(b))), = - L Z;In(L;(b)). (4.19)
i=1
For mean square, we have
msq(b) = Eqg/(Z°L'L(b)), (4.20)

so that for n € N, its unbiased strongly consistent estimators are
msq,, (b, b) = (Z2L'L(b)) . (4.21)

The above mean square estimators and estimators negatively linearly equivalent to the above
cross-entropy estimators in the function of b (see Chapter 1) have been considered before
in the literature; see e.g. [46, 47, 48, 30]. Thus, we call the above estimators well-known. We
shall now proceed to define some new estimators. If Q(b) < @', then for variance, we have for
neN,

var(b) = Vargy, (ZL(b))

1
= Eqy» (ZiLi(b) - Z; Lj(b))*
@O =1y, j%m,n} o 7 (4.22)
1 d@(b)) (d@(b)) 2
= E(gnr ( (Z;Li(b)—Z;L;j(b))|.
nn-1) @ (i<j€%}...,n} d@/ i d@/ J o I
Let us further in this section assume conditions 22 and 23. Then, % = %, and from (4.22),
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4.2. Estimators of the minimized functions

we have the following unbiased estimators of var for n € N,

1 L,
var, (b, b) = ————(Z;iLi(b) - Z;L;(bh))?
" nn—=1) ;iém. . Li(b)Lj(b) o ™
S i ZZLLi(b) Y, L Y 2zZ;LiL| (4.23)
nn-1 \;i3\ "' l jet oz LiD) | i iém S
n r —
= Ab’,b( )—ZL’ )
n_l(msqn( ) b)), (zL",

Thus, b — var, (b, b) is positively linearly equivalent to the following estimator of mean square

J— L
msq2,,(b', b) =msq,, (b, b) (L( b)) , (4.24)
n

which can be considered also for n = 1. From the facts that from the SLLN, a.s.

r}i_pgo (ZL)p(Kp) =Eg(ZL) =« (4.25)
and

lim (L) (Kn) =E (L)—l (4.26)

n—co\LB) ), " C\Lmy) '

estimators msq2 ,, and var,, are strongly consistent for msq and var respectively. Let us further
in this section assume that

Q) (C=00)=0, beA. (4.27)

Then, strongly consistent and unbiased estimators of the mean cost c are

S e s )
Cn(b,b)—1](1—1,...,n)(L(b)1](C;éoo)C - (4.28)

Let us further in this section assume Condition 31. Then, strongly consistent estimators of ic
are for n € N,

ic,(b',b) = G, (b, b) -var, (b, b), (4.29)

which are in general not unbiased. For each n € N3, defining helper unbiased estimators of
variancefork=1,...,n

1 LiL,

Vai, (b, b) = ——L(ZiLi(b) - Z;Lj(b))?], (4.30)

.....
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Chapter 4. The minimized functions and their estimators

we have the following unbiased estimator of ic

n

—~ 1 ( L ) _ /
n ) = - ﬂ n byb . 431
ic2,(b', b) nkgl ) (C#o0)C kvar %W, b) (4.31)
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Examples of parametrizations of IS

In this chapter we introduce a number of parametrizations of IS, most of which shall be used
in the theoretical reasonings or numerical experiments in this work.

Exponential change of measure

Exponential change of measure (ECM), also known as exponential tilting, is a popular method
for obtaining a family of IS distributions from a given one. It has found numerous applications
among others in IS for rare event simulation [10, 5] or for pricing derivatives in computational
finance [30, 37]. In this work by default all vectors (including gradients of functions) are
considered to be column vectors. For some [ € N,, consider an R'-valued random vector
X on #. We define the moment-generating function as b € R/ — ®(b) = Eg, (exp(bT X)).
Let A be the set of all b € R! for which ®(b) < co. Note that 0 € A and from the convexity

of the exponential function, A is convex. The cumulant generating function is defined as
Y (b) =In(@(b)), b e A.

Condition 33. For each by, b, € A such that by # by, (b — b)) T X is not Q, a.s. constant.

Lemma 34. YV is convex on A and it is strictly convex on A only if Condition 33 holds.
Proof. Let by, by € Aand q1, g» € Ry be such that q; + g» = 1. From Holder’s inequality

2 2
() gibp) < [[@W)T (5.1)

i=1 i=1

and taking the logarithms of the both sides we receive
2 2
W) qibi) <) qi¥(b)). (5.2)
i=1 i=1

Thus, ¥ is convex. Equality in (5.1) or equivalently in (5.2) holds only if for some a € R,
Qg as. exp(blTX) = aexp(szX) (see page 63 in [50]) or equivalently if for some c € R, Q; a.s.
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Chapter 5. Examples of parametrizations of IS

(b —b)TX=c. ¥is strictly convex only if there do not exist b1, b, € A, by # b,, such that an
equality in (5.2) holds, and thus only if Condition 33 holds. O

Condition 35. Foreach t € R'\ {0}, tT X is not Q, a.s. constant.

Note that Condition 35 implies Condition 33 and if A has a nonempty interior then these
conditions are equivalent. If A contains some neighbourhood of zero, then X has finite all

ULtV

mixed moments, i.e. [E(I—[ﬁz1 | X;|")<oo, VE N’. For v e N/, let us denote 0, = T
by ""by

Condition 36. A is open, ® is smooth (i.e. infinitely continuously differentiable) on A, and for
each v e N' we have

I
0,@(b) =Eg, (@, exp(b” X)) =Eq, (exp(b" X) [ X/"). (5.3)
i=1

Remark 37. It is easy to show using inductively the mean value theorem and Lebesgue’s domi-
nated convergence theorem that Condition 36 holds when A = R! or when Q1 ([0, oo)hy=1and
for some A >0, A= (—oco,A)".

We define the exponentially tilted family of probability distributions Q(b), b € A, corresponding
to the above Q; and X by the formula

dQ(b)
aQ:

Note that Q(0) = Q; and

=exp(b' X-W¥(b)), beA. (5.4)

dQ,
dQ(b)’

Note that conditions 18, 22, and 23 hold for the above Q(b) and L(b), b € A. From Lemma
34, for each w € Q1, b € A — L(b)(w) is log-convex (and thus also convex) and if Condition
33 holds, then it is strictly log-convex (and thus also strictly convex). Let us define means
u(b) = Egp) (X) and covariance matrices Z(b) = Eqp) (X — (b)) (X — (b)) Ty for b € Aforwhich
they exist. Note that the functions ®, ¥, Z, and ¢t depend only on the law of X under Q;. If for
some b € Ait holds Z(b) € R™*/, then we have tTZ(b)t = Eg (1T (X — u(b))?), t € R!, and thus
2(b) is positive definite only if Condition 35 holds. When Condition 36 holds, then we receive
by direct calculation that VW (b) = u(b) and V2¥ (b) = X(b), b € A.

be A. (5.5)

L(b):=exp(-b" X +¥ (b)) =

Let U be an open subset of R!. The following well-known lemma is an easy consequence of
the inverse function theorem.

Lemma 38. If f : U — R! is injective and differentiable with an invertible derivative D f on U,
then f is a diffeomorphism of the open sets U and f (U).

By |- | we denote the standard Euclidean norm.
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5.1. Exponential change of measure

Lemma 39. IfU is convex and a function g : U — R is strictly convex and differentiable, then
the function b € U — Vg(b) is injective.

Proof. 1f for some by, b, € U, by # by, we had Vg(b,) = Vg(by), then for v = % it would
hold

dg(b, + tv) dg(by + tv)
(81—) =vIvgb) =vivgb) = (gl— , (5.6)
dt £=0 dt t=Iby—by|
which is impossible since ¢ € [0, | b, — by|] — g(b; + tv) is strictly convex. O

Theorem 40. If conditions 35 and 36 hold, then b e A — u(b) = V¥ (D) is a diffeomorphism of
the open sets A and u[A].

Proof. From Condition 35 and Lemma 34, V¥ is strictly convex. From Condition 36, Du =
V2¥ = 3, which from 35 and the above discussion is positive definite. Thus, for U = A the
thesis follows from Lemma 39 for g = ¥ and Lemma 38 for f = p. O

Some important special cases of ECM for [ = 1 are when X has a binomial, Poisson, or gamma
distribution under Q(b), b € A, while for general / e N, — when X has a multivariate normal
distribution (see page 130 in [5]). In all these cases, from Remark 37, Condition 36 holds.
Furthermore, for the first three cases and non-degenerate multivariate normal distributions,
Condition 35 is satisfied and we have analytical formulas for 4~ !. In the gamma case, for some
a,LeR,,and A= (—oo, 1), foreach b e A, for 1, = 1 — b, under Q(b), X has a distribution with
a density

1 -1
A el 6.7
with respect to the Lebesgue measure on (0,00). Furthermore, for each b € A itholds ¥ (b) =
aln(ﬁ) and pu(b) = ﬁ, and for each x € u[A] =Ry, p ™1 (x) =1 - % In the Poisson case we
have A =R and for some initial mean pg € R, for each b € A we have u(b) = ypexp(b) and

p(b)*

Qb (X =k = o

exp(—u(b)), keN, (5.8)

i.e. X ~ Pois(u(b)) under Q(b). Furthermore, it holds ¥ (b) = uo(exp(b) —1), be A, u~ ' (x) =
ln(%), x € u[A] = (0,00), and Z(b) = pu(b), b € A. In the multivariate normal case we have A = R/
and for M € R**! being some positive semidefinite covariance matrix and po € R! some initial
mean, for each b € A, u(b) = po + Mb and under Q(b), X ~ A (u(b), M). Moreover, it holds
¥ (b) = b uy + %bTM band Z(b) = M, b € A. An important special case are non-degenerate
normal distributions in which M is positive definite, u[A] = A, and = (x) = M~ (x — o), x € A.
In the standard multivariate normal case we have M = I; and o = 0, so that X ~ A (b, I})
under Q(b), b€ A.
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Chapter 5. Examples of parametrizations of IS

For an exponential tilting in which A = R! we shall further need the following function defined
for a €[0,00)

F(a) =sup{|¥(b)|: beR!, |b| < a}. (5.9)

2
For instance, in the multivariate standard normal case as above we have ¥ (b) = % and thus

F(a) = “72, while in the Poisson case F(a) = po(exp(a)—1).

Remark 41. In some practical realizations of ECM, the computation times on a computer
needed to generate i.i.d. replicates of the IS estimator Z L(b) under Q(b) for different b € A are
approximately equal to the same constant. This is typically the case e.g. when X ~ A (0, I})
under Q1. In such a case one can often take the theoretical cost C = 1.

IS for independently parametrized product distributions

Let n € N,. For each i € {1,...,n}, consider a probability distribution @ ; on a measurable
space S ; = (Q1,;,%1,;), a nonempty set A;, and parametric families of probabilities @,- (by)
oy ~' N — d@Li
and dEns1t1es L;(b;) = FONTAR
&', Q1,i, product parameter set A =[]" ;| A;, and families of independently parametrized
product probabilities Q(b) = @, Q(b;) and densities L(b) = " Li(b), b= (b)), € A. Then,

Q(b) ~ Q1 and L(b) = fgtts, be A

b; € A;. Let us define the corresponding product measure Q; =

Let us further consider the special case of Q; and L; as above being the exponentially tilted
probabilities and densities given by some probabilities Q; ; and random variables X;, having
moment-generating functions ®;, and cumulant generating functions ¥;, i = 1,..., n. Then,
Q(b) and L(b), b € A, are the exponentially tilted probabilities and densities corresponding
to the above probability Q; and a random variable X (w) = ()~(,~ (wi))?zl, wE H;’zl Q,,;, witha
moment-generating function ®(b) = [[}_, ®;(b;) and a cumulant generating function ¥ (b) =

?:1 W, (b;). If Condition 35 or 36 holds in the ith case for i € {1, ..., n}, then such a condition
holds also in the product case. If u; is the mean function in the ith case, i = 1,...,n, then
p(b) = (ui (b))}, b= (b))}, € A, is such a mean function in the product case, and if all pl.‘l
exist, then for each x = (x;)_, € u[Al = 17", uilA;l, pix) = (ﬂi_l(xi))?:l-

IS for stopped sequences

Change of measure for stopped sequences using a tilting process

Let U, be a probability measure on a measurable space € = (E, &), let € = (E, &) := €, let
1 = (M:)ien, = idg be the coordinate process on E, and let 7 = (ni)le, keN,. Let U be the
unique probability measure on %6 such thatn, 1o, ..., areii.d. ~U; under U (see Theorem 16,
Chapter 9in [18]). Let & = 0 (1), k € N4, i.e. it is the natural filtration of n, and let %, = {®, E},
i.e. it is a trivial o-field. For some d € N, and a nonempty set B € B([R%), let conditions 18,
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5.3. IS for stopped sequences

22, and 23 hold for A = B, Q; = U;, and some probabilities Q(b) and densities L(b) denoted

further as U(b) and L(b), be B. Letx(b) = L(b)~! = %, beB.

Definition 42. We define ¢ to be the set of all & (B)-valued, (¥i)en-adapted stochastic
processes A = (Ag) gen ON 6.

Processes A as in the above definition shall be called tilting processes. The following lemma
follows from Lemma 7, Chapter 21 in [18]. See Definition 18, Chapter 21 in [18] for the
definition of Borel spaces. From Proposition 20 in that Chapter, . (B) is a Borel space.

Lemma43. LetV be a measurable space, 98 be a Borel space, V be a ¥ -valued random variable,
and Y be a %B-valued, o(V)-measurable random variable. Then, there exists a measurable
function f:V — B such that Y = f(V).

Let further in this section A be as in Definition 42. From the above lemma there exist hy € B
and hy : €k - & (B), ke N, such that Ay = hg and A = hr (M), k € Ny, which let us further
consider. Let yo =1 and
n—-1
Yn=[1xQA0@rs1), neN;. (5.10)
k=0

For a nonempty set T c [0,00) and a filtration ¥;c T on a measurable space (Q2,¥9), let ¥, :=
o (Uter 9;). A stopping time 7 for 9;c 1 is a TU{oo}-valued random variable such that 7 < t € ¢4,
t€ T. For such a 7 one defines a o-field

Y ={AcY:An{T =t} €Y, te T} (5.11)
For 7 being a stopping time for the filtration (%) en as above it also holds
F,={Be&:Bn{r=nteF,, neN} (5.12)

For a probability S on € and such a 7 we shall denote S|; = S|#,. Identifying each n € N,
with a constant random variable we thus have S, = S|#,. The following theorem is an easy
consequence of Theorem 3, Chapter 22 in [18].

Theorem 44. There exists a unique probabilityV on € satisfying one of the following equivalent
conditions.

1. UnderV,n, has densityx (hg) with respect to U, and for each k € Ny, 1, has conditional
density x (M) with respect to U, given Fy. (see Definition 14, Chapter 21 in [18]).

2. ForeachneN,

=Y. 5.13
Uy, Yn ( )
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Chapter 5. Examples of parametrizations of IS

Let V be as in the above theorem and let T be a stopping time for (&},) nen-
Lemma 45. It holds
Vir ~r<00 U, (5.14)

with

dVi;
(1 <o0)y; = (d[U| ) . (5.15)
T/1<00

Proof. To prove (5.15) we notice that for each B € %; we have

(e.9)
Eu(I(BN{T <ood)ys) = Y Eu(lr = n}n B)y,)
o (5.16)
=) V({r=nnB)=V(Bni{r <od}),
n=0
where in the second equality we used (5.12) and (5.13). Now, (5.14) follows from (5.15) and
Lemma 8. O

From the above lemma, if 7 < co both V and U a.s., then V|; ~ U;. In this work, a product
over an empty set is considered to be equal one. For some € € R, considered to avoid some
technical problems as discussed above Condition 23, let us define

7-1
L=1(r< oo)yi +el(Tt =00) =1(1 <00) ]_[ f(/lk(nkJrl)) +e1(T = 00). (5.17)
T k=0

Then, from Lemma 45 and the discussion in Section 3.1 it holds

dUj;

L=—% . (5.18)
d\/IT T<00

Let Z be an R-valued, %#;-measurable random variable such that (| Z]) < oo (for short we

shall also informally describe such a Z as an R-valued element of L (Uj,), see e.g. Chapter

20 in [18]). Let us assume that U(Z #0, T = o0) = V(Z #0, T = 00) = 0, so that from (5.14),

Ujr ~z#0vr<co Vi and

(dUJ|T)
L= .
d\/IT Z#0VT<oo

(5.19)

Then, one can perform IS as in Section 3.2 for Q; = U7, Q2 = V|, and L as above. Note that
such a Q; is defined on A = (Q;1, %)) = (E, %;).

Remark 46. Consider two stopping times 71,72 for (%) nen, Such that t) < 1, and an R-valued
Z€ Ll([UTl) such thatU(Z #0, 12 =00) =V (Z #0, T2 =o0) =0. Then, we also have Z € Ll([UTZ)
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5.3. IS for stopped sequences

andU(Z #0, 11 =00) =V(Z #0, T; = 00) = 0. Furthermore, denoting L asin (5.17) fort =1; as
L:,, we have

Ev(ZL;,|F:,) = ZLs,. (5.20)
Indeed, for each D € #;, and i =1,2, from (5.19) it holds
Ev(ZL:; 1D)) =Ey(ZL WD N{Z # 0}) = Eu(ZUD n{Z # 0})). (5.21)

From (5.20) and conditional Jensen’s inequality we have Vary(ZL;,) = Vary(ZL;)), i.e. usingt;
for IS as above leads to not higher variance than using t,. Furthermore, Ey(71) < Ey/(72), so that,
for the theoretical costs equal to the respective stopping times, using T, also leads to not higher
mean cost and inefficiency constant than T, (assuming that such constants are well-defined).

Parametrizations of IS for stopped sequences
For some [/ € N} and a nonempty set A € B (RY), let us consider a function
AiA— & (5.22)

(see Definition 42), called a parametrization of tilting processes. For each b € A, let V(b) and
V|;(b) be given by A(b) similarly as V and V,; are given by A in the unparametrized case in the
previous section. Let Q; and . = (1, %)) be as in the previous section. Let for each b € A,
Q(b) = V|7 (b) and L(b) be defined by formula (5.17) but using A(b) in the place of A. Note that
such an L satisfies Condition 23.

Condition 47. ForeachneN, (b,x) — A,(b)(x) is measurable from #(A) ® (E, %) to ¥ (B).

Theorem 48. Under Condition 47, Condition 18 holds for the above L.

To prove the above theorem we will need the following lemmas.

Lemma49. Let¥9 beao-field, Ac 4, forsomesetT,C;e4,teT,and6¢ =o(C,:teT). Then
ANE ={ANC:CeClco(A{ANC;:teT}). (5.23)

Proof. Letf =0(A{ANC:teTHand P ={Ce€:AnCe}. Itholds p € 2 and C; € 9,

teT.IfB;€9,ieN,then AnU;en Bi =Ujen AN B; € of and thus U;eny Bi € 2. If B € 9, then
ANB' =A\(ANB) € &« and thus B' € 2. Thus, 2 = ¢ and we have (5.23). O

Lemma 50. Let (B,%8) be a measurable space, I be a countable set, B; be a sub-o -field of %,
i€l,and B; € 9B;, i€ I, be such thatU;c; B; = B. Then,

ﬂI{CCBSVi€1CﬂBi€<@i} (5.24)
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is a sub-o -field of . If further for each i € I, for some set T; and for some C; ; € %, j € T;, it
holds ;=0 (C;;: te T;), then

H =0(B;j,{CiNB;:te T} :iel). (5.25)
Proof. For each C € £ itholds CnB; € 48, i € I, and thus C = U;e;CnN B; € %. It holds
pe X, forAje &,i€l, (UiENAi)mBj:UiEN(AimBj)E'%j)jEI) and for Ae &, A/ﬂBiZ
B;\ (B;n A) € %B;, i € I, so that £ is a sub-o-field of . For A€ & we have A= ;c; AN B;

and AnB; € Bin%;, i € I. Furthermore, BiNn%B; < A ,i€l. Thus, £ =0(B;N%AB;:i€l).
Therefore, (5.25) follows from the fact that from Lemma 49

Bin®BicoB;,{CiynB;:teT;}), i€l (5.26)
O

Lemma51. Let (D,9) be a measurable space, ¥, n €N, be a filtration in a measurable space
(Q, %), and 1 be a stopping time for such a filtration. Then,

Do F; ={CED x Q: ¥ienveo, CN (D x {1 = k}) € D © Fy). (5.27)

Proof. Let us denote the right-hand side of 5.27 as .£". Then, it is equal to such a £ from
Lemma50for B=D xQ, B =28 %, I =NU{oo}, and for B; = (D x {T = i}) and B; = 9 ® F;,
i € I, which let us further consider. From that lemma,

H =0C1x(Conf{t=i}):CLe€D, Cre F;,iel). (5.28)

By definition, 2 @ #; = a(C; xC,: C1 € D, Co € &;). Foreach C, € 9, C, € &, and i € 1 it
holds (Ci xCo)Nn(Dx{t=i}) =C1 x(Con{r=i}) e D20 F;,sothat e F; c £ . Foreach C; € 92,
iel,and C; € &;,itholds C; x (Con{T =i}) € 2 ® F;, so that £ c D @ F;. O

Let us now provide a proof of Theorem 48.

Proof. From Condition 47 and Condition 18 holding for L, for neN, for Yn(b) given by A(b),
b € A, in the way that y,, is given by A in the previous section, (b, x) — y,(b)(x) is measurable
from #(A) ® (E, %) to #(R). Let B € (R). For n € N it holds

LY B)n(Ax{t=n)=y,'(B)N(Ax {T=n}) € B(A)®F,. (5.29)

Furthermore, L~} (B) N (A x {T = o0}) is equal to A x {T = oo} ife € B and to @ otherwise. Thus,
from Lemma 51, L~ (B) € B(A) ® Z;. O

Condition 52. Q,(Z#0, T=00)=0andQ(b)(Z#0, T=00)=0, be A.

Condition 53. It holds T < oo, Q; a.s. and Q(b) a.s., b € A.
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5.3. IS for stopped sequences

Remark 54. From (5.14), Condition 21 is satisfied for By = {t < oo}. Thus, for such a B,
Condition 24 is equivalent to Condition 52. In particular, Condition 22 is implied by Condition
53.

Definition 55. Let B =R%, A=R!, and let an R**! -valued process A = (Ap) k=0 on € be such
that for each j € {1,...,1}, (((Ak)i,j)?zl)kt—:l\l € #. Then, we define the corresponding linear
parametrization A of tilting processes as in (5.22) to be such that

A(b) =Arb, keN,be A. (5.30)
Note that for A as in the above definition Condition 47 holds and we have Q(0) = Q;.

Change of measure for Gaussian stopped sequences using a tilting process

Let [Dl =N (0,13), X = idpa, and let U(b) and L(b), b € B := R%, be the exponentially tilted
distributions and densities corresponding to such X, Q; = [Dl, and A = B, asin Section 5.1. For
such distributions and densities, let us consider the corresponding definitions for stopped
sequences for some tilting process A € _# and hy, k € N, as in Section 5.3.1. In particular,
(D) (x) = exp(—3|b|* + bT x). Let fix =1 — Ak—1, k € N The following theorem is a discrete
version of Girsanov’s theorem.

Theorem 56. UnderV, the random variablesf, k €N, arei.i.d. ~ A (0,1,).

Proof. Writing hy in the place of hy(xy,..., xx), k€ Ny, foreachneN, andT € (B[R
\/((1'71')?:1 el = [Etu(ﬂ((f]i)?:l eDyn)

1 n
=f Wk —hg-1)i_, €D) xp(—= Y (xk — hg-1)?) dxp... dx;
R 20

(5.31)

2m) nd/2 €
f Iy er) — (1f2)d d
= ———exp(—=
@) y @)l p 2k:1yk Yn »
=U((n)j-, €D),
where we used Fubini’s theorem and a sequence of changes of variables yy(xy) = xx — hg-1,

k=1,...,n, each of which is a diffeomorphism with a Jacobian 1. O

Let us consider a function 7 : E — E such that 7 = (;) jen, - Its inverse function 7~ is given by
the formula

1 = e+ A1 () ken, s (5.32)

or in more detail we have 77! = ()52, forij; =m; + i1, i € Ny, where Ag = hg and Ay =
hk((ﬁi)ile), k € N,. Note that both 7 and 7! are measurable from %, := (E, %) to %,,, n€N,
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Chapter 5. Examples of parametrizations of IS

i.e.  is an isomorphism of %/, n € N, and thus also of %, := (E, %) = €. From Theorem 56
we have U(B) = V(n~'[B]), B€ &, so that

Ur[B])=V(B), Beé. (5.33)

In particular, for each random variable Y on € the distribution of Y71 := Y/(x~!) under U is
the same as of Y under V.

Remark 57. For 7 denoting the image function of m, we have

7 [F;] = {n[B]: Be %}
= {n[B]: B€ Foo, BN {1 =k} € Fy, keNU {oo}}

={CE€Foo: T CIN{T =k} € Fp, kENU {oo}} (5.34)
={CE€Fs: Cnitn t =k} € F, keNU{oo}}
:gnrly

where in the fourth equality we used the fact that n is an isomorphism of %, n € NU {oo}. In

particular, if a random variable Y on € is &, -measurable, then Yn = is ;1 -measurable, i.e.

it depends only on the information available until the timetn™!.

For some parametrization A(b), b € A, of tilting processes as in (5.22), let 7, be given by A(b)
in the way that 7 is given by A above. Let further Q(b) and L(b), b € A, correspond to such
a parametrization as in Section 5.3.2, and let # = (1, %) and Q; be as in that section. Let
¢:E x A— E be such that

Emb)=m,' (), beA. (5.35)

Theorem 58. Under Condition 47 and the above definitions, Condition 19 holds for €, = €
andP; =U.

Proof. From (5.32) it follows by induction that ¢ is measurable from %, ® #(A) to %y, n €
N. Thus, it is also measurable from ¥ ® .#(A) to ¥ and due to &, = %; c &, also to .A.
Furthermore, from (5.33),

UE(,b) ' [B) =V (b)(B), BeF, (5.36)

i.e. (3.19) holds. O

For each random variable Y on ¥ and b € A, let us denote
YO =va,' = Y b)). (5.37)
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5.3. IS for stopped sequences

Note that from (5.32) we have

Em bk =1 =ne+ 1P, keN,. (5.38)
For each b € Ait holds
7-1 1 ) T
L(b) = 1(t < 00) exp(z (§|/1k(b)| —Ak(D)" Ngs1)) + (T = co)e. (5.39)
k=0

From (5.38) and (5.39), for each b’, b € A we have

/ / T(b/)_l 1 / / / /
LB =10 <oo)exp( . GIAB) = Ae®) ) 0 + Ak B) N+ = c0)e
k=0
(5.40)
and in particular

1 1

L? =10? <oo)exp(- Y (Emk(b)(b)ﬁ+(Ak(b)(b))Tnk+1))+ﬂ(r”’)=oo)e. (5.41)
k=0

Linearly parametrized exponential tilting for stopped sequences

Let Uy, € = (E,8), X, Ub), L(b), ¥(b), b € B=R% and F be as some Q;, A = (1, %),
X, Q(b), L(b), ¥Y(b), be A= B, and F in the ECM setting in Section 5.1. Let A be a linear
paramatrization of tilting processes corresponding to some A as in Definition 55 and consider
the corresponding families of probabilities Q(b) and densities L(b), b € A, as in Section 5.3.2.
Note that we now have from (5.17), for U(b) = 1(1 < co) Z;é ‘i’(/lk(b)), be A and H=-1(t <
00) X E L (X(141)) T A, that

L(b) =1(t <oc0)exp(U(b) + Hb) +€l(t =o0), be A. (5.42)

We shall call the above parametrization of IS the linearly parametrized exponentially tilted
stopped sequences (LETS) setting. Its special case in which [Dl =A4(0,1;) and X= idga shall
be called the linearly parametrized exponentially tilted Gaussian stopped sequences (LETGS)
setting. Note that the LETGS setting is a special case of the parametrized IS for Gaussian
stopped sequences as in Section 5.3.3. In the LETGS setting H = —1(7 < 00) ZZ;}) nz 1Ak and
for G:=1(r <00)3 Y-t AL A we have U(b) = b” Gb, b€ A, so that

k=0 "k
L(b) =1(r <oo)exp(b! Gb+ Hb) +1(1 =o0)e, b€ A. (5.43)
Furthermore, we have G) = (") < 00) ZZZ())_l (Aﬁf"))TAib’) and
T(h’)_l ’ ’
H? = 1" <00) Y. (s + AV DHTAY, (5.44)
k=0

37



Chapter 5. Examples of parametrizations of IS

and formula (5.40) can be rewritten as
L)) =10? < 00)expbT GP b+ HY b) + 1z?) = c0)e. (5.45)

Remark 59. Note that in the LETGS setting, on T < oo we have

T 1
inf In(L > inf (= 2_ T - _
inf n(L(b) = ) in (2|y| ey

T
Y Ikl eR. (5.46)
k=1YeR? k=1

N =

Remark 60. In our numerical experiments performing IS for computing expectations of func-
tionals of an Euler scheme in the LETGS setting, the simulation times were roughly proportional
to the replicates of T under Q(b). Thus, on several occasions in this work when dealing with the
LETGS setting we shall consider the theoretical cost C = st for some s € R,.

Remark 61. Consider the special case of the LETS setting in which A is a sequence of constant
matrices and T = n € N, is deterministic. Then, for the above Q(b) and L(b), b € A, a family
of probabilities Q'(b),b € A, on €" such that Q'(L)@nICD) = Qb)(C), Ce Fp, be A, and
L': Ax E" — R such that L' (b) (M) = L(b), are the exponentially tilted families of probabilities
and densities corresponding to (D’l = [D’f and X' (w) := ?:1 Al.T_If((wi), W= (a),-)?:l €E" asin
Section 5.1. Note that for each random variable Y' on 6", Y = Y'(1],,) is an &, -measurable
random variable with the same distribution under Q(b) as of Y' under Q(b)’, b € A. Note also
that if further v = 1 and Ay = I, then Q| := U, L'(b)=L(b) Q' (b) =U(b), be A, and X' = X.

IS for a Brownian motion up to a stopping time

Let us now briefly discuss IS for computing expectations of functionals of a Brownian motion
up to a stopping time. For some d € N, let B = (By) >0 be the coordinate process on the
Wiener space € ([0,00), R%), whose measurable space let us denote as #'. Let (,%) =0 be the
natural filtration of B. Let U be the unique probability on # for which B is a d-dimensional
Brownian motion (see Chapter 1, Section 3 in [44]). For a probability S on # and a stopping
time 7 for (:@v[) =0, we denote Sj; = Sl 7 From Girsanov’s theorem, if (1 ) =0 is a predictable
locally square-integrable R?-valued process on # for which

r__ 1 r
%:exp(f /lsTst—Ef I)lezds), t=0, (5.47)
0 0

is a martingale under U (for which e.g. Novikov’s condition suffices), then from Kolmogorov’s
du,,
v,

extension theorem there exists a unique measure V on # such that =%, t =2 0. Further-

more,
~ t ~
B;= Bt—f Asds, £=0, (5.48)
0

is a Brownian motion under V. From Proposition 1.3, Chapter 8 in [44], for a stopping time T

(Nﬁ) F_ne 1 _ (d[D\f)
— andthus L=1T <o00)= = | ==
AU ) <00 ( )Yf AViz J3<o0

for (?ft) =0, we have 1(7 < 00)y7 = ( , similarly as
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5.5. IS for diffusions and Euler schemes

in the discrete case. Thus, if for some R-valued Z € L' (U;7) we have U and V a.s. that ¥ = co
implies Z = 0, then Ujz ~ 210 V|7 and we can perform IS for computing Eg;(Z) analogously as
in the discrete case. For adaptive IS, for some / € N, we can use e.g. linear parametrization
/Tt(b) =A:b, be A:=R! of tilting processes for some R4*!_valued predictable process (A =0
with locally square integrable coordinates.

Due to the fact that the sequence (Bj,1 — Bi) ken has ii.d. ~ A(0, I;) coordinates under U,
under appropriate identifications the LETGS setting can be viewed as a special discrete case of
the IS for Brownian motion with a linear parametrization of tilting processes as above. In the
further sections we focus mainly on the discrete case, both for simplicity and due to it having
important numerical applications. However, many of our reasonings can be generalized to
the Brownian case.

IS for diffusions and Euler schemes

Let us use the notations for IS for a Brownian motion from the previous section. Let us
consider Lipschitz functions y : & ([R™) — #(R™) and 0 : #([R") — & ([R™*?). Then, there
exists a unique strong solution Y of the SDE

dY; = w(Y)dt+0o(Y)dB;, Yo=xo (5.49)

(see e.g. Section 5.2 in [31]). Such a Y is called a diffusion, y a drift, and o a diffusion matrix.
For 7 being a stopping time for (%;) ;=9 (like e.g. some hitting time of Y of an appropriate set)
and some R-valued Z € L!(Uj7), one can be interested in estimating

P(x0) =Eg(2). (5.50)

A popular way of discretizing Y, especially in many dimensions, is by using an Euler scheme
X = (Xi)ken With a time step h € R,, which, for some 11,72,..., i.i.d. ~ A(0, ;) and some
starting point xy € R™, fulfills X, = xo and

Xis1 = X+ hpp(Xp) + Vho (Xnis1, keN. (5.51)

We shall sometimes need a time-extended version X’ of such an X, defined in the below
remark.

Remark 62. For an Euler scheme X as above, X' = (Xi, kh) ren is also an Euler scheme, in
the definition of which, in the place of m, xo, p and o, we use m' = m+1, x(’) = (x9,0), as
well as pf' : R™ — R™ and o’ : R™ — R™*% such that for each x € R™ and t € R we have

/

H(x, 1) = (ux),1), 00 ;(x,0)=04,;(x), i <m, and o, (x,1)=0, je{l,...,d}.

Let further n;, i € N, be as in Section 5.3.1 for U, = A4(0,I,), so that X as above is an Euler
scheme under U as in that section. As discussed further on, in some cases, for a sufficiently
small h, for an appropriate stopping time 7 for (%), and an appropriate Z € L' (Uj;), ¢ (x0)
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Chapter 5. Examples of parametrizations of IS

can be approximated well using

$(x0) = Eu(2). (5.52)

For some function r : & R™) — y(qud), called an IS drift, let us consider a tilting process
Ak = Vhr(Xy), k € N. Then, for

o=u+or (5.53)
and 7}, k €N, as in Section 5.3.3, we have
Xir1 = X + hi(Xp) + Vho (X 0kr1, keN, (5.54)

so that from Theorem 56, X is an Euler scheme under V with a drift fi. As discussed in Section
5.3.3, the distribution of X under V is the same as of X := X (') under U. Since 7); = ;7, we
have 7j;n~! =n;, i € N4, so that X satisfies )A(o = Xp and

Xiv1 = Xi + hii(Xp) + Vho X)nks1,  keN, (5.55)
i.e. itis also an Euler scheme with a drift g, but this time under U.

For a nonempty set A € B(R"), let us consider a parametrization r : A — {f : R™ — R%} of
IS drifts, such that (b, x) — r(b)(x) is measurable from #(A) ® #[R™) to L (R%), and let
(b)) =u+or(b), be A. Consider a parametrization 1: A — _¢ of tilting processes such that

AD) = Ae(D) keny = VRI (D) (X)) ke, b€ A. (5.56)

Note that Condition 47 holds for such a parametrization. Note also that, using notation (5.37),
from (5.55) we have

x®

B = xP 1 b XP) + Vo (X, keN. (5.57)

Let us now describe the linear case of the above parametrization, leading to IS in the special
case of the LETGS setting. We take A = R! and for some functions 7; : #(R™) — S (R%),
i=1,...,1, called IS basis functions, we set

I
r(b)(x) = Y b;Fi(x), beR!, xeR™. (5.58)
i=1

Let ®:R"™ — R%*!besuchthatfori=1,...,land j=1,...,d

0;,:(x) = V(i) ; (%) (5.59)
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5.5. IS for diffusions and Euler schemes

Then, a process A leading to A(b) given by (5.30) and such that (5.56) holds, can be defined as

Ar=0(Xy), keN. (5.60)
An example of a stopping time 7 for (%) =0 is an exit time of X of some D € 8(R™), that is
T =inf{k € N: X ¢ D}, for which we have t® =inf{keN: X,(Cb) ¢ D}, be A.

Theorem 63. Let us consider some linear parametrization of IS drifts as above. Let T be the exit
time of X of D € B(R™) such that xo € D, let B c R! be nonempty, and let there exist v € R™,
v #0, such that

M;j = sup IvT(x— Yl <oo (5.61)
x,y€D
and
My:= sup |v!i(b)(x)| < oco. (5.62)
xeD,beB

For some i € {1,...,d}, let there exist 5; € Ry and 6 € [0,00), j € {1,...,d}, j # i, such that
((vTo(x);l=6; andI(UTU(x))jl <08}, j#1i,x€D. Let M = My+hM, and consider the following
random conditions on € for k e Ny

M
gr@) = (Nei@d;l>—+1 Y. nj@dj), weE. (5.63)
jell,...dy, j#i

Then, a random variable T on € such that T(w) = inf{k € N, : gr(w)}, w € E, fulfills ® <7,
b e B. UnderU, the variableT has a geometric distribution with a parameter q = U(q1), that is
UT=k=q0-g* ", keN,.

Proof. Let be B. From (5.57), for each ke N,

X" ¢ D) A (X, e D)= Vho(X” i e D- X" - ki) (X" ) A (X{P, € D)
= VR ToXP e e v (D X2, - hab) X2 A (X2, € D)
<V o X mil > M)A (X, e D)
<qn X" eD).
(5.64)

Thus, g = (X,(fi)l ¢Dv X](Cb) ¢ D) = 1Y) < k. For w € E such that T(w) < co it holds gz () (®),

and thus 7 () < T(w). O

Remark 64. Note that if for each b € A the assumptions of Theorem 63 hold for B = {b}, then
from 1Y) having the same distribution underU ast under V(b), we receive that T has all finite
moments underV(b), b € A, and in particular Condition 53 holds.
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Chapter 5. Examples of parametrizations of IS

We say that a matrix- or vector-valued function f is uniformly bounded on some subset B of
its domain if for some arbitrary vector or matrix norm || - || we have sup g || f (x)]| < co.

