
Chapter 2

Lyapunov Trees

In this chapter we introduce a generalization of the well known notions
of type and cotype, b- and C-convexity for a special type of trees.
Applying the methods known from the theory of type and cotype (see
[15]) we will establish the connection between generalizations of type
and b-convexity, cotype and C-convexity. From these properties we
will see that if in a Banach space there exists any norm restriction from
above (below) on weakly null sequences then there exists a ”p-type
estimation” from above (below), which is necessary for the proving of
the Lyapunov property. The results obtained in this chapter will be
used in Chapter 3.

First we introduce the notion of Lyapunov convergence. It will be
convenient for proving a generalization of the Lyapunov theorem to
some Banach spaces that will be considered in the next chapter.

Definition 2.0.1 Let X be a Banach space, T̃ ∈ L (X, c0). By the
c0-T̃ -weak topology on X we will mean the topology with the following
determining system of neighborhoods of zero:{

x ∈ X :
∥∥∥T̃ x∥∥∥∞ < ε, |fi (x)| < ε, i = 1, ..., n

}
,

where ε > 0, n ∈ N, and fi ∈ X∗ (i = 1, ..., n).

It is not difficult to see that this topology determines the conver-
gence: xn converges to zero if and only if xn

w−→
n→∞ 0 and

∥∥∥T̃ xn

∥∥∥∞ −→
n→∞ 0.

Denote this convergence by c0-T̃ -weak convergence.
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Definition 2.0.2 Let X be a Banach space. By a Lyapunov topology
on X we will mean the weak topology or a c0–T̃ -weak topology on X.

In the sequel we fix once and for all a Lyapunov topology τ .

Definition 2.0.3 A Lyapunov tree Xn of length n in a Banach space
X is a family of sequences {xm1,...,mi

}n
i=1 mi∈N ⊂ X such that for given

0 ≤ ii < i2 ≤ n for every fixed m1, ..., mi1

xm1,...,mi1
,mi1+1,...,mi2

τ−→
mi1+1,...,mi2

→∞
0.

2.1 Lyapunov tree cotype

Definition 2.1.1 We will say that a Banach space X has Lyapunov
tree cotype p with constant C if for every n ∈ N and for every Lyapunov
tree Xn there exist numbers m0

1, ..., m
0
n such that

∥∥∥∥∥
n∑

i=1

xm0
1,...,m0

i

∥∥∥∥∥ ≥ C

(
n∑

i=1

inf
m1,...,mi

‖xm1,...,mi
‖p

)1/p

.

Example 2.1.2 By Lemma 1.4.10 for every 1 ≤ p < ∞ the space lp
has Lyapunov tree cotype p with constant 1 for the weak topology.

Definition 2.1.3 A Banach space X is called Lyapunov tree C-convex
if there exists n ∈ N such that

Cτ (n, X) = inf

{
sup

m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥
}
> 1,

where the infimum is taken over all Lyapunov trees of length n with
‖xm1,...,mi

‖ ≥ 1. (Recall that τ denotes a Lyapunov topology.)

Remark 2.1.4 If ‖xm1,...,mi
‖ ≥ α for all elements of a Lyapunov tree

Xn, then we have

sup
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥ ≥ α · Cτ (n, X) .
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Lemma 2.1.5 The numbers Cτ (n, X) generate a semimultiplicative
sequence, i.e.

Cτ (n · l, X) ≥ Cτ (n, X) · Cτ (l, X) .

Proof. Let us consider a Lyapunov tree {xm1,...,mi
}n·l

i=1 mi∈N with
‖xm1,...,mi

‖ ≥ 1 and take an arbitrary δ > 0. Introduce the Lyapunov
tree of length n

{xm1,...,mi
}n

i=1 mi∈N .

