Chapter 2

Lyapunov Trees

In this chapter we introduce a generalization of the well known notions
of type and cotype, b- and C-convexity for a special type of trees.
Applying the methods known from the theory of type and cotype (see
[15]) we will establish the connection between generalizations of type
and b-convexity, cotype and C-convexity. From these properties we
will see that if in a Banach space there exists any norm restriction from
above (below) on weakly null sequences then there exists a ”p-type
estimation” from above (below), which is necessary for the proving of
the Lyapunov property. The results obtained in this chapter will be
used in Chapter 3.

First we introduce the notion of Lyapunov convergence. It will be
convenient for proving a generalization of the Lyapunov theorem to
some Banach spaces that will be considered in the next chapter.

Definition 2.0.1 Let X be a Banach space, T € L(X,c). By the
co-T-weak topology on X we will mean the topology with the following
determining system of neighborhoods of zero:

{xGX : foHoo <e, |fi(x)|<e, i= 1,...,n},
wheree >0, n € N, and f; € X* (i=1,...,n).

It is not difficult to see that this topology determines the conver-
gence: x, converges to zero if and only if x, —— 0 and HTan — 0.
n—oo

oo N—00

Denote this convergence by co-T-weak convergence.
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Definition 2.0.2 Let X be a Banach space. By a Lyapunov topology
on X we will mean the weak topology or a co—T-weak topology on X.

In the sequel we fix once and for all a Lyapunov topology 7.

Definition 2.0.3 A Lyapunov tree X" of length n in a Banach space
X is a family of sequences {Tpm,...m, }iy mien © X such that for given
0 <i; <iy <n for every fized my, ..., m;,

T 0
Ly, My 150 My :

2.1 Lyapunov tree cotype

Definition 2.1.1 We will say that a Banach space X has Lyapunov
tree cotype p with constant C' if for every n € N and for every Lyapunov

tree X™ there exist numbers m?, ..., m? such that

n

E X0 0
MY 5eeey My

i=1

) MY 5eeny m
i=1""1 v

" 1/p
ZC<Z inf |2, min) :

Example 2.1.2 By Lemma 1.4.10 for every 1 < p < oo the space [,
has Lyapunov tree cotype p with constant 1 for the weak topology.

Definition 2.1.3 A Banach space X is called Lyapunov tree C'-convex
if there exists n € N such that
} o1,

where the infimum is taken over all Lyapunov trees of length n with
|y ...mi]| = 1. (Recall that T denotes a Lyapunov topology.)

n

E :xml,---,mi

i=1

C"(n, X) = inf{ sup

MY ,eeey M,

Remark 2.1.4 If ||z, m;|| > a for all elements of a Lyapunov tree
X", then we have

sup >a-C"(n, X).

mi,...,Mn

Tmy,...;m;
=1
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Lemma 2.1.5 The numbers C™ (n, X) generate a semimultiplicative
sequence, i.€.

C"(n-1,X)>C"(n, X)-C" (I, X).

. 1 .
Proof. Let us consider a Lyapunov tree {Tm, _m}i i, en With
| Zm,...m;]| = 1 and take an arbitrary ¢ > 0. Introduce the Lyapunov

tree of length n

{Tmy .. mi}?zl m;eN
In accordance with the definition of C (n, X)) we can choose numbers
ixm%7...7m3 > C"(n, X) — 6. Denote y; =
i=

1 1
my, ...,m,, such that

mi- Further; consider the Lyapunov tree of length n

{zm,,.., mi}?:lo;i:m}Jrl

and select m?,...,m? such that > C7(n, X) — 4. Put

n

D, T2, m?
i=1 U
Yo = 2 T2, m2- Continuing this process, we obtain the sequence

n
Ysi = 2 Ty o1 such that
i=1 et

s, || > C7 (n, X) — 6 for all s; and y,, — 0.

§1—00

For every s; we consider the Lyapunov tree

2n
T, s1 s1 .
{ ml geeey My ,mn+1,...,mi}i:n+1 mquN

By analogy with above we construct a sequence

2n
Ysi,s0 = Z Tl
i=n+1

52 (82 € N)

51,82
M, My 5001

such that

|Ys,.5ll = C7 (n, X) — 4 for all s and ys, 5, — O.