Remark 65. Note that (5.61) holds for D bounded and arbitrary v € R™. Furthermore, if for
someveR™, vy, v' o, and © are uniformly bounded on D (which holds e.g. when they are
continuous onR! and D is bounded) then (5.62) holds for each bounded B.

Zero-variance IS for diffusions

To provide an intuition when the variance of the IS estimator of the expectation a functional of
an Euler scheme can be small, let us briefly describe a situation when its diffusion counterpart
has zero variance. See Section 4 in [21] for details. Using notations as in the previous section,
for 7 being the hitting time of Y a boundary of an open set D such that xy € D, as well as for an
appropriate g : R — R and §:R" — R, consider

7 =17 <00)g(¥3) exp(f B(Ys)ds). (5.65)
0

If there exists an appropriate function u : R” — R, such that for Lu = Tr(co ) Au+u’Vu+ fu

we have

Lu(x)=0, xeD, (5.66)
and

u(x) =g(x), xe€adD, (5.67)

then, from the Feynman-Kac theorem, (E(xo) = u(xp). Under certain assumptions, including
u(x) >0, x € D, it can be proved (see Theorem 4 in [21]) that for r equal to

olvu

r* = ” = o V(n(w)), (5.68)

for the IS for a Brownian motion as in Section 5.4 with /Tt =r*(Y;), we have ZL = (E(xo), Va.s.,
i.e. the IS estimator for the diffusion case has zero variance. Furthermore, from (5.48)

dY;=(u+or*)(Ypdt+o(Y)dB;, Yo=x. (5.69)

For 7 being the exit time of X of some set B, a possible Euler scheme counterpart of (5.65) is
7-1

Z =11 <00)g(X7)exp(D_ hB(Xy)). (5.70)
k=0

Under appropriate assumptions for such a Z we have

lim ¢ (x0) = $x0) (5.71)
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5.7. Some examples of expectations of functionals of diffusions and Euler schemes

for B = D; see [24, 25]. Furthermore, in [25] it was proved that in some situations the rate of
convergence in (5.71) can be increased by taking as B an appropriately shifted D. Further on
for 7 as above and Z as in (5.70) we shall assume that B = D, but one can easily modify the
below reasonings to consider the shifted set instead. It seems intuitive that for some such Z,
for r close to r*, and for small &, we can receive low variance of the Euler scheme IS estimator
Z L. This intuition shall be confirmed in our numerical experiments in Chapter 10.

Some examples of expectations of functionals of diffusions and Euler
schemes

We shall now discuss several examples of expectations of functionals of diffusions and their
Euler scheme counterparts. As discussed in Chapter 1, these expectations can be of interest
among others in molecular dynamics, and their Euler scheme counterparts were estimated in
our numerical experiments described in Section 10. In the first two examples, for diffusions
we consider the expectations ¢(xg) = [E[D(Z) for some Z as in (5.65), and for the corresponding
Euler schemes we consider ¢(xp) = Eyy(Z) for the variable Z as in (5.70). In the first example,
for some p € R, we take f(x) = —p and g(x) = 1, x € R™, so that 7 = exp(—pT) (T < o0) and
Z =exp(—pht)1(tr < 00). The quantities ngf(xo) = gB(xO) and mgf(xp) := ¢(xp) for this case are
called the moment-generating functions (MGFs) of T and ht respectively. Let us consider
some a € R, called an added constant. For the second example let us assume that

U(r<o0)=UF <00) =1 (5.72)

and let D' = R™\ D = AU B for two closed disjoint sets A and B from %(R™). Let f(x) =0,
xeR™ g(x)=a+1, xe B, and g(x) = a, x € A. We receive Z =17 <o0)(a+ 1(Y7 € B)) and
(E(xo) equal to gap,q(xp) ;== a+ [D(Yf € B)), which we shall call a translated committor. For the
added constant a = 0, we denote G ap,4(xo) simply as gag(xp) and call it a committor. In the
Euler scheme case we consider analogous definitions but with omitted tildes and with X in
the place of Y. Committors are of interest for instance when computing the reaction rates and
characterizing the reaction mechanisms of dynamic processes; see [26, 42, 3].

For the third example, for some D, X, 7, and T as in Section 5.6, as well for some T € R, let
us now consider Z =1(F< T) + a, pra(x) = [E[D(Z), and pr(xo) = pr,0(xo), while for the Euler
scheme case Z =1(ht < T) + a, pra(x0) = Eu(Z), and pr(x0) = pro(x0). Note that for

, T
T=TA {ZJ (5.73)

itholds Z = 1(X; € D’) + a. Note also that for the time-extended process X’ corresponding to
the above X as in Remark 62, such a 7’ is the exit time of X’ of

D=Dx[0,h EJ ). (5.74)
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Chapter 5. Examples of parametrizations of IS

Such a 7’ is the stopping time which we shall further consider by default for IS in the LETGS
setting for computing pr ,(xo). A possible alternative would be to use 7, which, as discussed
in Remark 46, would lead to not lower variance and mean cost for the cost variables equal to
the respective stopping times.

Remark 66. Sufficient assumptions for (5.71) to hold for the MGFs and translated committors
as above can be derived e.g. from the discussion in Section 4 in [25] (along with appropriate
convergence rates in it), while for

}lin(l) p1.a(X0) = PT,a(X0) (5.75)

— from reasonings analogous as in Section 1.2 of [24].

Let ¥, be an unbiased estimator of v, equal to g ap 4(xo) Or pr.4(X0), i.€. E(¥ ) = w4. Then, the
translated estimator ¥/, o = ¥, — a is an unbiased estimator of ¥ equal to gap(xo) or pr(xo)
respectively, and Var (i a,0) = Var(/,). The reason why we are considering such translated
estimators of 1 for nonzero added constants a is that using these estimators in the adaptive
IS procedures in our numerical experiments as discussed in Chapter 10 led to lower variances
and inefficiency constants than for a = 0.

Note that we have gap(xo) + gpa(x) = 1 and similarly for the diffusion case, so that if g is an
unbiased estimator of one of the quantities g 4p(xg) or gpa(xp), then 1 — g is such an estimator
of the other quantity with the same variance and inefficiency constant. Therefore, given an
estimator g4 of gpa(xg) and g ap of gpa(xp), it seems reasonable to compute both quantities
as above using the estimator leading to a lower inefficiency constant.

Diffusion in a potential

We define a diffusion Y in a differentiable potential V : R” — R and corresponding to a
temperature € € R, to be a unique strong solution of

dY; =-VV(Y)dt+V2edB;, Y= xo, (5.76)

assuming that such a solution exists, which is the case e.g. if VV is Lipschitz. For such a
diffusion, under appropriate assumptions as in Section 5.6, an IS drift (5.68) leading to a
zero-variance IS estimator and probability V is

r* = v2e(VIn(w)). (5.77)
Let F = —eln(u), Cy € R, and let us define an optimally-tilted potential
V*=V+2F+C. (5.78)
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5.9. The special cases considered in our numerical experiments

Then, (5.69) can be rewritten as
dY; = -VV*(Yy)dt+V2edB;, Yy=x. (5.79)

Thus, under V, Y is a diffusion in potential V*.

The special cases considered in our numerical experiments

Let D := (a;, a2) = (—3.5,3.5). Consider a smooth potential V : R — R such that

1
V(x) = 300 0.5x% - 15x* +119x% + 28x+50), x€ D, (5.80)

and VV is Lipschitz. Such a V restricted to D is shown in Figure 5.1. For a temperature € = 0.5,

22 T T

08| /
o6/

04t \ /
\

0.2

Figure 5.1: The three-well potential given by (5.80) on D.

consider a diffusion Y in such a potential starting at some xy € D. Let T be the hitting time
of Y of the boundary of D. Let A = (—o00, a;), B = (az,00), and let 41,4, = Gap,q and G2, = GA.a
(see Section 5.7), which for a = 0 will be denoted simply as 4; and ¢, and analogously in
the Euler scheme case in which the tildes are omitted. Let us also consider r;lgf and mgf for
p = p:=0.1. We computed approximations of such g;(x) and r;lgf(x) in the function of x using
finite difference discretizations of PDEs given by (5.66) and (5.67). The results are shown in
figures 5.2a and 5.2b. In figures 5.3a and 5.3b we show approximations of the optimally tilted
potentials (5.78) for the MGF and commiittors g; ; fora=0and a=a:=0.05,i =1,2.

In our experiments we considered an Euler scheme X with a time step & = 0.01 corresponding
to the above diffusion Y starting at xo = 0. We focused on estimating mgf(xy) for p = p, g; (xo)
for i = 1,2, and pr(xo) for T = 10. For some M € Ny, @, = —3.6, d» = 3.6, d = 2L, and
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Committors.
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Figure 5.2: The committors and MGF as in the main text.

Optimally tilted potentials for commitors
6 T T T

Optimally tilted potential for MGF
| 35 T T
) —V
V42F

—_— |
— — — Va2Fqt ;
V42Fq2 ' 250
ar V+2Fgla / 1
V+2Fq2a
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(@ (b)

Figure 5.3: Optimally tilted potentials as in (5.78) for the MGF and committors. Fgqi and Fgia
are the functions F as in Section 5.8 for the ith committor for a = 0 and a = a respectively. The
constant Cy for the ith committor for i € {1,2} was chosen so that the tilted potential is equal
to the original potential in point a; and for the MGF — so that these potentials are equal in
both a; and ay.
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5.9. The special cases considered in our numerical experiments

pi=a +(i—1)o,ie{l,..., M}, consider Gaussian functions

(x—pi)?

), i=1,...,M. (5.81)
d?

Ti(x) = % exp(-—
In our experiments we used a linear parametrization of IS drifts as in Section 5.5. For each
estimation problem we used as the IS basis functions the above Gaussian functions for M = 10.
For estimating pr,4(xp), considering a time-extended Euler scheme as in Remark 62 corre-
sponding to the above X, we additionally performed experiments using 2M time-dependent
IS basis functions

7i(x, 1) = 1 (x), Tp+i(x, 0) = tPF(%), i=1,..., M, (5.82)

for different p e N, and for M =5 and M = 10. See Section 7.1 and Chapter 10 for further
details on our numerical experiments. Note that since the above 7; are continuous and D is
bounded, from remarks 64, 65, and Theorem 63, in which one can take v = 1 and §; = v/2¢, it
follows that Condition 53 holds when estimating the MGF and committors as above. Using
further the fact that Eg(7) < oo (which follows e.g. from Lemma 7.4 in [31]), (5.72) holds.
Furthermore, from Remark 66, we have (5.71) for the MGF and tanslated committors, and
(5.75) for the exit probability.
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Some properties of the minimized
functions and their estimators

In this chapter we discuss various properties of the functions and their estimators from
Chapter 4 for some parametrizations of IS from the previous chapter. These properties will
be useful when proving the convergence and asymptotic properties of certain minimization
methods of such estimators further on.

Cross-entropy and its estimators in the ECM setting

Let us consider the ECM setting as in Section 5.1. We have

Cen(b',b) = (ZL' (¥ (b) - bX)), = V(D) (ZL) , - b" (ZL'X) . (6.1)

Let us assume Condition 36. Then,

VyCen(b',b) =VY¥ (D) (ZL),— (ZL'X),, (6.2)
and
Vice,(b',b) = V2¥(b)(ZL) . (6.3)

Let us further assume Condition 35, so that V>V is positive definite. Then, from (6.3), b —
ce, (b, b) (w) has a positive definite Hessian and thus it is strictly convex only for w € Q and
b’ € A such that

(ZL) () > 0. (6.4)
Furthermore, b}, € A is the unique minimum point of b — €&, (V’, b) (w) only if (6.4) holds and

Vpcen(b', by) (@) =0 (6.5)
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(where by V,ce, (b, by,) (w) we mean Vj,(c€,(b', b) (w)) p=p:). Assuming (6.4), from (6.2), (6.5)
holds only if

" " (ZL'X)
pbi) =V (bl) = ——" (), (6.6)
(ZLy,
or from Theorem 40 only if % (w) € ulA] and
. L (ZL'X)
bi=p | =L (w)]. (6.7)
(ZLy,
Let us assume that
[EQI(IZXiI)<oo, i=1,...,1. (6.8)

Due to X having finite all mixed moments, from Hélder’s inequality, (6.8) holds e.g. when
Eg, (IZ]P) < oo for some p > 1. For the cross-entropy we then have

ce(b) = a¥(b)-b'Eq,(ZX), beA. (6.9)

Thus, analogously as for the cross-entropy estimator above, ce has a positive definite Hessian
everywhere only if @ > 0, and ce has a unique minimum point only if @ > 0 and

Eo,(ZX) _
a

Al, (6.10)

in which case such a point is

. 1 (Eg,(ZX)

(6.11)

Remark 67. Note that we can receive analogous conditions as above for the cross-entropy and
its estimator to have negative definite Hessians or have unique maximum points by replacing Z
by —Z (and thus also a by —a) in the above conditions. The formulas for the maximum points
remain the same as for the minimum points above. With some exceptions, in the further sections
we shall focus on the minimization of cross-entropy and its estimators and will be interested in
checking the conditions as in the main text above. However, we can analogously perform their
maximization, or jointly optimization if we consider alternatives of the above conditions.

Some conditions in the LETS setting

Let || - |loo denote the supremum norm induced by the standard Euclidean norm | -|. Consider
the LETS setting as in Section 5.3.4. For each real matrix-valued process Y = (Yj)xen On 6 and
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B € &, let us define

1Y |l7,B,00 = €sssup(Ip1(0 < 7 < co) max(|| Yolloos - --» 11 ¥Y7-1lloo)), (6.12)
U

which for B = Q; is denoted simply as || Y||; . Let S be an R-valued random variable on .%.
Further on in this work we will often assume the following conditions.

Condition 68. It holds
R:= ||A||T,S;é0,oo <oo. (6.13)
Condition 69. A number s € N is such that

S#0)T <. (6.14)

Note that conditions 68 or 69 hold for each possible random variable S as above only if they
hold for some S such that S(w) # 0, w € Q, that is only if

[|All7,00 <00 (6.15)
for Condition 68, or
T<seN, (6.16)

for Condition 69.

Remark 70. Note that Condition 69 implies Condition 52 for Z = S, while (6.16) implies
Condition 53.

For each real matrix-valued function f on R™ and B c R™, letus denote || f|5,0o = SUP v || f1loo-
If 7 is the exit time of an Euler scheme X of a set D such that X, € D, then for A is as in (5.60)
we have [|All7 00 < ||O]]p,co- In particular, if

11Ol p,00 <00, (6.17)

then we have (6.15). Note that from (5.59), (6.17) is equivalent to ||7;||pco <00, i = 1,...,1.
In particular, (6.17) and thus also (6.15) hold in our numerical experiments as discussed in
Section 5.9, both when using the time-independent and time-dependent IS basis functions,
where in the time-dependent case by 7; we mean 7; as in Section 5.9 and we consider D equal
to D asin (5.74), X equal to X’ as in Remark 62, and 7 equal to 7’ as in (5.73).

Let us discuss how one can enforce (6.16) if it is initially not fulfilled, as is the case for the
translated committors and the MGF in our numerical experiments. Analogous reasonings
as below can be applied also to more general stopped sequences or processes than in the
LETS setting. For some s € N and z; € R, instead of 7 and Z we can consider their terminated
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versions 7 = T A s and Z; = 1(r < §)Z + z,1(r > s) and focus on computing a; = Ey(Zs) =
Eu(l(r < $)2Z) + zU(T > s) rather than o = Ey(Z). fU(T =00) =0, or U(Z #0, T=00) =0
and lim; .. zs = 0, then U a.s. Z; — Z, so that assuming further that limsup,_, ., |1z;| < oo,
from | Z;| = | Z| + |zs| and Lebesgue’s dominated convergence theorem, lim_.o, a5 = @. Thus,
in such a case, for a sufficiently large s we will make arbitrarily small absolute error when
approximating a by a;. Let us provide some upper bounds on this error. If esssupy,(|Z -
zZs|1(T > 5)) < M; € [0,00), then

la —ag| = |Ey((Z — 25) (T > 8))| < M;U(T > s). (6.18)

For the MGF example from Section 5.7 we can take z; = M = %exp(—ph(s + 1)), while for
the translated committors we can choose z; = a + % and M = % The quantity U(r > s) can
be estimated using IS from the same simulations as used to estimate & or in a separate
IS MC procedure. Alternatively, if we have 7 < T for some random variable T with a known
distribution, we can use the inequality U(tr > s) < U(7 > s) to bound the right side of (6.18)
from above. For instance, if T has a geometric distribution with a parameter g (see Theorem
63 for a situation in which this may occur), then we have U(T > s) = (1 — ¢)° and thus |a — a| <
M(1-¢q)°.

Some conditions in the LETGS setting

Let us discuss some conditions and random conditions in the LETGS setting, which, as we
shall discuss in the further sections, turn out to be necessary for the existence of the unique
minimum points of cross-entropy, mean square, and their estimators in this setting. Let Z be
an R-valued . -measurable random variable (where % = (E, %;)).

Definition 71. For b€ A=R!, we define a random condition Ay, on %, as follows
Ap=(Z#0,0<1 <00, and there exists k € N, k < t, such that A;.(b) #0). (6.19)
Lemma 72. If Ay does not hold and Z # 0, then for each a € R andteR

L(a+th) = L(a). (6.20)

Proof. From (5.39), when 7 = 0 then the both sides of (6.20) are equal to 1 and when 7 =co—
toe. If Ay does not hold, Z # 0, and 0 < T < oo, then for each 0 < k < 7 we have 1 (b) =0, and
thus for each a € R and 1 € R, Ax(a+ th) = Ax(a) + tAr(b) = Ar(@), so that (6.20) also follows
from (5.39). O

Lemma 73. For n €Ny, the following random conditions on " are equivalent.

1. ForeachbeR!, b #0, there existsi € {1,...,n} such that (Ap); holds (where we use the
notation as in (4.16)).
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2. For some (equivalently, for each) random variable K on Q which is positive on Z # 0,
(1(Z # 0)GK) , is positive definite.

3. Itholds N:=Y" 1(Z; #0, T; <00)T; > 0. Let a matrix B € RN*! be such that for each
i€fl,...,n}such that0<t;<ocoand Z; #0, foreach k€ {0,...,7; -1} and j€{1,...,d}
the Zf,;ll WUZ #0, T, <o0)T, + kd + jth row of B is equal to the jth row of (Ay);. Then,
the columns of B are linearly independent.

Proof. The fact that the second point above is a random condition follows from Sylvester’s
criterion. The equivalence of the first two conditions follows from the fact that for each b € R!

- 1 I -1
bTKIWZ #0)G) b= o Y (M0<T<00, ZAOK Y. IAk(B)*); 6.21)

ni=1 k=0
and the equivalence of the first and last condition is obvious. O

Definition 74. We define r, to be one of the equivalent random conditions in Lemma 73.

Lemma 75. The below three conditions are equivalent.

1. ForeachbeR!, b#0, we have Q,(Ap) > 0.
2. Foreach beR!, from Qi (Ap) =0 it follows that b= 0.

3. Let/~\j = ((Ak,,-'j)?zl)keN € Z,j=1,...,1 (see Definition 42). Let ~ be a relation of equiv-
alence on _¢ such that for w,, 92 € £, W1 ~ Y2, only ifQy a.s. if0<1 <ocoand Z #0
theny1; =1, i=0,...,7— 1. Then, the equivalence classes [Ay]-,...,[A;] . are linearly
independent in the linear space ¢ | ~ of equivalence classes of ~, defined in a standard
way (i.e. the operations in such a linear space are defined by using in them in the place of
the equivalence classes their arbitrary members and then taking the equivalence class of
the result).

Proof. The equivalence of the first two conditions is obvious. The equivalence of the last two
conditions follows from the fact that, using notations as in the third condition, for b € R/,
Zﬁ:l b;A; is equal to the zero in _¢/~ only if Q1 (Ap) = 0. O

Condition 76. We define the condition under consideration to be one of the conditions from
Lemma 75.

Remark 77. Note that for a probability S ~;< Q1 we have S(Ap) > 0 only if Q1(Ap) > 0, so
that Condition 76 holds only if it holds for such a'$ in the place of Q.

Remark 78. Note that Q1(Ap) > 0 only if for some l e Ny and k e N, k < I, we have Q,(Z #
0, 7=1, Ar(b) #0) > 0.
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Lemma 79. Let for some probability S ~;<~ Q1, a random variable K on # be'S a.s. positive
on Z #0, and let 1(Z # 0)KG have S-integrable entries. Then, Es(1(Z # 0)KG) is positive
definite only if Condition 76 holds.

Proof. Foreach beR!, b#0,

T-1

1
bT[Eg(ﬂ(Z #Z0)KG)b = E[ES(H(Z #0,0<T<00)K Z I)Lk(b)lz) (6.22)
k=0
is greater than zero only if S(Ap) > 0, so that from Remark 77 we receive the thesis. O

Let Sym,, (R) denote the subset of R"*” consisting of symmetric matrices, and let m,, : Sym,(R) —
R be such that for A € Sym,(R), m,(A) is equal to the lowest eigenvalue of A, or equivalently

my(A) = inf xTAx. (6.23)

xeR”, |x|=1

Lemma 80. m,, is Lipschitz from (Sym,,(R), || - lloo) fo (R,|-|) with a Lipschitz constant 1.

Proof. For A,B € Sym,,(R) and x € R", |x| = 1, we have x” Ax = xT Bx+ xT (A- B)x, so that

xTBx—||A=Blloo < T Ax < x"Bx +[|A- Bllso (6.24)
and thus
My (B) = [|A= Blleo < mu(A) < my(B) + /1A - Blleo (6.25)
and
|mp(B) — my(A)| < [|A- Bllo- (6.26)
O

Lemma 81. If the entries of some matrices M, € Sym,;(R), n € N, converge to the respective
entries of a positive definite symmetric matrix M € R™*!, then for a sufficiently large n, M, is
positive definite.

Proof. This follows from the fact that A € Sym;(R) is positive definite only if m;(A) > 0, and
from Lemma 80, lim,,_. o, m;(M,,) = m;(M). O

Theorem 82. If Condition 76 holds, then under Condition 32, a.s. for a sufficiently large n,
rn(Ky) holds for ry, as in Definition 74. In particular, a.s. lim,,_..P(r,(K,)) = 1.

,,,,,

are bounded and thus Q'-integrable. Thus, from Lemma 79 for S = @', Eg (1(Z # 0)KG) is
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positive definite. Let A,, = (1(Z # 0)KG) ,(X,). From the SLLN, a.s.
lim A, = Eq (1(Z # 0)KG). (6.27)
n—oo

Thus, from Lemma 81, a.s. A, is positive definite for a sufficiently large n and the thesis follows
from the second point of Lemma 73. O

Discussion of Condition 76 in the Euler scheme case

Let us consider IS for an Euler scheme with a linear parametrization of IS drifts, discussed
in Section 5.5 below formula (5.57). In this section we shall reformulate Condition 76 and
provide some sufficient assumptions for it to hold in such a case.

Let us define a measure v on % (R™) to be such that for each B € 8(R™)

-1
V(B) =Ey(I(Z #0,0<7<00) ) I(Xi € B))
k=0
-1
=) Y UZ#0,1=1, Xx€B) (6.28)

leN, k=0

o0
=) UZ#0, k<t <00, Xi€B).
k=0
Remark 83. From the second line of (6.28), Remark 78, and (5.60), Q1(Ap) = U(Ap) =0 is
equivalent to

viOb#0}) =0 (6.29)
(where{®b £ 0} = {x e R™:0(x)b # 0}).

Remark 84. Letforeachie{l,...,1}, @,- :R™ — R? be the i th column of® and [@i]: be the class
of equivalence of ©; with respect to the relation = of equality v a.e. on the set % of measurable
functions from & [R™) to ¥ (RY). Then, from Remark 83, Condition 76 is equivalent to [0;] ,
i=1,...,1, being linearly independent in the linear space X | = defined in a standard way.

Let us assume that m = n+ 1 for some n € N... Consider the following condition concerning
the IS basis functions 7; : R™ — R4, i = 1,..., 1, as in Section 5.5.

Condition 85. For some my,my € Ny, functions g;,;:R—R,i=1,...,m;,and g,; :R" — RY,
i =1,...,myp, are such that for K = {kh: k€ {1,...,mi}}, g1iix,, i = 1,...,my, are linearly
independent and for each i € {1,...,m}, for some open set K»; < R", g3 jix,;» ] = 1,...,mg,
are continuous and linearly independent. Furthermore, we have | = mimy, and denoting
n(i, j) = ma(i—1)+j, for each x € R" and t € R we have 7 ; j)(x, ) = g1,i(£)g2,j(x), i =1,...,my,
j = 1,. ., M.

55



Chapter 6. Some properties of the minimized functions and their estimators

Remark 86. As the functions g ,; as in the above condition one can take for example polynomi-
alsg,i(t) = ti=1i=1,...,my. For my =2 one can also useg11(t) =1 and g, 2(t) = t” for some
p e N.. For n =1 and arbitrary nonempty open sets K, ; <R, i = 1,...,my, as the functions
&».i in the above condition one can take e.g. polynomials analogously as above or Gaussian
functions g»,;(x) = a; exp(@) for some a; e R\ {0}, s € R, and p; € R different for different i
(the linear independence of such Gaussian functions on each open interval can be proved by an
analogous reasoning as in [1]). In particular, for such K,;, Condition 85 holds for the functions
Ti equal toT; as in (5.82) or equal to 7; such that 7;(x, t) = 7;(x), xe R", t e R, for 7; as in (5.81),
where in the first case my = 2, in the second my = 1, and in both cases n = 1 and my is equal to
M as in Section 5.9.

Let A denote the Lebesgue measure on R” and § — the Dirac measure centred on x.
Theorem 87. If Condition 85 holds and

A®bin <y ixiim Vv, 1=1,...,my, (6.30)
then Condition 76 holds.
Proof. Letbe R! be such that U(Ap) =0. Then, from Remark 83, v({®b # 0}) = 0 and thus for
i=1,....,m,v({(x,ih) : x€ Ky,;, O(x,ih)b # 0}) =0 and from (6.30)

AMixeKy;:0(x,ih)b#0}) =0. (6.31)

From (5.59) and Condition 85 we have for xe R” and t € R

my; mp
O, Nb=VhY Y bu&,jt)g2, k(). (6.32)
j=lk=1

Denotingfori=1,...,myand k=1,...,my

ny
A=Y bagin&,j(ih), (6.33)
j=1

we thus have O (x,ih)b = \/EZZZI a; k82, k(x), x € R", and from (6.31),

Ax €Ky it ) a;rg2k(x) #0)) =0. (6.34)
k=1

Thus, for i =1, ..., my, from the continuity and linear independence of g xx,, , k= 1,...,my,
we have a; =0, k=1,...,my. Therefore, from (6.33), for k=1,..., my, Z;.":ll br(j,k) 81,1k, =0,
so that from the linear independence of g1,jk,, j = 1,...,m1, we have b =0. O

Let us assume the following condition.
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Condition 88. We haveo,; =0,i=1,...,d, um =1, (Xo); =0, and o : R™ — R"™*4 js such that
51"]' ZUl',j,l'Z 1,...,n,j: 1,...,d.

Note that it now holds for Xj = (Xk,i) 1o k€N, that

X = (Xp, kh), keN. (6.35)

For x € R" and k € N for which & (x, kh) has linearly independent rows, let Qi (x) = (h& (x, kh)& (x, kh) 1)1,
and for y e R", let

Vvdet(Qg(x))
Pr(x, y) = % exp((y — x — hp(x) T Qr(y — x — hu(x))). (6.36)
TT) 2
Theorem 89. Let k € N, and sets By, B, ..., By, C € B(R") have positive Lebesgue measure. Let
U a.s. the fact that X; € B;, i =1,...,k and Xy € C imply that Z £ 0 and k < T < co. Let further

0 (x, t) have independent rows for each (x, t) € {xo} U Ule B; x {ih}. Then,

A®bip <pxiimV, i=1,...,k. (6.37)

Proof. It follows from the fact that for each j € {1,..., k}, for each D  9(B;) such that A(D) > 0,
forﬁz]'[g;llBixDka B; x C we have

i=j+1

k
0< | [1pitxi, xie1) dx1 dxs ... dxgs
i=0

=U((X)**] e D)

~ ~ 6.38
=U(Z#0, k<7 <00, (X)) e D) (6.38)
<U(Z#0, j<T<o00, XjED)
<v(Dx{jh}),
where in the last line we used (6.35) and the last line of (6.28). O

Remark 90. Let us consider the problems of estimating an MGFmgf(xy), a translated committor
qaB,a(x0), and a translated exit probability by a given time pt ,(xp) as in Section 5.7 for a # —1.
As xo, 1, and o fulfilling the above Condition 88 let us consider xy, ji', and o' as in Remark
62, and as an Euler scheme X in the LETGS setting as above let us consider the time-extended
process X' as in that remark. Note that the process X as in Section 5.7 is now equal to the above
X. Let k € N,. Then for D and Z corresponding to the above expectations as in Section 5.7,
assuming that C € %(B) in the case of estimation of the translated committor, or C € B(D’) for
the MGF or the exit probability, and additionally T = h(k + 1) in the case of the exit probability,
for each B € B(D) we have that X; € B, i = 1,...,k and X+, € C implies that Z #0 and 1 = k+1
(where for the exit probability rather than T we meant' as in (5.73)). This holds also for Z and t
replaced by their terminated versions Z; and 7 for s e N, s > k, as in Section 6.2.
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From remarks 86 and 90 and theorems 87 and 89 it follows that Condition 76 holds in all the
cases considered in our numerical experiments as in Section 5.9 if for the case of the exit
probability before a given time we assume that T = h(m; + 1) for m; depending on the basis
functions used as in Remark 86. Furthermore, this condition also holds in such terminated
cases as in Section 6.2 for each se N, s > m;.

Cross-entropy and its estimators in the LETGS setting

Consider the LETGS setting. From (5.43),

ce,(b',b)=ZL'(bTGb+ Hb+ 1(t = 00)In(e)),

. (6.39)
=bT(ZLG)yb+ (ZL H) b +1n(€)(ZL (T = 00))p,

so that

Vyce,(b',b) =2(ZL'G) b+ (ZL' H),,. (6.40)

Thus, b — Ceé, (b, b)(w) has a unique minimum point b}, € A only for w € Q’f for which
(ZL'G),(w) is positive definite, in which case for A, (V') :=2(ZL'G), and B, (b') := —(ZL'H) ,,
we have

b = (A (b)) () B, (D) (). (6.41)

Note that if Z > 0 then from the second point of Lemma 73 for K = ZL, for each w € Qf,
(ZL'G),(w) is positive definite only if 7, (w) holds (see Definition 74).

Condition 91. ZG and Z H have Q; -integrable (equivalently, U-integrable) entries.

Lemma 92. Let Condition 68 hold for S = Z, let for some p > 1, Ey(|Z|P) < oo, and let for
some s € Ny and a random variable T with a geometric distribution under U with a parameter
g€ (0,1] it hold

WZ#£0)T<T:=s+T. (6.42)

Then, for each 1 < u < p, we have Ey(|ZH;|") < co and Ey(|ZG; j|") < oo, i,j € {1,...,1}. In
particular, Condition 91 holds.

Proof. Letl < u< p. For r € (u,00) such that % + % =1, using Holder’s inequality and (6.42)
we have

u 1 o | N 1 ~ryy X
Eu(1Z11Gllsol )S[E[U((|Z|T§R ))<= (ER YHEU(ZIP)) P (Eu(T)) " <oo (6.43)
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and
Eu((ZI HllooD™ < Eu(UZIR Y i)™ < RUEu(ZP) » Eu((Y Ineh )7 (6.44)
k=1 k=1
Furthermore,
T o) I 00 )
Eu((Y ImeD) = Y EuAF=D(Y kD) = Y I "BuAGE =D Y Inkl") (6.45)

k=1 =1 k=1 1=1 k=1
and from Schwarz’s inequality,

! 1 1
Eu(F =0 Y Inkl") =UGE = D2 Eu((Y Inkl")?)z. (6.46)

l
k=1 k=1

Ttholds U(T = s+k) = g(1-@)* 1, ke Ny, and By (Z}_ Ikl ")) = IEu(m P +1(1=1) Ex (In1]")2.
The thesis easily follows from the above formulas. O

Note that (6.42) in the above lemma holds e.g. for s = 0 and T as in Theorem 63 if the as-
sumptions of this theorem hold for B = {0}, or for T = 0 for 7 being an arbitrary stopping time
terminated at s as in Section 6.2.

Let us assume conditions 52 and 91. Then, from (5.43) we receive the following formula for
the cross-entropy

ce(b) = Eg, (ZIn(L(1))) = bTEg, (ZG)b +Eq, (ZH)D. (6.47)

Let A= 2Eg, (ZG) = V2ce(b), beR!, and B = —Eg, (ZH). Then, we have V ce(b) = Ab— B. Thus,
if Eg, (ZG) is positive definite, then ce has a unique point b* € A, satisfying

bt = i1E. (6.48)

If Z =0, then from Lemma 79 for K = Z, Eg, (ZG) is positive definite only if Condition 76 holds.
Remark 67 applies also to the above discussion in the LETGS setting.

Some properties of expectations of random functions

Some of the below theorems are modifications or slight extensions of well-known results; see
the appendix of Chapter 1 in [53].

Let I € N, and A € Z(R") be nonempty. A function f : A — R s said to be lower semicontinuous
inapoint b € Aifliminf,_.; f(x) = f(b), and it is said to be lower semicontinuous if it is lower
semicontinuous in each b € A.

Lemma 93. A lower semicontinuous function f : A — R such that f > —co (i.e. f(b) > —oo,
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b € A) attains a minimum on each nonempty compact set K c A (where such a minimum may
be equal to infinity).

Proof. Let m =infyck f(b) and let a, € K, n € N4, be such that lim,,_., f(a;) = m. Consider
a subsequence (an,)ken, Of (@n)nen,, converging to some b* € K. Then, from the lower
semicontinuity of f, m =liminfy_, f(an,) = f(b*), so that f(b*) = m. O

Condition 94. A (random) function h:.%(A)® (Q, F) — .Z(R) is such thata.s. b inA — h(b) :=
h(b,-) is lower semicontinuous and

E(sup(h(b)-)) < oco. (6.49)
beA

For such a h we denoteb € A— f(b) :=E(h(b)).
Lemma 95. Assuming Condition 94, we have f > —oo and f is lower semicontinuous on A.
Proof. From (6.49), f > —oo. Foreach be Aand a, € A, n €N, such thatlim;,_, a, = b, from

Fatou’s lemma (which can be used thanks to (6.49)) and the a.s. lower semicontinuity of
b — h(b),

liminf f(a,) = E(iminfh(an) = f (b). (6.50)

O

Let further in this section A c R! be open. For x € A, let d, = infye o |y — x|. For a sequence
X, € A, n € Ng, let us write x, 1 A if max(di, |x,]) = oo as n — oo, i.e. x; in a sense tries to

leave A. For a€ Rand f: A — R, let us denote by lim, 4 f (x) = a the fact that lim,,—.o, f(x,) = a
whenever x; 1 A.

Condition 96. A lower semicontinuous function f : A — R fulfills f > —oco and limy 4 f(x) = oco.

Condition 97. Condition 96 holds, the set B on which f is finite is nonempty and convex, and
f is strictly convex on B.

Lemma 98. Under Condition 96, f attains a minimum on A and if Condition 97 holds, then
the corresponding minimum point b* is unique and f (b*) < oo.

Proof. Under Condition 96, for a sufficiently large M > 0, for a compact set
1
K={be A:|bl =M, dbzﬂ}, (6.51)

we have infpc 4 f(b) = infycx f(b). From Lemma 93 there exists a minimum point b* € K of f
on K and thus also on A. Under Condition 97 we have f(b*) < co and the uniqueness of b*
follows from the strict convexity of f. O
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Lemma 99. Assuming Condition 94, ifwith positive probabilitylimp; 4 h(b) = oo, thenlimp 4 f(b) =
Q.

Proof. For ay 1 A, from Fatou’s lemma
liminf f(ay) = Eliminfk(ayg)) = oco. (6.52)
k—o0 k—o0

O

Lemma 100. Under Condition 94, let us assume that A is convex, for some by € A, f(bg) < oo,
and a.s. b — h(b) is convex. Then, f is convex on the convex nonempty set B c A on which it is
finite. If further with positive probability b — h(b) € R is strictly convex and limp; 4 h(b) = oo,
then f satisfies Condition 97.

Proof. The (strict) convexity of f and the convexity of B easily follow from f(b) = E(h(b)). The
remaining points of Condition 97 follow from lemmas 95 and 99. O

Some properties of mean square and its estimators

Let us consider the mean square function and its estimators as in sections 4.1 and 4.2 (under
appropriate assumptions as in these sections).

Condition 101. A is convex and b € A — L(b)(w) € R is convex and continuous, w € ;.

From (4.21), if Conditon 101 holds, then b — ﬁsﬁn(b’ ,b) is convex and continuous (for each
b’ € A and when evaluated on each w € Q?).

Definition 102. For A open and convex, let the random condition pmsq on S hold only if
Z #0, b— L(b) € Ry is strictly convex, andlimp; 4 L(b) = co.

Remark 103. If Condition 101 holds and for somen e Ny, w = (a)i);?:1 €eQf,andiell,..., n},
Pmsq(@;) holds, then for each beA b— ﬁi]n(b’ ,b)(w) € R is strictly convex, continuous, and
lil’anA mAsqn (b/, b) (w) =0Q.

