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Introduction

The time-dependent Schrodinger equation

e VT = HE, (0) = o € LR 01)

needs little motivation. It has proven to be fundamental for the understanding of an abundant
number of phenomena ranging from the classical double-slit experiment to reaction dynamics.

The subject of this dissertation is the semiclassical approximation of the propagator of (0.1)
by a class of global Fourier Integral Operators (FIOs) with complex valued phase, which are
known as Initial Value Representations (IVRs) in the chemical literature. The central result
is formulated in Theorem 8.1. It is shown that Initial Value Representations approximate the
unitary propagator associated to (0.1) in the uniform operator norm up to an error of order
one in the semiclassical parameter €. Moreover, corrections are presented, which improve the
error bound to arbitrary order in € and a slightly weaker result for the Ehrenfest-timescale is
given.

Central intermediate results are the Calderén-Vaillancourt-like Theorems 4.11 and 5.4, which
establish the boundedness of FIOs as operators from L?(R?) into itself and Proposition 7.3,
which gives an asymptotic expansion for the composition of Weyl-quantised pseudodifferential
operators (PDOs) and FIOs.

Part of the result has been published earlier in [RS08] and [SR08]. This work is generalised
in two aspect. First, the class of accessible FIOs is extended from the Herman-Kluk propagator
to more general IVRs. Second, the restriction to Schrodinger operators is alleviated and the
result holds for general PDOs with subquadratic symbols.

Organisation of the dissertation

The dissertation is split into three parts: The first part will discuss aspects directly related
to (0.1) and HE. We will recall the definition of Weyl-quantised PDOs and central results on
them. Moreover, the existence of a unitary propagator associated to (0.1) is shown for the
special case of PDOs with subquadratic symbols, a result which is known and contained as an
exercise in [Rob87]. We present a new proof, which is inspired by the classical Faris-Lavine
argument. The first part closes with some results on the canonical transformations associated
to subquadratic symbols.

The second part is devoted to the Fourier Integral Operators under consideration. We present
results, which show that they primarily act along the canonical transformation they are asso-
ciated with and explain how the heuristic idea of an “overcomplete basis of coherent states”
is related to the FIOs. Moreover, continuity result between Schwartz-spaces are shown and an
e-independent bound for the norm of FIOs as operators between L2-spaces is established.

The last part connects the Fourier Integral Operators with (0.1). We give an asymptotic
expansion of the composition of PDOs and FIOs and investigate the time-derivative of FIOs.
These results are combined to the main Theorem on the approximation of unitary propagators
by IVRs. The part is concluded with the presentation of some proof-of-concept computations.



Introduction

A heuristic motivation for Initial Value Representations

Equations of type (0.1) arise in a variety of situations. In its most prominent form, £ equals
the quantum of action A, and the Hamilton operator H¢ is of the Schédinger form

) €2
H® = —EA +V(x) (0.2)

for some potential V' depending on the physical system. This classical Schrédinger equation is
considered as the fundamental equation of non-relativistic quantum physics and is the basis for
all applications in this field.

However, there are situations where the parameter € has a different meaning. One important
example is the computation of the single-state dynamics of molecules in the Born-Oppenheimer
approximation, compare [STO01]. In this case, € equals square root of the ratio of the electron
and average nuclear mass of the molecule and its order of magnitude is approximately 1073
to 1072, The ¢ in front of the time-derivative comes from the transformation to the time-unit
tBO = tphys/c. This “distinguished limit” ([Col68]) is necessary to work on timescales on which
the nuclei show a nontrivial movement.

Solving (0.1) still poses a challenging problem to today’s scientists. The particular difficulty
lies in the nature of its solution. The wavefunction 1 is a complex-valued function on the
configuration space R?, whose dimension is determined by the number of degrees of freedom of
the system. Even for simple systems this dimension is usually prohibitive. Therefore one aims
at approximate solutions to (0.1).

A very profitable approach in this respect is the semiclassical treatment of the system. It is
common knowledge and experience that quantum dynamics reduces to classical mechanics for
large energies and frequencies. Between the extremes of pure quantum behavior and classical
mechanics, there is a regime, in which classical quantities can be used to describe the quantum
behavior of the system. Many well-established methods like the WKB-ansatz and the Wigner
method belong to this category of approximations. The principle idea is the following: if one
can construct a function 5., which fulfills ¢ = ¢S, + O(e) for small €, one can hope that 95,
is still a good approximation for the value of £ given by the application.

In the chemical physics community, the so-called Initial Value Representations (IVRs) were
developed and proved to be a successful method for the treatment of molecular dynamics, see
e.g. [Kay07]. The distinctive feature of IVRs is that they tackle the unitary propagator U(t, s)
of (0.1), whereas methods like the WKB or the Wigner-method only provide approximations
for one specific initial datum, see e.g. [SMMO3]. Moreover, they do not show phenomena like
the breakdown of the WKB-method at turning points.

For a heuristic motivation, we specialise to Hamiltonians of the form (0.2), restrict to one-
dimensional problems and start with the identity

1
P(z) = e /T*Rgfq,p) (@)(9(g.p)» V) L2(R) dq dp, (0.3)
where 1
15 —(z—q)%/2¢ ip(z—q)/e
Tig) (@) = We (z—q)°/2¢ ip(z—q)/ (0.4)

denotes the coherent state centered at (¢,p) in the phase space T*R. Within the chemical
community, identity (0.3) is known as an “expansion in the overcomplete basis of coherent
states”. A more satisfactory explanation will be provided in Section 4.1.



A heuristic motivation for Initial Value Representations

Applying the unitary group of (0.1) to expression (0.3), one gets the formal equality

i 1 i
—tH®t, € _ = —2Ht e € €
(2 5) @ = 5z | (757, ) @6y, ) 1200) dadp (0.5)
Hence, one expects an approximation to the solution of (0.1), if approximate expressions for
the time-evolution of coherent states are used in (0.5). Such expressions have been studied for
a long time. They rely on the classical flow (q(t,q,p),p(t,q,p)) which arises from Newton’s
equation of motion

d
£q(t, q,p) = p(t,q,p), q(0,q,p) = ¢q
d
ap(t, q,p) = —V'(q(t,q,p)), p(0,q,p) =p

and are in the simplest case given by

N

(efi'HEtgfq,p)) (z) ~ (ml)m [(84q(t, q,p) + ipq(t, q,p))]~ (0.6)

x e25(tap) (=Otap)(@=q(t.q:p))*/2e pip(ta.p)(@—a(tap))/e,
where

Q(ta Q7p) = _Z (8qp(t7 qap) + Zapp(tv qap)) (8qQ(ta qap) + Zapq(tv Q7p))_1

encodes the time-dependent width of the propagated coherent state and

S(t,q,p) =/0 [3p(7,4,p)* =V (a(r,q,p))] dr

denotes the classical action of the trajectory 7 — (q(t,q,p),p(t,q,p)). The expression was
formally established in [Hel75b] and baptised “Thawed Gaussian Approximation”. Rigorous
results and more conceptual derivations can be found in [Hag80], [Hag98] and [CRI7].

Combining (0.3) and (0.5) we obtain the so-called Thawed Gaussian Initial Value Represen-
tation, which is formally given as

(755705 (@) ~ (2me) /2 /R o= ® e v arOlu(t, . p)o(y) dqdpdy (0.7)

where the phase function ® reads

O(t,x,y,q,p;0) := S(t,q,p) +p(t,q,p)(x — q(t,q,p)) — p(y — q) (0.8)
+1i0(t,q,p)(z — q(t,,p))*/2 +i(y — q)*/2

and the symbol v is given by

N =

u(t, q,p) = 2[(04q(t, ¢, p) + i0pq(t, ¢, p))]~

In the mathematical literature, expressions like (0.7) are known as Fourier Integral Operators
with complex valued phase function. From the viewpoint of this theory, the central character-
istic of ® is that its stationary points with respect to (g, p)

%@(t7x7y7 q*vp*7 9) = 07 a(q,p)%(b(tvxa y; q*7p*7 6) = 0
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are determined by
@ =y, ==q(t q,p), (0.9)

i.e. the phase is stationary if and only if there is a classical trajectory t — q(t,y,p«), which
connects the points x and y and that the phase fulfills the non-degeneracy condition

Opy® Oy ®
det <8y9<1> 396‘1)> #0

on the set of stationary points. A few lines of computation reveal that

8xyq> 819(19 %
det <6y6¢’ 899<I>> > (RO(t,q,p))2 . (0.10)

Hence, considering (0.9) and (0.10) there is little reason why © should have the specific form
derived from (0.6). Indeed, the most successful IVR, the so-called Herman-Kluk propagator,
which is given by

1 Loyk (t,2,y,9,p)
e ~Nai € I t dgdpd
(272)3/2 /RS@ unk (t, ¢,p)¢(y) dg dp dy,
with
+i(z —qt,q,p))?*/2+ily — q)?/2
and

1
unk (t, ¢, p) = [0qq(t, q,p) — 10pq(t, q,p) + i0yp(t, q, p) + Opp(t, q,p)]?

does not change the width of the coherent states during the time-evolution. Our main result
will be concerned with a general class of such FIOs which includes both the TGA-IVR and the
Herman-Kluk propagator as special cases.

At the end of this introduction, we want to point the reader to further discussions of the
existing literature. In the first chapter of Part II we give a short discussion of the classical
approach to global Fourier Integral Operators which gives some insight on the importance of
conditions (0.9) and (0.10). A short history of Initial Value Representations is provided at the
beginning of Part III followed by a presentation of prior results on the approximation of the
propagator of (0.1) by Fourier Integral Operators.

A word on notation

Throughout this work, we will mostly use standard symbols and notations such as C°°(R%)
for the complex-valued smooth functions on R? and S(RY) for the Schwartz functions on R
Moreover, we note that our scalar products are linear with respect to the second argument, i.e.

(@|BY) romay = OB (P1) p2mey, @ ¢ € LARY)

and that we chose the normalisation

(F0) (€) = (2me)~ )2 / eHTY(@) dr, ¢ € SRY) (0.11)

R4
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A word on notation

for the Fourier-transform to make it unitary on L?(R%).
One main non-standard notation concerns quadratic forms. For a complex symmetric matrix
AeC¥™d je. A= A" =A" and a vector z € R, we use the shorthand notation

Ax? =2l Az = 2 - Ax.

A second pitfall concerns derivatives of vector valued functions. For a mapping f € C'(R¢, R%)
we denote by fi(z) = (0.f)(x) the transpose of the Jacobian, i.e.

(o) = (D, i) () = g;j;m.

This definition is useful because we consider all vectors v € R? as column vectors, but it leads
to somewhat unusual identities when chain and product rules are applied. For example, we
have

9:(f - 9)(x) = fu(x)g(z) + gu () f ()
02 f(9(x)) = go(x) f2(g(x)) and
0:(Af(2)) = fu(r)A

for mappings f,g € C1(R%,RY) and symmetric matrices A € C?*?. Finally, we will meet some
special differential operators for which we use the convention

1 —iedy(x) -V
1+ |y ()]

= (14 ]@x(x)F)_l (1— ie®y(z) - Va).

All other notations with hints to their first appearance are collected in Section 9 in the appendix.

11



Introduction

12



Part |

The Problem






1 The Schrodinger equation

The insight that quantum mechanics is the fundamental theory which simplifies to classical
mechanics in macroscopic systems is undisputed. However, in practical applications, the physi-
cally correct Hamilton operator H€¢ is a priori unknown and has to be derived from the system
under consideration. This modelling process is usually a two-step procedure. First, one chooses
a Hamilton function h(z,&), later on called the symbol, based on a classical understanding of
the system. In the step of quantisation one associates a linear operator H® = op®(h) in L?(R%)
to h such that the correspondances

op®(z;)p(z) = zjp(x)
op°(§j)p(r) = —iedy;p(x) and
op°(Dp(z) = p(z)

hold and the map h — op®(h) is linear. One class of quantisations is based on the Fourier-
transformation. If ¢ € S(R?), we have the identities

vy = ere) [ [ [ eteteuwar] dg
Re LJRd
x(x) = (27T£)d/ / eéé(x*gﬁ/)x'w(x/) d:c'} d¢ and
Re LJRA
—ie0y,(z) = (2me) / / eiw—x’)gjw(x’)dx’] de.
Rd LJRd

Hence, a class of quantisations is formally given as

opi(h)z<27rs>‘d/w/Rdeig'“‘“h(cm<1o)x',@wx’)dx'ds, peSRY) (L)

where o ranges in [0, 1]. The difference between different values of o boils down to the treatment
of the symbol z;¢;, which is quantised to

opg (&) = o [z 0 (—ie@x].)] +(1-o) [(—is@xj) o],

i.e. o = 0yields the pg-quantisation, whereas ¢ = 1 results in the gp-quantisation. In Section 4.1
we will meet the Wick and Anti-Wick quantization schemes, which are based on a different
concept.

1.1 Weyl-quantisation and symbol classes

In the context of quantum mechanics, the Weyl-quantisation, which arises for ¢ = % is most
natural. For h € S(R??) and ¢ € S(R?) it is given by the absolutely convergent integral

x4+

(or () () = (2me) [ e (S0 ) i) dea (12)

15



1 The Schrodinger equation

For the extension to more general symbols, several approaches can be taken. For instance, one
can use the Wigner function

W :S(RY x S(RY) — S(R??) (1.3)
(o) = Wl wlla.) = ) [ 7 (0= 59) 0 (a+ 5] dy

and the relation
(]op* (@) 1> gy = /de Welp, ¥)(q,p)h(q,p) dgdp, ¢,v € S(RY). (1.4)
Now the Wigner-transform is the Fourier transform of the Schwartz class function

(¢y) = (@a—359) ¢ (¢ +5Y)

with respect to the second variable and thus continuous from S(RY) x S(RY) to S(R??). This
shows that the left hand side of (1.4) is a continuous linear form in ¢ € S(R?), which allows

for the interpretation
op®(h) : S(RY) — S'(RY). (1.5)

Reading the right hand side of (1.4) as a dual pairing between h € S(R?*?) ¢ S’'(R?*?) and
Wip, Y] € S(R??) and keeping the sense (1.5), one can then extend the admissible symbols to
h € 8'(R??) by defining the pairing between op®(h)y and 1 by the right-hand side of (1.4).

However, we will hardly be able to associate a classical mechanical system to a “Hamilton
distribution” and do not need such a general notion of symbols for our application. More-
over, (1.2) provides a much more explicit expression for the operator than (1.4) does. Therefore
we restrict ourselves to symbols, which allow for the definition of Weyl-quantisation in terms
of explicit oscillatory integrals. The following presentation is based on that of [Mar(02].

The problem of generalising (1.2) as an ordinary Lesbegue-integral lies in the convergence of
the &-integral. The main tool to circumvent this difficulty is the operator

Ly : C®°(RY) — C®(RY) (1.6)
1+1e€ -V

@ Loy =
: L+ J¢f?

L, fulfills _ A
Lyes&@=2) = gzéle=a),

Hence, by integration by parts in y (1.2) equals

(27T€)_d /de €§£.(x_x/) <Lll>k I:h <$-;;1;‘/7§> w(:(}/):| dﬂ:’/ dé.,

for any k € N, where

+ _1—ie£-VI/
AT

denotes the adjoint of L, with respect to the Banach-space structure on L?(R%), i.e.

x

(Lol o = [ o) (L) @) de Vo € SERY,

16



1.1 Weyl-quantisation and symbol classes

Moreover, by Lemma 10.2 in the appendix, we have

H@’)k@] (x)'< 1+y§\ 2 Z'

la|<k

for all p € S(R?), where Cj, depends only on k. Thus the integrations by parts convert the
oscillatory behaviour in £ of the integral into polynomial decay. We adapt the choice of our
symbol classes to this methodology:

1.1 Definition (Symbol class). Let m = (m;)1<j<s € R, d = (d;)1<j<s € N’ and p € [0,1].

We say that v :]0,1] x R4 — CN is a symbol of class S°[m;d), if there is eg < 1, such that
uf € C(RIACN) for alle < gy and

J
M™[u] := sup max " sup H(zj>_mf O7u(z)| < oo (1.7)
e<eg lal=k zj cR% i—1
]7
for all k > 0, where (z) := \/1+ |2|?. We extend this definition to any mj € RU {—o0, +00}
by setting for mstance
S¥l(+00,ms,.ymyyid = | S(0miyma...,my)d]  and
mleRdl
SP[(—o0,ma,...,my);d] = ﬂ SP[(m1,mg...,my);d].
mp ER%

Moreover, we write S[m;d] := S%m;d].

In particular, the growth of these symbols is only polynomial and can be compensated by
the technique just explained. The smoothness is a tribute to a simple presentation as it allows
to stay within the theory of Schwartz-spaces. To connect with the literature, we note that the
symbol classes of Definition 1.1 coincide with the ones used in [Mar02] and [Rob87] and that
we have 57y = S[(0,m); (d, d)] with respect to the symbol classes S}; used in [H6r85].

One defines (Compare Definitions 2.4.2 and 2.5.1 in [Mar02]):

1.2 Definition (Weyl-quantisation). For ¢ € S(R?), h € S[(+o00,m); (d,d)] and k > m + d,
we define the Weyl-quantisation op®(h) of h as

(op*(h)p) (z) = (2me) @ /R Qdeéf'(wﬂr’) (Ll,)k {h <x +a ,g) (x')} da’ de.

The definition of oscillatory integrals via integration by parts with operators like (1.6) is
a standard approach. We will follow the same strategy in Definitions 4.8 and 5.1 when we
introduce our Fourier Integral Operators. An alternative possibility for the definition of oscil-
latory is presented in the first assertion of the following lemma. The second assertion shows
the connection with the definition via the duality relation (1.4) sketched before.

1.3 Lemma. Let h € S[+00;2d].
1. If x € S(RY) with x(0) = 1, we have

x4+

(op (W) () = i (2me) 0 [ 2o (T3 ) o) a e

A—00

17



1 The Schrodinger equation

2. op®(h) fulfills (1.4) for any o, € S(RY).
Proof.

1. We choose m such that h € S[m;2d] and & > m + d. We have
op® (h)e(x)
_ (2778)(1/ ei{-(:pfz/) (LT/)k |:h (CC + 2 ’£> ($/):| dz’ d¢
R2d r
= (2me) ¢ /R y e Tim (¢/2) (LL) [h (“”““ ,§> <x’>] da’ d§
i k
= tim 2oyt [t (o) [ (T ) el | e

= tim (220 [ B (TS ) ol de' e

A—00

where the exchange of the integral and the limit is justified by dominated convergence.

2. Let x € S(R%) with x(0) = 1 and k > m +d. Using dominated convergence and reverting
the integrations by parts, we have

(¥[op*(h)2) 12 (ga)
— (2me) /RBd i (@) (LL,)k [h (x J; x/,g> 90(;13/)] da’ d€ ) (z) do

= Jim ) [ (et e (”’ * x',g) o)) de d o’
de

—00 2

= lim (27r)d/ X(E/NeS N (#,€) ¢ (& — £6,) ¥ (2 + §0,) do, dE di
—00 R3d

= lim X(&/MWelp, )&, &) (2,€) dE di,

A—o0o JR3d

where we used the orthogonal transformation defined by

r\ [T+ e0y/2

) \&—edy/2)"
As We[p, 9] € S(R??), the integral is absolutely convergent and an application of the
dominated convergence theorem concludes the proof.

O]

As indicated earlier, the symbols of Definition 1.1 allow to stay in the context of S(R¢)-theory:

1.4 Proposition ([Mar02], Theorem 2.5.3). Let h € S[+o00;2d]. Then op®(h) is continuous
from S(R?) to S(RY).

18



1.2 Existence & uniqueness of solutions

1.2 Existence & uniqueness of solutions

With this basic comprehension for our Hamiltonians at hand, we turn to the existence and
uniqueness of a propagator associated to

e = o)y, (0) = o € AR, (1.8)

It is well-known that this question is intimately related to the selfadjointness of the Hamilto-
nian. Actually, in the case of a time-independent Hamilton operator, the existence of unique
dynamics is equivalent to this property by Stone’s Theorem. It is the distinctive feature of the
Weyl-quantisation that classical Hamilton functions are quantised to candidates for self-adjoint
operators:

1.5 Lemma. Let h € S[+00;2d] be a real symbol. Then op?(h) is symmetric on S(R?).

Proof. The property is easily proved with help of the Wigner function:

(plop® (M) ) p2(ray = /de Wep, ¢](g, p)h(q, p) dgdp

B /Rm we [1/}’ SO](q,p) h(%p) dqdp

= <T/"0pa(h)90>L2(Rd) = <0p5(h)¢|¢>L2(Rd) :

O]

To understand in which situations we can expect the essential self-adjointness of op®(h), we
examine the case of one-dimensional Schrodinger operators

h(z, &) =€2/2+V(x), V(z)e C®R)

in more detail. The Faris-Lavine Theorem shows that a quadratic bound from below on the
potential, i.e. V(z) > —Cy (x)? for some Cy > 0 yields the essential selfadjointness of op®(h)
on C§°. The quadratic bound from below is the borderline case for essential selfadjointness.
Theorems X.7 and X.9 in [RS75] show that the operator

H— A 2|
2
is essentially self-adjoint on C{° if and only if o < 2. A general result on pseudodifferential
operators has to respect this situation, i.e. we have to put a quadratic bound from below on the
symbol. Now op®(h) is essentially selfadjoint if and only if —op®(h) is essentially self-adjoint,
so if the result shall apply both to A and —h, we have to assume

~Cl(@9) <-h = h<C{x9)".
Hence, we are led to define

1.6 Definition (Subquadratic symbol). Consider a time-dependent family of real-valued sym-
bols h € C=(] — T, T[xR??,C), T € RU{+oco}. h is called subquadratic, if

sup sup 8(0;5)h(t,x,§) < 00 (1.9)
—T<t<T (z,£)eR2? ’
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1 The Schrodinger equation

for all |a| > 2 and

sup sup |00, ¢)(0ch)(t,,§)| < o0 (1.10)
—T<t<T (z,£)cR2d '

for all |a| > 0. It is called sublinear, if (1.9) holds for all || > 1 and (1.10) for all |a| > 0.

This definition naturally includes time-independent symbols h(z, &) when they are considered
as constant with respect to time.

1.2.1 Essential self-adjointness

This symbol class actually fulfills our expectations:

1.7 Proposition. Let h® = hg + chy € S[2;2d] be a time-independent subquadratic symbol.
There is g > 0 such that op®(h?) is essentially self-adjoint on S(R?) for all e < &.

The result is contained as Exercise (IV-12) in [Rob87], where the existence of the propagator
associated to op®(h®) is shown to deduce the essential self-adjointness of op®(h®). Here we
present a proof, which follows the idea of the Faris-Lavine Theorem and uses the commutator
theorem. In particular this proof also applies to matrix-valued symbols without change.

1.8 Theorem ([RS75], Theorem X.37). Let N be a self-adjoint operator with N > 1 in the
sense of quadratic forms. Let H be a symmetric operator with domain D(H), which is a core
for N. If there are C1,Co > 0 such that

[Hell < CilINe| and (1.11)

<O HN%S”HZ (1.12)

(HeN @) p2(gay = (No|Hp) 12 (gay
for all p € D(H), H is essentially self-adjoint on D(H).

The operator N will be chosen as the sum of op®(h®) and a harmonic oscillator, such that
we can apply Théoreme I11-4 in [Rob87]. This result uses a Garding inequality to establish the
essential self-adjointness of pseudodifferential operators with positive principal symbols and will
provide the self-adjointness and the bound from below for the operator N:

1.9 Theorem ([Rob87], Théoreme III-4). Let hg,h1 € S[+00;2d] be real symbols fulfilling
ho(z, &) > 70 > 0 for all (z,€&) € R* and

|05 ¢hi(2,6)] < Calho(z,€)|  Va,& € R?

for all « € N??, Then there is ¢g > 0 such that op®(ho + €hy) is essentially self-adjoint on
S(RY,C) for all £ < g9g. Moreover, op(hg + chy) is semipositive, i.e. for every & > 0 there is
es > 0 such that

{op®(ho + €h1)Y V) r2(gay = (0 = 6) ||¢||%2(Rd)
for all € €]0,&5].

As a second result, we will use the Calderén-Vaillancourt Theorem, which concerns the
boundedness of pseudodifferential operators between L2-spaces:
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1.2 Existence & uniqueness of solutions

1.10 Theorem (Calderén-Vaillancourt, [CV72]). If h € S[0;2d], op®(h) can be uniquely ex-
tended to a continuous operator on L?(RY) with the e-independent norm-bound

lop* (B)ll2—z2 < C Y 1108 ¢k lloo-
o] <2d+1

The original work of Calderén and Vaillancourt only applies to the case € = 1. However, a
rescaling argument translates the result to the semiclassical setting. We will follow this idea
later on in the proof of an analogue L?-boundedness result for FIOs and detail the rescaling
there.

Finally, we will need a very simple composition result for pseudodifferential operators for the
treatment of the commutator. The reader who is familiar with pseudodifferential calculus will
immediately recognise the rudiments of the Moyal-product:

1.11 Lemma. Let h € S[+00;2d]. We have

€ €
ov(ay)on (1) = ov° (ash+ 5061)  op (o (s;) = o (0~ 5.0)
€ £ £ iE g £ £ iE
o (6)on" () = on* (&1~ Fon ) oni(hlon(ey) = ov” (e5h + 0,0 )

as operators from S(R?) to S(R?) and thus

[op® (z;) , 0p°®(h)] = ieop® (85]. h) [op® (&) ,0p°(h)] = —icop® (895]. h)
[op® (:E?) ,op°(h)] = 2icop® (:cj(?g]. h) [op® (532) ,op®(h)] = —2icop® (gjaxj h)

n the same sense.

The proof of these identities relies on integration by parts and is not presented here. With
these preparations, we are now able to prove the essential self-adjointness.

Proof of Proposition 1.7. Because of the subquadraticity of h®, we can choose ¢ > 0 and b > 0
such that

ho(z, &) 4+ c(x® + €2 +b >0 (1.13)
and
b (2, €)] < ho(x,€) +c(2® + &) +b| VxR
We set
N :=op®(h%) + 2cop® (z* + £*) +b.

By Theorem 1.9 N is essentially selfadjoint on S(R?) with some lower bound &y for € < gy. As
every positive constant is N-bounded with bound zero, we may increase b without changing g
or dp by the Kato-Rellich Theorem (Theorem X.12 in [RS75]). Hence we may assume N > 1
after an adjustment of b.

Using

AB? 4+ B*A = 2BAB + B, B, A]|
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1 The Schrodinger equation

we have
N?% = (0p°(h¥) +b)* +4c? [op® (2 + 52)]2 + 4bcop® (2% + &)
+ 2¢ [op® (h¥)op® (2% + &%) + op® (2% + £2) op®(h7)]
= (0p*(h°) +b)* + P+ P, + B

in the sense of quadratic forms on S(RY), where

d
Pri=4c) [Op%j) (0p®(h®) + cop® (z* + €%) +b) op®(x; )}
j=1
d

+ 402 |:Op€(§j) (opE(hE) + cop® (a:2 + 52) + b) ops(fj)] ;

J=1

d
Py=22Y [op zj)op* (7 +€7) , 0p% ()] + 0p*(&;)[op” (27 +£7) , 0p <€a>1]

Jj=1

d
= —41’5022 |:Op xj)op®(&;) — E(fj)ops(azj)} =4e2¢?

Jj=1

and

d
=20 [ fon (o), [on*(2). 00" (1] + o0 (&), ov?(6, ). o ()]
j=1

d
_ 2 £ 2 2 €
= —2ce j;op ([Ox]. —1—85]} h )

Taking (1.13) into account, we see that
op®(h®) + cop® (:v2 + 52) +b6>0

after an adjustment of b. Thus P; and P» are positive, whereas B can be extended to a bounded
operator on L?(R?) by the Calderén-Vaillancourt Theorem 1.10.
Hence we have

1(op® (1) + b)eb||* = ((op® (h°) + D*9[4) 15 ga)
= (N*9|9) 1 gay = ((PL+ P2)YIY) p2ray — (BY[Y) 12 (ga)
< (1+|Bl) [Ny
as N > 1 and thus
l[op® (R*) || < [[(op=(A°) = b) || + b o]l < (b+ 1+ [|B]]) [Nl
Moreover
+i[op®(h%), N] = +i [ops(he),ope(hs) + 2cop® (932 + 52) + b]
= +2ic [opg(hg),ops (xz + 52)]
= +4ceop®(¢°) (1.14)
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1.2 Existence & uniqueness of solutions

with
d

0.6 = 3 [ 061) (0.9~ & (0,,1°) (9|

J=1

As the derivatives of h® are sublinear, we can choose d > 0 such that
+4ceg® + d(hE + 2¢(x® + £2) +b) > 0,
which, after a possible increase of b and decrease of ¢g, ensures that
0 < op® (Edeeg® + d(h° + 2c(z® + £%) + b)) = £dceop(¢°) + dN. (1.15)
Combining (1.14) and (1.15) we have established that
(I, 007 (h)] 010) 2 gy | < A (NWI) Loy

Thus op®(h?) is essentially self-adjoint on S(R?) by Theorem 1.8. O

1.2.2 The time-dependent case

In the time-dependent case no equivalence between existence of a unique solution and properties
of the Hamiltonian is known. However, there are some results on sufficient conditions, see for
example [Kat53] or [Yaj87]. The main focus of these results lies on minimal regularity and
integrability assumptions with respect to ¢t and x of the Hamiltonian. Considering Definition 1.6,
it is clear that we do not aim in this direction here.

The main application of time-dependent Hamiltonians lies in the treatment of laser-pulses
used for example in spectroscopy. In dipole approximation, such system are modelled by Hamil-

tonians of the form )

H(t) = —%A + V(x) — F(t) cos(wt)p(x) - g,

where F(t) is the envelope the laser-pulse with frequency w, whereas 7z € R3 is the direction
of the electrical field of the laser and p(z) € C>°(R? R3) is the dipole moment of the molecule,
compare [CTDL06]. Thus, if F(¢) and ¢(t) are chosen smooth with respect to time and an
spatial cutoff for the dipole-moment is introduced, this application is covered by Definition 1.6.
Though not explicitly mentioned, the proof also applies to matrix-valued Hamiltonians for
which the treatment of laser-pulses is much more interesting.

To connect to the presentation in Chapter X.12 in [RS75], we turn to the framework of
contraction semigroups generated by a family of operators A(t). The proof of existence of a
propagator is extremely constructive. After an affine transformation of time, it is enough to
consider the time-interval [0, 1]. There, one defines

exp (—(t=s)A (%)) S <s<
Up(t,r)Up(r,s) 0

DA

k
no 1.16
<1 (1.16)

Un(t,s) = {

IN
IN —

s<r

i.e. one splits the interval [0, 1] into n parts and replaces the generator on the small interval by a
constant approximation. The nth approximation is then obtained by composing the short-time
propagators. When one considers the limit lim,, .., Uy, it turns out that its existence is related
to the operator

C(t,s) = A(t)A(s)™! —id.

One has
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1 The Schrodinger equation

1.12 Theorem ([RS75], Theorem X.70). Let X be a Banach space and let I be an open interval
in R. For each t € I, let A(t) be the generators of a contraction semigroup on X so that 0 lies
in the resolvent set p(A(t)) of A(t) and assume that

1. the A(t) have a common domain D,

2. for each p € X, (t—s5)"1C(t, s)ip is uniformly strongly continuous and uniformly bounded
s and t fort # s lying in any fixed compact subinterval of I,

3. for each ¢ € X, C(t)p := limg_(t — 8)"1C(¢t, s)p ewists uniformly for t in each compact
subinterval and C(t) is bounded and strongly continuous in t.

Then for all s <t in any compact subinterval of I and for any p € X,
Ul(t,s)p = lim Uy,(t,s)e
n—oo

exists uniformly in s and t. Further, if ¥ € D, then ps(t) = U(t,s)y is in D for all t and

satisfies
d
5 Pst) = —A)es(t),  ws(s) =9

and [|os(@)[| < || for all t = s.
From this, we derive

1.13 Proposition. Let h*(t) = ho(t) + chi(t) be a time-dependent family of real subquadratic
Hamiltonians. Then there is a unique unitary propagator associated to (1.8).

