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Chapter 5

On the Maximum Number of

Spanning Trees of a Planar
Graph

5.1 Introduction

Let G = (V,E) be a planar graph with n = |V| vertices, and let T(G) be the number of
spanning trees of G.

We study lower and upper bounds for the maximum number of spanning trees of a planar
graph. If we add edges to a planar graph, the number of spanning trees grows. Hence, we
deal with triangulated planar graphs, since they are the graphs containing a largest number of
spanning trees.

We also study upper bounds for the specific cases of graphs with no triangular faces, and
graphs with neither triangular nor quadrangular faces. Note that any planar graph must
contain at least a pentagonal face, because the dual graph is also planar and hence it has a
vertex of degree 5.

In Section 5.2 we present a new method based on transfer matrices for computing the
asymptotic number of spanning trees of some recursively constructible families of graphs, from
which we obtain lower bounds. We prove the following theorem.

Theorem. 1. The mazimum number of spanning trees over the set G, of all planar graphs

with n vertices 1s bounded by

lim (max T(G)) "> 5.029545 ...

n—oo \ GEG,

2. If we consider the set G» of all planar graphs of smallest face cycle 4, then the mazimum
number of spanning trees is bounded by

|

lim (max T(G)) "> 3.200012. ..
n—oo \ GeG:
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60 CHAPTER 5. THE MAXIMUM NUMBER OF SPANNING TREES

Part 1 and Part 2 of this theorem correspond to Theorems 5.4 and 5.6 respectively.

In Section 5.3, upper bounds for the number of spanning trees of planar triangulated graphs,
and planar graphs with smallest face cycle 4 and 5 are studied. Several techniques are discussed,
and the obtained results compared. For graphs without triangles, the best results are obtained
using a probabilistic method and Suen’s inequality. The following theorem summarizes the
obtained results.

Theorem. Given a planar graph G,
1. T(G) <53

2. If G is a 3-connected graph with smallest face cycle at least 4, then

1 n
T(G) < [exp (1114 - g)} < 3.529988"™;

3. If G is a 3-connected graph with smallest face cycle 5, then

2 1 4\1"
T(G) < [exp (§ In3+ 3 In4 — §>} < 2.847263".

Here 5.3 denotes the periodic number 5.333333. . ..

Part 1 is proved in Theorem 5.7. Other attempts for triangulated graphs using Suen’s
inequality are shown in Section 5.3.3. For Parts 2 and 3 we refer to the corresponding Theo-
rems 5.10 and 5.11, in Section 5.3.3.

In Section 5.4 we relate the number of spanning trees with the number of spanning forests
with three and four trees, each rooted at one pinned vertex, obtaining upper bounds for the
number of such forests of a graph. This is in relation with Chapter 6, where we use the obtained
bounds on the number of spanning forests for bounding the size of the integer grid in which a
3-polytope can be embedded.

For our application to embed 3-polytopes in small integer grids we only use the upper
bounds on the number of spanning trees. The obtained lower bounds on the number of spanning
trees are not used, but they give us an idea of how tight the upper bounds are.

5.2 Lower Bounds for 7'

For obtaining lower bounds we compute the asymptotic number of spanning trees of some
families of graphs with many edges that have a regular structure. It turns out that one of
these families has the largest known number of spanning trees.

For this computation we develop a transfer-matrix method that works for families of graphs
with a regular construction, known as recursively constructible families of graphs. These fami-
lies are presented in Section 5.2.1. The transfer-matrix approach is described in Section 5.2.2.
With this method we enumerate the number of spanning trees for some families of planar
lattice graphs with small width.

The problem is that we are restricted by the dimension of the transfer matrices, which
becomes too large when we increase the width. Hence we follow a different strategy: we use
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the bound given by Shrock and Wu [49]. In that paper, values for the number of spanning
trees of different infinite lattices are given. Their families have periodic conditions on the
boundaries and hence they are not planar graphs. We show, using algebraic properties of the
transfer matrices, that their asymptotic values for the number of spanning trees remain the
same if we change some boundary conditions, and hence the lower bounds given in [49] are
also valid for planar graphs. This is described in Section 5.2.5.

5.2.1 Recursively Constructible Families of Graphs

We say that a sequence of graphs {G}r>0 is a recursively constructible family of graphs if
it can can be built in a regular way from a given initial graph, by means of a repeated fixed
sequence of elementary operations involving addition of vertices and edges, and deletion of
edges.

The idea of recursively constructible family of graphs appeared in a joint work with Marc
Noy [43]. The formal definition of this concept is a little bit complicated and it can be found
in Appendix B. In particular, the definition implies that the same number of edges has to be
added in every step.

For example, consider the family { Ly }1>0 of ladder graphs with diagonals, where Ly, consists
of k attached squares with diagonals. See Figure 5.1. The initial graph of the family, Lo,
consists of only one edge, the first graph L consists of one square with diagonal, the second
graph Lo consists of two squares with diagonals, and so on. We construct Lyy1 from Ly by
adding two new vertices and a fixed set consisting of four new adjacencies. Starting from the
initial graph Lo and repeating this adding operation, we obtain Ly, Lo, L3, .... So we construct
in this recursive way the whole family {L}r>0.

k=5

Figure 5.1: Ls, five attached squares with diagonals. It is obtained adding to L, two new
vertices and the set of thick edges.

Other families with a regular construction are grids {Gw xx }x>0 of squares with diagonals,
with fixed width W and growing length k. For obtaining the grid Gy (x41) from the grid
Gw i we add W new vertices and a fixed set of adjacencies. See Figure 5.2 for an example
with W = 4.

Also prisms {Pwxk}r>0 of squares with diagonals are recursively constructible. For ob-
taining the prism Py (41) from the prism Py, we first delete the edges connecting column
1 and column k, and second we add a new column of vertices k + 1 adjacent to columns 1 and
k by means of a fixed set of edges. See Figure 5.3.

The family {K}}r>0 of complete graphs is an example which is not a recursively con-
structible family, since at each step we must add on edge more than in the previous step, hence
we are not adding a fixed set of edges.
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A more General Framework: the Tutte Polynomial

The number of spanning trees is a very special case of the Tutte polynomial. Although we do
not need it for understanding what is going on in this chapter, we write a few words about
the Tutte polynomial since we started to work with recursively constructible families of graphs
and the transfer-matrix method within this more general framework.

The Tutte polynomial of a graph G = (V, E) is defined as

TP(Giz,y) = Y (a— 1) E Wy — 1),
ACE

where, for every subset A C E, its rank r(A) is |V| minus the number of components of
the spanning subgraph (V, A). Usually the Tutte polynomial is denoted by T(G;z,y) in the
literature, but we denote it here by TP(G;x,y) to avoid confusions with T'(G), the number of
spanning trees.

The Tutte polynomial contains much information on the graph G; we refer to [12, 55] for
background information. For example, by setting y = 0 we obtain essentially the chromatic
polynomial of GG, and by setting x = 0 we obtain essentially the flow polynomial of G. Also,
special evaluations of the Tutte polynomial give the number of spanning forests, the number
of acyclic orientations, the number of spanning connected subgraphs, or the number of totally
cyclic orientations in G. In particular, TP(G;1,1) is equal to T(G), the number of spanning
trees in G.

We can associate the Tutte polynomial to a given a recursively constructible family of
graphs {G}, } k>0, obtaining a sequence of polynomials {T'P(Gy;x,y)}k>0. It follows that the
regularity on the graphs is translated in polynomial terms into a recurrence relation. Hence, we
go from a combinatorial object like a family of graphs to an algebraic object like the recurrence
relation satisfied by a family of polynomials.

Biggs, Damerell and Sands [9] call a family {Gy}r>0 of graphs recursive if their Tutte
polynomials satisfy a homogeneous linear recurrence relation with polynomial coefficients, that
is

)

TP(Gigr;z,y) + p1(z,y) TP(Grgr—1;2,y) + - -+ pr(z,y) TP(Gri2,y) =0,

where the p;(z,y) are polynomials with integral coefficients independent of k, 1 < i <. This

k E+1

Figure 5.2: The family {G4axr }r>0- The set of thick edges are added in the step from G4y to
Gax(k+1)-
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k

1 k+1

Figure 5.3: The family {Pix}r>0. Dotted edges are the set of deleted adjacencies, and thick
edges the set of added adjacencies in the step from Pyxy t0 Py (k41)-

condition is equivalent to the fact that the ordinary generating function

> TP(Grsw,y) 2
k>0

is a rational function in z,y and z. They show, using the contraction-deletion rule, that
several families of graphs, like cycles, ladders and wheels, are recursive. All these families
have in common the fact that they can be constructed from an initial graph by the repeated
application of a fixed graph operation.

In a joint work with Marc Noy [43] we proved the following theorem:

Theorem 5.1. Every recursively constructible family of graphs is recursive.

The proof is based on a transfer-matrix method, and it is an extension of the one intro-
duced in [13] for computing the Tutte polynomial of a square lattice. The corresponding linear
recurrence can be found explicitly, although the computations usually involve very large matri-
ces. An important novelty in our approach is that we can also delete edges, an operation that
corresponds algebraically to multiply by the inverse of a certain transfer matrix. The deletion
of edges allows us to include in this framework families with cyclic boundary conditions, like
toroidal lattices.

Theorem 5.1 is also true for all special evaluations of the Tutte polynomial, in particular
for the number of spanning trees:

Corollary 5.1. If a family of graphs {G }x>0 is recursively constructible, then their number of
spanning trees satisfy a homogeneous linear recurrence relation with integral coefficients, that
18,

T(Gk+7\) + alT(GkJrT,l) —+ -+ OLTT(G]C) =0.

Proof. By setting a; = p;(1,1), for 1 <14 <r, the corollary follows. O



64 CHAPTER 5. THE MAXIMUM NUMBER OF SPANNING TREES

For example, the previously defined family {L}r>0 of ladders with diagonals satisfies
T(Lpt2) = TT(Lgsr) + T(Lx) =0, (5.1)

as we show later.

5.2.2 Enumerating 7" via Transfer Matrices

We apply the transfer-matrix method to compute directly the number of spanning trees, with-
out going over the Tutte polynomial, which would be computationally much more complicated.
The approach is based on the storage in a transfer matrix A of the contributions to the number
of spanning trees of the new edge subsets appearing in the step from Gy to Gy1.

The transfer-matrix method is described more generally in Chapter 7, where it is used to
analyze the growth in the number of polyominoes on a twisted cylinder as the number of cells
increases.

An Example: the Family of Ladders with Diagonals

We explain the argument here in the case of the family { Ly } x>0 of ladder graphs with diagonals.
The graph Lj is viewed as the union of Lj_; and a graph M consisting of a square with
diagonals with the edge of the first column deleted.

A partial spanning tree is the part of the spanning tree which is already constructed, lying
at the left of the last added column of vertices. A partial spanning tree is not necessarily
connected, but it must be possible to connect it in the future. Note that in the case of ladders
with diagonals, a partial spanning tree is either a spanning tree or a spanning forest with two
trees.

In general, each connected component of a partial spanning tree must contain at least one
vertex of the last added column or the first one. In the particular case of the family {Ly}x>0,
the spanning tree or each of the two trees constituting the partial spanning tree must contain
at least one vertex of the last added column.

