Chapter 3

Examples

3.1 Orlicz sequence spaces

As it has been shown in Section 1.4 the spaces [, (1 <p < oo, p # 2)
and ¢y have the Lyapunov property. The next class of Banach spaces
for which it is natural to consider this property is the class of Orlicz
sequence spaces. The introduction of Orlicz functions has been inspired
by the obvious role played by the functions t” in the definition of the
space l,. It is quite natural to try to replace t¥ by a more general
function M and then to consider the set of scalars {a,} -, for which
the series >°° | M (|a,|) converges. W. Orlicz [27] has checked the
restrictions which have to be imposed on the function M in order to
make this set of sequences into a suitable Banach space. His study led
to the following definition.

Definition 3.1.1 An Orlicz function M is a continuous, nondecreas-
ing, and convez function defined for t > 0, with M (0) = 0.

We shall consider vector - valued Orlicz sequence spaces. With any
Orlicz function M and sequence {X,} of Banach spaces we associate

the space (X7 ® Xo @ ...),, of all sequences x = (z1, 29, ...), where z; €

X; (i=1,2,...), such that % M(”x—p"”) < oo for some p > 0. The
n=1

space (X7 @® Xy @ ...),, equipped with the norm

2| = inf{p ~0:3 M (”Z””) < 1}

n=1
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is a Banach space. If X,, =R (n =1,2,...) we get the Orlicz sequence
space ;.

We will show that all Orlicz sequence spaces containing no isomor-
phic copies of ls have the Lyapunov property. For this aim we recall
some definitions and statements (that can be found in [24]) concerning
them.

Proposition 3.1.2 ([24], p. 139) Let M; and M, be Orlicz func-
tions. Then the following assertions are equivalent:

(1) ln, = Ly, i-e. both spaces consist of the same sequences and the
wdentity mapping is an isomorphism between ly, and Ly, .

(13) My and My are equivalent at zero, i.e. there exist constants k >
0, K > 0, and ty > 0 such that for all 0 < t < tq, we have
K *My(k='t) < My (t) < KM, (kt).

Anyway, without loss of generality we may assume that M (1) = 1.
We shall be interested in Orlicz spaces not containing isomorphic
copies of [, space because [y is not a Lyapunov space.

Definition 3.1.3 An Orlicz function M is said to satisfy the As-

condition at zero if M is nondegenerate and Os<1,t1£)1 1\1\4/[(?)) < 00

Proposition 3.1.4 ([24], p. 138) For an Orlicz function M the fol-
lowing conditions are equivalent:

(1) M satisfies the Ag-condition at 0;

(73) Iy contains no subspace isomorphic to ly.

In the sequel we suppose M to satisfy the As-condition.

Remark 3.1.5 If M is an Orlicz function, x € (X1 ® Xo @ ...),,, and
e > 0, then evidently by the definition of the norm ||x|| > € if and only

z'fmi;lM (lz=l) > 1.
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Proposition 3.1.6 ([24], p. 143) The space l, or ¢y if p = oo is
1somorphic to a subspace of an Orlicz sequence space Iy if and only if
pe [aMaﬁM]7 where

Qp = Supqq: sup Aj\f(()\)‘)?q <0y,
0<A, t<1
_ oo M(Mt)
By = inf {p ‘0<1/\I,1£§1 A O}

are the Boyd indices.

A detailed exposition of the basic properties of Orlicz sequence
spaces is given in [24]. Now we prove some lemmas. The following
lemma is a strengthening of Lemma 1.5.2.

Lemma 3.1.7 Under the conditions of Lemma 1.5.2 for every A €
Y, A (A) # 0 there exist G, € X|4, G, = A\G,, (n = 1,2,...) such that

(i) A (G) =\ (Gr) = 3A(A);

(i) ra=Xg -X¢g» are independent random variables on the measure
space (A, X4, ﬁ)\ ()) ;

(i) i (G) = 3 (D) < 5

Proof. We shall construct the sets G, G, (n =1,2,...) by induction
on n. Let n = 1. By Lemma 1.5.2 there is a G, € |4 such that

/ 1 1 / 1
H,u (Gl) — 5 (A)H < 5 and A (Gl) = 5)\ (A). (3.1)
Let n = k + 1. Suppose G’;,G; (j =1,..., k), satisfying the required

conditions, have been constructed. By independence of {Tj}le there

are mutually disjoint sets {Dz}fil C Y|4 such that

2]@*1 2k
T = > XD;— 2. XDii
=1 i=2k—141
2]{:72 2]{:71 3.21672 2k
roo= X Xpi— 2 Xpit X Xpi— 2 XDy
i=1 i=2k—241 i=2k—141 i=3-2k—241
2 i+1
e = > (1) xp,
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By Lemma 1.5.2, there exists D; € ¥|p, such that

(D) = 3D = g and A (D) = A (D0) (k= 1,.,2")

/ 2k / / 1" . o, .
Put G, , = 'U1 D;. It is easy to verify that G, G}, satisfy conditions
1=
(i)-(zi7). M

Lemma 3.1.8 Let X be a Banach space, r > 0, FF : X —
R be a convex function, which is bounded in the ball B(0,2r) =
{r e X :||z|]| <2r}. Then F is uniformly continuous in the ball
B (0,r) of the space X.

