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¯	°a±T²|³_´N³gµ<²·¶}¶<¸g¶<¸g¶<¸¹kºr»C¼RºR½�¾�¿\À_ÁJ¼>À�¼~»«ÂMÃsÃRÀ_Á\Á�ºAÄ5ÅIÆ:»«Ç?Æ_ÈI¼aÉAÅ

S ⊂ Rn+1 »I¼>Àg½y»_ÊEÅ«»E´NË|°tÌRµ}ÍmÍm³g²�Î�Ï|ÐJÍgÍGÑ]µ}²|Ò�³m´N³mµ}²ÔÓ\³_´sËÕÏTÐJÍmÍ�µ<ÖÌRÐJÒ|³m×|Ø
r
ÈIÃRÆO»CÃ>ÂMÅ

r > 0 Ù ÅrÂ\ÅA¼>¾iÀ_ÁJ¼>À}ÈIÃ>Æ~Å:¼]É:Á x ∈ S
¼R¾ÛÚ

ρ ≤ r
À_ÁJÅCÆ3Å�Å3Üa½y»«Àm»r¼>¾

n+ 1
ÚR½�Â\ÅI¾5»:½mÃ>¾}¼>ÝÞ ¼RÝ�Ý

B Ù ½�À_Á�Æ3¼aÚR½�Ç�» ρ »«Ç5É:Á	À�Á5¼RÀ ∂B ∩ S = x ß
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Gc
Þ Å[¼1»:½�Â[Ä}Ýdº~É:ÃR¾5¾ÛÅ:ÉIÀ/Å:Ú

C3 ë n+1 ìRí Ú>½�ÂMÅC¾J»«½mÃR¾Û¼RÝ?»«Ç Þ »CÅIÀ�Ã�È Rn+1 ß ê�ÅIÀ Σ := ∂Gc
»C¼RÀ�½y»�È:ºrÀ�Á5ÅWÆ3Ã>Ý�Ýî½�¾q¿Þ ¼RÝ�Ý�É:Ã>¾}ÚR½�À�½mÃR¾~ÈIÃRÆ Þ ¼RÝ�Ýï»rÃ�ÈcÂ\¼CÜa½�Â\¼RÝ9ÆA¼]ÚR½�Ç�»

1/κΣ
¼>¾}Ú�»C¼RÀ�½y»_È:º\À�Á5ÅrÉ:ÃR¾ÛÚR½�À�½mÃR¾ðÃR¾�À_ÁJÅO»IÅ:É:ÃR¾ÛÚWÈ:Ç?¾}Úa¼RÂ\ÅI¾<Àè¼>ÝÈIÃRÆ«Â~ñ

AΣ
ÃzÈ

Σ
||AΣ||2 + ||∇AΣ|| ≤ κ2

Σ <∞.

Σ
½y»kÀ_ÁJÅC¾t»C¼>½mÚrÀ/Ã Þ ÅO¼còp°�×�ó�ÐJ²�²ðÖ�ÌR°�°\Ï�µ}×�²|Ò�ÐJÌsäðØs×�ç|ç�µ<Ìs´1Øs×�ÌRÖèÐJÑ]° ßEô ÅCÆ3ÅIñqÈIÃRÆ1¼r»IÅCÀ G À�Á5Åc¾}ÃRÀ/¼RÀ�½mÃR¾
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¯	°a±T²|³_´N³gµ<²·¶}¶<¸g¶<¸yù9¸�âzúI²|³_´s³mÐJÍWû9×�ÌRÖèÐJÑ]°Jéê�ÅIÀ
Mn ÚaÅI¾ÛÃRÀ/Åw¼	»«Â\ÃNÃ>À�Á�ÃRÆ«½mÅC¾5À/¼ Þ ÝXÅ n í ÚR½�Â\ÅI¾5»:½mÃ>¾}¼>ÝGÂM¼>¾5½ ÈIÃ>ÝXÚ Ù ½�À_Á®»«Â\ÃNÃ>À�Á�ñvÉ:ÃRÂ[ÄJ¼aÉIÀ Þ ÃRÇ?¾ÛÚ]¼RÆ«º ∂Mn¼R¾ÛÚM»CÅCÀ

M0 := F0(M
n),

Ù ÁJÅCÆ3Å F0
½y»r¼M»«Â\ÃNÃ>À�ÁVÅIÂ Þ ÅAÚaÚR½�¾�¿�»C¼>Àg½y»_È:ºR½�¾q¿

∂M0 ≡ F0(∂M
n) = M0 ∩ Σ,

¼R¾}Ú
< ν0, νΣ ◦ F0 > (p) = 0

ÈIÃRÆr¼>Ý�Ý
∂Mn,

e ö]ö � ö n
ÈIÃRÆrÇ?¾5½�À�¾ÛÃRÆ«Â\¼RÝ]ÊEÅIÝ7Úå»

ν0
À/Ã
M0

¼R¾ÛÚ
νΣ

ÀèÃ
Σ ß
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¯	°a±T²|³_´N³gµ<²·¶}¶<¸g¶<¸7ý�¸�âzþ
°�ÐJ² ÿ~×�Ì � Ð?´s×�ÌR°iãWÍmµ�Ó Ó\³_´sËüòp°q×|óÕÐJ²|²�ã9ÌR°�°��~µ}×|²�Ò|Ð?Ìåä+ÿ~µ}²�Ò|³_´s³mµ}²�ØRéê�ÅIÀ

Σ
Þ Åi¼��rÅCÇ?ÂM¼>¾5¾VÈ:ÆAÅAÅ Þ ÃRÇ?¾ÛÚ]¼>Æ«ºð»:ÇsÄaÄJÃ>Æ«À�»:Ç?Æ_ÈI¼aÉ:Å ß ê�ÅIÀ I := [0, T ) ë ÈIÃ>Æp»CÃRÂ\Å T ∈ (0,∞) ì Þ Å¼R¾�½�¾5À/ÅCÆ��å¼>ÝE¼R¾ÛÚ�Ý7ÅIÀ

F (·, t) : Mn → Rn+1 Þ Å�¼iÃ>¾}Å í ÄJ¼>Æ3¼RÂ\ÅIÀ/ÅCÆ[ÈI¼RÂ�½�Ýîº®Ã�È\»«Â\ÃNÃ>À�ÁæÅIÂ Þ Å:Ú]ÚR½�¾�¿R»[ÈIÃ>Æ	¼>Ý�Ý
t ∈ I ß	� Á5Å�ÈI¼RÂ�½�Ýîº�Ã�ÈvÁ?ºAÄJÅCÆ:»«Ç?Æ_ÈI¼]É:Å«» (Mt)t∈I

ñ Ù ÁJÅCÆ3Å Mt = Ft(M
n)
ñ�¼RÆAÅ~»I¼>½mÚwÀèÃ Þ ÅMÅ
�RÃRÝ��s½�¾q¿ Þ ºró�°qÐ5²Ñ]×�Ì � Ð?´N×�ÌR°	ÓM³m´NËÔòp°�×|óÕÐJ²|²ÔÖgÌR°�°�Ï�µ<×|²�Ò|Ð?ÌåäÔÑ]µ}²�Ò|³_´s³mµ}²�Ø1µ}² Σ ë Ã>Æ[À/Ã Þ Å1¼1óÕ°�ÐJ²ðÑ]×�Ì � Ð?´N×�ÌR°	�|µ�ÓÓ\³_´sË�òp°�×|óÕÐJ²|²üÖgÌR°�°pÏ�µ}×|²�Ò|Ð?ÌåäæÑaµ<²|Ò�³m´N³gµ<²|Ø~µ}²

Σ ì ½ È
∂F
∂t (p, t) = ~H(p, t)

ÈIÃ>Æ~¼RÝ�Ý
(p, t) ∈Mn × I,

F (·, 0) = F0,
F (p, t) ⊂ Σ

ÈIÃ>Æ~¼RÝ�Ý
(p, t) ∈ ∂Mn × I,

¼R¾}Ú
< ν, νΣ ◦ F > (p, t) = 0

ÈIÃRÆ�¼RÝ�Ý
(p, t) ∈Mn × I.

e ö]ö � ÷ n

ô ÅCÆ3Å ~H(p, t) = −H(p, t)ν(p, t)
Ú]ÅC¾}Ã>ÀèÅI»rÀ_ÁJÅ~ÂMÅ:¼>¾ðÉCÇ?Æ��å¼>ÀgÇ?ÆAÅ
�RÅ:ÉIÀ/ÃRÆ�ÃzÈZÀ_ÁJÅ~½�Â�ÂMÅCÆ:»«½mÃR¾5»

Mt
¼RÀ
F (p, t)

ñÈIÃRÆ�¼tÉ:ÁJÃR½mÉ:ÅMÃzÈZÇ?¾5½�ÀG¾ÛÃRÆ«Â\¼RÝ
ν
ÈIÃRÆ

Mt ß
�t°�óÕÐJÌ����W­®@rDW47u7ugo<4X.�{a@C.J@NBA;]ugo<6�PJ=5=JB3@s636W032J@Z.5U>0A;>0347U].�BA@I^_@CBABA4X.J{M0AU\0325@Z@CK~`<@sFJF?47.J{�K\;>=9o}P5634X.5{\BA;>032J@NBU].5uXb	0325@�=}Ua634X0347U].�Qa@N8«0AU]B

x ∈ Rn+1 4X.56�03@s;]FVU>^ F (p, t)
�v­+4X032i0325476vPJ.5FJ@CB:6z0:;>.5F?47.J{<o}DE@rK\;åb�BA@
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∂x
∂t = ~H(x)

^_U]Bk;>u7u
x ∈Mt,

∂Mt ⊂ Σ
;>.5F

< ν, νΣ > (x) = 0
^_UaBk;>u7u

x ∈ ∂Mt.

e ö]ö � �qn

fpUaB3@NURQ]@CBso>DE@[0:;>�a@
νΣ
03U�`<@c032J@v47.J.J@CB�PJ.54d0�.JU]BAK\;>u<03U

Gc
o�0A25;R0�4y6G0A2J@cUaP?03@NB�PJ.J4X0E.JUaB3K\;]u50AU

G
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Σ
63U032<;R0

νΣ(x)
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∂Mt
^_U]Bk;]uXu

x ∈ ∂Mt
^_UaBW@N;a8:2

t ∈ I
�
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) Ë|°�µ5ÌR°�ó ¶}¶<¸�àá¸g¶<¸~âAûá´sÐJË|Í+*XØM°-,9³mØN´N°�²|Ñ]° ) Ë�°�µ<Ìå°�óæé
.�ÃRÆw¼>¾5º/�~ÅIÇ?Â\¼R¾<¾wÈ:Æ3Å:Å Þ ÃRÇ?¾}Úa¼RÆ«ºV»:ÇsÄaÄJÃ>Æ«Àv»:Ç?Æ_ÈI¼aÉ:Å«ñ