In accordance with the definition of Cτ (n, X) we can choose numbers

m1
1, ..., m

1
n such that

∥∥∥∥ n∑
i=1

xm1
1,...,m1

i

∥∥∥∥ ≥ Cτ (n, X) − δ. Denote y1 =

n∑
i=1

xm1
1,...,m1

i
. Further, consider the Lyapunov tree of length n

{xm1,...,mi
}n ∞

i=1 mi=m1
i +1

and select m2
1, ..., m

2
n such that

∥∥∥∥ n∑
i=1

xm2
1,...,m2

i

∥∥∥∥ ≥ Cτ (n, X) − δ. Put

y2 =
n∑

i=1
xm2

1,...,m2
i
. Continuing this process, we obtain the sequence

ys1 =
n∑

i=1
xm

s1
1 ,...,m

s1
i

such that

‖ys1‖ ≥ Cτ (n, X)− δ for all s1 and ys1

τ−→
s1→∞ 0.

For every s1 we consider the Lyapunov tree{
xm

s1
1 ,...,m

s1
n , mn+1,...,mi

}2n

i=n+1 mi∈N
.

By analogy with above we construct a sequence

ys1,s2 =
2n∑

i=n+1

xm
s1
1 ,...,m

s1
n , m

s2
n+1,...,m

s2
i

(s2 ∈ N)

such that

‖ys1,s2‖ ≥ Cτ (n, X)− δ for all s2 and ys1,s2

τ−→
s2→∞ 0.
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It is not difficult to see that ys1,s2

τ−→
s1,s2→∞ 0. Continuing this process,

we get the Lyapunov tree

{ys1,...,si
}l

i=1 si∈N

satisfying the condition

‖ys1,...,si
‖ ≥ Cτ (n, X)− δ.

Then, in accordance with the Remark 2.1.4, we infer

sup
s1,...,sl

∥∥∥∥∥
l∑

i=1

ys1,...,si

∥∥∥∥∥ ≥ (Cτ (n, X)− δ) · Cτ (l, X) .

As δ is arbitrary, the required inequality is proved.

Lemma 2.1.6 Let Xn be a Lyapunov tree of a Banach space X. Then
for every k = 1, ..., n the following inequality holds

sup
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥ ≥ sup
m1,...,mk

∥∥∥∥∥
k∑

i=1

xm1,...,mi

∥∥∥∥∥ .
Proof. Take k ∈ {1, ..., n} and an arbitrary set of indices m0

1, ..., m
0
k.

Applying Mazur’s theorem (which states that if ai, a ∈ X and ai
τ−→

i→∞
a

then lim‖ai‖ ≥ ‖a‖) we obtain

sup
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥
≥ sup

mk+1,...,mn

∥∥∥∥∥∥
k∑

i=1

xm0
1,...,m0

i
+

n∑
i=k+1

xm0
1,...,m0

k
,mk+1,...,mi

∥∥∥∥∥∥
≥ lim

mk+1,...,mn→∞

∥∥∥∥∥∥
k∑

i=1

xm0
1,...,m0

i
+

n∑
i=k+1

xm0
1,...,m0

k
,mk+1,...,mi

∥∥∥∥∥∥
≥

∥∥∥∥∥
k∑

i=1

xm0
1,...,m0

i

∥∥∥∥∥ .
This completes the proof.
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Lemma 2.1.7 Let X be a Banach space, {xn}∞n=1, x ∈ X, and xn
τ−→

n→∞
0. Then for every ε > 0 there exists an n ∈ N such that

‖x+ xn‖ ≥ 1

2
‖xn‖ − ε.

Proof. Let ε > 0. Take a functional f ∈ X∗ such that ‖f‖ = 1 and
f (x) = ‖x‖. Choose n ∈ N such that f (xn) ≤ 2ε, then

‖x+ xn‖ ≥ |f (x+ xn)| ≥ ‖x‖ − 2ε.

It follows that

‖xn‖ ≤ ‖x+ xn‖+ ‖x‖ ≤ 2 ‖x+ xn‖+ 2ε.