Proof. Let |F (x)| < C for any x € X with ||z|| < 2r. Take arbitrary
a,b € B(0,r) with F(b) > F(a). Consider the straight line A =
{0a+ (1 —0)b: 0 € R} passing through a and b. Choose e € A, |le]| <
2r, so that |ja —e|]| > r and b is between a and e. Since F' is convex,
we have

F(b)—F(a)<F(e)—F(a)<£

lb—=all = lle—al r

and F' is uniformly continuous. B

Remark 3 1.9 In the sequel we shall use Lemma 3.1.8 for the function
F(z) = Z M (||z,||), where x = (x1, 29, ...) € (X1 & X2 ® ...),, , which

is bounded in the ball B(0,2) by the Ag-condition and the following
lemma.

Lemma 3.1.10 Let M be an Orlicz function satisfying the Ag-

condition, 0 < 6 < 1, x = (a1,a2,...) € (X1 ®@Xo® ...),,. Then we
have the following properties:

(@) if 2l <6, then £ M (Jlam|l) <

(13) if Z M (lam||) <6, then ||z|| < 2(510820, where C' is the constant

from the Ao— condition.
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Proof. (i) Using the definition of an Orlicz function we get

o0

3 01 (lonl) = 32 3 (53 ol ) <6 3 ar (1220 <o

(i1) By the Ag-condition, it follows that there is a constant C' > 0 such

that M (2t) < CM (t) for any t < 1. Define o = ||z||,,. Suppose
5 < a < 7. Let us remark that 1 = Z M(l Ham||) M is a

nondecreasing function, and M (1) = 1. Hence

=3 M (”C‘m”) <" S M (lan) < €.

m=1 m=1

Therefore 1 <

Theorem 3.1.11 Let M be an Orlicz function satisfying the As-
condition, 2 ¢ [anr, Bu), {Xn},—, be a sequence of Banach spaces such
that X,, has the Lyapunov property for all n. Then (X; & X2 @ ...)y,
has the Lyapunov property.

Proof. Let us consider two cases.

Case 1: By < 2. First we fix N € N and k = [%} We shall

prove ad absurdum. Assume that (X; & X, @ ...),, fails the Lyapunov
property. By Lemma 1.4.7 there are (2,X,)\), e >0and T : Ly, — X
satisfying the conditions (a) and (b) of the condition (i) of this lemma.
Without loss of generality we may assume that |7 < 3 and e < 1.
Denote Tx = (T\x,Tyx, ...). Let us show by induction on j that there
exist functions {t;};°, € L such that for every j the functions {¢;}7_,
are jointly equidistributed with {si}gzl from Lemma 1.4.9 and

([ (506)]) > 5.5 m0men -1

=1
J
=1

For j = 1 there is nothing to prove. Suppose that for j =
{t:}"_, satisfying (3.2) have been constructed. Now consider A

3.2)

—~

<1lforanym=1,2,....

I3
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{wEQ Zt <\/_}andputam—T (Zt)( =1,2,...). Take
an arbltrary 0 > 0. In accordance with Lemmas 3.1.8, 3.1.10, and Re-
mark 3.1.9 there is 6 € (0,1) such that

(3.3)

if ||z]| <1, ||y|| 1 and ||x—y|| < #. Combining the As—condition
and Lemma 3.1.10, we obtain

S M(Janl) <6 Jlanl <6 (m=N+1.).  (34)

m=N1+1

H(07 "'707&N1+17GN1+27 . )HM < 9 (3’5)

for some N; € N. By Theorem 1.5.6, (X; @XQ@...®XN1)M has
the Lyapunov property. It is clear that u(B) = (TixB,-.., TN, XB)
is a nonatomic measure. Hence, by Lemma 3.1.7 there exists a se-

quence G, € %4, G, = A\G,, )\(G;l) = A(G”) = X (A4) such

n n

that the functions 2, = Xz — Xg are independent on A and
(112 -y Ty 2n) || oy Rl 0. By continuity of M there is a 91 > 0 such
that if |¢],|ul < 1 and [t —u| < 6; then [M (t) — M (u)| < . Select
ng € N so that
| (Th 20 s Ty 2n) || 3 <9, (3.6)
| Tizno |l < 61, i=1,2,..., Ny. (3.7)

Combining (3.3)-(3.7) and Lemma 3.1.8, and Remark 3.1.9, we infer
S M o+ Tz} = 55 M () ~ 55 M (T
Ny
< \mzl A1 o + o) = 3 (Jan )]

+ Z M (| Tozao) + 5 M ()

m=N1+

§ (M (|am + Tmznll) — M(HTmZnoH)]‘ < 49.

m=N1+1

It is evident that

+

||am||+01 if m= ]_,...,Nl

<
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Putting t,11 = z,, and fitting 0 sufficiently small we arrive at (3.2) for
J=n+1.

Notice that the condition £y, < 2 means the existence of 1 < p <
2 and C' > 0 such that

CaP M (t) < M (tz) (3.8)

for any t, x € (0, 1].