It holds

L —
Z21L; (b) j )+—((ZL')2) | -
i it je{l,.gl},j;ﬁil‘j(b) n n

— 1 &
msq2,(b’,b) = — >
i=1

Thus, b — var, (b, b) and b — msq2,, (b, b) are positively linearly equivalent to b — fyar, (b, b)
for

L'].Li(b)

7L
1 1 L] (b)

Jell,..,n}, j#i

n
fvar,n(b’y b) = Z
i=1

) , b, beA. (6.54)
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L))

Condition 104. For each wi,w; € Q1, b — T (s 'S convex.

Note that if Condition 104 holds, then b — fyar, »(b', b) is convex and thus so are b — vat,(b’, b)
and b — msq2,(V, b).

Remark 105. Let us assume Condition 32 and that b € A — L(b)(w) € R is continuous, w €
Q1. Then, for each n € N, from msq,, being nonnegative, Condition 94 holds for h(b,-) =
msq, (b, b)(Ky), for which f = msq in that condition.

Lemma 106. Under Condition 101, if Q1(pmsq) > 0 and for some b € A, msq(b) < oo, then
[ =msq satisfies Condition 97.

Proof. Tt follows from Remark 103, Remark 105 for n = 1, and Lemma 100. O

Mean square and its estimators in the ECM setting

Let us consider the ECM setting as in Section 5.1 for A open. As discussed there, for each
w € Qq, b— L(b)(w) is convex, and under Condition 35, b — L(b)(w) is strictly convex. Thus,
under Condition 35, for each w € Q;, pmsq(w) holds (see Definition (102)) only if Z(w) # 0
and limy,; o L(b) (w) = co. Note that for X having a non-degenerate normal distribution under
@1, for each w € Qy, lim)p| .o L(b) (w) = 00, so that pmsq holds only if Z # 0. For X having the
distribution of a product of n exponentially tilted distributions from the gamma family under
@1, we have Q; (X € R?) =1, and for w € Q; such that X(w) € RY, we have L(b)(w) — oo as
b1 A. Thus, for such an w, pmsq(w) holds only if Z(w) # 0, and the condition Q1 (pmsq) >0,
appearing in Lemma 106, reduces to Q,(Z # 0) > 0. For X having a Poisson distribution under
Q1, we have lim,p— L(b) (w) = oo when X (w) € N, but not when X (w) = 0. Thus, in such a
case pmsq holds when Z # 0 and X € N, but not when X = 0, and we have Q1 (pmsq) > 0 only
ifQi1(XeNy, Z#0)>0.

Remark 107. Let us assume Condition 36. Then, for eachn e N, and b’ € A,

Vpmsq,, (b, b) = (Z2L' (u(b) — X)L(Db)),, (6.55)
and
Vﬁﬁs\qn(b', b) = (Z2L'(Z(b) + (u(b) — X) (u(b) = X) 1) L(D)),,. (6.56)

Let us further in this remark assume Condition 35, so that Z(b) is positive definite. Then, for
w € Q such that Z(w;) # 0 for somei€{l,...,n}, V%ﬁsﬁn(b’, b)(w) is positive definite for each
V', b€ A. Indeed, in such a case for each v € R \ {0} we have

vIV2msq, (b, b)v = v E(b)v(Z2L L)), + (Z2L' L) (u(b) — X) Tv)?),,

(6.57)
> v S(h)v(Z2L'Lb)), > 0.
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Note that Condition 104 holds for ECM since for each wi,w, € Q7 and b € A we have

L)) g B
Ty ~ PP X@2) = X@0)). (6.58)

In particular, as discussed in the previous section, the estimators of variance and the new
estimators of mean square are convex. For eachneN,, w € Qf, and i,j € {1,...,n}, let us
denote

vji(w) = X(w;) - X(w;). (6.59)

For each n € Ny, let a function gyar,, : A x R x Qf — R be such that for each b e A beR!, and
weQf
< 2 T
Guarn(B, D)) =) |(Z°Lw) ),  L(wjexpb vjiw)]. (6.60)
i=1 jetl . n}, j#i

Note that for each b’ and w as above, b € R} — gyar (b, b) () is convex and
gar,n (0, D) (@) = fuarn (0, D) (), bE A. (6.61)

For A =R!, we have 8var,n = fvar,n, butin some cases, like for the gamma family of distributions
as in Section 5.1, we have A # R’ and fvar,n is only a restriction of gy, . For each b/, b, and w
as above, it holds

Vpgvarn(b, D)) = Y [(Z°Lhwn) Y L’(wj)vj,i(w)exp(bTVj,i(w))) (6.62)
izl jell, o, j#i
and
n
Vigvarn, b)) =Y |(Z*L)(w) Y L’(w;)vj,i(w)vj,i(w)Texp(bTVf,i(w)))- (6.63)
i=1 Jell,.,nh,j#i

LetneNz andw € QF. Let D(w) € R be a matrix whose (i — )n+ jth column, i, j €{1,...,n},
is equal to 1(Z # 0)(w;) vj,; (w).

Lemma 108. IfD(w) has linearly independent rows, then foreach b € R' and b’ € A, Vf’ 8var,n (W', b) ()
is positive definite.
Proof. If D(w) has linearly independent rows, then for each ¢ € R!, t # 0, there exist i, je
{1,...,n}, i # j, such that tT1(Z # 0)(w;)vj ;(w) #0, so that from (6.63),

1"V gvarn (b, b)) £ = (Z° L) (i) L' () (1" vj,i())* exp(b vj,i(w)) > 0. (6.64)

O
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Let for each k € {1,..., n} a matrix D(k,w) € R”"~D have the consecutive columns equal to
v, j)for j=1,2,...,k—1,k+1,k+2,...,n.

Lemma 109. D(w) has linearly independent rows only if for somei€{1,...,n}, Z(w;) #0, and
for some (equivalently, for each) k € {1,...,n}, D(k,w) has linearly independent rows.

Proof. If Z(w;) =0,1=1,...,n, then D(w) has zero rows, so that they are linearly dependent.
The dimensions of the linear spans of the columns and vectors of a matrix are the same, so
that the matrices D(w) and D(k,w), k € {1,..., n}, have linearly independent rows only if the
dimension of the linear span of their columns is equal to . Thus, the thesis follows from the
easy to check fact that the linear span V of the columns of D(k, w) for different k € {1,..., n} is
the same and if Z(w;) # 0 for some i € {1,..., n}, then the linear span of the columns of D(w) is
equalto V. O

For a vector v € R™, by v < 0 we mean that its coordinates are nonpositive.

Theorem 110. If the system of linear inequalities
DTwb<0, beR, (6.65)

has only the zero solution, then for each b’ € A, gyar,n(V', b)(w) — oo as|b| — oo and V% 8var.n(D', b) (W)
is positive definite, b € R!. If b is a solution of (6.65), then foreach b’ € A, a€ R, andte [0,00),
we have

gvar,n(b’y a+th)(w) < gvar,n(b,; a)(w). (6.66)

Proof. For b€ R! for which (6.65) holds, for i € {1,..., n} such that Z(w;) #0, for j € {1,..., n},
i # j, we have bTv]-,i(w) < 0, so that (6.66) follows from (6.60). Let further (6.65) have
only the zero solution. Then, D(w) has linearly independent rows, and thus the positive
definiteness of V%}gvar,n(b’ ,b)(w) follows from Lemma 108. Consider a function b € R! —
fb) := max{bTUj,,-(w) 1 Zwi) #0, i,j €{l,...,n}, i # j}. Then, for each b € R!, b # 0, it
holds f(b) > 0. Thus, from the continuity of f we have 0 < § := min{f(b) : |b| = 1} and for
0<a:= min{(ZzL’)(wi)L’(wj) Z(w;i) #0,i,je{l,...,n}, i # j}, from (6.60)

Gvar,n(b', b)(w) = aexp(§|b]) — oo (6.67)

as |b| — oco. O

There exist numerical methods for finding the set of solutions of (6.65) and in particular for
checking if it has only the zero solution; see [33].

Theorem 111. Let us assume that
Zw)#0, i=1...,n. (6.68)
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Then, (6.65) has only the zero solution only if D(w) has linearly independent rows, which from
Lemma 109 holds only if for some (equivalently, for each) k € {1,...,n}, D(k,w) has linearly
independent rows.

Proof. Assuming (6.68), for b € R/, DT (w)b < 0 holds only if
vij@'b=0, ijefl,...,nh. (6.69)

Since v; j(w) = —vj ;(w), this holds only if vi,j(w)Tb =0,i,j€e{l,...,n}, ie. onlyif DT (w)b =
0. O

Strongly convex functions and e-minimizers

For some nonempty A c R/, consider a function f: A — R. For some € = 0, we say that x* € A
is an e-minimizer of f, if

fx") < )icrelf‘f(x) +e. (6.70)

Consider a convex set S < A, such that A is a neighbourhood of S (i.e. S is contained in some
open set D c A). Then, f is said to be strongly convex on S (where we do not mention S if it is
equal to A) with a (strong convexity) constant m > 0, if f is twice differentiable on S and for
eachbeR! and xe S

bTV2 f(x)b= m|b|*. 6.71)

Let us discuss some properties of strongly convex functions f on S as above (see Section 9.1.2.
in [9] for more details). It is well known that f as above is strictly convex on S, and from Taylor’s
theorem it easily follows that for x, y € S

)2 00+ F0N Ty =20+ Ty = xP. 6.72)
In particular, f(y) — oo as |y| — oo, y € S. Furthermore, if V f(x) = 0, then
f Ef(x)+%|y—x|2. (6.73)

Thus, x is a unique minimum point of fis only if V f(x) = 0. The right-hand side of (6.72) in the
function of y € R! is minimized by 7 = x — %V f(x), and thus we have

- - 1
fO) = f)+ VN (T-2+ %y— x> = flx) - %Ivf(x)lz. (6.74)
Let f have a unique minimum point b* € S. Then, from (6.74) for y = b*, for x € S we have
* 1 2
f)=sfbH)+ ZmIVf(JC)I . (6.75)
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In particular, each x € Sis a 7|V f(x)|*-minimizer of f.

Mean square and its well-known estimators in the LETGS setting

Let us in this section consider the LETGS setting.

Theorem 112. Letb',beR!, neN,, and w € Q. Then, b e R' — f(b) := msq, V', b) (@) is
convex and if r,(w) holds (see Definition 74), then f is strongly convex. If r,,(w) does not hold,
then there exists b € R!\ {0} such that

fla+th)=f(a), acR! reR. (6.76)

Proof. Ttholds

sz(b) =(Z2L'2G+ (2Gb+ H)2Gb+ H)T)L(b)) 5 (w), (6.77)

which is positive semidefinite, so that f is convex. If r,(w) does not hold, then from the first
point of Lemma 73 there exists b € R such that for each i € 1,..., n,, Ap(w;) does not hold, so
that from Lemma 72 and (4.21) we receive (6.76). Let us assume that r, (w) holds. Then, from
the second point of Lemma 73 for K = Z2L/, the matrix M := (Z2L'G) () is positive definite.
Let m; > 0 be such that b" Mb = m;|b|?, b € R!. For each i € {1,...,n} such that 7(w;) < co,
from Remark 59 we have

my,; := inf L(b)(w;) = exp(inf In(L(b) (w;))) € R.. (6.78)
beR! beR!

Let my =min{my;:i€{l,...,n}, 7(w;) <oo}. Then, my € R; and foreach a,b e R! we have
a’Vif(b)ya=2a" (Z2L'GL(D)) (w)a =2mya’ (Z2L'G) p(w)a = 2my my|al?. (6.79)

O

Theorem 113. Ifconditions 32 and 76 hold, then a.s. for a sufficiently large n, b — msq,,(b', b) (K )
is strongly convex. In particular, the probability of this event converges to one as n — oo.

Proof. Tt follows directly from theorems 82 and 112. O

Theorem 114. Let Condition 52 hold. Ifmsq(by) < oo for some by € R!, then msq is convex on
the convex nonempty set B on which it is finite and if further Condition 76 holds, then f = msq
satisfies Condition 97 (in particular, from Lemma 98, it has a unique minimum point). If
Condition 76 does not hold, then there exists b€ R!, b # 0, such that

msq(a+ th) =msq(a), ac R!, teR. (6.80)
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Proof. The first part of the thesis follows from theorems 112 and 113, the properties of strongly
convex functions discussed in Section 6.9, Remark 105, and, under Condition 32, from Lemma
100 for h(b,-) =msq,,(b', b)(K,) for a sufficiently large n. If Condition 76 does not hold, then
there exists b € R}, b # 0, such that ©Q1(Ap) =0, for which (6.80) follows from Lemma 72 and
formula (4.9). O

Smoothness of functions in the LETS setting

In this section we provide some sufficient conditions for the smoothness and for certain
properties of the derivatives of functions defined in Section 4.1. Unless stated otherwise, we
consider the LETS setting, which contains the LETGS setting as a special case (see Section
5.3.4). From Remark 61, the ECM setting for A =R’ can be identified with the LETS setting for
T =1and Ay = I, so that it is easy to modify the below theory to deal also with such an ECM
setting.

Condition 115. A measurable function S:# — & (R) is such that conditions 68 and 69 hold
and for each 0 € (R%)$

S
Eu(ISlexp(}_ 07 X)) < co. (6.81)
i=1

Note that Condition 115 implies that S is U-integrable.

Remark 116. In the special case which can be identified with the ECM setting for A = R as
discussed above, Condition 68 holds for R = 1 and Condition 69 holds for s = 1. Thus, for
some S: % — S ([R), a counterpart of Condition 115 in the ECM setting for A = R! reduces to
demanding that

Eu(ISlexp(@T X)) <oo, OeR’. (6.82)

Remark 117. Since for each se N, and 0 € RS, Eyy (exp(X:_, HiTX’(ni))) =exp(X;_, ¥ (6;) <
oo, from Holder’s inequality, (6.81) holds if we have Ey(|S|9) < oo for some g € (1,00).

Condition 118. We have t,s € N, and f : (#([R}))! ® € — S (R) is such that for each M € Ry,
forsome NeNy, ¢ e (RHSHN andu e IR{Y, we haveU a.s.

N N
sup If) <Y wiexp() ¢l X)) (6.83)
be(RN:|b;|=M, i=1,...,t i=1 j=1

(where f(b) = f(b,-)).

Remark 119. Let Condition 118 hold and S satisfy Condition 115 (for the same s). Let M € R,
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and consider the corresponding N, ¢, and u as in Condition 118. Then, for each 6 € (R%)*

s N s
Eu( sup ISfBYexp(Y 07 X)) < Y wiEu(Sexp(Y (pi,j+6,)" X)) < oo.
be(RH:|b;|<M, i=1,...,t j=1 i=1 j=1

(6.84)

In particular, Ey(SUp e iy p1<M, i=1,..,¢|Sf (D)) < co. Furthermore, from the above M € R,
being arbitrary, for each b € RHY, S f (D) satisfies Condition 115.
In this work we assume that x° =1, x € R.

Theorem 120. Let conditions 68 and 69 hold, let t € N, r € R, w € N™*!, ye NP»*s*d 7 ¢
NOsxdd y e NS, v e 1L TI52, (NDYmi, and q € TTL,_, TIS_, N¥™i. Let for each b € (R')!

! l TAs d
m=1 i=1 i=1 j=1

i (6.85)

I
10T T @0y P iza ) P))1.
k=1 j=1

Then, Condition 118 holds for such an f (for the same t and s as above).

Proof. Let M € [0,00) and g(x) = e* + e *. For pe Rand be R/, |b| < M, from (5.42) we have U
a.s.

s d
1S #0)L” (b) <= K(p) := exp(IpIsFRM) [ [ | §(pRMX;(n)). (6.86)
i=1j=1

Let for x € [0,00) and a € N/

Usx)=1+ sup 0,9, (6.87)
beR!, |bl<x

which is finite thanks to Remark 37. Then, for each b e (R})?, |b;| <M, i =1,..., m, we have U
a.s.

t s d
FB) = US#0) ] (KM= TT ([ (g (i) (1 + RyTeer Zmist)
. m=1 i=1 j=1 (6.88)

. l_[ UVm,i,j (RM)Qm,i,j)).
j=1

The right-hand side of (6.88) can be rewritten to have the form as the right-hand side of
(6.83). O

Theorem 121. If conditions 68 and 69 hold, then for each t € Ny, p1, p2 € R" such that p,; = 1,
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i=1,....t, MER,, ve (NH, and for hy, ,,(b,w) := (I(S # 0)1'[;:’:1 [0y, (LPY (b)) |P*) (w), b €
(R)?, w € E, Condition 118 holds for f = hy, p,.

Proof. Since for p3 € (N;)! such that p3 ; > p2;, i = 1,..., t, we have

t
1Rpyp, D) < US#0) [T +18y, (LP (b))P*, (6.89)
i=1

it is sufficient to prove the above theorem for p, € I\Ifr. In such a case hp, p, (D) is a linear
combination of a finite number of variables as in (6.85). Thus, the thesis follows from Theorem
120. O

Theorem 122. [f Condition 115 holds, then for each p € R, for g(b) = SLP(b), be R! — fb) =
Eu(g(b) € R is smooth and we haved, f (b) = Ey(8,8(b)), veN!, be RL.

Proof. Tt follows from Theorem 121 for p; = p and p, = 1 and from Remark 119 by induction
over Zézl v; using mean value and Lebesgue’s dominated convergence theorems. O

Theorem 123. If Condition 115 holds

1. forS=1, then1=Ey(L™' (b)) and for each veN!, v #0, Ey(0, (L~ (b)) =0, be R,
2. forS= 72, then msq is smooth and 0, msq(b) = Ey(Z%0,L(b)), be R, veN!,

3. forS=C, thenb— c(b) is smooth and d,c(b) = Ey(Cd, (L™ (b)) = Ey(1(C # c0)Ca, (L~} (b)),
beR!, veN!,

4. forS equal to Z? and C, then ic is smooth.

Proof. The first three points follow from Theorem 122 and from the fact that due to remarks
70 and 54, we have 1 = Ey(L(b)~1), msq(b) = Ey(Z2L(b)), and c(b) = Ey(CL™! (b)) respectively,
b€ R!, and in the third point additionally (4.27). The last point is a consequence of points two
and three. O

Theorem 124. In the ECM setting for A= R!, let us assume that Q;(Z # 0) > 0, conditions 35
and 36 hold, and we have (6.82) for S = Z*. Then, V>msq(b) exists and is positive definite,
beR.

Proof. From a counterpart of Theorem 120 and Remark 119 for ECM, W = Z2L(b) (u(b) —
X)(u(b) - X)T has integrable entries. Thus, from the second point of a counterpart of Theorem
123 for ECM

V2msq(b) = Eg, (Z*L(b)(V2¥ (b) + (u(b) — X) (u(b) — X)1))

= V2¥(b)ms (6.9
= q(b) +Eg, (W).
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For v e RY, v Eg, (W)v = Eg, (Z2L(b) (V¥ (b) - X) T 1)?), so that Eg, (W) is positive semidefinite.
Thus, the thesis follows from the fact that as discussed in Section 5.1, V>W¥(b) is positive
definite and from msq(b) e R;, b e R.. O

Theorem 125. In the LETGS setting, if Condition 115 holds for S = Z? and Condition 76 holds,
then for a positive definite matrix

12 §
M =Eq, (2GZ? exp(— Y ni?) er, (6.91)
i=1

V2msq(b) — M is positive semidefinite, b € R'. In particular, msq is strongly convex with a
constant m equal to the lowest eigenvalue of M.

Proof. From the second point of Theorem 123, we have
V2msq(b) = Eg, (Z>(2G + 2Gb+ H)2Gb+ H)T)L(b)). (6.92)

From Theorem 120 and Remark 119, Z?G and W := Z?(2Gb+ H)(2Gb + H)")L(b) have Q-
intergrable entries, and from 1(Z # 0)| exp(—% Zle In; 12)| <1, so does ZzGexp(—% ZITZI [n; 12).
Furthermore, vT[E@1 (W)v =Eg, (Z2L(b)(2Gh+H)T1)?), ve R} ie. Eq, (W) is positive semidefi-
nite. From Lemma 79 for K = 222 exp(—% Zle In; 1%), M is positive definite. Furthermore, from
Remark 59, for each v € [Rl, vT[E@1 2GZ2L(b))v = vT My, and thus also vT([EQ)1 (2GZ2L(b)) -
M)v=0. O

Some properties of inefficiency constants

Let us consider the inefficiency constant function and its estimator as in sections 4.1 and 4.2.
Condition 126. It holds inf,c 4 c(b) = cin € R,

Condition 127. For some C,,;, € R, we have C(w) = Cpyin, 0 € Q.

Note that Condition 127 implies Condition 126 for ¢;,in = Cin-

Remark 128. Note that in the Euler scheme case as in Section 5.5, for T being the exit time of
the scheme of a set D such that xo € D, for s € Ry and C = st, Condition 127 holds for Cp,;, = s.

Under Condition 126 we have ic = ¢,;, var and thus if further A is open and limy,; o var(b) = oo,
then limy; 4ic(b) = co. Note also that if ¢ and var are lower semicontinuous (which from
Lemma 95 holds e.g. if b — L(b)(w) is continuous, w € Q) then ic is lower semicontinuous
as well. Thus, if further A is open and limy 4ic(b) = co, then from Lemma 98, ic attains a
minimum on A.

Remark 129. Let us assume that var has a unique minimum point b* € A. If for someb e A it
holdsic(b) <ic(b*), then b # b* and thusvar(b*) < var(b), so that we must have c(b) < c(b™).
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Note that ifvar, c, andic are differentiable (some sufficient assumptions for which were discussed
in Section 6.11), then a sufficient condition for the existence of b € A such thatic(b) < ic(b*)
is that Vic(b*) # 0. Since Vvar(b*) = 0, we have Vic(b*) = var(b*)Vc(b*), so that Vic(b*) #0
only ifvar(b*) #0 andVc(b*) #0.

Remark 130. Letc(b) >0, b€ A, letvar have a unique minimum point b*, and letvar(b*) =0
and c(b*) < oco. Then, b* is also the unique minimum point of ic and we have ic(b*) = 0. If
further A is open, msq and c are twice continuously differentiable, and V> msq(b*) is positive
definite, then from

VZic(b) = (V2c(b)) var(b) +c(b)VZmsq(b)+ (Ve(b) (Vmsq(h) T +(Vmsq (b)) (Veb) T, (6.93)
we have
V2ic(b*) = c(b*)V?msq(b*), (6.94)

and thus V%ic(b*) is positive definite.
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gd Minimization methods of estimators
and their convergence properties

A simple adaptive IS procedure used in our numerical experiments

Let us describe a simple framework of adaptive IS via minimization of estimators of various
functions from Section 4.2, shown in Scheme 1. A special case of this framework was used in
the numerical experiments in this work. In the further sections we discuss some modifica-
tions of this framework which ensure suitable convergence and asymptotic properties of the
minimization results of the estimators.

Consider some estimators e/s\tk, keNy, asin (4.13). Let bp € A, keN,, n; €Ny, i=1,...,k, and
N=nr;1 €N;. Letb;, i =1,...,k, be some A-valued random variables, defined in Scheme 1.
Let us assume Condition 19 and letfori =1,...,k+1and j=1,...,n; B; j beiid. ~P; and
Xi,j =€(Bi,j,bi-1). Let us denote J; = ()(i,j)?il, i=1,...,k+1 For k =1 we call the inside of

Scheme 1 A scheme of adaptive IS
for i:=1to kdo
Minimize b — és\tni (bi-1,b)(¥;), e.g. using exact formulas or some numerical minimiza-
tion method started at b;_;. Let b; be the minimization result.
end for
Approximate a with

(ZLbi)) N K k+1)- (7.1)

the loop in Scheme 1 single-stage minimization (SSM) and denote b’ = by, while for k > 1 we
call this whole loop multi-stage minimization (MSM).

Let us now consider the LETGS setting and ¢ as in (5.35). Then, using the notation (5.37), (7.1)
is equal to

1 N
~ N (ZLWb) PP (Brr1,0)- (7.2)
i=1
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From the discussion in Section 6.5, 1f An (bi—1)(¥1) = Z 2(ZL(bi_1)G)(bi*1) (Bi,7) is positive
definite, then for B, (b;_1)(¥;) = — = j:1 (ZL((b,_l))H) i~ 1) (,6,-']-), the unique minimum point
b; of b — €y, (bi-1,b)(Y;) is given by the formula b; = (A, (b;—1) (1)) "' Bn(bi-1)(¥:). Thus, in
such a case, finding b; reduces to solving a linear system of equations. For est replaced by
msq, msq2, or ic, the functions b — ésty, (b;_1, b)(¥;) can be minimized using some numerical
minimization methods which can utilise some formulas for their exact derivatives. Let us only
provide formulas for such derivatives used in our numerical experiments. It holds
i

1
Vsdy, (bi-1, )X = — 3 (Z*L(b;—1) 2Gb + HYL(b) " (B; ), (7.3)
ij=1

Vimsq,, (bi-1, b)(X:) = ni Y (Z2L(bi-1) @G+ @Gb+ H)(2Gh+ ) YL(B) P (B; ), (7.4)
ij:l

Vpmsq2,, (bi-1,b)(¥:) = Vymsq,, (bi-1,b) (i) — — Z( (L(}))l))(b' D(Bi7)
Lj=

(7.5)
L(b i-1) )(b

i— 1) ..
L(b) (ﬁl,])v

— .1 &
—msq, (bi-1, b) (Y1) Y (2Gh+ H)————
ij=1

and for

(msq2 (b 1,b)(xl)—(—Z(ZL(b, DB D, (7.6)

vary, (bi-1,b)(¥i) =

i~ ni j=
1 L bl . —_— ~
Vpicy, (bi- LhF) =~ Z( i) OBy )Vymsq2,, (bi—1, b) (X:)
—1] <" L(b) i
Ly, (7.7)
——Z((sz+H) “L o) b8y, )Vary, (bioy, b) (7).

ni L(b)

Formulas for the second derivatives of Ifsq\z n; (bi-1,) and ﬁ:ni (bi_1,-) can also be easily com-
puted and used in minimization algorithms, but we did not apply them in our experiments.
When evaluating the above expressions one can take advantage of formulas (5.41), (5.44), and
(5.45).

Helper strong laws of large numbers

In this section we provide various SLLNs needed further on. The following uniform SLLN is
well-known; see Theorem Al, Section 2.6 in [49].

Theorem 131. Let Y be a random variable with values in a measurable space &, let V c R}
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7.2. Helper strong laws of large numbers

be nonempty and compact, and let h : # (V) ® & — F(R) be such that a.s. x — h(x,Y) is
continuous and E(sup .y |h(x, Y)|) <oco. Then, for Y1,Ys,...i.id ~Y,as asn—oo,xeV —
%2?21 h(x,Y;) converges uniformly to a continuous function x€ V. — E(h(x, Y)).

For each p € [1,00] and R-valued random variable U, let |U| p denote the norm of U in LP (P).
We have the following well-known generalization of Holder’s inequality which follows from it
by induction.

Lemmal32. LetneN,, letU;,i=1,...,n, beR-valued random variables, and let gi € [1,00],

i=1,...,n, besuchthaty}_, % = 1. Then, it holds

n n
[TTU:h = []1Uilg, (7.8)
i=1

i=1

Let further in this section n; e Ny, i € Ny, and r € N;. To our knowledge, the SLLNs that follow
are new.

Theorem 133. Let M; =0, i € N,, be such that

) — <oo. (7.9)
i=0 1
Consider o-fields 9; c &, i € N, and R-valued random variables Vi, j=1...,n, 1 €Ny,
which are conditionally independent given ¢4; for the same i and different j, and we have
[E(u/?’j) < M; <ocoandE(y; j|%9;) = 0. Then, fora; = ni, Z;lil Vi j, i €Ny, we havea.s. limy .o @y =
0.

Proof. From the Borel-Cantelli lemma it is sufficient to prove that for each e > 0

Y P(la;l > e) < oo. (7.10)
i=1

From Markov’s inequality we have

R E@")
Plail>e) < ——, (7.11)
€ r

so that it is sufficient to prove that

18

E(@;") < oo. (7.12)
i=1

~
I

Let us consider separately the easiest to prove case of r = 1. We have for i e Ny, and j,/ €
{1,...,n;}, j # 1, from the conditional independence

E(wi,jviil9:) =E(y; j19)EW; 11%;) =0, (7.13)
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and thus

E(y jvi) =EEw; jv;11%:) = 0. (7.14)

Thus, for i € N,
~2 1 W 9 M;
E@)=—Q EWi,p°+ Y 2EWijwi)s —. (7.15)
i j=1 j<le(,...n} n;

Now, (7.12) follows from (7.9).

2r)!

For general r € N, denoting J; = {v € N"% :Z?;l vj=2r}and for ve Jj, (Zvr) =i, e have
j=1Yi
for v € J;, from Lemma 132 for n = n;, U; = 1//;1]., and % = %,
1 v 1 2 vj
EQ [Ty ;0= [TE€w: )7 <M. (7.16)
=1 =
Thus,
_or 1 2r|_ &y
E@=—; 2 | |E(]v;)) <co. (7.17)
i ver\V) j=1 7

.....

that y; , and v¥; - are conditionally independent. Furthermore, from Lemma 132 for n = n;,
Uj :u/;jj for j # k, Uy = l,and%— Li we have

- 2r’
Elyihs [ E@¥)> <co. (7.18)
jell,.,ni}, j#k
Thus,
n; )
E([]w; 19 = E(EWi d 9)EwW~1)1%1) =0, (7.19)
j=1
and [E(]_[;li1 1//1./”'].) = 0. Therefore, for J; = {v € (N\ {1} : Z?;l vj = 2r} we have
o1 or\_mo,
E@;") = —r Z ) [E(H v, (7.20)
i vejJ; ]:1

Note that for v Efi and p(v):={j €{l,...,n;}: vj # 0}, it holds p(v) < r, and thus for ]; ={ve
{0,2,3,...,2r}" : p(v) < r}, we have f, c];. Therefore,

VIEAE (T)(zr)’ <nl@r)". (7.21)
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Furthermore,

(Zvr) <@ (7.22)

From (7.20), (7.16), (7.21), and (7.22)

M.
E(@") < n—r’(2r)!(2r)r. (7.23)
i
Inequality (7.12) follows from (7.23) and (7.9). O

LetleN,, let A€ BRY be nonempty, and let a family of probability distributions Q(b), b € A,
be as in Section 3.4. Let b;, i € N, be A-valued random variables.

Condition 134. Nonempty sets K; € $B(A), i € N, are such that a.s. for a sufficiently large i,
bi e K;.

Condition 135. Foreachi€N., x;;, j =1,...,n;, are conditionally independent given b;_,
and have conditional distribution Q(v) given b;_1 = v (see page 420 in [18] or page 15 in [29]

for a definition of a conditional distribution). It holds ¥; = (Xi,j);-liy ieNy.

Condition 135 is implied by the following one.

Condition 136. Condition 19 holds and foreachi € N, §; j ~Py, j =1,..., n;, are independent
and independent of b;—. Furthermore, x; ;= ¢(fBi,j,bi-1), j =1,...,n;, and X; = (Xi,f)?;v
ieN;.

Let us further in this section assume conditions 134 and 135.

Condition 137. A function h: % (A) ® # — S (R) is such that for each v € A, Eg,) (h(v,-)) =0,
and for

M;= sup Egu)(h(w,)*"), ieN,, (7.24)

wek;_,

(7.9) holds.

Theorem 138. Under Condition 137, for

~ 1 )
bi=—) hbi-1,xik), I€N, (7.25)
ni 1
we have a.s.
lim b; =0. (7.26)
1—00
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Proof. Letfor i e Ny, h; : AxQ; — R be such that for each x € Q;, h;(v,x) = h(v, x) when
veK;_; and h;(v,x) =0when ve A\ K;_;. For

1 &
ai=— Y hi(bi—1, i), (7.27)
ni =1

from Condition 134 we have a.s. E,- —a;=1(b;_1 ¢ Ki_l)Ei — 0 as i — oo. Thus, to prove (7.26)
it is sufficient to prove that a.s.

lim a@; = 0. (7.28)

i—oo

Let w;j = hi(bi-1,Xi,j), i €N, j =1,...,n;. From the conditional Fubini’s theorem (see
Theorem 2, Section 22.1 in [18])

[E(W?S') =E(Egw) (hF (0, ) vb;_,)

(7.29)
=E((1(v € Ki—D)Eg (W (1,))) p=p,_,) < M;.

Furthermore, v; j, j = 1,..., n; are conditionally independent given %; := o' (b;-1), and from
some well-known properties of conditional distributions (see Definition 1, Section 23.1 in
[18]), we have

E(y;,j19:) = Eg) (hi(v,)) v=p,_,
= (v € K;-1)Egy) (h(v,)) y=p,_, = 0.

(7.30)

Thus, (7.28) follows from Theorem 133. O

Theorem 139. Ifg: ¥ (A) ® # — L (R) is such that f (v) := Egq)(g(v,-) €R, v € A, and for

P;= sup Egu)(g,)?"), ieNy, (7.31)
veK;_;
we have
) — <oo, (7.32)
i=1 "

then Condition 137 holds for h(v,y) =g, y) - f(v),ve A, ye Q.

Proof. Clearly, Egy)(h(v,-)) =0, v € A. Furthermore, for ve A

Egw) (h(1,)*") <Eguy (g1, ) +1f ()N
<22 gy (g(1, )% + f(1)*) (7.33)
<4 Eq(g(v,)*"),

1
where in the second inequality we used the fact that %b < (M) ?,a,be0,00), pe(l,00),
and in the last inequality we used conditional Jensen’s inequality. Thus, M; < 4" P; and (7.9)
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follows from (7.32). O

Condition 140. Condition 17 holds for Z replaced by some S € L' (Q,) and for

P; = sup Egu((SL(1)*") = sup Eg, (S L)Y, ieN,, (7.34)
veK;_ vEK;_1
we have (7.32).

Theorem 141. Under Condition 140, a.s.

Jim (SL(Bx-1)), (1) = Eq, (S). (7.35)

Proof. This follows from Theorem 139 for g(v,y) = (SL(1))(y), v € A, y € Qy, in which f(v) =
Eg, (S), v € A, as well as from Theorem 138. O

— 1
For each R-valued random variable Y on 4 and g = 1, let ||Y||; = Eg, (| Y|9)a.

Lemma 142. Let p, g € [1,00] be such that’l? + % =1,letSe Lzr”(@l), let Condition 17 hold for
Z =S, and let for

R;i= sup |IIS#OLW)* g ieNy, (7.36)
veK;_,
it hold
Y — <oo. (7.37)
i=1 7

Then, Condition 140 holds.

Proof. From Holder’s inequality Eq, (S L(n)?¥H< ||52r||p||1](S # O)L(v)zr_lllq, so that for P;
as in (7.34) we have P; <|S%"| |pR;. Thus, from (7.37), (7.32) holds for such P;. O

The following uniform SLLN can be thought of as a multi-stage version of Theorem 131 and
some reasonings in its below proof are analogous as in the proof of the latter in Theorem A1,
Section 2.6 in [49].

Theorem 143. LetV c R! be a nonempty compact set and leth : #®.% (V) — % (R) be such that
forQ; a.e. w€ Qy, b— h(w, b) is continuous. Let Y (w) = sup,cy |h(w, b)|, w € Q1, and let Con-
dition 140 hold for S=Y. Then, a.s. ask — oo, be V — Gy (b) := nikZ?jl h(xk,i b)L(bg-1)(xk,i)
converges uniformly to a continuous function be V — a(b) := kg, (h(-, b)) €R.

Proof. Obviously,
|h(w,b)| =Y (w), weQ, beV, (7.38)
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and for each b € Ky, for Py asin (7.34) for S=Y,
1
Eg, (V) = Equy (Y L(D)) < (Eg (Y L(b)?") 7 < P¥ < oo, (7.39)

Thus, for each v € V and vy € V, k € N4, such that limg_. o, v = v, from Lebesgue’s dominated
convergence theorem and Q; a.s. continuity of b — h(:, b),

klim a(vy) = Eg, (klim h(-, vg)) = a(v) eR. (7.40)

Thus, a is finite and continuous on V. Let € > 0. From the uniform continuity of a on V, let
6 >0 be such that

la(x)—a(y)l<e, x,yeV,|x—yl<é. (7.41)
ForeachyeVandneN,,let B,y ={xeV:|x-yl< %}, and let for each w € Q3

I'n,y(@) = sup{|h(w, x) — h(w, )| : X € By y}. (7.42)
For Q; a.e. w for which h(w,-) is continuous, lim, ., ',y (@) =0, y € V. Furthermore,

I'n,y(w) <2Y (), weQ, neN;, yev, (7.43)
so that from Lebesgue’s dominated convergence theorem

lim Eq, (ry,y) =Eq, (lim r4,) =0, yeV. (7.44)
Thus, for each y € V there exists ny €Ny, ny > %, such that

Eq, (Tn,,y) <€, (7.45)

for which let us denote W), = By,,y. For each x,yeV

1 X
|Gk (%) — ax (Y| < P > Lbk-) (xR ki %) = B (ki V), (7.46)
i=1

so that foreach ye V

. . 1
sup | (x) — (< — > Lbg-1) (ki) Tnyry Xk i)- (7.47)
xeWw, Nk i=1

From (7.43), Condition 140 holds for S =y, so that from Theorem 141, the right-hand side
of (7.47) converges a.s. to Eq, (ry,,y) as k — co. Thus, from (7.45), for each y € V, a.s. fora
sufficiently large k,

sup |ay(x) — ax(y)| <e. (7.48)

XeW,
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The family {W,, y € V} is a cover of V. From the compactness of V' there exists a finite set of
points yy,..., ym € V such that {W), : i = 1,..., m} is a cover V, and a.s. for a sufficiently large k
we have

sup |ag(x) —ar(yi)l<e, i=1,...,m. (7.49)
eryi

From (7.38), for each x € V, Condition 140 holds for S = h(-, x), so that from Theorem 141, for
each x e V, a.s. limy_.o, Gy (x) = a(x). Thus, a.s. for a sufficiently large k

lar(yi) —a(yi)l<e, i=1,...,m. (7.50)

Therefore, a.s. for a sufficiently large k for which (7.49) and (7.50) hold, for each x € V, for
some i € {1,...,m} such that |y; — x| <9,

[ar(x) — a(x)| < |k (x) — ar(y) |+ ax (yi) —a(y) | +la(y;) — a(x)| < 3e. (7.51)

O

Locally uniform convergence of estimators

In this section we apply the SLLNs from the previous section to provide sufficient conditions
for the single- and multi-stage a.s. locally uniform convergence of various estimators from
Section 4.2 as well as their derivatives to the corresponding functions and their derivatives.
Such a convergence will be needed when proving the convergence and asymptotic properties
of the minimization results of these estimators in the further sections. By = we denote

uniform convergence. For some A c R/, we say that functions f,, : A — R, n € N, converge
loc
locally uniformly to some function f : A — R, which we denote as f,, =2 f, if for each compact

set K< A, fuix = fix, i.e. f, converges to f uniformly on K.