Proof. The proof uses the operators
A% (t) := iop® (he(t)) + 1,

where op€(h¢(t)) denotes the closure of op®(h®(t)). In the first step, we will establish that
these operators are generators of contraction semigroups with 0 € p(A%(¢)). As ope(he(t)) is
self-adjoint, we have | — oo, 1[€ p(A*(t)). Moreover,

e () 2 2012 4 = P
|3 dop (@) + 11| = o+ D2 ) + o (BE @)

= (A1) (oo |, & A+ 1) (|iop (B (D))

L2(R%) L2(R%)

= O+ D2 el + [orF @ = 2 el
for ¢ € S(R?) and A > 0. Thus
|+ (iopF B @) + 1171 < A7 vl
for all ¢ in ATS(R?) or A~S(R?) respectively. As —\ € p(AT), these sets are dense in L?(R%)

and the Hille-Yoshida Theorem (Theorem X.47a in [RS75]) shows that the AT (t) are generators
of contraction semigroups.
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1.2 Existence & uniqueness of solutions

For the other conditions, we use a Taylor expansion with respect to ¢t to compute

op® (1 (1) )p() = (2me) ™ /

R2d

. /
— (27T8)_d/ eig.(x—z/)hg <S7 T+ &_> QO(Q’J/) dSU/ dg
R2d

. /
o) g <t, ’: J; x ,5) o(a') da’ de (1.17)

2 )
) t /
+(2775)_d/ 625'@_93/)/ <dh5> <T,M,f> dro(x) dx’ d€.
R2d s dt 2

op® (h*(t)) = op®(h*(s)) + 0p*(¢°)

Hence

where

dt

Now op®(¢¢) extends to a bounded linear operator on L?(R%). Thus by Theorem X.13 in [RS75],
the domains of op(h(t)) and op¢(h¢(s)) coincide and all A* have the same domain.
Moreover, by the assumptions on hy and h1, the correspondence (t, s) — op®(g°) is continuous
in the uniform operator norm, which yields the continuity of t — (A*(¢))~! with respect to ¢
in the uniform operator norm, compare Theorem II-3.11. in [Kat66].
C*(t, s) is given by

g (t,s,x,8) = /t (dh€> (1,2,€) dr € S[0;2d].

C*(t,s) = op®(g°) (A(s)) "

and hence uniform continuous with respect to (¢, s). Finally we have the uniform limit

hm(t — 8)_1g€(t, 37x>€) = hi (t7m>§)

s—t

and hence
lim(# — $)'CE(t, 5) = op® (hf) (AT ()7,

which yields condition 3 of Theorem 1.12.
Having shown the existence of contraction semigroups U (¢, s) associated to A% (t), we set

Tt s) = Ut(t,s) s<t
(t,5) = U (s,t) t<s

and N
Ult,s) = e=IU(t, s).

It remains to show that U(¢,s) is a unitary propagator and solves (1.8). If ¢t > s, U(t,s) is
the limit of the operators e!~*U,". We consider one of the short-time propagators of (1.16) for
some time £y3. One has

& exp ({1 = 5) A (1)) ¢ = A" (t0) = —iopF (i (fo)) o —

for all ¢ € D(op®(h°(to)) and thus

d

7 [ e (=(t = 9)AT ()] ¢ = —iop® (k¥ (to)) [¢" " exp (=(t = 5)A™ (t0))]
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1 The Schrodinger equation

i.e. el % exp (—(t — s)AT (to)) is generated by op* (h(to)) and thus unitary, so U(t, s) is unitary
as the strong limit of unitary operators. In the same way, one shows that U(¢, s) fulfills

%U(t, s)p = —iopF (RE (1)U (1, 8)¢

for all ¢ € D(op(h#(s)) and s > t. It remains to show the composition formula
Ult,s) =U(t,r)U(r,s)
in the case where U(t,7) and U(r, s) arise from different generators. Let s < ¢ <r. We have
Ut,r\U(r,s) = e=lU=(r,t)e"*lU* (r, s)

= %tsuIWus)+l/réi[éTtlf(ﬂtkTsU+h3@]d{

- [et—slUﬂt, s) + / ' [e'T_”U_ (1, )[(1— A7)+ (1 — ANl slut(r, s)] dT]
= elt=slut(t, s)

on D(op®(h®(s))). A similar argument for the case 7 < s < ¢ concludes the proof of existence.
For the uniqueness, assume that U and U are two propagators of (1.8). We have

Ult,s)— O(t, s) = —U(t, ) / t % [U(s.7)0(r.5)] dr
— U4, s) / t [U@, - [iops(hE(T)) - zopg(hg(T))} 0, 3)} dr =0

on the dense set D(op®(h°(s))), where we used that a propagator fulfills

U(t,s)D(op®(h*(s))) C D(op”(h*(1)).
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2 The classical system
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Figure 2.1: Classical flows associated to h; and ho

We turn to the classical mechanics associated to the symbol. Our main focus lies on the
growth properties of the classical flow with respect to the initial data. Figure 2.1 shows the
flows associated to the Hamiltonians

hi(z, &) = —€2/2 — 22 /2 + sin(2z) cos(£)  and
ho(x, &) = €2/2 + 23 /3 + x cos(3x).

In the first case one recognises an distorted rotation of the phase space. Trajectories, which
have nearby starting points (indicated by the red dots) stay close to each other as time evolves.
In the second case, the behavior of the Hamiltonian vector field is much more complicated.
Depending on the initial position, the trajectories either follow a circular motion or they escape
to infinity. Moreover, the behavior of a trajectory cannot be predicted from its neighbors, so
the time-evolution “behaves badly” with respect to the initial phase space coordinates.

2.1 Canonical transformations of class B

To introduce the notion of a canonical transformation, we recall that the symplectic group
Sp(d) is the set of all matrices, which leave the symplectic form

vAw=v-Jw, v,wGRQd, J = 0 id
—id 0

invariant, i.e.

Sp(d) = {A c ]RMXM‘ATJA - J} .
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2 The classical system

It is well-known that Sp(d) is a subgroup of Gl(2d), where the inverse of a symplectic matrix
Ais given by A=t = —JA!J.

2.1 Definition (Canonical transformation).
A diffeomorphism k(q,p) = (X*(q,p),Z%(q,p)) € C® (R4, R??) of R?? is called a canonical
transformation if its Jacobian

is symplectic for all (q,p) € R*?.

In the appendix, we collect some relations between the block-matrices from which F*(q,p) is
build. The following definition makes the class of canonical transformations with a “controlled
dependence” on the initial data more precise. The definition is inspired by the one in [Fuj79],
where a related notion for smooth diffeomorphism from R¢ to R is introduced.

2.2 Definition (Class B). A time-dependent family of canonical transformations xt,t €]=T, T,
T € RU{+o0} is of class B if it is pointwise continuously differentiable with respect to time
and we have

d

KZt
Oy i 00) | <

sup H@E’fw)F”t(q,p)H <oo and sup
te]-T.,1 te]-T.T]

for all |a| > 0. The definition extends in a natural way to a time-independent canonical
transformation.

The property, which makes canonical transformations of class B so interesting is that they
are Lipschitz-continuous with respect to the phase-space variables, i.e. one has good control on
the dependence of k(q,p) with respect to (¢q,p). Moreover, the inverse transformation is in the
same class.

2.3 Proposition.
1. The canonical transformations of class B are a subgroup of the diffeomorphisms of R??.
2. If k is a canonical transformation of class B, there exist ¢, Cyx > 0 such that
cr (a1, p1) = (g2, p2) || < llK(qr, p1) — k(g2 p2)|| < C [(q1,p1) — (g2, p2)| (2.1)
for all (q1,p1), (g2, p2) € R?4,
Proof.

1. We show that the inverse and the composition of canonical transformations of class B are
canonical transformations of class B. For canonical transformations x and ' of class B,
we have

Fror' = (Ff o k) FY
by the chain rule. Moreover, by the Leibniz-rule M{°* := M} [F ",O"“} (defined in (1.7))
is bounded by a polynomial in M;* and Ml',“/ for I,I' < k.
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2.2 Actions associated to canonical transformations

1

Setting k' = k™!, we have

-1

Fro=(Fror H l=—JF*or™ 1

Hence M(’)’”_l is bounded by M{. Moreover we see that derivatives of order k of F' Rt (i.e.
derivatives of order k + 1 of k~1) depend on derivatives of order k of F* and x~!. Thus
we see inductively that M ,’:_1 is bounded by a polynomial in M]* for [ < k.

2. By the mean value inequality, we have

l&(q1,p1) — (g2, p2)|| < sup  ||F"(q,p)| |(q1,p1) — (g2, p2) ||
(g,p)€R24

and

-1

(g1, p1) = (g2, p2) || = || (™" 0 ) (g1, p1) — (k" © K)(q2, p2)|

-1
< sup |IF® (q7p)H”"5((117]71)_5@27172)”‘

(g,p)ER?

Thus (2.1) holds with C, = M} and ¢, = [M(’)fl]_l.

2.2 Actions associated to canonical transformations

A central quantity related to canonical transformations is the action. Actually, the classical
mechanics can be derived from the principle of stationary action. Depending on context and
purpose, the action shows up in many formulations. As starting point of classical mechanics it
is often considered as a functional of trajectories, but already given a canonical transformation,
it can be useful to consider it as a function of ¢ and X"(q,p), compare [Fuj79]. We use the
following formulation:

2.4 Definition (Action). Let k = (X*(q,p),Z"(q,p)) be a canonical transformation of R??. A
real-valued function S* is called an action associated to k if it fulfills

Sq(g,p) = —p+ X (q,p)E"(¢;p)  and  Sp(q,p) = X;(¢,p)="(q,p)

for all (¢,p) € R*. For a time-dependent family of canonical transformations k!, we call a

. t . . . t . .
function S* € C®(R**1 R) an action associated to x', if S* an action associated to k'
pointwise in time.

We collect some properties of S*. In particular, we will show that for the case of a time-
dependent family of canonical transformations, the action can be chosen smooth with respect
to time.

2.5 Proposition.
1. For every canonical transformation of R?® there is an action associated to it.

2. An action is unique up to an additive constant.
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2 The classical system

. . !/ . . .
3. If k and ' are canonical transformations, then S* ok + S® is an action associated to

k' o k. In particular —S* o k™' is an action associated to k1.

4. If k! is a family of canonical transformations of class B, the time-dependent constant can
be chosen such that S** € C°°(] — T, T[xR24) with Si(t,q,p) € S[2;2d] for all t €] —T,T].

Proof.

1. If S* is an action associated to x, we have

d K
5" (ra,7p) = S7(rq, 7p) - ¢ + Sy (rq, Tp) - p

=—7p-q+ X;(7q,7p)="(7q, D) - ¢ + X (T, TP)E"(Tq, TD) - p

_ d
=—1p-q+E"(1q,Tp) - %X”(Tq, D).

This motivates the definition of the function
1 d
S%(q,p) == / <—Tp ~q+E"(rq,Tp) - dTX“(Tq,Tp)) dr (2.2)
0

which actually is an action associated to . Indeed

Sy (g, p)

L _ d d i
z/ {—Tp+T:Z(Tq7Tp) [X“(Tq, Tp)} + {TXZJ(Tq,Tp)] = (Tqmp)} dr
0

dr dr
1
= / {—27’]3 +
0

Lor EZ(Tq,Tp)XS(Tq,Tp)TquEZ(Tq,Tp)XS(Tq,Tp)Tp]

X (q,p)Ep(g,p) — EZ(q,p)X}f(q,p)T] p

d
+ ETX:;(T(], Tp)] =%(rq, Tp)} dr

1

d ; . PO

:/ {dT [— ’p+ X0 (Tq,TP)E (Tq,Tp)} } dr = —p+ X;(¢,p)E"(q,p),
0

where we used the symplecticity of F*(¢,p). The identity Sf(q,p) = X[ (q,p)="(q,p)
follows from a similar computation.

2. Let ST and S5 be two actions associated to x. The uniqueness up to additive constants
follows from

td
1) - S5(0.0) = S0.0) = 5500+ [ 2 |8t070) = S5(r0.79)| ar
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2.3 Hamiltonian flows

3. We have
(S“' oK+ S“)q = X7 (q,p)
—=(q,p) + (Xg“ o H) (q,p)E“'°“(q,p)>

(X;”' o Ii) (4,9)E"°"(q,p) — p + X[ (q,p)Z"(¢, D)
q

[1

/

+E5(¢,p) (X{f o fi) (¢,P)="*"(q,p)
= —p+ X7 (¢, p)E" (¢, p)
and

(sﬁ’ ok + S"‘)p = X5'°%(q,p)=""""(q, )

by a completely analogous computation.

4. The explicit action defined in (2.2) fulfills the assertions.

2.3 Hamiltonian flows

We are particularly interested in Hamiltonian flows associated to the symbols of our Hamilto-
nians, i.e. time-dependent families of canonical transformations (), which obey Hamilton’s
equation of motion

d
(t,s) _ (t,s) (5,8) _ ;
s IV (@ e)h (t, K ) , K id. (2.3)

We recall a well-known relation between quadratic Hamiltonians and linear flows:

2.6 Proposition. An Hamiltonian flow is linear if and only if it is generated by a quadratic
Hamaltonian.

Proof. Differentiating (2.3) with respect to (g, p) yields

r(£:9) s r(£:9)
P (q,p) = JHess (g b (659 (a,0)) 7 (a,p): (2.4)
If h is quadratic, the Hessian does not depend on ¢ and p, i.e.
Hessigh (1409 0,8)) = M2

and it follows from ODE-theory that the solution of (2.4) is linear in (g, p), see Corollary 2 in
Section 27 of [Arn73].
Now consider a linear Hamiltonian flow, i.e. x(®%) (¢,p) = M(t,s)(q,p). We set

h(t,q,p):= (¢ p)J (iM(t,s)) JM(t,s)tJ (Z)

and claim that h(t,q,p) generates kB9 Tt is easily checked that the so-defined Hamiltonian
fulfills (2.4). Thus k(&) coincides with the flow generated by h by the Picard-Lindel6ff-Theorem.

O]

31



2 The classical system

More generally speaking, we have a correspondence between canonical transformations of
class B and subquadratic Hamiltonians, i.e. the symbols we already met in the context of

essential self-adjointness:

2.7 Proposition. If h € O®(R?™1 R) is a time-dependent subquadratic Hamiltonian, the
Hamiltonian flow k&%) generated by h is a family of canonical transformations of class B in
[—T,T]. Conversely, every Hamiltonian flow of class B is generated by a subquadratic Hamil-

tonian.
Moreover, if

Kl'=max  sup
la|=k (t,2,6) ER2d+1

‘9&9}1‘388(@5)’1(@%&)“ < o0

for all k < ng, we have

sup M]g [Fn(t,s):| S Ck(ZCT)k |10g€|k5—2K[h]CT’
lt—s|<T(c)

for all k < ng on the Ehrenfest timescale T(e) = Crloge™!, where

KIh] = sup sup |<JHeSS(m7§)h(t,:E,&)X,X>’ .
(t.q,p) ERZ4H1 ﬁ(XEﬁRQd
=1

For convenience of the reader, we quote the main tool of the proof.

(2.5)

2.8 Lemma (Gronwall). Let f,a € C([a,b],R), 5 € C([a,b], [0, +00]) for some compact interval

[a,b] CR. If t
f(t) Sa(t)+/ B(r)f(r) dr
for all t € [a,b], we have
ft) < o(t) + / a(r)B(r)el o) do gy

for allt € [a,b].

Proof. By (2.4) and the fundamental theorem of calculus, we have

. 2 t T,8 T8
‘th(t’ )X‘ — 2/ <JHeSS(x’§)h (7', H(Tﬁs)(q’p)> Fn( ; )(q,p)X Fn( )(q,p)X> dr + |X|2
S

T,8 2
<2KB(T) | [ [P (@, p)X] dr|+ |X]?

[

K[h|(T)= sup sup sup KJHess(x’g)h(t,x,ﬁ)X,Xﬂ .
t€]=T.T[(g.p) R ﬁ‘}?ﬁRQof

for all X € R??, where

We deduce -
H (g, p)H < KT [t=s]

by an application of Gronwall’s Lemma.
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2.3 Hamiltonian flows

The estimate

16’ ,{(tvs) e
B P (0,p)| < CraT) e KNI,

is proved inductively. We have

Kt s)
P (@) <

Ko @) dr

)[Hess(xg)h( &) (q,p)) 8ﬁ

r(£:9)

A()

B<a

Ny B (. H

L

Setting (and assuming 7' > 1)

( >K|a 5(T)C) (2T P KM=l g

B<a

=Y (Z)K,’;_M(T)Cw

[B<a

Gronwall’s Lemma provides

« k(85
A (q,p)H

t
< / (2Tl KD s g

t T
[ / Ol (27 lel=1 KD~ da} K [](T)el* K1) o]

t
< ¢y (2T) e KIIDl=s] / (2Tl =1 KD =] g ) (1) KD g

< Cy(1+ K[n)(T))(2T)lelKIIMt=s],

The result for the Ehrenfest timescale follows by substituting T'(¢) = Crlog(e~!) into this
expression.

Now consider a Hamiltonian flow of class B generated by some Hamilton function h. The
identity (2.4) gives

d s o (69) t .
J(th T p)>J(F t (q’p)) J = Hess(gph(t, 5" (q,p)).

Hence, h is subquadratic, as (%F”(t’s)> is of class S[0; 2d] by definition. O
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2 The classical system

2.4 The Ehrenfest-timescale

We close this part with a discussion of the timescale T(¢) = Crloge™!, for which we es-
tablished (2.5). This Ehrenfest timescale is the longest timescale, on which semiclassical ap-
proximations can in general hold. However, for special cases in special cases, semiclassical
approximations may hold much longer. A prominent example is the harmonic oscillator, for
which semiclassical approximations are exact for all times.

Estimate (2.5) is at the basis of the proofs of all results on the Ehrenfest timescale. Among
them are [HJ0O] and [CR97], where it is shown that expressions like (0.6) for the approximate
time-evolution of coherent states hold on the Ehrenfest timescale. Other relevant works are
[DBRO3], where the time-evolution of expectation values with respect to certain localised states
is studied and the papers [BGP99] and [BR02], which investigate the propagation of observables
with error bounds in operator norm. Finally, [BB79] studies the time-evolution of the Wigner
function.

The core of all these papers it that the error of semiclassical approximations depends on
derivatives of the classical flow. Now (2.5) shows that these derivatives grow polynomially in
log (5*1). Thus they can be controlled, if one has established an O(e) error estimate. If on the

other hand the growth of the timescale is faster than Cloge ™!, the derivatives will in general

explode exponentially in 71,

3
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23
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&' (Lg) for Lg = {(x,0)} and the flow ! generated by h(x,£) = £2/2+ z* + cos(z)
for t =5 and 25.

Figure 2.2:

However, a more geometric interpretation is possible. The basis for this is the theory of
Maslov [MF81], which we will discuss in detail in the next section, see also [Lit92] for an easily
accessible review. The basic observation is that an WKB-type initial datum

Yo(z) = u(x)er¥@,  uwe CPRYC), SeC®RLR)
defines a Lagrangian manifold Lg in the phase-space T*(R?), which is given by
Ls:={(z,V.S(zx))} c T*(R?).

This manifold is then transported along the classical flow k&%) and the WKB-approximation

¢WKB(t, 1‘) = u(t)egs(t’x)
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2.4 The Ehrenfest-timescale

is reconstructed from x(**) (Lg). In [BBT79] Berry et al. investigate the structure of this
manifold and observe that it develops “whorls” and “tendrils” when time progresses. When
the Ehrenfest time is reached, these structures are only order £ apart. With respect to the
WXKB-approximation this means that S(¢,x) varies on a scale of € such that the error term of
the approximation is of order O(1).
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3 Some remarks on global FIO theory

Before we introduce our operators, we discuss some aspects of global Fourier Integral Operators.
In the first section we sketch the Hormander-Maslov theory of global FIOs and elucidate the
caustic problem, which is inherent to FIOs with real phase. As this traditional FIO theory
is usually used in the context of distributions on manifolds, we will not state rigorous results
here but focus on the principal ideas. At the end of this section, we will give a first survey on
L?-boundedness results on FIOs, where we will be more precise.

3.1 Hormander-Maslov theory and the caustic problem
We turn back to the WKB-initial datum
Yo(z) = u(z)es5@),  we CPMRE,C), SeC™®RYR)
and the Lagrangian manifold
Ls = {(z,V;5(z))} € T*(R).

In the WKB-approach one tries to approximate the solution of the time-dependent Schrodinger
equation (1.8) by a wavepacket of the form

Ywks(t, ) = u(t, x)eﬁs(t’x) .

It is well known that this yields the Hamilton-Jacobi equation

%(t,m) —h(t,z,VzS) =0, S(s,z)=S5(x) (3.1)

for the action S(¢,z) and the transport equation
0 . 2
an(t, x) +div [n(t, 2)0ch (t, 2, V.S)], n(s,x) =u*(x), (3.2)

for the amplitude, see e.g. [SMMO03]. Here u(t,z) = \/n(t,z) and the square-root is chosen by
continuity in time.

Maslov canonical operator
The Maslov-theory (see [Mas72] and [MF81]) allows for a geometric interpretation of the
WKB method. Using the bicharacteristics

t = (q(t),p(t)) = (¢(t), Vo S(t,2)) ,

one obtains the following picture of the WKB-approximation (compare Figure 3.1).
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3 Some remarks on global FIO theory

1. The initial datum is associated with a function ¢ € C§°(Lg) by
wo(y, VS(y)) = u(y).

2. The manifold Lg is transported along the Hamiltonian flow () associated to h(t). This
yields the manifold £(%*)(Lg) and the function o e Cge (k%9 (Ls)), which is defined

as
(t9)

o (a.p) = o @) (g.p) € K (Ls).
3. The function u(t, s) is derived from the projection of go”(t’s) onto R,

Assuming that the mapping
(t,s)
y— X" (y, VS(y))

is a diffeomorphism of R%, the solution is explicitly computable and reads

/l/]WKB(tu Xn(t,S) (y’ VS(y))) — UO(?/) i((‘;a yi efst %tr(@magh)on(T,S)(y,VxS(y)) dT’ (33)
Y

where the quantity

o (3.4)

o (6:9)

Jt.) = det (aX <y,vs<y>>>
is related to the deformation of the manifold. Obviously, the solution breaks down if J(¢,2) =0
for some (¢, ). In geometric terms this condition means that the tangent on the manifold « (Lg)
is parallel to the momentum axis such that the projections to R¢ are not diffeomorphic any more,
compare Figure 3.1. The nomenclature for such phenomena is derived from geometric optics.
A WKB treatment of the Helmholtz-equation reveals the breakdown just described coincides
with the situation that infinitely many light rays converge in the focal point y. Therefore, one
calls the set of such points a caustic.

The principal idea of Maslov to overcome the caustic problem uses that a Lagrangian man-
ifold locally always allows for diffeomorphic projections on a set of position and momentum
coordinates. More precisely, for every point (g,p) € ) (Lg), there is a basis (f1,..., f4),
fi € {ej,eqt;} of a d-dimensional subspace X C R?4 of the phase-space and a compact set
K c R?? containing a neighborhood of (g, p) such that the projection

T: KNk(Ls) = X

of the manifold on X is a diffeomorphism. Moreover, there is a function S such that the
manifold may locally be represented as

KNk(Ls) = {(z, Vg(z))‘z = W(K)} .

Assuming for simplicity that one has a pure momentum representation, one shows that the
solution can be expressed with help the inverse Fourier-transform

u(t, ) = [(F9) " m(@") ()eSOEmm ] (), (3.5)

where an additional phase is introduced by the Morse index v € {0,1,2,3}.
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3.1 Hormander-Maslov theory and the caustic problem

’{(t’S)(CIS)

Figure 3.1: Geometric interpretation of WKB-method. Shown are the Lagrangian manifolds
Ls and k(%) (Lg) in phase-space. The arrows illustrate the definition of the function
o and the projection of @“(t’s) onto R?. The vertical tangent indicates a focal point.

Now the Maslov canonical operator
K :C5 (8 (Lg)) — C=(RY)

is obtained from the globalization of this idea: exploiting the local existence of diffeomorphisms,
one creates an atlas of the Lagrangian manifold (%) (Ls), projects on the local coordinates
and applies partial Fourier transforms to obtain a position representation. One can show that
the obtained function is smooth for a proper choice of the Maslov indices and that the operator
is invariant with respect to the choice of the atlas to order O(e) in L?>-norm, compare [MF81].

Global Fourier Integral Operators

The same geometric ideas are followed in the seminal works [H6r71] and [DH72] on global
Fourier Integral Operators. This class of operators arises if one studies the solution of hyperbolic
partial differential equations (see e.g. the introduction in [Tre80]). Formally they are given by

75,0l (@) = Qo) 2 [ ey 0)p(y) oy, (36)

where the real valued phase function ® € C*°(R?¥*+P R) is homogeneous with respect to the
covariable # € RP. In particular, pseudodifferential operators are FIOs with phase function
O(x,y,0) =6 (x—y) and D =d.

As in the case of PDOs, one is confronted with the convergence of the integral for symbols
which do not provide decay. If one tries to circumvent this problem with help of the smoothing
approach of Lemma 1.3 or integration by parts as in Definition 1.2 it turns out that one has to
assume the invertibility of the matrix

(0D 0y®
D(@)(x,y,m—(ay@@ (M) (3.7)
on the set
Lo = {(2,y,0)|Ve®(z,y,0) = 0}, (3.8)
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3 Some remarks on global FIO theory

The importance of the set (3.8) should not come as a surprise to the reader, which is familiar
with asymptotic analysis, as the non-stationary phase argument shows that the integral in (3.6)
is formally O(£*°) outside Y.

For a geometric interpretation, one supposes that the differentials of Jp, ® with respect to
x,y and 6 are linearly independent on g, which assures that Y¢ is a manifold of maximal
codimension in R?¥+P, Moreover, the condition on the determinant (3.7) yields that the maps

£ Yo —RM
(90,3/79) = é(%y,@) = (xaf(x7yv 9)) = (%qu)(x,y,@))

h: e — R
(x7y70) = ﬁ(xﬁ% 9) = <y7 —77(3372%0)) = (97 Vy‘b(x7y79)>

are diffeomorphisms. The connection with the Maslov theory in the case D = d is the following:
if one thinks of n as an initial momentum and of ¢ as a final momentum, this diffeomorphism
property is exactly the one which avoids the caustics.

There is even more connection between the two theories. The fundamental set of the global
FIO theory

Lo = {(,y,&n) | 30 such that n = n(z,y,0), = {(2,y,0)}

corresponds exactly to the graph Lg%k (Lg) in the case of the Maslov theory. Now the extension
of (3.6) beyond points, where (3.7) does not hold, follows the same geometric approach, i.e.
one takes the viewpoint that a globally defined smooth Lagrangian manifold is the fundamental
object to which the operator is associated and considers (3.6) as a local representation in special
coordinates. The global operator then allows for a representation as a sum of operators of the
form (3.6) or partial Fourier-transformations of such expressions.

FIOs with complex phase

The generalisation to FIOs with complex phase is due to Melin and Sjostrand [MS75]. In
this theory, the Lagrangian manifold is replaced by a so-called almost Lagrangian manifold,
which is, quoting [Tre80], “neither Lagrangian nor a manifold”. The main advantage of this
generalisation is that one can always find one global oscillatory integral representation for a
Fourier Integral Operator, which is associated to a canonical transformation, see [LSV94]. The
operators we will define are a special class of such FIOs. Because of the global representation
as an oscillatory integral, we will not need the geometric background for their treatment, but
the connection to geometric objects, more precisely to the graph of a canonical transformation
shines through nevertheless. This applies especially to Definition 4.4 and Proposition 4.13.

3.2 On the L?-continuity of FIOs

Though FIOs are primarily aimed at hyperbolic PDEs and are thus usually treated in the
distributional setting, there are several results on L?-boundedness properties of FIOs with real
phase. First of all, the standard result that FIOs are bounded from L2 (R?) and LZ(R?) into
themselves respectively appears already in [Hor71].

The first global L2-boundedness result on FIOs with real phase is due Kumano-Go [KG76]. In
the case D = d and ¢ = 1, FIOs with symbols u € S[m;2d] and (not necessarily homogeneous)
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3.2 On the L?-continuity of FIOs

phase functions of the form N
O(z,y,0) = ' (x,0) —y -0,

fulfilling the decay condition that ® — x - 6 is in the Hérmander-class 51170, ie.
029 (@ —x-0) <C (P vi,0erR?

and a non-degeneracy assumption related to det (D(®)(z,y,6)) > 0 and are discussed and
shown to be continuous on L?(R?) if u € S[0;2d]. Later on, the treatment was generalised to
symbol classes defined by arbitrary order functions, see [Asa81].

The first semiclassical result for general non-homogeneous phase-functions was shown by
Asada and Fujiwara.

3.1 Theorem ([AF78]). Assume that
o D(®),u € S(R¥M+D).
e det (D(®)(x,y,0)) > > 0 uniformly in (z,y,0) € R2+P,
Then T¢(®,u) is continuous from L%(R?) into itself with e-independent norm-bound
I1Z°(@, ) oy < C.

Since these early works, a lot of papers concerning the L2-continuity of FIOs with real and
complex valued phase functions have been published. In particular, the strong decay properties
of the phase and the symbols have been alleviated, see e.g. [RS06]. A review of local and global
L? and Sobolev continuity results is given in [Ruz].

However, the works cited there do not apply to the IVR form (0.7), because they either assume
real phase functions or phase functions which are homogeneous with respect to the covariable
0. Moreover, the results do not discuss the semiclassical situation such that it is unclear how
the norm of an FIO would behave upon introduction of a small parameter . Results closer
related to specific form of IVRs only appear as auxiliary results in papers directly connected to
the approximation of the unitary propagator of (1.8) and will be discussed in this context at
the beginning of Part III.
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4 A class of Fourier Integral Operators with
complex phase

We start our discussion of Fourier-Integral Operators with a rigorous explanation for the “ex-
pansion in the overcomplete basis of coherent states”, which was the starting point of the
heuristic derivation of IVRs in the introduction. Before we introduce the main mathematical
tool, the Fourier-Bros-Iagolnizer(FBI)-transform, we recall our notion of a coherent state

€,0 (det %6)1/4 —O(z—q)?%/2e+ip-(x—q) /e
g(%p)(a?) _ (wa)d/4 e~ O@—q)*/2e+ip-(x—q)/e

A property among others which makes coherent states especially interesting is that they are the
“best localized” wavefunctions in phase-space in the following sense: the uncertainty principle
prevents that a wavefunction ¢ € L2(]Rd) is arbitrarily sharp localised both in position and
momentum space. The best compromise is provided by Gaussian wavefunctions. More precisely,
one has

4.1 Theorem ([FS97], Theorem 1.1). Let ¢ € L*(R) with ||v| = 1. Then Heisenberg’s
inequality

(W) (0)p = (4.1)

IR

holds, where

Whx = |int [(@=aP W@ do| and e = |int [ €02 1) OF de %

a€R beR

denote the variance in position and momentum space. FEquality in (4.1) holds if and only if
Y= cg(iﬁ)) for some (q,p) € R?, © >0 and c € C with |c| = 1.

A multidimensional analogue of (4.1) is shown in Corollary 5.7 of [FS97]. For a multidi-
mensional version of the equivalence between equality and a certain Gaussian shape of the
wavefunction connected to the metaplectic representation, consider Proposition 4.75 in [Fol89].

4.1 The FBI-transform

The ©-scaled semiclassical FBI-transform is defined as the overlap of the wavefunction with
a coherent state. Considering Theorem 4.1 it provides a tool for the study of the microlocal
structure of a wavefunction. The definition and results in this section are a collection of results
and exercises in Chapter 3 of [Mar02], where the traditional semiclassical FBI-transform, which
arises for © = id is discussed. Originally, the FBI-transform was introduced in [lag75].
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4 A class of Fourier Integral Operators with complex phase

4.2 Definition (FBI transform).
For a symmetric and positive definite matriz © € C? we define the ©-scaled FBI transform
of o € S(R?) as

det RO)1/4 B (v ol
(O] ¢l (4.p) := éd/Q(m)Qd/4 [ S e g ) gy

_ —d/2 [/ ¢€,©
= (27e) <g(q’p) (P>L2(]Rd) (4.2)

and the inverse ©-scaled FBI transform of a function ® € S(R?)