Σ
ñO¼>¾}Úi½�¾5½�À�½m¼RÝ�»«Ç?Æ_ÈI¼]É:Å

M0
À�Á5ÅIÆ3Å�ÅAÜa½y»:Àg»t¼�Ç?¾<½10IÇ5Å»CÃRÝîÇ?À�½mÃR¾®À/Ã ë 11.2 ì ñ�À�Á5ÅrÂ\Å:¼R¾ÔÉIÇ?Æ��R¼RÀ�Ç?Æ3Å32WÃ Ù&Ù ½�À_Á/�rÅCÇ?ÂM¼>¾5¾MÈ:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«º	É:ÃR¾ÛÚR½�À�½mÃR¾5»AñkÃR¾Ô¼tÂM¼NÜ]½�Â\¼RÝÀ�½�ÂMÅi½�¾5À/ÅCÆ��å¼>Ý

[0, T ) Ù Á�½mÉ:Á&½y»�»«ÂMÃsÃRÀ_Á�ÈIÃ>Æ t > 0
¼R¾}Ú�½�¾·À�Á5Å®ÉCÝX¼R»A»

C2+α,1+α/2 ÈIÃ>Æ t ≥ 0
¼>¾}Úü¼R¾<º

α ∈ (0, 1) ß54 ÃRÆAÅAÃ6�åÅCÆ:ñ�½ È T <∞ À_ÁJÅC¾
sup{|A|2(x, t) : x ∈ Mn} → ∞ ¼R»

t→ T.
e ö]ö � 7qn
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4y6c63KMU�U>032
t ∈ [0, T )
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x = limj→∞ xtj
DW2J@CBA@

xtj ∈ Mtj

^_U]B�;63@��qPJ@C.<8I@
tj ↗ T
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) Ë|°�µ5ÌR°�ó ¶}¶<¸�àá¸�àá¸ê�ÅIÀ

(Mt)t∈[0,T )

Þ Å�¼\Â\Å:¼R¾®ÉCÇ?Æ��R¼RÀ�Ç?Æ3ÅA2WÃ Ù+Ù ½�À_Á9�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«ºwÉ:ÃR¾ÛÚR½�À�½mÃR¾5» ß:B ÇsÄ]Ä5Ãå»CÅZÀ_ÁJ¼>À}ÈIÃ>Æ»CÃRÂ\Å
x0 ∈ Rn+1 ñ R > 0 0 < t1 ≤ T

À_ÁJÅCÆ3Å�Å3Üa½y»«Àg»O¼
C0 ∈ R

»«Ç5É:Á�À_ÁJ¼RÀ

|A(x, t)|2 ≤ C0

R2

ÈIÃRÆW¼RÝ�Ý
x ∈ BR(x0)

¼R¾ÛÚ
t ∈ (t1−R2, t1)

À_ÁJÅC¾MÀ�Á5ÅIÆAÅWÅ3Üa½y»«Àm»:ñ>ÈIÃRÆWÅ:¼]É:Á
k ∈ N

ñ�¼OÉ:ÃR¾J»«À/¼R¾<À
Ck = Ck(n, k, C0)»«Ç5ÉAÁpÀ�Á5¼RÀ}ÈIÃRÆ~¼>Ý�Ý

x ∈ Mt ∩ BR/2(1+C(C0))(x0)
¼R¾ÛÚ

t ∈ (t1 −R2/4, t1)

|∇kA(x, t)|2 ≤ Ck
R2(k+1)

.

��2J@WK\;>47.\P563@WU>^}032J@[4X.q03@NB347U]BL@s6z0A4XK\;>03@N6G476T0AUO`<@c;>`Ju7@�03UZ;]=J=Ju7bZ0325@:CkBEDC@Nu7;6�FCc638CU]u74���25@CU]BA@CK�03UZ63@��qPJ@N.58I@s6U>^cS5URDk6	e_47.æ=5;]B�0A478CPJuy;>BM=5;>B:;>`}U]u74y8�`Ju7URDWPJ=56�U>^[S5URDk6C��­+25;R0\`Ju7URDWPJ=56M;>BA@	DW4Xu7uW`<@pF?4y6A8IP56A6�@sFÕuy;R0A@CB«nZ47.U]B:F?@NBT03UZUa`?0A;]4X.\;O63K�U�U]032\u74XKM4X0GS5URDO�T��2J@[��2J@NU]BA@CK
U]^GC[B>DN@Cuy;H�IC[6A8IUauX4?4y6�;a8«03P<;>u7uXbr;O032J@NU]BA@CK�47.9Ck.<;>u7b�634y6;>=5=JuXb�47.J{Z0AUZ^_PJ.<8«0347U].<6C�L�kURDE@CQa@CBsoa634X.<8I@[KM@s;>.t8CPJB3QR;>03PJBA@kS5URD+DW4X032wYk@CP5KM;].J.�^_BA@C@c`<UaPJ.5FJ;]B3b\8CU].5F?4X0347U].<68C;].�`<@1^_UaB3K~PJu7;>03@sF	;a6W;\6�b?6�03@NK�U>^T@��qP5;>0347U].56E^_UaBkDW2J4y8:2	032J@JC[B>DN@Cuy;H�IC[6A8IU]u749��2J@NU]BA@CK£4y6k;>=5=JuX4y8C;]`Ju7@�eg��@N@�q0:;>2JuA� ÷>øH� nEDE@Z8C;].	;]u763U\;>=J=Ju7bt4X0k2J@NB3@a�G��2J@1^_U]BAK£U>^|0325@JCkBEDC@Cuy;H�IC[6A8IUauX49��25@CU]BA@CK£0325;>0kD�@1DW47uXu9`}@OP5634X.5{DW47uXu�`}@	6�0A;>03@NFÔ^_U]u7uXURDW47.J{V;iF?@IH5.54d0A4XUa.�U>^v;p0zb�=<@wU>^c8CU].�Q]@NB3{a@C.58C@M0325;>0~4y6�P56�@sFÔ47.Õ0325@t0A2J@CUaB3@NK ;].5FÔ47.{]@N.J@CB:;>uÛDW47uXu�`<@O47KM=<UaB�0:;>.q0�03U\P56N�
¯	°a±T²|³_´N³gµ<²·¶}¶<¸�àá¸g¶<¸ê�ÅIÀ {(M j

t )t∈[tj ,0)}j∈N

Þ Å1¼r»CÅ�0IÇ5ÅC¾}É:Å1ÃzÈ[ÂMÅ:¼R¾pÉCÇ?Æ��å¼>ÀgÇ?Æ3ÅK2WÃ Ù » Ù ½�À�ÁL�rÅCÇ?Â\¼R¾5¾vÈ:Æ3Å:Å Þ ÃRÇ?¾}Úa¼RÆ«ºMÉAÃ>¾}Ú>½�Àg½mÃ>¾J»Ù ½�À_Á tj ↘ −∞ ¼å»
j → ∞ ß ê�ÅIÀ (Mt)t≤0

Þ Åp¼®ÂMÅ:¼R¾&ÉCÇ?Æ��R¼RÀ�Ç?Æ3ÅM2WÃ Ù Ù ½�À�ÁN�~ÅIÇ?Â\¼R¾<¾	È:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«ºÉ:ÃR¾ÛÚR½�À�½mÃR¾J» ß	O ÅZÀ_ÁJÅC¾p»C¼Rº�À_ÁJ¼>À (M j
t )
Ñ]µ}² � °qÌRÎ<°�Ø\ØsóÕµ9µ<´NË|Í_äÔ´Nµ (Mt)

½ È1À_ÁJÅrÆ3ÅI»gÄ5Å:ÉIÀ�½P�RÅ�ÈI¼>Â~½�Ýd½mÅ«»�Ã�ÈZÅIÂ íÞ Å:Ú]ÚR½�¾�¿\Â\¼AÄ}»Añ {F jt } ñLÆ3Å/Ä}Æ3ÅI»CÅI¾<Àg½�¾�¿MÀ�Á5Å1Â\ÅA¼>¾VÉIÇ?Æ��R¼RÀ�Ç?Æ3Å�2WÃ Ù » Ù ½�À_ÁQ�rÅCÇ?ÂM¼>¾5¾ZÈ:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«º�ÉAÃ>¾}Ú>½�Àg½mÃ>¾J»É:ÃR¾R�åÅCÆg¿qÅZÀ/Ã\À_ÁJÅrÝî½�Â�½�Àg½�¾�¿[ÈI¼>Â~½�Ýîº�ÃzÈZÅCÂ Þ Å:Ú]Ú>½�¾q¿wÂ\¼AÄ<» {Ft} ½�¾ C∞ ß
O ÅZÀ�Á5ÅI¾V»C¼Rº\À_ÁJ¼RÀ (M j

t )
Ñaµ<² � °aÌRÎ}°�ØMÓr°�ÐS�9Í_ä�´Nµ (Mt)

½ ÈGÈIÃRÆ�ÅA¼aÉAÁ
t < 0

¼R¾ÛÚ
φ ∈ C0

C(Rn+1,R)

lim
j→∞

∫

Mj
t

φdHn =

∫

Mt

φdHn.