The lemma is proved.

Theorem 2.1.8 Let X be a Banach space. If there exists some n1 such
that Cτ (n1, X) > n

1/p
1 , where 1 ≤ p < ∞, then X has Lyapunov tree

cotype p.

Proof. Let us choose ε > 0 such that Cτ (n1, X) ≥ n
1/(p−ε)
1 . Put

nk = nk
1 for k = 0, 1, 2.... By Lemma 2.1.5, Cτ (nk, X) ≥ n

k/(p−ε)
1 .

Denote D =
∞∑

k=0
n−εk

1 . We will show that X has Lyapunov tree cotype

p with the constant 1
2
D−1/(p−ε).

Take an arbitrary Lyapunov tree Xn. Define

αi = inf
m1,...,mi

‖xm1,...,mi
‖ (i=1, ..., n) .

Decompose the set of indices {1, ..., n} into the union of mutually dis-
joint sets

Ak =

j :

(
n∑

i=1
αp

i

)1/p

nk
≥ αj >

(
n∑

i=1
αp

i

)1/p

nk+1

 ,
where k = 0, 1, 2, .... Define ak as the number of elements of Ak. Then

n∑
j=1

αp
j =

∞∑
k=0

∑
j∈Ak

αp
j ≤

∞∑
k=0

ak ·
n∑

i=1
αp

i

np
k

.
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Consequently
∞∑

k=0

ak

np
k

≥ 1.

It follows that there exists a number k = k0 such that ak0 ≥
[

np−ε
k0

D

]
.

Indeed, if ak <
[

np−ε
k

D

]
for all k, then

ak

np
k

<
np−ε

k

D · np
k

=
1

D · nεk
1

and
∞∑

k=0

ak

np
k

< 1.

Fix θ > 0 and construct a tree of length ak0 as follows. Reindex the

elements of the set Ak0 =
{
j1 < ... < jak0

}
. Fix arbitrary j1−1 indices:

m1
1, ..., m

1
j1−1. By Lemma 2.1.7 we can choose a number m1

j1 such that

∥∥∥∥∥∥
j1∑

i=1

xm1
1,...,m1

i

∥∥∥∥∥∥ ≥ 1

2

∥∥∥∥xm1
1,...,m1

j1

∥∥∥∥− θ.

Put y1 =
∑j1

i=1 xm1
1,...,m1

i
. Take m2

1, ..., m
2
j1−1 satisfying the condition

m2
1 > m2

1. Using Lemma 2.1.7, we find a number m2
j1 such that

∥∥∥∥∥∥
j1∑

i=1

xm2
1,...,m2

i

∥∥∥∥∥∥ ≥ 1

2

∥∥∥∥xm2
1,...,m2

j1

∥∥∥∥− θ.

Denote y2 =
∑j1

i=1 xm2
1,...,m2

i
. Continuing this process we obtain the

sequence {ys1}∞s1=1 such that ys1

τ−→
s1→∞ 0. For each s1 we fix arbitrary

m1
j1+1, ..., m

1
j2−1 and select m1

j2 so that

∥∥∥∥∥∥
j2∑

i=j1+1

xm
s1
1 ,...,m

s1
j1

,m1
j1+1,...,m1

i

∥∥∥∥∥∥ ≥ 1

2

∥∥∥∥xm
s1
1 ,...,m

s1
j1

,m1
j1+1,...,m1

j2

∥∥∥∥− θ.