Now we employ the proved fact and this inequality. Let {¢; }le be
jointly equidistributed with {SZ} _, and meet requirement (3.2). Intro-
duce the sets of indices

Ji = {meN:|Tut]l <eA(suppty)},
Ji = {m € N :||Tti|| > e\ (supptr)},

where ¢ = 1, ..., k. Then employing (3.2), we get

00 k koo
S (|rmge]) = £ & vazn -1
k
= ( > M(|Tutill) + S M (T, tl|))
i=1 \ meJi meJs

If Ji = @, then by (3.8) we obtain

o] . 1T ts |
mZZI M (HTmtzH) > Z CePA (Supp tk) M (s)\(supp tk))
> C’ép/\ (supp t)” .

In the last inequality we used Remark 3.1.5 and property (b) of the
map T. If Ji # @, then

X M(ITatill) = ZJ,M(HTmtiH)
m= meJj

> e (suppty) > CePX (suppty)”.

Thus, we get
([ (o)) = ol (£« 7)) -

(3.9)
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k
(%)
1=1

Now we consider two cases. Let 1 <

]. Applying the | -
definition, (3.8), and (3.9), we get

v
Q

AV
Q
~
A
gt
NG
— S/\
1078
<
—
-
o
-~

Whence,

p

TP (VN +1)" +C > +C

k
1=1

> (% — 1) C%ePA <

InN

< W)p

k—1
> S
i=1

N—oo

k—1
for all N € N. By Lemma 1.4.9, the multiplier A ( > S
i=1

< \/N) —

1. It follows that this inequality is not true for large N. Let
k 00 k

HT <Z tz-) < 1. Then Y M< T, (Z tz-) D < 1. Employing (3.9),
i=1 m=1 i=1

we arrive at a contradiction in the same way. Thus case 1 is finished.
Case 2: ay; > 2. Equivalently, there exist p > 2 and C' > 0 such
that

M (tz) < CaP M (¢) (3.10)

forany 0 < ¢,z < 1.

By analogy with case 1 we fix N € N and k£ = [N In N]|, choose
the mapping 7T, construct functions {ti}le jointly equidistributed with
{s;}¥_, such that

()

m=1 i=1

k oo
D <2 ZIM(HTmtz’H) +1<k+1.  (3.11)
i=1m=
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Let fn be as in the proof of Theorem 1.4.11:

1 1fft-z\/ﬁ
In=9 1 1th < /N -

0 for the rest

Let us stress that

()

< (vVE) <L

k
Put&z’T(ﬁizltZ) , Q= ( P2 1@)‘ Then a« < 1 and
a, < 1 for large N. If we combine (1.8) ,(3.12) and property (b)
of the operator T', we get a@ > e\ (supp fn) > % for large N. By

the As—condition there is a constant C' > 0 such that M (iam) <
C1 M (). Consequently, by (3.10) and (3.11)

) o) o) k
b WZ::lM(aTm) = Clmz::IM(C(m) :Clmle< ! <z§1ti> \/_% )
&) k p
< o ([ (5)]) )
< G0 (&) (k+1) =00 (F) (NN + 1)

for sufficiently large N € N. This contradiction concludes the proof. B

Remark 3.1.12 Let {X,} be a sequence of Banach spaces and
{M,}>>, be Orlicz functions satisfying the uniform As-condition
(i.e., there exists a constant C' such that sup Mn2) - for

M (t)
0<t<1
all n € N). Then the previous theorem is wvalid for the modular
space (3 Xy),, of all sequences x = (z1,29,...), where x, € X,

(n=1,2,...), such that Z M, (”“"””) < oo for some p > 0 and

_ . lll’nll
| _mf{p>o.nlen( all) < 1}.
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3.2 The A -property

In this section we shall show that Lorentz sequence spaces, Schreier’s
space, and Baernstein’s spaces not containing isomorphic copies of ls
have the Lyapunov property.

First let us summarize some material concerning these spaces.

The Lorentz sequence spaces were introduced in connection with
some problems of analysis and interpolation theory. Let 1 < p < oc.
For any a = (a1, as,...) € co\l1, a1 > ag > ... > 0, let d(a,p) = {z =

(1, 22,...) € o :supioj }x(,(n)}pan < oo}, where 7 is the set of all
1

oETN=
permutations of the natural numbers N. Then d(a,p) with the norm
1
- 1
|z|| = (sup > xa(n)‘p an> " for z € d(a,p) is a Banach space and the
cemrn=1

sequence of unit vectors {e,} -, is a symmetric basis of d(a,p). For
the basic properties of the Lorentz spaces d(a, p) we refer to ([9], [10]).
In particular, it is known that every infinite-dimensional subspace of
d(a,p) has a complemented subspace isomorphic to I, [1].

In 1930, J. Schreier [30] introduced the notion of “admissibility”
while producing a counterexample to a question of S. Banach and S.
Saks. These two had just shown [3] that in the spaces L, [0, 1] (where
p > 1) each weakly convergent sequence contains a subsequence whose
arithmetic means converges in norm. They went on to ask whether such
a thing held in the space of continuous functions C'[0,1]. J. Schreier
showed that this was not the case. A slight variation in his original
concept produces the space which is called Schreier’s space in [4].

Definition 3.2.1 A finite subset E = {ny <mns < .. <ng} of N is
satd to be admissible if k < ny. We denote by L the class of all admus-
sible subsets of N.

Let cgyp denote the vector space of all real sequences which are
eventually 0. Schreier’s space S is the ||.||g-completion of cqp, where
|z||g =sup > |z (k)|, where x (k) is a k-th coordinate of z, and = € cgp.

