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Abstract

In this dissertation, we investigate some boundary value problems for com-

plex partial differential equations in fan-shaped domains. First of all, we es-

tablish the Schwarz-Poisson representation in fan-shaped domains with angle

π/n (n ∈ N) by the reflection method, and study the corresponding Schwarz

and Dirichlet problems respectively. Further, the Schwarz-Poisson formula is

extended to the general fan-shaped domains with angle π/α (α ≥ 1/2) by

proper conformal mappings, and then the Schwarz and Dirichlet problems for the

Cauchy-Riemann equation are solved. Next, we also establish a bridge between

the unit disc and the fan-shaped domain with α = 1/2, and the Schwarz-Poisson

formula for the unit disc is derived from the Schwarz-Poisson formula for α = 1/2.

Then, we firstly obtain a harmonic Green function and a harmonic Neumann

function in the fan-shaped domain with angle π/α (α ≥ 1/2), and then investigate

the Dirichlet and Neumann problems for the Poisson equation. In particular, the

outward normal derivative at the three corner points is properly defined. Next,

a biharmonic Green function, a biharmonic Neumann function, a triharmonic

Green function, a triharmonic Neumann function and a tetra-harmonic Green

function are constructed for the fan-shaped domain with angle π/n (n ∈ N) in

explicit form respectively. Moreover, we give the process of constructing a tetra-

harmonic Neumann function and the expression of the tetra-harmonic Neumann

function with integral representation. Accordingly, the Dirichlet and Neumann

problems are discussed.

Finally, we establish the iterated expressions and the solvability conditions

of polyharmonic Dirichlet and Neumann problems for the higher order Poisson

equation in the fan-shaped domain with angle π/n (n ∈ N) respectively. In the

meantime, the boundary behavior of polyharmonic Green and polyharmonic Neu-

mann functions by convolution are discussed in detail. Besides, in the Appendix,

the tetra-harmonic Green function and the triharmonic Neumann function for
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the unit disc are constructed in explicit form.

Keywords: Schwarz-Poisson representation, polyharmonic Green function, poly-

harmonic Neumann function, Schwarz problem, Dirichlet problem, Neumann

problem.
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Chapter 1

Introduction

Complex analysis is a comparatively active branch in mathematics which has

grown significantly. In particular, the investigation of boundary value problems

possesses both theoretical and applicable values of importance to many fields,

such as electricity and magnetism, hydrodynamics, elasticity theory, shell the-

ory, quantum mechanics, medical imaging, etc. In recent years, many investi-

gators have made great contribution to boundary value problems for complex

partial differential equations. Numerous results are achieved, which rapidly en-

rich the development of generalized analytic functions, boundary value prob-

lems, Riemann-Hilbert analysis, mathematical physics and so on, reference to

[6, 31, 32, 37, 45, 50, 51, 55, 56].

The classical boundary value problems initiated by B.Riemann and D.Hilbert

are the Riemann and the Riemann-Hilbert problems [46, 38]. The theory of

boundary value problems for analytic functions is extended to many branches.

Analytic functions are in close connection with the Cauchy-Riemann operator ∂z.

Then one aspect is to investigate boundary value problems for different kinds of

functions and the functions satisfying particular complex differential equations,

e.g. generalized analytic functions, functions with several variables, functions in

Hardy space, functions satisfying the Cauchy-Riemann equation, the Beltrami

equation, the generalized Poisson equation, even the higher order complex differ-

ential equations, reference to [3, 4, 5, 6, 48, 50, 56]. In particular, great interest

has arisen for polyanalytic and polyharmonic equations, see [15, 22, 24, 39, 40].

On the other hand, various types of conditions imposed on the boundary lead

to different boundary value problems, such as the Riemann, the Hilbert, the

Dirichlet, the Schwarz, the Neumann, the Hasemann, the Robin boundary value

problems [18, 22, 33, 35, 39, 43]. Moreover, besides the study in the classical
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unit disc, much attention has been paid to boundary value problems in some

particular domains, for example, a half unit disc, a triangle, a fan-shaped do-

main, the upper half plane, a quarter plane, a circular ring and a half circular

ring [5, 19, 26, 36, 49, 54, 60]. Also, some investigators have extended boundary

value problems to higher dimensional spaces, such as a polydisc, a sphere and

other torus related domains, reference to [21, 42, 44].

Generally speaking, the fundamental tools for solving boundary value prob-

lems are the Gauss theorem and the Cauchy-Pompeiu formula. Besides, the

higher order Cauchy-Pompeiu operators Tm,n, due to H. Begehr and G. Hile [20],

establish a bridge for boundary value problems between the homogeneous and

the inhomogeneous complex partial differential equations.

As is well known, Green, Neumann and Robin functions are three useful

fundamental solutions for certain boundary value problems via integral represen-

tation formulas. Especially, in order to solve some polyharmonic Dirichlet and

Neumann problems, certain polyharmonic Green and polyharmonic Neumann

functions need to be studied. In fact, there are several different kinds of polyhar-

monic Green functions. Convoluting the harmonic Green function with itself con-

secutively leads to an iterated polyharmonic Green function, which can be used

to solve an iterated Dirichlet problem for the higher order Poisson equation. In

addition, different from the above polyharmonic Green functions, polyharmonic

Green-Almansi functions are firstly introduced for the unit disc by Almansi [1],

which also give rise to some particular polyharmonic Dirichlet problems. Sim-

ilarly, convoluting the harmonic Neumann function with itself consecutively re-

sults in an iterated polyharmonic Neumann function. Besides, iteration of the

harmonic Green, Neumann and Robin functions pairwise leads to different hybrid

biharmonic Green functions due to H. Begehr [10, 11]. Furthermore, convoluting

the iterated polyharmonic Green functions with the polyharmonic Green-Almansi

functions also gives a variety of hybrid polyharmonic Green functions [9, 12, 28].

However, it should be noted that the expressions of the polyharmonic Green

and Neumann functions by convolution are not easily constructed in explicit form

even in the classical unit disc, although the iterated polyharmonic Dirichlet and
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Neumann problems can be solved by iterated forms.

Many results have been obtained for boundary value problems of complex

partial differential equations in some particular domains. In the unit disc, basic

boundary value problems (Schwarz, Dirichlet, Neumann, Robin problems) for the

Cauchy-Riemann equation are studied and several hybrid biharmonic functions

are given explicitly by convoluting the harmonic ones [7, 12, 25]. Moreover, poly-

harmonic Poisson kernels for the higher order Poisson equation are constructed

in a complicated form using vertical sums [16, 34], but the iterated polyharmonic

(m-harmonic)Green and Neumann functions by convolution are established only

up to m = 3 [29]. For the upper half plane [17, 36], polyharmonic Green-Almansi

functions are given explicitly to solve the related polyharmonic Dirichlet problem.

And in the circular ring [52, 53, 54], the existing results mainly include solving

four fundamental boundary value problems for the Cauchy-Riemann equation,

and then establishing the harmonic Green, Neumann, Robin functions as well

as the biharmonic Green function in detail. Besides, the investigation for the

quarter plane is just at the beginning with basic boundary value problems for

the Cauchy-Riemann equation solved [2, 19]. As to in the higher dimensional

spaces, the related results can be viewed in [13, 14, 21, 41, 42, 44]. Especially,

the Schwarz problem for the Cauchy-Riemann equation, the harmonic Green and

Neumann functions are studied in half disc and half ring [26]. Also some results

are achieved in fan-shaped domains [57, 58, 59].

In this thesis, we systematically investigate some boundary value problems

in fan-shaped domains. First of all, the Schwarz-Poisson representation for-

mula is obtained in fan-shaped domains with angle π/n (n ∈ N) by the re-

flection method, as well as the Schwarz and Dirichlet problems are discussed for

the Cauchy-Riemann equation. For the general fan-shaped domains with angle

π/α (α ≥ 1/2), the Schwarz-Poisson representation is established by a proper

conformal mapping, and then some boundary value problems for the Cauchy-

Riemann equation are investigated. In particular, the boundary behavior at the

three corner points are discussed in detail for the above two kinds of domains.

Next, the situation for α = 1/2 is especially investigated. Furthermore, we de-

velop a bridge between the unit disc and the fan-shaped domain with α = 1/2,

3



and then the Schwarz-Poisson formula for the unit disc can be derived from the

Schwarz-Poisson formula for the fan-shaped domain with angle 2π (α = 1/2).

Next, the harmonic Green and the harmonic Neumann functions are con-

structed in the fan-shaped domain with angle π/α (α ≥ 1/2). What is more, the

outward normal derivatives at the three corner points are introduced properly

and the corresponding Dirichlet and Neumann problems for the Poisson equation

are studied. As we know, the construction of polyharmonic Green and polyhar-

monic Neumann functions of arbitrary order m in explicit form is a demand-

ing and complicated procedure. Here the biharmonic Green, the biharmonic

Neumann, the tri-harmonic Green, the tri-harmonic Neumann, and the tetra-

harmonic Green functions are established explicitly for the fan-shaped domain

with angle π/n (n ∈ N), by means of a series of proper polyharmonic functions.

Then we also give the construction process for the tetra-harmonic Neumann func-

tion in detail and obtain the expression of the tetra-harmonic Neumann function

with integral representation. Accordingly, the Dirichlet and Neumann problems

are investigated respectively.

Finally, even though the explicit expressions for polyharmonic Green and

Neumann functions are unknown except for the above lower order ones, we still

establish the inductive expressions of solutions and solvability conditions for the

iterated polyharmonic Dirichlet and polyharmonic Neumann problems in the fan-

shaped domain with angle π/n (n ∈ N). At the same time, the recursive expres-

sions of polyharmonic Green and polyharmonic Neumann functions are given by

convolution, and their boundary behaviors are investigated in detail. Besides, in

the Appendix, the tetra-harmonic Green function and the tri-harmonic Neumann

function for the unit disc are constructed in explicit forms respectively.
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Chapter 2

Boundary Value Problems for the Inhomogeneous

Cauchy-Riemann Equation

In this Chapter, the Schwarz-Poisson representation formulas are obtained in

fan-shaped domains with angle π/n (n ∈ N) and π/α (α ≥ 1/2) respectively,

and then the solutions and solvability conditions for the Schwarz and Dirichlet

problems are given explicitly.

2.1 Preliminaries

Let C be the complex plane and the variable z = x+ i y, x, y ∈ R. Introducing

the complex partial derivatives,

∂

∂z
=

1

2

(
∂

∂x
− i ∂

∂y

)
,

∂

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

If a continuously differentiable function w(z) satisfies the following homogeneous

Cauchy-Riemann equation

∂zw(z) = 0,

then w(z) is analytic.

The main tools for solving boundary value problems of complex differential

equations are the Gauss theorem and the Cauchy-Pompeiu representation.

Theorem 2.1.1. [6, 7] (Gauss Theorem) Let D ⊂ C be a regular domain, w ∈
C1(D,C) ∩ C(D,C), z = x+ i y, then,∫

D

wz(z)dxdy =
1

2i

∫
∂D

w(z)dz, (2.1)

∫
D

wz(z)dxdy = − 1

2i

∫
∂D

w(z)dz. (2.2)
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The above Gauss theorem leads to a generalization of the Cauchy represen-

tation for analytic functions, that is the so-called Cauchy-Pompeiu formula.

Theorem 2.1.2. [6, 7] (Cauchy-Pompeiu representation) Any w ∈ C1(D;C) ∩
C(D;C) for a regular complex domain D ⊂ C can be represented as

1

2πi

∫
∂D

w(ζ)
dζ

ζ − z
− 1

π

∫
D

wζ(ζ)
dξdη

ζ − z
=

 w(z), z ∈ D,

0, z /∈ D,
(2.3)

and

− 1

2πi

∫
∂D

w(ζ)
dζ

ζ − z
− 1

π

∫
D

wζ(ζ)
dξdη

ζ − z
=

 w(z), z ∈ D,

0, z /∈ D.
(2.4)

The Pompeiu operator

T [f ](z) = − 1

π

∫
D

f(ζ)
dξdη

ζ − z
, f ∈ L1(D;C), z ∈ D (2.5)

studied in detail by I.N.Vekua [50] plays a critical role in treating boundary

value problems for the inhomogeneous Cauchy-Riemann equation. It has some

important properties.

Theorem 2.1.3. [6, 50] Let D ⊂ C be a bounded domain, then for f ∈
Lp(D;C), p > 2, T is a completely continuous linear operator from Lp(D;C)

into Cα0(C) with α0 =
p− 2

p
.

Theorem 2.1.4. [6, 50] If f ∈ L1(D), then for all ϕ ∈ C1
0(D)∫

D

T [f ](z)ϕz(z)dxdy +

∫
D

f(z)ϕ(z)dxdy = 0.

Remark 2.1.1. Theorem 2.1.4 implies that for f ∈ L1(D), T [f ] is differentiable

with respect to z in weak sense with
∂T [f ]

∂z
= f .

The Poisson kernels for the unit disc D = {z ∈ C : |z| < 1} and the upper

half plane H+ = {z : Imz > 0} are, respectively,

ζ

ζ − z
+

ζ

ζ − z
− 1, z ∈ D, ζ ∈ ∂D,
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and
1

ζ − z
− 1

ζ − z
, z ∈ H+, ζ ∈ ∂H+.

Then for γ1 ∈ C(∂D,R), γ2 ∈ C(∂H+,R) [47, 36],

lim
z→t, |z|<1

t∈∂D

1

2πi

∫
|ζ|=1

γ1(ζ)

[
ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ
= γ1(t).

and

lim
z→t, z∈H+

t∈∂H+

1

2πi

+∞∫
−∞

γ2(ζ)

[
1

ζ − z
− 1

ζ − z

]
dζ = γ2(t).

2.2 Schwarz Problem with Angle π/n (n ∈ N)

Let Ω be a fan-shaped domain in the complex plane C defined by

Ω =
{
z ∈ C : |z| < 1, 0 < arg z <

π

n

}
. (2.6)

0, 1, ω = eiθ are three corner points of the domain Ω and the oriented circular arc

L is parameterized by

L : τ 7−→ eiτ , τ ∈ [0, θ],

where θ = π
n
. The boundary ∂Ω = [0, 1]∪L∪ [ω, 0] is oriented counter-clockwise.

In what follows, we always regard n as a fixed positive integer, θ =
π

n
and

ω = eiθ.

By rotations, we define some domains

Ωk ≡ ω2kΩ = {ω2kz : z ∈ Ω}, k = 0, 1, · · · , n− 1, (2.7)

where Ω0 = Ω is the sector defined by (2.6). By reflections on the real axis, we

define

Ek = {z : z ∈ Ωk}, k = 0, 1, · · · , n− 1. (2.8)

Besides, by reflections on the unit circumference, define

Dk = {z−1 : z ∈ Ωk}, Ek = {z−1 : z ∈ Ek}, k = 0, 1, · · · , n− 1. (2.9)

7



Obviously, Ωk,Dk, Ek, Ek, k = 0, 1, · · · , n− 1 are disjoint domains and

C =
n−1⋃
k=0

(
Ωk ∪ Dk ∪ Ek ∪ Ek

)
. (2.10)

Moreover,

n−1⋃
k=0

(Ωk ∪ Ek) = {z ∈ C : |z| ≤ 1},
n−1⋃
k=0

(Dk ∪ Ek) = {z ∈ C : |z| ≥ 1}.

Obviously, the following lemma holds.

Lemma 2.2.1. If z ∈ Ω, then zω2k ∈ Ωk, zω
−2k ∈ Ek, z

−1ω2k ∈ Dk and

z−1ω−2k ∈ Ek for k = 0, 1, · · · , n − 1, where Ωk, Ek,Dk, Ek are defined by (2.7)-

(2.9), respectively.

2.2.1 Schwarz-Poisson Representation

To solve the Schwarz problem, the Schwarz-Poisson formula is derived from

the Cauchy-Pompeiu formula.

Theorem 2.2.1. Any w ∈ C1(Ω;C) ∩ C(Ω;C) can be represented as

w(z) =
1

2πi

∫
∂Ω

w(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ

− 1

π

∫
Ω

wζ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dξdη, z ∈ Ω

(2.11)

and for z ∈ Ω

w(z) =
1

2πi

∫
L

Rew(ζ)
n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
− ζ + zω−2k

ζ − zω−2k

)
dζ

ζ
+
n

π

∫
L

Imw(ζ)

ζ
dζ

+
1

πi

∫
[ω,0]∪[0,1]

Rew(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ

− 1

π

∫
Ω

[
wζ̄(ζ)

n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)

−wζ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)]
dξdη.

(2.12)

8



Proof: From Lemma 2.2.1 and Theorem 2.1.2,

w(z) =
n−1∑
k=0

{
1

2πi

∫
L

w(ζ)

ζ − zω2k
dζ +

1

2πi

∫
[ω,0]∪[0,1]

w(ζ)

ζ − zω2k
dζ

− 1

π

∫
Ω

wζ̄(ζ)

ζ − zω2k
dξdη

}
, z ∈ Ω,

(2.13)

0 =
n−1∑
k=0

{
1

2πi

∫
L

zw(ζ)

zζ − ω2k
dζ +

1

2πi

∫
[ω,0]∪[0,1]

zw(ζ)

zζ − ω2k
dζ

− 1

π

∫
Ω

zwζ̄(ζ)

zζ − ω2k
dξdη

}
, z ∈ Ω,

(2.14)

0 =
n−1∑
k=0

{
1

2πi

∫
L

w(ζ)

ζ − zω−2k
dζ +

1

2πi

∫
[ω,0]∪[0,1]

w(ζ)

ζ − zω−2k
dζ

− 1

π

∫
Ω

wζ̄(ζ)

ζ − zω−2k
dξdη

}
, z ∈ Ω,

(2.15)

and

0 =
n−1∑
k=0

{
1

2πi

∫
L

zw(ζ)

zζ − ω−2k
dζ +

1

2πi

∫
[ω,0]∪[0,1]

zw(ζ)

zζ − ω−2k
dζ

− 1

π

∫
Ω

zwζ̄(ζ)

zζ − ω−2k
dξdη

}
, z ∈ Ω.

(2.16)

Clearly, adding (2.13) and (2.14) leads to the validity of (2.11).

Taking complex conjugation on both sides of (2.15) and (2.16), respectively,

gives

0 =
n−1∑
k=0

{
1

2πi

∫
L

ζ w(ζ)

ζ − zω2k

dζ

ζ
− 1

2πi

1∫
0

w(ζ)

ζ − zω2k
dζ

− 1

2πi

∫
[ω,0]

w(ζ)

ζ − zω2k+2
dζ − 1

π

∫
Ω

wζ̄(ζ)

ζ − zω2k
dξdη

}
, z ∈ Ω

(2.17)

9



and

0 =
n−1∑
k=0

{
1

2πi

∫
L

zζ w(ζ)

zζ − ω2k

dζ

ζ
− 1

2πi

1∫
0

zw(ζ)

zζ − ω2k
dζ

− 1

2πi

∫
[ω,0]

zw(ζ)

zζ − ω2k+2
dζ − 1

π

∫
Ω

zwζ̄(ζ)

zζ − ω2k
dξdη

}
, z ∈ Ω.

(2.18)

Obviously, (2.17) and (2.18) can be, respectively, rewritten as

0 =
n−1∑
k=0

{
1

2πi

∫
L

ζ w(ζ)

ζ − zω2k

dζ

ζ
− 1

2πi

∫
[ω,0]∪[0,1]

w(ζ)

ζ − zω2k
dζ

− 1

π

∫
Ω

wζ̄(ζ)

ζ − zω2k
dξdη

}
, z ∈ Ω,

(2.19)

and

0 =
n−1∑
k=0

{
1

2πi

∫
L

zζ w(ζ)

zζ − ω2k

dζ

ζ
− 1

2πi

∫
[ω,0]∪[0,1]

zw(ζ)

zζ − ω2k
dζ

− 1

π

∫
Ω

zwζ̄(ζ)

zζ − ω2k
dξdη

}
, z ∈ Ω.

(2.20)

Subtracting the sum of (2.19) and (2.20) from (2.11), we easily get

w(z) = I1 + I2 + I3, z ∈ Ω (2.21)

with

I1 =
1

2πi

∫
L

n−1∑
k=0

[
w(ζ)

(
ζ

ζ − zω2k
+

zζ

zζ − ω2k

)

−w(ζ)

(
ζ

ζ − zω2k
+

zζ

zζ − ω2k

)]
dζ

ζ
,

(2.22)

I2 =
1

2πi

∫
[ω,0]∪[0,1]

n−1∑
k=0

[
w(ζ)

(
1

ζ − zω2k
+

z

zζ − ω2k

)

+w(ζ)

(
1

ζ − zω2k
+

z

zζ − ω2k

)]
dζ

(2.23)
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and

I3 = − 1

π

∫
Ω

n−1∑
k=0

[
wζ̄(ζ)

(
1

ζ − zω2k
− z

ω2k − zζ

)
−wζ(ζ)

(
1

ζ − zω2k
− z

ω2k − zζ

)]
dξdη.

(2.24)

By simple computation, we have

I1 =
1

2πi

∫
L

Rew(ζ)
n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
− ζ + zω−2k

ζ − zω−2k

)
dζ

ζ
+
n

π

∫
L

Imw(ζ)

ζ
dζ (2.25)

and

I2 =
1

πi

∫
[ω,0]∪[0,1]

Rew(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ. (2.26)

This completes the proof.

Remark 2.2.1. When n = 1, the sector Ω is the upper half disc and Theorem

2.2.1 coincides with Theorem 1 in [26].

2.2.2 Schwarz Problem

Firstly, the boundary behavior of some linear integrals are investigated. Let

K(z, ζ) =
n−1∑
k=0

(
1

ζ − zω2k
− 1

ζ − zω−2k
+

z

zζ − ω−2k
− z

zζ − ω2k

)
. (2.27)

Lemma 2.2.2. If γ ∈ C(L;C), then
lim

z∈Ω, z→t

1

2πi

∫
L

[γ(ζ)− γ(1)]K(z, ζ)dζ = γ(t)− γ(1), t ∈ L \ {ω},

lim
z∈Ω, z→t

1

2πi

∫
L

[γ(ζ)− γ(ω)]K(z, ζ)dζ = γ(t)− γ(ω), t ∈ L \ {1}
(2.28)

and

lim
z∈Ω, z→t

1

2πi

∫
L

γ(ζ)K(z, ζ)dζ = 0, t ∈ (ω, 0] ∪ [0, 1), (2.29)

where K is defined by (2.27).
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Proof: Simple computation gives

lim
z∈Ω, z→t

n−1∑
k=1

(
1

ζ − zω2k
− 1

ζ − zω−2k
+

z

zζ − ω2k
− z

zζ − ω−2k

)
= 0

for t ∈ L \ {ω} and ζ ∈ L by Lemma 2.2.1. Hence we see that

lim
z∈Ω, z→t

1

2πi

∫
L

[γ(ζ)− γ(1)]K(z, ζ)dζ

= lim
z∈Ω, z→t

1

2πi

∫
L

[γ(ζ)− γ(1)]

(
ζ

ζ − z
− ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z

)
dζ

ζ

= lim
z∈Ω, z→t

1

2πi

∫
L∪L

Λ1(ζ)

(
ζ

ζ − z
+

ζ

ζ − z
− 1

)
dζ

ζ
, t ∈ L \ {ω},

(2.30)

where L = {τ : τ = eiϕ, −π
n
< ϕ < 0} is oriented counter-clockwise and

Λ1(ζ) =

{
γ(ζ)− γ(1), ζ ∈ L,
−γ(ζ) + γ(1), ζ ∈ L.

Therefore, by the continuity of Λ1(ζ) on L∪L and the boundary property of the

classical Poisson kernel on the unit circle, (2.30) implies that

lim
z∈Ω, z→t

1

2πi

∫
L

[γ(ζ)− γ(1)]K(z, ζ)dζ = γ(t)− γ(1), t ∈ L \ {ω}.

Similarly, the other equality in (2.28) is valid. Finally, if ζ ∈ L and z ∈ (ω, 0] ∪
[0, 1), then K(z, ζ) ≡ 0, and hence (2.29) holds.

Lemma 2.2.3. If γ ∈ C([0, 1];C), then

lim
z∈Ω, z→t

1

2πi

1∫
0

[γ(ζ)− γ(1)]K(z, ζ)dζ = γ(t)− γ(1), t ∈ (0, 1], (2.31)

lim
z∈Ω, z→t

1

2πi

1∫
0

γ(ζ)K(z, ζ)dζ = 0, t ∈ ∂Ω \ [0, 1], (2.32)

where K is given by (2.27).
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Proof: Similarly as before, we have

lim
z∈Ω, z→t

1

2πi

1∫
0

[γ(ζ)− γ(1)]K(z, ζ)dζ

= lim
z∈Ω, z→t

1

2πi

1∫
0

[γ(ζ)− γ(1)]

(
1

ζ − z
− 1

ζ − z
− z

zζ − 1
+

z

zζ − 1

)
dζ

= lim
z∈Ω, z→t

1

2πi

+∞∫
0

Λ2(ζ)

(
1

ζ − z
− 1

ζ − z

)
dζ, t ∈ (0, 1]

with

Λ2(ζ) =

 γ(ζ)− γ(1), ζ ∈ (0, 1],

−γ(1
ζ
) + γ(1), ζ ∈ (1,+∞).

Thus, from the continuity of Λ2 on (0,+∞) and the property of the Poisson

kernel on the real axis, (2.31) is obtained. If ζ ∈ [0, 1] and z ∈ ∂Ω \ [0, 1], then

K(z, ζ) ≡ 0, and hence (2.32) is true.

Similarly to Lemma 2.2.3, the following lemma is valid.

Lemma 2.2.4. If γ ∈ C([ω, 0];C), then

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]

[γ(ζ)− γ(ω)]K(z, ζ)dζ = γ(t)− γ(ω), t ∈ [ω, 0), (2.33)

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]

γ(ζ)K(z, ζ)dζ = 0, t ∈ ∂Ω \ [ω, 0], (2.34)

where K is given by (2.27).

It should be noted that the boundary behavior at the corner z = 0 needs to

be especially investigated because 0 is the common point of the boundary of all

the sectors Ωk, Ek, k = 0, 1, · · · , n− 1.

Lemma 2.2.5. If γ ∈ C([ω, 0] ∪ [0, 1];C), then

lim
z∈Ω, z→0

1

2πi

∫
[ω,0]∪[0,1]

[γ(ζ)− γ(0)]K(z, ζ)dζ = 0, (2.35)

where K is defined by (2.27).
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Proof: Firstly, we have

lim
z∈Ω, z→0

1

2πi

∫
[ω,0]∪[0,1]

[γ(ζ)− γ(0)]K(z, ζ)dζ

= lim
z∈Ω, z→0

1

2πi

∫
[ω,0]∪[0,1]

[γ(ζ)− γ(0)]
n−1∑
k=0

(
1

ζ − zω2k
− 1

ζ − zω−2k

)
dζ.

(2.36)

Next we discuss the boundary behavior at z = 0 in two cases.

Case 1: if n is an even number, by (2.36),

lim
z∈Ω, z→0

1

2πi

1∫
0

[γ(ζ)− γ(0)]K(z, ζ)dζ

= lim
z∈Ω, z→0

1

2πi

1∫
0

[γ(ζ)− γ(0)]

n
2
−1∑

k=0

(
1

ζ − zω2k
− 1

ζ − z̄ω−2k

+
1

ζ + zω2k
− 1

ζ + z̄ω−2k

)
dζ

=

n
2
−1∑

k=0

lim
z∈Ω, z→0

1

2πi

1∫
−1

Λ3(ζ)

(
1

ζ − zω2k
− 1

ζ − z̄ω−2k

)
dζ

(2.37)

with

Λ3(ζ) =

 γ(ζ)− γ(0), ζ ∈ (0, 1],

−γ(−ζ) + γ(0), ζ ∈ [−1, 0).

Since for z ∈ Ω, all zω2k, k = 0, · · · , n
2
− 1 are in the upper half-plane, (2.37)

leads to

lim
z∈Ω, z→0

1

2πi

1∫
0

[γ(ζ)− γ(0)]K(z, ζ)dζ =
n

2
Λ3(0) = 0. (2.38)

Similarly,

lim
z∈Ω, z→0

1

2πi

∫
[ω,0]

[γ(ζ)− γ(0)]K(z, ζ)dζ = 0. (2.39)

Thus, the sum of (2.38) and (2.39) gives the desired conclusion (2.35).
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Case 2: if n is an odd number, then (2.36) equals

lim
z∈Ω, z→0

{
1

2πi

1∫
0

[γ(ζ)− γ(0)]

n−1
2∑

k=0

(
1

ζ − zω2k
− 1

ζ − z̄ω−2k

)
dζ

+
1

2πi

1∫
0

[γ(ζ)− γ(0)]

n−1
2∑

k=1

(
1

ζ + zω2k−1
− 1

ζ + z̄ω−(2k−1)

)
dζ

− 1

2πi

1∫
0

[γ(ζω)− γ(0)]

n−1
2∑

k=1

(
1

ζ − zω2k−1
− 1

ζ − z̄ω−(2k−1)

)
dζ

− 1

2πi

1∫
0

[γ(ζω)− γ(0)]

n−1
2∑

k=0

(
1

ζ + zω2k
− 1

ζ + z̄ω−2k

)
dζ

}

= lim
z∈Ω, z→0

n−1
2∑

k=0

1

2πi

1∫
−1

Λ4(ζ)

(
1

ζ − zω2k
− 1

ζ − z̄ω−2k

)
dζ

− lim
z∈Ω, z→0

n−1
2∑

k=1

1

2πi

1∫
−1

Λ5(ζ)

(
1

ζ − zω2k−1
− 1

ζ − z̄ω−(2k−1)

)
dζ

(2.40)

with

Λ4(ζ) =

 γ(ζ)− γ(0), ζ ∈ [0, 1),

γ(−ζω)− γ(0), ζ ∈ [−1, 0),

and

Λ5(ζ) =

 γ(ζω)− γ(0), ζ ∈ [0, 1),

γ(−ζ)− γ(0), ζ ∈ [−1, 0).

Then the continuity of Λ4,Λ5 at ζ = 0 implies that the limit in (2.40) equals

n+ 1

2
Λ4(0)− n− 1

2
Λ5(0) = 0.

Therefore (2.35) is valid in this case. In conclusion, the desired conclusion (2.35)

is always true.

Lemma 2.2.6. If γ ∈ C([ω, 0] ∪ [0, 1];C), then

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]∪[0,1]

[γ(ζ)− γ(0)]K(z, ζ)dζ = γ(t)− γ(0), t ∈ (ω, 0] ∪ [0, 1),

where K is defined by (2.27).
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Proof: By Lemma 2.2.5, we only need to prove

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]∪[0,1]

[γ(ζ)− γ(0)]K(z, ζ)dζ = γ(t)− γ(0), t ∈ (ω, 0) ∪ (0, 1).

(2.41)

By Lemmas 2.2.3 and 2.2.4, (2.41) is equivalent to

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]

[γ(ζ)− γ(0)]K(z, ζ)dζ = γ(t)− γ(0), t ∈ (ω, 0) (2.42)

and

lim
z∈Ω, z→t

1

2πi

1∫
0

[γ(ζ)− γ(0)]K(z, ζ)dζ = γ(t)− γ(0), t ∈ (0, 1). (2.43)

The left-hand side of (2.42) equals

lim
z∈Ω, z→t

1

2πi

∫
[ω,0]

[γ(ζ)− γ(0)]

(
1

ζ − z
− 1

ζ − zω2

)
dζ

= − lim
z∈Ω, z→t

1

2πi

1∫
0

[γ(ζω)− γ(0)]

(
1

ζ − zω−1
− 1

ζ − zω

)
dζ

= γ(t)− γ(0), t ∈ (ω, 0).