(det RO)/4

—O(x—q)? ip-(x—
(T4 (O] @] () := W/R?de Ole=a)*/2etip(@=a)/eg(q, p) dgdp

= (2re) P [ g5 (@)2(a.p) dadp, (4.3)
R2d ’

The definition of positive definiteness for non-real matrices and some properties are recalled in
the appendix. Thinking of the integral in (4.3) as a generalised sum, one immediately recognises
the formal similarity to the coordinate representation in a finite basis. The second assertion of
the following Proposition puts even more emphasis on this formal viewpoint:

4.3 Proposition.
1. T¢[O] and T

inv

[0] are continuous from S(RY) to S(R??) and S(R??) to S(RY) respectively.

2. T¢[O] eatends to an isometry from L*(R?) into L?>(R??). Moreover, we have the recon-
struction formula
iy (O] T°[0] = id 12 (pay.
In particular
T#[0] | 7o) r2(re) = Tinw[Ollre)r2(Re) -

3. We have T¢[0] L*(R?) = L*(R*)) N 6_9_17’2/257'(9,1,@, where Heq—ip denotes the space
of holomorphic functions with respect to ©q — ip € CY.
Proof.

1. T¢[O] is the composition of the partial e-scaled Fourier-transform of the Schwartz function
(4,9) = (det RO)/*(em) =/ 1500 g y)

with respect to y and the multiplication with P and is thus continuous from S (RY)
to S(R??). Similarly, denoting the partial inverse Fourier-transform with respect to the
second variable by (F5)~!, T¢, [O] is given by

inv

(T3 (0] ®) () = (det RO)'/* (me) =/ / [(F5)7'@] (g, 2 — g)e©@=9°/2 g,

inv
Rd
which is the convolution with respect to the first variable of the Schwartz-class function

(q,2") — [(F5)7'®] (¢,2" — q)

with a Gaussian evaluated at 2’ = z and thus continuous from S(R??) to S(RY).
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4.1 The FBI-transform

2. It is enough to show the property on the dense subspace S(R?) of L?(R%). Introducing
an extra Gaussian in the inner product to make the integrals absolutely convergent and
to allow for the application of Fubini’s Theorem, we have

IT°[0] ¢l 72 2y
=lim | e (—0%p?/2¢) [T=[O] ¢] (¢,p) [T°[O] ¥] (¢, p) dg dp

iy GRON [t)
= B Ty 77 O (20°9°/22) Pl o(ae)

x exp (ip- (y1 — y2)/e — O(y1 — @)%/2e — O(y2 — q)*/2¢) dyi dy» dq dp.

The p-integral is the Fourier-transform of a Gaussian and gives

. (detRO)Y/2 —
%E%Wé /RM@(?MW(?H)

x exp (—6 2(y1 — y2)?/2e — O(y1 — q)*/2e — O(y2 — q)*/2¢) dyi dy2dg

= lim (2m2) =257 /de exp (=0%(y1 — 12)%/2¢) ¢ (1) (1)
x exp (— [SO(RO) IO + RO] (y1 — y2)?/4e) dyi dyo,

where we used Lemma 11.4 from the appendix for the inner product of the Gaussians in
the last expression. Using the orthogonal transformation defined by

)-6:4)
Y2 ?3 - 6y/ 2
and rescaling the integration variable ,, with ¢, we obtain

%irr(l](Qws)_d/Q /2d exp (—55/25) @ (3} + %%)cp (Q — %%)
- R
x exp (—6° [SO(RO)™'IO + RO| 67 /4e) djj db,,

= (2me) % /de exp (—16,17/2¢) o (9) 0 (§) dijddy, = || p||72(gay -
The reconstruction formula now follows from the polarization of the preceding identity
<¢\<P>L2(1Rd) = (I*[0] y|T°[6)] 90>L2(R2d)

= (2me) /2 </]R W) (y) dy‘Ts[@] <p>

L2 (R2d)

=re 2 [ [ G0 el ellap) dydads

- /]Rd ) [(%8)_[1/2 /de g T [O]¢](a,p) dg dp] dy
— (WITEO1TI] ) e
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4 A class of Fourier Integral Operators with complex phase

3. In a first step, we note that T° [@] can be written as

(det ROV o)t poe [ —0(a-it0) " p-0)" 2
€ — p7/4€ q—1 P~y €
(T°1©] ¢)(g,p) = 2472 () 0/ /Rde e(y) dy,  (4.4)

i.e. it is the convolution of ¢ with a Gaussian evaluated at z = ¢ — i©~!p and hence
continuous in z = Oz = B¢ — ip, so

T°[0] L2(RY) € LA(R*) ne O 725 g, 4.

Now consider 1I¥(0) = T¢[0] [T* [@H*, the projection onto 7¢[0] L?(RY) and let ¢ €
S(R?*¥) N e‘eilpz/QaH@q_iP, ie. U(q,p) = 6_971]32/25@(@(1 — ip) for some holomorphic
function ¢. We have

(I (©)v) (,€)
_ (detR©)"? / —O(y—2)?/2e—i€-(y—=) /e—O(y—q)? /2 +ip-(y—q) /e
= )T Joa© ¥(q,p) dgdpdy

= (27T€)_d/ e*(%@)_l(5*?)2/487(@(%@)—1@)(x,q)2/45
R2d

As in the proof of assertion 2, we introduce an extra Gaussian to assure the absolute
convergence of the p-integral. As the integrand is holomorphic in ¢, we can perform the
integral transformation

g q+i0 Yp—¢)

and obtain

(2me)? (IF(©)) (x,€)

—lim [ e OP/2e~(RO) T (D) /4e—(O(RO) 716 (z—g 1O (p—8))* /e
0—0 JR2d

i (6=P)(RO) " (8-6) (2= =07 (p=8))/Ae+il(6+p) (e—q—iO! (p=€))/2:=O7P* /22 (9 g — i) dg dp

i [ /2, (0(R0)18) (x-)* +i(r—a)(RO) T B(p-¢) e
0—0 JR2d
ei(6—P)(RO) T} (=O)(w—0)/de+i(E+p) (w—0)+O1p?/2-671€%/2:-07 19222 9 i) dg dp
= §1_I)I%) » e*§2p2/286—(6(§)?®)’1@)(as—q)2+ip~(x—q)/sef®_1§2/25<p(@q i Zf) dq dp

= (2me)™p(x,€),

where the last step arises from the argument already shown previously in the proof. Hence
¢ € Ran (II°(©)) = T¢[©] L*(R%) C L*(R??) and thus the second inclusion

67(9)_17’2/26?{@(17@3 C Ts[@} L2(Rd) C L2(R2d).
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4.2 Two definitions of Fourier Integral Operators

4.2 Two definitions of Fourier Integral Operators

Before we turn to the first definition of Fourier Integral Operators we discuss the relation
between the FBI-transform and other phase-space representations. As suggested by (4.4), the
FBI-transform is related to a transformation into a space of analytic functions, namely the
Bargmann-transform ([Bar61]), which is defined by

B : S(RY) — F2(CY) (4.5)
b (B) (2) = (me) /4 / 1o~V 22 ) dy,

R4

B¢ is unitary from L?(R?) to the Fock-space F2(C%) in d variables, i.e. the space of entire
functions whose norm defined by the inner product

(¥, (P>f2((cd) = (27T6)_d/ @(Z)¢(z)e_|z|2/25 dz

(Cd

is finite, compare Section 1.6 of [Fol89]. One of the main applications of the Bargman-transform
lies in quantum-field theory. When photons are modelled, the creation and annihilation opera-
tors

a;r- =1z —¢e0;; and a=ux+ed,,

appear naturally. Using these operators, the Wick and Anti-Wick-quantisations of a polynomial

symbol
h(z,%z) = Zaagzo‘éﬁ
are given by
opyy(h) = Zaag(af)ﬁaa and opiw(h) = Zaagaa(af)ﬁ.

The generalisation to more general symbols h : C% x C? — C with suitable growth restrictions
uses the relation

BEal(B) ' F(2) = 2jF(z)  and Bfa;(B°) "' F(2) = 2¢0.,F(2) (4.6)
for functions F € F2(C%) and the reproducing formula
F(z) = (2me) ™% / T2l F () dw  VF € FA(CY)
and reads
(Bsopgw(h) (BE)_1F> (2) = (2me) =2 / h(@, w)e?™ % F(w)e 2% qu.

Retranslating this identity to L?(R?), one has

2d/2 —(z— —(y— ip-(xz— 7
(Op‘sAW(h)SD) ((L‘) = W /]R3d e (x—q)?/2e—(y—q)? /2e+ip-( y)/Eh(q’p)(p(y) dq dpdy,

where (g, p) = h(q + ip,q — ip), i.e.

(opaw (h)¢) (z) = (T [id] o M, 0 T5[id] ) (),
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4 A class of Fourier Integral Operators with complex phase

for ¢ € S(R?) and h € S[0;2d], where M;, stands for the multiplication operator induced by h.
Moreover, the Anti-Wick quantisation can be related to the Weyl-quantisation, more precisely,
one has

OpiW(h‘) = Ops(g)a
where
g(x,€) = (27r6)d/ e (=202 (g, p) dg dp,
Rd
i.e. the Weyl-Symbol is the smoothed Anti-Wick symbol of a pseudo-differential operator. In
particular, every operator which has an Anti-Wick symbol has a Weyl-symbol but the converse
is in general not true.

Finally, the Anti-Wick theory provides an analogue to the duality relation (1.4) between
Wigner-functions and Weyl-quantised operators by the Husimi function ([Hus40])

Holplla.p) = (r)™ | Wi, e 00 dadg = Tl p(ap) s (47)

(o (W)ele)sagasy = [ | hla oM l¢l(a.) dadp

To conclude this excursus, we mention that the use of coherent states in the FBI and Bargman
transform is not mandatory. A more general theory using general phase-space localized func-
tions leads to the geometric or Berezin quantization schemes.

We will meet the creation and annihilation structure later on, when we discuss the composi-
tion of PDOs and FIOs. At this time, we have the following connection to our FIOs: in the case
k = id and ©% = ©Y = id the following definition of an FIO reduces exactly to the Anti-Wick
quantisation.

4.4 Definition (Anti-Wick FIO). For a canonical transformation k, a symbol u € L (R?),
and positive definite symmetric ©F, QY € C¥*¢ we define the semiclassical Fourier Integral
Operator associated to k with symbol v as the linear operator Liy (k;u; ©F,0Y), which

fulfills
(6| Ty (3 1307, 0%) 9) 12 ey = ([T[67] 6] 0

e+ [T°[67] ] ) (4.8)

L2(R2d)
for all p,v € L*(R%).

The definition mirrors the idea of a basis, which is moving along the classical flow: First,
the function ¢ is expanded in coherent states; then, the “coefficients” are weighted according
to the symbol v and multiplied by a phase factor; finally, the inner product with T¢[©%]
corresponds to the reconstruction in basis functions, which were transformed by k. We collect
some properties of these operators in the following Lemma.

4.5 Lemma.
1. Ty (ks u; ©F,0Y) is well-defined.

2 |1 T3 (w5 w3 va@y)Hm(Rd)ﬂy(Rd) < JJull oo (2ay -
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4.2 Two definitions of Fourier Integral Operators

3. If u € LY(R??) N L®(R2?) and ¢ € S(RY), we have
(Zaw (K3 u; ©7,0Y) ) () (4.9)

(det RO*)Y4 (det ROV) /4

IS ETEI GRS /de o=@ ar O S y(g, p)o(y) dg dpdy

where

" (z,y,q,p;0%,0") := 5%(q,p) + E*(¢,p) - (x — X"(¢q,p)) —=p- (y — q) (4.10)
+i0%(x — X"(q,p))?/2 +i®Y(y — q)*/2.

Proof.
1.,2. For fixed ¢ € L?(R%), the inner product

b (e85 [T°[67] o] (79107 4] o )

12 (RQd)

is a continuous linear form in ¢ € L?(R%) with norm bounded by [l oo (ray 11| £2(Ra)-

Hence, by the Riesz representation theorem, there exists a unique vector ®, € L*(R%)
with norm bounded by ||ul| foc(gay [l 2Ry, Which fulfills

<eés'€u [Ts oV SO] ‘[TE [©%] 4] o /<;> <¢¢|¢>L2(Rd)

L2(R2d)

for all 1 € L?(R%). Moreover the correspondence between ¢ and ®,, is linear. Thus
Tiw (k;u; ©F,0Y) @ := @,

defines a linear operator with norm bounded by ||ul| . g2a)-

3. The result follows by direct computation, which is presented in the proof of assertion 3.
of Lemma 4.9.

O]

The definition of an Anti-Wick Fourier Integral Operator via the duality relation (4.8) is
very appealing, as it elucidates the microlocal structure of the operator. In this aspect, it is
comparable to the relation (1.4), which explains the action of Weyl-pseudodifferential operators
in a phase-space formulation. However, it also shares the same drawback of being an implicit
definition. This prohibits explicit transformations, such as compositions with pseudodifferential
operators and time-derivatives.

A second problem comes with the restriction to matrices ©* and ©Y which are constant with
respect to the variables ¢ and p. This excludes all Initial Value Representation but the Herman-
Kluk propagator. One way to circumvent this problem is to generalise the FBI-transform to
non-constant matrices ©% and ©Y. However, taking the first objection into account, we do not
follow this approach but include the additional dependence of ©% and ©Y only in the definition
of Fourier Integral Operators via oscillatory integrals.

For the matrices ©% and ©Y we will put two restrictions: First, we require an uniform bound
from below for their real parts. If we would drop this assumption, we would include FIOs with
real phase and meet the problem of caustics inherent to this class of operators. Second, we
assume that they depend smoothly on ¢ and p and that all derivatives are uniformly bounded.
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4 A class of Fourier Integral Operators with complex phase

4.6 Definition (Accessible width-matrices). We define the set
= {@ e C™ (RQd,CdXd) N S[0; 2d] ) O = 0,300 € Copnst, RO — O > o} ,

where

Coonst 1= {@ € Rixd ‘ of=0,0> o} .

In Section 10.2 we collected some properties of the matrices of C. In particular, it is shown
that every element admits a unique matrix square-root in C and that its inverse is in C.

We base the definition our FIOs on the oscillatory integral expression (4.9). The phase
function

" (z,y,q,p;0%,0") := 5%(q,p) + Z%(¢,p) - (x — X"(¢,p)) =P (y — q) (4.11)
+i0%(q,p)(x — X"(q,p))?/2 +i0Y (¢, p)(y — @)*/2

gives rise to the operator

1 —ieV,®*(z,y,q,p; ©%, 0Y)
1+ V@R, y g, p 07, 0v)F

(4.12)

which fulfills _ ,
Lyeé‘P“(I,y,q,p;@z,W) — 22" (z,y,q,p;07,0Y) (4.13)

and provides decay in the p-variable:

4.7 Lemma. Let u € S(RY). We have

‘(Ll)ku(f’f) < M[O%,0Y,¢] (p—i0¥(q,p)(y —a) " D |05 u(x)|.

la|<k

The proof of the Lemma, is found in the appendix. We define:

4.8 Definition (FIO with complex phase).

For a canonical transformation x, a symbol u € S[(+00,my); (3d,d)], ©%,0Y € C, ¢ € S(R?)
and an integer k > my + d, we define the semiclassical Fourier Integral Operator asso-
ciated to k with symbol u as

(Z° (k3 u; ©7,0Y) @) () = (27T6)_3d/2/Rgd ez " e ar OO (LT, y, ¢, p)p(y)] dq dp dy

where the phase function ®" is given by (4.11) and the operator L, is defined in (4.12).

As presented, the oscillatory integral does not generalise Definition 4.4 as we made stronger
regularity assumptions with respect to (¢, p). Whereas the duality relation (4.8) only requires
u € L>®(R??), the symbols in S[+o00;4d] are smooth with respect to (q,p). However, we will
never use this regularity in Part II, such that all results including the continuity results Proposi-
tion 4.10 and Theorem 4.11 hold if the regularity assumption with respect to (g, p) is reduced to
measurability. For sake of a simpler representation we decided not to provide the full generality
here.
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4.2 Two definitions of Fourier Integral Operators

Besides the variation of the matrices ©F and ©Y, there is another main difference to the
Anti-Wick Fourier Integral operators: The symbols are allowed to depend on z and y. Con-
sidering that we want to apply pseudodifferential operators to the FIOs, the necessity for the
x-dependence is immediately clear. The second reason for the z and y dependence lies in the
dependence of ©F and ©Y on ¢ and p, which will be considered as part of the symbol later on,
compare Section 4.4.1.

We have the following basic properties of our FIOs:

4.9 Lemma.
1. I¢(k;u; ©F, ©Y) is well-defined.
2. If o € S(R*?) with ¢(0,0) = 1, we have
125 (13 u; ©%,0Y) ] (z) = lim [za(ﬁ w); O @y) } (),

A*)%»OO )y Yo

where u) = a(q/\,p/Nu(z,y,q,p) € S[(+00, —0); (2d,2d)]. The convergence is locally
uniform with respect to x.

3. If u € S[+00;2d] and ©%,0Y € Cconst, we have
I° (ks u; ©%,0Y) = 2792 (det RO® det 5)‘6(93’)_i Tiw (k;u; ©%,0Y) .
Proof.

1. We have to show the convergence of the integral and the independence of the choice of k.
Let m such that u € S[(+00,m,m,my); (d,d,d,d)]. By Lemma 4.7 we have

(2me)* ¥ |T° (s u; ©7, ©) (),

ipe OYu(T,y,¢,0) 0
< M[O°,0Y;¢] (a> / es? R R 00 Po(y)| dadpdy
* |azg:k B/ Jrz (p—i0v(y—q)* "’
B<la
Now every integrand is bounded by
e*@g(y,qﬁ/?a ayﬁu(x7 Y, %PJL (<y> <Q>)m <kp> aozfﬁgp(y)
((w) (@)™ )™ (p — i0¥(y — q))* (p)*»

86u(x,y7 q7p) <y>2m <C] y> <@y( )>
k+m Y ap
N (i 0 ew)
where we used (x + y) < 2(z) (y). Now

dyu(z,y,q,p) - ok .

({w) ()™ ()™ |, =% H<p> ‘Lzl) < 09,

(y,q,p)

k
(g—y™ <H@yHL°°(R2d) (¢— y)> e~ QW02 < oo and

W7 05w, < oo
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4 A class of Fourier Integral Operators with complex phase

so we have the convergence of the integral. The independence of k is clear because
of (4.13).

2. We have

i [ (e, 07) o
1

— 1 Lo~

- )\lglgo (27T6)3d/2 /]R3d € u($7yaq7p)0(q/)\ap/A)S@(y) dq dpdy

= lim e [ e o(e/p/0) (LT)k [u(,y.4,p)e(y)] dadpdy
A—o0 (2m€)72 Jgsa ’ v U2 4

= L[ et lim o(g/n /) (Lf)k[u(x )o(y)] dqdpd
(27-(-5)3d/2 R3d o0 q/A\p y »Y,4,P)PY qapay

= [Z°(k; u; 0%, 0Y) ¢] (2),

where we used dominated convergence for the exchange of the limit and the integral. The
local uniformity of the limit follows from the estimates in the proof of assertion 1.

3. We have to show that 2%/2 (det RO? det %@y)% ¢ (k;u; ©, ©Y) fulfills (4.8). By the den-
sity of S(R?) in L?(R%), it is enough to prove the identity on S(R%). We choose a function
o as before. By the estimates in the proof of assertion 1., the use of dominated convergence
to exchange the limit and the integral is justified:

(2me)> 2 (I T° (5 u; O, ©Y) ©) 2 e

= lim [ / e " @wanOm O (0 p)o(y) dgdp dy} Y(z) do
Rd RSd

A—00
~ fim / / e~iZ5(0.0) (o= X~ (ap) /2~ = X" (a.0)/26 () (4.14)
A—oo JR2d JRd
{gs“(q,p)/sug(q,p)/ e~ (W=0)/e =0 (y=0)*/2e () dy] dq dp
R4

lim <[T€[@z] Y] ok

A—00

iS* A
R )

[ (et ROTROY) /4
o 2-4/2(27¢)3d/2

Now the integrand of the (g, p) integral in (4.14) is dominated by
IT°[07] ¢ ]| oo (r2ay ull oo (geay [(T°[0Y] ©) (a,p)

which isin S (]RQd) with respect to (g, p) and another application of dominated convergence
concludes the proof.

)

O]

4.3 Central results on Fourier Integral Operators

We have two central continuity results for our operators. The first one considers their action
on Schwartz-spaces:

4.10 Proposition. For u € S[+o0;4d), Z¢(k;u; ©F,0Y) is continuous from S(RY) to S(R?).
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4.3 Central results on Fourier Integral Operators

In particular, this means that the composition of pseudodifferential operators and a Fourier
Integral Operators is well-defined as the composition of operators on S(R%).

The main purpose of the Fourier Integral Operators is to approximate the unitary group of
the time-dependent Schroédinger equation. A minimal condition for such a property to hold is
the boundedness as operators from L?(R?) to L?(RY). We have:

4.11 Theorem. Let k be a canonical transformation of class B, u € S[0;4d] and ©*,0Y € C
with lower bounds ©F and ©f. Then I¢(k;u; 0%, 0Y) can be uniquely extended to a bounded
operator from L*(R?) to L*(RY) and we have the e-independent bound

- - - - 4d+1 ¥ 4d+1
172 (530 07, )| g2 < C (107 = OFlpmqgany) (107 = Ol o)) (4.15)
. ! Il =sz,
1>
(min(l, Az, Ay)<4d+1>/4n[2m@z,@y]) det (ROTROVY)

where .

A\e/Y — H (@g/y>—1 ;. Mk,o,0v) = Min (cA[eg}, CA[eg}on)

and the the canonical transformation A[®] is given by

Al®)(ap) = (@)5 (@);) (4).

We recall that ¢, is the lower Lipschitz-constant for a canonical transformation k, compare
Proposition 2.3. With respect to IVRs on the Ehrenfest-timescale, we mention the following
fact, which follows directly from the norm bound: if all derivatives of ©% admit an upper bound,
which shows the asymptotic behaviour e for ¢ — 0 and the lower bound on ©* decreases like
e, the norm bound is dominated by C(p’ )8*’)/, where p’ > 0 can be made arbitrary small if p
is chosen small enough.

A related result shows that symbols, which carry certain factors are small with respect to e.

4.12 Corollary. Let k a canonical transformation of class B, u € S[0;4d], ©%,0Y € C and
a,3 € N4 We have

|7 (s @~ XM w0 wem )| (4.16)
< C[ME, 07, 0“5 ullysarim

(z,y) (a,p)

Before we turn to the proofs of these results, we address two more issues: The duality
definition (4.8) of an FIO suggests that the FIO acts along the canonical transformation k.
The first part of the following Proposition shows that the action of the FIO on coherent states
is actually concentrated along the graph of k, whereas the second assertion shows that we can
express the identity operator by a large class of FIOs.
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4 A class of Fourier Integral Operators with complex phase

4.13 Proposition.

1. Let u € S[+o00;2d|, i.e. independent of x and y and smooth. We have

IE(K, u; ©° @y> €,0%(qo,p0)

(QO:pO) >L2(Rd) C[K/ @ @y] (QO7PO), (417)

€,0%(qo,po)
lim < Ir(g0,p0)

e—0

where C[k; ©%;0Y] # 0 and

T (133 ©7, ©F) g7/ ()

€,0%(qo:po) _
lim <g(q ") 9(q0,p0) >L2(Rd) =0,

e—0

if (¢',p") # K(qo,po)-

2. Let ©%,0Y € C be p-independent. We have
Z¢(id; u[0%, ©Y]; ©*, 0Y) = id,

where

-1
ul®%,0Y)(z) = (2me)?/? [/ o (07(9)+0"(q)(g—x)?/2¢ dq] .
R

d

In particular, if ©% and ©Y are constant with respect to q and p, we have

e (id; det (7 + ©Y)7 ; 7, @y) = id.

The second part of the results shows that the norm bound of Lemma 4.5 and the one of
Theorem 4.11 are not optimal. For arbitrary positive definite symmetric ©%,0Y € C%*¢ it
provides

det (©° + QV)?

1= Jid] = |7°(id; u[©7, ©7]; 07, 0")]| < 27/ ; 1
det(RO?)1 det(ROY)1

)

but the upper bound goes to infinity if 6% = \id and A — oo.

Proof.

1. By Lemma 11.4 in the appendix, the inner product equals

1 1’55( , T _1
syt | ap)et ) (et (RO (0, ) (et (RO (5.)))
€,0%(qo,p0) £,0Y(q 5 ,©¥(qo,p0)
<g(q’,p’) gﬁ(q,p >L2 (RY) <g(q,p 9(g0,p0) >L2(Rd) dq dp
_ 2 / det (RO (qo, po))* det m@y(qo,po)ﬁ ez (@ ¥ @0 p00:0)  wla.p) dadp
(7€)1 ) det (©7(q, p) + ©% (g0, po))? det (©¥(q, p) + ©¥(qo, po))?

56
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where

Q*(¢', 7', 90, p0, 4, ) = S*(q,p)

+ (¢ = q0)(p +po)/2

+i0Y(g,p) (g0 — ) - (6(q0, p0) + ©(q,p)) ™" ©¥(g0,p0) (g0 — ) /2
+i(po —p) - (©¥(g0,p0) + ©¥(q,p)) " (po — p) /2

+i(p— po) - (6(q0,po) + ©Y(q,p)) " (©¥(q0, p0) — ©(,p))(q — q0)/2

— (¢ = X"(¢,p)) (¥ +E"(q,p))

+i0% (g0, p0) (X"(q,p) — &) - (67 (0, p0) + ©“(¢,p)) " ©%(q,p) (X" (q,p) — ¢') /2
+1(2%(q,p) — 1) - (0" (g0, p0) + O" (1)) " (E"(¢,p) — ') /2

+i(p —E%(¢,p)) - (©%(q0, p0) + ©%(¢,0)) " (O (90, p0) — % (¢, ))(¢d' — X" (g,p))/2-

We want to calculate the stationary points of the phase function 2%. Obviously, the
conditions

(¢:p) = (90, po) and (g, p) = (¢',p)
yield
%Q(q/7p,7 40, Po, qvp) =0 and (v(q7p)§RQ)(q/7p/7 q0, Po, Q7p) = 0.
Moreover, they are the only stationary points. Assume that
%Q(q/7p/> (107]70) q*7p*) = O
with (gx, Ps, 5(qs, Px)) 7 (0, p0, ¢, p'). In this case we have
%Q(qlap/)qmpO)QMP*) =0 Ve> 07

ie. ,
e Ud' P q0,P0,xP)

=1 Ve>0,
in contradiction to

< ,09(qx,p+)
(gs,px)

6,@y(qmpo)> €7®y(q*,p*)>
(QO 7p0) L2 (]Rd) H(q* D) L2 (Rd)

< CemOh@—00)?/8e (—(OF) (- —p0)? /82 (= OF (¢~ X~ (a...))? /8 ,—(OF) (0~ (aep))* /8¢ ()
- e—0
where () and (%) are lower bounds for % (6¥)™" and R (6%) " respectively.

We choose o € C5°(R??) with ¢ = 1 in an neighborhood of (go, po) and split the integral
into

€,0%(gx,px)
<g(q’7p’)

£,0%(q0,00) | e/ ... ..oz Ay £©Y(q0,p0)
< (@"p") I*(r;0u; 0%, © )g(qw?o) >L2(Rd) (4.18)
€,0%(qo,p0) | 7e(,.. (1 _ .ot Qv £:©Y(q0,po0)
+ <g(q’,p’) o(k; (1 - 0)u; 6,6 )g(qo,po) >L2(Rd)' (4.19)
Now (4.19) is bounded from above by
C(27T6)_d ||1 - O-HLOO(]RM) / |u(q,p)| e—@é’(q—qo)2/856—(68)/(p—po)2/8s dq dp
supp(l—o)
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4 A class of Fourier Integral Operators with complex phase

and thus exponentially small in €, so we only have to consider the integral over the support
of o. Similarly, if (¢/,p’) # x(qo,po), the imaginary part of the phase does not vanish on
the compact set supp(o) and we have a bound of the form

’(418)‘ < Hu”Ll(suppo) 6700/€<7TE)7d'

In the case (¢',p') = k(qo,po) we have a stationary point of the phase function which
yields a zeroth-order contribution of the integral by the stationary phase Theorem 7.7.5
in [H6r83]. We have, dropping the arguments (qo, po),

i (OY 0 1 Ok 0
H QF = - _ — (FT ) FE
€58(¢,p) 9 ( 0 (0Y) 1) + 2( ) < 0 (% 1)
at the stationary point, so

. 7@3: 5 €T ,@y 3 xr
ili% <gi(qo,;%0)p0),fe(/£; ou; ©F, 0Y) gz(-:qmp((jo p0)> = C[r;0"(q0, po); ©¥(qo, Po)]u(q0, Po),

with the non-vanishing constant

N

_ et (RO7)E (ROY)
det (©7)2 det (©Y)

(7 o)+ (T ) )

Clk; ©%; ©Y]

= =

(NI

2. For ¢ € S(R?) we have
(Z°(id; 1,0, 0%) ¢) ()

— (2me) 3/ /de e P (@=9) o= (0¥ (07D W=0)/2 () dy dp dg

Now the y and the ¢ integral constitute a Fourier-inversion applied to the Schwartz-class
function e (@7 (D+6%(@)(@—)%/2¢ and we get

(T°(id; 1; 0, 0Y) @) (2) = (2me)~*? /R e OO0 g ().
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4.4 Proofs

4.4 Proofs

We give the proofs of the continuity results.

4.4.1 Reduction to a generic case

The discussion of the continuity on Schwartz-spaces and the boundedness on L?(R%) can be
restricted to the simpler case of ¢ = 1 and ©%, Y € Copst.

4.14 Lemma. Let k be a canonical transformation of class B, u € S[m;4d] and ©%,0Y € Ceonst,
i.e. real symmetric and positive definite. Defining

k9(q,p) = k(Veq, Vep) /VE,

$"7(q,p) == S"(Veq, Vep) e,

©(x,y,q.p) := u(ver, ey, Veq, Vep)  and

( o) (9) == e (Vey).

we have
1. k) is a canonical transformation of class B with inverse (k1)().
2. FK<E)(q,p) = F"(\/eq,/ep) and thus ¢, = ¢, Cr, = C ) and Mé*(s) = M.
3. S is an action associated to K©).
4. u® € S71/2[m;4d] and

H“(S)

e

- HLOO(RM) (4.20)

2 : |oz|/2’
= g
uy4d+1 00 T 00

(z,y) L(q P) || <4d+1

if u € S[0;4d).
5. Dle] is continuous from S(RY) — S(RY) and unitary from L*(R?) to L?(RY) with adjoint
(Dle)" = Dle™").
6. I (r;u; ©%,0Y) = (D[e])* o I (k) ul®); ©7, ©Y) 0 Dle].
Proof.
1.,2. We have
(7@ 0 k@) (a,p) = (7" 0 8) (VEa, VaD)VE = (0,)
and
Oy (@) = 5 (9fy%) (VEa, VER),
Hence the statements 1. and 2. follow.
3. We have
S5 (0.p) = S5 (Veq, Vep)/ Ve
—(Vep)/Ve + X (Veq, Vep) =" (Veq, Vep) Ve
= —p+ X5 (002" (0,p)

H<)<

and an analogous computation for S 4, D).
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4 A class of Fourier Integral Operators with complex phase

4. The assertions follow immediately from the chain rule.

5. The S-properties of the dilation operator D[e] is due to the chain rule, whereas the
unitarity follows from the transformation theorem:.

6. We have
O (Vzr, ey, Veq, Vep; O, 0Y) e = 3 (,y,q,p; ©7, 0Y)
and thus

(Z° (k5 u; ©7, ©Y)) ()

= (27e)3¥/? lim e ?"@ar®n 0 5 (g /X, p/Nu(z,y, ¢, p)e(y) dgdpdy

A—oo JR3d
= (@)™ lim_ | o= ¥ EVERVELVEROTON 6 ) (g /X, p/ Nu(w, Vey, Veq, Vep)p(Vey) dq dpdy

= (D)) o 7! (55 u@; 07,07) 0 D) (a)

where o(®) (¢, p) := o(y/eq, v/ep) fulfills the assumptions of Lemma 4.9.
]

Combining statements 4.—6., we see that Z¢(k; u; ©%, ©Y) fulfills the continuity statements of
Proposition 4.10 and Theorem 4.11 if and only if Z! (m(s);u(s); or, @y) fulfills them. Moreover,
we see that due to (4.20), the rescaling induces a slightly stronger bound than the one stated
such that we have an e-independent norm-bound even for u € S'/2[0;4d]. This observation is
fundamental for the reduction to arbitrary ©* and ©Y.

