Chapter 2

Linear and related arrangements

Let V' be an (n + 1)—dimensional vector space over K with K = C or K = R.
We consider a linear arrangement A in V', that is a finite set of proper linear
subspaces of V. We define ) to be the intersection poset of A, that is the set
{NC: C C A} ordered by inclusion.

2.0.23 Definition. We denote the category of finite dimensional vector spaces
over K and linear monomorphisms by . We define DA € U?° by D?(q) := ¢
and letting D4 (p < q): D*(p) — D*(q) be the inclusion map.

2.0.24 Notation. For u € @, we set d(u) := dimgu — 1. For § C N, we set
Qs :={q€Q:d(q) € S}.

2.1 Homology and Homotopy

ZZ—maps

We will subsequently construct ZZ-maps involving arrangements associated with
the linear arrangement A. As a basis for these we will now construct a set of
maps that could be called a linear ZZ-map. All of these constructions will depend
on choices of points in V' with certain properties. The most fundamental case is
the following.

2.1.1 Proposition. There is a function x assigning to each u € Q) a system
(2} )o<j<du) of d(u)+1 vectors in u such that for all k € N, ug, ..., ux € Q, with
up < up < -+ <up and A= (Ao, ..., \p) € AT, the system of vectors

i=0 0<j<d(uo)

18 linearly independent.

Proof. We give a simple recursive construction, because similar ones will be im-
portant later on. Let A be a linear functional on V that vanishes on no ele-
ment of Q) and set H := ker A. By induction there are (z%)o<jcq) With
zi € uN H such that for all k,r e N, ug <uy < --- < upr, A € A", the system
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34 2. Linear and related arrangements

(ZZ )wc?) is linearly independent. (The case ug = 0 is trivial.) We now
0<5<d(uo)

choose zj,, € u \ H for all u. Now, if p € KU+l with Do M2 iyt =0,
then F‘d(uo)AUmz?uo) € H and therefore pg,Ao = 0. If Ag = 0 then p = 0 by
linear independence of (2;1 )\ix;i)ogjgd(uo)

independence of (Z;”:O Aﬁ;*”)o <i<d(ug)’ -
Sy<aluo

I pgy =0, then p =0 by linear

It will be important whether the space of possible choices of points is connected.
One such case is the following.

2.1.2 Proposition. For K = C, the set of all functions x as in Proposition|2.1.1
considered as a subspace of the affine space HueQ w @+ contains a non-empty
Zariski-open set and is hence path-connected.

Proof. The complement of the set is contained in the union of the sets

kE d(uo)

z: Ex. O#AE(CTHandO;é,uGCd““ s.t. ZZ)‘Z“J =
=0 ]:O

for all chains ug < u; < -+ < u,. Since the defining equations are homogenous in
A and p, these sets are algebraic by the main theorem of elimination theory[Sha94,
1.5, Thm 3]. Since the affine space is irreducible, it will be sufficient to show that
each of these sets has non-empty complement. So we fix a chain uy < u; < --- <
uy;. We choose a basis (e1)i=0,. n of V such that e; € u; for I < d(up) 4+ and set
z = e;j. Now if Z Do A x5 =0 then > i Aitts—i = 0 for all s, and it follows
that A=0, p=0. O

2.1.3 Definition. Given a function z as in Proposition 2.1.1], we define functions
fP for p € QQ by

1P KéP)+1 o Alp,V] =V,

((,uo,...,,ud Z)\ul)HZZMAx

7=0 =0

(2.1)

2.1.4 Proposition. For any y € Alp,q|, the map fP(o,y) is a linear injection
into ¢ C V' (and so necessarily an isomorphism, if p = q), and for p < q,
the maps fP and f9 agree on KUP)T1 x Alq, V] where we identify KX+ with
{pe KIDTL: 1y, =0 fori>d(p)}. O

This proposition can be formulated as the maps fP forming a commutative dia-
gram as ([1.6) with V for X and the functor F'?® now to be defined for E. With
this definition we follow [WZZ99, p. 141]

2.1.5 Definition. We define F? € 99° by F9(q) := K¥9*1 and letting FO(p —
q): K+l _ KD+ be the standard inclusion.
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Spherical arrangements

We now define and study the spherical arrangement SA associated to the linear
arrangement A. This is done in some detail mainly to demonstrate the methods
at our hands. The homological results will be obtained again later on as special
cases of affine arrangements.

2.1.6 Definition. For a finite dimensional K—vector space u, we set S(u) :=
(u\ {0})/~, where ~ is the equivalence relation identifying = and y if there
exists A > 0 with = = Ay. If u is equipped with a norm, we can alternatively set
S(u) := {z € u: |z| = 1}. For a linear injection f: u — v we define S(f): S(u) —
S(v) by [z] — [f(x)], making S into a functor from U to Top.

2.1.7 Definition. We define the spherical arrangement SA derived from A by
SA:={SA: A e A}. The union |JSA of SA is usually called the link of A and
the complement SV \ | JSA is homotopy equivalent the the complement V' \ J.A
of A.

We will describe the homotopy type and the homology groups of the link of A,
as well as the cohomology groups of the complement, which are isomorphic to
H, (SV,|JSA) via Poincaré duality.

2.1.8 Definition. From the functions f?: K4P)*1 x A[p, V] — V we derive func-
o Sy SRAOD) Al V] S(0) By S ey e S s Mo
explicitly

S(f7): SRV x Alp, V] — S(V)
d(p)

([(/’L[)a B 7/j’d Z Ai ul) = M]Azx;h

<

(2.2)

We note that S(R¥P)*1) & §¥P) and S(CHP)+1) & S2dp)+1

2.1.9 Proposition. The maps S(fP) induce a homotopy equivalence

hcolim S(F@om) U SA.
Proof. By Proposition the conditions of Proposition [I.3.5| are satisfied. [

This shows that the homotopy type of | JS.A depends on the intersection poset @
equipped with the dimension function d only. However, a different description of
this homotopy type is more usual.

2.1.10 Proposition. Let M € Top? om be defined by M(q) := S(K¥D+1) and
all non-identity morphisms being constant to the base-point. Then hcolim M ~

USA.



36 2. Linear and related arrangements

Proof. We want to compare the diagrams M and S(FQ©m). We have M(q) =
S(F®0.m)(q) for all ¢, and the inclusion maps in S(F®0.m) are homotopic to the
constant maps in M. These homotopies can be arranged to form a ZZ-map.

Let H: S® x I — S* be a base-point preserving homotopy from the identity to
the constant map satisfying H[S* x I] € S¥*1 for all k. The latter condition can
be achieved for example by cellular approximation. We define maps f; for p < ¢,

P, q € Qon) by

£ M(p) x Alp, q] — S(F0m)(q)

. H(z,1—\ =
(.CIT, Z )\Zu2> N { (iL', 0)7 uo b,
=0

*, ug > p.

For p < p', we have fl‘f,(M(p — p)(z),t) = H(x,t) = * = H(z,1) = fl(x,t).
For ¢ < ¢, fgl(ﬂs,t) = FQ(fi(x,t)). Therefore, the maps f induce a map of
Q°0,n)-diagrams M xq EQ — FQo.m) | Since /¥ is a homeomorphism, this map of
diagrams is a ZZ-map. By Proposition |1.1.20] it induces a homotopy equivalence
hcolim M = heolim S(F@om). O

2.1.11 Remark. Of course, it would have been just as easy to give a ZZ-map
M xg EQ — S(DA) directly.

We turn to homology calculations.

2.1.12 Proposition. The map

S(S(F?)) ®q B(Q) — S(S(D™Y))

ex(pe—=qo—...—qu—1")—S(P)(cx(qo;---qn) (23)
is a ZZ-map and therefore induces isomorphisms
H(S(S(F?)) &g B(Q) ©g K*) = H. (| JsA) (2.4)
and
H(S(S(FQ)) ®q B(Q) ©q K?) = H, (sv, USA) : (2.5)

Proof. This is an application of Proposition The conditions of that Propo-
sition are met because of Proposition [2.1.4 O

This argument is not specific to the functor S: U — Top and we will investigate
similar functors later on.

Proposition [2.1.12] already describes the homology of the link and, via Poincaré
duality, the cohomology of the complement in terms of the intersection poset @
and the dimension function d. We will now simplify this description.
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2.1.13 Definition and Proposition. Let e, = [c,] be a generator of H,(S")
and by, € Sp41(S™) with 0b, = ¢,,. Also let a := (1) € Cy(S°). The map

H(S(S(F?))) ®q B(Q) — S(S(F?))

[a]®(p<—qo<—.--<—qn<—p/)H{a’ n=9
0, n>0
(2.6)
Ck, n=0,p=qo
e®@Peq—...—@n—0) = (1), n=Lp=g<aq
0, otherwise

is a ZZ-map.

Proof. The map h,: H(S(K™)) — S(S(K"*!)) mapping e, to ¢, and [a] to
a is a chain homotopy equivalence. If r < s and i: S(K"*!) — S(K**!) is the
inclusion map, then ey — by, is a chain homotopy from hgo H (i) to S(i) o h,. The

map ([2.6) can now be seen as a special case of that from Proposition [1.2.13] O

2.1.14 Proposition. There are isomorphisms
H(H(S(S(F9))) &g B(Q) ©q K*) = H. (| JsA) (2.7)
and

H(H(SSFD)) @0 BQ) @0 K?) = H, (SV, USA) . (2.8)
Proof. By Proposition [1.2.15, the ZZ-maps from Proposition [2.1.12] and (2.6)
combine to yield ZZ-maps inducing the desired isomorphisms. O

2.1.15 Proposition. For K =R the above maps induce isomorphisms

i, (JsA) 2 H(AQpm) © D H(Alg,V), A, V))[-dlg);

9€Q[0,n)
H, (SV, USA) = H (AQ0,n] AQ0,n))
© P Ho(Alg,V],Alg, V) UA(g V])[-d(q)].

9€Q0,n]

Proof. The Q°-diagram H(S(F?)) decomposes as

HESF)) =P P 0O, (2.9)
e Q[o,n]

with P corresponding to the class of a 0-simplex and O, to a generator of

f{d(q) (Sd(Q)) 5 i.e.
R, 0<d(q) <n,
P(q) = (@) (2.10)
0, d(g)=-1,
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and all morphism the identity where possible, and

O4(p) = {g[_d(q)]’ i;g (2.11)
Now
(P ®q B(Q) ®qg K") = Hi.(AQn)),
(Qq ®q B(Q) ®q K") = H.(Alg, V), Alg, V))[ d(q)],
H(Qq ®q B(Q) ®q K¥) = H.(Alq, ] Alg, V) U A(g, V])[=d(q)]
proving the proposition. O
2.1.16 Proposition. For K=R
i, (JsA) = @ H(AeV)[-(dg) + 1), (2.12)
q€[L,V)
H, (SV, U SA) ~7[-njo @ H.(AgV))[-dq) -2 (2.13)
q€[L,V)

Proof. Since [q,V) has, for ¢ < V, the minimum ¢, Alg,V) is acyclic and
Hi(Alg, V), A(q,V)) = Hy_1(A(g, V). If L € Qlo,n)> then Qo) has L as its
minimum and ﬁ*(AQ[Om)) = 0. Otherwise, H, (AQpn) = H,(A(L,V)). This
proves the first isomorphism.