Every spanning tree T} of Ly is obtained from a partial spanning tree T;_1 of Ly_; and a
subset of edges § of E(M). If we want to use this fact in a recursive scheme, for every partial
spanning tree Ti_1 of Li_1 and every subset § of edges of M we must be able to know if
the obtained subset of edges Ty = Tx_1 U is a partial spanning tree of L or not, without
knowledge of the whole Tj_1, but from the information about the connected components given
by the last added column of Ty _1 and T}.

Given Tj_1, a partial spanning tree of Ly_1, we label the two vertices in the (n — 1)th
column according to the connected component of Tj_; to which they belong. The components
are labelled sequentially as they appear. In this way we get a state s(Tjp—1) = (s1, $2), where
the s; are the labels of the components. For our family we have two possible states, (A, A)
and (A, B), which correspond respectively to the cases when the two vertices 1 and 2 of the
(n — 1)th column belong to the same component or to different components. See the example
of Figure 5.4. Note that the connected components induce a partition on the set of vertices,
hence the states (A, A) and (A, B) correspond to the two possible partitions of {1,2}: the
partitions {1,2} and {1} U {2} respectively.

Then, from the knowledge of the state s = s(Tj—1) and the new added edge subset §, we
can deduce if T}, is a partial spanning tree or not: it cannot contain cycles and each connected
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component must contain a new added vertex to guarantee that it can be connected later, i. e.,
0 cannot isolate any component of T;_; from the two rightmost vertices.

Definition 5.1. Let s be a state of a partial spanning tree Ti_1 of the ladder Ly_1, and a
subset § of E(M). If the subgraph Ty—1 Ud of Ly obtained by adding the edge-set § to Ty
is a partial spanning tree Ty, we call the state of T}, successor state of s, and we denote it by
suces(s).

We have an example in Figure 5.4.

Figure 5.4: In this example, s = (A, B) in Ly. We add 4, consisting of the edges {a,b,c}
(drawn in thick lines). Since the two new vertices belong to the same connected component,
suces(s) = (A, A).

Definition 5.2. Given a recursively constructible family of graphs, we say that a state s is a
valid state if it is reachable from some initial state, and from s we can reach the final state
(A, A... A) (otherwise we could not obtain a spanning tree, which is connected at the end),
by repeating a finite number of times the computation of the successor state.

Note that if the family of graphs is connected, then it has a non-empty set of valid states.

For every possible state s of Lj,_1, we consider all 218l edge subsets & of F(M), and for
each ¢, if the result is a partial spanning tree, we compute its corresponding successor state
succs(s), otherwise we throw the combination of s and 6 away. This happens when, after the
addition of §, a cycle appears or some components are isolated forever, that is, there is no valid
successor state. Note that all successor states that can be obtained in this way are valid states.
Actually, the valid states are precisely the states given by a partial spanning tree. In order to
illustrate the procedure we show in Table 5.1 the update of the states.

Next we define a transfer matrix A as follows. The rows and columns are indexed by the
states (A4, A) and (A, B). The rows correspond to the initial states, and columns correspond to
the successor states. Since we have two possible states, A is a 2 by 2 matrix. We accumulate
the contributions to the number of spanning trees of each possible edge subset ¢ in the matrix
A. The matrix A is set initially to 0. For every state s and for every 4, if succs(s) is a valid
state, we increase by one unit the entry A[s, succs(s)]. We obtain

5 3
A= .
3 2
Denote by tj the vector storing the number of partial spanning trees in the graph Lj. The

matrix A is used to get from tj to tx,1 in this form:

topt = At (5.2)
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0 succs(A, A) | suces(A, B)
0 _ _
{a} (4,B) -
{b} - -
{c} (4,B) -
{d} (4,B) -
{a,b} (A, A) -
{a,c} (A, A) (A, B)
{a,d} (A, A) -
{b,c} (A, A) -
{b,d} (A, A) -
{e,d} - A, B)
{a,b,c} — A A)
{a,b,d} — —
{a,c,d} - (A, A)
{b,¢c,d} - (A, A)
{a,b,c,d} — —

Table 5.1: Update of the states for the family {Lj}r>0. @ and ¢ are the two horizontal edges
of M, b is the vertical edge and d is the diagonal edge (see Figure 5.4). There are 2* = 16
possible edge subsets §. The sign — means that there is no successor state.

If we write down (5.2) in explicit from, we get

1o =54 3P
t0P) =36 24 MP)

where t7 is the component of t;, denoting the number of partial spanning trees in Lj with the
vertices of the last column in state s.
Finally, we iterate (5.2), obtaining the number of spanning trees of the family of ladders

with diagonals as
1
T(Ly)=(11)-AF. <0> .

The vector (1 1) corresponds to the contributions of the states (A, A) and (A, B) to the number
of spanning trees of the initial graph of the family, Ly, which is just an edge. There are two
possible edge subsets in Ly: the empty set or the edge itself. The first one leads to the state
(A, B) and the second one leads to the state (A, A). The multiplication by A* iterates the
system (5.2). The vector (1 0)* at the end, ignores all disconnected forests and adds up all
connected partial spanning trees, which are those ending in state (A, A).

Using this formula, the reader can check that T(Lo) =1, T'(L1) =8, T(L2) = 55, T'(L3) =
377, ..., and the recurrence (5.1) can be proved.
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The General Case

The method in this example can be extended to any recursively constructible family of graphs
{Gk}r>0. In general, for any given recursively constructible family of graphs {Gj } x>0 we have

T(Gy) = Xg - AF -, (5.3)

where A is the transfer matrix of the family, the vector X stores the contributions to the
number of spanning trees of the initial graph of the family, G, and u is the vector (100...0)*
with a 1 in the component corresponding to the connected state and zero everywhere else.
The transfer matrix A has rows and columns corresponding to the valid states. Hence, A
is a square matrix of dimension the number of valid states.
We can also obtain the recurrence relation for T'(Gy,) from the denominator of the generating
function Y, -, T(Gk)z", which is a rational function due to Corollary 5.1:

ZT(Gk)zk = Z (Xo - AF ‘u) P

k>0 k>0
=Xp - Z(Az)k ‘u
k>0
=Xo-(I-Az)""-u.

The denominator of (I —Az)~1, i. e., the determinant of I — Az, gives the recurrence relation.

5.2.3 The Asymptotic Behavior of T'(Gy)

We show that T'(G},) behaves asymptotically as p(A)¥, where p(A) is the spectral radius of A,
that is, the largest absolute value of all eigenvalues of the matrix A. This is summarized in the
following theorem.

Theorem 5.2. Let {G}r>0 be any connected recursively constructible family of graphs. Then,

lim (T(G))/* = p(A).

k—o0

To prove Theorem 5.2 we use the Perron-Frobenius Theorem, stated in Section 0.5. We
show that our transfer matrix A satisfies the conditions of the Perron-Frobenius Theorem. It
is clear that A is a nonnegative matrix, since it is initially set to 0 and for every pair of states
(s, suces(s)), the corresponding entry A[s, succs(s)] is increased in one unit. Let us prove the
other conditions.

Lemma 5.1. For any recursively constructible family of connected graphs, the transfer matriz
A is irreducible.

Proof. We prove that the underlying graph of A is strongly connected. This is equivalent to
prove that from any valid state s; we can reach any other valid state s; after a finite number
of steps G, — Gg41.-

This is true since, by the definition 5.2, all valid states are reachable, and from every state
we can reach the state (A, A, ..., A) and vice versa. (Remember that for any connected family
of graphs, there is a non-empty set of valid states). O
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Lemma 5.2. For any recursively constructible family of connected graphs, the transfer matriz
A has at least one nonzero diagonal entry.

Proof. Let M be the new graph added in the step Gi_1 — Gj. We show that there is an edge
subset ¢ of E(M) such that if s = (A, A4, ..., A), then succs(s) = (4, A, ..., A).

Any acyclic graph can be extended to a spanning tree. Hence, if we have a spanning tree in
Gk—1, it can be extended it to a spanning tree in Gy, by adding an edge subset §. The added
edges of §, are incident to at least one new vertex of Gy, (we cannot add an edge between two
old vertices, otherwise we would have a cycle). Hence, § C E(M).

Thus the first entry of the diagonal of A, which is the number of edge subsets of M that
lead from the initial state (A, A, ..., A) to the successor state (4, A, ..., A), is at least one. [

The next corollary follows from Lemma 5.1 and Lemma 5.2.
Corollary 5.2. The transfer matriz A is primitive.

Hence the conditions of Perron-Frobenius Theorem are satisfied. Now we can prove Theo-
rem 5.2.

Proof of Theorem 5.2. From (5.3), Corollary 5.2 and the Perron-Frobenius Theorem, we have
T(Gy) . Xg-AF-u

Eoe p(A)F koo p(A)F

Ak
=X, lim ——— ) -
0 (ki“éo W) "

:XQ-L'U.,

where L = 2v', Az = p(A)z, A'v = p(A)v, z > 0, v > 0 and z'v = 1.
Note that Xy and L > 0, thus the real number 6 = X - L - u is positive and we obtain

T(Gk) _
TN

Then
lim T(G)Y* = lim Y% p(A)*/*F = p(A).

k—o0 k—o00

O

Thanks to Theorem 5.2 we have, for example, that the family of ladders with diagonals
described in Section 5.2.2 satisfies

5 3 7 3
i 1k — =_-4°Z
khm T (L) p<<3 2)) 5 2\/5

and, since at each step we add two new vertices, we have n = 2k, where n denotes the number
of vertices of the graph. Hence we can write

Jim T(Ly,)/ % = w/; + g\/g = 2.618033...

In general, given a family of graphs { Gy } >0 with n = n(k) vertices, we denote by T° (G )
the limit limy,_., T(Gy)"/™*). With this notation we write

T (Loo) = 2.618033.. ..
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5.2.4 Results

We have implemented Maple routines for computing the transfer matrices of several families of
planar graphs with many triangles which we expected to have large number of spanning trees.

For the family {GY; . ;. k>0 of grids of squares with diagonals of width W and growing k
with an extra vertex adjacent to the top vertices and the bottom vertices (see Figure 5.5), we
have obtained the following values

T>(Ghy ) = 4.390256 ...
T>(Ghy ) = 4.608977 ...
T(G ) = 4.718901 . ..
T>(Gh, ) = 4.784489 . ..
T>(Gly ) = 4.827803 ...

The states encode W + 1 vertices: the W vertices in the kth column and one extra vertex.
Using that the graph is planar, that two encoded vertices of the right boundary can only be
connected by a path lying on the left, and that the extra vertex is adjacent to the top and
bottom boundaries of the grid, we deduce that the number of valid states is the number of
non-crossing partitions of a set of W + 1 elements.

The number of non-crossing partitions of a set of r elements is precisely the rth Catalan
number [29, 51]. Hence, G}y, uses as many states as the (W + 1)st Catalan number . The
sequence of the first Catalan numbers is (1, 2,5, 14,42, 132,429, 1430, . ..). Thus, for the family
{G§ 1} >0 we have already 429 states.

Figure 5.5: The graph G, 5 of the family {G/, . }r>o0.

For the family { Py, ;, }x>0 of prism grids of squares with diagonals of width W and growing
k with two extra vertices, one adjacent to all top vertices and the other adjacent to all bottom
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vertices (see Figure 5.6), the obtained result is
T°°(P}, ) = 4.390256.. ..