S§9—00



32 CHAPTER 2. LYAPUNOV TREES

It is not difficult to see that y,, s, —— 0. Continuing this process,

81,52—00

we get the Lyapunov tree
!
{981,...,81}1‘:1 s;€EN
satisfying the condition
HySl,---,SiH >C7 (TL, X) — 0.

Then, in accordance with the Remark 2.1.4, we infer

sup Zysl” >(C"(n, X)—96)-C" (I, X).

S15--4y51

As ¢ is arbitrary, the required inequality is proved. B

Lemma 2.1.6 Let X™ be a Lyapunov tree of a Banach space X. Then
for every k =1, ....,n the following inequality holds

sup

MY,y M,

sup
mi,...,Mg

n
§ Tmy,...;m;

=1

Proof. Take k € {1,...,n} and an arbitrary set of indices m}, .. mg

Applying Mazur’s theorem (which states that if a;,a € X and a; — a

1—00

then lim||a;|| > ||a||) we obtain

SUD |} Ty, m,
mi,..., Mn ||;=1
k n

2> SUD (1D W0 om0 D T, gy

MLm= i=k+1
k n

> Bm Y T 0t D Tl s
M1y Mn7700 |4 i=k+1

> 0

0
my,...,m;

This completes the proof. R
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Lemma 2.1.7 Let X be a Banach space, {z,}°°,, v € X, and x,, —

=1’
n=1 n—o0

0. Then for every e > 0 there exists an n € N such that
1
|z + 2l 2 5 flzall =&

Proof. Let ¢ > 0. Take a functional f € X* such that || f|| = 1 and
f(x) = ||z|]|. Choose n € N such that f (z,) < 2¢, then

|z + 2a|l = |f (2 + 20)| = [z — 26
It follows that
2]l < Nz + @l + 2] < 2|2 4 20| 4 2¢.
The lemma is proved. B

Theorem 2.1.8 Let X be a Banach space. If there exists some ny such
that C™ (ny, X) > n}/p, where 1 < p < oo, then X has Lyapunov tree

cotype p.

Proof. Let us choose ¢ > 0 such that C7 (ny, X) > n}/(p_e). Put

n = n¥ for k = 0,1,2.... By Lemma 2.1.5, C7 (ng, X) > nlf/(p_e).

Denote D = 3. n;°*. We will show that X has Lyapunov tree cotype
k=0

p with the constant £ D=1/~
Take an arbitrary Lyapunov tree X". Define

a; = inf T m

mi,...,m;

(i=1,..,n).

Decompose the set of indices {1,...,n} into the union of mutually dis-

joint sets
n 1/p n 1/p
(£ o) (£ o)
Ak = j : ~i=l 2 2 C(j > ~=l 2 y
N Nk+1
where k =0, 1,2, .... Define a; as the number of elements of A,. Then
P
n 00 00 2:1 «;
1=
=Y Y <Y a-
j=1 k=0j€Ay k=0 k
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Consequently

p—¢
It follows that there exists a number k = ky such that ay, > {n—ko—}

—E&

Tndeed, if a5 < {”i } for all &, then

D

p—e 00
a n 1 ag
_p<ka:D €kand§—p<1.
g “ T " k=0 "k

Fix 6 > 0 and construct a tree of length ay, as follows. Reindex the
elements of the set A, = {jl <. < jako}. Fix arbitrary j; — 1 indices:

my,...,mj ;. By Lemma 2.1.7 we can choose a number m;, such that
J1 1
> = — 0.
lem},...,m; 2 5 |[Emleml, 0
1=

. 71 2 2
Put y1 = Ei:1 fl?m},...,mg- Take mla"'?mjrl

m; > m3. Using Lemma 2.1.7, we find a number m? such that

satisfying the condition

J1 1
> = —4.
DTz > 5 [[Fmiem?, 0
i=1
Denote y» = Y7L, T2, m2- Continuing this process we obtain the

sequence {y, }o _, such that y, —— 0. For each s; we fix arbitrary
§1—00

1 1 1
TG 1y ey My and select m;, SO that

> > L 0
Z,,51 s1 1 = ||T,,51 S1 1 1 || —U.
- my, ,mjl ,m]1+1, ,mi — 2 my= .. mjl mlerl ..... ij
1=j1+1
J2
Define ys, 1 =141 Tt Sl By the same method

as above we get the sequence y,,,, —— 0. It is clear that

S9—00
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Vs —— 0. Continuing this process we construct the Lyapunov