4.15 Lemma. Let k be a canonical transformation of class B, w € S[m;4d] and ©%,0Y € C
with lower bounds ©F and ©. Defining

1 " _1
o = w (3 @ - X q,p)) e 3 (y — 0).0.p) u,

with

N

wleana0) = exp |- [(©0.0) - 09 o] /2] exp |- [©¥(0n) - 1] 1]

we have

1. v° € §Y2[m;4d] and

Z 5%‘ Ha(cgc,y)v€

lo| <4d+1

< C[0%, 0] [|ullypais oy o

Lo (R44) (=,y) (g:p)

for u € S[0;4d], where

cle®,ev)) = C <H@m ey

)" (o ey

2. I¢(k;u; ©%, 0Y) = I%(k; v5; ©F,0F) .
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In particular it is sufficient to prove Proposition 4.10 and Theorem 4.11 for O, OF € Ceonst-

Proof. We have

8(0;7y)w(:c, Y,4q, p)

|2 k
1
—upany (-3) X [T (67 (0:5) — 65) 4+ (©(a.p) - ©0),7)
k=1 al+...fap=a j=1
loj|>1
by Féda di Bruno’s formula (11.1). For the terms in the product, we have
2[(©%(q,p) —OF) z]; if B=e¢,
97 {(©"(¢,p) — ©F) 2?} = 4 2[(©%(q,p) — OF)];,  if B=¢; +ex

0 if 8] >3

and thus

‘ (z.y,q,p)05 {(©”(q,p) — OF) 2})

_$2 2 B . ' B
er / Loo (R2d) ‘(@ (q’p) @0)2 if |ﬁ| =1
_x2 2 " . . B
He / HLOO(]RM) 16%(a,p) — Ol if |8 =2
' it 151> 3
and a similar estimate for the y-derivatives. As
ed = e =1
LeoRd) — LRy

we have

(o

and so w € S[0,4d] and v* € S'/2[m;4d] by similar arguments for the ¢ and p derivatives.
Moreover, we have

Oy v = Z <g)5§ [8@12!)10} (57%(33 - X”(qu))’g*%(y - q),q,p) [3(0;_5)“] . (4.21)

BLa

] <Caforan o3

Hence, if u € S[0; 4d]

> = E X (5) e o]
o <4d-+1 L) o <1d+1 < ’
<0 30 e o] e
la|<4d+1
where o
cter.e = {lor sy ([ler - et])".
The identity of the second point is clear. O
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4 A class of Fourier Integral Operators with complex phase

4.4.2 Proof of the continuity on S(RY)

In this section we present the proof of the Schwartz-continuity result Proposition 4.10. By
Lemma 4.14 it is enough to prove the result for ¢ = 1. We recall that for the continuity
of Tt (k;u; ©F,08) on S(RY), we have to show the smoothness of (Z!(k;u; OF, ©F) )(x) with
respect to x and to estimate all seminorms

17" (k;u; 05, ©8) ||, 5 = sup
x€R4

2207 (T (s w; 05, 08) ¥) (2]
of this expression by a finite linear combination of |[¢||, 4, i.e.

17" (53105, 08) |, 5 < Cas D 1¢llars (4.22)

where the sum is finite and C, 3 independent of .

We use two distinct methods to control growth in the variables z, ¢ and p. First, the Gaussian
decay in x — X"(q,p) compensates for any polynomial growth in x — X*(q,p). Thus, by the
reexpansion of a polynomial in x around X*(q,p), growth in = can be converted to growth in
X"(q,p), i.e. growth in ¢ and p. The same idea can be used to convert growth in ¢ to growth
in y. Finally, integration by parts in y are used to convert growth in the momentum variable p
into derivatives of (.

Proof of Proposition 4.10.
Let m be a non-negative integer such that v € S[(2m,2m, 2m); (d,d,2d)]. By Lemma 4.9 we
have

0F | (2m) ™21 (k5 u; 5, 0F) | (2)

— ag lim i (@y.0:p:05.97),, (a; y,q,p)(y) dqdpdy
A—o0 JR3d

o] k
= 1i i ( Y0 A) ;j(bli dadod
Ao Jgsa © > <>Z > (orwg H(a ) ¢(y) dqdpdy

Yo+v=8 k=1 n1i+...+v="y j=1

"YJ|>1
for |5] > 1. As

0:9"(z,y,4q,p; 05, 0§) = E"(q,p) + 10§ (z — X"(q,p)),

H?:l (8;” ®*) is polynomial of degree at most k in (z — X"(g,p), Z%(¢,p)). Recalling that x is
Lipschitz-continuous, we see that

870 ) (027 @%) € S[(2m + |B], 2m, 2m + |B|); (d, d, 2d)],

||E?v

so Lemma 4.9 shows that

ol k
P [T' (k;u; ©F,08) o] (z) = Z ()szIl ; (070u) H (079%);0¢,08 | | ().

Yo+v=0 Jj=1

The smoothness of Z¢(k; u; ©F, ©F) ¢ with respect to z is a consequence of the local uniformness
of the A-limit.
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4.4 Proofs

We see that it is sufficient to estimate

k
T k32 (02w) [ ] (07 @%) ;08,08 |
j=1 LOO(Rd)
Using an exact Taylor expansion in z of the polynomial <<x>2m :1:0‘) Hle (a;f <I>"‘) around

X"(q,p) and dropping the arguments of X"(q,p) and =%(q, p) for better readability, we get the
identity

2m « k
)" : ~
E (o) [[(0F0%) = Y P, (03, 00(X%Z") (@ —X*)°
(z) j=1 6] <|a|+2m+k
8;0113 <(q7p)>|a|+k+4mf\5|+2d+1+pak5
(@)27((q:p))>™ ((q, p))lelht2m=loltpars (g, p))24+17
where P2™ _ is polynomial in its arguments of degree |a| + k + 2m — [ and pays is either 0

Yk
or 1 and chosen such that |a| + &k — |8] + 1 + paks is even.

Now
V@ =p+iO(y — q)

and thus we have
(2m)392 T (w; pjv; ©F, OF) ¥(x)

= lim e pjv(z,y,q.p)o(q/ N, p/Ne(y) dgdpdy

A—oo JR3d
=i lim » e o (q/A, p/ N0y, (v(z,y,q.p)e(y)) dqdpdy
—ijim e (Of(y — ), v(@,y,9,p)o(a/ A p/ N e(y) dqdp dy

for any symbol v € S[+00;4d] and ¢ € S(RY).
Thus using Taylor-expansion of the polynomial ((g, p))leltk+4m=10/+2d+1+pars around ¢ = y
followed by integrations by parts in y we have

k
7 (o om0 [T @209 05,08 ) =
j=1

16 <| | +2m+F
po+p1 <|a|+k+4m—|8|+2d+14+paks
|67 |<|a|+E+4m~4-2d+1—[0]|+pars+| o+ 1]

7! . P')?fm,'yk[ g>@g](XK7EK) (.’L’ - Xm)é(azoall/mu)( N )5’, z QY
" (g, p)eTRmTT pass 2ET ()dTT ((y) (@) ((,0))) "
()2t Qglmipssom® [0} () o) o (4:23)

where Qgﬁmap“kwoma [©¢] is polynomial of degree |a| + k + 4m — 6] + 2d + 1 + paks with
coefficients depending on ©§.
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4 A class of Fourier Integral Operators with complex phase

We have now established all necessary decay to prove a sufficient upper bound on the former
expression. As r is Lipschitz-continuous and the degree of P,?‘l‘fﬁ’i%[ 5,00 is |af + k4 2m — 4],

we have 5
P’Yalzm77k|: 8’63](XH(Q7P)7EH(Q7P))

(g, p))lel+E+2m=Td]

admk T Y
< 0717---7%[ 0 @0]'
LOO(R2d)

Moreover

<c¥ O] and
L°°(R2d)

< (O]

H (g —y)¥ e O8la—v)*/2 H

ey M

Thus every term in the sum on the right-hand side in (4.23) is dominated by

admk T QY1 1Y O T OT —(2d+1) —(d+1)
S SR CrIe Gl ((CRDI Il O [/l R
92004 u o
T > ()™ 0|
H(<y><m><(q’p)>) Lo (RY) |o/| < || +k-+6m—|6]+3d+2+Paks H HL (%)
and, noting that
1) Ullzeqmy < € [l + D2 (|78 |
1Bl=lal
we have established the bound
17 (505 05, 08) . (4.24)
80;/ U
S Ca/g[@g?@g] Z (<LL‘> <y>(<7(2) p)>)2m Z ||90Ho/ﬂ’7
o | <|ex|+2|B|+-4m+-2d+2 ’ L (R44) o |<|a|+|B|+6m+3d+3
18| < ||+ B]+4m+2d+2
which proves the result. O

4.4.3 Proof of the continuity on L?(R%)

As the Calderén-Vaillancourt Theorem, the proof of the L?-boundedness is based on the Cotlar-
Stein Lemma, see Lemma 2.8.3 in [Mar(2].

4.16 Lemma (Cotlar-Stein). Let (Ir)rez» a family of bounded operators on L*(R?) satisfying
VO e 2%, |l o g + I Zill oo S w(T = T7) (4.25)

and

Z Vw() < co.

I'ezn

Then the series ) pcgn Ir is strongly convergent to a bounded operator Lo, with

|Tooll g2 < ) V(D).

rezd
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This lemma is used in the following way: first, one uses a partition of unity to represent the
symbol u as a series over symbols ur, which are compactly supported in (g, p) for sets K, i.e.

u(xvyvqap) = Z ur(xai%qap);
rezd

in a second step, one establishes bounds of the form (4.25), which decay in the distance of the
supports of the ur and shows that the strong limit provided by Lemma 4.16 coincides with
T (k;u; ©F, 0Y).

Formal adjoints
Due to the high symmetry of the phase function ®~, it is enough to treat either the operator
T¢I or IrZyy.

4.17 Definition. Let 7,7 : S(R?) — S(RY) be two linear operators. We say that T™) is a
formal adjoint of 7 if

(Tol) ey = (o[T00)

L2(R4)
for all ¢, € S(RY).

If it exists, a formal adjoint is necessarily unique because of the density of S(R?) in L?(R%).
For bounded operators, a formal adjoint coincides with the adjoint of the operator due to the
density of S(R?) in L?(R%). For our FIOs, we have

4.18 Lemma. Let k be a canonical transformation of class B, u € S[+00;4d] and ©*,0Y € C.
Then I¢(k;u; ©%,0Y) has a formal adjoint which is given by

Z%(k; u; ©F, @y)(*) — ¢:C7° (/{_1; u”; OYF, @z”‘) ,

where

-1

u"(z,y,4,p) = u(y, z, X" " (¢,p), E* ' (¢, D))
O =0Tok~1l, OY" =0OYox Ll
and C is a constant depending on the actions associated to k and k1.

Proof. Let ¢,1) € S(R?). We have
(2W5)3d/2 (Z°(k; u; ©7, ©Y) WW)L?(RUZ)

= lim U a(q/ A, p/N)ez® EvarO Oy (x y g, p)oly) dgdp dy] ¥(z) da
Rd de

A—00

= lim [ () [e s @RS SN (o y g, p)is(a) | dgdpda dy,

A—oo JRad

where we used dominated convergence for the exchange of the limit and the integration. We
perform the symplectic change of variables (g, p) — k(g,p) and obtain

— @ (2,9, X% '(¢,p),E% (¢, p); O, OV)
-1

=—(S"orx ) (¢,p) +E% (q.p)- (y - X”_l(qm))

—p-(2—q)+i(O% o) (g, p)(x — 0)2/2+i(O¥ o 1) (g p)(y — X" (g,))%/2
=C+ ! (y,x,q,p; OV, ©5F)
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4 A class of Fourier Integral Operators with complex phase

where we used Proposition 2.5 for the expression of the action. Thus
(27T5)3d/2 (I (k;u; ©7, ©Y) ¢’¢>L2(Rd)

= lim [ p(y) et o @Oy (y 1 g, p)o(1 (g, ) /A)(x)| dadp de dy

A—o0 JRad

—1

= lim o(k (g, p)/N)e(y) [62068 ut(y, , ¢, p)Y(x) dqdpdx] dy

A—00 R4d
_ 3d/2 gC el .—1. K.QT,Kk QUK
= (2me) <<p‘e ¢ (k5 u 077, 0 )¢>L2(Rd)’
by dominated convergence. O

We will use the following corollary.

4.19 Corollary. Let k1,k2 be canonical transformations of class B, ui,us € S[+o0;4d] and
0 @g € Ceonst- Then

T8 (k13 ur; OF, OY) I° (s up; ©F, )
i - (%)
= eI (ky L uf'; 08, 08) " I (ky s ub?; 08, 0F)
where C depends on the actions associated to k1, ko, /11_1 and /<a2_1.

Estimate on FIOs with compactly supported symbols

The estimates (4.25) on the operators ZrZ, will be established with help of a classical Lemma
of Schur, Lemma 2.8.4 in [Mar02].

4.20 Lemma (Schur). If Ap(z) = [pa K o(y) dy with K € C(R? x R%;C), then

1/2 1/2
Al e p2 < <sup/ K (z,y)| dy) (sup/ K (z,y)] dfﬂ) :
reRd JRd y€ERA Rd

In a first step, we will establish an estimate on the composition of FIOs with compact support.
We recall that the Hausdorf distance of two sets K1, Ko C R?? is given by

0 (K1,K2)= min |(q1,p1) — (g2, p2)]
(a5,p;)€K;

and introduce the additional notation

0w (K1, K2) =6 (k(K1),k(K2)) = min  |k(q1,p1) — k(g2, p2)]
(aj,p;)€K;

for the k-deformed Haussdorfl-distance of two sets and recall that the linear canonical trans-

formation A[O] is given by
ICNE q
A©](q,p) = ( (@)—1/2> (p) :
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4.4 Proofs

4.21 Proposition. Let x be a canonical transformation of class B, ©F, 08 € Ceonst and u,v €
S[(0, —0); (2d, 2d)] be compactly supported in (q,p) independently of x and y, i.e. supp(u) C
R2? x K, and supp(v) C R?? x K,,, where K, and K, are compact subsets of R*. Then, for
any l € N,

HIl(H;v;@g,@g)Il(H;u;@EC,@g)*HLQ(RdPLz(Rd) (4.26)
|| +8]
) ogall e g o]
< | +[B|<I (@y) " (a:p) LG Law
= B 1o 1/2
(det ©F det ©Y)"/ (1 + 0% o [ Kv])
17 (k3 v; ©F, ©8)" T (k3 ws OF, OF) | 12y 120y (4.27)
. _ lal+18] o 3
>0 ogule [0
< Cl‘O‘H‘W‘Sl vtap (2,y) 7 (a,p)

= . 1/2 /2
(det OF det ©F) (1 + 03 (o Kus Kv])

We want to recall that the assumption ©F, ©f means in particular, that ©f and ©f are real
matrices. In principle, it is possible to prove the result for complex symmetric positive definite
matrices ©F and OF, compare the corresponding result in [RS08]. However, due to Lemma 4.15
it is sufficient to treat the simpler case here.

Proof. We have
(2m)*T" (ks u; ©F, ©5) T (k303 O, OF)” () = » K(z,y)e(y) dy,

where the integral kernel K (x,y) is given by the absolutely convergent integral

/sd ¢!V @y ara2 P P2 0890y (12w, g1, p1 vy, w, g2, pa) dar dgz dpy dps dw
R
with phase function

Q" (z,y,w,q1, G2, p1, p2; O, OF)

= ®%(z,w,q1,p1; 05, 04) — P*(y, w, g2, p2; OF, OF)

= S"(q1,p1) — S"(q2,p2) —p1- (W —q1) +p2- (W — q2)
+E%q1,p1) - (2 — X"(q1, 1)) — E(q2, p2) - (¥ — X"(q2,p2))
+i0F (z — X"(q1,p1))* /2 + 105 (y — X"(q2,p2))* /2
+i0§ (w — @)’ /2+ i0f (w — ®)* /2.

Hence

3 = O (z — X"(q1,91))*/2 + OF (y — X" (g2, p2)° /2

y q1 + g2 2 y (@1 —q2 2
+@O ’U)—T +®0 9
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4 A class of Fourier Integral Operators with complex phase

and

V" = (p2 — p1) + 20} (w _a ;—QQ) :

We introduce the first order differential operator

10 (0Y) 7 V05V,

Ly 7
1+ ‘(@3)*1/2 VO

K

which fulfills L,,e’?" = " and
l
‘(LL) (up)

M©

< I
(@72 v,0r) o

)

(%) u)" (um)

compare Lemma 10.2. Hence we have

(K (2, y)]

e ! -
/54 e’ <LL> [u(%w;QbPl)U(y,walD,m)} dq1 dqa dpy dp dw‘
R

2
— — 2/9 _ _ 279 _OY(g—a)2/4 —OY (w012
< MY /R5de OF (z—X"(q1,p1))*/2 o= OF (y—X"(42,p2))* /2, — O (a1 —-42) /4, O(w - )

-1 l

(@) 2 ) (O (@ ~0)) (€)@~ )
Z ()\y)—l%‘

o<

o [U(% w, q1, p1)v(y, w, Q2,p2)] ‘ dqi dp1 dgz dpo dw (4.28)

and we can estimate

sup | |K(z,y)| dy
reRd JRA

<5A[@g] (Ku7Kv)>7l

e

‘e—@ng/Z‘

< MY He—‘f/‘* <Q>1HLOO(Rd)

sup /R4d|z o)

(z,y,w)ER34 al<i

L1(R4) L (R%)

Oy (u(z, w, q1, p1)v(y, w, Q27p2)’ dq1 dp1 dgz dp2

1/2 _ lof+18] -l
< Crdet(0569)* 3° W)= (e (Ku o)) 05 ull 4 [0,
o] +[B]<! (@v) " (ap (z,y) " (a,p)

As (4.28) is symmetric in z and y, we get exactly the same estimate for

sup [ [K(z,y)|dx
yeRd Rd
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and the Schur Lemma yields (4.26).
Using Corollary 4.19 and the fact that

supp (u®) € R x k(K,), supp (v%) € R? x k(K,),
(4.26) translates into

17" (k5 v; 05, ©5)" I' (3 u; ©F, OF)| 2

)—L2(R4)
_ lel+18]
O T PR 2
e o] +[B]<1 (29" (a,p) (,9) " (a,p)

1/2
(det ©F det ©)"/* (1 + 63 g [(K), 1K)

_lal+18] o
> 00 osule g ol
_ oy leltisst (@) ~ap) L& am
- x yy\1/2 2 12 7
(det ©F det OF) (1 + 0% (g o [ K KU])
which is (4.27). O

Proof of Theorem 4.11

Proof of Theorem 4.11. By Lemmas 4.14 and 4.15, it is enough to prove the result for e = 1
and ©F, ©f € Ceonst. We introduce a partition of unity of the phase-space in the following way.
We choose a function xy € C$°(R?; 0, 1]) with

3 2d
-, = = K
suppx C [ 4’ 4:|
1 114
x(z)=1 for =ze [—4, 4} and
Z xr =1, where xr(z) :=x(z —T),

Irez2d

compare Figure 4.1.
In the second step, we define the symbols ur by ur(z,y, q,p) := xr(q, p)u(x,y, ¢, p), which are

supported in R?? x [K 4T'|. Noting that the size of K is smaller than (1 + %)M, Proposition 4.21
shows that

|Z" (5 ur,; ©F, ©8) T' (k3 ury; ©F, 08)"|| + || (55 ur,; ©F,©8)" I' (k; ur,; 65, 6F) ||
is dominated by

w(F1 — Fg)

- Cymin(L, X7, W) 7V2(1 + 20)% Jul

(det ©F det ©Y)"/? (1+ 2 52(supp(ur. ), supp(ur, ) 1/2
0 0 Mesoz,04)0" (SUPP(ur, ), supp(ur,

2
1,00 0o 9
W(zyy)L(q,p)

where

Nk;0g,0v] = min (CA[@g]om CA[eg]) :
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4 A class of Fourier Integral Operators with complex phase

Figure 4.1: An example for a function y and some of its translates with their sum indicated by
the grey grid

If [Ty — 2|, > 2, we have
9 1
d%(supp(ur), supp(ur)) > |I'1 = Tofoo — [ 1 + 5)> 0.

As the number of T' with |I'|o, < k equals (2k + 1)2?, we obtain

IS

(det ©F det ©)
B min(t, 20 AL+ 20 e
2d _ (91 _ 1)2d
<32 Z (2k + 1) (2k—1)

1/4
k>2 (1 + nfn;@wg] k—(1+ %)]2)
k‘2d_1

> Ve

)L?f;,p) rez2d

2d
<30y : T
1 (1402 o o /2)

To assure convergence of the series, we need
1/2—(2d—-1)>1,

so the smallest integer [ we can choose is | = 4d + 1.
The Cotlar-Stein Lemma now shows that the series

> T (s ur; OF, 6F)
r

is strongly convergent to a bounded operator whose norm is dominated by (4.15). It remains
to show that this operator coincides with the Fourier Integral Operator defined before. But if
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¢ € S(RY), we have
. k
<Zfl(/~”v; ur; 0, 6p) w) () = Z/e’q’ (LLUW) (x,y,9,p) dqdpdy
r r

Yol
:/ez¢'

by dominated convergence. O

(LL)kZuw] (2,9, 9,p) dqdp = (T'(k;u; OF, 0F) @) ()
T

We close the chapter with the proof of Corollary 4.12.

Proof of Corollary 4.12.
The proof follows the idea of Lemma 4.15. We choose lower bounds ©f and ©f for ©% and

©OY and set
2
m] / 2}

]2/2}

N

w(z,y,q,p) = % exp [— {(@x(qyp) - ©07)

M\»—l

y? exp [— [(@y(qyp) CH)

Defining
c o] +]8] _1 5 _1
v (2,9, q,p) = u(z,y,q,p)e 2 w(ﬁ 2(x — X"(q,p)), € 2(y—q),qm),
we have
T (i (2 = X"(q.p))" (y — ) 03 07,07 ) = T*(r:v": 65, )
and
@
Z € ‘ 7y)v Loo(R4d)
la/|<4d+1
/ o o B / /
:Z Za |\+w\\||aﬁ H‘aaﬁ‘
o v)
|a/|<4d+1 B'<a’
< oo, ov lat+16] @ 5’
[ ] Z € H (xvy)uHLoo(R4d)’
la/|<4d+1
which yields the claimed norm bound. O
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5 Towards the composition with PDOs

We take a first glimpse at the composition of PDOs and FIOs. Formally, we have
S(W)IF (ks u; O, OY) = (2me) 342 [ 2" dgdpd
op®(h)Z°(k;u; ©7,0Y) = (27¢) 0 v(z,y,4,p)e(y) dgdpdy,
where the symbol v is given by the oscillatory integral

o(z,y, q,p) = e =@ X"(@p)/e+O% (4p) (X" (ap))*/2¢

1 i (pen!) iEF.(2— X" _@r X" z+
(271_6)(1/1&2656( )e._ ( X (‘Lp))/E © (‘Lp)( X )2/28h< 2 , >u(lj,y,q,p) dl‘,dg

Now the question arises, whether v° is in a good symbol class, that is if the exponential growth
07 (ap)(@=X"(@.p)?/2¢ with respect to 2’ is compensated by the application of op®(h) to the
Gaussian e~ ©" (@)@ —X"(:p)*/2¢ Tp general this is not the case. Consider e =d = 0% = QY =
1, k =1id, h(z,§) = cos(§) and u € S[0;2]. We have

e(w—q)2/2—ip~(x—Q)/€i£~xe—(£—p)2/2—i£qcos (&) u(g, p) dé
R

U(x7 q? p) \/ﬂ
= 1/2 cosh(q — x + ip)u(q, p)

which is exponentially growing with repect to z and ¢ and thus not in S[+o00;3]. Hence, the

composition is not covered by the L?-boundedness result in Theorem 4.11, though the operator

op®(h)Z¢(k;u;id,id) is bounded.

This particular example points to a more general problem: as Z¢(id; u; id, id) is the Anti-Wick
quantisation of u, the symbol v® would be Anti-Wick symbol of the operator op®(h). Recalling
the discussion at the beginning of this part, we know that this symbol can only exist if h
is “de-smoothable” with a Gaussian. In particular, we can only expect the existence if h an
holomorphic function of the variable x + ¢ but even in this case, the symbol will in general
not be covered by Theorem 4.11. To circumvent this problem, we will provide additional S and
L?-continuity results for more general oscillatory integral operators.

5.1 Another class of Fourier Integral Operators
The composition of a PDO and an FIO is formally given by
[op®(R)Z° (k; v; ©%, ©Y) ] (2)

_ ige, [T+
= (2me) 7 /R et h( 5 ,5> v(@',y,,p)p(y) dgdpdy da’ dg’,

where the phase function U* reads

U (2, & 2", y,q,p,0%,0Y) = (x — ') - £ + (2, y, ¢, p; OF, ©Y). (5.1)
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5 Towards the composition with PDOs

Of course the composition is continuous from S(R?) to itself and extends to L?(R?) as a bounded
operator, if v € S[0;4d] and h € S[0;2d]. However, when we will establish an asymptotic
expansion of the composition, we will meet operators, whose symbols u cannot be written in

the product form

x+
u(z, &, 2" y,q,p) = h( 5 >v(w’7y7q,p) (5.2)

and we will have to deal with operators, which are formally given by

(R (150307, 7) ) (0) = (202) 2 [ 2" ul, €., 0up)ot) dadpda’ &€ dy. (5.

In this section we will prove results analogous to Proposition 4.10 and Theorem 4.11 for oper-
ators of the form (5.3). We start with the precise definition.

5.1 Definition (Fourier Integral Operator with complex phase). For a canonical transforma-
tion k, a symbolu € S[(+00, mg, +00,my); (d,d,3d,d)], ©%,0Y € C, ¢ € S(RY) and ke > me+d,
kyp > ke +my + d we define

(R*(k;u; ©%,0%) @) (2) :=

1 Pg (g ik
G o €L [ (L) e £ . p)e )] ddp’ ey,

where the phase function ®* is given by (4.11) and the operators Ly, Ly are defined in (4.12)
and (1.6).

Again, if the symbol splits as in (5.2), the definition coincides with that of the composition
of a PDO and an FIO. We have

5.2 Lemma.
1. Re(k;u; ©%,0Y) is well-defined.
2. If o € S(R3®) with (0,0) = 1, we have

[R°(k;u; ©%,0Y) ] () = lim [RE (KZ' u); O, @y> go] (x),

A—-+o0 1o

where u) == o(£/\, ¢/ N, p/Nu(z, &, 2", y,q,p). The convergence is locally uniform with

g
respect to x.

3. If v € S[+00;6d] can be written as v(z,&, 2’ y,q,p) = h(x,u(2’,y,q,p) with u €
S[+00;4d] and h € S[+00; 2d], we have

RE(k;v; 07, ©Y) = op®(h)I° (k5 v; 0%, ©Y)
as operators on S(R?).

4. If u € S[(+00, —00,4+00); (d,d, 4d)| is independent of &, i.e. if there is v € S[+o0;5d]
such that u(x, &, 2", y,q,p) = v(x,2',y,q,p), we have

RE(k;u; ©%,0Y) = I°(k; w; ©F, 0Y) .

with
w(z,y,q,p) = v(x,,Y,q,p)-
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5.1 Another class of Fourier Integral Operators

The proofs of the results on the operators R¢(k;u; ©F, ©Y) are mostly analogue to the cor-
responding ones on Z°¢(k;u; ©F, 0Y). We will therefore reduce the amount of details provided
and refer the reader to Chapter 4 wherever possible.

Proof.
1. Let m be such that u € S[(m,m,m,m,m);(d,d,d,d,2d)]. By Lemma 10.2, we have

k
‘ <LL,> U

< M{e%, 0, 7 S (9%l

| <k

Hence

& @) (Lt yhe |2 ® (LEyhoy (2, €, o ® dqdpdz’ d¢ d
€T y 7{7 7y7 q7p y q p é‘ y
R5d

< Méx,)[@x, 0Y, €] H<§>—(’%—m£)’

L1(R%)

ik ulz, ax/v ) 4
o [ ey ( §<§>m§’ 8 oty dg dp e’ dy] H ,

i.e. we have reduced the problem to the estimation of an FIO we encountered in Defini-
tion 4.8. Recalling the arguments of the proof of the S-continuity for Z¢(x;u; ©%, 0Y) in
Proposition 4.10 we see that the integral in Definition 5.1 is absolutely convergent.

> s |
o ke §ER?

2. The proof of statement 2. is analogue to the corresponding one of Lemma 4.5 and is not
shown here.

3. The statement follows directly from the definition.

4. With respect to the last assertion, we notice that we have
(RE (345 0%, O¥) ) () = (2me) ¢ / ez8 @) (T9 (k;0; 07, ©Y) ) (a') da’ dE.
R2d
Now by Proposition 4.10
o' (T° (kv 07, 0Y) ) (2)
is a Schwartz-class function with respect to 2/, which is parametrically dependent on x
and hence the statement follows by Fourier-inversion.

[
The S-continuity result on Z°¢(k; u; ©F, ©Y) translates literally to R®(k; u; ©F, ©Y):
5.3 Proposition. Ifu € S[+o0;6d], then R (k;u; ©F, 0Y) is continuous from S(RY) to S(R?).
Also the L?-result extends to the new class of operators

5.4 Theorem. Let k be a canonical transformation of class B, u € S[0;6d] and ©%,©Y € C.
Then RE(k;u; ©F,0Y) can be uniquely extended to a bounded operator from L?(R?) to L?(R%).
Moreover there is a constant C[M}; ©%; OY] sucht that we have the e-independent bound

e QT K. Q. a 8 57
IR 037, ©9) sy < OV €707 max [0F, 0707
|8|<4d+1
|y|<5d+2

pogey )
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5 Towards the composition with PDOs

The result stated here is not optimal with respect to the order of derivatives one actually needs
for the Cotlar-Stein argument. Also the constant C[M{; ©%; ©Y] could be made more explicit
without adding further insight. The precise statement can be deduced from Proposition 5.9
and shows that the remark concerning the Ehrenfest timescale after Theorem 4.11 also holds
for the operators of Theorem 5.4.

We close this section with the analogue of Corollary 4.12. The proof is completely analogous
to the one of Corollary 4.12 and thus not repeated.

5.5 Corollary. Let k a canonical transformation of class B, u € S[0;6d], ©%,0Y € C and
a, 3 € N4 We have

o a6
lo|+18]
< K. x. Yy —_— (67 /6/ Y .
< CIM§; 0% 0% "= max 0,02 aﬁ“HLw(de) (5.6)
|B8|<4d+1
I7|<5d+2

5.2 Proofs

We present the proofs of Proposition 5.3 and Theorem 5.4. Whereas the generalisation of
the S-continuity only adds some technicalities, additional twists will be needed to prove the
L?-boundedness.

5.2.1 Reduction to a generic case

Again, we have a rescaling, which allows for a simplification of the proofs. We have

5.6 Lemma. Let k be a canonical transformation of class B, uw € S[m;6d] and ©%,0Y € Ceonst
real symmetric. Setting

u(a) (l‘, fa xlv Y, q7p> = U(\/gl', \/gfa \/gxlv \/gya \/gq7 \/gp)a

we have

1. u®) € S712[m;6d] and

if u € §]0;6d).
2. R(k;u;0%,0Y) = (D[e])* o R (k);ul®); ©7,0Y) 0 Dle].

for the rescaling in € and

9 B

(e)
ME (x,y)a(xlvé)uHL‘”(Rﬁd)

I 15}
O ) O )

— clatpl/2 ’

e (5.7)

5.7 Lemma. Let k be a canonical transformation of class B, uw € S[m;6d] and ©%,0Y € C with
lower bounds ©F and ©f. Defining

_1 _1
o =w (7@ — X q.p) ey —a)a.p)

with

D=

w(z',y,q,p) = exp [— [(@””(qvp) - 67) w’] i /2} exp {— [(@y(q,p) —ey): y} i /2]

we have
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5.2 Proofs

1. v € §Y2[m;6d] and

8a7y)8gc’,£)uHLm (R64)

[0 26eu < cler,e]|

Loo(RGd)
for u € S[0;6d].
2. RE(k;u; ©F,0Y) = Re(k;v%; ©F,0F) .

for the reduction to ©%, 0¥ € Ceonst- The proofs of these lemmas are completely analogous
to the ones of Lemmas 4.14 and 5.7.