Hi(AQp,), AQ(on)) = Hi—1(A ) and for ¢ <V
Hi(Alg, V], Alg, V) UA(g, V]) = Hi—1(Alg, V), Alg, V),
and these have been dealt with in the preceding paragraph. Also
H.(AV, VLAV, V) U AWV, V])[-d(V)] = H (A {V})[-n] = Z[-n],

completing the proof of the second isomorphism. O

Projective arrangements

We now come to our main object of study, projective arrangements.

For the functor P associating to a K—vector—space u the projective space Pu we
proceed just as for the functor S before.

2.1.17 Proposition. The maps P(fP) induce a homotopy equivalence

heolim P( Fo m)) U PA.

Proof. Again, by Proposition the conditions of Proposition [1.3.5] are satis-
fied. O
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2.1.18 Remark. This is the same description of the homotopy type of a projec-
tive arrangement as in [WZZ99, Prop. 5.9]. Our methods are very similar and
also applicable to the other cases considered there. Our approach which makes
Z7-maps more central has the advantage of explicitly constructing a homotopy
equivalence.

2.1.19 Proposition. The map
S(P(FQ)) ®g B(Q) — S(P(D™Y)

(2.14)
cx(pe—qo—...—qn—p) = P(fP)lcx (g, qn)
is a ZZ-map and therefore induces isomorphisms
H(S(P(F?)) 20 B(Q) ®0 K*) = H, (U PA) (2.15)
and
H(S(P(F?)) 2o B(Q) ®o K?) = H, (PV, U PA) : (2.16)
Proof. Just as Proposition [2.1.12 O

We simplify this description, starting with the most difficult case. The following
result will actually also hold in the other cases treated afterwards.

2.1.20 Proposition. Let K=R and R=7. Then
H, (U PA) ~ H(H(P(F?)) 80 B(Q) ®g K") (2.17)
and

H, (PV, U PA) ~ H(H(P(F?)) @0 B(Q) ®q KP). (2.18)

Proof. Let M € 2Ab%° be defined by

Z, 0<k<d()

0, otherwise,

2, 0<k<d(q),k odd,

0, otherwise,

M(q)x = { M(q)j41 = M(q)y, = {

and the morphisms in M the identity where possible. It follows from the usual
cell decomposition of RP* with one cell per dimension that there exists a chain
map of Q°-diagrams M — F© inducing an isomorphism in homology. M allows
a direct sum decomposition M = @, M* with M; := My, for k € {2i —1,2i}
and M. := 0 otherwise. The homology of M is nonzero in a single dimension
only, hence Proposition [1.2.18] is applicable and yields the result together with
Proposition [2.1.19 U

Possibly looking less attractive, these are as explicit combinatorial formulas as
those derived in Proposition for other cases. Nevertheless, for calculating
the groups in question, the following may be helpful.
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2.1.21 Proposition. There are isomorphisms

H(Hy(P(F?)) ©q B(Q) ©q K") = H.(AQ|n)),
H(Hy(P(F9) ®g B(Q) ®g K*) =0 fori >0,

and there is a long exact sequence

27
= Hy(AQpitam) = Hi(AQpit1m))
— Hy(Hai41(P(F9)) @ B(Q) ®q K") — Hi—1(AQpiyo,) 2> -+

for i >0, where j is the inclusion map. Similarly, there are isomorphisms

H(Hy(P(F?)) g B(Q) ®q KP) =2 H.(AQ[o.], AQpon)),
H(H(P(F9))®q B(Q) ®g K*) =0 fori>0,

and there is a long exact sequence

2,
- = Hy(AQpivan) AQpitan) = Hi(AQpit1n) AQpit1n)) —

2.
Hy(Haip1 (P(FQ)) @ B(Q) ®g K?) — Hy—1(AQpit2n)s AQpitan)) — -+

for 1> 0.

Proof. The parts dealing with H(Ha;11(P(F?)) ®g B(Q) ®¢g K) for K = K" or
K = KP are the interesting ones. With M, € Ab?° as in the preceding proof,

there is a short exact sequence 0 — My, 1o 2, Mt — H2i+1(P(FQ)) — 0. Since
B(Q) ®q K is free, this induces a short exact sequence

2
0 — Mo ®0 B(Q) ®q K = Msiy1 ®g B(Q) ®g K
— Haip1(P(F9)) @q B(Q) ®q K — 0

and the long exact sequences stated in the proposition. O

The following cases are easier.

2.1.22 Definition and Proposition. Let K = C, or let K=R and R = Zs.
Let e, = [cy] be a generator of Hayn(CP™) or Hy,(RP™;Zs) respectively. For i > n
we define e, € H (KP% R) by €', = [c,]. The maps

H(P(FQ(U))) — S(P(F?(u))),

(2.19)

for u € @ induce isomorphisms in homology and form a chain map of Q°—
diagrams H(S(P(F®))) — S(P(F%)). O
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2.1.23 Proposition. For K = C, as well as for K =R and R = Zo, there are
isomorphisms

H(H(P(FQ)) @0 B(Q) ®o K") = H, (U PA) (2.20)
and

H(H(P(FQ)) 80 B(Q) ®o K?) = H, (Pv, U PA) . (2.21)

Proof. The composition of (2.19) with the ZZ-map (2.14) again yields a ZZ-map
and can therefore be substituted for (2.14]) in Proposition [2.1.19 |

2.1.24 Proposition. The above maps induce isomorphisms

H. (U PA; Zg) o ;‘iﬂ*m@[k,n);zg)[—k], (2.22)
H, (PV, |JPA; ZQ) o ;.E Ho(AQ s AQ i Zo) [~ ] (2.23)
for K=R, and
H, (U PA) ~ é Ho(AQ ) [—2K], (2.24)
H, (PV, UPA) o %H*(AQ[M],AQ[k,n))[—Qk} (2.25)

for K=C.

Proof. For K=C or K=R and R = Zs, there is a direct sum decomposition

R[-mk], d(q)
0, d(q)

HPE) =Por  Oila)= { L e
k=0

with m = dimg K, and Oi(q < ¢') = id for d(q) > k. We choose the isomor-
phism in such a way that 1 € Og(q) corresponds to the canonical generator of
H,p(KPUD) . Now

H(Op ®q B(Q) ®qg K") = Hi(AQ, ) [—mk], (2.27)
H(O RXqQ B(Q) RqQ KP) = H*(AQ[km], AQ[k’n))[—mk], (2.28)
and the result follows. O

We assemble the different maps to get the more direct handle on these isomor-
phisms that we will need when discussing intersection products. For Section
this, together with the preceding proposition, is the main result of this section.
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2.1.25 Definition and Proposition. We define

F*5 P X (AQp ) AQ ) — (PV.{J PA)

T k r
([(MO, o ,Nk)]a Z )\iui> — Z Z ,Uj)\ix;ti
=0

§=0 i=0

(2.29)

and

hie: Ho(AQg n), AQkn)) — Hi (PV, UPA) ,
H.(AQpm) — H. (| PA) (2.30)
cr ff([KPk] X c),

where [KP*] is the orientation class of KP*, over Zy in case K = R. Then all
of the isomorphisms from Proposition [2.1.24| are given by >y _o hi.

For K =C, the maps hy do not depend on the choice of the function x.

Proof. It is trivial to check that )", hj is indeed the composition of the maps

(2.14), (2.19)), and (2.26)). The non-dependence on the choice of = follows from
Proposition [2.1.2] O

2.1.26 Remark. The calculations regarding the homology of the projective ar-
rangements could equally well been carried out using the power set of A instead
of the intersection poset, i.e., in the words of Remark [I.3.8 using naive resolu-
tions instead of economical ones. This is because the key fact that all maps in the
diagram H(P(F@)) are injective (assuming K = C or R = Zy) still holds when
() denotes the power set of A. For spherical arrangements however, naive reso-
lutions would have been less appropriate, because the fact that all non-identity
homomorphisms in the diagram Hy(S(F?)) are zero for k > 0 would be lost,
because there are non-identity isomorphisms in F¢ when @ denotes the power
set of A, so extra care has to be taken.

Affine arrangements

Let H be a hyperplane in V. We will investigate the relationship between the
projective arrangement PA, the projective arrangement induced on PH , and the
arrangement induced on the affine space PV \ PH.

We set A := {ANH: A€ A} and denote the intersection poset of A by Q.

We also set Q := Q\ QY = {uc Q:u¢ H}. This is the poset of non-empty
intersections of the affine arrangement in PV \ PH.

2.1.27 Definition. We call the arrangement A a > 2-arrangement, if v < v
implies d(v) — d(u) > 2 for all u,v € Q.
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2.1.28 Notation. Let X be a compact m-manifold and A C X a closed subset.
If X \ A is orientable and such an orientation is chosen, we denote by [X, A] the
corresponding orientation class in H,, (X, A).

2.1.29 Definition and Proposition. We consider for uw € Q systems of vectors
8,...,bg(u)_1 cunH, zeu, z¥ €cvNH for v>u, such that

U KPM x Alu, V] — PV

r d(w)—1 . r ., (2.31)
[MO s :ud(u)]? Z )‘jvj = Z 11 + Hed(u) Z )\jxvj
=0 i=0 Jj=0

1s well defined, i.e. the term on the right hand side never equals zero. In particular

the system of vectors by, . . ., bg(u)_l, e determines, in case K =R, an orientation

of (Pu, P(uN H)) via the homeomorphism
74 (RpA) RpAW=1y — (Pu, P(un H))
1

d(u)— (2.32)
[MO e Md(u)] g Z szg + Hd(u)xx
i=0

which is obtained by restricting f*.

Such vectors exist, and the induced orientation can be prescribed in case K = R.
There are induced maps

hu: He(Alu, V], Alu, V) U Au, V]) — H, (pv, PHU|J PA) :
Ho(A[u, V), A(u, V) — H, (pv, PHU PA> , (2.33)
¢ fA([KPI KPUI=L] x ¢).

For K = C these are independent of the choice of b* and z*. For K = R
and if A is a > 2-arrangement, they depend only on the induced orientation of
(Pu,P(un H)). The maps

D H (A, V], Alu, V) U Aw, V) [-md(u)] =42 H, (Pv.PrUPA),
uEQ

(2.34)

D H. (AL, V), Alu, V) [-md(u)] =2 H, (UPa PHAPA)
uEQ
(2.35)

with m = dimg K are isomorphisms.

2.1.30 Remark. If d(1) > 0, that is if L € @, the affine arrangement is a
(central) linear arrangement and |JPA/ (PH N|JPA) is homeomorphic to the
suspension of the link of that arrangement. Therefore, these isomorphisms gener-
alize those of Proposition [2.1.15] The proof of Proposition [2.1.16] explains how to
deal with the first summands in Proposition [2.1.15 when comparing it with the
current proposition.
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Proof. For the vectors b’ and z; to define a map f", it suffices that for every
chain v < vy < --- < v, the vectors by, ... bZ(u) 19Ty - -+ Ty, are linearly in-
dependent. This will be the case, if (b}); is a basis of uN H, z}! € v\ H and
z¥ € v\ w for u <w < wv. The systems of vectors with this property form a non-
empty Zariski-open set, which is therefore dense in the set of all allowed systems,
and it is path-connected for K = C. For K = R and if A is a > 2-arrangement,
it has at most four components, distinguished by the orientation of w N H that
(bY); defines and the component of u\ H that contains z}!. Since replacing all of
the b} and zj by their negatives does not change f*, we may restrict z;, to one
of the components of u \ H, and we see that the homotopy type of f* depends

only on the orientation induced on (Pu, P(un H)).
We set A(u) := (Pu,P(un H)) for u € Q. By Proposition [1.3.13| there are

isomorphisms

H(S(A(DA) @ K7) = H, (PV, P U PA) (2.36)
and

H(S(A(DA) ®g K*) = H, (U PAPHN| PA) . (2.37)

Let O, € 22Ab?” be defined by

S

and g, € Home: (0, © B(Q), S(ADA))) by
IR® (u—wg— - — v, —u) = f0g) X (vo,...,0p)),

where oy, is a relative cycle representing the orientation class of (KP*,KP*1).