Hence (2.42) is true. Similarly, (2.43) is also valid.

Theorem 2.2.2. If γ ∈ C(∂Ω;C), then

lim
z∈Ω, z→t

1

2πi

∫
∂Ω

γ(ζ)K(z, ζ)dζ = γ(t), t ∈ ∂Ω, (2.44)

where K is defined by (2.27).

Proof: Let t ∈ (ω, 0] ∪ [0, 1), by Lemmas 2.2.2 and 2.2.6, the left-hand side in

(2.44) equals

[γ(t)− γ(0)] + lim
z∈Ω, z→t

γ(0)

2πi

∫
[ω,0]∪[0,1]

K(z, ζ)dζ. (2.45)
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On the other hand, by (2.12),

1 =
1

2πi

∫
L

n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
− ζ + zω−2k

ζ − zω−2k

)
dζ

ζ

+
1

πi

∫
[ω,0]∪[0,1]

n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ.

(2.46)

Taking the real part on both sides of (2.46) gives

1 =
1

2πi

∫
L

K(z, ζ)dζ +
1

2πi

∫
[ω,0]∪[0,1]

K(z, ζ)dζ. (2.47)

Then, by (2.47) and (2.29), (2.45) equals

γ(t)− lim
z∈Ω, z→t

γ(0)

2πi

∫
L

K(z, ζ)dζ = γ(t).

Therefore, (2.44) is valid for t ∈ (ω, 0] ∪ [0, 1). Similarly, (2.44) is also true for

t ∈ ∂Ω \ [0, 1] and t ∈ ∂Ω \ [ω, 0], respectively. This completes the proof.

We introduce the Schwarz-type operator as follows

S[γ](z) =
1

2πi

∫
L

γ(ζ)
n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
− ζ + zω−2k

ζ − zω−2k

)
dζ

ζ

+
1

πi

∫
[ω,0]∪[0,1]

γ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ, z ∈ Ω,

(2.48)

where γ ∈ C(∂Ω;R). Obviously, S[γ](z) is analytic in the domain Ω, denoted as

S[γ] ∈ A(Ω). Further,

ReS[γ](z) =
1

2πi

∫
∂Ω

γ(ζ)K(z, ζ)dζ, z ∈ Ω (2.49)

for γ ∈ C(∂Ω;R), where K is defined by (2.27). Thus, by Theorem 2.2.2, the

following result is valid.

Theorem 2.2.3. If γ ∈ C(∂Ω;R), then {ReS[γ]}+(t) = γ(t), t ∈ ∂Ω, where S

is the Schwarz-type operator defined by (2.48).
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Finally, a Pompeiu-type operator for Ω is introduced by

T̂ [f ](z) = − 1

π

∫
Ω

n−1∑
k=0

[
f(ζ)

( 1

ζ − zω2k
− z

ω2k − zζ

)
−f(ζ)

( 1

ζ − zω2k
− z

ω2k − zζ

)]
dξdη, z ∈ Ω,

(2.50)

where f ∈ Lp(Ω;C), p > 2. By simple computation, we have

ReT̂ [f ](z) = − 1

2π

∫
Ω

[
f(ζ)K(z, ζ)− f(ζ)K(z, ζ)

]
dξdη, z ∈ Ω, (2.51)

where K is defined by (2.27).

Theorem 2.2.4. If f ∈ Lp(Ω;C), p > 2, then ∂zT̂ [f ](z) = f(z), z ∈ Ω in weak

sense, and {ReT̂ [f ]}+(t) = 0, t ∈ ∂Ω, where T̂ is the Pompeiu-type operator

defined by (2.50).

Proof: By (2.50), it is obvious that ∂zT̂ [f ](z) = ∂zT [f ](z) = f(z), z ∈ Ω in

weak sense, where T is defined by (2.5). On the other hand, K(z, ζ) = K(z, ζ) =

0, (z, ζ) ∈ ∂Ω× Ω implies that {ReT̂ [f ]}+(t) = 0, t ∈ ∂Ω.

Therefore, we obtain the following Schwarz problem.

Theorem 2.2.5. The Schwarz problem
∂zw = f in Ω, Rew = γ on ∂Ω,

n

π

π
n∫

0

Imw(eiϕ)dϕ = c, c ∈ R
(2.52)

for f ∈ Lp(Ω;C), p > 2, γ ∈ C(∂Ω;R), is uniquely solvable by

w(z) = S[γ](z) + T̂ [f ](z) + ic, (2.53)

where S, T̂ are defined by (2.48) and (2.50), respectively.
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Proof: By Theorem 2.2.1, if there is a solution for the Schwarz problem (2.52),

it must be of the form (2.53). Thus we only need to verify that (2.53) provides

a solution.

If w is given by (2.53), then ∂zw = f in Ω since S[γ] ∈ A(Ω) and ∂zT̂ [f ] = f

by Theorem 2.2.4. Also by Theorems 2.2.3 and 2.2.4, Rew = γ on ∂Ω. Finally,

we only need to prove that

n

π

π
n∫

0

Imw(eiϕ)dϕ = c, c ∈ R. (2.54)

Actually,

1

2πi

∫
L

n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
− ζ + zω−2k

ζ − zω−2k

)
dz

z
=

1

2πi

∫
L

n−1∑
k=0

(
ζ + zω2k

ζ − zω2k
+
ζ + zω2k

ζ − zω2k

)
dz

z

=
1

2πi

∫
|z|=1

ζ + z

ζ − z
dz

z
=

1

2πi

∫
|z|=1

(
1

z
− 2

z − ζ

)
dz = 0, ζ ∈ L

and

1

2πi

∫
L

n−1∑
k=0

( 1

ζ − zω2k
− z

ω2k − zζ

)dz

z
=

1

2πi

∫
L

n−1∑
k=0

(
1

ζ − zω2k
+

1

ζ − zω2k

)
dz

z

=
1

2πi

∫
|z|=1

1

ζ − z
dz

z
= 0 for ζ ∈ (ω, 0] ∪ [0, 1).

Hence ∫
L

ImS[γ](z)
dz

z
= 0. (2.55)

Similarly, for ζ ∈ Ω,

1

2πi

∫
L

n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dz

z

=
1

2πi

∫
L

n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dz

z
= 0,

which implies that ∫
L

ImT̂ [f ](z)
dz

z
= 0. (2.56)

Thus, (2.53), (2.55) and (2.56) lead to (2.54). Then the proof is completed.
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2.3 Dirichlet Problem with Angle π/n (n ∈ N)

We firstly consider the Dirichlet problem for the homogeneous Cauchy-Riemann

equation  ∂zw(z) = 0, z ∈ Ω,

w+(t) = γ(t), t ∈ ∂Ω,
(2.57)

where the boundary data γ ∈ C(∂Ω;C).

Theorem 2.3.1. The Dirichlet problem (2.57) is solvable if and only if

1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − z̄ω2k
− z̄

ω2k − z̄ζ

)
dζ = 0, z ∈ Ω, (2.58)

and its solution is uniquely expressed as

w(z) =
1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ, z ∈ Ω. (2.59)

Proof: By (2.11) in Theorem 2.2.1, if there is a solution for the Dirichlet prob-

lem (2.57), then its solution can be represented as (2.59).

Now we prove that (2.58) is a necessary condition. If w is the solution to

the Dirichlet problem (2.57) given by (2.59), then

w+(t) = γ(t), t ∈ ∂Ω. (2.60)

Let

h(z) =
1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
− z

ω2k − zζ

)
dζ, z ∈ Ω.

Obviously,

w(z)− h(z) =
1

2πi

∫
∂Ω

γ(ζ)K(z, ζ)dζ,

where K is defined by (2.27). By Theorem 2.2.2,

lim
z∈Ω, z→t

[w(z)− h(z)] = γ(t), t ∈ ∂Ω. (2.61)
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By (2.60) and (2.61), we have h+(t) = 0, t ∈ ∂Ω. Since h(z) is analytic for z ∈ Ω,

then by the maximum principle of analytic functions, h(z) ≡ 0 for z ∈ Ω, which

is just the condition (2.58).

On the other hand, If the condition (2.58) is satisfied, then

w(z) =
1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
+

z

zζ − ω2k

)
dζ =

1

2πi

∫
∂Ω

γ(ζ)K(z, ζ)dζ,

z ∈ Ω.

Hence, obviously ∂zw(z) = 0, z ∈ Ω, and w+(t) = γ(t), t ∈ ∂Ω by Theorem

2.2.2.

Theorem 2.3.2. The inhomogeneous Dirichlet problem
∂zw(z) = f(z), z ∈ Ω, f ∈ Lp(Ω;C), p > 2,

w+(t) = γ(t), t ∈ ∂Ω, γ ∈ C(∂Ω;C)

(2.62)

is solvable if and only if for z ∈ Ω,

1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − z̄ω2k
+

z̄

z̄ζ − ω2k

)
dζ

=
1

π

∫
Ω

f(ζ)
n−1∑
k=0

(
1

ζ − z̄ω2k
+

z̄

z̄ζ − ω2k

)
dξdη,

(2.63)

and its solution can be uniquely expressed as

w(z) =
1

2πi

∫
∂Ω

γ(ζ)
n−1∑
k=0

(
1

ζ − zω2k
+

z

zζ − ω2k

)
dζ

− 1

π

∫
Ω

f(ζ)
n−1∑
k=0

(
1

ζ − zω2k
+

z

zζ − ω2k

)
dξdη, z ∈ Ω.

(2.64)

Proof: If the Dirichlet problem (2.62) is solvable, then its solution can be rep-

resented as (2.64) due to Theorem 2.2.1. Let φ(z) = w(z)− T [f ](z), then

∂zφ = 0 in Ω, φ = γ − T [f ] on ∂Ω,

21



where T is defined by (2.5). From Theorem 2.3.1, the condition of solvability is

1

2πi

∫
∂Ω

{γ(ζ)− T [f ](ζ)}
n−1∑
k=0

(
1

ζ − z̄ω2k
− z̄

ω2k − z̄ζ

)
dζ = 0,

which is just condition (2.63) by computation.

Conversely, if the condition of solvability (2.63) is satisfied, (2.64) can be

rewritten as

w(z) =
1

2πi

∫
∂Ω

γ(ζ)K(z, ζ)dζ − 1

π

∫
Ω

f(ζ)K(z, ζ)dξdη, z ∈ Ω. (2.65)

Since − 1
π

∫
Ω

f(ζ)K(z, ζ)dξdη tends to 0 as z → t ∈ ∂Ω, (2.65) implies that

w+(t) = γ(t), t ∈ ∂D by Theorem 2.2.2. Obviously, we also have ∂zw(z) =

f(z), z ∈ Ω. This completes the proof.

2.4 Schwarz Problem with Angle π/α (α ≥ 1/2)

In Section 2.2, we give the Schwarz-Poisson formula for the domain Ω with angle

π/n (n ∈ N) explicitly by the reflection method. However, for a general angle

π/α (α ≥ 1/2), it is difficult to bring this formula into effect likewise. This

Section is devoted to extending the Schwarz-Poisson representation formula to a

fan-shaped domain Ω+ with angle π/α by a proper conformal mapping and to

solving the Schwarz problem in detail.

Let Ω+ be a fan-shaped domain with angle ϑ = π
α

(α ≥ 1/2), that is,

Ω+ =
{
|z| < 1, 0 < arg z <

π

α

}
.

Its boundary ∂Ω+ = [0, 1]∪Γ0∪ [$, 0] is oriented counter-clockwise with $ = eiϑ.

Further, 0, 1, $ are the three corner points and the oriented segment Γ0 is

parameterized by

Γ0 : τ 7−→ eiτ , τ ∈
[
0,

π

α

]
.

Obviously, the domain Ω+ = Ω for α = n.

Similarly, except for additional indication, we always assume that α (α ≥
1/2) is a fixed real constant, ϑ = π/α and $ = eiϑ.
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2.4.1 Schwarz-Poisson Representation

From [26] and Theorem 2.2.1, when n = 1, the following lemma holds.

Lemma 2.4.1. Any w ∈ C1(D+;C) ∩ C(D+;C) can be represented as

1

2πi

∫
∂D+

w(ζ)

[
1

ζ − z
+

z

zζ − 1

]
dζ

− 1

π

∫
D+

wζ(ζ)

[
1

ζ − z
+

z

zζ − 1

]
dξdη =

 w(z), z ∈ D+,

0, z /∈ D+,

(2.66)

and for z ∈ D+

w(z) =
1

2πi

∫
L0

Rew(ζ)

(
ζ + z

ζ − z
− ζ + z

ζ − z

)
dζ

ζ
+

1

π

∫
L0

Imw(ζ)

ζ
dζ

+
1

πi

1∫
−1

Rew(ζ)

(
1

ζ − z
− z

1− zζ

)
dζ

− 1

π

∫
D+

[
wζ̄(ζ)

( 1

ζ − z
− z

1− zζ

)
− wζ(ζ)

( 1

ζ − z
− z

1− zζ

)]
dξdη,

(2.67)

where D+ = {|z| < 1, Imz > 0} and L0 = {|τ | = 1, Imτ > 0}.

We consider the conformal mapping [30]

ζ : Ω+ → D+

z 7→ zα
(2.68)

with the branch cut along (0,+∞), which especially maps the boundary Γ0 onto

L0, [$, 0] onto [−1, 0] and [0,1] onto [0,1], respectively. The inverse mapping is

ς : D+ → Ω+

z 7→ z1/α
(2.69)

which transforms L0 onto Γ0, [−1, 0] onto [$, 0] and [0,1] onto [0,1], respectively.

Remark 2.4.1. Obviously, the above two conformal mappings can be firstly 1-1

extended to the boundary except for 0. Since the argument at 0 can be arbitrary

and α ≥ 1/2, we can assume that the argument of zα and z1/α at z = 0 are 0.

Hence, the above 1-1 mapping between the boundary is proper.
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In what follows, the main analytic branches of zα and z1/α are always chosen

as above, respectively. Moreover, on the basis of the analytic branches of zα and

z1/α, we define the analytic branch of several functions as follows,

zα−1 =
zα

z
, z1−α =

z

zα
, z1/α−1 =

z1/α

z
.

Then, based on Lemma 2.4.1 and the conformal mapping, we obtain the

following Schwarz-Poisson representation for an arbitrary angle
π

α
(α ≥ 1/2).

Theorem 2.4.1. Any w ∈ C1(Ω+;C) ∩ C(Ω+;C) can be represented as

α

2πi

∫
∂Ω+

w(ζ)

[
1

ζα − zα
+

zα

zαζα − 1

]
ζα−1dζ

−α
π

∫
Ω+

wζ(ζ)

[
1

ζα − zα
+

zα

zαζα − 1

]
ζα−1dξdη =

 w(z), z ∈ Ω+,

0, z /∈ Ω+,

(2.70)

and for z ∈ Ω+

w(z) =
α

2πi

∫
Γ0

Rew(ζ)

(
ζα + zα

ζα − zα
− ζα + zα

ζα − zα

)
dζ

ζ
+
α

π

∫
Γ0

Imw(ζ)

ζ
dζ

+
α

πi

∫
[$,0]∪[0,1]

Rew(ζ)

(
1

ζα − zα
− zα

1− zαζα

)
ζα−1dζ

−α
π

∫
Ω+

[
wζ̄(ζ)

( 1

ζα − zα
− zα

1− zαζα
)
ζα−1

−wζ(ζ)
( 1

ζα − zα
− zα

1− zαζα
)
ζα−1

]
dξdη.

(2.71)

Proof: Let ∂zw(z) = f(z) and denote a new function

W0(z) = w(z1/α), z ∈ D+,

then for z ∈ D+, 
∂zW0(z) =

1

α
z

1
α
−1 f(z1/α),

∂zW0(z) =
1

α
z

1
α
−1 ∂zw(z1/α).
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We observe that W0(z) ∈ C1(D+;C) ∩ C(D+;C), thus from Lemma 2.4.1, we

have for z ∈ Ω+,

W0(zα) =
1

2πi

∫
L0

ReW0(ζ)

(
ζ + zα

ζ − zα
− ζ + zα

ζ − zα

)
dζ

ζ
+

1

π

∫
L0

ImW0(ζ)

ζ
dζ

+
1

πi

1∫
−1

ReW0(ζ)

(
1

ζ − zα
− zα

1− zαζ

)
dζ

− 1

π

∫
D+

[
W0ζ̄(ζ)

( 1

ζ − zα
− zα

1− zαζ

)
−W0ζ(ζ)

( 1

ζ − zα
− zα

1− zαζ

)]
dξdη

where W0ζ̄(ζ) =
1

α
ζ

1
α
−1 f(ζ1/α) and L0 is defined in Lemma 2.4.1. Applying

the transformation (2.68): ζ = τα with τ = τ1 + iτ2, τ1, τ2 ∈ R, thus, dξdη =

J dτ1dτ2 with the Jacobi determinant

J = α2|τ |2(α−1).

Therefore,

W0(zα) =
α

2πi

∫
Γ0

ReW0(τα)

(
τα + zα

τα − zα
− τα + zα

τα − zα

)
dτ

τ
+
α

π

∫
Γ0

ImW0(τα)

τ
dτ

+
α

πi

1∫
0

ReW0(τα)

(
1

τα − zα
− zα

1− zατα

)
τα−1dτ

+
α

πi

∫
[$,0]

ReW0(τα)

(
1

τα − zα
− zα

1− zατα

)
τα−1dτ

− 1

απ

∫
Ω+

{[
τ 1−αf(τ)

( 1

τα − zα
− zα

1− zατα
)

−τ 1−αf(τ)
( 1

τα − zα
− zα

1− zατα
)]
× α2|τ |2(α−1)

}
dτ1dτ2.

By simple computation, this is the desired conclusion (2.71). Similarly, expression

(2.70) is also true.

Remark 2.4.2. We can verify that when α = n (n ∈ N), the Schwarz-Poisson

representation formula in Theorem 2.4.1 is just the result in Theorem 2.2.1.
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In particular, the investigation for α = 1/2 should be especially noted. For

the case α = 1/2, the fan-shaped domain with angle 2π is just

D0 = {z, |z| < 1, z /∈ [0, 1)} with ∂D0 = [0, 1] ∪ Γ ∪ [1, 0],

where

Γ = {τ, |τ | = 1, τ 6= 1},

is oriented counter clockwise. Let the unit disc

D = {z : |z| < 1} with ∂D = {τ, |τ | = 1}.

Then we observe that

D0 = D\[0, 1), Γ = ∂D\{1}. (2.72)

From Theorem 2.4.1, the result for α = 1/2 holds.

Corollary 2.4.1. Any w ∈ C1(D0;C) ∩ C(D0;C) can be represented as

1

4πi

∫
∂D0

w(ζ)

[
1

ζ1/2 − z1/2
+

z1/2

z1/2ζ1/2 − 1

]
ζ−1/2dζ

− 1

2π

∫
D0

wζ(ζ)

[
1

ζ1/2 − z1/2
+

z1/2

z1/2ζ1/2 − 1

]
ζ−1/2dξdη =

 w(z), z ∈ D0,

0, z /∈ D0,

(2.73)

and for z ∈ D0

w(z) =
1

4πi

∫
Γ

Rew(ζ)

(
ζ1/2 + z1/2

ζ1/2 − z1/2
− ζ1/2 + z1/2

ζ1/2 − z1/2

)
dζ

ζ
+

1

2π

∫
Γ

Imw(ζ)

ζ
dζ

+
1

2πi

∫
[1,0]∪[0,1]

Rew(ζ)

(
1

ζ1/2 − z1/2
− z1/2

1− z1/2ζ1/2

)
ζ−1/2dζ

− 1

2π

∫
D0

[
wζ̄(ζ)

( 1

ζ1/2 − z1/2
− z1/2

1− z1/2ζ1/2

)
ζ−

1
2

−wζ(ζ)
( 1

ζ1/2 − z1/2
− z1/2

1− z1/2ζ1/2

)
ζ−1/2

]
dξdη,

(2.74)

where for ζ+ ∈ [0, 1], ζ− ∈ [1, 0] and ζ+ = ζ−, we have Rew(ζ−) 6≡ Rew(ζ+), as

well as w(ζ).
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Actually, the classical Schwarz-Poisson formula for the unit disc ( see [7] )

can be derived from Corollary 2.4.1.

Proposition 2.4.1. Any w ∈ C1(D;C) ∩ C(D;C) is represented as

w(z) =
1

2πi

∫
|ζ|=1

Rew(ζ)
ζ + z

ζ − z
dζ

ζ
+

1

2π

∫
|ζ|=1

Imw(ζ)
dζ

ζ

− 1

π

∫
|ζ|<1

(
wζ(ζ)

ζ − z
+
zwζ(ζ)

1− zζ

)
dξdη, |z| < 1.

(2.75)

Proof: Obviously, when w ∈ C1(D;C) ∩ C(D;C), we have w ∈ C1(D0;C) ∩
C(D0;C). Moreover, w(ζ+) = w(ζ−) for ζ+ ∈ [0, 1], ζ− ∈ [1, 0] and ζ+ = ζ−.

Thus the third integral on the right-hand side in (2.74) equals 0. Then from

(2.72) and (2.74), w(z) is expressed as

w(z) =
1

4πi

∫
∂D

Rew(ζ)

(
ζ1/2 + z1/2

ζ1/2 − z1/2
− ζ1/2 + z1/2

ζ1/2 − z1/2

)
dζ

ζ
+

1

2π

∫
∂D

Imw(ζ)

ζ
dζ

− 1

2π

∫
D

[
wζ̄(ζ)

( 1

ζ1/2 − z1/2
− z1/2

1− z1/2ζ1/2

)
ζ−

1
2

−wζ(ζ)
( 1

ζ1/2 − z1/2
− z1/2

1− z1/2ζ1/2

)
ζ−1/2

]
dξdη.

(2.76)

Since
1

ζ − z
=

1

2
ζ−1/2

(
1

ζ1/2 − z1/2
+

1

ζ1/2 + z1/2

)
,

z

1− zζ
=

1

2
z1/2ζ−1/2

(
1

1− z1/2ζ1/2
− 1

1 + z1/2ζ1/2

)
,

therefore, the area integral in (2.76) can be converted into

− 1

π

∫
D

(
wζ(ζ)

ζ − z
+
zwζ(ζ)

1− zζ

)
dξdη +

1

2π

∫
D

{
wζ(ζ)

[
ζ−1/2

ζ1/2 + z1/2

+
z1/2ζ−1/2

1− z1/2ζ1/2

]
+ wζ(ζ)

[
ζ−1/2

ζ1/2 − z1/2
− z1/2ζ−1/2

1 + z1/2ζ1/2

]}
dξdη.

(2.77)
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Let ∆0 be the second area integral in (2.77), then from the Gauss theorem,

∆0 = lim
ε→0+

1

4πi

 ∫
|ζ|=1

−
∫
|ζ|=ε

{w(ζ)

[
ζ1/2

ζ1/2 + z1/2
+

z1/2ζ1/2

1− z1/2ζ1/2

]

+w(ζ)

[
ζ1/2

ζ1/2 − z1/2
− z1/2ζ1/2

1 + z1/2ζ1/2

]}
dζ

ζ

=
1

4πi

∫
|ζ|=1

Rew(ζ)

[
ζ1/2 − z1/2

ζ1/2 + z1/2
+

1 + z1/2ζ1/2

1− z1/2ζ1/2

]
dζ

ζ
.

(2.78)

Thus, by (2.76)-(2.78),

w(z) =
1

2π

∫
|ζ|=1

Imw(ζ)

ζ
dζ − 1

π

∫
|ζ|<1

(
wζ(ζ)

ζ − z
+
zwζ(ζ)

1− zζ

)
dξdη

+
1

4πi

∫
|ζ|=1

Rew(ζ)

(
ζ1/2 + z1/2

ζ1/2 − z1/2
− ζ1/2 + z1/2

ζ1/2 − z1/2

+
ζ1/2 − z1/2

ζ1/2 + z1/2
+

1 + z1/2ζ1/2

1− z1/2ζ1/2

)
dζ

ζ
.

By simple computation, (2.75) is valid. Then, the proof is completed.

2.4.2 Schwarz Problem

In this part, we consider the Schwarz problem in the fan-shaped domain Ω+

with angle π/α (α ≥ 1/2).

Schwarz boundary value problem Find a function w satisfying the following

conditions 
wz = f in Ω+, Rew = γ on ∂Ω+,

α

π

∫ π
α

0

Imw(eiϕ)dϕ = c, c ∈ R,
(2.79)

with f ∈ Lp(Ω+;C), p > 2, γ ∈ C(∂Ω+;R).

Firstly, introducing a new kernel

H(z, ζ) =

[
1

ζα − zα
− 1

ζα − zα
− zα

1− zαζα
+

zα

1− zαζα

]
ζα−1. (2.80)

Then, the following lemmas are valid.
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Lemma 2.4.2. If γ(ζ) ∈ C(∂Ω+;C), then

lim
z∈Ω+, z→1

α

2πi

∫
Γ0

[γ(ζ)− γ(1)]H(z, ζ)dζ = 0.

Proof: By simple computation,

lim
z∈Ω+, z→1

α

2πi

∫
Γ0

[γ(ζ)− γ(1)]H(z, ζ)dζ

= lim
z∈Ω+, z→1

{
1

2πi

∫
L0

[γ(ζ1/α)− γ(1)]

[
ζ

ζ − zα
+

ζ

ζ − zα
− 1

]
dζ

ζ

+
1

2πi

∫
L̃0

[−γ(ζ
1/α

) + γ(1)]

[
ζ

ζ − zα
+

ζ

ζ − zα
− 1

]
dζ

ζ

}

= lim
z∈Ω+, z→1

1

2πi

∫
|ζ|=1

Γ1(ζ)

[
ζ

ζ − zα
+

ζ

ζ − zα
− 1

]
dζ

ζ
,

where L̃0 = {τ : |τ | = 1, Imτ < 0} is oriented counter-clockwise and

Γ1(ζ) =

{
γ(ζ1/α)− γ(1), ζ ∈ L0,

−γ(ζ
1/α

) + γ(1), ζ ∈ L̃0.

Therefore, from the continuity of Γ1(ζ) at ζ = 1 and the property of the Poisson

operator on the unit circle,

lim
z∈Ω+, z→1

α

2πi

∫
Γ0

[γ(ζ)− γ(1)]H(z, ζ)dζ = Γ1(zα)
∣∣
z=1

= 0.

Lemma 2.4.3. With γ(ζ) ∈ C(∂Ω+;C),

lim
z∈Ω+, z→1

α

2πi

∫
[0,1]∪[$,0]

[γ(ζ)− γ(1)]H(z, ζ)dζ = 0.
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Proof: We observe that

lim
z∈Ω+, z→1

α

2πi

1∫
0

[γ(ζ)− γ(1)]H(z, ζ)dζ

= lim
z∈Ω+, z→1

{
1

2πi

∫ 1

0

[γ(ζ1/α)− γ(1)]

[
1

ζ − zα
− 1

ζ − zα

]
dζ

+
1

2πi

∫ +∞

1

[
−γ
((1

ζ

)1/α
)

+ γ(1)

] [
1

ζ − zα
− 1

ζ − zα

]
dζ

}
= lim

z∈Ω+, z→1

1

2πi

∫ +∞

0

Γ2(ζ)

[
1

ζ − zα
− 1

ζ − zα

]
dζ,

where

Γ2(ζ) =

 γ(ζ1/α)− γ(1), ζ ∈ (0, 1],

−γ
((

1
ζ

)1/α
)

+ γ(1), ζ ∈ (1,+∞).

Hence, similarly from the continuity of Γ2(ζ) at ζ = 1 and the property of the

Poisson operator on the real axis,

lim
z∈Ω+, z→1

α

2πi

∫ 1

0

[γ(ζ)− γ(1)]H(z, ζ)dζ = Γ2(1) = 0.

Thus, the desired conclusion is obtained also from H(z, ζ) = 0 for (z, ζ) ∈ {1}×
[$, 0].

Lemma 2.4.4. With γ(ζ) ∈ C(∂Ω+;C),

lim
z∈Ω+, z→$

α

2πi

∫
Γ0

[γ(ζ)− γ($)]H(z, ζ)dζ = 0.

Proof: Similarly to Lemma 2.4.2,

lim
z∈Ω+, z→$

α

2πi

∫
Γ0

[γ(ζ)− γ($)]H(z, ζ)dζ

= lim
z∈Ω+, z→$

1

2πi

∫
|ζ|=1

Γ3(ζ)

[
ζ

ζ − zα
+

ζ

ζ − zα
− 1

]
dζ

ζ
,

where

Γ3(ζ) =

 γ(ζ1/α)− γ($), ζ ∈ L0,

−γ(ζ
1/α

) + γ($), ζ ∈ L̃0.
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Since when z → $, zα tends to −1 and Γ3 is continuous at ζ = zα (z = $), thus,

lim
z∈Ω+, z→$

α

2πi

∫
Γ0

[γ(ζ)− γ($)]H(z, ζ)dζ = Γ3(zα)
∣∣
z=$

= 0.

Lemma 2.4.5. With γ(ζ) ∈ C(∂Ω+;C),

lim
z∈Ω+, z→$

α

2πi

∫
[0,1]∪[$,0]

[γ(ζ)− γ($)]H(z, ζ)dζ = 0.

Proof: Since H(z, ζ) = 0 for (z, ζ) ∈ {$} × [0, 1], then

lim
z∈Ω+, z→$

α

2πi

∫
[0,1]∪[$,0]

[γ(ζ)− γ($)]H(z, ζ)dζ

= lim
z∈Ω+, z→$

1

2πi

∫ 0

−∞
Γ4(ζ)

[
1

ζ − zα
− 1

ζ − zα

]
dζ,

where

Γ4(ζ) =

 γ(ζ1/α)− γ($), ζ ∈ [−1, 0),

−γ
((

1
ζ

)1/α)
+ γ($), ζ ∈ (−∞,−1).

Therefore, similarly from the continuity of Γ4(ζ) at ζ = zα (z = $), we obtain,

lim
z∈Ω+, z→$

α

2πi

∫
[0,1]∪[$,0]

[γ(ζ)− γ($)]H(z, ζ)dζ = Γ4(zα)
∣∣
z=$

= 0.

Lemma 2.4.6. With γ(ζ) ∈ C(∂Ω+;C),

lim
z∈Ω+, z→0

α

2πi

∫
∂Ω+

[γ(ζ)− γ(0)]H(z, ζ)dζ = 0.

Proof: By H(z, ζ) = 0 for (z, ζ) ∈ {0} × Γ0, we see that

lim
z∈Ω+, z→0

α

2πi

∫
∂Ω+

[γ(ζ)− γ(0)]H(z, ζ)dζ

= lim
z∈Ω+, z→0

{
1

2πi

∫ 1

0

[γ(ζ1/α)− γ(0)]

[
1

ζ − zα
− 1

ζ − zα

]
dζ

+
1

2πi

∫ 0

−1

[γ(ζ1/α)− γ(0)]

[
1

ζ − zα
− 1

ζ − zα

]
dζ

}
= lim

z∈Ω+, z→0

1

2πi

∫ 1

−1

[γ(ζ1/α)− γ(0)]

[
1

ζ − zα
− 1

ζ − zα

]
dζ = [γ(z)− γ(0)]|z=0 = 0.
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Remark 2.4.3. Lemmas 2.4.2-2.4.6 suggest that the following boundary behav-

ior is valid at the three corner points, that is,

lim
z∈Ω+, z→t

α

2πi

∫
∂Ω+

[γ(ζ)− γ(t)]H(z, ζ)dζ = 0, t ∈ {0, 1, $}.