5.2.2 Proof of the continuity on S(R?)

In a first step, we provide a technical lemma, which allows for the conversion of growth in x
and ¢ to growth in 2/, ¢ and p.

5.8 Lemma. Let u € S[+oc;6d] and ¢ € S(R?). We have
[Rl (V- (z — 2')u; ©F,0§) ¢ (z) =i [Rl(li; V- Vew; ©F,08) ¢] (2) (5.8)
and

[RY(;V - (€ — E%(q,p))u; ©F, 6F) ¢] (@) (5.9)
=1 [Rl (I€; V. [@ﬁ(a}’ - X“(q,p))] u; ©F, @g) go] (x) —1i [Rl(ﬁ; V - Vu; 6F, 0F) go] (x)
Proof. We have
<V5\I/”‘> B ( x—a >
Vo Ur E%(q,p) — £ +iOF(2" — X"(q,p)))
Thus the result follows by integration by parts:
(21e)? PR (k; V - (z — 2')u; ©F, ©F) p()

= lim eV o (/N p/N) (V- (z — 2" )up(y)) dqdpdsz’dédy

A—oo JR5d

= lim | ™ o(¢/Ap/N) (iV - Veup(y)) dqdpda’ dé dy

A—oo JR5d

+ lim [ ATV Vea (§/0, p/ X)) (up(y)) dg dp da’ d€ dy
—00 JR5d
= (R'(;4V - Veu; ©7,0Y) ¢) (y),
where the last equality holds by dominated convergence, as

Ahm (A\'Veo(€/Np/N) =0 Wp,& e RL

The proof of the second equality follows analogously. O
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5 Towards the composition with PDOs

Proof of Proposition 5.3.
Let m be such that u € S[(2m,2m, 2m,2m,2m); (d,d,d,d,2d)]. We have

(21)°4288 [R(k; u; ©F, 0Y) ] (x)

= lim 9/ /de e ud(x, &, 2y, 0. p)e(y) dgdpda’ dE dy

)\—>oo

—Z< ) lim / e 0ud (2, &, 4y, q,p)e(y) dgdp da’ dE dy.
R5d

A—00
v<B

Thus the required smoothness of the expression by the local uniformity of the convergence.
Using (5.8), we see that

m . ¢B—y 1 ﬁazuf} $a§ax,ayaQ7p
/R f@yrmanele ( o) o(0) dqdp da’ de dy

nagﬁéug(x,f,m’7y,q7p)

[6|<|a|+2m

where P*%7 is polynomial in 2’ (of degree |a| 4 2m) and ¢ (of degree |3 — 7| + 2m). For better
readability, we will drop the arguments of X*(q,p) and Z"(¢,p) in what follows.

Reexpanding P*?7 in (¢ — Z%) and using (5.9), we see that the terms in the last sum may be
estimated by

Z / 2d+2 )24+2 da’ dg

p<|B—y|+2m—+2d+2

08,000%u(x, &, 7'y, q, p)
su aByop $/,EK,SC/*XK i ! Sy Yy 4,
P /RSd Q ( ) < >2m<£>2m

z,x’ £€RY

©(y) dgdpdy

where Q%79 is polynomial of degree la| + 2m + 2d 4+ 2 with respect to 2’ and of degree
|8 — 7| + 2m + 2d + 2 with respect to 2 and 2’ — X*.
Now the z’-supremum in the last expression is the ||-||,, semi-norm of
IE ("i; ’U;’g; 67 eg) @,
where the symbol
85,@;8?’&(1‘, 57 xla Y,4q, p)
(x)2m(g)>m

depends parametrically on  and § and is in the class S[(2magm, 2Magm: 2Masm); (d, d, 2d)],
where magm = |a| + 26| + 6m + 6d + 6.
In Equation (4.24) of the proof of Proposition 4.10, we established the bound

v (@Y, 4, p) = QP (2 ¥, 2! — X*) (5.10)

2% (k3 va.e5 O, ©8) @l oo
Fo

(a'y) V2é

SCol0B 02, | o

|a/ | <4m o gm+2d+2

D el -

Loo (R44) o/ |[<6magm +3d+3
|8’ |<4mggm—+2d+2
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5.2 Proofs

Now, taking the explicit form of vg . in (5.10) into account and noting that

65(51,/ [Qaﬂ’w,ﬂ(x/’ EH’:U/ _ X“)]
(<x/> <(Q7p)>)|a|+2‘:8|+4m+6d+6

< 00,
L°°(]R3d)

we have established the bound

o],

;U

Rl K @x,@y < Coz ex’@y (z,€,7",y) s

7201165, 08) 2l = Conl®t 081 2 | Tty (cqomem | 2l
i Loo(R4d)a/6

where the sums are taken over

Y| < dmapm + |l + 2|6 + 4m +4d + 4
|o/| < 6magm +3d+3
13| < dmagm +2d + 2.

5.2.3 Proof of the continuity on L*(R?)

We start with the proof of the L?-bound, which follows the same strategy as the proof of
Theorem 4.11, i.e. we will first prove a result on FIOs with compactly supported symbols with
help of the Schur Lemma. In a second step, the L?-bound for general symbols will follow from
the Cotlar-Stein Lemma.

Estimate on FIOs with compactly supported symbols

5.9 Proposition. Let k be a canonical transformation of class B, ©F,0§ € Ceonst and and
u,v € S[(0,—00,0,—00); (d,d, 2d,2d)] be compactly supported in & and (q,p) independently of
z,2’ and y, i.e. suppu C R? x K! x R?? x K,, and suppv C R? x K/ x R* x K, where K/,
and K! are compact subsets of R and K., and K, are compact subsets of R**. Then, for any
ll, Iy € N,

HRl(m;v; 0F, 08) R (k; u; O, @0)*HL2 (Rd)— L2(R4) (5.11)
Cuty < ' . _1 —min(l1,l2)/2
< : Sniov (K ,K)> (K!,K')/2) " min [(X”) 3, cnoy Wl]
det OF (det @Y)/2 \ MO T {0 ) [S]
min(L, A7) S amaapa o |lopraele]|
a1+51§l1+lg (z,z’,y) (&qp (z,z’,y) " (€,9,p)
ag+B2<l2
az+B3<d+1
and
R (k303 05, 08)" R* (k313 OF, OF) | 12 ey — 12y (5.12)
Cl —h 1 l1+d+1
< (Ontogion (K ) (8(I, K)) ™" min(1, A[6))
det OF (det o) /2 \ I T O 1))
Z Haal—&-agaaz-&-m;aasu‘ Haﬁ1+ﬂgaﬁz+ﬁ4aﬁa ‘
v € 7' Tl pee Lo, L} ’
a1+p1<ls (z,2,y) (5«117) (z,2’,y) " (§,9,p)
az+P2<h
ag+PB3<h
ag+Ba<d+1
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5 Towards the composition with PDOs

Proof. The proof follows the same strategy as the one of Theorem 4.11. However because of the
asymmetric structure of the phase function, we will have to estimate RR* and R*R separately.

Estimate on R!(k;u; ©F, 08) R (k;v; 0%, 04)"
We have

(2m)% R (k;u; ©F, OF) R' (k5 v; ©F,08)" ¢(x) = . K(z,y)¢(y) dy,

where the integral kernel K (z,y) is given by the absolutely convergent integral

[ 61,01, o e 0, 2) i i iy 'y ds oo
R
with phase function

Qﬁ(xa Yy, w, xlla x/27£17£27 q1,492,P1, P2; @Cga @Zo/)
= \Ij’{(xvglv xllv w, q1,P1; 667 6(%) - ‘I’“(y,&, xlga w, q2, P2, 667 (H)g)

Using the linear transformations defined by

@-(4 ©-61)

we have
QH(%yawa1?/1a$/23517§2,Q17Q23p17p2§95398)
= (z— (2 +02/2) - (§+6¢/2) — (y — (3 — 02/2)) - (€ — 5¢/2)
+ S8%(q1,p1) — S"(q2,p2) —p1 - (w—q1) + p2 - (W — q2)
+E%(q1,p1) - (4 62/2 — X"(q1,p1)) — (a2, p2) - (T — 02/2 — X" (q2,p2))
+i0F (& + 62/2) — X™(q1,p1))* /2 + 10§ (& — 62/2) — X"(q2,p2))* /2
+i0Y (w— q1)* /2 +i0Y (w — g2)* /2.
Thus
n 2 B 2
30 — oY <w_ @ ! q2> Loy (ql . QQ)
+0r (4 — XH(Qlapl) + XR(QQ’pZ) 2 + o2 ([Xn]((h#n) -5 )2/4
o\Z 2 0 (g2,p2) z
and

p2 — p1 + 2007 (w — 152)

O = | 0 + [ 7) + 200 (@ - Xlwpl X)) |

\ (g2,p2)

(w,,€)
x—1yY— 0z

where we used the notation

[XK]EZ;%; = X"(q1,p1) — X"(q2,p2), [EK]Egzzgg = E"(q1,p1) — E%(q2, p2)-
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5.2 Proofs

We introduce the first order differential operators

1-i(8Y) ' V05V, 10 (0T VR v,
- 2 &= 2
1+|©Y) V2 v,0n 1+‘(eg)—1/2v@m

Ly,

and

I l—iVéQ”-Vé
£ 2
1+’VEQ”

They commute and fulfill
L. e — i

)

where * stands for f ,w or . Moreover, they provide decay

. M™ - a
() o i e

% uT Ml(j) 0-1/2w. 1% (5
(L””) ()| < <(@8)fl/2 [5§—[E“]qu’pl)}>12 C%QH(GO) Vz} ( )‘

q2,p2)

, Vil —y—6,) - V)5 M©
ool () e

1+‘«T—y—5$‘2

compare Lemma 10.2 in the appendix.
Hence we have

K (2,y)]

PR (l1+l/1) lo I3 N
iQ t T T — ! ! / / ga
/Rgd e (Lw) <Lx> (Lé) (uv) dq dqy dp' dpy dE do, d€ dog dw'

ORYCING
< My, M) My, (5.13)

_1 —(li+1h) 1 (a1, —l3
/Rgd<(@"é) 2(p2—p1)> ' <(@g) 2 [55_[: ]EZQ;SD
2
x (x—y— 5m>—l3 6*98 (““%) 90 [ﬁ*%[X'i((h,pl)JrX“(fIQ,Pz)]]Q

X (a2,p2)

x>

a<(l1+1})
Bl
v<l3

03 (-1 ) s ey (15%2)"

_1 a B N
[(08)2 V] [(©8) 7% Va| 07 (up)| daf day dp} dpy d d,, dé o du

To get convergence of the y-integral in the integral over the kernel, we choose I3 = d+ 1. After

81



5 Towards the composition with PDOs

the y integral, we perform the w,Z and ¢, integrals and are left with

sup | |K(z,y)| dy

z€Rd JRR4
< - —OYw? —ogi? —0E62 /4 — /4 L+,
=c ‘<y> L1(RY) ‘e Ul 1€ e ‘e ’ ‘Ll(Rd) ‘e (@) oo (Rd)
—(l1+1Y) 1 —l2
Y t 1 \—5 —r1(q1,p1)
/RM <A[@0] ((q1,71) — (q2,p2)) > <(@o) 2 [55 - [E ](qQ,pQ)D
Y\ =35 ¢ z\—3 A Y (0,75 / / / I o9&
S |[©n2va] €572 va] oy )| dai das dp} dpy dé do,
a<(la+1}) L wwain)
B<l2
y<d+1
where we wrote
oyl a—a2\? _ovfa—a2)? 1 L+l 1 —(li+17)
) = ) (@t (- a2) T (O - wf2)

1
to get the decay in (©§)2 (q1 — g2)/2. Moreover, because of the symmetry of (5.13), we have
exactly the same estimate for sup,cga [ |K(z,y)| dz.

To get the decay in §(K, K|), we split the {-integral into the two regions
1 K> = {8 : [6c| > 2|2"(q1, p1) — E(q2, p2)|} C R? and
2. K< = {0¢ : 0] < 2|=%(q1,m) — E"(g2,p2)|} C RY,

where we suppressed the dependence of the sets on the phase-space variables in the notation.

In K< we have

‘55 o [EH](qul;

(q2,p2

> |10l -

[r:%] (q1 7P1)
~ (q2,p2)

| 21561 /2
and thus
(@) s~ )" < (o d o) "
whereas the elements of K< fulfill
caeyjon—1 10| < 2ep0v10n-1 [K(a1, 1) — (g2, p2)| < 2[|A[OF] ((a1,p1) — (a2, p2))]
which gives the estimate

Iy

(Al65] ((q1,p1) — (QQ,pZ)»_l/l < <CA[@g]O,F155/2>_
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5.2 Proofs

Adding the trivial estimate (z)~! < 1, we continue with

sup [ |K(z,y)| dy

zeR JRY
/ z\—1 Yy — % oy —lal y 161 y t —h
< C'(det©F) " (det®f) 2 >0 (A7 F (W) 2 [ (AGH] ((a1,m1) — (a2,p2)T)
a<(li+1})
B<l2
v<d+1

1 =l
/ <()\I)*§65/2> ‘ 020207 (um) do
K- ¢ LG yw,8,60)

! /K< <CA[63105715€/2>—11

agjafag (uD)

d5§] dq1 dpy dgs dps dé

oo
(z,y,w,2,0z)

—1
(det ©F) ™ (det OF) 5<5A[@y] (K Ku)

<"
=C in(l2,l})

<min [()\w %CA[@y]O,{ 1} (K!,K!)/ >

_m sl )
Z (A7) /‘83}858; uv H N dbe dqy dpy dgs dps dé
aslitly) (z,y,w,,67)

B<l2
y<d+1

Recalling the arguments of v and v, we have

e
05 (€ = O, — b, w, 5, 95)|| da da dpy dps o€ o

- = (GGG L

050007 [ (@,€ + b, + 00w, 01, p)

05 0% 0] ul, €1, 4w, b, ph) | day dp s

al+ag
B1+B2=0
Y1+v2=Y
/Bd 83285’2282/222}(337 627 .'13/2, w, QQapé)’ dQQ dp2 d£2
R
< olal+8l+Ivl ‘ amaﬁ;a’ﬂu ‘ ’ 80428@/28’721) ‘
v LE L (&ap) v et LE L (&)

and thus the first part of the result.

Estimate on R!(k;u; 0%, 08)" R (k;v; ©F, ©F)
We have

(2m)* R (; w; O, OF)" R (50165, 60) (@) = [ K(@,9)e(y) dy,

where the integral kernel K (z,y) is given by the oscillatory integral

/9d M u(w, &1, 2, g1, p1)v(w, Ea, T, Y, g2, p2) dqy dgo dpy dps dah dah déy dés dw
R
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with the phase function

Q" (x,y, w, 2, 25, &1, €2, q1, 42, p1, p2; O, ©F)
= =V (w, &, 20, @, q1,p15 OF, Of) + U (w, &2, 73, Y, g2, p2; OF, OF)
= (w— (& — 6,/2)) - (€ — 0¢/2) — (w — (& + 62/2)) - (£ + 0¢/2)
+ 8%(q2,p2) — S"(q1,p1) —p2- (Y —q2) +p1- (* — q1)
+ E%(q2,p2) - (& = 62/2) — X"(q2,p2)) — E"(q1,p1) - (& + 02/2) — X" (q1,p1))
+i0(y — ¢2)%/2 +i0f(x — q1)?/2
+i0F((& = 02/2) — X"(g2,2))* /2 + iOF (% + 02/2) — X" (q1,p1))* /2

where we used the same transformation as before.
In a first step, we establish decay in w to turn the kernel into an absolutely convergent
integral. We have

V(;&QF” =T —w.
Defining
1—iV5§Q“-V5£ 1+i(f—’w)-vlg§
6 = = ~
S O Xl 1+ & —wl?

I

we have

and the multinomial theorem gives

d

<L(T5&)k = (& —w)™* Z (k1 " )ik_kd“ H ((x - w)jﬁ((sg)jyj . (5.14)

kit kg=k N Lo AL j=1

and hence

<3 \agg(u@)

~ b
(& —w)" 32,

1)
() o] < 2

which provides enough decay for k = d + 1.
Dealing now with an absolutely convergent integral, we are allowed to exchange the order of
integration and to transform the integration variable w into w — . Doing so, we have

SQ" =Y (z — q1)*/2+ Of(y — q2) /2

o (o X5aup) + X%(@2,02)\ | oo (a2
o (o - M) £ X)) g (5
and
Vw —0¢
Ve | " = b
Vi — [E]{ ) + 2i0 (g;_ XM arp)+X (qz,m))
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5.2 Proofs

We introduce the operators

Ly = w2 2
1+ |V, Q2F| 14 |0¢]
1 — OV, 0% - V; 1—i0%6, - V;
Lé B : 1/52 52 B : 1/2 :
L+ |©3) 2 ver| 1+|(05) 26,
Lo 1—i(0%) V08 . v,

1 2
1+ \(@g)—a V.08

which fulfill L,e™" = eim, where * stands for w,é or . Moreover

[CANT

(1) o]« e 5t o

|
20
s
gQ
—~~
I
~

—= _ _ 7 13
(@572 [ r) " ety

()" (2" ()" n
SRS 3D o of (L5

Oél<l1 (X2<l2 Oé3<13
- €T _12 T\ — —K ). _l3
x (3 (052 6.)  ((e) 7 )
by Lemma 10.2. Taking the explicit form of (Ltgég)d+1 given in (5.14) into account, we have
K (2, y)|
o 1 l ! d+1
/ oI (LIU> 1 (Lz) 2 (Ll> 3 (L‘Es) (uv) dqy dgo dpy dps dx'y daty d€y dés dw'
R9d

and

|2|

X7 o 0202 (um)|

< Cll7lz,l3

_ 1 —l2 12 (g p)\ B,
/R T (@nza.) (@R ENER) T w) T

X% (q1,p1)+ X" (a2,p2) | 2 @ (1yr1@1p1) 2
Al ) e (1X41(G 5 —0) /4

o8 (y—2)%/2,—~OY (z—a1)?/2,~OF (#-

> e

a1 <li,a2<ly
as<l3z,as<d+1

|az|

lag| ~
(Aw)fis 35,1832 03* 8?54 (u@)‘ dq1 dgo dpy dpy d do, d€ doe dw dy.
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5 Towards the composition with PDOs

Performing the y, w and Z-integrals, we can estimate

sup / K ()| dy
r€R4

—0§y?/2
< Cly o s 0v”/ ’

LM (RT)

|

(w)™ d—i—l)‘ ) —Or32/2

LM (R?)

1 Rd)
2 —
I (G I 4<<@3>-% )™
Z H (@x) (UU)‘ dqy dgs dpy dpy do,, d€ dde

ar1<liag<lpaz<lzas<d+1

lova|

()~

and literally the same estimate for sup,cga [ |K(z,y)| dz.
To get the decay in §(K,, K,), we split the §,-integral into the two regions

1. Ks := {0, : 2|0z > [(X*(q1,p1) — X"(q2,p2))|} C R? and

2. K< = {0, : 2|0.] <[(X"(q1,p1) — X"(q2,p2))|} C R,
where we suppressed the dependence of the sets on the phase-space variables in the notation

Now the elements of K< fulfill

‘X”(thl) — X"(q2, p2)

(X" (q1,p1) — X"(q2,p2)) — 62| > 5 ,
and we get
sup /\K(ﬂc,y)\ dy
zcRd
_ _ oL (a1, —l3
< ity (et O det 0) ™ [ (6™ ((05)~ 22

2 —
/ O (X 00) /4<(eg)%5w> ® @,
K<
o b rym(amn) o\ 72 05 (XM 5,) "
i K> <(@0)2 X ) /2> c e dox

> e

()\x) 80”3&2 05 05 (u )‘ dg; dgo dpy dps d€ do¢
o1 <l <laaz<lzas<d+1

I

< Oy 1y (det OF) 71 (det OF) ™12 (Sez (K, K,)) ™™ (5(KL, K1)
L~ (R

max ( ‘<5m>_l3 , “6753/2’ >
Ll(Rd) L1(RY)
lova] .
3 H Gk aala%aasa% (uv)‘ dqy dgs dpy dps d€ do€
ar1<liag<lpaz<lzas<d+1

()~ F
and exactly the same estimate for sup,ega [ |K(z,y)| dz. Thus the Schur Lemma gives (5.11).
O

’<x>l4 efx2/16H

)
1
2
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5.2 Proofs

Proof of Theorem 5.4

Proof of Theorem 5.4. We remind the reader that it is enough to prove the result for e = 1 and

05 @g € Ceonst- The strategy of the proof is exactly the same as in the one of Theorem 4.11.
We introduce the partition of unity {Xrv}pcza, which is the d-dimensional analogue of the
partition of unity {xr}pcze4 already used in the proof of Theorem 4.11.

We define the symbols urrs by urp/(z,€,2',y,¢,p) := xr(¢, p)xr(§)u(z, &, 2, y, ¢, p), which
are supported in R? x [K’ +T"] x R? x [K +T. Proposition 5.9 shows that

HRl (FG; ur,ry; 0§, @3> R! </€; ur,ry; O5, @%)* H
+ HRI (m; ur,;; O, @g) R! (H; ur,r;; 04, @g) H
is dominated by

w(ly =Ty, I —T%)

Ch 0, |ME; ©F; QY
— bts Mo ] max ||ag, )00 00u|
9 9 l1/2 , ;12 l2/2 la| <11 +lo z,y)~x' 7€ Loo(R64)
(1 + n[ﬁ;@g’@g] ’Fl - FQ‘@) <1 + ’F1 - FZ‘%) |B|<max (I1,l2)
[v|<li+d+1

where Niw;0g,0y) = min (cA[@mo,{, cA[@g]). As in the proof of Theorem 4.11, we have to assure

the convergence of the series

-1

CunaM5307507  max o, 0000 S Vel D)

|a|§l1+12 ’ Loo(RGd) .
|B]<max (I1,l2) F/EZ j
[y|<I14+d+1 ez

k%dil kgfl

<Ol il | 2 Y
k1>2 (1 + n? k2 k>2(1+k‘2)
= ixi08,041"1 22

and have thus to fulfill
I1/2—(2d—1)>1and l3/2 —(d—1) > 1.

Hence, the smallest integers I; and ls we can choose are l; = 4d + 1 and [, = 2d + 1. The
Cotlar-Stein Lemma shows that the series

ZRl(Ii; ur; 03, 07)
T

is strongly convergent to a bounded operator whose norm is dominated by (5.4). The same
argument as in the proof of Theorem 4.11 shows that the operator-limit coincides with the
Fourier Integral Operator defined before. O
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Part 11l

Initial Value Representations






6 Prior approximation results on the
propagator

Before we continue on our way to the main result, we discuss related work both in the mathe-
matical and chemical literature.

6.1 The origin of Initial Value Representations

We give a short history of IVRs. Due to the overwhelming amount of papers in the chemical
literature, we restrict the discussion to two issues here and refer the reader who is interested in
a complete overview of the field to the review articles [Mil01], [TWO04] and [Kay07]. The first
aspect we want to address is why the class of methods was baptised Initial Value Representa-
tions, i.e. why there is so much emphasis on the type of problems one has to solve to obtain
the approximation. Second, we want to sketch the developments, which led to the specific form
of the operators Z¢(k; u; ©%, ©Y).

The first semiclassical expression goes back to [VV28] and [Gut67]. This van-Vleck propa-
gator approximates the Schwartz-kernel K (%) (z,y) € S'(R? x RY) of the unitary propagator
U(t,s) of (1.8) by the expression

1 (t.5) _1 i ar(ts) N
K(t7s)($,y) ~ W Z ‘det X; (y,p‘]) 2 esS (yvpj) 27”/]/27 (61)
pil X< (y.pj)=a

which is closely related to the Maslov canonical operator of Section 3.1. The manifold which
corresponds to Lg is derived from the delta distribution §(y): writing

boly) = (2me) 42 / 16V (Foyy) () de

R4

one has formally

Ult,) = (2n) 2 [

Rd

(Ut 5)e2) (@) (Fv0) (€) da

Now the plane wave £ +— ¢V looks like an WKB-initial datum, which is associated to the
manifold

Ly = {(y,p)‘p € Rd}

and one can use the Maslov formalism to get (6.1).

There are several papers in the mathematical literature, which give a rigorous sense to the
van-Vleck expression. First, there is [Fuj75] which discusses L2-boundedness properties of the
operator with the kernel (6.1) in the case where there is only one contributing trajectory.
Later on in [Fuj79] these results are used to justify the time-slicing approach to Feynman’s
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6 Prior approximation results on the propagator

path-integrals in terms of the van-Vleck propagator. [Yaj79] uses Fujiwara’s result to derive a
semiclassical approximation to certain scattering problems. Finally there are [Rob88], where a
van-Vleck-type expression is used to describe the time-evolution of coherent states and [BRO1],
where L2-operator norm results for the van-Vleck expression are shown.

From a practical point of view (6.1) has two drawbacks. The first one is connected to the
caustic problem, which becomes manifest in the points for which det X (’;“’S) (y,pj) = 0 and leads
to a division by zero. Principally, this problem can be circumvented by the Hérmander-Maslov
theory, but the local change of coordinates in phase-space seems not feasible for a computational
approach. (6.1) contains a second difficulty: to identify the momenta, which contribute to the
sum, one has to solve the boundary-value problem

Given z,y € RY, find p such that X~ (y,p) = z,

which is a serious challenge especially in high dimensions.

The “basic IVR trick” solves those difficulties at the expense of another computationally
hard problem, namely the discretization of an oscillatory integral. It appears for the first time
in [Mil70], where the S-matrix of scattering theory is studied in semiclassical approximation.
As we do not want to discuss the specifics of this theory, we follow the presentation of [Kay07],
which explains the principal approach in the case of the integral kernel of U(t,s) and allows
to connect with (6.1). First, one adds the identity on both sides of the kernel in terms of
d-distributions, i.e.

K (2,y) = /Rd 8@ = a) K" (0, )d(y — o) dge da (6.2)

Now one uses (6.1) to obtain a semiclassical approximation of K (t,s) and performs the change
of variable ¢; — p, where ¢ is considered as ¢ = x(® )(q p). One obtains

s T ) ,
KO(a,y) = (2rie) 2 [ ] o —a)aet (5" )| e 00 26y — g) dgap
R JRd

% i ar(tss) .
egs (q7p)727”//2

— (2mie)—4? / 3w = qn) |det(X5 7 (g,)) dp.
R

Now the boundary value problem has been transformed into the solution of initial value prob-
lems. Moreover, the prefactor in this expression is well-behaved compared to the one in (6.1).
However, considering the decay of the p-integral and recalling the discussion about Hormander-
Maslov theory, it is clear that the caustic problem is still implicitly present in the phase function.

Heller approached semiclassical approximations from a different direction. In [Hel75b] the
time-evolution of coherent states g‘(fq’p) is studied and the approximate expression (0.6) for the
propagation of coherent states is formally derived. Later on in [Hel75a] it is observed that one
gets a reasonable approximation, if one expands an arbitrary initial datum into coherent states
and moves each Gaussian along the classical flow without the time-dependent spreading of the
full approximation, i.e.

Ut )6(@) = 270 [ G (S| ey 9
= (I < (t:9), 9d/2. 4, 1d> )( ).
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6.1 The origin of Initial Value Representations

A byproduct of the proof of our main theorem is that this “Frozen Gausian IVR” is an approx-
imation to the propagator for short times in the sense that
HU(t, s) — (Ie (K(t’s); 24/2, id,id) cp) (x)‘ < Ce

L2—[2

if |t —s| <eT.
The symbol, which turns this expression into an approximation for longer times is established
in [HK84] and [KHL86] and is known as the Herman-Kluk prefactor

D=

(t:s) . (t;s) =g (t8) —r(t:9)
wik(t,5.,p) = [det (X5 (0,p) =i (@.p) + 2 (@.p) + 25 ap)) |7

where the square root is chosen by continuity in time. The original derivation shows some
similarity to Millers IVR argument. As in (6.2), Herman and Kluk add the identity on both
sides of the kernel but instead of d-distributions, the “overcomplete basis of coherent states” is
used. After the insertion of the van-Vleck expression, the integration variables are transformed
and a stationary phase approximation in performed. Due to the carefree use of complex variables
during this process the original derivation is not beyond doubt even in the chemical literature,
compare [BAAKT01] and [Kay06].

There are three additional derivations of the Herman-Kluk expression. First, in [Kay94]
the general form of IVRs is investigated. It is observed that Z°¢(k;u; ©%, ©Y) reduces to the
van-Vleck propagator in the limit € — 0 for any choice of ©* and ©Y, if the correct symbol
is used. In particular it is shown that the Herman-Kluk prefactor is the correct choice for
O7,0Y € Ceonst- Second, there is the derivation of Miller [Mil02], which was refined in [DE06].
Here, the “overcomplete basis of coherent states” is added on both sides of an operator of
the form Z¢ (/f(t’s);u; id, id) and an equation for u is deduced with help of a stationary phase
argument. Finally, there is the derivation of Kay in [Kay06] which is the most satisfactory from
a mathematical point of view, as the author establishes on a formal level that the Herman-Kluk
expression is an asymptotic solution to (1.8). The composition results in this section add the
necessary rigor to those arguments.

[Kay06] was written in response to a debate on the Herman-Kluk propagator, which was
started by [BAAKT01]. There the authors claimed that the Herman-Kluk propagator is not
a valid semiclassical expression. This conclusion was drawn on the basis of a fundamental
misunderstanding of the Herman-Kluk propagator, as the authors did not realize that the
phase space integral is a fundamental component of the operator. Instead they assumed that
Herman and Kluk claimed

(U(t, s)gfq,p)) () ~ ubk (£, 5, ¢, D) G0 (g ) ()

Despite the questionable criticism of Baranger et al. the paper proved to be fruitful in two
aspects. Besides the work of Kay, it entailed a series of papers, in which the relation between
semiclassical propagators and PDOs with smoothed Weyl symbol are studied. Considering that
Initial Value Representations are aimed at high-dimensional problems, and that the potential
might even arise from electronic structure calculations, the author wants to express his doubts
about the practical relevance of this approach.
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6 Prior approximation results on the propagator

6.2 Fourier Integral Operators as approximate propagators

Whereas the approximations derived in the chemical literature are constructed with their com-
putational usefulness in mind, mathematicians are traditionally more interested in a concep-
tional understanding of the problem. Hence, many approximations derived in the mathematical
community are not feasible for an implementation.

This applies for example to the works [KKG81] and [Kit82]. There, the propagator of (1.8) is
expressed by FIOs with real phase. The main technical problem is again related to the caustics.
The authors require that the the mappings

q:R* - R? p:RI - RY (6.3)
z = q(t,s,z,p) £ p(t,s,q,8),

are diffeomorphisms, where ¢, p, z and £ are related by

(,8) = £ (g, p).
More prosaically speaking, this conditions means that the boundary value problems
Find the initial position, when initial momentum and final position are given
and
Find the initial momentum, when final momentum and initial position are given

have unique solutions with good dependence on their parameters.
If this condition is fulfilled, one can define the operator
i x e (tS)
T (£45u) o] (@) = (2me) ™ / e Pkas CUPu(t s, 2, p)e(y) dpdy
R2d

with phase function

(t,s) (t,s)
Pk (z,y,p) = 5" (q(t,s,2,p),p) +p- (y — q(t,s,2,p))

and symbol u € S[00;2d]. Unter the assumption of Schrodinger operators with subquadratic
potentials, the main result of [KKG81] is that the propagator of (1.8) may for sufficiently large
N be expressed as

N
Ul(t,s) = H TikG (n(t”’t"*); u) ,
n=1

where n
tn:s—i—ﬁ(t—s), n=0,...,N

and the symbol u arises from transport equations related to the transport equation of the
WEKB-methodology (3.2). In [Kit82] it is shown that the expression holds with N = 1 under
suitable assumptions on the potential and sufficiently large times, see below.
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6.2 Fourier Integral Operators as approximate propagators

As a corollary, the authors establish the following semiclassical approximation results for the
propagator:

6.1 Theorem. Let h(t,z,&) = €2/2 +V(t,z).
[KKG81] If h is subquadratic, there is Ty > 0 and a family of symbols u,,n < N such that

N
U(ta 5) - If(KG (K’(t’s); Z 8nun>
n=0

for all (t,s) with |t — s| < Tp.

L2—[2

[Kit82] If there is 6 > 0 such that |02V (t,z)| < C ()~ D wniformly in x for all |af > 1,
there is Ty > 0 and a family of symbols ug, k < N such that

N
U(ta S) - IIE(KG (H(t7s); Z 5nun>
n=0

for all (t,s) with Ty < s < t.