ö � ö



�t°�óÕÐJÌ����GY[U>0A@W0325;>0�63K�U�U]032\8IUa.qQa@CBA{]@N.58I@E4XKM=Ju747@N6LDE@N;]�~8IUa.�Q]@CBA{]@N.58I@ao>;v^m;]8I0L0325;>0�D�@WDW47u7u5BA@C{]P5u7;]B3u7bOP563@47.w0A2J@OBA@CK\;>47.5F?@NBEU]^�0A2J@10325@N63476N�
­®@Z8C;>.	.JURD·6z0:;R03@v0A2J@JCkBEDC@Nu7;6�FCc638CU]u74Û��25@CU]BA@CK��
) Ë|°�µ5ÌR°�ó ¶}¶<¸�àá¸yù9¸ê�ÅIÀ {(Mt)t∈[−tj ,0)}j∈N

Þ Å[¼v»CÅ�0IÇ5ÅC¾}É:ÅkÃ�ÈEÂMÅ:¼R¾	ÉIÇ?Æ��R¼RÀ�Ç?Æ3ÅT2WÃ Ù » Ù ½�À�ÁJ�rÅCÇ?ÂM¼>¾5¾kÈ:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«ºZÉAÃ>¾}Ú>½�Àg½mÃ>¾J»»«ÇsÄ]Ä5ÃRÆ«À/Å:ÚpÆ3ÅI»�ÄJÅ:ÉCÀg½P�RÅIÝdºiÃR¾æÀ�Á5Å\»«ÇsÄ]Ä5ÃRÆ«Àc»«Ç?Æ_ÈI¼]É:ÅI»
Σj ß�B ÇsÄ]Ä5Ãå»CÅ	¼RÝï»CÃVÀ�Á5¼RÀvÀ�Á5ÅIÆ3Å	ÅAÜ]½y»«Àg»:ñ�ÈIÃRÆwÅ:¼aÉAÁ k ∈ N

ñÉ:ÃR¾5»:À/¼R¾<Àm»
Ck

»«Ç5ÉAÁpÀ�Á5¼RÀ
|∇kAj |2 ≤ CkÈIÃRÆ\¼RÝ�Ý

t ∈ [tj , 0)
¼R¾ÛÚ

x ∈ Uj ⊂ Rn+1 ë Ù Á5ÅIÆ3Å Uj ½y»\ÃAÄ5ÅI¾ ì>ßUB ÇsÄ]Ä5Ãå»CÅ\¼RÝî»IÃ	À_ÁJ¼>À Uj × [tj , 0) → Rn+1 ×
(−∞, 0)

¼å»�»CÅIÀg» ßV� Á5ÅI¾�À�Á5ÅIÆ3Å®ÅAÜ]½y»«Àg»p¼Ô»«ÂMÃsÃRÀ_ÁüÝî½�Â�½�À52WÃ Ù (M ′
s)s≤0

À/Ã Ù Á?½mÉAÁ À_ÁJÅU2�Ã Ù » (M j
t )t∈[tj ,0)É:ÃR¾R�åÅCÆg¿qÅO»«Â\ÃNÃ>À�Á?Ýîº ß

�Z�Z�>W ¨ �/�KX\�I�Z�	©���¬Y�E Z�~���T¢�!	�t��¢I r� �r�w© �|�W�I�O���W© �T�W¬��	�:��¬
CW^�0A@CB[032J@Z{aB3UaPJ.5F	6�@C0�0A4X.J{tD�UaB3��U]^L��0A;>25ugo5032J@Z.5@Ix�0c6�03@C=pU]^|BA@N63@N;a8:2wUa.�K�@s;>.�8CPJB3QR;>03PJBA@vS5URD�DW4X032�Y[@CPS�K\;>.J.Õ^_B3@N@t`}U]PJ.5F5;>BAb®8CU].5F?4X0347U].<6Z47.Õ0325@w8Iuy;]6A63478N;>u�63@C.<6�@�D�;]6~8IUa.5F?P58I03@NFÕ`qbÔlEP58:��uy;>.5Fð47.Õ2J4y6~FJU�8I03UaBA;]u0325@N63476L� @ � �Z��25@rK\;>47.i8CU].q03BA4X`5P?0347U].�U]^�2J4y6k0A25;R01DE@�;]B3@Z47.q03@NB3@s6z0A@NF�47.�4y6c032J@�{]@N.J@CB:;>u|fpU].JU]03Ua.J478C4d0zbpj5U]B>�KrP5u7;5�+­i@�DW47u7uk4X.�^m;a8«0�.J@N@NFü;ðõ9U?8C;]uX4y6�@sFæf�U].JU]03U].5478C4d0zb�j5U]BAKrPJuy;i0325;>0�D�@�FJ@CQ]@NuXUa=æ47.�032J@�^_UauXu7URDW47.J{8:25;]=?03@NBA6No?`JP?0k4X0[4y6�`5;]63@NF	U].�lEP58:��u7;].5FJ6�{a@C.J@NBA;]uÛ^_U]BAKrPJuy;J�Gj5PJB�0A2J@CBso�0325@Z=JBAU]=}@CB30347@N6�U>^�032J@~F?476�0A;].58I@O;].5FBA@IS5@s8«0347U].M^_P5.58«0A4XUa.56�U]^[ZvB>\?0A@CB�;>.5F^]aUa6�0No�;>.<F�032J@c=JB3Ua=<@NB�0A4X@s6GU]^álEP58:��uy;>.5F9� 6G03@N6�0�^_P5.58«0A4XUa.

ηx0,t0

;].5FM0325@KMU?F?4dH<@NF	`5;]8:��D�;>B:F\2J@s;R0k�]@NB3.5@CuáF?@CQa@Cu7U]=}@NFw`�bwlEP58:��u7;].5F�DW47u7u9`<@s8IUaK�@O47KM=<UaB�0:;>.q0�03UMP56N�
��2J@�8I@N.a0ABA;]u�4yF?@s;VU]^clEP58:��u7;].5Fáo�;].5FÔ0A2qP<6CoL0A2J@p8I@N.a0ABA;]u�4yF?@s;VU]^k032J@põ�U�8N;>u74763@NF�fpU].JU]03Ua.J478C4d0zbÔj5U]BAKrPJuy;=JBA@N63@C.q03@sFt47.	032J4y6k��2J@s6�4y6No?476�`5;a6�@sFtUa.	032J@1^_UauXu7URDW4X.5{~@Cx�=<;>.5634XUa.�^_UaB3K~PJu7;5o?=JBAURQ]@C.w4X.plEP58:��uy;>.5F_� @ �
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸g¶<¸�â+��×�Ñ��9ÍmÐ5²�Ò3*XØ^a',áç|Ð5²�Øs³mµ}²üã�µ<Ìåó®×|ÍmÐ<éê�ÅIÀ M = (Mt)t∈[0,T )

Þ ÅM¼t»CÃRÝîÇ?À�½mÃR¾ÕÃzÈ ë 11.2 ì ¼R¾ÛÚ U ¼>¾ÕÃAÄ5ÅI¾i»«Ç Þ »CÅCÀWÃ�È Rn+1 É:ÃR¾5À/¼R½�¾<½�¾q¿ M ß .�Ã>Æ�¼>¾5ºÈ:Ç?¾}ÉCÀ�½mÃR¾J»
f, g : U × [0, T ) → R

ñ Ù Á5ÅIÆ3Å f ∈ C2
0 (U)

ñ ∂f
∂t ∈ C0

0 (0)
ñ
g ∈ C2(U)

¼R¾}Ú ∂g
∂t ∈ C0(U)

ñ Ù ÅcÁJ¼H�RÅÀ_ÁJÅ�ÈIÃRÝ�ÝXÃ Ù ½�¾q¿\¿qÅI¾ÛÅIÆ3¼>Ý�ÅAÜ«Ä5¼R¾5»«½mÃR¾~ÈIÃ>Æ«Â~Ç?Ý7¼�b
d
dt

∫
Mt

fgdµt = −
∫
Mt

fg
∣∣∣ ~H − D⊥g

g

∣∣∣
2

dµt +
∫
Mt

fQ(g)dµt +
∫
Mt

g
(
d
dt −4Mt

)
fdµt

+
∫
∂Mt

(g < Df, νΣ > −f < Dg, νΣ >)dσt,

e ö]ö � can

Ù ÁJÅCÆ3Å1ÁJÅCÆ3ÅM¼R¾ÛÚ~ÁJÅC¾}É:ÅgÈIÃRÆ«À_ÁpÀ_ÁJÅ�ÃAÄ5ÅCÆ3¼RÀ/ÃRÆ^d�½y»rÚ]ÅgÊG¾ÛÅAÚ Þ º

Q(g) :=
∂g

∂t
+ divMtDg +

|D⊥g|2
g

.
e ö]ö � @qn
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n
�èKM@N;]63PJBA@1B3@s6z0AB34y8«0A@NFw03UM0A2J@ZBA@Cuy;R03@sF

Mt
0A4XKM@N60325@OKrPJuX0347=Ju7478C4d0zbwU>^�0A2J@Z63PJB�^m;a8I@a�T��2<;R0k4y6

µt(A) =

∫

Mt∩A
θdHn

DW2J@NB3@
θ
4y6G0A2J@1KrPJuX0347=Ju7478C4d0zbM^_P5.58«0A4XUa.9����47K�47uy;>BAuXb

σt
DW4Xu7uáF?@C.JU]03@c032J@1�[;]P56AF?U]B>e

n− 1
��KM@N;a6�P5B3@kBA@N6�03BA4y8«03@sF03Ur032J@c`<UaPJ.5FJ;]B3b�U>^á0A2J@c;a6363U?8I4y;R0A@NF\63PJB�^m;a8I@

∂Mt
0347KM@N6�032J@vKrP5ud0A4X=Ju74y8I4X0zb�U]^á032J@v6�P5B�^m;a8I@]�gC[6�DE@[DW47uXu}u7;>03@NB47K�=}Ua63@v^_U]B�0A2J@Z8Iuy;]6A6�4y8C;]uá8C;]63@v0325;>0W032J@OK~PJuX0347=JuX4y8I4X0zbt`}@O4yF?@C.q034XH5@sFwDW4X032 ö

µt
;].5F

σt
DW4Xu7u9F?@C.5U>03@O@CxJ;]8«0AuXb
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n
�èKM@N;]63PJBA@kBA@N6�03BA478I03@NF�0AU

Mt
;].5F��[;]P56AF?U]B>e

n− 1
�èKM@N;]63PJBA@�BA@N6�03BA4y8«03@sFM03U

∂Mt
�T��25@c.JU]0A;>0347U].DW4X032 Hn oaU]B Hn−1 DW47uXuJ`}@kP563@NF�47.q03@CB:8:25;].J{]@s;>`Ju7bODW4d0A2 µt ;].5F σt F?@C=}@C.5FJ4X.J{OUa.M.JU>0:;R0347U].<;>uJ8IUa.�Q]@C.54X@N.58I@a�

��2J@~{]@C.5@CB:;>u�4yF?@s;\^_U]B1F?B:;åDW4X.5{�KMU].JU]03U].5478C4d0zbw^_B3UaKV"GB3Ua=<Uq6�4X0347U].
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476[03U	8:2JU�Ua63@
f
;>.5F

g
63P58:2p032<;R00325@[uy;]6�0G0zD�UZ03@CBAK\6GU]^�e

11.5
nLF?4y63;]=J=<@s;>B�;].5FM0A25;R0G0A2J@c63@N8CU].5F�0A@CBAK 476�8IU].q0AB3UauXu7@NF�`�b

f
;].5F

g
0A2J@CK\63@Cu7Q]@s6C�

­®@pDW4Xu7uk47.a0AB3U?F?P<8I@�lEP58:��u7;].5Fá� 6\8:2JU]4y8I@s6MU>^
f
;].5F

g
o�0325;>0t;>uy6�Uð`}@N8IUaKM@p4XKM=}U]B30A;>.q0�2J@NB3@aoE632JUaB�0AuXba�+-/.U]B:F?@NB�03U�F?U\63U5oJ2JURDE@CQa@CBso�D�@O.J@N@NFw03U\47.q03BAU?F?P58I@
ZvBE\?0A@CBk;>.<F	]aUa6�0N� 6�BA@IS5@s8«0347U].	^_PJ.<8«0347U].p;].5F�6�UaK�@OU]^|4X0A6=JBAU]=}@CB30347@N6N�M�?Ut0A25;R0ZDE@MKM;åbp47.q03BAU?F?P58I@�0A2J@MB3@CS5@N8I0347U].i^_PJ.58«0A4XUa.iDE@�H5B:6z0O.J@N@NFV03UpF?4y638CP5636v0A2J@\F?4y6z0:;>.58C@^_PJ.58I0347U].9o5DW2J@CBA@1D�@O;>BA@v0A;]�q47.J{�0325@ZF?476�0A;].58I@v^_BAU]K�;].p;>BA`J4d0ABA;]B3bM=}U]47.q0W03U�032J@Z63PJ=J=}U]B30k6�P5B�^m;a8I@

Σ
�

¯	°a±T²|³_´N³gµ<²·¶}¶<¸yù9¸g¶<¸ê�ÅIÀ
Σ = ∂G

Þ Å\¼Q�rÅCÇ?Â\¼R¾5¾MÈ:Æ3Å:Å Þ ÃRÇ?¾ÛÚ]¼RÆ«ºw»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:Å ß .�Ã>Æ�¼>¾5ºOÄ5ÃR½�¾<À x ∈ Rn+1 ñ Ù Å\Ú]ÅC¾}Ã>ÀèÅ�À_ÁJÅÂ�½�¾5½�Â�Ç?Â ÚR½y»«À/¼R¾ÛÉAÅ�ÃzÈ
x
ÀèÃ

Σ
Þ º
dΣ(x) := dist(x,Σ)

ñ Ù ÁJÅC¾}Åh�RÅIÆZ½�À�½y» Ù ÅCÝ�Ý�ÚaÅmÊ�¾}Å:Ú ß/O ÅZÀ�Á5ÅI¾®Ú]ÅgÊG¾}ÅZÀ�Á5ÅØs³mÎ}²�°�ÒüÒ�³gØC´sÐJ²|Ñ]°pÖè×�²|Ñ>´s³mµ}² Þ º

d(x) :=

{
−dΣ(x)

½ È
x ∈ Gc

dΣ(x)
½ È
x ∈ G

e ö]ö �ji]n
­®@O.JU>0A@c0A2J@1^_U]u7u7URDW4X.J{\6�0A;].5FJ;>B:F�BA@N63PJuX0[8IUa.58I@NB3.J47.J{~032J@ZFJ476�0A;].58I@v^_PJ.58I0347U].9�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸�àá¸ê�ÅIÀ

G ⊂ Rn+1 Ù ½�À�Á Σ = ∂G ∈ Ck
ÈIÃ>Æ[»CÃRÂ\Å

k ≥ 2 ßL� ÁJÅC¾pÀ_ÁJÅCÆ3ÅOÅ3Üa½y»«Àg»v¼R¾ ε > 0
»«Ç5É:ÁtÀ�Á5¼RÀ

d ∈ Ck(Σε)
ñ

Ù ÁJÅCÆ3Å Σε
½y»OÀ�Á5Å

ε í À�Ç Þ Ç?Ý7¼RÆv¾}ÅC½d¿sÁ Þ Ã>Ç?Æ3ÁJÃsÃNÚ�Ã�È Σ
¿]½P�RÅI¾ Þ º

Σε := {x ∈ Rn+1 : dΣ(x) < ε}.
k ¾ÔÀ�Á?½y»�¾ÛÅI½d¿åÁ Þ Ã>Ç?Æ3ÁJÃsÃNÚRñvÀ_ÁJÅ�¾}Å:¼RÆ3ÅI»«ÀTÄ5ÃR½�¾5ÀGÄ}Æ3Ã+lCÅ:ÉIÀ�½mÃR¾

Rn+1 → Σ
¼RÝï»CÃiÅ3Üa½y»«Àm» ßm� Á?½y»cÄÛÆ3ÃIlCÅ:ÉCÀg½mÃ>¾ Ù ½�Ý�Ý Þ ÅÚ]ÅC¾}Ã>ÀèÅ:Ú Þ º

πΣ ß
�t°�óÕÐJÌ����n$[P5@[0AUr0A2J@cBAU]u7u74X.J{r`5;>u7uá8IU].<F?4d0A4XUa.tDW4X032wKM;>x?4XK\;>u}B:;]F?47P56

κ−1
Σ

o�4d0k8N;>.�`}@v632JURDW.Veg6�@N@U� @ � nG0325;>0^_U]B
Σ
;1Yk@NPJK\;>.J.�^_BA@C@�`<UaPJ.5FJ;]B3b~8IU].<F?4d0A4XUa.56L63PJ=J=}U]B30L63PJB3^m;]8C@

Σε ⊃ Σ1/κΣ

63Uc0A25;R0T0A2J@kF?4y6z0:;>.58C@�^_PJ.58«0A4XUa.;>.<Ft.J@s;>BA@N6�0W=<Ua4X.q0k=JBAU6oz@s8«0347U].t^_PJ.58I0347U].56k;]B3@O;]u763U~DE@Cu7u9F?@CH5.J@NF	Ua.
Σ1/κΣ

�
­®@t;>BA@\K\;>47.JuXb®47.a0A@CBA@N6�03@sFi47.Ô0A2J@tF?4y6z0:;>.58C@M^_PJ.58I0347U].ÕUa.JuXb®;]6r4d0r4y6Z.5@N8I@s636A;>BAbp^_UaBO032J@	F?@IH<.J4d0A4XUa.ÔU>^�0325@BA@IS5@s8«0347U].w^_PJ.58I0347U].�U>^AZvBE\?03@NBk;>.5F	]]Uq6z0s�L�kURDE@CQ]@NB�4d0k4y6W;>uy6�UM47KM=<UaB�0:;>.q0�03UM.JU>0A@1032J@1^_UauXu7URDW47.J{5�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸yù9¸ê�ÅIÀ

Σ
Þ Å�¼
�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«ºM»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:Å~¼>¾}Ú�ÝXÅIÀ

x0 ∈ Σε ßQ� ÁJÅC¾
p ß Dd(x0) = ν+

Σ (πΣ(x0)),

q ß ||D2d|| ≤ κΣ(1 − dκΣ)−1,
¼R¾}Ú

r ß ||D3d|| ≤ κ2
Σ(1 − dκΣ)−3,

Ù ÁJÅCÆ3Å || · || Æ3ÅgÈIÅIÆ:»OÀ/Ã�À�Á5ÅOÂ\¼CÜa½�Â~Ç?Â�¾}ÃRÆ«Â*¼R¾ÛÚ
ν+
Σ

½y»vÀ_ÁJÅZÇ?¾5½�ÀG¾ÛÃRÆ«Â\¼RÝáÀ/Ã
Σ
À�Á5¼RÀáÄ5ÃR½�¾<Àm»1½�¾pÀ_ÁJÅrÚ>½�Æ3Å:ÉIÀ�½mÃR¾ÃzÈr½�¾}ÉCÆ3Å:¼å»«½�¾q¿w»«½d¿]¾}Å:Ú�ÚR½y»«À/¼R¾}É:Å ß�O Å Ù ½�Ý�Ý9Á5ÅI¾ÛÉ:ÅmÈIÃ>Æ«À�Á�»CÅIÀ νΣ À/Ãw¼>Ý Ù ¼Rºå»\Ú]ÅC¾}ÃRÀ/Å ν+

Σ ß .áÇ?Æ«À_ÁJÅCÆ Ù Å Ù ½�Ý�ÝTÀè¼�s]Å
νΣ(x)

ÀèÃÕÂMÅ:¼R¾
ν+
Σ (πΣ(x)) ßtB ½�¾ÛÉAÅVÀ_ÁJÅu�RÅ:ÉIÀ/ÃRÆZÈ:Ç?¾ÛÉIÀ�½mÃR¾ νΣ Ù ½�Ý�Ýc¾}Ã>À Þ ÅpÇ�»CÅ:ÚÔ½�¾�¼R¾<º�ÃRÀ_ÁJÅCÆ Ù ¼RºÕÀ_Á�½y»»«½�ÂkÄÛÝî½ Ê�ÅI»Z¾}Ã>Àè¼>Àg½mÃ>¾ Ù ½�À_ÁJÃ>Ç?À�ÉCÆ3Å:¼RÀ�½�¾q¿wÉAÃ>¾NÈ:Ç�»«½mÃR¾ ß

­®@�.5URD
4X.q0AB3U?F?P58C@�032J@MBA@IS5@s8«0347U].V^_PJ.58I0347U].®U>^vZvBE\?0A@CBO;>.5F�]aUa6�0c0A25;R0O4y6v63U	4XKM=}U]B30A;>.q0103U	U]P5B1;].5;>u7b?6�4y6N�
]aP56z0�;a6T4XKM=}U]B30A;].a0AuXb~476L032J@M8 BA;aF?47P56C�å^_P5.58«0A4XUa.\B3@Nu7;>03@NFr03U10A2J@kBA@IS5@s8«0A4XUa.r^_PJ.<8«0347U].M0A25;R0GDE@k;>uy63Uc.JURDüF?@CH5.J@]�

ö ���



¯	°a±T²|³_´N³gµ<²·¶}¶<¸yù9¸�àá¸
.�ÃRÆr¼R¾<º

x ∈ Σ1/κΣ
Ù Å�Ú]ÅgÊG¾ÛÅ

x̃ := x− 2(< x, νΣ − dΣ)νSigmaÀ/Ã Þ ÅZÀ_ÁJÅk´N³gÍmÒ|°�wAÌR°x�T°�Ñ>´s³mµ}²�µ}Ö
x
ÐJÑ]Ìåµ}ØsØ

Σ
¼>¾}Ú\»IÅCÀ
r := |x|2 + |x̃|2.