We only have computed the transfer matrix for W = 2. We need to codify 2W + 2 vertices (two
columns of W vertices each, for the cyclic boundary condition, and the two extra vertices).
The number of valid states for this family is the number of non-crossing partitions of a set of
2W + 2 elements. For the family {P;, . }x>0, we have already 132 valid states, the number of
non-crossing partitions of a set of 6 elements.

>

152

NS
%

Figure 5.6: A graph of the family {P5, ;. }r>o.

We have obtained the best results with the family of cylinder grids {Cw xx }r>0 of squares
with diagonals, wrapping around from the top vertices to the bottom vertices, with fixed width
W and growing k. This family can be seen as a triangular cylindrical lattice. See Figure 5.7.
The results are

T (Csyo) = 4.546149 . ..
T (Caxos) = 4.T52157 . ..
T (Csxo0) = 4.850303 . ..
T (Coxo) = 4.904405 . .. (5.4)

The states encode W vertices. By planarity, and since the encoded vertices can only be
connected by a path lying on the left, there are as many valid states as non-crossing partitions
of a set of W elements, that is the Wth Catalan number. For example, for the family {Csxx } x>0
we have 132 states.

So the best obtained lower bound with this method is 4.904405..., given by the family
{Céxi}r>0-

We could not compute the asymptotic behavior of the number of spanning trees for families
with larger width due to the huge number of states.

The dimension of the transfer matrix equals the number of valid states. In general, for any
recursively constructible family of graphs of any kind, the number of states is the number of
partitions of a set of r elements, where r is the number of vertices that we codify. The sequence
of the first numbers of set partitions is (1,2,5,15,52,203,877,4140,...). These numbers, also
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Figure 5.7: The graph Cyx5 of the family {Cyxk}r>0-

known as Bell numbers B(r), grow very fast with r. It follows from [11, page 9 (6.2.7)], that

their asymptotic growth is
K
r
B(r) = .
) ( elog r)

(This is an underestimate.) The Bell numbers grow more than exponentially but less than r!.
We are dealing with connected planar graphs. As we have seen, in our case not all set
partitions are valid states; the valid states are then a subset of all set partitions. In the case of
planar graphs, the number of valid states is reduced to the number of non-crossing partitions of
a set of r elements, that is the r-th Catalan number. The problem is that the Catalan numbers
still grow very fast: their asymptotic growth is essentially 4.
Hence the above method is not computationally feasible for high values of 7, as the required

space to store the transfer matrix grows exponentially. For example, for families where 10
vertices are codified (r = 10) the transfer matrix is a 16796 by 16796 matrix. Even for small
values of r, the computation requires already a lot of space.

5.2.5 Removing Periodic Boundary Conditions to Obtain a Bound
for Planar Graphs

In [49], Shrock and Wu consider the problem of enumerating spanning trees on graphs and lat-
tices, obtaining bounds on the number of spanning trees, and inequalities relating the numbers
of spanning trees of different sorts of infinite lattice families of graphs. They present a general
formulation for the enumeration of spanning trees on lattices in d > 2 dimensions, which is
applied to the hypercubic, body-centered cubic, face-centered cubic, and specific lattices of
dimension 2 including the triangular lattice, the so-called kagomé, the diced, 4-8-8 (bathroom-
tile) lattices, the Union Jack, and 3-12-12 lattices. They obtain closed-form expressions for the
number of spanning trees for these lattices of finite sizes.

Let C'ka be the graph obtained from Cyy «x by connecting the last column to the first
column in the same way as all other adjacent columns in Cyy «j, are connected. See Figure 5.8.
Shrock and Wu refer to this graphs as triangular grid graphs with periodic boundary conditions.
As the other families studied in [49] (all with periodic conditions on the boundaries), they can
be embedded on the torus, but they are not planar graphs.
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Figure 5.8: The graph Cyy5 of the family {C’4xk}k20.

The graphs Cw xk are more regular and symmetric than the graphs Cyy«g, in which the
boundary vertices are distinguished from the remaining vertices. Therefore, an explicit formula
for the number of spanning trees in Cw xr can be derived by spectral methods, and the limit
for k — oo can be calculated analytically:

!
A 1
T (Cwxoo) = €xXp (W Z In (3 —coswy + ((1 — coswy) (7 — coswk))l/2 )) ,
k=0

where wy, = 27wk/W. This summation can be explicitly carried out for a given W. Their results
coincide with our results in (5.4) for T°°(Cy x ), for all the computed values of the width .
We prove below in Theorem 5.3 that this is true in general.

For W — oo, Wu [57] shows that

. oo (A 3v3 11 1 1
win (T <CWX°°>>—6XP<T (1‘§+%‘m+ﬁ"“>> (55)
= 5.029545. ..

(see also [49, (2.18) and (2.19)]). The triangular lattice Cy oo is the family for which Shrock
and Wu obtain a largest result.

It turns out that the spectral radius of the transfer matrices of both families {Cyw x oo }x>0
and {CA’WXOO};CZO is the same. We can prove the following theorem:

Theorem 5.3.

Proof. We prove this by comparing the transfer-matrix method on the family {C'ka} k>0 With
the family {OWXk}kZO-



5.2. LOWER BOUNDS FOR T 73

To calculate TOO(C'WXOO) by the transfer-matrix method, we build Cw sk by first building
up Cw xk recursively in the usual way, and adding a subset 5 of the edges between the last and
first column at the end.

We now also have to consider partial spanning trees of Cyy«; whose components are not
necessarily connected to the right boundary. The condition on partial spanning trees is that
each component contains at least one vertex of the leftmost or the rightmost column. In
addition to the partition of the right boundary vertices into components, a state must also
remember the components to which the left boundary vertices belong. A state § is thus a
vector of 2W numbers § = (s, s), encoding the components among the W vertices of the
leftmost column (in the vector sg) and the W vertices in the rightmost column (in the vector
s). We use again the convention of assigning labels to components in the order in which they
first appear.

Let A denote the transfer matrix for this larger set of states $. We have

T(Cwxr) = Xo-A* 1.

The initial vector Xo has a 1 for each state § = (s0,s) that corresponds to a subset of
edges of the graph Cy o (a cycle of length W), and 0 otherwise. (These states have sy = s.)
The vector G encodes the possible ways of combining the connected components of each state
§ = (s0, 8) into a single tree by adding a subset 5 of “wrap-around” edges between the left and
the right boundary.

Let us now relate A to the transfer matrix A for the original recursion for computing

T(Cwxr). We will establish the lemma by showing p(A) = p(A).
For this purpose, we decompose the set of states ¥ in

Y=YoUXiU---UXgU---UXw,

according to the number d of components of § = (sg, s) which are disconnected from the right
boundary. This is the number of different indices in sy that do not occur in s. Accordingly,
we write A in block form as

Boo Boi Bo2 ... DBow
Bll Bl2 o« BlW

[A\ = Bos ... B2W ,
0 Bww

where each block B;; contains the contributions to the number of spanning trees from a state
of ¥; to a successor state of ¥;. This matrix is block upper triangular: a component which is
isolated from the right boundary will remain isolated when edges are added on the right, thus
the number d of isolated components cannot decrease.

It follows that

p(A) = max{ p(Boo) , p(B11), ..., p(Bww) }- (5.6)

For analyzing Bgq let us further divide the states § = (sg, $) in

Ye=X3Uuxiu---uzsu--uny,



74 CHAPTER 5. THE MAXIMUM NUMBER OF SPANNING TREES

according to the number of components of sy which are connected to the right boundary. This
is the number of indices of sy that also occur in s. (We must have 1 < d+e < W, but for ease
of notation we ignore this constraint).

Accordingly, we can write

Ad, 0
Afy  Af

Baa = .
Ad, AL L AL

in block lower-triangular form: different components in sy can become connected, but no new
connected components can appear. Thus

p(Bag) = max{ p(Afy) , p(AS}), ..., p(Afyw) }- (5.7)

Let us now look at the successor of a state § = (so,s) € £ when a set § of edges is added
on the right. We are mostly interested in successor states in the same class X because these
are the states which determine p(A%) and eventually p(A).

Let Cwxr — Cwx(k+1) be the original recursion for Cyy .

First, there are the edge sets § which can be legally added to the state s in the step Cy i —
Cwx(k+1)- In addition, there are edge sets § which leave some components disconnected from
the right. However, these transitions increase d and contribute to some matrix Bgg with d’ > d.
Thus we only need to consider transitions d that lead from s to a legal successor succs(s) in
the original recursion Cyxx — Cw x (k+1), and which are encoded in the transfer matrix A.

For each ¢, we have

suces((so, 8)) = (sg, succs(s)),

where s, reflects the changes in labels when going from s to succs(s): any labels of s that
were relabeled in succs(s) because some components were united (and higher labels were con-
sequently shifted down) must be similarly relabeled in sg, yielding sj,. If any such relabeling
took place in s{,, however, it means that some components in sy were united. (Recall that the
components appearing in sy have the smallest labels.) Such successor states belong to Zgl with
¢/ < e and do not contribute anything to A%,.

The only edge sets that contribute to the diagonal blocks A%, are therefore the sets § which
leave sp intact and are legal in the original recursion Cyw xr — Cw x (k41):

succs((so, 8)) = (so, succs(s))

If we group the states (so,s) € L according to so, and order the states with the same s
according to s as they appear in A, we can write

Dg! 0
2
Ad _ Dd,e
0 DY)
where sél), 382), e sét) are the different values of the vector sg. All transitions J encoded in

one of these blocks D((;)e are also legal transitions for the original recursion Cw xr — Cyyx (1)
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Therefore, since each block encodes only part of the legal transitions d, we have

t
DY) <A
Thus,
p(AL) = max{ p(D3)), ... p(D{L)} < p(A),
which yields, with (5.6) and (5.7)
p(A) < p(A).

To obtain the converse inequality, consider the states § = (sg,s) in Xj. All vertices in
the left column belong to a single component which is connected to the right boundary, and
so = (A, A,..., A). The edge sets which lead to a successor state in the same class 3§ are
precisely the ones which lead to a legal successor state in the original step Cw xr — Cyw x (k41)-
Thus we have

A=A
and hence, by (5.6) and (5.7),
p(R) > p(A%)) = p(1).

We have proved that the family {Cyw « x>0 has the same spectral radius with or without
periodic conditions on the vertical boundaries, and the theorem follows. O

Corollary 5.3. The number of spanning trees of the family of cylindrical triangular lattices is
given by
lim (T°(Cwxoeo)) = 5.029545 . ..

W —o0

Hence we conclude with the following result.

Theorem 5.4. The mazimum number of spanning trees over the set Gy, of all planar graphs
with n vertices 1s bounded by

1
lim <max T(G)) > 5.029545 . ..
n—oo \ GEG,

(The exact expression is given in (5.5).)

Proof. We use the known result which says that if a function f : N — R is supermultiplicative,
that is, f(n+m) > f(n) - f(m) and exponentially bounded, that is, there exist a K € R such
that f(n) < K", then the limit lim, ., f(n)"/" exists [34].