< Nt

L2—12

Obviously, the strong assumptions on the time-intervals and the potentials are a tribute to
the caustic problem. Its general avoidance of is the major advantage of complex-valued phase
functions. Surprisingly, the mathematical literature on semiclassical FIOs with complex phase
is relatively sparse.

The first works which discuss such operators in the context of Schrédinger equations are [LS00]
and [But02]. These authors essentially impose the following restrictions on op®(h)

1. There is m € N such that h € S[m; 2d].
2. There is g9 > 0 such that op®(h) is essentially self-adjoint for all £ < &p.
The operators used in [LS00] and [But02] are of the form

1 i FHR .
(Tis(w;u)y) (x) = (2 /Rmeeq)LS(x’y’p’@)U(t,y,p)@/J(y) dpdy,
where the phase function @ig’s) is given by

Ofs(2,5,:0) = S™7 (y,p) + Z°(y,p) - (x — X"(y,p)) + iO(x — X"(y,p))?/2

for © € Ceonst and the symbol u is compactly supported. In particular, the kernel involves
only an integration over momentum space compared to the phase-space integral used in the
definition of Z¢(k;u; ©F, ©Y). With these assumptions, the results are

6.2 Theorem. Let U(t,s) be the propagator associated to (1.8), where the symbol h fulfills the
assumptions discussed before.

[LS00] Let x € C3°(Q), where Q C R is a bounded subset of the phase space. There is a
constant C(h,Q,Ty) such that for any N € N, there are symbols u, € C3°(Q2), k < N
such that

< C(h,Q, Ty)eN -4,
L2—L2

N
Ults) - Tix (z)] o8 ()
k=0
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6 Prior approximation results on the propagator

[But02] Let x1,x2 € C$°(9), where Q C R?? is a bounded subset of the phase space. For any
N € N, there are symbols ui, € C§°(Q?), k < N such that

N
Ul(t,s) — Iis (%t;zskwﬂ op(x2)
k=0

< CN(ha X1, X2 ®)€N+1‘
L2—L2

op®(x1)

Obviously, the results are closely related. In fact, [But02] was written to overcome a flaw
in the proof of [LS00] which forced the symbol h to be analytic in £&. A second improvement
concerns the error bound, which is dimension independent in the latter result. As no explicit
explanation for this is given in [But02], we refer the reader to Proposition 5 of [RS08], where a
similar bound is established.

The Thawed-Gaussian IVR Z°¢ (R(t7s);uTGA; Orca, id) with

s .8 -1 ,8 B ,8
Orcalt,s,q,p) = —i (X[';(t’ 'y iX;f(t )> <Eg(t 'y zE;(t )> and (6.4)
(t,9) w1\ ?
wraa(t, s,q,p) = 242 (det (X; Y ixst ) > (6.5)

has been discussed earlier in [BRO1]. Under similar assumption on h as in [LS00] the central
result reads

6.3 Theorem ([BRO1]). Let x € C*(R?) and h as discussed before. For every N € N, there are
symbols uy, € S[0;3d] depending on q,p and (a} - X”<t’s)(q,p)), which are compactly supported
with respect to p such that

In particular, ug = uTGA -

< NH1/2,

N
U(t,s) —1I° (n(t’s); Z e 2up; O1aa, id) ] X(—ieVy)
k=0

Our result differs in several aspects form the one of Bily and Robert. First, we have to make
a stronger assumption on the symbols of op®(h), namely subquadraticity. On the other hand,
this restriction enables us to get rid of the momentum cutoff. Moreover, we show that the TGA
expression actually allows for an expansion in whole powers of € compared to the half-power
expansion of [BRO1], which is directly inherited from results on the approximate evolution of
coherent states.

Finally, we want to mention [Tat04]. Though this work is not semiclassical, it is in some sense
very close to our presentation. There, a class of operators containing Z* (x; u;id, id) is discussed.
In particular, it is shown that under the assumption of subquadratic symbols h € S[2;2d],
7! (ﬁ; 24/2. 44, id) is a parametrix for the time-dependent Schrédinger equation (1.8).
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7 On the way to an asymptotic solution

The standard approach in asymptotic analysis is a two-step procedure: first, one constructs an
asymptotic solution

7.1 Definition. Let h® € S[2;2d] be a subquadratic symbol. A family of bounded operators
Un(t,s) is called an asymptotic propagator of order N of the time-dependent Schrédinger

equation (1.8) if it leaves S(RY) invariant and if there is a family of bounded operators Ry (t,s) €
B(L*(R%)) such that

<jt “op (ff(t))) Un(t )0 = Rag(t, )0, Uls,s) = id
for all ¢ € S(RY), where
1Bt 5) 2 g < Ot )2, (7.1)

In the second step, the asymptotic solution is turned into an approximate solution with help
of the “Magic Lemma”:

7.2 Lemma. Let U%(t,s) be the propagator of (1.8) and Uy (t,s) an approzimate propagator
of order N + 1. We have

||U]&;f(ta S) - Ug(t; S)||L2—>L2 S C(t, S)€N

where

C(t, s) = e~ (VD) / RS (7, )| 2 g |-

Proof. Let ¢ € S(R?). Using properties of the propagator U(t, s), we have

1UN(t,8)¢ = U(t, 8)¢]| = [U(s, )Un(t, 8) — ||

. d
=1 /ZédTU(S,T)UN(T, s)Y dr

=¢! /tU (5,7 [ze —op (ha(f))] Un (T, 8) dr

=¢! /U(s T)RN(7,8)¢ dr|| <€~ /”Rs 7,8)| dr| (¥l

S

O]

In particular, one looses one power in £, when one turns the asymptotic solution into an
approximate one. Subsuming the content of the first and the second part, we have established
all boundedness results required in the definition of the asymptotic solution and the application
of the “Magic Lemma”. In this section we will construct families of FIOs such that (7.1) holds.
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7 On the way to an asymptotic solution

7.1 Composition with pseudo-differential operators and
time-derivatives

As operators from S(RY) to S(R?), Fourier Integral operators with complex phase may be
composed with pseudodifferential operators. When one tries establishes expansions of these
compositions in powers of the semiclassical parameter e, it turns out that the situation of
constant ©F, OV € Ceonet i easier and more satisfactory than the general case.

For constant matrices ©* and ©Y it is possible to give a full asymptotic expansion in « and y
independent symbols and to obtain an remainder, which is O(¢V*1) with a reasonable meaning.
In the general case, one has an remainder of order O(¢V*!) in the sense that it is bounded as
an operator from L%(R%) to L?(R?), but for this one has to make strong assumptions on the
symbol of the PDO one is composing with. For this reason, we will provide an result, which is
focussed on the application and not entirely satisfactory from a conceptional point of view.

The results use two special notations. First, we introduce the following combination of
derivatives

8. == (0¥(q,p)) "' 9, — 9y, (7.2)

which induces the “divergence”

d
div, (f = (0¥(¢,p)s O fr(a,D) Zapkfk 4,p)
k=1

for functions f € C*(R??). Second, we use the matrix Z(q, p) € S[0; 2d] which is given by

Z(q,p) = (i (0¥(y,p))”" 1d)(F"(q,p))' (—=i®"(y,p) id)". (7.3)

A lemma in the appendix shows that Z(q,p) is invertible with Z=!(g, p) € S[0; 2d].
The first composition result reads:

7.3 Proposition (Composition with PDOs). Let h € S[my;2d], k a canonical transformation
of class B, u € S[my;2d] and ©%,0Y € Ceonst. There are v, € S[my, + mp;2d], n € N such that
for any N € N there is vy, € S[(mh, My, + myp); (3d, 2d)] with

p°(h)ZI°(k;u; O, ©Y) ( ZE Up; OF, @y> N+1R€(n;v§\,+1;@“,@y).

The symbols v,,n € N are given as
vp = Lplh; k; ©%,0Y]u and vy = Liy[h; k; 0%, 0Y]u,
where the Ly[h; k; ©F, ©Y] and L5, [h; k; ©F, ©Y] are linear differential operators in (q,p) of degree

n whose coefficients are rational functions of 8& é)h,n < la] < 2n and 88} p)F“, o] < n and

ng g)h,N +1<|af <2N +1 and 8(0(‘] p)F”‘, la| < N + 1 respectively. The explicit expressions
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7.1 Composition with pseudo-differential operators and time-derivatives

for vg,v1 and vy are

vo(q, p) = u(q, p)h(x(q, p)) (7.4)
01(q,p) = —div. (((he +0%he) 0 )' (4,9) 27 (g, p)u(g p)) (7.5)
Fugte (27 (0,p)0-((he +i0%he) 0 ) (3. p))
and
U2(Q7p) = LQ[hZ?); K3 6:87 @y]u(Qap) (76)

d
+ %Z div, (u(q,p)@zk [((833 + i@xag)Qh) o HZ_l(q,p)ek)]TZ_l(q,p)> ,
k=1

where the coefficients of La[h>3; k; ©F, OY] on derivatives of h of order 3 and 4.

From the explicit expressions, it is not obvious that the coefficients are rational functions of
O%F"(q,p). This follows from the expression of Z~!(g, p) via the formula of minors, compare
the appendix. The precise form of the differential operators, which can be read of the proof,
yields the following corollary:

7.4 Corollary. Consider the situation of Proposition 7.3.

1. If h is subquadratic and w € S[0;2d] we have vy € S[2;2d], v1 € S[1;2d], v, € S[0;2d]
and vy, € S[0;5d] for alln, N > 2.

2. If h is polynomial in &, there are wy, € S[(my, mp +my); (2d,d)] such that

R (k5 vyy; ©F, ©Y) = I%(k; wyy; ©°, ©Y) .

The first assertion of the corollary shows that in the case of our application all symbols v,
with n > 2 give rise to bounded operators. As mentioned before, this situation is different
when general ©%, ©Y € C are considered. In this case, a complete expansion in the form of
Proposition 7.3 would give rise to symbols v, which grow quadratically for all n € N. For this
reason, the composition result for the general case is restricted subquadratic Hamiltonians and
restrain from the development of a hierarchy for the unbounded parts of the symbol.

7.5 Proposition (Composition with PDOs). Let h € S[2;2d] be a subquadratic symbol, k a
canonical transformation of class B, u € S[0;2d] and ©%,0Y € C. There are vy € S[3;2d] and
vp € S[0;2d] n > 1 such that for any N € N there is vy, € S[2N + 1;5d] with

N
op®(h)Z¢(k;u; ©F,0Y) = I° (lﬁl; Z e"vy; OF, Gy) + R (/i; Vi1 OF, @y)
n=0

as operators on S(RY), where vy, 18 such that

| R (k5 v 11: 0%, ©Y)]| o, 2 < CENTL
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7 On the way to an asymptotic solution

The explicit expressions for vy and vy are

v(q,pyx) = u(q,p)(h o k)(q,p) + u(g,p) ((hy +i0%he) o k) (q,p)(x — X*(q,p))  (7.7)
and

v1(q,p) = u(q,p)%tr (271(q, p) [0:(ha © K(q, D)) + 1070, (he 0 K(q,p))]) , (7.8)

whereas the symbols v, with n > 2 are given as
vp, = L, [h; k; ©F, OY]u,

where the L! [h; k; ©F, OY] are linear differential operators in (q,p) of degree n whose coefficients
are rational functions of OF, ¢h,2 < la] < 2n and /Y la] < n.

At first sight is seems strange that the symbol vy, € S[2N + 1;5d] should give rise to a
bounded operator. This is explained by the fact that the growth of the symbol comes only from
terms of the form u®(z,&,2',q,p)(xz — X*(q,p))*(y — q)° with «® € S[0; 5d).

The situation of time-derivatives of FIOs is comparable to that of the composition with PDOs:
Whereas we can give a full asymptotic expansion of the symbol in the case ©%, ©Y € Cconst, the
general case yields a more complicated result. We have

7.6 Proposition. Letu € C(R, S[m;2d]) be a family of time-dependent symbols with u(-,q,p) €
CHR,C) and (%u)(t, ) € S[m;2d], k' a C'-family of canonical transformations of class B,
0% € CY(R, Ceonst) and ©Y € Ceonst- We have

2
i t.,,. ZT Y\ € t. n . €T Yy
ngt (m,u,@(t),@)—1<n7n§_%6 vn; O%(1),0

with
w(tea.p) = u(te0.p) (= 58" @p) + X 0n) = ) (1.9)

vi(t, ¢, p) = i%U(t, q,p) (7.10)
i
+ div; ((;i “(q,p) — iO°(t )iX“t(q,p)> Z_l(t,q,p)U(t,q,p)>

i B y d .,
— §u(t, q,p)tr <Z Y(t,q,p) X" (q,p)dt@ (t )),

and
d )
2(t. ¢, p) Zdlvz ( o < O ()27 (t, q. p)ex U(q,p)> Zl(tyqu)) ;o (711)

where vp,v1,v2 € C (R, S[m;2d]).
For the general case, we have

7.7 Proposition. Let u € C(R, S[0;2d]) be a family of time-dependent symbols with u(-,q,p) €
CY(R,C) and (%u)(t, - -) € S[0;2d], Kt a C* family of canonical transformations of class B,
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7.1 Composition with pseudo-differential operators and time-derivatives

0% € CY(R,C) and ©Y € C. There are vy € S[2;2d] and v, € S[0;2d] n > 1 such that for any
N € N there is vy, € S[2N + 1;5d] with

N
%fe(n; u; ©7(t),0Y) = I° (n; > e O7(1), @y) +I° (K v 11; ©°(1), 0Y)
n=0

where U?V—&-l 1s such that

HI‘S (Kt;UJaV—i-l; @m(t)v(—)y)H[g*)Lg — O(5N+1).

The explicit expressions for vg and v, are

d v d o
wolt,qp) = ult, g, p) (‘dﬁ” b Lyt 2 ) (7.12)
d K . X d K T K
“uttn) (GE -0 0 HX) - X))
d i . o d,
U1 (t’qap) = Z%u(tv Qap) - Qu(ta Qap)tr (Z l(t’ Q7p)th(Q7p)%@ (t)> ) (713)

whereas the symbols vy, with n > 2 are given as
vp = Ly [k'; 0%, 0¥,

where the Ly[kt; ©%, 0Y] are linear differential operators in (q,p) of degree n whose coefficients
are rational functions of 07, F*, la| < n.

To simplify the discussion of the Ehrenfest-timescale, we collect the assumptions we make
for this case in the following shorthand description.

Ehrenfest case As the Ehrenfest case we understand the situation, where
1. T =T(e) = Cr|log(e)| for some Cp > 0.

2. k = k%) arises from a classical Hamiltonian h which fulfills the assumptions of
Proposition 2.7.

3. There are g9 > 0, p9 > 0 such that the symbol u® € S[0;4d] allows for a bound of
the form
‘ )

4. The matrices ©% and ©Y allow for lower bounds of the form

(67 3

—p
(z,y,q.p) ¥ < Cpe

oo (R4d)

for all e < gp and p < pg.

0%, 0¥ > C e

for all e < gp and p < pog.
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7 On the way to an asymptotic solution

The form of the symbol yields the following corollary.
7.8 Corollary. Consider the Ehrenfest case.

1. For the symbols of Proposition 7.3 we have

Ha&p)kaLm <Cpe™” Vn2=2 and Hazlmé,w’,%q,p)ﬁVHLoo < Cpe™".
2. In the situation of Proposition 7.5, we have the bounds

Haﬁl’p)kaLw <Cpe™” Yn>1

and

HRE (H; UJ€V4_1§ or, @y) HLQHH < CP5N+1_p-

3. For the symbols of Proposition 7.6 we have

4. In the situation of Proposition 7.7, we have the bounds
Ha@p)kaLm <Cpe™” Wn>1

and

HZE(/@; Viyy1; ©F, @y) < CpgNH_p_

HL2ﬂL2

In all cases, p can be made arbitrary small if Cr chosen small enough.

7.2 Proofs

The proof of the composition results strongly rely on integration by parts which convert devia-
tions from the classical flow into an e-hierarchy from the symbol. To keep the results free from
too many technical details, we develop this machinery before we come to the core of the proofs.
To simplify the notation, we introduce the following relation on the symbol spaces.

7.9 Definition (Equivalent symbols).
Two symbols u,v € S[+o0;4d] and u',v" € S[+00;6d] respectively are called equivalent with
respect to k, if

¢ (k;u; ©F,0Y) = I¢(k;v; ©%,0Y)  and Rg(m; u';@z,@y) = Ra(m; U/;@x,@y) resp.,

where the identity holds as operators from S(RY) into S(R?). In both cases, we write u ~ v.
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7.2 Proofs

7.2.1 A hierarchy for a certain class of symbols

The fundamental observation to establish a e-hierarchy is already contained in Corollary 4.12.
There it is shown that deviations from the positions ¢ and X*(q, p) are related to the asymptotic
behavior in €. In the following section we will present more precise results on this behavior
via integration by parts in the variables ¢ and p. The results in this section are stated for the
operators Z¢(k;u; ©%, 0Y), but of course anaogous results also hold for R®(k;u; ©%, OY), when
the symbol classes are adopted accordingly.

The central observation to establish the hierarchy is the equation

AN z—X"(g,p)\ , i (©5(¢,p)(x — X"(q,p))* + Of(g,p)(y — )
(‘PZ)_W(q’p)( y—4q >+2<@$(q,p)(x—X”(q,p))2+@%(q,p)(y—q)2>’ (714

with . .
W(q,p) := ( (F*)" (q,p) <_Z®i(§q’p)) _Z@_yi(g’p) >
where we abused notation by writing
0,7 = ([0,0] 2% [0,0]2% ... [9,,0]22)".
The matrix W(q,p) = WO, ©Y](q,p) is “well-behaved”:

7.10 Lemma. Let k be a canonical transformation of class B and ©%,0Y € C. The matriz
WH[OF,0Y] is invertible with (W"[©%,0Y])~! (¢,p) € S[0;2d]. In the Ehrenfest case, we have

|

for all « € N, where p can be made arbitrary small if Cp chosen small enough.

8(‘;7P)Wﬂ[@x7@y]H _ <0, and ‘

; o ) (WreF, ev])~! HLOO < Cper
(a,p) (a,p)

The proof of the statement is found in the appendix. We exploit equation (7.14) by integration
by parts with respect to ¢ and p:

7.11 Lemma. Let u € S[m;4d] and V € C®(R??,C). Then
V. (w—X >u~€v—|—w
Yy—4q
where v € S[m;4d] and w € S[m + 2;4d] are given by

v(r,y,q,p) = idiv(gy) (VTW’l(qu)U(w,y,q,pD
and

_ vyt OF(z — X")* + ©4(y — q)*
w(x7y7q7p) - 2V w (q7p> (@;(w _ X/-@)Q +@g(y _ q)2 U(x;.%qyp)

In particular w = 0 if ©F, OY € Ceonst -

As we assume that the reader is familiar with the oscillatory integral machinery after the
study of Part II we do not give a detailed technical proof here. Furthermore, we notice that
this Lemma contains all relevant information to establish Corollary 7.8.

The additional growth in w comes only from terms of the form u(y — ¢,z — X*(q,p))®, which
do not influence the boundedness of the operator Z¢(x;u; ©F, OY), so iterative applications of
Lemma 7.11 yield
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7 On the way to an asymptotic solution

7.12 Proposition. Let u € S[0;2d] and |y| > 1. There are v, € S[0;2d],n € N such that for
all N € N there is v, € S[2N + 1;4d] such that

N
w(g,p)(x— X"y —q)" ~ Y Fulg,p) + vivar, (7.15)

T4

where vy, is of the form

Vi = Y upan(e.p)(y — ¢, 7 — X5(g,p)”
k12> N1

with vg o,n € S[0;2d]. In particular

177 (13 0341 07, ©Y) | o o < O

and
175 (5 u(e — X",y — q)75 0%, 0Y)|| 2,2 < CelP/21,

In the Ehrenfest-case, we have C' = C(g) < C(p)e~".

Proof. For N = 0 the result follows directly from Lemma 7.11 and Corollary 4.12. Assume that
the existence of the v, and an expansion of the form (7.15) is shown for n < N with N € N.
We construct v, 41 and v, in the following way: We set

w(z,y,q,p) == > 00,8 (0, 0)(y — ¢, 7 — X"(q,p))".
b+ e{nt1,n+3}

By Corollary 4.12 every term in this sum is of order O(€k+|gc*‘) = O(e""!) or higher in the sense

that the operator with this symbol has L?-operator norm of this order. Our aim is to translate
this e-dependency into a symbol of the form " 1w, 1.
Assuming for simplicity that a; # 0 for all terms in the sum, an application of Lemma 7.11

yields

i k tyr—1 OF(r — X")> + 0j(y — )
w 5 Z ee W (a,p) <@$($ _ X,‘{)Z + @%(y _ q)2
k+%€{n+1,n+%}

X Vo, N(¢,0) (Y — ¢,z — X"(q,p))* ™

+ > i divig ) (eIW’l(q,p)vk,a,N(qm)(y — 4= X”(q,p))“’“) :
k+19lefnt1,nt3}

The product rule splits the last term of the expression into a polynomial of degree |a| — 1 and
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one of degree || — 2:

0 k tp—1 OF (z — X")* + 04 (y — Q)2>
W~ —= g eve; W , d e 7.16
9 N \ 1 (q p) <@$(I‘ - X )2 @g(y o q)2 ( )
k+5re{n+lnt5}

X ’Uk,oc,N(qap)(y —q,T — )(H((Lp))a_61

+ > i divg ) (eiW_l(q,p)vk,a,N(q,p)) (y— gz — X"(q,p)*" " (7.17)
k+18lefnt1,n4-3}
- > ie" el W (g, p) vk, (4, P) (7.18)

k+18lefnt1,n43}

XZ (@ = e0)y (y = g, = X"(g,p))" ™",y (g, X" (g,p))"

The essential observation from this computation is the following: Due to Corollary 4.12, (7.16)
and (7.17) are of order k + g—‘ + 1 in e. Thus those terms have been pushed by half an order in
€ and may be put into the remainder after a possible repetition of the procedure. On the other
hand, (7.18) is still of order k + %l but with its degree in (z — X"(q,p),y — ¢) lowered by two.
Thus one can iterate the procedure unital all (x — X"(q,p),y — q)-dependence is removed and
the result follows. O
An important special case occurs for monomials in (z — X*(q,p)).
7.13 Corollary. Let u € S[m;4d) and V € C(R??). Then
Vilx—X"u~elw+v)+w
where v,v" € S[m;4d] and w € S[m + 2;4d] are given by

v(z,y,q,p) = —div, (VTZ_I(q,p)U(x,y, q,p)>
d
V(zy,q,p) == > ulx,y,q,p)VIZ (q,p) [&;k (@y)_l} ek
k=1

w(z,y,q,p) = §V - Z7Yg,p) (0% (x — X")* + ©%(y — 9)%) u(z,y, 4, p).
In particular, v/ = w = 0 if ©%,0Y € Ceonst-

The result follows from the relation

i0.9"(q,p) = Z(q,p)(x — X"(q,p))

by integration by parts in ¢ and p.

To establish an asymptotic solution, we need precise information about the symbols, which
arise in the compositions. Motivated by the form of the image of the FBI-transform and the
close relation of our FIOs to the Anti-Wick-quantisation, we turn to the following creation and
annihilation framework on the classical phase space. We introduce the “variables”

/

L i (0%(q,p) 26,

/

x4+ 2

( 2 ’g’q’p) = (0%(¢,p))7

xr—+x

N[

—i(0%(q,p)) 2¢

a (mzw ,S,q,p) = (0%(q,p))?
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7 On the way to an asymptotic solution

and their “dual operators”

(0%(¢,p))? D¢ + (O%(q,p)) 2 Dy,

@2) (a @)= <i§ i%). (7.19)

For a canonical transformation, we introduce a similar structure:

which fulfill

~—

Z%(q,p) = (0% (q,p))? X"(g,p) + i (0%(q,p)) "% =%(q,p) (7.20)

q,p
_ - . 1
Z"(¢,p) == (6"(¢,p))? X"(¢,p) — i (0% (¢,p)) 2 E"(q,p).
We want to point out that Z"(g,p) is not the complex conjugate of Z%(g,p) as ©*(q,p) is in
general non-real.

The importance of these operators stems from the relations

o= —ifa(*55e) -7 4aient - x] (72)
and
0z V" =1 {a (J;J;x/f) —Z“] ;

which allow to transform deviations of Z*(q, p) and Z"(q,p) from a and a.
7.14 Lemma. Let u € S[+00;6d]. We have
(a—Z%);u~ elgu (7.22)

and

(7.23)

(3 2") ju~ chu+ 20 [(07)% () = X*a.0))|.

7.2.2 Proofs of Propositions 7.3-7.7

With these preparations, we ready to prove the central composition results and start for the
composition result for the case of constant and real matrices ©F and ©Y.

Proof of Proposition 7.3. Let ¢ € S(R? C). The composition of op®(h) with the FIO applied
to ¢ is given by

[op® (R)Z°(k; u; ©F, ©Y) ¢] (x)

_ 1/ B(EE €] etv e nar® Oy (g p)o(y) dqdpdy do’ dé
(27€)54/2 Jsa 2 7 ’ '
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We perform a Taylor-expansion of the symbol h in the complex variables a and @ to order 2N
around k, compare Lemma 10.10. We get

h(x,&) = Z 04'1,3‘ ((838§h) o H) (a— Z%)" (5—7'€)ﬂ

lo+B|<2N
—+ Z (a— Zn)a (a_Zﬁ)ﬁRa,ﬁ (a767Q7p)
la+B|=2N+1
=: hT (a — Zﬂ,a—7ﬁ) + hR (a)aatbp) )

where

1
Rap (0.€,0.p) = 'O‘Cjﬁ,ﬁ’ Pt (9200R) (@ 4+ 7 (X7 — ) € + 7 (27 = €))dr € Slmy; 4d).

0
Using (7.22) and (7.19), we have

hy (a — Z",a — Zﬁ) U~ Z a!(;b:‘é)! (a— Zﬁ)ﬁia ((83‘8§h> o K,) u. (7.24)

|a+B8|<2N

As ©%,0Y € Ceonst Lemma 7.11 shows that (z/ — X*)u ~ div, (Zil(q,p)u) and hence (7.23)
yields

Z Y q,p) (@-2Z"(q,p))" " v(q,p)> (7.25)

N|=

(a—Z"(a.p))" v(g.p) ~ —2ediv. (e} (67)

for any v € N with v, > 0.
To iterate this procedure, we denote by #+y the number of non-zero elements of v and
rewrite (7.25) as

@—2"(q,p))" v(g,p)

v 3 aive (L @91 27 0n) (- Z7an) vlan)
7k|7k¢0
d
P> [ZW—ewm (@2 ) + (-2 )| (726)
7k|7k7é0 m=1

where the linear differential operators L, .,.) and L) are given by

1 _ —kK
(Liep.en)?)(@: D) = 2¢} (67)2 271(q,p)0.Z" emv(q, p)
1 _
(L) (a.p) = —2div. (e} (67)2 27 (@, p)u(a.p)).
With the three sets

Flzz{’yGNd“’Y’:l}, Iy:=T1 xIh, I''=T1UTly,

we have the following interpretation: the sum in (7.26) is taken over all possible reductions
of the multi-index v by elements of the “brick-sets” I'y and I'y. After another integration by
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(310)

) N

(110) (200) (210) (300)
e AN\ N
0 (100) (010) O (100) (010) (100) (110) (200)

] N N NN

0 0 0 0 0 (010) (100) 0 (100)

o

Figure 7.1: Decomposition of o = (310) with elements of I' the length of each path of the tree
corresponds to the order in € to which it is contributing.

parts in all terms with (H — ZH)—dependence, the sum is taken over all possible reductions of =y
by elements in I' x I', which may be considered as a two-step path in I', plus the terms which
already led to v = 0 in the first step. So after the removal of all (a — 75)—dependence, the sum
is taken over all possible paths in the “brick-set” I which reduce « to zero, compare Figure 7.1.

To formalise this idea, we define the map

[-] - I — N?
h/] — v Y € F1
+92 7= (,72) € la.
Setting
-1
(#60- ) el
<n

A ) = (#wzmn)_l(vzmej)k o = (ejrex) €T,

l<n l<n

we have

@=Z") v~ > N ) AL 12)A ) (L - L) (7.27)

Y1 YR ED
[v1]+-+[ve]=7

Combining this expression with (7.24), we obtain
glal+k

hTUN Z Z Oé'(ﬁ Oé (H)\r}/f}/lv"'a’}/l)ﬁ’yz) (Uagagh°“>'

IB]<2N  ~y1..,7%€T
a<f [nlt+Hwl=p-a
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Now k ranges between [|3 — «|/2] and |5 — «, so we have

Ly[h; k; ©%, 0Y]u

n—|af

— Z CM Z ll:! A(W?’yl’"'a’}/l)ﬁ'ﬂ

n<|a+8|<2n Y- Vn—|a| €D
a<p [’71]+"'+[’7n7|a\]:6_a

where we use the convention

n—|al

S I MLy, =id

717~"77n—‘a| =1

(u 63‘0§h o /ﬁi)

for n —|a| = 0. Note that after the reduction of all creation and annihilation terms, the symbol
arising from hr is independent of & and &, so that we can apply Lemma 5.2 to turn the operator

RE(k; hyp; ©F, ©Y) into the form Z°(k;v; ©F, OY).

We develop the explicit expressions for the lowest order terms. The zeroth order term

(hok)u

is provided by a = 8 = 0. For the first order term, there are three contributions.

1. The terms with || = 1, = 3, which result in

k=1

2. The terms || = 1, = 0, which give

d

k=1 k=1

d
£ (((9a,0a,h) © k) (q,p)) u(g, p) = etr (((3a0gh) © k) (¢,p)) ulg, p).

d
€Y Loy (Wl hor)(qp) =2¢» div. <eL (%)% Z271(q,p) (Ba h o k) (q,p)U(q,p))

= —div, (((hx +i0%he) o k) (q,p)Z’l(qm)@ :

3. The first order contribution of terms |3| = 2, « = 0, which is

d
9
Z §U(Q7p)£ek,el (&ak&alh o H)(va)

k=1
1 _ —K
=Y ce} (67)2 27(q,p)0. 2" e1(0a,05,h 0 k) (q, p)ulg, p)
k=1

ety (z—l(q, )3, 7" (Hesszh) o ) (¢, p) (@w)%) u(q, p).
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7 On the way to an asymptotic solution

Recalling that

Z(g,p) = (1O i) (F(q,p)!(~i07 i)l = 0.2%(q,p) (67},  (7.28)
the traces may be combined by an application of the chain rule
tr <Z_1(q, p)9.Z" ((Hesszh) o ) (@r)%> + tr (((020ah) 0 K))
27Y(q,p)0.Z" ((Hesszh) o ) (@I)%) +tr ((ex) 2 ((8udah) o K) (@x)%)
)+ tr (270, )0-2" (9adah) 0 ) (67)?)

N

— tr (z—l(q, p)8.Z" ((Hessgh) o &) (6%)
(27 (@.p)0- |(©7)2 ((Dah) o )] )
- %tr (271 (4, 9)0: (9 + 1©70)h) 0 1)) .

We turn to the discussion of hg. Using (7.22) iteratively, we have

> (-2 @-2") Ragla.a,q,p)
lo+B|=2N+1

~ Y elloe [(a—?ﬂ)ﬂRa,g (a,ﬁ,q,P)}

la+8|=2N+1

~ > Dl a'( ) G =777 (057 Rap) (a,,0.9).

la+B|=2N+1v<«

Now by integration by parts using (7.23), we see that the (6 — Zﬁ)ﬁiv-term can be converted
into a sum of symbols of orders [|5 — | /2] to [|8 — 7|] and therefore the remainder is of order

laf + 18 =~1/2] = [2]al + |8 —9[]/2 > [2N +1]/2=N + 1
in the semiclassical parameter €. O
Next, we show the composition result of PDOs and FIOs in the general case.

Proof of Proposition 7.5. The proof is in large parts identical to the one of Proposition 7.3.
Exactly the same arguments as before yield (7.24), which reads

h(a-2%a-Z"u~ Y a'(;w:“)' (@77 ((9s02n) o ) u

|a+8]<2N

The difference lies in the fact that the conversion of the creation terms (@ — Z" (g, p)) is more
complicated, as the full result of Lemma 7.11 has to be applied. Therefore, we will not reduce
these terms in one step but convert them to (z' — X*(q,p)) factors first. An application of
Proposition 7.12 will then complete the proof.