According to the representation formula in Theorem 2.4.1, the next result

is true.

Theorem 2.4.2. The Schwarz problem (2.79) for the domain Ω+ is uniquely

solvable by

w(z) =
α

2πi

∫
Γ0

γ(ζ)

(
ζα + zα

ζα − zα
− ζα + zα

ζα − zα

)
dζ

ζ
+ ic

+
α

πi

∫
[$,0]∪[0,1]

γ(ζ)

(
1

ζα − zα
− zα

1− zαζα

)
ζα−1dζ

−α
π

∫
Ω+

[
f(ζ)

( 1

ζα − zα
− zα

1− zαζα
)
ζα−1

−f(ζ)
( 1

ζα − zα
− zα

1− zαζα
)
ζα−1

]
dξdη, z ∈ Ω.

(2.81)

Proof: From Theorem 2.4.1, we only need to verify that (2.81) provides a solu-

tion. Since for z, ζ ∈ Ω+,

lim
ζ−→z

(ζ − z)
αζα−1

ζα − zα
= 1,

then we know that z is a simple pole of
αζα−1

ζα − zα
in Ω+ and

αζα−1

ζα − zα
=

1

ζ − z
+ g(z, ζ),

where for arbitrary z ∈ Ω+, g(z, ζ) is analytic with respect to z. Thus, we

obviously see that

∂zw(z) = ∂z

− 1

π

∫
Ω+

f(ζ)

ζ − z
dξdη

 = f(z).
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When ζ ∈ Γ0, i.e, |ζ| = 1,

α

2πi

∫
Γ0

(
ζα + zα

ζα − zα
− ζα + zα

ζα − zα

)
dz

z
=

1

2πi

∫
L0

(
ζα + z

ζα − z
+
ζα + z

ζα − z

)
dz

z

=
1

2πi

∫
|z|=1

ζα + z

ζα − z
dz

z
= 0,

and for ζ ∈ [0, 1) ∪ ($, 0] ∪ Ω+,

α

2πi

∫
Γ0

( 1

ζα − zα
− zα

1− zαζα
)dz

z
=

1

2πi

∫
L0

( 1

ζα − z
+

1

ζα − z

)dz

z

=
1

2πi

∫
|z|=1

1

ζα − z
dz

z
= 0.

Similarly, for ζ ∈ Ω+,

α

2πi

∫
Γ0

(
1

ζα − zα
− zα

1− zαζα

)
dz

z
= 0.

Thus,
α

π

∫ π
α

0

Imw(eiϕ)dϕ =
α

π

∫ π
α

0

cdϕ = c.

Let w0 be the area integral in (2.81), then

Rew0(z) = − α

2π

∫
Ω+

[
f(ζ)H(z, ζ) + f(ζ) H(z, ζ)

]
dξdη.

Since H(z, ζ) = 0 for (z, ζ) ∈ ∂Ω+ × Ω+, we obtain Rew0(z) = 0 for z ∈ ∂Ω+.

We can write Rew(z) as

Rew(z) =
α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ + Rew0(z). (2.82)

Since H(z, ζ) = 0 for (z, ζ) ∈
{

Γ0\{1, $}
}
× {[$, 0] ∪ [0, 1]}, then for ζ0 ∈

Γ0\{1, $},

lim
z→ζ0

α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ = lim
z→ζ0

α

2πi

∫
Γ0

γ(ζ)

[
1− |zα|2

|ζα − zα|2
− 1− |zα|2

|ζα − zα|2

]
dζ

ζ

= lim
z→ζ0

α

2πi

∫
Γ0

γ(ζ)
1− |zα|2

|ζα − zα|2
dζ

ζ
= lim

z→ζ0

1

2πi

∫
L0

γ(ζ
1
α )

1− |zα|2

|ζ − zα|2
dζ

ζ
= γ(ζ0).
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Similarly, H(z, ζ) = 0 for (z, ζ) ∈ (0, 1)× {[$, 0] ∪ Γ0}, then for ζ0 ∈ (0, 1),

lim
z→ζ0

α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ = lim
z→ζ0

α

2πi

1∫
0

γ(ζ)

[
zα − zα
|ζα − zα|2

− zα − zα
|1− zαζα|2

]
ζα−1dζ

= lim
z→ζ0

α

2πi

1∫
0

γ(ζ)
zα − zα
|ζα − zα|2

ζα−1dζ = lim
z→ζ0

1

2πi

1∫
0

γ(ζ
1
α )
zα − zα
|ζ − zα|2

dζ = γ(ζ0).

Moreover, when (z, ζ) ∈ ($, 0)× {[0, 1]∪ Γ0}, H(z, ζ) = 0. Thus for ζ0 ∈ ($, 0),

lim
z→ζ0

α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ = lim
z→ζ0

1

2πi

0∫
−1

γ(ζ
1
α )
zα − zα
|ζ − zα|2

dζ = γ(ζ0).

In a word, we have lim
z→ζ0

Rew(z) = γ(ζ0) for ζ0 ∈ ∂Ω+ except for the three corner

points.

With respect to the three corner points, we can convert (2.82) into different

representations. Firstly, Rew(z) can be expressed as

Rew(z) =
α

2πi

∫
∂Ω+

[γ(ζ)− γ(1)]H(z, ζ)dζ +
αγ(1)

2πi

∫
∂Ω+

H(z, ζ)dζ + Rew0(z).

(2.83)

Applying the representation (2.71) to w(z) ≡ 1 and then taking the real part on

both sides, we obtain

α

2πi

∫
∂Ω+

H(z, ζ)dζ =
α

2πi

∫
∂Ω+

[
1

ζα − zα
− 1

ζα − zα

− zα

1− zαζα
+

zα

1− zαζα

]
ζα−1dζ = 1,

(2.84)

then, also from Lemmas 2.4.2 and 2.4.3,

lim
z∈Ω+, z→1

Rew(z) = γ(1).

Similarly as before,

Rew(z) =
α

2πi

∫
∂Ω+

[γ(ζ)− γ($)]H(z, ζ)dζ +
αγ($)

2πi

∫
∂Ω+

H(z, ζ)dζ + Rew0(z).

(2.85)
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Hence, lim
z∈Ω+, z→$

Rew(z) = γ($) follows from (2.84), Lemma 2.4.4 and Lemma

2.4.5.

Also obviously, we can rewrite Rew(z) as,

Rew(z) =
α

2πi

∫
∂Ω+

[γ(ζ)− γ(0)]H(z, ζ)dζ +
αγ(0)

2πi

∫
∂Ω+

H(z, ζ)dζ + Rew0(z).

(2.86)

Thus, the desired result lim
z∈Ω+, z→0

Rew(z) = γ(0) is true from (2.84) and Lemma

2.4.6. Therefore, the proof is completed.

2.5 Dirichlet Problem with Angle π/α (α ≥ 1/2)

In this Section, a Dirichlet boundary value problem for the domain Ω+ is

discussed.

Theorem 2.5.1. Dirichlet boundary value problem wz = f in Ω+, f ∈ Lp(Ω+;C), p > 2,

w = γ on ∂Ω+, γ ∈ C(∂Ω+;C),

is solvable if and only if for z ∈ Ω+,

α

2πi

∫
∂Ω+

γ(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dζ

=
α

π

∫
Ω+

f(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dξdη.

(2.87)

Then the solution can uniquely be expressed as

w(z) =
α

2πi

∫
∂Ω+

γ(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dζ

−α
π

∫
Ω+

f(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dξdη, z ∈ Ω+.

(2.88)
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Proof: If there is a solution, it must be of the form (2.88) from Theorem 2.4.1.

Let w be the solution to the Dirichlet problem, then we know

lim
z→ζ

w(z) = γ(ζ) for ζ ∈ ∂Ω+. (2.89)

We consider a new function

G(z) =
α

2πi

∫
∂Ω+

γ(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dζ

−α
π

∫
Ω+

f(ζ)

(
1

ζα − zα
+

zα

zαζα − 1

)
ζα−1dξdη, z ∈ Ω+.

Thus, we have

w(z)−G(z) =
α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ − α

π

∫
Ω+

f(ζ)H(z, ζ)dξdη. (2.90)

Since the area integral in (2.90) vanishes on ∂Ω+, then from the proof of Theorem

2.4.2, we easily obtain, for ζ ∈ ∂Ω+,

lim
z∈Ω+, z→ζ

[w(z)−G(z)] = γ(ζ), (2.91)

which implies

lim
z∈Ω+, z→ζ

G(z) = 0.

We observe that G(z) is analytic for z ∈ Ω+, and then by the maximum principle

for analytic functions, we know G(z) ≡ 0 for z ∈ Ω+, which is just the condition

(2.87).

On the other hand, if the condition (2.87) is satisfied, then we can rewrite

w(z) as

w(z) =
α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ − α

π

∫
Ω+

f(ζ)H(z, ζ)dξdη.

Obviously, ∂zw(z) = f in Ω+ and w = γ on ∂Ω+. This completes the proof.
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Chapter 3

Harmonic Boundary Value Problems for the

Poisson Equation

In this Chapter, we study a harmonic Green and a harmonic Neumann functions

in the fan-shaped domain Ω+ with angle π/α (α ≥ 1/2), and then solve the

corresponding Dirichlet and Neumann problems for the Poisson equation. Here

Ω+, Γ0, $, ϑ are given as in Section 2.4.

3.1 Harmonic Dirichlet Problem

Definition 3.1.1. [6] A real-valued function G(z, ζ) =
1

2
G1(z, ζ) in a regular

domain D ⊂ C is called the Green function of D, more exactly the Green function

of D for the Laplace operator, if for any fixed ζ ∈ D as a function of z, it possesses

the following properties:

1. G(z, ζ) is harmonic in D\{ζ},
2. G(z, ζ) + log |ζ − z| is harmonic in D,

3. lim
z→t, z∈D

G(z, ζ) = 0, t ∈ ∂D.

The Green function is uniquely determined by 1-3. Actually, it also has the

additional properties:

4. G(z, ζ) > 0,

5. G(z, ζ) = G(ζ, z).

It must be noted that not any domain in the complex plane has a Green function.

The existence of the Green function for a given domain D ⊂ C can be proved

when the Dirichlet problem for harmonic functions is solvable for D.

The harmonic Green function G1 for the fan-shaped domain Ω+ with angle
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ϑ = π/α is

G1(z, ζ) = log

∣∣∣∣∣
(
ζα − zα

)(
1− zαζα

)(
ζα − zα

)(
1− zαζα

)∣∣∣∣∣
2

, (3.1)

which can be verified easily.

The outward normal derivative of the boundary ∂Ω+ is given by

∂νz =


z∂z + z̄∂z̄, z ∈ Γ0\{1, $},

−i(∂z − ∂z̄), z ∈ (0, 1),

i(eiϑ∂z − e−iϑ∂z̄), z ∈ ($, 0).

(3.2)

Thus, for z ∈ Γ0\{1, $},

∂νzG1(z, ζ) = (z∂z + z̄∂z̄)G1(z, ζ)

= 2α

[
zα

ζα − zα
+

zα

ζα − zα
− zα

ζα − zα
− zα

ζα − zα

]
,

and for z ∈ (0, 1),

∂νzG1(z, ζ) = −i(∂z − ∂z̄)G1(z, ζ)

= −2iαzα−1

[
1

ζα − zα
+

ζα

1− zαζα
− 1

ζα − zα
− ζα

1− zαζα

]
.

When z ∈ ($, 0), i.e. z = (1− ρ)eiϑ, 0 < ρ < 1, we have zα = zα and eiϑzα−1 =

e−iϑzα−1, then

∂νzG1(z, ζ) = i(eiϑ∂z − e−iϑ∂z̄)G1(z, ζ)

= 2iαeiϑzα−1

[
1

ζα − zα
+

ζα

1− zαζα
− 1

ζα − zα
− ζα

1− zαζα

]
.

From [27], we obtain the following representation formula.

Theorem 3.1.1. Any w ∈ C2(Ω+;C) ∩ C1(Ω+;C) can be represented as

w(z) = − 1

4π

∫
∂Ω+

w(ζ)∂νζG1(z, ζ)dsζ −
1

π

∫
Ω+

wζζ(ζ)G1(z, ζ)dξdη,

where sζ is the arc length parameter on ∂Ω+ with respect to the variable ζ and

G1(z, ζ) is the harmonic Green function for Ω+.
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Based on Theorem 3.1.1, the representation formula provides a solution for

the related Dirichlet problem.

Theorem 3.1.2. The Dirichlet problem

∂z∂z̄w = f in Ω+, f ∈ Lp(Ω+;C), p > 2, w = γ on ∂Ω+, γ ∈ C(∂Ω+;C)

is uniquely solvable by

w(z) =
α

2πi

∫
Γ0

γ(ζ)

[
ζα

ζα − zα
+

ζα

ζα − zα
− ζα

ζα − zα
− ζα

ζα − zα

]
dζ

ζ

+
α

2πi

1∫
0

γ(ζ)

[
1

ζα − zα
− 1

ζα − zα
− zα

1− zαζα
+

zα

1− zαζα

]
ζα−1dζ

+
α

2πi

∫
[$,0]

γ(ζ)

[
1

ζα − zα
− 1

ζα − zα
− zα

1− zαζα
+

zα

1− zαζα

]
ζα−1dζ

− 1

π

∫
Ω+

f(ζ)G1(z, ζ)dξdη, z ∈ Ω,

(3.3)

where G1 is given in (3.1).

Proof: Obviously, if the problem is solvable, it must be unique. By Theorem

3.1.1, we only need to verify that (3.3) is a solution. Since

∂zG1(z, ζ) = αzα−1

[
1

ζα − zα
+

ζα

1− zαζα
− 1

ζα − zα
− ζα

1− zαζα

]
,

then similarly to the proof of Theorem 2.4.2,
αzα−1

ζα − zα
can be written as

αzα−1

ζα − zα
=

1

ζ − z
+ g̃(z, ζ),

where for any z ∈ Ω+, g̃(z, ζ) is analytic in z. Thus, we obviously see that

expression (3.3) is a solution to the Poisson equation. Moreover, by the properties

of the Green function, the area integral in (3.3) vanishes on ∂Ω+. Actually, we

can rewrite w(z) as

w(z) =
α

2πi

∫
∂Ω+

γ(ζ)H(z, ζ)dζ − 1

π

∫
Ω+

f(ζ)G1(z, ζ)dξdη,
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with H(z, ζ) defined by (2.80). Then, similarly from the proof of Theorem 2.4.2,

we obtain

lim
z→ζ

w(z) = γ(ζ) for ζ ∈ ∂Ω+.

This completes the proof.

3.2 Harmonic Neumann Problem

Definition 3.2.1. [6] A real-valued function N(z, ζ) =
1

2
N1(z, ζ) in a regular

domain D is called a Neumann function (for the Laplace operator), if as a func-

tion of z, it satisfies

1. N(z, ζ) is harmonic in D\{ζ},
2. N(z, ζ) + log |ζ − z| is harmonic in D,

3. ∂νzN(z, ζ) is constant on any boundary component of D for any ζ ∈ D.

Remark 3.2.1. The Neumann function is not uniquely defined by 1-3 above. It

is only given up to an arbitrary additive constant.

Example 3.2.1. A harmonic Neumann function for the ring domain R = {z ∈
C : 0 < r < |z| < 1} can be written as (see [54])

N̂1(z, ζ) = − log

∣∣∣∣∣(ζ − z)(1− zζ)

×
∞∏
k=1

(z − r2kζ)(zζ − r2k)(ζ − r2kz)(1− r2kzζ)

|z|2|ζ|2

∣∣∣∣∣
2

,

and its boundary behavior is

∂νzN̂1(z, ζ) =

 −2, |z| = 1,

0, |z| = r.

A harmonic Neumann function N1(z, ζ) for the Poisson equation in Ω+ can

be expressed as

N1(z, ζ) = − log |
(
ζα − zα

)(
ζα − zα

)(
1− zαζα

)(
1− zαζα

)
|2. (3.4)
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We verify this in the following. For z ∈ Γ0\{1, $},

N1(z, ζ) = −2 log |
(
ζα − zα

)(
ζα − zα

)
|2,

∂νzN1(z, ζ) = (z∂z + z̄∂z̄)N1(z, ζ)

= αzα
[

1

ζα − zα
+

1

ζα − zα
+

ζα

1− zαζα
+

ζα

1− zαζα

]
+αzα

[
1

ζα − zα
+

1

ζα − zα
+

ζα

1− zαζα
+

ζα

1− zαζα

]
= −4α,

when z ∈ (0, 1),

N1(z, ζ) = −2 log |
(
ζα − zα

)(
1− zαζα

)
|2,

∂νzN1(z, ζ) = −i(∂z − ∂z̄)N1(z, ζ) = −iαzα−1
[ 1

ζα − zα
+

1

ζα − zα
+

ζα

1− zαζα

+
ζα

1− zαζα
− 1

ζα − zα
− 1

ζα − zα
− ζα

1− zαζα
− ζα

1− zαζα
]

= 0,

and for z ∈ ($, 0), z = (1− ρ)eiϑ, 0 < ρ < 1,

N1(z, ζ) = −2 log |
(
ζα − zα

)(
1− zαζα

)
|2,

∂νzN1(z, ζ) = i(eiϑ∂z − e−iϑ∂z̄)N1(z, ζ)

= iαzα−1eiϑ
[ 1

ζα − zα
+

1

ζα − zα
+

ζα

1− zαζα
+

ζα

1− zαζα
]

−iαzα−1e−iϑ
[ 1

ζα − zα
+

1

ζα − zα
+

ζα

1− zαζα
+

ζα

1− zαζα
]

= 0.

Moreover, the normalization condition holds, that is,∫
Γ0

N1(z, ζ)
dz

z
= − 2

α

∫
|z|=1

log |z − ζα|2 dz

z
= 0.

Thus, N1(z, ζ) satisfies the properties:

1. N1(z, ζ) is harmonic in z ∈ Ω+\{ζ},
2. N1(z, ζ) + log |ζ − z|2 is harmonic in z ∈ Ω+ for any ζ ∈ Ω+,

3. ∂νzN1(z, ζ) =

{
−4α, z ∈ Γ0\{1, $},
0, z ∈ (0, 1) ∪ ($, 0),

for ζ ∈ Ω+,
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4.

∫
Γ0

N1(z, ζ)
dz

z
= 0.

Then, we give a representation formula for the domain Ω+.

Theorem 3.2.1. Any w ∈ C2(Ω+;C) ∩ C1(Ω+;C) can be represented as

w(z) =
α

πi

∫
Γ0

w(ζ)
dζ

ζ
+

1

4π

∫
∂Ω+

∂νζw(ζ)N1(z, ζ)dsζ −
1

π

∫
Ω+

wζζ(ζ)N1(z, ζ)dξdη.

where N1(z, ζ) is the harmonic Neumann function for Ω+.

Proof: Let z ∈ Ω+ and ε > 0 such that

Bε(z) ⊂ Ω+ with Bε(z) = {ζ ∈ C : |ζ − z| < ε}.

Suppose that Ωε = Ω+\Bε(z), then

1

π

∫
Ωε

wζζ(ζ)N1(z, ζ)dξdη =
1

2π

∫
Ωε

{
∂ζ [wζ(ζ)N1(z, ζ)] + ∂ζ [wζ(ζ)N1(z, ζ)]

−wζ(ζ)N1ζ(z, ζ)− wζ(ζ)N1ζ(z, ζ)

}
dξdη

=
1

4πi

∫
∂Ωε

N1(z, ζ)[wζ(ζ)dζ − wζ(ζ)dζ]

− 1

2π

∫
Ωε

{
∂ζ [w(ζ)N1ζ(z, ζ)] + ∂ζ [w(ζ)N1ζ(z, ζ)]− 2∂ζ∂ζN1(z, ζ)w(ζ)

}
dξdη

=
1

4πi

∫
∂Ωε

N1(z, ζ)[wζ(ζ)dζ − wζ(ζ)dζ]− 1

4πi

∫
∂Ωε

w(ζ)[N1ζ(z, ζ)dζ −N1ζ(z, ζ)]dζ]

=
1

4π

∫
∂Ω+

[
∂νζw(ζ)N1(z, ζ)− w(ζ)∂νζN1(z, ζ)

]
dsζ

− 1

4πi

∫
|ζ−z|=ε

N1(z, ζ)
[
(ζ − z)wζ(ζ) + (ζ − z)wζ(ζ)

] dζ

ζ − z

+
1

4πi

∫
|ζ−z|=ε

[
(ζ − z)N1ζ(z, ζ) + (ζ − z)N1ζ(z, ζ)

]
w(ζ)

dζ

ζ − z
.
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Introducing the polar coordinates ζ = z + εeiψ gives rise to

− 1

4πi

∫
|ζ−z|=ε

N1(z, ζ)
[
(ζ − z)wζ(ζ) + (ζ − z)wζ(ζ)

] dζ

ζ − z

= − ε

4π

2π∫
0

N1(z, ζ)[eiψwζ(ζ) + e−iψwζ(ζ)]dψ,

which tends to 0 when ε→ 0. Similarly,

lim
ε→0

1

4πi

∫
|ζ−z|=ε

[
(ζ − z)N1ζ(z, ζ) + (ζ − z)N1ζ(z, ζ)

]
w(ζ)

dζ

ζ − z

= − lim
ε→0

1

2π

2π∫
0

w(z + εeiϕ)dϕ = −w(z).

Then,

w(z) =
1

4π

∫
∂Ω+

[
∂νζw(ζ)N1(z, ζ)− ∂νζN1(ζ)w(ζ)

]
dsζ −

1

π

∫
Ω+

wζζ(ζ)N1(z, ζ)dξdη.

(3.5)

Hence, the desired result follows from (3.5) and the property 3 of N1(z, ζ).

Next, the outward normal derivatives at the corner points are introduced.

Let the partial outward normal derivatives be

∂+
νzw(0) = lim

t→0, t∈(0,1)
∂νzw(t), ∂−νzw(0) = lim

t→0, t∈($,0)
∂νzw(t), (3.6)

∂+
νzw(1) = lim

t→1, t∈Γ0\{1}
∂νzw(t), ∂−νzw(1) = lim

t→1, t∈(0,1)
∂νzw(t), (3.7)

and

∂+
νzw($) = lim

t→$, t∈($,0)
∂νzw(t), ∂−νzw($) = lim

t→$, t∈Γ0\{$}
∂νzw(t). (3.8)

Definition 3.2.2. If the partial outward normal derivatives (3.6)-(3.8) exist,

then the outward normal derivatives at the three corner points are,

∂νzw(t) =
1

2

[
∂+
νzw(t) + ∂−νzw(t)

]
, t ∈ {0, 1, $}.

Finally, the Neumann problem for the Poisson equation is discussed.
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Theorem 3.2.2. The Neumann boundary value problem

∂z∂zw = f in Ω+, ∂νw = γ on ∂Ω+,
α

π

∫ π/α

0

w(eiθ)dθ = c0

for f ∈ Lp(Ω+;C), p > 2, γ ∈ C(∂Ω+;C) is solvable if and only if

1

2π

∫
∂Ω+

γ(ζ)dsζ =
2

π

∫
Ω+

f(ζ)dξdη. (3.9)

Then the solution is uniquely expressed by

w(z) = c0 −
1

2πi

∫
Γ0

γ(ζ) log |
(
ζα − zα

)(
ζα − zα

)
|2 dζ

ζ

− 1

2π

∫ 1

0

γ(ζ) log |
(
ζα − zα

)(
1− zαζα

)
|2dζ

+
1

2π

∫
[$,0]

e−iϑγ(ζ) log |
(
ζα − zα

)(
1− zαζα

)
|2dζ

− 1

π

∫
Ω+

f(ζ)N1(z, ζ)dξdη, z ∈ Ω,

(3.10)

where N1(z, ζ) is given in (3.4).

Proof: From Theorem 3.2.1, if the Neumann problem is solvable, it should be

of the form (3.10). Then we confirm that (3.10) is a solution. Similarly to the

proof of Theorem 3.1.2, we easily get wzz = f in Ω+. Since when ζ ∈ ∂Ω+,

α

πi

∫
Γ0

log |(ζα − zα)(1− zαζα)|2 dz

z
=

1

πi

∫
|z|=1

log |1− zζα|2 dz

z
= 0, (3.11)

thus, the normalization condition

α

π

∫ π/α

0

w(eiθ)dθ = c0

follows from (3.11) and the normalization of N1(z, ζ).
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In addition, we have

(z∂z + z̄∂z̄)w(z)

=
α

2πi

∫
Γ0

γ(ζ)

[
ζα

ζα − zα
+

ζα

ζα − zα
+

zα

ζα − zα
+

zα

ζα − zα
− 2

]
dζ

ζ

+
α

2π

1∫
0

γ(ζ)

[
zα

ζα − zα
+

zαζα

1− zαζα
+

zα

ζα − zα
+

zαζα

1− zαζα

]
dζ

− α

2π

∫
[$,0]

e−iϑγ(ζ)

[
zα

ζα − zα
+

zαζα

1− zαζα
+

zα

ζα − zα
+

zαζα

1− zαζα

]
dζ

− 1

π

∫
Ω+

f(ζ)(z∂z + z̄∂z̄)N1(z, ζ)dξdη.

Hence, for ζ0 ∈ Γ0\{1, $},

∂νzw(ζ0) = lim
z∈Ω+,z→ζ0

(z∂z + z̄∂z̄)w(z)

= lim
z∈Ω+,z→ζ0

{
α

2πi

∫
Γ0

γ(ζ)

[
ζα

ζα − zα
+

ζα

ζα − zα
− 1

]
dζ

ζ

−α
π

∫
∂Ω+

γ(ζ)dsζ +
4α

π

∫
Ω+

f(ζ)dξdη

}

= γ(ζ0)− α

π

∫
∂Ω+

γ(ζ)dsζ +
4α

π

∫
Ω+

f(ζ)dξdη,

which implies the sufficiency and necessary of (3.9). Further, from γ ∈ C(∂Ω+,C),

∂+
νzw(1) = lim

ζ0→1, ζ0∈Γ0\{1,$}
∂νzw(ζ0) = γ(1), (3.12)

∂−νzw($) = lim
ζ0→$, ζ0∈Γ0\{1,$}

∂νzw(ζ0) = γ($). (3.13)

Similarly,

−i(∂z − ∂z̄)w(z)

= − α

2π

∫
Γ0

γ(ζ)

[
zα−1

ζα − zα
+

zα−1

ζα − zα
− zα−1

ζα − zα
− zα−1

ζα − zα

]
dζ

ζ

+
α

2πi

1∫
0

γ(ζ)

[
zα−1

ζα − zα
+

zα−1ζα

1− zαζα
− zα−1

ζα − zα
− zα−1ζα

1− zαζα

]
dζ

45



− α

2πi

∫
[$,0]

e−iϑγ(ζ)

[
zα−1

ζα − zα
+

zα−1ζα

1− zαζα
− zα−1

ζα − zα
− zα−1ζα

1− zαζα

]
dζ

− 1

πi

∫
Ω+

f(ζ)(∂z − ∂z̄)N1(z, ζ)dξdη.

Then for ζ0 ∈ (0, 1),

∂νzw(ζ0) = lim
z∈Ω+,z→ζ0

−i(∂z − ∂z̄)w(z)

= lim
z→Ω+,z→ζ0

α

2πi

1∫
0

γ(ζ)

[
zα−1

ζα − zα
− zα−1

ζα − zα

]
dζ

= lim
z∈Ω+

z→ζ0

{
α

2πi

1∫
0

γ(ζ)

[
zα−1 − ζα−1

ζα − zα
− zα−1 − ζα−1

ζα − zα

]
dζ

+
α

2πi

1∫
0

γ(ζ)

[
1

ζα − zα
− 1

ζα − zα

]
ζα−1dζ

}

= lim
z∈Ω+,z→ζ0

1

2πi

1∫
0

γ(ζ1/α)

[
1

ζ − zα
− 1

ζ − zα

]
dζ = γ(ζ0).

Thus,

∂+
νzw(0) = lim

ζ0→0, ζ0∈(0,1)
∂νzw(ζ0) = γ(0), (3.14)

∂−νzw(1) = lim
ζ0→1, ζ0∈(0,1)

∂νzw(ζ0) = γ(1). (3.15)

Finally, we also observe that,

i(eiϑ∂z − e−iϑ∂z)w(z)

=
α

2π

∫
Γ0

γ(ζ)

[
eiϑzα−1

ζα − zα
+
eiϑzα−1

ζα − zα
− e−iϑzα−1

ζα − zα
− e−iϑzα−1

ζα − zα

]
dζ

ζ

− α

2πi

1∫
0

γ(ζ)

[
eiϑzα−1

ζα − zα
+
eiϑzα−1ζα

1− zαζα
− e−iϑzα−1

ζα − zα
− e−iϑzα−1ζα

1− zαζα

]
dζ

+
α

2πi

∫
[$,0]

e−iϑγ(ζ)

[
eiϑzα−1

ζα − zα
+
eiϑzα−1ζα

1− zαζα
− e−iϑzα−1

ζα − zα
− e−iϑzα−1ζα

1− zαζα

]
dζ

+
1

πi

∫
Ω+

f(ζ)(eiϑ∂z − e−iϑ∂z̄)N1(z, ζ)dξdη.
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Since for ζ0 ∈ ($, 0), that is, ζ0 = (1− ρ)eiϑ, 0 < ρ < 1, we obtain

ζα0 = ζα0 , eiϑζ0
α−1 = e−iϑζα−1

0 .

Thus,

∂νzw(ζ0) = lim
z∈Ω+,z→ζ0

i(eiϑ∂z − e−iϑ∂z)w(z)

= lim
z∈Ω+,z→ζ0

α

2πi

∫
[$,0]

e−iϑγ(ζ)

[
eiϑzα−1

ζα − zα
− e−iϑzα−1

ζα − zα

]
dζ

= lim
z∈Ω+,z→ζ0

{
α

2πi

∫
[$,0]

e−iϑγ(ζ)

[
eiϑ(zα−1 − ζα−1)

ζα − zα
− e−iϑ(zα−1 − ζα−1)

ζα − zα

]
dζ

+
α

2πi

∫
[$,0]

e−iϑγ(ζ)

[
eiϑζα−1

ζα − zα
− e−iϑζα−1

ζα − zα

]
dζ

}

= lim
z∈Ω+,z→ζ0

α

2πi

∫
[$,0]

γ(ζ)

[
1

ζα − zα
− 1

ζα − zα

]
ζα−1dζ = γ(ζ0).

Furthermore,

∂−νzw(0) = lim
ζ0→0, ζ0∈($,0)

∂νzw(ζ0) = γ(0), (3.16)

∂+
νzw($) = lim

ζ0→$, ζ0∈($,0)
∂νzw(ζ0) = γ($). (3.17)

Hence, by (3.12)-(3.17) and Definition 3.2.2,

∂νzw(t) = γ(t), t ∈ {0, 1, $}.

Then the proof is completed.