S1,52—00

tree {Ys,, . oY s.en- Applying Lemma 2.1.6, we have

n iako
Supm17...7mn Z xml,...,mi Z Supm17,,,7mi Z l‘mh...,mi
i=1 ko || i=1
kg
Z SuPSl,...,Sak Z y51,...78i
0 ||l2=1
> ity (o €7 (a0, X)
> (Lmi 0) - (["a ] x
= (5 ITllIljeAkO Oéj — ) . D | .
Note that D = nllnD/lnm and put v = In D/Inny, then
p—e
o q("k%) ] ’ X) — o ([l X) > ¢ (nlk@=7, X)
lko(p—2) =] (=]

>n, "°  >npc>D Ve,

As 0 is arbitrary and by the definition of Ay, we obtain the required
inequality

1 n 1/p
sup > §D’1/(p’5) (Z af) )
i=1

MY,y M,

n
> Ty, ms
=1

The theorem is proved. B

Theorem 2.1.9 If a Banach space X has Lyapunov tree cotype p €
[1,2), then X has the Lyapunov property.

Proof. Fix N € N for the present, and let £ = [N/In N]. We assume
that X fails the Lyapunov property and use Lemma 1.4.7. Let 2, 7, A, €,
and T : L,, — X be as in that lemma, with A () = 1 and ||T|| < 1.
Note that we can select a o-algebra ¥ (see the proof of Lemma 1.5.3)
such that L; (2,3, \) is separable. We shall prove by induction that
there exist sequences {rn, .}, en C Loo (£2,38,4) (i =1,2,...) such
that for every j {1y, n; }ZZI n,en generates a Lyapunov tree and for

77777 , are jointly equidistributed

with the {s;}7_, in Lemma 1.4.9.
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Indeed, everything is obvious for j = 1. Suppose that the as-
sertion is already proved for j = m, and that {r,, ., g:lmeN
have been constructed that satisfy the required condition with

j = m. For every {ny,..,n,} we consider the set A,  ,. =

m
{w €EQ Y Ty (W] < \/N} and a sequence {an,...,nm,nm+1} )
=1 Nm+1=

of functions independent on A,, .., equal to zero off A, ..,
and taking the values +1 with probability A(A,,  .,.)/2 such

oo

that Tzn, ppmmes  — 0. For any {ni,..,n,q1} the system
Nm+41—00

{{rm,___,ni};il s Zng, nm,an} is equidistributed with {s;}7"*'. The se-

qUence Zp,, . nmnms: tends to zero in the weak™ topology as 1,11 — 00;

hence Tzny, n s nmﬁm 0. As L;(Q,%,)\) is separable, the

weak® topology on L, (€2,3, A) is metrizable on bounded sets. Let
p be a metric defining the weak* convergence on the unit ball of
Lo (2,%,)). Then for every set {ni,...,n,} we can choose a subse-

o o
quence {Tm,...,nm,an} of {zm,,,,,nmmml} such that
nm+1=1 Nmy1=
1
Sup p (Tnl ----- Nm,Nm—+1) O) S m
N1 Zi:1 n;

(and HfTTm,...,
topology). Hence, for given 0 < i; < i < m + 1 and for every fixed
ni, ..., Ni,, we obtain

< 1/3", n; in the case 7 is a co-T-weak

Nm,,Mm+1

p( LyeeesThgq s Mg +150-5Mdg ) g 41500 Thing =00

— 0 in the case 7 is a cop-T-weak

Nm,Mm+1
Mmtl] Mg 4155y —00

(and HfTTm,...,

topology). It follows that {T'r,, m}f:zln o is a Lyapunov tree.
We now use the fact just proved. Suppose that j = k. Since the
Banach space X has Lyapunov tree cotype p with constant C, there

exist numbers nY, ..., nY such that

k P k
> Trug | =C" <Zninfn [Trns.....n, p)-
= Lyeeny

i=1
In view of the condition (iz) from the Lemmal.4.7, which T" satisfies
by construction, it follows that ||Tr,, .| > € - A(supprp,. . n;) >

-----
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..........

tributed, this gives us by the choice of k that

(VN4 1) I +1 2 S5, Trag o] = kerCr (P (s £ 0)) =
> (N/InN —1)ercr (P (| s,| < VN))'.