EeLkeE

It is known [4] that this space is not reflexive with a 1-unconditional
basis.
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In 1972, A. Baernstein [2] produced a reflexive variant of S which
contains a weakly null sequence such that no subsequence is strongly
Cesaro convergent.

If ¥ and F are finite non-void subsets of N, we write " F < F” for
max I/ < min F'. For x € cog we write Ex to indicate the vector defined
by:

z(k), ifkeFE

0, otherwise.

(Ex) (F) = {

Fix 1 < p < 0o. For = € ¢y, we define

]| 5, = sup { <Z HE;JHZ) B el, By <Ey<..<E,nce¢ N} .
k=1

Baernstein’s space B, is ||.|| 5 -completion of coo. It is known that ev-
ery infinite-dimensional subspace of B, has a complemented subspace
isomorphic to [,. See [4] for details.

The idea of the proofs here is very close to Theorem 1.4.11. But the
new trick which we employ, namely considering an auxiliary co-valued
operator, allows us to generalize the Lyapunov theorem for more spaces.

Definition 3.2.2 A Banach space X with a basis is said to have the
Ay-property (X € Ap) if for some basis {e,}.—, in X there exists a map
T € L(X, o) such that for every x = 2z (i) e; € X, with x (i) # 0,
(1<i<N), and every € > 0 there exists 6 > 0 such that for any
y =Yy ()e € X with [Ty| <6

Mz +yll” = [zl = Iyl <e
if 1 <p<oo, or
|z + yll — max {|[z[|, lyl[}| <e
if p= o0.
Lemma 3.2.3 If X € A, and T is from Definition 3.2.2 then for every

x € X, x#0, for every sequence x, n—»Lo:) 0 wn X with HTan — 0,

oo N—0o0

and for every € > 0 there exists n such that

Nz +nll” = [l2[|" = llznl”] <€
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if 1 <p<oo, or

llz + 2l = max{{lz]l, lza |} <e
if p= 0.

Proof. Let {e,}°°, be a basis in X and let T € L(X, ), for which
the conditions of Definition 3.2.2 are satisfied. Fix x :§ x(i)e € X,
i=1

Tan — 0,

oo N—0o0

x#0, z, :§ r,(1)e; € X, (n=1,2,...), x, n%oo 0,
e > 0. Put zC:'lzsup |zn]]. Choose 6 € (0,1) such that for any a,b €
0, [|z|| + 1+ C] with la —b] < 6 the inequality |a” — | < £ holds.
Select N € N such that

0 . 0 N .
> w(i)e| < 7. Denote z° :'21 2° (1) e,
1=

i=N+1
where
con J (i) ifz(i)#0
. (”_{ L ifx()=0 "
It is obvious that -
[llll” = 2°["] < 7 (3.13)
Find § > 0 for z° and § according to Definition 3.2.2. There is n € N
~ N
such that HTan <dand | X x, (1) &) < %. Select M € N such that
00 i=1
o) M
Yooz (i) e < %. Put 22 = >  x,(i)e;. It is easy to see that
i=M+1 i=N+1

|z, — 25| < £ and HTI‘Z

< ¢ and consequently
[e.e]

£
lznll” = ll22 1T < 7 (3.14)
g g g (3 €
2%+ ll” = lla[” = ll=z "] < 3 (3.15)
Note that |||z + x,|| — ||2° + 25||] < 0. Therefore
€
Iz + 2" = [l2° + 23|I < 7. (3.16)
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Combining (3.13)-(3.16), we get
1z 4+ @nll” = [l = lzall”l - < Hl2® + 25| = [2°)" = [l ]|
4 ]’ = (|2 + 2L 7]+ [l = [l
]l = 257 < e

The case p = co can be shown in the same way. B

Theorem 3.2.4 If X € A, (p # 2), then there exist a Lyapunov topol-
ogyT on X, n €N, and if 1 <p < 2 there isp € [p,2) such that

cT (n,,X) > (n)V7,
if 2 < p < oo thereis p € (2,p] such that
b (n/,X) < (n)V?

Proof. Case1 <p < 2. Let 7 be the T — ¢y weak topology on X, where
T is from Definition 3.2.2, and {f;};=, be the coordinate functionals.

Take an arbitrary n € N, a Lyapunov tree X" with ||, _m,|| > 1.
We will show that there exist {m};_ | such that
n p n P
S 20 md| =Y [Ty || 1 (3.17)
i=1 i=1

Let m? = mi. Consider the sequence {x 0 }Oo .- By the definition
mo=

my,ma2

—— 0. Then in

oo M2 —00

w -
of a Lyapunov tree T ms 0 and HT L0 ms
accordance with Lemma 3.2.3 we can choose mJ such that

p 1
%

p 2
0 0
>3 |
i=1

2
D L0
=1

Now consider the sequence {x 0 10 }Oo X Analogously choose mj
ms3=

my,my,Mm3
such that

p 1

p 2
> z; mecl)m? 1
1=

3

2,,0 ,.,0,.0
Z my,my,m;
=1

p
+ meg
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It follows that

3

X,,0 ,,0 .0
Z my,Mmy,m;

=1

P <1 n 1>
2 4)°
Continuing this process we obtain {mf}; | satisfying (3.17).
As || zm, >1(i=1,..,n) we get

p 3
0 0 0
o 231 mel,mg,mi
1=

7777 mg
n p
Z xm? ..... m? >n— ]-7
i=1
and consequently
n p /
1/p
Z L0, .m9 >(n—-1)"".
i=1

It follows that C7 (n, X) > (n — 1)/ for all n. It is not difficult to see
/ / / 1 /
that there exist p € [p,2) and n such that (n — 1) & > (n/)/?" and

1
consequently C7 (n,, X ) >nr.
Case 2 < p < oo is proved by analogy with the previous one. B

Corollary 3.2.5 If X € A, (p # 2), then X has the Lyapunov prop-
erty.