This is well defined, because f* (od (w) X (v, ---,0r)) =0 for vg > u. It is a chain
map, because f;'(004(u) X (vo, ..., vr)) = 0. We have

H(Ou ®¢ B(Q) ®q K') = Hu(Alu, V], Alu, V) U Ay, V])[=md(u)],

H(Oy ®g B(Q) ®q K") = Hy(A[u, V), A(u, V))[-mad(u)],

and the maps h, equal H (gu ®1id) composed with the above isomorphisms. The
map ). P, 0u®qB(Q) — S(A(DA)) is a ZZ-map to a free diagram, therefore
> -y P is an isomorphism. O

That the direct sum decomposition @, H.«(Alu, V], Alu, V) U A(u, V])[—md(u)]
is finer than the decomposition @, Hx(AQ[k n)s AQ[kn))[—mk] can be regarded
as a reason why products in affine arrangements are technically simpler than
products in projective arrangements. In particular, there seems to be no direct
generalization of the proof of Proposition to a proof of Proposition

We illustrate the connection between projective and affine arrangements by giving
another description of the homomorphisms h,. For simplicity, we only cover the
case K = C completely.
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2.1.31 Definition and Proposition. There is a function x= as in Proposi-

tion with the additional property that z%¥ € H for j < dimg(u N H). If

such a function is used in definition of the map f* from Definition then
% maps the subspace KP* x AQ g U KPF-1 x AQpgn to PH and therefore
induces maps

?Lk: H*(AQ[km], AQ[k,n) U AQ(k,n}) — H, (PV, PHU U P.A) ,
Ho(AQpsmy» AQ o) — H <U PA,PHN|J PA) . (239)
¢ — fRKRPF KPF 1) x o).
Denoting the inclusion map Alu, V] — AQqeu)n by i, the maps

it P Ho(A, V], A, V) UA(u, V])

UEQ{k} uEQ{k}

e

Ho(AQpkn)s AQpny UAQ )  (2.39)

and

ST @ HAA V), A, V) = Ho(AQp ), AQkn) (2.40)

u€Qry  uEQk)
are isomorphisms.

For K = C we have hy = by 0i® and therefore the maps
S A @ Ho(AQp s AQppny U AQ s ) [~2K] — H, <PV, pHU| PA) ,
’ (2.41)
P H.(AQp ) AQip))[~2k] — H, (U pA.PHN| PA)
k

(2.42)
are isomorphisms.
Proof. Slightly modifying the construction in the proof of Proposition [2.1.1] we

first choose (2})o<j<dim(unm) (applying the proposition to A7) and then choose
xé‘(u) €u\ H for all u € Q. As in that proof, = has the desired property.

The maps in (2.39) and (2.39) are easily seen to be isomorphisms either directly at
the chain level or by a Mayer-Vietoris argument using AQ( ] = UuEQ{k} Alu, V]

and Afu, V] N Av, V] C AQ(IM} for u,v € Q{k}, u#v.
Let u € Q. Any system of points (y7) for v > u and 0 < j < d(u) defines maps

g: (KPP KPpAD=1y 5 (Alu, V], Alu, V) U A(u, V]) — (PV, PHUUPA)
(KPR s (Afu, V), Aw, V) = ([ J PA, PH | PA)

( Oy - - - s k)] Z)\ul>

I
7
\g

F
b

3
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if the right hand side is always well defined. For K = C the space of such systems
of points is again path connected and hence the homotopy type of g independent
of the choice of such a system.

Setting y7 := z/ gives such a system, and for this choice g = fFoi*. Setting yV¥ :=
b} for j < d(u) and Ya(u) = Ty with b and z the systems from Deﬁnition
glves another such system, and for this one g = f*. In case K = C it follows that
fFoi* ~ f* and hy = hy, 0 i%. O

2.1.32 Remark. For a complex affine arrangement the isomorphism

H, (Pv, pHU( PA) =~ @ Ho(AQ k) AQpeny U AQ(kn))[—2K],

and hence the isomorphism , can also be deduced combinatorially from the
isomorphism for projective arrangements by considering the arrangement
At .= AU{H}. This is called an ‘interesting exercise’ in [GMSg|. We sketch
how to do this. To this end we denote the intersection poset of AT by QT. For
0 < k < n, the simplical complex A(Q}: [,m) \Q{k}) is acyclic, since it contains the
cone A{q: ¢ < H,d(q) > k} as a deformation retract. Therefore the first map in

luz

H, (AQp, . AQp ) — Hu(AQp 1, AQp . UAQ] 1\ Qi)

H, (AQpk.n), AQkn) U AQ (1)),

Tie

which is induced by inclusion, is an isomorphism. The second map is also induced
by inclusion and is an isomorphism by excision. The isomorphisms also hold in
the trivial case k = n. This yields H, (PV,PHU|JPA) = H,(PV,|JPA") =
D H. (AQp, 1 AQp ) [-2k] = @ Hi (AQk ) AQ[m) U AQ (0 ) [—2K].

2.1.33 Remark. If the arrangement A is in general position with respect to H,
then @ = Qo) and ¢ — ¢N H induces isomorphisms 7: Q41 — QkH. For K=C
it follows from the construction in Proposition [2.1.31] that the diagram

hH
(AQ[kn 1) Q[kn 1)) ——— Hyon(PH,|J PA")

l("?_l)* lincl*

h
Hi(AQ ) AQkn)) - Hi o, (PV,JPA)

lincl* J{incl*

_ A ~ h
Hi(AQ o), AQ (o) U AQk 1)) ——— Hiyo,(PV, PH U|J PA)

commutes, since f* o (idgpr x n71) is a suitable function fF for the definition
of th . Both columns are part of a long exact sequence of the form

H;(B,ANB) — H;(X,B) — H;(X,AUB) > H; (B,ANB)
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for an excisive triad (X; A, B). Because of the naturality of the connecting ho-
momorphism, the diagram

_ _ . 3
Hi(AQpn)> AQ i) U AQp ) ——— Hiyou(PV,PH UJ PA)

lm o0 Ja
hH

Hi1(AQf 1. AQL 1)) ——— Hiyop1(PH,|J PAT)

also commutes. Analogous commutative diagrams exist for the long exact sequence
of the pair (| PA,|J PAM). If the arrangement A is not in general position with
respect to H, then the same commutative diagrams exist, but the construction of
the left column requires more care.

2.1.34 Remark (Gysin sequence). We continue the preceding remark. We set
A:= PV \ PH and denote by A4 := PB\ PH: B € A the induced arrangement
in this affine space. Using Poincaré duality, which we denote by D, we switch to
cohomology and obtain the following commutative diagram with exact columns.

Brvo Hon r 1) «(AQH_ AQH ) P i pyry (y paty
()« i
Di>0 Hotn—k-1)-i(AQ k), AQkn)) DOZ; e H*2(PV\ |JPA)
incl. incl*
D0 Hon—k—1)-i(AQkn)s AQhm) U AQp1my) M HHQ(AV\ UAt)
7,00
Di>0 Hank—1)-i— 1(Aan 1]7AQ;M 1) DOZk H*Y(PH\ |JPAM)

If the arrangement A“ is central, i.e. NA4 # @, then there is a deformation
retraction 7: PV \ JPA = PH \ |JPAY homotopy inverse to the inclusion i.
Also Q = Q. From the above we therefore obtain the following diagram.

Doy hi on,
D0 Hanr—1)—i(AQk 41,0, AQk+1,n)) —kn> HY(PH\|JPAY)
incly —a
Doio h .
Di>0 Hotnr-1)-i(AQ k), AQkn)) % H2(PH \ |JPAHY)
incly *
D0 Honr-1)-i(AQkn]s AQ (k) U AQ[k,n)) ~ HT2(A\ JAY)
0
Dth M
D0 Hainr—1)—i-1(AQky1,n), AQ[k41,n)) E Y (PH \ | PAH)

Here a € H?(PH) is the canonical generator. Also note H.(AQo,n), AQo,n)) = 0,
since Qp,,) has a minimal element, which explains the missing of a summand in
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the first row. The map 7: A\ |JA* — PH \ |JPA" is a fibre bundle with fibre
C\ {0}, « is its Thom class, and the right column of the diagram is its Gysin
sequence.

If we start with a linear arrangement A in V', pass to the arrangement A4 x C
in V x C, and set H := V x {0}, then P(A x C) will be PA and (A x C)4
will be isomorphic to the original arrangement A. The map 7w constructed above
will correspond to the quotient map V \ JA — PV \ |JPA, so that we have
just described its cohomology Gysin sequence completely combinatorially. Just
the isomorphism in the second row is possibly not as explicit as we would like it.
This, however, will be remedied in a minute, when we study the intersection with
the hyperplane H to obtain 4 0 hy = th—1 O My

Intersecting with a hyperplane

We will describe the map on the homology of an affine or a projective arrangement
given by intersecting with a hyperplane, that is the transfer map of the inclusion
of the hyperplane. In contrast to the material covered so far in this chapter, with
the exception of the results mentioning cohomology, this depends on the projective
or affine space in which the arrangement is contained being a manifold. The same
is of course true for the intersection products treated later on, and the results
obtained here will be the basis for the inductive step in the proof of the product
formulas.

Let A”: V — K be a linear functional that vanishes on no element of Q[0,2n] and
H :=ker A, A induces an arrangement AY := {ANH: A€ A} in H. If we
denote the intersection poset of A” by Q¥

n: Q(o,n} - Qﬁ,nq]
q—qNH

is an isomorphism lowering dimensions by one.
We consider the inclusion map i: (PH,|JPA?) — (PV,JPA).

2.1.35 Proposition. Let K= C. For ¢ € Hi(AQ(j n), AQ[k,n)) we have

th71(77*(0))7 k > Oa

i1(hi(c)) = {0 E—0

and in particular ker i = im hyg.

Proof. We first choose (z})o<j<x With z%¥ € uN H satisfying the conditions of

Definition [2.1.25| and therefore defining functions fﬁfl and thfl. Now for each
u € Q) we choose z € u with A () = 1. (z})o<j<k then also satisfies the

conditions of Definition [2.1.25[ and can be used to define f* and hy.
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Indeed we calculate

k r T
AT pidial | = i = gy
0 i=0

J =0

First this implies that f*(x,y) € H iff z € CP*¥~! ¢ CP*. In particular f° misses
H, which proves that part of the proposition, and we now assume k > 0. The

equation also implies that for x = [xg : -+ : xx_1] € CP*¥ ! and y € A(Qpr,n)) the
map p— fF([xo:---:ap_1: p],y) meets H transversally. Furthermore
I k-1 r
f* ([Mo Dot iy OLZ/\iuz‘) = ZZMMQT?
i=0 §=0 i=0

_ gkt ([MO C Mk—l]>2/\i77(ui)) ,
=0

which proves the proposition as we will now show in more detail.

