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APPENDIX: AMINO ACID ANALYSIS

Multiple regression, least squares analysis of AAA data (Table 24)

The ProCOR (X1) column represents the experimentally amino acid composition
for 1 mol of the respective protein carrier determined by amino acid analysis (AAA ).
The PepCOR (X2) column represents the theoretically determined values for 1 mol of
antigenic peptide. The ProPep (Y) column is the experimentally determined (AAA )
amino acid composition (nmol) of the peptide-protein conjugate.

The AAA raw data were converted to experimentally determined amino acid residues
(X1) by fitting ΣX1 to the number of residues based on the amino acid sequence. The
experimentally obtained value for the ith of n amino acid residues of the conjugate (Yi)
is considered as being dependent on the value for the ith of n amino acid of the carrier
(X1i) and peptide (X2i) in some manner [167]. The amino acid compositions of the
conjugates are obtained by least-fit of multiple regressional analysis of Yi. For a given
sample of n values of Y, X1 and X2, a general equation for describing the regression of
the Ys on the X1 and X2 values, is

(1) ii 1i Xb  Xb  a  Ÿ 221 ++=

This expresses the dependence of the predicted value for the ith of n individual
conjugate amino acids (Ÿi) on the ith value of n individual carrier (X1i) and peptide
(X2i) amino acids. b1 is the amount of carrier and b2 the amount of peptide found in the
conjugate sample (both in nmol).

b1 and b2 are used to express the molar ratio of peptide to carrier in the conjugate

(2) ""
1

2 ratiocoupling
b

b =

Equation (1) is solved for the a, b1 and b2 values by the method of least squares shown
below as described in Chapter 13 of Snedecor and Cochran (1968)[167]. The values
for a, b1 and b2 are chosen so as to minimize Σ(Yi-Ÿi)

2, the sum of squares of the
differences between n experimental and predicted Y values. Thus we can express the
difference Yi-Ÿi as di which then yields

(3) ( ) ∑∑∑ −−−==− 2
2221

22
)( XbXbaYdŸY ii

for n experimental values of Y.

In the calculation of the predicted values (Ÿ) for the individual amino acids in the
conjugate which minimize the quantity Σ(Yi-Ÿi)

2, b1 and b2 represent the number of mol
of the carrier protein and peptide respectively. b1 and b2 can be expressed as functions
of the residuals x1i and x2i . These, in turn, are tabulated from either the theoretical or
experimental values of the amino acid compositions of the carrier protein (X1i) and
peptide (X2i) separately. a can be calculated from the expression

(4) 2211 XbXbYa −−=
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Y , X 1 and X 2 each refer to the mean of n experimental values each of Y, X1 and X2

respectively. Substituting for a in equations (2) and (4) and factoring leads to

(5) iii xbxbYŸ 2211 ++=

with = X1i - 1X  and x2i = X2i - 2X , the differences between the experimental and mean
values for X1i and X2i respectively. The value of the parameter a is correlated with the
mean of the population of Yi values for a given pair of X1i and X2i values, when X1i -

1X  and X2i - 2X  equal 0 (the intercept of the sample line on the Y axis).

The regression coefficients b1 and b2 denote the number of mol of the carrier protein
and peptide, respectively, in the sample. b1 and b2 can be expressed as functions of the
residuals x1i and x2i , respectively. These, in turn, can be tabulated from the
experimental (or theoretical) values of the amino acid compositions of the carrier
protein (X1i) and peptide (X2i) separately. In the calculation of the fitted values (Ÿ) for
the individual amino acids in the conjugate which minimize the quantity Σ(Yi-Ÿi)

2, we
can identify the following terms.

