Appendix A

Coefticients of the Phase Function

g=0 ¢g=08 ¢g=08 ¢g=08 ¢g=0.9

a1 P11 0.0625 0.65172 0.76432  0.78760  0.87800
as pi 2 0.0625 0.13721 0.09725 0.08832  0.05204
as p1 3 0.0625 0.02113 0.01201  0.01046  0.00529
as P14 0.0625 0.00696 0.00382  0.00330  0.00164
as P1 5 0.0625 0.00338 0.00183 0.00158  0.00078
as i1 6 0.0625 0.00208 0.00112  0.00097  0.00048
ar 1 7 0.0625 0.00152 0.00081  0.00070  0.00035
ag P1 g 0.0625 0.00127 0.00068 0.00059  0.00029
as P19 0.0625 0.00120 0.00064  0.00055  0.00027
a1 B 10 0.0625 0.00127 0.00068 0.00059  0.00029
a1 P11 0.0625 0.00152 0.00081  0.00070  0.00035
a1z i 12 0.0625 0.00208 0.00112  0.00097  0.00048
a1z 1 13 0.0625 0.00338 0.00183 0.00158  0.00078
aia P1 14 0.0625 0.00696 0.00382  0.00330  0.00164
a1s Pi 15 0.0625 0.02113 0.01201  0.01046  0.00529
ais i 16 0.0625 0.13721 0.09725 0.08832  0.05204
S P~ 1 1 1 1 1

Table A.1: Coefficients apr—1 v for K = 16 ordinates and different anisotropy factors g.
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206 Appendiz A: Coefficients of the Phase Function

g=20 g=20.8

ai pi1 0.03125 0.39695
az P12 0.03125 0.19511
a3 p1 3 0.03125 0.05682
a4 P14 0.03125 0.02094
as P15 0.03125 0.00980
Qg ﬁl 6 0.03125 0.00541
ar P17 0.03125 0.00337
as pi s 0.03125 0.00228
ag P19 0.03125 0.00166
aijo ]51 10 0.03125 0.00128
a11 P1 11 0.03125 0.00103
ai19 ]51 12 0.03125 0.00086
ai13 ]31 13 0.03125 0.00075
a14 D1 14 0.03125 0.00068
ais P1 15 0.03125 0.00063
ai6 P1 16 0.03125 0.00060
ai7 P1 17 0.03125 0.00060
ais P1 18 0.03125 0.00060
ailg ]51 19 0.03125 0.00063
a20 D1 20 0.03125 0.00068
ani ]31 21 0.03125 0.00075
a2 D1 22 0.03125 0.00086
a93 ]31 23 0.03125 0.00103
ag4 D1 24 0.03125 0.00128
azs P1 25 0.03125 0.00166
926 ]51 26 0.03125 0.00228
a7 D1 27 0.03125 0.00337
a8 ]31 28 0.03125 0.00541
a29 D1 29 0.03125 0.00980
aso ]31 30 0.03125 0.02094
as1 P1 31 0.03125 0.05682
as2 P1 32 0.03125 0.19511
Yoo P &1 1

Table A.2: Coefficients awpr—1 v for K = 32 ordinates and different anisotropy factors g.



Appendix B

Example: Differentiation of a

Composite Function

We demonstrate on an example how a function f(x) that is composed of sub-
functions is differentiated by using the method of differentiation of algorithms. First, we
derive an expression for the total derivative, which is a composition of the derivatives of
the sub-functions. Second, we calculate a value of the derivative by using both the forward
mode and the reverse mode of differentiation of algorithms.

We define a function f! that maps the variable z onto y':
fT:R™ - R™
z—y' = fli(z). (B.1)

The output y' of function f! becomes an input variable of function f? that is also explicitly

dependent on x:
f?:R™ x R™ — R™

(¥) - v =) (B.2)

T
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208 Appendiz B: Example: Differentiation of a Composite Function

A third function f3 maps the output y? and the input variable & onto gy3:

fPR™ x R™ —» R™

(yQ) =y’ = Py ).