47





Chapter 4

Boundary Value Problems for the Bi-Poisson

Equation

As stated before, convoluting the harmonic Green function with itself leads to

a biharmonic Green function. Similarly, convoluting the harmonic Neumann

function with itself also gives rise to a biharmonic Neumann function. This

chapter is devoted to the construction of a biharmonic Green function and a

biharmonic Neumann function in the fan-shaped domain Ω with angle π/n (n ∈
N), by using the concept of convolution and some proper transformations, and

finally give the solutions and solvability conditions for the corresponding Dirichlet

and Neumann problems explicitly. Here Ω, L, ω = eiθ, θ are given as in Section

2.2.

4.1 Biharmonic Green Function

In the last Chapter, we have studied the harmonic Green and the harmonic

Neumann function explicitly in the fan-shaped domain Ω+ with angle π/α (α ≥
1/2). Thus, the harmonic Green function for Ω is expressed as

G1(z, ζ) = log

∣∣∣∣(ζn − zn)(1− znζn)

(ζn − zn)(1− znζn)

∣∣∣∣2
=

n−1∑
k=0

log

∣∣∣∣∣(ω−2k − zζ)(ζ − zω2k)

(ω−2k − zζ)(ζ − zω2k)

∣∣∣∣∣
2

, z, ζ ∈ Ω.

(4.1)

Remark 4.1.1. Here the factorization is used. We only take ζn − zn as an

example. For k = 0, 1, · · · , n − 1 and θ = π/n, we have 0 ≤ 2kθ < 2π. Then

ζ = zω2k are n different roots of ζn − zn in the complex plane. Hence,

|ζn − zn|2 =

∣∣∣∣∣
n−1∏
k=0

(ζ − zω2k)

∣∣∣∣∣
2

.
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What is more, the solution to the Dirichlet problem for Ω (α = n) is given

as follows.

Lemma 4.1.1. The Dirichlet problem for the Poisson equation

wzz̄ = f in Ω, f ∈ Lp(Ω;C), p > 2, w = γ on ∂Ω, γ ∈ C(∂Ω;C)

is uniquely solvable by

w(z) =
1

2πi

∫
L

γ(ζ)
n−1∑
k=0

[
ζ

ζ − zω2k
+

ζ

ζ − zω−2k
− ζ

ζ − zω2k
− ζ

ζ − zω−2k

]
dζ

ζ

+
1

2πi

∫
[0,1]∪[ω,0]

γ(ζ)
n−1∑
k=0

[
1

ζ − zω2k
− 1

ζ − zω−2k

− z

ω−2k − zζ
+

z̄

ω2k − zζ

]
dζ

− 1

π

∫
Ω

f(ζ)G1(z, ζ)dξdη, z ∈ Ω.

Let

Ĝ2(z, ζ) = − 1

π

∫
Ω

G1(z, ζ̃)G1(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, (4.2)

with G1(z, ζ) defined by (4.1). Then, Ĝ2(., ζ) is the solution to the Dirichlet

problem

∂z∂z̄Ĝ2(z, ζ) = G1(z, ζ) in Ω, Ĝ2(z, ζ) = 0 on ∂Ω. (4.3)

Moreover, for any fixed ζ ∈ Ω, Ĝ2(z, ζ) satisfies the properties,

1. Ĝ2(z, ζ) is biharmonic in Ω\{ζ},
2. Ĝ2(z, ζ) + |ζ − z|2 log |ζ − z|2 is biharmonic in Ω,

3. Ĝ2(z, ζ) = 0, ∂z∂z̄Ĝ2(z, ζ) = 0 for z ∈ ∂Ω,

4. Ĝ2(z, ζ) = Ĝ2(ζ, z) for z 6= ζ.

Since the boundary ∂Ω consists of a circular arc and two lines, it is difficult

to obtain Ĝ2(z, ζ) explicitly by direct computation as in the unit disc. Therefore,

we prefer to transform Ĝ2(z, ζ) into a new unknown function. From the property

2 of Ĝ2(z, ζ), we see that Ĝ2(z, ζ) can be represented as

Ĝ2(z, ζ) = |ζ − z|2G1(z, ζ) + h2(z, ζ), z, ζ ∈ Ω, (4.4)
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where h2(z, ζ) is a biharmonic function in Ω. Thus from (4.3),

∂z∂zh2(z, ζ) = 2Re[(ζ − z)∂zG1(z, ζ)] in Ω, h2(z, ζ) = 0 on ∂Ω.

Then from Lemma 4.1.1, we obtain

h2(z, ζ) =
1

π

∫
Ω

F (ζ̃ , ζ)G1(z, ζ̃)dξ̃dη̃, (4.5)

where

F (ζ̃ , ζ) =
n−1∑
k=0

[
ζ − ζω2k

ζ − ζ̃ω2k
+
ζ − ζω−2k

ζ − ζ̃ω−2k
+
|ζ|2 − ω−2k

ω−2k − ζ̃ζ
+
|ζ|2 − ω2k

ω2k − ζ̃ζ

+
ζω2k − ζ
ζ − ζ̃ω2k

+
ζω−2k − ζ

ζ − ζ̃ω−2k
+
ω2k − ζ2

ω2k − ζ̃ζ
+
ω−2k − ζ2

ω−2k − ζ̃ζ

]
.

Define a new biharmonic function

H0(z, ζ) =
n−1∑
k=0

[ (
zζ + zζ − zζω2k − zζω−2k

)
log |ζ − zω2k|2

+

(
z

ζ
ω2k +

z

ζ
ω−2k − zζ − zζ

)
log |ω−2k − zζ|2

+
(
zζω2k + zζω−2k − zζ − zζ

)
log |ζ − zω−2k|2

+

(
zζ + zζ − z

ζ
ω2k − z

ζ
ω−2k

)
log |ω−2k − zζ|2

]
.

(4.6)

Then, the next result holds.

Theorem 4.1.1. For z, ζ ∈ Ω,

h2(z, ζ) = −H0(z, ζ) + J0(z, ζ),

where H0(z, ζ) is given by (4.6) and

J0(z, ζ) =
1− |ζ|2

2πi

∫
L

n−1∑
k=0

{[
ζ̃

ζ
ω2k +

ζ̃

ζ
ω−2k

]
log |ζ − ζ̃ω2k|2

−

[
ζ̃

ζ
ω2k +

ζ̃

ζ
ω−2k

]
log |ζ − ζ̃ω−2k|2

}

×
n−1∑
k=0

[
ζ̃

ζ̃ − zω2k
+

ζ̃

ζ̃ − zω−2k
− ζ̃

ζ̃ − zω2k
− ζ̃

ζ̃ − zω−2k

]
dζ̃

ζ̃
.

(4.7)
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Proof: We can easily verify that

∂z∂zH0(z, ζ) = F (z, ζ), z, ζ ∈ Ω.

What is more, for z ∈ L,

H0(z, ζ) =
n−1∑
k=0

{(
z

ζ
ω2k +

z

ζ
ω−2k − zζω2k − zζω−2k

)
log |ζ − zω2k|2

+

(
zζω2k + zζω−2k − z

ζ
ω2k − z

ζ
ω−2k

)
log |ζ − zω−2k|2

}
,

(4.8)

and when z ∈ [0, ω], that is, z = ρeiθ, 0 ≤ ρ ≤ 1,

H0(z, ζ) =
n−1∑
k=0

[ (
ρζeiθ + ρζe−iθ − ρζω−(2k−1) − ρζω2k−1

)
log |ζ − ρω−(2k−1)|2

+

(
ρω−(2k−1)

ζ
+
ρω2k−1

ζ
− ρζeiθ − ρζe−iθ

)
log |ω2k−1 − ρζ|2

+
(
ρζω2k+1 + ρζω−(2k+1) − ρζeiθ − ρζe−iθ

)
log |ζ − ρω−(2k+1)|2

+

(
ρζeiθ + ρζe−iθ − ρω2k+1

ζ
− ρω−(2k+1)

ζ

)
log |ω−(2k+1) − ρζ|2

]
= 0.

Obviously, we also obtain H0(z, ζ) = 0 for z ∈ [0, 1]. Thus, again by Lemma

4.1.1 and (4.8), the proof is completed.

Now we only need to compute the boundary integral in Theorem 4.1.1. In

fact, we observe that J0(z, ζ) can be converted into an integral on the whole unit

circle. That is

J0(z, ζ) =
1− |ζ|2

2πi

∫
|ζ̃|=1

n−1∑
k=0

[
ζ̃

ζ̃ − zω2k
+

ζ̃

ζ̃ − zω−2k

]

×

[(
ζ̃

ζ
+
ζ̃

ζ

)
log |ζ − ζ̃|2 −

(
ζ̃

ζ
+
ζ̃

ζ

)
log |ζ − ζ̃|2

]
dζ̃

ζ̃

= 2Re

{
1− |ζ|2

2πi

∫
|ζ̃|=1

n−1∑
k=0

(
ζ̃

ζ̃ − zω2k
+

ζ̃

ζ̃ − zω−2k

)

×
[

1

ζ
log |ζ − ζ̃|2 − 1

ζ
log |ζ − ζ̃|2

]
dζ̃

}
.

(4.9)
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Since

1

2πi

∫
|ζ̃|=1

ζ̃

ζ̃ − zω2k
log |ζ − ζ̃|2dζ̃ = zω2k log(1− zζω2k)− ζ, (4.10)

1

2πi

∫
|ζ̃|=1

ζ̃

ζ̃ − zω2k
log |ζ − ζ̃|2dζ̃ = zω2k log(1− zζω2k)− ζ, (4.11)

1

2πi

∫
|ζ̃|=1

ζ̃ log |ζ − ζ̃|2

ζ̃ − zω−2k
dζ̃ =

1

z
ω2k log(1− zζω−2k), (4.12)

1

2πi

∫
|ζ̃|=1

ζ̃ log |ζ − ζ̃|2

ζ̃ − zω−2k
dζ̃ =

1

z
ω2k log(1− zζω−2k), (4.13)

then from (4.9)-(4.13), we have

J0(z, ζ) = (1− |ζ|2)
n−1∑
k=0

{[
z

ζ
ω2k +

ω−2k

zζ

]
log(1− zζω2k)

+

[
ω2k

zζ
+
z

ζ
ω−2k

]
log(1− zζω−2k)−

[
zω2k

ζ
+
ω−2k

zζ

]
log(1− zζω2k)

−
[
ω2k

zζ
+
zω−2k

ζ

]
log(1− zζω−2k)

}
.

(4.14)

By (4.6), (4.14) and Theorem 4.1.1,

h2(z, ζ) =
n−1∑
k=0

{(
zζω2k + zζω−2k − zζ − zζ

)
log |ζ − zω2k|2

+
(
zζ + zζ − zζω−2k − zζω2k

)
log |ζ − zω−2k|2

+

(
zζ + zζ − z

ζ
ω−2k +

ω−2k

zζ
− zζω2k − ζ

z
ω−2k

)
log(1− zζω2k)

+

(
zζ + zζ − ζ

z
ω2k +

ω2k

zζ
− zζω−2k − z

ζ
ω2k

)
log(1− zζω−2k)

−
(
zζ + zζ − z

ζ
ω−2k +

ω−2k

zζ
− zζω2k − ζ

z
ω−2k

)
log(1− zζω2k)

−
(
zζ + zζ − z

ζ
ω2k +

ω2k

zζ
− zζω−2k − ζ

z
ω2k

)
log(1− zζω−2k)

}
.

(4.15)
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Hence, by (4.4) and simple computation,

Ĝ2(z, ζ) =
n−1∑
k=0

{∣∣ζ − zω−2k
∣∣2 log

∣∣∣∣ζ − zω−2k

1− zζω2k

∣∣∣∣2 − ∣∣ζ − zω2k
∣∣2 log

∣∣∣∣ ζ − zω2k

1− zζω−2k

∣∣∣∣2
+(|z|2 − 1)(|ζ|2 − 1)

[
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

− log(1− zζω2k)

zζω2k
− log(1− zζω−2k)

zζω−2k

]}
.

(4.16)

Finally, we can verify that expression (4.16) is exactly the solution to the problem

∂z∂z̄Ĝ2(z, ζ) = G1(z, ζ) in Ω, Ĝ2(z, ζ) = 0 on ∂Ω.

Remark 4.1.2. In particular, when n = 1, the biharmonic Green function for

D+ (half unit disc) is

Ĝ2(z, ζ) = |ζ − z|2 log

∣∣∣∣ ζ − z1− zζ

∣∣∣∣2 − |ζ − z|2 log

∣∣∣∣ ζ − z1− zζ

∣∣∣∣2
+(|ζ|2 − 1)(|z|2 − 1)

[
log(1− zζ)

zζ
+

log(1− zζ)

zζ

− log(1− zζ)

zζ
− log(1− zζ)

zζ

]
.

4.2 Biharmonic Neumann Function

Similarly to the biharmonic Green function, we construct a biharmonic Neumann

function based on the convolution of the harmonic Neumann function with it-

self. By the conclusion in Section 3.2 and Remark 4.1.1, we know the harmonic

Neumann function for the domain Ω can be rewritten as

N1(z, ζ) = −
n−1∑
k=0

log
∣∣(ζ − zω2k

)(
ζ − zω2k

)(
ω−2k − zζ

)(
ω−2k − zζ

)∣∣2 ,
z, ζ ∈ Ω.

(4.17)

Especially, the boundary behavior and normalization condition are, respectively,

∂νzN1(z, ζ) =

 −4n, z ∈ L\{1, ω},

0, z ∈ (0, 1) ∪ (ω, 0),
for ζ ∈ Ω,
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and ∫
L

N1(z, ζ)
dz

z
= 0.

In addition, the following result for the Neumann problem is true.

Lemma 4.2.1. The Neumann problem for the domain Ω

∂z∂zw = f in Ω, ∂νzw = γ on ∂Ω,
n

π

∫ π/n

0

w(eiθ)dθ = c0

for f ∈ Lp(Ω;C), p > 2, γ ∈ C(∂Ω;C), c0 ∈ C is solvable if and only if

1

2π

∫
∂Ω

γ(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη. (4.18)

Then the solution is uniquely expressed by

w(z) = c0 −
1

2πi

∫
L

γ(ζ)
n−1∑
k=0

log |
(
ζ − zω2k

)(
ζ − zω2k

)
|2 dζ

ζ

− 1

2π

∫ 1

0

γ(ζ)
n−1∑
k=0

log |
(
ζ − zω2k

)(
1− zζω2k

)
|2dζ

+
1

2π

∫
[ω,0]

e−iθγ(ζ)
n−1∑
k=0

log |
(
ζ − zω2k

)(
1− zζω2k

)
|2dζ

− 1

π

∫
Ω

f(ζ)N1(z, ζ)dξdη, z ∈ Ω,

(4.19)

where N1(z, ζ) is defined by (4.17).

Similarly,

N2(z, ζ) = − 1

π

∫
Ω

N1(z, ζ̃)N1(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω

is introduced. Applying Lemma 4.2.1 to w(z) = |z|2 − 1 , we easily obtain

− 1

π

∫
Ω

N1(z, ζ)dξdη = |z|2 − 1, z ∈ Ω.

Then, from the above properties of N1(z, ζ), N2(., ζ) satisfies

1. N2(z, ζ) is biharmonic in Ω\{ζ},
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2. N2(z, ζ) + |ζ − z|2 log |ζ − z|2 is biharmonic in Ω,

3. ∂z∂zN2(z, ζ) = N1(z, ζ), z, ζ ∈ Ω,

4. ∂νzN2(z, ζ) =


4n

π

∫
Ω

N1(ζ̃ , ζ)dξ̃dη̃ = −4n(|ζ|2 − 1), z ∈ L\{1, ω},

0, z ∈ (0, 1) ∪ (ω, 0),

5. Normalization condition

∫
L

N2(z, ζ)
dz

z
= 0.

Thus, N2(z, ζ) can be rewritten as

N2(z, ζ) = |ζ − z|2N1(z, ζ) + ĥ2(z, ζ), z, ζ ∈ Ω, (4.20)

with ĥ2(z, ζ) being a biharmonic function in Ω.

From the properties 3-4 of N2(z, ζ) and (4.20), we obtain,

∂z∂zĥ2(z, ζ) = (ζ − z)∂zN1(z, ζ) + (ζ − z)∂zN1(z, ζ)

= 8n+ 2
n−1∑
k=0

Re

{
|ζ|2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

+
ζ2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

}
,

z, ζ ∈ Ω,

(4.21)

and

∂νz ĥ2(z, ζ) =



(z∂z + z∂z)ĥ2(z, ζ) = (zζ + zζ − 2)[N1(z, ζ)− 4n],

z ∈ L\{1, ω},

−i(∂z − ∂z)ĥ2(z, ζ) = −i(ζ − ζ)N1(z, ζ), z ∈ (0, 1),

i(eiθ∂z − e−iθ∂z)ĥ2(z, ζ) = i(ζeiθ − ζe−iθ)N1(z, ζ), z ∈ (ω, 0).

(4.22)

Let f0(z, ζ) be the expression on the right-hand side in (4.21) and suppose

F0(z, ζ) = 8n|z|2 + (zζ + zζ)N1(z, ζ) +
n−1∑
k=0

{(
zζω2k + zζω−2k

)
log |ζ − zω2k|2

+

(
z

ζ
ω2k +

z

ζ
ω−2k

)
log |ω−2k − zζ|2 +

(
z

ζ
ω2k +

z

ζ
ω−2k

)
log |ω−2k − zζ|2

+
(
zζω2k + zζω−2k

)
log |ζ − zω−2k|2

}
, z, ζ ∈ Ω.

(4.23)
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Then we can verify that

∂z∂zF0(z, ζ) = f0(z, ζ) for z, ζ ∈ Ω, (4.24)

and for z ∈ L\{1, ω},

∂νzF0(z, ζ) = (z∂z + z∂z)F0(z, ζ)

= −4n(zζ + zζ) + 16n+ 2
n−1∑
k=0

Re

{
2(zζω2k + zζω−2k)

+

(
zω2k

ζ
+ zζω2k − 2zζ

)
log |ζ − zω2k|2

+

(
zω−2k

ζ
+ zζω−2k − 2zζ

)
log |ζ − zω2k|2

+
ζ
(
zω2k/ζ + zω−2k/ζ − zζω2k − zζω−2k

)
ζ − zω2k

+
ζ
(
zω2k/ζ + zω−2k/ζ − zζω−2k − zζω2k

)
ζ − zω−2k

}
.

(4.25)

Also for z ∈ (0, 1),

∂νzF0(z, ζ) = −i(∂z − ∂z)F0(z, ζ)

= 2i(ζ − ζ)
n−1∑
k=0

log
∣∣(ω−2k − zζ)(ζ − zω2k)

∣∣2 , (4.26)

and for z ∈ (ω, 0), as ze−iθ = zeiθ, then

∂νzF0(z, ζ) = i(eiθ∂z − e−iθ∂z)F0(z, ζ)

= −2i(ζeiθ − ζe−iθ)
n−1∑
k=0

log
∣∣(ω−2k − zζ)(ζ − zω2k)

∣∣2 . (4.27)

By (4.22) and (4.25), we obtain for z ∈ L\{1, ω},

∂νz ĥ2(z, ζ)− ∂νzF0(z, ζ) = −8n− 2Re {∆1(z, ζ) + ∆2(z, ζ) + ∆3(z, ζ)} , (4.28)

where

∆1(z, ζ) =
n−1∑
k=0

[(
zω2k

ζ
+ zζω2k − 2

)
log |ζ − zω2k|2

+

(
zω−2k

ζ
+ zζω−2k − 2

)
log |ζ − zω2k|2

]
,

(4.29)
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∆2(z, ζ) =
n−1∑
k=0

[
ζ
(
zω2k/ζ + zω−2k/ζ − zζω2k − zζω−2k

)
ζ − zω2k

+
ζ
(
zω2k/ζ + zω−2k/ζ − zζω−2k − zζω2k

)
ζ − zω−2k

]
,

(4.30)

∆3(z, ζ) = 2
n−1∑
k=0

(zζ + zζ)ω2k. (4.31)

Hence, the following result is valid.

Theorem 4.2.1. For z, ζ ∈ Ω,

ĥ2(z, ζ) = 4n(|ζ|2 − 1) + F0(z, ζ)

−Re

{
1

2πi

∫
L

[
∆1(ζ̃ , ζ) + ∆2(ζ̃ , ζ) + ∆3(ζ̃ , ζ)

]
N1(z, ζ̃)

dζ̃

ζ̃

}
.

where F0(z, ζ), ∆1,∆2, ∆3 are determined by (4.23), (4.29), (4.30), (4.31) re-

spectively.

Proof: Let F̂ (z, ζ) = ĥ2(z, ζ) − F0(z, ζ), then from (4.22), (4.24), (4.26) and

(4.27), we obtain

∂z∂zF̂ (z, ζ) = 0 in Ω, ∂νz F̂ (z, ζ) = 0 for z ∈ (0, 1) ∪ (ω, 0). (4.32)

Since

1

2πi

∫
L

[∆1(z, ζ) + ∆2(z, ζ) + ∆3(z, ζ)]
dz

z

=
1

2πi

∫
|z|=1

{[
z

ζ
+ zζ − 2

]
log |ζ − z|2 +

ζ(z/ζ + z/ζ − zζ − zζ)

ζ − z
+ 2zζ

}
dz

z
= −2,

and
1

2πi

∫
L

(−8n)
dz

z
= −4,

then by (4.28) and (4.32),

1

2πi

∫
L

∂νz F̂ (z, ζ)
dz

z
= 0 =⇒ 1

2π

∫
∂Ω

∂νz F̂ (z, ζ)dsz = 0,
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which implies that the solvability condition (4.18) for F̂ (z, ζ) is true. Moreover,

by (4.20), (4.23) and the normalization of N1(z, ζ), N2(z, ζ),

c0 =
n

πi

∫
L

F̂ (z, ζ)
dz

z

= −8n− 2Re

{
(1 + |ζ|2)n

ζπi

∫
|z|=1

log |ζ − z|2dz

}
= 4n(|ζ|2 − 1).

Then, from Lemma 4.2.1,

F̂ (z, ζ) = 4n(|ζ|2 − 1) +
1

4πi

∫
L

[
∂ν

ζ̃
ĥ2(ζ̃ , ζ)− ∂ν

ζ̃
F0(ζ̃ , ζ)

]
N1(z, ζ̃)

dζ̃

ζ̃
.

Thus, the desired result follows from (4.28) and the normalization of N1(z, ζ).

Let B0 =
n−1∑
k=0

ω2k, then we have

B0 =

 1, n = 1,

0, n > 1.
(4.33)

Suppose

f(ζ̃) =

(
1

ζ
+ ζ − 2ζ̃

)
log
[
(1− zζ̃ω2k)(1− zζ̃ω2k)

]
,

and

g(ζ̃) =

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log
[
(1− zζ̃ω2k)(1− zζ̃ω2k)

]
.

Then, the following lemmas are valid.

Lemma 4.2.2. For l = 0, 1, · · · ,

f (l+2)(ζ̃) = 2(l + 2)l!

[
(zω2k)l+1

(1− zζ̃ω2k)l+1
+

(zω2k)l+1

(1− zζ̃ω2k)l+1

]

−
(1

ζ
+ ζ − 2ζ̃

)
(l + 1)!

[
(zω2k)l+2

(1− zζ̃ω2k)l+2
+

(zω2k)l+2

(1− zζ̃ω2k)l+2

]
.

(4.34)
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Proof: When l = 0, we obviously obtain

f (2)(ζ̃) = 4

[
zω2k

1− zζ̃ω2k
+

zω2k

1− zζ̃ω2k

]
−
(1

ζ
+ ζ − 2ζ̃

)[ (zω2k)2

(1− zζ̃ω2k)2
+

(zω2k)2

(1− zζ̃ω2k)2

]
.

Suppose that when l = m, (4.34) is true, then we have for l = m+ 1,

f (m+3)(ζ̃) = ∂ζ̃ [f
(m+2)(ζ̃)]

= 2[(m+ 2)! + (m+ 1)!]

[
(zω2k)m+2

(1− zζω2k)m+2
+

(zω2k)m+2

(1− zζω2k)m+2

]

−
(1

ζ
+ ζ − 2ζ̃

)
(m+ 2)!

[
(zω2k)m+3

(1− zζ̃ω2k)m+3
+

(zω2k)m+3

(1− zζ̃ω2k)m+3

]
,

which implies that (4.34) is also true for l = m+ 1. This completes the proof.

In exactly the same way, we have the following result.

Lemma 4.2.3. For l = 1, 2, · · · ,

g(l)(ζ̃) =



{(
1

ζ
+ ζ

)
log
[
(1− zζ̃ω2k)(1− zζ̃ω2k)

]
−

(
ζ̃

ζ
+ ζ̃ζ − 2

)[
zω2k

1− zζ̃ω2k
+

zω2k

1− zζ̃ω2k

]}
,

l = 1,

−

{
l(l − 2)!

(
1

ζ
+ ζ

)[
(zω2k)l−1

(1− zζ̃ω2k)l−1
+

(zω2k)l−1

(1− zζ̃ω2k)l−1

]

+(l − 1)!

(
ζ̃

ζ
+ ζ̃ζ − 2

)[
(zω2k)l

(1− zζ̃ω2k)l
+

(zω2k)l

(1− zζ̃ω2k)l

]}
,

l = 2, 3, · · · .
(4.35)

Next, several integrals are studied.

Lemma 4.2.4. For z, ζ ∈ Ω,

1

2πi

∫
L

∆2(ζ̃ , ζ)N1(z, ζ̃)
dζ̃

ζ̃

=
2(1− |ζ|2)

ζ
(z + z)B0 +

2(1− |ζ|4)

|ζ|2
n−1∑
k=0

log
[
(1− zζω−2k)(1− zζω2k)

]
,
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where ∆2, B0 are defined by (4.30) and (4.33) respectively.

Proof: Since

− 1

2πi

∫
|ζ̃|=1

log
∣∣∣(ζ̃ − zω2k)(ζ̃ − zω2k)

∣∣∣2
ζ − ζ̃

dζ̃ = log
[
(1− zζω−2k)(1− zζω2k)

]
,

and

− ζ

2πi

1− |ζ|2

ζ

∫
|ζ̃|=1

log
∣∣∣(ζ̃ − zω−2k)(ζ̃ − zω2k)

∣∣∣2
ζ − ζ̃

dζ̃

ζ̃2

=

(
1

|ζ|2
− 1

)
log(1− zζω2k)(1− zζω2k) +

1− |ζ|2

ζ
(z + z)ω2k,

thus, the lemma follows from

− 1

2πi

∫
L

∆2(ζ̃ , ζ)
n−1∑
k=0

[
log
∣∣∣ζ̃ − zω2k

∣∣∣2 + log
∣∣∣ζ̃ − zω2k

∣∣∣2] dζ̃

ζ̃

= −
n−1∑
k=0

1− |ζ|2

2πi

∫
|ζ̃|=1

ζ

(
ζ̃

ζ
+
ζ̃

ζ

)
log
∣∣∣(ζ̃ − zω2k)(ζ̃ − zω2k)

∣∣∣2 dζ̃

ζ̃(ζ − ζ̃)


=

1− |ζ|4

|ζ|2
n−1∑
k=0

log
[
(1− zζω−2k)(1− zζω2k)

]
+

1− |ζ|2

ζ
(z + z)B0.

Lemma 4.2.5. For z, ζ ∈ Ω,

1

2πi

∫
L

∆3(ζ̃ , ζ)N1(z, ζ̃)
dζ̃

ζ̃
= 4ζ(z + z)B0,

where ∆3, B0 are defined by (4.31) and (4.33) respectively.

Proof: The result derives from

− 1

2πi

∫
L

∆3(ζ̃ , ζ)
n−1∑
k=0

2

[
log
∣∣∣ζ̃ − zω2k

∣∣∣2 + log
∣∣∣ζ̃ − zω2k

∣∣∣2] dζ̃

ζ̃

= −4ζ
n−1∑
k=0

1

2πi

∫
|ζ̃|=1

log
∣∣∣(1− zζ̃ω2k)(1− zζ̃ω2k)

∣∣∣2 dζ̃

= −4ζ
n−1∑
k=0

[
∂ζ̃ log(1− zζ̃ω2k)(1− zζ̃ω−2k)

]
ζ̃=0

= 4ζ(z + z)B0.
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Lemma 4.2.6. For z, ζ ∈ Ω,

1

2πi

∫
L

∆1(ζ̃ , ζ)N1(z, ζ̃)
dζ̃

ζ̃
= −4n

(
1 + |ζ|2

)
− 2(1 + |ζ|2)

ζ
(z + z)B0

+
n−1∑
k=0

∞∑
l=0

4

(l + 1)2

[
(zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1

]
−2(1 + |ζ|2)

n−1∑
k=0

{
(1− zζω−2k) log(1− zζω−2k)

zζω−2k
+

(1− zζω2k) log(1− zζω2k)

zζω2k

+
1

|ζ|2
[
(1− zζω−2k) log(1− zζω−2k) + (1− zζω2k) log(1− zζω2k)

]}
,

where ∆1, B0 are defined by (4.29) and (4.33) respectively.

Proof: We observe that

− 1

2πi

∫
L

∆1(ζ̃ , ζ)
n−1∑
k=0

2 log
∣∣∣(ζ̃ − zω2k)(ζ̃ − zω2k)

∣∣∣2 dζ̃

ζ̃

= −2
n−1∑
k=0

1

2πi

∫
|ζ̃|=1

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log |1− ζζ̃|2 log

∣∣∣(1− zζ̃ω2k)(1− zζ̃ω2k)
∣∣∣2 dζ̃

ζ̃

=
n−1∑
k=0

2(J1 + J2 + J3 + J4),

where

J1 = − 1

2πi

∫
|ζ̃|=1

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log(1− ζζ̃) log

[
(1− zζ̃ω−2k)(1− zζ̃ω2k)

] dζ̃

ζ̃
= 0,

J2 = − 1

2πi

∫
|ζ̃|=1

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log(1− ζζ̃) log

[
(1− zζ̃ω−2k)(1− zζ̃ω2k)

] dζ̃

ζ̃

= − 1

2πi

∫
|ζ̃|=1

[(
1

ζ
+ ζ − 2ζ̃

)
log(1− ζζ̃) log

[
(1− zζ̃ω−2k)(1− zζ̃ω2k)

] ]dζ̃

ζ̃2

= −∂ζ̃

[(
1

ζ
+ ζ − 2ζ̃

)
log(1− ζζ̃) log(1− zζ̃ω−2k)(1− zζ̃ω2k)

]
ζ̃=0

= 0,
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Moreover, from Lemma 4.2.2 and Lemma 4.2.3,

J3 = − 1

2πi

∫
|ζ̃|=1

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log(1− ζζ̃) log

[
(1− zζ̃ω−2k)(1− zζ̃ω−2k)

] dζ̃

ζ̃

=
∞∑
l=0

ζ l+1

(l + 1)2πi

∫
|ζ̃|=1

[(
1

ζ
+ ζ − 2ζ̃

)
log
[
(1− zζ̃ω2k)(1− zζ̃ω2k)

] ] dζ̃

ζ̃ l+3

=
∞∑
l=0

ζ l+1

(l + 1)(l + 2)!