Our function f(n) = maxgeg, T(G) is supermultiplicative, since given a graph A with n
vertices and a graph B with m vertices, the number of spanning trees satisfies

T(AUBUe)=T(A)-T(B),

for any edge e adjacent to a vertex of A and a vertex of B.
The function f(n) = maxgeg, T(G) is also exponentially bounded: in Section 5.3 we give
upper bounds for the number of spanning trees. Theorem 5.7 gives the upper bound

T(GQ) <5.3",
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where 5.3 denotes the periodic number 5.333333. . ..
Hence, the limit

i (mx 7)) '

n—oo \ GEG,

exists, and by Corollary 5.3 we have the result. O

5.2.6 Square Grids

For lower bounding the maximum number of spanning trees of a planar graph with smallest
face cycle 4, we use arguments analogous to the triangulated case.

Let {Qwxk}r>0 be the family of square cylinder grid graphs, wrapping around from the
top vertices to the bottom vertices, with fixed width W and growing length k. Shrock and
Wu [49] obtained the number of spanning trees for the family {Qwxx x>0, where the graph
QWX k is obtained from Qw «x by connecting the last column to the first column in the same
way as all other adjacent columns in Qw «x are connected. We call this graphs square grid
graphs with periodic boundary conditions. See Figure 5.9.

Figure 5.9: The square grid 4 x 5 with periodic boundary conditions.

In [49] is given the following limit for T'(Qw xx):

w-1
TOO(Qono) = exp <% Z In (2 — coswy, + ((2 — coswy)? — 1)1/2 )) ,
k=0

where wy, = 27k/W.
For W arbitrarily large, we have [57]

R 4 11 11
im (T (QWXOO)):eXp<; (1—§+§—ﬁ+§—'“)> (5.8)

= 3.209912. ..

(see also [49, (2.17)]).
As for triangular grid graphs, the spectral radius of the transfer matrices of both families

{Qw xoo k>0 and {QWXOO}]CZO is the same. We have

Theorem 5.5.
T™(Qwxoo) = T (Qwxoo)
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The proof is analogous to the proof of Theorem 5.5.

Corollary 5.4. The number of spanning trees of the family of square cylinder grid graphs is
given by
lim (T (Qwxoo)) = 3.209912. ..

W —o0

We conclude with the following result.

Theorem 5.6. The mazimum number of spanning trees over the set G+ of all planar graphs
of smallest face cycle 4 with n vertices is bounded by

lim (max T(G)) "> 3.209012. ..

n—oo \Gegy
(The exact expression is given in (5.8).)

The proof is analogous to the proof of Theorem 5.4, using Corollary 5.4.

5.3 Upper Bounds for T

Let G = (V, E) be a planar graph with n = |V| vertices, m edges, and f faces. First we recall
a known result that we use several times.

Lemma 5.3. A planar graph G and its dual G* have the same number of spanning trees.

The best obtained bound that we have found for general planar graphs is given by the
following theorem.

Theorem 5.7. If G is a planar graph, then

ro (1) s

We denote by 5.3 the periodic number 5.333333. ...

Proof. If we add edges to a graph, the number of spanning trees grows. We add edges to G
while maintaining its planarity, until we obtain a triangulated planar graph G which satisfies
T(G) <T(Gr).

Since Gt is triangulated, its dual graph G is 3-regular. We apply to G the upper bound
for k-regular graphs with x > 3, due to McKay [39], Chung and Yau [15]:

761 < (20 ) @)

n*k Ink
where n* is the number of vertices of the dual graph G7%., and

(k— 1)1

" (k2 —2K)2 71

is the leading term.
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For k = 3, we have c3 = 4v/3/3. The graph G’ has 2n — 4 vertices (which correspond to
the faces of Gr), therefore we obtain the upper bound

16\" =
T(Gy) <3 * < (;) =53"
This bound is also valid for T'(G), since T(G) < T(Gr) = T(G%) (the last equality holds by
Lemma 5.3). O

Recall that the lower bound that we have for the maximum number of spanning trees of a
planar graph is 5.029545™ ..., given in Theorem 5.4.

A next step would be to try to improve this bound by using the planarity of G*, which is
not considered in the proofs in [15, 39], but this seems difficult.

A face cycle in a graph G is a cycle with edges in the boundary of a face of G. We say that
a graph has smallest face cycle k if its shortest face cycle has length k. A graph with smallest
face cycle 4 is a graph without triangles but at least one quadrilateral face. A graph with
smallest face cycle 5 has neither triangular nor quadrilateral faces, but at least a pentagonal
face. Note that a 3-connected planar graph must contain always a triangle, a quadrilateral
face or a pentagonal face, because the dual graph is also planar and hence its average degree
is less than 6, thus the dual graph has minimum degree at most 5.

We have tried several different techniques for bounding T'(G), obtaining new bounds for
the cases of planar graphs with smallest face cycle 4 and 5. The applied techniques and results
are discussed in the sections below. Although the obtained bounds for general planar graphs
are not better than the one given in Theorem 5.7, we would also like to give an overview of
the results using these alternative methods.

5.3.1 The Outgoing Edge Approach for Upper Bounding T

For every vertex v € V', let d, = d(v) denote the degree of v. We can easily show the following
lemma:

Lemma 5.4. The number of spanning trees is bounded by the product of vertex degrees:

TG < ] (5.9)

veV\{r}
for an arbitrary vertex r.

Proof. Choose a vertex r to be the root. Consider the directed graph obtained by replacing
every edge by two directed arcs, one in each direction, except for the root, which has only
ingoing edges.

We can obtain all spanning trees just selecting one outgoing edge to each vertex different
than the root. We denote by R such a selection. See Figure 5.10. Within the selection R,
cycles can appear, but the process is injective, i. e., we do not obtain twice the same spanning
tree. This is because a spanning tree obtained in this way has a directed path from each leaf
to the root, and this is the only possible orientation.

Hence

TG < [
veV\{r}
since d,, is the number of possibilities of selecting one outgoing edge to each vertex different
from the root. O
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Figure 5.10: A planar graph with a selected root r and a selection of outgoing edges that forms
a spanning tree.

This gives an upper bound of 6™ for planar graphs, because

)< I de<]]de <( ”eVd”)n<6". (5.10)

veV\{r} veV

The second inequality holds by the arithmetic-geometric means inequality. The last inequality
holds since the average degree of a planar graph is less than 6.

The bound (5.10) is a quite relaxed bound. The error comes from counting selections of
outgoing edges that contain cycles, since they do not constitute any spanning tree. Hence, one
can try to improve the bound by excluding cyclic selections, and this is what we do in the
following sections.

5.3.2 Removing Sets of Independent Edges

In this section, the bounds are obtained quite easily but they are improved by later sections.
Therefore, some details are only sketched, as for example the details about linear programming
towards the end of the section.

Consider the 2-cycles formed by both directed arcs along the same edge. Since in R we
select at most one outgoing edge per vertex, we can only find several 2-cycles in R if they
are along independent edges. As a first attempt, we can improve the bound (5.10) a little by
considering matchings on G and applying the following lemma.

Lemma 5.5. Suppose (x1,y1), (T2,¥2), - - -, (Z|a1),Yjar)) are the edges of a matching M of the
graph G, and z1, ..., 2z, are the unmatched vertices (u > 0). Then

| M]

H yk—lﬂdzz

Proof. The error on the bound given in Lemma 5.4 comes from counting selections that contain
cycles. For forming a tree, we must exclude cycles. In particular, we can exclude 2-cycles by
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considering a matching M, and excluding the possibility that, for an edge (xg,yr) in M,
both directed arcs along the edge form a 2-cycle. Then we can substitute, in the product of
Lemma 5.4, d(xy)d(yr) by d(x)d(yr) — 1. We can do this for each k = 1...|M]|, since given
two edges of the matching (z,, yx, ) and (2g,, Yk, ), the existence of a 2-cycle between xj, and
Yk, is independent of the existence of a 2-cycle between zy, and yy,.

Since the root has no outgoing edge, it cannot be contained in any cycle. In particular, it
cannot be contained in any 2-cycle, hence we count it as one of the unmatched vertices. The
product of degrees over the unmatched vertices has only u — 1 factors because in (5.9) the root
is excluded. O

For applying the bound given by Lemma 5.5, we look at the size of a maximum matching
Mpax in our graph. Let 6(G) the minimum degree of G. In [42], Nishizeki and Baybars
establish the following lower bounds for the size of the maximum matchings:

Theorem 5.8. Let G be a planar 3-connected graph with n vertices. We have
o [Muax| > [#5]
o If5(G) > 4, then | M| > [22]
o [f6(G) =5, then | M| > [22:520]

In the same paper it is also proved that a 4-connected planar graph is Hamiltonian, and
hence it has a perfect matching, that is, a matching of L%J vertices.

For our application, we assume the graph G to be 3-connected, since we want to lift it to
a polytope.

Proposition 5.1. If G is a planar 3-connected graph with n vertices, then

T(G) < 5.943922".

Proof. By Lemma 5.5 we have

| Mynax| n—2|Mmax|
7@ < [] @adw) -1 ] dez)- (5.11)
k=1 =1

We want to maximize the expression (5.11) above under the constraint
> d(v) < 6n—12,
veV

given by the Handshaking Lemma and the fact that a planar graph has at most 3n — 6 edges.
We claim that, under the weaker constraint

> d(v) < 6n,

veV

(5.11) is maximized by
(6 . 6 _ 1)‘Mmax| 6771_2‘Mmax|'

This can be seen using an exchanging argument: We want to show that the amount (5.11)
only grows when each pair of degrees d(v1) and d(v2) such that d(vy) —d(v2) > 2 is exchanged
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by d(v1) — 1 and d(v2) + 1 respectively. To prove this, we have to distinguish several cases,
depending on the position where d(v1) and d(vs) occur in the product (5.11). For two vertices
2, and yg matched to each other, such that d(xy) — d(yr) > 2, it is easy to see that

d(z)d(yr) — 1 < (d(zx) — 1) (d(yr) +1) — 1.
It two vertices z; and z; are both unmatched, satisfying d(z;) — d(z;) > 2, we have
d(zi)d(z) < (d(z:) = 1) (d(z;) +1).-

For two vertices x and z; both matched but not to each other, such that d(zy) — d(z;) > 2,
we have

(d(zr)d(yx) — 1) (d(z)d(y) — 1) < ((d(r) — 1) d(yx) — 1) ((d(z1) + 1) d(y) — 1)

Similarly, for a vertex x; matched and a vertex z; unmatched, such that d(xy) — d(z;) > 2, we
have

(d(zr)d(yr) — 1) d(z:) < ((d(zx) — 1) d(yr) — 1) (d(z:) + 1)

Finally, for a vertex z; matched and a vertex z; unmatched, such that d(z;) — d(zy) > 2, we
have

(d(zr)d(yr) — 1) d(z) < ((d(ax) + 1) d(yr) — 1) (d(z:) = 1).

Within this exchange, the constraint ) |, d(v) < 6n is maintained since the sum of degrees
remains the same. At the end, the degrees have at most two different values that differ only
in one unit. Since the average degree is at most 6, we have

| Mmax| Nn—2| Mmax|
7@G) < [[ @@ndy) -1 J[ d=)
k=1 1=1

S (6 . 6 _ 1)|Mmax| 6n_2|Mmax|
< (35% Gé)n
< 5.943922".

For the third inequality we have used that §(G) > 3 because G is 3-connected, and, by Theo-
rem 5.8, G has a maximum matching M.« of size at least {"T“ﬂ O

In graphs with smallest face cycle 4, each face is bounded by 4 or more edges, hence 2f < m,
and by Euler’s formula, we have m < 2n — 4. Then, the average degree is given by

Suevdo _2m _2(2n-4)
n on = n
and from (5.10) we obtain T'(G) < 4™.