Proof. The proof follows immediately from the last theorem and The-
orems 2.1.8, 2.1.9, 2.2.5, and 2.2.6. &

In Lemmas 3.2.6, 3.2.7, 3.2.8 below the natural coordinate embed-
ding of the corresponding sequence space into ¢y plays the role of T
from Definition 3.2.2.

Lemma 3.2.6 d(a,p) € A,.

3=

Proof. Note that if z = (x1,29,...) € d(a,p), ||z|] = (§ fcﬁan> :
n=1
where (&1, 9, ...) is an enumeration of {|z,|} ~, such that &; > &5 > ...
N
Fix x =) wze; € d(a,p), where z; # 0 (i=1,2,...,N), ¢ € (0,1).

=1
Without loss of generality we may assume that z; > x9 > ... > 0. Since
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k+N
a = (ai,ay,...) € o, there exists k > N such that > a; < 5. Take
i—k

M
5= min{ g min ). Lety = 35y € d(ap) with |y, <
<N i=N+1 *

We may assume \e that YN+1 = Yni2 > ... > 0. Further we estimate the
number |||z + y||” — [[z[|” — [ly[|"] :

M
ez +yll” = ll2)” =y’ = X i (aiy —as)
i=N+1
Ntk M )
=% yla-ny—a)+ X  yi(a-ny—a).
i=N41 i=N+k+1

Since 1 > a; > as > ... > 0, we obtain

N+k N+k c
S o(ay —a) < D> Yl < 3
i=N+1 i=N+1

An application of ||y|| <1 yields

M M

v, (ai-n —a;)) < % (@i—n — a;)
i=N+k+1 i=N—+k+1
N+k M
i=k—+1 i=M—N+1

So, [l +yll” = [l=)" = [lyll"] < . =

Lemma 3.2.7 S € A,

N
Proof. Let z :Z zie; € S, where x; # 0 (i=1,2,...,N), ¢ > 0.
Denote § = + 1mm |z;|. Choose y = Z | it e S with ||y,
It is evident that ||z||, ||y]| < ||z + ]|, COnsequently max {||z]|, HyH} <
Iz +yll.
We shall prove that ||z + y|| < max{||z|,[ly||}. Let K < N, E =
{n1 < ... < ng} be an admissible set, i.e. k < ny. If nj, < N, then

Dl 3 il =3 faal <l

el el el



56 CHAPTER 3. EXAMPLES

If n, > N, then

Sl + D0 |l <D0 ] + lgigHN ] <D Ja| < ],

i€k i€E i€E icE’
where E' = {ko} U{i € E:i < N}, ko € k, N\E. Let k > N, then

Dolwl 0wl =D lwl < llyll-

i€E i€E i€E
Thus [z +yl| < max {[lz], [[y/} . =

Lemma 3.2.8 B, € A,.

Proof. Let x :Z]\[l zie; € By, x # 0, € > 0. Select § € (0,1) such that
for any a,b € {O,Zﬁlel + 1} with |a — b| < @ the inequality |a? — P| < e
holds. Take § = £. Choose y :ijz\irl yie; € S with |yl < 6.
Evidently ||z]|” + ||y||” < |lz +yl|”. We shall prove that ||z +y||” <
lz||” + |ly||’ + €. Let By < By < ... < E,_ E; € L, and

lz+ylI” =D 1B (= + )], -
i=1
We introduce the sets of indices
L={ieTn:ENN+1,M=0},
L={ieTn:ENTN=0},
’L.() = 1,—71\ (Il U IQ) .
Then

lz+yll” =>_ 1By + > 1 Ewylly, + 1B (= + )7, -

el i€ls
Let us estimate the last item
1B, @+l = ([(B,nTN)a

HmnFETI

p
)
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This implies that

lz 4yl = > By + > 1Ewll}, + & < llzlI” + [ly[l” + &

1€ Uig 1€l

The lemma is proved. B

Corollary 3.2.9 The Lorentz sequence spaces d(a,p) (p #2), the
Baernstein spaces B, (p # 2) and the Schreier space S have the Lya-
punov property.

3.3 Tsirelson-type spaces

The results of this section are contained in [34].

One of the historical concerns of the structure theory of Banach
spaces has been whether there are any ”fundamental” spaces which
embed isomorphically in every infinite dimensional Banach space. The
spaces ¢y or [, (1 <p < oo) were hoped to have this property, be-
cause all classical Banach spaces do indeed contain a copy of ¢y or
l, (1 <p < o0). Also Orlicz spaces have this property despite the fact
that the definition of an Orlicz space is not a priori connected to any
l, or cg. This hope was destroyed by B. S. Tsirelson’s construction of
a reflexive Banach space with a monotone unconditional Schauder ba-
sis and no embedded copies of ¢y or any [, [33]. T. Figiel and W. B.
Johnson continued the research and obtained a reflexive Banach space
with a symmetric basis that has the same property. The following
construction of Tsirelson’s space is due to Figiel and Johnson [4].