From (7.21) and (7.19) we deduce inductively that

(@—2Z") etV = (saa+2(@ff)% (x’—X”))Veém (7.29)
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7.2 Proofs

and hence

hT(afZ”’”,Ef?”)u
~ ¥ 6|a((agfafh)m) <—€8a+2(@z)%(:z:'—X”))ﬂ_au

ot TN al(f— a)!
|ex] —a
= > =y ((e0dn) or) (meow + 206 - x) . (7.30)
la+B|<2N

Note that u is independent of x’, so that we have
(—edy +2(2' — X”))Bia u = Z ag (@' — X")u
2k+[y|=[B—af

with e-independent coefficients ax,y € C. Thus an application of Proposition 7.12 yields the
existence of an expansion in the claimed form.

We turn to the explicit expressions of vy and v1. As h is subquadratic, unbounded parts arise
only from the Taylor-polynomial of order one. Using (7.30), we have

d
h(Z%(q.p), Z"(¢,p)) + Y _ (8a,h0 k) (¢,p)(@ — Z"(q,p))ulq, p)
=1

~ (o k) (a,p) +2¢} (9a,h 0 8) (¢.0) (0% (4, p)? (' — X")ulg, p)
= (hok)(q,p) + (8 +10%9)h) o k) (¢, p) (2" — X")u(q, p).

The symbol v; arises from the second order derivatives of h. As the relation (7.28) is not
valid for non-constant ©* and ©Y we cannot use the chain rule to obtain the explicit expression,
but we have

(X. (O7)2 — iZ, (67)72)0:05h (O7)% + Z(q,p) (O7) 2 Du0ah (O7)
= (X.(0%)% —iZ, (0%)2)0:((0y + i079) h) + Z(q. p) (0%) 2 8y((0 + 107 ) )

[N

= (X (07)2 —iZ. (67)2)0a (D +i07°0c) h) + (X= (67)2 +iZ. (O7)2)04((0s +i070) h)

and thus
tr (Z_l(q,p)azfn ((Hessgh) o k) (@x)%> + tr (((0,0zh) o K))

= St (270.0) 0:(he © K(0,)) + 1070 (he o (4, )])

The treatment of the remainder is analogue to the proof of Proposition 7.3. Again us-
ing (7.22), we have

S (a=2%(@=2")" Rag(a.a.q,p)
lat+Bl=2N+1

~ Z Z |a|< > (3 — ,y) ( _7}@)577 (8;JYR0¢,B> (a,@,q,p)

|a+B8|=2N+1~v<a
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7 On the way to an asymptotic solution

and a combination of (7.29) and Proposition 7.12 concludes the proof. O
Finally, we show the results on the time-derivative of FIOs

Proof of Proposition 7.6. By direct computation, the strong time-derivative of an FIO on S(R%)
is given as

ie%fa (/{t; u; O, 0Y) =1° (Kt; v; 0%, 0Y)

d
where
v(z,9,9,p)
d t t d t d t d t t
—_ _ K EH . 7Xfi _ 755 _ xinf _ Xﬁ: . 1
G5 @ = ) X - (G -0 X - X (3
(e (z — X"( ))2/2u+isiu
dt P '

By iterative applications of Corollary 7.13 we have
v(z,,9,p)

d Wt —t d Kt
~ =25 (g p)u+E7 (4,p) - = X" (g, p)u

d d f d
+ ediv, ((dtaﬁt - ieﬂfth“t> Z_l(q,p)u> tieu

+ %divz (KCZ@I) (x — X“(q,p))} T Z‘l(q,p)u> .

Now the last term splits into terms of order ¢ and &2

div, ([ ie"”> (z — X“(q,p))rzl(q,p)u>

= tr (82 Kjt@"”) (z— X”(q,p))} T Zl(q,p)U>
= —utr <Z_1(q,p) (Xf(q,p)jt@‘”) U>

d T
d
+ 2 E div, | 9., [ —©7 z-1 U z-1
o 1 ( k <dt (t) (t,q,p)ek (%p)) (t>Q7p)> )

which yields the result. O

Proof of Proposition 7.7. The proof is analogous to the proof of Proposition 7.6. The difference
lies in the treatment of the symbol (7.31), whose unbounded parts are not converted into orders
in € and in the use of Proposition 7.12 for the existence of a hierarchy. O
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8 Uniform approximation of the propagator

In this section, we use the composition results and the results on time-derivatives to establish
an approximation of the unitary group by Fourier Integral Operators.

8.1 Statement and proof of the main result

8.1 Theorem. Let US(t,s) be the propagator associated to the time-dependent Schridinger-
equation

iU (1) = o (D), 7 s) = v € AR

for =T < s,t < T, where h*(t) = ho(t) + ehi(t) with subquadratic hy € C(R, S[2;2d]) and
sublinear hy € C(R, S[1;2d]). Moreover let ©Y € Ceonst and ©F € CHR2,C) with 0 < vid <
ROZ(t,s) < +'id and ©%(s,s) € Ceonst for all s,t €] —T,T[. Then

N
sup  (\US(t,5) — I° (n‘“% > eMun(t, 5); ©7(t, 5), @y> < O(T)eN*,
—T<st<T =0 L2(Rd)— [2(RY)
where k%) and the u, are uniquely given as

t,s)

e the Hamiltonian flow k%) associated to hy and

e the solutions of
d 1 d s s
—up (t,5,¢,p) = un(t,s,q,p) |str ( Z27'(t,5,4,0) 5= Z(t,5,4,p) | —iha (t,X“(t' - )>
dt 2 dt
n
+ Z Lk[he; H(t’s); o7, @y]un_k
k=1

with initial conditions

ug(s, s,q,p) = det (0% (s, s) + ©Y)1/2
Un(878,q,p):0, nz ]-a

where the Lk[hs;w’s);@f,@y] are linear differential operators, whose coefficients depend on
0%hg for 2 < |a| < 2k and 0“hy for 1 < |a| <2k —1.
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8 Uniform approximation of the propagator

Proof. By Proposition 4.10, an FIO associated to a C family x(»*) of canonical transformations
of class B and (z,y)-independent symbol u = Zivzo €™y, up, € CY(R, S[0;2d]) leaves S(R?,C)
invariant. Thus we can plug such an operator as an ansatz into the time-dependent Schrodinger
equation. By Propositions 7.3 and 7.6 we have a representation

N
. d E(1,E € t,s). n . QT
(zedt —op°(h ))I (n( ),Zs un; O (8, s),@y)

n=0

N+1
=7¢ (ﬁ;(t’s); Z e"up; OF (1, 5), @y> + R (H(t’s); Vi i9; OF (1, 5), G)y>

n=0

on S(R?, C), where

T O(eNT2). (8.1)

R (50505423078, 5), €7
We will show that the u, € S[0,2d], 0 < n < N can be chosen such that the v, vanish for
0<n< N+ 1. Thus, ZI¢ (m(t’s);anzo eup; OF(t, s), G)y> is an asymptotic solution of order
N + 2 and the statement follows from the Magic Lemma 7.2.
In the case ©%,©Y € Cconst, we have the full hierarchy of Propositions 7.3 and 7.6 and see
that vg is the product of ug and

d .t g K)ot (t,s)
( dtS th h(] (t K ) (8'2)

whereas the expressions of Propositions 7.5 and 7.7 for vy yield (8.2), when

d . (ts) d (t)  p(tss)
Yook 7Xn LT — he (t (t,9)
( a’ Ta 0 ( " ))

_1<$Hn<ts> 07 (1, 5) (ts>> <ts> (@)
45 (@2 407 (1, 5)00m) 0 69 (g,)1 (& — X (g, p))

is restricted to z = X+ (q,p).
As we do not expect Z¢ (/@(t’s); 0; ©%(t, s), @y) = 0 to be a good approximation of U(t, s), we
require (8.2) to vanish. Taking derivatives with respect to ¢ and p, we obtain

1o (£:9) d xr®9] 2t | et [d yer®s)
dtSq + *X +“ TX

1 (t:8) d H(t,s) ,:H(t,s) ’_‘H<t s) | d K(t:9)
dtSp + @ Xp T =p @X

_ F”(t’s)V(m,g)ho (t, K(us))

_xr®) [dgeto] | gt iX”(t’S)
—q

q dt= (t,s)
= — F*UV o eyho (£, k59
(t:8) [ d =9 =kt [ d (t,s) (z,8) 0( ’
—Xp | &ET | e | aX”
ok x4
_ (= @ (ts) _ et (t,s)
= (Eg(t’s) —XZ‘““”“) P V= F" Vggho (t,f@ y )
- (t,s) d t, ‘.
R A (dt;a( D = IV gho (K¢ >)) .
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8.1 Statement and proof of the main result

t,s)

Hence we see that a necessary condition for (8.2) = 0 is to chose £(»*) as the Hamiltonian flow

associated to hg. The explicit form

t
o (£:9) d _ e (79 s
s (q,p)=/ [dTX (g,p) =" " (q,p) — ho (T,n(’)(qm)ﬂ dr

for the action then shows that this condition is also sufficient.
As this choice for £®%) implies

d ) d

52 0, p) = 107 () 2 X 0,p) = = [ (B 0 1) (a,) +107(1,5) (e 0 50 (a,)]

we obtain

d 1 (t,s) d
n — 7 Un—1 — JUn— zZ- XK —O7
Un = o U1 — U 1tr< Y(t,s,q,p) dt@ (t, s))

1 ()T S
— gt (27 (s 0p) [@zmm o w9 (q,p)) + 167 (1, )0 (he o 1 (q.)) |

(hlo"?( )) (g, p)un— 1+ZLk (1), (L, 5), O¥]un—r

N
=Y Lifho(t); 612 ©7(t, 5), ©Y]un_ k—ZLk [h1(t); 652 0% (L, 5), OY)up 11
k=2

with the convention u;, = 0, k < 0, where Lj[k(5): ©%(t, ), O], Li[ho(t); k4%); ©7(t, s), ©Y] and
Lilho(t); K4%); ©%(t, 5), ©Y] are the differential operators of Propositions 7.5 and 7.7.
Recalling that

(t,s) e (t)8)
Z(t,s,q,p) = XZ " (q,p)O"(t,5) +iE5 " (q,p),

we see
(27 s, 0 ) X5 (0. p) LOm (1, 5)
5 .4, 0" (t,
1 — S - x S
= 5t (270t 5,0.0) [0:(ha 0 1) (0,p)) + 107 (1, )0 (he 0 50 (,))] )
i d
=t (Z (t5,4,p) 21, s,q,p)>
and thus
d |1 _ d . s
Up = Zaun—l —1 |:2t]:' <Z 1(t7 S)(LP)&Z(t? S7Q7p)> g — 1 (hl o K'(t7 )) (Q7p):| Up—1
N
+ Z Li[h%; 66, 0%(t, 5), ©Y]u, 1,
k=2

where we set

L[, 1% 07(t, 5),0Y] := Li[s®%); 07 (¢, 5), 0Y]
— Li[ho; 515 ©7 (8, 5), ©Y] — Ly [ha; 615 ©7 (1, 5), ©Y].
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8 Uniform approximation of the propagator

As the linearisation of det(A) for invertible A is det(A)tr(A~'dA), the equations v, = 0 have
the solutions

t

exp —i/hl (7’, K(T’S)) dr and

s

N[

uo(t, s,q,p) = Co (det(Z(t, s,q,p)))

Y
un(t>saQap) ZUO(t787Q7p) €xp _/ELk-i-l[’i(t’S);hE(T);@x(Tv S)7®y]un—k(TasaQ7p)dT )
k=1

which are of class S[0;2d] due to the assumptions on h®. The correct choice for the constant
Cy to obtain

N
z° (id; Z e"un (s, 8); O (s, s), G)y) =id

n=0
follows from Proposition 4.13.
It remains to show the uniqueness. Assume that there are #(“*) and % € S[0; 2d] such that

HUE(t, 5) — I° (;5@’8% T 0% (1), @y) H < C'(T)e.

In this case we have

A (Ii(t’s); uo; O% (1), @y> —-7° (ﬁ(t’s); u; ©*(t), @y) H < (C(T)+C'(T))e

and hence

: 7Cw(t7s)(t7q07p0)
lim < ©
#() (qo,po)

5 . €,0Y(qo,
I° (n(t’ ); uo; ©%(t, s), ey) g(qopc()(;() pO)>L2(Rd)

e—0

: 792(t75)(t7q07p0)
= hm< N
£(t:2) (qo,po)

~(t.8) ~ Az £,0%(qo,
1° (m(t’ );U; © (t7 5)7 @y> g(qo,p((g0 pO)>L2(Rd) ’

e—0

so Proposition 4.13 shows that (%) = k(%) and @ = ug on supp(ug) = R?*?. The uniqueness of
the higher order symbols follows analogously. O

Corollary 7.8 and the form of ug yield the following result for the Ehrenfest timescale.

8.2 Corollary (Ehrenfest-timescale). In the situation of Theorem 8.1 and under the additional
assumption

sup
(t,x,€) ER24HL

8&5)Hess(z7§)h(t,x,§)H < 00.
for all o € N, we have the following bound for the Ehrenfest timescale T(¢) = Crlog(e1):

< C(p)e'?,

sup
L2 (RY)— L2 (%)

—T(e)<s,t<T(e)

’Ue(t, s)—1I° (K(t’s);uo; or, @y> ‘

where p can be made arbitrary small if Cp chosen small enough.

As the Initial Value Representations are uniformly close to unitary operators they approxi-
mately inherit some properties.
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8.1 Statement and proof of the main result

8.3 Corollary. Consider the situation of Theorem 8.1 and let uy = ZT]LO e™uy,.

o The Initial Value Representations are almost unitary, i.e. they fulfill

‘ I° (n(t’s); un; O%(t, s), @y> I° (ﬁ(t’s);uN; 0%(t, s), @y)* — id‘

e The Initial Value Representations almost fulfill the group property
‘ z° (/{(t’t,); un; O7(t, 1), @y) 7° (K(t/’s) cun; ©F(t) ), @y>

L2(R4)—L2(Re) ~
LR —L2(RY)

A (/{(t’s); un; O%(t, s), 8y> 1 (m(t’s); un; O(t, s), @y) — id‘

< N+1

_TE (t,s). .o
7 (ﬁ vun; O (t, 8)’@y>’L2(Rd)—>L2(Rd) = e

We also get an simple Egorov result for a € S[0; 2d], namely

if we use the classical Egorov Theorem, see e.g. Théoréme IV-10 in [Rob87].

8.4 Theorem (Egorov). Let a € S[2;2d] be subquadratic and h(t) € C(R, S[+o00;2d]) such that
op®(h(t)) generates a unique unitary time-evolution U¢(t,s). Then

|U= (s, t)op* (@)U (¢, ) — 0p° (a0 &')|| 12 gay 12 (gay < C%
where k%) is the flow associated to h(t) and the C depends on d*h and d%a for |a| > 3.

In view of Theorem 8.4 the restriction to a € S[0;2d] in (8.3) is not satisfactory. Indeed, (8.3)
is not the strongest result one can obtain from the theory we developed. Combining Corol-
lary 4.19 on the form of formal adjoints of Fourier Integral Operators with the composition
result Proposition 7.5, we can at least allow for sublinear observables, whereas subquadratic
observables do not seem to be accessible in the context of L?(R?)-boundedness.

8.5 Proposition. Let k a canonical transformation of class B, ©*,0Y € C u € S[0;2d]. If
a € S[1;2d] is sublinear, we have

Jop® (a)I7 (k5 us ©7, ©) — T (1 u; 0, ©Y) 0p° (0 ) | 2y oy < Ce. (8.4)

The assumption on sublinearity of the symbol a is in accordance with a corresponding result
in [Tat04]. Note that neither the canonical transformation has to arise from a Hamiltonian
flow nor do not require the FIO to be an Initial Value Representation but that the result holds
for arbitrary canonical transformations x and symbols u € S[0;2d]. Unfortunately, we have no
general result on the almost unitarity of our FIOs, which forces us to present the Egorov result
in the form (8.4). If it is known that the canonical transformation x arises from a subquadratic
Hamiltonian, we can turn (8.3) into the traditional form (8.4) with help of Corollary 8.3.

We address one last topic, namely the relation between Initial Value Representations and
quadratic Hamiltonians, which yield linear canonical transformations and thus ¢ and p inde-
pendent Y and ug. From its construction, it is clear that the TGA is exact in this case.
Also the Herman-Kluk propagator equals U (t, s) due to the form of the symbols vy in Proposi-
tions 7.3 and 7.6. For arbitrary ©%, ©Y € C, these symbols will in general not vanish. Moreover,
Proposition 4.13 suggests that a symbol, which recovers the identity in terms of a general FIO
has to be z-dependent. As the propagator of the harmonic oscillator equals the identity af-
ter every second oscillation period, one can thus not expect that general IVRs are exact for
quadratic Hamiltonians.

z° (ﬁ(t’s);uN; or, @y) " op®(a)Z® </£(t’s);uN; or, @y) —op°(ao K,(t’s)) H < Ce (8.3)
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8 Uniform approximation of the propagator

8.2 Two special cases

Theorem 8.1 gives rise to an infinite number of Initial Value Representations. The question,
which choice of ©F and ©Y gives the best method cannot be answered on the basis of the
suboptimal estimate of Theorem 5.4, compare the discussion after Proposition 4.13. However,
there are two choices for ©* and ©Y, which are immediate and were already mentioned several
times, namely O%, ©Y € Ccongst, which yields the Herman-Kluk propagator and ©%(t, s) = O7ga,
which yields the Thawed Gaussian IVR, compare (6.4).

It remains to show that the TGA is covered by Theorem 8.1:

8.6 Lemma. Orga(t, s, q,p) is symmetric, belongs to S[0;2d] and fulfills
(x, ROTGAT)ga > C(t) |2,

uniformly in (q,p) € R*, where C(t) > 0 behaves like CeP in the Ehrenfest case. Moreover,
the principal symbol ug may be expressed in the well-known form

1
2

uTGA(ta S, qap) — 2_d/2 (det (X;<t'5) + ,L'X;“vs)))*

Proof. ©rgalt,s,q,p) is symmetric, as
et (b8 e\ . )\ T () (s e\t o T
:’;f +z:’;f }[(X;t ) —i—z(X]’;t )}:[X;t +1X§t }{(:';t ) +Z(:;f )

by the symplecticity of F' r(Be), Moreover, it has positive definite real part:

= — s +iX )7L [kt P R
2RO (t,q,p) i[X;(t’) ; ;u >] {ng ) z~’;(t )}
s f »S t ,S T ,8 T -1
+1 |:<~g<t’ )) i (:;(t >) ] |:(X(,;(t, )) ; <X;(t )) :|

(t,s)

and thus
(t8) (69
P [X; +iX) } RO (t,q,p) [Xg

(89 (89 e\t e\ T

=iz i) () i ()]

[ xer®o L xer®) e\ T e T
+ Xy +1iX, =g —u|=,

e (8) e\ s o\t et E\T ks )\ T
=== (") = (0") e () -t ()

)]
+1Xp ]

=q =p =q =p
() (Rt T SRt (Rt T ) (ot T xR (ot T
T4y =p Ay =q Ty =q Tdp =p
= 2id

Hence, for z € R?

(2, RO" — (2 ROT [y st -1 Rt () -1
T, T)ga = (T, m’)Cd— q +i, Ty 1 4q iy z cd

2
-1
(t;s) .y ()
= [ i)

(t:s) (t:s)

K R —2 2
ZHXq +iX; ]2 .
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8.2 Two special cases

t,s)

As k() is of class B, HX(’;(t’S) + iXI’;(

T -2 2
Lo R4y < C(t) and thus (z, RO x)ps > C(t) 7 ||z||".

For the symbol class of ©1ga we recall the expression of a matrix inverse by the formula of
minors

©11(¢, p) —021(q,p) ... (-1)*'Oa(q,p)
0 (q.p) 1 —012(g,p) ©22(¢, p) o (=1)*2O4(q, p)
TP detO(g,p) : : g : !
(=)™ O14(g,p) (—1)"2O2(q,p) ... ©4d(q,p)

which we apply to © = X;<t’s) (q,p) + iX]’j(t’S) (¢,p). Because of the form of ©pga and the fact
that (4 is of class B, it is enough to show a bound away from zero for det (X(’;(t’s) (¢,p) + iX]’j(t’S) (q, p)) )

But as (z, RO%x)ps > C(t) 2 ||||?, the real parts of the eigenvalues are bounded away from
zero and with them the determinant.
By the uniqueness of the symbol up and the results of [BRO1], it is clear that

N

(t.s) . (t.s) () —r(t:9)
uo(t, 5,0.p) = (det (X5 (g, 0)0rca — X5 (@, 0)0rca + 2 (0.0) + 2" (0,0)) )

may be cast in the claimed form.
However, this also follows directly from the symplecticity of e (¢,p) as

. ) ok () mmGONT ) p(9) ts) . oro\ T .
—’L(X; ’ —ZX; S><:’; +zz'; s) +Z<:’; ° —zz’; s)(X('; ) —HX; S) = 2id.

O
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8 Uniform approximation of the propagator

8.3 Some numerical results

We close the dissertation by some numerical experiments on IVRs. The major challenge for the
implementation is the discretization of the oscillatory phase-space integral. As the quadrature
of such expressions is far beyond the scope of this work, we restrict to one-dimensional problems,
where grid-based approaches are feasible.

Moreover, treat Hamiltonians of the classical Schrodinger form

Ly - SNt 0) = ot

which allows to obtain a reference solution by the numerically well understood Strang splitting
method [Str68] with Fourier differencing, see [JL00]. The parameters and accuracy of the
reference solutions are collected in the appendix.

We will study three IVRs, namely the Thawed Gaussian IVR, the Herman-Kluk propagator
and the first correction of the Herman-Kluk propagator. Calculations based on the proof of
Proposition 7.3 show that the first correction has the symbol

uo(t, s, q,p) [1 + cexp <—z’ /st (Laug) (T, 8,4, p) dT>:| ,

where
522(q,p) ZAq0) T [ yonts)
LQUO tvs)q)p = - = Uuo tvs)qu + |:V (XH q,p ) — ].i| U t,S,q7p
( ) 824(q,p) ( ) 423(q,p) (@7) ( )
(t,s) (t,s)
52:(¢:p) X7 (ap) X5 (@P) | 13) (xrt
- Vv <X“ q,p>u t,8,q,p
1223(q, p) 622(q,p) (@p) ) ol )
(t,5) 2
1 (X; t (q:p)) (4) H(t’s)
_g ZQ(q p) V (X (Q7p)) uO(t7S7Q7p)7

compare also [HK06].
We study three potentials

V(x) = 22/2 The harmonic oscillator is the traditional starting point for all semiclassical meth-
ods. As the treated IVRs are exact for this case, this section is more concerned with issues
of the implementation than with actual approximation properties of IVRs.

V(x) = (1 — e*)2 The Morse potential is used to model the single-state dynamics of diatomic
molecules. Around the minimum, it only shows a mild anharmonicity.

V(z) = 2*/4 Finally, we treat the quartic oscillator which shows a stronger anharmonicity.

The initial datum is chosen as the coherent state centered at (1,0) in phase space for all

computations, i.e. ,
bo(@) = gty 0) = (me) M hem eV

and the time-interval under consideration is [0,25].
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8.3 Some numerical results

8.3.1 The harmonic oscillator

LAV AN AN
AR R M A M
e ™
M A M AMAR ML
MM AN A MA LY

Figure 8.1: Propagation of the initial datum in the harmonic oscillator. The potential is shown
by the grey line.

We start our discussion with the harmonic oscillator. As mentioned after Theorem 8.1, both
the Herman-Kluk propagator and the Thawed Gaussian IVR are exact in this case. To give
the reader an idea about the length of the time-interval, the propagation for ¢ = 0.01 is shown
in Figure 8.1. One can see that the wavepacket completes four full oscillations.
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8 Uniform approximation of the propagator

As already mentioned, we chose a grid based approach for the discretization. More precisely,
using the Matlab colon notation, our grids are given by

1
c i

(1,0) + G (0 1)2, where Gpy :=[-2:0.1-2F:2] x [-2:0.1-2": 2] c R*,

i.e. we have a full grid Ggp with 1681 points and coarsening parameters k, [ such that Gy; has
1680/2%+ 41 points.

K/ 0 1 2

0 | 1.45¢-7 1.10e-7 2.96e-3
1 | 1.10e-7 5.57e-8 2.96e-3
2 | 2.96c-3 2.96e-3 4.19¢-3

Table 8.1: Dependence of the initial sampling error on the grid in L2-norm.

Table 8.1 collects the error of the initial sampling for different numbers of sampling points.
Note that an error of 1e-8 corresponds to machine precision, as it is actually

Ut 5)0 — T (5007, 07 ) | i

which is computed. The somewhat strange behavior that a higher number of sampling point
leads to a larger error has to be attributed to floating point arithmetics. As the sampling error is
close to machine precision, the roundoff errors gain importance. As higher number of sampling
points require more basic algebraic manipulations for the reconstruction of the wavefunction,
it is this error which is more pronounced on fine grids.

We turn to the significance of the width parameters ©% and ©Y. Table 8.2 lists the error for
different values of the equally chosen matrices. It turns out that the smallest error is achieved
for the width of the initial datum but also that the sampling is rather robust on fine grids.

k,l1/©% Y 0.25 0.5 0.75 1 1.25 1.5 1.75
k=I=0 1.39e-4 3.64e-6 4.24e-7 1.45e-7 3.07e-7 7.8le-7 1.77e-6
1=1 2.31e-3 5.45e¢-6 1.83e-7 5.57e-8 1.29e-7 3.65e-7 1.31e-6

=1=2 3.02e-1 6.47e-2 1.39e-2 4.19e-3 1.02e-2 2.32e-2 4.17e-2

Table 8.2: Dependence of sampling error on the width matrix in L?-norm.

When it comes to the propagation, ordinary differential equations have to be solved. For this,
we rely on the well-established method DOPRI5(4) of Dormand and Prince [DP80]. A pitfall
here is the appropriate choice of the tolerance for the method. Due to the oscillatory structure
even small errors of the classical quantities lead to large overall errors. More precisely, if the
method computes for example SB(S;)RI(q,p) = g (¢,p) + 0 with 6 = O(e), we have

(t,s

(3 O
e’SDOPRI (ap)/e _ eZS (

ap)/e — id/e — O(1).

Table 8.3 collects the errors at the final time ¢ = 25. The larger error for big e reflects the
tolerance, which is chosen as TOL,q = 10732 and TOL,ps = 10742,

One should be aware that a well-chosen initial sampling and a strict tolerance to the ODE-
solver are not sufficient to control the error of the IVRs. This is the message of Figure 8.2,
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8.3 Some numerical results

€ 1 le-1 le-2 le-3 le-4
Error | 1.87e-3 | 3.41e-5 | 5.04e-7 | 1.96e-6 | 5.01e-6

Table 8.3: Error of the Herman-Kluk solution at ¢ = 25.

which shows the error of the Herman-Kluk propagation and the TGA-IVR over time for different
values of the initial width ©¥. As the approximate evolution of Gaussians used in the TGA
is exact for the harmonic oscillator, its error is constant over time. On the other hand, the
error of the Herman-Kluk propagator goes up and down in time with the oscillations of the
wavepacket. Though the error is always dominated by the initial sampling error, one will in
general be confronted with the opposite behavior as we will see later on.

0.075

VU

\SV/A\SY/A\SV/A\SV/A\S/A\WW/A\WV/A\WV/,

0 | | | |
0 5 10 15 20 25
Time

o
o
(8]

Error in L>-norm

Figure 8.2: Error of the Herman-Kluk method (thick lines) and the Thawed Gaussian IVR (thin
lines) over time for the ¢ = 0.01 and k¥ = [ = 2. The two black lines correspond
to ©Y = 1 and are thus identic, whereas ©Y = 0.5 was used for the red lines and
©Y = 1.5 yields the blue lines.
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8 Uniform approximation of the propagator

8.3.2 The Morse potential

A
t=0 t=1 t=2 =3 t=4
M A
t=5 t=6 t=7 t=8 t=9
t=10 t=11 t=12 t=13 t=14
t=15 t=16 t=17 t=18 t=19
EL(
t=20 t=21 t=22 t=23 t=24

Figure 8.3: Propagation of the initial datum in the Morse potential

We turn to a more interesting problem, namely the Morse potential, which is given by

V(z)=(1—e")%

The Morse potential is used to model the single state dynamics in diatomic molecules in Born-
Oppenheimer approximation. The physically relevant regime for ¢ is between 0.001 and 0.01.
Figure 8.3 shows the propagation of the initial datum for € = 0.01. One can see that oscillations
in the solution arise from the exponential growth of the potential on the left side.
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Reference
—HK
— TGA
t=0 =2
| ﬁ(‘
=4 t=6
— ——
t=8 t=10
t=16 t=18
‘l [T REAAA /
,».'Aﬂ“mnhm.‘m“

t=20 t=22
Figure 8.4: Propagation of the initial datum in the Morse potential by the IVRs.

Figure 8.4 compares the Herman-Kluk propagator and the TGA for ¢ = 0.01. Whereas the
TGA loses a significant amount of the total mass, the quality of the Herman-Kluk solution,
which covers the reference solution in almost all of the plots, is impressive.

For a more quantitative assessment, we turn to Figure 8.5, which shows the error of the
various methods over time. There are two interesting messages concerning the Herman-Kluk
propagator. First, comparing the blue and the black lines, one sees that the initial sampling
is not sufficient to control the quality of the approximation. Although the coarser grid shows
a smaller initial sampling error, compare Table 8.1, it yields a much larger error of the prop-
agation. Second, one sees that the first correction of the Herman-Kluk propagator actually
reduces the error in the short-time regime, but that its long term error is larger than that of
the lowest-order method.

Figure 8.6 depicts the behaviour of the L2-error at t = 10 for € €[le-4,1e-1]. Both the HK and
the TGA error show the perfect O(g) asymptotic predicted by Theorem 8.1. On the other hand,
the O(e?) asymptotic of the first correction of the Herman-Kluk propagator is not seen in the
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8 Uniform approximation of the propagator

Error in L2—norm

Error in L°-norm

25

0.04 "

= HK

— HK, k=l=1
0.03}| = HK (1st corr)

0.02¢

0.01y

Time

Figure 8.5: L%-error of the IVRs for the Morse potential and € = 0.01.

08f| = HK
— HK, k=I=1
= HK (1st corr)
06| ——TGA
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Time
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Semiclassical parameter ¢
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|| ——HK
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Figure 8.6: Asymptotic behaviour of the L?-error for the Morse potential at ¢ = 10 and ¢ = 1.

figure. This is due to numerical difficulties. As explained before, due to our choice of tolerances
the integrand is approximated by the ODE solver with an error O(g), thus the numerical error
is dominating the methodical error in this case. However, pushing the computation to higher
accuracy is a serious challenge. By a rule of thumb, the borderline for the accuracy of ODE
solvers is the square root of the machine precision, i.e. around le-8, so an accuracy of O(e?),
which one would need is not obtainable for small €. This also applies to the reference solution,
whose quality does not improve, when more gridpoints and timesteps are added.

However, if one restricts to short times, i.e. to t = 1 as in the right plot of Figure 8.6, the
numerical errors are small enough to show an O(g?) asymptotic at least for large ¢.
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8.3 Some numerical results

8.3.3 The quartic oscillator

t=0 t=1 t=2 t=3 t=4

-

t=5 t=6 t=7 t=8 t=9

t=10 t=11 t=12 t=13 t=14

r

t=15 t=16 t=17 t=18 t=19

L

t=20 t=21 t=22 t=23 t=24
Figure 8.7: Propagation of the initial datum in the quartic oscillator.

As last example we consider the quartic oscillator V(z) = 2%/4. As one can see from Fig-
ure 8.7 the solution develops even stronger oscillations in this case.
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8 Uniform approximation of the propagator

Again the Herman-Kluk solution shows an impressive quality, see Figure 8.8 as long as the
oscillations of the solution are not too strong, whereas the TGA-solution deteriorates quickly.

\
Reference
—— HK
— TGA
t=0 t=2
=4 t=6
N a@/
t=8 t=10

Mwl“.

AT L, LAY

(LU
ey A

t=20 t=22

Figure 8.8: Propagation of the initial datum in the quartic oscillator by the IVRs.