If the smallest face cycle is 5, each face is bounded by 5 or more edges, hence 5f < 2m,
and by Euler’s Formula, we have m < 5/3n — 10/3. Then, the average degree is

d, - _
Yoy do _2m L 206/3n-10/3) _ .4

n n n

<4

and from (5.10) we have T'(G) < 3.3".
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We have also improved these two upper bounds by removing maximum matchings, not
on G, but on the dual graph G*, because it gives better bounds. The dual graph G* is also
3-connected, and by Lemma 5.3 it satisfies T(G) = T'(G*).

If G has smallest face cycle at least 4, then 6(G*) > 4 and, by Theorem 5.8, G* has a

maximum matching of size at least {3’7‘%8] . In case G has smallest face cycle 5, then 6(G*) =5

9/420
9 |°

These two special cases are not so simple as the general case, where we know that the
largest number of spanning trees is given by triangulated graphs. For graphs with smallest
face cycle 4 or 5, the largest number of spanning trees could be given by a graph with faces
of different length, hence the vertices of the dual graph may have different degrees. We have
modelled the situation by a linear program, whose variables are the number of matched edges
between vertices of given degrees, and the number of unmatched vertices of given degrees. As
linear constraints we have taken the size of a maximum matching, the Handshaking Lemma,

and G* has a maximum matching of size at least [

the bounds on the number of vertices of G*, and the fact that the sum of number of matched
and unmatched vertices equals the number of vertices of G*.
The obtained results are, if G has smallest face cycle 4,

N
T(G) < ((4 - 1)34%) < 3.890879".
In case G has smallest face cycle 5,
9 1 f
T(G) < ((5 55— 1)@5@) < 2.886566".

We have not tried to improve the bounds on the minimum size of a maximum matching of G*
for our concrete cases, since the mentioned results are not too far from the best bound we could
obtain by this method in the optimal case: if we would have a perfect matching, by resetting
the constraints, the solution of the linear problem would be T'(G) < 3.872984 for graphs with
smallest face cycle 4, and T(G) < 2.884410 for graphs with smallest face cycle 5. We obtain
stronger bounds in the next section with a different technique.

One could improve the bound of Lemma 5.5 by excluding larger cycles, like 3-cycles, 4-
cycles, etc. For example, any independent triangle xx2x3 would contribute to the product of
Lemma 5.4 with a factor of

d($1)d($2)d($3) -2 d(ml) — d(,TQ) — d(,Tg)

instead of d(x1)d(x2)d(z3). We subtract 2 from d(z1)d(z2)d(x3) since it corresponds to both
directed 3-cycles along the triangle, and we subtract d(z;) since it corresponds to the case

when we have a 2-cycle between x; and x; and the outgoing edge of z; can be any edge,
i,5,k=1,2,3.

5.3.3 A Probabilistic Model. Suen’s Inequality

As an application, in Chapter 6 we lift the graph G to a polytope. Therefore we assume the
graph G to be 3-connected.

Consider the selection of edges R described in the proof of Lemma 5.4: choose a root
vertex r, and treat G as a directed graph where every edge has two possible directions, with
the exception that the root has only ingoing edges. We view at this selection as a random
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selection, obtained with the random process consisting in selecting at random one outgoing
edge to each vertex different than r. Within this process, we obtain all spanning trees exactly
once.

Such a random selection of outgoing edges forms a tree if and only if it does not contain a
cycle. Hence we can write

T(G) = H d, - Prob (a random selection R of outgoing edges forms a tree)
veV\{r}

H d, - Prob (a random selection R of outgoing edges does not form a cycle),
veV\{r}
(5.12)

where the random selection of outgoing edges is for all vertices except for the root. The goal is
then to exclude cyclic selections. Given a random selection R, the existence of different cycles
in R are not independent events but also not very dependent.

We improve the results of Section 5.3.2 by using Suen’s inequality. Suen’s inequality uses
the concept of a dependency graph. Let {X;},c7 be a family of random variables, defined on a
common probability space. A dependency graph for {X;} is a graph L with vertex set Z such
that if A and B are two disjoint subsets of Z with no edge in L between a vertex of A and a
vertex of B, then the families {X;};c4 and {X;};cp are mutually independent. In particular,
two variables X; and X; are independent unless there is an edge in L between ¢ and j. If there
exists such an edge, we write ¢ ~ j. Suen’s inequality is useful in cases in which there exists a
sparse dependency graph. The expected value of a random variable X is denoted by EX. The
following theorem is a special case of Suen’s inequality [31]:

Theorem 5.9. Let I;, i € Z, be a finite family of Bernoulli random wvariables with success
probability p;, having a dependency graph L. Let X =", I; and A = EX =", p;. Moreover,
let A=33, > jing B(Lil;) and ¢ = max; >y ; pe. Then

Prob (X = 0) < exp (A + Ae®).

Let R be a random selection of outgoing edges for all vertices except for the root r. Let
D denote the set of all directed cycles in the graph obtained from G by replacing every edge
by two directed arcs except for the root, which has only ingoing edges. Note that a cycle of
D cannot contain the root r. In other words, D is the set of all directed cycles ¢ that could
appear in R.

In our model, the indicator variables I. correspond to the existence of the directed cycle c,
for all ¢ € D. 1. is 1 if the cycle ¢ appears in R, 0 otherwise. A directed cycle ¢ € D appears
in R when all its arcs are present in R, and the presence in R of the different arcs of ¢ are
independent events. An arc from a vertex v to the successor vertex on a particular directed
cycle is present in R with probability 1/d,. Hence, if ¢ is a directed cycle of G not containing
the root, I. is a Bernoulli variable taking the value 1 with probability p. = (Hvec dv)_l. The
random variable X = 3 _ I. counts the number of directed cycles in R, and Prob (X = 0)
measures the probability that no cycle exists in R, i. e., that R forms a spanning tree. We
want an upper bound for Prob (X = 0).

The vertices of the dependency graph are all directed cycles ¢ in D. Note that two directed
cycles ¢; and ¢; in R never share a vertex, because every vertex different from the root has
exactly one outgoing edge in R. Hence, in the dependency graph, we connect two directed



84 CHAPTER 5. THE MAXIMUM NUMBER OF SPANNING TREES

cycles ¢; and ¢; by an edge (¢; ~ ¢;) if they share some vertex: if ¢; and ¢; share at least one
vertex, the existence of ¢; and the existence of ¢; in R are incompatible events, so they are
dependent events; conversely, if ¢; ~ ¢;, then they are non-disjoint cycles.

Thus, ¢ ~ j implies that E([;I;) = 0, which means that A = 0 in Theorem 5.9. Therefore
we have

Prob (X =0) < exp(—Ar), (5.13)

where A is the sum of probabilities p. for all directed cycles ¢ that can appear in R, that is

)\R—ch an

ceD ceD Ve
2
_— ... 5.14
= > dlda Y dam T 2 dddd (5.14)
(i,7)€C2 (i,5,k)€Cs ( i,J,k,1)ECa

where C; denotes the set of all undirected cycles of length [ in G, not containing the root. We
have a 2 in the numerators for the cycles of length at least 3 since every cycle must be counted
twice, one in each orientation (remember we consider directed cycles).
Our task is to obtain lower bounds for Az, but the value of Az depends on the graph G.
From (5.12) and (5.13) we have

TG < ] doexp(=Ar).
veV\{r}

We reduce the sum (5.14) to be finite by cutting it at a given length [, that is, considering
only short cycles. Let /\%) denote this finite sum. Obviously we still have a bound for T'(G):

TG < [ doexp(-2%). (5.15)

To make it simpler we consider a slightly different model, where every vertex has an outgoing
edge, including the root. Let R’ such a random selection of outgoing edges. Note that in this
model a cycle always appears in R'. Ar/ is the sum of probabilities for all directed cycles that
can appear in R/, that is

2
o=y ,—+ > dddk D WJF

= z _] .
(i,J)€E (i,5,k)€Ch (i,,k,1)€C)

In the expression above, C; denotes the set of all undirected cycles of length [ in G (also
those including the root). Note that

C,=CuU{ce( :rec}

As before, denote by /\ , the finite sum obtained from cutting Ag/ at a given length [.

Considering 2-Cycles. Consider the amount

I] d. exp( 2’) (5.16)

veV
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Let Z be the logarithm of (5.16), that is

Zy:=) Ind,— >

veV (i,j)€eE

dzdj

The random process where every vertex has an outgoing edge is simpler to analyze than the
original one where the root is only allowed to have ingoing edges. The following lemma and
corollary show that actually we can work with the selection R’ for upper bounding T'(G).

Lemma 5.6. Let Zo = ), . Ind, — Z(i,j)eE #dﬂ and let v be an arbitrarily chosen root
vertex. Then

T(G) S exp (Z2 + KQ) y

where

9 =—1
nd, + Z drd
(ri)eE

is a correction term.

Proof. We have

1
> __—Zd_ (5.17)
(gecz "7 (ger T (rper T
Hence, from (5.15) and (5.17) we have
@) _ 1
T(G) <exp < Z lndv—)\R> = exp ( Z Ind, — Z M)
veV\{r} veV\{r} (i,5)€C2
:exp< Z lndv—.z 4 dd)
veV\{r} (1,])6E (ry)erE
1
= exp <Zg—1ndr+ > 7 d_).
(rp)eE s
and the lemma is proven. O

Corollary 5.5.
T(G) < exp(Z2).

Proof. Since 6(G) is at least 3 because G is 3-connected, and there are d, edges of the form
(r,i), we have

1 1 1 11
_ L dp-= = =. 5.18
drdz d, Z; 4 ~ d, 3 3 (5.18)

(ri)er

Also we have d, > 3, hence

and the corollary follows. O
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Considering 3-Cycles.

Lemma 5.7. Let

Zy:=Y Ind,— >

veV (i,)€eE

5 2
d@ . did; dy
3

(i,4,k)eC

and let v be an arbitrarily chosen root vertexr. Then
T(G) < exp (Z3 + K3) ,

where

s a correction term.

Proof. We have

€ :
From (5.15), (5.17) nd (5 19) we have

3
T(G) <exp ( Z 1ndv—/\§z)> = exp < Z Ind, — Z did7
veV\{r} veV\{r} (i,5)€C2 :
o ( 2 ! d; d -
UGV\{T} (. )eE T (ri)eE (4,4,k)€Cl did;d
2
- (ZrJnd+-§: i mm%)'
(ry)er (r,i,5)€C)

Corollary 5.6.
T(G) < exp(Z3).

(5.19)

D

(4,7, k)GCe

Z
ij)ec

v

m
N———

Proof. Let N be the subgraph of G spanned by the vertices adjacent to r. The subset of C§
of 3-cycles containing the root has the same cardinality as the set of edges of N, which is at
most 3d, — 6 < 3d,., since N is a planar graph with d, vertices. Then we have

= < —-3d, =
d, d a; dzd 7
(ryi,5)€Cy (T 1,5)€C} J

We used that §(G) is at least 3 since G is 3-connected. Also we have d, > 3, and (5.18) is

satisfied, hence

K lnd-i-z

(ry)eE

>

dd 3
(r,i,5)€Cs

T ’L

and the corollary follows.