Let ¥ € H?(PV,PV \ PH) be the Thom class of (the normal bundle of) PH
in PV, ie. the class satisfying § —~ [PV] = [PH]. By the above calculations
(f*)*(W) € H* (CP* x AQpn)» (CPF\ CP*1) x AQ(kr) is the Thom class of
CPF 1 x AQppn in CP* x AQ[x,n) which equals the class o x 1 where a €
H?(CP*,CP*\ CP* 1) which is again a Thom class and maps to the canonical
generator of H*(CP*). We finally calculate

ir(hi(c)) =9 —~ hi(c)
=9 ~ fE(CP* x ¢
= 5 (@) ~ (TP % 0)
= f5 ((@x 1) ~ (ICPY x ¢)
= (e~ [CP x (1 ~0)
= (lcP xe)
= -1 (n:(c))

as claimed. 0

Turning to affine arrangements we let I C V' be another hyperplane and consider
the inclusion map i: (PH,P(INH)U|JPAY) — (PV,PIU{JPA).

2.1.36 Proposition. Let A be a complex arrangement or a real > 2 -arrangement.
Let I C V be a hyperplane (at infinity) and H C V a hyperplane in general
position with respect to AU{I}. Let u € Q, ¢ € Ho(Alu, V], Alu, V) U A(u, V])
and

hu: Ho(Afu, V1], Alu, V) U A, V]) — H, (Pv, prulJ PA)
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be the homomorphism from Definition|2.1.29. In case d(u) > 0, we also consider
the homomorphism

Wy He(Aln(w), n(V)], Aln(w),n(V)) U A(n(u),n(V)])
o, (pH, (PHNPI)U| PAH) .

In case K = R, we assume the orientations of (Pu, PINPu) and (P(uNH), P(un
HN1I)) which are used in the definitions of h,, and hﬁu) to be related by

(fTZ(u))*<[RPd(u)_l,RPd(u)_2]) =i (f* ([de RPd(u)_l])) , (2.43)

see (|2.32)).
Considering the inclusion map i: (PH,P(INH)U|JPA") — (PV,PIU{JPA)

we have
{hf(u)m*(c)), d(u) >0,

(b)) =4 d(u) = 0.

In particular ker iy = ®u€Q{O} o, -

Proof. Let AT: V — K be a linear functional with ker AT = I.

For d(u) = 0 we may assume that f* and hence h,, is defined via points satisfying
A (z%) =1 for all v > u. Then

u T A
AL bl + gy > Mgl | =AY e | =1 (2.44)
i=0 j=0 j=0
and f* misses H so that i(hy(c)) =0.
Now let d(u) > 0. We may assume that f“ and hence h,, is defined via points

satisfying b, ..., b,y o € WNHNI, Oy € unl, AT (b, ) =1, 2} € unH,
A(z%) =1, 2¥ €evnHNI for v > u. For these

AT Z Mlb + K (u) Z Aj xv] = Md(u)—-1- (245)

Hence, for y € Afu, V] and (o, - - - s flau)—2, Hd(u)) € K4 \ {0} the map u

I ([,uo Do fd(uy—2 t ud(u)],y) meets H transversally in 0 € K. Furthermore
dw) 0 Vo > U

Af by + P Njizg | =47 0= (2.46)
Z ) Z ’ Hd(u)A0s Vo = U.

So fU(z,y) € I, iff z € KPYW~1 or y € A(u,V]. We set m := dimg K and define
¥ € H"(PV\PI,PV\(PIUPH)) to be the Thom class of PH\ PI in PV \ PI,
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satisfying 0 —~ [PV, PI] = [PH, PINPH]. It follows that (f*)*(¥) = ea x 1 with
ee{+1,-1},
a € H™ (KP \ KPUO—L KPIO |\ (KPII U jIRPIITY))
e H((Alu, VI\ A(u, V),

where a satisfies a ~ [KPW) KPUI~-1] = [j[KPUWI~1] jKPU)-2]].

Ignoring bg(uyl? these points also define a map fz(u) : KPIW =15 Aln(u),n(V)] —
PH that induces hT with

f* ([Mo Dot fguy—2 1 0 Md(@LZMW) =

=0
d(u)—2 r

= Z Mz‘b?+ﬂd(u)z)\j$5j =
=0 =0

_ Z(U) ([MO Dot Hg(u)—2 Md(u)],z)\iui> , (2.47)
i=0

ie. f4(j(x),y) = fii (z,1(y)). We can now calculate
ir(hu(c)) =0 ~ hy(c)
=9 ~ fU(KPI) RPU= x )
=fi <(fu)*(19) ~ ([RP) Kpiw)—1] x C)>
= £ ((eax 1) ~ ([KPA), KPI1] x o))
=cf! [j[KPd(U)—l]7j[KPd(u)—2H % C)
= (7)), (KPP -1 KPU=2) x . (c))

Similarly we find i (f2([RPUW, RPUD-1))) = (1), (RPUW-1 RPU-2))
and hence € = 1 by comparison with (2.43]) O

2.1.37 Remark. For affine > 2-arrangements, Proposition [2.1.36]already almost
solves the problem of describing the intersection product in combinatorial terms,
as we will sketch now.

If A is an arrangement in X and B an arrangement in Y then the product
(X,UA) x (Y,UB) equals (X xY,|J(A x B)), where A x B is the arrangement
in X xY defined as {AxY: Ae A}U{X x B: B € B}. Combinatorial descrip-
tions of the homology of (X,|J.A) and of (Y,|JB) easily lead to combinatorial
descriptions of the homology of the product and the cross product map. For pro-
jective arrangements we will carry this out partially in Proposition 2.3.2] For
linear arrangements, see [dLS01, Prop. 4.1].
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Having obtained a description of the cross product, to describe intersection prod-
ucts it then remains to describe the intersection with the diagonal, i.e. the transfer
map of the diagonal map. The product of two affine arrangements is again an affine
arrangement, hence the diagonal is an affine plane itself, and this can be done by
applying Proposition n times. The only hindrance would be that the diag-
onal is not in general position with respect to the product arrangement, since the
original arrangement is not in general position with respect to itself. This problem
could be dealt with using methods similar to those we will apply in the proof of

Proposition on page [67]
However, the product of two projective spaces is not again a projective space.

Therefore, the description of intersection products in projective arrangements re-
quires additional techniques.

2.2 Products

Statement of results

We remind the reader of the product x from Definition [1.3.14

2.2.1 Theorem. Let A be a complex arrangement. For all k,1 > 0 and all
¢ € Hi(AQm), AQkm)) s d € Hi(AQ( ), AQ[n)) we have

hk+l—n(c X d), k+1>n,

(2.48)
0, k+1<n.

hio(c) ® hy(d) = {

This is the main result of this work. Its proof will take up Section and be
completed on p.

The statement of the corresponding result for affine arrangements will require
some preparations, because we do not restrict ourselves to complex arrangements
in this case.

The definition of the homomorphisms h, in Definition depends on the
choice of a basis (b%); for u € Q. This also orients all of the u. In the case of a
> 2-arrangement this orientation determines h,. Orientations for v and v with
u+wv =V determine (together with the orientation of V') an orientation of uNw.
Depending on whether this agrees with the orientation of uNv defined by (b!);
or not, we set €,, = 1 or €,, = —1. For complex arrangements, every u € Q has
a canonical orientation, and all of the €, , will equal 1. We define these numbers
more formally in the form in which we will use them.

2.2.2 Definition. Let A be a real arrangement and functions f* for all u € Q

chosen as in Definition 2.1.29] Let fUbe the function defined in (2.32). For
w,v € Q with u+v=V and unNv ¢ H we define ¢,, € {+1,—1} by

FHRPI RPN o F(RPIC) RPIC]) =
_EuvfuﬂquPd(uﬁv) RPd(uﬁv) 1])7 (2.49)



2.2. Products 53

where the intersection product is defined by dualizing

H*(PV \ PH,PV \ (PH U Pu)) ® H*(PV \ PH, PV \ (PH U Pv))
= H*(PV \ PH,PV \ (PH U P(unv))).

2.2.3 Theorem. Let A be a real > 2-arrangement. For all u,v € Q and all
c € H (Alu, V], Alu, V) U A(u, V]), d € Hs(Alv, V], Alv, V) U A(v, V]) we have

(=1)r=de,  hyny(cx d),
ha(c) ® h(d) = funved (2.50)
and d(u) +d(v) = d(u Av) +n,

0, otherwise.

The proof of this theorem will be completed at the end of this section, p. This
theorem has first been proved in |[dLS01] (for central linear arrangements only)
and in [DGMO00], where it is stated in a somewhat different form.

2.2.4 Remark. If a complex arrangement is regarded as a real arrangement of
double dimension, the bases can be chosen derived from complex bases, in which
case all of the g,, still equal 1. For a general real arrangement this cannot
always be achieved. The dependence of the cup product in the cohomology of a
linear arrangement on the numbers €,, has first been shown in [Zie93], where it
is used to construct two real arrangements with equalling intersection posets and
dimension functions, one of them being a complex arrangement regarded as a real
arrangement, with non-isomorphic cohomology rings.

2.2.5 Remark. Continuing Remark [2.1.32] the complex case of Theorem [2.2.3
can be seen as a special case of Theorem since all of the isomorphisms in
that remark are induced by inclusions and therefore respect the product x.

Graded formulas

We first prove graded versions of the theorems stated in the preceding section.
These follow more or less for free from the algebraic machinery set up in Chapter
They state that the equations from the theorems we aim to prove hold at least up
to error terms in higher degrees of the direct sum decompositions of the homology
groups of the arrangements. They are therefore typical for the kind of result
obtainable by spectral sequence arguments.

The graded versions will be an import part of the proofs of the exact versions. They
hold in greater generality and in particular are true for arbitrary real arrangements,
for which the exact versions fail. Our proof of the exact version for complex
projective arrangements will need further more geometric arguments.

2.2.6 Proposition. Let K = C or let K =R and coefficients be in Zo. For all
k+1>n and ¢ € Hi(AQ[kn), AQk ), d € Hi(AQ[ ), AQpn)) we have

hi(c) @ hy(d) = hpsyn(cxd) € €D imbh;. (2.51)
i>k+l—n



54 2. Linear and related arrangements

Proof. We want to apply Proposition As the map ¢ there we take the
map H(P(F?))®qg B(Q) — S(P(D4)) obtained as the composition of and
. We set m := dimg K. The isomorphism B, Hi(AQn]; AQ[kn))[—mk] =
H(H(P(D*))®¢g B(Q)®¢g KP) obtained by composing with the first arrow
from is given explicitly by

Cr(AQ k) AQkn)) — Humi(P(DY) @ B(Q)r ®q K”
(@, @)~ el @(@—q——¢—T)®1

with 1 € KP(T) = R and e] € Hy,,(Pq) the canonical generator. By Proposi-
tion the map hj agrees with the composition of this isomorphism and the
map ¢, from Proposition We note that the dimension n there equals
mn in our current notation. To see that the product in that proposition agrees
with X under the above isomorphism we only have to note that ¢} e ef = eii%_n

for k+1>n. O

2.2.7 Proposition. Let u,v € Q, ¢ € g{*(A[u, V], Alu, V) U A(u, V]), d €
H (Ao, V],Alv, V)UA(v,V]). IfurveQ, then

hu(c) o hy(d) € P im . (2.52)

w>uNv

If additionally d(u) + d(v) = d(u A v) +n, then

hu(c) @ hy(d) — (1) A= e, hupy(cxd) € @ imhe (2.53)
w>uNv
for K=R or
hu(c) ® hy(d) = hups(c X d) € @D imhy (2.54)
w>uAv

for K=C. If unv C 1, then

hu(c) @ hy(d) € D im hy,. (2.55)

WEQ (d(u)+d(v)—n,n]

Proof. We treat the real case only, as the easier case of K = C can be proved in
the same way or derived from the case K = R.