We inductively define a sequence of norms {||-|| y } x—, as follows: for
T € cg, let

{ lzllg = [l -

|2y = lllly V 3 max {0 | Ejzlly :n €N, n < By < .. < By}

for N > 0. It is easily seen that the ||-||,, are norms on ¢, that they
increase with IV, and that

[ < [ll];,
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for all = € ¢y and for all N. Thus, for each = € ¢y, lij{fn ||z|| y exists and
is majorized by [|z[|, . We denote ligfn |lz|| y by |||l and easily confirm

that it norms cg. Tsirelson’s space T is the ||-||-completion of cqq.
Note that from the definition of the norm it follows that

1 n
|z|| = max{HxHoo ) 5 SUp {Z |Ejz|| :neN, n< E <..< En}}

j=1
(3.18)
for each x € T.

This construction has been developed further and some Banach
spaces of Tsirelson-type were obtained in order to solve some long-
standing problems of Banach space theory. Below we present the results
of Schlumprecht, Maurey, and Gowers.

Definition 3.3.1 A space (Y, ||||) is said to be X\ — distortable if there
exists an equivalent norm |||-||| such that for every infinite dimensional
subspace Z C'Y the quantity

sup [y [I1 /=01 = lyll = W21l = 1}

1s at least \.

In 1991 T. Schlumprecht [30] constructed an example of a space
that is A-distortable for every A. Before giving his definition let us fix
some notation.

T. Schlumprecht defines a class of functions f : [1,00) — [1,00),
which we call F, as follows. The function f is a member of F if it
satisfies the following five conditions:

(i) f(1) =1and f(x) < x for every z > 1.

(17) f is strictly increasing and tends to infinity.

(vit) lim ~4f (z) = 0 for every ¢ > 0.

(iv) The function 2 /f (z) is concave and not decreasing.

(v) f(zy) < f(z) f (y)for every x,y > 1.
It is easily verified that f (z) = log, (z + 1) satisfies these conditions,

as does the function y/log, (x + 1)

The support of a vector z = Z ane, € Coo is the set of n € N for

which a, # 0. An interval of mtegers is a subset of N of the form
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{a,a+1,...,b} for some a,b € N. We shall also define the range of a
vector, written by the ran (x), to be a smallest interval containing its
support. We shall write z < y to mean ran (z) <ran(y). If z; < ... <
Zn, we shall say that xq, ..., z, are successive.

Now let f be the function = +— log, (z + 1) as above. Define the
sequence of norms {|||| y} x_, on coo as follows. Fix = € coo and put

{ lzllp = [l -

|l = el Vsup {f () S 1By @)y sn 2 2, By <o < B}

Schlumprecht’s space S is the completion of the space coy equipped
with the norm ||z| = li]{fn |z|| v for every x € coo. It is not difficult to

show that the constructed norm satisfies the following condition

|z|| = max{HavHoo,supf(n)_1 Z |E; ()] :n>2, By <...< En} )
=1

(3.19)

In 1993 W. T. Gowers and B. Maurey [12] constructed a Banach
space that does not contain any unconditional basic sequence. The
definition of the space resembles that of Schlumprecht’s space. First
we shall need a certain amount of preliminary notation.

Let Q be the set of scalar sequences with finite support, rational
coordinates, and maximum at most one in modulus. Let J C N be an
infinite set such that, if m < n and m,n € J, then logloglogn > 4m?.
Let us write J in increasing order as {j1, j2,...}. We shall also assume
that f (j1) > 256. (Recall that f (z)=log, (z +1).) Now let K C J be
the set {j1,73,...}, and let L C IN be the set of integers js, js, ....

Let ¢ be an injection from the collection of finite sequences of suc-
cessive elements of QQ to L such that, if zq,..., 2z, is such a sequence,

S=o0(z1,...,2), and z = i z;, then (1/20) f (51/40)1/2 > |supp (2)].
i=1

We shall use the injection o to define special functionals in an ar-
bitrary normed space of the form (cqo, ||]|)-

If (coo, ||]]) is & normed space on the finitely supported sequences
and m € N, let A% (X) be the set of functionals of the form

F(m)™" if such that f; < .. < fm and ||[fi|| < 1 for each i. If
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k € N, let I'Y¥ be the set of sequences gy, ..., gr such that g; € Q for
each i, g1 € A3, (X) and gi11 € Ay, . (X) foreach 1 <i <k —1.
We call these special sequences. Let Bj; (X)) be the set of functionals of

k
the form f (k)*l/2 > g;j such that (g1, ..., gx) € I'y. These are specials
j=1

functionals.
The definition of the norm is as the limit of sequences of norms.
Define Xy = (coo, ||-|ly) by l|z]ly = |1z]|, and for N > 0 let

|2l xy,, = sup{f ()" T |Eixlly, :2<neN, By <. < E,}
Vsup {|g (Ez)|: k € K, g € B;(Xn), E C N}

Note that this is an increasing sequence of norms, because the sets
B (Xn) increase as N increases (and more generally, if ||z|l, < ||z||,
for every x € cgo, then Bj (Y) C Bj (Z)). They are also all bounded
above by the [;-norm. Define ||z|| = ]\}Enoo 2|l x,- The [|-|-completion

of the cqg is called Gowers-Maurey’s space GM.
The constructed norm satisfies the following condition

2] = [zl Vsup {f (n) ' S Bz :2<n €N, By < .. < By}
Vsup{|g(Ex)|: ke K, g€ B;(X), ECN}.