.9Ç?Æ«À�Á5ÅIÆ«Â\ÃRÆ3ÅIñ5ÈIÃRÆr¼>¾5º
x0 ∈ Rn+1 Ù Å�Ú]ÅgÊG¾ÛÅOÀ_ÁJÅrÀgÆA¼R¾J»«ÝX¼>ÀèÅ:Ú r È:Ç?¾ÛÉIÀ�½mÃR¾

rx0 := |x− x0|2 + |x̃− x0|2,

Ù ÁJÅCÆ3ÅrÀ�Á5ÅZÆAÅ12WÅ:ÉIÀ�½mÃR¾ x̃− x0
½y»OÀ_ÁJÅC¾®¼aÉIÀ�Ç5¼RÝ�ÝîºtÀ�Á5ÅZÆ3Åy2WÅ:ÉIÀ�½mÃR¾iÃ�È

x− x0
¼RÆ3Ã>Ç?¾}Ú

Σ − x0 ß
�t°�óÕÐJÌ��9Øx�ö nnzc6�47.J{M0325@1^m;]8«0�0A25;R0

Dd = νΣ
DE@Z8C;].	;]u763U~DWBA4X03@
x̃ = x− 2(< x,Dd > −d)Dd. e ö]ö � = n

÷ nG��2J@kKMU>0A4XQR;R0A4XUa.�^_U]BG0A2J@[F?@CH5.J4X0347U].\U]^}0A2J4y6GBA@IS5@s8«0347U].M^_P5.58«0A4XUa.\DW4Xu7u5.JU]0�`}@N8IUaKM@k.5;R0APJB:;>u7uXb�8Iu7@N;>B�4X.M0A2J4760325@N63476N�r­®@M.JU>0A@�25URD�@NQ]@CBso}0325;>01032J@MU]BA47{]47.5;>u|Q]@NB3b�47K�=}U]B30A;].q01=5B3Ua=<@NB�0zb�U>^�032J4y61BA@IS5@s8«0347U].i476v0A25;R0OUa.
Σe_DW25@C.

0 ∈ Σ
n
< x+ x̃, νΣ >= 0

oJ;~^m;a8«0W032<;R0k4y6�.JU>0[6325;>BA@NFt`�b\032J@OP<6�P5;]u9BA@IS5@s8«0347U].t^_PJ.58I0347U].9�
�anL­i@c.JU>0A@W0325;>0�47.M032J@v6�=}@N8C47;]u<8N;]63@kU>^9;O=Juy;>.<;>B�63PJ=J=}U]B30�63PJB�^m;a8I@

Σ 3 0 x̃ = x
;].5F�032�P56

r = 2|x|2 �L��2J476BA@NF?P58I0347U].w03U�;M634XKM=Ju7@Z8C;a6�@ao�;]uXu7URDk6E0325@O`<UaPJ.5FJ;]B3b�u7@N6A6E8N;]63@v03UM`<@OBA@I0AB347@CQa@NFt^_B3UaK 0325@O`<UaPJ.5FJ;]B3bt8N;]63@c`�bBA@IS5@s8«0347U].�;>BAU]P5.5F\0A2J@O`<UaPJ.5FJ;]B3ba�
��2JUq6�@1=JBAU]=}@CB30347@N6EU>^|0325@OB3@CS5@N8I0347U].w^_PJ.58«0A4XUa.�=JB3URQa@C.w`qbwl�P<8:�quy;>.<F�0A25;R0kDE@1.J@C@sF	;]B3@1;]6E^_UauXu7URDk6N�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸7ý�¸ê�ÅIÀ

Σ
Þ Å�¼U�rÅCÇ?ÂM¼>¾5¾�È:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«º\»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:Å ß/� Á5ÅI¾MÈIÃRÆ�¼R¾5º x ∈ Σ1/κΣ

Ù ÅvÁ5¼H�RÅ�À�Á5ÅEÈIÃRÝ�ÝXÃ Ù ½�¾q¿ÅI»:À�½�Â\¼RÀ/Å«»hb
p ß limκΣ→0 x̃ = x

q ß |x̃| = |x− 2dDd|
r ß |Dr|2 ≤ 8r + 32|x|3κΣ

1−dκΣ
+

16|x|4κ2
Σ

(1−dκΣ)2
ñ

{ ß |divMtDr − 4n| ≤ 20nκΣ|x|
1−dκΣ

+
4nκ2

Σ|x|2
(1−dκΣ)3

ñ�¼R¾ÛÚ
| ß < Dr, νΣ >= 0

ÈIÃ>Æ~¼RÝ�Ý
x ∈ Σ ß

��U~0A2J4y6WD�@O;aFJFw032J@1^_UauXu7URDW4X.5{~=JBAU]=}@CB30zbM032<;R0kDW47uXu9`}@N8CU]KM@14XKM=}U]B30A;].a0k47.	U]PJBk;]B3@s;r`}U]PJ.<FJ6C�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸P}á¸ê�ÅIÀ

Σ
Þ Å�¼
�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«ºM»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:Å~¼>¾}Ú�ÝXÅIÀ

x0 ∈ Σ ß^� ÁJÅC¾~ÈIÃRÆ�¼RÝ�Ý x ∈ Rn+1

|x− x0|
3

≤ |x̃− x0| ≤ 3|x− x0|.
~«À�À�Á5ÅI¾ð¼RÝï»CÃcÈIÃRÝ�ÝXÃ Ù »ZÀ�Á5¼RÀ

10|x− x0|2
9

≤ rx0 ≤ 10|x− x0|2.

ö �67



`1ÌRµ9µ}Ö>�jJBAU]K e ÷ nr4X.�"GBAU]=}Ua634d0A4XUa.
11.3.4

;].5FæP56�47.J{i0325;>0 |Dd| = 1
DE@w25;åQa@ |x̃− x0| = |x − x0 − 2dDd| ≤

|x−x0|+2|d|. �kURDE@CQa@CBsoR6�47.58I@ x0 ∈ Σ
o
d(x) ≤ |x−x0|

o>032�P56 |x̃− x0| ≤ 3|x−x0|.
��47.58I@

x−x0 =
˜̃
x− x0DE@k25;åQ]@�BA@N8C4X=JBAU?8C;]uXu7bO032<;R0 |x−x0| ≤ 3|x̃− x0|.

��2J@kBA@N63PJuX0G^_U]u7u7URDk6T^_B3UaK
0A2J@cF?@CH5.J4X0347U].\U]^
rx0

;].5F�0325@N63@0zDEU~^m;a8«0:6C� ♦
­®@w.JURD�4X.q03BAU?F?P58C@t0A2J@t0zDEU�^_P5.58«0A4XUa.56M4X.�QaU]u7Q]@NFð47.æ032J@	KMU].JU]03U].5478C4d0zbð^_UaB3K~PJu7;a6Z47.q03BAU�FJP58I@sFÕ`�bÕlEP58:�-�uy;>.5Fá�G��25@cH<BA6�0W476k;~0A4XKM@ZF?@N=<@N.5F?@C.q0ku7U?8C;>u74y63;>0347U].�^_P5.58«0A4XUa.	Ua.t0A2J@Z63PJ=J=}U]B30�U]^�DW2J4y8:2p8I@NB�0:;>47.t47K�=}U]B30A;].q0=JBAU]=}@CB30347@N6�2JUau7F9�
¯	°a±T²|³_´N³gµ<²·¶}¶<¸yù9¸yù9¸ê�ÅIÀ

Σ
Þ ÅM¼U�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«º�»«ÇsÄaÄJÃ>Æ«À�»«Ç?Æ_ÈI¼aÉAÅ Ù ½�À_Á κΣ ≥ 0 ß/� Á5ÅI¾MÈIÃRÆM¼R¾<º x0 ∈ Σ

ñ
t0 ∈ R

¼>¾}Ú
δ ∈ (0, 2/5] Ù ÅMÚ]ÅgÊG¾ÛÅ���×�Ñ��9ÍgÐJ²�Ò3*XØ\Ígµ9Ñ]Ð5Ím³mØsÐ?´s³mµ}²æÖè×|²�Ñ]´N³mµ}² η(x0,t0) : Rn+1 × R → R

Þ º

η(x0,t0)(x, t) =

(
1 −

(
2κΣ

(κ2
Στt0)

δ

)2

(rx0 − 40nτt0)

)4

+

,
e ö]ö � ø n

Ù ÁJÅCÆ3Å τt0 := t0 − t ßvB Á5ÃRÇ?ÝXÚ (x0, t0)
Þ ÅvÇ?¾ÛÚ]ÅCÆ:»:À/ÃsÃNÚRñ Ù Å Ù Æ«½�À/Åc»:½�Â[Ä}Ýdº η ß9O Å|È:Ç?Æ«À�Á5ÅIÆ1Ú]ÅgÊG¾}ÅvÀ_ÁJÅTÈIÃ>Ý�ÝXÃ Ù ½�¾�¿¾5Ç?Â Þ ÅIÆ Ù Á?½mÉAÁMÄ}Æ3Ã6�åÅI»ZÀ/Ã Þ ÅrÉCÆ«½�Àg½mÉ:¼>Ý�b

τ0 :=

(
3

160n

)2/δ

κ2
Σ

.