Lemma 144. Letl,me Ny, let D c R! be nonempty and compact, let functions f : D — R™ and
s:R™ — R be continuous, and for some f,: D — R™, ne Ny, let f, = f. Then, s(f,) = s(f). If

loc

further s, : R™ — R, n € Ny, are such that s, = s, then s, (f,) = s(f).

Proof. For M = sup.p|f(x)| < co let K = B;(0, M + 1), and let € > 0. Since s is uniformly
continuous on K, let us choose 0 < § < 1 such that |s(x) — s(y)| <e when |x—y| <9, x,y € K.
Let N € N} besuch thatforn= N, | f;,(x) - f(x)| <6, x € D. Then, for n = N we have |s(f;(x)) —
s(f(x))l <€, xe D. Letfurther M e N, M = N, be such that for n= M, |s,(y) —s(y)| <€, ye K.
Then, for n= M and x€ D

[$n(fn (X)) = s(F DN = 80 (fn (%) = s(fr ()] +18(fn (X)) = s(f (X))] < 2. (7.52)
O
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Until dealing with the cross-entropy estimators at the end of this section, we shall consider
the LETS setting. Similarly as in Section 6.11, this will allow us to cover the special case of
the LETGS setting and it is straightforward to modify the below theory to deal with the ECM
setting for A =R/,

Theorem 145. Assuming Condition 32, if Condition 115 holds

1. forS=1, thena.s. (asn— oo) b — (L'd,(L~1)(b)), (k) converges locally uniformly to 0
for veN!\ {0} and to1 forv =0,

I loc
2. forS =72, thena.s. b— d,msq,(b', b)(X,) = (Z2L'd,L(b)) ,(K,,) = 0, msq, v € N/,

loc
3. forS=C, thena.s. b— 0,¢,(b',b)(X,,) = d,c, veN!,

loc

4. both for S equal to Z? and 1, then a.s. b — d,msq2,(b,b)(®) = 0, msq and b —
0,var,(b', b)(K,) Zi d,var, veN!,

- loc
5. forS=C,S= 7% andS =1, thena.s. b— 0,ic,(b',b)(X,) = d,ic, ve N

Proof. The first three points follow from such points of Theorem 123, Theorem 121 for p, =1
and appropriate p;, Remark 119, and from Theorem 131 (note that from Condition 115 for
S = C we have such a condition for S = 1(C # 00)C). The fourth point follows from the first two
points, the fact that a.s. ﬁn (X,) — a, the last line in (4.23), (4.24), and Lemma 144. The
fifth point follows from points three, four, and Lemma 144. O

Let us further in this section assume the following condition.

Condition 146. A=R/, re N, foreachi e N, n; e N, and for each i €N, L; € [0,00) and
={beR':|b| < L;}.

Consider the following conditions.

Condition 147. Foreach a;,a; € R,

Z, exp(a; F(azL;- 1)) (7.53)

n;

Condition 148. lim; .., L; = o0

Remark 149. Let us discuss possible choices of n; and L; such that conditions 147 and 148 hold
foreach r € N, in some special cases of the LETS setting. Let A; €N, A, e Ny, meN,, 0<d <1,
and By, By € R... Consider F(x) = x %, which corresponds to X having multivariate standard
normal distribution under U, (see sectzons 5.1 and 5.3.4). Then, one can take n; = A; + Aym’

andL; = (B1+ By (i + 1)1‘5)%, or alternatively n; = A1+ Ayil and L; = (B1+ B2(i +1)) 2. For some
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1
, 1 €Ny, in the first case we havelim; .o, b; = L <1

T o

ay, ay € Ry, denoting b; = m

i

and in the second case, using Stirling’s formula, we have lim;_. bl.% =0. Thus, in both cases
(7.53) follows from Cauchy’s criterion. For F(x) = uo(exp(x) — 1), which corresponds to the
Poisson case with initial mean p, one can take e.g. L; = By In(By +1n(i + 1)) and some n; as for
the normal case above.

Lemma 150. If conditions 68 and 69 hold, then for each p € [0,00) and b € R!
Eg, (IS # 0)L(b)P) < exp(s(pE(R|b|) + F(Rp|b)))). (7.54)
In particular, if p = 1 then

Eq, (I(S # 0)L(b)”) < exp(2psF(Rp|b)))). (7.55)

Proof. From (5.42) we have Q; a.s. thatif S # 0 (and thus from Condition 69, 7 < s) then

L(b)? =exp(p(U(b) + Hb))

= exp(pU(b) + U(~bp))

1
< exp(s(pF(R|b|) + F(Rp|b))))

1
L(-bp)’
Now (7.54) follows from Eg, (1(S # O)L(_;bp)) =Q(-bp)(S#£0) = 1. O
Condition 151. Conditions 68 and 69 hold and for some p € (1,00), S € L*"P(Qy).

Theorem 152. If conditions 147 and 151 hold, then Condition 140 holds (for the same S, p, r,
K;, and n; as in these conditions and Condition 146).

Proof. From Lemma 142 it is sufficient to check that for g as in that lemma corresponding to
p from Condition 151, and for R; as in (7.36), we have (7.37). From (7.55) in Lemma 150, it
holds

Ri= sup |[IS#0) LB,
bEK[,l

< sup exp(2s@2r— 1)?(Rq(2r - 1|bl)) (7.57)
bEKi_l

<exp(2s2r— l)ﬁ(Rq(Zr -1L;_1)),
so that (7.37) follows from Condition 147 for a; =2s(2r — 1) and a, = Rq(2r —1). O

Theorem 153. If conditions 134, 135, and 147 hold and Condition 151 holds for S = U (that
is for S denoted as U), then for each w € R and v € N}, a.s. as k — oo, b € Rl — fk(b) =
(UL(by-1)0y(L(b)"))p,, (X k) converges locally uniformly to b € R! — f(b):= Eg, (Ud,(L(D)™)) €
R.
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Proof. Let MeR,, V ={xe€ R!: |x| < M}, h(w,b) = U(w)d,(L(b)")(w), w € Q1, be V, and
W (w) = suppey |h(w,b)|, w € Q;. For some 1 < p’ < p, from Remark 117 for § = U2 and
q= %, Condition 115 holds for such an S. Thus, from Theorem 121 for p; = w and p, =2rp’
and from Remark 119, we have

Eg, (W?'P)) = Eq, (sup (U3, (L(b)*)*"?) < co. (7.58)
|b|l=sM

Furthermore, if W # 0 then also U # 0, so that Condition 151 holds for S= W and p = p’. Thus,
from theorems 143 and 152 we receive that a.s. b — fk(b) converges to f uniformlyon V. O

Theorem 154. Let conditions 134, 135, and 147 hold. If Condition 151 holds

~

. thena.s. (L(br_1)S) 7 (Xx) converges to g, (S) (as k — oo0),

V)

. for S=1, then a.s. b — (L(br-1)0,(L(b)™1)),, (Xx) converges locally uniformly to 0 for
veN\{0} and to1 forv=0,

loc

3. forS= 7%, thena.s. b— 0,msq,, (bx-1,b)(Yx) = 0, msq, vE N

loc
. forS=C, then b— 0,¢y, (bi_1,b)(¥x) = dyc, vEN,

N

)]

- loc
. bothforS=1andS = 72, and ifng €Ny, k€N, thena.s. b— 0,msq2,, (bg-1,b)(Yx) =
loc
8, msq and b — 8,vat,, (bi_1,b)(¥x) = 0, var, veN/,

loc

. forS=C,S= 7% and S=1, and ifngr €Ny, keNy, thena.s. b — GyiAcnk(bk_l, b) (¥ =
0yic, ve N

)

Proof. The first point follows directly from Theorem 153 for v = 0 and w = 0. Points two
to four follow from Theorem 153 and points one to three of Theorem 123 (note that from
Condition 151 for S = C we have such a condition for S = 1(C # 00)C). The fifth point follows
from point one for S = Z as well as points two, three, and Lemma 144, similarly as in the proof
of the fourth point of Theorem 145. The sixth point follows from points four, five, and Lemma
144. O

Let us now discuss single- and multi-stage locally uniform convergence of the cross-entropy
estimators, for which we shall consider the ECM and LETGS settings separately.

Theorem 155. In the ECM setting, let us assume Condition 32 and that we have (6.8). Then, a.s.

(ZLn(&n) — (7.59)
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7.3. Locally uniform convergence of estimators

and
(ZL'X),(K,) — kg, (ZX). (7.60)

Assuming further Condition 36, we have a.s.
loc !
b— 0,Ce,(b,b)(Kn) = dyce, vEN' (7.61)

Proof. Formulas (7.59) and (7.60) follow from the SLLN. Under Condition 36, from (6.1) and
(6.9) we have for v e N/

d,ce(b)—0,Ce, (b, b)(K,) = (31;‘1’(19)(06—(ZL’)n(?n))—((31;19T)(E¢;p1 (ZX)-(ZL'X), (k). (7.62)
Thus, for each compact K c A, from (7.59) and (7.60),

sup |9, ce(b) — 0,Ce, (b, b)(K )| < sup |0, ¥ (b)|(a — (ZL),(Kpn))

beK beK L (7.63)
+sup IOUbTI([EQ,1 (ZX)-(ZL'X),(x,) — 0.
beK
O

Theorem 156. In the ECM setting, let us assume that A = R!, conditions 134, 135, and 147 hold,
and for some s > 2 we have Z € L"*(Q1). Then, a.s.

fim (ZL(bg-1)n, (T = (7.64)
Jim ZXLBx-0)n, (70 = Eg, (2X), (7.65)

and assuming further Condition 36, a.s.

loc

b — 0,8y, (bx_1,b)(¥r) = dyce, veN (7.66)

Proof. From Hoélder’s inequality, for each 2 < g < s we have Eg, (1ZX;|") <o0,i=1,...,1. Thus,
(7.64) and (7.65) follow from the counterpart of the first point of Theorem 154 for ECM for
S=Zand S = ZX respectively and (7.66) can be proved similarly as (7.61) in Theorem 155. [

Theorem 157. In the LETGS setting, let us assume conditions 32 and 91. Then, a.s.

(ZGL)y(Kp) — Eg, (ZG), (7.67)

(ZHLn(Ky) — Eq,(ZH), (7.68)
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and
loc I
b—0d,ce,(b,b)&,) =0d,ce, veN' (7.69)
Proof. Formulas (7.67) and (7.68) follow from the SLLN. From (6.39) and (6.47), 8, ce(b) and

d,Ce, (b, b)(K,,) can be nonzero only for v € N’ such that 25:1 v; < 2. Itis easy to check that
for such a v, from (7.67) and (7.68), a.s.

- - loc
0, ce(b)—0,Ce, (b, b) (K ) = (91;(bT([E<Q)1 (ZG)-(ZGL) (K ) b+(Eg, (ZH)—-(ZHL'"),(K))b) = 0.
(7.70)
O

Theorem 158. In the LETGS setting, let us assume conditions 68, 69, 134, 135, and 147, and
that for some p > 2 we have Z € L'P (Q,). Then, a.s.

(ZGL(bg-1)) 1, (Xk) — Eq, (ZG), (7.71)
(ZHL(bg-1) pn, (Xx) — Eg, (ZH), (7.72)
and
loc

Proof. From Lemma 92, foreach2<u<pandi€{l,...,1}, we have Eqg, (|ZH;|"™) < oo and
Eg,(1ZG; jI™) < co. Thus, (7.71) and (7.72) follow from the first point of Theorem 154 for
S§=ZH; and S = ZG;,j respectively, and (7.73) can be proved similarly as (7.69) in Theorem
157. O

Exact minimization of estimators

In this section we define exact single- and multi-stage minimization methods of estimators,
abbreviated as ESSM and EMSM. We also discuss the possibility of their application to the
minimization of the cross-entropy estimators in the ECM and LETGS settings.

Let T c R, be unbounded and for some [ € N, let B € Z(R!) be nonempty. The ESSM
and EMSM methods can be viewed as special cases of the following abstract method for
exact minimization of random functions, which we call EM. In EM we assume the following
condition.
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7.4. Exact minimization of estimators

Condition 159. Foreach t € T we are given a function ft L (B)®(Q,F) — FR), aset Gy e F,
and a B-valued random variable d;. Random variable ft(b, \) is denoted shortly as ft(b).

Furthermore, it assumed that for each ¢ € T and w € Gy, d¢(w) is the unique minimum point of
b— f;(b,w).

Let us now define ESSM and EMSM. For some nonempty set A € B[RYH, Ac B, and peN,, let
us consider functions

esty: L (A F(B)eF' = FR), neN,. (7.74)

For B = A these can be some estimators as in (4.13). We shall further often need the following
condition.

Condition 160. For each n €N, a set D, € 9(A) ® F|' is such that for each (b',w) € Dy, the
function b € B — est, (b, b) (w) has a unique minimum point, denoted as b},(b', w).

In ESSM and EMSM we assume the following condition.

Condition 161. Condition 160 holds and for each n € Ny, for &, :={D,ND: D € B(A) ® F'},
the function (b',w) — b},(b', w) is measurable from &), = (D, %) to ¥ (B).

In ESSM we also assume Condition 32 and the following condition.

Condition 162. N U {oo}-valued random variables N, t € T, are such that a.s. (2.7) and (2.10)
hold.

Remark 163. In Condition 162 one can take e.g. T =N, and Ny =k, k € N.. Alternatively,
one can take T = R, and for some nonnegative random variable U on ¥, N; can be given by
formula (2.5) or (2.6) but for C; = U (x;), i e N, (i.e. for S, = ;‘:1 U(x;), neN,). In such cases
sufficient conditions for (2.7) and (2.10) to hold a.s. were discussed in Chapter 2. For instance,
such an U can be some theoretical cost variable, fulfilling U = p; U for some py; € Ry and an
practical cost variable U for generating some replicates (e.g. of Z) under Q' and doing some
helper computations needed for the later estimator minimization. Such U and U are defined
analogously as such costs C and C of an MC step in Chapter 2 and shall be called the cost
variables of a step of SSM. In such a case, some N; as above can be interpreted as the number of
steps of SSM corresponding to an approximate theoretical budget t. Often one can take U = C,
as is the case in our numerical experiments.

For each t € T, in ESSM we define d; to be a B-valued random variable such that on the event

Gy :={(N;=keNpy) A((b,Xi) € Dp)}, (7.75)
we have
d; = by (b, Ky). (7.76)
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OnG,=Q\G,onecanseteg. d;=b',teT.

In EMSM we assume that conditions 134 and 135 hold for n; € Ny, k € N,.. Furthermore, for
each k € N, d}. is a B-valued random variable such that on the event

Gr :={(bx-1,Xx) € D} (7.77)
we have
di = by, (br-1,Xx)- (7.78)

On G| one can set e.g. dy = by or dy = bi_1.

Remark 164. ESSM and EMSM are special cases of EM for the respective G; and d; as above, in
ESSM for f;(b,w) = W(N; = k € Npy)estr (D', b) Ky (w)), while in EMSM for T =N, and fi(b,w) =
esty, (bx—1,b) (Y (@)).

In EMSM the variables by, k € N, satisfying Condition 134 can be defined in various ways.
An important possibility is when we are given some Kj-valued random variable by, and by,
k € N, are as in the below condition.

Condition 165. For each k € N, if dy € K, then by = d, and otherwise by = ry for some
Ki.-valued random variable ry.

Note that if K c K11, k € N, then for each k € N, in the above condition we can take e.g.
re. =bgorry=bj_1.

Consider some function f: A — R and let b* € A be its unique minimum point. We will be
interested in verifying when some of the below conditions hold for EM methods, like ESSM
and EMSM under the identifications as in Remark 164, or for some other methods defined
further on.

Condition 166. Almost surely for a sufficiently large t € T, G; holds.
Condition 167. It holds a.s. lim;_., d; = b*.

Condition 168. It holds a.s. lim;_. ﬁ(d,) = f(b*).

Consider the following condition.

Condition 169. A is open and K; € %(A), i € N, are such that for each compact set D c A, fora
sufficiently large i, D C K;.

Note that if conditions 146 and 148 hold, then Condition 169 holds.
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7.4. Exact minimization of estimators

Remark 170. For EMSM let us assume conditions 165 and 169 (for the same sets K; ). Then, if for
some compact set D c A a.s. dy € D for a sufficiently large k (which happens e.g. if a.s. dy — b*
and D is some compact neighbourhood of b*), then a.s. for a sufficiently large k, dy. = by. In
particular, if additionally Condition 167 or 168 holds for EMSM then such a condition holds
also for dy replaced by by.

Let us now describe how ESSM and EMSM can be used for est,, = ¢¢,, in the ECM and LETGS
settings. Let us first consider ECM as in sections 5.1 and 6.1, assuming conditions 35 and
36, as well as that we have (6.8), a > 0, and (6.10). Then, from the discussion in Section 6.1,
Condition 160 holds for

n=1{,w) € Ax QF:(ZL)p(w) >0A ((ZZL%(Q)) € ulAl}, (7.79)

!
n

and from formula (6.7), Condition 161 holds. In ESSM, from (7.59) and (7.60) in Theorem 155
as well as from «a > 0, a.s. for a sufficiently large n we have (ZL'),(K,) >0 and a.s.

! Eg, (ZX
Z0Xn . | _ Ea/(ZX)

=—n (7.80)
(ZLNy @

Thus, using further (6.10), the fact that u[A] is open, and Condition 162, a.s. for a sufficiently
large t, G; as in (7.75) holds (i.e. Condition 166 holds for ESSM), in which case

dy=p! (7.81)

(ZL'X)k
— (&) |.
(ZLNg

From Condition 162, (6.11), (7.80), (7.81), and the continuity of z~!, Condition 167 holds. For
EMSM let us additionally make the assumptions as in Theorem 156. Then, from (7.64) and
(7.65) in that theorem, by similar arguments as above for ESSM, conditions 166 and 167 hold
for EMSM.

Consider now the LETGS setting and, using the notations as in Section 6.5, let us assume that
Condition 91 holds and A is positive definite. From the discussion in that section, Condition
160 holds for D, = {(b,w) € Ax Q] : A, (b')(w) is positive definite}, which, for Z = 0, fulfills
D,=Ax{we Qf : 7, (w)}. From formula (6.41), Condition 161 holds. In ESSM, from the SLLN
a.s. Ap(b)([&,) — Aand B,,(V')(X,) — B. Thus, from Lemma 81 and Condition 162, a.s. for a
sufficiently large ¢, N; = n € N and A, (b')(K,,) is positive definite (i.e. Condition 166 holds),
in which case d; = (4,,(b)(X,)) !B, (V') (X,). Thus, from (6.48), Condition 167 holds. For
EMSM, let us make the additional assumptions as in Theorem 158, so that from (7.71), a.s.
Ap, (b)) (X k) — A, and from (7.72), a.s. By, (br-1)(Xx) — B. Then, analogously as for ESSM
above, conditions 166 and 167 hold for EMSM.
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Chapter 7. Minimization methods of estimators and their convergence properties

Helper theorems for proving the convergence properties of minimiza-
tion methods with gradient-based stopping criteria

Condition 171. For a random variable Y with values in a measurable space.¥ and a nonempty
set Ae BRY, a functionr: (AL — F(R) is such that Condition 94 holds for h(b,-) =
rb,Y(), be A.

ForacR!'andee R, we define a sphere S;(a,e) ={x € R!: |x—al| =€}, aball Bj(a,e) ={x€ R!:
|x — a| < €}, and a closed ball El(a, €) = Bj(a,e) ={x € R!: |x — al < €}. The proof of the below
lemma uses a similar reasoning as in the proof of consistency of M-estimators in Theorem
5.14in [55].

Lemma 172. Let Condition 171 hold, Y1,Y>,... bei.id. ~Y,be A— fn(b) = %Z?:I r(b,Y;),
neN,, K c A be a nonempty compact set, and m be the minimum of f on K (which exists
due to lemmas 93 and 95). Then, for each a € (—oo, m), a.s. for a sufficiently large n, fn(b) > a,
beK.

Proof. Let U; = B;(0,i71), i € N,. From the a.s. lower semicontinuity of b — r(b,Y), for
each v € K, for g; ,(x) = infpe(y+u,3na (b, x), we have a.s. g;,(Y) 1 r(v,Y) as | — co. Thus,
from the monotone convergence theorem, E(g; ,(Y)) 1 f(v) as | — oo, v € K. In particular,
E(g1,,(Y)) > aforl =1, for some I, e N, v € K. The family {D, := v+ Uj, : v € K} is a cover
of K. From the compactness of K, let {D,,,...,D,,} be its finite subcover. Then, from the
generalized SLLN in Theorem 1 (which can be used thanks to (6.49)),

-~ ]- & a.s
inf f,,(b)= min -— Y;)=> min E Y))>a. 7.82
ber"( ) ke{l,....m}n;gl”k’”’“( 2 kefl,...,m} (81,0 (Y)) (7.82)

O

Lemma 173. Let Condition 171 hold for r equal to some nonnegative ry and r,, for the same
Y and A. Let g(b) = E(r1(b,Y)) and E(r,(b,Y)) =1, be A, let Y1,Y>,... beiid ~Y, and
letbe A— fi ,(b):= %27:1 ri(b,Y}),i=1,2,andbe A— g,(b):= fin(b) fo,n(b), n€N,. Let
K c A be a nonempty compact set and m be the minimum of g on K. Then, for each a € (—oo, m),
a.s. for a sufficiently large n,

gnb)>a, beKk. (7.83)

Proof. Ttholds g,(b) =0, ne Ny, b€ A, so that it is sufficient to consider the case when m >0
and 0 < a < m. Let a < d < m. Then, from Lemma 172, a.s. for a sufficiently large n, fl,n(b) >d
and fg,n(b) > %, b € K, in which case (7.83) holds. O

Condition 174. We have b* € R' and A € B(R") is a neighbourhood of b*. A function f: A— R,
f > —o0, is lower semicontinuous and b* is its unique minimum point (in particular, f(b*) <
00).
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with gradient-based stopping criteria

Condition 175. Condition 174 holds and B c R! is such that A c B. Functions f,: B — R,
ne Ny, fulfill

lim f(b*) = f(b"). (7.84)

Furthermore, for each compact set K c A, for m equal to the minimum of f on K, for each
a < m, for a sufficiently largen, f,(x) > a, x€ K.

Remark 176. Let Condition 174 hold, B < R!, A< B, and fn:B— R, neNy be such that
loc

fnia = f. Then, Condition 175 holds.

Remark 177. Let us assume Condition 175, let € € R, be such thatﬁl(b*,e) c A and let ¢ be
the minimum of f on S;(b*,€). From the uniqueness of the minimum point b* of f, we have
c> f(b*). Let 6 € Ry besuch thatc> f(b*)+6. Then, for a sufficiently large n

fab)= f(b*)+6, beS;(b*e) (7.85)
and
* * 6
)= f(b )+§. (7.86)

Theorem 178. Let us assume that Condition 175 holds for a convex B and for f,,, n € Ny, which
are convex and continuous. Then, for a sufficiently large n, f, possesses a minimum point
ay, € B. Furthermore,

lim a, = b’ (7.87)
and
r}i_{lgofn(dn) = f(b"). (7.88)

If further B is open, f,, n € N,, are differentiable on B, and a sequence b,, € B, n € N, is such
thatlim,_.o |V f,,(by)| =0, then

r}l_{go b,=b" (7.89)
and
,}ijgofn(bn) = f(b"). (7.90)

Proof. Letus consider €, € Ry as in Remark 177. From this remark, let N € N be such that
for n > N we have (7.85) and (7.86). Then, for n > N, for each b € B such that |b— b*| = ¢, from
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the convexity of f,

. b-b* . b-b* .
fu(D) = fn(b™) = | l(fn(b +€ )= fu(D)
€ |b—b*| (7.91)
|b—b*|0 '
>—>0.
2€
For n> N, from (7.91) and the continuity of f;;, f;; has a minimum point a,, fulfilling
la,—b*| <e. (7.92)
This proves (7.87). For n> N, from (7.86) and f,(a,) < f,(b*) we have
. O
fnlan) = f(b7) + > (7.93)
From Condition 175, for some N; > N, for n > Nj,
* 6 Y *
fab) = f(b™) - X be B;(b™,e). (7.94)

Thus, for n > Ny, from (7.92), (7.94), and (7.93), we receive that | f,,(a,) — f(b*)| < g. Since we
could have selected 6 arbitrarily small, we receive (7.88).

Let B be open and f;, be differentiable. Then, for b € B such that b # b*, for v = %, from
the convexity of f;,

Jn(D) = fa (")

Vf.(b)| =V b) = 7.95
IV (D) vfn(D) b—b*| ( )
Thus, for each b € B for which |b— b*| = ¢, for n > N, from (7.95) and (7.91)
IV fn(b)| = 2 (7.96)
T 0 '
Let N> > N be such that for n > N,
IV fu(b )|<£ (7.97)
n n 26' .
Then, from (7.96), for n > N,
|b, —b*| <, (7.98)
which proves (7.89). For n > N; v N, we have
6 O " X
522_€>|vfn(bn)”bn_b |an(bn)_fn(b )
€ (7.99)

)
> fu(by) — f(b*) - 52 -0,
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where in the first inequality we used (7.97) and (7.98), in the second (7.95), in the third (7.86),
and in the last one (7.94). Thus, in such a case

)
52fn(bn)_f(b*)2_§» (7.100)
which proves (7.90). O

Lemma 179. Let Ac R’ be open. If a twice continuously differentiable function f : A— R has a
positive definite Hessian on A, then for each convex U < A such that for some compact K c A,
U c K, f isstrongly convex on U. If furtherlimy; 4 f (x) = oo, then for each xo € A as sucha U
one can take the sublevel set S={x € A: f(x) < f(x0)}.

Proof. From Lemma 80, be A — ml(V2 f(b)) is continuous and thus f is strongly convex
on U with a constant infycg ml(V2 f(x)) > 0. From the convexity of f, S as above is convex.
Furthermore, if lim 4 f(x) = oo, then for a sufficiently large M, for a compact set K as in (6.51)
we have S c K. O

Minimization of estimators with gradient-based stopping criteria

In this section we define single- and multi-stage minimization methods of estimators with
gradient-based stopping criteria, abbreviated as GSSM and GMSM respectively. We also
discuss the possibility of their application to the minimization of the well-known mean square
estimators in the LETGS setting and both the well-known and the new mean square estimators
in the ECM setting.

Consider some sets T and B as in Section 7.4 and let additionally such a B be open. GSSM
and GMSM are special cases of the following minimization method of random functions
with gradient-based stopping criteria, abbreviated as GM. In GM we assume Condition 159.
Furthermore, we assume that b — ﬁ(b,w) is differentiable, t € T, w € Q1, and that we are given
[0,00]-valued random variables €;, t € T, such that a.s.

lime;=0 (7.101)
t—oo

and
Vi fildi(w),w) <€), weGy, teT. (7.102)

We shall further need the following conditions and lemmas.

Condition 180. Condition 160 holds, for each n € N, and (b',w) € Dy, b € B — est, (b, b) (w) is
differentiable, and b;kl(b’, ) is equal to the unique point ¢ € B such that Vbés\tn(b’, c)(w) =0.

Lemma 181. Condition 180 implies Condition 161.
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Proof. A function (b, (b',w)) € B x D, — g(b, (b',w)) := Vpest, (b, b)(w) is measurable from
F(B) ® (Dy, F),) to #R!) and for each D € B(B), (b})"1(D) = {(V',w) € Dy, : there exists c €
D, such that g(c, (b',w)) = 0} is a projection of g~1(0) N (D x D) € B(B) ® &/, onto the second
coordinate. Thus, (b})"}(D) € &, D € B(B). O

Condition 182. The set B is convex. Furthermore, for each n € Ny, a set 5,1 € 91” is such that
foreach b' € Aandw € Dy, b€ B — g(b) := est, (b, b)(w) is smooth with a positive definite
Hessian on B, andlimpp g(b) = oco.

Lemma 183. Condition 182 implies Condition 180 for b;(b’,w) as in Condition 160 and D,, =
Ax Dy, neN,.

Proof. It follows from lemmas 39 and 98. O

Except for some differences mentioned below, we define GSSM and GMSM in the same way as
ESSM and EMSM in the previous section. The first difference is that in GSSM and GMSM we
additionally assume that Condition 180 holds for B as above and we consider [0, co]-valued
random variables e, t € T, such that a.s. (7.101) holds. Furthermore, in GSSM, for t € T, on G;
as in (7.75), instead of (7.76) we require that |Vyesti(b', d;) (Ki(w))| < €;, while in GMSM, for
k € N4, on Gi asin (7.77), instead of (7.78) we require that IVbe/s\tnk (bk-1,dR) XK < €.

Note that GSSM and GMSM are special cases of GM under the identifications as in Remark
164. Such identifications shall be frequently considered below. From Lemma 181, fore; =0,
te T, GSSM and GMSM become special cases of ESSM and EMSM respectively.

Remark 184. Let us discuss how one can construct the variables d;, t € T, in GSSM and GMSM,
assuming that the other variables as above are given. Let t € T. From Assumption 180, on an
arbitrary event A; contained in the appropriate G; as above, like A; = Gy or Ay = Gy N {e; = 0},
we can take in GSSM d; = b;(b’,%k) and in GMSM d; = b;[(bt_l,ft). Note that from Lemma
181, in both these cases d; is measurable on A;. Unfortunately, in the examples discussed below
such d;(w), w € Ay, typically cannot be found in practice. Let now w € Q be such that e ;(w) > 0.
Then, under some additional assumptions on b — g(b) := ﬁ(b, w), di(w) in GSSM or GMSM
can be a result of some globally convergent iterative minimization method (i.e. one in which
the gradients in the subsequent points converge to zero), minimizing g, started at xo equal to b’
in GSSM or b;_1(w) in GMSM, and stopped. in the first point d;(w) in which (7.102) holds. As
such an iterative method one can potentially use the damped Newton method, for the global
and quadratic convergence of which it is sufficient if g is strongly convex on the sublevel set
S:={xeB:g(x) < g(xo)}, g is twice continuously differentiable on some open neighbourhood of
such an S, and the second derivative of g is Lipschitz on S (see Section 9.5.3 in [9]). From Lemma
179, such assumptions hold in the above discussed GSSM and GMSM methods if Condition 182
holds, we consider the corresponding Dy, n € Ny, as in Lemma 183, and we have w € G;. See
[9] and [41] for some other examples of globally convergent minimization methods requiring
typically weaker assumptions. In Remark 188 below we discuss a situation when one can
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7.6. Minimization of estimators with gradient-based stopping criteria

perform some minimization method of a g as above for each w € Q such that e(w) > 0. For most
iterative minimization methods, including the damped Newton method, if the same method
is used for each w in some event B; contained in {¢; > 0}, then the fact that the resulting d; is
measurable on B; follows from the definition of the method. On G| one can define d; in similar
ways as for ESSM or EMSM in the previous section.

Condition 185. The above set B is an open convex neighbourhood of some b* € R, ande € R,
is such that B;(b* ,€) € B. Furthermore, for someest,, as in (7.74) for some n € Np, b € A, and
w € QF are such that

inf est, (b, b)(w) > est, (b, b*)(w). (7.103)
beS;(b*,€)

The following remark will be useful for proving the convergence properties of the GM methods
in the below examples.

Remark 186. Consider the LETGS setting. Then, from Theorem 112, if Condition 185 holds for
est, = msq,,, then for a=b* and each b € R'\ {0} we cannot have (6.76) for

r=-= (7.104)

b’ '
and thus r,(w) holds. Let us now consider the ECM setting. Then, if Condition 185 holds for
est, = 8var,n (See (6.60)) then for a=b* and each b € R!\ {0} we cannot have (6.66) for t as in

(7.104). Thus, from Theorem 110, in such a case system (6.65) has only the zero solution.

For the GSSM and GMSM methods in the below examples we shall discuss when Condition
182 holds in them and we consider Condition 180 holding in them as a result of Lemma 183.
For GMSM in all the below examples we assume that conditions 146 and 147 hold (where in
the ECM setting we mean the counterparts of these conditions).

Let us first discuss GSSM and GMSM for est,, = msq,,, n € N, in the LETGS setting. From
Theorem 112, we can and shall take in Condition 182, D, = {w € Qf i rp(w)}, neN,. Let us
assume conditions 52 and 76 and that for some b € A, msq(b) < oo, so that from Theorem 114,
we can and shall take in Condition 174, f = msq. In GSSM, from Condition 162 and Theorem
82, Condition 166 holds. From the SLLN and Lemma 172 for

r(b,x) = (Z°L'L(b))(x), be A, xeQ, (7.105)

and Y; =«;, i €Ny, forPa.e. w € Q, Condition 175 holds for B = Aand f,(b) = msq,,(V’, b) (K, (w)).
Thus, from Theorem 178, (7.102), and (7.101), conditions 167 and 168 hold. For GMSM let us
assume that Condition 151 holds for S = Z2. Then, from the third point of Theorem 154 and
remarks 176, 177, and 186, a.s. for a sufficiently large k, 5, (Y) holds, i.e. Condition 166 holds.
Thus, from (7.101), (7.102), and Theorem 178, conditions 167 and 168 hold too.

Let us now consider the ECM setting, assuming the following condition.
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Chapter 7. Minimization methods of estimators and their convergence properties

Condition 187. Conditions 35 and 36 hold and f = msq satisfies Condition 174.

From Lemma 98, f = msq satisfies Condition 174 for instance when f = msq satisfies Condi-
tion 97, which due to Lemma 106 holds e.g. if for some b € A, msq(b) < oo, and

Q1(Pmsq) > 0. (7.106)

Let us first consider the case of est,, = msq,,, n € N, for which let us assume (7.106). From re-
marks 103 and 107, we can and shall take in Condition 182, D,, = {w € QF : pmsq(w;) holds for some i €
{1,...,n}}, n€N,. In GSSM, from the SLLN, a.s. lim—.oo (Pmsq) , ®n) = Q1 (Pmsq), S0 that from
(7.106) and the SLLN we have a.s. ¥ € Dy, for a sufficiently large k. Thus, from Condition 162,
Condition 166 holds. Using further Lemma 172 for r as in (7.105) and Theorem 178, conditions

167 and 168 hold too. In GMSM, let A = R. Since the counterpart of Condition 151 for ECM is
fulfilled for S = 1(pmsq), from the first point of Theorem 154, a.s. mnk (Xx) = Q1(Pmsq)-

Thus, from (7.106), Condition 166 holds. Let us assume Condition 151 for S = Z2. Then, from

the third point of Theorem 154 and Theorem 178, conditions 167 and 168 hold.

Let us now consider for each 7 € N,

est, (b, b) =msq2,,(b, b) := %gvar,n(b’, b) + %mn beA beB=R (7.107)
(see (6.60)). Then, from (6.61), (6.54), and (6.53)

msq2,(b’,b) =msq2, (b, b), b,beA. (7.108)

Note that %((ZL’ )2),, does not depend on b. Thus, from Theorem 110, we can and shall take
in Condition 182, D,, = {w € Qf : system (6.65) has only the zero solution}. In GSSM, from
the SLLN and Lemma 173 for r1 (b, y) = (ZZL’L(b))(y), ra(b,y) = ﬁ;)(y), beR!, y € Qq, and
Y; =x;, i €Ny, forPa.e. w € Q, Condition 175 holds for B= Aand f;,(b) = msq2,,(b', b) (&, (w)),
b € A, and thus from (7.108) it holds also for B = R! and fa(b) = mn(b’, b)(K,(w)), b € B.
Therefore, from remarks 177 and 186 and Condition 162, Condition 166 holds. Using further
Theorem 178, conditions 167 and 168 hold as well. In GMSM, let A = R! and let us assume
that the counterpart of Condition 151 for ECM holds for S = 72 (note that for S = 1 it holds
automatically). Then, from the fifth point of Theorem 154 and from remarks 177 and 186,
Condition 166 holds. Using further Theorem 178, conditions 167 and 168 hold as well.