[(
1

ζ
+ ζ − 2ζ̃

)
log(1− zζ̃ω2k)(1− zζ̃ω2k)

](l+2)

ζ̃=0

=
∞∑
l=0

2

(l + 1)2

[
(zζω−2k)l+1 + (zζω−2k)l+1

]
− |ζ|

2 + 1

ζ
(z + z)ω−2k

−|ζ|
2 + 1

|ζ|2
[
(1− zζω−2k) log(1− zζω−2k) + (1− zζω−2k) log(1− zζω−2k)

]
,

and

J4 = − 1

2πi

∫
|ζ̃|=1

(
ζ̃

ζ
+ ζ̃ζ − 2

)
log(1− ζζ̃) log

[
(1− zζ̃ω2k)(1− zζ̃ω2k)

] dζ̃

ζ̃

=
∞∑
l=0

ζ l+1

(l + 1)2πi

∫
|ζ̃|=1

[(
ζ̃

ζ
+ ζζ̃ − 2

)
log(1− zζ̃ω2k)(1− zζ̃ω2k)

]
dζ̃

ζ̃ l+2

=
∞∑
l=0

ζ l+1

(l + 1)(l + 1)!

[(
ζ̃

ζ
+ ζζ̃ − 2

)
log(1− zζ̃ω2k)(1− zζ̃ω2k)

](l+1)

ζ̃=0

=
∞∑
l=0

2

(l + 1)2

[
(zζω2k)l+1 + (zζω2k)l+1

]
− 2

(
1 + |ζ|2

)
−(1 + |ζ|2)

[
(1− zζω2k) log(1− zζω2k)

zζω2k
+

(1− zζω2k) log(1− zζω2k)

zζω2k

]
.

Hence, the proof is completed.

Remark 4.2.1. Here the Taylor expansion of log(1− x) is used, that is,

log(1− x) = −
∞∑
l=0

xl+1

l + 1
, |x| < 1.
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Therefore, from (4.23), Theorem 4.2.1 and Lemmas 4.2.4-4.2.6,

ĥ2(z, ζ) = −
n−1∑
k=0

∞∑
l=0

4

(l + 1)2

[
(zζω−2k)l+1 + (zζω2k)l+1

+(zζω−2k)l+1 + (zζω2k)l+1
]

+
n−1∑
k=0

{
8(|z|2 + |ζ|2) +

(
zζω2k + zζω−2k − zζ − zζ

)
log |ζ − zω2k|2

+
(
zζω2k + zζω−2k − zζ − zζ

)
log |ζ − zω−2k|2

+

(
ω−2k

zζ
+
ζ

z
ω−2k +

z

ζ
ω−2k − zζω2k − zζ − zζ

)
log(1− zζω2k)

+

(
ω2k

zζ
+
ζ

z
ω2k +

z

ζ
ω2k − zζω−2k − zζ − zζ

)
log(1− zζω−2k)

+

(
ω−2k

zζ
+
ζ

z
ω−2k +

z

ζ
ω−2k − zζω2k − zζ − zζ

)
log(1− zζω2k)

+

(
ω2k

zζ
+
ζ

z
ω2k +

z

ζ
ω2k − zζω−2k − zζ − zζ

)
log(1− zζω−2k)

}
.

(4.36)

Finally, by (4.20) and (4.36), N2(z, ζ) can be represented as

N2(z, ζ) = 4
n−1∑
k=0

(
|ζ − zω2k|2 + |ζ − zω−2k|2

)
−

n−1∑
k=0

∞∑
l=1

4

(l + 1)2

[
(zζω−2k)l+1 + (zζω2k)l+1

+(zζω−2k)l+1 + (zζω2k)l+1
]

−
n−1∑
k=0

{∣∣ζ − zω2k
∣∣2 log

∣∣ζ − zω2k
∣∣2 +

∣∣ζ − zω−2k
∣∣2 log

∣∣ζ − zω−2k
∣∣2

+
∣∣ζ + zω2k

∣∣2 log
∣∣1− zζω2k

∣∣2 +
∣∣ζ + zω−2k

∣∣2 log
∣∣1− zζω2k

∣∣2
− (|ζ|2 + 1) (|z|2 + 1)

[
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

+
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

]}
.

(4.37)
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By computation, we can confirm that expression (4.37) exactly satisfies

∂z∂zN2(z, ζ) = N1(z, ζ) in Ω,

∂νzN2(z, ζ) =

{
−4n(|ζ|2 − 1), z ∈ L\{1, ω},
0, z ∈ (0, 1) ∪ (ω, 0).

Moreover, the normalization condition for N2(z, ζ) is also true,

1

2πi

∫
L

N2(z, ζ)
dz

z
= 4(|ζ|2 + 1)−

∞∑
l=0

4

(l + 1)22πi

∫
|z|=1

[(zζ)l+1 + (zζ)l+1]
dz

z

−2(|ζ|2 + 1)

2πi

∫
|z|=1

{
log |ζ − z|2 − log(1− zζ)

zζ
− log(1− zζ)

zζ

}
dz

z
= 0.

Thus, all the above verifications mean that expression (4.37) is the desired bi-

harmonic Neumann function.

Remark 4.2.2. When n = 1, the biharmonic Neumann function for D+ is

N2(z, ζ) = 8(|z|2 + |ζ|2)− |ζ − z|2 log |ζ − z|2 − |ζ − z|2 log |ζ − z|2

− |ζ + z|2 log
∣∣1− zζ∣∣2 − |ζ + z|2 log |1− zζ|2

−
∞∑
l=0

4

(l + 1)2

[
(zζ)l+1 + (zζ)l+1 + (zζ)l+1 + (zζ)l+1

]
+ (|ζ|2 + 1) (|z|2 + 1)

×

[
log(1− zζ)

zζ
+

log(1− zζ)

zζ
+

log(1− zζ)

zζ
+

log(1− zζ)

zζ

]
.

4.3 Dirichlet and Neumann Problems for the Bi-Poisson

Equation

On the basis of the biharmonic Green and the biharmonic Neumann functions,

we discuss the related Dirichlet and Neumann problems.

Firstly, the biharmonic Green function provides a representation formula as

follows.
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Theorem 4.3.1. [6, 27] Any w ∈ C4(Ω;C) ∩ C3(Ω;C) can be expressed as

w(z) = − 1

4π

∫
∂Ω

∂νζG1(z, ζ)w(ζ)dsζ −
1

4π

∫
∂Ω

∂νζĜ2(z, ζ)∂ζ∂ζw(ζ)dsζ

− 1

π

∫
Ω

Ĝ2(z, ζ)(∂ζ∂ζ)
2w(ζ)dξdη,

where G1(z, ζ), Ĝ2(z, ζ) are the harmonic Green and the biharmonic Green func-

tions, respectively, for the domain Ω.

Similarly to the result in [27], the above representation formula also gives a

solution to the Dirichlet problem for the bi-Poisson equation.

Theorem 4.3.2. The Dirichlet problem (∂z∂z)
2w(z) = f in Ω,

w = γ0, ∂z∂zw = γ1 on ∂Ω,

with f ∈ Lp(Ω;C), p > 2, γ0, γ1 ∈ C(∂Ω;C) is uniquely solvable. The solution

is represented as

w(z) = − 1

4π

∫
∂Ω

[
∂νζG1(z, ζ)γ0(ζ) + ∂νζĜ2(z, ζ)γ1(ζ)

]
dsζ−

1

π

∫
Ω

Ĝ2(z, ζ)f(ζ)dξdη,

with G1(z, ζ), Ĝ2(z, ζ) given in (4.1), (4.16) respectively.

Finally, we have the following representation formula related to the Neumann

problem for the bi-Poisson equation.

Theorem 4.3.3. Any w ∈ C4(Ω;C) ∩ C3(Ω;C) can be represented as

w(z) =
n

πi

∫
L

w(ζ)
dζ

ζ
+
n(|z|2 − 1)

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ

+
1

4π

∫
∂Ω

[
N1(z, ζ)∂νζw(ζ) +N2(z, ζ)∂νζ(∂ζ∂ζ)w(ζ)

]
dsζ

− 1

π

∫
Ω

N2(z, ζ)(∂ζ∂ζ)
2w(ζ)dξdη, z ∈ Ω,

where N1(z, ζ), N2(z, ζ) are the harmonic Neumann and the biharmonic Neu-

mann functions for Ω respectively.
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Proof: Applying the representation formula in Theorem 3.2.1 to ∂z∂zw(z) leads

to

∂z∂zw(z) =
1

4π

∫
∂Ω

[
∂νζ∂ζ∂ζw(ζ)N1(z, ζ)− ∂ζ∂ζw(ζ)∂νζN1(z, ζ)

]
dsζ

− 1

π

∫
Ω

N1(z, ζ)(∂ζ∂ζ)
2w(ζ)dξdη,

(4.38)

In addition, we also have

w(z) =
1

4π

∫
∂Ω

[
∂νζw(ζ)N1(z, ζ)− w(ζ)∂νζN1(z, ζ)

]
dsζ

− 1

π

∫
Ω

N1(z, ζ)∂ζ∂ζw(ζ)dξdη,
(4.39)

Then, putting (4.38) into the area integral of (4.39), we obtain the desired con-

clusion from the boundary behavior of N2(z, ζ).

Theorem 4.3.4. The Neumann problem for the bi-Poisson equation

(∂z∂z)
2w = f in Ω, ∂νzw = γ1, ∂νz∂z∂zw = γ2 on ∂Ω,

n

πi

∫
L

w(ζ)
dζ

ζ
= c0,

n

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ
= c1,

for f ∈ Lp(Ω;C), p > 2, γ1, γ2 ∈ C(∂Ω;C) is solvable if and only if

1

2π

∫
∂Ω

γ2(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη, (4.40)

and

n

π

∫
∂Ω

γ1(ζ)dsζ +
n

π

∫
∂Ω

(|ζ|2 − 1)γ2(ζ)dsζ = 2c1 +
4n

π

∫
Ω

(|ζ|2 − 1)f(ζ)dξdη. (4.41)

The solution is uniquely expressed as

w(z) = c0 + (|z|2 − 1)c1 +
1

4π

∫
∂Ω

[N1(z, ζ)γ1(ζ) +N2(z, ζ)γ2(ζ)] dsζ

− 1

π

∫
Ω

N2(z, ζ)f(ζ)dξdη, z ∈ Ω,
(4.42)

with N1(z, ζ), N2(z, ζ) given by (4.17), (4.37) respectively.
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Proof: The boundary problem above can be transformed into two boundary

problems,

∂z∂zw = w1 in Ω, ∂νzw = γ1 on ∂Ω,
n

πi

∫
L

w(ζ)
dζ

ζ
= c0,

and

∂z∂zw1 = f in Ω, ∂νzw1 = γ2 on ∂Ω,
n

πi

∫
L

w1(ζ)
dζ

ζ
= c1.

Then from Lemma 4.2.1, if and only if

1

2π

∫
∂Ω

γ2(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη, (4.43)

the second problem has the unique solution

w1(z) = c1 +
1

4π

∫
∂Ω

N1(z, ζ)γ2(ζ)dsζ −
1

π

∫
Ω

N1(z, ζ)f(ζ)dξdη. (4.44)

Similarly, if and only if

1

2π

∫
∂Ω

γ1(ζ)dsζ =
2

π

∫
Ω

w1(ζ)dξdη, (4.45)

is satisfied,

w(z) = c0 +
1

4π

∫
∂Ω

N1(z, ζ)γ1(ζ)dsζ −
1

π

∫
Ω

N1(z, ζ)w1(ζ)dξdη. (4.46)

Putting (4.44) into (4.45) and (4.46) respectively, we obviously see that (4.41)

and (4.42) follow from

1

π

∫
Ω

1dξdη =
1

2n
and − 1

π

∫
Ω

N1(z, ζ)dξdη = |z|2 − 1, z ∈ Ω.

This completes the proof.
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Chapter 5

Triharmonic Boundary Value Problems for the

Tri-Poisson Equation

In this Chapter, we continue to consider the construction of a triharmonic Green

function and a triharmonic Neumann function explicitly in the fan-shaped do-

main with angle π/n (n ∈ N). A triharmonic Green function is established by

convoluting the harmonic Green function with the above biharmonic Green func-

tion. At the same time, convoluting the harmonic Neumann function with the

biharmonic Neumann function also results in a triharmonic Neumann function.

Here Ω, L, ω, θ are defined as before.

5.1 Triharmonic Green Function

Firstly, convoluting the harmonic Green function with the above biharmonic

Green function leads to

Ĝ3(z, ζ) = − 1

π

∫
Ω

G1(z, ζ̃)Ĝ2(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, (5.1)

where G1(z, ζ), Ĝ2(z, ζ) are given in (4.1) and (4.16) respectively. Then we easily

obtain that for any fixed ζ ∈ Ω, Ĝ3(z, ζ) has the properties,

1. Ĝ3(z, ζ) is triharmonic in Ω\{ζ},

2. Ĝ3(z, ζ) +
1

4
|ζ − z|4 log |ζ − z|2 is triharmonic in Ω,

3. (∂z∂z̄)
2Ĝ3(z, ζ) = G1(z, ζ) for z ∈ Ω,

Ĝ3(z, ζ) = 0, ∂z∂z̄Ĝ3(z, ζ) = 0, (∂z∂z̄)
2Ĝ3(z, ζ) = 0 for z ∈ ∂Ω,

4. Ĝ3(z, ζ) = Ĝ3(ζ, z) for z 6= ζ.

Thus, we can rewrite Ĝ3(z, ζ) as

Ĝ3(z, ζ) =
1

4
|ζ − z|4G1(z, ζ) + h3(z, ζ), (5.2)
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where h3(z, ζ) is a triharmonic function in Ω. Hence, h3(z, ζ) is the solution to

the Dirichlet problem (∂z∂z̄)
2h3(z, ζ) = f1(z, ζ) in Ω,

h3(z, ζ) = 0, ∂z∂z̄h3(z, ζ) = g1(z, ζ) for z ∈ ∂Ω,
(5.3)

with

f1(z, ζ) = 2(ζ − z)∂zG1 + 2(ζ − z)∂zG1 −
1

2
(ζ − z)2∂2

zG1 −
1

2
(ζ − z)2∂2

zG1

=
n−1∑
k=0

Re

{
(|ζ|2 − ω−2k)2

(ω−2k − zζ)2
+

(ζ − ζω2k)2

(ζ − zω2k)2
− (ζ2 − ω−2k)2

(ω−2k − zζ)2
− (ζ − ζω2k)2

(ζ − zω2k)2

+2

[
ζ2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

− |ζ|
2 − ω−2k

ω−2k − zζ
− ζω2k − ζ
ζ − zω2k

]}
,

(5.4)

and

g1(z, ζ) =
1

2
(ζ − z)(ζ − z)2∂zG1 +

1

2
(ζ − z)2(ζ − z)∂zG1

= |ζ − z|2
n−1∑
k=0

Re

{
ζ2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

− |ζ|
2 − ω−2k

ω−2k − zζ
− ζω2k − ζ
ζ − zω2k

}
.

(5.5)

Next, we need a new triharmonic function,

F1(z, ζ) = −1

4
(z2ζ

2
+ z2ζ2)G1(z, ζ) +

1

2
(|z|2 + |ζ|2)(zζ + zζ)G1(z, ζ)

+
n−1∑
k=0

{[
|z|2 + |ζ|2

2|ζ|2
(zζω−2k + zζω2k)

−z
2ζ2ω4k + z2ζ

2
ω−4k

4|ζ|4

]
log |ω−2k − zζ|2

−

[
|z|2 + |ζ|2

2|ζ|2
(zζω−2k + zζω2k)

−z
2ζ2ω−4k + z2ζ

2
ω4k

4|ζ|4

]
log |ω−2k − zζ|2

+

[
1

2
(|z|2 + |ζ|2)(zζω−2k + zζω2k)

−1

4
(z2ζ

2
ω4k + z2ζ2ω−4k)

]
log |ζ − zω2k|2
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−

[
1

2
(|z|2 + |ζ|2)(zζω−2k + zζω2k)

−1

4
(z2ζ2ω4k + z2ζ

2
ω−4k)

]
log |ζ − zω2k|2

}
, z, ζ ∈ Ω.

(5.6)

Then we have the following result.

Theorem 5.1.1. For z, ζ ∈ Ω,

h3(z, ζ) = F1(z, ζ) +
1

4πi

∫
L

{
∂ν

ζ̃
G1(z, ζ̃)F1(ζ̃ , ζ)

+∂ν
ζ̃
Ĝ2(z, ζ̃)

[
∂
ζ̃ζ̃
F1(ζ̃ , ζ)− g1(ζ̃ , ζ)

]}dζ̃

ζ̃
.

(5.7)

Here F1, g1 are given in (5.6) and (5.5), respectively, and for ζ̃ ∈ L,

∂ν
ζ̃
G1(z, ζ̃) = 2

n−1∑
k=0

[
1

1− zζ̃ω2k
− 1

1− zζ̃ω−2k
+

ζ̃

ζ̃ − zω−2k
− ζ̃

ζ̃ − zω2k

]
, (5.8)

and

∂ν
ζ̃
Ĝ2(z, ζ̃) = 2(|z|2 − 1)

n−1∑
k=0

{
ζ̃ω2k

z
log(1− zζ̃ω−2k)

+
ζ̃ω−2k

z
log(1− zζ̃ω2k)− ζ̃ω−2k

z
log(1− zζ̃ω2k)

− ζ̃ω
2k

z
log(1− zζ̃ω−2k)

}
.

(5.9)

Proof: We can verify that (∂z∂z̄)
2F1(z, ζ) = f1(z, ζ), z, ζ ∈ Ω,

F1(z, ζ) = 0, z ∈ [0, 1] ∪ [ω, 0].
(5.10)

Then, by Theorem 4.3.2,

− 1

π

∫
Ω

Ĝ2(z, ζ̃)f1(ζ̃ , ζ)dξ̃dη̃

= F1(z, ζ) +
1

4π

∫
∂Ω

[
∂ν

ζ̃
G1(z, ζ̃)F1(ζ̃ , ζ) + ∂ν

ζ̃
Ĝ2(z, ζ̃)∂

ζ̃ζ̃
F1(ζ̃ , ζ)

]
dsζ̃ .

(5.11)

71



Moreover, by (5.3) and Theorem 4.3.2,

h3(z, ζ) = − 1

4π

∫
∂Ω

∂ν
ζ̃
Ĝ2(z, ζ̃)g1(ζ̃ , ζ)dsζ̃ −

1

π

∫
Ω

Ĝ2(z, ζ̃)f1(ζ̃ , ζ)dξ̃dη̃. (5.12)

Hence, from (5.11) and (5.12),

h3(z, ζ) = F1(z, ζ) +
1

4π

∫
∂Ω

{
∂ν

ζ̃
G1(z, ζ̃)F1(ζ̃ , ζ)

+∂ν
ζ̃
Ĝ2(z, ζ̃)

[
∂
ζ̃ζ̃
F1(ζ̃ , ζ)− g1(ζ̃ , ζ)

]}
dsζ̃ .

(5.13)

We also know that for z ∈ [0, 1],

∂z∂zF1(z, ζ) =
1

2
(ζ − ζ)|ζ − z|2

n−1∑
k=0

[
ζ

ω−2k − zζ
− ζ

ω−2k − zζ

+
ω2k

ζ − zω2k
− ω2k

ζ − zω2k

]
,

(5.14)

and for z ∈ [ω, 0],

∂z∂zF1(z, ζ) =
1

2

[
(ζ − z)2(ζ − z)− (ζ − z)(ζ − z)2e2θi

]
×

n−1∑
k=0

[
ζ

ω−2k − zζ
+

ω2k

ζ − zω2k
− ζ

ω−2k − zζ
− ω2k

ζ − zω2k

]
.

(5.15)

Thus, by (5.5), (5.14) and (5.15), we obtain,

∂
ζ̃ζ̃
F1(ζ̃ , ζ)− g1(ζ̃ , ζ) = 0 for ζ̃ ∈ [0, 1] ∪ [ω, 0]. (5.16)

Also from (5.10), (5.13) and (5.16), the conclusion is true.

From (5.6) and (5.5), for z ∈ L,

F1(z, ζ) = (|ζ|4 − 1)
n−1∑
k=0

Re

{[
z2ω−4k

2ζ2
− zω−2k

ζ

]
log |ζ − zω−2k|2

−
[
z2ω4k

2ζ2
− zω2k

ζ

]
log |ζ − zω2k|2

}
,

(5.17)
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and

∂z∂zF1(z, ζ)− g1(z, ζ) = 2(|ζ|2 − 1)
n−1∑
k=0

Re

{
∆(zω2k, ζ)−4(zω−2k, ζ)

}
, (5.18)

with

∆(z, ζ) =
z

ζ
log |ζ − z|2 +

1

2(ζ − z)

[
zζ

ζ
− z2

ζ
+ 2z

]
. (5.19)

Then, the next two lemmas are true.

Lemma 5.1.1. For z, ζ ∈ Ω,

K1(z, ζ) =
1

4πi

∫
L

∂ν
ζ̃
G1(z, ζ̃)F1(ζ̃ , ζ)

dζ̃

ζ̃

=
(|ζ|4 − 1)(|z|2 − 1)

4|z|2|ζ|2
(z − z)(ζ − ζ)B0

−|ζ|
4 − 1

4

n−1∑
k=0

{[
(ω−2k − zζ)2

z2ζ2
+

(ζ − zω2k)2

ζ
2 − 2

]
log(1− zζω2k)

+

[
(ω2k − zζ)2

z2ζ
2 +

(ζ − zω−2k)2

ζ2
− 2

]
log(1− zζω−2k)

−

[
(ω−2k − zζ)2

z2ζ
2 +

(ζ − zω2k)2

ζ2
− 2

]
log(1− zζω2k)

−

[
(ω2k − zζ)2

z2ζ2
+

(ζ − zω−2k)2

ζ
2 − 2

]
log(1− zζω−2k)

}
,

with ∂ν
ζ̃
G1(z, ζ̃), B0 given in (5.8) and (4.33) respectively.

Proof: By (5.17) and (5.8), we can transform K1(z, ζ) into an integral on the

whole unit circle. That is

K1(z, ζ) =
1

4πi

∫
L

∂ν
ζ̃
G1(z, ζ̃)F1(ζ̃ , ζ)

dζ̃

ζ̃

=
1− |ζ|4

2
Re

{
1

ζ24πi

∫
|ζ̃|=1

∂ν
ζ̃
G1(z, ζ̃)(ζ̃ − 2ζ) log |ζ − ζ̃|2dζ̃

}
.
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Lemma 5.1.2. For z, ζ ∈ Ω,

K2(z, ζ) =
1

4πi

∫
L

∂ν
ζ̃
Ĝ2(z, ζ̃)

[
∂
ζ̃ζ̃
F1(ζ̃ , ζ)− g1(ζ̃ , ζ)

] dζ̃

ζ̃

=
(|ζ|2 − 1)(|z|2 − 1)

4|ζ|2
(z − z)(ζ − ζ)B0 + (|ζ|2 − 1)(|z|2 − 1)

×
n−1∑
k=0

∞∑
l=0

1

(l + 1)2

[
(zζω2k)l + (zζω−2k)l − (zζω2k)l − (zζω−2k)l

]

+
(|ζ|2 − 1)(|z|2 − 1)

2|ζ|2
n−1∑
k=0

{(
ζ

z
ω−2k + zζω2k

)
log(1− zζω2k)

+

(
ζ

z
ω2k + zζω−2k

)
log(1− zζω−2k)

−
(
ζ

z
ω2k + zζω−2k

)
log(1− zζω−2k)

−
(
ζ

z
ω−2k + zζω2k

)
log(1− zζω2k)

}
,

where ∂ν
ζ̃
Ĝ2(z, ζ̃), B0 are given in (5.9) and (4.33) respectively.

Proof: Similarly, from (5.18) and (5.9), the lemma derives from

K2(z, ζ) =
1

4πi

∫
L

∂ν
ζ̃
Ĝ2(z, ζ̃)

[
∂
ζ̃ζ̃
F1(ζ̃ , ζ)− g1(ζ̃ , ζ)

] dζ̃

ζ̃

= (|ζ|2 − 1)Re

{
1

2πi

∫
|ζ̃|=1

∂ν
ζ̃
Ĝ2(z, ζ̃)∆(ζ̃ , ζ)

dζ̃

ζ̃

}
,

where ∆(ζ̃ , ζ) is defined in (5.19).

Hence, from Theorem 5.1.1,

h3(z, ζ) = K1(z, ζ) +K2(z, ζ) + F1(z, ζ). (5.20)

Furthermore, by (5.2), (5.20) and Lemmas 5.1.1-5.1.2, we see that Ĝ3(z, ζ) can
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be expressed as

Ĝ3(z, ζ) = −1

4
(|ζ|2 − 1)(|z|2 − 1)(z − z)(ζ − ζ)B0

+(|ζ|2 − 1)(|z|2 − 1)
n−1∑
k=0

∞∑
l=1

1

(l + 1)2

[
(zζω2k)l + (zζω−2k)l

−(zζω2k)l − (zζω−2k)l
]

+
n−1∑
k=0

{
1

4
|ζ − zω2k|4 log

∣∣∣∣1− zζω2k

ζ − zω2k

∣∣∣∣2 +
1

4
|ζ − zω−2k|4 log

∣∣∣∣ζ − zω−2k

1− zζω2k

∣∣∣∣2

+
(|ζ|4 − 1)(|z|4 − 1)

4

[
1

zζω2k
+

1

zζω−2k
− 1

zζω−2k
− 1

zζω2k

+
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω2k)

(zζω2k)2

]

−(|ζ|2 − 1)(|z|2 − 1)(|z|2 + |ζ|2)

2

[
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

− log(1− zζω−2k)

zζω−2k
− log(1− zζω2k)

zζω2k

]}
,

(5.21)

where B0 is defined by (4.33). At the same time, we can validate that expression

(5.21) is exactly the solution to the following problem (∂z∂z̄)
2Ĝ3(z, ζ) = G1(z, ζ) for z ∈ Ω,

Ĝ3(z, ζ) = 0, ∂z∂z̄Ĝ3(z, ζ) = 0 for z ∈ ∂Ω.

That is to say, the expression (5.21) is just the desired triharmonic Green function

for Ω.

5.2 Triharmonic Neumann Function

Similarly, we consider the convolution of the harmonic Neumann function and

the biharmonic Neumann function,

N3(z, ζ) = − 1

π

∫
Ω

N1(z, ζ̃)N2(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, (5.22)
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where N1(z, ζ), N2(z, ζ) are given in (4.17) and (4.37) respectively.

For convenience, we restate some properties of N1(z, ζ), N2(z, ζ),

∂νzN1(z, ζ) =

{
−4n, z ∈ L\{1, ω},
0, z ∈ (0, 1) ∪ (ω, 0),

for ζ ∈ Ω, (5.23)

∂νzN2(z, ζ) =

{
4n(1− |ζ|2), z ∈ L\{1, ω},
0, z ∈ (0, 1) ∪ (ω, 0).

for ζ ∈ Ω, (5.24)

and the valid normalization conditions,∫
L

N1(z, ζ)
dz

z
= 0,

∫
L

N2(z, ζ)
dz

z
= 0. (5.25)

Applying Theorem 4.3.4 to w(z) =
1

4
(|z|2 − 1)2, we have

− 1

π

∫
Ω

N2(z, ζ)dξdη =
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1), z ∈ Ω.

Then, some properties for N3(z, ζ) hold,

1. N3(z, ζ) is triharmonic in Ω\{ζ} with respect to z,

2. N3(z, ζ) +
1

4
|ζ − z|4 log |ζ − z|2 is triharmonic in Ω,

3. ∂z∂zN3(z, ζ) = N2(z, ζ), z, ζ ∈ Ω,

4. ∂νzN3(z, ζ) =


4n

π

∫
Ω

N2(ζ, ζ̃)dξ̃dη̃ = −n(|ζ|4 − 4|ζ|2 + 3), z ∈ L\{1, ω},

0, z ∈ (0, 1) ∪ (ω, 0),

5.

∫
L

N3(z, ζ)
dz

z
= 0 for ζ ∈ Ω.

Therefore, we can transform N3(z, ζ) into

N3(z, ζ) =
1

4
|ζ − z|4N1(z, ζ) + ĥ3(z, ζ), z, ζ ∈ Ω, (5.26)

where ĥ3(z, ζ) is a triharmonic function in Ω. Then, ĥ3(z, ζ) satisfies

(∂z∂z)
2ĥ3(z, ζ) = g2(z, ζ), z, ζ ∈ Ω, (5.27)
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with

g2(z, ζ) = 2(ζ − z)∂zN1 + 2(ζ − z)∂zN1 −
1

2
(ζ − z)2∂2

zN1 −
1

2
(ζ − z)2∂2

zN1

= 12n−
n−1∑
k=0

Re

{
(ζ2 − ω−2k)2

(ω−2k − zζ)2
+

(ζ − ζω2k)2

(ζ − zω2k)2

+
(|ζ|2 − ω−2k)2

(ω−2k − zζ)2
+

(ζ − ζω2k)2

(ζ − zω2k)2

−2

[
ζ2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

+
|ζ|2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

]}
, z, ζ ∈ Ω,

(5.28)

and

∂z∂zĥ3(z, ζ) = −|ζ − z|2N1 +
1

2
|ζ − z|2

[
(ζ − z)∂zN1 + (ζ − z)∂zN1

]
+N2,

z, ζ ∈ Ω.

(5.29)

Moreover, we have

∂νz ĥ3(z, ζ) =



1

2
|ζ − z|2(zζ + zζ − 2)N1(z, ζ)

+n[|ζ − z|4 − |ζ|4 + 4|ζ|2 − 3], z ∈ L\{1, ω},

− i
2
|ζ − z|2(ζ − ζ)N1(z, ζ), z ∈ (0, 1),

i

2
|ζ − z|2(ζeiθ − ζe−iθ)N1(z, ζ), z ∈ (ω, 0),

(5.30)

and

∂νz∂z∂zĥ3(z, ζ) =



4n(|ζ|2 − 1) + (zζ + zζ − 2)[N1 − 8n]

+Re {|ζ − z|2(zζ − z2)∂2
zN1 − (ζ − z)2z∂zN1} ,

z ∈ L\{1, ω},

Im
{

2ζN1 + |ζ − z|2(ζ − z)∂2
zN1 + (ζ − z)2∂zN1

}
,

z ∈ (0, 1),

Im
{

2ζe−iθN1 − eiθ|ζ − z|2(ζ − z)∂2
zN1

−e−iθ(ζ − z)2∂zN1

}
, z ∈ (ω, 0).

(5.31)
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Then, some particular Neumann problems need to be studied. Firstly define

a new triharmonic function

F2(z, ζ) = 3n(|ζ|4 + |z|4)− 1

4
(z2ζ2 + z2ζ

2
)N1(z, ζ)

+
1

2
(|ζ|2 + |z|2)(zζ + zζ)N1(z, ζ)

+
n−1∑
k=0

{[
1

2
(|z|2 + |ζ|2)

(z
ζ
ω−2k +

z

ζ
ω2k
)

−1

4

(z2

ζ2
ω−4k +

z2

ζ
2ω

4k
)]

log |ω−2k − zζ|2

+

[
1

2
(|z|2 + |ζ|2)

(z
ζ
ω−2k +

z

ζ
ω2k
)

−1

4

(z2

ζ
2ω
−4k +

z2

ζ2
ω4k
)]

log |ω−2k − zζ|2

+

[
1

2
(|z|2 + |ζ|2)

(
zζω−2k + zζω2k

)
−1

4

(
z2ζ2ω−4k + z2ζ

2
ω4k
)]

log |ζ − zω2k|2

+

[
1

2
(|z|2 + |ζ|2)

(
zζω−2k + zζω2k

)
−1

4

(
z2ζ

2
ω−4k + z2ζ2ω4k

)]
log |ζ − zω2k|2

}
, z, ζ ∈ Ω,

(5.32)

and suppose

F̃2(z, ζ) = ĥ3(z, ζ)− F2(z, ζ), z, ζ ∈ Ω. (5.33)

Then by computation, we have the following properties for F̃2(z, ζ),
(∂z∂z)

2F̃2(z, ζ) = 0, z, ζ ∈ Ω,

∂νz F̃2(z, ζ) = 0, z ∈ (ω, 0) ∪ (0, 1),

∂νz∂z∂zF̃2(z, ζ) = 0, z ∈ (ω, 0) ∪ (0, 1).