(3.20)

W. T. Gowers modified the construction of GM to give an example

of an infinite-dimensional Banach space that does not contain ¢, l; or
an infinite-dimensional reflexive Banach space [11].

Let Q be as above. Let J C N be a set such that if m < n and

m,n C J, then logloglogloglogn > 1000m. Let us also suppose that

f(j) > 10'% for every j € J, where f (z) = \/log, (z + 1). Let ¢ be an

injection from the set of finite sequences of successive elements of Q to
J.

Let X = (cgo, ||]|) be a normed space such that the standard basis is
bimonotone. For every m € N define A* (X)) to be the set of functionals

1 .
of the form f(m) lej, where z7, ..., 2, are successive members of

K]
coo and ||zf|| <1 for each i. A special sequence of functionals on X is
defined to be a sequence of the form z2j, ..., 2};, where M € N, the 2}
are successive, 27 € A* N Q for some m € J and for 2 < i < M, we



3.3. TSIRELSON-TYPE SPACES 61

have 2 € A*(

* *
o272

i—1

) N Q. A special functional on X is defined to

M
be a functional of the form E (Z zj) such that 27, ..., 2}, is a special
i=1

sequence. To any special sequence we associate a sequence of integers
ni,....,ny € J such that 2y € Ay and n; = a(zi‘,...,z;;l) for 2 <
1 < M. The first number n; is not necessary uniquely determined, but

M
N, ...,np certainly are. Given a special functional 2* = E <Z zj),
i=1

we say that Z C J is associated to z* if we can pick such a sequence
nq, ..., Ny associated to the sequence 27, ..., 23, and Z consists of those
n; for which E Nran(zf) # O. A collection of special functionals
wy, ..., wy is called disjoint if we can choose for them disjoint associated
sets 21, ..., Zn.

We are now ready to define our norm. We shall define it as a limit
of a sequence of norms on cy. First let X, be defined by ||z||, = |||l
For N > 0, define X by

|zllyy,, = sup{f ()" i |Esallg, in>2, By <. < E,}
o\ 1/2
V sup <Z§\41 r} (x)‘ ) ,

where the second supremum ranges over all sequences 7, ..., x3, of dis-
joint special functionals on X .
It is easy to check that every x € (G satisfies the equation

Izl =l Vsup {f (m) " Siy [ Ejall sn > 2, By < .. < B}

o 1/2
\/sup( Mo\ (x)‘ >

(3.21)
We will show that the above mentioned spaces have the Lyapunov
property. To this end we will give some preliminary information.

Definition 3.3.2 If X is a ||-||-completion of coo such that (e;) is a
normalized monotone basis of X, f € F or f = const, and every
r € X satisfies the inequality

j=1

||z|| > sup {f(n)_1 S |Ejz||:neN, n<E <..< En}



62 CHAPTER 3. EXAMPLES

then we shall say that X satisfies an admissible lower f-estimate.

Note that by (3.18)-(3.21) Tsirelson’s space has an admissible
lower %—estimate, Schlumprecht’s and Gowers-Maurey’s spaces have a

log, (x + 1)-estimate, Gowers’s space has a y/log, (z + 1) -estimate.

Theorem 3.3.3 If X is a Banach space that satisfies an admissible
lower f-estimate then there exist a Lyapunov topology T on X and n
such that C™ (n, X) > n*/? for some p € [1,2).

Proof. Let 7 be the weak topology on X. Define the coordinate
functionals by f;. Take an arbitrary n € N and consider a Lyapunov
tree X™ with ||, _m,|| > 1 and take an arbitrary ¢ > 0. Then by the

definition of a Lyapunov tree we can find numbers m?, ..., m? such that

i

Pr+41
S
‘rm(l) ..... mz - A Z fz Tmo, .., mo) &l < ﬁ’
i=pr+1

where n — 1 < p; < ps < ... < ppy1, for k =1,...;n. Then
> HZZ:I Efi;iﬂ fi (l‘m?,...,mg) €;
> f(n)! Z |0t fi (T €
2f 07" 2 (Jeng.mp] = 5) -
>f(n) '(n—eg)—c.

As e is arbitrary, we get

— &

n
szzl Tm?,...,mQ

— &

>n-f(n)".

E :xmh---,mk

For f = const everything is obvious. If f € F, then from the condition
(1ii), it follows that there is n such that

C™ (n, X) > n'?,

where p < 2. This completes the proof. B
From this theorem and Theorems 2.1.9 and 2.1.8 we have the main
result of this section.

Corollary 3.3.4 Tsirelson’s space, Schlumprecht’s space, Gowers-
Maurey’s space, Gowers’s space have the Lyapunov property.
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3.4 Asymptotic [, spaces

In 1993 Vitali D. Milman and Nicole Tomczak-Jaegermann introduced
the class of asymptotic [,-spaces and showed that every Banach space
with bounded distortions contains a subspace from this class [26]. We
will prove that the asymptotic [, spaces (where 1 < p < oo, p # 2)
have the Lyapunov property.