Considering the arrangement {q € Q: ¢ > u or ¢ > v}, the intersection poset of
which can be considered as a subset of the interval [u A v, V] in @, we obtain
(2.52) by naturality of the intersection product with respect to inlusion maps.

The rest of the proof proceeds as the preceding one, using a relative version of
Proposition [1.3.20] We take up the notation from the proof of Proposition [2.1.29
The isomorphism

D H.(Alu, V], Alu, V) U Au, V])[~d(u)] = H(H(AD?)) ©q B(Q) ®q K?)
uGQ
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is induced by
Cr(Alu, V], Alu, V) U A(u, V]) = Hyq) (A(DA) ®g B(Q)r ®¢ K?
G0y gy~ e"@u—qy— ... — ¢ —V)x L

with e = fY([RPUW RPIWI]) € Hyq,y(Pu,P(unI)), u € Q. Under this
isomorphism the map ¢, from Proposition |1.3.20| corresponds to ZueQ{k} Ry

For d(u)+d(v) = d(uAv)+n we have e“ ee’ = g, """ by definition of &,, and
hence

hu(c) ® hy(d) — (=144 hyp(exd)y e @ imhy.

wEQ(lefn,n]

@ im Ay, N @ imh,, = @ im .y,

we@(kﬁ»lfn,n] w>uAv w>uhv

this proves (2.53)).

For unwv C I, e* ee” = 0 by necessity, since H(A(u Av)) =0, and the above
argument yields (2.55)). O

2.2.8 Remark. Proposition is proved in [dLS01] as Theorem 7.5. While
there it is more of an afterthought to the exact version, it appears here as a very
natural result in its own right and a possible basis to a proof of the exact version.

Since

2.2.9 Remark. If n is odd, then RP" is orientable and Proposition [I.3.20] is
applicable to H.(PV,|JPA) also for K=R, R =7, since in the proof of Propo-
sitionthe needed ZZ-map is constructed. In the product H(Pu)®H (Pv) >
H(P(uAwv)) the product of two generators is a generator whenever possible and to
determine the sign of the product of two generators of Z-summands, orientation
information is needed as in the affine case.

Inductive proofs of product formulas

We now reduce Theorem and Theorem to the cases where they state
that products be zero because of their degrees. This is done using the graded
versions presented in the preceding section. The inductive step is made possible
by the results on intersections with a hyperplane presented in Section [2.1

2.2.10 Proposition. If it is true for all complex arrangements A of all dimen-
sions that hk(C)Ohl(d) =0 force H*(AQ[km], AQ[k,n))7 de H*(AQ[l,n], AQ[l,n));
whenever k +1 < n, then Theorem|2.2.1] is true.

Proof. We have to show that hy(c) e hj(d) = hiii_n(cx d), where we use the
convention that h; = 0 for ¢ < 0.

We proceed by induction on the dimension of V.
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For kK + 1 < n the conjecture is covered by the assumption. For k£ +1 > n
and dimV = 1 it is covered by Proposition m (and trivial anyway). For
k+1>mn and dimV > 1 we choose a hyperplane in general position with respect
to the arrangement and adopt the notation of Section By induction and
Proposition (for k41> n) or the assumption (for k+1=n)

ir(hye(c) @ i(d)) = ir(hi(c)) o ir(u(d)) = Pl (1:(c)) @ ALy (nu(d)) =
B () (@) = Bl (e % @) = i (g1 % ).
Again by Proposition [2.1.35 m this implies hg(c) ® hy(d) — hyyi—n(cx d) € keri) =

imhy. But hg(c) e hy(d) — hgy— n(cx d) € @jspyi_pimh; by Prop081t10n-
Therefore hy(c) ® hy(d) — hiyi_n(cx d) = 0.

2.2.11 Proposition. If it is true for all real > 2-arrangements A of all dimension
and all u,v € Q that hy(c)ehy(d) =0 for ¢ € Hy(Alu, V], Alu, V)UA(u, V]) and
d € Hy(Av, V], Alv, V)UA(v, V]) whenever d(u)+d(v) < n, then Theorem[2.2.5
18 true.

Proof. The proof proceeds by induction on the dimension of V', parallel to the
preceding one.

Let u,v € Q, d(u) +d(v) >n

If dimV = 1, then Theorem holds trivially for V. We assume dimV > 1
and let H C V be a hyperplane in general position with respect to A and I. For
simplicity, we also assume d(u),d(v) > 0, because otherwise u =V or v =V and
these cases are easily dealt with directly.

If uNwv C I, then n(u)Nn(v) CINH. If uAv € Q and d(u) +d(v) —d(uAv) <n
then n(u) Nn(v) C INH or d(n(u)) + d(n(v)) —d(n(u) An(v)) <n—1. In these
cases

ir(hu(c) » ho(d) = i(hu(0) & is(ho(d) = B (0.(e) » B ((d)) = 0

and hence hy(c) ® hy(d) € D0 0 hy by induction and Proposition [2.1.36 and
hy(c) @ hy(d) € @wEQ( hw by Proposition Therefore hy(c) ® hy(d) = 0.

Now let u+v =1V, uﬂngI. If d(u) 4+ d(v) = n, then
it(hu(c) @ hy(d) — (~=1)II=d e, by (e X d)) =
Bl (1a(c)) @ B () = 0
by induction and Proposition If d(u) +d(v) > n, we make sure that h ()
hff(v), hff(u Av) A€ defined with orientations compatible with those underlying h,,,
hy, hune as in Proposition Then
(ﬁ{(“))*([ﬂgpd( n(w) Rpdn)-1]) o (f"(“ ) ([RPI@) R peln()=1]

= iy (fA(RPM), RPI71) o f2(RPU), RPIIT)

_ i!(5u,v( u/\v) ([RPd(u/\v) de(u/\v) 1])

= ey WIZI(U)/WI( ))*([de(n(U)/\n(v))jde( (wAn()-1))
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and hence an( = £y,0- Again, this yields

u),n(v)

it (hu(c) ® hy(d) — (=1)1d0=dDe hyn(c % d))

B (12(0)) & B () — (—1)llin1dDI el (e d)
= 0.

In both cases, we combine this with Proposition [2.1.36]and Proposition[2.2.7]to get
hu(e) @ hy(d) = (1)1~ Dey by (e X d) € Bryeq ) hw N Busune hw = 0. O

Vanishing for affine arrangements

For affine > 2-arrangements the vanishing of intersection products in the cases
required by Proposition [2.2.11] is easily proved, since it is indeed possible to find
chains representing the involved hology classes that do not intersect geometrically.

2.2.12 Proposition. Let A be a > 2-arrangement, u,v € Q, d(u) + d(v) < n,
c € H (Au, V],Alu, V) U A(u,V]), d € Hi(Alu,V],Alu,V) U A(u, V]). Then
hu(c) ® hy(d) = 0.

Proof. Let A be a linear functional on V' with ker A = H.

There is a linear functional F' # 0 on V with v C ker F and v " H C ker F'.
We choose b%, 2 to define f* and b”, Z to define f? as in Definition
This can be done in such a way that F(zl) <0 for all w > wu, F(z) > 0 for all
w>wv, Fxy) <0, F(zy,) >0 and A(zy) = A(x}) = 1.

We set
Xt :={[z] € PV: A(z) # 0,A(z) 'F(z) > 0} U PH,
X" :={[z] € PV: A(2) #0,A(z) 'F(2) <0} U PH.
Then
imfrc X", (fYHXTNXT]CKPF x Alu, V)UKRP* ! x Alu, V],

imfUc X, (fOTNXTNXT]CKP x Ajo, V) UKP'™! x Ao, V].

Therefore im f*Nim f* ¢ |JPAUPH and hy(c) ® h,(d) = 0. O

Proof of Theorem [2.2.5. The theorem follows directly from Proposition [2.2.12
and Proposition [2.2.11 O
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2.3 Products in projective arrangements

In this section we will complete the proof of Theorem the product formula
for complex projective arrangements. We have already reduced this in Proposi-
tion to the case of hy(c) @ hy(d) with k + [ < n, which we have to show
to be zero. The corresponding fact for affine arrangements could be proved by
representing the homology classes by chains which do not intersect geometrically.
A proof along these lines seems not to be available for projective arrangements.
We will first consider an example of a real projective arrangement where an inter-
section product of this kind is indeed not zero. Doing this we will also try to gain
some intuition on why in the projective case the intersection of the chains should
not make a homological contribution, even if existing geometrically. We will then
develop the techniques necessary to transform this intuition into a proof.

An example of real projective arrangements

We will see how the product formula of Theorem fails for real projective
arrangements and sketch the difference between real and complex arrangements
that will allow us to prove the formula for complex projective arrangements.

Let k,0l > 0, n:= k+1+ 1. We consider the following subspaces of R"t! =
RF x R! x R2.
u:=R" x {0} x (R-(0,1)),
v:=RFx {0} x (R-(4,1)),

= {0} x R x (R-(1,1)),
= {0} x R' x (R (5,1)),

=gl

(S

In the arrangement A := {u, v, @, 7} we will find classes ¢ € H(AQk1), AQkn))
d € H(AQy ), AQpny) With hi(c) @ hy(d) # 0, although k +1 < n.

The combinatorial data of A are given by the intersection poset

v
. / N\
anu/v a\@
[0,n]
NS NS
uNuv unNo

with v Nv and @ N ¥ only present for £ > 0 and I > 0 respectively, and the
dimensions d(u) =d(v) =k, dlunv)=k—1, d(a) =d(v) =1, danv)=1-1,
d(V) =n. In case of k = [, we can, if we want to, avoid the intersections uNv and
%N by a small change of © and 4 without substantially affecting the calculations
below. This shows that, in contrast to the case of affine arrangements, a simple
condition on the occuring codimensions will not be enough for the product formula
to extend from complex to real arrangements.