Remark 188. Checkingif G; holds in possible practical realizations of GSSM or GMSM methods,
as it can be done when using the damped Newton method as discussed in Remark 184, may
be inconvenient. For instance, for €st,, = msq,, in the LETGS setting or est,, as in (7.107) in the
ECM setting as above, this typically cannot be done precisely due to numerical errors, and one
has to make a rather arbitrary decision when such a condition holds approximately. From
the below discussion, in the latter case one can avoid checking if G; holds and perform some
minimization method of a g as in Remark 184 for each w € Q such that e(w) > 0. From the
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7.7. Helper theorems for proving the convergence properties of multi-phase
minimization methods

Zoutendjik theorem (see Theorem 3.2 in [41]), for a number of line search minimization methods
of a function g : B — R started at xo € B to be globally convergent it is sufficient if g is bounded
from below and continuously differentiable on some open neighbourhood & < B of the sublevel
set{xe€ B:g(x) < g(xo)}, and if Vg is Lipschitz on & . In particular, it is sufficient if, in addition
to the boundedness from below, g is twice differentiable and ||V?g|| is bounded on such an
N . One of the methods for which this holds is gradient descent with step lengths satisfying the
Wolfe conditions; see [41]. Note that from (6.60), (6.63), and ||1/1/T||c>o =|v|? ve [Rl,forw € Q’f
and K = max;,je(1,..,n |vj,i(@)[?, we have for each b’ € A and b € R!

n
IV 8var,n (B, D) (@)oo < 3 (2L i) 3. L'@llvy,i@)v),i@) lleoexpb’ v, ()
i=1 jeil,..,nh,j#i

< Kgvarn(b', b) (w).
(7.109)

Thus, for est,, as in (7.107) it also holds IIV%eAstn(b’, b) ()|l < Kest, (b, b)(w). From this it
follows that for g as in Remark 184 corresponding to the GSSM or GMSM methods for est,, as
above, for each xo € R! and & € R,., the assumptions of the Zoutendjik theorem as above hold for
N ={xeR: g(x) < g(xp) +6).

Helper theorems for proving the convergence properties of multi-phase
minimization methods

Theorem 189. Let U c R! be an open ball with a center b* and f : U — R be strongly convex
with a constants € R,.. Let f,, : U — R, n € N, be twice differentiable and such thatV? f, = V> f.
Then, for each 0 < m < s, for a sufficiently large n, f, is strongly convex with a constant m. Let
further b* as above be the minimum point of f andV f, = V f. Then, for a sufficiently large n,
fn possesses a unique minimum point a,, which is equal to the unique point x € U for which
Vfu(x)=0,andeachbe U isa ﬁ IV frn(b) |2 -minimizer of fn- Furthermore, lim,,_.», a, = b*.

Proof. Let 0 < m < s. From Lemma 80, for the sufficiently large n for which [|V? f;,(x) —
sz(x)lloo <s—m, x € U, we have ml(szn(x)) >m, x € U, so that f, is strongly convex with a
constant m. Under the additional assumptions as above, let h;, = f,, + f(b*) — fn(b*), n € N,.
Then, h,,(b*) = f(b*) and Vh, = Vf, = Vf, so that h,, = f. Furthermore, since V2h,, = V2,
neNy, hy, is strongly convex for a sufficiently large n. Thus, from Remark 176 and Theorem
178, for a sufficiently large n, h, and thus also f;, possesses a unique minimum point a, and
lim,,_.o a; = b*. The rest of the thesis follows from the discussion in Section 6.9. O

Condition 190. A function f : R — R is continuous, functions f, : R* — R, n € N, are such

loc
that f, = f, and for a sequence d,, € R', n e N, we have

lim d, =d* eR’. (7.110)

n—oo
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Chapter 7. Minimization methods of estimators and their convergence properties

We have the following easy-to-prove lemma.
Lemma 191. If Condition 190 holds, thenlim,,_.« f(dy) = f(d™).

Theorem 192. Assuming condition 190, let for a bounded sequence s, € R', n € N, it hold
fn(sn) < fu(dy), neNL. Then,

limsup f(s,) < f(d"). (7.111)

n—oo

Let further d* € R! be the unique minimum point of f. Then,
lim f(sy) = f(d"). (7.112)
If further f is convex, then

lim s, =d". (7.113)

n—oo

loc
Proof. Lete > 0. From the boundedness of the set D ={s,,: ne N} and f;, = f, let N; e N, be
such that for n = Ny, | f,(x) — f(x)| < g, x € D. From Lemma 191, let N, = N; be such that for
nz N, |fu(dy) - f(d*)| < 5. Then, for each n= N,

f(sn)<fn(5n)+§an(dn)+§<f(d*)+€, (7.114)

which proves (7.111). Let d* be the unique minimum point of f. Then, (7.112) follows from
f(sp) = f(d*), ne N4, and (7.111). Let now f be convex and d € R.. Then, from the continuity
of f, there exists xo € S;(d*,0) such that f(xo) = infyes,4+,5) f(x). From the uniqueness of d*,
m:= f(xp) — f(d*) > 0. From the convexity of f, for x € R’ such that |x—d*| =6 we have

lx—d
1)

X

FE0)— f(d) = L(fa+o

:d |)—f(d*)) > m. (7.115)

|x—d*

Thus, when (7.114) holds for € < m, then we must have |s, — d*| < §, which proves (7.113). O

Two-phase minimization of estimators with gradient-based stopping
criteria and constraints or function modifications

In this section we describe minimization methods of estimators in which two-phase mini-
mization can be used. In their first phase one can use some GM method as in Section 7.6
and in the second phase e.g. constrained minimization of the estimator considered or uncon-
strained minimization of such a modified estimator, using gradient-based stopping criteria.
The single- and multi-stage versions of these methods shall be abbreviated as CGSSM and
CGMSM respectively. We also discuss applications of these methods to the minimization of
the new mean square estimators in the LETGS setting and the inefficiency constant estimators
in the ECM setting for C = 1.
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7.8. Two-phase minimization of estimators with gradient-based stopping criteria and
constraints or function modifications

Let us further in this section assume that A = R’ and that the following condition holds.
Condition 193. For somee € R, functions g, g : R* — B(R!) are such that for each x € R,

g1(x) is open,

Bj(x,€) c g1(x), (7.116)

g1(x) c g@(x), (7.117)

and for each bounded set B c R!, the set veB 82(X) is bounded.

CGSSM and CGMSM will be defined as special cases of the following CGM method. In CGM we
assume that for some unbounded T < R, for each ¢ € T we are given a [0, c0]-valued random
variable €;, an A-valued random variable d;, a function d} : () — A, and a random function
ft (A e (Q,F) - F(R), such that b — f[(b, w) is differentiable, w € Q, we have

d; € g(dy), (7.118)

fildy) < fi(dy), (7.119)
and ifjt € g1(dy), then
IV fr(dy)| <& (7.120)

Furthermore, we assume that Condition 167 holds for the above variables d;, ¢t € T, and some
b* € A.

Remark 194. Functions d; as above always exist, assuming that the other variables as above
are given. Indeed, without loss of generality let€é; = 0. Then, ifd; fulfilling (7.118), (7.119), and
Jt ¢ g1(d;) does not exist, then Jt can be chosen to be a minimum point of be g,(d;) — ﬁ(b),
which exists due tom being compact (see Condition 193) andﬁ(b) > ﬁ(dt), bedg)(d;) c
& (dy)\ g1(dy).

Consider some functions esty, k € Np, as in (7.74) such that b — esty(V', b)(w) is differentiable,
b’eRl,weﬂ’f, keNp.

Definition 195. CGSSM is defined as CGM in which conditions 162 and 32 hold and ft(b) =
UN; = keNpesti(b', b)(Ky), t € T. CGMSM is defined as CGM in which T = N, Condition 134
holds, Condition 135 holds for ni. € Ny, k € Ny, and we havefk(b) = Esftnk(bk_l, b)(Xr), keN;.

The following condition is needed e.g. if we want to investigate the asymptotic properties of
[i;, teT.
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Chapter 7. Minimization methods of estimators and their convergence properties

Condition 196. The functions d;, t € T, are random variables (i.e. they are measurable func-
tions from (Q, %) to F(A)).

Remark 197. Whenever dealing with some set D € Q for which it is not clear if D € &, when
trying to prove that P(D) = 1 and in particular D € &, we shall implicitly assume that we are
working on a complete probability space, so that to achieve the goal it is sufficient to prove
thatP(E) = 1 for some E € & such that E c D. Such a D will further typically appear when
considering functions g, : Q — R/, like d; as above, without assuming that they are random
variables. For instance, for some b* € R!, we will consider D = {w € Q: lim;_.o gt (@) — b*} or
D={weQ:giw)=Db" forasufficiently large t}.

Condition 198. It holds€;(w) >0, t € T, w € Q, and we are given a function R : £ (A) —
F((e,00)) such thatsup|x|5MR(x) <oo, MeR,.

As the function R in the above condition one can take e.g. R(x) = al|x| + b for some a € (0,00)
and b € (e,00).

Remark 199. Let us assume Condition 198. Then, using e.g. boxes g, (x) = {y e R : |x; — y;| <
Rx), i=1,...,1}, or balls g1(x) = B;(x,R(x)), and g>(x) = g,(x), x € A, for each t € T, under
some additional regularity assumptions on b — f[(w, b), w € Q (which in the case of CGSSM and
CGMSM reduce to appropriate such assumptions on esty, k € Np), d, as above can be a result
of some constrained minimization method of the respective ft(b), started at d;, constrained
10 g(dy), and stopped in the first point d; in which the respective requirements for CGM as
above are fulfilled. See e.g. [41, 12, 13] for some examples of such constrained minimization
algorithms (also called minimization methods with bounds when box constraints are used).
In such a case (and assuming that the same minimization algorithm is used for each w € Q)
Condition 196 typically holds and can be proved using the definition of the algorithm used.

Consider the following condition.

Condition 200. Itholdsé e Ry and h: A — [0,00) is a twice continuously differentiable function
such that h(x) = 0 for x € B;(0,1) and h(x) > 1 for|x| > 1+38.

An example of an easy to compute function fulfilling Condition 200 is 2(x) = 0 for |x| = 1 and
2
h(x) = “%—;1)3 for |x| > 1.

Remark 201. Let us assume conditions 198 and 200, and let f, be nonnegative, t € T. Let g, (x) =
B;(x,R(x)) and g»(x) = Bi(x,R(x)(1+8)), x € A. Then, under some additional assumptions on
b— fi(bw), w € Q, rather than using constrained minimization as in Remark 199, to obtain
d; in CGM one can use some globally convergent unconstrained minimization method the
following modification of f;

|b—dl
R(dy)

b — h(b) = f;(b) + fi(dy) h( ). (7.121)
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constraints or function modifications

Such a method could start at d; and stop in the first point d; in which

hy(dy) < hy(dy) (7.122)
and ifo?t € g1(d;), then

IVphe(dy)| <& (7.123)

Sufficient assumptions for the global convergence of a class of such minimization methods are
given by the Zoutendjik theorem, as discussed in Remark 188. Such assumptions are fulfilled in
the above case if we have twice continuous differentiability of b — ft(b, w),w € Q, and h, which
is why we assumed the latter in Condition 200.

Let us check that the assumptions of CGM are satisfied for such constructed dy. If f;(d;) =0,
then from f; being nonnegative, it holds V, f;(d;) = 0, and thus d; = d; and we have (7.118). If
f(dt) > 0, then from (7.121) and Condition 200, h:(b) > h:(d;) for |b—d;| > (1+6)R(d;), and
thus from (7.122) we also have (7.118). From (7.121) we have h(d;) = ft(dt) andﬁ(d~t) < ht(Jt),
so that from (7.122) we have (7.119). Finally, ifd; € g\(d;), then from (7.123) and Vh;(x) =
bet(x), x € g1(dy), we have (7.120). Similarly as in Remark 199, Condition 196 typically holds
for such constructed d;.

Consider the following condition, which will be useful for proving the asymptotic properties
of minimization results of CGSSM, CGMSM, and some further methods.

Condition 202. Almost surely for a sufficiently large t, (7.120) holds.

The following theorem will be useful for proving the convergence properties of CGM methods.

Theorem 203. Let us assume that Condition 190 holds for A=R! and f which is convex and
has a unique minimum point d*. Let Jn € g2(dy) be such that fn(Jn) < fau(dy), neN;. Then,

lim d,=d* (7.124)
and
lim fu(dy) = f(d"). (7.125)

Let further f be twice continuously differentiable with a positive definite Hessian on A and
let f,,, n € N4, be twice differentiable and whose ith derivatives for i = 1,2, converge locally
uniformly to such derivatives of f. Lete;, =0, n € Ny, be such thatlim,_...€, = 0. Let for n € N
it hold that if d,, € g, (d,,) then

IV faldn)| < €n. (7.126)
Then, for a sufficiently large n, (7.126) holds. Let further D be a bounded neighbourhood of d* .
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Then, for a sufficiently large n, fnp has a unique minimum point equal to a unique d,eD
such that an(Jn) =0.

Proof. From (7.110) and Condition 193, the set U,en, 82(dy) is bounded and so is the sequence
(gn)nel\u- Thus, (7.124) and (7.125) follow from Theorem 192. From (7.110) and (7.116), for
a sufficiently large n, d, € El(d*, %) c g1(dy), and thus (7.126) holds. The rest of the thesis
follows from Theorem 189, in which from Lemma 179 as U one can take any open ball with
the center d*, such that D c U, and as f and f;, in that theorem use restrictions to U of the
above f and f;,. O

For CGMSM in the below examples we assume conditions 146 and 147. By saying that the
counterparts of conditions 167 or 168 hold for CGSSM or CGMSM or that Condition 165 holds
for CGMSM, we mean that these conditions hold for d; and f; replaced by d; and f;, in the
counterpart of Condition 165 additionally assuming that Condition 196 holds.

Remark 204. Note that we have a counterpart of Remark 170 with dy. replaced by dy and
conditions 167, 168, and 165 replaced by the counterparts of such conditions for CGMSM.

In the below CGSSM methods let us assume that Condition 115 holds for S = Z2, while for
the CGMSM methods that Condition 151 holds for S = Z? (where when considering the ECM
setting we mean the counterparts of these conditions), in the LETGS setting additionally
assuming these conditions for S = 1.

Let us now consider CGSSM or CGMSM in the LETGS setting, assuming conditions 52 and 76,
that b* as above is a unique minimum point of msq, and that est,, = n/lsq\zn, n € Ny. Note that
in such a case the variables d; satisfying Condition 167 as assumed for CGM above can be e.g.
the results of GSSM or GMSM respectively for est, = msq,, as in Section 7.6. From conditions
167, 162, and the fourth point of Theorem 145 for CGSSM or the fifth point of Theorem 154 for
CGMSM, as well as from theorems 125, 203, and Remark 197, the counterparts of conditions
167 and 168 and Condition 202 hold for CGSSM and CGMSM.

Let us now consider CGSSM or CGMSM in the ECM setting for est,, = iAcn. Let us assume
Condition 187 for b* as above and that C = 1 as discussed in Remark 41, so that ic = var and
b* is its unique minimum point. Note that in such a case the variables d; satisfying Condition
167 as above can be e.g. the results of GSSM or GMSM as in Section 7.6 respectively for
est,, = msq,, or ést, = msqz2,,, for est, = msq,, additionally assuming (7.106) as in that section.
From Condition 167, the fifth point of Theorem 145 for CGSSM or the sixth point of Theorem
154 for CGMSM, as well as from theorems 124 and 203, the counterparts of conditions 167 and
168 and Condition 202 hold for such a CGSSM and CGMSM.
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7.9. Three-phase minimization of estimators with gradient-based stopping criteria and
function modifications

Three-phase minimization of estimators with gradient-based stop-
ping criteria and function modifications

In this section we define minimization methods of estimators in which three-phase mini-
mization can be used. In their first phase one can perform some GM method as in Section
7.6, in the second a search of step lengths satisfying the Wolfe conditions can be carried
out on a modification of the estimator considered, and in the third phase one can perform
unconstrained minimization of the modified estimator using gradient-based stopping criteria.
The single- and multi-stage versions of these methods shall be abbreviated as MGSSM and
MGMSM respectively. We also discuss the possibility of the application of such methods to
the minimization of the inefficiency constant estimators in the LETGS setting.

MGSSM and MGMSM will be defined as special cases of the following MGM method. We
assume in it that Condition 200 holds, 0 < a; < @» < 1, and A=R!. Let d* € A and for T as in
Section 7.4, let d;, t € T, be A-valued random variables such that a.s.

lim d, = d*. (7.127)

t—o0

Let random functions f; : #(A) ® (Q,%) — #([0,00)), t € T, be such that b — f;(b,w) is
continuously differentiable, w € Q, t € T. Let &, t € T, be as in the previous section and such
that additionally a.s.

lim & = 0. (7.128)

Let for each t € T, r; be an R, -valued random variable,

|b—dl

I't

he(b) = f;(b) + f;(dy) I ), beA, (7.129)

and a function Jt :Q — Aand an A-valued random variable d} be such that

dy,dy € By(dy, 1(1+6)). (7.130)
For each t € T, let for some [0, 00)-valued random variable p; it hold

dy—d;=—-p/Vhe(d,), (7.131)

and let the following inequalities hold (which are the Wolfe conditions on the step length p;
when considering the steepest descent search direction, see e.g. (3.6) in [41])

he(d)) < he(dy) — pray|Vh(dy)?, (7.132)

Vhi(d)Vhi(d;) < az|Vhe(dy)]?. (7.133)
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Finally, in MGM we assume that for each t€ T

h(dy) < hy(d)) (7.134)
and

IVhe(dy)| <& (7.135)

Let esty, k € N, as in (7.74) be such that b — esty(b', b) (w) € [0,00) is continuously differen-
tiable, b’ e R}, w € Q{C, k € N,. We define MGSSM and MGMSM as special cases of MGM in the
same way as CGSSM and CGMSM are defined as special cases of CGM in Definition 195.

Remark 205. Foragiven t € T, assuming that the other variables and constants as above are
given, a possible construction of py, d;, and d} in MGM is as follows. On the eventVh(d;) =0,
letussetd; = d; = d;. Let further w € Q be such that

Vh(d(w),w) #0. (7.136)

Then, to obtain ps(w) and thus also d;(w), one can perform a line search of h;(-,w) in the
steepest descent direction —V h;(d;(w),w), started in d;(w) and stopped when p;(w) and the
corresponding d;(w) (see (7.131)) start to satisfy the Wolfe conditions (7.132) and (7.133) (eval-
uated on such an w). The line search can be performed e.g. using Algorithm 3.5 from [41]. If
this algorithm is used for each w as above, then such constructed d, is a random variable. Let
further the variable d} as above be given. Consider now w € Q satisfying (7.136) and €;(w) > 0.
Then, under some additional assumptions on f;(-,w), to construct d;(w) one can use some
convergent unconstrained minimization algorithm of h;(-,w) started in d,(w) and stopped
in the first point d;(w) in which (7.134) and (7.135) hold. See e.g. the assumptions of the
Zoutendjik theorem in Remark 188. Note that from (7.136) and h; being nonnegative it holds
h:(d;(w),w) > 0, and thus h;(x,w) > h(d;(w),w) for |x — d;(w)| > ri(w)(1 + ), so that from
ht(Jt(w),w) < h[(dg(a)),w) < hy(ds(w),w), (7.130) holds. If€:(w) > 0 for each w such that (7.136)
holds, and the same unconstrained minimization algorithm is used for each such w, then from
the definition of such an algorithm it typically follows that such constructed d; is a random
variable. For w € Q) such that we have (7.136) and €;(w) =0, Jt(w) can be e.g. some (global)
minimum point of h(-, w).

For x € R and B <R/, let us denote

d(x,B) = inf [x - y|. (7.137)
YEB

The following theorems will be useful for proving the convergence properties of MGM meth-
ods.

Theorem 206. Let K c R! be nonempty and compact and let g, : K — R, n € N, converge
uniformly to a continuous function g : K — R. Let m be the minimum of g and B be its set of
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minimum points. Then, for each sequence of points d, € K, n € N, such thatlim;,_., gn(d;,) =
m, we havelim,,_.,d(d,, B) =0.

Proof. Let € € Ry. From the continuity of x € K — d(x,B), K» :={x € K:d(x,B) = ¢} is a
closed subset of K and thus it is compact. From g being continuous, it attains its infimum
w := infyeg, g(x) on K3, and thus we must have 6 := w — m > 0. For sufficiently large n for
which |g,(x) — g(x)| < g, xeK,and |gn(d,) —m| < 9 we have lg(dy) —m|<|g(d,) — gnldy)| +
|gn(dy) — m| <6 and thus d, ¢ K>, i.e. d(d,, B) <e. O

Theorem 207. Let f :R! — and f, : R' — R, n € N, be continuously differentiable and such
loc loc
that f, = f andV f,, = Vf. Let further for some d* € R!, se Ry, and 0 < w < r < oo it hold

fb)=fd)+s, beR, |b—d*|=w, (7.138)
and letr, e Ry, n €Ny, be such thatlimy,_.o, 1, = r. Let for a sequence d;, € R!, neN,, it hold

lim d,=d". (7.139)

n—oo
Let foreachneN,, hy: R! — R be such that

|b_dn|

n

By (D) = fu(b) + fr(dp) h( ), beR. (7.140)

Lete, =0, ne Ny, be such thatlim,_.«€, =0, and let for each n € N, for some p, € [0,00),
points d;,, dy, € B;(dy, (1+8)ry,) be such that

d),—dn=—pnVhn(dy), (7.141)

hn(d)) < fu(dn) — pnaa |V fu(dy)?, (7.142)

Vhu(d))V fu(dn) < a2V fr(dn)?, (7.143)

hn(dy) < hn(d)), (7.144)
and

IVhy(dy)| < €. (7.145)
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Then, for a sufficiently large n we have

d,,d,eB)(d*, w) (7.146)
and

IV faldn)| < €. (7.147)
Let further

Pw) =Vfd* —uVfdNVfd)-azlVf@dI)?, ueR, (7.148)

and v =inf{u = 0: ¢(u) = 0}. Then, ifIVf(d*)| =0 then v=0 and ifIVf(d*)| #0 then v e (0, w).
Furthermore, for

p=fd*) —vay|Vf(d*)? (7.149)
we have
limsup f(d)) <, (7.150)
n—oo
limsup f(d,) < 1, (7.151)
n—oo

forE={xeR!: f(x) < u}, we have

lim d(d,,,E) =0, (7.152)
n—oo

and for the set D = {x e R! : Vf(x) =0, f(x) < u} € E, containing the nonempty set of minimum
points of f, we have

lim d(d,, D) = 0. (7.153)

Proof. LetK = B;(d*, w). Let Nj € N, be such thatfor n > Ny, |d,,—d*| < St and r-r, < 55,

in which case for x € K we have

r-w r—-w r-w
+w< 2 +w+( > —(r—=ry))=ry, (7.154)

Ix—dyl<|d*—dyl+|x—d*| <
so that
K cB(dp, ). (7.155)
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From the set F:= U | B;(dy, (1+6)ry,) being bounded, let N> = Ny be such that for n= N;

Ifn(x)—f(x)lsg, x€eF. (7.156)
From Lemma 191,
lim_ fu(dy) = f@an, (7.157)

and thus let N3 = N, be such that for n = N3

| fn(dn) - f(dP)] < % (7.158)
Then, for n = N3 and x € F such that |x — d*| = w, we have

hn() 2 ful2) 2 f00) =5 = (@) + 5> fuld), (7.159)

where in the first inequality we used (7.140) and Condition 200, in the second (7.156), in the
third (7.138), and in the last (7.158). Thus, since from (7.142) and (7.144),

hn(dp) < hu(dl) < fuldy), (7.160)

for n = N3 we have (7.146). For n = N3, from (7.155) and (7.146), we have h,(d},) = fu(d}),
Vhy(d)) =V fa(d,,), and similarly for d), replaced by Jn, so that from (7.145), (7.147) holds,
and from (7.160),

fn(d’n) an(d;) an(dn) (7.161)

IfVf(d*) =0, then v =0, in which case (7.150) and (7.151) follow from (7.161), the sequences
(d;l)ne,\l+ and (Jn)n€N+ being bounded, and Theorem 192. Let now Vf(d*) # 0. Then, ¢(0) =
a- cxz)IVf(d*)I2 > 0 and thus from the continuity of ¢, v > 0. The fact that v < w follows
from (7.138) and Lemma 3.1 in [41] about the existence of steps u > 0 satisfying the Wolfe
conditions: ¢p(u) <0and f(d* -V f(d*)u) < f(d*) - ua,|Vf(d*)]>. Let 0 < v' < v. Then, from
the continuity of ¢,

inf ¢(w) >0. (7.162)

O<sus<v'

For n € N, and u € R, let ¢, (u) = Vf(dy — V fuldn) W)V f(d*) — aZIVf(d*)IZ. Since from
Lemma 191

lim V fu(dy) = Vf(d"), (7.163)

the function u — d,, — uV f,,(d,) converges uniformly to u — d* — uV f(d*) on [0, v'], and thus
from Theorem 144, ¢, converges to ¢ uniformly on [0, v’]. Thus, from (7.162), let Ny > N3, be
such that for n = Ny, inf,¢(0,,/) ¢n (1) > 0. For such an n, from (7.141) and (7.143) it must hold
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pn > v and from (7.142) we have

fu(dly) = fuldn) = VeV f(dn)?, (7.164)
and thus
Fdp) < f(dp) = fuldy) + fuldn) = V' a1V fr(dn) . (7.165)

From (7.146) and the fact that f,, converges to f uniformly on K, we have lim;_.(f (d;l) -
fn(d;l)) = 0. Thus, from (7.165), (7.157), and (7.163),

limsup f(d),) < f(d*) - vy |Vf(d*") . (7.166)
n—oo

Since this holds for each v’ < v, we have (7.150), and from (7.161), we also have (7.151). Due
to (7.138), f attains a minimum. For each minimum point xy of f we have V f(xp) = 0 and
from (7.150) and f(xp) < f(d,’1), n € N4, we have f(xp) < p. Thus, xp € D. The minimum of
g:=(f vk isequal to yand E c K is its set of minimum points. From (7.150), we have
lim,,— f(d},) v p = p. Thus, from (7.146) and Theorem 206 for such a g and g, = g, n € Ny,
we receive (7.152). The minimum of g := (|Vf|+ f v @) x is ¢ and its set of minimum points
is Dc K. From e, — 0, (7.147), and (7.151), limn_,oo(Ian(Jn)l +f(gn) v u) = p. Thus, from
(7.146) and Theorem 206 for such a g and g, = (IV f,|+ f vV 1)k, n € N, we receive (7.153). O

Let us now discuss how MGSSM and MGMSM can be applied in the LETGS setting for est,, =
ﬂ:n, n € Ny, for p = 2. We assume conditions 76, 126, and Condition 115 for S = Z 2 Then, from
Theorem 125, msq has a unique minimum point d*. The variables d;, t € T, such that (7.127)
holds a.s. for such a d*, can be obtained e.g. using GSSM or GMSM methods respectively for
est, = msq,, as in Section 7.6. Furthermore, for a positive definite matrix M and its lowest
eigenvalue m > 0 as in Theorem 125, we have from (6.73) that

var(d* + b) = var(d*) + %|b|2, beR, (7.167)
and thus

. * * m 2 1

ic(d™ + b) = cjpin(var(d )+?|b| ), beR'. (7.168)

For some 01,07 € R, 071 < 09, let us define

2 (i *
r= \/_ (lc(d ) —Var(d*)) e (7.169)
m\ Cmin
and
w= \/E(w(d ) —var(d*))+01. (7.170)
m\ Cmin
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It holds r > w > 0 and from (7.168), for b€ R, |b| = w,

2
m:’ ) = ic(d*) +

ic(d* +b) = cpin(var(d®) +

m
Ecminalr (7.171)

so that we have (7.138) for f =icand s = %cminal.

Let us assume that Condition 115 holds for S = C (in addition to this condition holding for
S = 7?2 as assumed above), so that from the fourth point of Theorem 123, ic is smooth. Let y,
E, and D be as in Theorem 207 for f =ic and d* as above. Note that we have u <ic(d*) only if
Vic(d*) # 0, which from Remark 129 holds only if var(d*) # 0 and Vc(d*) # 0. Let for n e N,
and b € R/

M, (b) = (2L(b)GZZexp(—%Z Inilz)) : (7.172)
i=1 n

and let m,(b) = ml(ﬁ/l\n(b)) for m; as in Section 6.3, i.e. 71,(b) is the lowest eigenvalue of
K/I\n(b). For neNp, and b,d € R’, let us define 7,,(b, d) : Qf — R to be such that for w € Qf for
which 7, (b) (@) > 0 and ic(b, d) (W) — ¢pinVaty (b, d) (@) >0

’fn(b,d)(w):\/ _ 2 (m”(b’d)(w)—@n(b,d)(w) + 0, (7.173)
My (b)(w) Cmin

and otherwise 7,(b, d) (w) = a for some a € R,.

Let us now focus on MGSSM, for which let us assume Condition 115 for S = 1 and that r; =
loc
UN; = k € Np)7(b',d;) (K), t € T. Then, from Theorem 145, a.s. b — var,(b', b)(K,) = var
R loc
and b — ic, (b, b)(X,) = ic. Thus, from Lemma 191 and Condition 162, we have a.s. 1(N; =
k € Np)varg(b',d;)(Ky) — var(d*) and I(N; = k € Np)i?:k(b’,dt)(%k) — ic(d*). Furthermore,
from the SLLN, a.s. M,,(b')(X,,) — M and thus from Lemma 80, 7#1,,(b) (X,) — m. Therefore,

a.s. lim;_.o, 7y = r. Thus, from Theorem 207 and Remark 197 we receive that the following
condition holds for MGSSM.

Condition 208. Condition 202 holds, a.s. limsup,_, . ic(d}) < p, limsup,_ ., ic(d,) < w, lim; . d(d}, E) =
0, and

lim d(d;, D) = 0. (7.174)
—o00
Furthermore, a.s. for a sufficiently large t, d/, Jt € B;(d*, w).

For MGMSM let us assume that conditions 146 and 147 hold, that Condition 151 holds for
S=2728=C, and S = 1, and that ry = 7, (bx_1,dx) (¥x), k € N;. From Theorem 154, a.s.

loc - loc
b — vary, (br-1,b)(Yx) = var and b — icy, (bx—1,b)(Xx) = ic. From Hélder’s inequality and
Theorem 120 it easily follows that Condition 151 holds for S equal to the different entries
of M;(0). Thus, from the first point of Theorem 154 a.s. an(bk_l)(ik) — M, and thus
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My, (br-1)(Xx) — m. Therefore, we have a.s. limy_., rx = r. Thus, from Theorem 207 and
Remark 197 it follows that Condition 208 holds for MGMSM.

Theorem 209. Let functions var, ¢, and ic be as in Section 4.1 for A open, let var be lower
semicontinuous and convex and have a unique minimum point b* € A, and letic be continuous
inb*. Let forsomed, € A, neNy,

limsupic(d,) <ic(b®). (7.175)
n—oo
Then,
liminfvar(d,) > var(b*) (7.176)
n—o0
and
limsup c(d,) < c(b™). (7.177)
n—oo

Proof. For some ic(b*) > s > limsup,,_,,ic(dy), let € € R, be such that ic(b) > s for b €
B;(b*,e) c A. Then, d, € A\ B;j(b*,¢) for a sufficiently large n. From the semicontinuity
of var, for some by € S;(b*,¢), var(by) = minpes, 1+ ¢) var(b) > var(b*), and thus from the con-
vexity of var it holds var(b) = var(by) for b € A\ B;(b*,¢€), and we have (7.176). Note that from
(7.175), ic(b*) > 0 and thus var(b*) > 0. Therefore,

l_ . . *
imsup,,_, . ic(dn) ic(b”) = c(b"). (7.178)

li dp) <
lffisipc( n) liminf,_ var(d,) var(b*)

O

If Vic(d™) # 0, so that u <ic(d*), then for ¢; = cfr orc; = d; as above for which we have a.s.
limsup,_, . ic(cy) < u, from Theorem 209 it also holds a.s. liminf;_.o, var(c;) > var(d*) and
limsup,_ ., clcy) < c(d™).

Condition 210. D = {b*} for some b* € R.

Remark 211. Note that Condition 210 holds under the assumptions as above e.g. if C is a
positive constant or if var(d*) = 0, and in both these cases b* = d*.

Remark 212. Let us assume Condition 210. Then, b* is the unique minimum point of ic as
above. Furthermore, under the above assumptions for MGSSM and MGMSM, from (7.174) and
Lemma 191, counterparts of conditions 167 and 168 hold in these methods (by which we mean
the same as above Remark 204).

Note that Remark 204 applies also to MGMSM.
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Comparing the first-order asymptotic efficiency of minimization meth-
ods

Let A € Z(R!) be nonempty and T c R, be unbounded. Consider a function ¢ : #(A) — L (R)
and an A-valued stochastic process d = (dy)ter. For t € T, d; can be an adaptive random
parameter trying to minimize ¢ for ¢ being e.g. the simulation budget, the total number of
steps in SSM methods, or the number of stages or simulations in MSM methods, used to
compute d;. We describe some such possibilities in more detail in the below remark.

Remark 213. In the various SSM methods as in the previous sections, for some T as in Condition
162, we can consider d; equal to d;, Jt, or d; as in these methods, t € T (see Remark 163). Let
us further consider the case of the various MSM methods as in the previous sections. Then, for
variables py equal to dy, Jk, or d,’C as in these methods, k € N, for some NU {oo} -valued random
variables Ny, t € T, and some A-valued random variables py and p.o, one can set

di=pn, teT. (7.179)

The simplest choice would be to take T = N, and Ny = k, so that dy. = px, k € Ny, i.e. kis
the number of stages of MSM in which dy. is computed. If we want t € T to correspond to the
number of samples generated to compute d;, then for sy := Zle ni, keN,,and T = {sy, k e N, },
we can take N, = k, k € N,. Alternatively, we can take T = R, and for each t € T, N; can
be the smallest number of stages using the simulation budget t, or the highest such number
before we exceed that budget. Let us discuss how one can model this. For some [0,00) -valued
random variables M; modelling the costs of the minimization algorithms in the ith stage of
MSM (we can set M; = 0 if we do not want to consider them), i € N, and U being a theoretical
cost variable analogous as of a step of SSM in Remark 163, under Condition 135 we can take e.g.

k n;
Ny=inflkeN: ) (M;+ Y Ulx;,;) = 1} (7.180)
i=1 j=1
or
k n;
Ny=suplkeN: Y (M;+ Y Ulxij) < t}. (7.181)

i=1 j=1

Note that if we have (7.179) and a.s. (2.7) and (2.10) and one of the following holds: a.s.
pr— b*, forsome f: A—Ra.s. f(py) — f(b¥), or for some meR, a.s. limsup;_ . f(pr) <m,
then we have respectively that a.s. d; — b* (compare with Remark 2), f(d;) — f(b*), or
limsup;_. ., f(d;) < m. For N; asin (7.180) or (7.181), (2.7) holds a.s. if U < oo, Q(b) a.s., be A.
Furthermore, (2.10) holds a.s. if Condition 127 holds for C = U, or from Theorem 138, if for
some K € B(A) such that infye g Eg,) (U) > 0, Condition 134 holds for K; = K, i € Ny, and the
assumptions of Theorem 139 hold for g(v,x) = U(x), vE A, x € Q.
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For each R-valued stochastic process b = (by)tet, letusdenote o_ (b) = sup{x € R: lim;_.o,P(b; >
x)=1}land o, (b) =inf{x e R:lim;_ o P(b; < x) =1} = —0_(—b). Note that o _(b) < 0, (b) and
o_(b)=0,(b)=xeRonlyif b, 2 x. For b’ analogous as bwe have o_(b'—b) = o_(b')— 0+ (b).
In particular, for each 6 € R such that o_(b') — o4 (b) > 6, we have lim;_..P(b'—b > 6) =1, and
such a § can be chosen positive if o_(b') > o, (b).

For d = (dy) e as above, let us denote ¢(d) = (p(dy)) se7. Let d’ be analogous as d. We shall call
d asymptotically not less efficient than d’ for the minimization of ¢ if 0 (¢(d)) < o_(p(d")),
and (asymptotically) more efficient for this purpose if this inequality is strict. If ¢(d;) and
¢(d;) both converge in probability to the same real number, then d and d’ shall be called
equally efficient. We call such defined relations the first-order asymptotic efficiency relations,
to distinguish them from such second-order relations which will be defined in Section 8.3.

For instance, for some d = (d;) et as above, which can be some parameters corresponding
to the single- or multi-stage minimization of some mean square estimators as in the above
remark, and d* being the unique minimum point of mean square, let it hold a.s. d; — d*,
and thus assuming further that ic is continuous in d*, also a.s. ic(d;) — ic(d*). Let further for
(d;) reT, which can be some parameters corresponding to the minimization of the inefficiency
constant estimators as in the above remark, it hold for u as in Section 7.9 (for which u < ic(d*)
and if Vic(d™) # 0, then u <ic(d*)), that a.s. limsup,_, . ic(d}) < p. Then, d’ is asymptotically
not less efficient for the minimization of ic than d and more efficient if Vic(d*) # 0.

Letnow some d = (d) s T as above, which can be some parameters corresponding to the single-
or multi-stage minimization of the cross-entropy estimators as in the above remark, fulfill
a.s. d; — p* for p* being the unique minimum point of the cross-entropy. Let further d’' =
(d;) teT,» Which can correspond to the minimization of mean square or inefficiency constant
estimators for C = 1, fulfill a.s. d; — b* for b* being the unique minimum point of msq, which
is continuous in b* and convex on the set on which it is finite. Then, d’ is asymptotically not
less efficient than d for the minimization of msq, and more efficient if b* # p*.

Finding exactly a zero- or optimal-variance IS parameter

In this section we describe situations in which a.s. for a sufficiently large ¢, the minimization
results d; of our new estimators are equal to a zero- or optimal-variance IS parameter b*
as in Definition 26. When proving that this holds in the below examples we shall impose
an assumption that we can find the minimum or critical points of these estimators exactly.
Even though such an assumption is unrealistic when minimization is performed using some
iterative numerical methods, it is a frequent idealisation used to simplify the convergence
analysis of stochastic counterpart methods, see e.g. [30, 53, 32]. Note also that such an
assumption is fulfilled for linearly parametrized control variates (at least when the numerical
errors occurring when solving a system of linear equations are ignored) when a zero-variance
control variates parameter exists (see e.g. Chapter 5, Section 3 in [5]), in which case the below
theory can be easily applied to prove that a.s. such a parameter is found by the method after
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sufficiently many steps.