For a given experimental value for the ith residue of peptide carrier conjugate, Yi , we
have

(6) Y-Ÿiÿ =

whereby ÿi is the deviation of the predicted Ÿi value for the ith residue from the mean

value of n samples, Y , of the population. Since

(7) iii xbxbYŸ 2211 ++=

this deviation can be expressed as

(8) iii xbxbÿ 2211 +=

We can also define di , the deviation of the experimental Yi from the predicted Ÿi value
as:

(9) iii ŸYd −=

Finally, the deviation of the experimentally obtained value for the ith residue of the
conjugate, Yi, from the mean value of n samples, Y, can be defined as

(10) YYy ii −=

It follows that

(11) iii dÿy +=

and

(12) iiii xbxbyd 2211 −−=

The values for x11 + x12 + x13 + … + x1i + … + x1n and x21 + x22 + x23 + … + x2i + … +
x2n can be summed up as Σx1 and Σx2 , respectively. Similarly, y1 + y2 + y3 + … + yi +
… + yn = Σx1. Equation (12) can be multiplied sequentially by Σx1 and Σx2 to obtain:

(13) ( ) ∑∑ =−− dxxbxbyx iii 122111
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(14) ( ) ∑∑ =−− dxxbxbyx iii 222112

These can be compared to the normal equations

(15) ∑∑∑ =+ yxxxbxb 1212
2
11

(16) ∑∑∑ =+ yxxbxxb 2
2
22211

used to calculate the values of b1 and b2 . From this, we can find that Σx1d = Σx2d = 0.

If iii dÿy += (equation (11))

then

(17) ( )2dÿy i
2
i +=

and

(18) ( )∑∑ += 22 dÿy

Expanding, we have

(19) ∑ ∑∑∑ ++= 22 2 ddÿÿy 2

Equation (13) can be multiplied by b1, equation (14) by b2, and added to obtain

(20) ( ) 02211 ==+∑ dÿdxbxb i

Thus

(21) ∑ ∑∑ += 22 dÿy 2

This says that the deviation of the ith experimental value for a conjugate amino acid,
Yi, from the sample mean can be expressed as (1) ÿi, the deviation of the fitted values Ÿi

from the mean Y, and (2) di , the deviation of the experimental values Y from the fitted
values Ÿi .

It can be shown that

(22) ∑∑ += yxbyxbÿ2
2211

which allows the determination of the minimal value of Σÿ2 , the sum of squares due to
regression. From this value and that of Σy2 we can use equation (22) to calculate the
minimal value for Σd2, the sum of squares of the deviations of the experimental values
for the amino acid composition of the conjugate from the fitted values.

Main objective in the treatment of this case of multiple regression is the
determination of the parameters b1 and b2 (the mole fractions of carrier protein and
peptide, respectively), their variance (V(b1), V(b2)) and their covariance (Cov(b1),
Cov(b2)). This is readily approached by deriving a 2 × 2 matrix using the terms of the
left side of the normal equations (15) and (16) as described in Snedecor and Cochran
[167]. Taking the inverse of the matrix yields expressions for the 4 Gauss multipliers
c11, c12, c21 and c22 in terms of the residuals x1, x2 and y. These multipliers are then used
to calculate the variances and covariances.

b1 and b2 can be obtained by substituting the values of the Gauss multipliers into
the normal equations (15) and (16).
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(23) ∑∑ += yxcyxcb 2121111

(24) ∑∑ += yxcyxcb 2221211

This yields the following

(25)
( )( ) ( )( )
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2
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The molar ratio of the peptide to carrier can then be written as

(27)
( )( ) ( )( )
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The sum of the products of the residuals x1, x2 and y can be tabulated as in the
Microsoft Excel worksheets and used to express the molar ratio of peptide to carrier in
the conjugate as shown in the sample calculation.

The equations for calculating the variances of the molar ratio of a conjugate take
into account the residuals of the experimental (Yi) and predicted (Ÿi) values for each of
n amino acids in the sample conjugate. This variance, σ2, is estimated by the expression
σ2 = Σ(Yi-Ÿi)

2/(n −k −1) , n being the number of amino acids being used in the analysis
and k being the number of parameters used in fitting the regression (here, k equals 3,
based on the disposable constants b1, b2 and a). This yield the expression

(28)
1

2
2

−−
= ∑
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d
σ

σ2 can be summed directly for each of the Y values and the square root taken to
determine the standard error. The covariance of the molar ratio b2/b1 can be expressed
as follows: Letting r = b2/b1, and having b1 and b2 deviate from their means by the
quantities ∆b1 and ∆b2, the covariance of the molar ratio, Cov(b2/b1), can be expressed
as

(29) ( ) ( ) ( )2
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where V(b1) = σ2 c11, V(b2) = σ2 c22 and σ2 is as defined above. The standard error of
the estimated molar ratio is then taken as the square root of the covariance Cov(b2/b1).
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