To simplify the pictures below and to have the notation parallel that of Sec-
tion we consider A to be the union of the two arrangements A := {u,v} and
A := {a,v}. The arrangement A is in general position with respect to A as in

Definition 2.3.4]
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Denoting the intersection posets of A and A by @ and Q respectively, we
have H1(AQn), AQkn); Z2) = Za, generated by c := [(u,V) + (v,V)], and
Hl(AQ[l,n], AQ[M);ZQ) & Zs, generated by d:= [(a, V) + (9,V)]. For the defini-
tion of

f1: RP! 5 (AQpip AQpmy) — (Vi PA),

and hence of

hi: He(AQ(kn), AQkny; Z2) — r+k(V7UP«4; Z3),
hi: He(AQpkn)» AQknyi Z2) — Hyp(V,| | PA; Zo)

we set, with (eg, .. ) the standard basis of V = R+,
Y = €j, ] < kv iﬂ] — Ck+js j < lv
! Ckti+1, J =K, ! ekl + €ktit1, J =1,
2V = €j, j < kv :ij — €k+j» .7 < l7
! degtr + eprir1, J =k, ! Sept1 + eptiv1, J =1,
Vo= €5 J<k V. €k+j> J<l
! 2ep+1 + epriv1, J =k, ! 3ep+1 + eprit1, J =L

To determine hg(c) o hy(d), we first have a look at the geometric intersection
S = fk [RPk X AQ[k,n]] ﬂfl [RPZ X AQ[L”]] . For z € A(Q[k’n]), (TS A(Q[l,n})7 the
intersection f [RP’“ x {z}] N f [RPl x {y}] is either empty or consists of a single
point. The left of the following two pictures shows the two dimensional simplicial

complex AQ[,n) X AQ(p = A(Qpin) X Qun)-

(V,0) —o— (v, 0) v

(v, V) g (2.56)

(u, 1) — (V,a)

B
N
<

The dotted line depicts the set S of those points (z,3) for which the intersection
is nonempty. S is a connected 1-dimensional manifold with boundary, and we can
see from the picture that one boundary point lies in «NV = w and the other one in
VNo =v. A closer look at S, which is the intersection of two manifolds that meet
transversely, shows that indeed hy,(c)ohy(d) = ho([(w, V)+(5, V)]). [(u, V)+(5, V)]
is a generator of Hl(AQ[O nl> AQ 0.n); Z2), therefore hy(c) e hi(d) # 0.

We equip @ x Q with a dimension function d(p,q) = d(p) + d(q ). The map
QXQ Q ( )HPDQ7sendS ((QXQ)[nZn] (Q Q)nZn)tO (QOn] Q[On)
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In the picture, the border of the square is A(Q[x,) X Q[lm])[ozn) and the four
vertices at the corners are A(Qy ) ¥ Q[l7n])[07n). Under the composition of maps

(AQppon) ¥ Q) \ AQppoyn) X Qi) o,m)s
A(Q[l{,n} X Q[l,n])[O,Qn) \ A(Q[k,n] X Q[l,n})[o,n))

o N .
(A(Qpen) X Qung)in2n)> A Q] X Q) n.2n))

!

(AQ[O,n} 9 AQ [0,n) ) )

the first being a deformation retraction and the second given by inclusion, in our
example (S,05) is mapped to the dotted line in the picture on the right. This set
carries the relative cycle (u, V) + (0, V) representing hy(c)  hy(d). We will see in
Section that this is not just a coincidence.

When considering complex arrangements we will see that in the above situation
we gain one dimension compared to real arrangements, and S will miss the cone
with top the vertix (V,V) and base A(Q, ) X Q[l,n])[o,n)' The map of (S,05)
to (AQ[OJL], AQ[O,n)) will therefore miss the vertix V' and be homotopic to a map
with image in AQ[O,H). This is the idea behind the proof of Proposition
although it will be technically a bit different.

The product of two arrangements and general position

The intersection of two sets can be identified with the intersection of their cartesian
product with a diagonal. Similarly the intersection product of two homology
classes equals the image of their cross product under the image of the transfer
map associated with the diagonal map. We therefore study the products of two
arrangements.

Already in the real example we have discussed, it was useful to assume the homol-
ogy classes of which the product was to be determined to be carried by different
arrangements. So we now assume to be given a second arrangement A in V with
intersection poset Q. For the first part of this section the arrangement could be
in a vector space different from V', but we will have no use for this generality later
on.

We equip the poset Q x Q with a dimension function d by d(u,v) := d(u) +d(v).
The counterpart of h for A will be denoted by h and so on.

As noted above, we will be interested in cross products.

)’L: 0,...,0

2.3.1 Definition and Proposition. Any choice of (y;"")izo,. k, (2]
ll (UO,UO)

for (u,v) € Qi) X Q[Ln] with y;"" € u, z;"Y € v and such that for a
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Uj,Vj

+ < (um,vm) and A € A™ the system (3_;Ajy;”"7 )i as well as the system

(Zj )\jz?j’vj)i 18 linearly independent, yields a map

g: CPPXCP X (A(Qio,n) X Q1,n)) ARk, n) X Q1)) 0,20) ) — (PVIU PA)x (PV,U PA)

([,uoz-..:,uk},[uos---:ul],z Aj (Uj,'uj)> — < {Z /\j#iy?j’vj] , {Z ,\juizjj’vj:| ) .
i i

4,3
As in Definition any two such maps are homotopic for K= C. O
2.3.2 Proposition. Let c € H*(AQ[k’n}, AQ[k,n)); de H*(AQ[L”], AQ[L”))’ and
K = C. Then hi(c) x hy(d) = g« ([CP¥] x [CP'] x (c x d)).

Proof. Since K = C, the homomorphisms hy, h; and g, do not depend on the
choices made in defining them. For the choice y;** = z}', 2;"" = 27, we just get
the map f* x f! up to identification of

CP" x CP' x (A(Q[k,n] X Qpn))s A(Qppn) X Q[l,n})[OQn))

with CP* x (AQ[k,n]a AQ[k,n)) x CP! x (AQU’”}?AQU’”)) Again since K = C, no
sign is introduced by the interchange of factors made in this identification. O

As noted after discussing the real example, it will be important to control the
codimension of a set corresponding to the dotted line in (2.56)). We will now work
towards this and start with an algebraic lemma.

2.3.3 Lemma. Let K= C. Let u, v be subspaces of V in general position with
respect to each other, dmu =r > k+ 1, dimv =s > 1+ 1, dimV =n+1,
k+1<n. Let O be the open subspace of the affine space u*+1 x v!+1 defined by

O = {(yo, - Yks20,---,2): dim(span{y;}) = k + 1, dim(span{z}) =1+ 1}
and algebraic subsets --- C S1 C Sop C O defined by
Sm = {(Yo,- -+ Yk, 20, -, z1): dim(span({y;} U{z})) <k+1+2—m}

Then Sy \ Sm+1 is a complex submanifold of codimension (1+m)(n—k—1+m).

Proof. We consider (yo,...,Yk,205---521) € Sm \ Sm+1. This implies u + v =
V. We set Y := span{y;}, t == n—k — s+ dim(Y Nv), and choose a basis

(eg,...,en) of V such that span{eg,...,e,—1} = u, span{e,_si1,...,€n} = v,
span{et,...,ex+1} =Y. Let A be the (n+ 1) x (k+ [+ 2)-matrix with columns
(Y0, - -+ Yk 205 - - - , 21) expressed using this basis. Elements of O are represented by

matrices A’:(a;j) with a;j:O forr<i<n,0<j<kandfor 0<i<n-s,
k+1 < j < k4141 such that the first k+1 and the last [+ 1 columns are linearly
independent, and A = (a;;) has the additional property that the first ¢ rows are

Z€ero.

There are sets I and J with {¢t,....,k+t} C I C {¢t,...,n}, {0,...,k} C J C
{0,...,k+1+4+1} and |I| = |J| = k+ 1+ 1 —m such that the matrix B :=
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(aij)ier,je is regular. Similarly, there exist I’, J" with I’ C {¢t,...,n} \ M,
{k+1,...k+i+1}cJ Cc{0,....;k+1l+1} and [I| = |J|' =k+1+1-m
such that the matrix C' := (ai); ¢ i/ j ey is regular.

Let U C O be a neighbourhood of A such that for every A" = (aj;) € U the
matrices (a};)ier,je and (aj;); e je y areregular. Thenan A" € U isin Sy,
if and only if the equations

fiogo(A') == det(ai;) icrugipy =0  forallig € Iy :=={n+1—s,...,n}\ I,
jeJu{jo}
jo € Jo:=H0,...,k+1+1}\J

and

Giojo (A/) = det(agj)iepu{io} =0 for all io S {0, v ,t — 1} s
jeJ'u{jo}
joeJy={0,...,k+1+1}\J
hold. To see this, assume A’ ¢ S,,, i.e. tk A" > k+ 1+ 1 — m. If the rank of the

matrix A’ with the first ¢ rows deleted is greater than k + [+ 1 — m, one of the
functions f;,;, becomes non-zero, otherwise one of the functions g, -

Finally we compute for (i1,71) € Iy X Jy

'afiojo(A)‘ = {‘detB" (i07j0) . (ihjl)’ (iO ]0) € lp xJo

0, (i07j0) # (ilajl)v

daj, j,
i (A o
99i00(4) _ (i0,do) € {0, t =1} x Jg

8ailjl
and for (i1,71) € {0,...,t — 1} x J

afiojo (A) —0
6ailjl 7

‘agm(A) _ {|det0|, (io+ jo) = (i1, 1),
daiyjy 0, (40, Jo) # (i1,71),

(@0, jo) € Lo x Jo,

(i0,jo) € {0,...,t — 1} x J|

and [Iox JoU{0, ..., t — 1} x J}| = (n+1—|I|)(m+1) = (n—k—I4+m)-(m+1). O

2.3.4 Definition. We say that the arrangement A is in ‘general position with
respect to the arrangement A, if for all v € Q and v € Q, we have uNwv = 0
whenever d(u) + d(v) < n and d(uNv) = d(u) + d(v) —n otherwise.

2.3.5 Proposition. Let K = C, k+1 < n, D C PV x PV be the diago-
nal and S C A(Qyn X Qun)) be defined as the set of all points x such that
g [CPk x CP! x {aj}] ND # Q. For a generic choice of the points y;"" and z;""
defining g, the set S intersects every open simplex of A(Qn X Q) in an
algebraic set of real codimension 2(n —k —1).
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Proof. In regard of Lemma [2.3.3] all that is required is that for each chain
(ug,v0) < --- < (ug,v¢) the affine plane in uf™! x vF! spanned by the ¢ + 1
points (y"o:vo, zHo-v0) o (ytvt ZUeUt) meets the algebraic set Sy transversely.
Assuming that the affine plane spanned by the first ¢ of these points already
meets Sy transversely, this will be fulfilled for a generic choice of (y"tt, z4t:vt) €
uf“ X vf“. (I

Recovering the direct sum decomposition

When discussing the real example, it seemed plausible that a certain subset of
the order complex of the intersection poset should carry the inverse image of the
considered intersection product under the isomorphism ), hy. We now develop
tools that allow to actually prove this kind of proposition.

More generally, given a class in H, (PV,|J P.A) we want to determine the corre-
sponding element of B, Hi(AQ[k ), AQ[kn)). Because of Proposition it
will suffice to identify the part in the summand H.(AQ|y ), AQ,)). The key
to this will be to not only consider the map f9: AQp,n) — PV, but also a map
PV — Qon), where the poset @) is topologized in an appropriate way yielding
the space of strata. While we have up to this point used only the former map,
in [DGMO0] a description of the cohomology ring of the complement of an affine
arrangement is obtained using exclusively the latter map. Here the interplay of
both maps will be important.

2.3.6 Definition. Let P be a poset. We make P into a topological space by
calling a set O C P open, iff x € O implies y € O for all y > x.

2.3.7 Lemma. Let X be a space, P a poset, AC X, RCP. If f,g: (X,A) —
(P, R) are continuous maps with f(x) > g(x) for all x € X, then f ~g.
Proof. The desired homotopy is given by

H: (X,A)xI— (P,R)

) flz), t<1,
(1) {g(:v), t=1.