By Lemma 1.4.9, the last factor tends to 1; hence this inequality cannot
hold for large N. This contradiction completes the proof. B

2.2 Lyapunov tree type

Definition 2.2.1 We will say that a Banach space X has Lyapunov

tree type p > 1 with constant C if for every m € N and for every

Lyapunov tree X™ there exist numbers mY, ..., m® such that

n

Efo 0
my,..., m;

=1

n l/p
so(z I — minp) .

j=1 M1 m;

Definition 2.2.2 A Banach space X is called Lyapunov tree b-convex
if there exists n € N such that

b (n, X) = sup{ inf

------

Remark 2.2.3 If ||z,
X", then we have

.....

Lemma 2.2.4 The numbers b™ (n, X) generate a semimultiplicative

sequence, i.€.
b"(n-1, X)<b (n, X)-0" (I, X).

Proof. The lemma is proved by analogy with Lemma 2.1.5. B
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Theorem 2.2.5 Let X be a Lyapunov tree b-convex Banach space. If
there exists ny such that b7 (ny, X) < n}/p, where 1 < p < 0o, then X
has the Lyapunov tree type p.

Proof. Let us choose n; > 1 and & > 0 such that b7 (ny, X) < ny/®*.
Put ng = (n1)" (k=0,1,2,...). By Lemma 2.2.4, b (ng, X) < n/ )
Take an arbitrary Lyapunov tree X". Define

a; = sup || Tm,.ml (G=1,...,n).

M ,y.ee, MG

Decompose the set of indices {1,...,n} into the union of mutually dis-

joint sets
n 1/p n 1/p
(£) (£)
Akz ={j i=1 > aj Z i=1 ’
N Nk
where k =0, 1,2, .... Define a; as the number of elements of A,. Then
oo oo > ap
i=1
I D SETED SNE=
J=1 k=0j€Ay k=0 k+1
Consequently,
> <
k=0 "k+1
It follows that for every k the inequality a; < n[lp DI+ 4 01ds. Indeed,
if there exists a number ky such that ay, > n,[f;(kOH)]H, then

Ak doo Qg
———>1land » —— > 1.

Meo+1 k=0 Vk+1
It is not difficult to see that for every k and for every fixed numbers

-----

of length ay. It follows that for every fixed set {m;},,, and for every
6 > 0 we can select {m;},., such that

> Tongyema

1€AL

< sup (@l - (07 (ar, X) +0) (2.1

m; €A
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Consequently we can find numbers m!, ..., mY such that condition (2.1)
holds for all k. Then we have

n n

inf T 1 < T
M1yeee,Min i=1 LUSRINE mi - Zgl m? 7777 mgl
n 1/p
< i=1 . T .
< 5 @)+
Estimate
o7 ( plP(RHDIFL X) [p(k+1)]+1
3 b (a.X) ioj (nl ' < § n, pre k
k=0 'k k=0 Tk T k=0

< /) s e/ e 1)

It is clear that the series converges. Denote its sum by C. As § is
arbitrary, we obtain the required inequality

n 1/p
<C <Z af) :
=1

n
meh---,mi
i=1

mi,...,
The theorem is proved. B

Theorem 2.2.6 If a Banach space X has Lyapunov tree type p > 2
with constant C', then X has the Lyapunov property.

Proof. Fix N € N for the present, and let £ = [NIn N|. We assume
that X has not the Lyapunov property and use Lemma 1.4.7. Let
Q.7 A\ e, and T : Lo, — X be as in that lemma, with A (©2) = 1 and
|T|| < 1. By analogy with the proof of Theorem 2.1.9 we construct a
Lyapunov tree of length & and choose n{, ..., n? such that

k

Z Trn(l),...,n?

i=1

p k
< CP <Z inf _ HTTm,...,m p) < CP HTH” k.

PR

The rest of the proof is similar to the proof of Theorem 1.4.11. B