Also the behaviour of the error is similar to the case of the Morse oscillator, see Figure 8.9. A
difference lies in the fact that the first correction stays closer to the Herman-Kluk solution over
time. With respect to the asymptotic behaviour of the error, one recognises again a perfect O(g)
behaviour in the regime ¢ €[le-4,1]. The behaviour of the first correction is again explained by
numerical errors.

In the right plot of Figure 8.10, we turn to an interesting question. Theorem 8.4 shows that
observables are primarily transported along the classical flow with an error of O(¢?). Combining
this result with the relation (1.4), one obtains the following result for the approximation of
expectation-values in terms of the Wigner-function

(¥ (t)|op*(a)¥(t)) p2(may — / (WE(@Z)(t))O%(S’”) (¢,p)alg, p) dgdp| < Ce?,

R2d
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Figure 8.9: L?-error of the IVRs for the quartic oscillator and ¢ = 0.01.
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Figure 8.10: Asymptotic behaviour of the L?-error for the quartic oscillator for ¢ = 5.

where () is the solution of (1.8) and a € S[0;2d] is subquadratic. One might wonder, if such
a bound also holds for the approximation of expectation values by IVRs. As it is hard to prove
the converse by analytic computations, we try to answer this question numerically.

The operator, whose expectation value we investigate is the simplest one possible, namely
op®(1) = id. The obvious advantages of this choice lie in the fact that the exact expectation
value is ||¢(t)|| = 1 and thus known for all times and that the expectation value is independent
of the quantization one chooses. Now the right plot in Figure 8.10 shows that the errors of
the norms of the IVR-solutions behave like ¢ for ¢ — 0. As this behaviour is shown even
for small times one can rule out numerical problems and has to conclude that the bound in
Proposition 8.5 is strict.
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9 Summary of notation

We summarise the non-standard notation used in the dissertation and hint to its first appear-

ance.

Spaces and sets

Notation Denoted object Defined in Page
SP[m;d], S[m;d] Symbol-spaces Definition 1.1 17
C, Ceonst Accessible matrices for the FIOs Definition 4.6 52
Transformations
Notation Denoted object Defined in Page
Fe Fourier transform Equation (0.11) 10
we Wigner transform Equation (1.3) 16
T¢(O], T, O] FBI-transform Definition 4.2 45
B¢ Bargmann transform Equation (4.5) 49
He Husimi transform Equation (4.7) 50
Operators
Notation Denoted object Defined in Page
op(h) Weyl-quantization of h Definition 1.2 17
Tiw (ki u; ©%,0Y)  Anti-Wick Fourier Integral Operator — Definition 4.4 50
I (k; u; ©F, ©Y) Fourier Integral Operator Definition 4.8 52
RE(k;u; ©F,0Y) Fourier Integral Operator Definition 5.1 74
Die] Dilation operator Lemma 4.14 59
Special quantities
Notation Denoted object Defined in Page
or Phase function of Z¢(k; u; ©%, ©Y) Equation (4.11) 52
yr Phase function of R®(k; u; ©F, QY) Equation (5.1) 73
z5. 7" Complexifications of k Equation (7.20) 106
0.,div, (f) Complex combinations of d,; and 0, Equation (7.2) 98
Fr Jacobian of & Definition 2.1 28
W(q,p) Matrix related to V() ®" Equation (7.14) 103
Z(q,p) Matrix related to V,®" Equation (7.3) 98
Cry Ck Lipschitz-constants of x Proposition 2.3 28
A(©) Canonical transformation Theorem 4.11 55
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10 Omitted proofs

We collect some proofs which were omitted in the text due to their technicality.

10.1 The decay of the oscillatory integrals

We prove the decay properties of various operators used in this work. The following lemma
concerns the differential operators used in the Definitions of PDOs and FIOs.

10.1 Lemma. Let w € S(R?).

1. Let

1 +14e§ -V
B SN N
There are constants Mlgm,)[a] such that
(=)
k M
’(LL) w(z)| < k—[g]Z\ag‘,w(x)\. (10.1)

(1 + |§|2)k/2 a<k

2. Let
 1—ie(—p+i®¥y —q)) -V,
YT I prievy— g

There are constants M,gy) [e, ©Y] such that

<

()
M, [z, 67] > |ogw(@). (10.2)

k
‘<L;) " (1+-p+i0vy —of?) " ask

Proof.

1. By an application of the multinomial theorem we have

d

k 1 —4e€ -V b ok n N k;
n) - ()~ ¥ (iey e T (500 )"
( ) 1+ [¢] Sy ki, ..., kqr1 i ( J)
Thus (10.1) follows from
d
_ k.
<§> g H fj] < o0
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10 Omitted proofs

2. We set f(y,q,p) := —p+i0OY(y — q). By definition, we have

. 1+4ie(—p+i®¥(y—q)) -V, ie (—p+i0Y(y — q))
Ly: X D) vy' . 2
1+ |—p+i0¥(y — q)| 1+ |—p+i0¥(y — q)|
- _ .
_1rEfaen Yy g e fmap) (10.3)
L+ |f(y.qp)| 1+ |f(y,q,p)|

k
We show inductively that (LL) is given by

k
LI,) = 95y, 0,)0}

18I<k

where the functions gg are sums of terms of the form

Mo,
f(y. q,p)* ]:[1 3, f(y,q,p)
Cle, 0%, 0Y] = ~
(1 + \f(y,q,p)\2)

with M, N € N, a € N%, |a| < F, \a|<Nanda()€NdW1‘ch‘ozj)’—l As

Hfj(y, a,p) (f(y, q,p)>_1H

this is enough to show the result.

7

<
Loo(R3d)

For k = 0 the assertion is clear. For the induction step, we have 9, f(y,q,p) = 0 for
|7] > 2 and thus

f(y,q,p)" H 9y f(y,q,p)
ayk

N
(1+|f(y,q,p)| )
NN 4 M .
<1+ 1f(y,4,p)| ) ZZI f(y,q,p)* 0y, fi(x) Hlay(”f(y,q,p)
= i

2N

(1 + !f(y,q,p)\Q)

9 N-1 d
<1+ ’f(yatbp” ) ZQfl(%CI»p)aykfl(yaQap)

=1

Mo
[f(y,q,p)“ 19, f(y,q.p)

j=1

(1 + If(y,q,p)\z)m
d Mo
2 [ 0.p)* 0 fi() T1 0 9 f(y,q,p)

Jj=1

(1 + !f(yqup)l2>N

[f(y,q p)* H 3y f(y.q, p)] lffl 2f1(y, 4, )0y, fi(y, ¢, )

)N+1

(1 + | f(y,q,p))?
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10.1 The decay of the oscillatory integrals

and the induction hypothesis on a and N combined with (10.3) yields the result.

O
The next lemma concerns the operators used in the proof of Theorems 4.11 and 5.4.
10.2 Lemma. Let w € S(R?).
1. Let e = 1. There are constants M,Eyl’g) such that
k.l
o (ij) w’ < 3 8;8?10‘ . (10.4)

(1 + 15|2)k/2 a<h,B<l
for all |y < 1.
2. Lete =1 and ©F € Ceonst.- Furthermore let
L= 1 —ie(@)_lm-zw,
1+ ((©)7"2 f(w)

with
f(w)=C+1iOw, CeR%L

There are ©-independent constants M. ,gw) such that

(1)

Proof.

1. Recalling the proof of Lemma 10.1, it is enough to compute

d d
e, [ € F[[e7w ] = [ © ] | @)
j=1 j=1

d d
{2 @ e [ +© P ka [T
=1 =

to show the result, where d;,, denotes the Kronecker symbol.

2. The decay for this type of operator was already shown in Lemma 10.1. The only thing
left is to show the independence 01f the constants of ©. As © and C are real, we can
introduce the new variable w’ = ©2w, for which we have

Vu(w(w') = Vig(ww)Vyww') = 072 (Veg)(w(w')).

Thus X
1-i[075C —iw'| - Vi
Lyu(w) = o u(w/(w) = Luu(u)
1+ |70 + iuf
and the result follows from the arguments in Lemma 10.1. O
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10 Omitted proofs

10.2 On the sets C and C. st

In this section, we present some results on the matrices used in the definition of our operators.
For convenience of the reader, we recall the definition of the sets C and Cconst-

10.3 Definition (Accessible width-matrices). We define the set
C:= {@ e C* (RZd, CdXd) N S[Oy Qd}’@T = @7 EI60 € Cconsta RO — 60 > 0} )

where
Ceonst = {9 S RdXd

ol =0,0 > o} .
The elements of C.onst are a special case of positive definite matrices.

10.4 Definition (Positive definite matrix). A matriz © € C¥*9 is called positive definite, if
R(2,02) >0Vz € C4z#0.

Contrary to the situation of hermitian matrices, the property that o(A) is contained in the
open right half-plane is only a necessary condition for a matrix A to be positive definite, but
not a sufficient one. Consider the example

-1 2
1=(u 3):

A has degenerate eigenvalue 1, eigenvector (i,1)! and generalised eigenvector (1,0), but is not

positive definite as
1
(1 0)A (0) =-1

We collect some properties of positive definite matrices.
10.5 Lemma.

1. © € C™4 s positive definite if and only if its hermitian part (© + ©*)/2 is positive in
the sense of quadratic forms on R®.

2. A positive definite matriz is invertible with positive definite inverse. Moreover, the adjoint
A*, the transpose A' and the complex conjugate A of a positive definite matriz A are
positive definite as well.

3. A positive definite matriz © admits a unique positive definite square root, which is analytic
in its argument ©. If A is symmetric, i.e. AT = A, this square-root is symmetric as well.

Proof.

1. Let z € C% We have

2R (2,0z) = (2,0z) + (2,0z) = (2,02) + (2,0"z) = 2(z,(RO)z) .

If 2 =z + iy with 2,y € R, we have (z,R0z) = (z,ROz) + (y, ROy), hence the
equivalence to positivity on R%.
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10.2 On the sets C and Ceonst

2. A positive definite matrix is injective:
Az =0=R(z,Az) =0=2=0
and thus invertible. For its inverse we have
R(z,07'z) =R(6(07'2),(07'2)) > 0.

The other statements follow directly from R(A*) = RA, (z, Az) = (z, Az) for z € R and
R(A) = R(AT) = R(A).

3. Mirroring the ideas of [Kat66] V.§3.11, we define a matrix M~'/2 by the Dunford-Taylor
integral (see [Kat66] 1.§5.6)

M2 = QLM / 200 — ) e, (10.5)
I

where the integration path is a closed contour in the half-plane {z|Rz > 0} making a turn
around each eigenvalue in the positive direction and the value of z!/2 is chosen so that

it is positive for real positive z. As a consequence, M /2 is an holomorphic function of
M—l

M~1? s a square root of M~!: Let I';, I'y be two closed contours as described, with T'y
lying completely in the interior of I'y. Using the resolvent identity, we have

(v~ 1/2 27”/F/F 22 (g - MY (2 — M) dz s
1 2

/ / —1/2 71/2 21— M)t —(zg—M)! dzy dzs
2772 r, Jr, Z9 — 21

1 1 12
Y R Y K L o
271 271 Iy 22 — 21
~1/2
1 —1/2 4|1 / 2]
. /s R dz | d
2 /FQZ? (22 = M) [27ri e
1 —1 —1 —1
. M — dzy = ML,
omi Jr 1 (M =21)" dz

To show that this square root is positive definite, we deform the integration contour such
that it runs from —R to 0 along the edge of the negative x-axis, makes a turn around the
origin in positive direction, runs back to —R along the upper edge of the negative z-axis
and runs along Re~*, X\ €] — 7, [ to close the circle. Here, R is chosen large enough
such that it encloses the spectrum of M. Taking the limit R — oo, the integral along
Re™™ X\ €] — 7, 7| tends to zero and we obtain the expression

1 oo
- / R™Y2(M + Nt dR
™ Jo

MY2 =

for the square-root. Now (M 4 R)~! is positive definite and hence we get the positivity
of the square root.

139



10 Omitted proofs

As )
M=_— [z M 1t-2)"1d 10.6
g L =2 e, (10,6
we see that M/ is an analytic function of M, which is positive because of Assertion 2.

The uniqueness of the positive square-root follows from matrix theory, see [JORO01], The-
orem 5. Finally, we show that the square-root of a symmetric matrix A is symmetric.
Then

AV2AY2 — g — At = <A1/2>T (Al/Q)T

and thus (Al/ 2)Jr = A'/2 by the uniqueness of the positive definite square root. Alterna-
tively, the symmetry can be seen directly from (10.5).

O

For the elements of C we have the following Lemma:

10.6 Lemma. Let © € C. Then ©~! € C and there is a unique square-root 02 €.

Proof. We treat the inverse first. As © € C, there is cg > 0 such that

R (O(q,p)z|2) > colz|”  VzeC? (qp) € R™.

Hence

R (2,07 (q,p)z) = R(O(q,p) (0 (¢,p)2), (0 (¢,p)2))

}2 Cco |Z|2

> 5 Vz € RY
19(a, D) | 200 (m20)

> co |07 (g, p)2

and we have established the bound away from zero by the matrix

- coid
16(q, p) 1700 20

O :

We turn to the symbol class of ©7!, i.e. the smoothness and the boundedness of ©~! with
respect to (q,p), which can be seen from the Dunford-Taylor integral (10.6).

1In Lemma 10.5 we have already established the existence, uniqueness and smoothness of
©2(q,p). As the smoothness of the square root and the compactness of

{@ c dxd

e=0e,<6< H@|’L°°<R2d>}

an upper bound for the square root, it remains to show a uniform bound from below, which
follows from
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10.3 On the matrices W (q,p) and Z(q,p)

10.3 On the matrices W(q,p) and Z(q,p)

We discuss the matrices W(q, p) and Z(q,p).

10.7 Lemma. Let k be a canonical transformation of class B and ©%,0Y € C. The matriz
— oyt —i0%(q,p)\ | —i©¥(q,p)

is invertible with (W*[©%, 0Y]) " (¢,p) € S[0;2d]. In the Ehrenfest case T(¢) = Crplog (e7h),
we have

|

for all « € N, where p can be made arbitrary small if Cp chosen small enough.

o2, Wre¥,0Y H

L SCE and |0, vien et < ce

(a,p) (a,p)

Proof. For better readability, we drop the arguments of W, F*, ©F and ©Y. We have
CChN
w
< (Rev) ™

(e GO (7 o) (o () 257)
( — .

W*

QT z\—1 ii - 3OY i
_ (FH)T (J@ (?;%%z))—l d) (Z.@a: id) Fr 4 ( © (%@y>—1 ) (Z@y _ld)
e (iSOT 4 30T (ROT) T SOT + 07 —iid 30T (RO —iid) .
= () ( (RO 130" 4 iid (RO™)"! )F
iSOV + 0¥ (ROV) I IOV + OV —iid —36Y (ReV)"! +iid
* < ~(rev)igev —iid (ROY)~! >
— (FM)H(A©) MO F —i (F5)! JF* + (A (69))" A (69) + i
= (A(©")F") (A(0%)F") + (A (07))" A (€7) (10.7)

where we have introduced the symplectic matrix

A©) = ( (6
(RO)

~—

[NIE
[NIES

2 0
30 (RO)™
which fulfills

S BRI -
reae) = (M1 200, %0 St )

The matrix in (10.7) is invertible as the sum of two real symmetric positive definite matrices,
we get the invertibility of
(RO7)™ :
w | W
( (ROY)™!

and with it the invertibility of W (q, p).
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10 Omitted proofs

We turn to the symbol class of W(q,p). As k is of class B, we have W(q,p) € S[0;2d] so it
remains to show that the inverse of the matrix in (10.7) is S[0;2d]. As the inverse of a matrix
A max be expressed as

A11 —A21 e (—1)d+1Ad1
1 1 —A12 A22 ce (—1)d+2Ad2
" det 4 : : g : ’ (10.8)
()™ Ag (—1)H2A45 ... Adq

where the Ay, denote the minors of the matrix A. Hence it is enough to prove a bound from
below for the determinant. By the concavity inequality

[det(A + B)]Y? > (det A)/? + (det B)'/?
for real symmetric positive matrices A and B we have
|det W (q,p)|? (det RO®) ! (det ROY) ™! > |det(A(OY))* = 1

and hence ) ) ) )
|det W (g, p)| > (det RO¥)2 (det ROY)2 > (det OF) 2 (det @g)i,

where we used
d
det (RO”) = det (RO® — OF + OF) > |det (ROT — O2)4 + det (©F)4| > det (OF).

The bounds for the Ehrenfest case follow from Proposition 2.7 and the expression for W~1(q, p)
by the formula of minors (10.8). O

10.8 Lemma. Let k be a canonical transformation of class B and ©%,0Y € C. The matriz
Z(g,p) = (i) id)(F*(g,p) (—i®" id)".

is invertible and its inverse Z=Y(q,p) is in the class S[0;2d]. In the Ehrenfest case T(g) =
Crlog (5*1), we have

|

for all o € N, where p becomes arbitrary small for Cp — 0.

0(0217:0)ZHL00 <Cpe™”  and ‘
(a,p)

0 Z! HLOO < Cper (10.9)
(a,p)

Proof. The argumentation is analogue to the one in Lemma 10.7, as
Z(q,p) (RO") ™" Z(q,p)"
= 2R (0Y)"! + (A (©%) F*(q,p) (Z (G—)k)i >> <A(®“) F*(q,p) <Z (?i()i ))

and thus
[det(Z(g,p))| = det (2 (0%(g,p))"*) det(RO” (¢, p))*.
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10.4 Taylor expansion in complex variables

10.4 Taylor expansion in complex variables

We justify the Taylor expansion in the complex “variables” a and @, which is used in the proof
of Propositions 7.3 and 7.5.

10.9 Lemma. Let f : N — C. We have

d
Z fla) N+1 ZZO@-F]. fla+ej).
|a|=N+1 |a|=N j=1
Proof. For a = (ay,...,aq) € N, we set
alj:= (ala--~704j—1704j+17--'a04d)-
The result follows by induction, as
d d N+1
2 =gy 2 Sy S =0 3D DD SRR

J=la;=0 " |aAj]|

la|=N+1 |a\ N+1
=N+1-a;

d
Y Y (@it

10.10 Lemma. Let h € S[+0o0;2d]. We have

hwe) = Y o ((0r0d) ox) (@.p) (o= Z°a.p)" (a—Z"(a.0))]

la+BI<N
+ > (a2 @ Z"(0.p)" Rap(a,a.0.p),
la+B|=N+1
where
Ra,ﬁ (avav Qap)
1
b [olessit (spoh) (@ 0 (X¥(a0.0) ) €+ 0 (E¥(ap) — €)do

0

Proof. The Taylor expansion of

[1]

g(1) =h (X" +71(x — X"), 2"+ 7(£ — E7))
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10 Omitted proofs

around 7 = 0 to order N evaluated at 7 = 1 reads

1[d*
o) = 3 g | (X4 7o = X2+ vl - =)
k<N 7=0

1 1 dN+1
[ & [dTNHh(X“+T(:U—X”),E"+T(£—E“))LU do.

It is straightforward to check that

%h (X" +7(x— X"),E +7(£ - =)
= (0oh) (X" + 7(z — X"),E" + 7(§ — E%)) (a — Z"(q,p))

+ (0ah) (X" +7(x — X"),E" + 7(6 — 7)) (@~ Z" (¢,p))

and thus

k
e (X% 4 7l = X2 (s~ =)
T 7=0

= > (@l ex) a2 a) @2 )

lo+8|=k

by induction:

dk+1
[diHh (X4 71(x— X"), 2" +7(& - E"))}
7=0
k+1 d a+er; A3 . ater. (= Bk 5

= Z al B! Z ((8a dzh) o “) (g;p)(a— Z"(q,p))* ™ (a— Z (q,p))

la+8l=k 7 |h=1

d
+ 3 (@200 h) o v) (0.0 — Z%(a.0))" (@ — Z"(a.p))
lo=1

= > k;jﬁ? ((33‘8§h) o ff) (¢,p)(a— Z%(q,p))*(@— Z"(q,p))"

|o+B|=k+1

where we used Lemma 10.9.

144



11 Some technical results

We collect some basic technical results used in the dissertation for convenience of the reader.

11.1 Faa di Bruno’s formula

The generalisation of the chain rule to higher derivatives is known as Faa di Bruno’s formula.
The following version is taken from [Har(06].

11.1 Proposition. Let f € C"(R?,C). We have

n | Bl
O )= ) T w2 (1L.1)

b)
0xy...0x, e H]EB 0x;

where  runs over all partitions of the set {1,...n}.

11.2 Symplectic matrices

We recall that a matrix M € R2#*2? ig symplectic if and only if it fulfills

MM = J,
which is equivalent to
Mt=—JgM'J.
Hence the block decomposition
A B
u=(2 p)
yields
ADY — BCt =id BA"— ABT =0
DAT — B =id cDf —DCt =0
D'A— BfC =id D'B-B'D=0
AtD —C0tB =id Atc—ctAa=o.

Applying this to the symplectic matrix
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11 Some technical results

we have the identities

X5 (a,0)'E5(q,p) — X5 (q,p) T2} (

~p(q,p)TX5(q,p) — Z5(q,p)' X}

X5 (q,p) X[ (q,p) — X[ (q,p)T X (
Er(q,p) E5(q, p) — E(q, p) EL(

E5(q,p) X} (q.p)" — X”(qm)EZ(qu =id
X q,p)E(q,p)" = Ef(q,p) X5 (q,p)T = 1id
E5(a,0) X} (q,p)" — X (q,p)E5(q,p)T = 0
X5 g, p)Es(q,p)" — 2 (q, ) X[ (q,p)T = 0.

11.3 Some results on coherent states

11.2 Lemma. Let M € C™*? be symmetric and positive definite. We have

1 —Max2/2 _ -1/2
(27-‘-8)d/2/Rd6 /Edl’—det<M ), (112)

where M~Y2 is the unique positive definite square oot of M1,

Proof. The Gaussian integral

1 —Mz?/2e
(2me) /2 /Rd ¢ az,

is analytic in M. For real positive definite matrices, it is well-known that its value is given by
(det M)~1/2 = det(M~1/?). Now the integral on the left-hand side of (11.2) is analytic in M
and thus the assertion follows by analytic continuation and Lemma 10.5. ]

11.3 Lemma (Fourier-transform of a coherent state). Let M € C¥*9 be symmetric and positive
definite. We have

(2ﬁi)d/2/ efik-x/s |:de(t7£§f)g//fi4 —M(z—20)?/2e+iko-(z—x0) /e dx

1 .
— det (M—1/2) AU E (=M (hbo)? 2o/

where M~Y2 is the unique positive definite square root of M~'. Note that

det(RM)1/4

_1\1/4
det M1/2 = det (R(M 1)) .

Proof. We follow the strategy taken in Appendix A of [Fol89] and treat the case xzop = &, = 0
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11.3 Some results on coherent states

first. We have

v, [ / o~ Ma? /2 tik-a/e dw} _ / W Ma?j2etika/e g,
R4 Rd €

= —iM1 ;me—MI2/2£+ik~x/g dr = —iM 1! [v$e—M:c2/2£} eikzm/a dx

Rd g Rd

—iM~! e—Mm2/2s [VIBMI/E} dr = _M_lk/ e—MmQ/2€+ik-ac/5 dz
Rd 9 Rd

And hence
v [BM—le/%/ o—Ma?/2e+ik-z/e dm} :
Rd

i.e.

(27r€)_d/2/ €_M$2/25+ik~x/8 d:(} — C[M]e_M71k2/257
R4
where the contant C[M] is deduced from k = 0:
C[M] = (27r5)_d/2/ e~ Mz?/28 g0 _ et (M_1/2>
R

by Lemma 11.2. For the general case, we have

/ e—ik~x/8e—M(a:—xO)2/25+ik0-(a:—a:o)/e dr = / e—ik~(;v+1’0)/5€—Mx2/25+ik0-a:/a dr
Rd Rd

— e—ikxo/e/ e—Mx2/25+i(k0—k)~m/€ do = e—ikxo/se—M_l(k—k0)2/2€ dr.
R4

It remains to show that
det RM

det M?
Let M = A+ iB and C = R(A+iB)~!. We have

= det R(M ).

2C = (A+iB) ' +(A—iB) ' < (A+iB)C(A—iB)=A

and thus

det RM
det M?

_ det(MCM*)
~ det(M M)

= det(C).

11.4 Lemma (Inner product of coherent states).
Let 1, x0,&1,& € RY, ©1,0, € C™4 symmetric positive definite. We have

< £,01
g(zl £1) 9

N

€,05 > _ (det RO det %@2)
(z2,62) L2RY) et (l (O, + @2)%>

X exp [ 26¢ - (01 + Oy) " 5 Je — 2016, - (O + Oy) ! 92575/5}
X exp [2155 (O1 +00) "1 (0, — 01)d, /¢

x exp [i(z1 — x2) - (&1 + &2)/2¢],
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11 Some technical results

where

_a-& PO ks

J —
¢ 9 2

and (©1 + @2)% 1s the unique positive definite square root of @1+ 0. Moreover, if RO1, ROy >
©p >0 and R (071), R (65") > O, we have

< £,01
9(901751) g
where the constant C[O1, O, O, O] is e-independent.

Proof. We define

T+ T2 5. — T — X2
2 ) x — 2 )

69 = (01 +0,) 71 (0, —01)d,

The inner product is given by the integral

1 ,
(det RO def“f@ﬂz / eéﬂ(wyxhxzéh&)d%
(me)2 Rd

2
£,09

—Oq(z1—12)? -0} (£1—62)?
(I2752)>L2(Rd) < 0[91;62,@07@6]6 60( ! 2) /486 90(51 52) /487

&1+ & 5 _ & -8

B s I3 B and

é—

T =

where
Wz, 21,12,61,&) =& (2 —22) — &1 - (2 — 71)
+1i01(z — x1)2/2 +1iOa(z — x2)2/2
By explicit algebraic manipulations, we have
Q=20 (& —x) +20, - €
+i(01 + O)(z — 2)2/2 +i(x — 1) - (O3 — ©1)0, 4+ i(O1 + O)52/2
= 20¢ - (& — @) + 20, - €
+i(01 + Og)(x — )%/2 +i(x — Z) - (O1 + O2)59
+i(O1 + 03) (69)% /2 — (01 + ©3) (69)° /2 + (O + ©2)52/2
= 20 (x — &+ 69) + 20, - € + 20¢ - 69
+i(O1 + Oo)(m — & + 69)2/2 + (O + ©2)52/2 — (0 + O5) (5°)° /2
= —20¢ - (x — &+ 069) + 20, - € + 20¢ - 69
+i(01 + O9)(z — & + 09)2/2 + 21010, - (O] 4+ O2) ! O46,.

Hence, the integral is the Fourier-Transform of a Gaussian evaluated at £ = 0 and the result
follows from Lemma 11.4.
For the upper bound, we have

5762

1/4
(det %@1 det %@2) / e—@o(w—xg)Q/QEe—Go(x—Il)2/28 dx
R4

£,01
‘<g(x1,£1) g(l‘27§2)>L2(Rd) < (Wg)d/2
 (det RO, det ®O,)/* < B0 | =6 >
© (det©)'? 910920/ 12@a)
_ (et ROLdet RO o, 2 e
(det @0)1/2
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and by Parseval’s Theorem

€01 €,02
’<g($17€1)

Y(@2,62) >L2 (R4)

c €,02

_ €,01
o ‘<]:6g(361,1€1) F g(x2,§2)>L2(Rd)
1

(det R (01) ! det R (@2)*1) g

(me)d/2

IN

/ O (k—€1)2 /22 O (k—E2) /22
Rd

=

(det R (01) ! det R (@2)*1)
(det ©4)"/?

£,0; >
(€2,0) L2(Rd)

=

o
<9<§1f5> 9
(det R (01) " det R (@2)—1)
_ 6*96(51752)2/45_

a (det ©})/2
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12 Parameters of the reference solution

We collect the parameters used for the reference solutions of Section 8.3 in Table 12.1. We
recall that the potentials considered in that section are the harmonic oscillator V(z) = 22/2,
the Morse potential V(z) = (1 — e™®)? and the quartic oscillator V(z) = 2*/4 and that the
initial datum chosen as the coherent state 9?1,0)'

Harmonic and quartic oscillator

Parameter/e le-0 le-1 le-2 le-3 le-4
Domain [-6,6] -3,3] [-2,2] | [-1.5,1.5] | [-1.25,1.25]
Time intervall | [0 25] | [025] | [0 25] [0 25] [0 25]
Gridpoints 8192 8192 8192 16384 32768
Timesteps 200000 | 200000 | 200000 | 400000 800000

Morse potential

Parameter/e le-1 le-2 le-3 le-4
Domain [25] | [1,2] | [FLL5] | [0.75,1.25]
Time intervall | [025] | [025] | [0 25] [0 25]
Gridpoints 4096 4096 8192 16384
Timesteps 200000 | 200000 | 400000 800000

Table 12.1: Parameters of the reference solution. For ¢ = 1, the solution of the Morse potential
escapes to infinity.

Table 12.2 collects the maximal error in L?-norm over the whole time-intervall.

Potential /e le-0 le-1 le-2 le-3 le-4
Harmonic oscillator | 8.50e-8 | 2.86e-7 | 2.45e-6 | 6.02e-6 | 1.50e-5
Quartic oscillator | 5.12e-6 | 4.26e-7 | 1.59e-6 | 3.30e-6 | 8.31e-6
Morse oscillator 1.71e-5 | 2.93e-6 | 7.25e-6 | 1.82e-5

Table 12.2: Maximal error of the reference solution in L?-norm. Note that the reference is
compared to a solution with half the gridpoints and half the step-size such that the
actual error is lower
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13 Deutsche Zusammenfassung

Die zeitabhangige Schrodingergleichung

2
et =S AU V(N $(0) = € I2(RY (13.1)

ist allgemein als die fundamentale Gleichung der nichtrelativistischen Quantendynamik an-
erkannt. Thre Losung, die Wellenfunktion 1, ist eine komplexwertige, quadratintegrable Funk-
tion auf dem Konfigurationsraum R? des Systems, dessen Dimension d durch die Anzahl der
Freiheitsgrade gegeben ist. Da d bereits fiir einfache Systeme wie etwa kleine Molekiile sehr
gross werden kann, ist eine exakte Losung der Gleichung (13.1) in der Regel weder analytisch
noch numerisch erreichbar.

Unter den zahlreichen approximativen Verfahren haben sich die semiklassischen Methoden als
besonders erfolgreich herausgestellt. Thnen liegt die Beobachtung zugrunde, daf} sich die Quan-
tendynamik in makroskopischen Systemen zur klassischen Mechanik vereinfacht. Mathematisch
lasst sich dieser Ubergang durch den Limes ¢ — 0 beschreiben. Zwischen den Extremen rein
quantenmechanischen Verhaltens und klassischer Dynamik existiert ein Regime, in dem klas-
sische Grossen wie Orte und Impulse zur Beschreibung der Wellenfunktion verwendet werden
konnen.

Die vorliegende Arbeit liefert eine mathematisch rigorose Rechtfertigung fiir die sogenannten
“Initial Value Representations” der theoretischen Chemie, eine spezielle Klasse semiklassischer
Approximationen an den unitéren Propagator der Gleichung (13.1). Aus mathematischer Sicht
stellen diese Methoden Fourier-Integraloperatoren mit komplexwertiger Phasenfunktion dar.

Im Hauptresultat Satz 8.1 wird gezeigt, dafl eine Klasse dieser Operatoren, die insbesondere
die weitverbreitete Methode von Herman und Kluk sowie den sogenannten Thawed-Gaussian
Propagator umfafit, eine semiklassische Approximation an den unitiren Propagator darstellen.
Diese Approximationseigenschaft gilt in der Norm-Topologie der beschrankten Operatoren auf
den quadratintegrablen Funktionen und kann bis zu beliebigen Ordnungen im semiklassischen
Parameter € verbessert werden. Dartiber hinaus wird ein Resultat fiir die Ehrenfest-Zeitskala,
die als die langste fiir semiklassische Methoden zugingliche Zeitskala gilt, gegeben.

Als wesentliche Teilresultate wird die Beschrinktheit der Operatoren auf dem Raum der
quadratintegrablen Funktionen im Satz 4.11 gezeigt, sowie eine asymptotische Entwicklung der
Komposition Weyl-quantisierter Pseudodifferentialoperatoren und der betrachteten Klasse von
Fourier-Integraloperatoren in Proposition 7.5 bewiesen.

Die Arbeit schliefit mit einigen einfachen numerischen Experimenten, die die prinzipiellen
Schwierigkeiten bei der Implementierung der “Initial Value Representations” aufzeigen.
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