This map is continuous, since g~1[0] C f~1[O] for open O C X, and therefore
HY0] = f7H0] x [0,1) Ug™H[0] x {1} = f~H[O] x [0,1) Ug~[O] x I. 0

2.3.8 Lemma. If P has a minimum or a mazximum, then P is contractible.

Proof. By the preceding lemma, the constant map to the minimum respectively
the maximum is homotopic to the identity. (Il
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2.3.9 Definition. Let X be a space equipped with a covering € by closed sets
and let P be the poset P:={(\M: D # M C &€, (M # O}, odered by inclusion.
We define a continous map

s: X —P
mein{pEP:xeP}:ﬂ{C’EQ:xGC}.

In particular we consider the following two kinds of maps. For our arrangement A
we consider the map s*: PV — Qo,n) corresponding to the covering PAU{PV'}
of PV. For a poset P which has unique minima in the sense that for M C P,
M # @, the set {pe P: p<gqforall g€ M} is either empty or of the form
{p:p<gq} for a ¢ € P, we consider the map s”: AP — P arising from the
covering of AP by the subspaces A({p’: p’ <p}), p € P.

2.3.10 Lemma. For a finite poset P and R C P, both satisfying the condition re-
garding minima of the preceding definition, the map s : H,(AP,AR) — H.(P,R)
s an tsomorphism.

Proof. We may assume R = (J, because the general case will follow by an appli-
cation of the five lemma.

We consider the covering of P by the open subsets X(p) := {q: ¢ > p}. These
together with the inclusion maps form a P-diagram of spaces. If Z denotes the
constant diagram, then S(X)®peZ =}, p S(X(p)) and H(S(X)®@poZ) = H(P)
induced by inclusion. As in Proposition the diagram S(X) is free. For this
note that the existence of maxima follows from the existence of minima. Since s
maps AX(p) to X(p), it induces a map Z ®po B(P°) — S(X). Regarding Z as
a chain complex concentrated in dimension 0 this is a ZZ-map, because X (p) is
acyclic for all p. The resulting isomorphism

H*(AP) = H(Z X po B(PO) X po Z) — H(S(X) X po Z) % H(P)
is easily identified with sZ. O

2.3.11 Proposition. The composition

h 5;4
Ho(AQ ) AQpmy) — Ho(PV, | JPA) = H(Qo ) Qpom))

is an isomorphism for k =0 and zero for k > 0.

Proof. Consider the diagram

fk:

CP* x (AQ[k,n]aAQ[k,n)) (PV')UP‘A)

$@lk.n]

(AQpn)s AQppm)) =— Qs Qi) —— (Qpo.n) Qpomy)
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where 7 is the inclusion map and 7 the projection onto the second factor. By
construction of f*, f*[{x} x (ug,...,uy)] C Puy, that is sA(f*(z,y)) < s9(y),
and by Lemma this implies the homotopy commutativity of the diagram.

For k = 0, 7 is a homeomorhism, 4 the identity, and hy equals f° up to an iso-
morphism. Therefore s2Aohg is an isomorphism, because s?[o’”]

by Lemma [2.3.10

For k > 0, si(hg(c)) = s2(fE([CPY] x ¢) = (i 0 896, (m([CP¥] x ¢)) =
(i 0 s9Em),(0) = 0. O

is an isomorphism

Since we are concerned with the vanishing of certain intersection products, we will
use the following immediate corollary.

2.3.12 Corollary. Let 0 <i <n, ¢; € Hi(AQp ), AQkn)), and x = ), hi(c;) €
H, (PV,|JPA). If st (z) =0 ¢ H.(Qjo,n)> Qpony), then co = 0. O

Vanishing for projective arrangements

We are now ready to prove the last step in the proof of the product formula for
complex projective arrangements, namely the following proposition.

2.3.13 Proposition. Let K = C and k+1 < n, ¢ € Hi(AQp ), AQkn))
d € Hi(AQp ), AQq ) - Then

hi(c) ® hy(d) = 0.

We will assume K = C from now on. We will prove the proposition in three steps.

We would like to have the classes hi(c) and h;(d) represented by chains as much
as possible in general position with respect to each other. To this end we consider
an arrangement that is the union of two arrangements A and A with intersec-
tion posets @ and Q such that A is in general position with respect to A (see

Definition [2.3.4)).

We will denote the intersection poset of the arrangement A := AU A by Q and
so on. The map

o: (Q X Q)pn,2n — Q[O,n}

(u,v) —unwo (2:58)

is an isomorphism.

2.3.14 Proposition. In the above situation let ¢ € Hi(AQ ), AQn)) and
d € Ho(AQp ), AQppy) with k+1<n. Then

hi(c) @ by(d) = hi(r)
>0

for classes r; € H, (AQ[i,n}yAQ[i,n)) :
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Proof. By Corollary [2.3.12| we have to show sf(hk(c) e hy(d)) = 0. Tt will be in
doing so that we employ the ideas laid out in the discussion of the real example.

We set (X, A) := CP* x CP! x (A(Q[k,n} X Qnp)y A(Q,n) X Q[l,n])[O,?n))a D :=
{(z,z) € PV x PV}, CD := (PV x PV)\ D and use the map g from Defini-
tion We denote the diagonal map PV — PV x PV by A and define
g: (g7 '[D],g DN A) — (PV,|JPAU|JPA) by Aog=g. Note that in the
real example the projection of g~1[D] to the order complex is the set represented
by a dotted line in (2.56). We will first show hy(c) e hy(d) € img. and then
s*A og. = 0.

There is a commutative diagram

g H*(PV x PV,CD)®
H*(PV x PV,CD) @ H.(X, A) =5 1 ((PV, UPA) x (PV, UPA))
g*®id

H*(X, X\ g~'[D]) ® Hy(X, A)

—~

H.(g'[D],g [D] N A) == H.(D,D N (JPA x PV UPV x |JPA))

>~ A

gx

H,(PV,JPAUJPA).

Regarding the existence of the cap products in this diagram and commutativity,
note that we are entirely dealing with algebraic sets and polynomial maps. Now,
if ¥ € H*(PV x PV,CD) is the Thom class determined by ¢ —~ [PV x PV] =
AL ([PV]), then

hi(c) @ hy(d) = Ay(hy(c) x hi(d))
= A7 (9~ (o) x u(d)))
= A7 (0 ~ g.([CP*] x [CPY] x (c x d)))
=87 (9. (5°9) ~ (ICPY x [CP') x (e x 1)) ))
— 3. (g*w) ~ ([CP*] x [CPY x (¢ x d))) .

By construction of g, g (:U, Y, Z;:O Aj(ug, vj)> € u, Nv,. Firstly this implies that
g~ '[D] misses CP* x CP' x A(Q x Q)[Om), and secondly from the reformula-

tion s4(g(z,y,2)) < o <8QXQ(2)), where ¢ is the isomorphism from ([2.58), and
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Lemma it can be seen that the diagram

AO—
(g~ [D],g~ [DNA) J

(Q[O,n] 7Q[O,n))

}-

((QXQ)[n,2n] 7(QXQ~)[n,2n))

%

(A Qi) X Q) \A(QX Q) [0,1) A Qe X Qpt,n))[0,20) \A(@X Q) [0,) ) »

where 7 denotes projection onto the third factor, is homotopy commutative. The
two arrows on the right hand side of the diagram should be compared to ([2.57)).

By Proposition and because the subcomplex A((Q[k’n} X Q¥n]) N(Q x Q)[O’n))
has dimension at most n —1 —k — [, we may assume that w[g~" [D]] will not only
miss this subcomplex, but any cone over it. Therefore 7 factorizes over the pair

(A@prn % Q) \ A(Q x Qo) ULV, )},
AQppn % Quap,2n) \ AQ X Qo))

This pair is homeomorphic to (A(Q [k, X Q[l,nl) 0,2n) VA(Q x Q)[O’n)) x ([0,1),{0})

and has trivial homology. So (s“‘i 0g)s = s*QXQ oMy =58,00=0. O

2.3.15 Proposition. In the above situation let ¢ € H.(AQ n), AQk,n)) and
d € H(AQp ), AQp ) with k+1<n. Then

his(c) ® hy(d) = 0.

Proof. 'We choose a hyperplane H in V' in general position with respect to the
arrangement A = AU.A and use notation as in Section By Proposition [2.1.35
and induction on the dimension of V'

i (hi(c) @ lu(d)) = ir(hyi(c)) @ r(u(d)) = hiLy (11(€)) © Ly (n<(d)) = O,

since the arrangement A is again in general position with respect to the arrange-
ment A¥ and (k—1)+ (I—1) < n—1. This implies hy(c) ® h;(d) € kerd; = im hg
by Proposition But hi(c) e hy(d) € @D,-0im h; by Proposition and
hence hi(c) e ﬁl(d) =0. O

Proof of Proposition [2.3.13. We choose a neighbourhood U of |J P.A such that
the inclusion (PV,|JPA) — (PV,U) is a homotopy equivalence. We then choose
a copy A of A also contained in U, in general position with respect to A and
such that the diagram

lfi Jincl.

(PV,|JPA) — 2L (PV,U)
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commutes up to homotopy. Because of the commutativity of

H.(PV,JPA)® H.(PV,|JPA) ———— H.(PV,J PA)
Thk@hl incl*l%
Hi(AQkn), AQkn)) ® Ho(AQp ), AQp1n)) H.(PV,U)

lhk@ﬁl incl*T

H,(PV,(JPA) ® H.(PV,(JPA) ——— H.(PV,(JPAUJPA)

the result follows from Proposition O

Proof of Theorem[2.2.1 'The theorem follows directly from Proposition
and Proposition [2.2.10 O

2.4 Projective c-arrangements

Descriptions of the cohomology ring of the complement of a linear arrangement
in terms of generators and relations go back to Arnol’d [Arn69] who gave such
a description for the classifying space of the coloured braid group, which is the
complement of a complex hyperplane arrangement. He also conjectured a similar
formula for general complex hyperplane arrangements, later to be proved by Orlik
and Solomon [OS80] (see Remark . Since then several such results on other
classes of linear arrangements have been obtained. The approach most useful to
us is that of Yuzvinsky, who derived from the complex case of Theorem [2.2.3
(with rational coefficients) a description in terms of generators and relations of
the cohomology ring of the complement of a complex linear arrangement with
geometric intersection lattice [Yuz99]. Generalizations of his results to real > 2-
arrangements and integral coefficients have been stated in [dLSO1].

A presentation of the cohomology ring

We will now use a route similar to Yuzvinsky’s to obtain from Theorem [2.2.1] a
simple description of the cohomology of the complement of a complex projective
c-arrangement. These probably form the simplest class of arrangements that
still yield a proper generalization of the classical result on complex hyperplane
arrangements in this way. The result presented in this section complements results
of Feichtner and Ziegler in [FZ00].

2.4.1 Definition. For a positive integer ¢, we call A a c-arrangement, if every
A € A is a subspace of codimension ¢ and d(q) is an integral multiple of ¢ for
every q € Q.

2.4.2 Definition. We call a subset M of A independent, if n — d(M) =
> aem(n —d(A)), dependent, if it is not independent, and minimally dependent,
if it is dependent but all of its proper subsets are independent.
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We will assume K = C in this section. Our goal is the following.