Define ys1,1 =
∑j2

i=j1+1 xm
s1
1 ,...,m

s1
j1

,m1
j1+1,...,m1

i
. By the same method

as above we get the sequence ys1,s2

τ−→
s2→∞ 0. It is clear that



2.1. LYAPUNOV TREE COTYPE 35

ys1,s2

τ−→
s1,s2→∞ 0. Continuing this process we construct the Lyapunov

tree {ys1,...,si
}ak0

i=1 si∈N. Applying Lemma 2.1.6, we have

supm1,...,mn

∥∥∥∥ n∑
i=1

xm1,...,mi

∥∥∥∥ ≥ supm1,...,miak0

∥∥∥∥∥∥
iak0∑
i=1

xm1,...,mi

∥∥∥∥∥∥
≥ sups1,...,sak0

∥∥∥∥∥ak0∑
i=1

ys1,...,si

∥∥∥∥∥
≥ infs1,...,sak0

‖ys1,...,si
‖ · Cτ (ak0 , X)

≥
(

1
2
minj∈Ak0

αj − θ
)
· Cτ

([
np−ε

k0

D

]
, X

)
.

Note that D = n
ln D/ lnn1

1 and put γ = lnD/ lnn1, then

Cτ

([
(nk0)

p−ε

D

]
, X

)
= Cτ

([
n

k0(p−ε)−γ
1

]
, X

)
≥ Cτ

(
n

[k0(p−ε)−γ]
1 , X

)
≥ n

[k0(p−ε)−γ]

p−ε

1 ≥ n
[−γ]
p−ε

1 ≥ D−1/(p−ε).

As θ is arbitrary and by the definition of Ak, we obtain the required
inequality

sup
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥ ≥ 1

2
D−1/(p−ε)

(
n∑

i=1

αp
i

)1/p

.

The theorem is proved.

Theorem 2.1.9 If a Banach space X has Lyapunov tree cotype p ∈
[1, 2), then X has the Lyapunov property.

Proof. Fix N ∈ N for the present, and let k = [N/ lnN ]. We assume
thatX fails the Lyapunov property and use Lemma 1.4.7. Let Ω, τ, λ, ε,
and T : L∞ → X be as in that lemma, with λ (Ω) = 1 and ‖T‖ ≤ 1.
Note that we can select a σ-algebra Σ (see the proof of Lemma 1.5.3)
such that L1 (Ω,Σ, λ) is separable. We shall prove by induction that
there exist sequences {rn1,...,ni

}ni∈N ⊂ L∞ (Ω,Σ, λ) (i = 1, 2, ...) such

that for every j {Trn1,...,ni
}j

i=1 ni∈N generates a Lyapunov tree and for

any {ni, ..., nj} the functions {rn1,...,ni
}j

i=1 are jointly equidistributed

with the {si}j
i=1 in Lemma 1.4.9.
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Indeed, everything is obvious for j = 1. Suppose that the as-
sertion is already proved for j = m, and that {rn1,...,ni

}j
i=1 ni∈N

have been constructed that satisfy the required condition with
j = m. For every {n1, ..., nm} we consider the set An1,...,nm ={
ω ∈ Ω :

∣∣∣∣ m∑
i=1

rn1,...,ni
(ω)

∣∣∣∣ < √N} and a sequence
{
zn1,...,nm,nm+1

}∞
nm+1=1

of functions independent on An1,...,nm, equal to zero off An1,...,nm,
and taking the values ±1 with probability λ (An1,...,nm) /2 such
that Tzn1,...,nm,nm+1

τ−→
nm+1→∞ 0. For any {n1, ..., nm+1} the system{

{rn1,...,ni
}m

i=1 , zn1,...,nm,nm+1

}
is equidistributed with {si}m+1

i=1 . The se-
quence zn1,...,nm,nm+1 tends to zero in the weak∗ topology as nm+1 →∞;

hence Tzn1,...,nm,nm+1

w−→
nm+1→∞ 0. As L1 (Ω,Σ, λ) is separable, the

weak∗ topology on L∞ (Ω,Σ, λ) is metrizable on bounded sets. Let
ρ be a metric defining the weak∗ convergence on the unit ball of
L∞ (Ω,Σ, λ). Then for every set {n1, ..., nm} we can choose a subse-

quence
{
rn1,...,nm,nm+1

}∞
nm+1=1

of
{
zn1,...,nm,nm+1

}∞
nm+1=1

such that

sup
nm+1

ρ
(
rn1,...,nm,nm+1, 0

)
≤ 1∑m

i=1 ni

(and
∥∥∥T̃ T rn1,...,nm,nm+1

∥∥∥∞ ≤ 1/
∑m

i=1 ni in the case τ is a c0-T̃ -weak

topology). Hence, for given 0 ≤ i1 < i2 ≤ m + 1 and for every fixed
n1, ..., ni1, we obtain