1 2
<—-In3+-+-<0,
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Considering Larger Cycles. For larger cycles, the correction term K is derived from a
similar lemma:

Lemma 5.8. Let

1 2 2
Zp:=Y Ind,— > T 3 d_d_dk_..._zi
vEV GHeE 7 (ke Y

and let r be an arbitrarily chosen root vertex. Then
T(G) < exp (Zl + Kj),

where

K; = —Ind, + Z

1 2 2
ier T 2 dr did,j > [icc d:

r,5)€CY cec):reC
1S a correction term.
The proof is analogous to Lemma 5.6 and Lemma 5.7.
A. The Outgoing Edge Method with Suen’s Inequality for 3-Connected Planar
Graphs

Considering 2-Cycles. Our goal is to maximize Z5. Let f;;, with ¢ < j, be the number of
edges connecting a vertex of degree ¢ and a vertex of degree j. We want to write

T

vevV (i,j)eE 7

as a linear function in the variables f;;, and to maximize this linear function under some
constraints.

The degree of a vertex is at least 3 because the graph G is 3-connected and at most n — 1.
We have 3 < i,j < n. (For simplicity, we write a relaxed program: we write n instead of n — 1
and we solve the system for more variables, which will be zero in the solution).

Then, 2f; + Z?:l 41 fij equals the total number of edges incident to vertices of degree i,
and hence

n
2fi+ Y fij=ini, i=3...n,

j=3

J#i
where n; denotes the number of vertices of G of degree 7. Therefore
L, 2t sk _
. o J# _ .
n=m=y e = S gy (545) (5.20)

1=3 =3 3<i<ji<n

In a planar graph, each face is bounded by at least 3 edges. Thus, the total number of
edge-face pairs is at least 3f, that is, 3f < 2m, and by Euler’s formula, the number of edges is
at most 3n — 6. Therefore

> fii<3n—6. (5.21)

3<i<j<n
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We can rewrite Z3 as a linear function in terms of f;; as

1
Zy = Zlndv— Z id

veV {vi,v2}€E
D ILLOTED ST
=3 3<i<j<n

N 2fi + 23 fij .
;é’L
= 1 J L
Z nj ————— Z f] ’L]
3<i<j<n
Ini j 1
= > fy (— s 7) . (5.22)
3<i<ji<n '7 J

From (5.20), (5.21), (5.22) and the fact that the numbers f;; are non-negative, we write
the following linear program:

1 1
maximize Z fij (ﬂ =) T)

3<i<ji<n J L
subject to Z fij (—_ —,) =n
3<i<j<n ¢ (PQ)
Y fii<3n—6
3<i<j<n

fij >0, fori,j=3...n,i<j
For uniformity we replace (5.21) by a weaker constraint
> fu <, (5.23)
3<i<j<n

obtaining a new linear program:

| Inj 1
maximize Z fij (ﬂ E_f>

(3
3<i<j<n J J

subject to Z fij (Z —,) =n

3<i<j<n

Z fi; <3n

3<i<j<n

fij >0, fori,j=3...n,i<j

(P3)

Let Z; be the optimum value which maximizes the objective function Zs under the con-
straints given in (P}).

We solved this linear program using the commercial linear programming solver CPLEX with
AMPL as a modeling interface. AMPL is a modeling language for large-scale optimization and
mathematical programming problems [27].
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For several values of the parameter n up to 5000, we obtained Z3 = 1.708427, which means
exp (Z3/n) = 5.520267 (these values are rounded up). The optimum Z; is achieved when

fes = 3n and f;; =0, for all ij # 66.

This is true not only for the values of n checked empirically, but for any n, as it is stated
in the following lemma.

Lemma 5.9. The linear program (Pj) has the optimum value

. 1
Zy = (ln6—ﬁ>n.

Proof. The solution { fes = 3n, fi; =0 for all ij # 66} given above is feasible for the modified
program (Pj) because it satisfies the constraints. This solution yields precisely the value of the

objective function
In6 In6 1 1

To see that this is the optimum solution, we form a linear combination of the constraints (5.20)
and (5.23), with positive factors A; and Aa:

1 1
A1 Z fij(g‘f’;)_n + A2 Z fij —3n ] <0,

3<i<j<n 3<i<j<n

where \; and Ay are obtained as the optimal dual variables associated to these constraints.
This implies
1 1
Z fij <)\1 (-, + —,) + )\2) <n (/\1 + 3)\2) . (524)
3<i<j<n v
For proving that the objective function in (P5) is upper bounded by n (A1 4+ 3)A2), we must
prove that the coefficient of f;; in the objective function is upper bounded by the coefficient
of f;; on the left side of (5.24). This is, we must prove
Ini Inj 1 1 1
ﬂ-ﬁ-ﬂ—ﬁg/\l(—.‘f'—.)-f—)\z, 3<1<j5<n,
) L

i J
or, equivalently, that the function

o Ini =X Inj— X\ 1
9(i,j) = ———— + —— —
? J )
is negative or zero, for all integers i, j such that 3 <i < j <n.
Let Ay = 0.53, and let A2 ~ 0.392808 be determined by the equation ¢(6,6) = 0. The

equation ¢(6,6) = 0 is obtained by complementary slackness, since fgs # 0 in the (proposed)

optimal solution.

For the rest of the values ¢j # 66, we prove g(i,7) < 0. For the values i,j > 6, we show
that g(¢, j) is a monotone decreasing function for growing ¢ and j, by proving that the partial
derivatives dg(i, j)/0i and 0g(i,j)/0j are negative. We have

dg(i,j) 1 Ini—X\ 1

di i i 25
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Since i > 0, dg(i,7)/0i < 0 if and only if 1 —Ini + Ay + % < 0, which is true for any i,j > 6.
Analogously, we can prove that dg(i,j)/0j < 0. Hence, for i, > 6 we have g(i,7) < 0.

For i between 3 and 5, we fix ¢ and look for the smallest integer value of j for which the
function is monotone decreasing in j, or equivalently, the smallest integer value of j for which
the partial derivative 9g(i,j)/0j is negative. For i = 3, ¢(i,4) is monotone decreasing for
j>17. Fori=4andi=>5,¢g(i,j) is monotone decreasing for j > 6. For the remaining values
of 4,7, that is, for ij equal to 33, 34, 35, 36, 37, 44, 45, 46, 55, 56, the inequality g(i,j) < 0
can be checked directly. This implies that ¢(3, ) is negative for j > 7, and that g(4, j), g(5,7)
are negative for j > 6.

This proves that the objective function is upper bounded by Zi = n (A1 + 3\2), and,
substituting the given values of A\; and A\a, we have Ay +3X2 =1In6 — 1/12. O

Since the constraints of the linear program (Pj) are weaker than the constraints of the
original program (P,), the optimum value given by Lemma 5.9 is an upper bound for the
optimum value of (P»):

Corollary 5.7. The optimum value of the linear program (Py) is upper bounded by

. 1
Zy = (1116—5)71.

Hence we conclude with the following proposition.

Proposition 5.2. For any 3-connected planar graph G, the Outgoing Edge approach gives an
upper bound of
T(G) < 5.520267".

Proof. By Corollary 5.5 and Corollary 5.7, we have

T(G) < [exp (%)} = {exp <1n6 - 11—2)] < 5.520267".

Remark 5.1. There is no planar graph with fes = 3n. However, such a graph can be embedded
on the torus. In fact, the situation where all vertices have degree 6 holds for the triangular

O

grid {Oka}kzo with periodic boundary conditions considered in Section 5.2.5, for which we
obtained the mazimum number of spanning trees. It has been shown in Theorem 5.8 that the
difference between graphs embedded on the torus and planar graphs does not make a differ-
ence in the asymptotic growth factor for the number of spanning trees, at least for recursively
constructible families of graphs.

We did further numerical experiments. The obtained results are not proved but they are
only established empirically.

Empirical Results: Considering 3-Faces. We consider now 2-cycles and 3-faces. Let Fj3
be the set of 3-face cycles of G. The number of 3-cycles of a graph is at least the number of
3-face cycles since F3 C C§, hence we obtain a more relaxed upper bound.

Let fijr, with ¢ < j < k, be the number of 3-faces constituted by a vertex of degree ¢, a
vertex of degree j and a vertex of degree k. Here we have 3 <i < j <k <n.
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Let Zps be the upper bound of Z3 in terms of 3-faces:

LY wd- Y oo- Y o2

d;d;d
vev GeE T (ijkers I%k

= ZF3

We want to write Zp3 as a linear function in the variables f;; and f;;r, and to maximize
this linear function under some constraints. The term of Zp3 corresponding to 3-faces can be
rewritten as a linear function of f;;; as

2
ijk T 2
Z Tik 55k (5.25)
3<i<j<k<n
and, from (5.22) and (5.25), we have
Ini Inj 1 2
Zps = g —+ =L =) - ik 5.26
F3 Z f_](i + 7 ij) Z fgkmk (5.26)
3<i<j<n 3<i<j<k<n

We establish a condition linking triangles and edges. If f;;; is the number of triangular
faces, this condition is that f;;; contributes 1/2 to fi;, 1/2 to fix, and 1/2 to f;i. This must
be corrected for i = j and j = k, and we obtain

i—1 J n
2fij:kaij+Zfikj+ Z fije + fig + figj s 3<i<j<n. (5.27)
k=1 k=i k=j+1

Note that if i < j we are counting f;;; and f;;; twice each, and once the fri;, fir; or fijr
with k # 4, 7; and in case i = j, we are counting three times f;;; and once the fy;; or fix with
k #i.

From (5.20), (5.21), (5.26), (5.27) and the non-negativity of the numbers f;;, we have the
following linear program:

Ini Inj 1 2
maximize Zpz = Z fij (%4—2——)— Z fijkz.j_,k

=
3<i<j<n I ki<

1 1
subject to Z fij (; + —.) =n

3<i<j<n J
Z fij =3n—6
3<i<j<n
i—1 7 n
2fi; =Y frij + Y Fi+ Y fik + fij + figg,  fori,j=3..m,i<j
=1 =i k—jt1
fij7 fijkzo, fOl“Z,j,kZ?)?’L,ZSjSk
(Ps)

As before, for uniformity we replace (5.21) by the weaker constraint (5.23), that is

Z fij < 3n,

3<i<j<n
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obtaining a new linear program (P}).

Let Z3; be the optimum value which maximizes the objective function Zps under the
constraints given in (P}). Solving (Pj) with AMPL for values of the parameter n up to 300,
we obtain

11
Zpg=In6— — . 2
3 <n6 108>n (5.28)
With AMPL, and writing 3n instead of 3n — 6, the optimum is achieved when
fos = 3n, fij =0 forallij # 66, fess = 2n, and fijr = 0 for all ijk # 666,

which corresponds to the case where all edges have degree 6. This means that, if this result
were true for every n, the optimum would be achieved when G is almost a graph of the family
of triangular grid graphs with periodic boundary conditions. See the discussion in Remark 5.1.
This is consistent with the hypothesis that the family of triangular grid graphs with periodic
boundary conditions yields the largest number of spanning trees. Note that in this family all
3-cycles are 3-faces.