For a nonempty set A € B[R, consider a function h : #(A) ® # — F(R). We will be most
interested in the cases corresponding to the below two conditions.

Condition 214. Condition 18 holds and h(b,w) = (ZL(b))(w), w € Q1, b€ A.

Condition 215. Condition 18 holds and h(b,w) = (|Z|L(b))(w), w € Q1, b € A.

Let b* € A and consider a family of distributions as in Section 3.4, satisfying Condition 22.
Condition 216. For some € R, Q; a.s. (and thus also Q(b) a.s. foreachbe A)

h(b*,-) = . (7.182)
Condition 217. Condition 214 holds and b* is a zero-variance IS parameter

Condition 218. Condition 215 holds and b* is an optimal-variance IS parameter.

Remark 219. From the discussion in Section 3.2, under Condition 217, Condition 216 holds for
p=a=E[Eg,(2), and under Condition 218 — for f = Eg, (| ZI).

Remark 220. Ifconditions 32 and 216 hold, then a.s.
h(b*,Ki)z,B, ieN;. (7.183)
Lemma 221. If conditions 135 and 216 hold, then a.s.

hb* xi) =B i€fl,...,nh, keN,. (7.184)

Proof. Foreach keN, andi€{l,...,ng}
P(h(b”, xi,i) = B) = E@Q(br_) (h(b™,) = B)) = 1, (7.185)

so that (7.184) holds a.s. as a conjunction of a countable number of conditions holding with
probability one. O

Let D € 2(A) be such that b* € D. For each n € N, and w € QF, let us define

Bp(w)={beD:h(b,w;) = h(bw;) R, i,je{l,...,n}}. (7.186)

For some p € N, and each n e N, let est, be as in (7.74). Consider the following condition.

Condition 222. For each n € Ny, if the set B, (w) is nonempty, then for each d € A, By (w) is a
subset of the set of the minimum points of b€ D — est,(d, b) ().
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Note that if Condition 222 holds, then it holds also for D replaced by its arbitrary subset (where
D isreplaced also in (7.186)).

Remark 223. Let us assume Condition 23 and let D = A. It holds for b',be A
L'

—— oy L i TP 71T (P12 4 (T2
mqun(b,b)—nzkjE%.mn} Li(b)Lj(b)ﬂZl'Ll(b) |Z;ILj(0)* + (1 ZIL) ). (7.187)

Thus, under Condition 215, Condition 222 is satisfied for p = 1 and est, equal to msq2,,
or rﬁsﬁén (for the latter see (7.107) and (7.108)), or for p = 2 and est, equal to var, (which
is positively linearly equivalent to msq2,, in the function of b as discussed in Section 4.2).
Furthermore, under Condition 214, Condition 222 is satisfied for p = 2 and est,, = ic, (see
formulas (4.23) and (4.29)) or p = 3 and ést,, = iE\Zn (see (4.31)).

Lemma 224. If conditions 32 and 216 hold, then a.s. for each k € N, b* € Br(Xy). If further
Condition 222 holds then a.s. for each k € N, and d € A, b* is a minimum point of b€ D —
este(d, b)(®y).

Proof. Tt follows from Remark 220 and (7.186). O

Condition 225. Conditions 32 and 162 hold and functions d;:Q — B, t € T, are such that a.s.
for a sufficiently large t, b€ D — esty, (b', b) (X n,) has a unique minimum point equal to d.

Theorem 226. If conditions 216, 222, and 225 hold, then a.s. for a sufficiently large t, d; = b*.

Proof. It follows from Lemma 224. O

Lemma 227. If Condition 135 holds for ni € N, k € Ny, and Condition 216 holds, then a.s. for
each k €Ny, b* € By, (Yi). If further Condition 222 holds, then a.s. for each ke N, and d € A,
b* is a minimum point of b € D — est,, (d, b) (Y1)

Proof. Tt follows from Lemma 221 and (7.186). O

Condition 228. Condition 135 holds for ny € Ny, k € N, and functions dy. : QQ — B, k € N, are
such that a.s. for a sufficiently large k, b € D — €sty,, (bx_1, b)(Y«) has a unique minimum point
equal to dy.

Theorem 229. If conditions 216, 222, and 228 hold, then a.s. for a sufficiently large k, dy. = b*.
Proof. It follows from Lemma 227. O

Let us consider the ECM setting and assume Condition 187 and that b* is an optimal-variance
IS parameter. Let us take est, = msq2,, as in (7.107), and D = A. As discussed in Section 7.6
for ESSM (that is for GSSM fore¢; =0, t € T), conditions 166 and 167 hold. Thus, a.s. for a
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sufficiently large ¢ for which kK y, € D n,andd; € A,be D — m N, (b, b)(Kn,) has a unique
minimum point equal to d;, i.e. Condition 225 holds. Thus, from remarks 219, 223, and
Theorem 226, a.s. for a sufficiently large ¢ € T, d; = b*. For EMSM, under the assumptions
as in Section 7.6 which ensure that Condition 166 holds, Condition 228 holds and thus from
remarks 219, 223, and Theorem 229, a.s. for a sufficiently large k € Ny, d. = b*.

Let us now consider CGSSM and CGMSM in the LETGS setting for est,, = msq2,, and b* being
an optimal-variance IS parameter, or in the ECM setting for est,, = ic,,, C = 1, and b* being a
zero-variance IS parameter. Let D be a bounded neighbourhood of b*. Let us consider the
corresponding assumptions as in Section 7.8 for €; =0, t € T, for the appropriate T as in that
section. Then, from Theorem 203 we receive that for d; = d; and est,, = est,,, Condition 225
holds for CGSSM and Condition 228 holds for CGMSM. Thus, from remarks 219, 223, and
theorems 226 and 229, a.s. for a sufficiently large ¢ € T, d; = b* in CGSSM and CGMSM.

Let now b* be a zero-variance IS parameter and consider the MGSSM and MGMSM methods
in the LETGS setting for est, = iAcn, neNp, and €; =0, ¢ € T, under the assumptions as in
Section 7.9. Then, from Remark 130, VZic(b*) is positive definite. Thus, from the continuity
of V2ic and from Lemma 80, V?ic is strongly convex on some open ball U with center b*.
Therefore, from theorems 207 and 189, as well as remarks 211 and 212, conditions 225 and
228 hold for such a MGSSM and MGMSM respectively for d; = d;, est, =ic,, and Dc U being
some neighbourhood of b*. Therefore, by similar arguments as above, a.s. for a sufficiently
large ¢, d; = b* in MGSSM and MGMSM.
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Asymptotic properties of minimiza-
tion methods

Helper theory for proving the asymptotic properties of minimization
results

For some [ € N, let A< R’ be open and nonempty, f: A— R be twice continuously differen-
tiable, b* € A, and H = V2 f(b*).

Condition 230. V f(b*) =0 and H is positive definite.

Condition 230 is implied e.g. by the following one.
Condition 231. H is positive definite and b* is the unique minimum point of f.

Remark 232. Let us assume Condition 230. Then, from Lemma 80 and the continuity of V? f,
for an open or closed ball B ¢ A with center b* and sufficiently small positive radius, f is
strongly convex on B and from the discussion in Section 6.9, b* is the unique minimum point of

fiB-

Let T c R; be unbounded. Consider functions f;: ¥ (A) ® (Q, %) — L R), t € T, such that
b — f;(b,w) is twice continuously differentiable, t € T, w € Q. We shall denote f;(b) = f;(b,")
and V' f;(b) =V} f;(b,"), i = 1,2.

Condition 233. For some neighbourhood D € AB(A) of b*, V2 f; converges to V> f on D uni-
formly in probability (as t — 00), i.e. sup e p ||V2 f:(b) = V2 f(b)lloo Zo.

Letd,, t € T, be A-valued random variables.

Condition 234. It holds d; * b*.

For g; € Ry, t € T, we shall write X; = 0,(g) if % 2o (as t — 00). Let r; €R,, t€ T, be such
that llmt_,oo It = 00.
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Condition 235. For some nonnegative random variables 6, t € T, such that§, = 0, (r; Y and
for some neighbourhood U € 9(A) of b*, for the event A; that d; is a 6 ;-minimizer of fuyu (in
particular, d; € U, see Section 6.9), we have

tlim P(Ay) =1. (8.1

Condition 236. For some R!-valued random variable Y, VTiVfi(b*) =Y.

The below theorem is a consequence of Theorem 2.1 and the discussion of its assumptions in
sections 2 and 4 in [51], of the implicit function theorem, and of the below Remark 239 (see
also formula (4.14) and its discussion in [52]).

Theorem 237. Under conditions 230, 233, 234, 235, and 236, we have
Vrid;—b*)=>-H'Y. (8.2)
In particular, if Y ~ A (0,%) for some covariance matrix Z € R*! then

VTid;—b*)=> N (0,H 'sH™. (8.3)

We will need the following trivial remark.

Remark 238. Note that if for random variables d; and a;, t € T, with probability tending to
one (as t — oo) we have a; = dy, then foreach g: T — R, g(t)(d; — a;) Zo.

Remark 239. Theorem 2.1in [51] uses T =Ny andr, =n, ne€ T, but its proof for the general
T andry, t€ T, as above is analogous. Let us assume the conditions mentioned in Theorem
237. Let from Remark 232, B be a closed ball contained in the set D as in Condition 233 and U
as in Condition 235, and such that f is strongly convex on B and b* is the unique minimum
point of fip. From the generalization of Theorem 2.1 in [51] to the general T and r; as above
and the discussion of assumptions of this theorem in [51], one easily receives the thesis (8.2)
of Theorem 237 under the additional assumptions that we have d; € B, t € T, and Condition
235 holds with A; = Q, t € T. From Remark 238 and Condition 234, to prove Theorem 237 it is
sufficient to prove (8.2) with d; replaced byoft =1d;e B)d;+1(d; ¢ B)b*. ForC; = A;n{d; € B},
let 6 (w) = 0¢(w), we Cy, and &(w) =00, w € Q\ C;. Then, from Remark 238, Condition 234,
and (8.1), for d; replaced by d; and 5, by &, the conditions of Theorem 237 are satisfied and the
above additional assumptions hold. Thus, (8.2) with d; replaced by d; follows from Theorem
2.1in [51] as discussed above.

Condition 240. On some neighbourhood K € 9(A) of b*, for i = 1,2, the ith derivatives of
b— f,(b) (i.e. Vf; and V?f;) converge to such derivatives of f uniformly in probability.

Condition 240 is implied e.g. by the following one.
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8.1. Helper theory for proving the asymptotic properties of minimization results

Condition 241. On some neighbourhood K € 98(A) of b*, fori = 1,2, a.s. the i th derivatives of
b — f:(b), converge uniformly to such derivatives of f.

_1
Condition 242. It holds |V f(d;)| = op(r, ?).
Lemma 243. If conditions 230, 234, 240, and 242 hold, then Condition 235 holds.
Proof. From Remark 232, let U be an open ball with center b*, contained in K as in Condition
240, and such that f is strongly convex on U with a constant s € R;. Let m € (0, s). Then, from

Theorem 189, there exists € € R, such that for each twice differentiable function g: U — R for
which

sup(|IV2 £ (x) = V2 g(X)lleo + IV f(X) = Vg(x)]) <k, (8.4)
xeU

each b € U is a 5|V g(b)|*-minimizer of g. Thus, Condition 235 for the above U and §; =
7|V f;(d;) | follows from conditions 234, 240, and 242. O
From the above lemma we receive the following remark.

Remark 244. The assumption that conditions 233 and 235 hold in Theorem 237 can be replaced
by the assumption that conditions 240 and 242 hold.

Consider the following composite condition.
Condition 245. Conditions 230, 234, 240, and 242 hold.

Theorem 246. Let us assume Condition 245 and that

lim P(Vf;(b") = 0) = 1. (8.5)
Then,
Vrid,-b) 2o, 8.6)

Proof. From (8.5), Condition 236 holds for Y = 0, so that the thesis follows from Remark 244
and Theorem 237. U

_1
Condition 247. For some nonnegative random variables 6y, t € T, such thatb, = op(r, ?), with
probability tending to one (as t — co) we have

IVfi(d)| <6;. 8.7)
Lemma 248. Conditions 242 and 247 are equivalent.
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Proof. If Condition 242 holds, then Condition 247 holds for 6, = |V f;(d;)|. Let us assume
Condition 247. Then, for §; equal to & if (8.7) holds and oo otherwise, we have |V fildy)| = 5;

_ _1
and from Remark 238, 6 = 0,,(r, *), from which Condition 242 follows. O

Asymptotic properties of functions of minimization results

Let us consider T and 1y, t € T, as in the previous section. We shall further need the following
theorem on the delta method (see e.g. Theorem 3.1 and Section 3.3 in [55]).

Theorem 249. Let m,n € Ny, let D € B(R™) be a neighbourhood of 0 € R™, and consider a
function ¢ : F (D) — F(R"). Let Yy, t € T, and Y be D-valued random variables such that we
have \/1;(Y;—0) = Y (ast — o). If ¢ is differentiable in 0 with a derivative ¢'(0) (which we
identify with its matrix), then

V(Y —p0) = ¢’ 0)Y. (8.8)

If ¢ is twice differentiable in 0 with the second derivative ¢’ (0) and we have ¢'(0) = 0, then
1
ri(p(Y) - p(0)) = Eqb”(e)(Y, Y). (8.9)

Remark 250. For m € N, let y>(m) denote the y-squared distribution with m degrees of
freedom. Let meN,, S~ A (0,1,), B€eSym,,(R), and X = STBS. Then, X has a special case of
the generalized yx -squared distribution, which we shall denote as )A(E(B). For B being a diagonal
matrix B = diag(v) for some v e R™, P(B) will be also denoted as ?(v). It holds E(X) = Tr(B).
If B = wl,, for some w € R, then we have X ~ wy*(m) (by which we mean that X ~ wY for
Y ~ ¥%(m)). Let eig(B) € R™ denote a vector of eigenvalues of B and let A = eig(B). Consider an
orthogonal matrix U € R™ " such that B = Udiag(M)U". Then, for W = UTS ~ .4 (0, I;,) we
have

m
X =wTdiaghw = Y A, W2, (8.10)
i=1

and thus;(é(B) = )A(E(A). Let A={0}u{ve R\{OD*: keN;, < <...< Ui}, i.e. A is the set of
all real-valued vectors in different dimensions with ordered nonzero coordinates or having only
one zero coordinate. Let for v e R, ord(v) € A be equal to 0 € R if v = 0 and otherwise result
from ordering the coordmates ofvin nondecreasmg order and removing the zero coordinates.
Then, we have y (U) X (ord(v)) For Y~y 2(1) we have a moment- genemtmgfunctlon
My (1) :=E(exp(tY))=(1-21)" 2 t < 5. Thus, foreach ke Ny, ve Amle Y ~x2(v), and t e R
suchthatl-2v;t>0,i=1,...,k, we hcweMy(t) Hle(l 2v; t)“. Such an My is defined on
some neighbourhood of 0 and it is a different function for different v e A. Thus, for vi,v, € A
such that vy # v,, we have ;(vz(vl) # ;(vz(vg). It follows that for two real symmetric matrices By,
B,, we have ;(VZ(Bl) = ;2(32) only if ord(eig(B)) = ord(eig(B2)).

Remark 251. Using notations as in Theorem 249, let Y ~ A (0, M) for some covariance matrix
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8.3. Comparing the second-order asymptotic efficiency of minimization methods

M e R™ "™ Then, (8.8) implies that
VTPV — p0)) = A (0,¢' @) Mg’ O)T). (8.11)

Let further n = 1. Then, (8.9) is equivalent to
1

ri(p(Y) —p0) = R:= 5YTv2</)(9) Y. (8.12)

For S ~ A/ (0,1;) we have Y ~ M:S. Thus, from Remark 250, for
1 1 2 1

BZEMZV dO)Mz2, (8.13)

we have R ~ )A(E(B) and
1
E(R) =Tr(B) = ETr(Vng(H)M). (8.14)

Note that if6 is a local minimum point of ¢, then V>¢(0) is positive semidefinite and so is B.

Remark 252. If we have assumptions as in Theorem 237 leading to (8.3), then from Remark
251, forM=H 'sH ! and

1 1 1 1 1 1
BZEMEHMing_EZH_E, (8.15)
we have
r(f(dy) - F(b*)) = y2(B). (8.16)

Note that for R ~ E(VZ(B) it holds

E(R) = Tr(B) = %Tr(ZH‘l). (8.17)

Comparing the second-order asymptotic efficiency of minimization
methods

For some T and ry, t € T, as in Section 8.1, let ¢ and d = (d) ;e be as in Section 7.10 and such
that for some probability 4 on R and y € R we have

ri(pld) —y) = . (8.18)

Let further for some analogous d’ = (d});er and y' it hold r;(¢(d}) — y) = '. Then, ¢(d;) Ly
and similarly in the primed case, so that the processes d and d’ are equivalent from the
point of view of the first-order asymptotic efficiency for the minimization of ¢ as discussed
in Section 7.10. Their second-order asymptotic efficiency for this purpose can be compared
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Chapter 8. Asymptotic properties of minimization methods

by comparing the asymptotic distributions p and p'. For instance, if u = ¢/, then they can
be considered equally efficient. If for each x € R, p((—oo, x]) =t/ ((—o0, x]), then it is natural
to consider the unprimed process to be not less efficient and more efficient if further for
some x this inequality is strict. The second-order asymptotic efficiency as above can be also
compared using some moments like means or some quantiles like medians of the asymptotic
distributions, where the process corresponding to lower such parameter can be considered
more efficient. For yu = P(B) and y' = P(B' ) for some symmetric matrices B and B’, which
can arise e.g. from situations like in remarks 251 or 252, it may be convenient to compare the
second-order efficiency of the corresponding processes using the means Tr(B) and Tr(B') of
these distributions. In situations like in remarks 251 or 252, such means can be alternatively
expressed by formula (8.14) or (8.17) respectively, using which in some cases they can be
estimated or even computed analytically (see e.g. Section 8.9). For a number of stochastic
optimization methods from the literature we do not have formulas like (8.18) and some other
ways of comparing the second-order asymptotic efficiency of such methods are needed; see
[54] for some ideas.

Remark 253. Under the assumptions as above, let 11([0,00)) = 1 and let for some X ~ p and s €
[1,00) it hold ' ~ sX. Note that from Remark 250 this holds e.g. if for some symmetric positive
semidefinite matrices B and B' we have u= y2(B), i = y2(B"), and ord(eig(B")) = sord(eig(B)).
Iffurtherr; = t, t€ T =Ry, then t(p(d,) — y) and t(¢p(d},) — y) both converge in distribution
to u, but computing dy, requires s times higher budget than d;, t € T (assuming that such
interpretation holds). Thus, the unprimed process can be called s times (asymptotically) more
efficient for the minimization of ¢. Similarly, if M' = sM for some nonzero covariance matrix
M e R, and for some® € A, Vt(d;—0) = N (0,M) and Vi(d,—0) = N (0,M"), then d can be
said to converge s times faster to 6 than d'. In such a case, if additionally ¢ is twice differentiable
in 6 with a zero gradient and a positive definite Hessian in this point, then from Remark 251,
for B as in (8.13) we have t(¢p(d;) — y) = )A(E(B) and similarly for the primed process for B' = sB.
Thus, the unprimed process is s times more efficient for the minimization of ¢.

Remark 254. Analogously as we have discussed certain properties of minimization results
in Section 8.1 and their functions in Section 8.2, or proposed how to compare the asymptotic
efficiency of stochastic minimization methods in Section 7.10 and this section, one can formulate
such a theory for maximization methods. It is sufficient to notice that maximization of a
function is equivalent to the minimization of its negative, so that it is sufficient to apply the
above reasonings to the negatives of appropriate functions.

Discussion of some conditions useful for proving the asymptotic prop-
erties in our methods

Let us discuss when, under appropriate identifications given below, Condition 245 holds in

the LETGS and ECM settings for the different SSM methods from the previous sections, i.e.

for ESSM, GSSM, CGSSM, and MGSSM, and for such MSM methods, i.e. for EMSM, GMSM,
CGMSM, and MGMSM. We consider in this condition f equal to ce, msq, or ic, each defined
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8.5. Asymptotic properties of single-stage minimization methods

on A =R!. Furthermore, we take T as for the minimization methods in the previous sections,
in particular for the MSM methods we take T = N,. For the EM and GM methods we take
fi= ﬁ and d; as in these methods, while for the CGM and MGM methods f; = ft and d; = d},
assuming Condition 196.

Sufficient conditions for the smoothness of such functions f follow from the discussion
in sections 6.1, 6.5, and 6.11. The smoothness of such b — f;(b,w), w € Q, t € T, in the
LETGS setting is obvious and in the ECM setting it holds under Condition 36, which follows
from A = R’ as discussed in Remark 37. Sufficient assumptions for Condition 231, implying
Condition 230, to hold for f equal to ce, in the ECM setting were provided in Section 6.1, and
in the LETGS setting — in Section 6.5. From the discussion in Section 6.9, for A =R’ as above,
Condition 231 follows from the strong convexity of f, sufficient assumptions for which for f
equal to msq or var in the LETGS setting were provided in Theorem 125. For f equal to msq in
the ECM setting, sufficient conditions for it to have a unique minimum point were discussed
in sections 6.7 (see e.g. Lemma 106) and 5.1, and for V2 f to be positive definite — in Theorem
124. For f =ic, if C is a positive constant, then Condition 231 follows from such a condition for
f =var, and some other sufficient assumptions for Condition 231 to hold were discussed in
Remark 130. From the discussion in Section 7.3 we receive assumptions for which Condition
241, implying Condition 240, holds in the MSM methods as well as in the SSM methods for
T =N; and N = k, and thus from Condition 162 also in the general case. For d; as above,
Condition 234 follows from Condition 167 and its counterparts.

Recall that from Lemma 248, conditions 242 and 247 are equivalent. For the EM methods,
if b — est, (b, b)(w) is differentiable, b’ € A, w € QY, n € N, and if Condition 166 holds, then
Condition 247 holds in these methods even for §; =0, t € T. For the GM methods, if Condition

_1 _
166 holds and €; = 0, (r, ?) (which holds e.g. ife; =1, 7 for some % < g < 00), then Condition

_1
247 holds for 6 = €;. In the CGM and MGM methods, if Condition 202 holds and €; = 0, (r, ?),
then Condition 247 holds for §; = €;.

Asymptotic properties of single-stage minimization methods

Let T <R, be unbounded, conditions 17, 18, 23, 32, and 162 hold, A be open, b* € A,and b e
A — L(b)(w) be differentiable, w € Q;. For some function u € A — [0,00] such that u(b’) e R,,
let us assume that

Ny p 1

— = —, (t—00). 8.19

; w0 (t — 00) (8.19)

Remark 255. Ler N; be given by some U as in Remark 163, and let u(b) = Eq,) (U), b € A. For
such an U being the theoretical cost variable of a step of SSM as in Remark 163, u(b') is such
a mean cost. Ifu(b') € Ry, then, as discussed in Chapter 2 (see (2.11)), we have a stronger fact

than (8.19), namely that a.s. % — ﬁ. For the special case of U = 1, we have u(b) =1, b € A.
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Chapter 8. Asymptotic properties of minimization methods

Below we shall prove that for g substituted by ce, msq, msq2, or ic, under appropriate assump-

tions, for some covariance matrix > g(b’ ) e RIX!

p = 2 for the last one, for

and p = 1 for the first three substitutions or

fi(b) =UN; =keN,)g(b , b)(®y), teT, (8.20)
we have
ViV f;(b*) = N (0, u(b)Zg (D). (8.21)

Remark 256. Let (8.21) hold for some g as above and let Condition 245 hold for the corre-
sponding f; as above and ;= t, t € T, as well as for the minimized function f equal to msq if
g =msq2, and to g otherwise. Then, from Theorem 237, denoting Hy = V2 f(b*) and

Ve(b) = Hy 'Z¢ (B H ', (8.22)
we have
Vi(di—b*) = N (0,ud)Vg(b). (8.23)

Furthermore, from Remark 252, for

A R
it holds
t(f(de) ~ f(b*) = x2(u(b) Bg(b)). (8.25)

Let u(b') be interpreted as the mean theoretical cost of a step of SSM as in Remark 255. Let us
consider different processes d = (d;) e from SSM methods for which (8.25) holds for possibly
different b' and g, and whose SSM methods have the same proportionality constant py; of
the theoretical to the practical cost variables of SSM steps (see Remark 163). Then, from the
discussion in Section 8.3, for R ~ )A(z(u(b’ )Bg (")), the second-order asymptotic efficiency of such
processes for the minimization of f can be compared using the quantities

u(b"

E(R) = TTr(Zg(b')Hf_l). (8.26)

For the SSM methods having different constants py;, one can compare such quantities multiplied
by such a py;.

Let p(b) = ﬁ, let us define the likelihood function /(b) = In(p(b)) = —In L(b), and the score
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8.5. Asymptotic properties of single-stage minimization methods

function

Vp(b) B VL(b)

S(b) =VIb) = = ,
®) ®) p(b) L(b)

(8.27)

b € A, where such a terminology is used in maximum likelihood estimation; see [55]. Then,
ce,(b',b)=—-(ZL'l(b)),, and V,c€,(V',b) = —(ZL'S(b)) . Thus, if

Eg (ZL'S;(b*)?) =Eq,(L'(ZSi(b*)}) <00, i=1,...,1, (8.28)

(for which to hold in the LETS setting, from Theorem 121 and Remark 119, it is sufficient if
Condition 115 holds for S = Z2), and Vce(b*) = ~Eq, (ZS(b*)) =0, then, from Theorem 5, for

Tee(B) = B (ZL)?S(b*)S(b™)T) = Eg, (L' Z2S(h*)S(b*)T), (8.29)

we have (8.21) for g = ce (and f; as in (8.20) for such a g).

It holds

Vmsq,, (b, b) = (Z2L'VL(D)) . (8.30)
Thus, if

Eq(Z*(L'0;L(b*)%) =Eg,(Z*L'0;L(b*))}) <oo, i=1,...,1, (8.31)
and

Vmsq(b*) = Eg, (Z2VL(b*)) =0, (8.32)

then, from Theorem 5, for
Tmsq(D) =Eq, (L' Z*VL(B*)(VL(L*) D), (8.33)
we have (8.21) for g = msq.

Let us further in this section assume Condition 22 and let

!

1,0, b) = ( L

70 )n, neN; (8.34)

(see (4.26)). Consider now the case of g = msq2. We have msq2,, = msq,,1, and thus

Vpmsq2,, = (Vpmsq,) 1, +msq,Vsl,. (8.35)
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Let

T (b') = VN, = k €NL)(V@sa, (b, b*) + msq(b*)Vp 1 (B, ™)) (&)

(8.36)
= VIUN; = ke Ny (L'VL(b*)(Z2 —msq(b*) L(b*)72)) . (K )

and

Z,(b') = VEUN, = ke N;)Vpmsq2, (b, b*) ®y) — T;(B)
= 1N, = ke N (T — DV1V,msq,) (b, b¥) (8.37)
+ (Msq (b, b*) —msq(b*) VIV, 1 (B, b*) ®y).

Let
0=Eg, (V5(L™' (b)) (8.38)

(see the first point of Theorem 123 for sufficient conditions for this in the LETS setting) and
Eq,(L'L(b)"*(0;L(b))*) < oo, i =1,...,1. Then, from Theorem 5,

VN, = k€N VT, B) (®p) = A (0, u(b)Eq, (L'L(B) *VLI)(VLB)T).  (8.39)

Assuming further (8.31) and (8.32), from (8.21) for g = msq, (4.26), (8.39), the fact that from
the SLLN and Condition 162, a.s. 1(N; = k € N,)msq (b, b*) (Kr) — msq(b*), as well as from
(8.37) and Slutsky’s lemma,

zh Lo. (8.40)
Let
Tmsqz (b)) = Eg, (L'(Z* —msq(b*)L(b*) 2)*VL(*)(VL(H*) D). (8.41)

From Theorem 5, T;(b") = A (0, u(b') Zmsq2(b")), so that from (8.40), the first line of (8.37), and
Slutsky’s lemma, we receive (8.21).

Let us finally consider the case of g = ic. We have for n € N,

Vpicy = (VEp)Vary, + ¢, Vvat,, (8.42)
where
n ~ -~
ViVt = — (Vpmisq, (b, )T, + 5, (0, bV 1) (8.43)

Let for D= R xR))3 x Rand n e Ny, U, (b"): Q" — D be equal to

(/C\n(b/) b*)) Vb/c\n(bl; b*); m/\S(ln(b,; b*); VbﬁSTln(bl) b*))/]-\n(blr b*)lvb’l\n(bly b*); (ZL,)}’I) (844)
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and let

6:= (c(b™),Ve(b*),msq(b*),Vmsq(b*),1,0,a) = Eq: (U (b)) € D. (8.45)
Let the coordinates of U; (b') be square-integrable under Q" and

‘I’2=E@f((U1(b')—9)(U1(b’)—Q)T). (8.46)
Then, from Theorem 5,

VIIN; = ke NL) (Ui (®y) — 0) = A (0, u(b) ). (8.47)
For ¢ : D — R! such that

P((x1)1_1) = x2 (X325 — X5) + X1 (X4 X5 + X3.Xg), (8.48)
we have for n e N,

Vhica(b',b) = —= @ (Un (D) (8.49)
and Vic(b*) = %(/)(0). Let us assume that

Vic(b*) = ¢(0) =0. (8.50)

Using the delta method from Theorem 249, as well as Remark 251 and (8.47), we receive that

for

Zic(B) = ¢ O)¥ (@' 00 (8.51)
we have

VEIN; = ke NP D) ®g)) = N (0, u(b) Zic(b)). (8.52)

From lim,_. % =1, (8.49), (8.52), and Slutsky’s lemma, we thus have (8.21). From (8.46) and
(8.51), for W (b') := ¢'(0) (U, (D) — 0)

Zie(b) = Eg(W@BYW (D) D). (8.53)

We have

¢’(9)((xi)l7:1) =Vmsq(b*)x; +var(b*)xp + Ve(b™) x3
+c(b*)x4+ (Ve(b*)msq(b*) + c(b*)Vmsq(b™)) x5 (8.54)
+c(b*)msq(b*)xg —2Vc(b™)axy,
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so that

W (") = Vmsq(b*)(CL'L(b*)™' — c(b*)) + var(b*) (~CL' L 2(b*)VL(b*) - Vc(b*))
+Ve(b*)(Z?L'L(b*) —msq(b*)) + c(b*) (Z?L'VL(b*) — Vmsq(b*))
+(Ve(b*)msq(b*) + c(b*)Vmsq(b™))(L'L™ 1 (b*) - 1)
—c(b*)msq(b*)L'L(b*)2VL(b*) —2Ve (b a(ZL - a).

(8.55)

Remark 257. Let us make assumptions as above and that C = 1. Then, we have c(b) = 1,
Vc(b) =0, andic(b) = var(b), b € A, and from (8.50), Vmsq(b*) = Vvar(b*) = 0, so that from
(8.55),

W) = L'VL(b*)(Z% — (var(b*) + msq(b*)) L(b*)™?), (8.56)
and thus

Zic(b) = Eq, (L'(Z? - (var(b*) + msq(b*)) L(b*)"$?VL(*)(VL(H*) D). (8.57)
A helper CLT

For some [ € N, consider a nonempty set A € B[R and a corresponding family of proba-
bility distributions as in Section 3.4. Let m e Ny, u: F#(A) ® A — L ([R™), and B € B(A) be
nonempty.

Condition 258. For
fb, M) :=Egu) (Iub,)1(ub,)|>M)), beB, MeR, (8.58)
and R(M) :=supy,cp f(b,M), M € R, we have

lim R(M)=0. (8.59)
M—oo

Note that the above condition is equivalent to saying that for random variables v, ~ Q(b),
b € B, the family {|u(b,¥})| : b € B} is uniformly integrable. In particular, similarly as for
uniform integrability, using Holder’s inequality one can prove the following criterion for the
above condition to hold.

Lemma 259. If for somep>1,

supEqe) (lu(b,)IP) < oo, (8.60)
beB

then Condition 258 holds.

For some T € N, Uoo, R-valued random variables (wi)l.T:1 are said to be martingale differences

for a filtration (;)]_, if M, = X" w;, n €N, is a martingale for (%;)_, that is if E(jy;]) < oo,
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v;is &%;-measurable, and E(y;|%#;_1) =0,i=1,..., T. The following martingale CLT is a special
case of Theorem 8.2 with conditions I, page 442 in [39].

Theorem 260. Foreach neN,, let m,, € N, (f/"n'k)znz”o be a filtration, and (Wn,k)kmfl be mar-
tingale differences for it such that [E(l//i k) <oo, k=1,...,my. Let further
1. foreach§ >0, X7 E(? Wkl > 8)Fp 1) >0 (asn—oo),
; p
2. forsomeo €[0,00), X" E(W? [1Fp k1) = 07

Then,

mﬂ

Y Wnr= N 0,0%. (8.61)
k=1

Letr: #(A) ® A — F(R™) be such that for each b€ A,

Eqw) (r(b,-)) =0. (8.62)
Consider a matrix

2(b) = Equy (r(b,)r(b,) ") (8.63)

for b € A for which it is well-defined. Note that under Condition 258 for u = |r|?, from (8.59)
we have R(M) < oo for some M > 0, and thus R(0) < M + R(M) <oo and X(b) e R™*™ b€ B.

Theorem 261. Let us assume that Condition 135 holds and we have

lim 7y = oo. (8.64)

k—o0

Let further B as above be a neighbourhood of b* € A,
bn 2 %, (8.65)

Condition 258 hold for u = |r|?, and b € B — 2(b) be continuous in b*. Then,

1
T Y r(br-1, xk,i) = A 0,Z(b"). (8.66)
i=1

Proof. Let Wy, = \/Ler Zl'.l:"l 7 (D=1, xki) and Dy = 1(bg_, € BYWy, k€ N,. From (8.65) we have

Wy — Dy = W(bg_1 € B)Wy LA 0, so that from Slutsky’s lemma it is sufficient to prove that
Dy = A(0,2(b%)). Furthermore, using Cramér-Wold device it is sufficient to prove that for
each t € R, for v(b) := tTS(b)t, be B, and Sy := tT Dy, we have S = A (0, v(b*)). For t =0
this is obvious, so let us consider ¢ # 0. It is sufficient to check that the assumptions of Theorem
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260 hold for my = ny, Fy; = 0(bg_1; Xk,j:J < i), Vi,i= \/;,Tkﬂ(bk—l € B)t"r(bg-1, xx,1), and
02 = v(b*). From Condition 258 (for u = |r|?),

1
B}, = - E(Eou (b€ BT (5, )i, )

|22
S _
ng

t 2
< by € B (b, )
ng

E(Eqey) (Wb € B)I7(b,)1*) p=p,_,)
(8.67)

|22
< —R(0) < oo.
ny

For § > 0, from Condition 258 and (8.64),

my
S E@WE AWkl > ) Fr,i-1) = (Ab € BYEg (1t (b, )21t r (b, ) > Vted)) p=b,._,

i=1

< [t12(U(b € B)Eqgqy (7 (b, )P 117 (b, )| > V/Axd)) p=by.,
(8.68)

5
= |t|*1(bx_1 € B) f (bi_1, nk(m)z)

5
< |t|2R(nk(m)2) -0, k— oo.

To prove the second point of Theorem 260 let us notice that

my

Y EWE | Fri-1) = (b € BYEguy (17 1 (b, )*) =,

= (8.69)
= (Ib € BYV(D))pepy , 2> v(bY),

where in the last line we used (8.65) and the continuity of b — 1(b € B)v(b) in b*. O

We will be most interested in the IS case in which we shall assume the following condition.

Condition 262. For some R -valued random variable Y on %, Condition 17 holds for Z
replaced by Y, and we have

r(b,w) =(YL(D)(w), beA weQ;. (8.70)
Lemma 263. Let us assume Condition 262 and that for F = sup,.5 1(Y # 0)L(b) we have
Eg,(IY|*F) < co. (8.71)

Then, Condition 258 holds for u = |r|?. If further Q; a.s. b — L(b) is continuous, then b€ B —
2(b) is continuous.
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8.7. Asymptotic properties of multi-stage minimization methods

Proof. Foreach MeRand be B

fb, M) = Egy (Y LD *1(Y L(b)| > VM)
=Eg, (YLD Y L(b)| > VM) (8.72)
<Eq, (YPFI(YF|> VM),

so that
R(M) <Eg, (IY*FI(IYF| > VM) <Eg, (Y *F) < co. (8.73)

From (8.71) we have 0 = P(|Y|*F = 0co) = P(|Y|F = 00). Therefore, as M — oo, we have 1(|Y F| >
v'"M) — 0 and thus from Lebesgue’s dominated convergence theorem also Eq,(IYI*FI(YF| >
vV M)) — 0 and R(M) — 0, i.e. Condition 258 holds. We have

%;,j(b) = Equy (Y; Y;L(D)?) = Eq, (Y; Y L(b)) (8.74)

and |Y;Y;L(b)| < |Y|2F, b € B. Thus, the continuity of b € B — X; j(b) (and thus also of
b € B — Z(b)) follows from Lebesgue’s dominated convergence theorem. O

Remark 264. From Theorem 121 and Remark 119, in the LETS setting, for B bounded, under
Condition 262, and for F as in Lemma 263, (8.71) holds if Condition 115 holds for S = Y2

Asymptotic properties of multi-stage minimization methods

Consider the following conditions.

Condition 265. We have d* € A€ B[RY) and A-valued random variables by, k € N, are such
that

by 2 a*. (8.75)

Remark 266. From Remark 170 and its counterparts for CGMSM and MGMSM as discussed
in Remark 204, under conditions 165 and 167 for EMSM and GMSM or their counterparts for
CGMSM and MGMSM as discussed above Remark 204, as well under Condition 169, we have a.s.
for a sufficiently large k, by = dy. for EMSM and GMSM, and by, = dy. for CGMSM and MGMSM.
In particular, a.s. limy_.o, by = b* and thus Condition 265 holds for d* = b*.