(5.34)

Furthermore,

∂z∂zF̃2(z, ζ) = −(|ζ|2 + 1)N1(z, ζ) +N2(z, ζ) + 6n(|ζ|2 − 1)

−
n−1∑
k=0

Re{Ξ0(zω2k, ζ) + Ξ0(zω−2k, ζ)}, z ∈ L,
(5.35)
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∂νz F̃2(z, ζ) = −(2|ζ|2 + 1)N1(z, ζ)− 14n+ 8n|ζ|2

−
n−1∑
k=0

Re{Ξ1(zω2k, ζ) + Ξ1(zω−2k, ζ)}, z ∈ L\{1, ω},
(5.36)

∂νz∂z∂zF̃2(z, ζ) = −2n−
n−1∑
k=0

Re{Ξ2(zω2k, ζ) + Ξ2(zω−2k, ζ)}, z ∈ L\{1, ω},

(5.37)

where

Ξ0(z, ζ) =
2z(|ζ|2 + 1)

ζ
log |1− zζ|2 − (|ζ|2 + 1)(zζ2 − z2ζ)

|ζ|2(ζ − z)
, (5.38)

Ξ1(z, ζ) = −z2ζ2 +
zζ(|ζ|2 + 1)(|ζ|2 + 3)− z2(|ζ|4 + 1)

ζ2
log |1− zζ|2

+2zζ(|ζ|2 + 1) +
ζ

ζ − z

[
(1− |ζ|4)

|ζ|2
(zζ + zζ)− (1− |ζ|4)

2|ζ|4
(z2ζ

2
+ z2ζ2)

]
,

(5.39)

and

Ξ2(z, ζ) = 2

[
z(|ζ|2 + 1)

ζ
− 2

]
log |1− zζ|2 − 1

(ζ − z)2

[
z3ζ − 2zζ|ζ|2 +

zζ2

ζ

]
− 1

ζ − z

[
z2

ζ
+ 4z2ζ − zζ2 − 4zζ

ζ

]
.

(5.40)

Thus, the following theorem is valid.

Theorem 5.2.1. For z, ζ ∈ Ω,

ĥ3(z, ζ) = F2(z, ζ)− 3

2
n(|ζ|4 + 1) + 2n(2|ζ|2 − 1)(2|z|2 − 1) + 2n

+
1

4πi

∫
L

[
N1(z, ζ̃)∂ν

ζ̃
F̃2(ζ̃ , ζ) +N2(z, ζ̃)∂ν

ζ̃
∂
ζ̃ζ̃
F̃2(ζ̃ , ζ)

] dζ̃

ζ̃
,

where F2(z, ζ), ∂ν
ζ̃
F̃2(ζ̃ , ζ), ∂ν

ζ̃
∂
ζ̃ζ̃
F̃2(ζ̃ , ζ) are defined in (5.32), (5.36) and (5.37)

respectively.

Proof: First of all, we verify that the first solvability condition for F̃2(z, ζ) in

Theorem 4.3.4 holds, that is,

1

2π

∫
∂Ω

∂νz∂z∂zF̃2(z, ζ)dsz =
2

π

∫
Ω

(∂z∂z)
2F̃2(z, ζ)dxdy, (5.41)
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with z = x + iy, x, y ∈ R. Obviously, by (5.34) and (5.37), the right-hand side

in (5.41) vanishes and the left-hand side is

1

2πi

∫
L

∂νz∂z∂zF̃2(z, ζ)
dz

z
= −1− Re

{
1

2πi

∫
|z|=1

Ξ2(z, ζ)
dz

z

}
= 0,

which implies that the first condition (5.41) is true.

The second solvability condition is

n

π

∫
∂Ω

∂νz F̃2(z, ζ)dsz +
n

π

∫
∂Ω

(|z|2 − 1)∂νz∂z∂zF̃2(z, ζ)dsz

= 2c1 +
4n

π

∫
Ω

(|z|2 − 1)(∂z∂z)
2F̃2(z, ζ)dxdy,

(5.42)

where c1 is obtained from (5.35) and the normalization of N1, N2,

c1 =
n

πi

∫
L

∂z∂zF̃2(z, ζ)
dz

z
= 6n(|ζ|2−1)−Re

{
n

πi

∫
|z|=1

Ξ0(z, ζ)
dz

z

}
= 4n(2|ζ|2−1).

In addition, from (5.34), (5.36) and (5.39),

n

π

∫
∂Ω

∂νz F̃2(z, ζ)dsz = 8n|ζ|2 − 14n− Re

{
n

πi

∫
|z|=1

Ξ1(z, ζ)
dz

z

}
= 8n(2|ζ|2 − 1).

Thus, the second solvability condition (5.42) is valid. We also need to calculate

c0 =
n

πi

∫
L

F̃2(z, ζ)
dz

z
= −3n(|ζ|4 + 1)

−Re

{
n

πi

∫
|z|=1

[
z(1 + |ζ|2)2

ζ
− z2(|ζ|4 + 1)

2ζ2

]
log |ζ − z|2 dz

z

}

= −3

2
n(|ζ|4 + 1) + 4n|ζ|2.

Hence, from (5.34) and Theorem 4.3.4,

F̃2(z, ζ) = −3

2
n(|ζ|4 + 1) + 2n(2|ζ|2 − 1)(2|z|2 − 1) + 2n

+
1

4πi

∫
L

[
N1(z, ζ̃)∂ν

ζ̃
F̃2(ζ̃ , ζ) +N2(z, ζ̃)∂ν

ζ̃
∂
ζ̃ζ̃
F̃2(ζ̃ , ζ)

] dζ̃

ζ̃
.
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That is, the desired conclusion is true.

Next, we need the following two results.

Lemma 5.2.1. For z, ζ ∈ Ω,

K3(z, ζ) =
1

4πi

∫
L

N1(z, ζ̃)∂ν
ζ̃
F̃2(ζ̃ , ζ)

dζ̃

ζ̃

= 2n(|ζ|2 + 1)(|ζ|2 + 3)− 1

2
n(|ζ|4 + 1)

+

[
1− |ζ|4

4|ζ|2
− 1 + |ζ|4

4|z|2|ζ|2
+

1

2

]
(z + z)(ζ + ζ)B0 − 2(2|ζ|2 + 1)

×
n−1∑
k=0

∞∑
l=0

1

(l + 1)2

[
(zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1

]

+
n−1∑
k=0

{
1− |ζ|4

|ζ|2
log |(1− zζω2k)(1− zζω−2k)|2 +

1

2
(|ζ|2 + 1)(|ζ|2 + 3)

×

[(
1

zζω−2k
− zω−2k

ζ

)
log(1− zζω−2k) +

(
1

zζω2k
− zω2k

ζ

)
log(1− zζω2k)

+

(
1

zζω2k
− zω2k

ζ

)
log(1− zζω2k) +

(
1

zζω−2k
− zω−2k

ζ

)
log(1− zζω−2k)

]

+
1

4
(1 + |ζ|4)

[(
z2ω−4k

ζ
2 − ω4k

z2ζ2

)
log(1− zζω−2k)

+

(
z2ω4k

ζ2
− ω−4k

z2ζ
2

)
log(1− zζω2k) +

(
z2ω4k

ζ
2 − ω−4k

z2ζ2

)
log(1− zζω2k)

+

(
z2ω−4k

ζ2
− ω4k

z2ζ
2

)
log(1− zζω−2k)

]}
,

where B0 is given by (4.33).

Proof: From (5.36), the above expression follows from

1

4πi

∫
L

N1(z, ζ̃)∂ν
ζ̃
F̃2(ζ̃ , ζ)

dζ̃

ζ̃

=
1

4πi

∫
L

N1(z, ζ̃)
[
8n|ζ|2 − 14n− (2|ζ|2 + 1)N1(ζ̃ , ζ)

] dζ̃

ζ̃

−Re

{
1

4πi

∫
|ζ̃|=1

N1(z, ζ̃)Ξ1(ζ̃ , ζ)
dζ̃

ζ̃

}
,
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where Ξ1(z, ζ) is given by (5.39).

Lemma 5.2.2. For z, ζ ∈ Ω,

K4(z, ζ) =
1

4πi

∫
L

N2(z, ζ̃)∂ν
ζ̃
∂
ζ̃ζ̃
F̃2(ζ̃ , ζ)

dζ̃

ζ̃

= 2n(|ζ|2 + 1)(|z|2 + 1) + 8n(|ζ|2 + 2|z|2 + 3)

−(1 + |ζ|2)(1 + |z|2)

4|ζ|2
(z + z)(ζ + ζ)B0

+
n−1∑
k=0

∞∑
l=0

[
8

(l + 1)3
− 4(1 + |z|2)

(l + 1)2
− (|z|2 + 1)(|ζ|2 + 1)

(l + 2)2

]
×
[
(zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1

]
+

n−1∑
k=0

{[
1

2
(|ζ|2 + 1)(|z|2 + 1) + 2(2|z|2 + |ζ|2 + 3)

]
×

[
log(1− zζω−2k)

zζω−2k
+

log(1− zζω2k)

zζω2k
+

log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

]

+
(1 + |ζ|2)(3− |z|2)

2|ζ|2

[
zζω−2k log(1− zζω−2k) + zζω2k log(1− zζω2k)

+zζω2k log(1− zζω2k) + zζω−2k log(1− zζω−2k)

]

−
[

(1 + |ζ|2)2

|ζ|2
+ 2(2|z|2 + |ζ|2 + 3)

]
log |(1− zζω2k)(1− zζω2k)|2

}
,

with B0 given in (4.33).

Proof: Similarly by (5.37), the result derives from

1

4πi

∫
L

N2(z, ζ̃)∂ν
ζ̃
∂
ζ̃ζ̃
F̃2(ζ̃ , ζ)

dζ̃

ζ̃

= − n

2πi

∫
L

N2(z, ζ̃)
dζ̃

ζ̃
− Re

{
1

4πi

∫
|ζ̃|=1

N2(z, ζ̃)Ξ2(ζ̃ , ζ)
dζ̃

ζ̃

}
,

where Ξ2(z, ζ) is given by (5.40).
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Therefore, by Theorem 5.2.1,

ĥ3(z, ζ) = −3

2
n(|ζ|4 + 1) + 2n(2|ζ|2 − 1)(2|z|2 − 1)

+2n+K3(z, ζ) +K4(z, ζ) + F2(z, ζ),
(5.43)

with K3(z, ζ), K4(z, ζ) determined by Lemmas 5.2.1-5.2.2 respectively. Hence,

also from (5.26),

N3(z, ζ) = 3n(|ζ|4 + |z|4) + 10n(|ζ|2 + 1)(|z|2 + 1) + 4n(|ζ|2 + |z|2 + 6)

−1

4

[
|ζ|4 + |z|4 + 1

|z|2|ζ|2
+ |ζ|2 + |z|2 − 1

]
(z + z)(ζ + ζ)B0

+
n−1∑
k=0

∞∑
l=0

{[
8

(l + 1)3
− (|ζ|2 + 1)(|z|2 + 1)

(l + 2)2
− 4|z|2 + 4|ζ|2 + 6

(l + 1)2

]
×
[
(zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1

]}

+
n−1∑
k=0

{
1

4
|ζ − zω2k|4 log

∣∣∣∣1− zζω2k

ζ − zω2k

∣∣∣∣2 +
1

4
|ζ − zω−2k|4 log

∣∣∣∣1− zζω2k

ζ − zω−2k

∣∣∣∣2
−
[
2(|z|2 + 2)(|ζ|2 + 2) +

1

2
(|ζ|4 + |z|4)

]
log |(1− zζω2k)(1− zζω2k)|2

+

[
1

2
(|ζ|2 + |z|2)(|z|2 + 1)(|ζ|2 + 1) + 4(|z|2 + |ζ|2 + 2)

]
×

[
log(1− zζω−2k)

zζω−2k
+

log(1− zζω2k)

zζω2k

+
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

]

−1

4
(|z|4 + 1)(|ζ|4 + 1)

[
log(1− zζω−2k)

(zζω−2k)2
+

log(1− zζω2k)

(zζω2k)2

+
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2

]}
,

(5.44)

where B0 is given in (4.33). By computation, the expression (5.44) satisfies

(∂z∂z)
2N3(z, ζ) = N1(z, ζ), z, ζ ∈ Ω,
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∂νzN3(z, ζ) =

 −n(|ζ|4 − 4|ζ|2 + 3), z ∈ L\{1, ω},

0, z ∈ (0, 1) ∪ (ω, 0),
for ζ ∈ Ω,

∂νz∂z∂zN3(z, ζ) =

{
−4n(|ζ|2 − 1), z ∈ L\{1, ω},
0, z ∈ (0, 1) ∪ (ω, 0),

for ζ ∈ Ω.

Also, the normalization condition is valid,

1

2πi

∫
L

N3(z, ζ)
dz

z
=

3

2
n(|ζ|4 + 1) + 12n(|ζ|2 + 2)

+Re

{
2 [(|ζ|2 + 1)2 + 4(|ζ|2 + 3)]

2πi

∫
|z|=1

log(1− zζ)

zζ

dz

z

−(|ζ|4 + 1)

2πi

∫
|z|=1

log(1− zζ)

z2ζ2

dz

z

}
= 0.

Therefore, the expression (5.44) is exactly the desired triharmonic Neumann

function for the domain Ω.

5.3 Triharmonic Boundary Value Problems

Obviously, as in [27], we obtain the following representation formula and the

solution to the Dirichlet problem.

Theorem 5.3.1. Any w ∈ C6(Ω;C) ∩ C5(Ω;C) can be expressed as

w(z) = −
3∑

µ=1

1

4π

∫
∂Ω

∂νζĜµ(z, ζ)(∂ζ∂ζ)
µ−1w(ζ)dsζ −

1

π

∫
Ω

Ĝ3(z, ζ)(∂ζ∂ζ)
3w(ζ)dξdη,

where Ĝ1(z, ζ) = G1(z, ζ) and Ĝµ(z, ζ) (µ = 2, 3) are the harmonic Green, the

biharmonic Green and the triharmonic Green functions for Ω respectively.

Theorem 5.3.2. The Dirichlet problem (∂z∂z)
3w(z) = f in Ω,

w = γ0, ∂z∂zw = γ1, (∂z∂z)
2w = γ2 on ∂Ω,
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with f ∈ Lp(Ω;C), p > 2, γ0, γ1, γ2 ∈ C(∂Ω;C) is uniquely solvable by

w(z) = − 1

4π

∫
∂Ω

[
∂νζG1(z, ζ)γ0(ζ) + ∂νζĜ2(z, ζ)γ1(ζ) + ∂νζĜ3(z, ζ)γ2(ζ)

]
dsζ

− 1

π

∫
Ω

Ĝ3(z, ζ)f(ζ)dξdη, z ∈ Ω,

where G1(z, ζ), Ĝ2(z, ζ), Ĝ3(z, ζ) are given by (4.1), (4.16) and (5.21) respec-

tively.

Next, we give another representation formula and the statement for the

Neumann problem related to Ni(z, ζ) (i = 1, 2, 3).

Theorem 5.3.3. Any w ∈ C6(Ω;C) ∩ C5(Ω;C) can be represented as

w(z) =
n

πi

∫
L

w(ζ)
dζ

ζ
+
n(|z|2 − 1)

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ

+

[
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1)

]
n

πi

∫
L

(∂ζ∂ζ)
2w(ζ)

dζ

ζ

+
1

4π

∫
∂Ω

[
N1(z, ζ)∂νζw(ζ) +N2(z, ζ)∂νζ(∂ζ∂ζ)w(ζ)

+N3(z, ζ)∂νζ(∂ζ∂ζ)
2w(ζ)

]
dsζ −

1

π

∫
Ω

N3(z, ζ)(∂ζ∂ζ)
3w(ζ)dξdη,

where Ni(z, ζ) (i = 1, 2, 3) are the harmonic Nuemann, the biharmonic Neumann

and the triharmonic Neumann functions respectively.

Proof: Applying the representation formula in Theorem 4.3.3 to ∂z∂zw(z) gives

∂z∂zw(z) =
n

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ
+
n(|z|2 − 1)

πi

∫
L

(∂ζ∂ζ)
2w(ζ)

dζ

ζ

+
1

4π

∫
∂Ω

[
N1(z, ζ)∂νζ∂ζ∂ζw(ζ) +N2(z, ζ)∂νζ(∂ζ∂ζ)

2w(ζ)
]

dsζ

− 1

π

∫
Ω

N2(z, ζ)(∂ζ∂ζ)
3w(ζ)dξdη.

(5.45)
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Then, we substitute (5.45) into the following representation formula

w(z) =
1

4π

∫
∂Ω

[
∂νζw(ζ)N1(z, ζ)− w(ζ)∂νζN1(z, ζ)

]
dsζ

− 1

π

∫
Ω

N1(z, ζ)∂ζ∂ζw(ζ)dξdη,
(5.46)

thus, the result follows from
− 1

π

∫
Ω

N1(z, ζ)dξdη = |z|2 − 1,

− 1

π

∫
Ω

(|ζ|2 − 1)N1(z, ζ)dξdη =
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1).

(5.47)

Theorem 5.3.4. The Neumann problem

(∂z∂z)
3w = f in Ω, ∂νzw = γ0, ∂νz∂z∂zw = γ1, ∂νz(∂z∂z)

2w = γ2 on ∂Ω,

n

πi

∫
L

w(ζ)
dζ

ζ
= c0,

n

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ
= c1,

n

πi

∫
L

(∂ζ∂ζ)
2w(ζ)

dζ

ζ
= c2

for f ∈ Lp(Ω;C), p > 2, γ1, γ2, γ3 ∈ C(∂Ω;C), is solvable if and only if

1

2π

∫
∂Ω

γ2(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη, (5.48)

n

π

∫
∂Ω

γ1(ζ)dsζ +
n

π

∫
∂Ω

(|ζ|2 − 1)γ2(ζ)dsζ = 2c2 +
4n

π

∫
Ω

(|ζ|2 − 1)f(ζ)dξdη, (5.49)

and

n

π

∫
∂Ω

γ0(ζ)dsζ +
n

π

∫
∂Ω

(|ζ|2 − 1)

[
γ1(ζ) +

1

4
γ2(ζ)(|ζ|2 − 3)

]
dsζ

= 2c1 − c2 +
n

π

∫
Ω

(|ζ|2 − 1)(|ζ|2 − 3)f(ζ)dξdη.
(5.50)
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Then its solution is uniquely expressed as

w(z) = c0 + (|z|2 − 1)c1 +

[
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1)

]
c2

+
1

4π

∫
∂Ω

[N1(z, ζ)γ0(ζ) +N2(z, ζ)γ1(ζ) +N3(z, ζ)γ2(ζ)] dsζ

− 1

π

∫
Ω

N3(z, ζ)f(ζ)dξdη, z ∈ Ω.

(5.51)

where N1(z, ζ), N2(z, ζ), N3(z, ζ) are given in (4.17), (4.37) and (5.44) respec-

tively.

Proof: Rewriting the above Neumann problem as the following system

(∂z∂z)
2w = w1 in Ω, ∂νzw = γ0, ∂νz∂z∂zw = γ1 on ∂Ω,

n

πi

∫
L

w(ζ)
dζ

ζ
= c0,

n

πi

∫
L

∂ζ∂ζw(ζ)
dζ

ζ
= c1,

and

∂z∂zw1 = f in Ω, ∂νzw1 = γ2,
n

πi

∫
L

w1(ζ)
dζ

ζ
= c2.

Hence, from Theorem 4.3.4 and Lemma 4.2.1, if and only if

1

2π

∫
∂Ω

γ2(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη, (5.52)

1

2π

∫
∂Ω

γ1(ζ)dsζ =
2

π

∫
Ω

w1(ζ)dξdη (5.53)

and

n

π

∫
∂Ω

γ0(ζ)dsζ +
n

π

∫
∂Ω

(|ζ|2− 1)γ1(ζ)dsζ = 2c1 +
4n

π

∫
Ω

(|ζ|2− 1)w1(ζ)dξdη (5.54)

are satisfied, then w, w1 are uniquely expressed as, respectively,

w1(z) = c2 +
1

4π

∫
∂Ω

N1(z, ζ)γ2(ζ)dsζ −
1

π

∫
Ω

N1(z, ζ)f(ζ)dξdη (5.55)
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and

w(z) = c0 + (|z|2 − 1)c1 +
1

4π

∫
∂Ω

[N1(z, ζ)γ0(ζ) +N2(z, ζ)γ1(ζ)] dsζ

− 1

π

∫
Ω

N2(z, ζ)w1(ζ)dξdη.
(5.56)

Thus, putting (5.55) into (5.53) and (5.54) respectively, the desired solvability

conditions (5.49) and (5.50) follow from (5.47) and

− 1

π

∫
Ω

(|ζ|2 − 1)dξdη =
1

4n
.

Similarly, putting (5.55) into (5.56) gives that the unique solution (5.51) is also

valid from

− 1

π

∫
Ω

N2(z, ζ)dξdη =
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1).

Then the proof is completed.
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Chapter 6

Tetra-harmonic Boundary Value Problems

On the basis of m-harmonic Green and Neumann functions (m = 1, 2, 3), we seek

to find a tetra-harmonic Green function and a tetra-harmonic Neumann function

for the domain Ω, and then study the related tetra-harmonic boundary value

problems. Also, Ω, L, ω, θ are defined as before.

6.1 Tetra-harmonic Dirichlet Problem

A tetra-harmonic Green function Ĝ4(z, ζ) determined later for the domain Ω

should satisfy the properties,

1. Ĝ4(z, ζ) is tetra-harmonic in Ω\{ζ},

2. Ĝ4(z, ζ) +
1

36
|ζ − z|6 log |ζ − z|2 is tetra-harmonic in Ω,

3. (∂z∂z̄)
3Ĝ4(z, ζ) = G1(z, ζ) for z ∈ Ω,

(∂z∂z̄)
j−1Ĝ4(z, ζ) = 0, j = 1, 2, 3, 4, z ∈ ∂Ω,

4. Ĝ4(z, ζ) = Ĝ4(ζ, z) for z 6= ζ.

Actually, Ĝ4(z, ζ) is equivalent to another expression,

Ĝ4(z, ζ) = − 1

π

∫
Ω

G1(z, ζ̃)Ĝ3(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, (6.1)

where G1, Ĝ3 are defined in (4.1) and (5.21) respectively. We represent Ĝ4(z, ζ)

as

Ĝ4(z, ζ) =
1

36
|ζ − z|6G1(z, ζ) + h4(z, ζ), z, ζ ∈ Ω, (6.2)

with h4(z, ζ) being a tetra-harmonic function. Then, h4(z, ζ) satisfies the prop-

erties,

(∂z∂z)
3h4(z, ζ) = f2(z, ζ), z ∈ Ω, h4(z, ζ) = 0, z ∈ ∂Ω, (6.3)
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and for z ∈ ∂Ω,

∂z∂zh4(z, ζ) =
1

12
|ζ − z|4

[
(ζ − z)∂zG1(z, ζ) + (ζ − z)∂zG1(z, ζ)

]
, (6.4)

(∂z∂z)
2h4(z, ζ) = |ζ − z|2

[
(ζ − z)∂zG1(z, ζ) + (ζ − z)∂zG1(z, ζ)

]
−1

6
|ζ − z|2

[
(ζ − z)2∂2

zG1(z, ζ) + (ζ − z)2∂2
zG1(z, ζ)

]
,

(6.5)

where precisely,

f2(z, ζ) =
n−1∑
k=0

Re

{
− 2

[
|ζ|2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

− ζ2 − ω−2k

ω−2k − zζ
− ζω2k − ζ
ζ − zω2k

]
−2

3

[
(|ζ|2 − ω−2k)3

(ω−2k − zζ)3
+

(ζω2k − ζ)3

(ζ − zω2k)3
− (ζ2 − ω−2k)3

(ω−2k − zζ)3
− (ζω2k − ζ)3

(ζ − zω2k)3

]

+
(|ζ|2 − ω−2k)2

(ω−2k − zζ)2
+

(ζω2k − ζ)2

(ζ − zω2k)2
− (ζ2 − ω−2k)2

(ω−2k − zζ)2
− (ζω2k − ζ)2

(ζ − zω2k)2

}
.

(6.6)

Introducing a tetra-harmonic function

F4(z, ζ) =
1

36
(zζ + zζ)3G1(z, ζ) +

1

12
(zζ + zζ)(|ζ|2 + |z|2)2G1(z, ζ)

− 1

12
(z2ζ2 + z2ζ

2
)(|z|2 + |ζ|2)G1(z, ζ)

+
n−1∑
k=0

{[
(zζω2k + zζω−2k)3

36|ζ|6
+

(zζω2k + zζω−2k)

12|ζ|2
(|ζ|2 + |z|2)2

−(z2ζ2ω4k + z2ζ
2
ω−4k)

12|ζ|4
(|ζ|2 + |z|2)

]
log |ω−2k − zζ|2

−
[

(zζω2k + zζω−2k)3

36|ζ|6
+

(zζω2k + zζω−2k)

12|ζ|2
(|ζ|2 + |z|2)2

−(z2ζ2ω−4k + z2ζ
2
ω4k)

12|ζ|4
(|ζ|2 + |z|2)

]
log |ω2k − zζ|2

+

[
1

36
(zζω2k + zζω−2k)3 +

1

12
(zζω2k + zζω−2k)(|ζ|2 + |z|2)2

− 1

12
(z2ζ2ω−4k + z2ζ

2
ω4k)(|ζ|2 + |z|2)

]
log |ζ − zω2k|2
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−
[

1

36
(zζω2k + zζω−2k)3 +

1

12
(zζω2k + zζω−2k)(|ζ|2 + |z|2)2

− 1

12
(z2ζ

2
ω−4k + z2ζ2ω4k)(|ζ|2 + |z|2)

]
log |ζ − zω2k|2

}
.

(6.7)

Through computation, we obtain

(∂z∂z)
3[h4(z, ζ)− F4(z, ζ)] = 0, z, ζ ∈ Ω, (6.8)

and 
h4(z, ζ)− F4(z, ζ) = 0, z ∈ [0, 1] ∪ [ω, 0],

∂z∂z[h4(z, ζ)− F4(z, ζ)] = 0, z ∈ [0, 1] ∪ [ω, 0],

(∂z∂z)
2[h4(z, ζ)− F4(z, ζ)] = 0, z ∈ [0, 1] ∪ [ω, 0].

(6.9)

Also, we have

h4(z, ζ)− F4(z, ζ) = 2
n−1∑
k=0

Re

{
Ξ3(zω2k, ζ)− Ξ3(zω−2k, ζ)

}
, z ∈ L, (6.10)

∂z∂z [h4(z, ζ)− F4(z, ζ)] = 2
n−1∑
k=0

Re

{
Ξ4(zω2k, ζ)−Ξ4(zω−2k, ζ)

}
, z ∈ L, (6.11)

(∂z∂z)
2 [h4(z, ζ)− F4(z, ζ)] = 2

n−1∑
k=0

Re

{
Ξ5(zω2k, ζ)− Ξ5(zω−2k, ζ)

}
, z ∈ L,

(6.12)

with

Ξ3(z, ζ) =

{
|ζ|6 − 1

36|ζ|6
(z3ζ3 + 3zζ|ζ|2) +

(|ζ|4 − 1)(1 + |ζ|2)

12|ζ|2
zζ

+
z2(1− |ζ|4)(1 + |ζ|2)

12ζ
2

}
log |1− zζ|2,

(6.13)

Ξ4(z, ζ) =
|ζ|4 − 1

12|ζ|4
[
(6|ζ|2 + 2)zζ − 3z2ζ2

]
log |1− zζ|2 +

|ζ|4 − 1

6|ζ|2

[
zζ − z2ζ2

|ζ|2

]
+
|ζ|4 − 1

12|ζ|2
1

1− zζ

[
− 4(1 + |ζ|2) + 2zζ

]
,

(6.14)
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Ξ5(z, ζ) =
z(|ζ|2 − 1)

ζ
log |1− zζ|2 +

1

6(1− zζ)2

[
z(1− |ζ|2)

ζ
+

2

|ζ|2
− |ζ|2 − 1

]
+

1

6(1− zζ)

[
z(5|ζ|2 − 6)

ζ
+

4

|ζ|2
− 8|ζ|2 + 5

]
+
z(6|ζ|2 − 5)

6ζ
.

(6.15)

Then, the next theorem holds.

Theorem 6.1.1. For z, ζ ∈ Ω,

h4(z, ζ) = F4(z, ζ)− Re

{
1

2πi

∫
|ζ̃|=1

[
∂ν

ζ̃
G1(z, ζ̃)Ξ3(ζ̃ , ζ)

+∂ν
ζ̃
Ĝ2(z, ζ̃)Ξ4(ζ̃ , ζ) + ∂ν

ζ̃
Ĝ3(z, ζ̃)Ξ5(ζ̃ , ζ)

]
dζ̃

ζ̃

}
,

where F4, ∂ν
ζ̃
G1, ∂ν

ζ̃
Ĝ2, Ξi (i = 3, 4, 5) are given in (6.7), (5.8), (5.9) and

(6.13)-(6.15) respectively. Moreover, B0 is defined by (4.33) and for z ∈ L,

∂νzĜ3(z, ζ) =
|ζ|4 − 1

|ζ|2
(ζ − ζ)(z − z)B0 + 2(1− |ζ|2)

×
n−1∑
k=0

∞∑
l=0

1

(l + 1)2

[
(zζω−2k)l + (zζω2k)l − (zζω2k)l − (zζω−2k)l

]
+(|ζ|4 − 1)

n−1∑
k=0

{
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω−2k)

(zζω−2k)2

− log(1− zζω2k)

(zζω2k)2
− log(1− zζω2k)

zζω2k
− log(1− zζω−2k)

zζω−2k

+
log(1− zζω−2k)

zζω−2k
+

log(1− zζω2k)

zζω2k

}
.

.

Proof: Let F̃4(z, ζ) = h4(z, ζ) − F4(z, ζ), thus from (6.8), (6.9) and Theorem

5.3.2, we obtain

h4(z, ζ) = F4(z, ζ)− 1

4πi

∫
L

[
∂ν

ζ̃
G1(z, ζ̃)F̃4(ζ̃ , ζ)

+∂ν
ζ̃
Ĝ2(z, ζ̃)∂ζ̃∂ζ̃F̃4(ζ̃ , ζ) + ∂ν

ζ̃
Ĝ3(z, ζ̃)(∂ζ̃∂ζ̃)

2F̃4(ζ̃ , ζ)

]
dζ̃

ζ̃
.