��2J@v^_PJ.5F5;>KM@C.q0A;]uá=JBAU]=}@CB30347@N6EU>^LlEP58:��u7;].5Fá� 6�u7U?8C;]uX4y63;>0347U].\^_P5.58«0A4XUa.	DE@1=JBA@N63@C.q0E`}@Cu7URD�;]B3@vKMUa6�03u7btF?PJ@v0AUlEP58:��u7;].5Fá�v�kURDE@CQ]@NBNo<;]6cD�@~DW4Xu7u�.5@C@NFp03Ut2<;åQ]@rF?4�eÛ@CBA4X.J{t0347KM@�8C@C.q03@NBA6c;>.5F�;].V;]F5F?4d0A4XUa.5;>u�uXURDE@CBc`<UaPJ.5FáoDE@v=5B3@s6�@N.a0�0A2J@O=JBAU]=}@CB30347@N6�DE@vDW47u7u9.J@C@sFt`}@Cu7URDO�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸��9¸ê�ÅIÀ

Σ
Þ Å�¼
�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«ºwÉ:ÃR¾ÛÚR½�À�½mÃR¾5»O»:ÇsÄaÄJÃ>Æ«ÀG»«Ç?Æ_ÈI¼]É:Å ß ê�ÅCÀ x0 ∈ Σ

ñ
δ ∈ (0, 2/5]

¼>¾}Ú
t1 ∈ R ß

� ÁJÅC¾~ÈIÃ>Æ~Å:¼]É:Á t ∈ [t1 − τ0, t1) Ù ÅvÁ5¼H�RÅ
ηx0,t1 ≤ 256,»�Ä}À

ηx0,t1 ⊂ {x ∈ Rn+1 : |x− x0|κΣ ≤ (κ2
Στ)

δ} ∩ Σ1/κΣ
,

1

1 − dκΣ
≤ 2

ÃR¾p»�ÄÛÀ
ηx0,t1 ,

(
d

dt
−4Mt

)
ηx0,t1 ≤ 0,

»gÄÛÀ
ηx0,t1 → Rn+1 ¼å» κΣ → 0.

.9Ç?Æ«À�Á5ÅIÆ:ñ5ÈIÃ>ÆrÅA¼aÉAÁ
t ∈ [0, T ) Ù ÅvÁ5¼H�RÅ

η → 1
¼R»
κΣ → 0.

� Ú]ÚR½�À�½mÃR¾Û¼RÝ�Ýîºåñ
ηx0,t1 ≥ 1

256

Ã>¾
B(τ0/2)1/2(x0) × (t1 − τ0, t1 − τ0/2].

`1ÌRµ9µ}Ö>�
Cku7u9U]^�0A2J@O=JBAU]=}@CB30347@N6E@IxJ8I@N=?0W0325@Ou7;a6z0so

ηx0,t1 ≥ 1

256

U].
B(τ0/2)1/2(x0) × (t1 − τ0, t1 − τ0/2],

ö �xc



^_U]u7u7URD&^_BAU]K l�P<8:�quy;>.<FJ6v"GBAU]=}Ua634d0A4XUa.	7<� ö � ö 47.�� @ � �E-è0[U].5uXbwB3@NKM;]4X.<6�03U�632JURD�032J4y6Wuy;]6�0k=JB3Ua=<@NB�0zba��j5U]BW0A2J476
DE@v.5U>03@ao?^_BAU]K "GBAU]=}Ua634X0347U].

11.3.5
oq0325;>0 |x̃− x0| ≤ 3|x− x0|

�L­®@10325@C.p8C;]u78CPJu7;>03@OF?47B3@s8«0AuXbt;a6E^_U]u7uXURDk6��

ηx0,t1(x, t) =

(
1 −

(
2κΣ

(κ2
Στ)

δ

)2

(rx0 − 40nτ)

)4

+

≥
(

1 − 22+2δ10|x− x0|2κ2
Σ

(3/160n)4

)4

+

≥ (1 − 35(3/160n)(2/δ)−4)4+

≥ 1

256
.

♦
­®@~.JURD�u7U�U]��;R0[0A2J@�`5;]8:��D�;>B:Fw25@N;R0v�]@NB3.J@Nug�c­i@�F?@IH<.J@ZH5B:6�0[0325@~P563P5;]u�`5;a8:�qD�;>B:F	2J@N;>0c�a@CBA.J@CuT;]6[P56�@sF47.��[PJ4y6��a@C.9� 6�U]BA4X{a4X.<;>uÛKMU].JU]03U].5478C4d0zb\^_UaB3K~PJuy;J�
¯	°a±T²|³_´N³gµ<²·¶}¶<¸yù9¸7ý�¸
O Å~Ú]ÅgÊG¾ÛÅZÀ_ÁJÅc×�Øs×|ÐJÍEÏ|ÐJÑ��áÓrÐJÌåÒ�Ë�°�Ð?´Q�}°aÌR²|°�Í ρ : Rn+1 × R → R

Þ º
ρ(x, t) =

1

(−4πt)n/2
e

|x|2
4t .

� Ýï»CÃ\À_ÁJÅrÀ�Æ3¼R¾5»:Ý7¼RÀ/År¼RÆAÃRÇ?¾}Ú
(x0, t0) ∈ Rn+1 × R

ÃzÈ
ρ
½y»~Ú]ÅgÊG¾}Å:Ú Þ º

ρ(x0,t0)(x, t) =
1

(4π(t0 − t))n/2
e
− |x−x0|2

4(t0−t) ,
ÈIÃRÆ

t < t0.

Ck.p47KM=<UaB�0:;>.q0k=JBAU]=}@CB30zbtU]^�0A2J@ZP563P5;>u�`5;]8:��D�;>B:Ft2J@s;R0k�a@CBA.J@Cu94y6�0A25;R0
Q(ρ) = 0

��­®@r6�0A;>03@10325476k^_U]BAKM;]uXu7b`}@Cu7URDO�T��25@O=JB3U�U]^�4y6W6�47KM=JuXb	F?47B3@s8«0k8C;]u78CPJu7;>0347U].9�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸P�á¸ê�ÅIÀ

(Mt)
Þ År¼\ÂMÅ:¼R¾®ÉIÇ?Æ��R¼RÀ�Ç?Æ3Å�2WÃ ÙüÙ ½�À_Á9�~ÅIÇ?Â\¼R¾<¾ZÈ:Æ3Å:Å Þ ÃRÇ?¾ÛÚ]¼Rº�É:ÃR¾ÛÚR½�À�½mÃR¾5»Z¼>¾}Ú (x0, t0) ∈ Rn+1 × R ß

� ÁJÅC¾~ÈIÃ>Æ~Å:¼]É:Á t ∈ [0, T )
¼R¾ÛÚ

x ∈ Mt ∼ ∂Mt

Q(ρ(x0,t0)) = 0.

��2J@�`5;a8:�qD�;>B:FÔ2J@s;R0\�]@NB3.5@Cu�.J@C@sFJ6�03U®`}@�;>uX03@CBA@NFÕ03Uð`}@	P<6�@sF�47.�0A2J@p`}U]PJ.5F5;>BAbÕ8C;]63@]����2J@�K\;>47.�0zDEU=JBAU]=}@CB30347@N6cD�@~.J@C@sF�;>BA@Z0A25;R0
Q
U>^L0A2J@�`5;]8:��D�;>B:F�2J@N;>0c�]@NB3.5@Cu|`<@M8IUa.a0AB3UauXuy;>`5uX@ao<;>.<Fp032<;R0c4X0A61F?@NB347QR;R0A4XQa@4y6O=<@NB3=}@C.<F?478CPJuy;>BZ0AU

νΣ
63U�;]610AU�{]@C0ZB34yFðU>^E032J@t`<UaPJ.5FJ;]B3bV03@CBAK��	��U�F?U�0A2J476rD�@�FJ@IH5.J@�032J@\^_UauXu7URDW47.J{KMU?F?4dH<@NF	`5;]8:��D�;>B:F\2J@s;R0k�]@NB3.5@Cu��

¯	°a±T²|³_´N³gµ<²·¶}¶<¸yù9¸P}á¸ê�ÅIÀ
Σ
Þ Åð¼N�rÅCÇ?ÂM¼>¾5¾iÈ:ÆAÅAÅ Þ Ã>Ç?¾}Ú]¼>Æ«ºÕ»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:ÅÔ¼>¾}Ú

δ > 0 ß�O ÅiÀ_ÁJÅC¾�ÚaÅmÊ�¾}ÅiÀ�Á5Å�óÕµ9Ò|³_±T°�ÒÏTÐJÑ��áÓrÐ?ÌRÒ&Ë|°�Ð?´^�<°qÌR²�°�Í
ρκΣ : Rn+1 × (−∞, 0] → R

Þ º

ρκΣ(x, t) :=
1

(−4πt)n/2
e

r

8(16(−tκ2
Σ

)δ+1)t .

.9Ç?Æ«À�Á5ÅIÆ«Â\ÃRÆ3Å�ÈIÃRÆ~¼>¾5º
x0 ∈ Rn+1 ¼>¾}Ú t0 ∈ R Ù Å�Ú]ÅgÊG¾}ÅrÀ_ÁJÅOÀ�Æ3¼>¾J»«ÝX¼RÀ/ÅI»

ρκΣ,x0,t0(x, t) :=
1

(4πτt0)
n/2

e
− r

8(16(κ2
Σ
τt0

)δ+1)τt0 ,

Ù ÁJÅCÆ3Å τt0 = t0 − t ß�O Á5ÅI¾ÛÅ
�RÅCÆZÀ�Á5Å x0
¼>¾}Ú

t0
¼RÆAÅZÇ?¾ÛÚ]ÅCÆ:»:À/ÃsÃNÚ Ù Å Ù ½�Ý�Ý Ù Æ«½�ÀèÅZ»«½�ÂkÄÛÝîº ρκΣ

ÈIÃRÆ
ρκΣ,x0,t0 ß

ö ��@



­+4X032®032J4y61KMU?F?4dH<@NFi`5;]8:��D�;>B:Fp2J@N;>0O�]@CBA.J@Nu|DE@\F?U	.JU>0O25;åQa@
Q(ρκΣ) = 0