2.4.3 Theorem. Let A be a complex c-arrangement, |A| —1 =1t > 0, A =
{Ao,..., At}. Let R be the free graded commutative (in the graded sense) ring
over the set of generators {x} U{y;: 1 <i <t} with |x| =2, |y;| =2c—1. Let I
be the ideal generated by

'
Z(—l)jyio iy Yig o < <y {Aij} is minimally dependent.
j=0
U {y,;l ey i < e <y, {Ao} U {AZ-].} is minimally dependent. }

U {z}.

The map

m: R— H* (PV\UPA),

z = P(hn-1([(V)])),
yi = Plhn—c([(Ai, V) = (4o, V1)),

where P: H,(PV,|JPA) = H (PV\JPA) denotes Poincaré duality, is an
epimorphism and kerm = 1.

We now fix the arrangement A = {Aop, ..., A:}.

2.4.4 Remark. For ¢ = 1 the complement PV \ |JPA can be regarded as the
complement in the affine space PV \ PAj of the linear hyperplane arrangement
A" :={PA;\ PAp: 1 <i<t}. In this case, the generator = and the correspond-
ing relation can be omitted.

If Ay is in general position with respect to A\ {Ap}, the second kind of generators
does not occur. This is in particular the case if the arrangement A’ is central, i.e.
if A" # . In this case the theorem reduces to the description of the cohomology
ring of the complement of A’ given by Orlik and Solomon.

The atomic complex

We now turn to the proof of the theorem. When using simplicial chain complexes,
we will always use the complex of non-degenerate simplices and view it as the
complex of all simplices modulo degenerate simplices if necessary.

2.4.5 Definition. For an integer k with 0 < k < n, we define Si to be the
simplicial complex which has the vertex set {0,...,t} and as simplices the sets
I C{0,...,t} with d(ﬂiel Ai) > k. This is the atomic complex of Q). We
also define D* to be the reduced ordered (using the natural order of {0,...,t})
simplicial chain complex of S}, shifted by one, i.e. D’f = CN'r,l(Sk) and in particular
Dé“ = 7 generated by the empty simplex.
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As is well known, the atomic complex and the order complex, of Q[ ) in this case,
are homotopy equivalent. We describe a homotopy equivalence to fix a concrete
isomorphism between their homology groups. Before doing this, we state a useful
lemma.

2.4.6 Lemma. Let Py, P be posets, P/ C P;. If f,g: (Po,Fy) — (P, P]) are
order preserving functions such that f(p) < g(p) for all p € Py, then the maps
f,9: (APy, AP}) — (AP, AP]) are homotopic.

Proof. Themap H: {0,1}x Py — P; defined by H(0,z) := f(z), H(1,z) := g(x)
is order preserving and hence yields the desired homotopy

I x (APy, AP)) ~ (A({0,1} x Py), A({0,1} x P))) 25 (AP, AP)),
where we view {0,1} as a poset. O

2.4.7 Remark. This lemma is a special case of [Seg68|, Prop. 2.1] which is proved
in the same way.

2.4.8 Definition and Proposition. We denote the face poset of S by FSy,
but order it by M < M' if M' is a face of M, that is if M' C M. We also set
FSy :=FS,U{0}. The map
s: (F'Sk, FSk) = (Qpin)s Qo))
M ({Ai: i€ M}

is then order preserving and moreover satisfies sS(M AM') = s(MUM') = s(M)N
s(M") = s(M) A s(M'), if one side, and therefore the other, exists.

With these definitions, the map s: (AF Sy, AFS;) — (AQkn), AQ,ny) is a ho-

motopy equivalence.
2.4.9 Remark. AFS, is the barycentric subdivision of Sy, and AFS}, is a cone
over AF'S),.

Proof. We define an order preserving map
7 Q] Qreny) — (F'Sk, FSy),
q—{i: A; D q}.

We have s(r(q)) > q for ¢ € Q) and 7(s(i)) < i for i € F'S;,. Hence, by the
preceding lemma r is a homotopy inverse to s, when both maps are regarded as
simplicial maps between order complexes. O

2.4.10 Definition and Proposition. We define chain maps

fk: Df - CT(AQ[k,n}7AQ[k,n))
<’i1,. . .,ir> —> <A11,V> §< e >A<<A1T,V>

For r =0 this is to be understood as f*({)) = (V).
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2.4.11 Notation. To simplify the following calculations, we set set
Q= <Al7v> €y (AQ[n—c,n])

and sometimes write the multiplication X as juxtaposition.

Proof. To see that f* is well-defined, we have to check that the right hand side
is in Cu(AQyn) But d (A A--- A Ay ) > k by definition of Sy and hence DF.

To see that f* is a chain map, we calculate

T

(FH({ins - yir))) = S (=1 (A, V) 5 X 0(Ay, V) % X (4, V)

i=1

T
i1
- Z(_l)ﬁr @iy (Vg s,
=1

r

- Z(_l)jJrlail QU <Aij>aij+1 Cr Y,

j=1

T
_ Z j+1 A
= (_1)] ail e aij—laijaij+l NN air
j=1

r

i+1
=D () (A,
j=1

The first summand equals f¥(d(i1,...,i.)). Since (4;) € Co(Qpn—c,n)), the second
summand is in Cy(AQ,n—q) C Cx(AQ[kn))- O

2.4.12 Proposition. The induced maps f¥: H(D*) — H(AQ ) AQk,n)) are
isomorphisms.

Proof. Defining

f*: DE — C.(AFS), AFS})
(i1, ipr) = ({in}, @) x - x({ir}, D)

the diagram

H,.(DF)
f]: fkl Sdx

Hy(AQ(kn)s AQlkin)) ¢ Ho(AF S, AFSy) —2— H,_1(AFS})

commutes, where sd is the barycentric subdivision map C,(Sg) — C.(AFSy).
The connecting homomorphism is an isomorphism, because FS), has the maxi-
mum (. The map s, is an isomorphism because of Proposition [2.4.8] It follows
that f* is an isomorphism. O
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Proof of the presentation

The chain maps f* would be more useful in a situation in which the chains (A;, V')
are cycles. For example, think of affine arrangements, where (AQ ), AQn) U
AQk,n)) takes the place of (AQ( ), AQk,n))- In our situation they are not. The
chains (4;,V)—(A;,V) however are cycles, we will therefore replace the maps f*
by the following maps.

2.4.13 Definition and Proposition. For a c-arrangement A, we define chain
maps

gk: Df - CT(AQ[k,n]aAQ[k,n))
<i i > R (<Ai17v>_<A07V>)>A<"'>A<(<Aiwv>_<A07V>)’ r=a,
Iy-vestr 0’ T?éa,

where a is defined by n — (a +1)c < k <n — ac.

Proof. We check that ¢ is a well-defined chain map. For r > a we have
Cr(AQ(kn), AQin)) = 0, since n —k < (a+ 1)c < rc. So we just have to
show that ¢*((i1,...,44)) is a cycle in Ca(AQ[k,n), AQ[k,ny)- This is true, because
each (A;, V) — (Ao, V) is a cycle in C1(AQ—cn)s AQ[n—cn)) and n—ac > k. [

2.4.14 Proposition. The maps f* and g* are chain homotopic.

Proof. We define

K: D} = Cr1(AQpn), AQpk.n))
k . .
s i) o {f ((0,i1,...,1r)), T<a,
0, > a.
The right hand side is well defined, because for r < a we have

d(AgNA;;N---NA4;)>n—(r+1)c>n—ac>k.

We calculate K0 + 0K .

For r < a:

(Ko +0K)(iy,. .., i)

r

=Y (00 ) | R (0, )

=1

r

= fF (=170, 1, oy ey dp) F0(0, 40, i)
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For » = a: We first calculate

7j=1
and with this
a .
(Ko +0K)(i1,...,iq) = f* (=10, 01,y dgy i)
j=1
a .
- Z(_l)]+1a0ai1 0417 Qi

For r > a we have (K0 4+ 0K){(i1,...,i,) = 0 = (f* — ¢")(i1,...,i,), since
Cr(AQ(kn), AQk,n)) = 0 as noted before. O

2.4.15 Proposition. The map m is surjective.

Proof. By Proposition[2.4.12] Proposition[2.4.14] and of course Proposition[2.1.25
H*(PV \ UPA) is additively generated by the elements P (hy ([¢* (i, ..., ir)]))
with k& < n — rc. By Theorem

P (e (16 iir- i)

= P(h([(ci, — o) X -+ - X (i, — ap)]))
= P(hn—1 ([(V)))" ¥ 7P (hn—c ([, — 0])) -+ P(hn—c([cvi, — axo]))

= (@) (yiy) -7 (yi,).
This shows that 7 is surjective. O

2.4.16 Proposition. I C kerm.

Proof. First of all
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If {Aiy,..., A } is minimally dependent, then d (ﬂ] Aij) =n —rc and
0= P(hn—re(gi™([0{i0; - -, ir)])))

= (Pohnreogl™™) [ |D (=1 (i, ij,. . i)

T

=7 Z(—l)jyio"'ﬁij"'yir

=0
and similarly if {Ap, A;y,...,A;,.} is minimally dependent, then
0= P(hn—rc(gi " ([0(0, 41, ... ,ir)])))

r

=(Pohnreogl ™) | |lin, o in) + D (=10 41, i,y
j=1

=7 (Yir " Yi,)
as claimed. O
2.4.17 Lemma. Ifig < --- <1, and {A,-j} 1s dependent, then y;, ---y;, € I and
>V Yig Gy i €1
Proof. Let {A;,,...,A; } be dependent. To show y;, ---y;. € I we may assume
that the set is minimally dependent. Then > .(=1)7y;, -+ Ji;---y;, € I and
yio (Z](_l)]ym .. sz e sz) — yio Y since yg =0.

For the second part of the lemma we may assume that {Aij 1 g < s} is minimally
dependent. Then

Z(_l)ino i Yy =

J
s .
=0
el
r .
el Jj=s+1
as claimed. O

2.4.18 Proposition. kerm C I.

Proof. Let z € kerm. We want to show z € I. We may assume that z is a
linear combination of elements x°y;, ---y;. with 0 < s < ¢, 43 < --- < 4, and
{Ai,, ..., A; } independent. Since w(x®y;, - - yi,) € im(P o hy—er—s) and r and s
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are determined by cr 4+ s, we may assume 2z to be homogenous in r and s, i.e.
— s Y T . — J— J— 1
2= Zz’1<---<ir AiVi, -+ Yi,.. We set k:=mn —cr —s. The chain

Z )\i<i1,..., —|— Z )\Z 011;--->%j7--->ir>

11 <<y 1< <y =

is a cycle in D¥ (the second summand is a cone over the boundary of the first
summand), 0 = m(z) = (P o hg) (¢F ([¢])), and therefore [2/] = 0 by Proposi-
tion and Proposition i.e. 2’ is a boundary in DF, which means that
there exist u;, v; such that

Z’:D( Z /LZ‘<0,Z'1,...,Z'T>+ Z Vi<i()7~~7ir>>

1< <ip 1< <ip

and with d <ﬂ ; A N Ao) > k and therefore {Ag} U {Aij} dependent for p; # 0

and { Aij} dependent for v; # 0. Comparing coefficients and sorting the simplices
by whether the first vertex is 0 yields

ZZZ:“Z’%&' yw"‘zyzz y’L() o z]- "yiTGI
i

as claimed. O

This completes the proof of Theorem [2.4.3] O
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