Let us further in this section assume conditions 135 and 265. Using analogous reasonings and
assumptions as in Section 8.5, but using CLT from Theorem 261 for b* replaced by d* instead
of Theorem 5, we receive that under the appropriate assumptions as in that theorem we have
for g in the below formulas substituted by ce, msq, or ic, that for fi.(b) = gy, (bx—1, D) (Xx)

VIRV fi(b*) = N (0,24(d™)). (8.76)
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To prove (8.76) for g = msq2 using a reasoning analogous as in Section 8.5 we additionally
need the facts that msq,,, (bx-1,b") (¥x) LA msq(b*) and Tnk(bk_l, b ) (k) 2 1. Under appro-
priate assumptions, such convergence results follow from the convergence in distribution
of \/n_k(ﬁsﬁnk(bk_l, b*)(¥x) —msq(b*)) and \/n_k(Tk(bk_l, b*)(¥x) — 1), which can be proved
using Theorem 261 as above. For different g as above, assuming (8.76) and that Condition 245
holds for T =N, ry = ng, fi asabove, and f corresponding to g as in Remark 256 (see Section
8.4 for some sulfficient assumptions), for V, and By as in that remark we have from Theorem
237

Vi(di—b*) = N (0,Vg(d")), (8.77)
and from Remark 252
ne(f(di) — f(b*) = x2(Bg(d™)). (8.78)

If for s denoting the number of samples generated till the kth stage of MSM, i.e. si := Zle ni,
k € N, we have

lim £ =y € [1,00), 8.79)
then from (8.77) it follows that

VSk(di—b*) = N (0,7 Vg (d™)), (8.80)
while from (8.78) — that

sk(f(dr) — f(b™) = 2 (yBg(d™)). 8.81)

. . k+1_
For instance, for np = A; + A mF as in Remark 149, we have S =Ark+ Ay mm_l L so that

Y = 5. For ny = A1 + A2 k! as in that remark, we have

Sk Sk Ay 1 1 1 Ay 2
— =< = +14+—+ tot—==———+1+-, (8.82)
ng Akl Ax(k-1)! k k(k-1) k! Ax(k-1)! k

sothaty =1.

Remark 267. Let us assume that (8.81) holds and let ps, = d, k € N, i.e. p is the process of
MSM results but indexed by the total number of the generated samples rather than the number
of stages. Consider now dy. as in SSM in Section 8.5 for T =Ny, Ny =k, ke T, and b’ = d*,
so that we have (8.19) for u(b') = u(d*) = 1. Let us assume that (8.25) holds for such dy., and
let p;k =ds, ke Nt.vLetfurther T ={sx:keNy}. Then, t(f(p) — f(b*)) > )A(é(yBg(d*)) and
t(f(py) — f(b")) = x?(Bg(d*)), t = oo, t € T. Thus, fory =1 or Bg(d*) = 0, the processes p and
p' can be considered asymptotically equally efficient for the minimization of f in the second-
order sense as discussed in Section 8.3, while fory > 1 and Bg(d™) # 0 the process from SSM can
be considered more efficient than the one from MSM in such sense.
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Remark 268. From the discussion in Section 8.3 for T = N, and ry = ng, k€ T, for R ~
)A(z(Bg(d *)), the second-order asymptotic inefficiency for the minimization of f of processes
d = (di) ken, from MSM satisfying (8.78) like above, e.g. for different g or d* but for the same b*
and ny, can be quantified using

1 * -1
E(R) = ETI(Zg(d )Hf ). (8.83)

Let (8.81) hold and consider a process ps, = dy, k € Ny, as in Remark 267. Then, the asymptotic
inefficiency of p for the minimization of f can be quantified using

1 * -1
YzTr(Zg(d )Hf ). (8.84)

Using (8.84) one can compare the asymptotic efficiency of such a process p from MSM with that
of a process p' from SSM as in Remark 268, but this time without assuming that b’ = d*, so
that the inefficiency of p' is quantified by %Tr(zg(b’) H]Zl). In particular, ifyTr(Zg(d*)Hj:l) <
Tr(Zg (D) H;l) then p can be considered asymptotically more efficient for the minimization of f
than p'.

Consider further the mean theoretical cost u of MSM steps, analogous as in Remark 255 for
SSM. For two MSM processes d as above for which u is continuous in the corresponding points
da*, (8.83) is positive and not higher for the first process than for the second one, and u(d”*)
is lower for the first process than for the second one if the constants p; as in Remark 163 for
these processes are the same, or the mean practical cost p;;u(d™) of this process is lower if these
constants are different, it seems reasonable to consider the first process asymptotically more
efficient for the minimization of f. More generally, by analogy to formula (8.26) for SSM, rather
than using (8.83), one can quantify the asymptotic inefficiency of MSM processes d as above by

* 1 * -1
u(d )ETr(Zg(d )Hf ), (8.85)

or such a quantity multiplied by py; respectively.

A more desirable possibility than having Condition 265 satisfied for d* = b* as discussed in
Remark 266 (where for the minimization methods from the previous sections such a b* is
equal to the unique minimum point of the minimized function f), may be to have it fulfilled
for d* minimizing some measure of the asymptotic inefficiency of dj. for the minimization of
f, like (8.83) or (8.85) (assuming that such a d* exists). See Chapter 11 for further discussion
of this idea. From Remark 278 in Section 8.9 it will follow that for g = msq, the minimum point
of msq does not need to be the minimum of (8.83) in the function of d*.
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Asymptotic properties of the minimization results of the new estima-
tors when a zero- or optimal-variance IS parameter exists

Condition 269. We have the assumptions as in Section 7.11 above Condition 222, D as in that
section is a neighbourhood of b*, conditions 216 and 222 hold, and for each b' € A, k € N p» and
wE Q’f, b — esti(b', b)(w) is differentiable in b*.

Theorem 270. Let conditions 32 and 269 hold, T < R, be unbounded, N;, t € T, be N U {oo} -
valued random variables, and b € B — f;(b) := 1Ny =k € Np)e/\stk(b’, b)Ky), t€ T. Then, it
holds a.s.

Vfi(b*)=0, teT. (8.86)

If further Condition 245 holds for such f;, then

Vid:—-bH 20, t—o0. (8.87)
Proof. From Lemma 224 we receive (8.86). Thus, (8.87) follows from Theorem 246. O

Theorem 271. Let Condition 135 hold for ny € Ny, k € N, let Condition 269 hold, and let
be B — fi(b) :=ésty, (bx_1,b)(Xx), k€ T :=N,. Then, we have a.s. (8.86). If further Condition
245 holds for such fy., then (8.87) holds.

Proof. From Lemma 227 we have (8.86), so that (8.87) follows from Theorem 246. O

Remark 272. Let conditions 18, 22, and 23 hold, A be a neighbourhood of b*, and b — L(b)(w)
be differentiable, w € Q;. Let est,, be equal to rﬁsq\Zn and b* be an optimal-variance IS pa-
rameter, or est,, be equal to ic, and b* be a zero-variance IS parameter. Let further for SSM
Condition 32 hold and T and Ny, t € T, be as in Theorem 270, while for MSM let Condition
135 hold for ny € N, k€ T := Ny, for p = 1 for est, = msq2, or p = 2 for ést, = ic,. Then,
from remarks 219, 223, and the above theorems, we have a.s. (8.86) for f; as in Theorem 270
for SSM, and as in Theorem 271 for MSM. If further Condition 245 holds (see Section 8.4 for
some sufficient assumptions), then we also have (8.87) in these methods. If we have (8.87) for
r: growing to infinity faster than t for SSM or than n; for MSM, i.e. such that limr—t[ —0or
lim 'rl—[’ — 0 respectively, then we have in a sense faster rate of convergence of d; to b* than in
Section 8.5 for SSM or in Section 8.7 for MSM respectively.

Some properties of the matrices characterizing the asymptotic distri-
butions when a zero- or optimal-variance IS parameter exists

Let us further in this section assume conditions 22 and 23. Consider matrix-valued functions
2¢, Vg, and Bg, given by the formulas from Section 8.5 and considered on the subsets of A on
which these formulas make sense.
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8.9. Some properties of the matrices characterizing the asymptotic distributions when a
zero- or optimal-variance IS parameter exists

From the reasonings in Section 8.5, for each b’ € A, under Condition 32, for g replaced by msq2
oric, for f,,(b) = 8,(V', b)(X ), n € N, under appropriate assumptions X (b') is the asymptotic
covariance matrix of \/nV f,,(b*). Under appropriate assumptions as in Remark 272, including
b* being an optimal-variance IS parameter in the case of g = msq2 or a zero-variance one
for g =ic, we have a.s. Vfi(b*) =0, k € N,. Thus, in such cases Z¢(b') =0, b’ € A. This can
be also verified by the following more generally valid direct calculations. For b* being an
optimal-variance IS parameter, from (3.12), Q@; a.s. (and thus from Condition 22 also Q(b) a.s.,
be A)

(ZL(b*))* = msq(b*), (8.88)

and thus from (8.41), Zy5q2 = 0. Let now b* be a zero-variance IS parameter. Then, we have
var(b*) = 0 and under appropriate differentiability assumptions Vmsq(b*) = 0. Using further
(8.88) and the fact that Q; a.s. ZL(b*) = a, from (8.55) we receive that for each b’ € A, Q' a.s.

W) =Veb*)(Z*L'L(b*) - msq(b*) + msq(b*)(L'L 1 (b*) - 1) —2a(ZL' - a))

(8.89)
+c(b*)VL(b*)L' (Z2 —msq(b*)L(b*)~2) = 0.

Thus, from (8.53), Z;c = 0. Using the notations as in Remark 256, if Hy,sq is positive definite for
g =msq2 or Hj is positive definite for g = ic, and we have Xz = 0 as above, then it also holds
Vg =Bg=0.

Let us further use the notations p(b), [(b), and S(b) as in Section 8.5. We define the Fisher
information matrix as

I(b) =Egu)(S)S(B)T), beA (8.90)

(assuming that it is well defined). It is well known that under appropriate assumptions,
allowing one to move the derivatives inside the expectations in the below derivation, we have

1(b) = ~Egu) (V1(D)). (8.91)

The following derivation is as on page 63 in [55]. From Eq, (p(b)) = 1, b€ A, we have Eg, (Vp(b)) =
0,be A and 0=[q, (V2 p(b)) = Egu) (m), b € A, so that taking the expectation with respect

p®D)
to Q(b) of

Vip(b) Vp(b)(Vpb)”

V2I(b) = , 8.92
®) p(b) p?(b) (8.92)
we receive (8.91).
Let us define
R(a,b) = [E@(a)(%S(a)S(a)T), a,be A, (8.93)
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Note that
R(b,b) = 1(b). (8.94)

Remark 273. For some a,b € A, let R(a,b) and I(a) have real-valued entries. Then, R(a, b)

is positive definite only if for each v e R}, v £ 0, Ega) (%LST(LZ) v|?) > 0, which holds only if

Q@ (ST (a)v| #0) >0, veR!, v #0, and thus only if I(a) is positive definite.
Let b* be an optimal-variance IS parameter. Then, from (8.88)
2ce(b) = Eq, (Z*L(H)S(b*)S(b*)T)
= Eq (—— 8.95
msq(b™) @1(L(b*)28(b )S(b™) ) ( )
=msq(b*)R(b*, b)

and

Zmsq(D) = Eq, (Z*L(D)L(b*)*S(b*)S(b*)T)

=msq(b )Z[E@l(msw INCER) (8.96)
=msq(b*)?R(b*, D).

For the cross-entropy, let us assume that b* is a zero-variance IS parameter, so that Q; a.s. we
have ZL(b*) = a. Then

ce(b) = —Eg, (Z1(b)) = —akq, (L(b*) ' 1(b)). (8.97)
Thus, assuming that one can move the derivatives inside the expectation

V2 ce(b) = —akq, (L(b*) ' V21(D) = —aEgp (V1(D)), (8.98)
in which case from (8.91)

Hee =V ce(b*) = al(bY). (8.99)

Assuming that I(b*) is positive definite and a # 0, from msq(b*) = a?, (8.22), (8.95), and (8.99)
we have

Vee(b) = He' Sce(b)Hy, = I(b™) ' R(b*, b)I(b*) ", (8.100)
which is positive definite from Remark 273.

Remark 274. Under the assumptions as above, from (8.94) and (8.100) we have V¢ (b*) =
I(b*)~!. Note that this is the asymptotic covariance matrix of maximum likelihood estimators
for b* being the true parameter, see e.g. page 63 in [55]. This should be the case, since under
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Condition 32 for b’ = b*, a.s.

ce,(b*,b)(Ky) = (ZL(b*)In(L(b)))n(Kp)

b7 In(Lb) (8.101)
=—aln(p(D))),(Ky),

and b — In(p(b))) ,(K,) = %Z?zl In(p(b)(x;)) is maximized in such maximum likelihood esti-
mation (note that for a > 0 we should minimize (8.101) while for « < 0 — maximize it).

Under the assumptions as above and for a > 0, from (8.24), (8.95), and (8.99)
1 _1 -1 ] wol « gL
Bee(b) = EHCEZZC@(b)Hce2 = zal(b ) 2R(Mb,b)I(b™) 2, (8.102)

which is positive definite. Note that Bee(b*) = aI; and Tr(Bee (b*)) = £.

For the mean square, let us assume that b* is an optimal-variance IS parameter. Then, from
(8.88)

L(b)

msq(b) = Eg, (Z°L(b)) = msq(b*)[E@l (m

) (8.103)

Thus, assuming that one can move the derivatives inside the expectation we have

V2msq(b) = —msq(b*)VEg, (%S(b) Ty
104
o L) _ (6104

=msq(b )EQI(W(S(b)S(b) —-VeIl(b))).
In such a case, from (8.91),
L(b
Hinsq = msq(b)Eq, (ﬁ(sw*)sw*ﬂ _V2It) o109
=msq(b*)21(b").

Remark 275. Under the appropriate assumptions as in Remark 29, when b* is a zero-variance
IS parameter, then, for d denoting the cross-entropy distance, b — d(Q(b*),Q(b)) and ce are
linearly equivalent with a linear proportionality constant a (see (4.8)). Thus, in such a case
(8.99) follows from the well-known fact that under appropriate assumptions

(V2 d@Q(b"), Qb)) p=pr = I(DY). (8.106)

Furthermore, from Remark (30), when b* is an optimal-variance IS parameter, then, for d
denoting the Pearson divergence, b — d(Q(b*),Q(b)) and msq are linearly equivalent with a
linear proportionality constant msq(b*) (see (4.11) and (3.12)). Thus, in such a case (8.105) is
equivalent to the fact that

(V2 d@Q(b"), QD)) p=p+ = 21(b"). (8.107)
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Assuming that I(b*) is positive definite and msq(b*) # 0, from (8.22), (8.96), and (8.105),

Vmsq (b) = Hr;éqzl’ﬂsq (b) Hl;léq

| (8.108)
- ZI(b*)‘lR(b*,b)I(b*)_l,

which is positive definite from Remark 273. Thus, assuming further that b* is a zero-variance
IS parameter and we have (8.100), it holds

1
Vinsq(D) = Zvce(b)- (8.109)
From (8.108), we have Viysq(b™) = il (b*)~L. Furthermore, from (8.24)

1 _1 _1
Bmsq(b) = EHméqzmsq(b) Hméq
(8.110)

) msci(—b L1y R DI,

which is positive definite. Note that Bmsq(b*) = %(b*)l ; and Tr( Bmsq(b*)) = lmqu(b*).

Remark 276. Let A, T, d;, and r; be as in Section 8.1, let b€ A, and u: A — R be such that
u(b) Ry andri(dy;—b*) = N (0, u(b) Vee (b)) (see Section 8.5 for sufficient conditions for this to
hold for b=b' and r; = t for the SSM of the cross-entropy estimators and Section 8.7 forb=d*,
u(d*) =1, and ry = ny for the MSM of such estimators). Let further msq be twice differentiable
inb* withVmsq(b*) =0 and Hysq = V2msq(b*). Then, from Remark 251, for

1 1 1
Bee,msq(b) := Evce(b)z HinsqVee (D)2, (8.111)
we have
re(msq(dy) — msq(b*)) = y2(u(b) Bee,msq (D). (8.112)

For b* being a zero-variance IS parameter, [(b*) being positive definite, and a # 0, from (8.111),
(8.105), (8.100), and (8.110)

Beemsq(h) =msq(b*)I(b*) 2 R(b*, b)I(b*) "2
= 4Bmsq(b).

(8.113)

Remark 277. Consider the LETS setting and let Condition 115 hold for S = 1. Then, from
[E@(a)(l%si(a)sj(a)l) =Egq, (I%Si(a)sj(a)l), Theorem 121, and Remark 119, we have R(a, b) €
R*!,a, b€ A, and thus also I(b) € R™!, b € A. Furthermore, from Theorem 122, the above deriva-
tion leading to (8.91) can be carried out. From these theorems and remark we can also move the
derivatives inside the expectation in (8.104), and using analogous reasoning as in the proof of
Theorem 122 - also in (8.98).
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8.9. Some properties of the matrices characterizing the asymptotic distributions when a
zero- or optimal-variance IS parameter exists

Consider now the ECM setting as in Section 5.1, assuming Condition 36. Then, from (8.90)

I(b) = Egp) (X — (b)) (X — (b)) = Z(b). (8.114)
Furthermore,
3 L(b) T
R(a,b) =g, (L(a)2 S(a)S(a)”)

=exp(¥(b) —2¥ (a))Eg, (exp((2a — b) TX) (X - p@) (X - pa)™)
= exp(¥(b) + ¥ (2a—b) - 2¥ (@) Ega—b (X — (@) (X — p(@) ")
=exp(W(b)+¥Y(2a—b)-2¥(a)(Z(2a-b)

+(ua-b) - p@)(u@a—-b) - u@@)").

(8.115)

For a positive definite matrix B € Sym;(R) and b € R’ let |blg = VbTBD. Then, |- |p is a norm
onR!. For X ~ A& (Lo, M) under Q; for some positive definite covariance matrix M, we have
from (8.115) and discussion in Section 5.1

R(a,b) = exp(la—b[3)(M + M(a-b)(a-b)" M). (8.116)
In particular, for b* being a zero-variance IS parameter, from (8.100) and (8.109) we have
Vee(D) = exp(Ib* = b3)(M™' + (b* = D)(b* = b)) = 4Vinsq (D), (8.117)

and

msq(b*)

Bunsq(h) = exp(Ib* — b2 (I + M? (b* = b)(b* — b)T M?). (8.118)

Thus, the mean of ;(E(Bmsq(b)) is

Tr(Bmsq (b)) = %(b) exp(Ib* - bI2)(I+|b* - b2,). (8.119)

Note that b* is the unique minimum point of b — Tr(Bmsq(b)). From the below remark it
follows that for X having a different distribution under @Q; this may be not the case.

Remark 278. Consider the ECM setting for A=R. Then, R(a, b) = Eg(q) (é(—b; (S(a)?) and

(a

(VoR(@, D) p=q = —Ega (S(@)?*)

3 (8.120)
= —Eg(a) (X — p(a))”).

From the convexity of b — R(a, b) (which follows from the convexity of b — L(b)), a necessary
and sufficient condition for b = a to be its minimum point (and thus for a zero-variance IS
parameter b* = a to be the minimum point of b — Busq(b) as in (8.110)), is that X has a zero
third central moment under Q(a). This does not hold e.g. for X ~ Pois(u(a)) under Q(a) as in
Section 5.1, for which Eqa) (X — u(@)3) = p(a) > 0.
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Chapter 8. Asymptotic properties of minimization methods

In the LETGS setting, assuming Condition 53, that for some b € A, G has Q(b)-integrable
entries, and that we have (8.91), from (5.43)

I(b) = 2Equ) (G), (8.121)

which from Lemma 79 is positive definite only if Condition 76 holds for Z = 1.

An analytical example of a symmetric three-point distribution

Let us consider ECM as in Section 5.1 for [ = 1, assuming that Q;(X = -1) = Q;(X =0) =
Q1(X =1) = 1. Then, we have A =R, ®(b) = £+¢41 (b) = B(b) exp(~bX), ¥(b) = In(® (D)),
w(b) = V¥ (b) = 2= and V2¥(b) = 2+ Forsomed € R, let Z = 1(X = 0)+d1(X # 0).

eb+e b+1’ (eb+e~b+1)2"
We have a = % and
1
msq(b) = Eg, (Z°L(b)) = S0+ e +e )+ d? el +e7hy. (8.122)

The unique minimizer of msq is 0, which corresponds to crude MC. It holds msq(0) = 1+T2d2

and var(0) = “3#‘12 - (%)2 = %(1 —d)?. Thus, there exists a zero-variance IS parameter only
if d = 1, in which case such a parameter is b* := 0. We have Eg, (ZX) = 0, so that from (6.9),
ce(b) = a¥(b). Thus, if d # —%, then ce has a unique optimum point 0 = b*, which is a

minimum point if @ > 0 and a maximum point if & < 0. We have V2% (0) = % and

2(1+2d)

Hee = V2 ce(0) = aV2¥(0) = 5

(8.123)

It holds VL(b) = — X exp(~bX)®(b) + exp(—bX) =~ so that VL(0) = — X. Thus, from (8.29),

for

gb):=(1+el+e D) el +eD), (8.124)
we have
d2
Tee(b) =Eq, (Z°L(b) X?) = 5 &D (8.125)

and for d # —%

2
—_ g2 _
Vee(b) = H2Zce(b) = (2(1 +2d)) g(b). (8.126)
We have
2
Hinsq = V2 msq(0) = S0+ 5d?), (8.127)
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8.10. An analytical example of a symmetric three-point distribution

from (8.33)
d4
Emsq(b) = Eg, (L(D) Z*X?) = 580, (8.128)
and thus
2 2
From (8.41)
1
Zmsq2 (D) = Eg, (Z* —msq(0)*L(b) X?) = 3—4(d2 -1)%g(b), (8.130)
so that
2_1 2
Vinsq2(b) = HyyqZmsq2(b) = (m) g(b). (8.131)
From (8.57)
Tic(b) = Eg, (Z* —msq(0) — var(0))*L(b) X?) = 3—16((51 —1)(d +5))°g(b), (8.132)
and thus
: - B (d—l)(d+5))2
Vie(b) = HipgqZic(D) = (—6 Tisar ) 8 (8.133)

For s substituted by ce, msq, msq2, and ic, let us further write V(b, d) rather than V;(b)

to mark its dependence on d. Let for such different s, fs(d) = 2(1+ 5d?) Vs (Z)d), so that

freld) = 125D | £ (d) = 3d2, finsqa(d) = |d?— 1| and fic(d) = 11(d—1)(d+5)|. For different
substitutions of s; and s, as for s above, it holds 1(b,d) = (ﬁ L (d))? whenever fs,(d) #0. The
graphs of functions f; for different s are shown in Flgure 8.1. Note that b — g(b) is positive and
has a unique minimum point in 0 = b*. Thus, if fs(d) # 0, then b — V(b,d) = g(b)(5 ﬁ(;i‘)iz))z
also has a unique minimum point in b*. It holds fee(0) = finsq(0) = 0. For d € R\ {—— 0}, let

r(d) = ff;:q @ =| dl(ffg;) |. One can easily show that this function assumes a unique minimum
in d =1, in which r(d) = 2. In particular, for d € R\ {—%} we have fee(d) = 2 finsq(d) and thus
Vee(b, d) = 4Vimsq(b, d), b € R, with equalities holding only for d equal to 0 and 1, the latter being
in agreement with the theory in Section 8.9 since for d = 1, b* is a zero-variance IS parameter.
From an easy calculation we receive that f;, < f;, on D, f5 = f;, ondD, and f§, > f;, otherwise

_ (—2 -3v2 —2+3f)

for s; =msq, s, =msq2,and D = (-1 =msq, S =ic,and D = as well

2’ 2)’
as s; =msq2, sp =ic, and D = (-2,1). Since for s equal to msq?2 or ic, fs is continuous and
f5(0) >0, such f; are higher than fc. (and thus also than fi,sq) on some neighbourhood of 0.
Note that in agreement with the theory in Section 8.9, for d = 1, for which b* is a zero-variance
IS parameter, for s = ic, Vi(b,d) =0, b € R, and for s = msq2, this holds also for d = -1, for

which b* is an optimal-variance IS parameter. For Bs(b, d) = %Vs(b, d) Hpsq for s equal to msq,
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Chapter 8. Asymptotic properties of minimization methods

msq2, or ic, and for Bee msq(b, d) = %Vce(b, d) Hsq for s = ce, we have analogous relations as
for the different V(b, d) above.

20

Figure 8.1: Functions f; as in the main text for s equal to ce, msq, msq2, and ic.
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Two-stage estimation

In this chapter we shortly discuss a two-stage adaptive method for estimation, in the first
stage of which some parameter vector d is computed, with the help of which in the second
stage an estimator of the quantity of interest a € R is calculated. For a nonempty parameter
set A € Z(R") and a family of distributions as in Section 3.4, let a measurable function h :
F(A) 8 A — F(R) be such that for each b e A,

Equ) (h(b,) = a. 9.1)

Let var(b) = Vargy, (h(b,-)), b € A. Consider some cost variable C and functions ¢ and ic as
in Section 4.1, but in the definition of ic using the above var (in particular, for ic we assume
Condition 31). In the IS case conditions 17 and 214 hold, but the above setting is more general
and can also describe e.g. control variates or control variates in conjunction with IS. The
parameter vector d computed in the first stage is an A-valued random variable, which can be
obtained e.g. using some adaptive algorithm like single- or multi-stage minimization method
of some estimators described in the previous sections. This can be done in many different
ways as discussed in the below remark.

Remark 279. One possibility is to use as d some parameter d; corresponding to some first-stage
budget t as in Remark 213. Alternatively, in methods in which to compute some parameter
P one first needs to compute p;, L =1,...,k —1, like in the MSM methods from the previous
sections for py as in Remark 213, one can set d = p; 1(T # 00) + Poo1(T = 00) for some poo € A and
some a.s. finite N, U {oo}-valued stopping time t for the filtration %, = o{p;: 1 < n}, n e N,.
For instance, if a.s. px — b* € A, then t can be the moment when the change of py. from py_1, or
such a relative change if b* # 0, becomes smaller than somee € R, (see e.g. Remark 10 in [43]).
For the various py. from MSM methods as in Remark 213, the fact that a.s. pi — b* follows
from Condition 167 or its counterparts. When for some functions fi.: #(A) ® (Q,F) — F(R),
k €Ny, (which can be e.g. the minimized estimators) and f : A — R we have a.s. fi(px) — f(b*),
then such a stopping time can be based on the behaviour of fi.(py), similarly as for pi above.

loc
Assuming that a.s. fi = f (see Section 7.3 for sufficient assumptions), ifa.s. pp — b*, then from
Lemma 191 a.s. fi(pr) — f(b").

143



Chapter 9. Two-stage estimation

One way to model the second stage of a two-stage estimation method is to consider it on
a different probability space than the first one, for a fixed computed value v of the variable
d from the first stage. In such a case, for some «1,x3,..., i.i.d. ~ Q(v), in the second stage
we perform an MC procedure as in Chapter 2 but using Z; = h(v,x;), i € N4, e.g. using a
fixed number of samples or a fixed approximate budget. We can also construct asymptotic
confidence intervals for a as in that chapter. From the discussion in Chapter 2, the inefficiency
of such a procedure can be quantified using the inefficiency constant ic(v). This justifies
comparing the asymptotic efficiency of methods for finding the adaptive parameters in the
first stage of a two-stage method as above by comparing their first- and, if applicable, second-
order asymptotic efficiency for the minimization of ic as discussed in sections 7.10 and 8.3.

An alternative way to model the second stage of a two-stage method is to consider its second
stage on the same probability space as the first one. Let us assume the following condition.

Condition 280. Random variables ¢;, i € N, are conditionally independent given d and have
the same conditional distribution Q(b) given d = b.

Condition 280 is implied by the following one.

Condition 281. Condition 19 holds, and for 31, B2, ..., i.i.d. ~P; and independent of d we have
(Piien, = &(d, Bi))ien, -

In the second stage of the considered method one computes an estimator
1 n
ap=— hd,;). 9.2)
ni=1

Similarly as above, the number 7 of samples can be deterministic or random. In the first case
the resulting estimator is unbiased, while in the second this needs not to be true. Random n
can correspond e.g. to a fixed approximate computational budget and be given by definition
(2.5) or (2.6) but for C; replaced by C(¢;), i € N,.

Remark 282. A possible alternative to the above discussed two-stage estimation method is the
same as its second model above except that for the computation of &, in the second stage one
uses the variables ¢; = ¢(d, B;) as in Condition 281 but without assuming that §;, i e N, are
independent of d. In such a case, Condition 280 may not hold. For example, one could reuse
the i.i.d. random variables with distribution | generated for the estimation of d in the first
stage as some (potentially all) the variables B; used for the computation of @,, which could
save the computation time. Under appropriate identifications, such an approach using exactly
the same B;, i =1,...,n in ESSM to compute d and then (9.2) is used in the multiple control
variates method (see [5, 22]), while for IS it was considered in [30]. In such a reusing approach,
Q, as in (9.2) needs not to be unbiased even for n deterministic. Furthermore, one needs to store
a potentially large random number of the generated values of random variables, which may be
more difficult to implement and requires additional computer memory. Finally, in a number
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of situations, like in the case of our numerical experiments, generating the required parts of
the variables B; forms only a small fraction of the computation time needed for computing the
variables h(d, ;) = (ZL(d))(&(d, B;)) in the second stage, so that reusing some 3; from the first
stage would not lead to considerable time savings.
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1[I Numerical experiments

Our numerical experiments were carried out using programs written in matlab2012a and
run on a laptop. Unless stated otherwise, we used the simulation parameters, variables, and
IS basis functions as for the problems of estimation of the expectations mgf(xp), q1,4(x0),
G2,4(X0), and pr4(xp) in Section 5.9. In some of our experiments we performed the single-
or multi-stage minimization of estimators est (where for short we write est rather than est,,,
n €Ny, for appropriate p) equal to ce, msq, msq2, and ic, as discussed in Section 7.1. In the
MSM we used in each case by = 0. For the minimization of msq2 and ic in these methods
we used the matlab fminunc unconstrained minimization function with the default settings
and exact gradients, for msq additionally using their exact Hessians, as discussed Section
7.1. The minimum points of c€ were found by solving the linear systems of equations as in
that section. Both for the crude MC (CMC) and when using IS, the computation times of the
MC replicates in our experiments were typically approximately proportional to the replicates
of the exit times 7 for the MGF and translated committors, and to the replicates of 7’ as in
(5.73) for pr,4(xp). Thus, we consider the theoretical cost variables C equal to ht for the MGF
and translated committors and to ht’ for pr,4(xo). The proportionality constants p of the
replicates of such C to the simulation times as in Chapter 2 were different for CMC and when
using different basis functions in IS.

The remainder of this chapter is organized as follows. In Section 10.1 we discuss some methods
for testing statistical hypotheses, which are later used for interpreting the results of our
numerical experiments. In Section 10.2 we describe two-stage estimation experiments as
in Section 7.1, performing MSM in the first stages and in the second stages estimating the
expectations of the functionals of the Euler scheme as above. In the second stages we also
estimated some other quantities, like inefficiency constants, variances, mean costs, and the
proportionality constants p as above. We use these quantities to compare the efficiency of
applying in a IS MC method the IS parameters obtained from the MSM of different estimators,
as well as of using different added constants a and IS basis functions in such adaptive IS
procedures. In Section 10.3 we compare the spread of the IS drifts coming from the SSM
of different estimators and using different parameters b'. In Section 10.4 we provide some
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Chapter 10. Numerical experiments

intuitions behind the results of our numerical experiments.

Testing statistical hypotheses

Let ux,uy €R, o0x,0y € R;, and R-valued random variables X;, and Y}, n € N, be such that
Xn 1= Vn(Xn — px) = N (0,0%), Y, := n(Y,, — py) = A (0,0%), and for each j,keN,, X; is
independent of Y. Let 0x , and G'y,,, n € N, be [0,00)-valued random variables such that
Oxn L4 oxand oy, LA oy. Leta,, b, e Ny, neN,, be such that lim,,_., a,, = lim;,_.oc b, = 00

and
an
lim — =peR;. (10.1)
n—oo n
Let
Xa, - Y VanXa, = Yp,)
£, = —dn b i ’; (10.2)
63(,un 6?/,% \/O ﬂn o
\/a_n + - X, un Y b,
and H,, = —\A/z@("ya ”A);)
TXant oa 07y
Lemma 283. Under the assumptions as above, we have
- / Y
tw+H,= > =>A4(0,1). (10.3)
a, ~
o% an T 5, 9Y,b,

Proof. From the asymptotic properties of X; and ?j as above and their independence, we
receive, e.g. using Fubini’s theorem and the fact that convergence in distribution is equivalent
to the pointwise convergence of characteristic functions, that

Py, = N (0,0%+pa?). (10.4)

Thus, from G, := ?bn(\/ﬁ— Z—:) 2 0,

~ an ~ ~ ~
Xan—‘/b—:Ybn = Xa, — VP Yp, +Gn=> N (0,0% +po>). (10.5)

Furthermore, from the continuous mapping theorem,

a
~2 ~2 n ﬁ 2 2
\/UX,an TOvp,p, T VIX TPy (10.6)

Now, (10.3) follows from (10.5), (10.6), and Slutsky’s lemma. O
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10.2. Estimation experiments

If ux < py, then from (10.3) and H, =0, ne€ Ny, foreach a € (0,1) and z;_, as in Remark 7,

limsupP(t, > z1-¢) < lim P(t, + H, > z1-4) = @, (10.7)

n—oo n—oo
i.e. the tests of the null hypothesis ux < yy with the regions of rejection ¢, > z;_,, n € N;, are
pointwise asymptotically level a (see Definition 11.1.1 in [36]). We shall further use such tests
for z;_¢ =3, so that @ = 0.00270. If for some selected n we have ¢, = 3, i.e. the null hypothesis

as above can be rejected, then we shall informally say that thf: estimate X, + U\;‘('li: of ux is
(statistically significantly) higher than such an estimate Y, + UY# of uy.

Most frequently, for some i.i.d. square integrable random variables X}, i € N, and such
variables Y/, i € N, independent of X J’., in such tests we shall use X, =+ ¥ X/ and G x,, =

ﬁ Z?zl (X l’ — Xp)?, and analogously for Y,, and Gy, ,. In such a case ajﬁ” shall be called an

estimate of the standard deviation of the mean Xj,.

Estimation experiments

We first performed k-stage minimization methods of the different estimators and for the
different estimation problems, using n; = 50 -2/~! samples in the ith stage for i = 1,...,k
for various k € N, (see Section 7.1). We chose k = 3 for the problem of estimating ¢ 4(xo),
k =5 for mgf(xp), and k = 6 for pr ,(xo) and g2,4(xp). We first used a = 0.05 and M = 10 time-
independent IS basis functions as in (5.81). For i = 1,2,...,6, the IS drifts r (b;) corresponding to
the minimization results b; from the ith stage of the MSM of different estimators for estimating
the translated committor g, 4(xp) are shown in Figure 10.1. The IS drifts corresponding to the
final results of MSM for the estimation of all the expectations are shown in Figure 10.2. In
figures 10.1 and 10.2 we also show for comparison approximations of the zero-variance IS drifts
r* for the diffusion problems for the translated committors and MGE computed from formula
(5.77) using finite differences instead of derivatives and finite difference approximations of u
in that formula computed as in Section 5.9. In Figure 10.1, the IS drifts from the consecutive
stages of the MSM of msq2 and ic seem to converge the fastest to some limiting drift close
to (the approximation of) r*, from the MSM of msq — slower, and of ¢cé — the slowest. See
Section 10.4 for some intuitions behind these results.

Consider a numerical experiment in which, for a given IS parameter v € A, we compute
unbiased estimates of the mean cost c(v) as well as of the variance var(v) and the (theoretical)
inefficiency constant ic(v) of the IS estimator of the expectation of the functional of the Euler
scheme of interest, using estimators (4.28), (4.31), and (4.23) respectively for b = b’ = v and
n =10. For some f;,..., B, i.i.d. ~U, these estimators are evaluated on (£(S;, 1/))?:1 (for ¢ as
in (5.35)), so that the computations involve simulating n independent Euler schemes with
an additional drift r(v) as in (5.57). Such experiments for the different estimation problems
and for v equal to the final results of the MSM of €€, msq, msq2, and ic as above, and for
v =0 for CMC, were repeated independently K times in an outer MC loop for different K. For
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r from minimization of ce r from minimization of msq

Optimal
Stage 1
Stage 2
Stage 3
Stage 4
Stage 5
Stage 6

Optimal
Stage 1
Stage 2
Stage 3
Stage 4
Stage 5
Stage 6

0.8

06

0.4

0.2

1 from minimization of msq2  from minimization of ic

—— Optimal
Stage 1 q 1
Stage 2
Stage 3
Stage 4
Stage 5
Stage 6

—— Optimal
Stage 1
Stage 2
Stage 3
Stage 4
Stage 5
Stage 6

—4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
(c) (d)

Figure 10.1: IS drifts from different stages of MSM for estimating ¢» ,, minimizing c€ in (a),
msq in (b), rﬁsq\z in (c), and icin (d). ’Optimal’ denotes an approximation of the zero-variance
IS drift r*.

the problem of the estimation of g» 4(xy) we additionally used as v the minimization result
from the third step of MSM. For the MGF we made in all the cases K = 75000 repetitions.
For the translated committors, when using CMC or IS with a parameter v from the 3-stage
MSM of estimators other than ce, we took K = 2000, while in the other cases we chose K =
5000. For pr, we made K = 20000 repetitions both for the CMC and when using v from
the MSM of ¢¢, and K = 2 - 10° repetitions for v from the MSM of msq, rﬁsq\Z, and ic. The
MC means of the inefficiency constant and variance estimators from the outer loops for
the translated committors and MGF are given in Table 10.1, along with the estimates of
the standard deviations of such means. For pr ,(xp), such outer MC loop estimates of the
inefficiency constants, variances, and mean costs are given in Table 10.2.