4X.ð;>.<;>u7U]{]b	0AUw0A2J@
Q(ρ) = 0BA@N63PJud0�^_U]B�032J@vP563P5;>u}`5;a8:�qD�;>B:F�2J@N;>0E�a@CBA.J@Cu��T�kURDE@CQ]@NBGDE@c8IUa.q0347.qP5@k03U�25;åQa@kDW25;R0E=JBAURQ]@N6G03U~`<@16�P��\8C4X@N.q08IUa.q03BAU]u�o>;]6|@CK~`<U?F?47@NF�47.r0A2J@E^_U]u7uXURDW47.J{c032J@NU]BA@CK��|��25@���25@CU]BA@CK 4y6T@N6A63@C.q034y;>u7uXbZFJPJ@E03UOlEP58:��u7;].5FáoRDE@�632JURD2J@NB3@aoa2JURDE@CQa@CBsoR032<;R0�0A2J@[6A;>KM@W0A2J@CUaB3@NK 2JUau7F56G^_UaB�;Ouy;>BA{]@NBLBA;].J{]@kU]^Û0347K�@s6CoqDW2J4y8:2�`}@N8IUaKM@N6G47KM=<UaB�0:;>.q0G0AU0325@OB3@N{]PJuy;>BA4d0zb\BA@N63PJuX0A6No?4X.�=5;]B�0A478CPJuy;>B�0325B3UaPJ{]2���2J@CUaB3@NK

14.2.1
;>.5Ft032J@~h�u7@N;]B347.J{��cP?0[õ�@CKMK\;	egõ9@NK�K\;

16.2.1
n�uy;R03@NBWU].9�

) Ë|°�µ5ÌR°�ó ¶}¶<¸yù9¸g¶<¸ê�ÅIÀ M = (Mt)t∈[0,T )

Þ Å	¼pÂ\Å:¼R¾æÉCÇ?Æ��R¼RÀ�Ç?Æ3Å�2WÃ Ù�Ù ½�À_Á��~ÅIÇ?Â\¼R¾<¾tÈ:Æ3Å:Å Þ ÃRÇ?¾ÛÚ]¼>Æ«ºVÉAÃ>¾}Ú>½�Àg½mÃ>¾J»\»«ÇsÄ]Ä5ÃRÆ«À/Å:ÚÃR¾pÀ_ÁJÅ1»:ÇsÄaÄJÃ>Æ«ÀL»«Ç?Æ_ÈI¼]É:Å
Σ ß ê�ÅCÀ x0 ∈ Σ

ñ
δ ∈ (0, 2/5]

¼R¾ÛÚ
t1, t2 ∈ R ßL� Á5ÅI¾rÈIÃ>ÆZ¼RÝ�Ý t ∈ [t1 − τ0)

ñ�ÃH�RÅCÆvÀ_ÁJÅ»«ÇsÄ]Ä5ÃRÆ«ÀWÃzÈ
ηx0,t2(x, t)

ñ Ù Å1ÁJ¼6�åÅ
Q(ρκΣ,x0,t1) ≤ C(n)ρκΣ,x0,t1κ

2δ
Σ τ

δ−1

Ù ÁJÅCÆ3Å τ = t1 − t ß
`1ÌRµ9µ}Ö>�­®@w=JBAU?8I@N@NFÕ;a6r47.<� @ � �Ô­+4d0A2JU]P?0Mu7Ua6A6rU]^k{]@C.5@CB:;>u74d0zb®D�@	u7@I0

x0 = 0
�NC[6�47.<� @ � D�@w032J@N.æ8N;>uy8IPJuy;R0A@�^_U]B0325@\`JB3Uq;]F?@NBZ8Iuy;]6A61U>^�=<@NB�0APJBA`<@sFi`<;]8:��DE;]BAFV2J@N;>0Z�]@NB3.J@Nu76

ρ := ρa,0,t1
e
a = a(τ)

nF�èDW2J@CBA@�47.®{a@C.J@NBA;]uT^_U]B
x0 ∈ Rn+1 ;].5F t0 ∈ R

ρa,x0,t0(x, t) :=
1

(4π(t0 − t)n/2
e
− rx0

8(a+1)(t0−t)

Q(ρ) ≤ ρ

(
n

2τ
− a′r

8(a+ 1)2τ
− r

8(a+ 1)τ2
− divMtDr

8(a+ 1)τ
+

|Dr|2
(8(a+ 1)τ)2

)

z[6347.J{Q"GB3Ua=<Uq6�4X0347U].
11.3.4

;>.5Ft032J@1^m;a8«0W0A25;R0
(1 − dκΣ)−1 < 2

Ua.	63=?0
ηx0,t2

4X0W^_U]u7uXURDk6E0A25;R0

Q(ρ) ≤ ρ

(
an

2(a+ 1)τ
− a′r

8(a+ 1)2τ
+

10nκΣ|x| + 8nκ2
Σ|x|2)

2(a+ 1)τ

)
+ ρ

(
64|x|3κΣ + 64|x|4κ2

Σ − 8ar

(8(a+ 1)τ)2

)

YkURD·8:2JU�Ua634X.5{5o
a(τ) = c(κ2

Στ)
δ o5DW2J@CBA@ c > 0

476�0AU\`<@Z8:25Ua63@C.	u7;>03@CBsoJ;>.<Ft.JU]0347.J{
a′(τ) ≥ 0

o?032<;R0kDE@1;]B3@47.�63=?0
ηx0,t2

;].5F
(κ2

Στ)
δ < 1

^_UaB
τ ≤ τ0

oJDE@125;åQ]@

Q(ρ) ≤ ρ(κ2
Στ)

δ

(a+ 1)τ

(
cn

2
+ 9n+

|x|2(16 − c)

8(a+ 1)τ

)
.

�k@N.58I@ao58:2JU�Ua6347.J{
c = 16

{a4XQa@N6
ρa,0,t1 = ρκΣ,0,t1

;>.5F
Q(ρ) ≤ 17nρκ2δ

Σ τ
δ−1. ♦

�c.J@\;]F5F?4d0A4XUa.5;>u�4XKM=}U]B30A;>.q0O=JBAU]=}@CB30zb�U>^WlEP58:��u7;].5FJ6vu7U�8N;>u7476A;R0A4XUa.V^_P5.58«0A4XUa.ð;].5Fi032J@\KMU?F?4XH5@NF®`5;a8:��DE;]BAF2J@s;R01�]@CBA.J@Nu�25;a6[.JU]0vba@I01`<@N@C.iK�@N.q0347U].J@sFá�1-è0v4y6c032J4y6v=JB3Ua=<@NB�0zbw032<;R0O;>u7uXURDk6k^_U]Bc032J@M`}U]PJ.5F5;>BAbt0A@CBAKM6v47.e
11.5

n�03UM`}@O.qP5uXu74dH<@NFá�
`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸yù9¸��9¸ê�ÅIÀ

Σ
Þ Å�¼
�~ÅIÇ?Â\¼R¾<¾rÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«ºM»«ÇsÄ]Ä5ÃRÆ«À�»«Ç?Æ_ÈI¼]É:Å«ñ

x0 ∈ Σ
¼>¾}Ú

t0 ∈ R ß^� ÁJÅC¾~ÈIÃ>Æ~¼RÝ�Ý x ∈ Σ

p ß < Dηx0,t0 , νΣ >= 0
ñ�¼R¾ÛÚ

q ß < DρκΣ,x0,t0 , νΣ >= 0 ß
lE@I^_UaB3@t8CU].q0347.�PJ47.J{�0AUVU>0A2J@CB�`5;a8:�q{aB3UaPJ.5F®BA@N63PJud0:6rDE@t6�0A;>03@�l�P<8:�quy;>.<FJ6rfpUa.JU>0AU].J4y8I4X0zbðjJU]BAKrP5u7;5o|DW25478:29o;>uX0325U]PJ{a2w.JU]0[F?47B3@s8«03u7btP<6�@sFw47.	032J4y6�0A2J@N63476No?^_UaB3K\6E0325@Z`5;]634y6�U>^TU]PJBWu7U?8C;>uáKMUa.JU>0AU].J4y8I4X0zb\^_U]BAKrP5u7;a6�=JB3URQa@NF;>.<FtP563@NF	uy;R0A@CBW47.w0A2J@Z��2J@s6�4y6C�

ö �-i



) Ë|°�µ5ÌR°�ó ¶}¶<¸yù9¸�àá¸ê�ÅIÀ
Mt

Þ Åt¼cÈI¼>Â~½�ÝdºpÃ�ÈZÁ�ºAÄ5ÅIÆ:»«Ç?Æ_ÈI¼]É:ÅI»MÅh�åÃ>Ý��s½�¾q¿ Þ º	ÂMÅ:¼R¾ÕÉCÇ?Æ��å¼>ÀgÇ?ÆAÅ Ù ½�À�Á��~ÅIÇ?Â\¼R¾<¾MÈ:ÆAÅAÅ Þ Ã>Ç?¾}Ú]¼>Æ«º�É:Ã>¾ íÚR½�À�½mÃR¾5»V»«ÇsÄ]Ä5ÃRÆ«À/Å:ÚüÃR¾�À�Á5Åi»«ÇsÄ]Ä5ÃRÆ«ÀM»«Ç?Æ_ÈI¼]É:Å
Σ
ÈIÃ>Æ®¼>Ý�Ý

t ∈ [0, T )
¼>¾}Ú

δ ∈ (1/3, 2/5] ß�� Á5ÅI¾ÔÈIÃ>Æð¼>Ý�Ý
t ∈ [T − τ0, T )

¼R¾}Ú	¼R¾<º
x0 ∈ Σ Ù ÅvÁ5¼H�RÅ

d

dt

(
eCκ

2δ
Σ τδT

∫

Mt

ηρκΣdµt

)
≤ −eCκ2δ

Σ τδT

∫

Mt

∣∣∣∣ ~H − D⊥ρκΣ

ρκΣ

∣∣∣∣
2

ηρκΣdµt,

Ù ÁJÅCÆ3Å η ¼R¾}Ú ρκΣ

¼RÆ3ÅrÀ�Æ3¼R¾5»:Ý7¼RÀ/ÅAÚw¼RÆ3Ã>Ç?¾}Ú
(x0, T )

¼R¾ÛÚ
C
½y»r¼tÉ:ÃR¾5»:À/¼R¾<ÀEÚaÅèÄ5ÅI¾ÛÚR½�¾�¿	Ã>¾5ÝîºtÃ>¾

n ß
�Z�Z�f� � �O�T��!® Z�I¢
��� �W¬����r�I¢I�	�
��2J@WUa`56�@NB3QR;].58I@EU>^<032J@W`}@C25;åQ�47U]PJBLU]^50A2J@�S5URDk6TPJ.5FJ@CBL=5;]BA;]`<UauX4y8EB3@s638N;>u74X.J{v4y6L;>uy6�Uv^_U]P5.5F~03U1`<@WQa@CBAbZP563@I^_PJu47.~=JBAURQ�4X.5{[U]P5B|BA@N63PJuX0A6N��-è0G;]uXu7URDk6�P<6|03U1D�UaB3�1DW4X032�0325@�;a6�b�KM=?0AU>034y8�`<@N25;åQ�4XUaPJBTU>^50A2J@ES5URDk6|DW4d0A2JU]PJ0Tu7Ua6347.J{;>u7uáU>^|0325@OKM;a636�U]^�0A2J@Z6�P5B�^m;a8I@]�
¯	°a±T²|³_´N³gµ<²·¶}¶<¸7ý�¸g¶<¸ê�ÅIÀ M = (Mt)t∈[0,T )