T

Finally, function 4 maps the output y® of f3 and the input variable & onto y

fHiR™ X R® o R

3
Yy
( ) =y =1y’ 2).

T

Consequently, the function f can also be written as a composite function:
[ R 5> RY

z =y = f(z) = (@) o f2(2) o f*(x) o f1) ().

(B.3)

(B.4)

(B.5)

The computational graph is shown in Figure B.1. A function value y = f(x) is evaluated

by stepping through the graph from the left to right.

ft f? f? *

Figure B.1: Computational graph of the composite function f.
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Example:

=22

fP=z+fl — 3z

fP=3z+2f — bz +2f — 9z

fl=a?+f — 2 4+3c+2f7 — 2 +5c+2f — 2>+ 9

f=2>+9%

B.1 Total Derivative

An expression for the total derivative % is obtained by systematically applying

the chain rule of differentiation to the composite function f(a). We obtain the final result

df (x) A(ftofof?o fl)(x)

dz ox

(B.6)

or more specifically:

df (z) aft(y®) o1 (y*) % (y") af ' (=)
dx oy’ Oy? oy! ox
af'(y®) a1 (y*) 9f%(x)
oy3 Oy? ox
of*(y®) 8f3 (w)
oy3 oz
of* ()
ox

_l’_

(B.7)

_l’_

_|_




210 Appendiz B: Example: Differentiation of a Composite Function

T
The transpose % of % is obtained by using the equality (A - B-C)T = CT . BT . AT,

We get from Equation B.6:

df (@) a(f o fPo f2o ()"
dx ox
8(f*o 3o f2)(a)"
ox
a(f*o f3)(x)"
ox
aft(z)”

+8:1: ’

+

+

or

df@)”  of' (=) o () y?)  art?)”
dx oz oy! Oy? oy3
Lo @) orw’) ortw!)"
ox oy? oy3
L0 @) o)
ox oy3
of' ()"
ox

_I_

There are two different ways of computing a value of the total derivative. We call them the
forward mode of differentiation for calculating % and the reverse mode of differentiation

T
for calculating % .

B.2 Forward Mode of Differentiation

The total derivative % (see Equation B.7) is computed in the same order as the

sub-functions f!, f2, f3, and f* are evaluated (see Equations B.1-B.4). First, we start
1

by calculating the partial derivative WB—? of the first sub-function f'. The remaining

steps of the forward mode involve computing the remaining derivatives by making use of
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d(fAof3of2of1)()
oz

Equation 6.21 until we arrive at

o(f?0 f1)(=) _ 0f*(y") of'(x)

! = 5 o (B.10)
a(f3of82: M=) 312’51212) a(f? ;i”)(w) (B.11)
a(fo f? o .f o () _ 81;;{) Af* o f;: (@) (B.12)

Equations B.10 to B.12 yield
d(f*o f3 Z,f 0 fl)(w)’ (B.13)

which is the first term on the right-hand side of Equation B.6. All other remaining terms

in Equation B.6 are calculated in the same manner.

ar? .or art
oyt oy oy®
Of —» O —» Of — 4
oyl oy? oy3 d=
or o of* ort
oz Oz oz oz
1
+ + +

Figure B.2: Computational graph of the forward mode of differentiation.
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Example:

oft g 0f2 _q 0% _g of' o9,

Az ’ dx 1 Oz dx
af? afs aft
d(f*ofPofofy _ 8ftoasdor2ost _ _
e T odaral o — 12 12=
d(f*of30f?) _ 0f20f20f% _1.9.1=9
oz — 9y3 8y2 9z -

a(f*of%) _ aftafd _ _
A =L =13=3

aft _
U=

4 30201 4 3 2 4 3 4
4 oUtertof%orh) 4 oUtofTof) 4 0UTerY) | Ot 9y 4

dz ox

B.3 Reverse Mode of Differentiation

T
The reverse mode of differentiation calculates the derivative % (see Equation B.9)

in the reverse order than the sub-functions f!, f2, f3, and f* are evaluated (see Equations
B.1-B.4). The derivatives of Equation B.9 are calculated by applying successively Equa-

4003\ T
tion 6.23. We start with the last partial derivative o a}%’ ) by proceeding in the reverse