Since the constraints of the linear program (Pj) are weaker than the constraints of the
original program (Ps), the optimum value given by (5.28) is an upper bound for the optimum
value of (Ps). By Corollary 5.6, we have

T(G) < [exp <%)] = [exp (1116 - %)} < 5.418981™ (5.29)

The bound (5.29) is still far from the upper bound given by Theorem 5.7.

Considering Larger Cycles. For [ > 4 it is very tricky to write the linear constraints that
relate the number of I-cycles constituted by vertices of given degrees with the number of edges.

However, we think that it is not worth to continue working in this direction: Everything
seems to indicate that the graphs that are similar to the 6-regular family {C’ka} k>0 give the
maximum number of spanning trees over all planar graphs. In the remainder of this section we
explore heuristically the bounds that Suen’s inequality would give, under the hypothesis that
the triangular grid is the optimal graph. In line with Remark 5.1, we consider the 6-regular
triangular grid that is embedded on the torus.

Consider a graph of this family with n vertices, and let us compute |C;|, the number of
cycles of length [, for some more values of I. |Cy| and |C5| equal respectively to the number
of edges and faces. The 4-cycles are the boundary of pairs of adjacent triangles. Hence there
are as many 4-cycles as edges, that is, |C4| = 3n. The 5-cycles are the boundary of triplets of
adjacent triangles meeting at a vertex (see Figure 5.11). For each vertex there are 6 of these
triplets, one for each possible orientation, thus |C5| = 6n. The 6-cycles are hexagons (there are
n hexagons, one centered at each vertex), or boundaries of groups of four triangles distributed
as illustrated in Figure 5.12. Hence one can see that |Cs| = n+ 6n + 6n+ 2n. The 7-cycles are
boundaries of groups of five or seven triangles distributed as illustrated in Figure 5.13. Hence,
|C7| = 6n + 6n + 6n 4 24n.
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hd \J hd

Figure 5.11: 5-cycle as the boundary of triplets of adjacent triangles meeting at the white
vertex. For each vertex, there are 6 different such 5-cycles, one for each possible orientation.

Summarizing, we have

|C2| = fes = 3n
|C3] = foes = 2n
|Cy| =3n
|C5| = 6n
|Cs| = 15n
|C7] = 42n

If we plug these values into Lemma 5.8, we obtain

3 2n  3n  6n  15n 42
6_Z_<” noy o n+—n)+K7><K-5.380556".

T(G)SG"exp<— 6_3+@+6_5+6—6 o7

where K = exp(K7) is a correction term.

We could not obtain a better bound than this if we would write down a linear program
which considers [-cycles up to [ = 7, and it is still quite far from the bound of 5.3" given in
Theorem 5.7. Also, for larger [, the improvement is every time much smaller.

B. Suen’s Inequality for 3-Connected Graphs with Smallest Face Cycle at Least 4

Let G be a 3-connected planar graph with smallest face cycle at least 4.

Considering 2-Cycles. If we only consider 2-cycles, we can write a linear program (Py)
analogous to (P), with the difference that now the graph has at most 2n — 4 edges. Hence,
instead of (5.21), we have the constraint

> fi<oam—4 (5.30)

3<i<j<n

For uniformity we replace (5.30) by a weaker constraint

S fij<on, (5.31)

3<i<j<n

obtaining a new linear program (P4").

For values of n up to 1000, we obtain with AMPL a rounded up value of exp(Z3" /n) =
3.529988, where Z4" is the optimum value of the linear program (P4'). The optimum value
73" is achieved when

fia=2n, and f;; =0 for all ij # 44.
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2 N

Figure 5.12: 6-cycles as the boundary of four triangles. Top left: The four triangles meet at
the white vertex. For each vertex, there are 6 different such 6-cycles, one for each possible
orientation. Top right: Four aligned triangles. For each vertex v, there are 12 possible such
6-cycles with extreme vertex v (2 for each triangle incident to v), but in total each 6-cycle
is counted twice since it has two extreme vertices. (Extreme vertices are drawn white in the
figure.) Hence the graph has 12n/2 = 6n 6-cycles of this kind. Bottom: The four triangles
form a big equilateral triangle, and its boundary is the 6-cycle. Since each triangle of the graph
is the central triangle of exactly one of this big triangles, there are in total 2n cycles of this
kind (as many as triangles).

We formally prove this for every n.

Lemma 5.10. The linear program (P{') has the optimum value
* 1
Zy = <1n4— —) n.
8

Proof. The proof is analogous to the proof of Lemma 5.9.
The solution {fia = 2n, f;; =0 for all ij # 44} given above is feasible for the modified
program (P24/) because it satisfies the constraints. This solution yields precisely the value of

the objective function
2n Ind + md_1)_ In4 — E n
4 4 16) 8)

To see that this is the optimum solution we form a linear combination of the constraints (5.20)
and (5.31), with factors A; and Ag:

1 1
A Z fij(;'ﬁ‘;)—n + Ao Z fij—2n|] <0,

3<i<j<n 3<i<j<n
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NS
<

Figure 5.13: Top left: 7-cycles as the boundary of seven triangles, obtained by adding one
triangle adjacent to one of the six sides of an hexagon. There are 6 ways to get it, and n
hexagons, hence the number of such 7-cycles is 6n. Top right: 7-cycles as the boundary of five
triangles meeting at a vertex, drawn white. For each vertex, there are 6 possible such 7-cycles,
one for each orientation. Bottom: 7-cycles as the boundary of five triangles, obtained from the
group of four triangles in Figure 5.12 (top right), by adding one triangle adjacent to one of the
six sides. We must take into account that if the triangle is added at the end as in the third
picture, then it is counted twice in total. We have 6n and 4 - 6n 7-cycles distributed as in the
bottom first and second picture respectively.

where A\; and Ao are obtained as the optimal dual variables associated to these constraints.
As in Lemma 5.9 we must show that the function

lni.—)\l_i_lnj'—/\l 1
i j iJ

g(i,j) =

is negative or zero, for all integers i, j such that 3 <i < j <n.

Since f44 # 0 in the (proposed) optimal solution, we obtain by complementary slackness
the equation g(4,4) = 0. By taking A\; = 0 and Ay &~ 0.630647 determined by the equation
g(4,4) = 0, we can prove that g(i,j) is negative everywhere, except g(4,4) = 0. O

Since the constraints of the linear program (P24/) are weaker than the constraints of the
original program (P3), we have:

Corollary 5.8. The optimum value of the linear program (Py) is upper bounded by Zél*.

Theorem 5.10. For a 3-connected planar graph G with smallest face cycle at least 4, the
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Outgoing Edge approach gives an upper bound of
1 n
T(G) < [exp (1114 — g)] < 3.529988™.

Proof. By Corollary 5.5 and Corollary 5.8, we have

T(G) < {exp <Z%ﬁ>r,

and substituting the value of Zj3 * given in Lemma 5.10 we have the result. O

There is no planar graph with no triangles and f44 = 2n, but such a graph can be embedded
on the torus. The situation where all vertices have degree 4 holds for the square grid with
periodic boundary conditions considered in Section 5.2.6.

Recall that, by Theorem 5.6, the lower bound on the maximum number of spanning trees
for graphs with smallest face cycle 4 is 3.209912™. ...

We carried out further more numerical experiments. The obtained results are not proved
but they are only established empirically.

Empirical Results: Considering 4-Faces and 5-Faces. We can assume that G has only
4-faces and 5-faces: add edges to the original graph, keeping the smallest face cycle being 4.
We can only add chords to the faces while not creating triangles. This can be done if we
correctly add chords to the faces with at least 6 sides. For example, we can add a chord to a
6-face creating two 4-faces. If we keep on adding chords till we cannot continue, we get at the
end a graph where all faces have length 4 or 5. When we add edges, the number of spanning
trees grows, which is fine since we are searching upper bounds.

We consider now 2-cycles, 4-faces and 5-faces. Let F4 and F5 be the set of 4-face cycles
and 5-face cycles of G respectively. Since the number of 4-face cycles (5-face cycles) of a graph
is at least the number of 4-faces (5-faces), we obtain a more relaxed upper bound.

Let fijr and fijrim be respectively the number of 4-faces and 5-faces constituted by vertices
of degrees given by the indices ijkl and ijkim (3 < i,7,k,1,m < n). The indices ijkl and ijkim
are always ordered according to their lexicographically minimum cyclic permutation. We write
{ijkl} € Fy and {ijklm} € F5 when ijkl or ijklm constitute a 4-face cycle or a 5-face cycle
with the indicated degrees, and the indices are correctly ordered.

We want to establish a condition linking edges and 4-faces and 5-faces, similar to the one
for edges and triangles established in (5.27). If we only had 4-faces, we would have

2fij = Z (fijkt + [riji + Friig + fietg + frgio + friji) s if 1<y
ol

2fu = Z (fijrr + friji + friij + firj) -

k.l

In this equation, if 1 < j we are Counting 2 times fiijja fiiij7 fijjja fijik and fijkj7 where
k # 4,7, 4 times fij;;, and once all other variables. If i = j we are counting 4 times fij;;, 2
times fi;ix, and once all other variables, which have the form f;;r;, with k,1 # 4. With this
linking equation we are balancing how many times we count every edge with respect to its two
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incident faces. Actually these faces could be quadrilaterals or pentagons. Hence, the linking
condition is indeed

2fi; = Z (fijir + friji + frvig + firig + frji + friji)
ol

+ Z (fijrim + frijim + friijm + frimij + fikims + frjitm + frtjim + frimgi)
k,l,m

2fi = Z (fijir + friji + frvij + firij)

k,l

+ Z (fijktm + frijim + friijm + frimis + fikimg) - (5.32)
k,l,m

The following constraint, corresponding to Euler’s formula, is also needed.
Yo fu— > fuw— Y fumm=n-2. (5.33)
3<i<ji<n {i,4,k,1}EFa {i,5,k,l,m}EFs5

From (5.20), (5.32), (5.33), we write the following linear program:

- Ini Inj 1 Fiinl fiikim
mimize 2= 3 Iy (T“L_'__)_ 2 TR 2 ikm

3<i<j<n J L {i,7,k,l}EFa mkl {i,4,k,l,m}EFs
. 1 1
subject to Z fij (; + 3> =n
3<i<j<n
Yoo fu— Y, fum— D, fymm<n
3<i<j<n {i,4,k,1}EF4 {i,4,k,l,m}EFs5
and (5.32)

(Pis)

Note that the constraint (5.30) can be omitted since it is implied by the others.

Let Z&" is the optimum value that maximizes the objective function Z2 under the con-
straints given in (Pg). We solved this linear program with AMPL for several values of n up
to 25, obtaining

exp (Z&" /n) = 3.502518".

(The result is rounded up.) Hence, by Lemma 5.8, we would obtain a bound of
T(G) < K - 3.502518". (5.34)

where K = exp(K5) is a correction term.

This is what would come out, but this result is only established empirically. We have
not formally proved that the result (5.34) is true for any value of n. It could be a little bit
complicated since there are many non-zero dual variables. But the difference between the
bound (5.34) and the bound in Theorem 5.10 is very small.

For the checked values of n, the optimum is achieved when almost all vertices have degree 4,
and almost all faces are quadrilaterals. We conjecture then that the family of square grid graphs
with periodic boundary conditions described in Section 5.2.6 gives the maximum number of
spanning trees for planar graphs without triangles. Note that in this family all 4-cycles are
4-faces.
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Considering Larger Cycles. For [ > 6 it is tricky to write down the linear program
constraints relating the number of I-cycles constituted by vertices of given degrees with the
number of edges.