ρ
(
rn1,...,ni1

,ni1+1,...,ni2
, 0
)

−→
ni1+1,...,ni2

→∞ 0

(and
∥∥∥T̃ T rn1,...,nm,nm+1

∥∥∥∞ −→
ni1+1,...,ni2

→∞ 0 in the case τ is a c0-T̃ -weak

topology). It follows that {Trn1,...,ni
}m+1

i=1 ni∈N is a Lyapunov tree.
We now use the fact just proved. Suppose that j = k. Since the

Banach space X has Lyapunov tree cotype p with constant C, there
exist numbers n0

1, ..., n
0
k such that∥∥∥∥∥

k∑
i=1

Trn0
1,...,n0

i

∥∥∥∥∥
p

≥ Cp

(
k∑

i=1

inf
n1,...,ni

‖Trn1,...,ni
‖p

)
.

In view of the condition (ii) from the Lemma1.4.7, which T satisfies
by construction, it follows that ‖Trn1,...,ni

‖ ≥ ε · λ (supp rn1,...,ni
) ≥
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ε ·λ (supp rn1,...,nk
) for i ≤ k. Since {rn1,...,ni

}k
i=1 and {si}k

i=1 are equidis-
tributed, this gives us by the choice of k that(√

N + 1
)p ‖T‖p + 1 ≥

∥∥∥∑k
i=1 Trn0

1,...,n0
i

∥∥∥p ≥ kεpCp (P (sk 6= 0))p ≥
≥ (N/ lnN − 1) εpCp

(
P
(∣∣∣∑k−1

i=1 si

∣∣∣ < √N))p
.

By Lemma 1.4.9, the last factor tends to 1; hence this inequality cannot
hold for large N . This contradiction completes the proof.

2.2 Lyapunov tree type

Definition 2.2.1 We will say that a Banach space X has Lyapunov
tree type p > 1 with constant C if for every n ∈ N and for every
Lyapunov tree Xn there exist numbers m0

1, ..., m
0
n such that∥∥∥∥∥

n∑
i=1

xm0
1,...,m0

i

∥∥∥∥∥ ≤ C

(
n∑

i=1

sup
m1,...,mi

‖xm1,...,mi
‖p

)1/p

.

Definition 2.2.2 A Banach space X is called Lyapunov tree b-convex
if there exists n ∈ N such that

bτ (n, X) = sup

{
inf

m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥
}
< n,

where the supremum is taken over all Lyapunov trees Xn of length n
with ‖xm1,...,mi

‖ ≤ 1.

Remark 2.2.3 If ‖xm1,...,mi
‖ ≤ α for all elements of a Lyapunov tree

Xn, then we have

inf
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥ ≤ α · bτ (n, X) .

Lemma 2.2.4 The numbers bτ (n, X) generate a semimultiplicative
sequence, i.e.

bτ (n · l, X) ≤ bτ (n, X) · bτ (l, X) .

Proof. The lemma is proved by analogy with Lemma 2.1.5.
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Theorem 2.2.5 Let X be a Lyapunov tree b-convex Banach space. If
there exists n1 such that bτ (n1, X) < n

1/p
1 , where 1 < p < ∞, then X

has the Lyapunov tree type p.

Proof. Let us choose n1 > 1 and ε > 0 such that bτ (n1, X) ≤ n
1/(p+ε)
1 .