(6.16)
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Then from (6.10)-(6.12), the boundary integral in (6.16) can be represented as

Re

{
1

2πi

∫
L

{
∂ν

ζ̃
G1(z, ζ̃)

[
Ξ3(ζ̃ω2k, ζ)− Ξ3(ζ̃ω−2k, ζ)

]
+∂ν

ζ̃
Ĝ2(z, ζ̃)

[
Ξ4(ζ̃ω2k, ζ)− Ξ4(ζ̃ω−2k, ζ)

]
+∂ν

ζ̃
Ĝ3(z, ζ̃)

[
Ξ5(ζ̃ω2k, ζ)− Ξ5(ζ̃ω−2k, ζ)

]}dζ̃

ζ̃

}

= Re

{
1

2πi

∫
|ζ̃|=1

[
∂ν

ζ̃
G1(z, ζ̃)Ξ3(ζ̃ , ζ) + ∂ν

ζ̃
Ĝ2(z, ζ̃)Ξ4(ζ̃ , ζ)

+∂ν
ζ̃
Ĝ3(z, ζ̃)Ξ5(ζ̃ , ζ)

]
dζ̃

ζ̃

}
.

Thus, the proof is completed.

Suppose C0 =
n−1∑
k=0

ω4k, then we have

C0 =


1, n = 1,

2, n = 2,

0, n > 2.

(6.17)

Next, the following three lemmas are needed.

Lemma 6.1.1. For z, ζ ∈ Ω,

H1(z, ζ) = −Re

{
1

2πi

∫
|ζ̃|=1

∂ν
ζ̃
G1(z, ζ̃)Ξ3(ζ̃ , ζ)

dζ̃

ζ̃

}

=
(1− |z|4)(1− |ζ|6)

36|z|4|ζ|4
(ζ

2 − ζ2)(z2 − z2)C0

+
(1− |z|2)(1− |ζ|2)

72|ζ|2|z|2
(5|ζ|4 + 11|ζ|2 + 5)(ζ − ζ)(z − z)B0

+
1− |ζ|6

36|ζ|6
n−1∑
k=0

{[
(zζω−2k)3 +

ζ
3

(zω−2k)3

]
log(1− zζω−2k)

+

[
(zζω2k)3 +

ζ3

(zω2k)3

]
log(1− zζω2k)−

[
(zζω2k)3 +

ζ
3

(zω2k)3

]
log(1− zζω2k)

93



−
[
(zζω−2k)3 +

ζ3

(zω−2k)3

]
log(1− zζω−2k)

}

+
1

12

[
(|ζ|2 + 1)2(1− |ζ|2) +

1− |ζ|6

|ζ|2

] n−1∑
k=0

{[
1

zζω−2k
+
zζω−2k

|ζ|2

]
log(1− zζω−2k)

+

[
1

zζω2k
+
zζω2k

|ζ|2

]
log(1− zζω2k)−

[
1

zζω−2k
+
zζω−2k

|ζ|2

]
log(1− zζω−2k)

−
[

1

zζω2k
+
zζω2k

|ζ|2

]
log(1− zζω2k)

}

− 1

12
(1− |ζ|4)(1 + |ζ|2)

n−1∑
k=0

{[
ω4k

(zζ)2
+

(zζ)2

|ζ|4ω4k

]
log(1− zζω−2k)

+

[
ω−4k

(zζ)2
+

(zζ)2

|ζ|4ω−4k

]
log(1− zζω2k)−

[
ω4k

(zζ)2
+

(zζ)2

|ζ|4ω4k

]
log(1− zζω−2k)

−
[
ω−4k

(zζ)2
+

(zζ)2

|ζ|4ω−4k

]
log(1− zζω2k)

}
,

with B0, C0 given by (4.33) and (6.17) respectively.

Lemma 6.1.2. For z, ζ ∈ Ω,

H2(z, ζ) = −Re

{
1

2πi

∫
|ζ̃|=1

∂ν
ζ̃
Ĝ2(z, ζ̃)Ξ4(ζ̃ , ζ)

dζ̃

ζ̃

}

=
(1− |z|2)(1− |ζ|4)(2|z|2 + 3)

12|z|2|ζ|2
(ζ − ζ)(z − z)B0

−(1− |z|2)(1− |ζ|4)

36|ζ|4
(ζ

2 − ζ2)(z2 − z2)C0 −
(|ζ|4 − 1)(|z|2 − 1)(6|ζ|2 + 2)

12|ζ|2

×
n−1∑
k=0

∞∑
l=0

1

(l + 1)2

[
(zζω−2k)l + (zζω2k)l − (zζω2k)l − (zζω−2k)l

]
+

(|ζ|4 − 1)(|z|2 − 1)

12|ζ|2
n−1∑
k=0

{[
3zζω2k +

ω−2k

zζ
+

zζ

|ζ|2ω−2k

−z
2ζ2ω4k

|ζ|2
− |ζ|2

zζω2k
+

3|ζ|2

(zζω2k)2

]
log(1− zζω2k)
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+

[
3zζω−2k +

ω2k

zζ
+

zζ

|ζ|2ω2k

−z
2ζ

2
ω−4k

|ζ|2
− |ζ|2

zζω−2k
+

3|ζ|2

(zζω−2k)2

]
log(1− zζω−2k)

−

[
3zζω2k +

ω−2k

zζ
+

zζ

|ζ|2ω−2k

−z
2ζ

2
ω4k

|ζ|2
− |ζ|2

zζω2k
+

3|ζ|2

(zζω2k)2

]}
log(1− zζω2k)

−

[
3zζω−2k +

ω2k

zζ
+

zζ

|ζ|2ω2k

−z
2ζ2ω−4k

|ζ|2
− |ζ|2

zζω−2k
+

3|ζ|2

(zζω−2k)2

]
log(1− zζω−2k)

}
,

where B0, C0 are given by (4.33) and (6.17) respectively.

Lemma 6.1.3. For z, ζ ∈ Ω,

H3(z, ζ) = −Re

{
1

2πi

∫
|ζ̃|=1

∂ν
ζ̃
Ĝ3(z, ζ̃)Ξ5(ζ̃ , ζ)

dζ̃

ζ̃

}

=

[
(1− |z|2)(1− |ζ|2)(|z|2 + 2)

6|z|2|ζ|2
+

5(1− |z|4)(1− |ζ|2)

72|ζ|2

]
(ζ − ζ)(z − z)B0

+(|ζ|2 − 1)(|z|2 − 1)
n−1∑
k=0

∞∑
l=0

1

(l + 1)3

[
(zζω−2k)l + (zζω2k)l

−(zζω2k)l − (zζω−2k)l

]
−1

6

[
|z|2 − 1

|ζ|2
(1 + 3|ζ|2 − 4|ζ|4) + 3(|ζ|2 − 1)(|z|4 − 1)

]
×

n−1∑
k=0

∞∑
l=0

1

(l + 1)2

[
(zζω−2k)l + (zζω2k)l − (zζω2k)l − (zζω−2k)l

]
+

n−1∑
k=0

{
1

3
(|ζ|2 − 1)(|z|4 − 1)

[
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2

− log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω2k)

(zζω2k)2

]
− (|ζ|2 − 1)(|z|2 − 1)

12|ζ|2
(2− |z|2)
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×

[
zζω2k log(1− zζω2k) + zζω−2k log(1− zζω−2k)

−zζω−2k log(1− zζω−2k)− zζω2k log(1− zζω2k)

]
−
[
|z|2(|ζ|2 − 1)(|z|2 − 1)

12|ζ|2
(−4|ζ|2 − 1) +

1

2
(|ζ|2 − 1)(|z|4 − 1)

]
×

[
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

− log(1− zζω−2k)

zζω−2k
− log(1− zζω2k)

zζω2k

]}
,

with B0 given by (4.33).

Then from Theorem 6.1.1,

h4(z, ζ) = F4(z, ζ) +H1(z, ζ) +H2(z, ζ) +H3(z, ζ), (6.18)

where F4, Hi (i = 1, 2, 3) are defined by (6.7) and Lemmas 6.1.1-6.1.3 respec-

tively.

Therefore, by (6.2) and (6.18), Ĝ4 is represented as

Ĝ4(z, ζ) =
1

36
(|z|2 − 1)(|ζ|2 − 1)(z2 − z2)(ζ

2 − ζ2)C0

+
1

72
(|z|4 − 1)(|ζ|4 − 1)(z − z)(ζ − ζ)B0

− 1

12
(|z|2 − 1)(|ζ|2 − 1)(|ζ|2 + |z|2)(z − z)(ζ − ζ)B0

+(|z|2 − 1)(|ζ|2 − 1)
n−1∑
k=0

∞∑
l=1

1

(l + 1)3

[
(zζω2k)l + (zζω−2k)l

−(zζω2k)l − (zζω−2k)l

]

−1

2
(|z|2 − 1)(|ζ|2 − 1)(|z|2 + |ζ|2 + 1)

n−1∑
k=0

∞∑
l=1

1

(l + 1)2

[
(zζω2k)l + (zζω−2k)l

−(zζω2k)l − (zζω−2k)l

]
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+
n−1∑
k=0

{
1

36

∣∣ζ − zω2k
∣∣6 log

∣∣∣∣1− zζω2k

ζ − zω2k

∣∣∣∣2 +
1

36

∣∣ζ − zω−2k
∣∣6 log

∣∣∣∣ζ − zω−2k

1− zζω2k

∣∣∣∣2
− 1

36
(|z|6 − 1)(|ζ|6 − 1)

{
1

2!

(
1

zζω2k
+

1

zζω−2k
− 1

zζω−2k
− 1

zζω2k

)
+

1

(zζω2k)2
+

1

(zζω−2k)2
− 1

(zζω−2k)2
− 1

(zζω2k)2
+

log(1− zζω2k)

(zζω2k)3

+
log(1− zζω−2k)

(zζω−2k)3
− log(1− zζω−2k)

(zζω−2k)3
− log(1− zζω2k)

(zζω2k)3

}
+

1

12

[
(|z|6 − 1)(|ζ|4 − 1) + (|z|4 − 1)(|ζ|6 − 1)

+3(|z|2 − 1)(|ζ|4 − 1) + 3(|z|4 − 1)(|ζ|2 − 1)

]

×

{
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω−2k)

(zζω−2k)2
− log(1− zζω2k)

(zζω2k)2

+
1

zζω2k
+

1

zζω−2k
− 1

zζω−2k
− 1

zζω2k

}
− 1

12

[
(|z|6 − 1)(|ζ|2 − 1) + (|z|2 − 1)(|ζ|6 − 1)

+3(|z|4 − 1)(|ζ|4 − 1) + 3(|z|2 − 1)(|ζ|2 − 1)

]
×

[
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

− log(1− zζω−2k)

zζω−2k
− log(1− zζω2k)

zζω2k

]}
,

(6.19)

where B0, C0 are defined by (4.33) and (6.17) respectively. We also can verify

that the expression (6.19) satisfies the properties

(∂z∂z)
3Ĝ4(z, ζ) = G1(z, ζ), z, ζ ∈ Ω,

(∂z∂z)
j−1Ĝ4(z, ζ) = 0, z ∈ ∂Ω, j = 1, 2, 3,

which implies that expression (6.19) is just the desired tetra-harmonic Green

function for the domain Ω.

Furthermore, the following representation formula and the statement about
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the Dirichlet problem hold.

Theorem 6.1.2. Any w ∈ C8(Ω;C) ∩ C7(Ω;C) can be represented as

w(z) = −
4∑

µ=1

1

4π

∫
∂Ω

∂νζĜµ(z, ζ)(∂ζ∂ζ)
µ−1w(ζ)dsζ −

1

π

∫
Ω

Ĝ4(z, ζ)(∂ζ∂ζ)
4w(ζ)dξdη,

where Ĝ1(z, ζ) = G1(z, ζ) and Ĝµ(z, ζ) (µ = 2, 3, 4) are the harmonic Green, the

biharmonic Green, the triharmonic Green and the tetra-harmonic Green func-

tions for Ω respectively.

Theorem 6.1.3. The tetra-harmonic Dirichlet problem (∂z∂z)
4w(z) = f in Ω,

w = γ0, ∂z∂zw = γ1, (∂z∂z)
2w = γ2, (∂z∂z)

3w = γ3 on ∂Ω,

with f ∈ Lp(Ω;C), p > 2, γ0, γ1, γ2, γ3 ∈ C(∂Ω;C) is uniquely solvable by

w(z) = − 1

4π

∫
∂Ω

[
∂νζG1(z, ζ)γ0(ζ) + ∂νζĜ2(z, ζ)γ1(ζ) + ∂νζĜ3(z, ζ)γ2(ζ)

+∂νζĜ4(z, ζ)γ3(ζ)
]
dsζ −

1

π

∫
Ω

Ĝ4(z, ζ)f(ζ)dξdη, z ∈ Ω,

where G1(z, ζ), Ĝ2(z, ζ), Ĝ3(z, ζ), Ĝ4(z, ζ) are given in (4.1), (4.16), (5.21) and

(6.19) respectively.

6.2 Tetra-harmonic Neumann Function

In the following, we want to find a tetra-harmonic Neumann function N4(z, ζ)

which satisfies,

1. N4(z, ζ) is tetra-harmonic in Ω\{ζ} with respect to z,

2. N4(z, ζ) +
1

36
|ζ − z|6 log |ζ − z|2 is tetra-harmonic in Ω,

3. ∂z∂zN4(z, ζ) = N3(z, ζ), z, ζ ∈ Ω,
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4. ∂νzN4(z, ζ) =



4n

π

∫
Ω

N3(ζ, ζ̃)dξ̃dη̃

= 4n

[
1

6
(|ζ|2 − 1)2 − 1

3
(|ζ|2 − 1)− 1

36
(|ζ|2 − 1)3

]
,

z ∈ L\{1, ω},

0, z ∈ (0, 1) ∪ (ω, 0),

5.

∫
L

N4(z, ζ)
dz

z
= 0 for ζ ∈ Ω,

where N3(z, ζ) is given in (5.44), and the boundary behavior 4 above follows from

applying Theorem 5.3.4 to the function
1

36
(|z|2 − 1)3.

We also have

N4(z, ζ) = − 1

π

∫
Ω

N1(z, ζ̃)N3(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω,

where N1, N3 are given by (4.17) and (5.44) respectively. Then we firstly trans-

form N4(z, ζ) into

N4(z, ζ) =
1

36
|ζ − z|6N1(z, ζ) + ĥ4(z, ζ), z, ζ ∈ Ω, (6.20)

where ĥ4(z, ζ) is a tetra-harmonic function in Ω. Then we have

(∂z∂z)
3ĥ4(z, ζ) = f4(z, ζ), z, ζ ∈ Ω, (6.21)

∂z∂zĥ4(z, ζ) = N3(z, ζ)− 1

4
|ζ − z|4N1 +

1

12
|ζ − z|4

[
(ζ − z)∂zN1

+(ζ − z)∂zN1

]
, z, ζ ∈ Ω,

(6.22)

(∂z∂z)
2ĥ4(z, ζ) = N2(z, ζ)− |ζ − z|2N1

+
1

3
|ζ − z|2Re

{
6(ζ − z)∂zN1 − (ζ − z)2∂2

zN1

}
, z, ζ ∈ Ω,

(6.23)
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where

f4(z, ζ) = 2Re

{
3(ζ − z)∂zN1(z, ζ)− 3

2
(ζ − z)2∂2

zN1(z, ζ)

+
1

6
(ζ − z)3∂3

zN1(z, ζ)

}

=
44

3
n+ 2

n−1∑
k=0

Re

{
|ζ|2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

+
ζ2 − ω−2k

ω−2k − zζ
+
ζω2k − ζ
ζ − zω2k

+
1

3

[
(|ζ|2 − ω−2k)3

(ω−2k − zζ)3
+

(ζω2k − ζ)3

(ζ − zω2k)3
+

(ζ2 − ω−2k)3

(ω−2k − zζ)3
+

(ζω2k − ζ)3

(ζ − zω2k)3

]
−1

2

[
(|ζ|2 − ω−2k)2

(ω−2k − zζ)2
+

(ζω2k − ζ)2

(ζ − zω2k)2
+

(ζ2 − ω−2k)2

(ω−2k − zζ)2
+

(ζω2k − ζ)2

(ζ − zω2k)2

]}
.

(6.24)

In addition,

∂νz∂z∂zĥ4(z, ζ) =



∂νzN3 +
1

2
|ζ − z|2(zζ + zζ − 2)N1 + 2n|ζ − z|4

−1

6
|ζ − z|2Re

{
2z(ζ − z)2∂zN1 − |ζ − z|2(zζ − z2)∂2

zN1

}
,

z ∈ L\{1, ω},

− i

12
|ζ − z|2(ζ − ζ)

{
6N1 − 2(ζ + ζ − 2z)∂zN1

−|ζ − z|2∂2
zN1

}
, z ∈ (0, 1),

i

12
|ζ − z|2(ζeiθ − ζe−iθ)

{
6N1 − e2θi|ζ − z|2∂2

zN1

−2(ζe2iθ + ζ − 2z)∂zN1

}
, z ∈ (ω, 0).

(6.25)

∂νz ĥ4(z, ζ) =



∂νzN4 +
1

12
|ζ − z|4(zζ + zζ − 2)N1(z, ζ) +

1

9
n|ζ − z|6,

z ∈ L\{1, ω},

− i

12
|ζ − z|4(ζ − ζ)N1(z, ζ), z ∈ (0, 1),

i

12
|ζ − z|4(ζeiθ − ζe−iθ)N1(z, ζ), z ∈ (ω, 0),

(6.26)
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∂νz(∂z∂z)
2ĥ4(z, ζ)

=



∂νzN2 + (zζ + zζ − 2)N1 + 12n|ζ − z|2 + 2Re

{
− z(ζ − z)2∂zN1

+

[
3

2
z(ζ − z)|ζ − z|2 +

1

6
z(ζ − z)3

]
∂2
zN1 −

1

6
z|ζ − z|2(ζ − z)2∂3

zN1

}
,

z ∈ L\{1, ω},

−i(ζ − ζ)

{
N1 − (ζ + ζ − 2z)∂zN1 +

1

6
|ζ − z|2(ζ + ζ − 2z)∂3

zN1

−
[

3

2
|ζ − z|2 − 1

6
(ζ

2
+ |ζ|2 + ζ2 − 3zζ − 3zζ + 3z2)

]
∂2
zN1

}
, z ∈ (0, 1),

i(ζeiθ − ζe−iθ)

{
N1 − (ζe2iθ + ζ − 2z)∂zN1 +

1

6
|ζ − z|2e2iθ(ζe2iθ + ζ − 2z)∂3

zN1

−
[

3

2
e2iθ|ζ − z|2 − 1

6
(ζ

2
e4iθ + |ζ|2e2iθ + ζ2 − 3zζ − 3zζe2iθ + 3z2)

]
∂2
zN1

}
,

z ∈ (ω, 0).

(6.27)

Then a tetra-harmonic function is introduced by

F5(z, ζ) =
11

27
n(|ζ|6 + |z|6) +

1

36
(zζ + zζ)3N1 +

1

12
(zζ + zζ)(|ζ|2 + |z|2)2N1

− 1

12
(z2ζ2 + z2ζ

2
)(|z|2 + |ζ|2)N1(z, ζ)

+
n−1∑
k=0

{[
(zζω2k + zζω−2k)3

36|ζ|6
+

(zζω2k + zζω−2k)

12|ζ|2
(|ζ|2 + |z|2)2

−(z2ζ2ω4k + z2ζ
2
ω−4k)

12|ζ|4
(|ζ|2 + |z|2)

]
log |ω−2k − zζ|2

+

[
(zζω2k + zζω−2k)3

36|ζ|6
+

(zζω2k + zζω−2k)

12|ζ|2
(|ζ|2 + |z|2)2

−(z2ζ2ω−4k + z2ζ
2
ω4k)

12|ζ|4
(|ζ|2 + |z|2)

]
log |ω2k − zζ|2

+

[
1

36
(zζω2k + zζω−2k)3 +

1

12
(zζω2k + zζω−2k)(|ζ|2 + |z|2)2

− 1

12
(z2ζ2ω−4k + z2ζ

2
ω4k)(|ζ|2 + |z|2)

]
log |ζ − zω2k|2
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+

[
1

36
(zζω2k + zζω−2k)3 +

1

12
(zζω2k + zζω−2k)(|ζ|2 + |z|2)2

− 1

12
(z2ζ

2
ω−4k + z2ζ2ω4k)(|ζ|2 + |z|2)

]
log |ζ − zω2k|2

}
.

(6.28)

Let

F̃5(z, ζ) = ĥ4(z, ζ)− F5(z, ζ), z, ζ ∈ Ω, (6.29)

By computation, we obtain that F̃5(z, ζ) satisfies,

(∂z∂z)
3F̃5(z, ζ) = 0, z, ζ ∈ Ω,

∂νz F̃5(z, ζ) = 0, z ∈ (ω, 0) ∪ (0, 1),

∂νz∂z∂zF̃5(z, ζ) = 0, z ∈ (ω, 0) ∪ (0, 1),

∂νz(∂z∂z)
2F̃5(z, ζ) = 0, z ∈ (ω, 0) ∪ (0, 1).

(6.30)

Furthermore,

F̃5(z, ζ) = −11

27
(|ζ|6 + 1)n− 1

36

[
(|ζ|3 + 1)3 + 6|ζ|2(|ζ|2 + 1)

]
N1(z, ζ)

−2
n−1∑
k=0

Re{Θ1(zω2k, ζ) + Θ1(zω−2k, ζ)}, z ∈ L,
(6.31)

∂z∂zF̃5(z, ζ) = N3 −
1

4

(
|ζ|4 + 4|ζ|2 + 1

)
N1 +

(
|ζ|4 + 2|ζ|2 − 10

3

)
n

−2
n−1∑
k=0

Re{Θ2(zω2k, ζ) + Θ2(zω−2k, ζ)}, z ∈ L,
(6.32)

(∂z∂z)
2F̃5(z, ζ) = N2 − (|ζ|2 + 1)N1 + 6n|ζ|2 − 34

3
n

+2
n−1∑
k=0

Re{Θ3(zω2k, ζ) + Θ3(zω−2k, ζ)}, z ∈ L,
(6.33)

∂νz F̃5(z, ζ) = −1

2

(
|ζ|4 + 2|ζ|2 +

1

3

)
N1 + 2n

(
|ζ|4 − |ζ|2 − 1

9

)
−2

n−1∑
k=0

Re{Θ4(zω2k, ζ) + Θ4(zω−2k, ζ)}, z ∈ L\{1, ω},

(6.34)
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∂νz∂z∂zF̃5(z, ζ) = −46

3
n+ 12n|ζ|2 − (2|ζ|2 + 1)N1

−2
n−1∑
k=0

Re{Θ5(zω2k, ζ) + Θ5(zω−2k, ζ)}, z ∈ L\{1, ω},

(6.35)

∂νz(∂z∂z)
2F̃5(z, ζ) = −44

3
n− 2N1 + 2

n−1∑
k=0

Re{Θ6(zω2k, ζ) + Θ6(zω−2k, ζ)},

z ∈ L\{1, ω},
(6.36)

where

Θ1(z, ζ) =
1

36

{
|ζ|6 + 1

|ζ|6
(z3ζ3 + 3zζ|ζ|2) +

3(|ζ|2 + 1)3

|ζ|2
zζ

−3(|ζ|4 + 1)(|ζ|2 + 1)

|ζ|4
z2ζ2

}
log |1− zζ|2,

(6.37)

Θ2(z, ζ) =
1

12

{[
6|ζ|2 + 2

|ζ|4
+ 6|ζ|2 + 10

]
zζ − 3z2(1 + |ζ|4)

ζ
2

}
log |1− zζ|2

+
1

12(1− zζ)

{
− 2

|ζ|2
− |ζ|4 − 4|ζ|2 − 3 +

|ζ|4 + 1

|ζ|4
[
z3ζ3 − z2ζ

2
]

−z2ζ2

[
2|ζ|2 + 1

|ζ|4
+ 2|ζ|2 + 5

]
+ zζ (|ζ|4 + 6|ζ|2 + 3)

+
z(3|ζ|4 + 4|ζ|2 + 3)

ζ

}
,

(6.38)

Θ3(z, ζ) = −z(|ζ|2 + 1)

ζ
log |1− zζ|2 +

1

3(1− zζ)

{
5|ζ|2 + 7 +

1

|ζ|2

+
3(1 + |ζ|2)

|ζ|2
z2ζ2 −

(
6 + 3|ζ|2

)
zζ −

(
3

|ζ|2
+ 3

)
zζ

}

+
1

12(1− zζ)2

{
− 14|ζ|2 − 10 +

2

|ζ|2
(
zζ + zζ + z3ζ3 + zζ|ζ|2

)
+10zζ(|ζ|2 + 1) + 2(zζ + z3ζ3)− 6z2ζ2 − 2z2ζ2|ζ|2

}
,

(6.39)
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Θ4(z, ζ) =
1

12

{
|ζ|6 + 1

|ζ|6
(z3ζ3 + 3zζ|ζ|2) +

(|ζ|2 + 1)2

|ζ|2
(|ζ|2 + 5)zζ

−2(|ζ|4 + 1)(|ζ|2 + 2)

|ζ|4
z2ζ2

}
log |1− zζ|2

+
1

36(1− zζ)

{
|ζ|6 − 1

|ζ|6
(zζ + zζ)3 +

3(|ζ|4 − 1)(|ζ|2 + 1)

|ζ|2
(zζ + zζ)

−3(|ζ|4 − 1)(|ζ|2 + 1)

|ζ|4
(z2ζ2 + z2ζ

2
)

}
+

1

18|ζ|6
(z3ζ3 + 3zζ|ζ|2) +

(|ζ|2 + 1)2

6|ζ|2
zζ − |ζ|

2 + 1

6|ζ|4
z2ζ2,

(6.40)

Θ5(z, ζ) =
1

12

{(
18|ζ|2 + 2

|ζ|4
+ 6|ζ|2 + 22

)
zζ − 6(1 + |ζ|4)

|ζ|4
z2ζ2

}
log |1− zζ|2

+
1

12(1− zζ)2

{
z2ζ

2 − 1 + 3|ζ|4 + 2|ζ|2

|ζ|2
zζ − 4

|ζ|2
+ 4|ζ|4 + 6|ζ|2 − 1

}

+
1

12(1− zζ)

{
− z2(6|ζ|4 + 2)

ζ2
+

(
12|ζ|2 +

12

|ζ|2
+ 16

)
zζ

+
1

|ζ|4
− 4|ζ|4 − 12

|ζ|2
− 2|ζ|2 − 11

}

+
1

12

{
− z2(5 + 2|ζ|4)

ζ
2 + zζ

[
12

|ζ|2
− 1

|ζ|4
+ 2|ζ|2 + 15

]
− 1

|ζ|4
− 14|ζ|2 +

10

|ζ|2
− 3

}
,

(6.41)

and

Θ6(z, ζ) = −z(|ζ|2 + 1)

ζ
log |1− zζ|2

+
1

1− zζ

{
3|ζ|2 +

22

3
+

3z2ζ2

|ζ|2
− 5zζ + z2ζ2 −

(
1

|ζ|2
+ 3

)
zζ

}

+
1

(1− zζ)2

{
− 3|ζ|2 − 13

3
+

(
3

2|ζ|2
+

1

6

)
z3ζ3 +

(
7 +

5

2
|ζ|2 +

1

2|ζ|2

)
zζ

−2z2ζ2 +

(
3

2
+

1

6|ζ|2

)
zζ

}
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+
1

3(1− zζ)3

{
1 +

(
1

|ζ|2
+ 6 + 3|ζ|2

)
z2ζ2 −

(
6 + 4|ζ|2

)
zζ

+
z4ζ4

|ζ|2
− z3ζ3 − zζ

}
.

(6.42)

Therefore, the following theorem is true.

Theorem 6.2.1. For z, ζ ∈ Ω,

ĥ4(z, ζ) = F5(z, ζ) + b0 + (|z|2 − 1)b1 +

[
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1)

]
b2

−1

2

(
|ζ|4 + 2|ζ|2 +

1

3

)
A0 − (2|ζ|2 + 1)A1 − 2A2

−Re

{
1

2πi

∫
|ζ̃|=1

[
N1(z, ζ̃)Θ4(ζ̃ , ζ) +N2(z, ζ̃)Θ5(ζ̃ , ζ)

−N3(z, ζ̃)Θ6(ζ̃ , ζ)

]
dζ̃

ζ̃

}
,

where F5, Θi (i = 4, 5, 6) are defined by (6.28), (6.40)-(6.42) and

b0 =

(
−11

54
|ζ|6 +

7

6
|ζ|4 +

1

3|ζ|2
+

5

6
|ζ|2 − 11

54

)
n,

b1 =

(
13

6
|ζ|4 +

4

3|ζ|2
+

16

3
|ζ|2 − 3

2

)
n,

b2 =
n

3

(
28|ζ|2 +

4

|ζ|2
− 12

)
.

(6.43)

Besides,

A1 = −8n(|z|2 + 1) +
n−1∑
k=0

∞∑
l=0

[
2(|z|2 + 1)

(l + 1)2
− 4

(l + 1)3

]
×
[
(zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1

]
+2(|z|2 + 1)

n−1∑
k=0

{
log
∣∣(1− zζω2k)(1− zζω2k)

∣∣2 − log(1− zζω2k)

zζω2k

− log(1− zζω−2k)

zζω−2k
− log(1− zζω2k)

zζω2k
− log(1− zζω−2k)

zζω−2k

}
,

(6.44)
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A0 =
n−1∑
k=0

∞∑
l=0

2

(l + 1)2

[
(zζω2k)l+1 + (zζω−2k)l+1

+(zζω2k)l+1 + (zζω−2k)l+1
]
,

(6.45)

A2 =
n−1∑
k=0

∞∑
l=0

[
8

(l + 1)4
− 10 + 4|z|2

(l + 1)3
− 2(|z|2 + 1)

(l + 2)2(l + 1)
+

12|z|2 + |z|4 + 25

2(l + 1)2

]
×
[
(zζω2k)l+1 + (zζω−2k)l+1 + (zζω2k)l+1 + (zζω−2k)l+1

]
+

[
|z|4 + 6|z|2 + 13− 1

4
(|z|4 + 1)

] n−1∑
k=0

log
∣∣(1− zζω2k)(1− zζω2k)

∣∣2
− [|z|4 + 6|z|2 + 13]

n−1∑
k=0

{
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k

+
log(1− zζω2k)

zζω2k
+

log(1− zζω−2k)

zζω−2k
+ 4

}

+
1

4
(|z|4 + 1)

n−1∑
k=0

{
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2

+
log(1− zζω2k)

(zζω2k)2
+

log(1− zζω−2k)

(zζω−2k)2
+

(z + z)(ζ + ζ)

|ζ|2
ω2k + 2

}
.

(6.46)

Proof: We firstly prove that the first solvability condition for F̃5(z, ζ) in Theo-

rem 5.3.4 is true, that is,

1

2π

∫
∂Ω

∂νz(∂z∂z)
2F̃5(z, ζ)dsz =

2

π

∫
Ω

(∂z∂z)
3F̃5(z, ζ)dxdy, (6.47)

with z = x + iy, x, y ∈ R. By (6.30) and (6.36), we know that the right-hand

side in (6.47) equals 0 and the left-hand side is

1

2πi

∫
L

∂νz(∂z∂z)
2F̃5(z, ζ)

dz

z
= −22

3
n+ 2Re

{
1

2πi

∫
|z|=1

Θ6(z, ζ)
dz

z

}
= 0.