Definition 3.4.1 A Banach space X with a normalized basis {x;} is
said to be an asymptotic 1, space, for some 1 < p < oo (resp., an
asymptotic co space) if there exists a constant C' such that for anyn € N
there is N € N such that normalized successive blocks N < z1 < 29 <
. < zp of {x;} are C-equivalent to the unit vector basis in I} (resp., in

Co).

Let us mention that we will say that two basis sequences {z;} and
{e;} are C-equivalent, for some constant C, if for any finite sequence
of scalars {a;} we have

Z@ixi Z&iei Z@ixi .

Theorem 3.4.2 Let X be an asymptotic l, space. Then if 1 < p < 2,
then for every p < p < 2 there exists n € N such that

c! < <C

1
C" (n,X) >nv;
and if 2 < p < oo, then for every 2 < p < p there exists n € N such
that

1

b (n,X) <nr.

Proof. Case 1: 1 < p < 2. Let w be the weak topology of X, {z;}
be a normalized basis of X, {e;} be the unit vector basis in [,. Take
p e (p,2) and fix for the present n € N and a Lyapunov tree Y with
| Ymay....m:|| > 1 and an arbitrary € > 0. For n choose N = N (n) € N
from Definition 3.4.1. By the definition of a Lyapunov tree we can find
numbers mY, ..., m? and blocks N < z; < 29 < ... < 2, such that {z;}

€
Hym?,...,mg - Zk:H <=
n
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for k =1,...,n. Then we have

n n
kz::lym?,...,mg Z 2k

k=1

n
1
Zek —e=C"tnr —¢.

k=1

> —e>(C!

As € is arbitrary, we obtain
c(n,X) > Clni

and, consequently,
1
Cnr > n?
for large enough n.
The case 2 < p < oo is proved in analogy with the previous one. B

Corollary 3.4.3 If 1 < p < oo, p # 2 and X is an asymptotic [,
space, then X has the Lyapunov property.

Proof. The proof follows immediately from Theorems 2.1.8, 2.1.9,
2.2.5,2.2.6. 1

3.5 Tokarev’s space

We have seen that most of the constructed examples obey the scheme:
if a Banach space in some class contains no isomorphic copies of [, then
it has the Lyapunov property. However, in this section we present an
example of a Banach space that does not contain isomorphic copies of
ly and does not have the Lyapunov property.

In 1984 by E. V. Tokarev obtained an example of a symmetric func-
tion space that contains no isomorphic copies of I, (1 < p < 00) or ¢
[32]. We will recall this construction.

Definition 3.5.1 A symmetric function space E is a Banach space of
measurable functions such that:

1. ifx e E, ly| < |z|, theny € E and ||ly||z < ||z| 5,

2. if the functions |z| and |y| are equimeasurable, then ||z|| 5 = |yl 5-
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Let us consider the Marcinkiewicz space M, defined by the func-
tion ¥, (t) = t(—1In t)l/p, i.e., the space of functions z (¢) which are
summable on [0, 1] with finite norm

1 h
Iell, = sup An(e); An(@) = s [T (1)
where z* is the nondecreasing rearrangement of x and such that
limy_o Ay (x) = 0 for all x € M,

Further we will suppose that p > 2. Denote (—Int)™"/? by o, (1)
and note that [|xal[,, = ¢, (mesA).

Choose a sequence of natural numbers ny; n; < ng < ... so that for
every k the lacunarity inequality n; 'S¢ n; 4 ng 5°, Lany <27kl
holds and consider the space Y, = ni M, + n,;lLoo that consists of all
summable functions x such that

lall, = inf {ng | £l + it gl - f+g=2} < oo

It is known (see [13] and [22]) that ||x4||, = min {nkwp (mes A) ; n,;l}

Denote by Ey the set of all summable functions f with finite norm
A = 12 [1f ] exlly» where W is an arbitrary reflexive Banach space
with an unconditional basis (ej) not containing isomorphic copies of [,
(1 < p < ), for example Tsirelson’s space.

For us it is important that Ey contains no isomorphic copies of .
From the proof of the result of Tokarev it follows that if we take W =,
(p # 2), then Ey, contains no isomorphic copies of Is.

Theorem 3.5.2 Ey does not have the Lyapunov property.

Proof. Consider the measure pu : ¥ — FEy such that u(A) = xa
and check that it is countably additive. Indeed, let Ay D Ay D ..

and mes (A,) —= 0. Take an arbitrary € > 0. The series 72, n—lk
converges, so we can find ky € N such that 3232, ., n—lk < 5. Select
Ny € N so that Y52, nyep, (mes (A,)) < £ for all N > Ny. Then it is
plain that

xanlll <€
for all N > N,.
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Now we will show that the closure of i (X) is not convex. Actually, it

is clear that 4 ([0,1]) € p (). On the other hand, 14 ([0,1]) = 3x70,1) ¢

w1 (X)), as 1 (3) involves only functions with values £1. This completes
the proof. ®

Theorem 3.5.3 There exists a Banach space X such that lo ¢ X and
X fails the Lyapunov property.

Proof. By Tokarev’s results and Theorem 3.5.2, Ey is such a Banach
space. l