T
direction and arrive finally at 2 fof Sy;%f D)™,

a(f* o W) ot art )"

oy = 5y oy° (B.14)
Afo 2o A" _ 02N o o A" B
oy! oyt oy? (B-15)
Oftofo f2o @) _ off @) a(fto f2o (Y B.16
ox - Oz Oyl ’ (B-16)
All terms yield together the first term on the right-hand side of Equation B.8:
St oo f2o @) _ of' (@) oW ar )" ot (B.17)

ox ox oy! oy? oy3

The remaining derivatives of Equation B.8 are calculated in the same way.
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6f2T 6f3T 8f4T
oyt “oy? ‘oy®
T o« T« T
oyl dy? dy3
aflT 8f2T 3f3T af4T
oz oz oz ox
ﬂT
de
+ + +

Figure B.3: Computational graph of the reverse mode of differentiation.

Example:

oft T _ o 82T _ o 83T _ o a5t T _

B =2 % =L G =35 =2

ar2T _ o 93T _ 5 a5t T _

o ~bar =2os =1

a(stesPof20)™ _ 01T o2 Top3 T ot ™ _ 9.1.2.1=4
oz — 9z 9yl oy2 oy3 — -

otes®or)™ _ 02T 0s8 Mo T _ 1. 9.1 =9
oz — 9z 9y2 9y3 -

atftor T _ oMot T _ a4 _
e =9 3 =3.1=3
T

dfT _ o(f*of30r20f)T | artorBerHT | a(sterHT | 0s4T _
_avﬁ - Ox + Ox + Ox + _3% =2z +9




Appendix C

Total Derivative of Objective

Function

The total derivative % was obtained by applying systematically the chain rule of

differentiation to the composed objective function (see Equation 6.24 on page 96):

The chain rule of differentiation yields (see also example in Appendix B.1):

dd(p)  0D(9%) oL (% 1Y) 0P (hP2) 9P (1h?) 92 () O ()

dp - o’ OpZ-1 OPpZ—2 0?2 Ol ou
0B (y”) o (") 09" (72 0P (?) 0> (p)
a,lpz 3¢Z_1 8’(/)Z_2 a¢2 au
02 (9%) o9 (™) " (w*7?) 9y (m)
o7 oPpZ—1 OPpZ—2 T op
+... + (C.1)

0%(y”) y” (") 09" ()
ot oypZl op
L 02(%) 09" ()
O o

214
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We obtain with the short-hand notation:

The transpose of Equation C.1 is

dow) ™  opl(w) 0w ot (w?) " oyt (P ) T oyt (p?) T 0d(yp?) "

dp op ol o2 T Oepl2 OpZ—1 op?

e R L el C o ML C G ML T

op a,po 3,(/)2—2 a,(/)Z—l 3,(/)2
RO e Ul WL Ui N U

8# awz-z 8¢Z_1 a,lpz
+.o + (C.3)
R (D N

op opZT1 opZ

o) 9B

o opZ
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The short-hand notation yields:

ot (C.4)

We rewrite Equation C.3 and make use of the equality A” - BT - CT = (C - B - A)T

dp op OPZ P21 GapZ—2"" Gap3 Op2 !

L) (98 0w’ oyt oglowt)
op Y% D71 OpZ—2" Gap3 Onp?

do(u)” 6¢1(u)T(a&> gt gt a¢4a¢3a¢2)T

+8¢3<u)T<a<i> gt gt a¢4)T

op OYZ OpZ—1 GapZ—2"" O3
ot (C.5)
op" () (08 ow” \
+ op oYL OnpZ—1
Lo 08\
o oz | -

By using the short-hand notation for the terms within parentheses

08 ay? a2 o\ [(9@o0Flo.. o)y [ 80 \T iy
3¢Z 3,¢Z—1 3¢Z—2'“ a¢z - 81/)Z - (81,[)2) ) ( )
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we rewrite Equation C.5 and obtain

do(p) "
dp

optT [ 9% \7
o (8—¢1>
op?T [ 9% \7
rm (W)
op3T 1 93 \T
rm (W)

ot (C.7)
opZ1T 1 9e \T

o (1)

6¢ZT<8<I> )T

ton \ouz

Equation C.7 is equivalent to Equation 6.29 on page 98.