Thus, the first condition (6.47) is valid.
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Next, the second solvability condition is

n

π

∫
∂Ω

∂νz∂z∂zF̃5(z, ζ)dsz +
n

π

∫
∂Ω

(|z|2 − 1)∂νz(∂z∂z)
2F̃5(z, ζ)dsz

=
2n

πi

∫
L

(∂z∂z)
2F̃5(z, ζ)

dz

z
+

4n

π

∫
Ω

(|z|2 − 1)(∂z∂z)
3F̃5(z, ζ)dxdy,

(6.48)

then from (6.30), the second term of the left-hand side and the right-hand side

in (6.48) vanish respectively. Moreover by (6.33),

n

πi

∫
L

(∂z∂z)
2F̃5(z, ζ)

dz

z
=

(
6|ζ|2 − 34

3

)
n+ 4nRe

{
1

2πi

∫
|z|=1

Θ3(z, ζ)
dz

z

}

=
n

3

(
28|ζ|2 +

4

|ζ|2
− 12

)
.

(6.49)

Besides, from (6.30) and (6.35),

n

π

∫
∂Ω

∂νz∂z∂zF̃5(z, ζ)dsz =

(
12|ζ|2 − 46

3

)
n− 4nRe

{
1

2πi

∫
|z|=1

Θ5(z, ζ)
dz

z

}

=
2n

3

(
28|ζ|2 +

4

|ζ|2
− 12

)
,

which means that the second solvability condition (6.48) holds. Finally, we also

need to verify the third solvability condition,

n

π

∫
∂Ω

∂νz F̃5(z, ζ)dsz +
n

π

∫
∂Ω

(|z|2 − 1)

[
∂νz∂z∂zF̃5(z, ζ)

+
1

4
(|z|2 − 3)∂νz(∂z∂z)

2F̃5(z, ζ)

]
dsz

=
2n

πi

∫
L

∂z∂zF̃5(z, ζ)
dz

z
− n

πi

∫
L

(∂z∂z)
2F̃5(z, ζ)

dz

z

+
n

π

∫
Ω

(|z|2 − 1)(|z|2 − 3)(∂z∂z)
3F̃5(z, ζ)dxdy,

(6.50)

where the second term of the left-hand side and the third term of the right-hand
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side disappear and by (6.32),

n

πi

∫
L

∂z∂zF̃5(z, ζ)
dz

z

=
n

3

(
3|ζ|4 + 6|ζ|2 − 10

)
− 4nRe

{
1

2πi

∫
|z|=1

Θ2(z, ζ)
dz

z

}

=

(
13

6
|ζ|4 +

4

3|ζ|2
+

16

3
|ζ|2 − 3

2

)
n.

(6.51)

From (6.34),

n

π

∫
∂Ω

∂νz F̃5(z, ζ)dsz = 2n

(
|ζ|4 − |ζ|2 − 1

9

)
− 4nRe

{
1

2πi

∫
|z|=1

Θ4(z, ζ)
dz

z

}

=

(
13

3
|ζ|4 +

4

3|ζ|2
+

4

3
|ζ|2 + 1

)
n,

(6.52)

thus, by (6.49), (6.51) and (6.52), we see that (6.50) holds. Moreover, from

(6.31),

n

πi

∫
L

F̃5(z, ζ)
dz

z
= −11

27
(|ζ|6 + 1)n− 4nRe

{
1

2πi

∫
|z|=1

Θ1(z, ζ)
dz

z

}

=

(
−11

54
|ζ|6 +

7

6
|ζ|4 +

1

3|ζ|2
+

5

6
|ζ|2 − 11

54

)
n.

(6.53)

Hence, from Theorem 5.3.4,

F̃5(z, ζ) = b0 + (|z|2 − 1)b1 +

[
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1)

]
b2

+
1

4πi

∫
L

[
N1(z, ζ̃)∂ν

ζ̃
F̃5(ζ̃ , ζ) +N2(z, ζ̃)∂ν

ζ̃
∂
ζ̃ζ̃
F̃5(ζ̃ , ζ)

+N3(z, ζ̃)∂ν
ζ̃
(∂
ζ̃ζ̃

)2F̃5(ζ̃ , ζ)

]
dζ̃

ζ̃
.

(6.54)
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Actually, we also have

A0 =
1

4πi

∫
L

N1(ζ̃ , ζ)N1(z, ζ̃)
dζ̃

ζ̃
,

A1 =
1

4πi

∫
L

N1(ζ̃ , ζ)N2(z, ζ̃)
dζ̃

ζ̃
,

A2 =
1

4πi

∫
L

N1(ζ̃ , ζ)N3(z, ζ̃)
dζ̃

ζ̃
.

(6.55)

Therefore, from (6.34)-(6.36), (6.54) and (6.55), we obtain the desired conclusion.

Hence, by (6.20) and Theorem 6.2.1,

N4(z, ζ) =
1

36
|ζ − z|6N1(z, ζ) + F5(z, ζ) + b0 + (|z|2 − 1)b1

+

[
1

4
(|z|2 − 1)2 − 1

2
(|z|2 − 1)

]
b2

−1

2

(
|ζ|4 + 2|ζ|2 +

1

3

)
A0 − (2|ζ|2 + 1)A1 − 2A2

−Re

{
1

2πi

∫
|ζ̃|=1

[
N1(z, ζ̃)Θ4(ζ̃ , ζ) +N2(z, ζ̃)Θ5(ζ̃ , ζ)

−N3(z, ζ̃)Θ6(ζ̃ , ζ)

]
dζ̃

ζ̃

}
,

where N1, F5, bi (i = 0, 1, 2), Ai (i = 0, 1, 2), Θi (i = 3, 4, 5) are defined by

(4.17), (6.28), (6.43)-(6.46) and (6.40)-(6.42) respectively.

Remark 6.2.1. From the procedure of constructing the m-harmonic Green and

m-harmonic Neumann functions (m=2, 3, 4) explicitly for the fan-shaped domain

Ω by convolution, we observe that the critical step is to construct a proper

function, which establishes a bridge such that finally we only need to compute

the boundary integrals on the whole unit circle. However as we see, the process

is very complicated. Unfortunately, up to now, it is still not easy to construct the

expressions of the polyharmonic Green and polyharmonic Neumann functions of

arbitrary order m explicitly.
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Chapter 7

Polyharmonic Dirichlet and Polyharmonic

Neumann Problems

As we know, by convolution, the expressions of iterated polyharmonic Green and

polyharmonic Neumann functions can not be easily constructed in explicit form

because of complicated computation. However, similarly to the unit disc, they

can be defined recursively and used to solve the related higher order Dirichlet

and Neumann problems for the m-Poisson equation in the fan-shaped domain Ω.

Also Ω, L, ω, θ are determined as before.

7.1 Polyharmonic Dirichlet Problem

The polyharmonic Green function of order m is introduced by,

Ĝm(z, ζ) = − 1

π

∫
Ω

G1(z, ζ̃)Ĝm−1(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, m ≥ 2, (7.1)

where G1(z, ζ) = Ĝ1(z, ζ) is defined by (4.1). Then Ĝm(z, ζ) has the properties

1. Ĝm(., ζ) is polyharmonic of order m in Ω\{ζ},

2. Ĝm(z, ζ) +
|ζ − z|2(m−1)

(m− 1)!2
log |ζ − z|2 is polyharmonic of order m for z ∈ Ω,

3. (∂z∂z)
µĜm(z, ζ) = 0 for 0 ≤ µ ≤ m− 1, z ∈ ∂Ω, ζ ∈ Ω.

4. Ĝm(z, ζ) = Ĝm(ζ, z) for z, ζ ∈ Ω.

Moreover, the following representation formula and the statement about the

Dirichlet problem are valid [8, 27].

Theorem 7.1.1. Any w ∈ C2m(Ω;C) ∩ C2m−1(Ω;C), m ∈ N, can be expressed
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as

w(z) = −
m∑
µ=1

1

4π

∫
∂Ω

∂νζĜµ(z, ζ)(∂ζ∂ζ)
µ−1w(ζ)dsζ −

1

π

∫
Ω

Ĝm(z, ζ)(∂ζ∂ζ)
mw(ζ)dξdη,

where Ĝµ (µ = 1, · · · ,m) are the polyharmonic Green functions of order µ re-

spectively.

Theorem 7.1.2. The Dirichlet problem

(∂ζ∂ζ)
mw = f in Ω, (∂ζ∂ζ)

µw = γµ, 0 ≤ µ ≤ m− 1 on ∂Ω,

f ∈ Lp(Ω;C), p > 2, γµ ∈ C(∂Ω;C), 0 ≤ µ ≤ m− 1, is uniquely solvable by

w(z) = −
m∑
µ=1

1

4π

∫
∂Ω

∂νζĜµ(z, ζ)γµ−1(ζ)dsζ −
1

π

∫
Ω

Ĝm(z, ζ)f(ζ)dξdη,

z ∈ Ω,

where Ĝ1 = G1, Ĝµ(z, ζ) (m ≥ 2) are defined in (4.1) and (7.1) respectively.

7.2 Polyharmonic Neumann Problem

Similarly, convoluting the harmonic Neumann function N1(z, ζ) with Nm−1(z, ζ)

leads to a higher order Neumann function

Nm(z, ζ) = − 1

π

∫
Ω

N1(z, ζ̃)Nm−1(ζ̃ , ζ)dξ̃dη̃, z, ζ ∈ Ω, m ≥ 2, (7.2)

with N1(z, ζ) given by (4.17). And obviously it has the properties

∂z∂zNm(z, ζ) = Nm−1(z, ζ), z, ζ ∈ Ω, (7.3)

∂νzNm(z, ζ) =


4n

π

∫
Ω

Nm−1(ζ̃ , ζ)dξ̃dη̃, z ∈ L\{1, ω},

0, z ∈ (ω, 0) ∪ (0, 1),

m ≥ 2. (7.4)

Then (7.4) implies that ∂νzNm(z, ζ) is independent of z for z ∈ ∂Ω. Moreover,

the normalization condition is also true,∫
L

Nm(z, ζ)
dz

z
= 0, m ≥ 1. (7.5)

Next, we give the following higher order representation formula.
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Theorem 7.2.1. Any w ∈ C2m(Ω;C) ∩ C2m−1(Ω;C), m ∈ N, can be expressed

as

w(z) =
m−1∑
µ=0

1

4π

∫
∂Ω

[
Nµ+1(z, ζ)∂νζ(∂ζ∂ζ)

µw(ζ)− ∂νζNµ+1(z, ζ)(∂ζ∂ζ)
µw(ζ)

]
dsζ

− 1

π

∫
Ω

Nm(z, ζ)(∂ζ∂ζ)
mw(ζ)dξdη, z ∈ Ω.

(7.6)

Proof: By Theorem 3.2.1 and Theorem 4.3.3, (7.6) is true for m = 1, 2. Suppose

that (7.6) is valid for m ≤ k−1 (k ≥ 2), then when w ∈ C2k(Ω;C)∩C2k−1(Ω;C),

the above representation formula of m = k − 1 is true for ∂z∂zw(z), that is,

∂z∂zw(z) =
k−2∑
µ=0

1

4π

∫
∂Ω

[
Nµ+1(z, ζ)∂νζ(∂ζ∂ζ)

µ+1w(ζ)

−∂νζNµ+1(z, ζ)(∂ζ∂ζ)
µ+1w(ζ)

]
dsζ

− 1

π

∫
Ω

Nk−1(z, ζ)(∂ζ∂ζ)
kw(ζ)dξdη.

(7.7)

In addition, we have

w(z) =
1

4π

∫
∂Ω

[
∂νζw(ζ)N1(z, ζ)− w(ζ)∂νζN1(z, ζ)

]
dsζ

− 1

π

∫
Ω

N1(z, ζ)∂ζ∂ζw(ζ)dξdη.
(7.8)

Inserting (7.7) into the area integral of (7.8) leads to

− 1

π

∫
Ω

N1(z, ζ)∂ζ∂ζw(ζ)dξdη

=
k−2∑
µ=0

1

4π

∫
∂Ω

{
∂ν

ζ̃
(∂ζ̃∂ζ̃)

µ+1w(ζ̃)

− 1

π

∫
Ω

N1(z, ζ)Nµ+1(ζ, ζ̃)dξdη


−(∂ζ̃∂ζ̃)

µ+1w(ζ̃)

− 1

π

∫
Ω

N1(z, ζ)∂ν
ζ̃
Nµ+1(ζ, ζ̃)dξdη

}dsζ̃

+
1

π

∫
Ω

(∂ζ̃∂ζ̃)
kw(ζ̃)

 1

π

∫
Ω

N1(z, ζ)Nk−1(ζ, ζ̃)dξdη

 dξ̃dη̃,

(7.9)
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then, we see that (7.6) is also valid for m = k due to (7.2) and (7.9). Thus, the

proof is completed.

Next, we restate several lemmas.

Lemma 7.2.1. [23] For any m, k ∈ N,

(∂z∂z)
σ 1

k!2
(|z|2 − 1)k =

σ∑
τ=0

(
σ

τ

)
(k − τ)!

k!(k − σ)!(k − σ − τ)!
(|z|2 − 1)k−σ−τ ,

0 ≤ 2σ ≤ k,

(∂z∂z)
m+k 1

(2m− 1)!2
(|z|2 − 1)2m−1

=
m−k−1∑
τ=0

(
m+ k

τ

)
(2m− τ − 1)!(|z|2 − 1)m−1−k−τ

(2m− 1)!(m− 1− k)!(m− 1− k − τ)!
, 0 ≤ k ≤ m− 1,

(∂z∂z)
m+k 1

(2m)!2
(|z|2 − 1)2m =

m−k∑
τ=0

(
m+ k

τ

)
(2m− τ)!(|z|2 − 1)m−k−τ

(2m)!(m− k)!(m− k − τ)!
,

0 ≤ k ≤ m.

Lemma 7.2.2. [23] For |z| = 1,

(∂z∂z)
σ 1

(2m− 1)!2
(|z|2 − 1)2m−1 = 0, 0 ≤ σ ≤ m− 1,

(∂z∂z)
m+k 1

(2m− 1)!2
(|z|2 − 1)2m−1 =

(m+ k)!2

(2m− 1)!(m− 1− k)!2(2k + 1)!
,

0 ≤ k ≤ m− 1,

(∂z∂z)
σ 1

(2m)!2
(|z|2 − 1)2m = 0, 0 ≤ σ ≤ m− 1,

(∂z∂z)
m+k 1

(2m)!2
(|z|2 − 1)2m =

(m+ k)!2

(2m)!(m− k)!2(2k)!
, 0 ≤ k ≤ m.

Remark 7.2.1. Obviously, we see that for m ∈ N,
(∂z∂z)

m 1

m!2
(|z|2 − 1)m = 1, z ∈ Ω,

∂νz(∂z∂z)
σ 1

m!2
(|z|2 − 1)m = 0, 0 ≤ σ ≤ m− 1, z ∈ (ω, 0) ∪ (0, 1).

(7.10)
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Then, the following result is valid.

Lemma 7.2.3. For any k, m ∈ N, 2k − 1 ≤ m− 1 and 2k ≤ m− 1,

− 1

π

∫
Ω

N2k−1(z, ζ)dxdy =
1

(2k − 1)!2
(|ζ|2 − 1)2k−1

+
1

4n

2(k−1)∑
µ=k

µ!2

(2k − 1)!(2k − 1− µ)!2(2µ− 2k + 1)!
∂νzNµ+1(z, ζ),

(7.11)

− 1

π

∫
Ω

N2k(z, ζ)dxdy =
1

(2k)!2
(|ζ|2 − 1)2k+

1

4n

2k−1∑
µ=k

µ!2

(2k)!(2k − µ)!2(2µ− 2k)!
∂νzNµ+1(z, ζ),

(7.12)

where

∂νzNµ+1(z, ζ) = z∂zNµ+1(z, ζ) + z∂zNµ+1(z, ζ) on L.

Proof: Applying (7.6) to 1
(2k−1)!2

(|z|2 − 1)2k−1, and then from (7.4), (7.10) and

the normalization for Ni (1 ≤ i ≤ m),

1

(2k − 1)!2
(|ζ|2 − 1)2k−1 +

1

π

∫
Ω

N2k−1(z, ζ)dxdy

= − 1

4πi

2(k−1)∑
µ=0

∫
L

∂νzNµ+1(z, ζ)(∂z∂z)
µ

[
1

(2k − 1)!2
(|z|2 − 1)2k−1

]
dz

z
.

(7.13)

Thus, expression (7.11) follows from Lemma 7.2.1 and the property that ∂νzNµ+1(z, ζ)

is only depending on ζ for z ∈ L. Similarly, (7.12) is also true.

Therefore, from (7.4) and Lemma 7.2.3, we obtain the recursive boundary

behavior for Nm(z, ζ).

Theorem 7.2.2. For m ≥ 2 and ζ ∈ Ω,

∂νzNm(z, ζ) =


−

m−2∑
µ=[m

2
]

µ!2

(m− 1)!(m− 1− µ)!2(2µ−m+ 1)!
∂νzNµ+1(z, ζ)

− 4n

(m− 1)!2
(|ζ|2 − 1)m−1, z ∈ L\{1, ω},

0, z ∈ (ω, 0) ∪ (0, 1),
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where n is defined with respect to the angle π/n for Ω as before and

∂νzN1(z, ζ) =

{
−4n, z ∈ L\{1, ω},
0, z ∈ (ω, 0) ∪ (0, 1),

for ζ ∈ Ω.

Finally, the polyharmonic Neumann problem is studied.

Theorem 7.2.3. The polyharmonic Neumann problem

(∂z∂z)
mw = f in Ω, ∂νz(∂z∂z)

σw = γσ on ∂Ω,

n

πi

∫
L

(∂ζ∂ζ)
σw(ζ)

dζ

ζ
= cσ, 0 ≤ σ ≤ m− 1,

for f ∈ Lp(Ω;C), p > 2, γσ ∈ C(∂Ω;C), cσ ∈ C is solvable if and only if

1

4π

∫
∂Ω

m∑
µ=σ+1

γµ−1(ζ)∂νzNµ−σ(z, ζ)dsζ =
m−1∑
µ=σ+1

cµbµ−σ

+
1

π

∫
Ω

∂νzNm−σ(z, ζ)f(ζ)dξdη, 0 ≤ σ ≤ m− 1,

(7.14)

where ∂νz = z∂z + z∂z for z ∈ L and

bk−1 = −
k−2∑
µ=[ k

2
]

µ!2

(k − 1)!(k − 1− µ)!2(2µ− k + 1)!
bµ, 3 ≤ k ≤ m,

with b1 = −2.

Then its solution is uniquely expressed as

w(z) =
m−1∑
µ=0

{
− 1

4n
cµβµ+1(z) +

1

4π

∫
∂Ω

γµ(ζ)Nµ+1(z, ζ)dsζ

}
− 1

π

∫
Ω

Nm(z, ζ)f(ζ)dξdη, z ∈ Ω,

(7.15)

with

βµ+1(z) = ∂νζNµ+1(z, ζ), 0 ≤ µ ≤ m− 1 for ζ ∈ L, z ∈ Ω.

Besides, it should be noted that

bµ =
1

4n
∂νzβµ+1(z), 1 ≤ µ ≤ m− 1,

with ∂νz = z∂z + z∂z for z ∈ L.
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Proof: We adopt the inductive method to prove the conclusion. From Lemma

4.2.1 and Theorem 4.3.4, the conclusion is true for m = 1, 2. We assume that

the solution and the solvability conditions are valid for m ≤ k − 1 (k ≥ 2), then

the polyharmonic Neumann problem for m = k can be transformed into

(∂z∂z)
k−1w = w1 in Ω, ∂νz(∂z∂z)

σw = γσ on ∂Ω,

n

πi

∫
L

(∂ζ∂ζ)
σw(ζ)

dζ

ζ
= cσ, 0 ≤ σ ≤ k − 2,

and

∂z∂zw1 = f in Ω, ∂νzw1 = γk−1 on ∂Ω,
n

πi

∫
L

w1(ζ)
dζ

ζ
= ck−1.

Then, we know if and only if

1

2π

∫
∂Ω

γk−1(ζ)dsζ =
2

π

∫
Ω

f(ζ)dξdη, (7.16)

and

1

4π

∫
∂Ω

k−1∑
µ=σ+1

γµ−1(ζ)∂νzNµ−σ(z, ζ)dsζ

=
k−2∑

µ=σ+1

cµbµ−σ +
1

π

∫
Ω

∂νzNk−1−σ(z, ζ)w1(ζ)dξdη, 0 ≤ σ ≤ k − 2,

(7.17)

are satisfied, w1, w can be uniquely expressed as, respectively,

w1(z) = ck−1 +
1

4π

∫
∂Ω

γk−1(ζ)N1(z, ζ)dsζ −
1

π

∫
Ω

f(ζ)N1(z, ζ)dξdη, (7.18)

and

w(z) =
k−2∑
µ=0

{
− 1

4n
cµβµ+1(z) +

1

4π

∫
∂Ω

γµ(ζ)Nµ+1(z, ζ)dsζ

}
− 1

π

∫
Ω

Nk−1(z, ζ)w1(ζ)dξdη.

(7.19)
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Putting (7.18) in the area integral of (7.17) gives

1

π

∫
Ω

∂νzNk−1−σ(z, ζ)w1(ζ)dξdη =
ck−1

π

∫
Ω

∂νzNk−1−σ(z, ζ)dξdη

− 1

4π

∫
∂Ω

γk−1(ζ)∂νzNk−σ(z, ζ)dsζ +
1

π

∫
Ω

f(ζ)∂νzNk−σ(z, ζ)dξdη,

thus from

∂νz∂νζNk−σ(z, ζ) =
4n

π

∫
Ω

∂νzNk−1−σ(z, ζ)dξdη, 0 ≤ σ ≤ k − 2,

with ∂νz = z∂z + z∂z, z, ζ ∈ L,

we have

1

4π

∫
∂Ω

k∑
µ=σ+1

γµ−1(ζ)∂νzNµ−σ(z, ζ)dsζ =
k−1∑

µ=σ+1

cµbµ−σ

+
1

π

∫
Ω

∂νzNk−σ(z, ζ)f(ζ)dξdη, 0 ≤ σ ≤ k − 2.

(7.20)

Then, (7.20) and (7.16) imply that (7.14) is true for m = k. Similarly, (7.15) is

also valid. This completes the proof.

118



Appendix A: The Tetra-harmonic Green Function

for the Unit Disc

Similarly to the tetra-harmonic Green function Ĝ4(z, ζ) constructed in (6.19) for

the fan-shaped domain Ω with angle π/n (n ∈ N), we also establish the tetra-

harmonic Green function G̃4(z, ζ) explicitly for the unit disc by convolution, that

is,

G̃4(z, ζ) =
1

36
|ζ − z|6 log

∣∣∣∣1− zζζ − z

∣∣∣∣2 − 1

36
(|z|2 − 1)(|ζ|2 − 1)(z2ζ2 + z2ζ

2 − 30)

+
1

12
(|z|2 − 1)(|ζ|2 − 1)(|ζ|2 + |z|2)(zζ + zζ − 4)− 1

72
(|z|4 − 1)(|ζ|4 − 1)(zζ + zζ)

+
1

36
(|z|6 − 1)(|ζ|6 − 1)

{
1

2!

(
1

zζ
+

1

zζ

)
+

1

(zζ)2
+

1

(zζ)2

+
log(1− zζ)

(zζ)3
+

log(1− zζ)

(zζ)3

}

− 1

12

[
(|z|6 − 1)(|ζ|4 − 1) + (|z|4 − 1)(|ζ|6 − 1) + 3(|z|2 − 1)(|ζ|4 − 1)

+3(|z|4 − 1)(|ζ|2 − 1)

]
×

{
log(1− zζ)

(zζ)2
+

log(1− zζ)

(zζ)2
+

1

zζ
+

1

zζ

}

+
1

12

[
(|z|6 − 1)(|ζ|2 − 1) + (|z|2 − 1)(|ζ|6 − 1) + 3(|z|4 − 1)(|ζ|4 − 1)

+3(|z|2 − 1)(|ζ|2 − 1)

]
×
[

log(1− zζ)

zζ
+

log(1− zζ)

zζ

]
−(|z|2 − 1)(|ζ|2 − 1)

∞∑
l=0

1

(l + 1)3

[
(zζ)l + (zζ)l

]
+

1

2
(|z|2 − 1)(|ζ|2 − 1)(|z|2 + |ζ|2 + 1)

∞∑
l=0

1

(l + 1)2

[
(zζ)l + (zζ)l

]
, z, ζ ∈ D,
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with the unit disc D = {z, |z| < 1}. We can exactly confirm that G̃4(z, ζ) above

satisfies  ∂z∂zG̃4(z, ζ) = G̃3(z, ζ), z, ζ ∈ D,

G̃4(z, ζ) = 0, z ∈ ∂D, ζ ∈ D,

where the tri-harmonic Green function G̃3(z, ζ) for the domain D is, (see [29])

G̃3(z, ζ) =
1

4
|ζ − z|4 log

∣∣∣∣1− zζζ − z

∣∣∣∣2 +
1

4
(1− |z|2)(1− |ζ|2)(zζ + zζ − 4)

−1

4
(1− |z|4)(1− |ζ|4)

[
log(1− zζ)

(zζ)2
+

log(1− zζ)

(zζ)2
+

1

zζ
+

1

zζ

]
+

1

2
(1− |z|2)(1− |ζ|2)(|z|2 + |ζ|2)

[
log(1− zζ)

zζ
+

log(1− zζ)

zζ

]
+(1− |z|2)(1− |ζ|2)

∞∑
l=0

1

(l + 1)2

[
(zζ)l + (zζ)l

]
.

Hence, obviously G̃4(z, ζ) is just the tetra-harmonic Green function for the unit

disc D by convolution.
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Appendix B: The Tri-harmonic Neumann Function

for the Unit Disc

In [29], a tri-harmonic Neumann function for the unit disc is constructed by

convolution. However, the expression of the tri-harmonic Neumann function

Ñ3(z, ζ) is given via integral representation. As a matter of fact, it can be

established via elementary functions explicitly. That is,

Ñ3(z, ζ) =
3

2
(|ζ|4 + |z|4) + 5(|ζ|2 + 1)(|z|2 + 1) + 2(|ζ|2 + |z|2 + 6)

+
1

4
(|z|2 − 1)(|ζ|2 − 1)(zζ + zζ) +

1

4
|ζ − z|4 log

∣∣∣∣1− zζζ − z

∣∣∣∣2
−
[
2(|z|2 + 2)(|ζ|2 + 2) +

1

2
(|ζ|4 + |z|4)

]
log |1− zζ|2

+

[
1

2
(|ζ|2 + |z|2)(|z|2 + 1)(|ζ|2 + 1) + 4(|z|2 + |ζ|2 + 2)

]
×
[

log(1− zζ)

zζ
+

log(1− zζ)

zζ

]
−1

4
(|z|4 + 1)(|ζ|4 + 1)

[
log(1− zζ)

(zζ)2
+

log(1− zζ)

(zζ)2
+

1

zζ
+

1

zζ

]

+
∞∑
l=0

{[
8

(l + 1)3
− (|ζ|2 + 1)(|z|2 + 1)

(l + 2)2
− 4|z|2 + 4|ζ|2 + 6

(l + 1)2

]
×
[
(zζ)l+1 + (zζ)l+1

]}
, z, ζ ∈ D.

By computation, we can verify that Ñ3(z, ζ) has the properties,

∂z∂zÑ3(z, ζ) = Ñ2(z, ζ), z ∈ D,

∂νzÑ3(z, ζ) = −
[

1

2
(1− |ζ|2)2 + (1− |ζ|2)

]
, z ∈ ∂D, ζ ∈ D.

Further, the normalization condition holds,

1

2πi

∫
∂D
Ñ3(z, ζ)

dz

z
= 0,
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where the harmonic Neumann function Ñ1(z, ζ) and the biharmonic Neumann

function Ñ2(z, ζ) for the unit disc are determined in [11, 29],

Ñ1(z, ζ) = − log |(ζ − z)(1− zζ)|2, z, ζ ∈ D,

and

Ñ2(z, ζ) = |ζ − z|2
[
4− log |(ζ − z)(1− zζ)|2

]
− 2(zζ + zζ) log |1− zζ|2

−
+∞∑
l=1

4

(l + 1)2

[
(zζ)l+1 + (zζ)l+1

]
+(|ζ|2 + 1)(|z|2 + 1)

[
log(1− zζ)

zζ
+

log(1− zζ)

zζ

]
, z, ζ ∈ D.

Therefore, by the properties of Ñ3(z, ζ), we easily know that it is just the desired

tri-harmonic Neumann function for the unit disc D by convolution.
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Zusammenfassung

In dieser Dissertation werden einige Randwertprobleme fjr komplexe par-

tielle Differentialgleichung in Kreissektoren untersucht. Zuerst wird die Schwarz-

Poisson Integraldarstellung in Kreissektoren mit dem Öffnungswinkel π/n (n ∈
N) mit Hilfe der Reflektionsmethode bewiesen und die entsprechenden Schwarz

und Dirichlet Probleme studiert. Danach wird die Schwarz-Poissonsche Integral-

darstellung mit Hilfe einer geeigneten konformen Abbildung auf allgemeine Kreis-

sektoren mit Öffnungswinkel π/α (α ≥ 1/2) erweitert. Damit werden die Schwarz

und Dirichlet Probleme fjr die Cauchy-Riemann Gleichung gelöst. Es wird eine

Brjcke zu den entsprechenden Formeln im Einheitskreis und dem Kreissektor

mit α = 1/2 geschlagen, und die Schwarz-Poisson Formel fjr den Einheitskreis

aus der Schwarz-Poisson Formel fjr α = 1/2 hergeleitet.

Eine harmonische Greensche Funktion und eine harmonische Neumannsche

Funktion werden fjr Kreissektoren mit Winkel π/α (α ≥ 1/2), konstruiert und

damit die Dirichlet und Neumann Probleme fjr die Poisson Gleichung behandelt.

Insbesondere wird die äußere Richtungsableitung in den drei Eckpunkten des Ge-

bietes in geeigneter Weise definiert. Eine biharmonische Greensche Funktion, eine

biharmonische Neumannsche Funktion, eine triharmonische Greensche Funktion,

eine triharmonische Neumannsche Funktion und eine terta-harmonische Green-

sche Funktion werden fjr die Kreissektoren mit Öffnungswinkel π/n (n ∈ N)

in expliziter Form konstruiert. Darüber hinaus wird aufgezeigt, wie sich eine

tetraharmonische Neumann Funktion gewinnen lässt, und ein Ausdruck fjr diese

Funktion wird mit Hilfe einer Integraldarstellung angegeben. Die zugehörigen

Dirichlet und Neumann Probleme werden gelöst.

Schließlich wird ein Iterationsprozess zur Behandlung von polyharmonischen

Dirichlet und Neumann Problemen fjr die Poissonsche Gleichung höherer Ord-

nung in Kreissektoren mit Winkel π/n (n ∈ N) und zugehörige Lösbarkeitsbedingungen

angegeben. Auch wird das Randverhalten der gefalteten polyharmonischen Green-

schen und Neumannschen Funktionen ausfjhrlich untersucht. In einem Anhang
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werden eine tetraharmonische Greensche Funktion und eine triharmonische Neu-

mann Funktion fjr den Einheitskreis explizit konstruiert.

Stichwörter: Schwarz-Poisson Darstellung, polyharmonische Green Funktion,

polyharmonische Neumann Funktion, Schwarz Problem, Dirichlet Problem, Neu-

mann Problem.
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