Put nk = (n1)
k (k = 0, 1, 2, ...). By Lemma 2.2.4, bτ (nk, X) ≤ n

k/(p+ε)
1 .

Take an arbitrary Lyapunov tree Xn. Define

αi = sup
m1,...,mi

‖xm1,...,mi
‖ (i = 1, ..., n) .

Decompose the set of indices {1, ..., n} into the union of mutually dis-
joint sets

Ak =

j :

(
n∑

i=1
αp

i

)1/p

nk
> αj ≥

(
n∑

i=1
αp

i

)1/p

nk+1

 ,
where k = 0, 1, 2, .... Define ak as the number of elements of Ak. Then

n∑
j=1

αp
j =

∞∑
k=0

∑
j∈Ak

αp
j ≥

∞∑
k=0

ak ·
n∑

i=1
αp

i

np
k+1

.

Consequently,
∞∑

k=0

ak

np
k+1

≤ 1.

It follows that for every k the inequality ak ≤ n
[p(k+1)]+1
1 holds. Indeed,

if there exists a number k0 such that ak0 > n
[p(k0+1)]+1
k0

, then

ak0

np
k0+1

> 1 and
∞∑

k=0

ak

np
k+1

> 1.

It is not difficult to see that for every k and for every fixed numbers
{mi}i/∈Ak

the sequences {xm1,...,mi
}i∈Ak mi∈N generate a Lyapunov tree

of length ak. It follows that for every fixed set {mi}i/∈Ak
and for every

δ > 0 we can select {mi}i∈Ak
such that∥∥∥∥∥∥

∑
i∈Ak

xm1,...,mi

∥∥∥∥∥∥ ≤ sup
mi:i∈Ak

‖xm1,...,mi
‖ · (bτ (ak, X) + δ) (2.1)
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Consequently we can find numbers m0
1, ..., m

0
n such that condition (2.1)

holds for all k. Then we have

inf
m1,...,mn

∥∥∥∥ n∑
i=1

xm1,...,mi

∥∥∥∥ ≤
∥∥∥∥ n∑

i=1
xm0

1,...,m0
n

∥∥∥∥

≤ ∞∑
k=0

(
n∑

i=1

αp
i

)1/p

nk
· (bτ (ak, X) + δ) .

Estimate

∞∑
k=0

bτ (ak ,X)
nk

≤ ∞∑
k=0

bτ

(
n

[p(k+1)]+1
1 ,X

)
nk

≤ ∞∑
k=0

n
[p(k+1)]+1

p+ε
−k

1

≤ n
1+1/(p+ε)
1

∞∑
k=0

n
−ε/(p+ε)(k+1)
1 .

It is clear that the series converges. Denote its sum by C. As δ is
arbitrary, we obtain the required inequality

inf
m1,...,mn

∥∥∥∥∥
n∑

i=1

xm1,...,mi

∥∥∥∥∥ ≤ C

(
n∑

i=1

αp
i

)1/p

.

The theorem is proved.

Theorem 2.2.6 If a Banach space X has Lyapunov tree type p > 2
with constant C, then X has the Lyapunov property.

Proof. Fix N ∈ N for the present, and let k = [N lnN ]. We assume
that X has not the Lyapunov property and use Lemma 1.4.7. Let
Ω, τ, λ, ε, and T : L∞ → X be as in that lemma, with λ (Ω) = 1 and
‖T‖ ≤ 1. By analogy with the proof of Theorem 2.1.9 we construct a
Lyapunov tree of length k and choose n0

1, ..., n
0
k such that∥∥∥∥∥

k∑
i=1

Trn0
1,...,n0

i

∥∥∥∥∥
p

≤ Cp

(
k∑

i=1

inf
n1,...,ni

‖Trn1,...,ni
‖p

)
≤ Cp ‖T‖p · k.

The rest of the proof is similar to the proof of Theorem 1.4.11.