Þ Å\¼t»CÃRÝdÇ?Àg½mÃ>¾ðÃ�ÈrÂ\Å:¼R¾ÔÉIÇ?Æ��R¼RÀ�Ç?Æ3Ån2WÃ Ù&Ù ½�À_Á	�rÅCÇ?ÂM¼>¾5¾MÈ:Æ3Å:Å Þ ÃRÇ?¾}Úa¼RÆ«º�ÉAÃ>¾}Ú>½�Àg½mÃ>¾J»ÃR¾�À�Á5Å/�~ÅIÇ?Â\¼R¾<¾iÈ:Æ3Å:Å Þ ÃRÇ?¾}Úa¼]¼>Æ«ºÔ»«ÇsÄ]Ä5ÃRÆ«À~»:Ç?Æ_ÈI¼aÉ:Å
Σ ß ê�ÅCÀ x0 ∈ Rn+1 ¼R¾ÛÚ

t0 ∈ (0, T ] ßV� ÁJÅC¾®ÈIÃ>Æ
(x, t) ∈Mt ∪Σ× [0, t0)

¼>¾}Ú\¼>¾5º
λ > 0 Ù ÅZÚaÅmÊ�¾}Å1À_ÁJÅkç|ÐJÌåÐJÏ�µ<Íg³mÑ\ÌR°�ØsÑ]ÐJÍg³m²|ÎVµ}Ö M ÏáäÕÐ�ÖèÐJÑ]´Nµ<Ì�µ<Ö

λ
ñÃRÆ1»«½�Â[Ä}ÝîºtÀ�Á5Å�Ä5¼RÆ3¼ Þ ÃRÝî½mÉ�Æ3ÅI»CÉ:¼RÝXÅ ë ÃRÆ Þ ÝXÃ Ù ÇsÄ ì ñGÀèÃ Þ ÅrÀ�Á5Å~É:ÁJ¼>¾q¿qÅMÃzÈM�R¼RÆ«½m¼ Þ ÝXÅI» (x, t) 7→ (y, s)

¿]½P�åÅC¾ Þ º
y = λ−1(x− x0)

¼R¾}Ú
s = λ−2(t− t0).

� Á�½y»~ÚaÅmÊ�¾5½�À�½mÃR¾V½�Â[Ä}Ýd½mÅ«»ZÀ_ÁJÅ�ÈIÃRÝ�ÝXÃ Ù ½�¾q¿pÅ�0CÇ?½P�å¼>ÝXÅI¾ÛÉ:Å«»
x ∈ Mt ⇔ y ∈ λ−1(Mλ2s+t0 − x0) ≡M (x0,t0),λ

s¼R¾ÛÚ
x ∈ Σ ⇔ y ∈ λ−1(Σ − x0) ≡ Σx0

λ ;

M
(x0,t0),λ
s

¼>¾}Ú
Σx0

λ Ù ½�Ý�Ý Þ Å Ù Æ«½�ÀgÀ/ÅI¾�»:½�Â[Ä}Ýdºt¼å» Mλ
s

¼>¾}Ú
Σλ

Æ3ÅI»�ÄJÅ:ÉCÀg½P�RÅIÝdº Ù ÁJÅC¾�À�Á5Å x0
¼>¾}Ú

t0
¼RÆ3ÅZÇ?¾}Ú]ÅCÆ í»«ÀèÃsÃsÚ ß-/.	032J@O=<;>B:;>`}U]u7478N;>u7uXbMBA@N6A8C;>u7@NF	63@I0�0A4X.5{�DE@125;åQ]@

`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸7ý�¸g¶<¸
��¾ÛÚ]ÅCÆGÄ5¼RÆA¼ Þ ÃRÝî½mÉ~Æ3ÅI»CÉ:¼RÝî½�¾�¿\À_ÁJÅ[Á?ºAÄJÅCÆ:»«Ç?Æ_ÈI¼]É:Å

Σx0

λ

½y»Z¼��rÅCÇ?ÂM¼>¾5¾ZÈ:Æ3Å:Å Þ Ã>Ç?¾}Ú]¼>Æ«º�»:ÇsÄaÄJÃ>Æ«ÀL»«Ç?Æ_ÈI¼]É:År¼>¾}ÚMÀ_ÁJÅ
Æ3ÅI»CÉIÝX¼aÅ:Ú�2WÃ Ù M (x0,t0),λ

s
½y»r¼MÂ\Å:¼R¾ðÉIÇ?Æ��R¼RÀ�Ç?Æ3Å�2WÃ Ù+Ù ½�À_Á9�~ÅIÇ?Â\¼R¾<¾ZÈ:Æ3Å:Å Þ ÃRÇ?¾ÛÚ]¼>Æ«ºtÉAÃ>¾}Ú>½�Àg½mÃ>¾J»O»«ÇsÄ]Ä5ÃRÆ«À/Å:ÚÃR¾VÀ�Á5Å'�~ÅIÇ?Â\¼R¾<¾ZÈ:Æ3Å:Å Þ ÃRÇ?¾ÛÚ]¼RÆ«ºM»«ÇsÄaÄJÃ>Æ«ÀG»«Ç?Æ_ÈI¼]É:Å

Σx0

λ ß .9Ç?Æ«À�Á5ÅIÆvÀ_ÁJÅr½�¾}ÚRÇ5É:Å:ÚMÂ\Å:¼å»«Ç?Æ3ÅI» µt ¼R¾ÛÚ µs ÃzÈ1À_ÁJÅ»«Ç?Æ_ÈI¼]É:ÅI»
Mt

¼>¾}Ú
M

(x0,t0),λ
s

¼RÆ3Å~Æ3ÅCÝX¼>ÀèÅ:Ú Þ º
dµt(x) = λndµs(y).

`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸7ý�¸�àá¸
��¾ÛÚ]ÅCÆEÄJ¼>Æ3¼ Þ Ã>Ýî½mÉ~Æ3Å«»CÉ:¼RÝd½�¾q¿ Ù ÅvÁ5¼H�RÅ

ηx0,t0 7→ η̂
¼>¾}Ú

ρκΣ,x0,t0 7→ λ−nρ̂λκΣ

Ù ÁJÅCÆ3Å
η̂(y, s) =

(
1 −

(
2(λκΣ)1−2δ

(−s)δ
)2

(r(y) + 40ns)

)4

+

ö � =



¼R¾ÛÚ
ρ̂λκΣ(y, s) =

1

(−4πs)n/2
e

r(y)

8(1+16(−(λκΣ)2s)δ)s .

ô ÅCÆ3Å r(y) = |y|2 + |ỹ|2 ¼R»t½�¾��~ÅgÊG¾<½�Àg½mÃ>¾ 11.3.2 Ù ÁJÅCÆ3Å	À�Á5Å	Æ3Åy2�Å:ÉCÀg½mÃ>¾ ỹ ½y»wÀè¼�s]ÅC¾ Ù ½�À�Á�Æ3ÅI»�ÄJÅ:ÉCÀvÀ/ÃiÀ�Á5ÅÆ3ÅI»CÉA¼>ÝXÅ:Ú\»«ÇsÄaÄJÃ>Æ«ÀG»«Ç?Æ_ÈI¼]É:Å
Σx0

λ ß`1ÌRµ5ç�µ<Øs³_´s³mµ}²&¶}¶<¸7ý�¸yù9¸ê�ÅIÀ
Σ
Þ ÅZ¼��rÅCÇ?Â\¼R¾5¾OÈ:Æ3Å:Å Þ Ã>Ç?¾}Úa¼RÆ«º~»:ÇsÄaÄJÃ>Æ«ÀG»«Ç?Æ_ÈI¼]É:ÅZ¼>¾}Ú

δ ∈ (1/3, 2/5] ß
� ÁJÅC¾ZÈIÃRÆZÅ:¼]É:Á s < 0 Ù ÅvÁJ¼6�åÅ
p ß ỹ → y

ñ
q ß ρ̂λκΣ(y, s) → ρ(y, s)

ñ�¼R¾ÛÚ
r ß η̂ → 1Ç?¾5½ ÈIÃ>Æ«Â~ÝdºpÃ>¾ÕÉAÃ>ÂkÄ5¼]ÉCÀk»CÅCÀm»M¼å»

λ → 0
ñ Ù ÁJÅCÆ3Å ỹ ½y»~À_ÁJÅMÀ�½�ÝXÚ]Å\Æ3Å12WÅ:ÉCÀg½mÃ>¾�ÃzÈ y ¼RÆAÃRÇ?¾}Ú Σλ ß .9Ç?Æ«À�Á5ÅIÆ«Â\ÃRÆ3ÅIñ¼å»

λ → 0 Ù ÅvÁ5¼H�RÅr»gÄÛÀ η̂ → Rn+1 ß
Cku7uG=JBA@CQ�47U]P56vBA@N63PJuX0A6O;>uy63U�8CuX@s;>BAuXb�;]uXu7URD ^_UaBOB3@s638N;>u7@NF�Qa@CB:6�47U].<6Co9634X.<8I@\=5;]BA;]`<UauX4y8rBA@N6A8C;]uX47.J{	4761Ua.Ju7b�B3@s;>u7uXb;�8:25;>.5{]@�U>^�Qå;]B34y;>`5uX@s6C��-/.ð=5;>B3034y8IPJuy;>B1DE@\8C;>.ðDWBA4d0A@�032J@\BA@N6A8C;]uX@sF�Q]@NBA6347U].VU]^�lEP58:��uy;>.5F9� 6vKMU].JU]03Ua.J478C4d0zb^_U]BAKrP5u7;M;]6�^_UauXu7URDk6C�
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eC(−(λκΣ)2s)δ

∫
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e ö]ö � ö (qn
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