However, as in the general case, we think that it is not worth to continue working in this
direction: Everything seems to indicate that the graphs that are similar to the 4-regular family
of square grid graphs with periodic boundary conditions described in Section 5.2.6 give the
maximum number of spanning trees over all planar graphs. In the remainder of this section,
we explore heuristically the bounds that Suen’s inequality would give, under the hypothesis
that the square grid is the optimal graph. We consider the 4-regular square grid embedded on
the torus.

Consider the 4-regular family of square grid graphs with periodic boundary conditions
which we think that gives the maximum number of spanning trees for planar graphs without
triangles. This family has 2n edges, no 3-cycles, and n faces, which are the 4-cycles. The
6-cycles are the boundary of two adjacent squares. This means that there are as many 6-cycles
as edges, that is, |Cs| = 2n. The 8-cycles are the boundary of three squares, as in Figure 5.14,
or the boundary of a big square formed by 4 faces (there are n of such big squares, one centered
at each vertex). Hence |Cs| = 6n + n = 7n. The 10-cycles are boundaries of groups of four or
five squares distributed as illustrated in Figure 5.15. Hence |C1g| = 8n + 18n = 26n. There
are no cycles of odd length.

Figure 5.14: 8-cycles as the boundary of three squares. For each square @, there are 6 of these
8-cycles with @ in the shadowed position. (We do not count twice the same 8-cycle.)

If we plug this values into Lemma 5.8 we obtain

n |Ca| |Ca| | |Cs| | |Cs| | |Cuol
T(G)§4 exp(—F—2 W-I—F‘FF‘F 610 + K11

2n n 2n  Tn  26n
:4"exp<—ﬁ—2<@+—+—+—) +K11>

66 ' 68 | 610
< K -3.498178".

where K = exp(K11) is a correction term.

We could not obtain a better bound than this if we could write a linear program which
considers [-cycles up to [ = 11. Also, for larger [, the improvement is every time much smaller.
C. Suen’s Inequality for 3-Connected Graphs with Smallest Face Cycle 5
Let G be a 3-connected planar graph with smallest face cycle 5.

Considering 2-Cycles. If we only consider 2-cycles we can write a linear program (Py)
analogous to (P»). The difference is that now the graph has at most 5/3n — 10/3 edges. Hence
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Figure 5.15: Top left: 10-cycles as the boundary of 5 squares, one square attached to the side
of a big square. There are 8 ways to attach it, and n such big squares, hence 8n such 10-cycles.
The rest: 10-cycles as the boundary of four squares. For each square @), there are 18 such
10-cycles with @ in the shadowed position, and they are counted once.

the constraint (5.21) is substituted by
5 10
3isjsn
Let (Pg)’ be the linear program obtained by replacing (5.35) by the weaker constraint
)
> fi< - (5.36)
3<i<j<n

Let Z3" be the optimum value of the linear program (P9)’. For several values of the
parameter n up to 1000, we obtain with AMPL a rounded up value of exp(Z5"/n) = 2.847263.
The optimum value Z25* of the objective function is achieved when

faz =n/3, faa =4n/3, and f;; =0 for all ij # 33 or ij # 34.

This corresponds to the case where all vertices have degree 3 or 4, n/3 of the edges are between
vertices of degree 3, and 4n/3 of the edges are between a vertex of degree 3 and a vertex of
degree 4. We formally prove it for every n.
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Lemma 5.11. The linear program (P$)" has the optimum value

. (2 1 4
Zy = (ZIn3+-In4d— — | n.
2 (3“ tam 27)"

Proof. The proof is analogous to the proof of Lemma 5.9.

The solution {fss = n/3, faa = 4n/3, fi; = 0 for all ij # 33 or ij # 34} given above
is feasible for (P?)" because it satisfies the constraints. This solution yields the value of the
objective function

ﬁ 111_3+1n_3_1 _;’_4_n hl_3_|_%_i — 21n3+l1n4_i n
3\ 3 3 9 3\ 3 4 12)  \3 3 21 )

To see that this is the optimum solution, we form a linear combination of the constraints (5.20)
and (5.36), with factors A and Ag:

1 1 5
A1 Z fij<;+3)—n + A2 Z fij_gn <0,
3<i<j<n 3<i<j<n

where A1 and Ao are obtained as the optimal dual variables associated to these constraints.
As in Lemma 5.9 we must show that the function

1ni'—/\1+1nj.—)\1_i_)\2

g(i,j) = : ; i

is negative or zero, for all integers 4, j such that 3 <i < j <n.

We obtain by complementary slackness the equations ¢(3,4) = 0 and ¢(4,4) = 0, since
f34, faa # 0 in the (proposed) optimal solution. Solving the system of equations {g(3,4) =
0, g(4,4) = 0} we obtain A\; ~ —0.014433 and A2 ~ 0.630864. For this values of A\; and \a, we
can prove that g(i,j) is negative everywhere, except ¢(3,4) = 0 and g(4,4) = 0. O

Since the constraints of the linear program (PJ)" are weaker than the constraints of the
original program (P3), we have:

Corollary 5.9. The optimum value of the linear program (Py) is upper bounded by Z25*.

Theorem 5.11. For a 3-connected planar graph G with smallest face cycle 5, the Outgoing
Edge approach gives an upper bound of

2 1 4\1"
T =1 —In4 — — 2.847263".
(G) < {exp<3 n3+ 0 27” < 2.847263
Proof. By Corollary 5.5 and Corollary 5.9, we have

(o)< [on ()]

and substituting the value of Z5" given in Lemma 5.11 we have the result. O
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Figure 5.16: Grid where all faces are pentagons, satisfying fs3 = n/3, fs4 = 4n/3, and f;; =0
for all ij # 33 or ij # 34. The grid has periodic boundary conditions: the top vertices are
identified with the bottom boundary vertices, and the left boundary vertices are identified with
the right boundary vertices.

There is no planar graph with smallest face cycle 5 and f33 = n/3, fsa = 4n/3, and f;; =0
for all ij # 33 or ij # 34, since, as we said above, a planar graph with smallest face cycle 5
has at most 5/3n — 10/3 edges. However, such a graph can be embedded on the torus. The
situation holds for the grid with periodic conditions illustrated in Figure 5.16.

We can assume that G has only 5-faces, 6-faces and 7-faces: If we add edges to the graph,
the number of spanning trees grows. Similarly as in the previous section, we add chords while
keeping the smallest face cycle being 5, till we cannot continue, and we obtain a graph where
all faces have length 5, 6 or 7.

It is too tricky to write a linear program which considers the deletion of 5-faces, 6-faces
and 7-faces, and we do not expect that this brings a significant improvement.

5.4 Upper Bounds for the Number of Forests

For embedding 3-polytopes in small integer grids in Chapter 6, we need to upper bound the
number of spanning forests of a planar graph with three and four trees, each rooted at one
chosen vertex. The number of spanning forests with three trees is used for embedding 3-
polytopes with at least one triangular face. The number of spanning forest with four trees is
used for embedding 3-polytopes with no triangular face but a quadrilateral face.

We bound the number of spanning forests in terms of the number of spanning trees, and
we use the upper bounds for spanning trees given in Section 5.3.

Lemma 5.12. Let G be a planar graph with three selected vertices vy, va,vs. Let F3(G) be the
set of spanning forests of G with three trees, each one rooted at one chosen vertex vy, va,vs.

Then,
T(G)
4n?

< |FG) < (n = 1)?T(G).
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Proof. Let T be a spanning tree of G and let v1,vs,v3 be three chosen vertices. We obtain
from T a spanning forest with three trees, each one rooted at one chosen vertex, by removing
two edges that disconnect vy, v9,v3. We can disconnect v; from vy by removing any of the
edges of the path from v; to vo. This can be done in at most n — 1 ways. The vertex vs is
still connected to either vy or vy, by a path of at most n — 1 edges. By removing one of these
edges, we obtain the desired spanning forest. Hence, a spanning forest can be obtained from
T in at most (n — 1)? ways, so |[F3(G)| < (n — 1)?T(G).

This bound is not very tight, but it is also not too relaxed: |F?3(G)| is at least T'(G)/4n?.
To see this, let F' be a spanning forest with three trees Fy, Fs, F3, each rooted at one chosen
vertex. From F we can obtain a spanning tree by adding two edges a and b; a connects F'!
with F2 or F2, and b connects the remaining component with the component containing a.
The graph G has at most 3n — 6 edges because it is planar, and the spanning forest F' has n—3
edges. Hence a and b can be chosen within a set of 3n — 6 — (n — 3) = 2n — 3 remaining edges.
Thus we can obtain a spanning tree in at most 4n? ways, and this proves the lower bound of
the theorem. O

A tight example for the upper bound on |F3(G)| given in Lemma 5.12 is illustrated in
Figure 5.17, where the three paths from the unique degree-3 vertex to the chosen vertices
v1,vg,v3 have length (n — 1)/3. This graph has one spanning tree and 1/3(n — 1)? span-
ning forests with three trees, each one rooted at one chosen vertex. Hence, in this example,
|F3(G)| =1/3(n—1)2T(G).

U1

Figure 5.17: Example with |[F?(G)| = 1/3(n — 1)2T(G). The three paths from the unique
degree-3 vertex to the chosen vertices v1, v, v3 have length (n — 1)/3, where n is the number
of vertices of the graph.

A tight example for the lower bound on |F3(G)| in Lemma 5.12 is illustrate in Figure 5.18,
where, given a spanning forest with three trees, each one rooted at one chosen vertex vy, vo, v3,
we can obtain a spanning tree in n? ways (up to a constant factor).

Consider now the case when G is a graph with no triangular face, but at least one quadri-
lateral face, and consider the number of spanning forests with four trees.

Lemma 5.13. Let G be a planar graph with smallest face cycle at least 4. Let |[F*(G)| be the
set of spanning forests of G- with four trees, each one rooted at one chosen vertex vy, va, vs, V4.
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U1 V2

U3

Figure 5.18: Example with T'(G) ~ n?|F3(G)|.

Then,

Proof. Let T be a spanning tree of G and let vy, va, v3,v4 be four chosen vertices. Analogously
as in Theorem 5.12, we obtain from 7' a spanning forest with four components, each one rooted
at one chosen vertex, by removing three edges that disconnect the chosen vertices. Each chosen
vertex v; can be disconnected from another chosen edge v; by removing an edge of the path
from v; to v;, and this can be done in at most n — 1 ways. We must do this three times for
disconnecting the four chosen vertices from each other. Hence, a spanning forest is obtained
from T in at most (n — 1)% ways, so |F4(G)| < (n —1)3T(G).

To see that the bound is not too relaxed, we lower bound |F4(G)| in terms of T(G). Let F
be a spanning forest with four components I}, Fs, F3, Fy, each one rooted at one chosen vertex.
From F' we can obtain a spanning tree by adding three edges a, b and ¢ connecting the four
components. The graph G has at most 2n — 4 edges since each face is bounded by at least 4
edges, and the spanning forest F' has n — 4 edges. Hence a, b and ¢ can be chosen within a set
of 2n — 4 — (n — 4) = n edges. Thus we can obtain a spanning tree in at most n3 ways, and
this proves the lower bound for |F*(G)|. O