Remark 284. Note that due to Remark 64, the variables C as above have all moments (and thus
also variance) finite under Q(v), v € A. For v =0 (i.e. for CMC), from the boundedness of the

150



10.2. Estimation experiments

r for computing q,,,

r for computing q,
T

Optimal

of &_ e R L \ ce
/ \

Optimal

ce

msq

msq2 L
25 ’ 1 ’ \\_&/
ic /

. . . . . . . 0
Za -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

1 for computing mgf
T

05

05F

Optimal _osl
ce

msq
msq2 1 ik
ic

msq2

15 L L L L L L L 15 L L L L
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

Figure 10.2: Final IS drifts from the MSM experiments minimizing different estimators,
for q1,4(xp) in (a), g2,4(x0) in (b), mgf(xp) in (c), and pr,4(xp) in (d). “Optimal“ denotes an
approximation of the zero-variance IS drift.

considered Z, we have the finiteness of the mean costs and of the variances and inefficiency
constants of the estimators of the Euler scheme expectations of interest as well as of the variances
of the utilized estimators of such quantities. For the general v and bounded stopping times (as
is the case for such times equal to 1" as in (5.73) when estimating pr,q), the finiteness of the
quantities as in the previous sentence follows from the corresponding Z being bounded, as well
as from Theorem 121 and Remark 119. In cases when the stopping time is not bounded (like
for such a time equal to T for the MGF and translated committors as above), one can ensure
such boundedness by terminating the simulations at some fixed time as discussed in Section
6.2. We did not terminate our simulations, but still our results can be interpreted as coming
from simulations terminated at some time larger than any of the exit times encountered in our
experiments.
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CMC ce msq ‘ msq2 ic
Estimates of inefficiency constants (-1073)
ql,a 7204 +92 4855+ 649 507+10 129.1+3.8 132.9+3.5
2,0, k=3 7300+ 88 553+ 26 60.8+1.2 53.4+1.0 50.5+1.1
q2,0a,k=6 73.1£1.0 56.10+0.69 48.78 +0.59 47.99+0.61
mgf 2041+£15 6.276 +0.055 3.691+0.035 3.177 +£0.029 3.163 £ 0.028
Estimates of variances (-107°)

ql,a 174.0+£1.7 126+ 14 12.36 +£0.20 3.155+0.083 3.208+0.073
Go,a0 k=3 | 177.43+1.7 16.35+£0.79 1.437£0.021 1.268£0.019 1.223 £0.020
q2,a, k=6 1.794£0.021 1.347+0.013 1.164 £0.011 1.169+0.012
mgf 49.41+0.32 | 0.9040+0.0072 | 0.3732+0.0029 | 0.3195+0.0024 | 0.3209 +0.0024

Table 10.1: Estimates of the inefficiency constants and variances of the estimators of the
translated committors for a = 0.05 and the MGF when using CMC or IS with IS parameters
from the MSM of different estimators. For ¢, , we consider using the IS parameters from the
kth stages of MSM for k € {3, 6}.

CMC ce msq msq2 ic
ic (-107%) 1391+£5 65.22+0.30 63.332+£0.09 62.677+£0.090 | 61.863 +0.091
var (-107%) | 150.78+£0.58 | 10.258 +0.042 10.036 £0.013 | 9.8937+0.0126 | 9.9491+0.0130
c 9.227+0.004 | 6.3608 +£0.0066 | 6.3117+0.0021 | 6.3355+0.0021 | 6.2173 +£0.0021

Table 10.2: Estimates of the inefficiency constants and variances of the estimators of pr , for
a =0.05 as well as of the mean costs, when using CMC or IS with the IS parameters from the
MSM of different estimators.

From tables 10.1 and 10.2 we can see that using the IS parameters from the MSM of ic and msq?2
led in each case to the lowest estimates of variances and (theoretical) inefficiency constants,
followed by the ones from using the parameters from the MSM of msq, and finally ce. Using
CMC led in each case to the highest such estimates. For g2 ,(xp) and each of €€, msq, and
msq2, using the IS parameter from the sixth stage of MSM led to a lower estimate of variance
and inefficiency constant than using such a parameter from the third stage. Note also that the
estimates of the inefficiency constants and variances for g» ,(xp) when using the IS parameters
from the third stage of the MSM of msq2 and ic are lower than when using the parameters
from the sixth stage of the MSM of €eé and msq (though for the estimates of the inefficiency
constants for msq2 and msq we cannot confirm this at the desired significance level as in
Section 10.1). For pr,(xp), the estimate of the inefficiency constant, variance, and mean
cost is respectively lower, higher, and lower when minimizing ic than msq2. Some intuitions
behind these results are given by Theorem 209 and Remark 129, see also the discussion in
Section 10.4.

Using the IS parameters v from the MSM of ic as above and averaging the estimates from the
nK simulations available in each case we computed the IS MC estimates of the quantities of
interest: mgf(xp), and using the translated estimators as in Section 5.7 also of pr(xp) and g; (x),
i =1,2. The results are presented in Table 10.3. Note that we have ¢q; (xp) = 1 — g2(x¢) = 0.78
and the estimates of the inefficiency constants in Table 10.1 for estimating the lower value
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committor g (xp) are lower. Thus, it seems reasonable to use the translated IS estimator for
g»(xp) also for computing g (xp) as discussed in Section 5.7.

q1(xo) g2 (xo) mgf(xo) pr(x0)
0.7751+0.0004 | 0.22597 +£0.00025 | 0.16682 + (6- 10_5) 0.18396 + (7 - 10_5)

Table 10.3: Estimates of different expectations obtained from IS MC using IS parameters from
the MSM of ic.

In the above experiments utilising nK simulations we also computed the MC estimates of the
mean costs c(v). For comparison we also computed an estimate of the mean cost in CMC
(equal to ¢(0) = Ey(r)), using an MC average of such costs from 7.5- 10° simulations. The
results are provided in Table 10.4. Note that the estimates of the mean costs in tables 10.2 and
10.3 are lower for IS using the IS parameters v from the MSM methods for computing mgf(xy)
and pr 4(xp) than for the respective CMC methods. As discussed in Section 3.3, an intuition
behind these results is provided by Theorem 16.

q1,a(xo0) q2,a(xXo) mgf(xo) CMC
c| 41.26+0.28 | 41.18+0.28 | 9.89+0.03 | 41.44+0.15

Table 10.4: Estimates of the mean costs when using the IS parameters from the MSM of ic and
for CMC, for the problems of computing the translated committors for a = 0.05 and MGE

We also performed two-stage experiments similar as above for ¢, ,(xp) and pr,4(xo) for several
different added constants a € R, other than a = 0.05 considered above. For g3 ,(xp) we used
the IS basis functions as above, while for pr,,(x¢) also the time-dependent basis functions as
in (5.82) for M =5 and M = 10 and various p € N,. This time in the first stages we performed
the MSM only of ic for k = 3 and n; =400- 2i-1 i =1,...,k, so that the number of samples
ny = 1600 used in the final stages of MSM was the same as for a = 0.05 above. In the second
stages we estimated the inefficiency constants, mean costs, and variances in an external loop
like above. For g, ,(x9) we made K = 3000 repetitions in such a loop, while for p74(xp) —
K =10000 for the basis functions as in (5.81), as well as K = 50000 for the basis functions as in
(5.82) for M =5 and K = 30000 for M = 10. The results are presented in tables 10.5, 10.6, and
10.7, along with the results for the case of a = 0.05 considered before. The smallest estimates
of the inefficiency constants and variances for g, ,(xo) were obtained for a = 0.05. For pr 4(x0)
and the basis functions as in (5.81), we obtained the smallest variance for a = 0.2 and the
lowest inefficiency constants for a = 0.1 and a = 0.2. Among all the cases for pr 4, the smallest
variances and theoretical inefficiency constants were received for a = 0 and when using the
time-dependent IS basis functions (5.82) for M =10 and p = 3.

In our experiments, when using CMC and IS MC with different sets of IS basis functions, the
proportionality constants p as in Chapter 2 were considerably different. Thus, to compare
the efficiency of the MC methods using estimators corresponding to these different bases, one
should compare their practical rather than theoretical inefficiency constants. We performed
separate experiments approximating some p as above and computing the corresponding
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a= 0 0.05 0.1 0.2
ic (-1079%) 82.6+2.3 47994061 | 51.89+0.80 | 55.52+0.86
var (-1073) | 2.008+0.058 | 1.169+0.012 | 1.252+0.016 | 1.359+0.016

Table 10.5: Estimates of the inefficiency constants and variances of the IS estimators of g ,
for different a, corresponding to IS with the parameters from the MSM of ic.

a= 0 0.05 0.1 0.2 0.3

ic (-107%) 100.8+0.7 61.86+0.09 55.95+0.35 | 56.44+0.39 | 61.43+0.48
var (-107%) | 17.88+0.10 9.949+0.013 | 8.224+0.047 | 7.544+0.050 | 7.794+0.058
c 5.641+0.009 | 6.2173+£0.0021 | 6.803 £0.009 | 7.489+0.009 | 7.874+0.009

Table 10.6: Estimates of the inefficiency constants and variances of the estimators of pr , for
different a, and estimates of the mean costs, corresponding to IS with the parameters from
the MSM of ic and using M = 10 time-independent IS basis functions as in (5.81).

practical inefficiency constants (equal to the products of such p and the respective theoretical
inefficiency constants). For n = 10°, we ran n-step CMC and IS MC procedures for estimating
g2,0.05(x0) using the IS basis functions as in (5.81), and for estimating pr,: for a = 0.05 for
IS basis functions as in (5.81) for M =10, and for a = 0 for IS basis functions as in (5.82): for
M =5and p =1, and for M = 10 and p € {1,3}. When performing the IS MC we used the IS
parameters from the final stages of the corresponding MSM procedures as above. For C; being
the theoretical cost of the ith step of a given MC procedure and C; being its practical cost equal
to its computation time calculated using the matlab tic and toc functions, as an approximation
of p we used the ratio ﬁC,n = Z;i gz Treating (C;,Cp),i=1,2,...,asi.i.d. random vectors with
square-integrable coordinates, for p := %g;,

from the delta method it easily follows that for

. \/Var(C1)+Var(C1) ,Cov(C1,C) (10.8)

0:=pc ([E(Cl))z ([E(C1))2 B [E(Cl)IE(Cl)

we have (P, — p¢) = A (0,0%). For G, being an estimate of o in which instead of means,
variances, and covariances one uses their standard unbiased estimators computed using
(G, Ci);?zl, we have a.s. % — 1. Thus, from Slutsky’s lemma, }f—f(ﬁc,n -pe) = A(0,1), which
can be used for constructing asymptotic confidence intervals for p. In Table 10.8 we provide
the computed estimates in form p. ,, + % It can be seen that these approximations of p are
close for g 4(xo) and pr 4(xo) when using in both cases CMC or IS with the basis functions as
in (5.81), and for pr 4(xo) when using the basis functions as in (5.82) for M = 10 and different
p. However, such p - differ significantly for the other pairs of MC methods. In Table 10.8 we
also provide the estimates of practical inefficiency constants ic obtained by multiplying the
corresponding estimates of the theoretical inefficiency constants computed earlier by the
received approximations of p. From this table we can see that using IS in the considered

cases led to considerable practical inefficiency constant reductions over using CMC.
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M=5 M=10,a=0
p=1,a=0 p=1,a=005| p=2,a=0 p=3,a=0 p=1 p=2 p=3
ic (-107%) 63.01£0.39 93.44+0.45 48.18+0.28 | 46.52+0.23 | 34.11+£0.16 | 22.95+0.17 | 17.34+0.12
var (-1073) | 10.544 +0.064 13.60+0.06 | 7.975+0.045 | 7.629+0.036 | 5.714+0.025 | 3.899+0.027 | 2.951+0.019
c 5.978+0.003 | 6.871+£0.004 | 6.037+0.003 | 6.086+0.003 | 5.966+0.004 | 5.878+0.004 | 5.887+0.004

Table 10.7: Estimates of the inefficiency constants and variances of IS estimators of pt, for
different a, as well as of the mean costs, corresponding to IS with the parameters from the
MSM of i?:, using the time-dependent IS basis functions as in (5.82) for different M and p.

q2,a PTa
CMC M=10 CMC M=10 M=5p=1| M=10,p=1 | M=10,p=3
Pec (-107%) | 33.612+0.003 | 137.06+0.01 | 33.998+0.004 | 138.75+0.01 | 96.36+0.01 | 148.92+0.01 | 149.74+0.01
ic (-10735) 2454+3.0 6.578 +0.084 47.3+0.2 8.584+0.013 | 6.072+0.038 | 5.080+0.024 | 2.597+0.018

Table 10.8: Estimates of p and ic for computing ¢, , and pr,, for various a and IS basis
functions as discussed in the main text.

Experiments comparing the spread of IS drifts.

In the experiments described in this section we consider the assumptions as for the estimation
of g2,4(xo) in Section 5.9. For the estimators est equal to each of €€, msq, msq2, and ic, we
performed 20 independent SSM experiments for n; = 100 and b’ = 0 as in Section 7.1, i.e. mini-
mizing b — eést,, (b', b)(¥1) for some ¥ as in that section. For each such experiment for ést = ic,
for the same ¥, as in that experiment, we additionally carried out a two-phase minimization,
in its first phase minimizing b — msq,, (b, b)(¥1) and in the second b — ic,, (b', b)(}1), using
the first-phase minimization result as a starting point. The IS drifts corresponding to the
IS parameters computed in the above experiments are shown in Figure 10.3, in which we
also show an approximation of the zero-variance IS drift r* for the corresponding diffusion
problem as in the previous section.

From Figure 10.3 (d) it can be seen that ordinary (i.e. single-phase) SSM using ic yielded
in three experiments IS drifts far from r*, while in the other 17 experiments and in all 20
experiments when using two-phase minimization we received drifts close to r*. In the experi-
ments in which ordinary minimization led to drifts far from r*, the value of ic,(v',b) (YD) in
the minimization result b was several times smaller than when using two-phase minimization,
while in the other cases these values were very close (e.g. the absolute value of difference of
such values divided by the smaller of them was in each case below 1%). In Figure 10.3, the IS
drifts from the SSM of msq2 and the two-phase minimization minimizing ic in the second
phase as above seem to be the least spread, followed by the ones from the minimization of
msq, and finally Ce.

From the below remark it can be expected that for a sufficiently large 7, the IS drifts from SSM
experiments like above should have approximately normal distribution in each point.

Remark 285. Let A, T, d;, and r; be as in Section 8.1 and let for some covariance matrix
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r r

12F /S Optimal
’ msq

A —— Optimal | 12k Optimal

ic

(0 (d)

Figure 10.3: The IS drifts from SSM for estimating g» 4, minimizing c€ in (a), msq in (b),
rfs.q\z in (c), and icin (d). The "optimal“ IS drift is a finite-difference approximation of the
zero-variance IS drift r*. The label 'msqic’ in (d) corresponds to the two-phase minimization
and ’ic’ to the single-phase minimization as discussed in the main text.

D eR™! it hold
VTidi=b*) = A (0,D). (10.9)

This holds e.g. for d; being the SSM or MSM results of the estimators g for g replaced by ce, msq,
msq2, oric, for the SSM under the assumptions as in Section 8.5 for D = u(b')Vg(b') and r; = t,
t € T, while for the MSM under the assumptions as in Section 8.7 for D = Vg(d™), T =N, and
v = ng, k € T. Let us assume a linear parametrization of the IS drifts as in (5.58), let x € R™,
and let B € R™? be such that B ; = (7;) j(x), i =1,...,1, j=1...,d. Then, r(d)(x) =BTd,, teT,
and from (10.9)

VTi(r(dy) - r(b*))(x) = A (0,BTDB). (10.10)
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10.3. Experiments comparing the spread of IS drifts.

In the further experiments, to be able to carry out more simulations in a reasonable time,
we changed the model considered by increasing the temperature 10 times. For such a new
temperature we received an estimate 1.468 + 0.002 of the mean cost hEy(7) in CMC, as com-
pared to 41.44 + 0.15 under the original temperature as in Table 10.3. We carried out an MSM
procedure of r@ for k=6 and n; =50- 2=l i =1,... k, receiving the final minimization
result byssy. For est equal to each of the different estimators as above and for b’ = 0 and
b’ = bysy, we carried out independently N = 5000 times the SSM of est for n; = 200, in the ith
SSM receiving a result a; and then computing r(a;)(0), i.e. the corresponding IS drift at zero,
i=1,...,N. The histograms of such IS drifts at zero for b’ = 0, with fitted Gaussian functions,
are shown in Figure 10.4. This figure suggests that the distributions of the IS drifts at zero are

r(0) from minimization of ce r(0) from minimization of msq
T T T

300

(b)

(0) from minimization of msq2 1(0) from minimization of ic
300 T T T T T

2.1

(d)

Figure 10.4: Histograms of the IS drifts at zero from the SSM for computing ¢-,,, minimizing
cein (a), msq in (b), rﬁgq\Z in (c), and ic in (d).

approximately normal, as could be expected from Remark 285. Furthermore, the (empirical)
distribution of the IS drifts at zero for b’ = 0 seems to be in a sense the least spread when
minimizing msq2 and ic, followed by msq, and finally ¢e. The same observations can be made
from the inspection of histograms for the case of b’ = byssps, which are not shown. We shall
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now compare quantitatively the spread of empirical distributions of the IS drifts at zero in the
above experiments for the different estimators and b’ used, using interquartile ranges (IQRs),
the definition and some required properties of which are provided in the below remark.

Remark 286. Fori.i.d. random variables X1, Xo,..., and k,n € N, let X}..,, be the kth coordinate
of X := (X; ", in the nondecreasing order. For n = 4, let us define the interquartile range (IQR)
of the coordinates of X,, as I/Q\Rn = XL%J:n — X1 Let further X ~ A (u,0?) for some € R
and o € Ry, and let q denote the IQR of N (u,0?) (i.e. the difference of its third and first
quartile). Then, for a certain d = 1.36 we have \/ﬁ(@n -q)=> (0, dqz) (see page 327 in [15]).
Thus, foro, = \/EIQ\R,L we have ‘é—nﬁ (@{n —q) = AN(0,1), which can be used for constructing
asymptotic confidence intervals for q. For some (' € R and o’ € Ry, consider further X, X} ...,
iid. ~ N, (0"?), such that (le)ieN+ is independent of (Xi)ien,, and let q' € R, be the
IQR of ¥/ (W', (0")?). Then, for If)\Rln analogous as above but for the prinze\d variables we have
(IQR, - ¢,IQR,, — g') = A (0, d diag(¢?, (¢")%). Thus, for R = %, R, = %, andog = RV2d,
from the delta method we have \/ﬁ(ﬁn - R)=> A¥(0, 0'%,). Therefore, for G g, ,: = En\/ﬁ we have
%u’iﬂ —R) =¥ (0,1).

For X; = r(a;)(0), i =1,...,N, received from the SSM of different estimators as above, we
computed the estimates I/Q\R  of the IQRs of drifts at zero and the values f;_z% as in Remark 286.

The results are provided in Table 10.9.

ce msq msq2 ic
b=0 0.736 +£0.012 | 0.3770+0.0062 | 0.1039+0.0017 | 0.1006 +0.0017

b’ =bysy | 0.546+0.009 | 0.2910+0.0048 | 0.0932+0.0015 | 0.0929 +0.0015

Table 10.9: Estimates of the IQRs of the IS drifts at zero and the values 3—% from the SSM of
various estimators.

From this table we can see that for the both values of b’ the computed estimates of IQRs
from the minimization of ic and msq2 are the lowest, followed by such estimates from the
minimization of msq, and finally Ce. The ratio of the estimates of IQRs from the minimization
of Cé to msq is 1.951 +0.045 for b’ = 0 and 1.8771 +0.044 for b’ = by;sy (where the results

6R,N

are provided in the form R, + N under appropriate identifications with the variables from

Remark 286). Note that these ratios are close to 2. Intuitions supporting the above results are
given in Section 10.4. Note also that the estimates of IQRs are lower when using b’ = byssp
than b’ = 0.

Some intuitions behind certain results of our numerical experiments

Recall that in the numerical experiments in Section 10.2 we observed the fastest convergence
of the IS drifts in the MSM results and in Section 10.3 the lowest spreads of such drifts in the
SSM results when minimizing n/ls_q\z and ic, followed by msq, and finally €e. Furthermore, in
Section 10.3 the IQRs of the values at zero of the IS drifts corresponding to the SSM results were
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approximately two times higher when minimizing ¢€ than msq. In this section we provide
some intuitions behind these and some other of our experimental results. We will need the
following remark.

Remark 287. Let us assume that, similarly as in Section 8.9, for b* being a zero-variance IS
parameter, for each b € R! we have Vinsq2(b) = Vic(b) = 0, Vee(b) = 4Vinsq(b), and Vee(b) is
positive definite. Let further, similarly as in Remark 285, for d = 1, for g replaced by each
of ce, msq, msq2, and ic, for x e R™ and B = ((71')(35))5:1’ forub) eRy, 1y = t, and vg =
u(b)BT V4 (b')B for SSM or ry. = ny and vg = BT Vo (d*)B for MSM, the IS drifts corresponding
to the SSM or MSM results d; of the estimators g respectively fulfill

VTi(r(dy) = (") (x) = N (0, vg). (10.11)

Then, for g replaced by msq2 oric we have vg = 0 and the distribution ./ (0, vg) has zero IQR.
If further T;(x) # 0 for somei € {l,...,1}, then 0 < vce = 4VUmsq, S0 that N (0, vee) has a positive
IQR, which is exactly two times higher than the IQR of A (0, Vmsq).

A possible reason why we received the above mentioned experimental results is that we can
have approximately the same relations as in the above remark between the matrices Vg(b) for
the appropriate b in our experiments, that is the entries of Vg (b) can be much smaller for g
equal to msq2 and ic than msq and ce, and we can have Vce(b) = 4Vinsq(b). This would lead to
approximately the same relations between the asymptotic variances of the IS drifts in different
points and the IQRs of their asymptotic distributions as as in the above remark.

Such approximate relations between the matrices Vg (b) can be a consequence of the IS
distributions and densities corresponding to the minimum points of the minimized functions
being close to the zero-variance ones, in the sense that the derivations as in Section 8.9 can be
carried out approximately. For the estimation problems for whose diffusion counterparts there
exist zero-variance IS drifts, like for the case of the translated committors and MGE we also
have the following possible intuition behind the hypothesized approximate relations between
the matrices Vg(b) as above. For the diffusion counterparts of these estimation problems, the
zero-variance IS drifts minimize the mean square, inefficiency constant, and cross-entropy
among all the appropriate drifts. Furthermore, as evidenced in Figure 10.2, the diffusion
zero-variance IS drifts can be approximated very well using linear combinations of the IS basis
functions considered. Thus, the diffusion IS drifts corresponding to the minimizers of the
functions considered are likely to be close to the zero-variance ones. Therefore, using such
drifts in the place of the zero-variance ones, the derivations as in Section 8.9 can be carried out
approximately and we should have approximately the same relations between the matrices
Vg (b) for the diffusion case as in Remark 287. For small stepsizes h, like the ones used in our
numerical experiments, the matrices Vg (b) for the Euler scheme case can be expected to be
close to their diffusion counterparts and thus we should also have approximately the same
relations between them as above.

For small stepsizes we can also expect the IS drifts corresponding to the minimizers of the

159



Chapter 10. Numerical experiments

functions considered for the Euler scheme case to be close to their diffusion counterparts,
and thus, from the above discussion, also close to the diffusion zero-variance IS drifts. This
would provide an intuition why in Figure 10.2 the IS drifts from the minimization of various
estimators of the functions considered are close to the approximations of the zero-variance IS
drifts for the diffusion case.

In the experiments from Section 10.2 for computing pr ,(xo), the MSM results of icledtoa
lower estimate of the inefficiency constant than these of msq2, at the same time yielding a
higher estimate of the variance and a lower of the mean cost. A possible intuition behind these
results is provided by Theorem 209, from which it follows that under appropriate assumptions
a.s. we eventually should have such relations for the corresponding functions evaluated
on some parameters converging a.s. to the minimum point of the mean square and the
ones minimizing the inefficiency constant (see Section 7.9 for some sufficient assumptions).
Note, however, that this intuition fails when comparing the estimates of the variances in
the minimization results of msq and ff:, as the latter were smaller in all of our estimation
experiments. A possible factor that could have contributed to the fact that in Section 10.2 we
obtained the lowest estimates of the inefficiency constants and variances when minimizing
the new estimators ic and msq2, followed by msq, and C¢, is that, from the above hypothesis
on the approximate relations of the matrices Vg (b), we may have the lowest spread of the
distributions of the minimization results of the new estimators around the minimum points
of variances and inefficiency constants, followed by such results for msq, and C€. We suspect
that if sufficiently long minimization methods are performed (i.e. for a sufficiently large rn;
for SSM or k for MSM), so that the distributions of the minimization results of the estimators
considered become much less spread around the minimum points of their corresponding
functions, then, as suggested by Theorem 209, the minimization results of msq should typically
lead to lower variance than these of ic. However, if the above hypothesis on the entries of
Vinsq(b) being much smaller than these of Vinsq2(D) is correct, then, for a longer minimization,
the minimization results of msq2 should still typically lead to lower variance than these of
msq. This is because such results d; for msq2 would be asymptotically much more efficient
for the minimization of variance in the different second-order senses discussed in Section 8.3.
For instance, in the sense of the mean of the asymptotic distribution of r;(msq(d;) — msq(b*))
(for the appropriate r;), equal to %b/) Tr (Vg (b") Hysq) for SSM or %Tr(Vg(d*)Hmsq) for MSM,
being much smaller for g equal to msq2 than msq. Apart from the highest spread of the
distributions of the minimization results when minimizing €€, another factor that could have
contributed to the higher estimates of the variances in the minimization results of €€ than
for the mean square estimators in our experiments is that the minimum points of the cross-
entropy functions are likely to be different from the ones of the mean square functions, so
that, as discussed in Section 7.10, in such cases minimizing the mean square estimators can
be more efficient for the minimization of variance in the first-order sense.
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In this work we developed methods for obtaining the parameters of the IS change of measure
adaptively via single- and multi-stage minimization of well-known estimators of cross-entropy
and mean square, as well as of new estimators of mean square and inefficiency constant,
ensuring their various convergence and asymptotic properties in the ECM and LETGS settings.
It would be interesting to prove such properties of our methods, or some their modifications,
using some other parametrizations of IS; see e.g. [37, 48] for some examples.

We proposed criteria for comparing the first- and second-order asymptotic efficiency of
certain stochastic optimization methods of functions, which for such functions being equal to
inefficiency constants can be used for comparing the efficiency of methods for finding the
adaptive parameters in the first stage of a two-stage estimation method as in Chapter 9. We
also derived formulas for measures of the second-order asymptotic inefficiency of the above
minimization methods of estimators.

Let us now discuss some problems which one can face when trying to use in practice the
minimization methods for the results of which we proved strong convergence and asymptotic
properties, as well as possible solutions to these problems. When using gradient-based
stopping criteria in some of these methods, one has to choose some nonnegative random
bounds €; or €; on the norms of the gradients in the minimization results, converging to zero
a.s. (or, equivalently, ensure that these gradients converge to zero a.s.). If chosen too large,
such bounds can make the minimization algorithm perform in practice no steps at all, and if
taken too small, they can make the algorithm run longer than it can be afforded. To ensure
the a.s. convergence of the gradients to zero in the MSM methods and that a reasonable
computational effort is made by the minimization algorithm in each stage, for some g € (1,0),
one can perform at least a fixed number of steps of the minimization algorithm plus an
additional number of steps needed to make the norm of the gradient at least g times smaller
than in the most recent step in which the final gradient was nonzero (assuming that such a
step exists).

As discussed in Remark 266, under appropriate assumptions, to ensure that b; L b* in the
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MSM methods one can choose appropriate sets K; containing the variables b; and such that
b; is equal to the ith minimization result d; whenever d; € K;. If for some m € N, the sets K;
contain b* only for i = m, then the convergence of b; to b* may be very slow until i exceeds
such an m. One can try to deal with this problem by performing some preliminary SSM or
MSM until the sequence of the minimization results has approximately converged to b* and
then taking in a new MSM all the sets K; containing some neighbourhood of the computed
approximation of b*.

As discussed in Section 8.7, as an alternative to using in MSM methods variables b; converging
to b* minimizing the function f considered, it may be reasonable to choose such b; converging
to some d* minimizing some measure of the second-order asymptotic inefficiency of d for
the minimization of f, assuming that such a d* exists. Such variables b; could be potentially
obtained by minimizing some estimators of such a measure. A similar idea is to use as the
parameter b’ in SSM methods an estimate of d* minimizing the measure of inefficiency (8.26).

For IS in which the mean theoretical cost is not constant in the function of the IS parameter,
minimizing the inefficiency constant estimator can be asymptotically the best option as
under appropriate assumptions it can outperform the minimization of the other estimators
in terms of the first-order asymptotic efficiency for the minimization of the inefficiency
constant (see Section 7.10). However, if the mean cost does not depend on the IS parameter,
so that the inefficiency constant is proportional to the variance, then the minimization results
of all the mean square and inefficiency constant estimators considered can converge to
the minimum point of variance, in which case minimizing them is asymptotically equally
efficient for the minimization of variance in the first-order sense. In such a case it may be
reasonable to minimize the estimators whose minimization results are the most efficient
for the minimization (e.g. using SSM or MSM) of the variance in the second-order sense,
as discussed in Section 8.3. A possible idea is to estimate the measures of the second-order
asymptotic inefficiency of different estimators for the minimization of variance, which can be
combined with the estimation of the parameters d* minimizing such measures as discussed
above. The estimators, and potentially also the estimate of d* as above, leading to the lowest
estimates of the inefficiency measure, can be later used in a separate SSM or MSM procedure.

In our numerical experiments, using different IS basis functions and added constants a led
to considerably different inefficiency constants of the adaptive IS estimators. It would be
interesting to develop adaptive methods for choosing such basis functions and constants. For
instance, the added constant a can be chosen adaptively via minimization of the estimators of
variance or inefficiency constant in which such an a is treated as an additional minimization
parameter.

In MSM, an alternative approach to the minimization of the estimators constructed using
only the samples from the last stage, as in this work, would be to minimize some weighted
average of such estimators from all the previous stages. In our initial numerical experiments,
minimizing such averages typically yielded drifts farther from the approximations of the zero-
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variance IS drifts for the corresponding diffusions than the approach from this work (data not
shown), which is why we focused on the current approach. Similarly, the mean « of interest
could be estimated using a weighted average of the estimators from all the stages, which
closely resembles the purely adaptive approach used in stochastic approximation methods
[32, 4, 37, 35]. For instance, under the assumptions as in Section 7.1 and denoting sy = Zle n,
such an estimator of a from the kth stage could be é Zle Z?i1 (ZL(b;-1))(x1,;). An SLLN and
CLT for such an estimator can be proved similarly as in [35].

The model which we used for the numerical experiments in this work is only a toy one. It
would be interesting to test and compare the performance of our minimization methods of
different estimators on some realistic molecular models, as well as on models arising in some
other application areas of IS sampling, like computational finance and queueing theory. When
using our methods for rare event simulation in practice one should take care to choose the
IS parameter b equal to b’ in SSM or by in MSM so that the considered event is not too rare
under the IS distribution Q(b). This is because if such an event was too rare, then it would
typically not occur at all in a reasonable simulation time. To find such a b adaptively one can
use e.g. some MSM method in which the problem is modified in the initial stages to make the
considered event less rare in these stages as in [47, 48, 56].
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.\ Summary

The inefficiency of using an unbiased estimator in a Monte Carlo (MC) method can be quanti-
fied by an inefficiency constant, equal to the product of the variance of the estimator and its
mean computational cost. In this thesis we develop methods for obtaining the parameters of
the importance sampling (IS) change of measure via single- and multi-stage minimization of
well-known estimators of cross-entropy and the mean square of the IS estimator, as well as
of novel estimators of such a mean square and inefficiency constant. It is to our knowledge
the first time when inefficiency constant is being minimized for adaptive IS. We provide new
sufficient assumptions for the existence of unique minimum points of cross-entropy and
mean square as well as of their estimators for parametrizations of IS via exponential change of
measure (ECM) and linearly parametrized exponential tilting for Gaussian stopped sequences
(LETGS). We show that, similarly as in some important special cases of the ECM setting, the
minimizers of the cross-entropy estimators in the LETGS setting can be found exactly. We
define versions of the single- and multi-stage minimization methods of the above estima-
tors in the ECM and LETGS settings whose results enjoy appropriate strong convergence
and asymptotic properties. We show that if a zero-variance IS parameter exists, then, under
appropriate assumptions, minimization results of the new estimators converge to such a pa-
rameter at a faster rate than such results of the well-known estimators, and a positive definite
asymptotic covariance matrix of the minimization results of the cross-entropy estimators is
four times such a matrix for the well-known mean square estimators. We introduce criteria
for comparing the asymptotic efficiency of stochastic optimization methods, applicable to
the minimization methods of estimators considered in this work. We provide an analytical
example demonstrating that the minimization methods of the new estimators can, but do not
have to, outperform the minimization methods of the well-known estimators in terms of such
criteria. In our numerical experiments for computing expectations of functionals of an Euler
scheme, the minimization of the new estimators led to the lowest inefficiency constants and
variances, followed by the minimization of the well-known mean square estimators, and the
Cross-entropy ones.
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Zussammenfassung

Die Ineffizienz der Verwendung einer erwartungstreuen Schitzfunktion in einer Monte-Carlo-
Methode (MC-Methode) kann durch eine Ineffizienz-Konstante quantifiziert werden, die gle-
ich dem Produkt der Varianz der Schitzfunktion und ihrem mittleren Rechenaufwand ist. In
dieser Arbeit entwickeln wir Verfahren, um gute Parameter fiir einen Malwechsel beim adap-
tiven Importance Sampling (IS) zu berechnen durch Minimierung der bekannten Schitzer
der Kreuzentropie (engl: cross entropy) und des mittleren Quadrats der IS-Schitzfunktion,
sowie neuartiger Schitzer des mittleren Quadrats und der Ineffizienz-Konstante. Wir bieten
hinreichenden Bedingungen fiir die Existenz von eindeutigen Minimierern von Kreuzentropie
und mittlerem Quadrat sowie ihre Schitzer fiir die Parametrisierung von IS durch exponen-
tielle MaBwechsel (engl.: exponential change of measure (ECM)) und linear parametrisierte
Gaul’'sche Stoppsequenzen (engl.: linearly parametrized exponential tilting for Gaussian
stopped sequences (LETGS). Wir zeigen, dass dhnlich wie fiir einige Spezialfille der ECM-
Parametrisierung, fiir LETGS-Parametrizierung die Minimierer der Kreuzentropie-Schétzer an-
alytisch berechnet werden kénnen. Zudem werden in dieser Arbeit ein- und mehrstufigen Min-
imierungsverfahren fiir die genannten Schitzer mit ECM- und LETGS-Parametrisierung en-
twickelt deren Ergebnisse geeignete starke Konvergenz und asymptotischen Eigenschaften ge-
nieBen. Wir zeigen, dass, wenn ein Null-Varianz-IS-Parameter existiert, die Minimierungsver-
fahren fiir die neuen Schétzer unter geeigneten Annahmen schneller gegen diesen Parameter
konvergieren als fiir die bekannten Schitzer und die positiv definite asymptotische Kovar-
ianzmatrix des minimierten Kreuzentropie-Schétzer ist das Vierfache der Kovarianzmatrix
im Falle des bekannten Schitzers mittleres Quadrats. Wir stellen Kriterien fiir den Vergleich
der asymptotischen Effizienz der stochastischen Optimierungsverfahren, anwendbar auf die
Minimierung Methoden der Schitzer die in dieser Arbeit betrachtet sind. Wir bieten ein
analytisches Beispiel das demonstriert, dass die Minimierungsverfahren der neuen Schétzer
kénnen, aber nicht miissen, Minimierung der bekannten Schitzer in Bezug auf diese Kriterien
tibertreffen. In unseren numerischen Experimenten zur Berechnung von Erwartungswerten
von Funktionalen eines Euler-diskretisierten Diffusionsprozesses fiihrte die Minimierung der
neuen Schitzer zu den niedrigsten Ineffizienz-Konstanten und Varianzen, gefolgt von den
bekannten Schitzfunktionen des mittleren Quadrats und der Kreuzentropie.
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Glossary

CGM A class of minimization methods defined in Section 7.8.

CGMSM Multi-stage CGM; see Section 7.8.

CGSSM Single-stage CGM,; see Section 7.8.

CLT Central limit theorem.

CMC Crude MC.

ECM Exponential change of measure; see Section 5.1.

EM Exact minimization methods of random functions; see Section 7.4.
EMSM Multi-stage EM; see Section 7.4.

ESSM Single-stage EM; see Section 7.4.

GM Minimization of random functions with gradient-based stopping criteria; see Section 7.6.
GMSM Multi-stage GM; see Section 7.6.

GSSM Single-stage GM; see Section 7.6.

IS Importance sampling.

LETGS Linearly parametrized exponentially tilted Gaussian stopped sequences; see Section
5.3.4.

LETS Linearly parametrized exponentially tilted stopped sequences; see Section 5.3.4.
MC Monte Catrlo.

MGF Moment-generating function.

MGM A class of minimization methods defined in Section 7.9.

MGMSM Multi-stage MGM; see Section 7.9.

MGSSM Single-stage MGM,; see Section 7.9.
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Appendix B. Glossary

MSM Multi-stage minimization.
SLLN Strong law of large numbers.

SSM Single-stage minimization.
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